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1. Introduction. Let &(a) (0=<a<1) denote the class of functions
of the form

&) =2+ z @z

that are analytic in 1 < |2] < o« and satisfy

Re zm = o.
f(2)
The class &(0) is formed by the meromorphic starlike functions f(z) =
2+ +--, that is by the functions that map {/z] > 1} onto a region

whose compact complement is starlike with respect to the origin.

Apart from the case a = 0 the most interesting case is a = 1/2,
We shall see (Corollary 1) that every fec&(3) can be approximated
by the roots of polynomials with zeros in the unit disk, that is by
functions of the form

n ifn
(1) 5@ = (e —=2) (al=1).

These functions belong to &(%).
The main results will be: As » —1,

22(~a)p—1
1.2 ’ ~ .
(1.2) ey ma Ve~ TS g A =y

If feS(a) then
13) '@z alzf@+ A —-a)z7f )"0 — [2]™)

= (1~ |2l
For each fized fc&(a),
1F1@)] = k(L — | 2| mesise
for every ¢ > 0 and some constant £ = &(f, ) > 0.

The coefficients of f(2) satisfy

2(1 — @)
(1.4) la,| = T}-—l_

’
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222 CH. POMMERENKE
(1.5) infsupn|a,| <21 — a).

All these inequalities are best possible.

Inequality (1.3) is well-known for the case « = 0 whereas (1.2)
seems to be new even for a = 0. Inequality (1.4) has been proved by
Clunie [1] for « = 0. Some of the problems can also be studied by
the variation method developed by Royster [9].

We shall also prove inequalities analogous to (1.4) and (1.5) for
functions ¢(¢) that are analytic and bounded in |¢| < 1 and satisfy
Re g’ (©)/9(0) = a. (For ¢ = 0, see [2] and [7]).

2. A representation formula.
THEOREM 1. Let fe&S(a) (0 =< a<1). Then
2.1) f(2) = z exp <2(1 — a)r’ log (1 — e“z—l)dv(t)>
0

where v(t) increases and Y(t + 27) — v(t) =1. Also arg f(re')— wt +
2n(1 — a)yv(t) as r—1, and

2.2 L8 _arq-a| 120
2.2) P =@+ =@ o)
Conversely, every function of the form (2.1) belongs to S(«).

Proof. We shall reduce (2.1) in the general case to the case
a = 0 where (2.1) is a known formula. If fe&(a) let

9(z) = 27O f () =g 4 ..,

Then Rezg'(2)/9(z) = —a/(1 — &) + 1/(1 — a) - Rezf'(2)/f(z) = 0. Hence
9(?) is starlike and (compare [7, Lemma 1])

g(z) = z exp <% S:n log (1 — e“z"l)dV(t)> ,
W@l = 1 [+ e - ey
T Jo

where V(t) = lim,_, arg g(re’’) is monotone increasing and V(¢ + 27) —
V(t)=2r. Putting v(t) = V(¥)/(27) we see that f(2) = 2°g(z)'~* satisfies
(2.1) and (2.2). Direct computation shows that every function of the
form (2.1) belongs to S(«).

COROLLARY 1. For given f e &(«), there is a sequence of functions
f.€S(a) of the form

@) = 2 IL (1 — 2z (ENESY
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that converges to f(z) locally uniformly im |z| > 1. All functions
of this form belong to S(a).

This corollary follows immediately from (2.1) by approximating
7(t) by step-functions with » steps of height 1/n. The last assertion
of the corollary is established by computation. For a = %, the corollary
shows that f can be approximated by functions of the form (1.1).

3. Estimates of the function-values.

THEOREM 2. Let f(z) =2+a,+az'+ --- €S(a) and |z]| =r>1.
Then

-«
,(3.2) ‘f(z) ) g (1 . T—l)l—w+[a0|1/2(1 —l‘ ,,.—1)1——w—|a0]1/2 g (1 . 7.~—1)2(1~m) .
2
Fquality can be attatned in all inequalities,
For « =0 we find A + )= |27 (2)| = (1 — )% and these are

well-known inequalities which hold for all functions f(z) =2+ ---
univalent and = 0 in |z| > 1.

