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Notation, Terminology and Conventions. We shall denote by [X]
the Banach algebra of all bounded operators mapping a Banach space
X into itself. Unless otherwise stated, all operators are defined every-
where and bounded, and all convergence of operators is with respect
to the uniform operator topology. An invertible element of [X] will
be called an invertible operator or an automorphism. A linear homeo-
morphism of one Banach space onto another will be called an
isomorphism. The symbol “I” will be used for the identity operator.
The term “subspace” will mean “closed linear manifold,” and given a
subspace Y, we will denote by Y(Y) the set, {y ¢ Y| |ly|| = 1}. Finally,
the set of subspaces of a Banach space X will be denoted by S;.
Additional terminology and notation will be developed as needed.

Introduction. This paper is devoted to the study of three metrics
on the set of subspaces of a Banach space: .one due to J. J. Schaffer
(see §1), one obtained as a modification of the opening (see § §2 and 3),
and one due to J. D. Newburgh (see §7). I am indebted to Dr. J. J.
Schaffer for helpful conversations and suggestions, and for the elegance
of the demonstration in §5. In addition, it was a desire on my part
to find geometric properties of his metric which led me to compare
it with the opening. It turns out that this metric has strong con-
nections with the opening. The connections between the three metrics,
as well as properties of the opening of interest in themselves, form
the subject matter of this paper.

1. The metric of Schaffer. In this section we list some of Schaffer’s
results surrounding the definition of his metric. This metric is intro-
duced and discussed in [11].

DEFINITION. Let X be a Banach space. For arbitrary subspaces
Y, Z we define :

inf {]|C — I|| |Cisan invertible operator and CY = Z},
rY, Z) = if such an operator C exists.

1, if no such operator C exists.
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(Y, Z) = max{r(Y, Z), r(Z, Y)}.
(Y, Z) =log(l1 + r(Y, 7)) .

(1.1) d is a metric on Sy .
1.2) r{Y,Z)<1.
- r{Y, Z)
1.3) rY, Z) < 1 implies r(Z, Y) = 1= r( Y. 2)
ay,z)y . v¥, Z)
(1.4) r(Y,Z)=r(Y,Z) Tog 2 =< g2 -

If, in addition, (Y, Z) < 1, then

< _nY,Z)
"D ST D
(1.5) If there exist projections P, and P, with ranges Y and Z,
respectively, such that ||Py — P,|| < 1, then I — P, + P, is an inver-
tible operator mapping Y onto Z, and consequently

'ro(Yr Z) = ”PY - Pz” .

DEFINITION. We shall say that a subspace is complemented provided
X is the direct sum of it and another subspace.

(1.6) The set of complemented subspaces is an open set relative
to d.

2. The opening. This section is devoted to the concept of open-
ing, which was first introduced in Hilbert space by M. G. Krein and
M. A. Krasnoselski [8]. The definition given by these authors is as
follows :

Let Y and Z be subspaces of a Hilbert space X. The opening of
Y and Z, which will be designated as 6(Y, Z), is defined as ||Pr — P,||,
where Py(resp., P,) is the projection on Y along Y* (resp., on Z
along Z1).

This definition was later extended to arbitrary Banach spaces in a
paper by M. G. Krein, M. A. Krasnoselski, and D. P. Milman [9] as
follows :

Let Y and Z be subspaces of a Banach space X. The opening
of Y and Z, (Y, Z), is defined by

0(Y, Z) =max  {sup p(y, Z), sup p(z, Y)},
YEY 2EZ

llyll=1 |lzll=1
where o(x, S) denotes the distance of the point # from the set S-
i.e., inf.es ||z — s||.
A proof that this definition actually extends the one originally given
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in Hilbert space may also be found in §34 of [1]. This definition of
6 for an arbitrary Banach space, strictly speaking, does not make
sense if one or both of Y, Z is {0}. If one and only one of Y, Z is
{0}, we set 0(Y, Z) equal to 1, and we also take 6({0}, {0}) to be O.

It is evident that 0 < (Y, Z) £ 1, and that 6(Y, Z) = 0(Z, Y).
Also, by the lemma of F. Riesz (see Theorem 3.12-E of [13]), if Y
is a proper subspace of Z, then 6(Y, Z) = 1. Roughly speaking, there
are various properties which are shared by subspaces whose opening
is sufficiently small. We give some sample theorems illustrating this
point. Their proofs may be found in [3].

