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NORMAL MATRICES AND THE NORMAL BASIS
IN ABELIAN NUMBER FIELDS

R. C. THOMPSON

l Introduction. Throughout this note F denotes a normal field of
algebraic numbers of finite degree n over the rational number field.
Let Glf G2, •••,£» denote the elements of the Galois group G of F. It
is known [2] that F may possess a "normal" basis for the integers
consisting of the conjugates aG\aG\ • • ,αG^ of an integer α. In [4]
the question of the uniqueness of the normal basis was answered when
G is cyclic. (See also [1, 6].) If βl9 β2, •••,£» is any integral basis of
F then the matrix (βp), 1 < i, j ^ n, is called a discriminant matrix.
It was shown in [4] that if G is abelian then the discriminant matrix
of the normal basis βx = aθί, , βn = αff» is a normal matrix and, if G
is cyclic and F has a normal basis, then any integral basis βlf , βn

for which the discriminant matrix is normal is of the form βσ{1) =
±a&1, •• ,ArU) = ±oP» for a suitable choice of the ± signs, where σ
is a permutation of 1,2, , n.

It is the purpose of this note to use the methods of [4] to extend
these results for cyclic fields to abelian fields. In particular, in Theorem
1, we shall give a new proof of a result obtained by G. Higman in
[1]. The author wishes to thank Dr. 0. Taussky-Todd for drawing the
problems considered here to his attention.

2. Preliminary material* We suppose throughout that

x(Sk)

is the direct product of k cyclic groups (Si) of order nζ. Of course,
each rii > 1 and n = nxn2 nk. If X and Y = (yitd) are two matrices
with elements in a group or a ring then we define X x Y = (Xy^).
I x F is the Kronecker product [3] of X and Y. Henceforth, in this
paper, the symbol x will always be used to denote the Kronecker
product of vectors or matrices. A matrix A is said to be a circulant
•of type (n±) if

a 2 α 3 ••• a n i

(Xi (Xo Ct«,_

A = [(&!, α 2, , α n J W l =

Ήere al9 a2, , αΛl may lie in a group or a ring. For i > 1 we define
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by induction [Al9 A2, , Ant]nt to be a circulant of type (nl9 n2, , %>
if each of Alf A2f •• ,AH is a circulant of type (nl9n39 •• , % ^ 1 ) . For
1 g i^ k let Ht = (1, Si9 SI , S?*-1) and A - [1, S*«-\ S<T2, , SJ...
Henceforth we shall always let Gx, G2, , Gn denote the elements of G
in the order implied by the vector equality

(1) (Gl9 G2,...,Gn) = H1xH2x-.-xHk.

Let y(G1),y{G2), * ,y(Gn) be commuting indeterminants and define;
the matrix 7 b y 7 = (viGiGj1)), 1 ^ i, j £ n. Then it can be proved
by induction on k that Dλx D2x x Dk = (GiGj1), 1 Hki, 3 Sn, and
hence that F i s a circulant of type (nun2, •• ,wΛ). Since any circulant
of type (%!, n2, , wfc) is determined by its first row, it follows that
any circulant of type (nl9 n%9 , nk) may be obtained by assigning
particular values to the indeterminants y(G^), % ,y(Gn) in Y.

LEMMA 1. Circulants of type (nlfn29 *"9nk) with coefficients in a
field K form a commutative matrix algebra containing the inverse of
each of its invertible elements. For fixed m, all matrices X = (Xίty),
1 ^ i9 j ^ m9 in which each Xi>5 is a circulant of type (nl9 n29 , nk}
with coefficients in Ky form a matrix algebra containing the inverse
of each of its invertible elements.

Proof. Let W= (wiG.Gj1)), 1 ^ i,j S m. Then W+ Y and aW

f o r aeK a r e c l e a r l y c i r c u l a n t s of t y p e (nl9n29

 m

 f n k ) . T h e {%, j) e l e -

m e n t of WY is

But this is the (i, j) element of YW. Hence WY = YW. Define

Then a straightforward calculation shows that z{GiGjτ) = z(GpG^) if
G^Gj1 = GpG^1. Hence the variables ^(G^G^1), 1 S i,j £n, are unambi-
guously defined, so that WΎ is a circulant of type (nl9 n2f , nk). This
proves the first half of the first assertion of the lemma. The rest of
the first assertion follows from the fact that the inverse of a matrix
is a polynomial in the matrix. The other assertion of the lemma is
now clear.