Proof of (8.1). TUsing (2.1) and the fact that the geometric mean
is not greater than the arithmetic mean we see that

|27 (2) 1"~ = exp (S:E log |1 — eitz™ lzd’r(t)>

(3.3) < Y"| 1 — etz [ dy(t)

1l

S A + r9)dr() — 2Re[z~lg:”e~itdv(t)] :
Also by (2.1)

a, = —2(1 — a)Sme“dv(t) .
0
Hence |a,}| =< 21 — «), and by (3.3)
2 F @ <1407+ [a, |1 — @) < (L + )

from which inequalities (3.1) follow. We have equality for the function

r@=e(1+ Tt ) =z4a, 4@

where 0 <a,=2(1 —a), and z =r > 1.
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Proof of (3.2). Since 2f'(2)/[f(2) =1—a,z"1+ --- and Rezf'(2)[f(z)=
« the function

I e T
BH = e+ - -

is analytic in |z]| > 1 and satisfies |#(z) | < 1. Then

o “if(z) | = —L 2 _ 279(2)
(35) Zlog|a @)=~ + R Z - (z)] <21 a)lr(l e

If b=|¢(w)| = |a,|/2(1 — @) then [3, p. 287]

l¢(2)| = (br + 1)/(b + 1),
hence by (3.5)

0 - br +1
=1 =21 — @)= —
or 08157/ ()] = 20 — ) T

Integration over [r, 4+ ] gives
log|27f(®)|z(1—a)1+b)log(1—7r)+ 1 —a)L—b)logd+r7),

and inequalities (3.2) follow because b = |a,|/2(1 — &) = |4(0)| < 1.
Equality is attained for z = » > 1 by the function

f‘(z) — z(l . z~1)1—a:+a012(1 + z—-l)l—-w—aoﬂ =z — ao + PR

with 0 £ a, < 2(1 — «).

We could have proved (3.1) by the same method as (8.2). But
the proof directly from the representation formula seemed to be more
interesting.

4, Upper estimate of the derivative. The best possible upper
estimate of the derivative for the functions f(2) =z + --. that are
meromorphic and univalent in |z| > 1 is |f'(re®®)]| < 1/(1 — r7?) (see
for instance [3, p. 120]). We shall show that this inequality can be
improved for starlike functions and small » > 1.

THEOREM 8. Let 0= a <1. Then as r—1

7@ 2 e
m X V4 ~ .
fem ey 1 — ) log 1/(L — )

The proof will show that the function f(2) for which |f'(z,)| be-
comes maximal for a given z, has the form

4.1) F@) = 2(1 — 22)0-om(l — ggpo-om
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with0=v=1 v+7v=1and |z]|=|z]|=1.

Proof. 1. Let n = 2 and different 2, (v=1, ---,n) with |z,| =1 be
given. We consider the functions

(4.2) f@) = z,,]ill (1 — 2,z uomy

with 0<v <1, v+ - +v,=1. For fixed z(2,| > 1) let f(z) be
the function of this form for which |f’(z)]| becomes maximal. We
shall show that only two of the v, can be # 0 for this maximal function.
We shall use an elementary variation method (compare [5]).

2. Suppose this were false, and v, >0 (v=1,2,3). If 8,+B8,+
B:=0, By=-+-+=p,=0 then v} =, + 6B, = 0 for sufficiently small

60 >0, and Xv} = 1. Let f,(z) be the function of the form (4.2) where
v, has been replaced by v¥. Let & =z;'. Then

!f;(zo) P = | zof:k(zo)/f*(zo) [2 : lzo_lf*(zo) [2

- é ('7;, =+ 5[801 + {1 — 2;)%:? 2 ﬂ ll . ZVC |4(1—w) (Yy£58y) .
v=1 — 2y v=1

For abbreviation let

_ 5,1+ A 208 b=3 1+ 1A — 20)2,8
c= 2" 12t gﬁv T
and
3
l=§6v10g11~zvé‘l.
Since B, = --+ = B, = 0 it follows that

|f4(z) P = (¢! &= 20Re[be] + 0*|b ) - | 25°f (2o) [
(L + 45(1 — )l + 86%(1L — &)l + 0(%)
= |27 (2)) [l ¢ ' & 20(Re[bC] + 2(1 — a)|c 1)
+ 8|0 |* + 8(1 — @)l Re[be] 4 8(1 — a)|c 1) + 0(5°)] .