2.1. THEOREM. Let Y and Z be subspaces of a Banach space,
with (Y, Z) < 1. If one of Y, Z is finite dimensional, then both
have the same dimension.

2.2. THEOREM. (See also §34 of [1].) If Y and Z are subspaces
of a Hilbert space, and if 0(Y, Z) <1, then Y and Z have the same
orthogonal dimension.

2.3. THEOREM. If Y and Z are subspaces of a Banach space
whose opening is less than 1/2, then the minimum cardinality of a
dense subset of Y is the same as that of Z.

3. Uniform structure determined by 6. It is evident that ¢ is
a metric on the subspaces of a Hilbert space. However, it is not
true for an arbitrary Banach space X that 6 is a metric on Syx. In
fact, consider the real Banach space 1'(2). For 0 < a < 1/2, let A be
the subspace generated by (1/(a + 1), a/(ea + 1). Alsolet U and V be
the subspaces generated by (1, 0) and (2/3, 1/3), respectively. Then
it is straightfoward to verify that 6(U, V) =1/2, (U, A) = a, and
(A, V)= (1 — 2a)/2(a + 1). Hence (U, V) > 6(U, A) + 6(A, V), and
go the triangle inequality does not hold. Nonetheless 6 is always quite
close to being a metric; in just what sense we shall make precise
presently.

The metric § is defined in [4] as follows :

DEFINITION. For subspaces Y, Z of a Banach space X we define
oY, Z) by

0(Y, Z) = max {sup p(y, 3(Z)), sup p(z, 3(Y))}.
YEI(Y) 2€3(Z)
In case one of Y, Z is {0}, we complete the definition by taking

(Y, Z)=6(Y, Z), and we point out that in the definition above
6(Y, Z) is the Hausdorff distance [6] between 3(Y) and 3(Z). The
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following theorem occurs in [4].

3.1, THEOREM. For Y, ZeS:, 0(Y,Z)2=<6(Y, Z) £ 6(Y, Z).
Thus 0 determines the same uniformity on S, as the metric # (the
uniformity determined by 6 has as a base the family of subsets of
Sy X Sy of the form {(Y, Z)/0(Y, Z) < r}, where » > 0). We shall
use the expression, ‘‘with respect to 6” instead of such expressions as
“‘with respect to the uniformity determined by 6” and ‘‘with respect
to the uniform topology induced by the uniformity determined by 6.
For our purposes, the expressions, ‘‘which respect to 67 and “with
respect to 7, are interchangeable. In view of (1.4.) we can deal
similarly with », and d, and we shall do so.

The next theorem shows that the uniformity for S; determined
by 6 is contained in the uniformity determined by d, and so if a
sequence of subspaces in Cauchy (resp., convergent) with respect to
d, then it is also Cauchy (resp., convergent to the same limit) with
respect to 4.

3.2. THEOREM. If X ts a Banach space, and Y and Z are sub-
spaces, then 0(Y,Z) £ (Y, Z).

Proof. The nontrivial case is that in which (Y, Z) <1 and
neither Y nor Z is {0}. In this case, if C is an automorphism mapping
Y onto Z, and y<€ 3(Y), we have

oy, Z) s lly —Cyll = IT - CJ] .
Hence sup,e: 0¥y, Z) < r(Y, Z), and similarly sup,e; 03, Y)=r(Z,Y).

If X is a Hilbert space, then ¢ and d determine the same uniformity
on Sy. This observation has been made on page 563 in [11], but, in
fact, we can state:

8.3. COROLLARY. If X is a Hilbert space and Y and Z are
subspaces, then r(Y, Z) = (Y, Z).

Proof. Let Py(resp., P,) be the projection on Y along Y !(resp.,
on Z along Z*%). 0(Y,Z)=||Py — P,||. By (1.5.), n(Y, Z) = 0(Y, Z).

8.4. COROLLARY. If X 1is finite dimensional, then r, and 0
determine the same uniformity on Sy.

Proof. X can be renormed with an equivalent norm which makes
it a Hilbert space,
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4, Completeness of d and 4.
4.1. THEOREM. Let X be a Banach space. (Sx, d) s complete.

