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1. Introduction. It was shown in [1, Theorem 4.3] that upper 8-
continuity® is additive in the following sense:

(1.1) Suppose that [0, a], [0, b] are upper W-continuous in a relatively
complemented modular lattice. Then [0, a U b] is upper W-continuous
provided that [0, a U b] is upper W-complete.

But it may happen that [0, a], [0, b] are both upper }R-complete
(both may even be von Neumann geometries with a perspective to b)
and yet [0,a U b] is mot upper YR-complete. In fact there are von
Neumann rings <% for which the lattice R &, With &7 = 22, is not even
upper Y,-complete (see the Remark preceding Definition 3.1)

With a modest supplementary condition however, additivity of upper
W-completeness does hold, as we show in this paper.

2. Terminology and notation. We shall use the notation of [1],
[2], and [4].

I will denote a set of indices @ and I will denote the cardinal
power of I.

W will denote an infinite cardinal, 2 will denote the least ordinal
number whose corresponding cardinal power is .

A lattice is called upper W-complete if the union a = U (a,jaecl)
exists whenever I < Y, and is called upper W-continuous if for every b:
bnNna=UW N U (a,lae F))lall finite F < I), with dual definitions for
lower W-completeness and lower YW-continuity. The lattice is called -
complete, respectively W-continuwous if it is both upper and lower
W-continuous.

A complemented modular lattice L is called an W-von Neumann-
geometry if it is Y-complete and YW -continuous (irreducibility is mnot
assumed).

If we omit the ¥ in any of these designations, this implies that
the lattice I has the corresponding Y-property for all 3.

If <Z is an associative regular ring (not necessarily with unit element)
then R _» denotes the relatively complemented modular lattice of its principal
right ideals, ordered by inclusion. <2 is called an YR-von Neumann-
ring, respectively a von Neumanmn ring, according as R&? is an YW-von
_—Rm—December 28, 1961. Dr. Wonenburger is a postdoctorate Fellow (of the
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1 Terminology and notation are explained in section 2 below.
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Neumann-geometry, respectively a von Neumann geometry.

In any relatively complemented modular lattice, if @ = b then [a — b]
will denote an arbitrary (but fixed) element such that [a — 4] b =«
(the dot indicates that the summands in the union are independent). We
write a ~ b to denote: a is perspective to b, and a < b to denote: a ~ b,
for some b, = b. Elements a, b are called completely disjoint, (notation:
(a, b)P) if: a, ~ b, a;, £ a, b, < b together imply a, = 0.

3. The additivity of completeness theorem.
In this section @, b, ¢, +++ %,, +-- will denote elements in a given relatively
complemented modular lattice L.

If [0, @ U c] is upper W-complete we shall write u(a, ¢, ) to mean:

(8.1) Whenever x, <a Uc for all acl (with T < W) and

a N (U@lBeF) =0
Jor all finite F' I, then a N (U@x.lael)) =0.

It is important to note: if u(a, ¢, }) holds then u(a’, ¢’, W) holds
for all ¢’ < a,¢ <ec.

Clearly, if [0, @ U ¢] is upper Y-complete and upper ¥R-continuous then
u(a, ¢, W) does hold.

Similarly, if [0, a U c] is lower W-complete we shall write (e, ¢, 3)
to denote:

(8.1) Whenever z, <a Uc for all acI (with I £ W) and

aU(N@slBeF)=aUc
Jor all finite FC I, then o U (N®,]laecl))=a U ec.

It is important to note: if I(a, ¢, 3) holds then I(a’, ¢, $}) holds
for all @’ <a,c Ze.

Clearly, if [0,a U c] is lower Y-complete and lower ¥-continuous then
l(a, ¢, W) does hold.

LemMA 3.1. Suppose that each of [0,a U b], [0,b U ¢], [0,a U c] is
upper W-complete and suppose that u(a, ¢, W) holds. Then [0,a U b U c]
18 upper W-complete.

Proof. We may suppose that {a, b, ¢} is an independent set, for if
¢, b are replaced by [c — (@ N ¢)] and [b — (b N (@ U ¢))] respectively the
hypotheses of Lemma 3.1 continue to hold and the conclusion is not
changed.

