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1. Introduction. The theory of quadratic functionals on a
Hilbert space is applied here to variational problems for multiple
integrals, involving several dependent variables and their partial
derivatives up to any finite order, in nonparametric form. The treat-
ment is confined to integration over open sets with fixed boundary,
and to weak neighborhoods of an extremal. The basic result is the
establishment of general sufficiency theorems for a weak relative
minimum with isoperimetric or differential side conditions. A specific
application is made of the sufficiency theorem in the case of isoperimetrie
side conditions to the extension of a well known characterization of
of extremals. This characterization has been treated by Poincaré [16],
Birkhoff and Hestenes [1], Karush [9] and others. It is analogous to
the characterization of saddle points on two-dimensional surfaces as
constrained extrema.

2. Quadratic forms. The theory of quadratic functionals (forms)
has been developed explicitly by Hestenes [6, 7], and implicitly by Van
Hove [19] and writers on elliptic partial differential equations.

If Q(x) is a quadratic form on a Hilbert space  with real scalars
then there exist unique subspaces 9., O, D- of », having the null
veetor as their only common element, that are mutually orthogonal
and @Q-orthogonal, are such that @ is positive on ., negative on 9_,
and zero on 9, and are such that $ = 9. + O, + O_ [6, p. 548]. The
sum of the dimensions of the subspaces - and O, will be called the
isoperimetric index of @ on . A quadratic form that is represen-
table on © as the sum of a positive definite quadratic form and a w-
continuous quadratic form has been called a Legendre form by M. R.
Hestenes. The fact that the isoperimetric index of a Legendre form
is finite is significant for the characterization of extremals given below.

If Q(x) and K(x) are quadratic forms on © such that J(b; x) =
Q(x) + bK(x) is a Legendre form for every positive number b, K(x) < 0,
and Q(x) > 0 whenever K(x) = 0 and x = 0, then there is a positive
number ¢ such that J(e; x) is positive definite on . A corollary to
this is: If Q(x) and K(x) are quadratic forms on 9, J(by, x) =
Q(x) + bK(x) is a Legendre form for some number b, K(x) = 0, and
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Q(x) > 0 whenever K(x) = 0 and x + 0, then there is a positive number
¢ = b, such that J(c; x) is positive definite on .
Let 4 be a metric space. Let M(\;x) be a real-valued function
of v and 2 on the product space 4 X  which has the properties:
(1) for each element A in 4, M(\; x) is continuous in 2 on O;
(2) for every )\, in 4, M(\; z) is continuous in A at A, uniformly
for all « in  for which ||x|| = 1. Then M(\; ) will be called a -
form on 9.

The proofs of the following three theorems are immediate conse-
quences of the above definition:

THEOREM 2.1. If Q(\;x) ts a quadratic form in x, then Q(\; x)
18 a M-form (a quadratic h-form) if and only if for every e > 0 and
every N, tn A there is a meighborhood A, of N, such that for N in
Ay, | QO %) — QN 2) | S ef|m [

THEOREM 2.2. If L(\;2) s a linear form in x, then L(\;x) is
a M-form (a linear n-form) if and only if for every e > 0 and every
N m A there is a mneighborhood A, of N\, such that for N in
Ao, | LN ) — L @) | S € 2]

THEOREM 2.3. If the forms L,\;x)(c =1, -+, p) are linear A-
forms, then the form K(:; x) = L.(\; ®)L.(\; ¢) is a quadratic A-form.

The sufficiency theorem of §4 will be based on

THEOREM 2.4. Suppose that Q(\; x) is a quadratic \-form on 9,
that n, is in 4, and that 9% is a subspace of O on which Q(\; %)
18 positive definite. Then there is a meighborhood A, of N\, and «a
posttive number h such that for every n in A, the inequality Q(\; x) =
hilz|]?* holds for all  in 5.