Proof. Let {Y,} be a sequence of subspaces such that
IrO( Yn, Ym) E— 0 .

We can assume without loss of generality that r(Y,, Y,..) < 1/2*,
For each » let C, be an invertible operator such that :

1

CnYn = Yn+1y a'nd HI_ Cn“ < 2

Since |[|C,]| — 1] = |[I — C.|| < 1/2", for each n, it is clear that

S INC — 1]
is convergent ; hence the infinite product

TG = T L+ (Gl — D}

is absolutely convergent. Let M be a bound for the sequence

(qLic./.

We now use the following notation :

n

H CJ' = CnCn—-l e C2CI .

i=1

“.2) ILE €5 — T oIl = 11Cun — DAL C
< [1Cw — I T IICH -

Let T, =T11-.C;,. By (4.2) ||T,+s — T,l| < M/2**'. Thus the series
Sw T+ — T,) is absolutely convergent, and so {T,} converges. Let
T, = lim,T,.
For each j,

1 1
I—cli=]_1°
i

el = —

IA

Consequently, for each n
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—1 -1 —1 -1 -1 1
(4.3) T = ICC -+ CLCH £ YA
h(t-2)

Since J[7..(1 — (1/27)) converges absolutely, we have by (4.3):
lim |7 < oo .

It now follows (see Theorem 4.11.1 of [7]) that T, is invertible.
Let Y, = T(Y,. Clearly for each n, T,Y, = Y,,,, and so

T\T;'Y,..=T,Y,=Y,.
Hence T,T;"is an invertible operator mapping Y, ,, onto Y,. For each =,
T(Yary, Yo) = I — T T = (T — T)T = NIT T — Toll -
Since {||TY[} is bounded, and ||T, — T,|| — 0, we have that
(Yo, Y)— 0.

Therefore Y, — Y, relative to d. This completes the proof.
The completeness theorem for § is shown in [4].

4.4 THEOREM. Let X be a Banach space. (Sy,0) is complete.

This result could also be obtained using the theorem on completeness
of Hausdorff distance when the underlying space is complete (see page
198 of [10]), which gives the result that if {Y,} is a sequence Cauchy
with respect to &, then 6(Y,, Z) — 0, where the subspace Z is

{re X|2z =1limy,, for some sequence {y,} e [1:-. Y.}

5. Partial converse to 3.2. The theorem of this section shows
that under certain circumstances, 7, can be made arbitrarily small by
taking 6 sufficiently small. We shall use a notion and a result occur-
ring in [4].

DEFINITION. The minimal angle ¢™(Y, Z) between two nonzero
subspaces Y, Z of a Banach space is defined by

sing™(Y, Z) = inf |ly + 2|, with 0 < ¢™(Y, Z) < % .
EY z2€Z

max{|lyll, lzli}=1

The following result is valid :
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Let Y and Z be nonzero subspaces of a Banach space.
Then YNZ = {0} and Y + Z is closed if and only if ¢™(Y, Z) > 0.
Also of use will be the notion of angular distance [2].

DEFINITION. Given two nonzero vectors x, ¥, we define the angular
distance between them «afz, y] by

9=~ il

The fact about angular distance which we shall need (Lemma 5.1 of
[11]) is that for nonzero vectors z, ¥,

(5.1) alz, yjmax {|| ||, [y [} = 2|z -yl .

Before proving 5.2 we point out that if one replaces (5.3) by
the condition

(Y, Y') <sing"(Y, Z),

then a result in [4] gives the conclusion that X is the direct sum of
Y'" and Z, from which the authors of [4] conclude the result 5.7,
However, the important result (5.4) cannot be obtained from this
development in [4], which supplies no quantitative information. More-
over, the following simple example shows that there are cases where
the hypotheses of [4] do not hold and those of 5.2 do. Let X bea
Hilbert space and x,, «, orthogonal unit vectors. Let Y be the sub-
space spanned by x,, let Z= Y+, and for each complex number »\,
let Y}, be the subspace spanned by z, + \x,. Then sin¢™(Y, Z) =
| Pyl = 1. It is straightforward to verify that for each A,

0, Y)=—M _ and (v, v)=,2_ _2 .

