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KÄHLER MANIFOLDS

ALFRED AEPPLI

Vol. 12, No. 3 March 1962



SOME EXACT SEQUENCES IN COHOMOLOGY

THEORY FOR KAHLER MANIFOLDS

ALFRED AEPPLI

1Φ Introduction* In this note some results announced in [1]
concerning exact sequences for Kahler manifolds are proved. The main
result is that there exists an exact sequence relating the usual bigraded
groups of harmonic forms on a compact Kahler manifold K and an
imbedded submanifold L with certain mixed relative cohomology groups
of (K, L). These mixed cohomology groups have been introduced by
Hodge [6]. Using the results of Hodge the exactness of the given
sequence is derived in a straightforward manner. H. Guggenheimer
considered in [5] such a sequence too. Finally the exact sequence is
applied to deduce some results concerning the imbedding of a complex
manifold L in a Kahler manifold K, in particular the following statement
is proved: if the imbedding L c K is homology faithful, then br>s{K) =
br>8(L) implies br-kt8-k(K) = 6r_Λiβ_Λ(L) for k = 0,1, 2, (br>s = rank of
the module of harmonic (r, s)-forms). The paper is organized the following
way: § 2 gives the necessary notations and a few known results; § 3
contains the main theorem (Theorem 1) the proof of which is given in
§ 4; some applications follow in §§ 5 and 6, in particular Theorem 2
which implies the foregoing statement on homology faithful imbeddings.

2 Notations and known results*
(a) We use the following notations:
Fr'8: group of the complex valued C°°(r + s)-forms of type (r, s) on

a complex manifold M = M2n.
Fk = Σ Fr's-

r+s=k

d = d' + d": exterior differentiation operator on M; d: Fk —• Fk+1,
d':Fr s->Fr+1 s, d":Fr s->Fr's+1 (cf [2], [6]).
*: Fr s —> Fn~s n~r: Hodge—de Rham duality operator which as-

sociates to a its (metrically) dual form *#, with the help of a Hermitian
metric (of class C°°) on M (cf. [6] and [3]; ** = (- l )* ( a -* ) = ( - l ) * : Fk-*Fk).

8 = -*<Z* = δ' + δ" = - ( * d " * + *d'*) (<?' = -*<Γ* resp. δ" = - * d ' *
is an operator of type (—1, 0) resp. (0, —1)).

V = d'd", V* = δ"δ' = (~1)Λ + 1*F*.
J = ώδ + δd: Laplace—Beltrami operator.
A' = d'5' + δ'df, Δ" = d"δ" + δ"d".
We define Zy = {a\ae Fr % d'a = 0}, similarly Zy, ZF

r'% Zr

d'
s = Zj/,V,,
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moreover Ry = {a\ae Fr>s, a = d'β for some β} = d'F*-1'8, similarly
Ry = d"Fr'-\ R1

F

 S = FF1-1--1, Ryd,, = d'F*-1'" 0 d"Fr s-\ Ry =
{a\ae Fr s, a = dβ for some β}, and dually Zζ f etc1. Let Hy = Zy be
the group of harmonic (r, s)-forms, Hy = Zr

Δ;
s and Hr

Δ;f = Zr

Δ;f.
Considering the components of different type in dda, the relation

dd = 0 implies

(1) d'd' = 0 , d"d" - 0 , d'd" + d"d' = 0 ,

and therefore the following relations hold:

(2)

T>r,s ,— f/r.s J?r,s ,— 'Vr.s

r,s f— ~Dr,s r\ T?r,s r~\ Έ}r,s ,— Π?'r,s ΠΓr^ Φr ,s r\

/ C Kd) 11 Kdn 11 Kd C Zjd' — Zid'.d" — ^d> II
γ s ,.— ~Dr,s ΐ?f s fΊ\ T-?*"'8 f— Γ7T s *̂P\ Γ7r s i— ΠΓv s
d {— •**&' ,d" — JX'dl \D -Hd" {— Ad' \D ^d" ^ ^V

