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Several analytic methods are used to obtain estimates for part
or all zeros of a polynomial with complex coefficients and for linear
combinations of polynomials. Some results of Biernacki, Montel and
Specht are strengthened or generalized. Some results about the
location of zeros of linear combinations of polynomials are also
obtained.

1. Cauchy type estimates.

THEOREM 1. Let P(R)=2z"+az"*+ .- + a, be a polynomial
with complex coefficients. Let B, = pi= -+ = B, be the ordered
positive numbers |b;| = |a v |,v > 0,1 =2, +++, n, then all the zeros
of the polynomial P(2) are in the union of the two circles:

[2] <Y1 +0) and [z +a,| v
where
O % . __ 0
1+8 Q+8) 1+ sy~

0, = B —

with
0; = B — Bl ;+1 =0.

Proof. It is well known (See e.g. [4]), that all zeros of the
polynomial P(2) are in the unien of the two circles |z + a,| = v and
|z] £v(1 + B;). Let & be a zero of the polynomial P(z). We may
assume that |{| = vr, where 1 < » < 1 + B;. The inequality

l§”+a1§n_1[§ |a2[lgln_2+ e + Ian]
yields
@) e+ Sv(b]r 4 e+ B S VB T+ - F B,

’

since Bi, v =2, ---,n, are decreasing and » > 1. Multiplying both
sides of the inequality (1) by (r — 1)r—"% we get

r=Dlg+alsy(g— L - - 2.
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238 ZALMAN RUBINSTEIN

Since r <1+ B} and 0; = 0,

05 o
—1 +1§ ;_ 2 —_— et
= DIEtal=o(8 - g T )
Suppose |¢ + a,| > v, then
04 o,
<1 P . SR . S
A aT ey
and
0} 0’
9 =y < r 2. n .
@ 1gl=rr<Ta(e 175 (1+B;)"‘1>

Consequently all the zeros of the polynomial P(z) which are outside
the circle | + a,] < v lie inside the circle (2).

One notes that this result can be repeatedly improved replacing
By by o, = B; in the proof of Theorem 1. The last result improves
the known estimate used. As an immediate consequence from Theorem
1 we obtain that all the zeros of the polynomial P(2) are in the
region

lz] <@+ o]0z + a|=7Ullz] <71+ a)]).

(See remark following the proof of theorem 2).

THEOREM 2. Let P(z) =2"+.ag" '+ -+ + a,, be a polynomial

with complex coeffictents. Let v > 0,b; =a; v 5,1 =1, ---,n. Assume
furthermore that B;,1=1,--, 1,6, =06, = -+ = B,, are the ordered
numbers |b;|.

Define

0= a= max—ﬁ— =1,
sgisn B,

where the maximum is taken over all ¢ such that 8, # 0. Denote

5{! _ 5;' . 5;/
1+6 QA+ 1+ B

(3) g, = :81 -
where
54,/:“81:"6“-1%01@.:19 My B =05
then all the zeros of the polynomial P(z) are in the circle
2] < max (v(a + 0,),7) .

Proof. Let & be a zero of P(z). We may assume that
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“) Ya+o) 2| =7 <71 +8), r=1.
The equality ¢ = —a,{"* — --- — @, implies
Y £ a7t A e e, | = (b vt A e 1B, ])
Hence,
(S SCH N Rl o S

Also since = a, we have

G) r(r—a) s Brt—rHaB, — By) — -+ — (AB—y — Ba-y)

— 1ABay — Ba) — B, = Bir® — G/ — e — G0, — 0

Since a + 0, < r, (5) implies

or 0y
6) _+...+w§,81—r+a§81—02-

r

Taking into account (3) and (6) we get

5{' 5” 5;’ 3"”('
doeee b 0 < S R <
r r" 148 a+ B)"

Since 0 = 0 it follows now that r =1 + £, which contradicts the
assumption made in (4). Hence || = v(1 + 0,). If however, r <1
then [&| < v. Theorem 2 strengthens a result due to Specht [6],
|2| <v(1 + o), where

B

_ 61 '82 cee [ N
U“Bl<1+81 * 1+ B) e (1+Bl)">'

One verifieg easily that « + 0, =1+ 0.

2. Estimates of at least p zeros (1 < p < n) for a polynomial of
degree n. It is known, [2] p. 110, that is the coefficients a,, a,, +--,
Gp_y, &pi; are fixed, then p zeros of the polynomial

m Q@) = a2 + -+ + 4,

are bounded. Various bounds for at least » zeros of Q(z), as funec-
tions of these coefficients, were obtained by different authors ([2]
Chap. VIII).