We let Br and i?* denote, respectively, the transpose and the
complex conjugate transpose of the matrix B. The diagonal matrix
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whose diagonal entries are λlf λ2, , λn is denoted by diag (X19 λ2, ,
\n). The zero and identity matrices with s rows and columns are
denoted by 0s and I s, respectively, and for i = 1, 2, , k, the compan-
ion matrix of the polynomial x%i — 1 is denoted by F{ = [0, 1, 0, , 0]ni.

Let ζu be a primitive root of unity of order nu for 1 ̂  u S k. Set
Qu = (f Jr1^'-1*), 1 ̂  i, j ^ nu, and set Ω = Ωλ x Ω2 x x flfc. Define
Γw = n~ll2Ωu and Γ = n~1/2Ω. It can be shown by direct computation
that Tu is a unitary matrix. Hence, using the basic properties (X x Y)
(ZxW)^XZx YW and ( I x Γ)* = X* x Γ* of the Kronecker prod-
uct, it follows immediately that T is a unitary matrix.

LEMMA 2. If A is a circulant of type (nlfn2, •• 9nk) with first
row a — (alf a2, , an) and complex coefficients, then T*AT = diag
(εi> £a, , s») where the vector ε = (εx, ε2, , εJ is linked to the vector
a by ε' = £?α\

Proof. The proof is by induction on k. For A; = 1 it is well known
(and straightforward to check) that ATX = 2\diag (εx, ε2, •• ,e ί l l). Sup-
pose the result known for k — 1. If

A = [Au A2y , Ant]nifc = ΣΛi x Ft1

a n d i f w e s e t d = ^ ^ 2 ••• w A _ i a n d d e f i n e ( 7 ( i - D ( i + i , f y « - i ) Λ + 2 > •••» ^ ) b y

/p\ i^! X X ίjA._ 1((X ( ί_ 1 ) d + 1, (X ( ί _ 1 ) d + 2 , * ' , did)

then, by the induction assumption,

\±ιX X J-k-i) ^ i i V ^ i x • • • X 1 k-i)

= C H R P * ( Ύ , - ^ , 7 , „ , , „ • • • 7 ^ 1 <Ξ ί < tlr. .

Then

— ^ - l U V •*• 1 X X •* Jfc-ij ΆiV -t l X * X 1 k-l)i •>ς-\±kJ?kJ-ki )

= Σ({diag (7 ( ί-i,β +i, 7(ί-i)ei+2, ', 7W)}

x {diag (1, fj-1, fl(i-1}, , ξ jί**-1*"-1*)})

Thus T'*AΓ is diagonal. If r = (b - ΐ)d + c where 1 ̂  c ̂  d and
1 ^ δ <: wfc, then the (r, r) diagonal element of T*AT is
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Setting ε = (εl9 ε2, , εn) and γ = (yl9 γ2, , γn), equations (3) are the
same as the matrix equation s' = (Id x Ωk)y' and equations (2) are the
same as ((Ω1 x x Ωk-τ) x /»s)α' = 7'. Combining these two facts, we
obtain εf = Ωaf, as required.

3Φ The uαiqueness of the normal basis* If βGl, , βGn is another
normal basis of F then (βG\ , β*»)' = (au)(a*ι, , α**)' so that C^'^"1)
= (α^Xα^V1), l^i,3^n, where ( β ^ ί 1 ) and ( α W 1 ) are both circulants
of type {nlyn2, •••,%) and (α^y) is a unimodular matrix of rational in-
tegers. By Lemma 1, (aitj) = {βP&J^ofi&J1)-1 is also a circulant of type
(nl9n2, * ,nk). Conversely, if βlf •••,/?„ is an integral basis such that
(A, * *, βnϊ — {^i,ό){a&ι, '• ,aGn)f where (<xί(i) is a unimodular circulant
of rational integers of type (nl9n2,

 m ,nk)9 then {βΘJι)~ (a>ij)(ocθiσϊι) so

that, by Lemma 1, {βQJι) is also a circulant. Then, in (βΘJι)> the ele-
ments in the first column are a permutation on those in the first row-
Hence β19 , βn is a permutation of a normal basis. Following [4], we
call a circulant trivial if it has but a single nonzero entry in each row.
Thus βίf , βn is necessarily a permutation of aGl, , a?» or of — aQι,
•••, — aGn precisely when all unimodular circulants of rational integers
of type (nl9n2, * ,nk) are trivial.

