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Introduction. From the function-theoretic point of view, the three-
dimensional boundary of a domain (in the space of two complex variables)
does not play a role analogous to the boundary curve in the theory of
one variable. In order to be able to use methods similar to those in one
variable, Bergman introduces analytic polyhedra, i.e., domains bounded
by finitely many segments of analytic hypersurfaces.! On the three-
dimensional boundary of an analytic polyhedron lies a two-dimensional
manifold which, from the function-theoretic point of view, plays a role
similar to that of the boundary curve. In studying the value distribution
of holomorphic and meromorphic functions in an analytic polyhedron,
we can distinguish with Bergman two types of problems:

(1) derivation of bounds for a function in terms of values on the
(two-dimensional) distinguished boundary (the so-called Bergman-Silov
boundary),

(2) studies of the relations between the value distribution on the
complementary part of the boundary and in the interior of the domain.
While studies of problems of type (1) proceed along the lines similar to
those in the case of one variable (through repeated use of the Cauchy
and Poisson-Jensen formula, etc.), the investigation of problems of type
(2) has a different character. Bergman and Charzynski considered the
case of functions f(z,, 2, which belong to a normal family in every
lamina. For instance, they assume f(z, 2,) to be a Schlicht function in
every lamina. In this case it is possible to obtain bounds for |f| in
terms of its maximum along a one-dimensional boundary manifold. In
the present paper, the investigation of problems of type (2) is continued,
and we assume that the function f in every lamina is mean multivalent
of order p (see §1 for details). The order » = p(\) is a function of the
parameter A\ p(\) is square-integrable.

Let ®* be a segment of an analytic surface & which intersects the
polyhedron. We obtain bounds for |f(zi, 2.)}, (1, 2,) € &, in terms of

(a) the minimum and the maximum of |f| on the one-dimensional

manifold mentioned before,

(b) a quantity connected with p()),

Received May 16, 1962, This work was done under NSF Grant 10375.
L An analytic hypersurface is a one-parameter family of analytic surfaces called a laminas.
2 The laminas of a segment of an analytic hypersurface depend on a parameter A.
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(¢) certain constants which depend only upon the domain and the
surface &3,

0. Definitions and notations. We shall consider an arbitrary
bounded domain B lying in the space of two complex variables z,, z;, 2, =
2, -+ W, k=1,2. We assume that the boundary b® of this domain
congists of finitely many segments

0.1) ek, k=1,---,m,

of analytic hypersurfaces. Every such segment is given by a parametric
representation of the form

(0'2) %= hlk(Zky 7\’Ic) ’ %y = hzk(Zk’ >"k) ’

where 2,(Z,, »,) and h,(Z,, \,) are continuously differentiable functions
of Z,, N, in the set {(Z,,\):|Z,] = 1,0 =\, = 2r}. For a fixed & and
n; the corresponding set of points (0.2) will be called a lamina of ¢ and
desigr}ated X(ny). We assume that

0.3) i) NI =0 if A = N,
and that for fixed »,
(0.4) (Rl Ziy M)y Pl Zidy ) # (Rl ZE S M)y B2 M)

The set ¥ of points (0.2) corresponding to the values | Z,|=1, k=1, +--, n,
constitutes the so-called Bergman-Silov boundary surface of B on which
the maximum principle holds for functions regular in B (see [1]). We
shall also assume that for every |Z”| < 1,\", k=1, ---,n, and for
sufficiently small ¢ > 0, the set of points (0.2) which correspond to the
values

| Z, — Z <o, |M—N|<o
of the parameters contain all the points of 5* lying sufficiently near the
point
A= a2, W), A = halZ0,N) .

The set of points of four-dimensional space of the form
(0.5) 2= 0(8), %= 9(8), €D,

where ® is a domain in the {-plane, and the expressions on the right-
hand sides of (0.5) are holomorphic functions of ¢ in © and continuous
in ®, is called an analytic surface.

The set of points which corresponds to the values & e d(D)* will be

3 (D) = boundary of D
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called the boundary of the surface.
The complement of B with respect to the whole space will be called f3,.