(2) enables us to form the cohomology groups Hy = Zj '/Ry,
Hr

d;f = ZtflRy, (Dolbeault groups), and Hr

dfv = HyΛ,Ίv = Zy\Ry, H;fd,,d,, =
Zr

ψ'*\Ry>d,, (mixed cohomology groups). Dually to (1), (2), there are
relations δ'δ' = 0 etc., Ry c Z[;s etc., and cohomology groups iϊδ

r;s etc.
(b) If M is a Kahler manifold (cf. [2], [6], [4]) one has

(3) Δ = 2Δf = 2Δ" ,

(4) d'δ" + δ"d' = 0, d"δ' + δ'd" - 0 ,

such that HA — HA, = HA,, and (using the obvious notation) Zd^>> = Z8,,a,,
Zd»v — Zva>>. Moreover, (4) makes it possible to consider the further
mixed cohomology groups Hd;*vΊd,h,., Hd;i»ld,tV,, Hl:JthΊd,,v, Hd/?δΊd,,>8, (using

again the obvious notation).
For a compact Kahler manifold M the following isomorphisms (listed

for completeness sake) are well known: Hy — HΔ

r (Eckmann-Gug-
genheimer), Hy = H^~s,n-r ( r efln e ( j Poincare duality; holds for any
compact complex manifold with a Hermitian metric). The de Rham—
Hodge theorem

(o; -a* = J±d ~ iij = 2 J J*Δ'

will be used later on. Here Hp is the usual pth cohomology group of
M over the field C of the complex numbers and Hi the ordinary pth
de Rham cohomology group of M over C. The most important results
frequently used in the sequel are the isomorphisms proved by Hodge
in [6]:

(6) Hy = Hy = Hl f ,

V ' / ±Λ-Λ = •Lίdl7 t

1 {(etc.)) indicates—here and sometimes in the sequel—the possibility of analogous formulas
or expressions using dual and/or complex conjugate operators.
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(8) Hy = Hft v, .

Dually Hy = Hζ;? etc. [6] contains also Hy ^ Hifaiw = Hl.lΊd.Λ,. ~
Hd>'?,8>id"v = fld''V/(ί".8'. The proofs for these isomorphisms and for (6),
(7), (8) are strongly related; one applies the decomposition theorem for
the forms on a compact Kahler manifold, deduced with the help of (3)
and (4). The considered isomorphisms are induced in a natural way by
inclusion {Zy c Zy and so on).2

3* The main theorem*
(a) Let K — K2n and L = L2m be compact Kahler manifolds, m < n,

and let L be imbedded in K, regularly (and complex analytically) such
that there exist coordinates z19 z2, * ,zn in the neighborhood U(x) c K
of any point x e L with L Π U(x) = {p | p e U(x), zλ(p) — = zn-m(p) — 0}
We consider the relative groups Frs(K, L) = {a\a e Frs(K), a = 0 along
L], ZJ;S(K, L) - {a\aeFr %K, L), d'a = 0} = Zy(K) Π F r s(iΓ, L) etc.,
jβj;s(iί, L) = d'Fr-ls(K, L) etc. ((a = 0 along L)) means: α: vanishes

tangentially along L. The inclusion L > K induces homomorphisms

Frs(K)-^Frs(L), Frs(K,L)-^>Frs(K), and i ,i* commute with
cί', cZ", F. Clearly the relations (2) hold still in the relative case, so the
relative cohomology groups Hy(K, L), Hy(K, L), HfiftK, L), H;ιl.td,,{K, L)
are well defined: Hy(K, L) - Zy(K, L)IRr

d,
s(K, L) etc. Using (6), (7), (8),

the operators i*, β, d', d", F induce the cohomology homomorphisms ΐ*,
j*, dr, d", V in the following sequences (cf. [5]):

— Hy(K,L) JL>H

(10) ίl> iϊ;.-i(L) - ^ J?ί;f(if, L) -^> Hy(K) -^> ί β (L)

(11) %1+ HΓ'ΛL) - ^ HlifrK, L) -£+ Hy{K)

ΐ * , ί * are given in the natural way; d\d'\V are explained in (b).
In §4 we prove the

THEOREM 1. The sequences (9), (10), (11) are exact.

We will treat only (11); the considerations can easily be carried over
for to get the analogous results for (9) and (10)3. In the sequel, all the
occurring sequences of groups and homomorphisms are exact.

