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UNIMODULAR SOLUTIONS OF INFINITE
SYSTEMS OF LINEAR EQUATIONS

DonaLDp C. BENSON

It is well known that if a series of real numbers >, - @,
converges, but not absolutely, then for any b, there exists a
sequence {2}, x; = +1, such that >5-.10.,2,=05b. In §1, a
criterion is given on a system of denumerably many equa-
tions of this type, with real coeflicients, so that solutions
x; = =1 exist for arbitrary right hand sides. A sequence
{x;} such that x; = +1 will be called unimodular. In §2, there
results are extended to finite systems, and it is shown that
an infinite system has unimodular solutions for arbitrary right
hand sides if and only if every finite subsystem has this
property. §3 shows that if a system satisfies the criterion
of §1, then, in a certain sense, ‘‘almost any’’ sequence {x},
x; = =1, ‘“‘satisfies’”’ the system for any choice of right hand
sides. In §4, conditions are given whereby infinite systems
can be constructed which satisfy the criterion of §2. It fol-
lows, for example, that the system

S (— 1) jag; — b, i=1,2  -30<a=<l
=

has solutions (x; = +=1) for any b; (1 =1,2,---). The b; are
allowed to be real numbers or +oo,

1. The main theorem. THEOREM 1. Let a,; (1,7 =1,2,8,:-+)
be real numbers such that there exist z;,;, (j=1,2,--+;k=20,1,2
1=1,2,---) which satisfy the following conditions:

1. FEach x;, s equal to +1 or —1.

2. ia”xm converges for all 1 such that ©+ +k and © < [.
i=1

3. Sia,w,, diverges to + oo,
T=1

Then, for any sequence {b;}, the infinite system of equations

(1) S a5 = b,
i=1

can be solved such that for each %, x; = 1. Here, b, is allowed to
be either a real number or +o.

Proof. If k=1 =1, for any ¢ > 0 there exists N(¢; ¢, k, [) such

Received January 22, 1964.



2 DONALD C. BENSON

that

n

DI Y
+1

j=m

(2) <eand |a;,| <e/2,

provided m, n > N(g; 1, k, 1).

We define the solution {z;} inductively along with positive integers
M,, which will be defined whenever » is a positive integer and m is
a nonnegative integer such that m < n. The ordered pairs (n, m)
are ordered lexicographically, i.e., (n, m) < (n,, m, if and only if
either nw <m,, or n =n, and m < m,. The induction will be with
respect to this order.

The following definitions will be used with m < and © < n:

b, if b, is finite

+(n—1)if b, = + and © >m

b, if b, is finite
+(n — 1) if ¢t =m and b, = + oo

(@m 5+ D if i< m

(5) Oinm = 2(n — i)(n — 1 + 2m/n? if i = m .

Let us suppose that positive integers M,, have been defined for
(n, m) = (s, t), and «x; for + < M,, such that the following conditions
are satisfied:

(AY M,, < M,, if and only if (n, m) < (p, @).

(B) M,, = NQ1/n* ¢, k,n) for all 1,k <n (7 = k).

My,
(C) | 3% — Bouun| < 1/n* where m +# 0.
=1

M, ,..if m=0

D) fi<n—1and M, =
( ) P o p>{Mn—l.n—1 ifm:(),

then

(D1) A, — S < z 35 < Binn + Osun if Asvn = Binn
and J

(D2) B, — 0, < g i35 < Apn -+ i if Biuw = Aune

We wish to determine M,, where (u, v) is the immediate successor
of (s, t), and %, t = M,, + 1, - -+, M,,, such that the conditions (A)-(D)
are valid for all (n, m) =< (u,v). There are two cases to consider.
Either we have s=1¢, or s > t.
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Case I. s=1t. In this case the immediate successor of (s, t) is
(s + 1,0). Putting M,,,, equal to the largest of the numbers M,, + 1
and N(1/(s + 1)%4,k, s+ 1) for all 4,k < s+ 1 (2 # k), we see that
(A) and (B) will be satisfied.

We now put «; = 2, (j =M, +1,+--, M,,,. Condition (C)
remains satisfied because the newly defined quantities do not occur
in (C). Condition (B) holds with # = s by the inductive assumption.
Therefore, | 3Vt 1., @550, | < 1/s*, provided k,1 > M,, and ¢ =s. We
have §,,, = (2(s — 1) + 1)/s% 0, .10 = 2(s + 1 — 7)/s’, and hence 0, 41,
— 0,,, = 1/s*.  From the equality A,,, = B, = A, ;110 = B g0 for 1 <s,
we see that (D) holds with 2 < s. It must be shown that (D) holds
with ¢ =s. We have also B,,, = B, 1,0 = A,,+1,0- Recall that

< 1/s*.

!
Z ;%05
J=Mgg
‘Since 9,,,.1,0 = 2/s* and (C) holds with ¢ = s, the result follows, namely
that (D) holds with ¢ = s. This disposes of Case I.

Case II. s >1t. The immediate successor of (s, t) is (s, ¢+ 1).
‘We use the fact that 35, a,.,;%,01,, = + 0.

Subcase ITA. For some | > M,, we have

!
Y 2
L Qpi1,i %505 — Biinsern| < 1/8%.

Jj=1

In this case, we put | = M,,,,, and o; = %0, 5 = M,, + 1, -+, M, ,\..
Subcase IIB. If the above never happens, then
l
J'E—;—l Wi, %h0s — Bernsa

must keep the same sign for all I > M,, because, for 5 > M, we
have |a,.,,;| < 1/2s*, from inductive assumption (B).

Let 0 = +1, depending upon whether the sign stays -+ or —.
Because the series 35, @,.1,;%,,,.1,, diverges to + oo, there exists K > M,,
such that

l l

(6) i D i, 0, + DL Gy, g, > 0

J=Mgt+1 J=Mgt+1
for all I > K. Let K, be the smallest number K with this property.
We put L; = Ljosy Mst < .7 < KOr and X; = ij,tﬂys,j - KO; Tty Ms,t+1)
where the integer M, ., will now be defined. Because 37, @yu1, %41,
= +oo, and | ;| < 1/28* for § > M,,, there exist integers M > M.,
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such that (C) is satisfied for n =s,m=+¢+ 1 and M,,., = M. Let
M, .., be the smallest integer with the above property.

It will be shown that conditions (A)-(D) hold for both subcases.
Conditions (A) and (B) are evident. Condition (C) follows immediately
from the construction above. Condition (D) is somewhat more difficult.

It will be shown first that (D) holds with 1+ =t + 1,n =35, m =
t+ 1. We may suppose 1 =n — 1, ie.,, t +1=s—1. We have

(7) BtJrl,s.H—l - Bt—H,s,t = 2/32 ’
and
Bt+1,s,t = AH-l,s,t = At+1,s,z+1 .

From inductive assumption (D), we have

Mt

(8) z{atﬂ,a‘xj - Aaﬂ,s,eﬂ‘ < Opia,see1 — 2[8°
=

Thus, in Subcase ITA with M,, < »p < M,,,.;, and in Subcase IIB, with
M, < p< K, < M,,.,, we have

»
Zlat+1,jxa' - At+1,s,t+1‘ < Optgaers — 1/8% .
=

This disposes of Subcase IIA, because the above inequality is stronger
than (D). It must be shown now that (D) holds for K, <p =< M, ,.,,
witht=¢t+1,n=s,m=1¢t+ 1.

From the inequalities,

Ko

Ko
o ;Haﬁl,ixios + 2 BB > 0,

J—amgpT J=mgpta
Ko—1 Kp—1
g Z Qy11,i% 505 -+ X Z Qi11,i %5, 41,8 é 0 ’
F=Mgp+1 F=Mypt1

(where an empty sum is taken to equal zero), it follows that we have:
(p = M,,.1n)

Ko—1

(10) 2 Qy+1,5C50s

J=Mgyt+1

A

At11,5% 5t +1,5
0

.,

P
=0 3 1a”1’jxj

J=Mg¢+
»

< = 20 G, T + 2] Oir1,x,
J=Mgt+1

?

< = D @i, T 1/

j=Mg+1

using (B) and the definition of z;, M,, < j = M,,;+,. Now, from (6), we:
have
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P

?
(11) - DU i, e < O D, By, ;o
J=Mgg+1 J=Mgg+1

Combining (1), (11) and (B), we have

¥4 ¥4
(12) O D Qi < —0 >, Quiy, %0, + 1/8* < 2/8% .

j=1|lst+1 J=Mgp+1
From (8), we have

Mst

(13) g Z.lazﬂ,jxj < OA a1+ O — 1/87
Putting (12) and (13) together, we have

Y4
(14) a]giatﬂ,jwj < aAt+1,s,z+1 + 5t+1,s,t+1 .

From the definition of ¢ and the fact that if A, 41 & Bii1,s,:01, then
| Aisee1 — Bisaysin | = 1, it follows that o(A;iy,s,41 — Bitrser) = 0.

Thus (D1) or (D2) must be demonstrated, depending on whether o =
—1 or +1.

If 0 = —1, we have from (14)

»
At = O < 2 Qt41,5% 5
i=1

which is half of (D1). From the definition of M,,.,, we have

2
Zla't+1,jxj < By + 1/8° < Byyysenn + Opinpeins
=

provided M,, < p < M,,,.,, which gives the remaining half of (D1).
Similar considerations show that if ¢ = 1, then (D2) holds. This con-
cludes the demonstration that (D) holds with i =t+ 1,n=s,m =
t + 1.

It remains to show that (D) holds for 1 #t+ 1, n=s,m =1t + 1,
1=s—1.

We have 6., ., — 0, = 2/s%, so that it is sufficient to show

(15) < 2/s

P
i DL
J=Mgt+1

for Mst < p é Ms,t+1'
In Subcase IIA, we have, using (B),

p
Z ;% 505

J=Mg+1

¥4
> G,

J=Mgt+1

(16)

< 1/s*.

In Subcase IIB with p < K,, (15) is valid once again because (16)
holds.
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In Subcase 1IB with p = K,, we have

P Kop—-1
¥9) l D0 = ) D A T
J=Mgt+1 J=Mgp+1

< (1/8*) + (1/s)

V4
Z Gii%5,041,s

because of (B). This concludes the demonstration of Case II.
The definition by induction is completed by setting M,, = N(1;1, 0, 1)
and observing that thereby (A)—(D) are satisfied withn =1, m = 0,4 = 1.,
It remains to show the sequence {x,} constructed in this way sa-
tisfies the infinite system of equations (1). However, this follows from
the fact that {z;} satisfies condition (D).

2. Systems with finitely many equations. The extension of
Theorem 1 to systems with finitely many equations is accomplished
by producing an infinite system which can be treated by Theorem 1
and which is equivalent to the given finite system.

«+) be real numbers
, +++, R) which satisfy

THEOREM 2. Let a,; t=1,---,R;j=1
such that there exist xz;, (j=1,2,--+; k=0,
the following condittons:

1. Fach x;. is equal to +1 or —1.

2. i a;;%;, converges for all v such that © + k.
i=1

3. >ia;x;; diverges to + oo,
i=1

Then, for any numbers by, «--, by, each of which is a real number or
+co, the equalions

(18) S aw; = b, (i=1,--+,R)
can be solved such that for each 1, x, = +1.

Proof. We construct an auxiliary infinite system of equations
(19) 3 aid; = 8, (1=1,2---).

We define 8;,., = b, for any nonnegative integer %, and

a;, if there exists & > 0 such that
(20) Osinr = l=Tk+n—1)+n—1 and
0 otherwise,

where T(n) = n(n + 1)/2 is the nth triangular number. The fact to



UNIMODULAR SOLUTIONS OF INFINITE SYSTEMS OF LINEAR 7

be used about T(w) is that each positive integer has one and only one
representation in the form 7(k +n — 1)+ n — 1 = S(k, n), where k&
and 7 are positive integers.

Let us define &;;,;, = &;, as follows:

x; 1if there exists k > 0 such that [ = S(k, n), and

21 i p =
@) Coirnn X if 1= Sk, m),n #m >0.

Then we have
1. Each &;, is equal to +1 or —1.

2. > a;&;, converges for all 4 such that 7 == k.
7=1

3. > a;&;; diverges to +oo.
7=1

The hypotheses of Theorem 1 are satisfied, and therefore the system
(19) has a solution {&;}. Then «; = &, 5 =1,2,--+, is a solution of
(18).

COROLLARY. The system (1), with arbitrary right hand sides, has
a untmodular solution 1f and only 1f every finite subsystem of (1),
with arbitrary right hand stdes has a unimodular solution.

A system of nondenumerably many equations of the type described
in Theorem 1 will never have unimodular solutions for all possible right
hand sides, because the number of ways in which the right hand sides
could be prescribed would have cardinality greater than C, whereas
the cardinality of all unimodular sequences, z;, = +1, +=1,2,:--, is
equal to C. (Here C denotes the cardinality of the continuum.)

3. The metric space 7. The set of sequences {x;}, ¢, = 1
form a complete metric space under the metric

di{:}, {2 = Y1,

where [ = min {7 : 2, # zi}.

Let a;; satisfy the hypotheses of Theorem 1. Let U;,,7=1,2,---,
be nonempty open sets of extended real numbers. (U, may contain
4o or —o,) Let 75 be the set of sequences {x;} such that for all
Nz=M, % a,;x; ¢ U, for some ¢ (0 <1 = M).

A is closed. For suppose {z?} € 75 and lim,.. d({x?}, {x,}) = 0.
Also, suppose there exists N = M such that >, a;;x;, € U, for each
1 (0 <t =< M). For sufficiently large n, we have ¢, =2%5=1,--+, N,
and hence we get >\, a;;27c U, (0 < 4 = M), contrary to the assump-
tion {x}e 4.

A% is nowhere dense. For suppose {x;} € +#%. Let b, be an
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arbitrary element of U,. For any P >0, there exists, because of
Theorem 1, a sequence {x;} such that
1. zi=2,1=1,2,---, P, and
2. f:, a/,ijm_;' - bi‘
i=1
Clearly, {z{} ¢ #% and d({z;}, {=i}) < 1/P.
Thus the set Ujy-. #x = 4+ is of the first category, and since

_# is a complete metric space, .7 — .4+ is of the second category.
We have proved the following:

LEMMA 1. For any sequence {x,} in _# — 4V there exists an
wnfinite monotone increasing sequence {N,} of positive integers such
that for each k, >.)% a;;x;€ U, for 1 = k.

For any sequence {b;} of extended real numbers we may take U}
as follows:

. ({w:e — bl < 1/n} if b; is finite
P (@ — b)) >m)if b= oo .

By applying the lemma for each n to {U?} 0 < 2 < <o, we find that
there exists a monotone increasing sequence of positive integers {S.}
such that

S

(23) >vaxe Uk for e = k.
i=1

From (22), it now follows that we have

Sy
lim > a;;x; = b; for every + > 0.

k—oo j=1

In summary, this proves the following:

THEOREM 3. Let a,; satisfy the hypotheses of Theorem 1. Then
there exists a sequence {x;}, x, = =1, with the following property.
(Indeed, any sequence {x;} in the complete metric space _#Z, apart
Jrom a certain set of first category, has this property.) For any
sequence {b;} of extended real mumbers, there exists a sequence of
positive integers {S,} such that for each <,

Sk
lim Z ;05 = bi .

k—o j=1

4. Sufficient conditions. In this section we shall find sufficient
conditions on the coefficients a@;; so that the hypotheses of Theorem 1
are satisfied.
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THEOREM 4. Let {a;} be a sequence of real numbers such that
(i) a; >0

(il) S a; = oo,
=1
(iii) For every k=1, a;, — a;., 1s monotone decreasing in <.

(iv) a; tends monotonically to zero as © — oo,
Let a;; = (—1)¥*a;, Then a,; satisfies the hypotheses of Theorem 1.

Proof. We must find sequences {£;,,}, 1 S j < 0,02k < 0,1 <
l < oo, such that conditions (1), (2) and (3) of Theorem 1 are fulfilled.

k=0. First we show that by putting x;, = 1, the conditions are
satisfied for k& = 0. Condition (3) is fulfilled vacuously and condition
(1) is trivial.

It will be shown that condition (2) holds, i.e., that |7, (—1)li"*Iq;
converges for each ¢. Let

(24) (1), = S, (—1)ig,
j=k-at
Then we have
(k+1)28—1
(25) b= > a;>0.

j=lk-2t
From (iv), b, is monotone decreasing, and hence >} (—1)*b, converges.
The condition (2) follows because

k . (k+1)28—1 .
(26) S(=Db= X (~Du,

k0. Let x;, = (—1)U*, Since it is assumed that 3=, a, = oo,
we have >, a;;®,;, = o, and thus condition (3) holds.

We will show (2) holds and thereby complete the proof by showing
that

27 i (—1)wrn %[j/zk]a]_
i=1
converges if 7 > k. We have
(28) [5/2] + [3/2°] = 1(7 + 29)/27] + [(4 + 29)/2] — 1 — 2"
and
(29) (=W = _(1)(GH2DG vl k)

Putting

(30) (—1ye, = "3 (~pyuneunhg,

J=n-2
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we have

(n+1)28—1 Lok
(31) ¢, = 2. (=1,

jEmeat

neolpok1 gl—k—l_g

= 2 > (@)1 2mat — it amrn-an) -

j=n-2% m=0
Evidently ¢, is positive. Also, ¢, is monotone because, from (iii),
a; — @, is monotone decreasing in ¢. Thus >\>.,(—1)", converges.
Since we have

(32) S (—1)ie; = Mzi:l (— 1)l kg,
7=1 7=0

it follows that (27) converges if ¢+ > k. This concludes the proof of
Theorem 4.

The sequence a; = 1/2%, for positive a =< 1, is an example satisfy-
ing (i)-(iv) of Theorem 4.

This result can be extended with the help of Abel’s test for con-
vergence.

THEOREM 5. Let {a;} satisfy the hypotheses of Theorem 4. Let
{vi;}, 1,7 =1,2, --- satisfy the following:

1. v;>0.

2. For each 1,{v;;} ©s monotone (increasing or decreasing) with
respect to 7.

3. Siaw; = oo for each <.
i=1

Then (—1)¥*a;v,; satisfies the hypotheses of Theorem 1.

Proof. We take the same definition for x,, as in Theorem 4.
Then 3>\, a;;x; converges for ¢+ k by Abel’s test, Further, we
have

lea’ijxjil = Ziaﬂ)ji = F oo,
i= i=

We obtain a result which allows us to transform any array of
coefficients «;; which satisfies the hypotheses of Theorem 1 into a
different array satisfying the same conditions. First we need a lemma
which is related to Abel’s test for convergence.

LEMMA 2. Let {v;} be a monotone decreasing sequence of real
numbers which is bounded away from zero; i.e., there exists b such
that 0 < b =w, for all ©. Suppose >0, = +co. Then >, v,0, =
+ oo,
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Proof. Lets,= >\, a, and let i, = inf,.,s,. We have, if m = p,

?
(33) :1 a0 = (U — V) e b S (Ve — V) 8,7,

3

z hl(vl - /Um) + h’m/vm
> h v+ hb.

The result follows because h, — co as m — oo,

THEOREM 6. Let a,; satisfy the hypotheses of Theorem 1. Let
v,; satisfy the following:

1. There exist ¢; such that 0 < ¢; =< v,; for all positive integers
1 and 7.

2. For each v, {v;;} is monotone decreasing with respect to j.

Then a,v;; satisfy the hypotheses of Theorem 1.

Proof. The conditions are satisfied by using the z;, which are
assumed to exist in Theorem 1. We have that 37, a,,v,,2;,, converges
if ¢ k by Abel’s test and diverges to + o« for 42 = k by Lemma 2.

UNIVERSITY OF CALIFORNIA, DAVIS
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TRANSITIVE GROUPS OF COLLINEATIONS
ON CERTAIN DESIGNS

RicaarD E. BLoCK

Let M = (a;;) be an m X7 matrix with entries in {1, —1}.
Suppose that there is a positive integer d such that the inner
product of every pair of distinct rows of M is n — 2d; this is
equivalent to assuming that any two distinct rows have Ham-
ming distance d, i.e, differ in exactly d places, The rows of
M form the code words of a binary code; such a code is called
a (binary) constant-distance code, of length n and distance d.
Special cases of matrices which may be taken to be M are
the Hadamard matrices, which are defined by the condition that
m = n = 2d, and the incidence matrices (written with + 1) of
balanced incomplete block designs, which are characterized by
the property that all column sums are equal and all row sums
are equal.

Suppose that z is a permutation of {1, ---,n} such that
replacement, for ¢ = 1--:,n, of the n(4)th column of M by the
ith column of M sends each row of M into a row of M. Then
7w induces a permutation of the rows of M, Call such a pair
of permutations of the columns and of the rows a collineation
of M, or of the code. We shall examine constant-distance
codes with a group G of collineations which is transitive on
the columns. We shall show that G has at most two orbits on
the rows (just one orbit if and only if M comes from a ba-
lanced incomplete block design), and that if G is nilpotent then
at most one of these orbits contains more than a constant
Trow,

Moreover, it will be shown that this last conclusion need not
hold if &G is not assumed nilpotent; this will be done by giving an infinite
class of Hadamard matrices with doubly transitive collineation groups.

One way of obtaining a constant-distance code with a transitive
group on the columns is the following. Given a (eyclic) (v, k, \) dif-
ference set, write a v-tuple of I’s and -I’s with 1 in the k places which
corresponds to elements of the difference set, and repeat this »-tuple
s times to obtain a ws-tuple. The set of all cyclic permutations of
this ws-tuple forms constant-distance code with v code words and
distance d = 2(k — \)s. Call such a code an iterated difference set
code. The code is closed under the cyclic shift (the permutation 7 =
(1,2, ---, vs) on the columns).

QOur results imply that, conversely, any constant-distance code which
is closed under the cyclic shift consists of repeated cyclic shifts of

Received December 20, 1963.
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some single word, plus possibly a single constant word. The main part
of the code is thus an iterated difference set code; the extra word
can occur if and only if the parameters (v, %,\) are of Hadamard

type.
2. The number of orbits on the rows.
THEOREM 1. Suppose that G is a group of collineations of «

constant-distance code. If G 1s transitive on the columns then G has
at most two orbits on the rows.

Proof. Suppose that G has ¢ orbits T, -+, T, on the rows. Then
there are integers 7; such that each row in 7, has exactly 7, Us,
=1, ---,t. It follows that if «; and «; are rows and «, € T;, a;€ T};,

and if ¢(«;, ;) is the number of places in which both «; and «; have
1, then 7, + r; = d + 2¢(e;, &), or ela,, @) = (r; + r; — d)[2. Let v,
denote the number of words in 7T,. Since G is transitive on the
columns, for each column there are the same number k;, of words in
T, with 1 in that place; we have k, = v,#;/n, where n is the length
of the words. Thus the words in 7T, form the incidence matrix of a
balanced incomplete block design with A = », —(d/2). Now suppose
that ¢ = 2, that T, and T'; are distinct orbits and that e T';. Count-
ing in two ways the total number of times in which words in T,
have a 1 in the same place as a 1 in «, we have v,(r;, + r; — d)/2 =
r;k,. Thus, since k;, = v,7,/n,

1) Nl el

2 13
Suppose that, »;, = n. Then for some prime p, with p° and p’ the
highest powers of p dividing n and r;, respectively, one has e > f.
Since v,r;, = nk, and
d

@ rile —1) = (r— 5 )@ — 1),

py(w,—1) and p’|r;, — (d/2). If r,= r; then the left side of (1) is
divisible by p°"’, the right side only by p*, a contradiction. Hence
r, = r; if © 3. Also r; # n/2, since otherwise, by (1), r,=n/2=4d
and k; = v,/2, contradicting (2). Thus r; is uniquely determined in
terms of 7, by (1). It follows that ¢ < 2, and the theorem is proved.

If there is only one orbit, then, as shown in the above proof, M
is the incidence matrix of a balanced incomplete block design. The
next result is the converse.
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THEOREM 2. Suppose that G s a group of collineations of «
balanced incomplete block design. If G is transitive on the blocks then
G is also transitive on the points.

Proof. The incidence matrix of the design is a constant-distance
code with d = 2(r — \). If G had two orbits on the points, then », =
r, =7. But by the proof of Theorem 1, », = 7,, a contradiction. This
proves Theorem 2.

COROLLARY 1. Let G be a group of collineations of a constant-
distance code. Suppose that G fixes ¢ columns and is transitive on the
remaining columns. Let q be the number of different c-tuples tn the
rows of the submatria formed by the ¢ fixed columns. Then G has at
most 2 q orbits on the rows; tf moreover the code corresponds to a
balanced tncomplete block design, then G has exactly q orbits on the
rows (points).

Proof. The set of rows with a given c-tuple in the fixed columns
must be closed under G; deleting the fixed columns from these rows,
one obtains a constant distance code with a transitive group of colline-
ations. The result now follows immediately from Theorems 1 and 2.

These results are a partial generalization to nonsymmetric designs
of a theorem proved by Dembowski [2], Hughes [3], and Parker [4],
which says that for a symmetric design, the number of orbits on the
points is the same as the number of orbits on the lines. However
there are balanced incomplete block designs with a group of colline-
ations which is transitive, even cyclic, on the points, but not transitive
on the lines.

3. Codes with a nilpotent transitive group. In this section we
assume that M is an m X # matrix whose rows form a constant-distance
code with distance d, and that G is a group of collineations which is
transitive on the columns. ILet H denote the subgroup of G fixing
the first column. We shall continue using the notation T, v,, r; and
k, introduced in the above proofs.

THEOREM 3. Suppose that T, and T, are distinct orbits of G (on
the rows). For v =1,2, take «, in T, and let S, be the subgroup of
G fixing ;. Suppose that p 1s any prime such that the highest
power p’ of p dividing n does not divide d. Then, either for ¢ =1
or 2, S; contains the normalizer of a Sylow p-subgroup of G, p|v,—1,
and pilr,.

Proof. If the orbit T, is trivial (consists of a constant word) then
S; = G and the conclusion is obvious. Thus suppose that both orbits
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are nontrivial. Take a prime p such that p?, the highest power of p
dividing n, does not divide d. Let p° and p” be the highest powers
of p dividing 7, and 7, respectively; by choice of notation we may
suppose that e =< f. By (1), p*|r7..

Suppose first that p fv, — 1 and p t v, — 1. Then by (2), p°|[r, —
(d/2)] and p”|[r, — (d[2)], so that »”|(d/2) and p* |7, + 7, — d. If p>2
then p’/*¢ divides the left side of (1) while p**’ is the highest power
of p dividing the right side; hence f = j, so that »’|d, a contradic-
tion. If p = 2 then p*7'|[(r, + 7, — d)/2] and p ™' divides the left
side of (1), so that f=1— 1, p’|(d/2) and p’|d, again a contradic-
tion.

Hence p|v; —1 for some 4, with =1 or 2. Then since
pl([G:S;]—1), pt[G:S;] and S; contains a Sylow p-subgroup of G.
Suppose that K is any subgroup of G, and consider the orbits of K
when K is regarded as a permutation group on the columns. For each
of these orbits there is an 2 in G such that the number of elements
in the orbit is [K: KN aHx™"]. If p' is the highest power of p divid-
ing | H| then p’*' is the highest power of p dividing |G|. Hence if
K contains a Sylow p-subgroup of G then p’|[K: KN xHx™'] for any
x. Taking K= S; we see that p’|r, since the set of places where
o, has 1 is a union of orbits of S, (on the columns). If geG and
ge¢S; then ga, # «;, and ¢S~ is the subgroup of G fixing ga;. If
moreover ¢gS;¢~" contains a Sylow p-subgroup of S;, then p’ divides
the number of elements in each orbit (on the columns) of S; N gS,97"
But the set of places where «; and go; disagree is a union of orbits
of S;N¢S,97%, so that p’|d, a contradiction. Therefore no Sylow p-
subgroup of S, is contained in a conjugate of S,. Suppose that P is
a Sylow p-subgroup of S; (and so also of G), and that x€ Ng(P), the
normalizer of P. If x¢ S, then «S,x7* = S, but P = 2Px* = zS;27", a
a contradiction. Hence Ng(P)<S S;, and the theorem is proved.

COROLLARY 2. If G is a nilpotent group of collineattons of M
which 18 transitive on the columms, then either G is transitive on the
rows or one of the two orbits of G on the rows consists of one trivial
row.

Proof. Unless M has only the two trivial rows, there is a prime
p such that the highest power of p dividing % does not divide d. Since
a Sylow p-subgroup of a nilpotent group is normal, if G is not transi-
tive on the rows then by Theorem 3, G fixes a row. This proves the
result.

Now suppose the constant distance code is closed under the cyclic
shift 7= (1,2, ---,n). If a is a code word with 7 ones, then «
must be periodic of (minimal) period », a divisor of n; write v = n/s.
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A single period of « gives a (v, k, M) difference set with k = r/s and
A= [r — (d/2)]/s. Thus the set of cyclic shifts z‘a or a forms an s-
times iterated (v, k, A)-difference set code; solving k(k — 1) = \Mv —1)
for s, one has s = n + [2r(r — n)/d]. By Corollary a, either this set
is the entire code or there is one more word, with all 1’s or all —1’s,
If the extra word has all — 1’s then » =d, A= d/2s, and from
k(k — 1) = Mv — 1) one obtains n/s = 2d/s. Hence, with d/2s = u, one
would have v = 4u — 1, k = 2u and A = u. If on the other hand the
extra word has all 1’s, then we have the complement of a code of the
above type, and v =4u — 1, k=2u — 1 and A =u — 1.

The above characterization of constant-distance code closed under
the eyclic shift was conjectured by the writer and proved independently
at the same time by the writer [1] and R.C. Titsworth [5]. Titsworth’s
proof uses arguments on polynominals dividing ™ — 1.

3. Hadamard matrices and codes with two orbits. In this
section we give a class of Hadamard matrices with doubly transitive
collineation groups, and use these matrices to obtain a class of constant-
distance codes with a transitive group on the columns for which the
conclusion of Corollary 2 does not hold.

Let A be the Hadamard matrix of order 4 with 1 on the diagonal,
— 1 elsewhere, and let B = B(s) be the tensor product of s copies of

A.

THEOREM 4. For any s, the group G of collineations of B(s) is
doubly transitive on the columns (and also on the rows).

Proof. Denote the rows and columns of B by s-tuples, so that

b

DERT 7,5,31’ cee = aiﬂ-’haiz’jz Cee Qg

The result is obvious when s =1. Suppose s = 2. We shall show that the
subgroup H of G fixing the column (1, 1) is transitive on the remaining
columns. If 7, and 7, are any permutations on four letters then the
permutation of columns sending (%, 4,) to (.(%)), 7.(%,)) is a collineation
of B, sending row (¢, %,) to row (7,(,), 74(4,)); denote this collineation by
(t,75). It can be verified that the product of four transpositions of col-
umns o = ((1, 4) (2, 3))((4, 1) (3, 2))((1, 3) (2, 4))((3, 1) (4, 2)) is a collineation
of B; also, ¢ H. Taking ¢ and its products with various (z,, 7,), we
see that all columns other than (1,1) form a single orbit of H. More-
over some (7y, 7,) moves column (1,1), so that G is transitive, and
hence doubly transitive. Now suppose that s > 2. If 7 is a collinea-
tion of B(2) and if a set of two column coordinates of B(s) is given,
then a collineation of B(s) is obtained by applying = to the given
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column coordinates while keeping the remaining ones fixed. Using this
type of collineation, we see that the subgroup of G fixing column
1, ---,1) is transitive on the remaining columns. Hence G is always
doubly transitive on the columns, and, by symmetry, also on the rows.
This completes the proof.

COROLLARY 3. For every power 4° of 4(s > 1), there is a constant-
distance code with 4° words of length 4° —1, such that the group of
collineations 1s transitive on the columns but has two nontrivial
orbits on the rows.

Proof. The matrix B(s) is Hadamard, and hence its rows form a
constant-distance code. Complement the rows with @ + 1 in column
(1, +-+,1) and then delete this column. What remains is still a con-
stant-distance code; call it C. The subgroup of G fixing (1, --+,1)
clearly gives a group of collineations of C which is transitive on the
columns. Moreover the set of uncomplemented rows is closed under
the group, so the group has two nontrivial orbits. This completes the
proof.

Let G and H continue to have the same meanings as in Theorem 4.
It follows from Corollary 2 and the proof of Corollary 3 that H is not
nilpotent. However it can actually be shown that the subgroup K of
H fixing column (1, 2) is isomorphic to S;, being generated by ¢ and
certain (7,, 7,)’s. Hence when s = 2, G has order 16-15-720. Also it
follows that if s > 1 then G contains a subgroup isomorphic to S,
which fixes 2-4°* columns.
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EXISTENCE OF BEST RATIONAL TCHEBYCHEFF
APPROXIMATIONS

BARRY BorHM

Some conditions are given which guarantee the existence
of best Tchebycheff approximations to a given function f by
generalized rational functions of the form

_ 0gi@) + -+ + angal)
@) = Bl + - + bub(®)

The principal theorem states that such a best Tchebycheff ap-
proximation exists whenever f, g,, - - -, gu, ft1, * * +, I, are bounded
continuous functions, defined on an arbitrary topological space
X, and the set {hy, - -+, b} has the dense nonzezo property on
X: if b,---,b, are real numbers not all zero, then the
function bih; + +++ 4 byh, is different from zero on a set dense
in X. An equivalent statement is that the set {h, -+, hn}
is linearly independent on every open subset of X,

Further theorems assure the existence of best weighted
Tchebycheff approximations and best constrained Tchebycheff
approximations by generalized rational functions and by ap-
proximating functions of other similar forms.

Terminology. Let X be an arbitrary topological space, and let
C[X] be the linear space of functions f continuous on the space X,
normed with the T'chebycheff norm

| fllz = fg})}f(x)l .

In this paper, we investigate the conditions necessary to guarantee
the existence of a best approximation to functions fe€ C[X] by rational
combinations of functions g,, +++, g, by, +++, h,, € C[X]. Such functions
have the form

T R

r, =21

blhl + tee + bmhm ’

where v = (ay, +++, &, b, +--,b,) is a vector in the closed set I",., of
all real (n + m)-tuples satisfying
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No. AF 49 (638)-700) and in part by the U.S. Air Force Office of Scientific Research
{Contract No. AF-AFOSR-77-63).

19



20 BARRY BOEHM

o]+ -+ + [0, =1.
One such condition is that 7, be well defined at points z, such that
bhy(we) + + o0 4 Duh(2) =0 ;

thus, we shall restrict our attention to sets of functions {A,, ---, h,}
for which we can guarantee a unique definition of 7,(z,).

A set of functions {h,, -+, k,} is said to have the dense nonzero
property on X if, for any ve I',.,, the function

by + - bk,

is different from zero on a set Y, dense in X. (An equivalent state-
ment is that the set {h, ---, h,} is linearly independent on 'all open
subsets of X.) If this is the case, the function 7, is well defined on
the set Y,; to define 7, uniquely at points x,€ X — Y,, we set

r(%,) = lim sup r,(x) .
x Y,Ym—»xo
We could define 7(2,) by a liminf operation just as well; all that is.

necessary is to define the function 7, uniquely, and in such a way that
if the limit

lim »(z)
T EY'Y y &L

exists, it is equal to 7,(z,). Thus, if {h, -+, h,} has the dense non-
zero property on X, the generalized rational function 7, is uniquely
defined on X for all vyerl',,,.

For each set {g,, +-*, 9., Iy, -+, h,} such that {#;} has the dense
nonzero property on X, let R denote the set of generalized rational
functions

R: {r‘Y:'Yan'i-m} .

Then for each fe C[X] there exists a real number dist (R, f) represent-
ing the distance from f to the set R:

dist (R, f) = inf || f — 7 || .
ryER

If there exists a function 7,, € R such that
| f— 7y || = dist (R, f),

then 7, is called a best rational approximation to f, and dist (R, f),
is the error of the best rational approximation.

After a brief survey in 2 and 3 of previous existence results
and nonexistence phenomena, we demonstrate in § 4 that under the
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conditions prescribed above, there exists for every feC[X] a best
rational approximation 7,.. Some extensions and specializations of this
existence theorem, including its relation to the nonexistence phenomena
of §3, will be givenin §5. In §6, we present some existence theorems
for two other approximating families similar in nature to the family
-of rational approximations.

2. Previous results. The special case m =1, h,(x) =1 corresponds
to approximation by generalized polynomials a9, + -+ + a,9,; it has
been the subject of much fruitful study due to the feature of linearity
in the coefficients a,. An existence theorem was obtained in this case
for Tchebycheff approximation of continuous functions f by algebraic
polynomials

gix) = '

by Borel in 1905 [2]; his proof was extended by Achieser [1] to ar-
bitrary elements g¢; in a normed linear space S.

Results are more sparse for the general rational problem (m > 1)
in which the coefficients do not enter linearly. Walsh obtained in 1931
[6] an existence theorem for ratios of polynomials of the same degree
defined on a perfect set X in the complex plane.

THEOREM (Walsh). For any feC[X], X a perfect set in the
complex plane, there exists a best Tchebycheff approximation vy, to f
among all rational functions of the form

dy + x4+ -+ + ax”

rAx) =
) bo + b + -+ + ba"

Jor Y€ [y,

Walsh also proved in [6] a similar existence theorem for L? norms.
Achieser gives in [1] an incomplete proof of theorem above for ratios
of polynomials of arbitrary degrees on an interval [a, b] of the real
line. Cheney and Loeb [3] have recently obtained a similar theorem
for rational trigonometric approximation.

Furthermore, the Achieser and Cheney-Loeb theorems show that
with no loss of generality the denominator of the best approximation
may be assumed to be strictly positive on the interval of definition.

3. Nomnexistence phenomena. Some of the possible pitfalls in
the existence problem are illustrated by the following two examples of
nonexistence phenomena. In the first example, we consider the problem
of approximating f(z) =« in the Tchebycheff sense by a rational function
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of the form

a,x?

) e

on the interval [0, 1], with the additional condition that the denomina-
tor be strictly positive on [0, 1]. Here, however, by setting a, = b, =1
and letting b, | 0, we see that dist(R, f) = 0, although no allowable
ry€ R achieves this minimum distance.

The second example shows that difficulties may arise when the
dense nonzero property is violated. Consider the problem of approxi-
mating f(x) = (x —1)(x —2)/2 in the Tchebycheff sense by a rational
function of the form

a,

7(x) = m ,

with the three points 0, 1, 2 comprising X. Since f(0) =1, f(1) =
f(2) = 0, we see that the deviation of the approximation ¢/(x + &) from
fon X is no greater than ¢/(1 + ¢), which can be made arbitrarily
small by making & small. Thus dist(R, f) = 0, although again no
choice of r,€ R achieves this minimum.

4. An existence theorem. We shall find it convenient to state
part of the theorem as a separate lemma.

LEMMA 1. If f,h, +++,h, are bounded functions on X, an
arbitrary topological space, such that the set {h;} has the dense non-
zero property on X, and if the set of functions {g,, « -+, 9,.} is linearly
indepsndent on X, then any sequence {7} of wectors m I',., such

that
lim || 7y, — fll = inf [|7, — f|| = dist (R, 1),
k—oo YEr

n+m

has a cluster point v,€ I'yip.

Proof. (i). Define the functions A = >\ a,9;,, B= >, b;h;, with
S0b;] = 1; define A, and B, similarly. The boundedness of the #h;
implies for any B that

I|Bll = N = max || k|| ;

the linear independence of the set {g;} implies the existence of a posi-
tive number & such that

Si]a;] =1 implies || A]| = 8.
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It is clear that for sufficiently large K, k¥ = K implies

[ A |l
M

dist (R, f) + 12 ||, ]| =

Hence, for t = K
Il Ax[l = N [dist (R, f) + 1],

and by the definition of the number 6§, for k£ = K,

Sy, | = M= 2 [dist (B, /) + 1].

Thus, for k = K, {v,} is restricted to the compact set

{r:Xle.l =M, 21[b;]=1}.

By the Bolzano-Weierstrass theorem, then, the sequence {v,} has a
cluster point v,/ ,.,.

THBEOREM 1. If f, 9.+, 0n Iy, -+, h,, are bounded functions in
Cl|X], X an arbitrary topological space, and if the set {h;} has the
dense nonzero property on X, then there exists a best rational Tcheby-
cheff approximation r,, to f on X.

Proof. (i) Select a maximal linearily independent subset {g,, -+, 9,}
among the functions ¢,, and let d = dist(R, f). Then, any sequence
{v.} of vectors v.€",., such that

Nry, — fll=d+ 1k

has by Lemma 1 a cluster point vy = (ayp, ***, @y, b1, **+, 0) € L pipe
We shall show that

7y, — fllr=d .
Clearly, since v,el,,,, we need only show
7y, — fllr = d .

Since the set of functions {k;} has the dense nonzero property on
X, the set Y, of points # at which the denominator B,(x) is different
from zero, is dense in X. At points x€ Y,, we have for each k
|y (@) — f@)| = [y () — 7y, (@) | + | 7y (@) — f(@) |
= [ry(@) —ry (@) | +d + 1k

As the functions h; are bounded on X,
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B, — B,

k=00
uniformly on X. Since By(x) # 0 for x¢ Y,, this implies

Aw(x) Ax)
B (x) *7=  By(x)

for ze Y,. Hence, for z¢ Y,,

Ilcim | Py(@) — 1y (@) | =0,

and thus
| ry(®) — f(@)| = d .

It remains only to obtain this inequality for points x,¢ X — Y.
(ii). By the definition of the rational functions »,, we have for
2,€ X — Y, that

7y (%) = lim sup 7).
0 zeY‘.YO z—x)

Thus, there exists a sequence {«,} of points in Y, such that
[ Ty (@0) — Ty (@) | = 1/v
lf(w) — fle)] =1/
(since also fe C[X]). Hence,
|7y (@) — J(@0) | = [ 1y, (0) — Ty(@) | + | ry(@) — f(@,) |
+ [ f@) — fle) | =1y +d+ 1.

Since the left hand side of this inequality is independent of vy, it
follows for »,€ X — Y, that

| 'ryo(xo) —fl)l=d.

Therefore || 7, — fllr = d, implying, since 7,€ I, that || 7, — fll-=d,
showing that indeed there exists a best approximation r,. = 7, to f.

5. Extensions and specializations. Theorem 1 can be extended
to the problem of weighted Tchebycheff approximation, in which the
distance between f and r, is measured by the functional

l[s(ry=0)lr

for some prescribed weighting function s€ C[X]. This problem is
equivalent to that of approximating the function sf by rational com-
binations of the functions sg, and %;; existence of a best approxima-
tion is thus guaranteed whenever the products sf and sg, are bounded
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functions and the functions %; satisfy the hypotheses of Theorem 1.

Algo, the proof of Theorem 1 is valid if the coefficients v are res-
tricted to a closed set C,,,, < I",., containing at least one feasible vector
7* such that

(s — £)lle < o0

A slight but straightforward modification of step (ii) of Lemma 1 is
needed if no vectors of the form (0,+..,0,b,++-,b,) are in C,., ..
Thus, the following theorem holds.

THEOREM 2. If f,s, 0., <y Gu By, =+, B, € C[X] are such that the
Sunctions sf, sg,, -+, 89, are bounded on X, an arbditrary topological
space, and the set {h;} has the dense monzero property on X, then
Jor any closed set C,,.,C I, .. 0f coefficient vectors including o feasi-
ble vector ¥°, there extists a best weighted rational Tchebycheff ap-
proximation ry. to f, such that

18(rye = Nlle = 1nf [[s(ry — il .

On+m

If the closed set of coefficients C,,, of form
Cn+m(€) - {'Ye Fner: ‘ZI thJ(x)] g € > 07 re X}

is nonempty, we can obtain existence theorems with much weaker hy-
potheses on the functions involved, since in this case the set Y,
comprises all of X, and step (ii) of Theorem 1, the only step requiring
the continuity of f, s, g,, and h;, is not required in the proof. Hence,
the following theorem holds in an arbitrary normed linear space.