Using transfinite induction, we may suppose that Lemma 3.1 holds
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for all W' < W. We may therefore assume that z, is given, <aUbU ¢
for all 0 < a < 2, that U(z.|a = B) exists for all 8 < 2 and we need only
show that U(z,|a < Q) exists.

We may suppose %, < 25 for « < 8 < 2 (by replacing the original
z, by U(xs|B8 = a) for all (a < Q).

Set T,—=UJ((x, N (a N b)) |a < Q) (this union exists since, by hypothesis,
[0,a U b] is upper W-complete). Set Z, =2z, U z, for 0 < a < £ and
observe that Z, =%, foral 0 = 8 < a < £,

Set ¥, =%, and ¥, = [Z, — U@:|0 = B8 < a)] for 0 < a < Q. Then
Uwsl0 =8 < a)=U@E:|0 = B<a)forall ) <a< £, as may be verified
easily by transfinite induction.

Clearly, we need only show that U(#.|0 £ a < Q) exists. Hence it
is sufficient to show that .y, exists, where (for the rest of this proof)
we write U, to mean Jjcncp (note: 0 < a < 2 has been replaced by
0<a< .

Set u = (a U (Ual(@ U %) N (U ))) N (B U (Uu® U %) N (a U )
(this union exists since, by hypothesis, [0, b U ¢} and [0, @ U ¢] are upper
M-complete). We observe that u = y, for all 0 < 8 < 2 since each factor
of # has this property: for fixed B, a U (U.l{(a Uy.,) N (b U e)) =
aU(@Uyy) NGUe)=(@Uy)N(@UbUc)=aUys=ys.

We shall show that « is the desired union U,y.. It is clearly suf-
ficient to show for every w: if u = w =y, forall 0 < a < 2 then u < w.

Sincea Uy, =aUwand DUy, =bU w for all 0 < a < 2,

u=(@U(@Uuw)yn®Gue))N@UdUwN@U-)
=(eUw)NGUw=wU-(@nN(@®Uw).

It is therefore sufficient to show that ¢ N (b U w) < w. We shall show
that ¢ N (b U ) = 0; this will imply:

aNOUW=Z=aNGUu=0=w,
Now bUu=(aUbU(UuaUg) NG UN)N(BUULbU)N@U)),

aN@Uu=an @ U UbUy) N (aUoc))
=anN(®N@Uec)U (Ub U )N (@U o))
=a N (U U ) N (@ U0)).

Since u (a, ¢, W) is assumed to hold we need only show:
anN (UG UY)N(@Uoa=a,--,a,)=0

for every finite set of indices 0 < o, < a4, < +o0 < ¥, < 2.
Hence it is sufficient to show that

a N (b U (U(ywla:alr '°',0(m))) = 0,
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and so it is sufficient to show that
(3-2) (aub)n(U(yw[a:alr"'!am))z()-

For this purpose, we note: ¥, N (UWs|0=8<a)=0forall 0<a< L,
This implies that {y,|a¢ =0, a;, -+, @,,} is an independent set and hence
% N (UW.|laa =ay, -+, @,)) = 0. This implies (8.2) since the left side
of (3.2) is <y, Thus Lemma 8.1 is proved.

COROLLARY 1. Suppose that [0,a; U a;] is upper W-complete for
1, =1, «+«, m for some finite integer m and suppose that u(a;, a;, W)
holds whenever 1 < j. Then [0,a, U +++ U a,] is upper YW-complete.

Proof. If m < 2 the conclusion is part of the hypotheses. Suppose
that m > 2 and that the Corollary is known to hold with m — 1 in place
of m; then Lemma 3.1 can be applied (with a =a,, b=a, U --- U a,
and ¢ = a,) to show that the Corollary holds for m itself. By induction
on m, the Corollary is established.

COROLLARY 2. Suppose that [0, a; U a;] s upper W-complete and
upper W-continuous for i,j =1, «+., m for some finite integer m. Then
[0,a, U +++ U a,] is upper W-complete and upper W-continuous.

Proof. Since upper W-continuity of [0, a; U a;] implies that u(a;, a;, $)
holds, Corollary 1 shows that [0,a, U +++ U a,] is upper ¥-complete. The
upper W-continuity then follows from [1, Theorem 4.3].