Proof. By hypothesis there exists # > 0 such that for each z in
", QOv; ) = h||2|’. In Theorem 2.1, choose & = h/2; then there is
a neighborhood 4, of A, such that

— 2P = Q0 ) — QUi 8) = 2l
hence

Q03 9) 2 Qi) — Lo [Pz hllo | — & 2] = L o).

The sufficiency theorem of §5 will be based on the following
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theorem. Let Q(X, b; ) = P(\; @) + bK(\; ) where P(\; ) and K(\; x)
are quadratic forms in « defined on 4 x  and b is a real number.
We will assume in the following theorem that for each A\ in 4, K(\; x)
is a nonnegative quadratic form in % on , and that for X =\,
P(\; ©) > 0 whenever K(\; ) = 0 and x = 0.

THEOREM 2.5. If Q(\, b; x) has the property described above and
18 a Legendre form on O for some wvalue of b, then there exists a
positive number ¢ such that Q(\, ¢; x) s positive definite on 9.

Proof. The conclusion is a direct consequence of the corollary
given earlier in this section.

3. General multiple integrals. Let T be a bounded open set in
an m-dimensional euclidean space, and let ¢t be a variable point in T.
Let 2%, 2% «--, 2" be real-valued functions defined on T and let z repre-
sent the set 2%, -+, 2" plus all the partial derivatives, when they exist,
of these functions of orders less than or equal to some positive integer
k. The boundary values of z and the first &k — 1 derivatives are
prescribed. Finally, let f denote a real-valued function of ¢ and z.
With suitable restrictions on the function f and the variable z we can
interpret meaningfully the general multiple integral

3.1) [ 718, #(tyldt

in the sense of m-dimensional Lebesgue integration. Further, let s be
another variable point of 7T, let F' denote a real-valued function of ¢
and z, and let G denote a real-valued function of s, ¢, %, and ». The
variables v and v are of the same type as z. Then the general
multiple integral (of Fubini-Tonelli type)

3.2) STSTG[S, u(s), t, v(t)]dsdt

is well-defined on the product space T X T in the same sense as (3.1),
as is

3.3) J(z) = LF[t, t)]dt + HTG[s, «(s), t, 2(t)|dsdt .

The treatment of integrals of this type has for one purpose a uniform
treatment of variational problems with side conditions.

Partial derivatives will be indicated in the accepted fashion: Given
nonnegative integers a;, «,, - -+, &, let « = (ay, +--, a,,) and let |a]| =
a, + a,+ +++ + a,; then
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; 0@zt
Z; = ——
Bt®s ++ - OEEm

denotes a partial derivative of 2° and j = |a| is the order of the
derivative. In summary, we have z = [29, 2@, ... 2®] with 29 =
(2, 7% +-+,2") and 29 = (), la| =5 = 1.

4. Sufficient conditions for a proper weak relative minimum.

Agssume as given:

(1) aset Tin ¢-space that is a union of a finite number of sets
each of which is the image of an m-dimensional bounded open interval
under a one-to-one continuous transformation which together with its
inverse satisfies a uniform Lipschitz condition [7, p. 319];

(2) an open set 7 in tz-space; let .&¥ = <& X #Z;

(3) integrand functiong F(t,2), G(s, u, t, v) such that F is con-
tinuous on <&, G is continuous on .%; and F and G have continuous
derivatives on <Z and . respectively, of the first and second orders
with respect to the components of z, u, and v;

(4) a particular function e that is of class C* on the closure of
T,' and whose elements [t, e(t)] are in <2 for all ¢ in T.

A function 2 belongs to the class & of comparison functions if

(1) =z is of class C* on the closure of T}

(2) the difference 22 — ¢® together with its derivatives of orders
<k — 1 vanish on the boundary of T, that is, they have limit functions
on the boundary that are identically zero;

(3) the elements [t, 2(f)] are in <Z for all ¢ in T.