THBOREM 3. If the functions f, s, g, =+, 0u, ey ==+, h,, are such
that sf, sg., + =+, 8G,, by, <=+, b, are bounded on X, an arbitrary set of
points x, and if the set C,. ()., ts nonempty, then there exists
a best weighted rational approximation vy, to f such that

[s(rys — )l = Inf ||s(ry — ).
YEO 4 (®)

Let us now consider the nonexistence examples of § 3 in the light
of the above existence theorems. The first example can be handled
by Theorem 1 by allowing the denominator b, + b,x to have its zero
at a point 2,€ [0, 1], and defining a,x%/(b, + b.x,) by a limsup operation,
which reduces in this case to a limit opreration. Thus, the function
2*/x is an acceptable rational function in Theorem 1, and is indeed the
best approximation 7.

The second example cannot be handled by Theorem 1 since the
dense nonzero property is violated. A weaker result can be given for
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both examples by Theorem 3, however, by considering only those ra-
tional functions such that b, + bx = ¢; i.e., 7Y€ Cye). With this modi-
fication, a best approximation 7., exists in the first example and is at
least as good as x%/(¢ + x); hence the error

dist (B, f) = ¢/(e + 1)

can be made as small as desired by taking ¢ small enough. In the
second example, 7,, again exists and is at least as good as ¢/(c + 2);
thus again

dist(R, /) = ¢/ + 1) .

bR4

In practical problems, placing such a ‘ floor ”’ under the denominator
function and slightly above zero is often a reasonable thing to do, as
the inequality constraint B(x) = ¢ is no harder to deal with than
B(z) > 0.

In most continuous rational Tchebycheff approximation problems,
the existence of a best approximation is guaranteed by Theorems 1
and 2, as sets of functions with the dense nonzero property are fairly
common. They include all linearly independent sets of functions analy-
tic on a perfect set X, and all sets of piecewise analytic functions on
X which are linearly independent on each component of analyticity.

An independent result similar to Theorem 1 has been obtained re-
cently by Newman and Shapiro [4]. Their existence theorem is stated
for functions defined on a compact Hausdorff space X, and thus does
not cover such problems as the approximation of functions continuous
and bounded on the positive real axis by functions of the form

S ae M

> be iy
for N, p; = 0, a problem handled by Theorem 1. Rice in [5] has also
obtained independently a somewhat similar existence theorem for the

interval [0, 1], under the assumption that the denominator possess only
a finite set of zeros.

r(2) =

6. Existence theorems for other approximating families. The
fact that best approximations exist among rational functions with
coefficients in a closed set allows us, with the aid of the following
lemma, to state some theorems assuring the existence of best approxi-
mations in other approximating families.

LeMMA 2. The set of all wvectors (c., <<+, Cim, Ca1y ***5 Cum) SUCh
that c;; = ab; for real numbers a,, b;, is closed.

The proof of this lemma is straightforward, and is omitted here.
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The following theorem follows directly from Lemma 2 and Theorem
3, with m =1, n=pq, and ¢, = u;v;, since the set of numerator
coefficients ¢, = a,;b; is closed.

THROREM 4. If the fumctions f, s, Uy, «++, Uy, Vy, +++, ¥, A¥e SUCh
that the products sf, suw,, -« -, su,v, are bounded on X, an arbitrary
set of points x, then there exists a best approximation

pP* = (aTu1 F oo+ a;’:up)(b}kvl F oo + ijq)
to the function f, such that

[s(P* =Nl = Inf || s[(X )X b05) — f1I] -

In a similar fashion, a theorem can be established on the existence
of best approximations by finite products of generalized polynomials of
the form

P = (3 au9:) (2 @infiz) » =+ (30 @ibsn) -

In particular, if the component polynomials are of the form ax 4 b,
we have the following corollary.

COROLLARY 4a. Any function f bounded on a compact domain X
on the real line has, among all polynomials P, of degree m having
only real roots, a best approximation Pj.

The next theorem follows from Lemma 2 and Theorem 2; a similar
theorem can be based on Lemma 2 and Theorem 3.

THREOREM 5. If the functions

f"s’ ul’ .'.7/“/?) ,019 ...’/U‘I’ hl’ ...’hmeC[X]

are such that the products of sf, suhy, ««-, su,h,, sv, «-+,sv, are
bounded on X, an arbitrary topological space, and the set {h;} has
the dense nonzero property on X, then there exists a best wetghted
Tehebycheff approximation

o | div, - oev + dio
Pr=afu, + -+ + aju L e
o S T —— £

to the function f, such that

[P =)l = inf | o(S e+ -2 = 1) o
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A NOTE ON HAUSDORFF’S SUMMATION METHODS

where {d,} is a moment sequence, 4'd, =d,,n=10,1,2, ---
4 d, — 4" *d,.,, for n=0,1,2, -

J. P. BRANNEN

If {a,} is a moment sequence and (da) is the difference
matrix having base sequence {a,}, then (da) is symmetric about
the main diagenal if and only if the function a(x) such that

1
Uy, = g arda(x),n =0,1,2, ---, is symmetric in the sense that

0
a(x) + ad + ) = a(1) + «(0) except for at most countably many

2 in [0, 1],

This property is related to the ‘‘fixed points’ of

the matrix H, where HaH is the Hausdorff matrix determined
by the moment sequence {a.}.

(4d) =

4d,
4,
£d,

A'd,
4'd,
Ld,

and m=1,2,3, ---.

In each of the papers [2], [3] and [5], there is reference to dif-
ference matrices of the form

and 4™d, =
In [2],

Garabedian and Wall discussed the importance of (4d) having the
property of being symmetric about the main diagonal, i.e. 4™d, = 4"d,,..
They also showed that if {d,} is a totally monotone sequence, then
(4d) is symmetric about the main diagonal if and only if the function
f(x) which generates {d,} has a certain type continued fraction expansion.

In this paper, the symmetry of (4d) is investigated with the re-

striction of total monotonicity removed and a collection of necessary
and sufficient conditions are given, Theorem 3, for moment sequences.

in general.

(1)

A relation is established between the symmetry of (4d)
and the “fixed points” of the difference matrix

-

Received March 15, 1964. This work was performed under the auspices of the
United States Atomic Energy Commission.
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2. Notation, definitions, and examples. Except for some notation
and definitions introduced for convenience, the notation and definitions
of this paper will follow [6].

NotaTioN. If {d,} is an infinite sequence, d* and d’' denote re-
spectively the diagonal and column matrices determined by {d,}.

DerinITION 1. If {d,} is a number sequence such that for some
function f(x) on [0, 1],

1 1
d, = | wdf(e) = | (1 - opdf(o) ; p=101,2 -,
0 0
then {d,} is called a symmetric moment sequence.
The Cesaro moment sequence 1, %, %, -+ provides an example of a
moment sequence satisfying Definition 1 since for p =0,1,2, ---

(2) 6 = | wrdo = opp + 1]
JOo 0
1
p+1°

= |0 —ayde = —1 = proyp+ 1] =

DEeFINITION 2. If A is a semi-infinite, lower triangular, matrix
having inverse and {a,} and {d,} are sequences such that A~'d*Aa’ =
A7'a*Ad’, then {a,} and {d,} are symmetric relative to A.

The Cesdro moment sequence 1, %, %, ---, ¢, of (2), and the sequence
1,4, % %, «+- are symmetric relative to the matrix H of (1).

3. THEOREMS. LEMMA. Suppose {s,} s a sequence such that
s, =0 for p=20,1,2, --- and suppose that A is a semi-infinite matrixz
having inverse such that As' = §'; then,

(i) A% =¢,

(i) {=,} and {s,} are symmetric with respect to A if and only
of Ax' = o, and

(iil) <f A7'a*As’ = A7's*Aa’ and AT0*As' = A7's*AY, then
A7D*Ad’ = A7'a*AY .

Proof. (i) is obvious. For the proof of (ii), we first suppose {z,}
is symmetric with {s,} relative to A so that A-x2*A4As’ = A~'s*Ax’.
Multiplying both sides on the left by A and using As’ = s’ gives
x*s’ = s*A«x’. Under the hypothesis, s* has inverse s*™' so that

(3) s*lp*s = g*ls* Ax’ = Ax’ .

Since xz*s’ = s*a’, it follows from (3) that »' = Ax'.
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On the other hand, if A2 = &/,
(4) A7'e*As' = A7'x*s
and
A8 Ax' = A7's*

Since s*x’ = a*s’, it follows from (4) that x and s are symmetric
relative to A.

For the proof of (iii), we suppose that ¢’ = s*'a*s’ and b’ = s*~b*s’,
from which it follows that

(5) A la*AY = A 'q*s*b*s
and
(6) A7B*Ae = A7b*s* ta*s’ .

Since diagonal matrices permute, it follows that (5) and (6) are equal
establishing (iii).

THEOREM 1. If {b,} is a moment sequence, t.e.,
1
(M) b, = | adg(a)
0

{b,} and the Cesdro sequence (2) are symmetric relative to H if and
only if {b,} 1s a symmetric moment sequence.

Proof. Let

5 (”)(—1)%@ for m—2,4,6, -
p=0 \D
Ay =17
5 (Z)(—l)w 92 form=1,35, -

p=0

Clearly, if {t,} is any number sequence, Ht' = ¢’ if and only if

s (Z’)(—l)"tp — 0 for n=2,4,6, -
p=0

and
n—1

n » — o o voe
2(p)( o, — 2, =0 form=1,35, - .

=0

Thus if {b,} is defined as in (7), HV' = b’ if and only if

(8) Slfn(x)dg(m) —0 formn=1,23 -
0

But, f(x) =1 — )" — 2" for n =1,2,8, --+ so that
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1 1 1

(9) | A@dg@) = | (@~ ordg@) — [odg(a) ,
and consequently (8) holds if and only if {b,} is a symmetric moment
sequence. It follows from (9) and (2) that H¢ = ¢’ and from the
preceding Lemma that {b,} and {¢,} are symmetric relative to H.

Conversely, if {b,} and {c,} are symmetric relative to H, it follows
that Hb = b’, and if {b,} is defined as in (7), then {b,} is a symmetric
moment sequence.

THrOREM 2. If g(x) is of bounded wariation on [0,1] and {z,}
18 the moment sequence determined by g(x), the following two state-
ments are equivalent:
(i) {2} is a symmetric moment sequence, and
(ii) there do mot exist uncountably many x in [0, 1] for which
g(x) + g(1 — ) = g(1) + g(0).

Proof. Suppose (i). Then let v =1 — x so that,
2= 0~ ordge) = [ wagt - o) = ~[wrdgt —w .
0 0 0

Thus, 51(1 — 2)ydg(x) = —Slx“’dg(l — &) so that for p=10,1,2, «--,
0 0

(10) S:x”d[g(x) fgl—am)]=0.

Since g(z) — g(1 — ) is of bounded Variation on [0,1], (10) implies
that for every k(x) continuous on [0, 1], S E(x)d[g(x) + g1 — x)] = 0.
This, [4, p. 69], implies (ii). Reversing the? steps leading to (10) shows.
that (ii) implies (i).

An interesting example of a function satisfying (ii) is provided
by Evans in [1].

THEOREM 3. Suppose g(x) ts of bounded variation on [0,1] and
suppose {a,} s the mement sequence generated by g(x). The following
statements are equivalent:

(i) {a,} is @ symmetric moment sequence,

(ii) Hd =d,

(iii) {a,} and the Cesdro moment sequence {c,} are symmetric
relative to H, and

(iv) the difference matrix (da) having base sequence {a,} is sym-
metric about the main diagonal.

Proof. Theorem 1 implies the equivalence of (i), (ii), and (iii).
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(1) implies (iv) provided

1) [ a1 — aydge) = Slx”(l ~ wymdg(w)  for mym=0,1,2 -
L0 0

1

Let w = 1 — « so that S ™1 — x)*dg(x) = go(l — w)"u"dg(l —u). Thus
0 1

(11) may be rewritten as

(12) —g:(l — yrardg(l — z) = S:x”(l — @) dg(x)
= [ = odlgla) + o1 — 0] = 0.

That (12) is the case for {a,} a symmetric moment sequence follows
from (ii) of Theorem 2. (iv) implies (ii) since (iv) implies that a, =
4" A4,, which is the same as saying that Ha' = a’. Thus the equivalence
of the four statements is established.

I am grateful to Professor H. S. Wall for some comments which
have been of considerable value in the preparation of this paper.
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TOPOLOGICAL SEMILATTICES ON THE TWO-CELL

To Professor A. D. Wallace on his 60th birthday

DenNISON R. BrRowN

Topological lattices on the n-cell have been studied by
L.W. Anderson, A.D. Wallace, A.L. Shields, and L.E, Ward,
Jr. In particular, these authors have papers setting forth
conditions under which a topological lattice on the two-cell
is topologically isomorphic to the product lattice Ix I,

The primary purpose of this paper is the investigation of
topological semilattices (commutative, idempotent topological
semigroups) on the two-cell which retain the lattice like pro-
perty that for each element x, {y: % < 9} is a connected set.
Specifically, it is shown that any such entity is the continucus
homomorphic image of one of a fixed pair of semilattices on
the two-cell, where the choice of domain depends on the loca-
tion of the zero element.

It is also proved that a TSL on the two-cell has an identity
{a unique maximal element) and {y: © < %} connected for each
element 2 if and only if it is the continucus homomorphic
image of I x I. Also, if {y:x < y} is connected for each ele-
ment 2, then S, a TSL on the two-cell, is generated by its
boundary B in the sense that B2 =S,

Semilattices on the #n-cell are also discussed. Let S be such
an object with boundary B, It is proved that if « is a max-
imal element of S, then x ¢ B, If S has an identity, 1, and
T is a continuum chain from 1 to 0, then S = BT,

Finally, let S be a continuum TSL with 1 and let A be the
subset defined by x € A if and only if {y:2 < y} is connected.
Then (1) x € A if and only if there is a continuum chain from
1 to z; and(2) A is a nondegenerate continuum sub-TSL of S,

Topological lattices on the m-cell have been studied in [1], [6],
and in [8]. In particular, these papers set forth conditions under
which a topological lattice on the two-cell is iseomorphic (topologically
isomorphic) to the product lattice I x I.

The primary purpose of this paper is the investigation of topolo-
gical semilattices (commutative, idempotent topological semigroups) on
the two-cell which retain the lattice-like property that for each ele-
ment 2, M(x) is a connected set (see below). Specifically, we show
that any such entity is the continuous homomorphic image of one of
a fixed pair of semilattices, where the choice of domain depends upon
the location of the zero.

Received March 12, 1964. This work was supported in part by NSF contract
“GP-1637.
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Section 3 discusses semilattices on the m-cell. The role of the
boundary sphere in determining the multiplication is seen to be quite
important.

The next section is the main body of the paper. In addition to
the theorems indicated above, we prove that any topological semilattice
on the two-cell which has a unique maximal element and all M(x)
connected must be the continuous homomorphic image of I x I. In
particular, any topological lattice has these properties. We also show
that, if each M(x) is connected, then a topological semilattice S on
the two-cell is generated by its boundary B in the sense that B*= S.

In §5 we prove that if S is a compact, connected topological semi-
lattice with identity, then the subset of elements x such that M(x)
is connected is a compact connected subsemilattice of S.

We are indebted to Professors H. Cohen and R.J. Koch for their
helpful comments and support.

2. Preliminaries. A topological semilattice (hereafter TSL) is
a pair (S, =) such that S is a Hausdorff topological space, < is a
continuous semilattice ordering on S. Equivalently, S is a commuta-
tive, idempotent topological semigroup with x <y if and only if
Y = .

An element « of S is maximal if it is dominated by no other
element of S; that is, 2y = 2 implies ¥y = x. A minimal element is.
defined dually. It is well known that a compact TSL has maximal
elements and a unique minimal element. For x € S, let M(x) =
fy:x =y}, L®)={y:y=wx}. It is easy to verify that L(x) = Sx.
These are closed subsemilattices of S [10].

A chain is a totally ordered subset of S. Of primary interest
here are compact, connected chains; in case S is metric these are
known to be arcs [13] and will be referred to henceforth as arc chains.

The following theorem, due to Koch [4], is stated without proof.

THEOREM A. If S is a compact, connected, metric TSL with
zero (0), then every x € S ts conmected to 0 by an arc chain.

If S is as stated in Theorem A and has also M(x) connected for
each z € S, then, by replacing S by M(x) in the theorem, is may be:
seen that any pair of comparable elements in S is connected by an arc.
chain.

A space S is homotopically trivial if 7,(S) =0, 2 > 0 where 7,(S)
is the 4th homotopy group of S. The following result extends slightly
a theorem of Anderson and Ward [2].

THEOREM B. If S is an arcwise connected idempotent semigroup-
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with (0), then S is homotopically trivial.

Proof. Let f:I x -+« x I,— S with f(Bndry (I X -+ x I) = 0.
Define g: (I, X +++ x I) x I-—- S by

g(xn crry Ty 7') :f(xu tt xn)f(xl — TPy, 2, — xn/r) .

Henceforth, the letter I will be reserved to represent the TSL on
the arc [0, 1] defined by xy = min (2, y), where the ordering is that

inherited from the real numbers. Any arc chain is iseomorphic to
I[5].

3. Semilattices on the 7-cell. Throughout this section, S re-
presents a TSL whose underlying space is an n-cell, and B the boundary
7 — 1 sphere of S. If S has an identity, 1, then 1 is clearly the
unigue maximal element of S. It is well-known [7] that 1 ¢ B. The
following order—theoretic version of the maximum modulus theorem
generalizes this statement.

THEOREM 1. Let x be a maximal element of S. Then x ¢ B.

Proof. By the maximality of x, and Theorem B, S\{z} is a sub-
semilattice, homotopically trivial. Hence 2 ¢ S\B.

In[3]and in [5] it was shown that, under certain conditions, the
multiplication in S is determined by that in B together with that in
a certain arc subsemigroup. The next theorem is of a similar nature.

TuROREM 2. Let S have a 1, and let T be any arc chain from
1t 0. Then S = BT.

Proof. Since B < BT, it suffices to show BT is contractible.
Since T is an interval, define g¢:(BT) x T— BT by g(bt, +) = bir.
Then g(bt, 1) = bt, and g¢(bt, 0) = 0. The function g is clearly con-
tinuous, hence the proof is complete.

4. Semilattices on the 2-cell. The following lemmas will be
useful in the sequel.

LevMmA 1. Let S be a topological semilatiice in which, for each
x, M(x) ts a connected set. Let f:S— T be a continuous homomor-
phism of S onto T. Then, for each ye T, M(y) is connected;
Surthermore f is a monotone map.
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Proof. The continuous homomorphic image of an arc chain is clearly
an arc chain, although possibly degenerate. Let ye T, ze€ M(y), y =
@), z= f(b). Then y = yz = f(a)f(b) = f(ab). Let C be an arc chain
in S from b to ab. Then f(C) is again such from z to y.

Now let X = fy), @, be X. Let C, D be arc chains from a to
ab, b to ab respectively. Then C U D & X, hence X is connected.

LeMMA 2. Let S be a two cell, S=C U D, CN D= [, where
C and D are arc wise connected sets. Let B be the boundary of S and
suppose BNC+#[]#BND. Then CN B and DN B are each connected
sets.

Proof. If C N Bis not connected, then clearly neither is D N B.
Choose a, b from different components of C N B, and let T be an arc
in C connecting a, . Choose d, ¢ from different components of DN B,
so that {a, b} separates d and ¢ in B, and let J be an arc in D con-
necting d, e. Then J and T cannot be disjoint [13], which contradicts.
CnD=0.

In the remainder of this section, S will represent a TSL whose
underlying space is a two-cell, and B the boundary circle of S.

COROLLARY. Let a, b e B, with M(ab) a connected set. Decompose
B into arcs P, Q with PN Q = {a, b}. Then either P < M(ab) or
Q S M(ab).

Proof. M(ab) is arcwise connected by Theorem A. On the other
hand, any x € S\M(ab) can be connected to 0 by an arc chain T in S.
Clearly T N M(ab) = 0. Hence S\M(ad) is arcwise connected. By
the lemma above, M(ab) N B is therefore connected and the result
follows.

Methods used in portions of the proof of the following theorem
are similar to those used in [8].

THEOREM 3. Suppose S has a 1. These are equivalent:
(1) for each =, M(x) is a connected set;
(ii) B s the union of two maximal arc chains of S;
(iii) S 4s the continuous homomorphic tmage of I x I.

Proof. (i) implies (ii). Fix ae B, @ = 1. By the above corollary,
M(a) must contain one of the boundary arcs between @ and 1. De-
signate this arc by Q and let p € Q, p*a. Let P be the boundary arc
between p and 1 which is contained in @. Then P <& M(p), for if not
then @ € M(p), which is false. It follows that any element of @
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compares with p, and hence @ is totally ordered. Let J be a maximal
chain in B, with a, 1€ J. By continuity of multiplication, J is
closed and therefore proper in B. Let te B\J, and let K be a maxi-
mal chain in B, with ¢, 1 € K. By the maximality of J and K, B=
J U K. From the anti-symmetry of the relation (=), J and K have the
same minimal element, z. Now M(z) is a compact, connected semilat-
tice, homotopically trivial by Theorems A and B. Since B & M(z),
M(z) = S, and hence z = 0. The arc chains J, K are thus maximal
in B. If ce S\B, then M(c) N J and L(c) N J are closed, disjoint sub-
sets of J, and hence fail to exhaust J. Then maximality of J, K in
S is now immediate.

(ii) implies (iii). Let R be the closed ideal (I x {0}) U ({0} X I) of
Ix I, and let M be the Rees quotient (I x I)/R. This TSL on the
2-cell has the properties that every nonzero element of M is repre-
sented uniquely as a product of two boundary elements, one from each
of the maximal chains composing the boundary of M (if a € C, then
a=a-1), and ab =0 implies either ¢ =0 or b = 0. Denote the
boundary of M by C = VU W, and the boundary of S by B=J U K,
with V, W, J, K maximal arc chains.

Let fi: V—Jand f,: W— K be iseomorphisms. Define f*: M — S
by f*(x) = fi(a)fy(b), where ab =z, ac V, be W. The only element
of M which has a nonunique representation in this manner is 0; but
ab = 0 requires that one of a, b = 0. Hence f* is well defined, and
the following diagram is commutative :

M ——f*————>S

|

TR SRITLING NS '

Here, the vertical arrows represent the respective multiplication
functions. Since these functions, together with f; and f,, are con-
tinuous, and V and W are compact, it follows that f* is continuous.

Next, let ¢ = v,w,, b = v,w, be elements of M. Then

SH(ab) = fHvwww,) = fH((v,v)(w,w,)) = fi(v,0,)f(w,ws)
= fl(vl)fl(v2)f2(wl)f2(w2): f*(vlwl)f*(vzwz) - f*(a')f*(b) .

Hence f* is a homomorphism.

Finally, f*(M) is a compact connected TSL containing B; by
Theorems A and B it follows that f*(M) = S. The natural map of
I x I onto (I x I)/JR is now composed with f* to obtain the desired
result.

(iii) implies (i). Clearly I x I has M(x) connected for each z. By
Lemma 1, S has this property also.
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COROLLARY 3.1. If S has a 1 and M(x) connected for each x € S,
then 0 € B.

COROLLARY 3.2. If S is a topological lattice on the 2-cell, then
S is the continuous (semilattice) homomorphic image of I x I.

Proof. As a topological lattice, S has a 1 and has M(x) connected
for each x ¢ S.

THEOREM 4. If M(x) is connected for each x ¢ S, then B*= S.

Proof. Suppose 0 € B. It will first be shown that B* = B*. Let
a, b, ce€ B. In order to prove that abc € B? it suffices to assume that
a, b, ¢ are distinct and nonzero. Assume also that these points are
named so that 0, b are in different components of B\{a, ¢}. By the
corollary to Liemma 2, one component of B\{a, ¢} lies in M(ac). Since
0 ¢ M(ac), it follows that b € M(ac), hence abc = ac and B®ZS B
Hence B*= B°B S B°’BZ B’. Since B is a compact connected TSL,
and B € B? it follows from Theorems A and B that B*= S.

Now suppose 0 S\B, and again select a, b, ¢ distinct elements
of B. If any of ab, ac, bc, abc € B, then immediately abc ¢ B2,
Similarly, it may be assumed that a ¢ M(bc), b ¢ M(ac), ¢ ¢ M(ab).
By the corollary to Lemma 2, it follows that B = M(ab) U M(ac) U M(bc).
But the latter subset is included in M(abc). Since M(abe) is a compact, con-
nected TSL and B & M(abc), it again follows that M(abc)= S, and therefore
abc = 0. It has now been shown that B®*= B*{ {0}; thus B*U {0} is
compact and connected. Furthermore, (B*U {0})’S B* U {0} = B* U {0};
hence B U {0} is a subsemilattice containing B. This yields B*U{0}=S.
But B? is compact, hence 0 B?. Consequently B*< B?, and as before,
B*= S.

The next pair of theorems shows that the structure of S when
0e B is essentially different from that occurring when 0 S\B. Let
T={=x, eI xI:x+y=1}. Note T is a subsemilattice of I x I.

THEOREM 5. The semilattice S has 0 B and M(x) connected for
each x if and only if S is a continuous homomorphic image of T.

Proof. As in Theorem 3, let R = (I x{0}) U ({0}) x I). Let N =
T/R, the Rees quotient of T. Let D be the boundary circle of N.
Note that every nonzero element of N has a unique representation as
a product of two not necessarily distinct elements of D, and that ab =10
implies @ =0 or b=0. Now let f:D— B homeomorphically, with
Sf(0) = 0, and extend fto f*: N— S by f*(¢) = f(a)f(b), where a, be D.
As in Theorem 3, f* is well defined, and the following diagram is
commutative :
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N -1, 3

l ]

DxD—-" sBxB

Vertical arrows represent the respective multiplication functions of
N and S. Since these functions and f are continuous and D is com-
pact, f* is continuous. By Theorem 4, f* maps N onto S.

It remains to show that f* is a homomorphism. To this end, let
¢c=ab, a =pq, b= rs, with p, q, 7, s distinct nonzero elements of
D. Some unique pair of p, ¢, *, s separates the remaining pair from
0 on D; suppose p, » and 0 lie in different components of D\{q, s}. By
the corollary to L.emma 2, {p, r} & M(gs). Hence ab = pqrs = ¢s, and
) = f*ab) = f*(gs) = f(@)f(s). On the other hand, since f is a
homeomorphism on D, it follows that {f(p), f(r)} and {f(0) = 0} lie in
different components of B\{f(q), f(s)}. Hence {f(p), f(r)} < M(f(q)f(s))
and therefore f(q)f(s) = f(p)f(@)f(r)f(s) = fH(p)f*(rs) = f*(a)f*(b).
The argument is similar if p, ¢, », s cceur in a different order in D.
This portion of the proof is now complete.

The converse follows from the fact that 7 has M(x) connected
for each 2 and Lemma 1, together with the fact that a monotone map
of a a two-cell onto a two-cell must take boundary onto boundary [12].

Now, let W be the disk of radius one, centered at the origin of
a plane, and let F' be the boundary circle of W. If x, yec F, let zy
be the midpoint of the chord joining 2 and y. This is transparently
continuous, and note that a nonzero point of W is uniquely repre-
sented as the product of two boundary points. To extend the multi-
plication to all of Wlet a = wx, b= yz where a, be Wand w,x,y,2z€ F}
set ab=0 if each boundary arc containing w, %, ¥ and z has length =x, and
otherwise let ab be the product of those two of the four elements w, «, ¥
and 2z whose distance apart is a maximum. Again continuity is obvious,
as is the fact that multiplication is commutative and idempotent.

It is certainly desirable to give an alternative, order-theoretic
description of W. For each x¢€ W let L{x) be the intersection of all
circular disks which are tangent to F, which contain z, and whose
boundaries contain 0. This is a semilattice partial order and L(x) N L{y)
is precisely L(z) for that z( = 2y)e L{x) N L(y) which is at maximum
distance from 0. In this manner, it if easily seen that M(x) is con-
nected for each x€ W. Note that, if a, b, ¢, de F, then abed #= 0 if
and only if one of these elements, say «, has the property that b, ¢, d
lie in the same component of F\{a, — a}, where (— a) represents the

! The author is indebted to the referee for improving the description of the
semigroup W.
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point of F antipodal to a.®

THEOREM 6. Let 0c S\B. Then M(x) is a comnected set for cach
xe S if and only if S is the continuous homomorphic image of W.

Proof. One implication is an immediate consequence of Lemma 1,
since W has M(x) connected for all . Therefore, assume that S has
M(x) connected for all z, 0¢ B. It will be shown that S is the con-
tinuous homomorphic image of W.

First, suppose that f is a continuous map of F onto B. Define
f*W—S8 by f*«)= f(a)f(b), where x = ab, a, be F. Recall that,
if ©+0, then this representation of 2 is wunique, and f*(x) is
therefore well defined. On the other hand 0 may be expressed only
as the product of any pair of antipodal elements of F. Hence, in
order that f* be well defined, ab = 0, a, be F must imply f(a)f(d) = 0
in S. The construction of a continuous map f with this property is
the major portion the proof. For zec B, define A(x) ={ye B:xy=0}.
In the sequel, the expression [a, b], a, b€ B, will represent the counter-
clockwise arc of B from a to b.

(A) For each xc B, A(x) is a continuum; further, there exist
Y, 2€ B such that yz =0, xcly, 2] and A®) N[z, y] is nonempty.
By Theorem 4, B’ = S; hence there exist y, 2€ B such that yz = 0.
Let wely, 2], tel?, y]. By the corollary to Lemma 2, then either
ye M(xt) or zc M(xt). Hence z[z, y] S L(y) U L(z). Since x|z, ¥y] is
connected and L(y) N L(z) = {0}, it follows that for some te€ [z, y],
2t = 0; hence A(x) = 0. Next, let a,bec A(x), xzela,b], telb,al.
Again by the corollary to Lemma 2, either a € M(xt) or be M(xt). Say
a € M(xt); then xt = a(at) = (ax)t = 0. Therefore [b, a] S A(x); by using
the compactness of B to obtain a maximal interval, it may be seen
that A(x) is an (possibly degenerate) arc in B.

(B) There exist a, a,€B such that am, =0 and for every
x e (ay, a), A(x)<=(a,, a,). Let ae B; there exists a,¢ A(a) such that
[a, @] N A(a) = {a,} and there exists a,€ A(a,) such that [a,, a,]N A(a,) =
{ae}. Then aa, = 0 and we observe that a€la, a]. It ze€ (a, a,) then
it is obvious that a,x # 0 = az. Now by (A4), A(x) meets [a,, a] and,
since it is connected, A(x)C (a,, @) < (a,, a,).

(C) Let a, b, ¢, d, ¢ be five elements of B occurring in counter
clockwise order as listed; suppose also that ac = 0 = bd and that
be + 0+ ce. Then A(e)=(b,c). For, from ac =0, ec = 0, ec (c, a),
we have A(e) C (e, c) by (A). Similarly, from bd =0, eb = 0, ec (d, b),
we have A(e) © (b, e). Therefore A(e) (e, ¢) N (d, b) = (b, ¢).
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The funection f: F'-— B will now be defined.

(D) Choose elements a, a, of B as in part B above. For con-
venience, the antipodal point of x ¢ F'is denoted by — x. Fix any xze F
and define f(x)=a,. f(—x)=a,. Fis now decomposed into the two closed
intervals [z, — 2] and [ — %, 2], while B = [a,, a,] U [a,, a,]. The scheme
is now as follows: f will map a dense subset of [x, — x] onto a dense
subset of [a,, ¢,], and a dense subset of [— x, #] onto a dense subset
of {a,, @] in an order preserving manner; furthermore f(y)f(—y) will
be 0 for every ¥ in either the dense subset of [z, — x] or the dense
subset of [— x, ]. The function f will then be extended through
standard methods into a continuous map of F'onto B; that f(y)f(—y)=
0 for all ye F will be a consequence of this method of construction.

For ease of notation, set —x=2,=vy,, ®,=2=7v, in F and a,=5,,
b, = a, in B. Now F =[x, ] U [, ¥:], B = [ay, a,] U[b, b]. Let ay
be the mid-point of [a,, @], 2, the mid-point of [z, 2], Yu(= — ) that
of [y, #:]. Define f(xq) = ay. By part B), A(a,) S (b, b,); let by, € Aay)
and define f(¥,) = by.

(E) Next, let by, be the mid-point of [by, by], Yo that of [y, ¥ol,
and define f(Yp)=0bon. Let Toy=—Yo. It is necessary to map x,, into
some point ag of the interval [a, a,]. To this end, suppose that
@by, = 0 = ayby. Then by (A) above [a,, ay] S A(by;). In this case
choose @, to be the mid-point of [a,, a,]. If, on the other hand, aby, =
0 # by, then let ayp, = ay; if aboy = 0 = ayby,, let ay, = a,,.  Finally,
if @by #= 0 = aybyy, then, on applying (C) with ¢ = by, b = ay, ¢ = ay,
d = by, e = by, it follows that A(b,,) S (ay, @,). In this case, choose
oy, arbitrarily in A(by,). Similarly, let b, be the mid-point of [b,, b,];
by an argument similar to the one above, there exists ay; € [ay, @] such
that a,,b,; = 0. Choose the appropriate ¥y, %, in F and define f(x,,) =
oy, S (Yor) = boyse

(F) In the next stage, mid-points @y, of [@y, %nl, Feon OF [Cosi, Cul, oo
of [y, ¢u] and @y of [, @] are chosen as images of the appropriate
x;. As many as two of the four intervals listed may be degenerate;
it is still possible to choose a ‘‘ mid-point ’. Suppose, for example,
that e, = @y = Quo,.  Then oo by = 0 = ooy - by, hence by (E) above,
by, may be chosen as the mid-point of [b,, byy].

(G) At any stage, suppose a; is the mid-point of [a;, @,]. It is
then necessary that b, € [b;, b,]. By examining the products ab; and
ab,, b, may be chosen precisely by means of the argument used in
part (E). A dual argument is obvious in the event that the original
choice of mid-point is from a subinterval of [b,, b,], rather than [a,, a,].



44 DENNISON R. BROWN

(H) By (G) it may be assumed that f has been defined on a dense
subset D of F' into B. The image subset f(D) is dense in B, since
lengths of complementary intervals clearly approach zero. Also, f is
monotonic within [x,, «,] and [¥,, ¥:]. It is therefore possible to extend
f to a continuous map of F' onto W. Furthermore, choose ¢ F. It
must be shown that f(x)f(— «)=0. Let xelw, «,]. It may be as-
sumed that xz¢ D; let {z}—2, {x}=D. Then {— x}— — 2 and
{—2<D. By the continuity of f, {f(z)}— f(z), {f(—x)}— f(— ).
Finally, {0 = f(z,) f(— z,)} — f(x) f(— x), by the continuity of multi-
plication in S. Hence f(x)f(— x) = 0.

(I) From the discussion prior to (A), the function f* is now well
defined from W into S, and the following diagram is commutative:

w — ', s

T T

FxF-77 . pxB

Since F' is compact, f* is continuous; by Theorem 4, f* maps W onto
S. It remains to show that /* is a homomorphism. Let ab =ce W, and
suppose ¢ = wx, b = yz, with w, z, ¥y, 2¢ F. Then ¢ = wayz. If ¢ # 0,
then recall that one of these factors of ¢, say w, must have the pro-
perty that x, y, z are all in the same component of F\{w, — w}. Sup-
pose further that {z, 2z} = [w, y] S {w, —w], where all intervals represented
are counter clockwise. Then ¢ = wy, hence f*(¢) = f(w)f(y). On the
other hand, since f is monotone on {[w, y], {f(z), fR)}ES[f(w), f(y)]
in B, and f(— w)e [f(y), f(w)]. If f(y) = f(— w), then f(w)f(y) = 0=
f*e) = fHa)f*b). If fly) # f(— w), then by the corollary of Lemma
2, [f(w), FPIS M(f(w) f(y), hence f*(a)f*(b) = f(w)f(x)f(y)f(z)=
fw)f(y) = f*(c).. The other cases are handled similarly.

If ab=¢=0in W, again with ¢ = wx, b = yz, then it must be
shown that f(w)f(x)f(y)f(z) = 0. Since ¢ =0, z,y, 2z cannot all be in
the same component of F\{w, — w}. Suppose ¥ is in one component
of F\{w, — w}, and {x, 2} in the other. Then, within the component
containing {x, 2}, — ¥ must be separated from — w by one of =z, z;
otherwise w, x, 2, are in the same component of F\{y, — y}. Suppose
2 separates — y from — w. Then, applying the corollary to Lemma
2, —y € M(wz). Hence f(—y)e M(f(w)f(x)), and therefore

FH(@) f*b) = f(w) f@) f@) f(2) = [f(—y) fw) f(@)]f(¥)[(z)
= [ (=) fWIf(w) f(@) () = 0 = f*() .

The remaining cases are similar. This completes the proof.
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5. Remarks on the general case. It is easy to construct a
TSL in which M(x) fails to be connected for some x. For example,
let J be the arc subsemilattice of I x I consisting of

{0y x DU L} x ) u I x{0h .

Then M ((0, y)) is not connected for any y > 0. Similarly, the product
TSL on the disk J xJ contains points of this nature. For a more
complicated example, let K be a subset of IxI defined as follows:
Let a canonical Cantor set C be constructed on the arc I, and let D,
be the union of the open intervals deleted from C at the tth stage in
its construction. Let K, = {(z,y):2eD,, 3" —1)/3¥ =y =<1}. Let
K= ({IxI\U;K;,. Then K is a subsemilattice and is topologically a
disk. Set 2= (0,1). Then M(z) is a Cantor set.

LEMMA 3. Let S te any compact connected metric TSL with
identity., Let A = {o:M(x) is a connected subset of S}. Then xc A
iof and only if x lies on an arc chain containing 1.

Proof. Suppose x€ A. Then M(x) is a compact connected TSL, and
by Theorem A, there exists an arc chain 7" from 1 to . Conversely, let
T be an arc chain from 1 to x. Clearly TS M(z). Let ye M(x).
Then y7T is connected, and contains « and ¥, and is a subset of M (x).
Hence every element of M(x) is connected to 2 by a connected subset
of M(xz), and therefore M(x) is connected.

Recall that, if {A4,},c. is a collection of closed subsets of a space
S, then lim sup{A4,} = {xe S; if ze U, U open in S, nec w, then there
exists m > n such that 4, N U = O}.

THEOREM 7. Let S and A be as im Lemma 3. Then A is a
compuct connected subsemilattice of S containing 0 and 1.

Proof. Clearly 0,1¢ A. Let x,yc A4, and let I, J be arc chains
from 1 to z,, respectively. Then IU xJ is an are chain from 1 to
a2y; by Lemma 3, 2y A. Hence A is a subsemilattice. Furthermore,
since 1S A, every element of A lies in a connected subset of A which
also includes the element 1; hence A is connected. It remains to show
that A is closed. Let {x,} be a sequence in A4, and let {xz,} converge
to x. For each n, let T, be an arc chain from 1 to x,. Let T = lim
sup{T,}. The set T is known to be connected [12]. To see that
T < M(x), choose ac T, let {a,} cluster to a,a,€ T,. Then {z,}={a,z,}
clusters to ax, hence ax = x. Therefore ¢ € M(x), and « is connected to
1 inside of M(x). It now follows easily that every element of M(x)
lies in a connected set containing x within M(x), hence x € A and the
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proof is complete.

In all examples on the 2-cell known to the author, A is also lo-
cally connected; it is conjectured that if S is locally connected, then
A is also. Indeed, it may be that A is a homomorphic retract of S.

If S is not assumed to have a 1, none of the conclusions of the above
theorem need hold. In particular, certain subsemilattices of the TSL
J x J mentioned earlier in this section fail in these respects.
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SOME INEQUALITIES FOR SYMMETRIC MEANS

P. S. BULLEN

This paper was received before the synoptic introduction
became a requirement,

1. In two recent papers, [3, 4], Everitt has generalised certain
known inequalities, by replacing the known monotonicity of certain
set (or sequence) functions by super-additivity; the sequence functions
are zero if all the terms of the sequence are equal.

Included in the inequalities generalised is one due to Rado, [5,
p. 61]. Bullen and Marcus, [1], recently proved a multiplicative ana-
logue of this inequality and a generalisation to symmetric means. It
is one of the intentions of this note to show that the corresponding
sequence function, which is 1 when all the terms of the sequence are
equal is logarithmically super-additive, (Corollary 5, below). Further
properties of these sequence functions are then investigated.

2. (a)=(a, -+-, a,) will denote an m-tple of positive numbers.
E(a), 1 £ r < m, is the rth elementary symmetric function of (a),

(1) E =E(@=Xa, BE=1,

the sum being over all »-tples, ¢, +-+,%,, such that 1 =<4, < -+ <1, < m.
P,(a) is the mean of E (a),

(2) P, =P =) B, .

Ifm=n+gq @=(@a,--,a,), (@ = (@, ***, ¢+, and correspond-
ingly E. = E. @), E.= E.&), etc., if » has suitable values. When
4 = 1 the symmetric means are arithmetic means and will be written
P, =A4,,, P=A4, P =2A4, Sinilarly, P,., Pn,NPq are powers of

geometric means and will be written G+, G2 and GY respectively.

3. It is known, [5, p.52] that
(3) s <t implies P! = P¢, with equality if and only if ¢, = +-+- = a,,.

It is easily seen from (1) that

(i) if s < min(n, q) then E,= S E, K,
t=0

(i) if s > max (n,q) then E, = S, B, J .1,

t=

0

Received June 3, 1963. This research was supported by the U. S. Air Force
Office of Scientific Research.
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(i) if ¢<s=n then E, = S, B,
t=0

Using these identities and (2) we have

LemMA 1. (i) If1=s=n-+g¢q

(4) P, = > \"P_P,,
t=u
where v =max (s —n,0), v =min(s,q), M =A" =1 and ¢t / 0, s,

R LO) O] VA G

(i) In particular if a,,, = +++ = a,., = B then

(5) P, = S\\"P_ 8,

and tf in addition a, = --+ = a, = «,

(6) P, = S Mgt
t=u

When ¢ =1 this reduces to formulae (2) and (4) of [1].
4. We are now in a position to state and prove

THEOREM 2. Let 1=r=k=mn+q and uw = max (r — n,0), v=
min (r, q), w = max (k — n,0), x = min(k, ¢). Then
Q) Wfrv=wand r—u=sk—u

PTk/T - P;E;x)/(r—u) va/u

7 = = )
( ) Pr o Pk——x Pw
) of v=w
Pk/'r ~w/v
8 —_= =,
(8) 2 23
with equality in each case 1f and only if either r=kor a,= -+ =a,.,

Before proceeding with the proof it should be noted that the con-
dition v =< w becomes r — w =< k — 2 if n and ¢ are interchanged. So
if * —u = k — « inequality (8) holds, with the role of » and ¢ inter-
changed; or equivalently P}"/P, = P%;=/—»/P, .. If neither v < w
nor r — % = k — « then, from (3), nothing is true. The condition
v =< w is equivalent to min (7, ¢) < max (k — 7, 0) and for this either
r<qandk=mn-+7rorr=qand k=n+ ¢; that is k = n + v. For
both v=w and r —n =k — x either r <min(n,q) and k= r +
max (n, ¢) or » = min(n,q) and k = n + q.

Proof of Theorem 2. If r = k the results are trivial so assume
r < k. Rewrite (7) as
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__ P P
- P}:_qu: = PT[(_ku—w)/(r—u)]rﬁ;ﬂr/u

By (4) with s =17

A

L =R.

v — ~ \Fk
(9) Pf:(E)\,E’) r—tPt> .
t=u
Using (8) on each term of this sum
v = ~ k
P = (3 nr Bt Pie)

By (6) the right hand side of this inequality is the kth power of the
rth symmetric mean of b, -+, b,,, where b, = -++ = b, = P¥"% and
byir= +++ =b,,, = P}, Using (3), (6) and » < k this gives

@x —_ ~ r
P"{c g <Z Xék)P;E;t)/(r—u)Ptlu)
t=w
—_ ~ x — ~ r
— Pq!:iku—:c)/(r—u)]rpwr/v<z kgk)PT(f;t)/(r-—u)P;t—-w}/u) .
t=w
On rewriting we get,
2 i ~ r
Rz (PP ) = 8, say
=w
Similarly by (4)

(10) Pr= ( S x;k>PkHtﬁt>r )

t=w

Using (3) on each term of this sum gives

x —_— ~ r
P; < (3 MpPz e Py
=w

—_ 2 = o~ "
= PPy S Pizoie— pymore)

t=w

Rewriting we have that

L= (SunPitisoPyon) = T, say.
t=w

By the condition in (i) and (3), T'< S, which proves (7). Some terms
in the above proof become undefined in certain limiting cases. If they
are defined to be 1 the proof is then correet. Finally, since r <k,
the inequality is clearly strict when (3) is. This completes the proof
of (i).