1. Bounds for the function f(2;, 2,) on the analytic surface. Let
B be a domain described in §0 and let &! denote an analytic surface
of the form (0.5). We assume that & has common points with 28 and
its whole boundary lies in %,. Further, let the intersection & with B
satisfy the following conditions:

1°. The intersection is a segment
& = 653 Ny = {(Zl, zz): 2 = gl(é‘)! Ry = gz(&)y I§| < 1} .
Here g.(£), 9.(0) are analytic functions which are regular in || < 1 and

continuous in |{] = 1.

2°. The boundary curve g¢* of &? is the intersection ®! with b°
We assume that

b= (2 20) 2 = 04(€7), 2 = 94(€), 0 £ ¢ = 21}
can be divided into J parts
05 = {(&1, 22): 20 = 9.(€%), 2, = 94(6%), P; = P = P,ui}
J=1L-Jip <P < e <Py =P+ 2,
so that gjeei,, k; = k;, for j; # j, and only the points
(9:(€79), 9u(€¥9), 5 = 1, -+ -, T,
belong to .

3°, Every point of g} lies in a certain lamina, say
82,00, = (@ 21 2 = ag(Zapy M)y 2 = g (B M)} <

Hence, by (0.3) and (0.4), functions N, = N, (9) and Z,, = Z, (), 9; =
@ =< @;.,, exist such that

g} = {(zly 22): 2 = h’lkj(ij(¢)7 Kkj(@))’ %y = h%j(ij(@), ij(@)),
P;=EP =Py}

We assume that N\, (@), Z,(9),5 =1, .-, J, are continuous and that
N (®) are also monotone in the intervals <{o;, @;:10. Therefore, the
derivatives M} (9) exist almost everywhere.

4°. Since N\ (®) are monotone in {p;, ®;.,», there exist inverse
functions ®;(\;,) in the intervals {a;, B;>=X\, KPi, Pivrp). The derivatives
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Pi(M,) also exist in {a;, B;> almost everywhere. We shall assume that
lPim) ] = @, =1, J.

5°. The intersection &} is such that the expressions 1— |Z, L)
go to zero no faster than some positive power of ¢ — @; or @ — @, if
@ —@; + or ¢ — @;,, —, respectively.

The hypotheses 1°, 2°, and 3° are the same as hypotheses 1, 2, and
3 in [4], p. 188. Instead of hypothesis 6, [4] we have the weaker
hypothesis 5°.*

We define now a family of functions in a domain ®B. The func-
tion f(z, 2,) defined in B will be called the function of the family
F(&i, P), P> 0, if it satisfies the following conditions:

1°°.  f(z, %) is regular in the set B, = B\F continuous in B, =
B UG NG

2°°, f(z, 7)) # 0 in B,

8°°. On almost every lamina J%,0v,), @; =X, = B;, the function
f®, 20) = fhy gy Myl (Z 5 M) considered as a function of one
variable Z, in the circle |Z,,| <1 is a mean multivalent function of
the order p;(\;,) in the sense of Biernacki, see [5], [7].°

4°°, The functions p;(\, ;) may grow to infinity, but in such a way
that they are square-integrable in {a;, 8,).

J 1 (8 1/2
[eXe] - 2 < 8
5 5 (5= (oougn, ) s P
DEFINITION. Every f(z,, z,) which belongs to Fu(&%, P) will be called

o mean multivalent function of the order P with respect to &,
We set

1.1) I = min [1, H)\lin . If(hlkj(oy >Vk]), hzk,(O, )"lcj))[] ’
@ = kjé 3
J=1,00,T

@.1) L =max[l, max | f (Bae;(0, M), P (O, M D]
dj.é ch§ 7

J=1,eeed,

4+ From hypothesis 6 it follows that 1 —| Zx j(w) | must go to zero no faster than 1/log|le—¢jl.
5 A function f(z) regular in |z| < 1 is called mean multivalent of order p in the sence
of Biernacki if