The class <Z of variations is the closure in the Hilbert space 9,
(7], p. 819, restricted to real scalars) of the class of 2 in 9, whose
kth derivatives are bounded on T, and which, together with their first
(k — 1)-derivatives, vanish on the boundary of 7. The boundedness of
T ensures that z —e¢ is a variation in the class <% and that the
integral J(z) as defined by (3.3) has well-defined values. In what
follows the derivatives of F with respect to 2z and of G with respect
to # and v will appear and then their evaluations for the case z = 2(¢),
% = 2(s), v = 2(t). For all of this it will be convenient to use the
abbreviations

F(@,2) = Flt,2t)], G(s,t,2) = Gls, 2(s), ¢, 2(8)],

G(t, s,2) = Glt, 2(t), 5, 2(8)] , Fli(t, 2) = [—M;(;’ ? ]Hm ’

0G(s, f"; z)]u=z<s) y Gui(s, t,2) = [2@(}_,_?,_2)_]“:2(8) ’
au; v=2(t) @ av; @

Gusls,t,2) = |

V=2

t The function z belongs to class C* if each component of 2(® is in the class. Similar
remarks apply to the functions e, z, and y.
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and similarly for higher derivatives of F' and G.
The sufficient conditions will be stated in terms of the first and
second variations of J(z): The first variation of J(z) on ¢ is given by

@) Je o) = | {Fut, 0 + | [t 5,0 + Gyls, 1, o)ldsoittiat

where 47 and a are summed for 7 < n and |a| = k. The second vari-
ation of J(z) on e is given by

4.2)  Jye ) = STT‘,%(t, e)xi()xi(t)dt + STSTW,%(S, t, e)xi(s)xi(t)dsdt
(summed on %, J,a, B8 with i =n,5 =< n,|a]| <k, |B| < k) where
(43) 7t ) = Fuuslt, © + | [Guuslts 5,0) + Gugeyfs, 1, 0)lds
and
4.4 wii(s, t, e) = Gu;ﬂg(s, t, e) + G,,;ué(s, t,e).

The function e satisfies Condition I if

(4.5) Ji(e; ¢) = 0

for every variation in <#.

A function z of class C* on the closure of T satisfying I will be
called an extremal of J(z).

The function e satisfies Condition III" if there is a positive constant
¢ such that

(4.6) i, FECT Z e |[EP* L]

(summed on 4%,5,7,0, for 1 =<mn,j=<n,|v|=1|6|=k) foralltin T
and all sets of real numbers (£0) & = (&, +++, &), = (%, ++-,C"). The
notation & means (E)(E)” .- (,)"™; also, |Ef = (&) + -+ + (&)
and [P = (") + +++ + ({®’. The functions (¢, z) are those given
in (4.3). Condition IIT" has been referred to as the strengthened con-
dition of Legendre.

The function e satisfies Condition IV’ if

“.7 Jie; x) >0

holds for every nonnull variation in <#. By a nonnull variation is
meant one that does not vanish identically on T.

Sufficient conditions similar to these have been established by Van
Hove [18, 19] for the case of derivatives of the first order only
appearing in the integrand, and by Klotzler [11] for higher derivatives
but with the assumption that J, is positive definite.
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The sufficiency theorem here uses, in addition to Theorem 2.4, the
following three theorems which were proved in [7] as Theorems 6: 1
and 8:1:

(1) The quadratic form K(x) = S biiawixidt (summed on ¢, 7, f, v
for i <m,j=m, || Sk [v| Sk |p|+|v|<2k), where bii(t) = bii(t)
are bounded integrable functions of ¢ on T, is w-continuous on 9,.

(2) The quadratic form H(x) = S S cii(s, t)xi(s)xi(t)dsdt (summed
on, j,a,Bfori=m,j<mn,|a| <k |B|< k) where ciis, t) = cii(t, s)
are square integrable functions of s and ¢ on T x T, is w-continuous
on 9.