To prove (ii) the procedure is similar except that when (3) is
applied to the right hand sides of (9) and (10) it is applied to the



50 P. S. BULLEN

second part of each term only, that is to P, The analysis is then
the same with (5) being used instead of (6).

COROLLARY 3.

~

A nte AN A\
: ()= (22
( ) Gn—HI > Gn Gq
with equality if and only tf a, = +++ = @,y

Proof. From Theorem 2(i) with »r =1, k=n + q.

COROLLARY 4. Ifl=r=<s=n then

s+1 Ds
(12) Lo o B
P, - P

and in particular

a3 (&) =(5)"

n

%

with equality ©f and only &1f a, = <<+ = @y,

Proof. From Theorem 2 (ii) with k¥ =s + 1, n = 1. These results
are those in [1].

Finally if r{(e)} = r(a) = (4,./G,)™ then we have
COROLLARY 5. log r{(@) U (@)} = log r(@) + log r(@).

5. The above inequalities (11), (13) and that due to Rado, [5,
p. 61] can be further generalised by the use of weighted means. Let

(w) = (w,, *++, w,) be an m-tple of nonnegative numbers, not all zero.
Define

W,=w,, W.>0,
i=1

yw,

1 ¢ g
— Aw) — a. = G —= Wi

It is known that

14) G, < A,, with equality only when a,= --+- =gq, .

A generalisation of Rado’s inequality and (13) is given by
THEOREM 6.

‘(15) Wn(An - G’r) = Wn+1(An+1 - G'n+1) ’
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with equality 1f and only if @, = +++ = a,.,.

Proof. The proofs are exactly those of the special cases. As
direct proofs were not given in [1] they will be given here. In particu-
lar the proof of (15) is simpler than that suggested in [5].

(15) is equivalent to G, = (W, /W,.)G, + W,/ W, 1)@, = U, say.

. Wy
() Gy = GRrITasvalf /e

<=U

by an application of (14).
Similarly (16) is equivalent to

Wano
Ay Z AZWeGIE I = Y, say

but
8) A= A+ 0
=V,

by an application of (14).
In a similar way we can prove

THEOREM 7.

W'/H'p(AfrH'q - Gn+q) g Wn<gn - Gn

with equality t1f and only if a,= -+ = a,.,.

+
§z
=
|
5)1

Generalisations along the same lines are possible for the inequalities
(7), (8) and (12). Suppose (wa) = (w.a,, + -+, w,a,); then define

F(a) = L (wa) ,
E(w)
a generalisation of P.(a), to which it reduces if w,= +-- =w, # 0.
The two m-tples (@), (w) will be said to be similarly ordered if for all
i J, @ = a; (a; = a;) implies w; = w; (w; = w,).

THEOREM 8. If (¢) and (w) are similarly ordered then

(i) s<timplies F¢ > F¢, with equality iof and only if a,=---=a,,.

(i1) tmequalities (7), (8) and (12) hold, subject to the relevant
.conditions, with P replaced by F.
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Proof. The proof of (i) is exactly that of (3), [5, p.53]. Then
the inequalities follow as before.

The requirement that (a) and (w) be similarly ordered is essential
as the following example shows. If (@) =(1,1,2) and (w) = (2,1,1)
then F| < Fj* but F}? > F}{®. The extreme case s=1, t = m of (i)
is a weaker form of (14) since FY™ is the unweighted geometric mean
whereas F), is the weighted arithmetic mean with the larger numbers
having the larger weights.

6. In recent papers Diananda, [2] and Kober [6], have investigated
further properties of A, — G,. We will now prove multiplicative
analogues of their results. Let (w)= (w, ---,w,), w, >0, W,=1
and define

G G,
L _ ﬁ (a};/za;-l/z + a;.—l/za?lz >
=" 2 ’
"= 2 ’

w = min (w,, ++-,w,), W=max (w,, +-+, w,).

THEOREM 9.
19 Ly~ < R,< EY,
(20) AV < R
with equality if and only if a, = -+ = a,.
Proof. The proofs of (19) and (20) are similar so only that of (20)

will be given. Writing a = 1/(1 — w) the left hand inequality in (20)
can be rewritten as

(21) Gl = A,

where

i, = J1 (L™,
i5=1 2

The left hand side of (21) is equal to

S
[l (ai + aj> owiw 5 ﬁ a(“w%”]'(l'—“)wi} .
1si<jsn 2 i=1

Since aw?+ (1 — a)w; =0 and Djiqic;za 20w,w; + 37— {awi + (1 — ayw; =
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1, an application of (14) gives (21).

The proof of the right hand inequality in (20) is slightly longer.
The proof is by induction on 7 and the result is trivial when n = 1.
By rewriting, the inequality is equivalent to

_ AG
(22) Bala) = T = 1.

n

Using (17) and (18) it is easy to show that

(@ = AL = WA b w0 G gt
(@) =

n—1 2w W,
Hn_1’H<ai + an)
=1 2

In particular therefore, if ¢, = -+ =¢a,; = «,

. {(1 — wn)a + wnan}"’a‘l‘wn)(’”n“wa;fn“—’”n“w’
»(23) Bn(a) - (an + o )an(h—wn)
2
Further if v = min (w,, +++, w,_;) then v = w and
Av _ Gl—v
Bn— (ar Tty a/n—l) - #—.L—\:zl_
1\ H}filf““'

Now, since 1 —w, —w=0and w+ 1—w,)1—w)+w,l—w,—w) =
2w,(1 — w,), an application of (14) to (23) demonstrates (22) in this
special case.

If we now assume B, ; = 1 then

o = Ba ML= WAy + 0,0, GUT I g O
n = — 2 .
' Araze? T <“i + a, )2”’“”"
e
i=1 2
Y W e e
= n[—_f <C(/i + a/n >2wiw”
i=1 2

using (14). Without any loss of generality we can assume that a, =
max (a,, **-, @,), when in particular a, = A,_,. Then

(@ = AL = WAy + w,a,}P Al gt
n

= <C(/" + Anr—l )an(l—wn)
2

IA

1,

by the particular case (23) with ¢ = A4,,_,.
The cases of equality are immediate.
It might be remarked that if W’ is second largest and w' the
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second smallest of (w) tnen
1<L»w <4, <L,

It is possible to generalise Holder’s inequality using Theorem 9.

THEOREM 10. Let a; =0 (t=1,+++,m, =1, ---,n) and

Say=5>0  (G=1-,m).
Then
Dﬁs}”j iiﬁa},};iédﬂ sYi
= v=la=l =1

where

D = min (1, L, 4)

d = max (I, \)
and

L = maX L; (w/n~1)(ai1’ cee, am) — m.aX L;(iw/n~1>
* %

= max A;“/l‘w(aﬂ N am) = max AZ?”‘M
g K

b
I =min L7,
T

A = min A" .
i

Proof. A simple modification of the usual proof [5, p.23] using
Theorem 9 instead of (14).
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ON ARITHMETIC PROPERTIES OF COEFFICIENTS
OF RATIONAL FUNCTIONS

DAviD G. CANTOR

The purpose of this note is to prove the following gener-
alization of a result of Polya:

TareoreMm. Let {a,} be a sequence of algebraic integers,
and f a nonzero polynomial with complex coefficients, If
Sm=0 S (M)a,z" is a rational function, then so is >i.—; @.2".

Polya [3] has proved that if > ;na,2" is a rational function, then
so is > ,a,2". It follows immediately from Polya’s result that if %
is a rational integer and >};_,(n — k)a,z" is a rational function, then
so is >r,a,2". It is then easy to prove inductively, that if f is a
polynomial with complex coefficients, all of whose roots are rational
integers, and if >.7., f(n)a,2" is a rational function, then so is >'7, a,2".

Suppose K is an algebraic number field and A < K is an ideal.
If « and B are algebraic numbers in K, we say, as usual, that « = B(A4),
if there exists a rational integer r, relatively prime to A, such that
ra and rB are algebraic integers and (ra — rB)e A. We say that A
divides the numerator (denominator) of a if & = 0(4) ((1/a) = 0(A4)).
We denote the norm of the ideal A by NmA.

LEMMA 1. Let K be an algebraic number field and o€ K an
algebraic number. Then the set of those prime ideals of K which
divide the numerator of some element of the sequence {k — a:k =
1,2,8,--} is infinite.

Proof. Suppose 7 is a rational integer such that n« is an algebraic
integer, and suppose P,, P,, ---, P, are the only prime ideal divisors of
the sequence {nk —na:k=1,2,3,---}. Now Nm(nk — na) is a non-
constant polynomial g(k) with rational integral coefficients. Hence for
each rational integer k, there exist rational integers s, s, ++-, s, such
that g(k) = F1[;-, (NmP,)**. Thus there are only finitely many rational
primes which divide some element of the sequence {g(k) : k= 1,2,3,---}.
But this is false [2, p. 82].

REMARK. A less elementary proof of Lemma 1 is obtained by
observing that if P is a prime ideal with residue class degree 1, and
not dividing the denominator of «, then there exists a rational integer
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% such that n = a(P); since the set of such prime ideals has Dirichlet
density 1, among all prime ideals, there are infinitely many of them.

LeEMMA 2. Suppose {a,} is a sequence of algebraic integers and
« is an algebraic number. If S7,(n — a)a,z" is a‘rational function
then s0 18 Do Q2"

Proof. Since .2, (n — a)a,z” is a rational function, there exist
distinet nonzero algebraic numbers 4., 6,, - -+, §,, and polynomials with
algebraic coefficients A\, Ay, +++, \,, such that

(1) (n — a)a, = 3 \(n)07

for all n = n,, where n, is a rational integer. By replacing the sequence
{a,} by the sequence {a,.,} if necessary, we may assume that (1) holds
for all # = 0. Let K be an algebraic number field which contains «,
the coefficients of the )\;, and the ;. Choose a rational integer & and
a prime ideal P C K such that P divides the numerator of ¥ — « and
does not divide the numerator or denominator of «, the 6,, the dif-
ferences (6, — 0;) (2 # j), and the coefficients of the \;; by Lemma 1,
there are infinitely many choices for the prime ideal P. Suppose that
NmP = p* where p is a rational prime. We substitute n = k + jp’
in (1), where j is a rational integer:

( + jp" — @), = 3 \lk + jp)osHse
Since p* = 0(P) and k = a(P), we obtain
0= g A (@)05017 (P) .
But 6" = 0i(P), hence
(2) S @) = 0(P) .

The m equations obtained from (2) by successively substituting 7 =
0,1,2,+--+,m — 1 are linear in the \,(a) and have as determinant
I, 6% times the Vandermonde determinant det [|6i|,1=¢=m,0=
j = m — 1, which is not =0(P), since P does not divide any of the
6; or the differences (0; — 6;) (+ # 7). Hence

(3) M) =0P),l=i=m.

By Lemma 1, (3) is true for infinitely many prime ideals P, hence
N(@) =0,1=¢=m. It follows that the polynomials \,(n) are divis-
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ible by n — a. Put g(n) = M®m)/(n — a); #(n) is a polynomial with
algebraic coefficients. By (1)

a, = 3 1 (m)p; -
Thus 357, a,2" is a rational function.

LEMMA 3. Suppose {a,} is a sequence of algebraic numbers and
fis a nonzero polynomial with complex coefficients. If >7, f(n)a,z"
is a rational function, then there exists a nonzero polynomial g with
algebraic coefficients snch that >, g(n)a,z" is a rational function.

Proof. There exist distinct nonzero complex numbers 6,, 6,, --+, 9,
and nonzero polynomials with complex coefficients A, Ay, -+, A, such
that

(4) fva, = S nmer

for all large n. Without loss of generality, we may assume that (4)
holds for all » = 0. In what follows, all fields are considered as sub-
flelds of the field of complex numbers. Denote by 2 the field of
algebraic numbers, and by L the smallest field which contains 2, the
0;, and all of the coefficients of the polynomials f, Ny, Ny, *++, N,
Since L is finitely generated over £, it has a finite transcendence
basis x,, @,, -+, 2,. Each of the 8,, the coefficients of the \,, and the
coefficients of f satisfies an irreducible polynomial equation whose
coefficients are elements of Q[x,, ,, <+, x,]. Let hy, hy +++, b, be all
of the nonzero coefficients of these polynomials; A, ks, -+, h, are poly-
nomials in x,, ,, + -+, 2, with coefficients in £. Since there are only
finitely many such polynomials, there exist algebraic numbers &, &,,++-, &,
such that A(¢,&,:-+,&)+#0,1<1=<s. The map z,— & gives rise
to a homomorphism of the ring Qfx,, ., -+, x,] onto £, which is the
identity on 2. By the extension of place theorem [1, p. 8], this homo-
morphism can be extended to a place @ : L — 2, which is the identity
on 2. If ae L, we denote by & the image of & under @ and if b is
a polynomial, b(n) = S¢_, bn* with coefficients b, € L, we denote by b
the polynomial with b(n) = 3, bni. The 6, and the coefficients of
Iy My Ng, ¢+, N, satisfy nonconstant polynomials g¢,, ¢,, «*+, g, with non-
zero constant term; the nonzero coefficients of these polynomials are
the h;. Under the place ¢ the k; go into finite nonzero algebraic
numbers #;. Hence the polynomial g, has the same degree as g,, all
of its terms are finite, and its constant term is not zero (1 <k = v).
The §;, and the coefficients of f, X;, X, *++, N, are roots of these poly-
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nomials; hence the 6§, are finite, nonzero algebraic numbers, and the
fo Xy, Ny, *+*, N, are nonzero polynomials, with finite, algebraic coef-
ficients. Applying the place ¢ to both terms in (4), and putting f= g,
yields, since @, = a,,

gma, = 3, Ni(n)0} .
Hence

2 9(m)a,e" = YD Ni(n)orz"

is a rational function, and ¢ is a nonzero polynomial with algebraic
coefficients.

Proof of theorem. By Lemma 3, we may assume that f has alge-
braic integer coefficients. Let a be a root of f and g(n) = f(n)/(n — «);
by the lemma of Gause, g(n) is a polynomial with algebraically integral
coefficients. Put b, = g(n)a,; {b,} is a sequence of algebraic integers and
S (n — a)b,z" is a rational function. By Lemma 2, so is 3,7, 0,2".
Proceeding inductively, on the degree of f, we see that >\7,a,2" is a
rational function.

REMARK. By the Remark following Lemma 1, one can replace, in
the theorem, the requirement that the a, be integers, by the require-
ment that the set of prime ideal divisors of the denominators of the
a, has Dirichlet density less than 1 among all prime ideals.

Let f(z) = .7, a,2", where the a, are rational integers. Polya’s
theorem then asserts that if f’(z) is a rational function, so is f(z). The
corresponding assertion of our generalization of Polya’s theorem is: Let
f(® = >7, 22" be a power series with algebraically integral coefficients.
If there exists a nonzero differential operator L, of the form L =
S c(zd/dz)" (¢; complex numbers), such that Ljf is a rational func-
tion, then so is f(z).
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DEDEKIND DOMAINS AND RINGS OF QUOTIENTS

LUTHER CLABORN

We study the relation of the ideal class group of a
Dedekind domain A to that of Ag, where S is a multiplicatively
closed subset of A. We construct examples of (a) a Dedekind
domain with no principal prime ideal and (b) a Dedekind
domain which is not the integral closure of a principal ideal
domain, We also obtain some qualitative information on the
number of non-principal prime ideals in an arbitrary Dedekind
domain,

If A is a Dedekind domain, S the set of all monic poly-
nomials and 7 the set of all primitive polynomials of A[X],
then A[X s and A[{X ], are both Dedekind domains. We obtain
the class groups of these new Dedekind domains in terms of
that of A.

1. LEMMA 1-1. If A is a Dedekind domain and S 1is a multi-
plicatively clossd szt of A such that Ay is not a field, then Ay 1is
also a Dedekind domain.

Proof. That Ay is integrally closed and Noetherian if A is, follows
from the general theory of quotient ring formations. The primes of
Ag are of the typ2 PA,, where P is a primz ideal of A such that
PNS =¢. Since height PAy = height P if PNS = ¢, P+ (0) and
PNS = ¢ imply that height PAy = 1.

ProposITION 1-2. If A is a Dedekind domain and S is a multi-
plicatively closed set of A, the assignment C— CAy is a mapping of
the set of fractionary ideals of A onto the set of fractionary ideals
of Ag; which is a homomorphism for multiplication.

Proof. C is a fractionary ideal of A if and only if there is a
de A such that dC & A. If this is so, certainly dCAg & Ay, so CAg
is a fractionary ideal of Ay Clearly (B-C)As = BAy-CAg, so the
assignment is a homomorphism. ILet D be any fractionary ideal of
Ag. Since Ay is a Dedekind domain, D is in the free group generated
by all prime ideals of Ay, ie. D=Q%.-- Q. For eacht=1, .-+, k
there is a prime P, of A such that Q, = P;A;. Set E = Pj ... Pk,
Then using the fact that we have a multiplicative homomorphism of
fractionary ideals, we get

Received December 13, 1963,
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EAg = (P Ag)* ++ - (P Ag)x = Qi1 « -+ Qjk,

COROLLARY 1-3. Let A be a Dedekind domain and S be a multi-
plicatively closed set of A. Let C (for C a fractionary ideal of A
or Ag) denote the class of the ideal class group to which C belongs.
Then the assignment C — CAg is a homomorphism @ of the ideal
class group of A onto that of As.

Proof. It is only necessary to note that if C = dA, then CAgz =
dAs.

THEOREM 1-4. The kernel of ¢ s generated by all P, where
P, ranges over all primes such that P,NS # ¢.

It P,NS # ¢, then P,A;s = As. Suppose C is a fractionary ideal
such that C = P,, i.e. C = dP, for some d in the quotient field of
A. Then CAy = dP,As = dAg, and thus CAy is the principal class.

On the other hand, suppose that C is a fractionary ideal of A
such that CAs = ©4s. We may choose 2 in C. Then C-*.zA4 is an
integral ideal of A, and (C-'-xA)As = As. In other words, C*-24 =
Pfi... P{t, where P,NS # ¢,4=1,+++,1. Then C= P71, ..., — P/,
completing the proof.

ExAMPLE 1-5. There are Dedekind domains with no prime ideals
in the principal class.

Let A be any Dedekind domain which is not a principal ideal
domain. Let S be the multiplicative set generated by all II,, where
I1, ranges over all the prime elements of A. Then by Theorem 1-4,
Ag will have the same class group as A but will have no principal
prime ideals.

COROLLARY 1-6. If A s a Dedekind domain which 4s mot a
principal ideal domain, them A has an infinite number of non-
principal prime ideals.

Proof. Choose S as in Example 1-5. Then Ag is not a principal
ideal domain, hence has an infinite number of prime ideals, none of
which are principal. These are of the form PAg, where P is a (non-
principal) prime of A.

COROLLARY 1-7. Let A be a Dedekind domain with torsion class
group and let {P,} be a collection of primes such that the subgroup
of the ideal class group of A generated by {P,} is not the entire
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class group. Then there are always an infinite number of non-
principal primes mot in the set {P,b}.

Proof. For each «, chose n, such that Pje is principal, say =
A-a,. Let S be the multiplicatively closed set generated by all a,.
By Theorem 1-4, Ay is not a principal ideal domain, hence Ay must
have an infinite number of non-principal prime ideals by Corollary 1-6.
These come from non-principal prime ideals of A4 which do not meet
S. Each P, does meet S, so there are an infinite number of non-
principal primes outside the set {P.,}.

COROLLARY 1-8. Let A be a Dedekind domain with at least one
prime ideal in every tdeal class. Then for any wmultiplicatively
closed set S, As will have a prime ideal in every class except pos-
stbly the principal class.

Proof. By Corollary 1-3, every class of Ag is the image of a
class of A. Let D be a non-principal class of Ay. D = CAy, where
C is a fractionary ideal of A. By assumption, there is a prime P of
A such that P=C. If PAy= Ag, then CAg is principal and so D is
the principal class of A;. This is not the case, so PAs is prime, and
certainly PAy = CAg = D.

ExAMPLE 1-9. There is a Dedekind domain which is not the
integral closure of a principal ideal domain.

Let A= Z[V —5]. A is a Dedekind domain which is not a
principal ideal domain. In 4, 29=(8+2 1V —5)-83—-2 1 —5). It
follows from elementary algebraic number theory that /7, =3 + 217 — 5
and /I,=8 — 2 1V — 5 generate distinct prime ideals of A. Let S =
{II*};s,. Then Ay is by Theorem 1-4 a Dedekind domain which is not
a principal ideal domain. Let F' denote the quotient field of 4 and @
the rational numbers. Ay cannot be the integral closure of a principal
ideal domain whose quotient field is F' since principal ideal domains
are integrally closed. If Ay were the integral closure of a principal
ideal domain C with quotient field @, then C would contain Z, and
II, and II, would be both units or nonunits in Ay (since I, and II,
are conjugate over Q). But only I/, is a unit in Ag.

REMARK 1-10. Example 1-9 settles negatively a conjecture in
Vol. T of Commutative Algebra [2, p. 284]. The following conjecture
may yet be true: Every Dedekind domain can be realized as an Ag,
where A is the integral closure of a principal ideal domain in a finite
extension field and S is a multiplicatively closed set of A.
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2. LEMMA 2-1. Let A be a Dedekind domain. Let S be the
multiplicatively closed set of A[X] consisting of all monic poly-
nomials of A[X]. Let T be the multiplicatively closed set of all
primitive polynomials of Al X (i.e. all polynomials whose coefficients
generate the unit ideal of A). Then A[X]|s and A[X]: are both
Dedekind domains.

Proof. A|X] is integrally closed and noetherian, and so both
A[X]s and A[X], are integrally closed and noetherian. Let P be a
prime ideal of A[X]. If PNA =+ (0), then PNA =@ is a maximal
ideal of A. If P+ QA[X], then passing to A[X]/QA[X], it is easy
to see that P = QA[X] + f(X)-A[X] where f(X) is a suitably chosen
monic polynomial of A[X |. In this case PNS # ¢, so PA|X]s = Al X]s.
Thus if PNA =+ (0) and PA[X]s is a proper prime of A[X]s, then
P=QA]X] where Q@ = PN A. Then height P= height @ =1. If
PN A =(0), then PK[X] is a prime ideal of K[X] (where K denotes
the quotient field of A). Certainly height P = height PK[X] =1, so
in any case if a prime P of A[X] is such that PNS = ¢, then height
P < 1. This proves that A[X]s is a Dedekind domain. Since SE T,
A[X]r is also a Dedekind domain by Lemma 1-1.

REMARK 2-2. A[X], is customarily denoted by A(X) [1, p. 18].
For the remainder of this article, A[X]¢ will be denoted by A

ProposiTiON 2-3. A' has the same ideal class group as A. In
fact, the map C — CA" is a one-to-one map of the ideal class group of
A onto that of A

We can prove that C — CA' is a one-to-one map of the ideal class
of A into that of A by showing that if two integral ideals D and ¥
of A are not in the same class, neither are DA' and EA'. Suppose
then that DA' = EA". This implies that there are elements f; (X),
g:{(X), =12 in A[X] with g,(X) monic for ¢ = 1,2 such that

pa. LX) pa LX)

9. (X) g:(X)
Let a; be the leading coefficient of f,(X) for 4= 1,2, and let de D.
Then we get a relation

g. LX) _ e LX) %) monie,

9:(X) 9(X)  ¢:(X)

where ¢(X) can be chosen as a polynomial in A[X] all of whose coef-
ficients are in K. This leads to d g,(X)- fi(X)-9(X) = e(X) - f,(X) - g.(X).
The leading coefficient on the right is in a,-E. This shows that a,-D
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D Z q,-E. Likewise a,-E S a,-D, thus a,D =a,-E and D = E.
To prove the map is onto, the following lemma is needed.

LeMMA 2-4. Let A be a Dedekind domain with quotient field
K. To each polynomial f(X)=a, X"+ -+ — + a, of K[X] assign
the fractionary ideal c¢(f) = (@,, -+, a,). Then ¢(fg) = c(f) c(g).

Proof. Let V, (for each prime P of A) denote the P-adic valua-
tion of A. It is immediate that V,(c(f)) = min V,(a;). Because of
the unique factorization of fractionary ideals in Dedekind domains, it
suffices to show that V,(c(fg)) = V,(c( f)) + Vu(c(g)) for each prime
P of A. This will be true if the equation is true in each A,[X].
But A, is a principal ideal domain, and the well-known proof for
principal ideal domains shows the truth of the lemma.

To complete Prop. 2-3, let P be a prime ideal of A'. The proof
of Lemma 2-1 shows that if PNA +# (0), then P = QA" where @ is a
prime of A. Thus P = QA" and ideal classes generated by these primes
are images of classes of 4. Suppose now that P is a prime of A'
such that PNA = (0). Let P'= PNA[X]. Then P'NA=(0), and
P*-K[X] is a prime ideal of K[X]. Let P"K[X]= f(X)K|X]; we
may choose f(X) in A[X]. Let C = ¢(f). Suppose that g(X)-f(X)e
A[X]. Then because ¢(fg) = (¢(f)) + (c(g)) = 0 for all P, g(X)e C-
A[X]. Conversely if g(X)e C'-A[X], then ¢g(X) f(X)e A[X]. Thus
P'= f(XHK[XINA[X] = C - A[X]- f(X)A[X], and P= P*A'=C*-
A f(X)A'. This gives finally that P = C“A', and the class is an
image of a class of A under our map. Since the ideal class group of
A' is generated by all P where P is a prime of A', this finishes the
proof.

COROLLARY 2-5. A! has a prime tdeal in each ideal class.

Proof. Let w be any nonunit of A. Then (wX + 1) K[X]NA®
(= (wX + 1)A4Y) is a prime ideal in the principal class. Otherwise let
C be any integral ideal in a nonprincipal class D™ C can be
generated by 2 elements, so suppose C = (¢, ¢,); then @ = (¢ + ¢, X)-
K[X]NA"is a prime ideal in C7A! = D.

ProposITION 2-6. If A is a Dedekind domain, then A(X) is a
principal ideal domain.

Proof. Since A(X) = A}, Corollary 1-3 and the proof of Corollary
2-5 show that each nonprincipal class of A(X) contains a prime QA(X),
where @ is a prime ideal of A of the type (¢, + ¢; X)K[X]N A%
Clearly @ NA[X]= (¢, + e, X)K[X]NA[X]=C A[X]-(c, + . X)A[ X | &



64 LUTHER CLABORN

PA[X] for any prime P of A. Thus there is in @ N A[X] a primitive
polynomial of A[X|. Thus QA(X) = A(X). Theorem 1-4 now implies
that every class of A becomes principal in A(X), ie. AX) is a
principal ideal domain.

REMARK 2-7. Proposition 2-6 is interesting in light of the fact
that the primes of A(X) are exactly those of the form PA(X), where
P is a prime of A [1, p. 18].

REMARK 2-8. If the conjecture given in Remark 1-10 is true for
a Dedekind domain A, it is also true for A'. For suppose A = By,
where M is a multiplicatively closed set of B and B is the integral
closure of a principal ideal domain B, in a suitable finite extension
field. Let S, S', and T be the set of monic polynomials in A[X],
B[X], and B,[X] respectively. Then A'= A[X]s= (By[X]s=
(B[ X]x)s = (B[ XDaa,s» = (Bl X]s1)aur,s-» The last equality holds because
S'S S&S<M,S>. It is easy to see that B[X |« is the integral closure
of the principal ideal domain B[X], in K(X), where K is the quotient
field of B.
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HOMOTOPY COMMUTATIVITY AND THE
MOORE SPECTRAL SEQUENCE

ALLAN CLARK

This paper initiates the study of strong homotopy com-
mutativity is both geometric and algebraic contexts in order
to correct an error in a paper of J. C. Moore,

The difficulty [8, § 7, Theorem II] lies in the tacit assumption here
(and in the remark following Proposition 7.1) that the multiplication
m: X Xx X— X on an H-space X induces a morphism of H-spaces
X x QX — 02X where 2X denotes the associative loop space of X
defined in [6, Chapter 2]. Unfortunately the situation is more complex
than this. A morphism of H-spaces Om: (X X X)— 2X is induced by
the product m on X. However for associative loop spaces, 2X x £2X is
not the same as 2(X x X), although it has the same homotopy type.
Moreover there is no obvious morphism of H-spaces from 2X x 2X to
(X x X) with which the induced morphism &m could be composed.

There are three ways to resolve this problem so that the proofs
involved can be carried through. One is to assume that X is associative,
use the product induced from X as the product in the ordinary loop
space, and to take the usual loop product as the morphism of H-spaces.
Another way would be to use the product induced on the ordinary loop
space as a morphism of Stasheff’s A, structures [10]. The third way,
the one used in this paper, is to show that there is a strongly homotopy
multiplicative map of H-spaces 2X x 2X — 2X, and that this is sufficient
for the proofs desired. The second and third alternatives are homotopy
equivalent, and the third is preferred in order to use the bar construction
rather than the less familiar tilde construction of Stasheff [10].

The exposition is organized as follows: § 1 sets up the geometry
and discusses strong homotopy commutativity; §2 recalls the bar
construction and the definition of the Moore spectral sequence; §3
defines the algebraic analogue of strong homotopy commutativity for
a differential graded algebra A and uses it to construct a product in
the bar construction B(A), and consequently to introduce a Hopf algebra
structure into the Moore spectral sequence; §4 proves a homology
suspension theorem for a contractible fibre space over an H-space, a
slight improvement on a theorem of Browder [1, Theorem 5.13] which
contains the original result of Moore in which the trouble began.

The comments of the referee resulted in substantial improvement

Received November 14, 1963 and in revised form March 5, 1964. The author was
partially supported by a National Science Foundation grant.
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in the author’s exposition, and the author is indebted to W. Browder
for helpful conversations.

1. The geometric situation. X will denote a pathwise connected
and simply connected H-space with multiplication m: X X X — X which
has a two-sided unit element e. In addition we assume that X has
finite homological type, that is, that the singular homology groups of
X are finitely generated in every degree.

X will denote the associative loop space of X as defined in [6,
Chapter 2], and ¢: X x 2X — QX will denote the loop multiplication.
¢ gives X the structure of an associative H-space with unit element e,
the unique loop of length zero. Clearly 2X x £2X is also an associative
H-space with multiplication (¢ x ¢)(1 x T x 1) where T denotes the
standard twisting map. Note that (unlike the ordinary loop space)
NX x QX is not the same as 2(X x X).

DEFINITION 1.1. A map f: Y — Z where Y and Z are associative
H-spaces 1s strongly homotopy multiplicative if there exist maps

Mg :Yx(IXY)—2Z
for every nonnegative integer n, such that M, = f, and such that

Mn(yoy tl’ yl’ ct tn, y’n)
M, (Yo, t1y =+, Cimay YiiYis Livsy =%y Cuy Y) for ¢, =10
Mi—l(y07 tly ) ti—l, yi—-l)Mn—i(yi; ti+19 Ct tnr yn) for tz =1.
The definition is due to Sugawara [11].

If X is an associative H-space, then By will denote the classifying
space of X as constructed in Dold and Lashof [3].

THEOREM 1.2. (Sugawara [11, Lemma 2.2]). If fiY—Z is a
strongly homotopy multiplicative map, then finduces a map By By~—B,.

DErFmuTION 1.3. An associative H-space X is strongly homotopy
commutative if there exists a strongly homotopy multiplicative map
f: X x X— X, such that f(e, ) =z = f(x, e).

THEOREM 1.4. (Sugawara [11, Theorem 4.3)). If X is an H-space
with associative multiplication, then By 1s an H-space tf and only
1f the multiplication on X is strongly homotopy commutative.

COROLLARY 1.5. X 4s an H-space +f and only vf £X is strongly
homotopy commutative.

ProposiTION 1.6. For any pathwise connected spaces X, ---, X,
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there exists a strongly homotopy multiplicative map

QX X oo X RX, - AX, X -+ x X,) .

Proof. Q2(X, x +++- x X,) may be considered to be the subspace
of QX, X --- x 2X,, consisting of m-tuples of loops of equal length.
If (w, -, w,)elX, X -+ x 2X, and w;: [0, s;,] — X, then we define
(W, +++, w,) = (@, +++, ®,) Where &; = w,{s — s;} where s = max {s;}
and {s — s,} denotes the constant loop of length s — s;.

The homotopies M, are complicated to define. For ¢ =20, ---, n
suppose that @' = (@i, ---, wi)e QX, x -+ X X, and wi [0, si] — X;.
Then we want to define

Mn(woy tl! a)lr b .i tnr w%) - ,ll,/‘(wl(t)i °t a)m(t))
for ¢t = (t, +--, t,) € I", the unit n-cube, and with
wi(t) = @5-{t.0;,()} @+ -+ +{£,05(0)} - @F .

(As above {r} denotes the constant loop of length » and - denotes
the loop product.) Then for ¢, =1 we must have that the loops
@+ {t,05(t)} )+ -+ ~wi ' {0%(t)} have the same lengths for different j’s.
Setting Mi(t) = 8% + £,04(t) + + -+ + t,_,08(t) + sF" and V() = max (\Vi(L)),
we must have d5(t) = Ne(t) — Mi(t). This gives an inductive definition
for 8%(t) and we note that o6%(t) actually depends only on ¢, «--, ¢, ..
This completes the definition of M,.

REMARK. If @} = Qe for all j + k, then, setting s = sf + --- + sk,

Mn(a)oy Ly ooy Loy a)n) = “/y(ger X ) ,Qg, wll te wz,i; 'Qe: ) ‘Qe)

= ({S}v Tty {S}’ (U{c e a)lrcn {S}v ] {3}) .

CoROLLARY 1.7. If X s an H-space, there are strongly homotopy
multiplicative maps

P (QX)F — 0X .

Proof. Let m*: X* — X be given by some fixed way of associating
the product of & elements of X. (Unless otherwise specified we shall
assume that mF(xy, <+, 2,) = (2 (@i () - +)). Let MF denote
the homotopies defined above for the map «+: (2X)*— 2(X*. Then
p® = Q(m*)o+r and the homotopies for +* are given by M =
Q(m*yo M. When k=2, this shows that QX is strongly homotopy
commutative.

2. The bar construction. For the convenience of the reader and
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to fix notation we recall the principal parts of the bar construction
(Eilenberg and MacLane [4]).

K will denote a commutative ring with unit and A4 will denote an
associative DGA algebra over K with augmentation &: A— K. Then
A = Kere and sA denotes the suspension of A, the graded module
formed from A by raising degrees by one. B,(4) = (sd)", the n-fold
tensor power of sA, with the convention (s4)’ = K. The (normalized)
bar construction B(A) is the graded K-module with component B,(4)
in degree n, and with the obvious augmentation. Elements of B,(A4) are

written as linear combinations of elements [a,] -+ |a,] =[] ® ++*+ Q [@,]
where [a;] denotes the suspension of a;€ A. Then B(A) is graded by
assigning the element [a, | - - - | a,] external degree n and internal degree

m = >, deg (a;), and bidegree (n, m). It will be convenient to abbreviate
by B"(A) the graded module with component B,(A) in (external) degree k
for 0 < k < m, and the 0 module in all other degrees. As a differential
K-module B(A) has a total differential d, = d, + d, where the external
and internal differentials, d; and d, are given by the formulas

Aol -+ 1a]) = 5 (D00, -+ agen] -+ ]
dilfas |-+ @) = 3 (~ 17 a| -+ [day] -+ |a,]

in which o(?) = deg ([a,| ++ - | a,-])_ and a,a,., and da, indicate the product
and differential taken in A. B(A) is an associative co-algebra in a
natural way with coproduct

n

Alay |-+ la,]) = iZo[all ela ] ®laal e la,]
where in the extreme terms ¢ =0 and ¢ = 1,[ | = 1€ B(A4) = K.

When K is a principal ideal domain, the homology of the bar
construction B(A4) will be denoted Tor4 (K, K), and extension of the
usual use of this notation. (See Moore [8].)

If B(A) is filtered by external degree, we obtain the Moore spectral
sequence, {E7(A), d"}, in which E'a B(H(A)), and in which E*A) ~
Tor?“ (K, K) provided that H,(A4) is K-projective for all n. If H(A)
is of finite type, then E"—= E~ ~ E°(Tor* (K, K)), the graded module
associated with the filtration induced on Tor4 (K, K).

3. Homotopy commutativity and the bar construction. In this
section are given algebraic analogues for some parts of the geometric
situation discussed in §1 and a product is introduced into the Moore
spectral sequence turning it into a spectral sequence of Hopf algebras.

DEFINITION 3.1. Let A and A’ be associative DG A algebras over K.
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A homomorphism of DGA modules over K, h: A— A’, is strongly
homotopy multiplicative if there exists for each nonnegative integer
n, a homomorphism of K-modules of degree n,

hyp AQ -+ (n+1)-- - QA—A
such that h, = h and

Ah (0@ -+ @ ) = 53 (D@ @ - R @ e+ @ )

+ 5 D@ ® @0 ® e @ )
—hi(a, @+ Rty i1(ts R s R )]

where as before o(7) = deg ([a,] -+ | a;]).

Clearly this condition implies that A is (chain) homotopy multi-
plicative A homomorphism of algebras, h: A— A’, is automatically

strongly homotopy multiplicative taking /%, to be the zero homomorphism
for n > 0.

ProrosiTiON 3.2, If h: A — A’ is strongly homotopy multiplicative,
then & induces a homomorphism of DGA coalgebras over K

B(h): B(A)— B(4') .
Furthermore B(k) induces a homomorphism of spectral sequences
E(h). E"(A) — E"(A)

such that E(h) = B(h,) where h,: H(A) — H(A'). In other words E*(h)
is given by

EXh) [y | - - - @,]) = [ha(@e) [ - T Ra(®,)]

Proof. Let S(n, k) denote the set of k-tuples of nonnegative integers
whose sum is n. Then

B (la| -+ |a.])
=3 5 i ® - @) [ sty @ - @ )]

All the properties required of B(h) are easily checked by direct computation.

DEFINITION 3.3. An associative DG A algebra A is said to be strongly
homotopy commutative if there is a strongly homotopy multiplicative
homomorphism h: A Q A — A such that (e ®1) = ¢ = 1 Q a).

ProrosiTION 3.4. If A is a strongly homotopy commutative, asso-
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ciative DG A algebra, then B(A) is a DGA Hopf algebra, and the terms
of the Moore spectral sequence E"(A) are Hopf algebras provided the
ground ring K is a field. Furthermore as 1€ A4, is a unit for the map
h: AQA— A, the Hopf algebras E7(A) are commutative, associative,
and have a unit.

Proof. The shuffling map 3: B(4) ® B(4) — B(A® A) is a homo-
morphism of coalgebras and therefore @ = B(h)2Y provides a product
for B(A) which is a homomorphism of coalgebras, and hence B(A4)
becomes a Hopf algebra. Let E°A) denote the associated graded DGA
Hopf algebra for the filtration of B(A) by external degree. Then
E%A) ~ B(A) as a coalgebra, and as h{a ® 1) = ¢ = K1 R a), it follows
that E%@) is just the well known shuffle product of Kilenberg and
MacLane [4]. The remaining conclusions follow immediately since
the shuffle product is commutative, associative, and has a unit.

COROLLARY 3.5. If X s a pathwise connected and stmply connected
H-space of finite homological type, then there exists a spectral sequence
of commutative and associative Hopf algebras with unit over Z,,
{E"(2X; Z,), d"}, such that

ENQX; Z,) ~ Tor®*%:%) (7, Z,) (as Hopf algebras)
E=(2X; Z,) ~ E'(H.(X; Z,)) (as Hopf algebras)

where E'(H.(X; Z,)) denotes the associated graded Hopf algebra under
a filtration of H.(X; Z,).

Proof. Let A = C(2X; Z,), the normalized singular chains of 2X
mod p. Then by 1.7 £X is strongly homotopy commutative. It will
follow that A is strongly homotopy commutative in the algebraic sense
if we set (for a,c AR A)

ha(a; @ "'®an%1):MZ#(a1®e® Qe a,y)

where £ indicates the induced chain homomorphism and e¢ denotes the
singular 1-chain of I given by the identity map on I.'* From Moore [8,
Theorem 7.1] it follows that H.(X; Z,) ~ Tor*(Z,, Z,) as Z,-coalgebras,
and the rest is immediate from 3.4 by setting E"(2X; Z,) = E"(A).

REMARK. The results of this paper up to this point could be
generalized as follows: an H-space Y is n-homotopy commutative if and
only if there exists for k¥ = 0,1, ---, n maps

Mu(YXxYV)xIXxYx Y)k—Y

1 The only nontriviality involved is to know that 2.(a1® - - - @ arn+1) = 0 when each
a;=¢®1 (or 1®e;) and this follows from the remark which precedes 1.7.
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with the appropriate properties as given in § 1. Then strongly homotopy
commutative would be the same as co-homotopy commutative. The
definitions and proofs above could be modified to obtain a Hopf algebra
structure in the terms EXY; Z,), ---, E**(Y; Z,) of the Moore spectral
sequence converging to KE°(H.(By; Z,)) using as hypothesis only that
Y is n-homotopy commutative.

4. The suspension theorem. Using the results above we prove
a suspension theorem which is a slight improvement on Browder [1,
Theorem 5.13]. The notation and terminology is that of [5]; in particular
Q is the functor which assigns to an algebra its module of decomposable
elements, and P is the functor which assigns to a coalgebra its
submodule of primitive elements. ['(x) denotes the ring with divided
powers of z as defined in [5, Chapter 5] and 7v,(x) = x*/k!.

If 0,: H(2X; Z,) — H,(X; Z,) denotes the suspension in homology
mod p for the contractible fibre space of paths over X as defined in
[7], then Ker o, contains the decomposable elements of H, (2X; Z,) and
Im o, is contained in the submodule of primitive elements of H.(X; Z,)
and o, has degree 1. (See [7] for proofs.) Therefore ¢, induces in
each degree ¢ = 1 a homomorphism

st QUH(QX; Zy)) — P(H(X; Z,))

from the indecomposable elements of degree % of H,.(2X; Z,) to the
primitive elements of degree ¢ + 1 of H,(X; Z,). Our suspension theorem
will be a statement about the s;. The philosophy of the proof will be
a bit more clear if the reader bears in mind that taking A = C(2X; Z,),
H.(X; Z,) ~ Tor4(Z,, Z,) = H(B(A)) and under this isomorphism the
suspension is given by x — [x] on the chain level. More precisely if
0. A— B(A) is given by o(x) = [«], then we have a commutative diagram

H.(2X; Z,) 2 H(X; Z,)

H(A) — H(B(4)) .
Tx
In fact this is just [8, Proposition 7.2] applied to the case at hand.

THEOREM 4.1. Let X be a pathwise connected and simply connected
H-space of finite homological type and let s; denote the homology mod
p suspension in degree 1 as defined above. Then

(a) of p+2, s; 1s a monomorphism unless © = (2mp* + 2)p? — 2 for
E>0,9>0, and QH,,(2X; Z,)) =0, or unless © = (2m + 2)p? — 2
Jor ¢ >0 and Q(H,,(2X; Z,)) # 0;

(b) if o+ 2, s, is an epimorphism unless © = 2mp* + 1 for k >0
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and Q(H..(2X; Z,)) #+ 0;

(¢) +f p=2, s; 1s a monomorphism unless 1 = 292*m + 2) — 2,
for ¢ >0,k >0, and QH,(2X; Z,)) + 0;

(d) of p =2, s, is an epimorphism unless 1 = 2*m + 1 for k >0
and Q(H, (2X; Z,)) + 0.

Proof. Since X has finite homological type, £2X does also, and
QX is pathwise connected. H,(2X; Z,) is a commutative and associative
Hopf algebra over Z, and is connected. From the Borel decomposition
theorem for Hopf algebras it follows that as an algebra, H.(2X; Z,)
is a tensor product of exterior, polynomial and truncated polynomial
algebras, each with a single generator. Since Tor4 (K, K) commutes
with tensor products (as a functor of A) [2, Chapter XI, Theorem 3.1,
p. 209], to compute E*~ Tor"+?X*:%p (7 7)) in the spectral sequence
of 3.5, we need only compute on sample factors. The results are listed
in the table below. The first entry is given by [8, Proposition 4.1},
and the others admit similar and very simple proofs.