Since |fL(z) P = 1 f'(z) P = |2 () |’| ¢* by the maximal choice of f,
it follows that

Re[be]l + 20 —a)|cPl=0
and
|b]* + 8(1 — a)lRe[bc] + 8(1 — a)*lc[FIP < 0.

Eliminating Re[b¢] we obtain
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6P <81 —a)l|c|?l*.
In particular, I = 0 implies b = 0.
The two homogeneous linear equations
1= ,s;‘,;avlogll et =0
Bi+ B+ Bs=0

have a nontrivial solution B,, B,, B,. With these values it follows,
as we have proved, that

Hence the three different points w, = (1 + (1 — 2a)2,8)/(1 — 2,{) (v =
1, 2, 3) lie on a straight line, which is impossible because |2,| = 1 and
|&] < 1. We have therefore proved that in the maximal function all
exponents v, are 0 except possibly two.

3. We can write this maximal function in the form (4.1). Thus,
by (2.1) the function fe &(a) for which |f'(z,)| is maximal also has
the form (4.1).

We may therefore assume that f(z) has the form (4.1) and also
that v; = v, hence v, =<4 =<7,. Let p=|z|". Then

|F@)] S 2072 + 2(1 — an(L — ppi-ommigi-en
+ 2(1 _ a),),z . Q20-a)y1 magx [22(1—@72—1, (1 . p)z(l—w)yz—l] .

Since

(4.3) max (1 — p)*~7 = 1/[2(1 — a)e log 1/ — p)]

it follows that
44 |f'@]=24+2% 1 — p)log /(1 — p)] + 16(1 — o)™ .

4, We finally consider the special function
f(z) — Z(]. . z-—l)z(l-—w)y(]_ + z—l)z(l-m) (1—y)

with v = 1/[2(1 — @) log 1/(1 — p)] for 0 <1 near to 1. Then fe&(a),
and by (4.3)

F1(o™) ~ 24-9¢[(1 — 0) log /(L — p)]™* (0—1).
Together with (4.4) this proves Theorem 3.
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5. Lower estimates of the derivative. The Dbest possible lower
estimate of the derivative for functions f(z) = z + --- meromorphic
and univalent in |z] > 1 1is |f'(?)| =1 — | 2|™%, with equality for f(z) =
z + 2z, This function belongs to &(0). For 0 <a <1 we can prove
more,

THEOREM 4. If fe@(a) (0 = a < 1) then

z @/ (1—a) (1 _ -IZLP) > <1 . rzl_P)l—w '

FEquality can be attained in all tnequalities.

61 176 zal LD+ a -

Proof. By (2.1) we have

1/ (1—a)

= exp <S:ﬁ log i d7(t)>

7o T

with dv(t) = 0 and Sdﬁ(t) = 1. Since the geometric mean is not
greater than the arithmetic mean it follows that

z 1/ (1~w) or 1
@l =l e
Hence by (2.2)
z 1/ (1—a) B L ———[—zlj—
’%’ 1—z] )<S T d(t)
1 ' _
= 1= <R62f(z) a>
and therefore
f(z) f(z) > 1— 2 11— 1 g
Py = = )}f(z)} (=12

from which (5.1) follows. Equality is attained by
f(R) =201 — 2r'z7" 4+ 27" cS(a)

for z = > 1.
Though (5.1) is best possible for the whole class &S(«) more is
true for each fixed function in &(a) if « > 0.