(k3) Let J be a quadratic form of the type J(x) = D(x) + K(x)
where K(x) is w-continuous on <% and

(4.8) D(x) = S difwiwids
T

(summed over ¢, 7,7, 0 for |v|=|0|=Fk, v = n,J < n) where di{(t) =
dii(t) are continuous functions of ¢ on the closure of 7. Then the
quadratic form J as described above is a Legendre form on <7 if and
only if it satisfies on T the inequality

(4.9) dFEECT Z e |E* L]

(summed on 4, 3, v, 0 fort =m,j < n, |7v| =8| = k) for some positive €.

LEMMA 4.1. For the function e, Jy(e; x) is a Legendre form on
Z if and only if the Condition III' vs satisfied.

Proof. Write, using (4.4), Jy(e; ) = D(x) + K(x) where D(x) is
given by D(z) = S rifwizidt (summed on 7 and & for |v| = |6| = k).
T
The immediately preceding theorems apply.

LEMMA 4.2. For the function e, Jy(e; x) is positive definite on
G if and only if the Conditions III' and IV’ are satisfied.

Proof. If J, is positive definite on <Z, then Jy(e; ) > 0 holds on
# and also J, is a Legendre form; hence it follows that the inequality
(4.6) is satisfied on T. On the other hand suppose J, is positive on &
and (4.6) holds. Then J, is a Legendre form on <& by the preceding
lemma, and a positive Legendre form is positive definite.

To apply the theorems of §2 concerning quadratic forms, it is
necessary to specify the metric space 4. For this we will use the
weak neighborhoods of the calculus of variations: Let |2i —¢}| =
max, | 2i(t) — ei(t) |, |29 — e | = max;,, |2, — €, | (|a| = J); the metric
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space A4 is the class % with the metric

(4.10) ‘z _ 6| — |z(0) . e(o)l + |z(1) — e(l)l N lz(k) — e(k)] .
LeEMMA 4.8. The second variation Jz;x) is a quadratic z-form.

Proof. Apply Theorem 2.1, recalling that F' and G are assumed
to be of class C°.

THEOREM 4.1. If the function e as given satisfies the Conditions.
I, I, and IV’ then there is a (weak) netghborhood N of e and positive
constant 0 such that for every z of class & in N

(4.11) J@) —Je)zpllz—el®.

Proof. For any 2z in &7 form x =z — ¢; then z is a variation in
the class <Z. The continuity properties of F' and G make possible the
expansion

J(2) — J(e) = S-:(l — )J(e + O; x)d8

where we have used the faect that I implies Ji(e;x) =0. To apply
Theorem 2.4, we note that from Lemma 4.2 J, is positive definite on
e, and from Lemma 4.8 J, is a quadratic z-form. Consequently there
is a neighborhood N of ¢, which can be chosen to be convex, and a
constant 0 > 0 such that when 2z is restricted to N-and ® =2 — ¢,
Je + 0x;2) = 20||x]>. Hence J(z) — Je) = p|lz — e]||™

5. Isoperimetric side conditions. The preceding sufficiency
theorem will be applied to the problem of establishing sufficient con-
ditions that a function ¢ will minimize

(5.1) 1) = S I, 2(t)]dt + STSTg[s, «s), ¢, 2(t))dsdt
T
subject to a finite number of isoperimetric side conditions
5.2) 1) = | fe1t, 21dt = 0 @=1,-p).

For the complete formulation of the problem, it is expected that the
assumptions of §4 are met. In particular, the integrand funections
f(t, 2), f°@t, z) and their first and second derivatives are specified to be
continuous on <Z and similarly for g(s, ¢, 2) on .

Sufficient conditions for weak and strong minima with isoperimetrie
side conditions, in the case of one dependent variable and derivatives
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of first order, have been treated by Hestenes [5]. The extension of
this work to the general case is still unknown. The following con-
ditions® will prove to be sufficient that e provides a weak relative
minimum for the system (5.1) and (5.2).