1 rer
P(R) = 3 |, w(Re®)io < p

for every positive number R. Here n(Re!®) designate the number of Re® — points of f(z)
in 2] < 1.
8 The integrals here are in the sense of Lebesgue.
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THEOREM 1. For every ¢ > 0 there exists 7,0 < r, < 1, so that at
every point of G* say at 2} = gl(é’o), 2 = 92(50), the function f(zu 2,) €
Fo(®3, P) satisfies the inequality

* (1= /)/'>2JPQ (gD < 0 A0 << EL( 1+ 7.)21?@ A+1gph/ (1—~1¢p!
¢ (U5 ) <17 = (L (2E)T)

for every r = 1,

Proof. First, we prove the last inequality in (*). Let ¢ > 0. By
hypothesis 5° there exist positive numbers a; and b; such that

lim 1-— [ij(él))] and lim 1-— IZ/cj(g))l
o= (@ — @j)a’j Y=ei11 (@jﬂ — @)w

are different from zero.” Hence, there are positive numbers, say A;
and B, and a positive number 7’ such that

(1.2) 1—1Z,(P)| > Aip — Pi)¥
and
(1.2) 1 =12, (9)| > Bi(Pi+» — P)

for 0 < p —@; <% or 0 < @;;,, —@ <7, respectively. Further, since
the functions

601 xX) = !

+ 2ak
.7 Jm *

and

_2 +2bxlog

@y5(%) = w1
(%) = @ log® ——— B B,

—|— 2b%

go to zero for x — 04, there exists an #” > 0 such that

k 1.3 1 2 ’ ZJ
(1.3) (%) < ——— 8QJ2P2 () = SQJZPZ
for 0 <z < %”'. If we set now

7 =min (7, 7"),

then the inequalities (1.2), (1.2') and (1.8), respectively, are satisfied for
0<p—9; <0< P, —p<nand 0 <z

Let (28, 2)e @’ Then 2 = g.(&), 25 = 94&). We consider now the
function f(z, 2,) in the segment &7 i.e., f(9.£), g,%)) in || £ 1. Con-
sidered as a function of ¢ it is regular in [{| < 1 and continuous in

7 a4, b; may be infinite.
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[¢] =1. For ¢ = ¢* it has the following bounds

(1.4) | £(9:(6), 9:(e))| = L(_}_i%)”ﬂ*w”
kg

for ¢e(¢1’¢1+1), j=1,'-°,J.
This is a consequence of the fact that f(z, 2, assumes at the point
(9:(6%), 9,(¢%)) the values of the multivalent functions f(hy ,(Z,,, M),

ha (Ziy M) (of order p;(n(#))) at the point Z, (¢), see [7], p. 116.
We divide the line g! into two parts g} and g} as follows

g; = {(zl, zz): 5= gl(ei(ﬂ)’ %y = ga(ew)r PE <¢J + 7]7 Pjir1 — 717>} ’

85 = {(2, 2): 21 = 9:(€¥), 22 = 9x(€”), P €XPs, P+ U (Pisa — 7, Pisad} -
It is easy to see that 7, exists such that for every point (g,(¢**), g.(¢’*))
the inequality |Z, (®)| < 7, holds (this follows from the continuity of
the functions Z, (#)). Therefore, for these points, the inequalities (1.4)
give the following bounds

(1:5) |£ae), ae)| = L(3 )

for every r = r, and for pelp; + 9, ;. — 9,5 =1,--+,J. On the
complementary part of g'® we have the inequalities

) ) 2 2pj()\kj(¢))

i i < - &=
(1.6) |f(gl(e (p), gZ(e (p))] = L( A](¢7 _ @j)m‘f >

for pe(p;, 9 + 1),

and

) ] 2 M’j("kj“”))
1.6’ 1w’2w __<_L________
16) 7069 00| 5 U 5)

for @ € (Pir1 — 7, Pis) -
This follows from (1.4), (1.2) and (1.2').