LemMMA 3.2. Suppose thata =a, U a,U -+~ Ua, and ¢, <a, U -+ Ua;_,
for 1< i1 =m. Then a can be expressed in the form:

(88) a, U U +++ U a, for some n=m and elements @, +-+,d, such
that @, S a, for all 1 <1 < m.

Moreover @, may be taken to coincide with a, tf a, N a, = 0.

Proof. Lemma 3.2 holds trivially if m =1 and also if m = 2 and
a, N a,=0. We may therefore suppose (by induction) that m > 1 and
that b=a, U *++ U @,_, has the form (3.3).

We can replace a,, by [a, — (¢, N b)] since the hypotheses of Lemma
3.2 continue to hold and the conclusion is not changed. After this change,

amﬂb=amﬂ(a10€_bzo"'Odn)zo-

Since a, <a, U@ U --- U @, there is a perspectivity mapping @ of
[0, @,] with ®(a,) <b. Then

Uy, = Q1 U Qo2 [GRERE U (L 2%



ON THE ADDITIVITY OF LATTICE COMPLETENESS 1293

where
¢(am,1) = g)(a’m) n al ’
and for 1< < m,
P(tm.2) = [(P(@n) N (@, U @ U -++ U @)
—(@@) N (@ UaU - Uay).

Obviously, @, < @,. If © > 1then a, ; ~ P(@n..); P(An.) S Ti; @; < ay;
and a,.; N (@(a@n;) U @ U a,) = 0; these facts imply that a,; < a, (use
(2.2) of [1]). The conclusion of Lemma 8.2 now follows at once.

LEmMmA 3.3. Suppose that

(i) ea=a,Uay,U -+ U a, for some finite m = 2,
(i) ay~a,
(iii) aiSal.U---Uai_lfor2<i§m,

@{iv) [0, a, U a,] is upper W-complete,
(v) u(ay, a, 3}) holds.

Then {0, a] is upper Y -complete.

Proof. Applying Lemma 3.2, and using a new m and new elements
Qs+, A, We may suppose that (i), (iii) hold in the strengthened form:
a=a Ua, U -+ Ua,and a; < a, for 2< i <m.

Suppose that 1 <1< 7 <m. If 1% 2 then a; S a, (because of (ii))
and there is a perspectivity mapping @ of [0,a; U a;] with o(a;) < a,
and @(a,) < a,. Hence [0, a; U a;] is upper WR-complete and u(a;, a;, W)
holds in this case.

If ¢ = 2 there is a perspectivity mapping @ of [0, a, U ;] with ¢(a,)=
a;, P(a;) = a;; the result for [0, @, U a;] obtained previously now implies:
[0, @, U a;] is upper W-complete and u(a,, a;, ) holds.

Corollary 1 to Lemma 8.1 now applies to these elements a,, ---, a,
and this completes the proof of Lemma 3.3.

COROLLARY. Suppose that the hypotheses (i), (ii), (iii), of Lemma 3.3
hold and suppose also that

(vi) [0, a, U a,] is upper W-complete and upper YW-continuous.

Then [0, a] is upper W-complete and upper Y-continuous.

Proof. (vi) implies (iv), (v). Hence [0, @] is upper W-complete by
Lemma 3.3. Upper W-continuity then follows from [1, Theorem 4.3].

LEMMA 3.4. (Additivity of lower W-continuity). Suppose that
[0,a, U -+ U a,] is lower W-complete and that [0,a;] ts lower -
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continuous for i=1, -+, m. Then [0,a,U - Ua,] ts lower WR-continuous.

Proof. We may assume that {a,, ---,a,} is an independent set
(replace a; by [a; — (a; N (a, U +++ U a;,))] for 2 <1 < m).

Then [a,, a, U a,] is lower }R-continuous since it is lattice isomorphic
to [0, a,] under the mapping: © —« N a,. Similarly [a,, a, U a,] is lower
W-continuous. By the dual of [1, Theorem 4.3], [0, a, U a,] = ([a; N a,,
a, U a,]) is lower Y-continuous. Lemma 3.4 follows by induction on m.

LemMA 3.5, Suppose that each of [0, U b],[0,b U c¢), [0,a U c] s
lower W-complete and suppose that l(a, ¢, W) holds. Then [0,a U b U c}
18 lower W-complete.