If G has a cyclic direct factor of order other than 2, 3, 4, or 6,
we may choose the notation so that (SO is this cyclic direct factor. By
[4] there exists a nontrivial unimodular circulant B of rational integers
of type (n^. Then B x /«2...»fc is a nontrivial unimodular integral cir-
culant of type (nltn2, •• ,wΛ) and so the normal basis is not unique.
Hence only the following two cases remain to be considered:

(i) each ni — 4 or 2;
(ii) each nt — 3 or 2; 1 ^ i 5Ξ k.
In either case (i) or case (ii) let A be a unimodular circulant of

rational integers of type (nlfn2, " ,nk). Then, by Lemma 2, the de-
terminant of A is exe2 εn where each e* is an integer and hence a
unit in the field K generated by ξlf , ξk. K is generated by the
root of unity whose order is the least common multiple of nl9n29 •••,
nk. Since this least common multiple is 2, 3, 4, or 6, by the funda-
mental theorem on units K contains no units of infinite order and hence
each ε4 is a root of unity. By Lemma 2,

(4) TV = n-ll2ε' .

Since the first row T consists of ones only, ε± is rational. In (4) we
replace, if necessary, each a{ with — a{ and each ε{ with — ε{ to ensure
that ex = 1. Since T is unitary,

(5) a' = n~ll2T*εr - n"1fl*ε f .
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Let Ω = (Tij), 1 S i, 3 ^ w. Then, using (5), the triangle inequality,
and the fact that each | riΛ | and each | eά | is one, we find that

(6) I α< I g n-'Σ I r5Λeό | = 1 , 1 ^ i ^ w .

If we have αg Φ 0 for some g, then | aq\ ^ 1, so that in (6) for i ~ q
we have equality. Since r1>q = βj = 1, the condition for equality in the
triangle inequality forces r i i gsy = 1 for each j so that εy == ritff for j =
1, 2, , w. Then, for i Φ q,

n

ncii = Σ r ^ r ^ = 0

since the columns of Ω are pairwise orthogonal. Thus, in A, there is
but a single nonzero entry in each row.

THEOREM 1. The normal basis for the integers of F is unique (up
to permutation and change of sign) precisely when either (i) or (ii)
below is satisfied:

(i) G is the direct product of cyclic groups of order 4t and I or
order 2;

(ii) G is the direct product of cyclic groups of order 3 and/or
order 2.

Another form of this theorem is given in [1, Theorem 6],

4, Normal discriminant matrices* Let aGl, , aQn be a normal
integral basis of F and let Δ be any normal discriminant matrix.
Permuting the row and columns of Δ in the same way (this preserves
normality) we may assume Δ — {βίi1) 1 ^ ί, j ^ n, where Gl9 , Gn are
given by (1). Now Δ = (aitj)D where D = (a0****), 1 ^ i, j g n, and
where (aitj) is a unimodular matrix of rational integers. From ΔΔ* —
Δ*Δ we get (flu)DD*(aiti)' = D*(au)'(au)D. As in [4], DD* is rational
so that D*(ait3)

f{aitJ)D is left fixed by every element of G. Let

where, here and henceforth, n0 = nk+1 — 1. The effect of replacing α
with αSs in J9 may be determined by noting that

x A

A x x A

Hence, replacing α with αss in D changes Z) into PSD. Therefore
D*(αuy(αiJ)D=(PβD)*(αi,sy(αu)(PaD) so that PXα^Yiα^P^ (αuy(αu),

A x •
= Ax
= L.x
= pm

• X

. . .

. . .

X

A
X

X

0 = A x
(F.D.) x

Ins , X F,

x A ) .

~ x{S.D,
• •• x A

,)

•

X

• X
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for s = 1, 2, •••,&. Following [4] we define a generalized permutation
matrix to be a permutation matrix in which the nonzero entries are
permitted to be ± 1. Then Lemma 3 below shows that (aitj) = QC where
Q is a generalized permutation matrix and C is a circulant of type
(nlf n2f ••,%). Since (βlf , /9Λ)' = (au)(a?\ ••,«*»)', this implies (by
remarks made in § 2) that βl9 •••, βn is a generalized permutation
of a normal basis.

THEOREM 2. Lβ£ F be a field with a normal integral basis. Then
only generalized permutations of a normal basis can give rise to nor-
mal discriminant matrices.

THEOREM 3. If A is a unimodular matrix of rational integers
such that AA! is a circulant of type (n19 n2, , nk), then A — CQ
where C is a unimodular circulant of rational integers of type (nl9 n2r

•• ,nk) and Q is a generalized permutation matrix.