Applying now the Poisson formula to the function log|f(g:(%), 9.(£))|,
which is harmonic in [{| < 1 and continuous in [{| =1, and using the
inequalities (1.5), (1.6) and (1.6') we obtain
6 + Co

— &
S¢j+1 7‘I (1 + ,r>2p_,,(xkj(¢)) P + zo

1—17r — &
Q541 2 ()\k (@) etga + é’
—\| log L ———> ! re———2dp
21 S (Aj(€0 — ) g
1 S¢;+1 2 2pj(}\kj(¢)) w_}_é‘
+ — log L ——————-—————) re — 2 ]
21 Jejyy1—n g (Bj(¢j+1__¢)bj ew_é,o P
8 Except for the points (gi(et¢s), gz(e¢y)).

log | £ (2, 20)| = S log |/ (9:(¢"), 96| re-2 22 dop

ii[
L1

—— 20

¢5tn
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Interchanging the variables of integration and applying the Schwarz
inequality to the last two integrals we get

log | f(21, 23)| = 1416l Z[ Smlongcp

1-— l?ol 7
n 210 <1 + } gxkj(q’jﬂ 1) ()\, ) '(7\, d)\,
& 21 Ing o gtm i) k’) ks
2 Xy @yt vyt 2
= 2N )P AN S log?———=——d
1/ S)\k “ 25( k_,)SDJ( kj) ky ]/ o 0g AP — ) P
Ay P +1) . , 1/5“’}“ 2 2 ]
A e )N log? ——=——dp|.
1/ S"k @541~ ’7) 2 kj)@]( kj) * ®g4177 - Bi(@j — )% 7

Evaluating the integrals

Ak 2 P41 2
o2 _dp and |7 log i
. Al — P crmn - B@in— P

using hypotheses 4°, 4°° and 5°°° and inequalities (1.3), we have

0 0 1+ [&l 1+r\V& 1 (&
log | £, 2)| = —Ié‘—ol [log L + @ 2tog(1E2) S 2L [n 00 ),

g T N N X )

27 )\kj(‘/’j)

Ak (@541 —
vLS s Di0N YN, ¢ 1/(1)2,-(77)>

2r Akj ®g417M

o a2

H V@ Ay 2P
= ~1_"_}'—|—é3’|—<logL( 1+ T>2PQJ + e> .

ll/\

1% 1-—
Therefore, finally
1 4+ 2T PQN (1+1¢o1)/ (1+18o1)
0 0 < €
(L7 7@ @) = (eL(1EL))

which is the first inequality of (x). We notice now that
9 From 5°° and the Schwarz inequality, we get

A (@ ) 1
oDt prasdiey | = 2 22z
T J

J

T 1 /1 (8 e
= j;la VB — a; a”/jajp?(lkj)dlkj = sz (7‘ p?()m)dlx» =JP.
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1 _ , ) 2 1
Ty S 7RO P) i fle m) e F (G PY

Moreover,

max(l, max
@j=Ag ;<By

) )
f(hlkj(o’ )“laj)} h’zk_,(oy 7\’kj))

= max(l 1 )
min | f (. (0, Ni)), B (0, M) |

ayShg ;SBj
< 1 =1
Ic]— 7

Applying the inequality (1.7) to the funection 1/f(z, 2,), we obtain the
inequality

(1.8) 1 < <eg l<_}_—|i>2“’9>(1+l§0|)l(1—|§01)
f(zl’ zz) l 1 — 7

for » = r,; 7, is here the same as in (1.7), because it is independent of
the function. From (1.8) we have

0 A0 e[ 1+ r\¥Ee A+1goh 1 (1—1goD
>
1.9) | (23, 20| = ( l(l T) >

The inequalities (1.7) and (1.9) give the conclusion of the theorem.

REMARK 1. Modifying the definition of the family .#(®i, P), we
obtain somewhat simpler analogous results. Instead of hypothesis 4°°
we assume that the function p;(\ (?)) considered as a function of the
variable @ is square-integrable in the interval {p;, #,..>, and we replace
condition 5°° by the condition

J 1/2

S (& pouonie )" < IP.
=\ 21w (2]

The assumptions that ?»k].(cp) are continuous and monotonic and that

9" ()| = @ are now superﬂuous The family of functions which satisfy

these conditions will be called .7 §(®, P). For functions of that family

we can prove

THEOREM 1. For every ¢ > 0 there exists 7, 0 < r, < 1, such that
for every point (2%, 23) € & and for every f (2, z,) € F H(®, P) the inequality

1— r\¥?P _, @+1goh/ (1~ &ol) < o o << (1 + F\¥P 141291/ A—1goh
@10 (i(3=1) ") =17 B = (L(E) )

r

10 If f(z) = 0 and is mean-multivalent of order p in the sense of Biernacki, then 1/1(z)
has the same property.
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holds for every r = r,.