( ) V1 N] (¥, ¥) 1/2 VI+NF

Thus the hypotheses of 5.2 are satisfied for all x, while those of [4]
are violated for sufficiently large [\ |.

5.2 THEOREM. Let X be a Banach space which is the direct
sum of subspaces Y and Z with Y # {0}, X. Let P, (resp., P,) be

the progection on Y along Z (resp., on Z along Y). If Y’ isa sub-
space such that

(.3) (Y, Y') < min { , sin g™(Y, Z)} ,

1
Il Py ||
then X 1s the direct sum of Y' and Z. Furthermore, denoting by
Py, the projection on Y’ along Z, we have that I — P, + Py, is an
nvertible operator mapping Y onto Y', and
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oY, Y')

(5.4) qﬂo(Y, Y’)é ”PY—PY’”é”PZ””PY” 1'—”P IIH(Y Y') °

Proof. We first show that the sum of Y’ and Z is closed and
direct. If ¥’ € 2(Y’) and z€ ¥(Z), then for each 6 > 1, there is a
vector y; in Y such that ||y — ¥;s|| < 00(Y, Y'). Hence

aly’,z] z [|z — ysl| — |y — ys || = sin¢™(Y, Z) — 00(Y, Y") .
Letting 6 — 1%, we have
aly’,z] =z sing™(Y,Z) — 6(Y,Y)>0.

with the aid of (5.1), we infer that sin¢™(Y’, Z) > 0.

To establish that X is the direct sum of Y’ and Z, we show that
Y Y’ + Z. Results obtained in the process will be used to establish
(5.4). Let 7 be any number such that 1 <7< (|| Pl 0(Y, Y')™
For given y,€ Y, we choose inductively two sequences {y;},2, in Y
and {y;};= in Y’ such that for each j,

ly; — will = 26(Y, Y') [|9;1l and 9, = Pr(y; — ¥3)
By induction,
(5.5) ly;ll = (1 Pe 1l 7 6CY, Y)Y || 9ll, for each j .
If we set z; = P,(y;—, — y;_,) for 5 = 1, then for each j,

Yi =i+ Py, — ) + Pr(y; — ¥)) = ¥; +2500 + Yina -

Hence

IMa‘

Yo=Y+ +Y=- = (?/;'+zj+1)+yk+1-

=0
since 7 0(Y, Y) || Py || < 1, it follows from (5.5) that y; — 0.
Therefore

Y= 3 W +ze Y + 2,

=
in view of the continuity of P,. we have
Yo = Zy;+ sz+1 ’
7=0 J=0
from which it is clear that
(PY_PY')yOZ?/o_“ Za?/; = Zf]zj+1 .
J= =

From the definition of z;,,,
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Wzinll S WPy — ¥ill S || Palin 0CY, Y') [y, -
Hence, using (5.5),
Nzl S I PP '[P Prllm 6CY, Y)Y 9]
Thus,

oYy, Y"

5.6 Py — Pu)y || < || P 7oL, :

(5.6) Il (Py Yoll = 1| Pyl L= 2l 0(Y, ¥ IEAl

Since X is the direct sum of Y and Z and of Y’ and Z, it is easy
to see that I — Py + Py, is an invertible operator mapping Y onto
Y’ and that for each xe X (Py — Py,)Pyx = (Py — Py)x. If we let
n— 1% in (5.6) and replace y, by P,x, we get

oy, Y
P, — P )Px|| = || P, ’ P .
1Py = Pr) Poall £ | Poll g prrg gy 1 P

Since (Py — Py )Pyx = (Py — Py)x, (5.4) is immediate.

5.7 CoROLLARY. S% = {Y e 8y|Y is complemented} is open with
respect to 0. In fact, vf Y 1is complemented, and if 6(Y,Y') s
sufficiently small, then Y and Y' have a common complementary
subspace.

5.8 COROLLARY. If Y has a complementary subspace, and if
(Y, Y)—0, then r(Y,, Y)— 0. Consequently, in view of (3.2) and
1.4), r, and 0 define the same topology on S'.

6. Further theorems on the structures (Sy, d), (Sy, ) and com-
parison of 0 with d.

6.1 THEOREM. The following statements are equivalent:
(1) (Sx, d) is totally bounded.

(2) (Sg, ) 1s totally bounded.

(3) X s finite dimensional.