A Tor4 (Z,, Z,)
E(x, 2m + 1) I(sz, 1, 2m + 1)
p#=2 L(x,2m) E(sx, 1, 2m)
Lz, 2m)/(x**) E(sz, 1, 2m) @ [(tx, 2, 2mp*)
E(w, m) = Lz, m)/() I(sx, 1, m) |
p=2 L(x,m) E(sz, 1, m)
L(x, m)/(x**) (& >1) E(sx, 1,m) R I'(tz, 2, 2*m)

where E(x, n), L(x, n), and I'(x, n) indicate exterior, polynomial, and
divided polynomial algebras on a single generator of degree m». In the
right hand columm bidegrees are specified, and all entries are Hopf
algebras with primitive generators. sz and tx indicate the suspension
and transpotence of x. (For the definition of transpotence see [9].)
By induction on r we shall prove the following statements for E":

(1) The generators of odd degree have external degree 1 and
are primitive.

(2) Generators of even degree are primitive if the external degree
is 1 and nonprimitive for external degree greater than 2, and the
nonprimitive generators have the form 7, Where x is a primitive
generator.

(3) If v(x) # 0, but 7,.(x) = 0, then k& < 7.

(4) As a differential Hopf algebra E” is the tensor product of
differential Hopf algebras with differential identically zero, and differ-
ential Hopf algebras of the form E(z, 1, m) & I'(y, u, v) where d’('ypq(y)) =
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2 and where (consequently) » = up?" for u =1 or u = 2.

Clearly (4) implies (1), (2), and (3) for E™', and we need only
show that (1), (2), and (3) imply (4). Suppose that d" does not vanish
completely. Let z be a generator of minimal degree such that dz = 0.
Since r = 2 and d" has bidegree (—7, » — 1) it must be that z = v ,(y)
where y has external degree w =1 or 4 = 2, Furthermore z has even
total degree and d"z is therefore a primitive element of odd degree and
therefore has external degree 1. We may therefore assume without
loss of generality that x = d'z is a generator. It follows that » =
up?—1. Then setting A = E(x, 1, m) ® I'(y, w, v) we have that E" ~
A X B where B is a differential Hopf algebra satisfying (1), (2), and
(3) and the same argument may be repeated for B, and so on until
E" is exhausted. A small modification is necessary in the case that
p = 2 and « = d"z generates a divided polynomial algebra ['(x, 1, m),
but we leave this to the reader. It should also be remarked that in
the notation of [5], the algebra B is usually denoted by E'//A.

Since the ground ring is the field Z,, we have K~ ~ H.(X; Z,)
as a Z,module. Then the following diagram is commutative

H(2X; Z,) —2— HJ(X; Z,)
h |
N ~
AN l
.

E~(0X; Z,) = B'(H.(X; Z,))

where % is induced from the algebraic suspension ¢ defined above.
Since the primitive elements of H.(X; Z,) are mapped into (but not
necessarily onto) primitive elements of KE<(2X;Z,) by the vertical
isomorphism, information about ¢, may be obtained from information
about 0% which can be calculated routinely using (4) above.

Evidently by purely algebraic considerations of the filtration on
the bar construction it could be shown that the vertical isomorphism
is a homomorphism of coalgebras. Since the primitive submodule of
E= gives us an upper bound on the primitive elements of H.(X; Z,),
we have not tried to carry this out.

Added in proof. Judging by P. J. Hilton’s review [Math. Reviews,
29, 2809] a similar proof of a theorem similar to 4.1 appears in Samuel
Gitler’s paper, Spaces fibered by H-spaces (Spanish), Bol. Soc. Mat.
Mexicana (2) 7 (1962), 71-84. On the evidence of the review, it appears
that Gitler’s proof contains the algebraic version of Moore’s error.
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THE ASYMPTOTIC NATURE OF THE SOLUTIONS
OF CERTAIN LINEAR SYSTEMS OF
DIFFERENTIAL EQUATIONS

A. DEVINATZ

Suppose y'(t) = [A+ V(t)+R(@)]y(t) is a system of differential
equations defined on [0, ), where A is a constant matrix,
V{t)— 0 as t — co and the norms of the matrices V'(t) and R(t)
are summable, If the roots of the characteristic polynomial
of A are simple, then under suitable conditions on the real
parts of the roots of the characteristic polynomials of A + V(¢)
a theorem of N, Levinson gives an asymptotic estimate of the
behavior of the solutions of the differential sysiem as {— oo,
In this paper Levinson’s theorem is improved by removing the
condition that the characteristic roots of A are simple. Under
suitable conditions on V(¢) and E(f) and the characteristic roots
of A+ V(t), which reduce to Levinson’s conditions when the
characteristic roots of A are simple, asymptotic estimates are
obtained for the solutions of the given system,

The proof given here, with essential modifications, will follow the
proof given by Levinson [3] [2, p. 92]. One interest in the improved
theorem is in its application to the problem of finding the deficiency
index of an ordinary self-adjoint differential operator, which will appear
in a subsequent paper. We shall establish the following.

THEOREM." Let A be a constant n X n matric whose minimal
polynomial 1s of degree m and is of the form

X(X) - H (N - kk)nk) >\’j :’é )\’Ic fo/}ﬂ j i kr Z nk =MNn.
k=1 k=1

Let ¢+ 1=max n,, V() an n X n matriz with (q + 1)-times continu-
ously differentiable elements satisfying | v'(t) |V e L' for 1 £r <
g+1and V({t)—0 as t—oo. Let the roots of det (A+ V() —AI)=0
be (M (O} and for t =1, we suppose the minimal polynomial of
A+ V(t) is

where \(t) — N\, as t — o, For a given k, let

Received February 3, 1964. Research supported by NSF Grant G 24834,
1If Ais an n X n matrix with entries a;; we shall write | 4| = Yijlai;]. If o
is a vector with entries x; we shall write |x| = 2 | @ ].
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dij(t) = Re(u(t) — (D)

and suppose that all j,1 < j = n, fall into one of two classes I, and
t

I, where je I, if and only if t7¢ expgd,ﬂjﬂ o as t— oo and
0

(lt—flq—]—l)exp~gtdk,-<M<oo for t=7=0,

jel, if and only if Stdkj <logM for t=7t=0. Let R@) be a
matric  valued funcrtv}on with measurable elements such that
I R(t)|e L'. Let {q,;1 =7 =} be a set of “principal vectors”
Jor Ny te., @y = (A — M) %79y, (A — NI Y7, # 0 and (A —
M) %Gy, = 0. Then, given the differential equation

(L.1) y(t)=[A+V(QE)+ B®]y@®)

there ewists a t, and a fundamental system of solutions {y,;(t);1 =
JI=n,1=<k=<m} such that

j—1 t —1
I:(_jt—«—l)’ €Xp Smxk(r)d‘[] Yiui(t) — Qi — 0,6 — oo .

2. We begin the proof by first considering a differential system
of the form

2.1) y'(t) = (AQ®) + E)y@®) ,

where A(t) is a matrix with blocks {J;(¢)}i* down the main diagonal
and zeros elsewhere, J;(f) being an n; X n; matrix with the same
number A\;(t) down the main diagonal, 1 down the superdiagonal and
zeros elsewhere, and R(f) has measurable entries with 7| R(¢)|e L',
where ¢ + 1 = max{n;, 1 < j = m}.

One fundamental matrix ¥ for the system

(2.2) y'(t) = A(t)y(t)

has blocks {P;}* down the main diagonal and zeros elsewhere, where
P; is an n; X n; matrix of the form

1 ¢ /2!~ t" Y (n; — 1)
] 0 1 ¢ --et"(n; — 2)!
(2.3) Py(t) = eXpS N L
to .
0O - - « 0 1
This may be checked by a direct computation. Again, it may be easily
checked that
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1 —¢ /2l — 81« (=) " (m; — 1)1
. 0 1 -t /21 - (= 1) (my — 2)]
P;i(t) = exp — S N .

to

and

2.4 L (t—7) @—op2l-- (-2 (n; — DI

¢ | 0 1 t—17) oo (t—0)"/(n; — 2)!
P(t)P(c) = exp erj .

0 Y S | b
Let us fix k£ and let ¥, be that matrix with zeros everywhere
except for diagonal blocks {P;;je L}, where each such P; has the
same position as in the matrix ¥. Let ¥, be the corresponding type
matrix with diagonal blocks {P,;5¢ I,}. Clearly ¥ =7, + 7,,
Let e; be the vector with jth component equal to 0,;, d,; being
the Kronecker symbol. Now set © =1+ Y*Zln; where 1 =21 =< n,,
and consider the equation

(2.5) 40 = Te, + | OV @R
~ | mer-©rEE: .

It may be checked by a straightforward computation that, at least
formally, ¢ is a solution to (2.1). Hence, if it can be shown that a
solution to (2.5) exists, where the integrands are in L', then this
solution will also be a solution to (2.1).

We proceed by successive approximations. Choose ¢° == 0 and hence
o' = ¥(t)e;,. It follows that

=1

(2.6) 16t — ¢ < [eXp S:ORW] 5% i

Now, the matrix ¥,(¢)¥ (z) has blocks along the main diagonal which
are zero in those positions for which je I, and of the form (2.4) in
those positions for which je I,. Hence, using the hypothesis of the
theorem of §1, for {, <t =< ¢ we have

2.7
PP @ORE)| = Cllt— <+ exp (—| du) exp ([ Row) 1 R

< CM|R(z)| exp StRexk ,
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where C is a suitable constant dependent only of ¢. In the same way,
for t =7 < oo,

2.8) | TOT (R | < CM[|t — i + 1]| R() | exp —g”Rexk .
t
Using the estimates (2.6), (2.7) and (2.8) we arrive at the estimate

|8~ ¢ exp—| Ron,
(2‘9) t t(;——l oo 1—1
< CM{St B@)| 5, w/ilds + St B@|lt -7+ 1% z-f/jldz'} i

Now using the fact that ¢*| R(r)|e L' we can choose £, so large so
that

(2.10) |6 — 6| exp —S’Rexk <1/2 for t=t,.
ty

Using (2.7), (2.8) and (2.10) and proceeding by induction we find that
for 7 =1,

| g7+t — 7] exp — S: Re,
@1 = wzoM{| 1R@|de + |11t - 710+ 1 R@)|de)

= (1/2y .

This means that there exists a function ¢ so that on every compact sub-
interval of [t,, =), ¢/ goes uniformly to ¢, and indeed, using (2.6),

2.12)  |¢— & | < (1/2) " exp S: Reon,, | 6] = C[t* + 1] eXpS: Ro\, .

The estimates (2.12) taken together with the estimate (2.8) shows that
the integrands in (2.5) are in L' and that indeed ¢ is a solution of

that equation.
We claim that

(2.13) [6(t) — ¥ (t)e,] exp — g: N0 as t— oo .

To show this, it is enough to show that

(2.14) exp <—— St Rexk>8t V.7 (c)R(t)p(t)dr — 0 as t— oo, and
to to

2.15)  exp (—Y Rexk>ryfz(t)w—l(z)R(T)qs(f)dr 0 ast—oco .
ty ¢

Using (2.12) and (2.8) we see that the norm of (2.15) is less than or
equal to
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CM( [t — e+ e + 11| RE) | ds,

which goes to zero as t— o. To prove (2.14) we use the fact that
t oo

t—exp | d,;— c. Choose ¢, so that CMS |R(z) || ¢(r)|dr < e. Then
t, t

the norm of (2.14) is less than or equal to'

e+ exp ([ Bow) |70 1770 || R2) | 166) | dr

Now,

¢ I
exp (—S Rexk>|§1fl(t)} = Ct? > exp — 3 di;—0 as t— oo,
to J€I; to

Hence we see that (2.14) is valid.

t
The vector [exp —S xk]w (t)e; has the entry t*=7=*/(l — 5 — 1)! in the

17

% + 7 position, 0 =< 5 = 1 1, and zero elsewhere. Hence

(2.16) {(ltrll)! exp S:ohk}_lgb(t) —e¢,—0 ast— .

Let us designate the solution we have obtained in the previous
considerations by ¢;. Then the set of solutions {¢,}? is a fundamental
system for (2.1). Indeed, it is clear that the determinant of the matrix
@ with the vectors ¢, as columns is nonzero for ¢ sufficiently large.

3. In order to use the results of §2 to prove the theorem of §1
it will be necessary to establish the following.

LEMMA. Suppose the matrixz A + V() satisfies the conditions of
the theorem of §1. Then for all sufficitently large t there exists a
differentiable and invertible matrie P(t) such that 9| P~(t)P'(t) | e L,
POIA+ VRIP () s a Jordan canonical form, P(t)— P and
Pty — P as t— o, where PAP™ is a corresponding Jordan
canontcal form for A, and the colummns of P™' are a given set of
principal vectors for A.

Proof. Let A, Ny +++, \,, be the distinct eigenvalues of A. Since
the coefficients of the characteristic polynomial of A 4 V(¢) are con-
tinuous functions of ¢ in a neighborhood of oo, using the hypothesis
of the theorem, there exists a neighborhood of o so that A 4+ V(t)
has eigenvalues \,(t), - --, \,(t) which are continuous for all ¢ in that
neighborhood. In particular, this means that A (¢) — A\, as t — oco.

In fact, for ¢ sufficiently large, each \,(t) is (¢ + 1)-times continu-
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ously differentiable. To see this, we consider the characteristic poly-
nomial

(3.1) Fn, 6) = 3 Fio = (=1 T 0= 20y,

where f;(t) is (¢ + 1)-times continuously differentiable. If we set
G\, t) = 0" (N, ) /o, then G, (\(7), T) = 0, but 8G,.(\.(7), T)/0N = 0.
Hence, the implicit function theorem tells us that there exists a neigh-
borhood about 7 and a (¢ + 1)-times continuously differentiable function
., defined in this neighborhood, so that g.(z) = \.(7) and G,(2.(2), €)= 0.
Moreover, if any other continuous function satisfies the last two con-
ditions, then this other function coincides with f¢, in some neighbor-
hood of 7. Hence \,(f) = p.(t) in some neighborhood of 7, which
proves our assertion.

Let {g.;; 1 =<7 < n,} be a given set of principal vectors for A\, and
let @ be the matrix whose columns are {q., ="+, Qu Tors =5 Qany =" *,
Qwis ***» Qun, ), in the given order. Then, since the minimal and charac-
teristic polynomials of A are of the same degree, @ '4Q is in the
Jordan canonical form (see e.g. [1], Ch. XVII). If V, is the subspace
generated by {g:;;1 =7 = n,}, then A is reduced by V,. Hence, if
we set

Ti(d) = 11 (A =\,

then this matrix is reduced by V, and the restriction of 7, (4) to V,
has an inverse. Let us set h, = 7;(A4)qs,,, where by 7;*(A) we mean
the inverse of the restriction of m,(A4) to V,.

Let us write the minimal polynomial, ¥(n, ¢t), of A + V() as

X()"; t) = O" - )Vk(t))nknk()‘” t) ’
where
w0 8) = T1 (v = M0) .

Set ¢, () = m(A + V(¢), t)hy; then since m,(A + V(¢),t) — m(A4) as
t — oo, it follows that if we set

2:i() = (A + V() — M(0)"¥7q1, (D)

the set {q.;(¢)}i* forms a set of principal vectors for the eigenvalue
Me(t), provided ¢ is sufficiently large. Indeed for ¢ sufficiently large,

(A + V(@) — M), (B) #= 0,
but
(A + V(&) — M@ = X(A + V), Hhe = 0.
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If Q@) is the matrix whose columns are the vectors

{qu(t)9 M) qlnl(t)y qzl(t)y A qznz(t), Sty qml(t)9 Yy anm(t)} ’

in the order given, then Q*(t)[A + V (£)]@(t) is in the Jordan canonical
form ([1]).

Notice that the elements of Q(f) are polynomial functions in
@)} and the elements of A -4 V(t), and hence the elements of Q*(¢)
are rational functions in these variables, where the denominator of each
rational function is det Q(¢). Hence, if we set P(f) = [det Q(?)]Q7' (%),
then the elements of P(t) are polynomials in the previously mentioned
variables and P@)[A + V(#)]P~(t) is in the Jordan canonical form.
Further, from the assumptions of the lemma, and the manner of con-
struction of Q(%), it is clear that Q(t) — @, where Q'AQ is in the
Jordan canonical form. Hence P(t) — P, where PAP™"is in the Jordan
canonical form.

Since P~(t) — P, it is clear that P~'(¢) is bounded in a neigh-
borhood of infinity. Hence, if we can show that t*|P’(t)|e L' we
will have proved the lemma. The elements of P’(f) are linear functions
of {(\i(t)} and {v;(t)} (the entries of V'(¢)) with coefficients which are
bounded in a neighborhood of infinity. Since, by hypothesis % | v};(t) | € L',
if we can show that #*|\,(t)|e L' we will be done.

Use (3.1) to obtain

0" F'(\(8), 1) — é FrENei(E)
ot = *

= (= ma! T ) — ) [ -

Since Iz (\i(t) — Nj(E))" is uniformly bounded away from zero and
M (t) is bounded, in a neighborhood of oo, it follows that there exists
a constant N such that

G2 MO NSOl s NS

Each function f; is the sum of suitably signed products of elements
of A+ V(). A typical term in the sum representing f; is say
a,(t) «+- a;(t), where a,(f) is an entry of A + V(¢). The n, derivative
of this product is given by

Z Ci] """ ija/iil)(t) e a.(iij)(t) ’

where C;,,...,; , are the constants which appear in the multinomial ex-
pansion of (¥, + ++- + ;)" and the sum is taken over all j-tuples of
nonnegative integers, (3, «+-, %;), whose sum is n,. Hence if
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(3.3) 29 @iV « .. @i e L1

it will follow that | A, |e L' and hence t*| P'(t)|e L.
If 3i_,4, = n,, we may apply Holder’s inequality to get,

(3.4) S?t

ﬁ a,“'” Ing < 11[ [S £ | g ir 11/17]171% ,
r=1 | =t

where we make the convention that if ¢, = 0, then

Ing

lla,|l. = sup|at)| = [Sw £] g lin ]“ir]"
tzty %

From the hypothesis of the lemma it follows from (3.4) that (3.3) is
satisfied and hence lemma is proved.

4, Using the results of §2 and § 3 it is now an easy matter to
finish the proof of the theorem stated in § 1. Make the transformation
x(t) = P()y(t) in (1.1) and we get the equation

(4.1) o' = [P(A+ V)P — P7P' + PRP™x .

The matrix P(A + V)P~ is in the Jordan form of the matrix A(¢) of
(2.1) and t*|PRP™' — P7'P’|e L. Hence, we may apply the results
of §2 and for ¢+ =1+ >\tzin;, 1 <1 £ n, we find a solution #; such
that

tl—-l t —1
[(Z D exp St xk] 2,(t) —e;,—0 as t— oo .
— 1) .

Hence, if y,(t) = P7'(t)x;, we get

[tH Sx]l(t) P, —0 ast
ex (&) — P, —0 as t— o,
a—1 1Y | Y
where P~ = lim,_., P7'(¢).

The vector P, is the i¢th column of P~ which by Lemma 3 can
be taken to be the given principal vector ¢,,. Since the vectors
{0;1 =1 = ny, 1 = k < m} are linearly independent, the vectors {y,(t)}"
form a fundamental set of solutions of (1.1). This completes the proof
of the theorem.

Note added in proof. The theorem of this paper can be gener-
alized in the following way. Using the same notation as in the theorem
let p be a real number satisfying the inequality 0 < p < q. Suppose
further that for each given k& all integers j, 1 < j < n, fall into two
classes I, and I, where I, is the same as in the hypothesis of the
theorem but now I, is the collection of 5 so that
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(!t—T|p—l—1)eXpStdkj<M<oo for t=7=0.

Then under the hypothesis that & |o{3({) M, 1<r=q¢+1, and
t*~?| R(t)| are summable, the conclusion of the theorem holds. The
proof of the generalized theorem follows the proof given in the text
mutatis mutandis.
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APPROXIMATION BY CONVOLUTIONS

R.E. EDWARDS

This paper is concerned mainly with approximating
functions on closed subsets P of a locally compact Abelian
group (G by absolute-convex combinations of convolutions fx g,
with f and ¢ extracted from bounded subsets of conjugate
Lebesgue spaces L?(G) and L*(G). It is shown that the
Helson subsets of G can be characterised in terms of this
approximation problem, and that the solubility of this problem
for P is closely related to questions concerning certain
multipliers of L?(G), The final theorem shows in particular
that the P.J. Cohen factorisation theorem for L!(G) fails badly
for L*(G) whenever G is infinite compact Abelian and p > 1.

1. The Approximation Problem.

(1.1) Throughout this note, G denotes a locally compact Abelian
group and X its character group. For the most part we shall be
concerned with the possibility of approximating functions on closed
subsets P of G by absolute-convex combinations

(1) Salfeg),

of convolutions f* g, where f and g are selected freely from bounded
subsets of conjugate Lebesgue spaces L?(G) and L*'(G) (1/p + 1/p' =
1). In the sums (1), the number » of terms is variable, whilst the
complex coeflicients «, are subject to the condition

fiA

(2) Slal=1.

Accordingly, if the f, and g, are respectively free to range over subsets
A and B of L?(G) and L”(G), the allowed sums (1) compose precisely
the convex, balanced envelope of

AxB={fxg:feA,geB}.

We denote by C(G) the Banach space of continuous, complex-
valued functions on G which tend to zero at infinity, the norm being
lwl]l=sup{|u()|:xcG}. The space C,(P) is defined similarly, P
replacing G throughout. If G (or P) is compact, the restriction that
the functions tend to zero at infinity becomes void; we then write
C(G) (or C(P)) in place of Cy(G) (or C,(P)).

It is well-known that if 1< p< o then fxgeC(G) whenever

Received February 5, 1964,
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fe L*?(G) and g€ L*(G), so that restriction from G to P results in a
member of C(P).

(1.2) Given an exponent p satisfying 1 < p < « and a closed

subset P of G, we shall consider the following assertion:—

(A2) To each member u of a second category subset of Cy(P)
corresponds a number K = K (P,p,u) < o such that « is the
uniform limit on P of absolute-convex combinations (1), the f,
and g, being subject to the restrictions

1Al =VE [lg =V K.

It is evident that (A42) and (A%) are equivalent assertions. Fur-
thermore, only a little reflection is required to see that (A}) is true
for every P, so that the restriction 1 < p < o is reasonable. With
this restriction on p, (A%) signifies that each w belonging to the said
second category set belongs to the closed, convex, balanced envelope
in Cy(P) of Ax B, where A and B are respectively the closed balls in

L*(G) and L*'(G) of radius V'K (which a priori may depend upon u).

(1.3) As well shall see, the truth or falsity of (A4%) is equivalent
to an assertion about bounded measures supported by P which may
conveniently be expressed by regarding such a measure as a multiplier
(or centraliser) of (L*(G).

We denote by M(G) the space of bounded, complex (Radon) measures
on G; it may be regarded as the dual of C(G). Furthermore, M(P)
may be thought of as the subset of M(G) composed of measures pe
M(G) whose supports are contained in P.

Each pte M(@G) generates a multiplier 7, of L*(G) defined by
T.f=pxf for fe L?(G). In general, by a multiplier of L*(G) is
meant a continuous endomorphism of L?(G) which commutes with
translations. KEach multiplier T' of L?(G) has a norm

I T =sup{[| TF[l,: [ fll, =1} .

Accordingly we may define N,(¢) for pe M(G) as the norm of T,
regarded as a multiplier of L*(G).
It is easily seen that

(3) N, () =1l eell,

equality holding if » = 1 (and hence also if p = o).

Although, as will be seen in (2.3), the norms N,(¢) and |l | are
not generally equivalent on M(G) when 1< p < o, yet equivalence
may obtain on M (P) for suitable closed subsets P of G. In fact, as
the next theorem shows, the suitable sets P are just those for which
the assertion (A%) is true. When p = 2 one obtains in this way a
new characterisation of the so-called Helson subsets of G; see (1.6)
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wnfra. A further link between (A2) and properties of certain sets of
multipliers of L?(G) is expressed in Theorem (2.1).

(1.4) THEOREM. Let P be a closed subset of G, and let 1 < p < oo,
Then (A2) is true if and only if there exists a number k = (P, p)
< = such that

(4) )] < k.N(),
Jor each pte M(P).

Proof. Suppose first that (4) holds for pe M(P). This signifies
that

el = ke Sup [{ () gdo

’

the supremum being taken over those f and ¢ lying respectively in
the unit balls in L?(G) and L*(G). Since

[, gdo = (Frg dn,

where J; () = f(—ux), it follows that

el = sup{|], (Fx 9) de |21 7L = VR, g1l < VE] .

From this it follows that for each u € Cy(P) one has

(5) [, wdee | = sup| (£20)dn|,
where now f and g vary subject to the conditions

(6) Il =V E Viull,llglly 2V EV u]l .

Now (5), combined with the Bipolar Theorem, shows that u belongs
to the closed, convex, balanced envelope in C,(P) of the functions fxg
(or, more precisely, their restrictions to P), where f and g are subject
to (6). Thus the assertion (A2%) is true for each ue Cy(P), with

K(P,pu) = k(P,p). || u]| .

Conversely, suppose that (A%) is satisfied. Let X denote the set
of we Cy(P) for which K(P,p,u) exists finitely, so that ¥ is a second
category subset of Cy(P). For a given ue X, the set of admissible
numbers K(P,p,u) is easily seen to be closed. Denote by S the set
of we X for which the infimum of this set of admissible values of
K(P,p,u) is at most unity. Thus S consists precisely of those u e Cy(P)
which are limits in Cy(P) of sums (1), wherein
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(7) Nhlle =1, 119- 1l =1.

It is almost evident that S is closed, convex, and balanced in C(P).
Moreover, Y is the union of the sets S (= 1,2, ---). Since X is
second category in Cy(P), it follows that S must be a neighbourhood
of zero in Cy(P). Consequently, ¥ = C,(P) and, for some r > 0, each
we C(P) satisfying ||u || < r is the limit in CyP) of sums (1) with
the f, and g, subject to (7). Then, however, each ue Cy(P) belongs
to the closed, convex, balanced envelope in C(P) of the set of con-
volutions fx g with

Al = r7 2V ull, gl = vV u]l.
For pe M(P) it is therefore the case that

el = Sup{| | wape s 11w =1}

= Sup{|{ (Feodu 1 £l = 0 1 g 1, = 7o)

Using again the relation

|, (Frade=1 (x7)gda,

it appears that

el < o Sup [ g f U 1 f Uy S 70}
=77 Ny(1)

which is (4), with & = »~-*. The proof is thus complete.

(1.5) REMARK. It has appeared in the course of the preceding
proof that, if the approximation specified in (A%) is possible for each
member of a second category subset of C,(P), then it is indeed possible
for each we Cy(P), and this with a value of K(P,p,u) not exceeding
Ky(P,p). [|ul].

(1.6) The case p = 2: relation with Helson sets. When p = 2
it is a simple consequence of the Parseval formula and Plancherel’s
theorem that

Ny(p) = || £
=sw{ A©)1:¢eX },

where
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e =\, T apw,

is the Fourier-Stieltjes transform of ¢£. Reference to Rudin [4], p.115,
Theorem 5.6.3 shows then that as a Corollary to Theorem (1.4) one
obtains the fact that (A4%) is true for a closed set PCG if and only if
P is a Helson subset of G. (Rudin assumes his Helson sets to be
compact, but this restriction is unnecessary in the present connection.)

From the case p =2 of Theorem (1.4) we may also derive a
known property of Helson subsets of discrete groups G. (For historical
reasons, Helson subsets of discrete groups are often termed Sidon sets;
see [4], Section 5.7.)

(1.7) COROLLARY. Suppose that G 1is discrete and that P is a
Helson (or Sidon) subset of G. Then each bounded, complex-valued
JSunction on P is the restriction to P of the Fourier-Stieltjes trans-
Sform of some measure on the (compact) character group X. (Cf.[4],
p. 121, Theorem 5.7.3(d).)

Proof. Let B(P) be the superspace of Cy(P) formed of all bounded,
complex-valued functions on P. On B(P) take the topology of pointwise
convergence on P, Let T denote the linear mapping of M(X) into
B(P) which assigns to A€ M(X) the function T\ defined by

T = |_E@ane) .

It is evident that T is continuous for the weak topology t = o(M(X),
C(X)) on M(X). For any k >0, the set

Sp={Me M(X):|IN]| =k},

is compact for ¢, so that its image 7(S,) is compact, and therefore
closed, in B(P). It will therefore suffice to show that, for some k& >
0, T(S,) is dense in

V={veB®P):||v||=1};

and this will certainly be the case if T(S,) is shown to be dense in
the closed unit ball ¥V, = VN C(P) in Cy(P).

Suppose then that we V,. Since P is a Helson set, (1.5) affirms
the existence of a number k= K(P,2) such that w is the limit,
uniformly on P, and so a fortiori in the sense of the pointwise topology,

of functions (1) with || £, |, < V'K and ||g,|, £ VK. By the Plan-

cherel theory, these approximating functions form a sequence (u,)i;,
each term of which is expressible in the form
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wi@) = | @ F@ds = Tr, @),

where ), € M(X) is defined by dr, (&) = F,(&)dé, and where

3

R
— { ( A
F,=3aP .6,

1

8
r

I

so that

Dall= {17 1de = 31 117 el I
<Sar | VEVESE.

Thus wu, e T(S,) for each s, which shows that each u € V, belongs to the
closure in B(P) of T(S,), as we wished to show.

2. Falsity of (AZ). It is not altogether trivial to decide whether
or not (A4%) is true. By expressing this assertion in terms of multipliers
of L*(G), we shall show that (AZ%) is false at any rate whenever 1 <
p < e and G is infinite compact Abelian. The same conclusion is
derivable without explicit mention of multipliers; see Remark (3.2)
wmfra.

Let us denote by m?(G) the set of all multipliers of L?(G). As
observed in (1.3), we may regard M(G) as a subset of m?(G). The
next theorem makes reference to the so-called weak and uniform
operator topologies on m?(G), and for brevity we shall label these
“W.0.T.” and “U.0.T.” respectively.

(2.1) THEOREM. If P is a closed subset of G, the following four
statements are equivalent:—

(i) M(P) is closed in m™(G) for the U.0.T.;

(ii) M(P) 1s sequentially closed in m*(G) for the W.O.T.;

(ii’) M(P) contains the closure in m*(G), relative to the W.0.T.,
of any N,-bounded subset of M(P);

(iii) there exists a number k = k(P,p) < oo such that

el < BNy
for pre M(P), t.e., by Theorem (1.4), (A%) s true.

Proof. Since P is closed, M(P) is in any case complete for the
norm || ||. Since m?(G) is complete for the U.0.T., M(P) is complete
for N, if and only if (i) holds. In any case, Ny (¢) = || ¢]|l. These
remarks, combined with the Inversion Theorem for Banach spaces,
show that (i) and (iii) are equivalent.
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It is evident that (ii) implies (i). Also, since any sequence in
M(P) which is convergent for the W.O.T. is N,-bounded (a direct
application of the uniform boundedness principle), (ii’) implies (ii). It
therefore remains only to show that (iii) implies (ii’).

Suppose then that (g,) is an N,-bounded net in M(P) such that
lim; Ty, = T in the W.0.T.: we have to show that T = T, for some
pe M(P). Now, since (iii) is true by hypothesis, Sup; || ¢ || < <.
Hence the net (¢;) has a weak limiting point pe M(G). Since P is
closed, ¢ necessarily belongs to M(P). The definition of the weak
topology on M(G) ensures that, for each fe L?(G) and each ge L*(G),

the number S (¢t = fHgdx is a limiting point of the numerical net
q

(I, e prgda) = (1T £) gds) .

But this last net is convergent to S (Tfygdx. It follows that Tf =

tx f for each fe L™G), i.e., T = T,e M(P), which is what we wished
to prove.

(2.2) REMARK. It is simple to verify that if pe M(P), then the
multiplier 7T, has the property that T,.f is, for each fe L?(G), the
limit of linear combinations of translates f(z-a) of f with ae P.
Problem: Is it true that conversely any T e m?(G), which is so ap-
proximable, is the limit in the W.0.T. of multipliers T, with ¢ rang-
ing over some N,-bounded subset of M(P)? The answer is affirmative
if P= G is compact, as will appear in the proof immediately below.

(2.3) COROLLARY. Suppose that GG is infintte compact Abelian. Then
(A2) is false for every o satisfying 1 < p < oo.

Proof. Let us show first that any T € m,(G) is the limit in the
W.0O.T. of an N,-bounded net (g, in M(G). Take any base (U,) of
compact neighbourhoods of zero in G, and choose for each ¢ a non-
negative, continuous function k; on G with support contained in U,
and such that S hdx = 1., Then lim, h; * f = f in L?(G) for each fe
L*(G), so that

T, = lim; T(h; * f) = lim, Th, * f = lim, k, x [,
where k;, = Th, e L*(G) and

Vox Flly = T T Ol = [ T b % Fl
= [Tl

Let p, ¢ M(G) be defined by dp(x) = k{x)dx. Then N,(t,) = || T,
and lim; Ty, f=lim; k; x f= f in L?(G). Thus lim; T,, = T in the
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W.0.T. (even in the strong operator topology), and the net (g,) is N,-
bounded. This verifies our claim.

This being so, Theorem (2.1) shows that it is now sufficient to
show that M(G) #= m*(G), when G and P satisfy the stated conditions.
To this end, we choose and fix any infinite Sidon subset S of X, and
aim to show that corresponding to any bounded-complex-valued function

b on X which vanishes on XNS" there is a multiplier 7 e m?(G) for
which

(8) (TA"@) =bOfE (EeX).

Indeed, if 1 < p =< 2, this follows from the substance of p. 130 of [4].
If, on the other hand, 2 < p < = there is by that same token a
multiplier T, of L*'(G) such that (8) is true with 7T, in place of T,
and it then suffices to take for the desired T the adjoint of T..

If the multiplier T' defined by (8) were of the form 7', with pe
M(G), then (8) would entail that

(9) e =bE) (e X).

Since therefore /i vanishes off S, the lemma immediately below would
combine with (9) to show that

(10) Dies |0E) P < oo

However, S being infinite, we are at liberty to suppose that (10) is
false, in which case T is not of the form 7,. Thus M(G) is a proper
subset of m?(G), and the proof is complete.

(2.4) Let G be a compact Abelian group and S a Sidon subset
of X. If pe M(G) s such that

(11) pE) =0 (eXnsS),

then tt is absolutely continuous (relative to Haar measure on G) and
its Radon-Nikodym derivative h belongs to LYG) for every finite q.
In particular,

Jees | ﬂ(g) [P < oo,

Proof. It is known ([4|, p.128, Theorem 5.7.7) that
(12) el = Balitll,

for every ¢ < « and every trigonometric polynomial ¢ on G for which
£(&) = 0 for £€ XN S’, the number B, being independent of ¢. On the
other hand one may select in many ways a net (f;) of trigonometric
polynomials on G such that lim;¢, * ¢ = ¢ weakly in M(G) and C =
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sup; || ¢; |} < e. The inequality (12) applies to ¢; * # and gives

ltix gl = Bolltx ]l = BCY 2]

Supposing that ¢ > 1, it follows that the net (¢, * ) has a weak
limiting point %, in L,(G) and, since t; * ¢t — p weakly in M(G), ¢ can
be none other than the measure defined by dg(x) = hy(x)dx. Putting
h = h,e L(G), it is seen that h,=h a.e. for each ¢ >1, so that
he LYG) for every finite q. This % is, modulo negligible functions,
the Radon-Nikodym derivative of p, and the lemma is established.

3. Impossibility of factorisation in L?(G), p > 1. It was shown
by P.J. Cohen [1] that each he LYG) can be factorised as f* g with
fand g in LYG). Now, if »p > 1, L*(G) is an algebra under convolu-
tion if G is compact (and, if Abelian as we assume throughout, in no
other cases). The next theorem, still concerned with approximation
by sums of the type (1), though now with different restrictions on

the f, and g, shows that Cohen’s result is very far from being
extendible to L*(G) with p > 1.

(3.1) THEOREM. Let G be infinite compact Abelian, and let
1< p= . Let Y denote the set of functions h in L*(G) with the
Jollowing property:— There exists a nmumber R = R(p, h) < c such
that h is the weak limit in M(G) of finite sums

(13) S fox 0,

subject to the condition

14 P FATRIPATRES
Then X is a first category subset of L*(G).
Note. In the statement of Theorem (3.1) we are regarding L*(G)

as a subset of M(G), identifying a function fe L?(G) with the measure
¢ defined by du(x) = f(x)dzx.

Proof. Take again an infinite Sidon subset S of X. Since p >1
there exists ([4], p.130) a number ¢ = ¢(p, S) such that

17 llos = [Bees | FEO 1" S 6 [ flls

for each fe L?(G). If k is a sum of the type (13), then k = 37, 7§,
and so, by the Cauchy-Schwarz inequality,
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the last step by virtue of (14). Consequently, the inequality

(15) Sees | B (©)] < oo,

is satisfied by each he 3.
If 3 were second category in L?(G), an argument similar to that
used in the proof of Theorem (1.4) would show that

(16) Ses | ME [ = ¢RIy,

for each he L?(G), ¢’ being independent of A. This in turn would
entail the existence of a measure re M(G) (actually a function in
L?(G) if p < o) such that

1 if ¢e S,

HO=10 it ceXxns .

But this would contradict Lemma (2.4). Thus X must be a first
category subset of L*(G), as asserted.

(3.2) REMARK. The preceding proof can be modified slightly to
show that ¥ NC(G) is a first category subset of C(G), thus providing
an alternative proof of Corollary (2.3).

(3.3) REMARK. The final phase of the preceding proof, leading
from (16) to the contradiction, may be completed without reference to
Lemma (2.4), and is in fact quite independent of the notion of Sidon
sets and their properties. This is shown by the following lemma.

(3.4) LEMMA. Let G be compact Abelian. If S is a subset of
X such that
17 Sees | U(E) | < oo,
holds for each w in a second category subset of C(G), then S 1is
necessarily finite.

Proof. The hypothesis entails (cf. the proof of Theorem (1.4))
the existence of a number ¢” such

Zees|WE) [ = " [[ull,
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for each ue C(GG). This and the Riesz theorem combine to show that
to each bounded, complex-valued function b on S corresponds a measure
re M(G) for which

(&) = b(¢) for £e S, f(&) =0 for £ XNS'.

This ¢ is uniquely determined by b and the mapping 7 which carries
b into g is an algebraic isomorphism of the algebra B(S) of all
bounded, complex-valued functions on S (with the sup norm and
pointwise product) into the convolution algebra M(G). By Theorem 1
of [2], this entails that B(S) is of finite dimension, so that S must be
finite.

(3.5) REMARK. Yet another way of deriving a contradiction from
(16), or from the apparently weaker variant (17), is to invoke a known
theorem which says that if S is a Sidon subset of the character group
of a compact Abelian group G, then for any given v ¢ [*(S) there exists
w e C(@) such that 4(¢) = v(&) for £€ S. For the circle group this is
established by Rudin ([5], 5.1 and 5.3), though the result for Hadamard
sets S of integers is much older; and for general G it follows from
Theorem 5.7.7 of [4] together with a result due to Hewitt and Zuckerman
{[3], Theorem 8.6) which applies even to non-Abelian compact G.
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DECOMPOSITION THEOREMS FOR
FREDHOLM OPERATORS

T. W. GAMELIN

This paper is devoted to proving and discussing several
consequences of the following decomposition theorem:

Let A and B be closed densely-defined linear operators
from the Banach space X to the Banach space Y such that
D(B) 2 D(A), D(B*) 2 D(A*), the range R(A) of A is closed,
and the dimension of the null-space N(A) of A is finite. Then
X and Y can be decomposed into direct sums X =X, P X,
Y=Y, Y, where X, and Y; are finite dimensional, X, < D(4),
XonD(A) is dense in X, and (X,, Y,) and (X, Y;) are invariant
pairs of subspaces for both A and B, Let A; and B; be the
restrictions of A and B respectively to X;, For all integers
k, (BoATH40) = R(A,), and

dim (BoAs)4(0) =k dim (B, 47 )0) = k& dim N(A4,) .
Also, the action of 4; and B, from X; to Y; can be given a
certain canonical description.

The object of this paper is to study the operator equation
Ax — ABx =y, where A and B are (unbounded) linear operators from a
Banach space X to a Banach space Y. In §1, an integer £(A4:B) is defined,
which expresses a certain interrelationship between the null space of A
and the null space of B. In §1 and 2, decomposition theorems are proved
which refine theorem 4 of [2]. The theorems allow us to split off certain
finite dimensional invariant pairs of subspaces of X and Y so that A
and B are well-behaved with respect to p(A:B) on the remainder.

In §4, the stability of these decompositions under perturbation of
A by AB is investigated. In §5, relations between the dimensions
of certain subspaces of X and Y are given, and a formula for the
Fredholm index of A — A\B is obtained. These extend results of Kaniel
and Schechter [1], who consider the case X = Y and B the indentity
operator.

1t should be noted that the results of Kaniel and Schechter re-
ferred to here follow from theorems 3 and 4 of [2]. The results of
this paper properly refine Kato’s results only when the null space of
B is not {0}.

1. We will be considering linear operators T defined on a dense
linear subset D(A) of a Banach space X, and with values in a Banach
space Y. N(T) and R(T) will denote the null space and range of T
respectively, while a(T') is the dimension of N(T), and B(T) is the
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codimension of R(T) in Y. T is a Fredholm operator if 7 is closed,

R(T) is closed, and both «(T) and B(T) are finite. The index of a
Fredholm operator is the integer.

#(T) = a(T) — B(T) .

Let P be a subspace of X, @ a subspace of Y. (P, Q) is an
wnvariant pair of subspaces for T if T(P N D(T)) S Q.

Standing assumptions: In the remainder of the paper, A and B
are closed linear operators from X to Y, D(A) is dense in X, D(B) 2 D(4),
and D(B*)2D(A*); A is semi-Fredholm, in the sense that R(A) is
closed and a(4) < .

The assumption D(B*) 2 D(A*) seems necessary for the proof of
the decomposition theorems. It is often met when A and B are dif-
ferential operators on some domain in Euclidean space, and the order
of B is less than the order of A. It is always met when B is bounded.

The linear manifolds N, = N,(A4:B) and M, = M,(A:B) are defined
by induction as follows :

N, = N(4)
N, = A(BN,.,) , E>1
Mk = BNk .

N, and M, are increasing sequences of linear manifolds in X and
Y respectively.

The smallest integer 7 such that N, is not a subset of B'R(4)
will be denoted by v(A:B). If N, is a subset of B*R(A) for all =,
then we define ¥(4A:B) = w. (cf. [2])

The dimension of N, will be denoted by =, = 7,(A:B), and the
dimension of M, by o, = 0,(A:B). Then 7w, = a(A), and, in general,
. =ka(A). p(A:B) will denote the first integer » such that 7, < na(4).
It ‘7, = na(A) for all intergers n, then we define (A : B) = o.

In general, p(A:B) = v(A:B) + 1. This inequality is trivial if
y,= . If v < o, then M, , S R(A4), while M, £ R(4). Consequently,
Ty < T, + a(A) = (v + 1)a(A4), and so p(A: B) = v + 1.

We define 6,(A:B) = 7, — ®,_,. Then o, is the dimension of the
quotient space N./N,_,. {0,} is a decreasing sequence of nonnegative
integers, and so the limit

0(A:B) = lkim 0.(A4:B) exists.
If 1(A: B) = o, then g(4: B) = a(A).

2. THEOREM 1. Assume, tn addition to the standing assumptions
on A and B, that v(A:B) = oo. Then X and Y can be decomposed
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anto direct sums

X:XO@X1
Y= YO@ Y19

where X, and Y, are finite dimensional, X, & D(A4), X, N D(A) is
dense in X, and (X,, Y,) and (X,, Y,) are invariant pairs for both
Aand B. If A; and B, are the restrictions of A and B respectively
to X, then p(A, B, = o, while A, and B, map X, onto Y,.
Furthermore, X, and Y, can be decomposed as direct sums

X1:P1@"'69Pp
leQl@"'@Qp,

where A, and B, map P; onto Q;. Bases {ri:1< 7= %)} and
{yi:1 =1 =< 9(J) — 1} can be chosen for P; and Q; respectively so that

Avi" = Brj=vy;, 1=i=7()—1
Al =0 = Ba]

Although the decomposition is not, in general, unique, the integers
p and 7(7), 1 <7 = m, are uniquely determined by A and B. In
fact,

p=a(d) —d(A:B).