I,. There exists a set of multipliers o, (possibly all zero) such
that

(5.8) I(e; @) + a.I7(e; ®) = 0
for every x in ZZ.

III;. The multipliers in I, can be chosen so that there is a positive
constant ¢ such that

(5.4) Rji(t, )80 Z e |E™* |
(summed on 4, 5,7, 6 for i =m, |v| =8| =k,j <m) for all ¢ in T.
The coefficients Ri{ are given by

R%(ty Z) :fz;zé(ty Z) + acf:‘fzg(t’ Z) + Sr[gw;ug(t7 S, Z) + gv};'ug(sz t, z)]ds .

IV!. The multipliers in III! can be chosen so that
(5.5) Lie; x) + a.I7(e; x) > 0
for every nonnull variation in the subspace of <Z for which
(5.6) I7(e; ) = 0 (0=1,+-+,D).

To reduce this problem to that of §4, take for the integrands in
8.3): F=f+a,f" and G =g + bf*f° summed on ¢ from 1 to p,
with b a real number yet to be determined. Then, by Fubini’s theorem,
J() = I(z) + a,I°() + bI°(z)I°(z); it is easily verified that

Ji(z; ®) = I(2; ®) + a.I7(z; x) + 201°(2)I7(2; )
and
Ji(z; ) = L(z; ©) + a.I7(2; x) + 2017 (7; )7 (2; ) + 2bI°(2)I5(7; ) .

Condition I, implies the condition I directly, using the facts that
I7 (z; x) is bounded for each value of o, and I°(¢) = 0: We have on e,
Ji(e; ) = I(e; x) + a.I7(e; ) = 0.

Similarly, we can evaluate the expression in III’ from its definition
by (4.8), and using again that I°(¢) = 0 it follows that III, implies III".

2 In this and the following sections the subscript s will be used to distinguish
sufficient conditions involving side conditions.
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LemmA 5.1. If III, and IV, hold, then there is a positive value
of b such that Jye;x) is a positive definite form on <Z; hence IV’

holds.

Proof. Since I7(e) = 0 and IJ(e; x) is bounded for each value of o,
Jie; x) = I(e; x) + a.I7(e; x) + 2bI7(e; x) [7(e; x). Jy(e; x) is a Legendre
form on &Z by Lemma 4.1. Let P(x) = L(e; ) + a.I{(e; ) and K(x) =
2I7(e; x)I7(e; ). Then K(x) is a nonnegative quadratic form in x.
Also, K(x) =0 only if If(e;2) =0 for 0 =1, ..+, p. Condition IV}
implies that P(x) > 0 whenever K(x) = 0 and x # 0. Consequently the
hypotheses of Theorem 2.5 are satisfied, and a positive value for b
exists such that Jy(e; x) is positive definite on <#. Since a positive

definite form is positive, IV’ ig satisfied.
In view of this last result, Theorem 4.1 has as its interpretation
in the case of a finite number of isoperimetric side conditions,

THEOREM 5.1, If the function e as prescribed in the formulation
of §4 satisfies the conditions I, III; and IV;, then there is a (weak)
neighborhood N of e and positive constants b and 0 such that for
every z of class &7 in N

(5.7 I(z) — I(e) + a,I°(z) + bI°(z)I°(z) = p ||z — e]|?
(summed on ¢ for o = p).
COROLLARY 5.1. Under the hypotheses of Theorem 5.1, there is

a (weak) neighborhood N of e and a positive constant o such that for
every 2z of class &7 in N

(5.8) I(z) — I(e)z p |z — e[
holds whenever z also satisfies the conditions

(5.9) I'(z) =0 (c=1,---,p).