Proof. Since each Pt is a circulant of type (nl9 n29 , nk), it
follows from Lemma 1 that PiAA!P\ = AA! for i = 1, 2, •••,&, so that
Theorem 3 follows from Lemma 3.

LEMMA 3. If A is a unimodular matrix of rational integers such
that PiAA'P'i = AA' for i = 1, 2, , fc, then A = CQ where C and
Q are as in Theorem 3.

Proof. Let Ao — A and Qo — In. We shall prove by induction on
i that, for 1 ^ i ^ fc, A — AtQi where Q{ is a generalized permutation
matrix and A{ may be so partitioned that A{ = (X8tt), 1 ^ s, t ^ ni+1ni+2.
•• nknk+1, where each XStt is a circulant of type (nl9n2, •• , ^ i ) . The
case i = fc is the statement of the lemma. To avoid having to give a
special discussion of the case i = 1 we make the following definitions
and changes in notation. Recall that n0 ~ nk+1 = 1.

A one row, one column matrix is said to be a circulant of type
(nQ). A circulant of type (nlf •••,%) will now be called a circulant of
type (no,nlf •••,%). We then know that A = A0Q0 where Ao is com-
posed of one row, one column blocks which are circulants of type (n0)
and where Qo is a generalized permutation matrix. Our induction
assumption is that for a fixed value of i with 1 g ΐ ^ f c we have A —
^•i-iQi-i where we may partition A^ — (AStt), 1 <£ s, t ^ w^+i nk+1,
so that each AsΛ is a circulant of type (no,nlf •• ,wi_1), and where Q -̂t
is a generalized permutation matrix. We shall then deduce that A =
A{Qi. For notational simplicity we set / = nonλ n^u g = Uini+1 *
nk, h = ^ ί + 1 ^ i + 2 nk+l9 m = %^2 nim



NORMAL MATRICES AND THE NORMAL BASIS IN ABELIAN NUMBER FIELDS 1121

Now AA' = A^AU so that from P,AA!P\ = AA! we deduce that
i i = In, where M{ = A^PiA^. Since Af< is a matrix of rational

integers it follows that Mt is a generalized permutation matrix. Since
Pi and Ai-X may, after partitioning, be viewed as matrices with g rows
and columns in elements which are circulants of type (nQ, nx , %_i),
it follows from Lemma 1 that ikf; is also a matrix with g rows and
columns in elements which are circulants of type (n0, nl9 , ̂ _i). From
this point of view M{ must be a ' 'generalized permutation matrix" in
that it has but a single nonzero entry in each of its g rows and columns.
Each of these nonzero entries is of course both a circulant of type
(no,n19 •• ,ni-1) and a generalized permutation matrix.

We now digress for a moment to note that if M is a permutation
matrix whose coefficients lie in a ring with identity then a permutation
matrix R exists with coefficients in the same ring such that R'MR is
a direct sum of one row identity matrices and/or matrices like [0,1, 0,
• • ,0]f for ί > 1. This assertion is a consequence of the fact that a
permutation may be decomposed into disjoint cycles.

Applying this fact to the ' 'generalized permutation matrix" Miy we
find that a permutation matrix R{ exists with g rows and columns in
elements which are either 0/ or If such that R^M^li — N{ is a direct sum
of r matrices of the following type:

0

0

0

E

EjΛ

0

0

. 0

0

EiΛ

0

0

0

•

0

... o

... o

... o
if βj > 1, and Eό = (Ejtl) if eό = 1. Here each 0 = 0/ and each EiΛ is
both a circulant of type (nOf nl9 , n^) (since Rt has circulants of this
type as ''elements") and a generalized permutation matrix. Moreover,
ex + e2 + + er = g. Since Nt is similar to Pt and P?< = In, then N"*
= In. This implies that each e, ^ nt. We shall prove that each e3- =
%. The proof is by contradiction. Suppose for at least one j that

e3- < w<β We know that f{eλ + e2 + er) = fg = n. Hence /%r > n
and so r > h. Now

P4 = [0,, If, 0,, . . . , 0 ^ x 1 ,

and PiA^ = A^M,. Let ίί s = (AaΛ, ASt2, , Aβ((r) for 1 ^ s ^ g. Then
from P.A,.! = A^Mi it follows that: ίZ"2 = HxMiy H3 = H2Mif , HH =
Hnt-iMi] Hn.+2 = HH+1Mif Hni+a — Hni+2Mi, , fi"2ni = JBΓ2Wi_1Λf<; H{h-1)H+2

= iί(fe_1)Wί+1M; , fl"(A-i,w<+8 = iϊ(Λ_1)Wί+2M ί, , fl"Aw< = H^^Mt. Hence, if
-Bi = fl"(i-D 4+i for ISJ^K then HU-1)H+q = BjMr1 for 2 ^ g ^ %.
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Consequently,
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B1Mi

Bh

B1RiNi

BιRiN\

Here each BάR{ 1 ^ j ^ h, may also be regarded as a row vector with
g coordinates in elements which are cireulants of type (no,n19 •••,%_!).
This is so because both B3 and R{ have circulants of this type as
' 'elements''.