LEMMA 1. (Montel) [2] p.111-112. Let the polynomial Q(z),
defined in (7), have zeros z, ---,2,, such that |z,|=|z|=.--- =
1z,]. Let
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Q.(2) = Q(z) — i aPzi

(i —2) o+ (Ray—2) i

Define 7, = |#,»1:|. Then

®) la?’léT;‘”‘”)iC(n—erj—l,j)Iak—jlr;’, E=0,1,---,p.
J=0

THEOREM 3. Let Q(2) be a complex polynomial of degree n defined
m (1), a,# 0,1 < p =n. Let r(p) be the greatest positive root of
the equation

) (z— 0 —1)"—Sp,q¢,0)=0
where 0 < p =1 and

a;
ay,

S(p, ¢, 0) = maxosk§p—1<§k:|<

=0

a'\1/¢’
> p-—-(p—-k-—l)) , ql g 1 .

Then at least p zeros of the polynomial Q(z) are in the circle

(10) 2] < r(p) .

Proof. We apply the Holder inequality to (8) and after some
simple transformations we obtain

1/q’

& . . ek ,
) e = e[S cm—p+i -1, | [Sla ]
i : W& P
< 770 300 — p + = Ly Syl [
¢ +1/¢ =1.

Since 7{(p) = 1, without loss of generality we may assume that », > 1.
We replace the first sum in the right hand side of (11) by

< . . . —(n—p)
(12) Zc(n—p-!-j—l,g)r;’:(l_L) ,,‘
=0

Ty

By (1) and (12) we get
(13) a1 5ty — D 10 ]
i=0

It is known (See e.g. [4]) that all the zeros of @Q,(2), and in particular
Z.—p11, Satisfy the inequality

G/;,p)
a;}m

(14) 7y = | Zumpia| = max (
0=k=p—1

Ly + Lp—p+1 )
xp—k xp—k

for any z; > 0,¢ =1, -+, p, 2,4, = 0. Taking into account that a{»
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= (—1)""*a, and using (18) and (14), with z;, =p",1=1,.---,p,0<
© =1, we obtain

@) r, 5 max| e, — (S

a;
0sksp--1 i=o|l @

a\1/9’
> p—(p~k~1) __'__ p] .

Using the definition of S(p, ¢/, p), the equivalent to (15) is
(’rp - p)(/"p - l)n—p é S(p; qu (0) .

It follows now easily that », < 7(p).

n

COROLLARY 1. Theorem 3 includes, as particular cases, a result
due to Marden ([2] p.113) for p =1, and a result due to Montel
(I2] Th. 32,1) for ¢ — o, p=1.

Proceeding as in the proof of Theorem 3, using this time the
estimate

Nyry?

SAT N, — ) S N

(p)
‘ a/k
a;ﬁ")

for all k&, r, > 1 and

a;
a’P

N, = max

0sj<p—1

s

due to Montel (See [2] p. 115), one obtains:

THEOREM 4. Let Q(2) be the polynomial defined in (7). At least
p zeros of Q(z) are in the circle |z| < ri(p), where r(p) is the posi-
tive root of the equation

O ey ==yl U B

For p =1, Theorem 4 gives an estimate due to Montel (See [2] p.
115). We remark that by a minimum argument it follows, that for
(p —1N, =1 and p =[(p — L)N,]"?, Theorem 4 yields results better
than those obtained by the classical formula.

Using estimates which involve a number of arbitrary parameters
we obtain bounds for at least p zeros for lacunary polynomials. We
quote first a lemma.

LeMMA 2. At least p zeros, 1 =< p < n, of the polynomial Q(z)
=@a,2"+ -+ + ay, a, #+ 0, lie in or on the circle |z| = 0 where o'
18 the positive root of either of the two equations:
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(16) lanlz”—pz_,lC(n—k—l,p——k~1)lak|z":0
k=0
and
) a,l2" — 5. Cn — by p — ) @i = 0.
k=0

(16) s due to Montel, (17) is due to Van Vieck. A simultaneous
proof of (16) and (17) was given by Markovitch [3]. We prove now
the following:

THEOREM 5. LetQ(z) =a2"+ +++ + @y, a,a, 0,1 < p<=n. Let
r and s be two numbers having the properties: r =n — p + 1 s the
smallest number such that a,_,+0; s, 1< s < p, is the smallest
number such that a,_, # 0. Then at least p zeros of the polynomial
Q(2) lie in, either of the two circles:

(18)  Jz| = max [pr’ (érc(j —1,p—m+j—1)p U _(%jj_ >”’]
and

(19) |2] = max [p*, (;i_‘, Cn — p + 4, o~ a;;]. !)1/3]

for any o > 0.