6. Differential side conditions. In this section the application
of Theorem 4.3 is continued to the problem of establishing sufficient
conditions that a function e will minimize the functional I(z) given by
(5.1) subject to a finite number of partial differential equations as side
conditions of the form

(6.1) #°[t,. 2(8)] = 0 (06=1,:--,p).

In addition to the assumptions of §4, it is required that, for ¢ =
1,2, ---,p,¢°(t, 2) is continuous and has continuous first and second
derivatives on &Z with respect to the components of z. Further, to
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avoid an empty class of comparison functions, it will be assumed that
the set (6.1) satisfies suitable integrability conditions. For the state-
ment of sufficient conditions for a minimum it is convenient to form

(6.2) Hz) = I(2) + STac,(t)ng"(t, 2)dt
and
(6.3) P() = ST¢"(t, 26°(t, 2)dt .

Then for the first and second variations of H and P we take (with
summations on 0,1,5,a,8, for o =p,i<n,j=<n,|a|Zk, |B|Zk)
Hz 2) = L5 0) + | a,0)9%(t, aidit,

T

64 P& =2 #76 Aen uibat,

Hy(z; x) = Lz; %) + Sfaw(t)¢‘;3 4 (&, 2)wi(t)xi(t)dt
Py o) = 2ST %t 9% (¢, 2ai(t)ait)at
+ 2| 4708, 2)9%y(t, OO -

As sufficient conditions for a proper weak relative minimum of I(z)
subject to ¢°(t, 2) = 0, consider

I,. There exist a set of multipliers a(t)(¢ = 1, +-+, p) defined and
continuous on the closure of T such that

(6.5) He;x) =0

for every z in Z.

IIT;. The multipliers a.(t) in I, can be chosen so that there is a
positive constant ¢ such that the inequality

(6.6) (@, )P = e |E* [

(summed on 4, 7,7,86 for t = n,5 =<n,|v|=16| = k) holds on T for all
sets (&, Q) # (0, 0) which satisfy ¢‘;;(t, &t =00 =1,---,p). The
coefficients Ri{ are given by

R, 2) = fuis(t, 2) + ao(8)6%:4(2, 2) + Sr[gu;ug(t, 8, 2) + Guini(s, T, 2)]ds .

IV!. The multipliers a.(t) in III, can be chosen so that the



GENERAL MULTIPLE INTEGRAL PROBLEMS 1203

inequality
(6.7) Hye;z) >0

holds for every nonnull variation for which $%i (¢, e)rit)=0(=1,---,p)
(summed on ¢, « for ¢ < n, |a| < k).

For this application take for the integrands in (8.3): F =
f + a9 + bg°¢° (summed on o) with b an as yet undetermined real
number, and G = ¢. Then J(z) = H(z) + bP(z), and for the first and
second variations of J we have J,(2; ) = Hy(z; ) + bPy(z; x) and Jy(z;x) =
Hy(z; z) + bPy(z; ).

Condition I, implies the Condition I directly, using the fact that
¢°(t, e) = 0 in (6.4), so that Jy(e; x) = Hy(e; x).

LEMMA 6.1. If III, holds, then there is a positive value of b

and a positive number & such that for the arguments [t, e(t)], the
wnequality

6.8) (Rif + bgrydr )80 = e | £ (P

(summed on ,j,0,7,0 for i <m,j<n,0=9p,|v|=|0|=Fk) holds
for every set (§£,(). Hence III) implies III' for this choice of b.

Proof. Let R = RH{(t)&ECL and ¢ = Z@(t)qi‘;g(t)éﬂés(;’tf, and with-
out loss of generality consider the special case |&€| = [{| = 1. Then
by III;, R = &> 0 whenever ¢ = 0 and (&, ) # (0, 0); this means that
both B <0 and ¢ = 0 only if (& &) = (0, 0). Now suppose no positive
value of b exists such that III’” holds. Then there is a sequence
{tes €, &} with & | =[] =1, convergent to (%, &, (), such that in
the limit (because of the continuity of R and ¢ in ¢, & and )R =0,
$=0, and |&|=|C|=1.