THEOREM 5. Let fe&(a). (i) If 0= a <3} then there is a £ =
£(f) > 0 such that

|fre) | = a(L — e
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The exponent cannot be decreased. (i) If 3+ < a <1 then
|f'(re®®) | = k()1 — )
for every € > 0 where k(e) = k(f, ) > 0.

Proof. We may take a > 0. Suppose Theorem 5 were false.
Then there would be a sequence z, = r,e*% such that

(5.2) S'(2) = o((L — 7))
and also
(5.3) S'() = o((1 — 7))

for some ¢, > 0. We may assume that 6, — 0. We have to distinguish
two cases:

Case 1. The point ¢t = 0 is a discontinuity of the function ~(t)
of Theorem 1. Then let )\, be the height of the jump of v(t) at 0,
and let »; (=1, --+,m) be the jumps of height =)\, occuring at
t; # 0. Let A* be the highest jump <X, and let 6 = )\, — A*. Then
0 > 0. If o(t) is the function that is constant except for jumps of
height 1 at 0, = 27, -.- let

(5.4) TE(E) = Y(E) — Mo () — é No(t — ;) .

This function increases and has highest jump M*. We see from Theorem
1 that

65 @l L&) g1 - a)kol + z" -+ (1 —a Z M———~———1 + € 2
(=) 1 — eftuz;t

+ F*(2)

where

Fr@=—a| TECarg)

is a function of positive real part. Hence [4, Theorem 2]
(5.6) [F*@) | = 1 — o)\ + 30)/A — )

for large k. The third term on the right side of (5.5) is bounded as.
k— oo because 0,—0+t; (j=1,.--,m). Hence by (5.5) and (5.6)
2 '@ )| =2 1 — @)y — 30 — A — $0)[(1 — 77Y)
=40/ — ")
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for large k. On the other hand, Theorem 2 implies |2z;*f(z,)| = (1 —
;). Therefore |f'(z;)| = $6(1 — 7)™, in contradiction to (5.2).

Case 2. The function v(?) is continuous at £ = 0. Let now \; (J =
1, ---,m) be the jumps of height =¢,/4(1 — ) occuring at ¢; 0. Let
7*(t) be defined as in (5.4) (with A,=0). Then we see from Theorem 1
that

6.7) F@ = 1 — ey ef(z)

where

F*(2) = 7 exp (2(1 — a)f’ log (1 — e“z‘l)d')'*(t)>
4]
is a starlike function. Hence 1//*(¢) is starlike in |{| < 1. Since
all jumps of v*(t) are <e/4(1 — «) it follows [7, Theorem 1] that

1Y€ =o@ — [£)™) .
Since 6, — 0 # t; as k— o we therefore obtain from (5.7) that
20 ()| = A — rih)
for large k. Because Rezf'(2)/f(z) = a > 0 it follows that
(@) | = alzi'f (@) = all — ri)®

in contradiction to (5.3).
Finally, that function f(2) = 2(1 — 27%)*** € &(«) shows that 1 — 2«
cannot be made smaller.

6. Estimates of the coefficients If f(z) =24+ a,+az '+ --- is
a starlike function then, as Clunie [1] has proved, |a,| < 2/(n + 1).
To generalise this inequality to the class &(a) we first prove the
following lemma, using Clunie’s method.

LEMMA 1. If fe®(@) 0 <a<1) and n=0,1, -+ then
(41 e =40 - — 41— ) S+ @),

Proof. As in (3.4) let again

2f'(z) — F (2)

W)= T+ A= 2w )

Then it follows that
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—35 (¢ + Dae = ¢(Z)[2(1 —g) - S -1+ 2a)avz_”_1] ;
v=0 v=0
hence for n =10,1, ---
"—Zn: (v + 1)(1,.“2_" - i (v + Da,z™ + () i v —1+ 2a)a,"
v=0 v=n+1 v=n

= 96) [2(1 —a) - S -1+ 2a)avz"”“1] :

v=0

Since the second and third term on the left side involve only powers
z7* with 2= % + 1 and since | ¢(2)| < 1 Parceval’s formula gives

n n—1
S+ e, <40 —af + 35— 1+ 200 o],
and Lemma 1 follows at once.

