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1. Introduction. Bergman [1]-[6], [11] has considered the ellip-
tic partial differential equation,

R

a#u "

1y T[F]= + 0¥ =0, (=123

where A(r?), C(r?) are analytic functions of the real variable * = 2,2,
[ =1, 2, 3] (Repeated indices mean the summation convention is used.)
In this paper we shall investigate the four variable analogue of this
equation, T[?] = 0, and show that many of Bergman’s results carry
over to this case. Here, we need in many instances, the methods of
several complex variables in order to find the natural generalizations.

In Bergman’s theory,* the integral operator B, [f] plays an im-
portant role in studying the solutions of (1.1). In our case, there is
an analogous operator [7]-]10], which is a four-variable analogue to

B, [

HX) = Bif =~ (| 2L L p .9, X = @omze),
12 w=a(t+ o)+l )+ (g - ) +in(f )

and D={|§| =1} x {{n| = 1}. The operator B, [f] maps analytic funec-
tions of three-complex variable onto harmonie, function-elements of
four-variables. One may realize how analytic functions are transformed
into harmonic functions, by considering the powers of %, which act
as generating functions for the homogeneous, harmonic polynomials,
HX],

(1.3) wr = “ﬁo HB[ X4
The polynomials H}X) [k,1=0,1,¢+e,2; n=0,1,2,---] form a
complete, linearly independent system [13] [7] [8]. From the Cauchy
formula for two complex variable we have an integral representation
for these polynominals given by,
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1 See Bergman [1], Chapter II.
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1224 R. P. GILBERT

(1.4) HX] =~ | [ werydnae
47 Jigl=1) mi=1

It is clear then, that the analytic function,

(L.5) FUG7,8 =3 S G e?

n=0m,p=0

is mapped onto a harmonic function,

HX]1=3 3 a.H7X],

n=0m,p=0

defined in the small in the neighborhood of the origin, [X] = (0). We
shall refer to (1.6) as the normalized associate of H[X] with respect
to B, (see Bergman [1] pg. 62, Kreyszig [14] and Gilbert [8]).

2. The derivation of a Bergman integral operator generating
solutions to T, [¥] = 0. We shall establish the following theorem,
which is four-variable analogue of Bergman’s [5].

THEOREM 2.1. Let H(r,7), |t]| <1, be a solution of
@.1) (1 — t)H,. — -z + 1)H, + m‘(HM + %H + BH) -0,
where
2.2) B=—T14 24 ~_“:11A2+ c, r=uu,,
and H.[rt is continuous at v =7 = 0. Then,
2.3) ¥(X) = 2lf]

_ 1 dpf def® o
= . J B B o) p it — 2, 8y,

Il

where

— 1
(2.4) E(r,7) = exp( = S Ardr)H('r, 7,
18 a solution of (1.1).

The proof of Theorem 2.1 follows closely the proof given by
Bergman for the three-variable case. First, we list several formal
relationships which exist bétween the variables:

o= (L gg) 00 -50) + (3 -3)
rap(3+ o) =0,

(2.5)
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ou OE _ ou OFE or _ ou oFE

(2.6) b Bn  Bn O Be o B
2.8) D 66; =,

and

2.9) ~ 7,81 = g7 = 1)

Now, using relations (2.5)-(2.9) we compute formally, that

0,00, 47? Sml=1 N = £ Sr Sl R
(2.10) . o(r — 1\1
’ X{ 0°F _ ( z')r }d’[‘,
02,07, ot
and consequently
1\1
ol — —)—
et i g e D
t - 4A7? Ml=1—— 1€ =1_ =1 0x.,0
7 Jiw=t § ©.0%,, ot
1 1
0—(7— —)FE
—I—A( OE _ =, Ou 2( ”> )+CE}dz-
Gx“ u 0x, oT
- (- L)L
__ L dnp ke em N el
Az? Jini=1 p Jiei=a & 02,07, or
o3- )
+ ArEr_ A—T’L + CFE |dz

In order to verify that is a solution of T,[¥] = 0, we show that the
terms in the brace of the integrand (2.11) vanish identically. By

setting E(r, 7) = H(r, 7) exp (—1/2 S: A'rd’r>, and computing the terms

involved we obtain
_1—{(1 — H,, — (¢ + DH, + rz'( a -?LH>
r

H,, +
(2.12) .
+ m'(—-g—A — 24 + %Az + C)H}exp (—%S Ardr) =0;
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consequently, if a solution H(r, 7) exists to (2.1), then (2.3) represents
a solution of T(¥) = 0.