Proof. (1)=1(2), by (3.2). If X if infinite dimensional, then
there is a sequence {Y,} of subspaces such that Y, has dimension =
and Y, CY,.,. Consequently 6(Y,, Y,) =1, for n < m, since Y, is a
proper subspace of Y,. Thus {Y,} has no Cauchy subsequence with
respect to 4. This shows that (2) = (8). To complete the proof we
show that (8) = (2) and (1). We can, without loss of generality, assume
that X is a finite dimensional Hilbert space. Furthermore, since d
and § determine the same uniformity on Sy, when X is finite dimensional,
it suffices to show that (8) = (2). Let {Y,} be a sequence of subspaces,
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and let {P,} be the corresponding sequence of orthogonal projections.
Since the closed unit sphere of [X] is compact, {P,} has a Cauchy
subsequence, and consequently the corresponding subsequence of {Y,}
is Cauchy with respect to 6. This completes the proof.

6.2 COROLLARY. The following three statements are equivalent:
(1) (S, d) is compact.

(2) (Sg,8) is compact.

(8) X s finite dimensional.

Proof. By 6.1 and the completeness theorems of §4.

The following observations are needed in what follows :

In a Banach algebra with identity ¢, the ¢ sphere centered at e,
for e < 1, is a convex set contained in the group of invertible elements,
and hence this group is locally arcwise connected. It follows that the
components of the group are arcwise connected.

We shall denote by # the group of invertible operators on the Banach
space X, and by %; the component of I in & .

6.3 THEOREM. (Sy, d) is locally arcwise conmected (and hence its
components are arcwise connected).

Proof. Let Ye Sy, and consider {ZeS;|r(Y,Z) < ¢}, where
e<1. If Z,is in this set, there is an invertible operator C mapping
Y onto Z, and such that ||I — C|| <e. For each ne[0,1], let C, =
AC 4+ (1 — AN)I. Then each C, is invertible, and ||I — C,|| <e. Let
Y,=0C,Y, for each \. Clearly (Y, Y)=[|[I-C.\ll<e. Y, =
CvY = C\C7'C Y = C.C'Y,. Therefore r(Y,, Y,) = || I — C,.C{]l.
Thus {Y,liepn i8S an arc connecting Y with Z, and lying in
{Ze Sz | r(Y, Z) < ¢}. This completes the proof.

6.4 THEOREM. Let S; be the set of complemented subspaces of X.
Two subspaces Y,Z im Sy (resp., Sk) lie in the same component of
(Sx, d) (resp., (St, d)) if and only if there is an operator T in <,
such that TY = Z.

Proof. We first prove the assertion for S;. Define the relation

[13 ”»

Y ~ Z if and only if there is Te &, such that TY = Z .

It suffices to prove that it is an equivalence relation and that the
equivalence classes modulo ~ are components of (Sy, d). Since % is
a group, it is clear that ~ is an equivalence relation. Let _# be an
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equivalence clags mod~. From the fact that the sphere of radius 1
about I in [X] is contained in <, it can be seen that .~ is both
open and closed. If Y,Ze _#, and Te <%, with TY = Z, then in
view of the arcwise connectedness of <, there is an arc {T))iero.q
lying in & such that T, = I, T, = T. It then follows that {T\Y}.er.q
is an arc lying in _#Z connecting Y with Z. Thus _# is arcwise
connected, and, being both open and closed, is not a proper subset
of a connected set. This completes the proof for Sy. The details of
the proof for S; are entirely analogous; one need only make the
additional observation that an automorphic image of a complemented
subspace is complemented.

6.5 COROLLARY. I[If & 1is connected, then two subspaces Y,Z in
Sy (resp., St) are in the same component of (Sg, d) (resp., (Sx, d)) if
and only if there s an invertible operator T mapping Y onto Z.

6.6 THEOREM. If & is connected, then two subspace Y,Z in Si
are in the same component of (St, d) if and only if Y is isomorphic
to Z and X|Y s isomorphic to X|Z.

Proof. Any subspace complementary to Y (resp., Z) is isomorphic
to X/Y (resp., X/Z) (in view of the theorem that a one-to-one bounded
linear transformation of one Banach space onto another is an iso-
morphism). Hence by 6.5 the desired conclusion follows.