COROLLARY 2, Let fe&(a), 0 < a <1, and let A be the area of
the compact complement of the image region {f(2):|z| > 1}. Then

T=A>rna,

and these inequalities are best possible.

Proof. The inequality w = A is of course classical. Lemma 1
implies

Se+a)|alsl—a,
v=0

hence

A:z(l——éu]aﬁ)gn(a—kag]aylZ)gna.

Equality could only hold if ¢, =0 for v=20,1, ---. But then A ==,
To show that A > ma is best possible we consider

(6.1) F@) = 2(1 + zripe-@ieen = 5 4 Mz——n + o eB(@).
n+1

The function w = f(2) maps |z| = 1 onto a set contained in

{l wl g 22(1—w)/(n+1)’ Iargw . 27[]0/(7& + 1)]
éﬂa/(n+1),k:0, "'7”’} .

Therefore A is smaller than the area ma .2'0-2/=+D of this last set
which tends — 7w as n — oo,

THEOREM 6. Let f(2) =2z + Dir_0a,2™" be in Sa) (0 =a<1).
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Then

2(1 — @)
(6.2) o} == =3

for n=0,1, ---, with equality for the functions (6.1).

Inequality (6.2) follows immediately from Lemma 1. The next
theorem will show that (6.2) cannot be improved much even for a
fixed function in &(«). In particular, there is a starlike function with
a, # o(n™),

THEOREM 7. If feS&(a) then
(6.3) limsupn|a,] < 2(1 —a).

n—co

For every e > 0 there is a function f€ S(a) such that

limsupn|a,| >201 —a) —¢

n—00

Proof. It follows from Lemma 1 that

limsup (n + 1) |a, P < 41 — a) — 41 — @) S (v + @) | a, ! < 4(1 — @)
v=0

n—o

except when a, =0 for v =0,1, ---. But then (6.8) is trivial. The
last assertion will be proved at the end of this paper.

We shall now consider bounded starlike functions that are analytic
in |[¢]<1.

THEOREM 8. Let g(§) = Siv_1 0,8 be analytic in |&] <1 and satisfy

(6.4) Rely'(©)/9(8) z a .
and g(©)| < 1. Then

(6.5) Sm—a)bs1l—a.
For n=2,3, .-

2(1 — o)
6.6 b, | < —=—— —2 |
(6.6) 0. n+1—2a

The factor 2(1 — ) cannot be replaced by a smaller factor inde-
pendent of n. For every € > 0 there is a function g(§) such that

6.7) limsupn|b,| >2(1 —a) —c¢.

In the case a = 0 inequality (6.6) has been proved (in a slightly
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weaker form) by Clunie and Keogh [2], and in [7, Theorem 3]. Clunie
and Keogh also gave an example of a starlike bounded function with

b, # o(n™?).

Proof. For 0<p<1
68 S m—a)lber == (0e") | (Reloey'lg] — @)dd .

Since | g(0e®)| < 1 it follows by (6.4) that
2‘1(7?4 —a)|b, o = %S:(Re[pe“’g’/g] —a)dl =1—a

which implies (6.5)
As in the proof of Lemma 1 we obtain

(n+1—2a)2|bn|2§4(1—a)§1(p—a)1b,12.

By (6.5) this expression is < 4(1 — a)’. If we had equality it would
follow from (6.5) that g(¢) = b, + - -+ (b, # 0) is a polynomial of degree
n > 1. Then £g'(¢)/9(¢) is continuous and | g(¢)| < 1 almost everywhere
on |¢| =1, and (6.8) shows that (6.5) holds with strict inequality.