Proof. Let » = c(A), and suppose that {z!, --- 2.} is a basis for
N(A). Since y(A:B) = o, zi can be chosen by induction so that
Azt = Bzi7'. {#:1<j=<mn, 1<1=<m} is a spanning set for N,,
while {Bzi: 1 <j=<n, 1=<1¢=m}is a spanning set for M,. Also,
{zr: 1= ¢ = n} span N,, modulo N,,_,.

Recall that 0,, = o(m) = dim (N,/N,,_,). By induction, the order of
the 2 can be chosen so that {27 _s(m+s +*+, 2"} span N,, modulo N,,_,.
Then

Gp=1{gin—0@)+1=j=n, 1=i=m}

is a basis for N,,.

Let 7(j) be the greatest integer k such that z¢e G,. If 2te G,
for all k, let 7(j) = . Then 1 =79(1) =92) = -+ = N(n). Let p
be the greatest integer k such that 7(k) < o«. By definition of o, it
is clear that

p=a(d)—o.

Suppose 1 < j = p. 279" is linearly dependent on the set G,y 44,
and so we can write



100 T. W. GAMELIN

() +1 — i
2; ! - E aikzz ’

where the sum is taken over all pairs of integers (i, k), with the
understanding that 2z, =0 if 1 <0 and «; =0 if 2z ¢ G,;:,. For
— 1= q =7(j) define

x?m-—q — z;z(f)—q _ Z aikz}'p—q.—l.
For 0 = ¢ = 7(7),

Bx';l_(j)—q — Bz;{(ﬁ—q — Z aisz}Lc—q—l
= A7}V — 3« Az

— 7(5)—q+1
= Aux]

In particular, Ba?¥ = 0.

Since the sum for 27~¢ involves 27”7¢ only in the first term, the
20— may be replaced by the x79'~% 0 = ¢ =< 7(j), to obtain another
basis for N, +,. Repeating this process for 1 < 5 <p, and making other
appropriate replacements, we arrive at vectors x} such that.

Q) a1, +--, 27 are a basis for N(A4)
(2) Bx; = Azitt,  1=1=7())
3 Buj =0, 1sj=»p.

For convenience, it is assumed that
) ai; =0 if + > 9(j) .

If 1<j=<p, let P; be the subspace of X with basis {«}, -+, 279},
Let @; be the subspace of Y with basis {y}, «-+, 79"}, where yi =
Bxi = Axit'. Let X, =P P ---PP,and ¥, =Q, P --- P Q,. Then
X, and Y, satisfy all the conclusions of the theorem. To conclude the
proof, it suffices to produce complementary subspaces to X, and Y,

which also form an invariant pair.
We will construct functionals

(gh1=3 =70, 1=j=p}on X and
{(fil=iv=7(j)—1, 1=J=p}on Y such that

the fi are in the domain of A* and

(5) gitt=A*fi, l1=1=79(j) -1
(6) 9i=B*f;, 1l=si=79() —1
(7) f;(?/z) - 31'415.77: ’ 1 é j9 k é n

1<¢=4
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(8) gHxt) = 0,0 , 1=7, k=n
1<¢g=1.

Let ¢7'” be any functional on X which satisfies (8). The other
g: will be chosen by induction.

Suppose that f¢ and g? are chosen, for ¢ >4 =1, to satisfy (5)
through (8). By (8), gi™ is orthogonal to N(A), and so g;*' is in the
closure of R(A*). Since R(A) is closed, R(A*) is closed, and there is
an fie D(A*) for which A*f{ = ¢gi*'. Let ¢gi = B*f:. Then (5) and
(6) hold by definition.

To verify (7), we have for ¢ < 1,

Fiyl) = Fi(Axi™)
= (A" )@l
= git@i*) = 0,0

(8) is an immediate consequence of (7).

Let X, = N {N(g):1 =1 = 70), l1=j=p}
Yo=n{N/fi)l=i=n9H-1, 1=7=0p}.

From (7) and (8), it is eclear that X, N X, = {0} and Y, N Y, = {0}.
Since the codimension of X, in X is no greater than the number of
functionals gi defining it, and since this number is the dimension of
X,, we must have X = X, P X,. Similarly, Y=Y, HY..

Suppose @ € D(A) N X,. Then fi(Ax)= (A*fi)z) = gi™(x) =0,
and so Ax € Y,. Similarly, Bx ¢ Y,, and (X,, Y,) is an invariant
pair for both 4 and B.

Since (X,, Y,) and (X,, Y,) are invariant pairs, N,(A:B) N X, =
N(A,: B)). For k sufficiently large, X, & N, A:B), and so

dim {N, (4, : By)/Ni(4,: By)} = dim {N,...(4: B)/N.(A: B)}
=0
= a(4) — p
= a(A,) .

This can occur only if dim N,.(4,: By) = ka(4,) for all integers k.
Hence ((A,: By) = oo.

3. Let (P, Q) be an invariant pair of finite dimensional subspaces
for A and B. (P, Q) is an irreducible invariant pair of type v if
there are bases {x;}7., for P and {y;}7-, for @ such that Bx;, = y,,
Ax, =0, and Az, = y,,, 2= 1 =Z n.

(P, Q) is an irreducible invariant pair of type p if there are
bases {x;,}°., for P and {y;}?=} for @ such that
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Az, = 0= Bz,
Az, =y, = Bz, , 124=n—1.

(P, Q) is an trreducible invariant patr of type p* if there are
bases {x,}%Z} for P and {y;}}-, for @ such that

Bz, =y, , I=i=n—-1
Az, = Y41, 1=2isn—1.

(P, Q) is an invariant pair of type v if P=P, P --- P P, and
Q=Q0Q, P - PR, where (P;, Q;) is an irreducible invariant pair of
type v, 1 =7 = k. Imnvariant pairs of type p or lype p* are defined
similarly.

It is straightforward to wverify that if (P, @) is an (irreducible)
invariant pair of type p(A:B) (resp. p#*(A:B)), then (P, Q) is an
(irreducible) invariant pair of type p(A —AB:B) (resp. #*(A—\B:B)),
for all complex numbers n. If (P, Q) is an invariant pair of type ,
then w(A|P, B|P)= o and p((A|P)*, (B|P)*)= . If (P, Q) is
of type p*, then vy(A|P, B|P)= o and y(A| P, B|P) = o,

THEOREM 2. Suppose A and B satisfy the standing hypothests.
Then there exist decompositions

X:X0®X1®X2
Y= YOGBYl@Y?.

Where (X;, Y,) is an tnvariant pair, (X, Y, s an invariant pair
of type p, and (X,, Y,) is an wnvariant pair of type v. If A, and
B, are the restrictions of A and B respectively to X,, then v(A,, B,) =
and (A, By) = oo.

Proof. Theorem 2 follows from Theorem 1 and Kato’s Theorem
4 [1], after it is noted that the latter theorem, although stated only
for bounded operators B, is valid under the less restrictive assump-
tion that D(B*) 2 D(A*).

THEOREM 3. In addition to the standing hypotheses, suppose
that A is a Fredholm operator. Then there exist decompositions

X:XOEBX1@X2®X3
Y = YO@YI@Y2®Y37

where each (X;, Y,) ts an wnvariant pair, (X,, Y,) s of type u,
(X,, Y,) s of type v, and (X;, Y,) s of type p*. If A, and B, are
the restrictions of A and B to X,, then v(A, : B,) = o, p#(4,: B) = o,
(AT : Bf) = o, and v(A% : B¥) = oo,
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X=X X XiDX; and Y*=Y;PY:PYiPY} are
the corresponding decompositions of the adjoint spaces, then (Y'§, X%)
is an invariant pair of type p.(4*:B*), (Y%, X%) is an invariant
pair of type v(A*:B*), and (Y%, X%) is an invariant pair of type
H(A*:. B¥).

Proof. In view of Theorem 2, we may assume that ¢(A: B) = o«
and Y(A:B) = o, Then v(A*:B*) = o, and we can proceed to de-
compose X * and Y *, as in the proof of Theorem 1. The only difficulty
encountered is to produce vectors % to span X, which actually lie in
D(4). An induction argument similar to that used in Theorem 1 to
produce the fi and g can also be employed in this case.

4., Let @"(A:B) be the set of complex numbers N\ such that
A — \B is a closed operator from D(A) to Y, and such that R(A — AB)
is closed and a(A — AB) < . @*(A:B) is an open subset of the
complex plane which, by assumption, contains the point » = 0.

For all » € @*(4:B), Theorems 1 and 2 are applicable to the
operators A — AB and B. Also, for A € @*(A: B) we define

o(\) =0,(A—\B:B)
7,(\) = 7(A — AB: B)
0.(A) = 0«(A — \B: B)

o(\) = d(A —AB:B).

THEOREM 4. Let A and B satisfy the standing hypotheses.
There exists a decomposition

X=X X
Y = YOEBYl

such that (X,, Y,) 1s an wmvariant pair, and (X, Y,) s an invariant
parr of type (A — AB: B) for all complex numbers n. If A, and B,
are the restrictions of A and B to X,, then p(4, — AB,: B,) = o for
all » € @7(A: B) satisfying V(A — AB: B) = oo,

Proof. The points M€ @7(A:B) for which v(4 —AB:B)< o
form a discrete subset of @*(4:B), and so there is a N\ € @* such
that W(4 — VB:B) = . Let X = X, X, be the decomposition of
Theorem 1 with respect to A —X'B and B. Then (X, Y, is an in-
variant pair of type #(A — AB:B) for all complex numbers A, as
remarked earlier.

If e @(A:B) and v(A — AB: B) = o, then X, and Y, cannot
be decomposed further as in Theorem 1, for such a decomposition
would violate the fact that ¢#(4, — M'B,: B)= . Hence ¥(A—AB:B)=
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oo implies ((A, — AB,: By) = oo,

Let D be the subset of @+(A:B) of complex numbers ) for which
YA — AB:B)< o, Dis a discrete subset of @+(A: B) with no limit
points in @*(A : B)(cef [1]).

THEOREM 5. p(A — AB: B) is a constant, either finite or infinite,
Jor xe @7 (A:B) — D.

Proof. In view of Theorem 4, it suffices to prove the theorem
when A and B are operators in an invariant pair of type #. For this,
it suffices to look at an irreducible invariant pair of type g. This case
is easy to verify.

THEOREM 6. o(\) is constant on each component of @+(A: B).

Proof. It suffices to show that o(\) is constant in a neighborhood
of an arbitrary point N € @ (4A:B). Let X=X X P X, and Y =
Y, @Y. @Y, be the decomposition of Theorem 2 with respect to
A — NBand B. Then v(4, — AB,: B,) = o for A near \’, and so o(\)=
a(4, — \B;) for N near \'. By Theorem 3, [2], a(4,— AB,) =
a(A, — VB, for A near \.

5. Let X=X X PX,and Y=Y, Y, PY, be the decom-
positions of Theorem 2 with respect to A and B. Let 7, = 7}, + 7} + 7}
and o, = P} + O, + p3 be the corresponding decompositions of m, and
Or. Assume that r is chosen small that 0 < |\ | < r implies » € @*(A:B)
and Y(A —AB:B)= w. Then 7(\) = ko(\) for |N|<r. If k is
sufficiently large,

m(\) = dim X, , IN| <7
1) = dim X,, A=20
) = 0, O<|nl<r.

Also, 0%(\) = ko(\) for |n| < r. For k sufficiently large,

Oi(\) = dim Y,

(dimY,, A=0
PZ(N)Zt

0o , O< N <.
We define, for any » € @+(A: B),
@) n(\) = lim [m(\) — ko(M)]
@) o) = lim [0,(\) — ko (V)]

n(\) and p(\) correspond to z(\) defined in [1]. From the preced-
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ing, we deduce that

3) ﬂ(X):{jl:mX“ O<Ini<r
m(X,; X)), A=0

_ (dimY,, 0< N <7
@ o0 = {dim(Yl@YZ), r=0.

From these formulae, it follows that
(5) a(A — AB) = a(\) + m(\) — p(\) 0< NI <,
for both sides of this expression are equal to
(A, — By + dim X, — dim Y, .

We will assume in the remainder of the discussion that 4 is a
Fredholm operator. The set of complex numbers A\ such that A —AB
is a Fredholm operator will be dencted by @(A:B). @(A:B) is an
open subset of the complex plane, and consists of the union of those
components of @7(A: B) for which B(A — A\B) is of finite codimension
in Y, i.e., for which a(A* — \B*) < oo,

The quantities 7wf(\) = 7w (4* — AB* : B*), 0i(\), o*(\), #*(\) and
0*(\) ave then well-defined for e @(A:B). The formula for the
adjoint operators corresponding to (5) is

(6) a(A* — NB¥) = o*(\) + T (V) — 0" (V) , 0[N <.
Since a(A* — AB*) = B(A — \B), we have

(M KA — AB) = (6(\) — 0*(\))
+ (@) — ) — (o) — ") 0N <

In view of the decomposition of Theorem 3, the jump discontinuity
of #* at A = 0 is equal to that of 7= at A = 0, i.e., they are both equal
to dim X, = dim Y,. Hence (7) holds also for »x = 0, and we arrive at
the following theorem.

THEOREM 7. For all e @(A: B),
k(A — AB) = (o(\) — 0*(N)) + (w(V) — 7T*(N) — (P(A) — P*(N)).

Analogous formulae can be written down if it is assumed, further,
that B is a Fredholm operator. If M(B) = {0} and R(B) is dense in
Y, then p(0\) = p*(\) = 7(\) = w*(\) = 0, and Theorem 7 reduces to

®) #(A — \B) = o(\) — 0*(\), ne @(A:B).

This latter formula is due to Kaniel and Schechter [1], when
X = Y and B is the identity operator.
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ON THE INVARIANT MEAN ON TOPOLOGICAL
SEMIGROUPS
AND ON TOPOLOGICAL GROUPS

EDMOND GRANIRER

Let S be a topological semigroup and C(S) be the space of
bounded contincus functions on S. The space of translation
invariant, bounded, linear functionals on C(S) and its connec-
tion with the structure of S, are investigated in this paper.
For topological groups G, not necessarily locally compact, the
space of bounded, linear, translation invariant functionals, on
the space UC(G) of bounded uniformly continuous functions,
is also investigated and its connection with the structure of
G pointed out., The obtained results are applied to the study
of the radical of the convolution algebra UC(G)* (for locally
compact groups, or for subgroups of locally convex linear to-
pological spaces) and some results which seem to be unknown
even when G is taken to be the real line are obtained.

The topological semigroup S is assumed to have a separately
continuous multiplication, and C(S) is given the usual sup norm.
C(S)* will denote the conjugate Banach space of C(S). If aeS
and f is any function on S then f, is defined by f.(s) = f(as) for
seS. @peC(S)* is said to be left invariant if o(f,) = @(f) for each
S in C(S) and a in S. J,U(S) will denote the space of left invariant
elements of C(S)*. A topological semigroup is said to be left ame-
nable as a discrete semigroup if there is a linear functional ¢ # 0
on m(S) (the space of all real bounded functions on S with the usual
sup. norm) which satisfies @(f,) = @(f) for each ¢ in S and f in m(S)
and o(f) =0 if f=0. An analogous definition holds for the right
amenable case. A topological semigroup is said to be amenable as a dis-
crete semigroup if it is right and left amenable as a discrete semigroup.

The following are results of I. S. Luthar [12]:

(1) If S is an abelian topological semigroup with a compact ideal
then dim J,I(S) =1

(2) If G is an abelian topological group having a certain property
P (Any noncompact locally compact group or any nonzero subgroup of
a linear convex topological vector space has this property see [12]
p. 406) then dim J UG) = 2.

We say that a subset S, of the semigroup S is a left-ideal group if
S, is a group when endowed with the multiplication induced from S
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and ss, belongs to S, for any s in S and s, in S,. If S is also a
topological space then S, S is a compact left-ideal group if it is a
left-ideal group and a compact subset of S.

The following theorem is proved in Ch. IV of this paper:

THEOREM IV-1. Let S be a topological semigroup (with only sepa-
rately continuous multiplication and no separation axioms) containing
exactly n(0 < m < oo) compact left-ideal groups. Then dim J,I(S) = n.

If S is abelian and contains a compact ideal then as known and
directly shown, S contains a unique group and compact ideal (see the
argument in [12] at the top of p. 404) and so dim J,l(S) = 1, which
yields Luthar’s first result.

When considering this Theorem IV-I one is tempted to conjecture
that its converse if true i.e.

(4) If S is a topological semigroup and dim J,I(S) =% 0 < n < o,
then S contains exactly » compact left-ideal groups'.

This conjecture, even when allowing S to be a topologlcal semi-
group with jointly continuous multiplication and S to be a Hausdorff
regular topological space, cannot be true as the following simple ex-
ample shows:

E. Hewitt (see {22]) has constructed a regular Hausdorff space
S such that the only real continuous functions on it are the constant
functions. Define in this space S the following multiplication: ab = a
for any a,beS. If F:S x S— S is defined by F(a,b) = ab = a and
Uc S is open then F7YU) = {(a,d);abe U} = {(a,b);ac U} = U x S
which is surely open in S x S. Therefore multiplication in S is jointly
continuous and S is a Hausdorff regular topological space. But C(S)
is one dimensional and so C(S)* is one dimensional. Moreover, if we
define ¢(f) = f(a) for each f in C(S) and some fixed a€ S then o # 0
is easily seen to be left invariant, Thus dim J,I(S) = 1. But S does

1 This conjecture made by I. S. Luthar for the abelian case (see [12] p. 403) and
believed to be true by this author for completely regular topological semigroups, is
not true even for abelian topological groups. In fact let G be a pseudocompact non-
compact abelian topological group and A a translation invariant nonnegative linear
functional on G(G) such that || A|| = 1. By Theorem 4.1 of W. Comfort and K. Ross
(see [23] @) is totally bounded and each fin C(G) is uniformly continuous and therefore

has a unique uniformly continuous extension f to the compact topological group G (the
completion of G). Conversely any feC(G) is the uniformly continuous extension of
2 unique f€C(G). Define now the linear functional A on C(G) by Af=Af. It is
not hard to show now, after using heavily the Comfort-Ross theorem, that A4 is
translation invariant (with respect to the elements of G) nonnegative and || 4|} = 1.
Therefore Af = dem where m is the unique normalized Haar measure on G. This
shows that dim J,l(G) = 1 while G is not compact. Many thanks are due to W. Com-
fort and K. Ross for kindly letting this author have a preprint of their paper.
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not contain any proper left ideal since Sb =S for any beS. And S
is neither a group nor is it compact (For a compact hausdorff space
S, C(S) even separates points). Nevertheless, in certain cases, state-
ment (A) holds true. The following theorem is proved in Ch. II of
this paper:

THEOREM 1I-2. Let S be a countable topological semigroup which
is left amenable as a discrete semigroup and which s a T, regular
topological space (and therefore completely regular).

Then dim J,I(S) = %, n < oo, if and only if then S contains exactly
n  finite left-ideal groups?.

Consider now G to be a topological group and denote by LUC(G) < C(G)
the space of left uniformly continuous functions on the group G. Let
J UG LUC(G)* be defined as:

{p; p(fo) = @(f) for each fin LUC(G) and a in G} .

Also, recall that at least any abelian or solvable or locally finite group
G, is left amenable as a discrete group. (see Day [4] for these and
more examples). We can now state our next result:

THEOREM 1II-2. Let G be a separable locally compact hausdorf
topological group which ts amenable as a discrete group. Then

(1) Either dim J,U(G) = 1 or dim JUI(G) = « and dim JIUG) =1
iof and only if G is compact.

(2) Etther dim J,I(G) =1 or dim J,I(G) = o and dim J,I(G) =1
of and only if G is compact.

THEOREM 11I-3. Let G be any separable (not necessarily closed)
subgroup of locally convex linear topological space. Then

(1) FEither dim J,U(G) = 1 or dim J U(G) = © and dim J,I(G) =1
of and only +f G = {0}.

(2) Either dim JUG) = 1 or dim JU(G) = o and dim JI(G) =1
if and only if G = {0}.

From these theorems it is obvious that for both the considered groups
dim J,(G) = dim J I(G) invariably holds. An example of a countable
abelian topological group in which dim J,I(G) = 1 while dim J I(G) = oo
is given in Ch. III. This example uses heavily the theorems on coun-
table topological semigroups obtained in Ch. II.

Separable topological groups G which are amenable as discrete groups
and have a certain property B (G has property B means that G admits

2 One cannot hope for much more than this theorem. In fact an example of a

locally compact abelian topological semigroup (with jointly continuous multiplication)
for which statement 4 does not hold true for any » can be given.
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a real left uniformly continuous unbounded function. Noncompact local-
ly compact groups, nonzero subgroups of locally convex linear topological
spaces and groups which admit a right invariant unbounded metrie
have this property.) are considered in Ch. III and for them it is proved
that dim J,l(G) = © and dim J,I(G) = o (see Theorem (III. 1)). It
should be remarked here, that our results neither imply, nor are im-
plied by Luthar’s results in [12]. They improve Luthar’s results in
the case where G is separable and either locally compact or a sub-
group of a locally convex linear topological space (and also in certain
other cases) but they do not deal at all with the non separable case.

We consider further in this paper the Banach space LUC(G)* (i.e.
the conjugate of LUC(G)). As known and easily seen LUC(G)* be-
comes a Banach algebra under convolution as multiplication (while con-
volution in C(G)* cannot generally be defined, as known). If we denote
by R(G) the radical of the Banach algebra LUC(G)* (which may not
be commutative though G is so) then the following results are obtained,
as immediate consequences of our work:

THEOREM. If G is a separable, noncompact, locally compact topo-
logical group which 1s amenable as o discrete group, then the radical
R(G), of LUC(G)* is infinite dimensional (see Theorem I111-6)

Combining this theorem with a known result, to be found in Rudin
[15], which asserts that if G is compact abelian then C(G)* is semi-
simple one gets.

THEOREM II1-4. Let G be a separable abelian locally compact
topological group. Then either R(G) = {0} or R(G) is infinite dimen-
stonal. Moreover R(G) = {0} if and only if G is compact®.

THEOREM III-5. Let G be a separable subgroup of a locally con-
vex linear topological space. Then either R(G) = {0} or R(G) ts im-
finite dimensional. Moreover R(G) = {0} if and only +f G = {0}.

If we take G to be the real line R and therefore LUC(G) = UC(R)
to be the space of real uniformly continuous bounded functions on R
then the algebra UC(R)*, with convolution as multiplication, has as in-
finite dimensional radical. It is not hard to see that this holds true
also for the complex valued uniformly continuous functions on R. Even
this result for the real line seems to be unknown.

8 It can be proved that R(G) = {0} for any compact topological group G. There-
fore Theorem III-4 holds true for any separable locally compact G, which is ame-
nable as a discrete group. Thanks are due to Professor M. Rajagopalan for com-
municating this fact to me.
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In the end it is a pleasure for me to thank Ranga R. Rao for the
friendly and fruitful conversations I had with him. It was in fact his
idea to use the functions {f,} in the proof of Theorem III-1.

Some notations. S is a topological semigroup if it has an associa-
tive multiplication and is a topological space (with no separation axioms)
and for any fixed ¢ in S the mappings s — as and s — sa are continuous
from S to S. (i.e. multiplication is only separately continuous). We do
not assume that (x, y) — xy from S X S— S is continuous. As remarked
in [19] p. 64 the multiplicative semigroup or linear continuous operators
on a Banach space with the weak operator topology is only separately
continuous.

(G is a topological group if it is a group, has a Hausdorff topology
and (z, y) — 2y from G X G — G is continuous (i.e. in this case jointly
continuous multiplication.)

It S is a set then [,(S), m(S) are defined as usual (see Day [5]
p. 28) and if S has a topology then C(S) is again defined as usual
(see introduction). We stress that we deal only with real valued
bounded functions in this paper. If X, Y are normed spaces then
X* Y* are their respective conjugate Banach spaces and if T: X — Y
is linear then T*:Y* — X* denotes the conjugate of T (see [5] pp.
14-17.)

If Ac S then 1, is the function whose value is one an A4 and zero
otherwise (when no ambiguity may arise, 1 will denote the constant
one function on S, i.e. 1y). If A, B are subsets of S then A — B will
invariably mean the set of points of A which are not in B.

If f is a function on S and a€S then f,, f* are defined by
(f)(s) = f(as) and (f%)(a) = f(sa) for each s in S. A linear manifold
(which means the same as a linear subspace or in short a subspace)
L cm(S) is left invariant if f,€ L for each fe L. In this case pe L*
is left invariant if ¢(f,) = ¢(f) for each f in I, and @ in S. If L
contains the constant functions then ¢ € L* is called a mean if o(f) = 0
for f=0in L and ¢(ly) = 1. @e L* is called a finite mean of L*
if there is a finite subset {a,, ---, ¢,} © S, and nonnegative «,, -+, «,
with Za; = 1 such that o(f) = S\, a; f(a;) for each fe L.

If S is a topological semigroup then J,I(S) = {pe C(S)*; o(f,) =
o(f) for each fe C(S) and ac S} and JUS) = {p e m(S)*; o(f.) = o(f)
for each fem(S) and ae S}. For ‘“‘left-ideal group’’ or ‘‘compact left-
ideal group’”’ see the introduction. A finite left ideal group is a left
ideal group which contains a finite number of elements. If X is a
Banach space and Y < X a subspace then we write dimY =% if Y
is » dimensional, 0 =% < o, and dimY = oo if Y is not finite
dimensional.
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If X is a Banach space with conjugate space X* then the w*
topology in X* (sometimes called the X topology of X*) is defined
as in Day [5] p. 17.

A nonempty class F' of subsets of a set S is called a field (o-field)
if it is closed under complementation and under the operation of taking
finite (countable) unions.

II. The invariant mean on countable topological semigroups

The main theorem of this chapter is Theorem 2. The main tool
for its proof is Theorem 1. The proof of Theorem 1 uses basically
the same idea as the proof of Theorem (5.1) of [6]. It yields though
a simpler proof even for the discrete case than Theorem (5.1) of [6].

DerFiNiTION 1. Let S be a semigroup. Define I,: m(S) — m(S) by
lL.f=f, for any a in S. If L,cm(S) is a left invariant manifold
then define 1% L,— L, by 1f = f, for any a in S and fin L,. Denote
in this case &7 = [¥: m(S)* — m(S)*, &' = (I9)*: L§ — L§ and

Jl(S) = {pe L¥; &9 = ¢ for each se S}.

THEOREM 1. Let S be a left amenable semigroup and L, C m(S)
be a left invariant linear mantfold containing the constants. Assume
that there is a sequence {s,}; C S such that

{peLf; Lo =p,m=1,2,-+-}=Jl(S) .

If dim J)l(S) < o« then each left invariant mean e Lf is ¢ w*-
sequential limit of finite means, in other words there is a sequence of
Sinite means @, in L§ such that o(f) = lim,_... @,(f) for each f € L,.

REMARK 1. If we do not assume the existence of a countable
sequence {s,} © S as above then the theorem does not remain true as
is shown by the following example: Let G be an abelian compact
hausdorff nonseparable topological group and let L,= C(G). Then
dim JJl(G) = 1. Let ¢,€ Ly be the left invariant mean represented by
the normalized Haar measure on G. Assume that ¢ (f) = lim,_.., @,(f)
for each fe C(G) where ¢, are finite means i.e., ¢,(f) = >, a; f(g;)
where «;, g; and k depend on n,a; = 0 and >, a; = 1.

If we call o(p,) ={9, -, 9:}, then A= Ur,0(p,) is countable
and therefore the group generated by A is countable and therefore
the closure of this group, say G, is a closed separable subgroup of
G. Since G is nonseparable G = G,. But if fe C(G) satisfies f(g) = 1
for g€ G, then ¢,(f) = 1 since d(p,) CG,. Therefore @,(f) = 1 which
shows by [8] p. 248 that £(G,) = 1 where ¢ is the normalized Haar



ON THE INVARIANT MEAN ON TOPOLOGICAL SEMIGROUPS 113

measure on G. But if acG and a¢G, then aG,NG,= @ and so
1= m(G) = (aG,) + 1(G,) = 2, which is a contradiction.

Thus the above theorem is not true if we do not assume the
existence of the above sequence {s,}. This is the reason why Luthar,
in his theorem about the uniqueness of the invariant mean on an
abelian semigroup, see [11] and this author, in proving the theorem
about the finite dimensionality of the set of invariant means on a
semigroup, (see [6]), had to handle first the case in which the semi-
group was countable and only afterwards, by using arguments involv-
ing much more the algebraic properties of semigroups, to handle the
uncountable case (which is not yet proved in its due generality).

Proof of the Theorem. Let @, Ly be a left invariant mean. Let
¥ €m(S)* be a norm preserving extension of ¢,. Since 1€ L, and o,
is a mean one has: 1= ||l = p(1) = +1). But |||l = || ®.|l and
so 1 = ||+ || = (). This implies as known that (f) =0 if f=0.
(In fact if fem(S),1=f=0, would be such that +(f) <0 then
11— FI=1 and |9 = ¥ — f) = $(1) — $(f) > 1) and therefore
o is a mean. If v is a left invariant mean on m(S) then ¢f = v (O ¥
is a left invariant mean on m(S) (see Day [4] p. 526-527 and p. 529
Cor. 2) which is an extension of @,. In fact, if fe L, then (v © ¥)(f) =
v(h) where h(s) = ¥(l,f) = pul,f) = @« f). Thus h(s) is constant on
S and takes only the value @y (f). Hence v(h) = @, f), since v is a
mean. (We notice that we could have applied an invariant extension
theorem of R. J. Silverman see [16] in order to get immediately the
existence of ¢} but we prefered the above simple argument).

Let now {g,} be a net of finite means in m(S)* such that w*-lim, ¢, =
@, and lim, || ZFphL — @l || = 0 for each s in S. (see [6] p. 44, (5.8)%).
If ¢,e L§ is the restriction of ¢, to L, then since lim, @i(f) = 9i(f)
for each fem(S) we get that lim, ¢,(f) = @, f) for each fe L, and
thus w*-lim ¢, = ¢, (in L¥). Moreover if fe L, and || f|| =1,

(Z'Po — @) [l = | @all5f — /)| = | @ul f — )]
= | (ZLpw — P f| £ | Lol — @ull — 0

for each s in S. This implies that lim, ||.&7 9y — @, || = 0 (Where the
norm now is that of L}) for each s in S.

Let now S(py, 1/n)={peLf;||lp — pll < 1/n} and let V, be a
sequence of convex w* neighborhoods of ¢, which are w*-closed such
that V,.,<V, for n =1,2,+-- and

o€ V, N Jl(S) C s(% %) 0 J(S) .

The choice of such V,’s is possible since J,I(S) is finite dimensional
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(see [6] p. 44 (5.5)* and p. 45). There is now an &) such that @ = «,
implies || )0y — @ull < 1/m for ¢ =1,2, -+, n.

Since @, is a w* limit point of the net {p,} there is an «, = a),
such that ¢, € V,. Write ¢, = ¢, and let 4, be some w*-limit point
of the net {p,}. The set of means of L can be written as

N {pelf;llell =1 and o(f) = 0}

FEL} F20

and so is w* compact. This shows the existence of such a 4, (and so
2, is even a mean). Moreover, if fe L, || fI| =1 and s; is fixed then

(Lo — Y f | = [ Z e — @S
+ (ZPn — P+ (Pn — ¥ S|
= [ (o — @I, f
+ 1. Z0Pn — Pull + [P0 — ¥ S|+

If ¢ >0 is given then there is an 7%, = 7 such that 1/n, < ¢/3 and
therefore for n = n, [|Z)p, — @.|| < ¢&/3. Since 4 is a w*-limit
point of {p,}, there is an n, = n, such that [(y, — @, )l f| < ¢/3 and
(@, — ¥o)f| <¢&f8. Thus &y, =+, for each j and using the as-
sumption of our theorem we get that e JJl(S). But 4, is also a
w* limit point of the sequence {p,}7.,C Vi. Since V, is w* closed
vo€ V, for each k. Thus e V, N JUS)C S(py, 1/k) N JU(S). This
shows that ||y, — @, || < 1/k for each k and so ¢, = 4. Therefore
the sequence {p,}C LF has the unique w*-limit point ¢,. Therefore
lim,_s. @,(f) = @(f) for each fe L (see [6] p. 43 and replace there
m(G) by L,). This finishes the proof of our theorem.

REMARK 2. J,l(S) coincides with the linear manifold spanned by
the left invariant means in Jl(S). Since if @€ Jyl(S) and + € m(S)*
is any extension of ¢ and if v is any left invariant mean of m(S)*
then @' = v (D e m(S)* is a left invariant extension of @ e J)l(S) (see
begining of proof of the preceeding theorem). But by [6] p. 55 foot-
note 5 there are left invariant means @i, p; in m(S)* such that ¢’ =
ap; — Byp;. If ¢, is the restriction of @] to L, then ¢ = ap, — Byp,
and ¢, are left invariant means of L.

DEFINITION 2. If X is a topological space then A C X is called a
Z-set if A = {x; f(x) = 0} for some fe C(X), Fy will denote the field
generated by the Z-sets and By is the o-field generated by the Z-sets
(or the o-field of Baire subsets of X).

LEMMA 1. Let S be a countable topological semigroup which s
left amenable as a discrete semigroup. If the set of left invariant
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elements of C(S), JU(S), is finite dimensional then each left invariant
mean @, of C(S)* can be represented by a regular countable additive
measure m, on Bg.

Proof. Let @€ C(S)* be a left invariant mean. Taking in the
previous theorem L, = C(S) we get that there is a sequence of finite
means {p,} such that lim, .., (f) = o(f) for each fe C(S).

If ae S then let m, be the countable additive measure defined on
B by: m,(B) =1 if and only if ac B. m, is regular and countably
additive and since any finite mean can be represented by a linear com-
bination of m,’s we get that ¢, are represented by countable additive
regular measures m, on Bg. Thus for each fe C(S)

#uf) = lim | fim, .

Applying now A. D. Alexandroff’s theorem (for statement and proof
see Varadarajan [17] p. 68769 Theorem 19) there exists a countably
additive measure m, on Fy such that

P f) = Sfdm(, for each fe C(S).

By a known theorem m, can be uniquely extended to a countably
additive measure on By, (see [17] p. 45 Thm 18). By the second
part of [17] Thm. 18 p. 45 this m, is even regular.

REMARK 3. Applying now the uniqueness part of Alexandroff’s
theorem on the representation of linear functionals by measures, (see
Alexandroff [1] or Varadarajan [17] p. 39 Thm 5) we get that for any
Z-set Z, one has my(Z,) = inf {p,(f); f = 1., f € C(S)}.

THEOREM 2. Let S be a countable topological semigroup which
is left amenable as a discrete semigroup and which s a T, and
regular topological space (for definition see [10]p.118). Then dimdJ,I(S)=
n, n < oo, if and only if S contains exactly n finite left-ideal groups.

REMARK 4. (@) If ¢ is any invariant mean on m(S) then its
restriction to C(S) is an invariant mean of C(S)*. Thus in any case
dim J,I(S) = 1 (if S is left amenable as a discrete semigroup).

(b) Two different left-ideal groups are disjoint (each one is a minimal
left ideal).

Proof of Theorem. S being countable is Lindelof and being also
regular is normal (see Kelley [10] p. 113) We show now that any
closed Fc S is a Z-set.
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Let S— F=1{s,s,+++} and let f,eC(S) satisfy 0 < f, =1 and
f(F) = 0 while f,(s,) =1 (Uryson’s lemma).

Let f(s) = 27 (1/2")f,(s). Then fe C(S) and {s; f(s) = 0} = {F}.
(This is the standard well known proof that any closed G; in a normal
space is a Z-set).

Let @, be a left invariant mean on C(S) and let m, be the regular
countably additive measure such that

P f) = Sfdmo for each fe C(S).

If S={t,t, -}, then 1 =my(S) = Sz, my({t.})). Therefere there is
some a€ S (one of the t;’s) such that my({a}) > 0. Now for any finite
subset F'cS

(1) my({sF}) = inf {p(f); f = L.s} = inf {p(f); = Lis}
=z inf {py(h); b = 15} = m(F) .

And the inequality is true since f= 1,, implies that f,(t) = f(st) =1
for te F ie. f, = 1,.

Therefore if ae S satisfies m,({a}) > 0 and s€ S we have m,({sa}) =
my({a}) > 0. This shows that Sa is a finite left ideal (since m,(S) = 1).
If Ac Sa is a minimal left ideal then for be A, Ab < A and since Ab
is a left ideal, Ab = A. If we denote A = {b,, -+, by}, the above shows
that for each pair ¢,7,1 < 1,7 < N, there is some k,1 < k < N, such
that b.b; = b,. Taking F = {b;} in the inequality (1) we get that
my({b;}) = my({b,d;}) = m({b;}) > 0 and interchanging 7 and j we get that
mo({b;}) = my({b;}) > 0 for each b;, b; in the finite minimal left ideal A,
ie. my({b.}) = my({b}) = + -+ = my({by}). If now b is any element of A
then my(bA) = m(A) = Nm,({bb}). But bA C A and therefore m,(bA) =
Jm({bb,}) where j is the number of differents elements in bA. Thus
j= N and bA = A. This shows that A is a finite minimal left ideal
which satisfies for each be A that bA = Ab = A. This shows that A
is a finite left ideal group.

If seS and e is the identity of A then sA = (se)A = A since
sec A. Thus sA = A so that any finite left-ideal group is also what
is (unnecessarily) called in [6] p. 34 a (L.i.l.e). (Also, obviously, any
finite group and (l.i.l.c) is a left-ideal group.) Now the number of finite
left-ideal groups in S is less than or equal to n (where dim J,I(S) = n)
since if A, ---, A,, A,+; would be finite left-ideal groups and we would
define @;€ C(S) by @i(f) = [1/N(A4))] Ziieq, f(s) where N(4,) is the num-
ber of elements of A; then as easily checked ¢, is a left invariant mean
on C(S) (since sA; = A; for each se€S). But ¢, -+, ... € C(S)* are
linearly independent. In fact if >*" a;p; = 0 and if we define f! on
Ut 4; by f/(s) =1 for se€ A; and f/(s) =0 if se 4; for j # ¢ then
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we can, by Tietze’s extension theorem find an extension f;e C(S) of
fi. For this f; we have 0 = >, a;0,(f;) = a,p,(f;) = a; which shows
that a; = 0 so that dim J,I(G) = n + 1, which contradicts our assumption.
Thus there are at most # finite left-ideal groups in S.* If m(1= m < n)
is the number of the finite left-ideal groups in S then we get by [6]
p. 34 Thm. 3.1 and p. 36 Remark 3.2 and [6] p. 55 footnote 5
that dim JIU(S) = m where JI(S) is the set of left invariant elements
of m(S)*. But any ¢ € J.I(S)C C(S)* has an extention ¢’ e JI(S)Cm(S)*
(see beginning of proof to Thm (1I.1)). Thus if ¢,, -+, @, are » linearly
independent elements of J,I(S) and {p;], - -+, @i} C JUS) C m(S)* are ex-
tensions of ¢, ---p, respectively then ¢j, ---, ¢, are also linearly in-
dependent in m(S)*. Since if 37 ;] = 0 then for each fe C(S) < m(S)
we would have >\" a;@,(f)=0 which would imply that o, =c,= - - -, = 0.
Therefore {@], + -+, @i} < JIU(S) are linearly independent which shows that
m = n and S contains exactly n finite left-ideal groups.

REMARK 5. We also proved at the end of this theorem that
dim J,I(S) = »n implies dim JI(S) = n where S is countable and left
amenable as a discrete semigroup. That this does not hold true for
noncountable S is shown by the following example: Let G be an
abelian compact Hausdorff topological group which is not finite. Then
by Theorem B of [6] p. 32 we get that dim JI(G)= o while dim J I(G)=1
(The Haar measure is unique). In other words the restriction of the
infinite dimensional space JU(G) C m(G)* to C(G) forms an one dimen-
sional subspace of C(G)* which coincides with J,I(G). The end of the
proof of our preceeding theorem shows that this cannot happen if G
is countable.

COROLLARY 1. Let S be a countable T, regular topological semi-
group which is left amenable as a discrete semigroup. If S has left
cancellation then dim JUG) = n (n < ) of and only of S is finite
and s the union of n finite disjoint left-ideal groups. dim JIUG) =1
if and only if then G is a finite group.

Proof. At the end of the last theorem it was in fact shown that
n = dim J,I(S) = dim JI(S) where JI(S) is the set of left invariant

* We could also proceed as follows: Let m, 1 < m < «, be the number of finite
left ideal groups of S and let A be a compact left ideal group of S. Then A is a
countable group and has a compact hausdorff topology in which multiplication is
separately continuous. Hence by the theorem of Ellis (see Ellis [21] or Glicksberg-
Deleeuw [19] p.p. 64-65 and p.p. 94-96) A is a compact topological group which is
countable, Hence 4 has to be finite (since if m is its normalised Haar measure
then m{a}>0 for some a in A, hence m(A) = =, if A is infinite, which cannot be.).
Therefore S contains, in our case exactly m compact left ideal groups. By Theorem
IV-1 of the present paper dim J,1(S) = m which finishes the proof.
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elements of m(S)*. Applying Thm £ of [6] p. 49 and remembering
footnote 5 on p. 55 of [6] we get this corollary.

ReEMARK 6. If G is a discrete amenable group and G’ C G a sub-
group then there exists a linear positive isometry from JI(G’) into
JUG) (see Day [4] p. 534). Therefore, the assumption that dim JI(G) =n
implies that dim JI(G') = n. If G is a topological group and G'C G a
subgroup then there does not generally exist a linear isometry from
JUG) to JU(G). In fact let G be a compact abelian hausdorff topo-
logical group. Then dim JI(G) = 1. If now G' C G is any countable
(not finite) subgroup then G’ being abelian, is amenable as a discrete
group and satisfies all the assumptions of our previous corollary. There-
fore dim J,l(G') = o, which shows that there cannot exist an isometry
from J,I(G') into J,l(G). This theorem of Day was the main tool to
pass from the countable case to the uncountable case when dealing
with discrete groups (see [6] p. 46 proof of Cor (5.3)). The above
example shows that this important tool is not more available when
dealing with topological groups.

ITI. The invariant mean on separable topological groups

The main theorem of this chapter is Theorem 1. We have to
restrict ourselves to topological groups rather than topological semi-
groups since our method works only for left uniformly continuous
functions and on semigroups there may not be any uniformity at all
which is consistent with the algebraic structure.

DeFINITION 1. Let G be a topological group and U C G a neighbor-
hood of the identity. We say that U totally covers G if G < UL, Ua;:
for some finite subset {a, <+, a,} ©G. (We should have said that U
left totally covers G but we drop the ‘‘left’’ since we do not deal at
all with the ‘‘right’’ case.)

We say that the topological group G has property (B) if it has
a neighborhood of the identity U such that none of its powers totally
covers G (or in other words for each # and each finite subset
{a, <, .} G, G— UL, Ura;, = ©.)

REMARK 1.

(a) A noncompact locally compact group has property B since if
U is a compact neighborhood of the identity then U™ is compact for
each n and so UJ!, U"a; is compact and therefore does not cover the
whole of G.

(b) Any subgroup G # {0} of a hausdorff locally convex linear
topological space E has property B. Since if 0 #aeG and f is a
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linear continuous functional on E such that f(a) = 0 then let U =
{yeG; | fly)| <1}. Then the n™ power of U is defined by U" =
U+ -+« + U (n times). Thus if ye U" then y = u, + +-+ + u, with
u; € U and | f(y)| = n. Therefore ye Ui, U" + ¢, implies that

| f(y) ] élrgieglf(gi)l +n=K.

But there is a positive integer j which satisfies | f(ja)| = j.| f(a)| > K.
Since ja e G this implies that G is not included in U (¢9; + U™) so that
G has property (B).