One can show the existance of an absolutely, and uniformly con-
vergent solution,

(2.13) H(r,7) =1+ 3t (r) ,
n=1

where the {b"(r)} are sequences of functions defined by the recurrence
formulas

b® + rB =0
(2.14) {(@n—1b® + rbe — (2n — 5BV + rBY* 0 =0, (n=2,3,+++)
b(n)(o) =0 , (,n — 1, 2, )

and where |7| < 1, and » < p < P,/V/'2 (distance of the first singularity
of B from the origin). The recurrence formulas are obtained by sub-
stituting the series (2.13) into (2.1), and the convergence may be proved
by the method of dominants as Bergman has done in the case of
three-variables [5].

As an illustration of the above method we consider the Klein-
Gordon equation

(2.15) 07 —m¥ =0,

which describes the motion of massive, free elementary- particles, of
spin zero. Here our recursive formulae become

2n — 1)b™ + rbl» v — (2n — 5" — rm*d™ P =0, (n=2)
by 4 rm?, b0y =0,

which have the solution,

w — _om—D(mr)y"?  (mr)™
(2.16) b = -2 2n — 1)! + @n)! ’

Consequently,

Er,7)=H(r,7) =1+ 2 b ()

2.17) r
= (1 — 7% cosh (mzr) + o sinh (mzr) .

3. A Class of vector solutions. In an earlier paper [8] we

introduced a class of harmonic vectors H[X], whose components were
given by
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—1 dn d§
en  HxI=| | L 0N,

where N, is a component of the vector,

32 N@o= (1 + %, ’5[1 - ;15] [% - %] i[% + %])

and % = ﬁ )? In the same way we introduce a class of solutions to
T[7] = 0 by setting

ZZTH_(X) = ‘Qil-[f]

@3 _ 1( dg{ de “ N
- 47Z'2Slnl=1 N Sm -1 —=Nu(®, E)S E(""T)f[’“'(l );9,&ldT .

If X is chosen so that the integrand is absolutely integrable we may
exchange orders of integration and write (3.3) as

g dy d o
v =—go| - Beo | | SN0, - i, 61

_ 2S:1E(r, DH[X( — )de .

(3.4)

We next consider the line integral,
3.5) L 7 [X]dw, = 2 S dw, SlE’(fr, DHIX( — w)]dz
< 0

where ¥ lies on the hypersphere, || X|| = R
Here we may interchange orders of integration and write

S%T,L(X)dx,b =2 S E(R, z){g HIX( — r”)]dxn}dr

<
(3.6) E(R 7)
S { . H,[Yldy,}dz,
where
3.7) X={Y|Yu=(1— ;=123 4XeT}.

Now as Bergman [1] [5], and later Mitchell [16] have done in the
case of the equation T4[Z] = 0, we assume the associate of H,(X) is
rational,

3.8 , M, &) = i, 1, 8) e PLX; 7],5]
¢ Fom e = D, 9, §) =7¢ PlX;7n,¢] "’

and then
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H.(X[1 - 7))

3.9) — 1 S S dp d¢ P[X; (1 —
A Jim=1 1=

%), 1, €]
7 & PIX;(1—1; M]N(v, e .

It has been shown in Gilbert [9], that the integral (3.9) may be
evaluated in terms of Weierstrass imtegrals of the first, second and
third kind [18]. (see also [1], [16], [10]).