2 It follows from (6) that dim HJ S is independent of the Kahler metric on M.
~Hj ° = Hp? is an equality JEΓJ" ° = Hfc? = Zfi? and says: every holomorphic r-form is a
harmonic (r, 0)-form and vice versa.

3 The constructions in (9) and (10) and the proof for Theorem 1 in these cases are
completely parallel to the corresponding procedures in the case of the de Rham cohomology
(using the operator d). Hence we are mostly interested in (11).
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(b) To describe the homomorphism 7 in (11) we follow the usual
procedure as it can be found e.g. in [7], p. 192. Every element a e Frs{L)
is the trace of an element a e Frs{K), and one has

0 > FT %K ,L) -JL Frs(K) -^-» Fr (L) > 0 .

Applying 7, we get the commutative diagram

0 * Frs(K,L) -?-+ F'- (K) -^-> Frs(L) >0

(12)

0 > Fr+1 3+1(K, L) -£-+ Fr+1 3+1(K) - ^ Fr+X '+1{L) » 0

Let a e Z ; S(L), and let α = i*&, & e Fr '(K). Then iΨa = 7i*ά =

7a = 0, i.e. 7a 6 i?"+1 + 1 ( ^ , L). d'7 = d"7 = 0 implies Fα 6 Z,Γ+1 + 1(Z, L).

Let jδ be a second extension of a: a = i*β, β 6 Fr '{K). Since F(α - /3) =

7a — 7β, a — β — 0 along L, F« and 7β determine the same element in

Hίft-'+\K, L) such that we get a homomorphism Zr,\L)-^ H^hs+1(K,L).

Moreover Ry,ΛL) - ^ 0 since every form a e Rr

d;
s

d,<(L) is trace of a form

ά e RyΛ-(K) (and because Γd' = Fd" = 0). Therefore, (12) gives rise to

a homomorphism H;j ά.Λ.,(L) - ^ mϊ}Λ$(K, L) = H^*+1(K, L) and to

the sequence

(13) ...-£-* Htf.tf{L) -?-> Hl&K, L)

Hϊ {K)

with i* = i I where H;s(K)-^ Hr

r,
s

d,,d,,(K) is the canonical isomorphism

(8) and # ; ^ , ^ ( i θ — ^ H;;lΛ..(JL) is the restriction homomorphism be-

longing to the inclusion ί, and with j* — Jj where Hdβ(K, L) •

Hϊ ϊ(K) is the inclusion homomorphism belonging to i and HZ/&K) •

Hy(K) is the inverse of the canonical isomorphism (7). Replacement

of H;ιίtd,.(L) by JBΓ (L) in (13) in virtue of (8) leads to the sequence

(11), and in order to prove exactness of (11) it is enough to prove

exactness of (13).

4 Proof of the main theorem*

(a) H;ri'*p{L) -£-> HSifrK, L) - ^ Ht
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Fάx = a, i.e. im(F) D ker(j).

(b) HlfXK, L) -L Hjrf(K) — HϊfF(L) .

Proof, ί] = 0 immediate. Let α e Hd,
s

F(K) with ?α = 0, represented
by α. Then ΐ*α = Fa' for an α' e Fr~ls-\L). Let α' be an extension
of a! (i*af = α') such that /9 = a — Fά'eZd'

s(K, L). /3 represents
/3 e H£js

F(K, L), and J ^ = α. This shows im(J) 3 ker(ί).

(c) H^AK) - ^ H;,ί.d.t(L) -Ϊ-+ H^'s+1(Kf L) .

Proof. Fi = 0 immediate. Let a e Hfiίtd»(L) with Fά = 0, repre-
sented by #. Let ί#α = a, a e Fr S(K). β = Fa represents then the
zero element in Hr

d^'s+\K, L); therefore β = Fa, for an a,eFrs(K, L).
Hence 7 = a — aλ e ZF

 S(K), y represents an element 7 e HFi
s

d>d/{K)y and
%Ί — a. Therefore im(i) ZD ker(F).

(d) We have the commutative diagram

\hL

where hκ, hL are naturally induced isomorphisms (by [6], cf. (7) and (8)).
(a), (b), (c), (d) and (7), (8) imply exactness of (13) and (11).