Proof. We may suppose that {a, b, ¢} is an independent set, for if
¢, b are replaced by [¢ — (@ N ¢)] and [0 — (b N (@ U ¢))] respectively the
hypotheses of Lemma 3.5 continue to hold (l(a,c;, 3) is equivalent to
l(a,c, W) if @ U c,=a Uc) and the conclusion is not changed.

Now set B=a Uc¢, C=bUa, A=bUc and 1=aUbUc. We
have: [A N B,1](=[¢,a U b U ¢]) is lower ¥-complete since it is lattice
isomorphic to [0, U b] under the mapping x—2 N (@ U b). Similarly
each of [BN C,1], [C N 4,1] is lower ¥W-complete.

We can now show that [0,a Ub U c](=[4 N BN C,1)]) is lower W-
complete (by applying the dual of Lemma 38.1) if we can show:

(8.4) Whenever X,=CNA for e I(with ISY)and CU(N(X:|Be F))=
1 for all finite F C I, then C U (N(X,|ael)) = 1.

Since CN A=b and C=a Ub, (3.4) can be rewritten:

(8.4 Whenever X,=b for a e I (with I<W) and o U(N(Xs|Be F))=
aUbUc for all finite FC I then a U (N (Xu|lacl))=a UbUec.

Suppose that the hypotheses of (3.4)' hold and set z, = X, N (a U ¢).
Then z, <a U ¢ for all « and

a U (N (%] B8eF))
=a U (NXslBeF) N(@Ue)=(aU(N(X|BeF)) N(aUc
=@uUbUucN@Uec)=aUec.

Since l(a, ¢, 3}) holds, it follows that

aU(N@sael)=aUc; a U(NXslael)N(@Ue)=aUc;
aU(NX,Jael))=aUc (hence=a UbUc).

This means: (3.4) does hold. This completes the proof of Lemma 3.5.
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COROLLARY 1. Suppose that [0,a; U a;] 1s lower Y-complete for
,7=1,+,m.

Suppose also that l(a;, a;, W) holds for all t<j. Then [0,a,U---Ua,]
18 lower W-complete.

Proof. This follows from Lemma 3.5 by induction on m, just as
Corollary 1 to Lemma 3.1 followed from Lemma 8.1.

COROLLARY 2. Suppose that [0,a; U a;] is lower Y-complete and
lower W-continuous for 1,5 =1,---,m. Then[0,a, U --- U a,] is lower
W-continuous.

Proof. Since lower Y-continuity of [0, a; U a;] implies that I(a;, a;, W)
holds, Corollary 1 shows that [0,a, U --- U a,] is lower R-complete.
The lower YW-continuity of [0,a, U -- - Ua,] then follows from Lemma 3.4.

LEMMA 3.6. Suppose that

(i) e=a,Ua,U -+ U a, for some finite m = 2,
(11) Ay ~ @y,
(111) aiS(IIU"'Uai_lfO')"2<i§m)

@{v) [0, a, U a,] is lower Y-complete,
‘(V) l(au g, R) holds.

Then [0, a] is lower W-complete.
COROLLARY. Suppose that (i), (ii), (iii) hold and also
i) [0, a; U a,] is lower YW-complete and lower W-continuous.

Then [0, a] is lower YW-complete and lower W-continuous.

Proof. Lemma 3.6 and its Corollary follow from Lemma 3.5 and
Lemma 3.4 just as Lemma 3.8 and its Corollary followed from Corollary
1 to Lemma 3.1 and [1, Theorem 4.3].

THEOREM 3.1. Suppose that each of [0, a;Ua;] is an W-von Neumann-
geometry (respectively a von Newmann-geometry) for i,j =1, «-+,m.
Then [0,a, U -+ U a,] is an W-von Neumann-geometry (respectively a
von Neumann geometry).

Proof. This follows from Corollary 2 to Lemma 3.1 and Corollary
2 to Lemma 3.5.

COROLLARY 1. Suppose that

(i) a=a,Ua, U -+ U a, for some finite m = 2,
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(11) Ay ~ @y,

(i) a; Sa, U -+ Ua for 2< 1 < m,

@iv) [0, a, U a,] s an W-von Neumann-geometry (respectively a wvon
Neumann-geometry).

Then [0, a] is an YR-von Neumann-geometry, respectively a von Neumann-
geometry.

Proof. This follows from the Corollary to Lemma 8.3 and the
Corollary to Lemma 3.6.