The number 7, is chosen in the following way. Let ¢ > 0 be an arbitrary
number. The number %' is chosen in the same way as in the proof
given above; %" is such that

Vo) < —Zmr and Vo) < o

8J *p? 8J 2P2

for 0 <o <7%’. We set 7 = min(7’, »”) and for 7 we choose a number
7, as previously.

REMARK 2. If the surface & intersects only one boundary segment,
say i, and the line of intersection g' lies ej,, where

e?cro = {(zli zz): 2 = h’lk(Zky >"k)7 lel é 7'0} ’

then

1 — 1 \?%¢ A+1goN/ A—1&o) 1 4+ ;,->2PQ (1+1go1 / (1—=1goh
4 << 0 0 <
ww ((==)7) = 176 9) = (1 )

1—7

for every r = 7, in the case that f(z, 2,) € F(®}, P) and

, 1 — 2 \2P\ @+I¢o/ A=1goh 1 4 9 \2P\ (HIgoh/ 0—igoh
1.11 (l > < |1f(2, 2 s( (
ww) ((375)) =@ ) = (L{(E5)7)

if f(z, 2) € 7 {(G, P).
Indeed, for every @ for which (g.(e”), g(¢’)) € e},,, the corresponding
point Z,(p) satisfies the inequality

(1.12) | Z(P)| = 70,

and therefore

29, (Ag (@)
|Floe), g = L)
—
for €0, 2r>. Applying, as previously, the Poisson formula and using
the inequality (1.12), we obtain (1.11) in the first case and (1,11") in
the second.

REMARK 3. The result of Theorems 1 and 1’ can be obtained without
requiring that B is an analytic polyhedron. It is sufficient to assume
that the part of the boundary which intersects by &; is a sum of the
analytic hypersurfaces mentioned in § 0. Concerning the complementary
part of the boundary no special hypotheses are needed.

REMARK 4. The lower and upper bounds of |f| are expressed in
terms of the minimum and the maximum of |f| on the manifold
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J
U U (h’lkj(o’ )\'kj)! hﬁkj(ol )\’kj)) .
3=1 A €<ay.By

We note that analogous bounds can be obtained in term of the minimum
and the maximum of |f| on a manifold

U u o s (2200 ), ), B (00, )

J=1 )\kje«rj.

where |Z, (\,)| <1 and Z, ,(\)) are continuously differentiable functions
of N, e<a;, B;). These new bounds are obtained by changing the para-
metric representations of e} pJd=1,---,J, as follows:

9'12_1 = {(y, 22): 2, = ﬁlkj(Z"J’ xkj)’ 2y = ﬁij(ij, )’kj)} ’

|Z,] =1, where

. Z
i (Boy ) = s ( 222 Zﬁ;’ko;kzi: Ny )
J 7 1

Here
Zy(a;)  for N, €40, @),
Apy(My) = 123 (M) for M elay, Bi)
Z,(B;) for N €(By, 21> .

REMARK 5. Let 0 < R< 1 and let
2= {2, 2): 2 = 9:(0), 2 = 9:(0), |C] < R} .
Then for every (z,, 2,) € 8% and for every f(2,, 2.) € F»(®5, P) the inequality

**) (e_el(‘i—_—k_;i>um>u+mm—m S | fa,2)| < (e%(%%)”"@)“wwu—m

holds; here 7, depends only upon B, &; and e.

Let {8, be the set of all segments & of analytic surfaces &; for
which the conditions 1°-5° are fulfilled and for which the set of the
corresponding numbers 7, has an upper bound smaller than 1, < 1. We set

G,= U 6i.