Let gi&) = w2 + 2n7¢" + --+) be the starlike function of
Example 1 in [7]. It satisfies |g,(¢)| < 1. Then

0(0) = £0EY~ = 0= - 2(1 — @ 4 )

satisfies (6.4) and |g(§)| < 1. Hence the factor 2(1 — «@) in (6.6) cannot
be made smaller. The existence of a function with (6.7) will be proved
in the following.

7. Construction of examples. We shall now complete the proofs
of Theorems 7 and 8 by showing: For every ¢ > 0 there exist functions

f@ =2+ Saz (2] > 1)
in &(a) and
9) = S b (£1<D

with Refg'(£)/9(¢) = « and |g(¢)| < 1 such that

limsupn|a,| >201 —a) —¢, limsupnl|b,|>201—a)—c¢c.

We shall need the following lemma.
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LEMMA 2. Given 6 > 0 and 9 > 0 there exists a function
hE) =1+ 3o

with ¢, = 0 that is analytic and has positive real part in || <1
such that

(7.1) lim supe¢, >2— 4,
(1.2) Sy,
1 N

This lemma was first proved by F. Riesz [8] but only with limsup¢,=
1. It seems not to be known in the general form given here. It will
be seen that the weaker form is not sufficient to prove the existence
of an fe&(0) with a, = o(n™). But the weaker form is sufficient to
prove the existence of a bounded starlike function ¢g(¢) with b, # o(n™)

[2].
Proof. Let 1 >x>1— 46 and let p be so large that

P@) =14 2ncos0 + -+ + 2\P cos pb
= Re[l + 2ne® + «-- + 2(2e%)?] > 0.

Let ¢ be such that
(7.3) (2p + 1)277 < min (%7, 3) .
For m =1,2, ... let

(7.4) Qu(0) = [ P(20) .
Then Q,(0) > 0. Because of (7.3) induction shows that
2p.29M
Q.(0) =1+ I; ¢, cos nl

where ¢, is independent of m and 0 ¢, <2, Cumn =2\, and ¢, > 0
only if
(7.5) n = 2% (—p=m =0).

It follows that

where the last sum is taken over all » of the form (7.5). Forj=1,2, ...,
we group together all those n for which ;=0 but g, = 0 for k> 4.
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Then n = 29 — p20970 — ... — p20 > 29(1 — 2p-27%) > 297 by (7.3).
The number of these n is <(2p + 1)’. Hence again by (7.3)

by =<2 3@p + 12t < 8@2p + 12 < 7.

The function
mMe) =1 + i ¢,

is analyticin |{]| < 1, and Re h(¢) = 0 by (7.4). Also cym = 20 > 2 — 9,
and Lemma 2 is proved.
We shall now construct the starlike functions. Let 0 < ¢ <1 and
=¢/6, e =14 ¢/6. If h() is the function of Lemma 2 let

HE) = Sis"l(h(s) — 1ds = 5} Gogr.
Let =1 — a and
(7.6) f() =zexp[—-BH(™], 9()=7Cexpl[BIH(E)—7)].
Then 2zf'(z)/f(z) = 1+ Bz'H'(z™") = a + (1 — a)h(z™), hence f(2) =
2+ -+ €S(a). Also, g(§) satisfies (6.4), and by (7.2)
[9(0)] = exp [B(ijl n7e, — 77)] <1.

By (7.6),
@) a0 — g€ = 2(BHE + [RHE + ).
Since the coefficients n*c, of H({) are nonnegative the function on
the right side of (7.7) has coefficients =26n7"c,. Hence
— Qg + bn—l-leﬁ77 2 267&_10”
and therefore

(7'8) n l Ay l g 2180% —n l bn+1 l e’ ’
(7.9) M| bpia| Z (280, — 1| @ny])e™™ .

By Theorems 6 and 8 we have nla, | <28 and n|b,.;| < 258. There-
fore (7.8) and (7.9) together with (7.1) give

limsupn|a,| =282 — 6 — ) =281 —¢/8) > 2B — ¢,

n—oo

limsupn|b,| = 28(1 — d)e* = 28(1 — ¢/6)/(1 + €/6) > 28 — ¢ .

n—ro0
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