In a Hilbert space it follows from the polar decomposition theorem
and the spectral theorem that any invertible operator is a product of
two exponentials, and hence is connectable to I by an arc. Hence if
X is a Hilbert space, & is connected. Since a finite dimensional normed
linear space can be renormed with an equivalent norm which makes
it a Hilbert space, & is also connected if X is finite dimensional.

6.7 COROLLARY. If X is finite dimensional, two subspaces Y, Z
are in the same component of (Sx, d) or of (Sy,8) if and only if
dim Y = dim Z.

6.8 COROLLARY. If X 4s a Hilbert space, two subspaces Y, Z are
wn the same component of (Sx, d) or of (Sx, 0) if and only if orthogonal
dim Y = orthogonal dim Z and orthogonal dim Y+ = orthogonal dim Z+.

Proof. By the theorem of [5] which states that if there is a one-
to-one bounded linear transformation mapping the Hilbert space H
into the Hilbert space K, then orthogonal dim H < orthogonal dim K.

We remark that since X and {0} are isolated points of (S, d) and
(Sx, f) neither of these metric spaces is connected if X # {0}. Less
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trivial is the fact that for a given positive integer n, {Z e Sy | dim Z = n}
is both open and closed with respect to 6 (and hence with respect to
d) by virtue of 2.1,

The investigations of this paper pose the question, “Do ¢ and d
define the same uniformity on Sy, or, at least, the same topology?”’
We have seen in § 3 that ¢ and d do define the same uniformity on
Sy, if X is finite dimensional, or if X is a Hilbert space. We also
have 3.2 and the partial converse afforded by 5.2, as well as 5.7 and
5.8. In addition, we know that Sy is complete with respect to either.
A partial answer to the question, favoring the affirmative, would be
that given a subspace Y, there is a positive ¢ such that (Y, Y') < o
implies that Y and Y’ are isomorphic. In this connection, one might
note the previously known theorems, 2.1-2.3, as well as 5.2. A still
weaker partially affirmative answer would be that the set of subspaces
which possess Schauder bases is open with respect to 4, and it is to be
noted that a proof that this is not generally valid would also prove (in
view of 2.3) that there is a separable Banach space possessing no Schauder
basis. The question as to whether every separable Banach space
possesses a Schauder basis has been unsettled for many years.

7. The metric of Newburgh. In this section we depart from our
previous conventions regarding the term “operator.” An operator
need not be bounded or everywhere defined, and can have its domain
and range in different Banach spaces. In [12], Newburgh defines a
metric 0 on the set of nonzero subspaces of an arbitrary Banach space
X. This metric is the Hausdorff metric associated with an appropriate
metric p, defined on X — {0}. His purpose is to obtain a metric on
the set of closed operators with domain in a Banach space X, and
range in a Banach space X,. This is accomplished by defining the
distance between two such operators T, 7, to be § (graph T,, graph
T,), where graph T, graph T, are considered as subspaces of the
Banach space X = X; x X,. We shall show in 7.1 that J is equivalent
to 6. This gives a way of viewing ¢ and the results obtained with
0 which is immediately and directly connected with the geometry of
X, and eliminates the necessity of proceeding via the intermediate
metric p;. In view of Newburgh’s results, it also provides applications
of 6 to the study of closed operators.

Before proving 7.1, we reproduce some of the machinery of [12].

DErFINITION. Let X be a Banach space, and let X' = X — {0}.

For any two vectors a, be X', define

px(a,b) = inf{e||la — bl < (e* — 1) [la]l
and |la —b[l < (e —DIbl}.
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Ox is a metrix on X' defining the same topology as the norm.

DEFINITION. Given two nonzero subspaces Y, Z let o(Y, Z) =
D(Y — {0}, Z — {0}), where D is the Hausdorff distance relative to the
metric o on X’. 0 is always finite (in fact, <log 3), and hence is a
metric on Sy — {{0}}.

7.1 THEOREM. Let X be a Banach space, and Y and Z mnonzero
subspaces. Then

(1.2) log(L+0(Y,Z2)=d(Y,Z)<log (1 + 20(Y, Z)) .
Proof. It is readily verified that for nonzero vectors a, b,

ﬁ@wzmq¢@1 ”ﬁf®<emﬂw<+mhﬁ®<4

= max {log (1 + UT_ITIb—U)’ log (1 + M”—b_“—bJ» .