With this in mind, let us define the families of sets,

Gi(r) = {X | p[X (1 — Tz)' 7] = 0; Y}
Si(c) = {XIR(P,, ) (—p =1 ”(” 1) ( L VX (L — 2")];77) - ovr;}

@g(f)z{x‘vn, (v, ‘;) o} {XIR (w0 3{’70)_0 w;}

(3.10) &(r) = i(r) U &i(r) U &i(7) ,

where
VG = T LAWK 1) — AdX, 7))

is the Vandermonde determinant associated with the equation,

(3.11) PIX;7, €] = 3, pIX; 7l =

and R(f, g) is the resultant of f and g.

The genus p[X (1 — 7%)] of the Riemann surface R[X (1 — 7%)] which
lies over the 7 plane and is associated with the algebraic equation
PIXQ — 7%; 1, £] = 0 (r-fixed) is constant for

vXe (E*— &)} .
Furthermore, let
(3.12) H,[X(1 — 79, £, HJIX(L — %; 9, €], HIXA — 2%; s &, 7, €]

be Weierstrass integrands of the first, second, and third kind respec-
tively, associated with the Riemann surface R[X (1 — 7%)], and let their
periods taken over o[X (1 — 7%)] cycles K [X(1 — %] be given by

20,8l X (1 — 78], 27,6l X (1 — 7], 2[X (1 — %]
(18: 1; 2, "'7p)1 (C(Z 1,2’ "’1p) y

and their periods over the conjugate cycles I?B[X (1 — 7%] be given by
(3.14) 20u[X(1 — )], 2Wall XL — 9], ZLX(A — ] .

(3.13)

For each fixed value of X, and ¢ we may evaluate the integral
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(8.9) by first integrating with respect to &,

(3.15) HIX(L— )] = 2 LIXL = 00 el iy (7, )

et a S PIX( =77, 8]

277:7, =1 S

(where & (7) is that subset of {|7| =1} for which the root &, =

AJX (A — 7%); 7] lies inside {|&]| = 1}, and then by using the Weierstrass
decomposition theorem [18], [1], [10] to write,

PEP[X (A — 7); 1, EINW(, &)
0 2.
‘a—é_ 2[X(1—7'-): 7, E]

= glcp.y[X(l - TZ)]H,,,[X(l — "(:'2); Nyy &, 0, E]
(3.16) ,
- é{g}m[X(l - 7-'2)]H,m[X(1 — Tﬂ); 7, E] — g’m[X(l . TZ)]

X Huo[X(1 — 57, 1}
8 [ . u oy —
+ o Fwl X = 2,81}, 3 0ulX - ] =0,
where p = o[ X (1 — 7], r = r[X (1 — 7%)] is the number of infinity points

of the integrand (4.15), and the F,[X(1 — 7%;», £] are rational func-

tions of 7, £&. Using Theorem 1 from Gilbert [9] we then may express
H,J[X(1 — 7%] in the form,

ko

HX1 - )] = 33 5 {3 CulX (1 — 2]

XA — 2% 98N, EZN5 0y, &y; Doy &0l
X lo L
EELX(A— ); 0, &899, &3 Doy &l

2 Ep.oa[X(l - 72); 7];'-2)\)! El(l-n)]
@17+ 3 (CulX (1 - 2 log e TP Sl

Gl X (1 — 7Y)] log —Pual XA — 705 7V, €2
I [ ( )] g M,[X(l _ 2.2) 0(2)\-—-1) EI(E)\"'l:I)

+ %(FW[X(]- — 7%; 7]’%), l(f)\) — FIX1 — ; ﬁ,‘f’"” (2)\_1)])}

Here we have assumed that X ¢ &*r) for vz €]0, 1].
We next introduce the families of sets,