(C) Any topological metriec group G which admits a right invariant
non bounded metric (i.e. its topology can be given by a right invariant
metric d such that for any K >0 there are a, b € G satisfying d(a, d) > K),
has property B. It should be pointed out that any metric topological
group admits as known (see G. Birkhof [2] or Kakutani [9]) a right
invariant metric. Therefore the real requirement is that the metric
should be unbounded. (If G is totally bounded and metric then any
admissible invariant metrie is bounded).

Assume that G admits a right invariant unbounded metric d. If
¢ is the identity element of G then let U = {g; d(e, g) < 1}. Then for
we U d(e,w) < n. This is true for » = 1. Assume that it holds for
n—1. If ue U™ then v = wu, -+ %, with u,e€ U. Then

d(ulu’2 ce un; 6) d(uluz tt uny ?/l/2 M u’n) + d(u’2 e un) 6)

diu,e)+n—1=mn

A IA

since d is right invariant. If G c U, U"a, then any ge G satisfies
ge U"a; for some 1 = ¢ =<k and so ¢ = va, with ve U". Thus

d(e, g) = d(e, a;) + d(a;, va;) = K+ d(e,v) = K+ n = K,

where K = max{d(e,a,),1 =1 =< k}. But the metric d is unbounded
and therefore there are a, b € G such that d(e, ba™) = d(a, b) > K, which
is a contradiction. (As we see here it is enough that d(x, y) should be
a continuous unbounded right invariant pseudometric on G and it is
not necessary that d, generates the topology of G)*

The following lemma is needed in what follows:

LeMMA 1. Let G be a separable hausdorff topological group having
property (B) and let {p,}7 be dense in G. Then for any open sym-

+ The following example of a group with property (B) seems to have some in-
terest. Consider the space Ly(0,1), for 0 < p <1, with the metric :l x(t) — y(t) |2dt.
The function F(z) = ;I 2(t)|?dt is uniformly continuous and F(nx) = n? ;Ix(t) |2dt - oo
if > o and  # 0. As known there is no nonzero continuous linear functional (or
even character) on Ly(0,1), for 0 < p <1, and hence it is not even a locally convex
linear topological space (see M. M, Day Bull. Amer. Math. Soc. 46 (194(), 816-823).
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metric neighborhood of the identity U none of whose powers totally
cover G there exist a left uniformly continuous nonnegative function
F on G such that

k42
{9 0= F(9) = b} = F70, k) = U Uz Jor k=1,2,3,---
Proof. Let {p.} be a countable dense subset of G. We define an
increasing sequence of open subsets of G in the following way:
A, =Up,.

As well known A, = N VA, where V ranges over all the neighborhoods
of ¢ and therefore 4, U?p,. Let

A, = U(/Il U Upz) .
We get immediately that Up, U Up,C A, and UA, C A, and

Az - U[U(Z1 U Up,)]
cUUp, U Upy) cU', U Up, c Up, U Up, .

Assume now that A;, 4,, --+, A, have been chosen such that
Up,uUp,--- UUp;C A; C A; C U%p, Y U?p, -+ U Up;,
and UA;  C A; for each j < — 1 then we chose
A,=U,.,uUp,).
We have that (Up, UUp,--- UUp,) C(A,_,UUp,)c A, and that

UA_'IL—] c An c Zn c U2(An—~1 U Upn)
- Uz[Uz(n—l)pl U U UZ(’/L—-I)pn_l U UZ(n—l)pn]
C Uznpl U coe U Uann .

In short our sequence of open substs A, satisfies the following
(I1L. 1) U4, =6
n=1

U Up;, c U4, and G = Uz, Up, since otherwise there would be
some a€ G such that a ¢ Up, for each 7 i.e., p; € Ua for each 7 (U is
open symetric) which cannot be since {p;} is dense in G.)

(111, 2) UA,c A,..C g Uetdy,

We can also assume that A, — A, _, # 0 for each n (Where for A, BC G,
A — B are the elements of A which are not in B). (Since otherwise we
would choose A4, = A,, n, to be the first n > n, for which 4, — 4, = &
and if m,., was already chosen then let %, be the first n > n,_, for
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which A, — A, | # @. There is such a n, since U* does not totally
cover G for any k. Obviously the sequence A, = A, would satisfy
(III. 1) (III. 2) in addition to A, — Ai_, # ©)

It is proved in A. Weil {18] p. 13 that if F is a uniform space
and V'’ a neighborhood of the diagonal in F X E and if p,€ E then
there exists a uniformly continuous function f: E— [0, 1] such that
f(p)=0and f(¢)=1for gec E—V'(p). (where V'(p)={qc E; (p,q) e V'}
and for AC E, V(A) = U,es Va(p)). But moreover, if we chose a fixed
sequence of symmetric neighborhoods of the diagonal (i.e., elements of
the uniformity) in E X E say V, which satisfy V,.,V..,c V., (for
notation see [18] A. Weil) for n =0,1,2:--- and V;C V' then the
function jf: E—[0,1] can even be chosen to satisfy the condition
| f@) — f(r)| < 1/2"* whenever (p, q)€ V,, (see [18] p. 14). We notice
also that the sequence V, is not dependent upon p. But the same
proof yields actually more: If V' is a neighborhood of the diagonal
(a member of the uniformity) and the sequence V, is chosen as above
and if P is any subset of E then there exists a uniformly continuous
fi E—1[0,1] such that f(p) =0 if pe P and f(q) =1 if ge E - V'(P).
Returning now to our group we consider its left uniformity i.e. the uni-
formity whose elements are all the sets of the form V' = {(p, q); ¢ € Vp}
where p,qc€ G and V ranges over all the neighborhoods of e. Let
Ve, =10,1,2--- Dbe a fixed sequence of symmetric neighborhoods of
¢ in G such that V,=U and V,.,V,.,cV, for each . Then V! =
{p,q); ge V,p}CG X G are symmetric elements of the uniformity
which satisfy V,.,V.,,CV, (since for each peG (V,. V.. )(p) =
V!(V,ep) C Vo= Vip)). Therefore since V/(4,)= V, A, = UA,C A,.,
there exists a left uniformly continuous function f,:G—[0,1] such
that f,(4,) =0 and f,(G — UA,) =1 which implies that f.(G — 4.,.)=1.
Moreover if (p,q)e V), ie. if ge V,p then | fi(p) — fi{e)| < 1/2™* for
each k.

Consider now the sequence of functions

]Zk(g):fk(g)+k—l fOI' k:]-,z;gy”'
‘We have:
0 on A4,

Tul9) = 10nG—A;

h()"{l on A,

2g— ZOHG-—AS

h()_{k—lonA—k

kg_ k OnG—‘Ak+1
and also

(LIL. 3) | () — (@) | = | filp) — Fil@) | < 1/2"
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g € VP uniformly in k. (Our sequence of symmetric neighborhoods
V. is the same for all A4,).
Define now the required function F' on G as follows:

h(9) for ge A,
(I11. 4) F(g) = {hy(9) for ge A, — A,
hy(9) for ge A,.,— A, if k=2,

Since A, C A,., and U,-, 4, = G, F is a well defined and real valued
function on G which satisfies that {g:0 < F(g) < k} C A,.,, since if
g¢ A, then ge A, — A, , for some n >k + 2 and so

Fog)=h,@z=zn—1=2k+1.

Therefore by (I11. 2) FF}[Ok]) c UYiZ2 U***p,. We also notice that
F'(g) is not bounded since A, — 4,_, # @ and forge A, — A,_,, F(g) =
hi{g) = k — 1. We prove now that F' is left uniformly continuous:

If ¢ > 0 is given then there exists an m such that 27" < ¢, We
shall show that for any p, g€ G such that qe V,p, | F(p) — F Q)| < e.
Assume therefore that qe V,p. If p and ¢ are both in A4,,, — A4, for
some k = 2 or are both in A, we can immediately conclude from (III. 3),
(I11. 4) that: | F'(p) — F(@)| = | he(p) — k(@) | < 1/2™* < & where k=1
if » and ¢ are both in A,.

If the above is not the case then let ¢ be the first index for which
pe A; and j be the first index for which g€ A;. Assume that ¢ < j.
Since ge V,pcUpcUA, C A;+, (see (III. 2)) we have that j=14+ 1
and qge A,,, (we can assume that ¢ = 2 since if ¢ =1 then p, qe A4,
and we alredy dealt with this case). Thus pe A, — A,_, and

qu,H_l_A,;CG_‘A,; and qump.

Therefore:
| F(@) — F(p)| = hi@) — hi_s(p)
=h(g) — G —1)+ (@ —1)— hi«(q)
= hi{q) — hi(p) + hi_ (@) — h;_(p)
since:
1 —2on A,
hiil0) = {i —1on G— 4
and
_ (i —1on 4,
hig) = { i on G—A4,.,.

Therefore, remembering that ge V,p and applying (IIL. 4), we get:

F(g)— F(p)| | hi(@) — k(D) | + [ hi_@) — hia(p) |

=
é 1/2m~1 + 1/2m—1 < & .
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If 5 < 4 then, remembering that ge V,p if and only if pe V,q (V, is
symmetric), and interchanging p and ¢ we get that | F(p) — F(9)| < ¢
for this case also.

COROLLARY. A topological group G has property B if and only
if there exists a left uniformly continuous real valued unbounded
Sfunction on G°.

Proof. If G has property B then the function F(g) of the pre-
ceeding lemma is unbounded and left uniformly continuous.

Conversely if F(g) is an unbounded left uniformly continuous
function on G there is a neighborhood of the identity % such that
| Fl(a) — F(b)| <1 if be Ua for any a,bcG. We show now that if
be U"a then |F(a) — F'(b)| = n. Assume that this is true for n. If
be U""q then be U(U"a) and so there is some ¢ U"a such that be Ue.
Therefore | F(b) — F'(¢)| < 1 and so

F(b) — Fla)|=|FO) — F(o)|+ |Flo) - Fl@|=1+mn.

Assume now now that G = |J%., U"a; where a,€ G. If now ge G then
ge Ura, for some 1 = ¢ =< Fk and so | F'(g) — F(a;)| = n which implies
that

[Flg)| = n + max | F(a)

This contradicts the assumption that F'(g) is not bounded.

DerFINITION 2. We denote by LUC(G) < C(G) the norm closed sub-
space of C(G) of left uniformly continuous funections on G, i.e. fe C(G)
is in LUC(G) if and only if for each ¢ > 0 there is a neighborhood
of the identity, V in G such that | f(vg) — f(g)| < ¢ for each ve V
and ge G.

5> This corollary is an immediate consequence of a theorem of M. Atsuji (see
Canad. J. Math. 13 (1961), p. 661) who proved that it holds true for any uniform
space. Thanks are due to K. Ross and W. Comfort for communicating it to me.
The above corollary (which is not used in what follows) gives in fact a character-
ization of what may be called “uniformly pseudocompact groups” i.e. groups for
which every uniformly continuous real function is bounded. It states: Each left
uniformly continuous real function on the topological group G is bounded if and
only if each neighborhood of the identity has some power which totally covers G
(see def. 1 of this ch.). The following example of an abelian metric group for
which every uniformly continuous real function is bounded but the group is not
totally bounded (i.e. its completion is not compact) has been given by W. W. Com-
fort and K. A. Ross in [23]. Let G = T™0 (where T is the circle group) and define
for x = {x:}, ¥y = {yn} in G, -y = {2wys}. The metric d is defined by d(z, y) =
sup {|2» — ¥nl;m =1,2,---}. These remarks and the above corollary are given here
only for the general information of the reader and are not used later on. The
lemma preceeding the above corollary is though, used heavily in what follows.
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J.U(G) will denote the space of left invariant element of LUC(G)*.
Since LUC(G) will play the role of L, of Theorem II-1, define IJf = f,
for ¢ in S and f in LUC(G). Also &° = (I9)*.

THEOREM 1. Set G be a separable hausdorff topological group
which 18 amenable as discrete group and satisfies property (B). Then
JUG) is infinite dimensional. As an immediate consequence J,I(G)
18 infinite dimensional.

Proof. We remark first that LUC(G) is a left invariant subspace
of m(G) containing the constant functions, since if fe LUC(G) and
a€ @G then let U be a neighborhood of the identity ¢ of G such that
I f(ug) — f(g)| < e for each % in U and ¢g in G. Then |f(uag) — flag)| < e
foruin Uand gin G. If V is a neighborhood of ¢ such that aV < Ua
then

|G )g) — (L)) | = | flavg) — flag)| < e

for each v in V and g in G which shows that I, f e LUC(G).

(¢ is amenable as a discrete group and therefore there exists a left
invariant mean ¢ on m(G). The restriction of p¢ to LUC(G) is a left
invariant mean. Therefore in any case dim J,l(G) = 1. Assume now
that dim J,l(G) = n where 0 < n < o. We shall show that in this case
G has not property (B). Let {p,} be a countable dense subset of G
and let p € LUC(G)* satisfy |||l =1 and &9 =@ for n =1,2, ---.
Let ac @G, then for fe LUC(G), ¢(I;, f) = @f and so:

(e —o)f =pldf — f)
=ol(le — L)1+ o0, f— )
= o[(ls — )] -

But for any ¢ > 0 there is a neighborhood V of e such that
| f(vg) — f(g)| < ¢ for g in G and ve V, i.e. surely |f(vag) — flag)| < e
whenever ve V. Thus for any be Va we have that || (I — ID)f]] <e.
Since p, is dense in G there is some p; in Va. For this p; we can write
(Z'p —o)f| = [ele — BXN | = 11— B,)fll <e. This shows that
@e JUG) or that {pe LUC(G)*; &9 = ¢ for ge G} = {pc LUC(G)*;
FHp=¢,n=1,2,+-} Denoting L, = LUC(G) we can apply Theorem
II-1 to get that for any left invariant mean @ of LUC(G)* there exists
a sequence of finite means {@,} such that lim,_.. ,(f) = @(f) for each
fe LUC(G). We choose ¢ as a two sided invariant mean on m(G).
(see [4] p. 529) This @ will be fixed till the end of the proof. Then
the restriction of this ¢ (which we again denote by this same @) to
LUC(G) will be at least a left invariant mean on LUC(G). Therefore
o) = lim, .. @,(f) for each fe LUC(G) where ¢, is a sequence of
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finite means of LUC(G)**. Let U be a neighborhood of ¢ such that
none of its powers totally covers G. We may assume that U is sym-
metric (since any neighborhood of ¢ included in U also has this pro-
perty). If ACG we shall write p(4) instead of o(1,) (we remember
that @(f) is defined for any f in m(G)). We shall show at first that
@(U") > 0 for some integer #» > 0. This will immediately yield that
U* totally covers G, which is the desired contradiction.

Define the following bounded uniformly continuous functions on
the real line:

1~2'x—-<n~—1—>( if n—1<2x=<n
ﬁ(x)z{ 2 ,
0 otherwise
and
1—2{xc—mn| if nwiéxén%—l
gn*}—l(w): 2 2

otherwise .

Since the functions f(x), fi(x) (or g,(x), g;(%)) have disjoint carriers
if % # 7 the two functions f(x) = 2 fuw) and g(x) = e g.(x) are well
defined, their graph is plotted:

¢ This does not imply that ¢ can be represented by a countably additive measure
on the Baire field of G. Consider in fact the following example: Let G be the
additive group of rationals with the metric |re — 71| and let a be an irrational
number. Let r, be a sequence of rationals converging to ¢ and let m, be the point
measure concentrated at 7,. Then limy—e | fdm, = limy-e f(12) = Af exists for each
uniformly continuous bounded f (and equals f(a) where Fis the uniformly continuous
extension of fto the whole real line). Assume now that Af=| fdm for some coun-

tably additive real valued measure m on Bg and consider the sequence of uniformly
continuous functions defined for # in G by

Sn(®) =

l-nlz—al if |2—al éi
n
otherwise.

Then fu(x) | 0 for each x € G and | fy(x)| < 1. Therefore Afp = _[fndm - 0 by Lebesgue’s
bounded convergence theorem. But A f, = limpe Sfo(rx) = 1 for each n, which cannot
be.

If though, G would be a locally compact group then the above relation ¢(f) =
limpe ¢n( f) would imply that ¢ can be represented by a countably additive measure
on Bg. (see Dieudonne: Sur le produit de composition Compositio Math. 1954 p. 28).
In this particular case the proof of our theorem could be simplified.
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where f(x) is represented by the solid line while g(x) by the interrupted
line. If {a,} is any bounded sequence of reals then it may easily be
proved that both > a,f.(x) and > a,9.(x) are bounded uniformly con-
tinuous functions on the real line. Therefore if F'(g) is the left uni-
formly continuous real valued function on the group G which satisfies.

F~Y[Ok)) c UL U*™p; (see Lemma I11-1) then surely > a, f.(F(9))
and > a,9.(F(g)) will both be bounded left uniformly continuous func-
tions on G. But since >}, fo(®) + S, g9.(%) = d = 0 for some d > 0, for
each x = 0 we have that > f.(F(9) + >, 9.(F(9)) =d = 0 for each g
of G. Therefore o[ f.(F(9)) + 3. ¢.(F(g)] > 0 and so either

P> fu(F ()] >0 or o[> 9.(F(g)] >0.

Assume therefore that o[> f,(F(g9))] > 0 (for the other case the
proof is similar) and define the following linear positive functionals
on the Banach space m of all the bounded real sequences {a,} (with
the sup norm):

wila] = o] S a fiF o) |

and

#at = o] S0 fF(@)]

where ¢, is the sequence of finite means of LUC(G)* which satisfies
lim,_. ¢.(f) = o(f) for each fin LUC(G). But for any fe LUC(G).

P.(f) = S a; f(g;) where a; 20> a; =1 (and j, {@;} and g,€ G
depend on ¢,.) Therefore as is easily seen

Pl = o SAF@)) = 3 0. fulF(9) = 3 #i4{L)

where {1} € m is the sequence whose constant value is 1 and {l,}em
is the sequence which is identically zero except at the place k& where
it is 1. This shows that ¢, e Q[l,] © m* where [, is the Banach space
of all the absolute convergent real sequences {b;} with norm 3>}|b;|
and Q:1l,— I}* = m* is the natural maping from the Banach space [,
into its second adjoint. (see Day [5] pp. 29-30). But [, is weakly
sequentially complete ([5] p. 33 Cor. 3) and therefore Q[Il,] is w*-
sequentially complete in m*. (for notation see Day [5] p. 17). There-
fore we have the following situation: If % — o then

Pulta} = Pl 2 0 Fu(F(9)] — ol 2 aw fill F(9))] = P'{au} .

Thus ¢’ € !, which immediately implies that ¢'{1} = 35, ¢'{1,}. But
by definition ¢'{1,} = @[ fi(F(g))]. Thus
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0 < X fu(F(9)] = {1} = X '{li} = X ofilF(9))

and since f,(F(g)) = 0 for each ¢ in G and @ = 0 we have that fo
at least one &k > 0, o] fi(F'(g))] = ¢ > 0. Now

{t; £u®) > 0} [k — 1, k] [0, k]

and so
{g; f(F'(9)) > 0} C {g; F(9) e [0, k]} = F[0, k] jU: U*+p; .

But we can easily find (as in elementary integration theory) a function
of the form A(g) = >ita;14,(9) € m(G) such that @, =0 a; =0, 4,,--+, A,
form a partition of {g; fi,(F'(9)) > 0} and A, = G — {g; fi(F(g)) > 0} and
0 = fi(F(g) — h(g) < ¢/3. If we remember now that ¢ is defined on
all of m(G) (and we have used till now only its restriction to L UC(G))
we can write

¢ = ol il ()]
= | fillF'(9)) — M(9)] + plh()] = ¢/3 + plh(9)] .

Therefore @(k) > 0 which implies immediately that ¢(4;) > 0 for some
1<4=<1-—1. Since A,c Ui U**p,; we get that p(U**p,) > 0
for some 7 and using the fact that ¢ is also a right invariant mean
we get that o(U**) > 0 (Remember that p(4) = p(1,) = p(1%) = p(14,-1)
for any g G and AC G).

Let now V = U?**,  We ghall prove that V?= U***? totally
covers (7, which will contradict the assumption that no power of U
totally covers G. U is symmetric and therefore so is ¥V and (V) > 0.
Assume that V* does not totally cover G. Then we chose an infinite
sequence of elements {a,} C G this way: @, — e. Since G = Via, let
a,¢ Vi, Thus Va,NVa,= @ (since V*=V). If a, -+, a,_, have
been chosen such that Va,NVe, =@ if 1% 5 and 14,7 n~—1
then since G == Uiy V’a,; there is some element a,¢ [J7' V?a;,. Thus
a,¢ Vi, for each 1=i=<n—1and so Ve, NVa,=¢ for1<i=<n—1.
Therefore for any n >0

1= o9 = o(Va,) + o(Vay) + +++ + ¢o(Va,) = np(V) .

This shows that (V) = 0 which is a contradiction and so V? = U**+»
totally covers G. This proves that J,l{(G) is infinite dimensional. As
an immediate consequence one gets that J,[(G) is infinite dimensional as
follows: G is amenable and so surely dim J,l(G) = 1 and dim J,I(G) = 1.
Assume now that dim J I(G) = n,n < . We show that this implies
that dim J,I(G) < n, which cannot be.

If +re J,I(G) then it has a left invariant exteusion 4" € m(G)* (see
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Remark II-2). The restriction ' of this 4", to C(G) is left invariant
and so any + € J,I(G) has an extension '€ J,U(G). If dim JI(G) = n,
n < oo, and {4, ++ -, P, C JUG) would be linearly independent then
let {ar], «+, ¥} T JU(G) be respective extensions. Then It anp; =0
for some reals «; would surely imply that 37+ a4 (f) = 0 for any f
in LUC(G)andsoa; =0 for 1 =4 =<n + 1. Therefore dim J,I(G) = n
which eannot be.*

THEOREM 2. Let G be a separable locally compact hausdorff topo-
logical group which is amenable as a discrete group. Let J,I(G)C C(G)*
be the space of left invariant elements of C(G)*, J UG) < LUC(G)* be
the space of left invariant elements of LUC(G)*. Then

(1) Either dimJ,U(G) =1 or dimJHG) =  and furthermore
dim JU(G) =1 if and only ©f G is compact.

(2) FEither dim JUG) =1 or dim J UG) = o and furthermore
dim JUG) =1 if and only if G is compact.

REMARK 2. (a) The reader should remember that at least any
abelian or solvable, or locally finite group is amenable as a discrete
group. (see Day [4] pp. 516-518 for these and more examples)

(b) This theorem is not known even for the real line E. It asserts
that C(R)* ahd LUC(R)* both have an infinite dimensional subspace of
invariant elements.

Proof of theorem. G is amenable and so the restriction of any
left invariant mean to C(G) or LUC(G) is a left invariant mean of
C(®) or LUC(G). Thus dim JJI(G) = 1 and dim J,l(G) = 1 in any case.

If G is compact then LUC(G) = C(G) as well known (see A. Weil
[18]) and there is a unique left invariant mean on C(G) (which is
represented by the normalized Haar measure on G). Thus by the
Remark II-2 we get that dim J,U(G) = dim JI(G) = 1.

Assume now that dim J,U(G) =mn,n < . Then G is compact
(since otherwise it would be noncompact locally compact and therefore
would satisfy property B and by the previous theorem would satisfy
dim J,l(G) = o) Therefore » = 1. Thus dim J,I(G) can be either 1
or o and dimJ,I(G) =1 if and only if G is compact. Using in the
same way the previous theorem one immediately gets the remaining
part of this theorem. Remembering that any nonzero subgroup of the

* In fact if A is any left invariant subspace of m(G) containing LUC(G) and
J41(G) the space of left invariant elements of A*, then as above, dimJ,1(G) =
dim J41(G) which shows that Theorem III-1 holds true C(G) is replaced by A. All
the following theorems involving C(G) could be shown to hold true when C(G) is
replaced by A. We could take as A, for instance, the space of all bounded Baire
measurable functions on G.
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additive group of a hausdorff locally convex linear topological space
has property (B) (see, Remark III-1 (b)) and using in the same way
Theorem III-1 one immediately obtains.

THEOREM 3. Let G be any separable subgroup of the additive
group of a hausdorff locally convex limear topological space. Then

(1) Either dimJ UG =1 or dim J,UG) = o« and furthermore
dim JLUG)Y = 1 if and only tf G = {0}.

(2) Either dim JJIUG) =1 or dim JUG) =  and furthermore
dim JU(G) = 1 of and only +f G = {0}.

ExAMPLE 1. From the above theorems it follows that for separable
locally compact groups (which are amenable as discrete groups) and
for separable subgroups of a hausdorff locally convex linear topological
space dim J,I(G) = dim J,I(G) invariably holds. We give now on ex-
ample of an abelin countable hausdorff topological group which satisfies
dim J,(G) = 1 while dim J(G) = . Let G' be a compact abelian
separable metric group which is not finite and let d(x, y) be an ad-
missible invariant metric on G’. Then fe LUC(G) if and only if f
is uniformly continuous on G’ as a metric space with the metric d.
Let {g.g,, +++} be a countable dense subset of G’ and let G be the
group generated by {g.0s, --+}. Then G is a countable Hausdorff abelian
topological group and therefore G is T, and regular (even completely
regular see [18] p. 13). Therefore G is amenable as a discrete group
and hence we can apply Corollary II-2 to get that dim J I(G) = .

Consider now LUC(G). Any f in LUC(G) has a unique uniformly
continuous extension f’e C(G’) such that sup,eqs | f(g)| = Sup,ea | f'(9)|.
But any f'eC(G') is uniformly continuous on the (compact) metric
space (G, d) and therefore its restriction to G is uniformly continuous
on (G, d). Thus T: C(G") — LUC(G) defined by (Tf)(g) = f(g9) for gin G
is a positive linear isometry onto LUC(G). Therefore T*: LUC(G)* —
C(G')* is an isometry. Since dim J,J(G' = 1 it will be enough to show
that T*p e J UG') for any @e J UG).

Let 1,: C(G")— C(G’) be defined by I, f=f, for a € S and 1{: LUC(G)—
LUC(G) be defined by I’ f= f, for ae S. If g,ae G G then

T f)g) = )9 = flag) = LA(TF)9) .

Thus T, f) = I(Tf) if aeG. Let now @€ J,U(G) and ¢ G then for
FeC@) (T*p)(le f) = (T f) = p(LTS) = o(Tf) = T*p(f).

If a¢G but ac G then there is a sequence {a,} © G such that
d(a,a) — 0. Since d is an invariant metric we have that d(a,g, ag) =
d(a,a) — 0 for any g in G. But any fe C(G’) is uniformly continuous,
which means that for ¢ > 0 there is a § > 0 such that if d(x,y) <é
then |f(z) — f(y)| <e. If therefore m, is such that » = n, implies
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d(a,a) < 0 then |(l., — 1) f(9)] = | f(a.9) — f(ag)| < e. This shows that
|, —lDfIl—0 if n— oo, Thus

(T*@)e f) = lim (T*p)(le, /) = (T*@)f

since a,€ G. Therefore T*pe J,I(G'). As one can easily see the con-
dition that G’ is metric is not essential and may easily be dropped.
Also instead of G’ being abelian we may require that G’ is amenable
as a discrete group and therefore we get:

COROLLARY 1. If G, is a compact hausdorff topological group
which is amenable as a discrete group and GC G, s any countable
(not finite) subgroup then dim J U(G) = 1 while dim J,l(G) = .

We may remark that we take G' of the preceeding example to be
the closure of G in G, and we remember that G’ as a subgroup of an

amenable group is also amenable as a discrete group. (see Day [4] p.
516 (D)).

Applications: The Banach Algebra LUC(G)*. Let G be a topo-
logical group and define in LUC(G)* (where LUC(G) < C(G) are the
left uniformly continuous functions with the sup. norm) the following
multiplication: If ¢, € LUC(G)* then for fe LUC(G) | © +](f) =
o(y) where y(h) = (% f) for heG. (And % LUC(G)— LUC(G) is
defined by I8f= f, for acG). The function y belongs to LUC(G).
In fact [y®) | = [ TGS = 1+ f]l and so y is bounded, but more-
over, y(h) is left uniformly continuous. This is true since for any ¢ >0
there is a neighborhood of the identity V such that | f(vg) — f(g)| < e
for each ¢ in G and » in V. In other words || I0f — f|| < ¢ for each
vin V. Thus

ly(vh) — y(B) | = [ Plonf — LSl = [y f — L)
=YL= D=l =l <lvlle
for each ~ in G. Therefore this multiplication is at least well defined.

But moreover, it renders LUC(G)* a Banach algebra as easily shown
and known. In fact if @, v LUC(G)* and fe LUC(G) then

e O NN =P b N = el 4L f]]

(where @, means @ with respect to the variable e G and ||} f|| =
supses | v f). But [vlLfl = [l¢ [[IIGFI = [IF]l ¥ ]l. The associative
law is also easily proved. In fact if A\, g, ve LUC(G)* and fe LUC(G)
then [A © (2 O VI(f) = Nl © VST = Nl VUil )]l But

(O Ovf=00OMmEST= 00 M)
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where y(g) = vl; f for each g € G. But (liy)g) = y(ag) = v(l5,.f) = v(5le f).
Therefore (v (O )y = N Jplly] = Nl (VI f)] which implies that (& is
agsociative., The distributive laws are also easily proved. The follow-
ing should be noted here: In C(G)* we cannot define the same multi-
plication as akove since if ¢, € C(G)*, fe C(G) and G is not compact
then y(h) = +(f,) is not generally a continuous function of ~. In fact
the following nice result has been established by Chivukula R. Rao,
for groups G with an invariant metriec: If fe C(G) satisfies for each
W€ C(GY* that «f, = y(g9) € C(G) then f is uniformly continuous (see
C. R. Rao [13] p. 17 thm 2). As an immediate consequence of our
work combined with a result proved in Rudin [15], one gets the fol-
lowing results: (Denote by E(G) the radical of the algebra LUC(G)*.)

THEOREM 4. Let G be a separable abelian locally compact haus-
dorff topological group. Then either R(G) = {0} or R(G) is infinite
dimensional. Moreover; R(G) = {0} (i.e. LUC(G)* ts semistmple) ©f
and only vf G 1s compact.

We need the following lemma whose proof is essentially known
(see Civin-Yood [3], p. 849)

LEMMA. Let G be a topological group and J UG LUC(G)* be
the space of left tnvariant elements and let

Ji = {pe JUG); p(le) = O} .

Then J, is a two sided ideal and J? = {0}.

Proof. 1f p,ved, and fe LUC(G) then y(h) = vl}f= v(f) for
each he G ie., y(h) =v(f)-1s. Therefore 2O v(f) = pr(f) 1) =
v(fHu(ly) = 0. This shows that J2={0}. Let now ¢@e LUC(G)*,
ve JUG) and fe LUC(G). Then y(h) = v(f)1x(h). Thus ¢ O v(f) =
o(y) = P(1g)-v(f). In other words

(I11. 5) ® (v =c¢-v where ¢ = p(1ly) is a constant .

If ye J, < JUG) then (p O )leg = ¢-v(ls) = 0 and so @ (D € J,. There-
fore J, is a left ideal. Moreover if ac G then

v O (e f) = vilplilaf) = vilplanf) .

But if we define now y(h) = (I} f) then (ISy)(h) = y(ah) = o3, ).
Therefore v,(@l}, f) = v(lly) = v(y) = v(pll f) = v O @(f) which proves
that v O @ is left invariant. But since I{14 = 15 and o(I%1:) = o(14) = ¢,
we immediately get that v & o(1s) = v(els) = ¢-v(1s) = 0. Therefore
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v peJ; which finishes the proof of this lemma.

REMARK. The above lemma implies as well known that J, < R(G)
for any topological group G.

Proof of Theorem 4. Denote by M,I(G) the set of left invariant
means of LUC(G)* and let ¢,¢ M,I(G) be fixed. Then obviously

MUG) — @0 = {p — @, pe MUG)} C J,C R(G)

since ¢(lg) = 1 for each pe M,I(G). But as pointed out in the Remark
(II-2) the linear manifold spanned by M,I(G) coincides with J,U(G).
Assume now that dim R(G) = n where 0 < n < o, then dim J,I(G) =
dim M, (G) < oo. This implies by Theorem (III. 2) that G is compact.
But by Rudin [15] if G is any compact abelian topological group then
C(G)* with the above defined multiplication is semisimple. Since
for compact G, C(G) = LUC(G) we get that R(G) = {0}. Therefore
either R(G) = {0} or dim R(G) = . And R(G) = {0} if and only if G
is compact.

THROREM 5. If G s separable subgroup of a locally convex linear
topological space then either R(G) = {0} or dim R(G) = «. Moreover
R(G) = {0} 1if and only +f G = {0}.

Proof. As in the previous theorem if dim B(G)=mn where 0 = n < o
then dim J,{(G) < c which implies by Theorem (III. 3) that G = {0}.
But if G = {0} then surely R(G) = {0}. Which finishes the proof of
this theorem.

THEOREM 6. Let G be a separable hausdorff topological group
which s amenable as a discrete group. If G has property (B) then
dim R(G) = co.

Proof. As above M, I(G) = ¢, C J, < R(G). But by Theorem (III, 1)
dim J,I(G) = c and since M, UG) spans J,U(G), dim M, I(G) = o which
proves this theorem.

ReMARK. (a) If LUC(G)* contains two distinet left invariant
means ¢, and @, then the algebra LUC(G)* is not commutative since
0. O @y = @, and @, & @, = @. Therefore if G is even a commutative
noncompact locally compact separable group, then L UC(G)* is not com-
mutative.

(b) If L,UC(G) is the Banach space of bounded complex valued
left uniformly continuous functions on G and the algebra L,UC(G)*
is defined as above then Theorems III-4, III-5, III-6 hold true also
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for L, UC(G)*. Since any @ed, can be extended to L,UC(G) by
defining for f, ge LUC(G) o(f + t9) = o(f) + ip(9). If J) c L, UC(G)*
is the set of all such extensions of elements of J,< LUC(G)* then
J!  R(G) where R.,G) denotes the radical of L,UC(G)*. From here
one immediately gets that Theorem 4 holds also for the complex case.

IV. The invariant mean on semigroups containing
compact groups and left ideals

The main theorem of this chapter is Theorem IV-1. The following

lemma is essentially known and we need it in the special form appear-
ing here.

LeEMMA 1. Let S be a topological semigroup which contains o
compact left-ideal group A,. If {A.; ael} is the set of all compact
left-ideal groups of S then A = User 4w 18 a right minimal ideal.
Moreover if e, is the identity of the group A, then for any ac A,
e, = a. Also for any te S, tA, = A.,.

REMARK. A, as groups and left ideals are minimal left ideals and
therefore are disjoint.

Proof. Let se€S. Then A,s is a minimal left ideal since if
Lc A, is a left ideal and ase L. with ae A, then A,s = (4,a)sC L
(since A, is a group). Thus A,s = L is a minimal left ideal. But
Asa C A, for any ae A, and therefore A,sas C A,s. Since A,s is
a minimal left ideal (A.s)as = A,s. If te S then tA, = t(e,4.) =
(te,)A, = A, since te, € A,, which is a group. In particular for ac A4,
as(A.s) = Aus. In other words for any be Aus, b(A,8) = Aus = (A4.9)b
holds which proves that the semigroup A,s is in fact a group. Thus
A.s is a left ideal and group which as a continuous immage of A, is
also a compact subset of S. Therefore A,s = Ag< A for some Bel.
Thus for any se€ S, As = Uwer Aus T A which shows that A is a
right ideal.

Let now R be any right ideal of S and re¢ R. Then 4,=rA4,C R
for each ae I. This shows that A R (i.e. that A is included in each
right ideal of S) and in particular that A is a minimal right ideal.
Now if e,, s are the identities of A,, A; respectively then e,-esec A4,
and

(e4€p)(€ats) = €ul€p(€aep)) = €,(Cats) = €ulsp .

Thus e.eg is an idempotent of the group A and therefore e.eg = ¢5 for
any «,Bel. If now ac A then ac Az for some Be I and therefore
e.0 = e,(epa) = epd = a.
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REMARK. In semigroup terminology this shows that A is the
Suscheviteh kernel of the semigroup S.

If e C(S)* then @ = 0 (is positive) if (f) =0 for each f =0,
feC(S). An operator T:C(S)* — C(S")* is called positive if Tp = 0
whenever ¢ = 0.

LEMMA 2. Let S be the semigroup of Lemma (IV, 1) and 7: C(S)—
C(A) be defined by (nf)(a) = f(a) for a in A. Then w*: C(A)* — C(S)*
©s a linear positive isometry such that #*[J I(A)] = JIU(S). Moreover
o7 JUS) — JI(A) ts also positive.

5 Proof. = maps C(S) onto C(A) since if he C(A) then define
he C(S) by

Iv. 1) h(s) = h(e.s) ,

where ¢, is the identity of the group A4, for some fixed acl. If sc A
then by the proceeding lemma e,s = s and 50 h(s) = h(s). Also s — e,
is a continuous map from S to A (with the relative topology) since
if 0’ is open in A then 0'=0N A with 0 open in S and (since A is
a right ideal) {s; e.s€ 0’} = {s; e.s € 0} which is open by the continuity
of the left multiplication. Since ke C(A) we get that h(e.s) = h(s) € C(S).
We also remark that if ||2|| = 1 then |[%]|| < 1 and so 7 maps the unit
ball of C(S) onto the unit ball of C(4). Also if f= 0 then 7/ =0
and 7(ls) = 1,. Therefore if e C(A)* then

\m*pll= sup [(m*@)fl= sup |op(xf)|
IIfI1=1 feC(S) HHA1=1 fFEC(S)
L loh) | = el .

Therefore m*: C(A)* — C(S)* is a positive linear isometry into C(S)*.
We shall show that it maps J,I(A) onto JU(S). If s€S,ac A then
let li: C(4A) — C(A) and I,: C(S)— C(S) be defined by: l;h =k, and
I.f=f, for and ac€ A and s in S. Let & = [{}. Then (nl,f)(b) =
(L H)b) = flab) = (wf)(ab) = (U7 f))(b) for each a,bc A. Thus wl, f =
linf for each fe C(S) and so for any a€ A and @€ J I(A) and fe C(S):

(T*@)(af) = p(rl, ) = pllanf) = p(nf) = (T p)(f) .
Thus & (7*p) = n*p for each ac A. If now s€ S and a€ A then
Lnrp) = L (nrp)) = LTFp) = T

since sa€ A. Thus w*: JI(A)) — J,I(S) is a linear positive isometry
into. We prove now that ©* maps J,I(A) onto J,I(S).

Let e JU(S) and let feC(S) satisfy f(a) =0 for each ac A.
Then for a€ A we have (I, f)(s) = f(as) = 0, since A is a right ideal.
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Thus ¢o(f) = @(l, f) = »(0) = 0. Therefore if f,, f, € C(S) satisfy fi(a) =
fia) for each a € A then fi(a) — fi{a) = 0 for ac A and so @(f) = @(fo)-
In other words if he C(A) and he C(S) is any extension of A to all of
S then (k) does not depend on the particular extension & e C(S) of
he C(A). Therefore ¢’ C(A)* defined for ke C(S) by

@'(k) = p(h)

where he C(S) is any extension of & to all of S, is at least well
defined. Moreover if @ =0 and & =0 then the extension Ze C(S)
defined above (IV. 1) satisfies A(s) = h(e,s) = 0 and so @'(k) = (k) = 0.
This shows that if @ = 0 then ¢’ = 0. It is easily checked that ¢’ is

linear. Also if [[A|| = 1 then the extension defined by IV-1 satisfies
[[#]| <1 and thus

[P = o) | = ll@llIIk] = [lo]l.

This shows that ¢’ € C(A)*.
We show now that @’ J,l(A). Let ac A be fixed. Then

o'(ILh) = (1)

where /l;\i? is any extension, in C(S), of l,he C(4). But ac A,,o0 for
some «,€ I and the function defined by

1v. 2) UR)(s) = (Lih)(eus)

is a bounded continuous extension of I,hc C(A). (where €q, is the
identity of A.). And for each seS:

Th(s) = (U)(eas) = M(acws) = h(as) .

But if ke C(S) is any extension of h to all of S then, since A is a
right ideal, we get

h(as) = h(as) = (L.h)(s) .
Therefore
Th(s) = (Lh)s)

where /l?i? is the extension defined by (IV. 2) while ke C(S) is any
extension of k. Therefore

P'(ILh) = p(Ilh) = p(lF) = p(h) = @'(h) .

This shows that ¢’ € J,I(A). Moreover m*¢p’ = @. In fact if fe C(S)
then (7*@')(f) = @'(wf) = o(f) since f is obviously an extension of
nf € C(A). Therefore 7*: J I(A) — JI(S) is a positive linear isometry
onto and positive elements in JI(S) have positive preimages in J,I(4)
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or in other words 7*7':J,I(S)— J,l(A) is a linear positive isometry
onto.

REMARK. We notice that we do not assume any separation axioms
about the topological space A. We shall show in what follows that in
fact we can assume about A that it is even a hausdorff space (and even
that C(A) separates points).

In fact define in A the following equivalence relation: If a,be A
then a ~ b if and only if a(a) = x(d) for each x € C(A). Obviously this
is an equivalence relation but moreover ~ is even a congruence, i.e.,
if a ~b then ca ~ ¢b and ac ~ bc for each ce A. This is true since
for any x € C(A)

x(ca) = x(a) = x,(b) = x(cd)
and
x(ac) = x°%(a) = x°(b) = x(bc) .

Let A’ be the collection of all equivalence classes of A and for
each a€ A let a’ be the equivalence class containing a. Define in A’
the multiplication a'-b" = (ab)’. Since ~ is a congurence this multi-
plication is well defined and renders A’ a semigroup. (see Lyapin [20]
p. 361-362). Thus 4: A— A’ defined by y(a) = o’ is a homomorphism
of A onto A’. Define now in A’ the quotient topology this way: U’ ' < A’
is open if and only if ¥ (U’)C A is open. Thus +: 44— A" is a con-
tinuous homomorphism and so A, = v(A4,) are compact. Moreover if
a€ A, then A, = ¥(A,) = ¥(ad,) = y(a)y(4,) = @’ A}, and in the same
way AlLa' = Al, which shows that A), is a group. Also if be A then
VA, = p(b)r(As) = ¥ (bA,) = v(A,) = A, which shows that A4, is a
left ideal.

But moreover, A’ with the above defined quotient topology has
separately continuous multiplication. In fact if U’ is an open set in
A’ and a,€ A then we have to show that 0’ = {¢’; a;¢’e U’} is open in
A’ or that

0 = H0") =A{e; (ae)’ € U’} = {c; ac € v (U")}

is open in A. But since 4 is continuous +*(U) is open in A and since
left multiplication by «, is continuous, we get that {¢; a,c € v (U’')} is
open in A. In the same way one shows that right multiplication in
A’ is continuous. Define now the map +: C(4") — C(4) by (¥2')a) =
2'(va) = «'(a’) for each a€ A. Since J(A) = A', ¥ is a linear positive
isometry (i.e., if &’ = 0 then (2’) = 0) into C(A). But we notice now
that each 2 € C(A) gives raise to an «’ € C(4") by defining: #'(¢') = x(a)
where @ is any representative of the equivalence class '€ A’. Since »
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is constant on equivalence classes, %’ is well defined and «' ¢ C(4),
since if V is an open set of reals then

v o a'(@) e Vi = {a; 2(a) = 2(¢) € V} = a7(V)

which is open in A since x€ C(4). Also (J2')(a) = 2'(4(a)) = «'(¢)) =
2(a). This shows that +: C(A’) — C(4) is onto. It is immediate now
that A’ is hausdorff. In fact if o', € A’ are such that & = b’ then
there is an x€ C(A) such that x(a) = x2(b) i.e. 2/'(a’) # 2'(d') so that
C(A’) even separates points.

LEMMA 3. 4% C(A)* — C(A)* is a linear positive isometry such
Dthat $[JUA)] = JUA). ¥ TUA) — JUA) is also positive.

Proof. Since +:C(A)— C(A') is a positive isometry onto we im-
mediately get that *: C(A)* — C(A")* is a linear positive isometry.
Let now I..:C(A")— C(A') be given by (.z')c¢) = 2'(¢'¢’) for each
¢ecA and 1,:C(4)— C(4) by l,x = x,, As known and easily checked
L(ya") = J(l,2"), which shows that if e J,l(A) then:

FP)l') = pTl’) = plfw’) = pF) = (T P)) .