In this proof, we shall continue to use “p” to denote the norm distance
of a point from a set, and we shall use “p,”” in the usual senses. Let
ye Y — {0}. We shall show:

oy, Z) _ oy, Z)
(7.3) log(1+ e W 2)) < o, (y, 7 — 0] = log (1+ 2 . ”)

If {2,} is a sequence of vectors in Z — {0} such that px(y,2,)—
0x(y, Z — {0}), then for each =,

m@+MrfgémMM-

Hence

log (1 + Pﬁ/, ﬁ)> =< pox(y, 2,) , for each = .

Letting n — oo, we obtain the first half of (7.3). By (5.1), for arbitrary
ze Z — {0};

=

vy — 2]l 1=l
T T

o (14 21w =2l = | (1 v~ ”Zl]ll ”) Lyl
w(+2jrwﬁzog + m@,”“).

’
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The second half of (7.8) is immediate.
From (7.3) we conclude:

log (1 + sup p(y, Z )> = sup Px(y, Z — {0})
YEZ(Y) yEY —{0}

= tog (1+ 2 00, 2)).

Upon reversing the roles of Y and Z, (7.2) follows.
It is interesting to note that:

7.4 THEOREM. (X', px) is complete, and hence the norm and Ox
define different metrizable uniformities on X’ which induce the same
uniform topology.

Proof. Suppose {x,} is Cauchy with respect to py. Then

(7.5) ML—M_.O, as m, m-— co ,
[l 2l

In particular, there is a positive integer N such that m, n = N implies

z x

—r -7 I 1 .

ez = ezl
So,
(7.6) —H—%’]—'I—I'<l, for m,n = N .
If either inf;|/x;|| =0 or sup,| z;|| =, then (7.6) leads to an
absurdity. Thus
(7.7) 0 < inf ||z, ;
(7.8) sup o]l < oo .

By (7.5) and (7.8), {z,} is Cauchy with respect to the norm. By (7.7),
the limit in norm, 2z, of {x,} is not zero. Since ||z, —x]||—0, it
follows that px(x,, ) — 0. This completes the proof.

Given two Banach spaces X, X;, we make X, x X, a Banach space
by defining the algebraic operations coordinatewise, and setting
[| (@, 2) || = || 2. || + || %;]|. We denote by .7, , the set of closed operators
with domain in X, and range in X, and by [X, X,] the set of bounded
operators mapping all of X, into X,. For operators T, T,€ .7, we
define
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(T, T,) = 0 (graph T,, graph T,), where graph T,, graph T,
are considered as subspaces of X, x X, .

6 thereby defines a uniformity on .7,. For Te .7, we denote by
R(T) its range, and, if T is one-to-one, T will be its set-theoretic
inverse defined on R(T). In this paragraph we present some of the
results of [12] regarding .7],, reformulated in terms of 6. The con-
tinuity of an operator will mean continuity on its domain, and will
not signity that the operator is everywhere defined.

(1) {Te.7,|T is continuous} is open with respect to 6.

(2) {Te.7,,| T is one-to-one, and T is continuous on R(T)} is
open with respect to 4.

(8) [X,, X,] is an open subset of .7, with respect to 4.

(4) The set S={T¢€ 7,| T is one-to-one, and T 'e[X,, X ]} is
open with respect to ¢, and the map which assigns to each operator
in S its inverse is continuous from S with the topology induced by ¢
to [X,, Xi] with the uniform operator topology.

(5) The topology induced on [X,, X,] by 0 coincides with the
uniform operator topology.

In conclusion, we point out that for a Banach space X # {0}, the
uniformity determined by the operator norm on [X] is not the same
as that determined by ¢, and that .7, the set of closed operators
with domain and range in X, is not complete with respect to 6. In
fact, for each positive integer #n, let T, be the operator nlI. One
verifies that 6 ({0} x X, graph T,) < 1/n, for each n. Since {graph
T,} is Cauchy with respect to 6, so is {T,}; however, {T,} is obviously
not Cauchy with respect to the operator norm. Moreover, although
{T,} is Cauchy with respect to ¢, the fact that {graph 7,} tends to a
subspace which is not a graph, shows that {T,} does not converge to
an operator in .7~ with respect to 0.
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