AN) = {X|VIXA -7 7] =0; vpe|n| =1},
A7) ={X|PIX (1 — 2%); 9] = 0; vpe|p| =1};

for each fixed X ¢ &*(7)3 only a finite set {z,}
CO, D2 Xe (2% UA) , k=12, .-+, NIX].
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Let us define the intervals on (0, 1),
4 X ={rlna <t <},

where we take 7, =0, and 7, = 1; for V73 7 € 4,[X], (where X is fixed
and ¢ &%z)) there can be no poles of NEP.N,/0P,/6¢ (defined on the
Riemann surface associated with P, = 0), which coincide with the path
of integration |7| = 1. Another way of saying this is that,

Xe U #%) (fork=1,2,--., NIX)],

€4y

hence for each %, the number of poles, 7,[X] inside {|7| = 1} remains
constant for all 7€ 4,[X]. We designate these values of 7 as the set
of points

3.18) N[K] = {ﬁi’“f X]}:ﬂ . r=rlX].

From the definition of the set {z.} it also follows that
Xelg!./l”(z') k=12 ..., NIX)D,
T€4y

hence the Riemann surface
R[X(1 — %] associated with P[X(1 — 7%;%,&] =0

[equation (3.11)] has constant genus for all ze¢ 4,[X]. Consequently,
our evaluation of ¥ ,[X] is made by computing a term (3.17) for each
z-interval 4,[X], where

o= po[X(1— 7] =0 (a constant) for Te 4,[X],
r=rXQ1—-)]=nr (a constant) for re 4,[X],

and summing the integrals

(3.19) v,[X] =2 fﬁ’g B, 0 HIX (1 — )de

2
We now return to evaluate the integral (8.7), where £’ is a closed
curve lying on the hypersphere || X|| = R,
YV ={X]o,=au8);0 =8 =1},

and & is the image of ¥’ under the mapping, ¥y, = (1 — 9z, for ©
fixed, and 0 =7 =< 1. The integration involved on the right-hand-side
of (4.7) is then over the two-dimensional region,

(3.20) F={Y|th=0—1u(s); 0=8=1, 0=t =1}

We assume further, that ¥’ is chosen such that for z-fixed
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T N{2Z%)U A7)}

is a discreet set of points {X,(7)}y-,; consequently, as 7 varies the
points X,(7) trace out curves I,. This construction (see Mitchell [16])
suggests a subdivision of the s-interval such that for
S € (8y Susr), [0, 1] = %.‘4 [Su—1, 8ul

there are a constant number of intersections of the curves I, (k=
2, +++, M) with the ray{X| X =1 — ™X();0=7 =1, s fixed}. T,
is that subset of ¥ for which se€ (s, s.), and N, is the number
of z-sub-interals [0, 1] is broken into such that for ze 4,[X], Xe &,
the number of poles 7., and the genus 0. will remain constant. This
leads us to consider the line interval broken up into the sum,

m Ne (Xatl ((Tk :
(3.21) s S {S B(r, HH@[X (1 — 1'2)]dz'}dx“ ;
a=1k=1JXy Th—1
the superscript « in the integrand indicates, that for each (s, s,)
interval we must perform a different Weierstrass decomposition (3.17).
The end points s, are found to be those s-values for which I
coincides with $* N {s = s,} for a finite number of r-subintervals.

4. Considerations from the theory of algebraic surfaces.
Using (3.1) the line integral (3.5) may be written as

SE, Vil X]dw, = Zgz,d%S:E(r, DHJIX(1 — )lde

4.1) N _—%Si'd% S:E(T’ T)Sln\=1gl;|=1%7]—j§—f<u(l =7 E)

X N7, &)dz

— __LSI E(r, 7) Sml:lg dn dé f,n, &)dv ;

2r*do 1 —17° lel=1 & S@l(n,m)

CYn, & 7) is the image of ¥’ under the map » = u[X; 7, &1 — 7%
where 7, & and 7 are held fixed, and the integrand is assumed abso-
lutely integrable.