[CRIC RPN

For every (z,, #,) € ®; the inequality

— 2T PQ\ (1+R)/(1—R) 27 PQ\ (1+R)/(1—R)
e (U ) 70a 291 = (#L(1E 1))
0 0

IA

holds. Corresponding to {&}, we define a sequence of sets {,} by

induction as follows:
1. 911 = @R'



BOUNDS OF ANALYTIC FUNCTIONS 1445

2. A, is the set of all points (z;,2) e B\, U +-+ U A,) which
belong to at least one of the analytic surfaces & lying in B and having
its boundary in %, U --- U A,. The sum of all the sets A, will be denoted
by Uz and called the associated domain corresponding to the set {&7%,,
and to the number R. We can prove (similarly to [6], p. 33) that the
inequality (***) holds in the full set 2[; and consequently also in its

closure 2.

2. The case of a bounded p(\). If we replace the hypotheses 4°°
and 5°° by the condition

(2.1) pJ(ij) = P for >\’kj6<aj, 18,7'>; J = 1’ N J’

the function f which satisfies the hypotheses 1°°-3°° and the condition
(2.1) belongs to the family .F, (&}, P) and even to the family & §(®;, P)".
For these functions the inequality (*) follows from Theorem 1’. However,
repeating the proof of theorem 1’ and using the condition (2,1) yields
a better result.

THEOREM 2. For every € > 0 there exists v, 0 < r, < 1, such that
Sfor every point (23,25 €& and for every function fe 7 §(®;, P) the
inequalities

e ((EL) e )" s ipe = (D(EEDe) T

hold for every r = r, if f satisfies condition (2.1).

The proof of Theorem 2 proceeds in a way analogous to that of
Theorem 1. Let » = min (¥, 7""), where 7' has the same meaning as in
the proof on p. 8, and 7" > 0 is chosen in such a way that for 0 < z < 7"

@.(x) = xlogAii ——ajxlogx—a,-x<-2—§—P8,
@u(m):mlog_g_—bjxlogx—bjx< T
B; 2JP

hold. We choose 7, in the same way as before. If we assume, instead
of hypothesis 5°, that 1 —|Z, ()| goes to zero no faster than (p — @)%
or (P;+1 — P)*, where 0 < a;, b; < 1/2P, when ¢ — @;+ or ¢ — ;i —,
respectively (hypothesis 5°'), we can obtain a better inequality.

THEOREM 3. For every sufficiently small € > 0 there exists r,, 0 <
1, < 1 such that for every point (25,2)e®&* and for every function
fe F §®;, P) the inequalities

1 Indeed, the functions p J.(,Z,,j(tp)), ¢ €<p;, ¢;.>, being bounded, are square-integrable.
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e L) o) strch = EEIE ) 1

hold for every r = 1, if the function f satisfies the condition (2.1) and
if, instead of hypothesis 5°, hypothesis 5°' is fulfilled.

Proof. Let ¢ >0 and ¢ < 1/I. It follows from hypothesis 5°’ that
there exist numbers A;, B; > 0 and %' > 0 such that

2.4) 1—|Z,(P)| > Aip — 9 and 1 —[Z, ()| > Bi(Ps — P)

for0< @ —@; <7 and 0 < @;.;, — @ < 7', respectively. Let %" > 0 be
a number such that, for 0 < z < 7",

- 2 2P ml—ZPaj T
2.5 @, ;(w) = L = <L g,
@5 () <A,-) 1—2pa, ~J°
and
- 2 2P xl——2ij T
2.5, 9d = L —_— —_— —_
(25 (@) <Bj> 1—2ph, ~T°

hold. We set » = min (v, »”). There exists 7, 0 < 7, < 1, such that
(2.6) | Z (@) =7 for pe(p;+ 1, Pin—N),0=1,-+,J.

Applying the Cauchy formula to the function f(g,(¢), g.(¢)) which is regular
in |¢| < 1 and continuous in |¢]| < 1, dividing the interval of integration
and using the inequalities (2.6), (1.4), (2.4), (2.5), and (2.5'), we obtain

@.7) |f@, 2)| =1f(9:), 9:E))] =

L0, aepre St Lo
T Jo v — fo

Lkl 1L gLy
< T 1500 - L d
- l—lé‘olgi 27 Jogtn (1—r> ?