COROLLARY 2. Suppose that & s an YW-von Neumann-ring (re-
spectively a von Neumann-ring). If R, has a basis @, @, -+, %, such
that x, ~ 2, and x; < %, for 2 < 1 = m, then #, 1s an W-von Newmann-
ring (respectively, a von Newmann-ring).

Proof. By hypothe51s, the unit element of the lattice R is the
union @, U -+ U @,. The unit element of Ry, with & = .22, can be
represented as a union @ U U, Uy, U - < U vy, with ¥, ~ x; and
hence y;, S x, for 1 < ¢ < m. Slnce [0, @, U x,] is an W-von Neumann
geometry (respectively a von Neumann geometry) along with B 2, Corollary
1 applies and this completes the proof of Corollary 2.

COROLLARY 3. Suppose that <& and 2, are both W-von Neumann-
rings (respectively wvon Neumann-rings). Then Z, is an W-von
Neumann-ring (respectively a von Neumann-ring) for all finite n.

Proof. If n > 2 the umt element of Ry, with & = &, can be
expressed as «, U @, U - U, Where 2, is the unit element of R%,,
x; ~ %, for all ¢, and [0 @ U ] = @2. Theorem 3.1 applies and this
completes the proof of Corollary 3.

REMARK. Let <2 be the ring of sequences x=(x") with all 2" complex
numbers and all but a finite number of z™ real, with componentwise
addition and multiplication; this example was given by Kaplansky [3,
page 526]. This 2 is a von Neumann-ring but .2, is not even upper
W-complete.

DerFINITION 38.1. If L is a relatively complemented modular lattice,
then an element a is called Boolean (with respect to L) if b, ~b,, b, < a
together imply b, = b,; a is called the Boolean part of L (necessarily
unique if it exists)® if @ is Boolean and a, < a for every Boolean a,.

2 This is an abuse of language: properly, [0, a] should be called the Boolean part of L.
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LemmA 8.7. Suppose that L is a relatively complemented modular
lattice. If (a, b)P holds then for every cin L, cN(a Ub)=(cNa)U(cNbd)
and [0,a U b] is the direct sum of [0, a] and [0, b]. On the other hand
if a is Boolean then

(i) b= a implies that b is Boolean,

(iil) b N a =0 implies that (b, a)P holds,

(ili) b = a implies that the relative complement [b — a] is unique,
iv) en@®@Ue)=(@NbdU(@nc)for all b,c n L,

(v) [0,a] s @ Boolean algebra.

Proof. Suppose that (a,b)P holds and set d =[(c N (¢ UDd)) —
cnayund)),d,=C@UdnNa,dy=Ua)Nb Thend <a Ub,
dNa=dnb=0, d, Ud=@dUubN@dUa) =d, Ud, so d, ~d,.
Since d, < a, d, < b and (a, b) P holds, we must have: d,=0;b=d, U b=
dUb; d=b;henced =0, cN(@Ub)=@CcNa)Und). If czaUDd
then ¢c=(cNa)U (Nbd); and if c=¢, Uc, with ¢, <a, ¢, <b then
cNa=c U, NbNa)=c UO0=c¢, ¢cNb=c, This proves that
[0, @ U b] is the direct sum of [0, @] and [0, b].

(i) and (ii) are obvious from the definition of Boolean element.

(ii) asserts that a is in the centre of L as defined in [1, (2.5)]. But
if @ is in the centre of L and b is any element in L with b = ¢ then
a is in the centre of [0, d], hence [b — a] is uniquely determined (use
[1, (2.6)]). This proves (iii).

If b,c are arbitrary elements in L, set b,=1[b— (¢ ND)], ¢, =
[c —(@nc)]. Since a Nb,=a N ¢, =0 and a is in the centre of L, it
follows that (a, b)) P, (a, ¢,) P, hence (a, b, U ¢,)P (use [1, (2,6)]); therefore
a N (b, Ue)=0. By the modular law

anN@G@Ue)=an®Uc,U(@nNd UIane)
=@ndU@nec)Uan(®Uec)
=(@nbd U@nc

and hence (iv) holds.
Thus [0, a] is a distributive complemented lattice, equivalently: a
Boolean algebra. This proves (v).