If f(u,n, &) = p.(u, 1, &)/pu, 1, £) is rational, then we may evalu-
ate (3.22) by the theory of algebraic surfaces [19][17]. For instance,
let us consider the algebraic surface & defined by

‘ q
4.2) Pyu, n, &) = % a,(n, Hu',
where the a,(7, £) are polynomials in 7, & and ¢ is the degree of w in

;. Furthermore, if p, = (8/0u)Py(u, 7, &), then the resultant of p,, s
with respeet to u is [12],
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a, 0 0 qa, 0
a @ (@ — Da, 0
a,
0
43) R q)= @ e )
Qq Qg a, 0 qa,
0 a, (@ — Da,
0
0
0 0 aq 0 Ogy

(which is also the diseriminant of p, with respeet to u); the u-roots of
0, =0, u = uy(n, &), may be found by computing

(4.4) = aR/BR _ 6R/6R — ete.
oa,/ 0a, oa, | oa,

Py(u, 1, £) may be expressed as factors of its u-roots as
pz(u, /B E) = @, J.j:l ['“' - uv(’?; E)] .

The roots u,(9, &) (v=1,2, ..., q) are distinet for all
(77, E) ¢ {(7]: 5)] R(p,,, ps) = 0} .

For each fixed value of ¢ we may determine a set of values (7, &) for
which %,(%, &) lies inside €'(%, & 7) and the set for whicn the root lies
outside. For instance, setting 7 = e¢**, & = ¢, and using the para-
metrization 2z, = x.(s), (0 =s =1) we may determine when the root
u, lies on €' by taking the real and imaginary parts of the equation,

4.5) u{s; a, B} = u[X(s); €', (1 — 7% = u, (e, ef) = w,{a;5}

and then eliminating s to obtain o = @$(8;7), (k =1,2, .-+, N). This
gives us a subdivision of the a-interval, say,

0 < a{v) <L e K a;h) < a%,’i)ﬂ L oo K< 1 (azu = @;;’(,8, T))

such that for ae 4Y(B, 7) = (&, af¥,,) the root u, lies inside €' A
further subdivision may then be made such the same set of roots
{u}v € I(B, 7) lie inside €' for all @€ 4,.(B, 7). Consequently we have
for (4.1).

pl(vw 7]! S) —@-S—ﬂdf

4,
(4.6) o 1 — 72 vei®o Sﬁ(f,r) S|€l=l (v, M, 8) & 7

-1 S‘ E(r,7)
an?
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Here &7(&, 7) is the union of certain closed subintervals on the unit
9-circle,

4.7) ZE, 7)== LVJ {n = e aec 4B, 7)}

Next, we wish to obtain a subdivision of the s, and 7 intervals
similar to the one obtained in the previous section. Essentially, the
problem is the same, to find the subintervals (7., T.4) and Fi(z) =
(Y(7), Y,..(7)), where Y,(7) are end points on the curve,

4.8) F@ ={Y |y = 1 — D)wus); 0 =5 = 1; v-fixed},

such that the I'; intersects ¥ in a constant number of points.? We
consider a point Y(r)eJi(z) for te(ty, Tuw). If Y(r)el, then
Y(zv)e #3%7) U #"%7); returning to our definition for .Z%7) and
A7%t), we realize that this implies the existence of an #(z) with
|9(z)] = 1, such that either Y(z)e #Zt; 9(7)] or Y(7)e +"t; n(7)].}
Now, in order to find the 7-subdivision we note that Y{(7) either inter-
sects .Z® (or 7% in a finite number of points (as z-varies) or in a
finite number of 7-subintervals.* In the latter case, this gives us [one
of the s-points of subdivision in the previous section] a Y (z)-point
subdivision or as we have shown above a point of subdivision of the
integration path |7| = 1. The -interval is now subdivided so that
there are a constant number or intersections in each subinterval. One
obtains then the following sum of integrals for (4.6).