Therefore J*[JI{A)] < J,1(A))].

If now @' € J,I(A") then let e C(A)* be defined, for x e C(4), by
o(x) = @'(x") where a'e C(A4") is given by «'(a’) = x2(a) for each ae€ A.
Then (l,2)(®) = (1,2)() = x(ab) = «'((ab)") = &'(a'd") = (I,2')®'). Thus

P(l®) = @' ((L2)) = 9'(lt') = P'(@') = p(w) .
Therefore @€ J,I(A). But (y2')(a) = «'(a’) = x(a) and thus
(T p)(a") = p(¥2') = p(x) = ¢'(2) .

This shows that $*p = ¢’ ie., that J*[JI(4)] = JIU(A). We also
notice that if @ =0 then @ = 0 and so positive elements in JI(4")
have positive preimages and so «*™*' is also positive.

REMARKS. We notice that A, is a group which is a compact
hausdorff topological space with separately continuous multiplication
and therefore by Ellis theorem (see Ellis [21] or Glicksberg Deleeuw
[19] p. 64-65 and p. 94-96) each A} is a compact Hausdorff topological
group. (i.e. the mapping (a, b) — ab™ from A, x A, into A, is con-
tinuous).

THEOREM 1. Let S be a topological semigroup {(omly with se-
parately continuous multiplication) and let S contain exactly n com-
pact left-ideal groups A, -+, A,. Then dim JI(S) = n and JIU(S) s
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spanned by the left invariant means.

Proof. If A=1J{, A, then ©*:JI(4)— J,I(S) is a positive iso-
metry onto (and so maps left invariant means into left invariant means).
If A’ is the semigroup of Lemma (IV. 3) then 4**: J,I(A") — JI(A) is
a linear positive isometry onto and so it is enough to show that
dim J,I(A’) = n and that J,I(A’) is spanned by the set of left invariant
means. We recall now that A" = |}, 4] is a Hausdorff topological
space and that A} are compact topological groups and left ideals and
therefore disjoint. Thus A’ is a compact hausdorff semigroup and
multiplication is (at least) separately continuous. In what follows we
shall drop the prime and write A, A, instead of A4’, A!-A, A, are com-
pact hausdorff. But A; as the complement of the compact set U,~; 4;,
is also open. Therefore 1, € C(A). Hence if fe C(A) then f(a) =
Zf(azlAi(a) for eash ae A and f-1,,€C(4). Moreover if he C(A)
then A defined by i(a) = h(ae;) for each a€ A is an extension of % to
all of A and heC(A). Furthermore, if # =0 then 5 =0 and if
|h|l <1 then ||h|| £ 1. Let 7;: C(A) — C(A,) be defined by (7, f)(a) =
f(a) for ae A,. If ac A, then let Ii: C(A,) — C(A,;) be defined by Iih = h,
for a€ A;. Also, l,: C(A) — C(A) is defined by I,f = f, for any a in
A. Let I} = &,. Then as easily checked: x;l, f=lir, f for each fe C(A)
and a in A,.

Let now oje C(A,)* be the linear positive functional of norm one
represented by the normalized Haar measure on the compact hausdorff
topological group A;. Define @, € C(A)* by

(IVv. 3) @ f) = @i(w,f)  for each fe C(4).

Then we get immediately that ¢; = 0, p(1,) = 1 and that ¢,(1,) =1
while @;(1,,) =0 if ¢ k. Thus for any ac A;:

pilf) = @il f) = pillimi f) = o f) = o f) .

Therefore @, = @; for each ac A,. If now ce A and a€ A; then
Lo, = L Fp, = Fp; = @; since cac A;,. Therefore @; is a left
invariant mean in C(A)*. Also ¢, -+, @, are linearly independent
(since if > a;p;, = 0 then a, = (X a;,;)(1,,) = 0). It remains to show
that ¢, *++, @, span J,I(A).

If heC(4,) and if heC(A) is any extension of & (for instance
h(c) = h(ce;) for each ce A) then let P,(h) = ﬁ-lAdeC(A). In other
words P,he C(A) equals & on A; and 0 outside A4;. Thus P;: C(4,) —
C(A) and as easily checked:

(Iv. 4) w,Ph =h for he C(A)

and
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(IV. b) Pr, f= flg, for feC(4).
If ac A, and he C(A,) then
PAER®) = | e
(lih)(b) = h(ab) if be A,
Moreover,

0 if abg A,
h(ab) if abe A, "

But abe A, if and only if be A, (if b¢ A, then be A; for j #1 and
so abe A;) and ab¢ A; if and only if b¢ A;,. This shows that

L(PJ)() = (Pdi)(ab) = {

(IV. 6) P,(lih) = I (P;h) for each he C(4,) and ac 4, .
Let pe J U(A)c C(A)* and define +r; € C(A,)* by
Iv. 7 Vi(h) = p(Pih) .

If ae A, then by IV-6, IV-7: +,(lih) = p(Plik) = p(l,P:h) = o(P;h) =
k) which shows that +r, is a left invariant functional in C(A4,).
Therefore, (by the uniqueness of the Haar measure) we get that 4, =
a,p; for some real number «;,. Therefore if fe C(A) then using IV-5,
IV-7 and IV-3 one gets:

P(f) = S p(fly) = X p(Pix, f)
=29 f) = Zapi(m ) = 2L aipi(f) .

Thus @ = >, a;p; which finishes the proof. As a special case one
gets the following theorem of I. S. Luthar (see [12] p. 403).

THEOREM. If S is an abelian topological semigroup which con-
tains a compact ideal then dim JI(S) = 1.

Proof. As in Luthar’s proof if I is a compact ideal of S and
L, ---, I, are closed ideals of S contained in I then I,---I,Cc N2, I; # O.
Therefore the family F'of all closed ideals of S contained in I has the
finite intersection peoperty and so A = Nyerl ' #* @. Thus A is a
compact ideal. If a€ A then aA C A is a compact ideal and so a4 = A
which shows that A is a group. If now A4, is any other compact ideal
and group of S then AACANA #+ @ and if ac AN A, then A =
Aa = A,a = A, which shows that S contains exactly one ideal and com-
pact group. Using Theorem (IV. 1) we get that dim J,I(S) = 1 or that
C(S) admits a unique invariant mean.
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CLOSED VECTOR FIELDS
N. Hicks

We study closed vector fields on a semi-Riemannian mani-
fold, In particular, we study the differential geometry of the
submanifolds determined by a nonvanishing closed field. Ex-
pressions are computed for the Weingarten map, the mean
curvature, the Riemannian curvature, and the Laplacian of the
square of the length of the field. Thus we obtain a necessary
and sufficient condition that the comstant hypersurface of a
nontrivial harmonic function be a minimal surface. We obtain
conditions that imply the classical Codazzi-Mainardi equations
hold. We obtain conditions that imply the existence of a repre-
sentation of the manifold as a cross product in which one factor
is a real line., Finally, various special cases are examined,

1. Notation. Let M be a connected C semi-Riemannian manifold
with metric tensor < , > and Riemannian connexion D [see Helgason
4 or Hicks 7 for definitions]. We summarize the properties of D and
some associated concepts we shall use. The operator D assigns to each
pair of C= vector fields X and Y on an open set U of M, a C* vector
field D;Y called the covariant derivative of Y in the direction X. If
X, Y, and Z are C= fields on U and f a C~ function (real valued) on
U then we have the following relations between vector fields on U:

DY+ Z)=D,Y + D,Z
DixinZ = DiZ + D%
D; Y = fD,Y
De(fY)= (XY + fD:Y
Tor (X, Y) = DY — D, X — [X, Y]
R(X, Y)Z = DyDyZ — DyDy 7 — Dy 1 7 .

We call Tor the torsion on D and R the curvature of D. Since D is
Riemannian, Tor = 0, and D is compatible with the metric tensor, thus

D, Y -D,X=1]X,7Y]
XY, Z>=<DyY, Z>+ <Y, D, Z>.
We extend the operator Dy, as usual, to be a complete derivation
on the tensor algebra over M. If T"° denotes the set of r-contravariant

and s-covariant tensors on M, then Dy: T"*— T If fe T, then
Dyf=Xf. If YeT*, then D.Y is given by the connexion. If

Received January 16, 1964. This work was supported in part by NSF Grants
G 23842 and GP 88.
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we T, then (Dy;w)(Y)= X(w(Y)) — w(DzY). The last equality
contains the seeds of what is meant by a complete derivation which
we explain. Having defined D, on functions, fields, and 1-forms if
peT w,eT for t=1,---,7, and Y;e T" for j =1, --+, s, then

X¢(w1; ct, W, Yl; Tty Ys) = (DX¢)(w1y cce, Wy, Y, - *y Ys)
+ Z¢(w17 ceey, Wi, DXwiy Wity *°y Wyy Yl; ct Yy Ys)

+ E¢(w17 tee, W, Yly ) Yj—lv DXY.i7 Yj-l—ly *t Ys) ’

where all terms are well-defined except the first term on the right side
of the equation.

The symbol 4 will denote the general covariant differentiation
operator A: T7*— T™**' which is induced by D. Using the above
notation, (4¢)(w,, ---,w,, Yy, -+, Y,, X) = (Dy¢)(w,, -+, w,, ¥y, -+-, Y}).

Our study will concern linear transformation valued tensors on
M (tensor fields of type 1,1). For completeness, we define a linear
transformation valued tensor A on an open set U of M to be a mapping
that assigns to each point m in U, a linear transformation A4,: M, —
M., where M, is the tangent space at m. We say A4 is C= if it maps
C= fields on U into C= fields; then if X is a C= field on U then the
field (A(X)),, = A,.(X,) is Con U. We define the vector valued 2-form
Tor, by

Tor, (X, Y) = Dy A(Y) — D, AX) — A[X, Y]

and let tr A and det A denote the trace and determinant functions on
A, respectively.

We will use G to denote the nonsingular linear transformation
induced by the metric tensor that maps M, onto M} for each m. Thus
if X is in M, then G(XNY)=<X,Y) for Y in M,; or G(X) =
Cyx(, >=<X, > where C; is contraction by X in the first covariant
slot. We also use the symbol G for the inverse of G. Thus we think
of G as a “switch map” and let the argument it is applied to tell us
which map is being used. A vecter field X will be called closed (or
exact) if G(X) is closed (or exact), and X is geodesic if DX =0. A
vector X is nonsingular (not light-like) if <X, X> # 0. If e T™* with
r > 0, then the divergence of 6 is the tensor divde T ¢ defined by
divd = tr 46, where the trace is taken on the last covariant slot and
last contravariant slot. If Z, ---, Z, is a base field of independent
C= vector fields on an open set U in M and z, ---, %, is the dual base
of 1-forms, then

(dlv 0)(?’017 cc w'r—l’ Yl’ ) Ys)
= Jizl (Aa)(wly oty Weyy %5, Y19 ) Ysy ZJ) .
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If fe T*, then the gradient of f, grad f, is the vector field G(df),
so {grad f, X>= Xf, and the Laplacian of f, 4.f, is the function
div (grad f). A function f is harmonic if 4,f =0, and a field T is
conservative if div T = 0.

2. Operators associated with a vector field. Let 7 be a C*
vector field on M. On each tangent space M,, we define linear maps
AT, BT, and CT by

AlX) = DsT, B(X) = Dx(D,T), and Cn(X)=R(X, T)T.

These maps are C* since D and T are C~. Let U be the open set
of points in M where {T, T> does not vanish. On U, we define the
*(n — 1) dimensional distribution T+ by

(T, =[XeM,:{X,T>=0].
From the definition of the curvature R we have
Cr = By — A} + [Ar, Dy
where
[Ar, Dr](X) = An(Dr X) — Dr(ArX)

and thus [As, Dr] is a linear transformation valued tensor. By the
standard symmetry properties of the four covariant Riemann Christoffel
tensor, the map C, is symmetric (self-adjoint), and we call it the Ricce
map assoctated with T. The trace of Cy is the Ricct curvature of T,
which we denote by Ric (T, T).

Following Bochner [1], we say a field T is restrained if 4LT, T>< 0
at some point or 7" has constant length. Bochner has shown that every
field on a compact manifold is restrained, and in the noncompact case,
a field is restrained if its length attains a relative maximum at some
point.

Our main interests in this study are the cases when A, is symmetric,
or equivalently, T is closed. Since the gradient of any C= function
is a closed field, many closed fields exist.

ProposITION 1. For any field 7, tr A, = div T and tr[A;, D,] =
—T(div T). If T = grad f, then the Laplacian of f is the trace of A,.

Proof. Let Z, «-+, Z, be a set of nonsingular orthonormal vector
fields belonging to a Riemannian normal coordinate system at a point
m in M and let w, ---, w, be the dual 1-forms of this base. Thus
if e, =<Z;, Z;», then

tr Ay = 36D, T, Zy = Swy(D,,T) = tr AT),
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and using the fact that D,Z, = 0 at m for any T,

tr [Ar, Dr] = 3A: D Z; — D ArZ;, Z:)e;
= 3Dp,z,T — D:D,, T, Z; e,
= —3TD,,T, Ze; + 2D, T, Dy Z;c;
= — T(tr AT) .
ProposiTION 2. For any field T,

Rie(T,T)=trCr =tr B, — tr 4; — Tdiv T) .

Proof. Using the fields Z; in the above proof,
tr Cp = S(R(Z;,, T)T, Z e, = Riec (T, T) ,
and the rest of the proposition follows from the linearity of the trace.
ProprosITION 3. For any field 7, T has constant length if and only
if (Image A;)C T+,
Proof. For any vector X,
XT, Ty =2ZD;T, TY> = 2ZAAX), T .
3. The symmetric case. Throughout this section we assume T

is a closed field, or equivalently, A, is symmetric (by the following
proposition).

THEOREM 1. A field T s closed tf and only if Ay is symmetric.
If T s closed, then T+ is integrable on U.

Proof. If X and Y are fields, then

@&(T)X, Y) = XT, Y> - T, X5 —<T, [X, Y]}
=DxT, Y> —<{DyT, Xp + {T,D;Y — D:X — [X, Y]>
=4 X, Yy — (AT, X,

since the torsion of D is zero.
If X and Y belong to T, then

<[X7 Y]’ T> = <DXY - DYXv T>
= XY, T>— <Y, DT> — XX, T> + <X, D, T>
={X, AY> =Y, A X>=0

since Y, T>=<X,T>=0. Thus T is involutive or integrable (see
Chevalley [2]).
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In the special case T = grad f, then the integral manifolds of T+
on U are precisely the hypersurfaces on which f is constant. We next
investigate the geometry of an integral manifold M’ of T* through a
point m in U. Since T is normal to M’, we use T to frame M’ locally
(see Hicks [6]). Let ¢ be the function on U which is plus or minus
one according as {7, T is positive or negative, respectively.

THEOREM 2. Let L be the Weingarten map on M’ and take X in
(M)

L(X) = [T, T[T, TYArX) — &T, A(X))T]
and the mean curvature H of M’ is given by
H=trL=|T|"[divT — Tlog|T|]

where | T | = [e<T, TD]"* is the length of T. Thus M’ is mintmal vf
and only +f divT = Tlog |T|.

Proof. Let N = [eXT, TD]""* T be the unit normal so

L(X) = DyN = —[eT, T Ar X, TOT + [T, TOI7PA:X .
To compute tr L, let Z, -+, Z,_, be a nonsingular orthonormal base of

(M'"),, and let Z, = N. Letting ¢, = <{Z,, Z,>, then
H=trL = S.<LZ, ZYe,
=1

= [T, TS S <ArZ;, Z;e; .
But

<ATZm Zn>en = <DNT’ N>6 = <DTT7 T>/<Tv T>
= (1/2)(IKT, TOKT, T> = (1/2)Tlog T, T> .
Hence, H = (T, T))7*[tr Ay — T'log | T|].
COROLLARY 1. The constant hypersurfaces of a nonconstant har-

monic function are minimal surfaces if and only tf the gradient of
the function has constant length along its integral curves.

Proof. Let f be harmonic and T = grad f. Then T is closed
and tr A, = divT = 0. Hence H = 0 if and only if <D,T,T> =0 or
T, T>=0.

COROLLARY 2, Let T be o unit field on M which s closed. Then
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the total curvature and mean curvature of the integral manifolds of
T+ are given by K = det Ay and H = divT. Indeed, S = A, if and
only if T ts a unit field.

The first corollary above suggests the definition of a minimal
harmonic function as a harmonic function whose constant hypersurfaces
are minimal surfaces. This class of harmonic functions has not been
examined as yet, as far as we know, nor has the above result (Corollary
1) been proven before.

ProposITION 4. Let ¢ =<T,T>. Then grad¢ = 2D,T, which
implies By is symmetric, and

4.9 = 2tr By = 2[Rie (T, T') + tr A% 4+ T(div T')]
while

(£6)2Z,Y) = KB:Z, Y .

Proof. Consider
dp)X = XXT, T>=22ZD;T, T) = XX, D, T>.

Hence grad ¢ = 2D, T, and 4,6 = divgrad ¢ = 2tr B,. The last expres-
sion for the Laplacian of ¢ follows from Proposition 2.
Finally,

(£6)(Z, Y) = [Dy(49)]1Z = 2YKZ, D;T) — KDy Z, D;T) = KZ, B,Y .

We have immediately a slight generalization of a result of Bochner [1].

COROLLARY 1. Let T be a closed field such that div T s constant
along the integral curves of T. If T is restrained, then Rie (T, T) < 0
at some point of M or Rie(T,T)=0 on all of M. On a compact
manifold whose Ricet curvature ts always positive there can be no
nontrivial closed field T with T(divT) = 0. On a compact manifold
whose Ricct curvature is nonnegative any nontrivial closed field T
with T(div T') = 0 must be a global parallel field with constant length,
zero Ricct curvature, and Ar = 0 (see Proposition 6).

Proof. In these cases,
Ric (T, T) = (1/2)4,p — tr A%

which proves the first two statements immediately. If T is restrained,
as in the last statement, then we force Ric (7, T) = 0 and T to have
constant length since R(7, T') < 0 at any point is impossible. Thus ¢
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is constant, 4,0 = 0, and tr A% = 0 which implies all the eigenvalues
of A, are zero, so A, = 0.

COROLLARY 2. A nontrivial closed field has constant length on a
semi-Riemannian manifold if and only f its integral curves are
geodesics.

Proof. This is trivial since grad ¢ = 2D,T.
The following result applies to any vector field.

PRrRoOPOSITION 5. The integral curves of a field T are reparameteri-
zations of geodesics if and only if D,T = ¢gT for some real valued C*
function g.

Proof. 1If the field fT is geodesic ( f never vanishes), 0 = Dy fT =
SFUTHT + fD,T] and g = —T(log f). Conversely, if D,T = gT then
along each integral curve of 7' we need only solve the linear equation
(Tf) + fg = 0 to obtain f for which f7T is geodesic.

COoROLLARY. If T 1s closed, nonvanishing, and D,T = gT then
Rie (T) = gdiv T — tr A% + T(g — div T').

We now study the case when 7 has constant length on the
hypersurfaces M’.

THEOREM 3. The following four statements are equivalent on the
set U.

(a) Ay is invariant on T+.

(b) T has constant length on any M.

(¢) DT vs orthogonal to T+.

(&) [T,X]tsin T+ 4if X on T,

Proof. If X is in T* then XT,T) = 2{A,X, T>= XX, D,T>
which shows (a), (b), and (c¢) are equivalent. Also
CAX, T>=<LX, A, TY>=TX, TY — <D, X, T>
= DT+ IT, X1, T>,

where we extend X to be a C® field in T*. Hence 2{A4,X, T> =
{X, T], T> which shows (a) is equivalent to (d).

THEOREM 4. Ifone of the statements in Theorem 3 holds and T
does nmot vanish, then the integral curves of T are reparameterizations
of geodesics, grad ¢ = 2D, T = (T log e®)T, and the vector grad ¢ has
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constant length on M’, t.e. T log¢ is constant on M’'. Moreover,

the mean curvature of M' is constant if and only if div T is constant
on M’'.

Proof. Letting grad ¢ = fT then T¢ = ZXD,T, T>=<fT, T)> =
Jo. If T+#0, then ¢ =0, so f= (T9)/¢ = T loges. The integral curves
of T are reparameterizations of geodesic by Proposition 5.

Letting X be a C> field in 7", then

Xf=XT(logg¢)=[X,T]log¢ + T(Xlogg) =0

since [X, T'] is in T+ and ¢ is constant on M'.
The last statement of the conclusion follows from Theorem 2.

COROLLARY. If grad ¢ does not vanish on M, then the hyper-
surfaces M' are precisely the constant hypersurfaces of ¢ if and only
if one of the statements in Theorem 3 is true.

We return to the study of the geometry of the hypersurface M.
Recall the fact that if L is the Weingarten map of an oriented
nonsingular hypersurface in a semi-Riemannian manifold, then the
Codazzi-Mainardi equations hold on the hypersurface if and only if
Tor, = 0. In the following theorem, we write Ay = 4T which is

admissable by the identification of linear transformations with tensors.
of type 1,1.

THEOREM 5. On the set U, the following three statements are
equivalent:

(a) The Codazzi-Mairnardi equations hold on M’.
(b) Tor,, = 0 on vectors in T+.
(¢) RX,Y)T=0 for all X,Y in T+.

Proof. Let D' be the induced Riemannian covariant differentiation
on M’', thus for fields X and Y in T4,

D.Y = DY — {LX, Y>rN

by the Gauss equation (see Hicks [7]), where » =<{N, N> =e.

Using the Gauss equation and Theorem 2, a straightforward
computation yields,

Tor, (X, ¥) = Dx(LY) — Dy(LX) — L(X, Y])
= [T, TH] ™ Torr (X, Y)

— [T, TH e Tor 4z (X, Y), THOT
=|T|"Toru,(X,Y),
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since Tor,(X,Y) = DAY — D A X — AJX,Y] = R(X,Y)T and
{R(X,Y)T,T)>=0 by the skew-symmetry of the covariant Riemann-
Christoffel curvature tensor. Thus Tor, (X, Y) has no component
orthogonal to M’ and the conclusion now follows.

THEOREM 6. Omn the set U, let P be a two dimensional subspace
of M' with nonsingular orthonormal base X, Y Then
K(P) = K'(P)
— [T, TXXX, X XY, YOI'[K4: X, X)XA,Y, V> — {4, X, Y]

relates the Riemannian curvature of P with respect to M and M’'.

Proof. The general Gauss curvature equation (see Hicks [6]) states
that

tan R(X, Y)Z = R'"(X,Y)Z — rLY, ZLX —{LX, Z)LY) .
Using Theorem 2, a straightforward computation yields the result.
COROLLARY. If M s Riemannian and T = grad f, m in U, and

x,Y, +++ are a set of Riemann mnormal coordinates at m such that
0/0x and 0/oy span the subspace P im M), then

)= ) [S52L (2L)]a

at m.

Proof. Let X = 8/6xand Y =8/0y. Then<{A,X, Y>,=<{D;T,Y>=
XT,Y>= X, (Yf) since (DY), = 0.

We now show the tensor Tor,, represents a condition on the
holonomy of the distribution 7.

THEOREM 7. Let M be Riemammian, complete, connected, and
stmply connected. Let T be a monvanishing closed field such that
AT has no torsion. Then M is diffeomorphic to a product M' X R,
where M' s the (n — 1) dimenstonal integral submanifold of T+
through a point m in M and R is the real line. Hence the orbit space
M|T s diffeomorphic to M'.

Proof. Since M is simply connected its restricted homogeneous
holonomy group is equal to its homogeneous holonomy group H. The
Lie algebra of H is generated by the linear transformations R(X, Y)
on M,, for all vectors X and Y in M, (see Nomizu [8]). Since Tor,, =
0, R(X,Y)T =0 for all X and Y hence R(X, Y) is invariant on T-.
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Since H is contained in the special orthogonal group SO(%, K), which
is compact, the exponential map is onto. If A is in H, then h =
exp R(X,Y) for some X and Y in M, and thus A(T*) is contained in
T+. We now apply the result of DeRham [3] to get M = M’ X N.
Since M is Riemannian and complete, N is diffeomorphic to the real
line or the one dimensional torus. Since M is simply connected, N is
diffeomorphic to E.

4. Special cases. We conclude with some special cases that follow
from the above results. We will always assume the field 7' is nontrivial,
nonsingular, and closed.

ProposiTiON 6. If A, = 0, then T is a geodesic field with constant
length, zero divergence, and zero Ricci curvature. If T lies in the
plane section P then K(P) = 0. Thus there is no pair of conjugate
points along the geodesics determined by 7. The distribution 7% is
integrable and its integral manifolds M’ are flatly imbedded in M (i.e.
L =0 on M’). Hence M’ is a geodesic submanifold of M. If M is
Riemannian, complete, and simply connected, then M is isometric to
the product M’ x R.

ProprosITION 7. If B, = 0 and T is geodesic then 7 has constant
length ¢ and Ric (T) = —tr A% — T(divT). When M’ is defined it has
total curvature zero and mean curvature (1/c¢)div 7. If M’ is defined
and flat everywhere, then A, = 0 and Proposition 6 is applicable.

ProprosiTioN 8. If B, = 0 and the integral curves of T are repara-
meterizations of geodesics with D,T = ¢gT, then at points where g and
T do not vanish, M’ is flat and the Ricei curvature of T is zero.

In proving Proposition 8 one shows at points in U where ¢ does
not vanish then A,T = D,T = (div T')T by applying Proposition 6 to
D,T. Furthermore, at such points 0 = B,T = [T(div T) + (di\? TY|T
so tr Ay = (divT) = —T(div T') and Ric (T) = 0.

ProposiTioN 9. If B, = 0 and the integral curves of T are not
reparameterizations of geodesics, then Proposition 6 may be applied to
D,T. Moreover T*T, T is constant, hence there can be at most one
point on each integral curve of T where the length of 7T has a critical
point. If the integral curves of T are parametrically complete (defined
for all parameter values), then M cannot be compact.

Notice in Proposition 9 the length of 7T is not constant along any
of its integral curves, for 0 = T<T, T> = 2D,T, T') implies D,T = gT
by Theorem 4, which implies the integral curves of T are geodesics
by Proposition 5.
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DOUBLY STOCHASTIC OPERATORS OBTAINED
FROM POSITIVE OPERATORS

CHARLES HoBBY AND RoNALD PYKE

A recent result of Sinkhorn [3] states that for any square
matrix A of positive elements, there exist diagonal matrices
D, and D, with positive diagonal elements for which D; A D,
is doubly stochastic. In the present paper, this result is
generalized to a wide class of positive operators as follows.

Let (2, U, 2) be the product space of two probability
measure spaces (2;, U;, 4;). Let f denote a measurable
function on (2, A) for which there exist constants ¢,C such
that 0<c¢c=<f=C< o, Let K be any nonnegative, two-
dimensional real valued continuous function defined on the
open unit square, (0,1) X (0,1), for which the functions K(u,-)
and K(-,v) are strictly increasing functions with strict ranges
(0,00) for each # or v in (0,1). Then there exist functions
h: 2, — E, and g: 2, — E, such that

Sn Sz, v) K(h(x), g(v)) dAx(v) = 1 = SQ S, y) K(h(w), g(y))da(u) ,

almost everywhere — (2).

Let (2,9, \) be the product space of two probability measure
spaces (2;, 2;, \;). Let f denote a measurable function on (2, 91) for
which there exist constants ¢,C such that

(1) 0<e=fsC< oo,

Let K be any nonnegative, real valued continuous function defined on
the open unit square, (0,1) x (0,1), for which the functions K(u,-)
and K(-,v) are strictly increasing functions with strict ranges (0, «)
for each w or » in (0,1).

In what follows, h and g will denote measurable, real valued,
functions defined on 2,, and £,, respectively. Whenever well defined,
set

E(@: h,9) = S%f (@,9) K(h(x), 9(v))dry(v)

(2)
Ol o) = | Fl1,9) K (), a@)n.w)

for (x,y)e 2.

Received February 13, 1964. The authors research was supported in part by
the National Science Foundation, Grant G-25211 and Grant G-19915.
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For a fixed choice of %, g we can think of R and C as defining
positive operators. The main result of this paper is that R and C
can be made doubly stochastic by choosing % and ¢ appropriately.
One immediate consequence of this result is a recent theorem of
Sinkhorn {3] on doubly stochastic matrices.

THEOREM. There exist functions h: 2, — (0,1) and g: 2, — (0,1) for
which

(3) R(z: h,9) = 1= C(y: h,g) ,

almost everywhere — (\).

Proof. We shall obtain % and ¢g as the limits of two sequences
of functions, {#,} and {g,}. The k, and g, are defined recursively as
follows.

Set hy(x) = a for all xe £, where o is any number in (0,1). If
h, has been defined, let g, be the function defined by the equation
C(y: h,,9.) = 1. That is, g,(y) is the solution of the eqguation

(4) L= | f@y) Khu@),0.0)d0n@) -

This solution exists and is unique since C(y: h,,t) is a strictly increasing
continuous funetion of ¢ with range (0,o0). Furthermore, g, is easily
seen to be measurable if &, is measurable (certainly the case for k),
since {y€ 2y g.(y) =t} = {ye 2: C(y: h,,t) = 1} and since C(y: h,,t) is
a measurable function of y for each fixed ¢{. By Fubini’s theorem

(5) [, B b, g)dn(@) = | O: huyg)dr) = 1.

Thus if R{x: h,,g,) =1 for all z in £, then R(x: h,, g,) = 1 almost
everywhere — A,, and the proof is complete. If for some xzec @,
R(x: h,, 9,0 <1, we define h,.,(x) to be the numbert fort¢which
R(xz: t,9,) = 1. The existence and uniqueness of h,.,(z) follow from
our assumptions on K. We set h,..(z) = h,(x) at every 2 where
R(x: h,,9,) = 1. Just as for g,, we see that A,,, is measurable (since
g, is measurable).

Let A, ={xe 2| R(x: h,,9,) =< 1}. If for some n = 0,1\ (4, =1
we stop our iteration since this implies that R(x: h,,9,) =1 a.e. —),,
so we can take h, and g, to be h and g of the theorem. We shall
assume henceforth that N, (4,) < 1 for every n.

Observe that h,.,(x) = h,(x) for every z, thus

(6) 1 = C(y: hmgn) é C(y~ hnw‘—l,Qn) .

Consequently ¢,..(¥) = ¢,(y) for every y. It follows from this mono-
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tonicity that the limits » = lim,... h, and ¢ = lim,.. ¢, exist. We
shall now show that this choice of 2 and g satisfies the theorem.

By our construction, {4,} is a nondecreasing sequence of sets. Set
A =lim,.. A4,. Since \,(4,) <1, the complementary set AS is a set
of positive measure for each n. For xe A, h,(x) = a whence

1= R@: hyyg,) = | f(@,0) K@0.0)dr)
= ¢| K@a.w)ivw) .

This inequality holds for each %, so one may take limits to obtain

1= 0| K@gmnanw .

Thus there are positive numbers » and ¢ such that \.{y € 2,: g(y) = v} > 0.
Then for arbitrary » and x€ A4,,

12 e K000 = coK(ho),1) .

Hence, by taking limits on 7, one obtains 1 = coK (h(x),r) for each
xe A, Let ¢t be a number for which 1 = ¢c6K(t,7). Then h(x) <t for
xe A, and h(x) = a for xe€ A°, whence h(x) = B = max(a,t) <1 for
all xze Q,. But for all ye 2, and all =,

1= | f@) Kh(@),0.0)dn@)
=< CK(B,9.(y)) ,

thus ¢g(y) = v > 0 where v satisfies C™* = K(8,7).

The import of the above is that the set {(%.(x),9.(¥)): (x,y)e Q,
n = 0} is contained in a compact subset of the interior of [0,1] x [0,1],
on which K is continuous, and hence bounded. Therefore, by the
Lebesgue dominated convergence theorem

1 =1im C(y: h,,9.) = g f(@,y) K(h(x),9(y))d\(x)

U1

and

L= lim B@: hyvsyg) = | f,0) KO(@),0@)0) ,

n-—oco

for x¢ A. Moreover

1= lim Rea: b0, = | #(0,0) KO@),00)d00) ,

n—oo

for x¢ A. But an inequality here on a set of positive M\,-measure is
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impossible by (5), thereby completing the proof.

COROLLARY (Sinkhorn [3]). Let A = (a;;) be an m by m matrix
of positive elements. There exist diagonal matrices D, and D, of
positive diagonal elements for which the matric D,AD, is doubly
stochastic.

Proof. In the above theorem let 2, = 92,={1,2, -+, m} and let
M =X\, be the uniform measure, N ({j}) =1/m. Set K(u,v)=
uv(l — w)1 — »)™* and f(%,5) = a;;. By the theorem there exist
functions # and g such that

m~ 3 ah(D)g(d) [1 — h@DI [L - 9@ =
= m™ 3% auh(@)(9) [L — h@I L~ 9] -

The corollary is then proved if one lets d,; = m™}1 — h(¢)]"'h(¢) and
dyy = m™[1 — ¢g(7)]'¢(¢*) be the diagonal elements of D, and D,
respectively.

The above result for symmetric matrices has also been obtained
by Marcus and Newman [1] and Maxfield and Minc [2].

The application which motivated Sinkhorn’s theorem was the case
in which A is the matrix of maximum likelihood estimates of a
stochastic transition matrix P of a Markov Chain. When it is further
known that P is actually doubly stochastic, then Sinkhorn’s result
shows that numbers {z,, ---, ©,;¥,, -+, ¥.} exist such that A can be
renormalized by dividing the 4th row by x; and the jth column by y;
to obtain a doubly stochastic matrix. However, if one considers the
maximum likelihood equations for the restricted case in which P is
known to be doubly stochastic one observes that the proper normalized
form of A (relative to the maximum likelihood approach) is a doubly
stochastic matrix B = (b;;) with b;; = a;;(x; + y;)™*. The existence of
such a normalization follows straightforwardly from the proof of the
above theorem. To see this, consider the function K(u,v) = [v™ —
(I — )] defined on the triangular region w >0, v >0, v + v < 1.
This function is nonnegative and continuous on this triangle. Moreover,
both K(u,-) and K(-,v) are strictly increasing functions wherever
defined and the ranges of K(u,:-) and K(-,v) are respectively (0,o)
and (v[1 — v]™%,c0) for each fixed w and v. Let A\, and \, be the same
discrete measures as used in the proof of the above corollary. The
functions R(x: h,,9,) and C(y: h,,9,) then become finite sums. The
only change required in the proof is that one must show that the
points (%,(x),9,(¥)), for all » =1 and all # and y, are well defined
and contained in a compact subset of the domain of K. That this is
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true follows from the assumptions on the monotonicity, continuity and
range of K, combined with the fact that the integrals are finite sums.
Actually, because of these properties, it is clear that K(h (x),9,.(y)) is
bounded by mc™* for all » and y.
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CONCERNING PERIODIC SUBADDITIVE FUNCTIONS
R. F. JoLLy

The author investigates those subsets M of the complex
plane with the group property that J is closed with respect
to complex multiplication. In particular if M is closed, bounded
and has for its boundary a curve given in polar form by
o(0) = r(0) exp (10) where » is a positive continuous function
with period 2z, then » is characterized by these requirements,
together with the additional condition that r be submulti-
plicative. If f(x) = — log r(x), the corresponding conditions
on f are: f is a continuous nonnegative subadditive function
with period 2r.

Some relations between the roots (zeros) and periods of
subadditive functions are discussed and in particular, it is
shown that: if f is a continuous subadditive function not
identically zero, with period 1 and with a root ¢ (i.e., f(¢c) =
0), then ¢ is a rational number m/n (in lowest terms), f(0) =
0 and f has period 1/n,

For each positive number ¢ and function f on the set of
all numbers, a type of polygonal approximation P(c, f) is
defined such that if f is continuous, lim P(c, f) = f uniformly
over every bounded number set as ¢ — 0, If f is subadditive,
P(c, f)issubadditive. The subadditive P(c, f) are characterized
in terms of their slopes. Since a change of scale does not
affect the subadditive property, the author studies functions
with period 1 rather than those with period 2x. For each
positive integer n, the collection K, of all functions P(1/n, f)
for all continuous subadditive functions f with period 1, is
shown to have a finite basis, In fact, K, forms a function
cone with finitely many extremal elements (the basis), While
an explicit representation is not given, the proof shows how
these extremal elements may be constructed,

Several examples are given to illustrate some pathological
cases, The methods of this paper may easily be applied to
the solution of certain other functional inequalities with cor-
responding restrictions,

1. Introduction. The statement that M is a G-set means that M
is a point set in the complex plane such that if P is in M and @ is in M,
then the product PQ is in M, i.e., M has the group property that it is

Received March 5, 1964, Presented to the American Mathematical Society on
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closed with respect to multiplication. For example, the set of all points!
z such that |z | < 1 is a G-set; for each number %, the intersection of
the interiors of the circles with radius (1 + k*"* and centers ¢k and
—14k is a G-set; and the union of the coordinate axes is a G-set which
contains no domain (§ 6). The statement that M is a simple G-set
means that M is a G-set which is closed, bounded and which has for
its boundary a curve given in polar form by 0(6) = 7(6) exp (i6) where
r is a positive continuous function of period 27. The function 7 is
completely characterized by these requirements together with the ad-
ditional condition that for each number z and number y, 7(x) r (y) =
r(x + y). If f(x) = — log r(x), the corresponding conditions on f are:
f is continuous, nonnegative and of period 27 and moreover, for each
number & and number y, f(x + y) < f(x) + f(y). Hence, the deter-
mination of all simple G-sets resolves itself into the problem of the
determination of all continuous nonnegative subadditive functions with
period 27 (§ 2).

For each number p, let F), denote the collection of all functions
f which are subadditive on the set of all numbers and which have
the property that if « is a number, f(x + p) = f(x). Let F denote
the collection of all continuous functions in F,. The statement that
¢ is a root of f means f(c) = 0. An anchored function is one with
zero for a root. In §3, some relationships are shown between the
roots and periods of subadditive functions. In particular, it is shown
that if f is a function in F' not identically zero and ¢ is a root of f,
then ¢ is a rational number m/n (in lowest terms) and f is an anchored
function with period 1/n (Theorem 5).

Since a change of scale does not affect the subadditive property
(Lemma 3), we study the functions in F) instead of those in F,, and
thereby simplify the notation. For each positive number ¢ and func-
tion f on the set of all numbers, a type of polygonal approximation
P(c, f) is defined (§ 4) such that if f is continuous, lim,.,, P(c, f) = f
uniformly over every bounded number set. These polygonal approxi-
mations to functions in F| are themselves in F, (Theorem 6) and are
characterized in terms of their slopes (Theorem 7). It is then shown
that for each positive integer w, the collection K, of all functions
P(@/n, f) for all functions f in F, has a finite basts in the sense that
there is an integer M(n) and a sequence a«, of M(n) elements of K,
such that a function g belongs to K, if, and only if, g is the sum of
a linear combination of the functions of «, with nonnegative coefficients
(Theorem 9). These polygonal subadditive functions are then used to
characterize F' as the collection to which f belongs if, and only if, f

1 In this paper, the word number shall be used to denote a real number and
the word point shall mean a point of the complex plane.
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can be approximated uniformly by linear combinations of the functions
of o, a,, a,, -+ with nonnegative coefficients.

There are simple G-sets which are not convex and in fact, which
have no tangent at any point (Theorem 12). Some other examples,
which show the difficulty in obtaining nontrivial characterizations of
G-sets, are given in § 6. One example is a countable G-set dense in
the plane.

2. Boundaries of simple G-sets. Throughout this section, assume
that 7 is a positive continuous function with period 27 and let D
denote the closed and bounded set with boundary z = () exp (:6).

THEOREM 1. The following two statements are equivalent:
(i) D ts a stmple G-set.
(i) For each number a and each number B, r(a)r(B) = r(a + B).

Proof. To show that statement (ii) implies statement (i), let P =
cexp (i) and @ = d exp (¢8) where 0 = c < 7r(a), 0 =d < r(B8) and
r(a)r(B) = r(a + B). Hence PQ = cd exp (t(a + B)) and PQ is in D.

To show that statement (i) implies statement (ii), assume (i) and
r(@)r(B) > r(a + B). Let P = (r(a) — 9) exp (ta) and Q = (r(B) — 9)
exp (i8) where 0 = [r(a)r(B) — r(a + B)]/[r(a) + r(8)] > 0. Note that
r(a) — 6 = [r(a) + r(a + PB)]/[r(a) + r(B)] > 0. Therefore P is in D.
Likewise 7(8) — 0 = [*(B) + r(a + B)]/[r(a) + r(B)] and Q is in D.
Since Pisin D and Q is in D. PQ is in D. Therefore r(a + B) >
(r(c) — 8) (r(B) — 8) but (r(@) — 8) (r(8) — 8) > r(@)r(B) —  (r(at) +
r(B)) = r(a + B). This is a contradiction.

THEOREM 2. Suppose that D is a G-set. Then the following
two statements are equivalent:

(i) FEach point of D is the product of two points of D.

(i) r(0) = 1.

Proof. r is continuous and has period 2w, therefore there is a
number 0 < w < 27 such that for any number «, (@) =< r(w). Since
rI(w) = rCw) < r(w), r(w) < 1.

To show that statement (ii) implies statement (i), suppose Z = d
exp () where 0 = d < r(a). From the preceding d < r(a) < r(w) <
1, hence d < (1/2) 1+ d)< 1 and 2d/(1+d)<1l. Let W=(1/2) (1+d)
exp (ta) and U = 2d/(1 + d). Then Z = WU.

To show that statement (i) implies statement (ii), assume (i) is
true. Let us first show that r(w) = 1. Suppose r(w) < 1. Let Z =
1/2) [r(w) + r*(w)] exp (tw). By (i) there is a point W = cexp (1a)
and a point U= dexp(B) where 0 < c < r(@),0=d < r(B) and Z =
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WU. Notethat 0 < c¢< r(@) < r(w)and 0 < d < r(B) < r(w). There-
fore cd < r(w) < (1/2) [r(w) + r*(w)] < r(w). Hence Z = WU which
is a contradiction. Therefore r(w) = 1.

Since 1 = r(w)r(kw) = r((k + Dw) < r(w) = 1 when r(kw) =1, it
follows by induection that if » is a positive integer, r(nw) = 1.

Since r is continuous and periodic, 7 is uniformly continuous.
Suppose € > 0. Then there is a number 6 > 0 such thatif |z —y| <
3, |r(x) — r(y)| < e. For infinitely many positive integers m and u,
[(w/2r) — (m/n)] < 2 < 0/(2mn). For such integers m and n, |r(nw) —
r2rm)| < &, r(nw) = 1 (previously proven) and r(27m) = 7(0) (r has
period 27). Hence, 1 — 7(0) < &. Therefore r(0) = 1.

THEOREM 3. If g ts a continuous periodic submultiplicative
function, either g is a positive function or g = 0.

Proof. For each number z, 0 < g(x/2) g(%/2) < g(x). Since g is
continuous, either g = 0 or there is some segment containing no root
of g. Suppose ¢ < b and the segment (a, b) contains no root of g. If
a<x<band n >0, then na < ne < nb and if g(kx) = 0 and g(x) #
0, then 0 < g(x)g(kx) < g((k + 1)x). It follows by induction that for
every positive integer n, the segment (na, nb) contains no root of g.
Since g has period p, for some positive number p, and there is a
positive integer N such that N(b — a) > p, there is no root of g and
hence ¢ is positive.

THEOREM 4. Suppose f and g are functions such that f = — log
g. Then the following two statements are equivalent:

(i) g s positive and submultiplicative.

(ii) f 4s subadditive.
The proof is omitted.

3. Roots and periods of subadditive functions. Let us now
show how the roots of subadditive functions are related to their periods
and in particular, what happens in the continuous case.

Note that if p and —p are both roots of the function f of F,,
then f is an anchored function with period p. This is shown by the
inequalities

0=/@)=/@+70O=7fO)=7p—-p =50+ f(-p)=0
f@=f@+p—p)=f@+p+f(—p=f@+ )=/,

On the other hand, the example

fl)y=1{1, if = 7/2; |sina|, if 7/2 = 2}
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shows that a continuous element of F, may have infinitely many roots
without being either anchored or periodic. However, if f is a non-
negative continuous element of F| with both a positive and negative
root, then f is anchored and periodic. This is easily shown by letting
p and ¢ denote respectively the smallest positive and largest negative
roots of f (these obviously exist). But ¢ <p+qg<p and 0 = f(p +
q) = f(p) + f(@g) = 0. Hence f(p +¢)=0and p+g=0.