5. Some remarks and first applications*
(a) REMARK 1. If if is a Kahler manifold, and if the complex

manifold L is complex analytically immersed in K, then L is a Kahler
manifold too since the Kahler metric in K induces one in L. So Theorem
1 holds if if is a compact Kahler manifold and L a regularly imbedded
complex manifold in K.

REMARK 2. The homomorphism H;j8

d,td,,(L) -?-* H^-'^K, L) can be
defined also in the following situation: K and L complex manifolds of
the same dimension, L open subset of K. One makes use of the local
character of the operator V (i.e. TFa c Ta for Ta = carrier of a).
Inclusion and restriction homomorphisms are defined the usual way, and
(a), (b), (c) hold in this case too.

REMARK 3. (9), (10) hold in the form
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(10-) flU Hlf~\L) -*L> HV(K, L) -JU Hl;f(K) -^-> H

for complex manifolds K, L (Kahlerian or not) with dim L < dim K and
L regularly imbedded in K, or with dim L = dim K and L = open subset
of K.

REMARK 4. An analogous dual construction in the situation L — open
subset of K is possible for §', δ" where one gets exact sequences dual
to (9'), (10"). J7* gives rise to the dual statements of (a), (b), (c) (again
for L = open subset of K).

(b) We return to our original assumptions as stated in § 3 (a). We
put HI = Σr+.-pfl2>β etc., and (5), (6), (7), (8) imply

H>(K) s H!{K) s HI(K) = H$,(K) ~ Hl.(K) s fliWίΓ) ~ H>ld,td,.(K)

for a compact Kahler manifold K. Moreover, considering the exact
sequences (9), (10) besides those which belong to the de Rham cohomology
and to the usual cohomology, we get ([1], p. 293)4

(14) H%K, L) s H!(Kf L) ~ Hl(K, L) s Hϊ,(K, L) .

It seems harder to express HSιΨ(K, L) (in which we are interested
because of (11)) by means of known quantities. A formula similar to
(14) is certainly not correct for these groups. We have the commutative
diagram

α5) i .* i ., i
.. .-£-,tf;-i..-i(L) > HlfAK, L) > H r ^

which implies Hr

dί;{K, L) = dr Hrls~\L) 0 j * Hr

ά,f(Ky L), i.e.

H;f F(K, L) 0 i * Hϊ-\K, L) ^ Hfi-\K, L)®j* Hl'!{K, L) .

Moreover, (15) implies together with the diagram obtained from (15)
by interchanging dr with d" and adjusting the dimension indices

= d/f Jϊ (L) ,

j*Hϊ;ϊ(K, L) s j*Hi; (K, L) s j*Htf(Kf L)

such that

4 As always, we are interested only in the additive structure of the different cohomology
groups, so the isomorphisms are understood to be additive. The investigation of the
multiplicative structures—where such are possible—is interesting in connection with Poincare
duality and has not yet been carried out in great details for the situation considered in
this paper.
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m,1{K, L) ~ d"Hr-\L)@j*m;?{K, L) - d'Hϊ-\L)@ j*m?{K, L) ,

and
m,s{K, L) 0 d'Hϊ-\L) = m?(K, L) 0 d"HΓls{L) .

(c) A very simple application of (10") is the following. We have

0 > H£?(K, L) -^U Hj,?(K) - ^ H;, ?(L) — ,

and suppose H£?(L) = 0, i.e. Hj°(L) = 0 in the case of a compact Kahler
manifold L (6r,0(L) = 0, where 6r>s = ά\m0H

r

Δ

s). Then Hτ

d,?(K, L) ~ Hr

d,?{K),
this isomorphism being induced by inclusion, saying that every holomorphic
r-form in K vanishes along L. This also follows immediately from
Hl?{L) = 0. As a consequence, the complex protective space P ( m ) cannot
be regularly imbedded in a complex torus T{m+m (with a complex paral-
lelizable structure), N ̂  0. The same is true for any complex manifold
L(m) instead of P ( m ) with Hj;?(L) = 0 for some r, B r ^ m , Another
example: let L be again a complex manifold with H^(L) = 0 for some
r, 1 ̂  r ^ m = dim^L), and consider I = L x T(2sn, N^r, as a fibre
bundle with base L and fibre T. Then the only complex analytic cross
sections in M are given by L x p, pe T{N).δ