Proof. Denotec, = —C(k —1,p—n+k—1)|a,_,/a,|. The left
hand side of (16) can be written as

(20) 2"+ e+ oo +c,g=n—p+ 1.
By our assumption, (20) is equivalent to
(21) e+ e 0,070,

It follows from the result proved in [5], with ;= 0%, ¢ =1, ---, n,
0 > 0, that all the zeros of the polynomial (21) are in the union of
the circle and the lemniscate defined by the inequalities

2| =0

and

|24 6| = 506 —1p—n+j— D] Lt |gmimn
FErs) a,

The inequality (18) follows applying (16) and the last result. To
prove (19), we define ¢,., = —C(n — k, »p — k)| a,/a,| and proceed as
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before, using this time equality (17).

COROLLARY 2. Let Q(2) = a,2" + -+ + ,2° + Qp, 0,0, #0, 1<
= n. At least p zeros of Q(z) are in or on, either of the two circles:

>1/n

a/O
Ar

2l = (0t —L,p—1)

and

>1Ip

These results are obtained from Theorem 5, with r =n and r = p
respectively. Both results are due to Van Vieck. (See [2]).

21 = (¢ p)

a,
Qyp

3. Linear combinations of polynomials.

LEMMA 3. Let the polynomials R(z) = 2"+ -+« + a, and Si) =
28+ .-+ + b, a,b, 0, have zeros z;,1 =1, -, n, and &;,7=1, ---,
k respectively.

Let F(z; A) = R(2) + \S(z) have zeros 7,(\), - -+, 7(\), || = [ 7,]
< ... Z19]. If the circle |z| =7 contains all the zeros of the

polynomials R(z) and S(z) and m zeros, 0 = m <!, of F(z;\), then

: 1 _
29 i A< LA+ AN n=CA ) m] ,
(22) AL 70 = o5
where C(\) equals |1 - M[,|N], or 1 according to whether k = n,
k > n, or k < n respectively, provided

R(ze*)

—1>0.
S(ze™) >

£ = min

0=6<2r¢

Proof. Applying Jensen’s formula to the polynomials E(z), S(z)
and F'(z; ) we obtain (Omitting the parameter A in the notation
for F):

nlog T = 1 SM log | R(ze*) | do
2 Jo

(23) klogt = —— S log | S(ze*®) | df
2 Jo

7 2 .
tog (1 V| 11 |7V |) + mlog T = —LS log | F(ze%)| d6 .
f=m+1 2w Jo
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Using the formulas (23) and the inequality log (ax, + Bx,) = a log 2,
+ Blog x, with #, = | R| 4+ |AS], 2, =|S]| and

— |E| —|S]

- ;a_l_ :1,
TR —18]+ InS] &

after a few transformations we deduce the inequalities
2 2r
| log | ) 46 = [ "log ( R@)| + [1S) o

* log | R(ze™) | — log | S(ze®) | 2" 0
< 0.
= So @) do + So log | S(ze®) | d

On the other hand, by the assumption of the theorem it follows that

1 In
ao,n -t

Hence
2n [n]\ [ w0 ___IM_ 27
(24) S log | F(2) | d6 < (1 + 7)8 log | R(ze') 40 — L g
log | S(ze™) | d6 .

Dividing (24) by 27 and substituting the values from (23), we deduce
the inequality

tog (1009 IT 1 7:091) + mlog = = (14 Ll jntoge — DLk tog =

The desired follows now after simple transformations. We remark
that in case ¢ < 0, Lemma 3 is true interchanging R and S, » and
1/x. As a consequence of the lemma we have:

THEOREM 6. Under the assumptions of Lemma 3 all the zeros
of the polynomial F'(z; \) are in the disc

lz, é ‘ Cl T[(1+Iz\llp-)n—(lM/ﬂ)k—lH] .