Let X = (Xu X2, , Xg) be a row vector in which the X{ are
square matrices with / rows and columns. Then

1Λ, X2Elt2,

Since each 2?i>ff is a generalized permutation matrix, it follows that the
first fe1 columns of XNi are, apart from order and possible change of
sign, just the first fex columns of X; the next fe2 columns of XN{ are,
up to order and sign, just the next fe2 columns of X; and, in general,
columns

(7) f(e0 + e1 + + es_λ) + l ,/(β 0 + *

f(e0 + e, + + O
+ ^-0 + 2,

of XiSΓi are, apart from order and sign, just these same columns in X.
Here e0 = 0. This holds for s = 1, 2, , r.

Hence, in B^Nl for 1 ^ v ^ n< — 1 and fixed j , columns (7) (for
a fixed value of s) are just a generalized permutation of columns (7)
in BjRi. Moreover, the elements appearing in columns (7) and row q
of BjRi ΐor 2 ^ q <£ / are just a permutation of the elements in columns
(7) and the first row of BάRiy since B^ is composed of blocks which
are circulants of type (no,nlf •• ,ni-1). All this means that the ele-
ments in columns (7) (for a fixed value of s) and row q (for 2 ^ q ^ m)
of the matrix
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(8) BjR.Nl

are generalized permutations of the elements in columns (7) and the
first row of this matrix. Hence the integers in row q (for 2 ^ q ^ m)
and columns (7) of the matrix (8) are congruent (modulo 2) to a per-
mutation of the integers in column (7) and the first row of (8).

In the matrix A ^ i ^ add columns f(e0 + e1 + + es-±) + 1, f(e0 +
eλ+ + es_0 + 2, , f(e0 + e1 + + es) — 1 to column f(e0 + ex +
• + es) for s = 1, 2, , r. The integers appearing in rows mp + 2,
mp + 3, , m(p + 1) of column f(e0 + eλ+ + e) are now congruent
(modulo 2) to the integer in row mp + 1 and column f(eo + e1+ +
es). This holds for p = 0, 1, , h — 1, and s = 1, 2, , r. Now add
row mp + 1 to rows mp + 2, mp + 3, , m(p + 1) for p = 0,1, ,
h — 1. The integer in row mp + g and column f(e1 + e2 + + es) is
now congruent to zero (modulo 2), for 2 ^ g ^ m; 0 ^ p ^ & — 1; 1 ^ s
g r. Hence columns /(e x + e2 + + es) for 1 ^ s ^ r may be regarded
as lying in the same vector space of dimension h over the field of two
elements. Since r > h, these vectors are dependent. Consequently the
determinant of Ai^1Ri is congruent to zero (modulo 2). This is a con-
tradiction as the determinant of Ai^ΛRi is ± 1.

Hence each e3 = n{. Let Zj be the block diagonal matrix diag
(/„ EύΛi EiΛEjΛ9 , EiΛESΆ JSi.^-α). Since EiΛEiΛ Ej>H is a di-
agonal block in Ef and since Eψ — /m, it follows that EiΛEit2 Eίt%i

= If. From this fact and the fact that the Ej>q are generalized per-
mutation matrices we find that ZJEJZJ = [0f, If, 0f, , 0/]^. Hence,
if Z = diag (Zx, Z2, , Z r), then ZAΓ.Z' = P ί β Morever, Z is a matrix
with # rows and columns in elements which are circulants of type
(no,nl9 •• ,ni-1). We now have Mt = U\PiUi where Ur

i — RiZ
t is a

generalized permutation matrix and a matrix with # rows and columns
in elements which are circulants of type (no,nlf •• ,w»-i) Then

Bjj\pγ-χ

•
BhV\
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say. Here each BάΌ\ is a vector with g coordinates in elements which
are circulants of type (n0, nly •• ,% i _ 1 ). From the form of A« it follows
that At may be partitioned into blocks which are circulants of type
(nQ,nlf ••-,*&<).

The proof is now complete.
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