LemMA 8.8. Suppose that L has a unit element 1=a,Ua, U -+- U @,
with m =2, a, ~ay, a; S a, for 2<t=m and a, N a,=0. Then the
Boolean part of L exists and s 0.

Proof. By Lemma 3.2 we may assume that 1 =a, U -+ U a, with
m=2, a,~a, and a; S a, for 2 <1 =< m.

To prove Lemma 8.8 we may suppose that a = 0 and we need only
exhibit elements b, b, such that b, < a, b, ~ b,, and b, # b,.
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If a; N @ # 0 for any 7 it suffices to choose this element as b, since
the relations a, ~ a, and a; < a, if 7 #+ 1 imply b, ~ b, for some b, = b,
(even b, N b, = 0).

On the other hand, if a; N @ =0 forall ¢, set b, =(a, U -+ Ua;) N a
where ¢ is the smallest integer for which this element is different from
0 (necessarily 1 < ¢ < m) and set b, = ((@, U +++ U @;—) U b) N a;. Then
b,~b, since (@, U -+ Udt;—y) U b= (a, U +-+ U a;_) U by; and b, = b, since
b,=a,and b, N a; = a N a; = 0. This completes the proof of Lemma 3.8.

LeMMA 3.9. Suppose that L is an upper complete complemented
modular lattice and let a be the union of all Boolean elements in L.
Then a is the Boolean part of L.

Proof. We need only show that a is Boolean, that is, we may suppose
that b < a, that @ is a perspective mapping of [0, b], that b = @(b) and
we need only derive a contradiction. By replacing b by [b — (b N @(b))]
we may suppose b = 0 and b N @(b) = 0.

Now for every ¢: (b Nc)) ~ B Nec)and (b Nec)) NGB Nec)y=D0.
If ¢ is Boolean this implies: 8 N ¢ = 0, and hence (since ¢ is Boolean)
(b, ¢)P holds. It follows from [1, formula (2.6)] that (b, a)P holds,
contradicting the fact that b = 0 and b < a. This contradiction proves
Lemma 3.9.

THEOREM 3.2. Suppose that L is a relatively complemented modular
lattice and

(i) a=a,Ua, Ua, U +++ U a, for some finite m = 2,
(ii) (@, @, U -+ U a,)P holds,

(i) ay,~a,a,Na =0,

(iv) ;s a, U -+ Ua, for 2<1=m,

(v) o is a perspective mapping of [0, b] with ¢(b) < a.

Let © denote one of the properties: to be upper YW-complete and upper
W-continuous, or to be lower W-complete and lower YW-continuous. Then
[0, @ U b] has property & if both of |0, a, U a,] and [0, a, U 7(a, N ¢(b))]
have property w; if a, is the Boolean part of [0,a] and [0,b] has a
Boolean part b, it is sufficient that [0, @, U a,] and |0, a, U b,] should
both have property =.

Proof. Since (a,a, U -+ U a,)P holds, Lemma 3.7 shows that
P(b)= @(b;) U @(bs) where b,=9(a, N ¢(b)) and b,=¢((a,U - - - Ua,) NP(b)).
Then (a, U b, a, U --- U a, U b)P holds (use [1, (2.6))).

By Lemma 8.7, [0,a U b] is the direct sum of [0,a, U b] and
[0,a, U --- U a, U b,] and has property = if each of the summands has it.
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Since b, <a, U --- U a,, [0,a, U -+ U a, U b,] has property = if
[0, @, U a,] has it, by Lemma 8.3 and its Corollary and Lemma 3.6 and
its Corollary.

If a, is the Boolean part of [0,a] then @(b) N a, is Boolean with
respect to [0, a], a fortiori Boolean with respect to [0, @(b)]. Thus, b, is
Boolean with respect to [0,b]. If [0,b] has a Boolean part b, then
b, <b,and a, U b, = a, U b,, hence [0, a, U b,] has property = if [0, a, U b ]
has it.

This proves all parts of Theorem 3.2.

REMARK. If &2 is a von Neumann ring then .2 has a unique
decomposition as a direct sum &2 = 77 (P .2 such that R - is the Boolean
part of B, and K has a basis @, @, x, with @, ~ 2, and ®, < «,. Then
Theorem 3.2 and Corollary 2 to Theorem 3.1 apply and show that .#,
is a von Neumann ring if and only if <%, is a von Neumann ring (for
details see [2]).
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