M1

Proof.
i
max [ 7,(\) | = I [7:0) [( IT [7:0:) )
m+1si<l t=m+1 1Fimax
______1___T[(H—lMI}L)’Ib—(lMIIL)k—Z+1] ,

<
]

since |n,\)| =7 for m+1=1=<1. Some estimates for the zeros
of linear combinations of polynomials can be derived by a con-
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tinuity argument. We denote by D(k,n — k) the open domain in
the extended complex X\-plane, for which the polynomial F'(z;\) =
R(z) + A8(z) has exactly k zeros with negative real part (n — k zeros
with positive real part), where E(z) and S(z) are fixed and deg (R + A\S)
=n,k=01,---,n. Some of the domains D(k, » — k) may be empty.
We quote two results to be used later.

LEmMMA 4. (Marden [2] p.54). The zeros of the linear com-
bination

f(z) = lel(z) + e+ )"pfp(z)

where N; 0, 5 =1,2,---, 0, lie in the locus I" of the roots of the
equation

ME— )+ s A2 — @) =0

when the «,, ---,a, vary independently over the circular regions
C, ---, C, and where C; contains all the zeros of the polynomial f;(z).
The following result is due to Walsh (see [2] p. 55).

LemMMA 5. If the points ., ---, &, vary independently over the
closed interiors of the circles C,, ---, C, respectively, then the locus
of the point.

P
a =3 ma;
i=1

where the m; are arbitrary complex mumbers, will be the closed
interior of a circle C of center ¢ and radius r, where

C =

M-

»
m;C;, T”—‘lemj“”j
=

I
-

J

and c; and r; denote respectively the center and radius of the circle
C;. We prove a preliminary result.

LEMMA 6. Let
@25) f(z,N)=@EF+a)"+ N2*,|Rea|=1, arga=a, p<n.

Then for all \, | N| = |cos? |, the polynomial f(2, \) has all its zeros
wn the same right, or left, half plane as the polynomial (z + a)".

Proof. By the remarks made following the proof of Theorem 6
it is sufficient to prove that the domain D(k,n — k), k=0 or =,
which contains the origin, contains also the circle about the origin
with radius |cos” @ |. Substituting z = 4y in (25) and solving for A
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in the equation f(iy,\) = 0 we get

M =ty +alv?

Mlpz | Rea|™"
m =

¥4
i+—“—’.
Yy

Since by elementary geometric considerations |¢ + a/y| = | Real/ai,
we get |[M| = |Rea|"/|a|”, hence the region D which contains the
origin contains also the circle |\| < cos? a|| Rea|**. Taking into
account the conditions (25) the desired result follows.

THEOREM 7. Let R(z) =2"+ «-- + @a,, S@ =2+ .-+ +b, k=
n. Let the zeros of R(2) and S(z) lie in the discs C;:|z —¢;| = 7,
1 =1, 2 respectively, such that one of the following conditions holds:

(@) Rel(c,—c)l—(m+r)=1
(b) Rel(c,—e))+m+mr=—1.

Denote the circle |z —(c; —¢)| = r + 7, by C, and let min,e,, | cos
argz| = A. Then in case (a) all the zeros of the polynomial R(z) +
AS(z) for |n| < A*, are in the region Rez < r, + Rec,, and in case
(b)—in the region Rez = Rec, — 7,.

Proof. By Lemma 4 all the zeros of the polynomial R(z) + \S(z)
are in the locus of the zeros of the polynomial ¢g(z) = (z — a))" +
Mz — a,)*, where «;,% = 1,2 vary independently in C,. By Lemma
5, a, — a,e C; for any a;€ C;. We may apply therefore Lemma 6 to
the polynomial g(¢ + a,) = [€ + (&, — a)]* + A\&*. It results that in
case (a) all the zeros of the polynomial g(¢ + «,) are in the region
Refz <0 for | M| £ A%, and Rez = Re¢ + Rew, < Rea, < r, + Rec,.

Similarly, in case (b), the zeros of ¢g(¢ + «,) are in the region
Re& = 0. It is clear that if & > n, similar results can be obtained
replacing «, by «a;, » by 1/» and R by S.

Combining the last result with a similar result for the imaginary
part of the zeros of R(z) + AS(z) we obtain:

COROLLARY 3. With the notations and assumptions of Theorem
7 suppose that one of the following holds
(@) Rellc,—c)] —(ri+mr)=1
() Im[(c,—c)] —(ri+mr)=1.

Denote

).