6Φ Further applications to the imbedding L c K. In a compact
Kahler manifold K ~ K{n) multiplication with the fundamental class ω
induces according to [4]

(16) 0 > HΓ1S~\K) — HJ '(K) for r + s ^ n

(ω is the cohomology class belonging to the form induced by the Kahler
metric). Considering the commutative diagram (in which we use (16))

I *
Tjr—1 s—1/ 17* T \ TJr—

!

0

where J* is also induced by multiplication with ω, the condition

(-\Π\ 0 TJr—1,8—1/ Tζ T\ J

 >

yields

5 Added in proof. Cf. S. S. Chern, Geometrical Structures on Manifolds, Coll. Lectures
Summer Meeting AMS, Michigan 1960, pp. 26-30, for further remarks on the possibilities
of holomorphic maps /: V-^M.
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(18) 0 > Htf'-^K, L) — HϊifrK, L) .

In view of (11) the condition (17) is equivalent to

(19) HΓ2 S~XK) - ^ HΓ*'-\L) > 0 ,

and we get the

LEMMA. / / K, L is a pair of compact Kdhler manifolds, L regularly
imbedded in K, then (19) implies (18) (for r + s ^n = dim^ K).

If in addition HΓls'\K) ^-~> HΓls'\L) >0 and 0 >H
# J S(L), then (by (11)) Hί frK, L) = 0, and the Lemma implies Hfc1'-1 = 0

such that (again by (11)) 0 > Hrls'W) ~^—> HΓls~\L) > 0, i.e. we
proved the

THEOREM 2. / / K, L is a pair of compact Kdhler manifolds, L
regularly imbedded in K, and if for some r,s, r + s^n~ dimσ Kf 0 >

Hy(K) -ί-> HJS(L), HΓ'rW) ^HT^ΛL) > 0, HΓ*'-\K) - ^

HΓ2SΛL) >0, then HΓl8~\K) ~ -̂> Hrls~\L) is an isomorphism
(and therefore b^ltS^(K) = br_ltS_γ(L)).

Repeated application of Theorem 2 leads to

COROLLARY 1. K, L, r, s as in Theorem 2. Let 0 > Hr

Δ

s(K) •

HJ*(L) and HΓk*~k(K)-^> HΓks~k(L) >0 for fc = 1, 2, •••, then
these epimorphisms are isomorphisms (and therefore br^k,s^k(K) —
br_M(L)for & = 1,2, . . . ) .

COROLLARY 2. if, L, r, s as above. Let the imbedding L c K be

homology faithful (i.e. H%υ(K) -̂ —> H%V(L) > 0 for all u, v). Then

0 > Hϊ {K) -^-> Hr(L) implies

0 > HΓks-k(K) — Hrks~k(L) > 0 /or fc = 0,1, 2, .

(or: br>s(K) - 6,S(L) implies br^,s^(K) - δr_,,8_fe(L)).

EXAMPLE. The Poincare polynomial of P{m) x P ( w ) is

/7(P(m) x P(m)) = 1 + 2ί2 + 3£4 + + (m + l)ί2m + + 2£4m~1 + ί4w .

Let Pln) (n ^ 2m) be the complex manifold which we get from P{n) by
means of ^-modifications at m different points. Pίn] is a compact Kahler
(even algebraic) manifold with

Π(Pln)) = l + (m + l)ίa + (m + l)ί4 + . . . + (m + I)ί2w~2 + t2n .
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Corollary 2 implies: there is no homology faithful regular imbedding
p(m) χ pim) c P(»,β T h e r e a r e r e g u l a r imbeddings of P{u) x P{υ) in

p(uv+u+v)f therefore in P±n) tor n ^ uv + u + v. It follows: these imbed-

dings are not homology faithful. Similar results hold for P ( m ) x p^ciP{n),

P{n) obtained from P{n) by (/-modifications at q different points, 1 ^ q ^ m
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