1 S¢j+7l 2 2P
= L{— 2
"o <Aa‘(§0 - @f)aj) i

4]
1 S‘/’Jﬂ 2 ]
- L(— &
+ 27 Jogp—m (Bj(¢j+1 - ‘P)bj)dg)
1+|§0|[L 1+ r\¥ ]
e M=) 4]
If we apply the inequality obtained above to the function 1/f(z,, 2.),

which also belongs to & §(&i, P) and for which the condition (2.1) holds,
we have the inequality

IA

12 Here ! = min | flh;(0, i), hox;(0, Zei))l, L= max | flhux;(0, &), har;(0, &) |, | may be’
larger than 1 or m smaller than 1.
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e =T G+
for » = r,. Hence,
(2.8) lf(z?,zg)lzi;{g]'iQw > 18" o)
l<1—-aﬂ> te

From (2.7) and (2.8), (2.3) follows.

REMARK 1. The inequality on the right hand side of (2.3) is obtained
in the same way as an inequality obtained by Bergman (see [4] p. 190).
Bergman assumes that the function f omits the values 0 and 1 in every
lamina and, instead of the inequality (1.5), he applies an inequality,
which follows from the Schottky theorem.

The case when & intersects 6 along only one segment ¢ so that
the line of the intersection g' lies in e}, is of special interest. This case
is considered in remark 2 of §1. We assume there that the function
S belongs to the family & §(®;, P). However, if we assume in addition
that p(\,) = P (this means that f(%.,.(Z,, M), Ra(Zy, M) 18 mean multivalent
of at most order P in every lamina J2(\;) for which J(\) N g* # 0) we
obtain a better result, using, instead of the Poisson formula, the minimum
and maximum principles (see [6], p. 31). This method yields the following
theorem:

THEOREM 4. If g' Céei,, fe .7 (&, P) and the additional condition
p(A;) = P is satisfied on every lamina J3(\,) which is intersected by g,
then for every (2, 25) € & and for every r = r, the inequality

() = e 1= (1T

holds. Here,

l = )\meln ]f(h1k(0, >"k), hzk(O, >Vk))l
kE€Sk

L = max | f (0, M), Bai(0, X)) |
AgEsy

s, designates the set of N, for which () N gt # 0.

REMARK 1. Bergman [2], [3], [4] obtained an upper bound for | f| on
an analytic surface, which intersects 6° along a line lying in e%r,y Under
the assumption that f is a univalent function in every lamina JG(\.).

13 1 1

wj;?;’j?;ﬁj S0, Acy), hai; 0, Ax)) o U0, 25,), B0, 2 )|
7 @ F)

1
1

min
Jé)\kjé
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The bound is expressed in terms of the maximum of |f| and of the
maximum of the absolute value of the derivate of f(hu(Z:, M), For(Zry M)
with respect Z, on a one-dimensional manifold lying on 02,

3. Example. Let @ be a univalent function in |¢]| < 1, continuous

in [t]| =1, |9()| <1 for |[t] =1 and ¢ # exp(iN), |P[exp(tr)]] =1. In
addition we assume that

3.1)

Szx dxl
o (1 —[P(e™)])

exists. Let
B={(,2)2=22=0Q1),|Z <1,|t|<1}.

B is a domain which is obtained from the bicylinder |Z| < 1, |t] < 1 by
pseudo-conformal mapping z,=Z, 2,=0(t). Its three-dimensional boundary
b® consists of two segments, say e} and ef, of analytic hypersurfaces:

e ={(r,2):5=2,2,=0e"),|Z]=1,0 =\ = 21}
e = {(zlr ZZ): 2= 6”\2’ %, = ¢(t)’ It[ = 1’ 0=\ 27[} .

B is obviously an analytic polyhedron. The Bergman-Silov boundary of
B is a two-dimensional manifold

=z, z): 2= €™, 2, = P(e™), 0 =\, = 27,0 =\, < 271}
Let & be a plane
2, =169 0<7r, <1, 6, real number .
The common part & = & N B can be represented in the form
& = {(z, 2): 2, = 1€, 2, = O(0), |€]| £ 1} .
The intersection g' = & N ©° has the parametric representation
g = {(2, 2): 2, = 16", 2, = P(e%), 0 < @ < 27} .