— N Nx [3
COME==S5Y [* Bro | [ pewn8dedy,
2 A=op=0verim® Jeay 1 — T &L i) JI§1=1 p3(/vw 7, 5) I 7

over dy v, 1, &) = 0. IL.(T) is the index set of those roots, v, of p, =0
which lie ingide €'(n, &, ) where the others remain outside; U¥_i(Ta-1, Th)=
[0, 1] is the subdivision of the z-interval and 7.(7) (#x=1,2, -+, N,)
are the points on |#| =1 which correspond to the N,, Y-points on
either _Z3(t) or _4#7%(t) for 7€ (Tr—, To)-

The cartesian product {|&| = 1} X .Z(7) (for fixed 7) is a tubular
chain [16] on 8. On & p,(v, n, &)/ps(v, 7, £) may be represented as

(4.10) __p_l — ]0102(’0, 779 E) ,
Dy R(py, D)

where R(p,, p;) = Ci(v, 9, &)p, + Ci(v, 1, £)ps, C,, C, are polynomials [19]

2 This construction of subintervals is due to Mitchell [16]} who employed it in the
three-variable case.

8 #9[r; (r)] is a restriction of «#3(¢); see definition of .#3(z).

4 In the definition of “#3(¢), and .#3(z) the ¢-variable does not appear, hence it plays
no part in our subdivision. Because of this we may make a similar subdivision as in
the three-variable case [16].
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[10], and v is given by (5.4). If we designate the polar curves D,

on & by
D, = {ga(v, § =0, v= aZi/gi}

then we may rewrite (5.9) as,

N N T
(4.11) —-—212 Z S A E(Z’_.z%s S 0:(vy, W;E)Cz(vwﬂ,f)déd,? ,
mPAs0p=0veu@ Jramr 1 — 72 JZumrdiai= @(5)1—[ g.,(7], E)“’

which may be reduced by partial fractions and subtraction of certain
improper integrals [19] [10] to the form,

F AN T k
(4.12) —EE_“ DN S » E(r, Tz) S > Vo, 1, &) dedy .
TEA=0p=0 velnp(@) Jeay 1 — 72 Jguma=1 0g, (77 ?f)

o
The functions,

W, 7, 8) = —————‘;;”(7] L),

23

are algebraic functions defined on the Riemann surface R, associated
with the polar curve D,; consequently W.(v, 7, &) has a Weierstrass
decomposition such as illustrated in (3.16)

W,,-(’U, 7, ‘E) == :éldo'mﬂa(no'm Ea‘aﬁ; 7, E)
(4.13) — 35 (hoaHogl1, €) — hepH(7, )
d To To .
+ “l‘i_n‘{wZ:lFam(v, 5)} » E.ldm - O ’

where the terms have a similar meaning as before in (3.16). Each
() is the wunion of intervals on the unit 7-circle, .&Fu(z) =
U (s(T), ni..(t)), hence using a result from Theorem (2) of Gilbert
[10] we have for (5.9)

1 &3 S E(r,7)

2t isop=oveln @ Jramt 1 — 72

ko u-(’?m 9y 1+1y ‘Jomy Ea'wy 770'0! 50'0)
X do'w +1 2 +1
{"Z—:I“ZII[Z o' ég)y 52 770-00; Eo'w’ 770'0’ EUO)

(4.14) n E <5 log O_B(‘Y]MJA, 621.}_1) . C oﬁ(néﬁ—ly Séﬁ-l >
=R\ E (s, £ E‘as(né:-”, 4

+ 2 Fra0it 651) — mesgns;?))]}.
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From the above discussion we have proved the following theorem,
which is the four-variable analogue of results by Bergman [1] [5] and
later Mitchell [16].

THEOREM 4.1. Let ¥ (X) = 2.[f] be the puth component of a vector
solution to T,[¥] =0, where f(u, 7, &) is a rational B,associate of a
harmonic function H[X]. Let T be a simple, closed curve on the
hypersphere || X || = r meeting the above discussed conditions. Then
the integral of (3.21),

M N cXatl (frg
S S {S E(r, ) HeP[X(1 — z"”)]dz'}dw“
ka;}wﬂ

S 7o (X)dz,

o=1k=1J)X

may be evaluated in terms of an expression (4.14).
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