LemMMA 6.2. If Conditions III, and IV! hold, then there is a
positive value of b such that Hy(e; x) + bP(e; x) s a positive definite
form on <Z; hence Condition IV’ holds.

Proof. Choose b, > 0 so that IIT" holds, as was shown possible in
in Lemma 6.1; then Hy(e; x) + b,Pye; ) is a Legendre form on <&
(Lemma 4.1). Since ¢°[¢, e(t)] = 0(0 = 1, -+, p), we see that Jy(e; x) =
Hye; x) + b K(x) where K(x) = 2& P% ng,‘;xgﬁdt. On &7, K(x) = 0 and
IV, ensures that Hyx) > 0 Whenexfr'er K(x) =0 and « = 0. Hence by
the corollary of §2 there is a positive value of b = b, such that
Hye; ) + bK(x) is positive definite, which implies IV'.

It has been shown that Conditions I,, III}, and IV) imply Con-
ditions I, [IIT’, and IV’ of §4. Consequently Theorem 4.1 is applicable
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and has the following theorem as its interpretation in the case of a
finite number of partial differential equations as side conditions:

THEOREM 6.1. If the function e as prescribed in the formulation
of §4 satisfies Conditions 1,, 111, and IV] of this section, then there
t8 a (weak) neighborhood N of e and a positive constant o such that
Sfor every z of class & in N

(6.9) H(z) — H(e) + cPR) z p ||z — e]*.
H(z) and P(z) are given by (6.2) and (6.3), respectively.
COROLLARY 6.1. Under the hypotheses of T heorem 6.1, there is

a (weak) neighborhood N of e and a positive constant © such that for
every z of class &7 in N the inequality

(6.10) Hz) — Hee)z p ||z — el
holds whenever z also satisfies the conditions
(6'11) ¢‘T[t1 Z(t)] =0 (G = 1; °t Y p) .

7. A characterization of extremals. Let J(z) be given by (3.3)
and recall the assumptions and definitions of § 4.

THEOREM 7.1. If the function e 18 an extremal of J(z) which
satisfies the strengthened condition of Legendre, then there exists a
finite set of functions F°(t,z)(c =1, -++, p) having the same conti-
nuity properties on & as F(t,z), a (weak) neighborhood N of e, and
a positive constant p such that for every z of class &7 in N the
wnequality J(z) — J(e) = p ||z — e||* holds whenever z further satisfies
the p tsoperimetric side conditions J°(2) = \ F°(t, 2)dt = 0. More-

T
over, the number p can be taken equal to the isoperimetric index of
Jie; x) on T.

Proof. We suppose given a function e satisfying the hypotheses.
For the choice of the side conditions, recall from § 2 that there exist
subspaces <#,., <7, F#_ of <% that are mutually orthogonal. J, is
positive on &7, negative on £Z_, zero on &7, and <& = B+ &, + .
J; is a Legendre form on <% (Lemma 4.1), and so has a finite iso-
perimetric index. Therefore, let y°(6 =1, ---,p) be a basis for
HB. + F,, and set F(t,z) = y5'(zi — e.) (summed on ¢ <n and «,
la| = k). Condition 1, is satisfied by the choices ¢, = 0(c =1, -+, D),
since Jy(e; ) = 0 by hypothesis; and the strengthened condition of
Legendre ensures that III, 4s satisfied. Condition IV] reduces to
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considering J,(e; ). Observing that J/(e¢; x) = (¥, x), Ju(e; x) is positive
for every x such that Ji(e; ) = 0; therefore IV] is also satisfied. The
conclusion follows from Corollary 5.1.

The converse part of the characterization depends on proof of the
necessity of the Condition I, of §5. This may be assumed as known
from Mathis [13]. Other forms of isoperimetric conditions lead to the
same result (ef. [1]).
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