Here, @ = \, and (d@)/(d\) = 1. &} intersects the segment ¢! only, and
the line of the intersection g' lies in e},. We consider the function

3.2) Fla ) = exp((l—_lz—z? ~1).

It is holomorphic in %B; its singularities lie on the line
&' = {(2, #,): 2, = €'V, 2, = O[exp(iN)], 0 < < 27},

which belongs to__%"’. f(z, 2,) is different from zero and holomorphic in
the segment &* (&* has no common points with %*). Now, we shall prove



BOUNDS OF ANALYTIC FUNCTIONS 1449

that on every lamina
(33) Sf(xl) = {(21, R %y = Ly Ry = (p(e“\l), ]Zi = 1} s

except on lamina {3(\]), the function (3.2) is mean multivalent of order

1
p0) = 22+ Ty !

in the sense of Biernacki.
Let @ be an arbitrary complex number such that

(3.4) la| <e? or |a]=1.

We want to estimate the number of a-points of function (2.8) in lamina
(8.8). This number is equal to the number of a-points of the function

@5) {—zo7 ~ Y

in the circle [Z] < 1. We must estimate the number of roots of the
equation
1
(3. —_—— — 1) =
(3.6) exp(a-m(eww )=a

which lie in |Z] < 1. From (3.6) we have

~ 25 L~ )

As |Z] < 1,

1 ‘—_—:‘————'—‘ @ ”\l .

‘ 11+ loga < [P
Hence, by hypothesis (3.4)

1

—— > 1 — | P(etM

Vo Tea] =1 12@™)
and

1
3.7 1+logal=— L
(1 — [@(eM) ]y’
From (3.7) it follows that
1
larga| £ —————
(1 — [@(e™)])

If we set arga = Arga + 2kw, k=0, £1, +2, .-+, where |Arga| =7,

then
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1
2|k|r — |Arga| = AETTES
1
2|k| — I < :
G =07 = T oy
and finally
1 1 1
%] §?<l+ 21— ]@(ewny)‘

The number n(a, \,) of a-points of (3.2) in lamina (3.3) cannot exceed
2|k| + 1; this means that

plal, v = 2= | n@ Ddarga = 2 (24 = ,;(em),)z) +1

for |a| S e? or |a|] = 1. For numbers a such that e =< |a]| <1, the
corresponding number p(jal|, \;) is =< 1. Hence,

1
T

1
(1 — [@(e™) )

p(M)=S}lllop(lal,M)§ <2+ >+1.
The function p(\,) becomes infinite as », — A\, but Shztﬂ(kl)olx1 exists, as
0

a consequence of (3.1), and

1 Sz" 3 2 2 1
8) — Mdy £ 2+ 2 =
3.8) ——| PO)dM = 5+ 5+ o
E- l ar d)\q _1__827: d)\:l
* (7:3 * 7r2>go @ +[2(e™)]y Tawh A= je@y

The function (3.2) belongs to the family Fx(®3, P), where B and &} are
the domaing and the analytic surface described above. P equals a square
root of the right-hand side of (3.8). Here, Q =1,J =1,

I = min (1, Hiin |£(0, @(e™)]) = 1
0=A s2%

L = max (1, max |f(0, @(e™)])=1.
0<Apsom

Applying Theorem 1 and remark 1 of §1, we can say: for every
(9, 23) = (rei®, O(&y)), 18| < 1, and for every r = 7, the inequalities

1 ] 2p (141801 / (1—18¢ )
3.9 (
(3.9) 1+ 1">

I

‘exp< a— nel“o@(go))z - 1)’

- <1 + /,->2p<1+15‘0n/(1—1§ol)
“\1l—7

hold. The inequality on the right-hand side of (8.9) gives a better
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estimate for 7, and |&,| sufficiently near to 1, then the inequality

lexp( a-— 7‘06];9"@(@’0))2 N 1>’ = exp(zl_:m - 1) M

which we may obtain directly.
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