A, = min (min | cos arg z |, min | sin arg z
2€03 2€03
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Then for || < Af, in case (a') all the zeros of the polynomial R(z) +
MS(z) are in the quadrant Rez < r, + Rec,, Imz < r, + Im c,, and n
case (b') all the zeros of the above polynomial are in the quadrant
Rez= Rec,— 7, Imz=Ime,— 71,

The estimates based on the continuity argument can be further
developed and it is possible to obtain bounded regions for the zeros
under suitable restrictions upon the parameter .

We prove finally a result concerning the location of at least p
zeros of linear combinations of polynomials.

THEOREM 8. Let R(z) and S(z) be two polynomials of degree n
and &k with zeros z; and ; respectively, i =1, --,m,7=1---, k.
Let the numbers a,r, vy, Ty Ts N, Ng, kvy by Wy + Ny =m, kb, + k, =k
satisfy the following conditions:

(a) The polynomial R(z) has n, zeros in the disc C;: |z —a | =7,
< r and n, zeros outside the disc C, which are in the disc |z| < r.

(b) The polynomial S(z) has k, zeros in the disc Cy; |z —a| = 7,
< r which are also in the disc |z| <r and k, zeros outside the disc
C, which are also outside the disc |z —a| = r, > 7.

Suppose furthermore that ome of the following conditions 1s
satisfied:

r+ a, b, T TG < g T G +k2r+a0

(¢,) r<a, and n, .
r—1r 2r + a, r r—r

r+a r—a r—a r—+a
+ 0+n2 O<.lc1 0+k2 + 0
r—1r 2r r 4 r, r— 1y

(c)) v > a, and n,

s

then the polynomial F(z;\) = R(z) + AS(z) has at least n, zeros in
the disc |z — a| < r, for any complex number .

Proof. A straightforward caleculation yields the following results:
(1) Let z = a + re®, then

M=maxRe< Z ): r"—|a’| + Re(aw) £ 7 |u|
0=éd=2r 2 — U ,rz_!u_a{z

( z >: " —|al*+ Re(auwt) F r|u]
z2—U r—lu—al

m = min Re

0s6=2r

according to |4 — a| S r respectively.
(2) Let a = ae”, z —a = re?, u — a = pe**, then
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uforp<7-

r—p
M=maXRe<_z__>: ._T_—"___ag_for p>/’-,!ul<,r
06,927 2 — U /r,___p
Tz—aopfﬂz%_pl for o > 7, fu|>r
(3) rt—p
=% for r>p, |u| <7
r+p
= mi 2 _Jr—ap—rla—p]
- 0§I£;22’rRe<z_u> r— o for r > p, |u| >r
il for r<p.
r—p

(4) Let the polynomial R(z) satisfy condition (a) of Theorem 8, then

MzzmaxT]l%—-au'gR(z)gn1 (i ) 4y %o

for r < a,
lz—al=r r—1r 2r + a,

r+a r—a
M,<n, + 0+ m, o for r > a,.
r—1r 2r

(6) Let the polynomial S(z) satisfy condition (b) of Theorem 8, then

m, = min——d—argS(z) >k "% 4k, Ll L r < a,
lz—al=r (@ r r— 1,

my = o %o +k2'r+a0 for » > a, .
r 7, r— 17,

By the results (4) and (5), the condition (¢;) or (¢;) implies that

4 R _a_ — min_ % <
A o M8 gy = MeX g arg Ble) — min o arg S(z) < 0.

Hence the arg R(z)/S(z), as |z — a| = r and z makes one turn in the
positive direction, decreases monotonically.

R _ _
M_Aﬂt(ﬂarg S 2r(n, — k) .

It follows now that

R(z) _
Aol ) 2 20— k)

for any complex number A. Hence

4 arg (R(z) + \S(z)) = 2n(n, — k) + 2rk, = 27n, .

\z—al=r
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This completes the proof.

In the particular case a =0, n, = k, = 0, at least n zeros of the
polynomial F'(z; \) are in the disc |2 | < max ((nr, + kr)/(k — n), 1,) for
k> n. The last result is due to Biernacki (See. [1]). If @ =0 and
the zeros of R(z) and S(z) are in the discs [z — ¢;| =< d;, it results
from Theorem 8, with »;, = |¢;| + d;, 2 = 1, 2, that in the case k > n,
at least n zeros of the polynomial F'(z; \) are in the disc

lzlémax<"%izd‘ + nlciizlc‘l ,dz+lczl>-

This result is due to Jankowski [1].
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