THEOREM 5. Suppose f is in F and ¢ 18 a number different
Jrom 0 such that f(c) = 0. Then

(i) f vs anchored;

(ii) ¢f ¢ s irrational, f = 0;

(iii) f ¢ ts a rational number m/n (in lowest terms), then f
has period 1/n.

Proof. First we show that there is no number 2 such that f(x)<0.
Suppose there were such an x. Then f(0 + 0) < £(0) + f(0) implies
0 < f(0). Hence z = 0. Since f((k + 1)z) = f(x) + f(kx), it follows
by induction that f(nx) < nf(x) for every positive integer n. As f
is continuous and periodie, there is a number M such that if w is a
number, | f(w)| < M. Let m denote an integer greater than M/| f(x)|.
Therefore m | f(x)| > M but if f(z) <0, |f(mz)| = — f(me) = —
mf(x) = m| f(x)| which is a contradiction.

Since f has period 1, assume 0 < ¢ < 1. It was previously shown
that f is nonnegative and if »# is a positive integer, f(nz) = nf(x).
Hence f(nc) = 0 for every positive integer n. Following the line of
argument used in Theorem 2, the fact that f is uniformly continuous
may now be used to show that f(0) = 0 and therefore f is anchored.

To show (ii), assume ¢ is irrational and f = 0. Again following
a line of argument used in Theorem 2, the fact that the multiples of
¢ modulo 1 are dense in the interval [0, 1] gives a contradiction since
J is continuous, has period 1 and f(nc) = 0 for every positive integer
.

To show (iii), assume ¢ is the rational number m/n in lowest
positive terms. There exists an integer % and an integer p such that
km — np =1. Hence km/n = (1 + np) = p + 1/n and 0 = f(km/n) =
S + 1/n) = f(1/n). For each number w, f(w + 1/n) =< f(w) + f(1/
n) = f(w). Therefore it follows by induction that for every number
¢ and positive integer s, f(x + s/n) = f(z + 1/n) < f(x). But if s =
n, f(x) = f(@ + n/n) < f(x+ 1/n) = f(x). Therefore f has period 1/n.

4. Certain polygonal approximations to subadditive functions.
Let us start with some elementary properties of subadditive functions
and follow this with a definition and some properties of a certain type
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of polygonal function.

LEMMA 1. Ifa>0,b>0, f is in F, and g s in F,, then
af + bg s in F,.

LEMMA 2. If for each positive integer n, f, is in F, and g s

a function such that for each number x, f,(x) converges to g(x), then
g 1s in F,.

LEMMA 3. If ¢ ts a number, f is in F,, and g is the function
such that for every number x, g(x) = f(cx), then g is in F,.

Proofs to Lemmas 1, 2 and 3 may be found in [3, Chap. VII].

DEFINITION. For each positive number ¢ and function f defined
on the set of all numbers, let P(ec, f) denote the function 2 such that
(i) if n is a positive integer and nc — ¢ < 2 < ne, then h(x) = m, (v —
ne) + f(ne) where m, =[f(nc) — f(ne —¢)]/c and (i) if k is a
negative integer and kc = = =< k¢ + ¢, then h(x)= —m(x—kc)+ f(ke)
where m, = — [f(kec + ¢) — f(ke)]/e. Also let my = f(0)/c.

DEFINITION. For each function % defined on the set of all numbers,
let 2* denote the transformation from the set of all ordered number
pairs into a number set such that for every ordered number pair (z,
Y), b*(@, y) = k() + h(y) — Mz + y).

THEOREM 6. If f is in F, and ¢ is @ number then P(c, f) is in.
F,.

This theorem is equivalent to Theorem 8 of [2].

NoTATION. When 7 is negative, let

n
EmP:Zmp:;_lom—p'

=0 p=n

3

THEOREM 7. If f is a function defined on the set of all numbers
and ¢ s a positive number, then P(c, f) is in F, if, and only if,
for every integer m and integer k,

n

IIA

+k
my,
=0

n k
2 mp + Z m? M
»=0 P=0

=

Proof. For each positive integer =, m, = [f(nec) — f(nc — ¢)]/e.
Hence ¢em, = f(ne) — f(ne — ¢) and f(nec) = em, + f(nec — ¢). It fol-
lows by induction that
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fne) = ¢ 2: m, + £(0) = ¢ Z m, .

For each negative integer k, m, = — [ f(kec + ¢) — f(kc)]/e. Hence

emy, = — flke + ¢) + f(ke) and f(kc) = cm, + f(ke + ¢). It follows
by induction that

fke)= cgmp + £(0) = ciﬂm,, .

In the proof of Theorem 6, it is shown that P(c, f) is in F} if,
and only if, for every integer » and integer k, f(nc¢) + f(ke) — f({(n +
k)e) = 0. Hence the theorem follows.

This theorem can be used to derive several of the well-known
theorems concerning the rate of growth of subadditive functions.
Notice that one could easily restrict the domain of f to the positive

or negative numbers. Note also the obvious fact that if f has period
ne, then 3% ,m, = 0.

TurOREM 8. If f is a function defined on the set of all numbers
and {c,} ts a number sequence converging to 0 such that {P(c,, )}
converges porntwise to f, then f is im F, if, and only if, P(c,, f) s
wn Fy for every positive integer n.

Proof. From Theorem 6, it follows that if fis in F, and » is a
positive integer, then P(c,, f) is in F..

Under the hypothesis of the theorem, if P(e,, f) is in F| for
every positive integer n, then by Lemma 2, f is in F.

5. Periodic polygonal subadditive functions. A type of polygo-
nal approximation to elements of F' is described and these are shown
to have a finite basis. In fact, these polygonal approximations (for a
fixed #) form a function cone with finitely many extremal elements
(the basis). While an explicit representation is not given, the proof
of Theorem 9 shows how these extremal elements may be constructed.

THEOREM 9. For each positive integer m, there 1is an integer
M(n) and a finite sequence {«,,} with M(n) terms such that

(1) if p1s an integer and 1 < p < M(n), then for some function
S F, a, = P(/n, f) and

(il) if g is in F and h is the function P(/n, g), then there is
a sequence {a,} of nonnegative numbers such that h = >¥% a,a,, .

Proof. Suppose 7 is a positive integer. Let I’ denote the col-
lection to which % belongs if, and only if, there is a function f in F
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such that A = P(1/n, f). Note that if % is in F”, h is continuous,
1 + p/n) = fQA + p/n) = f(p/n) = h(p/n) for each integer p and hence,
h has period 1. By Lemma 1, if ¢ =0, g is in F’, and h is in F",
then ag + h is in F’. It follows by induction that any linear combi-
nation with nonnegative coefficients of functions in F” is itself in F".

Let Z, denote the collection of all points (p/n, k/n) for p =1, 2,
3,-.,mand k=1, 2, 3,--+,n. For each A in F’, h*(x +1,y) =
h*(x, y + 1) = h*(x, y). Making use of part of the proof of Theorem
6, h* is nonnegative if, and only if, 2* is nonnegative at every point
of Z,. Kach point (p/n, k/n) of Z, such that h*(p/n, k/n) =0, is
called a zero of h*. If h is in F', h is said to be fundamental only
if for each function ¢ in F' such that - — g is in F”, there is a non-
negative number ¢ such that g = ch.

Let us now show that when A is in F”, the statement that A* =
0 is equivalent to the statement that A= 0. If A =0, then A* = 0.
Suppose A* = 0. Then for every number x, A(2x) = 2h(x). Therefore
by induction A(x) = (22)/2 = .-+ = h(n2")/2" for every positive integer
n. Since & is continuous and periodic, there is a number B such that
for any number w, | A(w) | < B. As 0 = h(x) < B/2" for every positive
integer n, h = 0.

Next let us show that if f is in F’ and g is in F”’ then the
statement that f* = g* is equivalent to the statement that f=g¢. If
f=g9,then f*=¢g* Iff*=g*andh=f—g¢g, then h* = (f — g)* =
f*—g* =0 but from the preceding % =0 and hence f= g.

Next let us show that the function & in F” is fundamental if, and
only if, it is true that if g is in F’ and every zero of A* is a zero of
g*, then every zero of g* is a zero of h*.

Case 1. Suppose & is not fundamental. Then there is a function
g in F such that » — g is in F”; yet there is no nonnegative number
¢ such that g = c¢h. Note that there is no zero z of A* which is not
a zero of g* as (h — g)* would be negative at z, which is impossible
by a previous result. There is a least upper bound ¢ of all numbers
d such that h — dg isin F’. By Lemma 2, & —¢g is in F’, h — cg =
0 by assumption. If A* — cg* is positive at every point z of Z, which
is not a zero of h*, then there is a number d > ¢ such that r* — dg*
is positive at every such point 2, which would contradict the fact that
¢ is the largest number such that & — ¢g is in F’'. Hence h — cg is
a function such that every zero of A* is a zero of (A — c¢g)* but some
zero of (h — cg)* is not a zero of 2*. Note that since Z, is finite, it
now follows by induction that there is some fundamental function f
such that every zero of h* is a zero of f*. For each h in F' such
that 2* has a zero, let Z, denote the set to which z belongs only if
z is a zero of h*.
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Case 2. Suppose ¢ is in F', g #0 and Z, is a proper subset of
Z,. There is a positive number ¢ such that the product of ¢ and the
maximum value of g* on Z; is less than the smallest positive value of
h* on Z,. Therefore A* — cg* is nonnegative at each point of Z;
consequently A — ¢g is in F’'. But if » — dg is in F’ for some number
d, then, as there is some zero z of g¢g* which is not a zero of A*,
h* — dg* is positive at z and h — dg %= 0. Therefore & is not founda-
mental.

Let C denote the collection to which f belongs only if fis a
fundamental funection such that 3., f(p/n) = 1. For each function
h in F except 0, there is a function f in C such that Z, (if it exists)
is a subset of Z;,. If f is a fundamental function and ¢ is a funda-
mental funection such that Z; = Z, then by a previous argument, there
is a positive number ¢ such that f= cg. Therefore if f and g are
fundamental functions in C, Z; = Z, and neither is a subset of the
other. Since Z, is finite, C is finite. Let M(n) denote the number
of functions in C and arrange these functions in a sequence {a,,}.

It has been previously shown that any linear combination with
nonnegative coefficients of elements of F'is itself an element of F.
Hence there remains only to show that every element %z of F” can be
represented as a linear combination with nonnegative coefficients of
the functions {«,,}. Let h, = a,,, where a, is the largest number ¢
such that 2 — ca,, is in F’. For each positive integer p < M(n), let
hy = hp_y + ayq,, where a, is the largest number ¢ such that » — h,_, —
ca,, is in F’,

M(n)
hM(n) = pZ{ apan:l’ i

Let
M(n)
g:h_hM(n):h— I)Zla’ﬂam?'

Unless g = 0 there is an integer k& such that Z, is a subset of Z, ..
There is a largest number d such that g — da,, is in F', h, = h,_, +
a,e,, where a, is the largest number ¢ such that A — h,_, — ca,, is
in F'. But if ¢ — da,, is in F’, then (b — h,_, — ca,;,) — da,, is in
F’ which is a contradiction. Therefore g = 0.

THEOREM 10. There is a sequence {«,} of functions in F such
that f belongs to F if, and only tf, there exists a sequence {g,}
converging uniformly to f such that for each positive integer mn,

there 1s a sequence {a,,} of nonnegative numbers such that g, =
o ®pe

n
p=1

Proof. Let {a,} denote a sequence of functions in F' such that
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for each positive integer n and positive integer p < M(n), there is a
positive integer k such that o, = a,, where «,, is the pth term of
the sequence {a,,} of Theorem 9.

If fis in F, the sequence {D(1/n, f)} converges uniformly to f.
For each positive integer k, there is an integer wn(k) and a sequence
{@yp} Of nonnegative numbers such that P(1/k, f) = 320 a,u,% (by
Theorem 9). Let ¢, = 3% @, if nk) = m < n(k + 1). Then
{9.} converges uniformly to f.

By using the fact that the sum of two continuous functions with
period 1, is a continuous function with period 1, Lemma 1, and in-
duction, it follows that if for some sequence {a,} of nonnegative
numbers and some integer n, g, = >.a., Q,,%,, then ¢ is in F. If {g,}
converges uniformly to f, then f is a continuous function with period
1 and by Lemma 2, f is in F.

6. Some examples and comments. The examples in Theorem 11
are typical of the fundamental anchored polygonal elements in F'; the
example in Theorem 12 shows that some functions in F' are patholo-
gical.

THEOREM 11. Suppose 0 < k < 1 and f ts the function with
period 1 such that of 0 x =k, f(x) =2x(l —k) and if k<2 <1,
f@)=kQ —x). Then f is in F.

This theorem can be shown by computing f*. It is quite easy to
establish that f* = 0.

It follows from Theorem 11 and a well-known characterization of
continuous convex functions on an interval that if » is a positive
integer and f is a nonnegative convex function on [0, 1/n], then f can
be extended to be subadditive with period 1/n. This result should
appear in the Pacific Journal in a paper by Richard Laatsch using
different methods (private communication).

THEOREM 12. There exists a totally nondifferentiable function
in F.

Proof. It follows from Theorem 11 that y = | Aresin (sin 7x) |
represents a function in F. In a different setting and using a different
notation, there is a proof in [1, p. 115] that the function f defined by
S(®) = Do | Aresin (sin 2'7ww) | (m2*) is totally nondifferentiable. By
Theorem 10, f is in F.

Notice that the graph of Z = f(0) exp (46) forms the boundary of
a simple G-set with no tangent at any point.
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As might be expected, when one considers G-sets which are not
necessarily simple, one finds some very complicated examples. The
following should illustrate this and also, should show some of the
aspects of G-sets.

Suppose M is a point set and M’ is the set to which Z belongs if,
and only if, for some point W of M and number 0 <t<1, Z=1tW,
i.e., M’ is the smallest star-shaped set about the origin which covers M.
A slight modification of the argument for Theorem 1 would show that
if M is a G-set, then M’ is a G-set. Moreover, a modification of the
argument for Theorem 2 would show that if M is a G-set, then M is
bounded if, and only if, M is a subset of the unit dise, i.e., if Z is
in M, |Z|=1.

That the set M’ need not contain a domain can be seen by taking,
for some positive integer n, M to be then nth roots of 1.

Even when M’ is a bounded G-set, there is no requirement that
its boundary be the graph of Z = »(0) exp (10) for some positive con-
tinuous function with period 2x. This can be seen by taking M to
be, for some number k # 0, the graph of Z = exp ((k + %)0) for 0 =
0 < 2r.

Suppose R is a number set and ¢ is a function defined on R such
that if # is in R and y is in R, then « + y is in R and g(x)g(y) =
g(x + y). Then if M denotes the set of all points Z = g(x) exp (%)
for all numbers « in R, M is a G-set. It is well-known that such
sets R, and even that countable sets R, exist along with additive
functions f defined on R which are dense in the plane. If g(x) =
exp (f(x)) then the corresponding set would be dense in the plane.

The methods of this paper may easily be applied to certain other
functional inequalities. For example, analogous theorems hold for the
solutions to f(2z) < 2f(x) and in most cases the arguments do not
need to be changed.
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WAVE OPERATORS AND UNITARY EQUIVALENCE

Tosio KATo

This paper is concerned with the wave operators W. =
W.(H,, H,) associated with a pair H,, H, of selfadjoint opera-
tors. Let (M) be the set of all real-valued functions ¢ on
reals such that the interval (—co, o) has a partition into a
finite number of open intervals I, and their end points with
the following properties: on each I, ¢ is continuously dif-
ferentiable, ¢’ =0 and ¢’ is locally of bounded variation,
Theorem 1 states that, if H, = H, + V where V is in the trace
class T, then W', + W.(¢(H,), ¢(H,)) exist and are complete
for any ¢ c(M); moreover, M'. are ‘‘piecewise equal’”’ to W.
(in the sense to be specified in text), Theorem 2 strengthens
Theorem 1 by replacing the above assumption by the condi-
tion that ¢,(H,) = ¢,(Hy) + V4 Ve T, where ¢, (M) and ¢,
is univalent on (—n,n) forn =1,2,3,.... As corollaries we
obtain many useful sufficient conditions for the existence and
completeness of wave operators,

1. Introduction. The present paper is a continuation of earlier
papers of the author on the theory of wave and scattering operators
and the related theory of unitary equivalence of selfadjoint operators.

We begin with a brief review of relevant definitions and known
results (see Kato [4, 5] and Kuroda {6]), adding some new definitions
for convenience. Let © be a Hilbert space and let H be a selfadjoint
operator in § with the spectral representation H = §{ AdE(\). A vector
ue D is absolutely continuous (stngular) with respect to H if (E(\)yu,u)
is absolutely continuous (singular) in A (with respect to the Lebesgue
measure). The set of all w9 which are absolutely continuous (sin-
gular) with respect to H forms a subspace of £, which we call the
absolutely continuous (singular) subspace with respect to H and denote
by 9..(D,). These two subspaces are orthogonal complements to each
other and reduce H. The part of H in £,,(9,) is called the absolutely
continuous (singular) part of H and is denoted by H,, (H,)

Let H;, 5 =0,1, be two selfadjoint operators in  with the spec-
tral representation H; = { M\dE;(\), and let P; be the projection on the
absolutely continuous subspace 9,,.. with respect to H;. If one or
both of the strong limits

(L.1) W, = W.(H, H) = s — lim exp (1tH,) exp (— 1t H,) P,
t—too

exist(s), it is (they are) called the (generalized) wave operator(s).

Received January 8, 1964. This work was sponsored (in part) by Office of Naval
Research Contract 222 (62).
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W, is, whenever it exists, a partial isometry on £ with initial set
Do, and final set M, contained in $,,,.. WM. reduces H,, and the part
of H, in 9, is unitarily equivalent to H,,,,, with

(1.2) EMNW, = W, EM), —oo A< Foo

The wave operator W, will be said to be complete if the final set M,
coincides with 9;,...

W. has the property that, whenever W.(H,, H) and W,(H,, H))
exist, then W.(H,, H,)) exists and is equal to W.(H, H)W.(H,, H,).
If both W,(H,, H) and W (H,, H,) exist, then they are complete and
are the adjoints to each other.

Similar results hold for W, replaced by W_.

If H — H, is small in the sense that H, = H, + V with V be-
longing to the trace class T of operators on O, then both W.(H,, H,)
exist and are complete. The main purpose of the present paper is to
prove some generalizations of this theorem, which involve what we
shall call the principle of invariance of wave operators. Roughly
speaking, this principle asserts that the wave operators W.(4(H,),s(H,))
exist for an ‘‘arbitrary’’ function ¢ and are independent of ¢ for a
wide class of functions ¢. Its precise formulation is given in Theorems
1 and 2 proved below.

The proof of these theorems is rather simple, depending essentially
on a single inequality proved in a previous paper (Kato [5]). It will
be noted that Theorem 2 contains as special cases most of the suf-
ficient conditions for the existence and completeness of wave operators
obtained in recent years (see Kuroda [6, 7], Birman [1, 2], Birman-
Krein [3].

2. Principle of invariance of wave operators. Consider the
wave operators W.(s(H)), (¢(H,)) where ¢ is a real-valued, Borel mea-
surable function on (— oo, + o). The principle of invariance asserts that
these wave operators do not denoted on ¢. Of course certain restric-
tions must be imposed on ¢ and on the relation between H, and H,
To this end it is convenient to introduce a certain class of functions.

DEFINITION. A real-valued function ¢ on (—co, 4+ <) is said to
be of class (M) if the whole interval (— o, + o) has a partition into
a finite number of open intervals I,k =1, ---, r, and their end points
with the following properties: on each I, ¢ is strictly monotone and
differentiable, with the derivative ¢’ continuous, ¢’ = 0 and (locally)
of bounded variation. {I.} will be called a system of intervals associated
with ¢ (such a system is not unique).

THEOREM 1. Let H, H, be selfadjoint operators such that H, =
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Hy+ V with VeT. If ¢ s of class (M), W'.= W.(¢(H)), ¢(H,))
exist and are complete. Furthermore, W'y are * piecewise equal’
etther to Wy = W.(H,, H) or to Wy, in the sense that

(W= WOE(L) =0 or (W.— Wa)E(L)=0,k=1,.--,7,

according as ¢ is imcreasing or decreasing on I,. In particular,
W= W.(W,= W) if ¢ s increasing (decreasing) in each I, k=
1, ---,7. (Here {I,} is a system of tntervals associated with ¢ e (M)
and E(I) = E(B — 0) — Efa) 1f I = (a, B).)

Proof. It is known (see Kato [5]) that W. exist under the as-
sumptions of the theorem.

We take a fixed I, and assume that ¢ is increasing on I,. We
use the inequality (2.9) of the paper cited, which reduces for s = 0 to

(2.1) (W, = V]| < (8mm? | V|1
< (1.1 v e exp (—itHya | at)

where x€ 9,,,. is subjected to the condition that d(E,(\)x, x)/d\ < m?
almost everywhere. Here | V| is the nonnegative square roof of V?
and || V||, denotes the trace norm of V, which is finite by assumption.

Now let % € 9,4, be such that Ey(l,)u = u and d(E,(\)u, w)/dn < m?,
We note that such % with finite m* form a dense subset of Ey(I,)Do,cc =
E(I,)P9 (see a similar proposition in loc. cit. when I, is the whole
interval). If we set x=exp (—1is¢(H,y))u, we have (E,\)x, x)=(E,(\)u,u)
so that the assumptions on « stated above are satisfied. Hence (2.1)
gives

(2.2) | (Wy — 1) exp (— isg(Ho)u || = 8zm*[| V'[l.)"'n(s)"*,

(23) 7(s) = || 111 VI exp(— itH, — isg(Hy)u |t

0

o too
= S el |7l exp (— itH, — dsp(Hoyw, £ Pt
where {f,} is a complete orthonormal system of eigenvectors of V and
the ¢, are the associated eigenvalues.

The integrals on the right of (2.3) have the form (Al) of Appendix,
where w(\) is to be replaced by d(E,(\)u, f,)/dx which belongs to L*(I,)
with L*norm not exceeding m (see loc. cit.). Therefore, each term on
the right of (2.3) tends to 0 for s — + o (Lemma A3, Appendix). On
the other hand, the series on the right of (2.3) is majorized by the
convergent series 27m’ > |c¢,| = 2mm*|| V'||,. Hence #(s)—0 for
s — +oo and the left member of (2.2) must tend to 0 for s— + oo,
Since (W, — 1) exp (—its(H,)) is uniformly bounded and the set of #
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with the above properties is dense in E(I[)P,D as remarked above,
it follows that (W, —1) exp (—is¢p(H))P,E(I,) — 0 strongly for s—+ oo,
But we have W, exp (—ts¢(H,)) = exp (—is¢(H))W . by (1.2). On mul-
tiplying the above result from the left with exp (is¢(H,)), we thus
obtain

(2.4) s — lisr?’foz(p (2s¢(H,)) exp (—ts¢(Hy)) P E(1,)

= W, P,E(L,) = W, E(IL) if ¢ is increasing on I, .
Similarly we can show that
(2.4) s — li?j exp (ts¢(H))) exp (—is¢(H)P,E(I,) = W_E\(I,)

) if ¢ is decreasing on I,.

Since P E,(\) is continuous in A, we have 3, P.E(I) = P, Ad-
ding (2.4) or (2.4') for k=1, ---, r, we thus arrive at the result

(2.5) s — lim exp (is4(H,)) exp (—is¢(H,))P, = kZ W E(1) ,
§— o0 =1

where W ., means that W, (W_) should be taken if ¢ is increasing
(decreasing) on I,.

(2.5) shows that the wave operator W.(¢(H,), ¢(H,)) exists and is
equal to the right member; it should be noted that the absolutely
continuous subspace for ¢(H,) is identical with 9, = P9 (Lemma A5,
Appendix). Similar results hold for W_(¢(H)), ¢(H,)); we have only
to take the opposite choice for W, in (2.5). These wave operators
are complete since they also exist when H, and H, are exchanged.

3. Generalization. Let us consider a question which is in a
sense converse to Theorem 1. Suppose «(H,) — +(H,) belongs to T
for some function +r; then do the wave operators W.(H,, H) exist?

The answer to this question is quite simple if + is of class (M)
and, in addition, univalent. Then the inverse function exists, with
domain 4 consisting of a finite number of open intervals and a finite
number of points. This inverse function can be extended to a funec-
tion + of class (M) by setting, for example, +(A) =\ on the com-
plement of 4. Therefore, W.(H,, Hy)) = W.(y(v(H,)), ¥(H,))) exist and
are complete by Theorem 1.

If 4 is not univalent, we do not know whether the same resalts
hold. But we can show that this is true if there is an approximate
univalent sequence {,} of functions of class (M) such that + (H;) —
Y (H)e T. We call {¢,} an approximate univalent sequence if +, is
univalent on (—n,n),n=1,2, ---

More generally, we can prove
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THEOREM 2. Let H,, H, be selfadjoint and let there exist an ap-
proximate univalent sequence {yr,} of functions of class (M) such that
Y (HY = (Hy) + V,with V,e T,n=1,2,-++ Then, for any ¢ € (M),
the wave operators W', = W.(¢(H), ¢(H,) ewxist and are complete.
In particular, W, = W.(H, H) exist and are complete. W'. are
piecewise equal either to Wi or to Wx im the sense stated in Theorem
1.

Proof. 1. The restriction of 4, to (— %, ») has inverse function,
which can be extended to a +,€ (M) in the same way as above.

Set ¢, = o, 0q9,; then ¢,(\) = s(\) for ne(—mn,n), and ¢, € (M)
by Lemma A4 (Appendix). We define the following selfadjoint opera-
tors, all functions of H;,57 =0, 1:

Q//\‘IL(HJ) - Lnj ’ (“pno"//\n)(Ha) = Hnj ’

GU sy =k, = Parg, s = K= pare).

Since K,; = (¢0+,)(L,;) by operational calculus (see Stone [8], Theorem
6.9), where ¢o+r,e (M) and L, =L, + V,, V, e T, it follows from
Theorem 1 that W’,. = W.(K,, K,,) exist and are complete.

II. For any function +» of class (M), Y (Fo0) = lim... P(N) exist
(the values 4 being permitted for these limits). Thus ¢,(F=o) and
(Jn04,) (o) exist. By replacing {¢,} by a suitable subsequence (and
correspondingly for {4} and {++,}), we may assume that «. lim,_.¢,(z )
and B, = lim,_, (J,049,) (=) exist (o being permitted for these
limits).

Let J be an open interval such that «. and ¢( ) are exterior
to J, and let S=9¢7"%J), S,=¢,(J). S and S, are unions of a
finite number of open intervals and of points. Since K;¢(H;) and K, =
¢,(H;), we have (we denote by E;(S) the spectral measure determined
from {E;(\)})

(3.2) Fj(J) = Ej(S) ’ Fnj(J) = Ej(Sn) ’ Jj= 0, 1.

S is bounded since ¢(Z4-o) are exterior to J. Similarly, S, is
bounded if » is sufficiently large, since «. are exterior to J.

Take an » so large that S, is bounded and Sc< (—n,n). Since
é,(\) = ¢(\) for ne(—mn,n), we have S = (—n,n) N S,. Further take
an m >mn such that S,c (—m,m). We have S=(—m,m)NS, as
above, so that S, NS, =S, N(—m,m)NS,=SNS,=3S. Hence

(3.3) F.()F,(J) = Fi(S,)E«(S,)
= E(S,NS,) = E\S) = FyJ) .

III. Now we have, for any ue 9,,. = P9,
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(3.4) exp (1tK,,))(1 — F,.(J)) exp (=1t K, o) P.F(J)
= (1 — F,(J)) exp (itK,,) exp (—1tK,) P,.F(J)
— 1 = F ()W, F(J) strongly for ¢ — + oo .

Since 1 — F,(J)W',. = W',.(1 — F,(J)) by (1.2) applied to W’,.,
and since Fy(J) = F,(J) by (3.3), the last member of (3.4) vanishes.
On the other hand exp (—itK,)Fy(J) = exp (—itK,)Fy(J) since ¢, (\) =
é(\) for ne (—mn,n) and FyJ) = E(S) = E((—n,n)). On multiplying
(3.4) from the left by exp (— #tK,,), we thus obtain

(3.5) §— 1i+m 1 — F,(J))exp(— tK)P,Fy(J) = 0.

The same is true when n is' replaced by the m > » considered above.
Now multiply the latter from the left by F,,(J) and add to (3.5). In
view of (3.3), we then obtain

(3.6) s — tljirl 1 — FyJ))exp(— tK)PFy(J) = 0.

Multiply again (3.6) from the left by exp (7¢tK,); then
(3.7) s — lim exp (1tK,) exp (— 1t K,)) P, F(J)
tortoo
= s — lim Fy(J) exp (t¢K,,) exp (— it K,.) P, Fy(J)

t—+oo

= F\()W,.F(J),
where we have again used the relation
exp ('— 7:t}'{o)Iﬂo(J) = exp (*itKno)Fo(J)

and similarly exp (1tK)F(J) = exp (itK,,)Fy(J) = Fy(J) exp (itK,,).

(3.7) shows that lim,_ ., exp (¢tK)) exp (—1tK,)u exists and is equal
to F(J)W’,.u whenever u belongs to P,F(J)D, where J is any interval
with the four points «, and ¢(+o) in its exterior. Since such %
forms a dense set in P9, the existence of W/, = W, (K., K,) has been
proved. The existence of W’'_ can be proved in the same way. Since
K, and K, can be exchanged, all these wave operators are complete.

Incidentally, it follows from (3.7) that W' u = F(J)W',.u for
we PF(J)9. But || Wiu|=|lu|=I|W,ul| since W, and W',
are isometric on P,9. Since Fy(J) is a projection, we must have
W' = W', u. Similar result holds for W’'_. Thus

(3.8) We—-W,o)F(J)=0.

Note that this is true for sufficiently large n (depending on J).

IV. To prove the piecewise equality of W', and W, or Wy, let
I, be one of the intervals associated with ¢e (M). We may assume
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that ¢’ > 0 on I,; we have to show that (W', — WLE(I,)=0. For
this it suffices to show that (W', — WL E(I) = 0 for any finite sub-
interval I of I,; we may further assume that B. are exterior to I
and a., ¢(+oo) are exterior to the interval ¢(I).

We set J = ¢(I) and apply the preceding results to J. Since
S =¢J)DI, we have E(I) < E,(S) = FyJ) and hence by (3.8)

(3.9 W'y =W, )E(I) =0

for sufficiently larg n.

We have similar results when ¢(\) is replaced by the identity
function N (since B, and =+ oo are exterior to I). Then W',, W',. are
to be replaced respectively by W, = W.(H,, H) and W,. = W.(H,,, H,,).
Thus

(3.10) (W — W,)E(I) =0
for sufficiently large .

We may assume that » is so large that Ic(—n,n). I can be
expressed as the union of a finite number of subintervals 4, (and a
finite number of points) in each of which +, is monotonic. Then 4,
is monotonic on 4', = 4,(4,) since +r, is univalent on (—mu, n). ¢oq,
is also monotonic on 4, since ¢’ > 0 on +,(4',) = 4,; it is increasing
or decreasing with +,. Since K,; = (po4.)L,;), H,; = 4.(L,;) and
L,=L,+V, V,eT, it follows from Theorem 1 that (W’,. —
W..)E(4,) = 0; note that Ey(4,) < Ey(y;(4',) = G(4';) where {G,(\)}
is the resolution of the identity for L,, = +,(H,). Adding the results
obtained for p = 1,2, --+, we have

(3.11) W'e — W, )E(I) = 0.

The desired result (W', — W,)E,(I) = 0 follows from (3.9), (3.10) and
(3.11).

4. Applications. A number of sufficient conditions for the exis-
tence and completeness of wave operators can be deduced from Theorem
1 or 2. We shall mention only a few.

(a) Let neither H, nor H, have the eigenvalue 0. If H?=H;?+V
with Ve T for some odd integer p, then W_(¢(H,), ¢(H,)) exist and
are complete for any ¢ (M).

The proof follows by applying Theorem 2 with «, = + (independ-
ent of n) where ¥+(\) = A2 for A # 0 and +(0) = 0.

(b) In (a) we may allow even integers p if we assume in addition
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that H; and H, are nonnegative.

In this case we need only to replace the above + by 4(\) =
(sign M) | A [7? for N = 0.

(¢) Let (H,— 8™ — (H,— ) 'e T for some nonreal complex num-
ber {. Then W_.(¢(H,), ¢(H,)) exist and are complete for any ¢ e (M).

For the proof we first note that, if the assumption is true for
some ¢ = {,, then it is true also for all nonreal {. This can be seen
first for | — ¢,| < |ImZ,| by considering the Neumann series for the
resolvents. The result can then be extended to all { of the half-plane
(ImAm¢) >0 by a standard procedure. The other half-plane can
be taken care of by considering the adjoints.

Set now ,(A) = — i[(m — AT — (v + N =200+ )L Tt
follows from the above remark that «+ (H) — . (H)e T. But it is
easy to see that {4} is an approximate univalent sequence of functions
of class (M). Hence the proposition follows by Theorem 2.

(b) It should be remarked that the existence of W.(46(H,), (H,))
implies the existence of

(4.1) s — lim UtU = W.(H, H) ,

n—too

where U; = (H; — 1)(H; + 1) is the Cayley transform of H;. In fact,
U; = exp (1¢(H;)) where ¢(\) = — 2 arceot A, and ¢ belongs to (M),
being strictly increasing on (—oo, + ).

Appendix. We prove here some lemmas which are used in the
text.

LEMMA Al. Let f, g be complex-valued, continuous functions on
a closed interval [a,b]. Let f be of bounded variation with total
A

variation V,. Let GO = S g0 and let M, = max |GO)|, M, =
max| S| Then || F)g@)N| = (M, + VM.

The proof is simple and will be omitted.
LEMMA A2, Let ¢ be a real-valued differentiable function on

[a, b] such that the derivative ¢’ is continuous, positive and of bounded
variation. We have for any t,s >0

b . . 2(c + V)
< o)
Sa exp (1tn — tsg(A\))dh | = ——_—c(t o)’

where ¢ = min ¢'(\) > 0 and V. is the total variation of ¢'.
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Proof. The integral in question is equal to
b
S it + s¢'(V))Hd/dN) exp (—itn — isp(\))dN .

We apply Lemma Al to estimate this integral, setting f(\) =
it + s¢’(V) 7t and g(\) = (d/dN) exp (— 1t — 18¢(N)). Then M, = (t+cs)™,
My = 2 and it is easily seen that V, =< sV, /(t + ¢s)’ = Vi /e(t + cs).
This proves the desired inequality.

LEMMA A3. Let ¢ be of class (M) with an assoctated system of
of wntervals {I,} (see definition in text). For a fixed k, let we L*(I,).
If ¢ is increasing on I,, we have

(A1) SO“ dt lymexp (—itn — isp())w()dN ‘ — 0, s5— + co.

—oc0

If ¢ is decreasing on I (A1) is true if Smdt is relpaced by S dt.
0 —co

Proof. We may assume that we L*(— o, 4+ o), on setting w(\) =
0 for ) outside I,. Let H be the selfadjoint operator Hu(\) = Mu(\)
acting in L*— o, + =), and let U be the unitary operator defined
by the Fourier transformation. The inner integral of (Al) represents
the function (U exp(— is¢(H))w(t), and the left member of (Al) is
equal to || EU exp (— ts¢(H))w ||?, where E is the projection of L*(— oo,
+ ) onto the subspace consisting of all functions that vanish on
(— o,0). Thus (Al) is equivalent to that EU exp (— is¢(H))w — 0,
s— + oo, Since EU exp (— ts¢(H)) is uniformly bounded with norm
=1, it suffices to prove (Al) for all w belonging to a fundamental
subset of L*(I,). Thus we may restrict ourselves to considering only
characteristic functions w of closed finite subintervals [a, b] of I,.

Assume that ¢ is increasing on I,. If we denote by v,(f) the in-
ner integral of (Al) for the characteristic function w of [a, b] C I,
we have by Lemma A2

2(c + Vy) 5 +oo , 4(c + V) .
lv, () | = —m so that SO | v,(t) PdE < __Eg_ 0

for s — + oo, where ¢ is the minimum of ¢'(\) on [a, b] and V,, is the
total variation of ¢’ on [a, b]. A similar proof applies to the case ¢'<0
on I, with (= dt replaced by {°.. dt.

LeMMA Ad. Let ¢, 4 be of class (M). Then the composed func-
tion poqr also belongs to (M), and there exists a system of intervals
assoctated with ¢op such that, in each interval of the system, both
4 and goqr are monotonic.
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Proof. Let {I,} and {J,} be systems of intervals associated with
¢ and +, respectively. For each %, + maps J, one-to-one onto an
open interval J',. Let J,, be the inverse image under this map of
J', N hy. Obviously all J,, are open and mutually disjoint, and cover
the whole interval (—oo, 4 o) except for a finite number of points.
It is easy to see that ¢o+r is monotonic and continuously differentiable
on each J,, with (o)’ (\) = ¢’ ()" (N). Furthermore, (d0qp) is
locally of bounded variation on J,,, for the same is true with ¢’ and
" by assumption. The intervals J,, form a system stated in the
lemma.

LEMMA A5. Let ¢ be of class (M). For any selfadjoint operator
H, the absolutely continuous subspace for ¢(H) is identical with the
absolutely continuous subspace for H.

Proof. Let H= SxdE(x), S(H) = SxdF(x) be the spectral repre-

sentations of the operators considered. We denote by E(S), F(S) the
spectral measures constructed from {E(\)}, {Fi(\)}, respectively. For
any Borel subsets S of the real line, we have F(S)=FE(¢~*(S)). If |S|=0
(we denote by | S| the Lebesgue measure of S), then [¢7*(S)| =0 by
the properties of ¢ (M), so that F(S)u =0 if u is absolutely con-
tinuous with respect to H. On the other hand, F(¢(S)) = E(¢(¢(S)) =
E(S). If |S|=0, we have |¢(S)| =0 so that [| E(S)u|| = || F((S)Hu||=0
if u is absolutely continuous with respect to ¢(H). This proves the
lemma.
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INFINITE SUMS IN ALGEBRAIC STRUCTURES

Paurn Katz AND ERNST G. STRAUS

The purpose of this note is an outline of an algebraic
theory of summability in algebraic structures like abelian
groups, ordered abelian groups, modules, and rings, ‘‘Infinite
sums’’ of elements of these structures will be defined by means
of homomorphisms satisfying some weak requirements of per-
manency which hold in all usual linear summability methods.
It will turn out that several elementary well known theorems
from the theory of infinite series, proved ordinarily by methods
of analysis, (i.e. by use of some concept of a limit) are con-
sequences of algebraic properties.

1. Definitions and existence theorems. Let G be an abelian
group with a ring T operating from the left; we assume, without loss
of generality, that T contains the integers. Denote by G* the strong
direct sum of countably many copies of G, i.e., the set of all infinite
sequences s = (g2 = (01, Gy ***, s, =++) Of elements of G, with the
natural definitions of addition and of left multiplication by elements
of T. Let I" be the weak direct sum of countably many copies of G,
i.e., the subgroup of G“ consisting of all infinite sequences with at
most a finite number of coordinates different from 0 (the neutral ele-
ment of G). For s=(g,, 9,5, *+**, 9;, **+)€G*, denote by s’ the element
©0,9,89, *°, 91, 9;, ++*); 8 will be called the translate of s.

DerFINITION 1. The T-subgroup S of G will be called admissible if
(1) rcsS
and if

(2) se S if and only if s'e S, where s’ is the translate of s.

Obviously, both I" and G* are admissible, and any subset K of G
can be completed in a unique way to a minimal admissible subgroup
containing K.

DEFINITION 2. Let S be admissible, and ¢ a 7T-homomorphism
S — G with the following properties:

(3) @(9’0;07"’)297 (geG)
and
(4) p(s) = p(s),  (seS).

Received August 21, 1963, and in revised form February 11, 1964.
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Then ¢ will be called a summation method on G with domain S,
and we shall refer to it briefly as the summation method [S, o].

Using the fact that S is admissible, and by properties (3) and (4)
of the homomorphism ¢, it follows immediately that

50(91, Gay ***y Ony 07 0, "'): ‘S:J‘lgm

for any summation method [S, ¢]. Therefore, the (unique) summation
method [, @] shall be called trivial. Furthermore, by (8), ¢ is always
a T-homomorphism onto G.

We ask first the following question:

When does there exist a summation method containing in s
domain a given sc G®?

Denote by s for any integer n the nth translate of s, i.e.

s — g

sm = (S(n_l))’:(oy ct Y 0, g1y 9oy ** ') for n > 0
n

8™ = (Gt Gniay ***) for n < 0.

Let S be the minimal admissible subgroup of G* containing s.
The elements of S have the form

(5) PRTLERS

where m, n are nonnegative integers, the t, are arbitrary elements of
T, and v is an element of I". This representation of an element of
S is not necessarily unique, and a 7T-homomorphism ¢: S — G has to
be independent of it. But, since all summation methods agree on I,
one has to answer first the question when an expression of type (5)
will be in I'. We may evidently assume m = 0 (changing s if neces-
sary); hence we shall study linearly independent expressions of type

(6) b= S tus® = v,e I (6=0,1,2, )
k=0

where t,,€ T. For each %, the coefficients ¢, appearing in (6) form a
left ideal T, of T, and T, T, C +--

We now assume that T satisfies an ascending chain condition,
so that each T, is finitely generated, and that there exists an index
m such that T, = T,,,, = ---. Let ¢t (=1, ---,n;) be a system of
generators of T, (+ =1, ---, m). Then a finite system of equations
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’i:l,...,m

(2

(6’) l{:ﬁt{ks(k):’ﬁef, j:l’-..,n-
k=0

implies all equations of (6) in the sense that each I, in (6) is a linear
combination over T of the I, and their translates.

A summation method @ on G with domain S exists if and only if
p(s) satisfles all the equations

(6”) <§:t3k>@(3):@(75), j: 1: RN (N 7’:1y e, M
=0

where the right side is independent of ¢, since on /" the homomorphism
@ is the ordinary sum of finitely many elements of G. Once g¢(s) is
determined it extends by linearity (over T') to all of S.

This may be generalized easily for any finite number of elements
S, 8, **7, S,. Assume a summation method ¢ defined for the minimal
admissible subgroup 7, containing s,. We can now obtain a finite
system of relations of the type (6'), with s replaced by s, and I" by
I',. This leads to a system of necessary and sufficient conditions for
@(s,) compatible with ¢(s,), which is analogous to (6”) (the right side
there being already defined by the previous step). Proceed by induction.

As a consequence we can prove the following existence theorem:

THEOREM 1. For any abelian group G =+ {0} with ring of oper-
ators T satisfying an ascending chain condition, there exists a mon-
trivial summation method.

Proof. Let geG be == 0. Define s = (g,)3-; by

(g if m=2*
In = 0 otherwise .

Let S be the minimal admissible subgroup containing s, and g any
clement of G such that tg — 0 implies ¢g = 0 for all ¢e T (for example
g = g). Then obviously the only relations of type (6) are of the form
ts = 0 (because tg = 0), so that (6”) reduces to tp(s) = 0 whenever
tg = 0. These conditions are satisfied by setting @(s) = g.

REMARK 1. From the 2% sequences in G* whose elements are ¢
or 0 one can pick a subset R, of power 2% go that any relation
St triel’ for elements ¢,; of T and r;€ R implies ¢,;0 = 0
for all ¢,;, Thus we can define 2™ different summation methods for
the least admissible S which contains R by setting @(r) to be 0 or ¢
arbitrarily for each 7€ R, and then extending ¢ to all of S by linearity
(over T).

On the other hand, in a nontrivial group no summation method



184 PAUL KATZ AND ERNST G. STRAUS
can assign a sum to all the sequences of elements of the group.

THEOREM 2. Let G #0 be a T-group and g,€G, (1=1, «++, n)
such that 3.9, % 0. Then there exists no summation method de-
fined for

§ = (gv Gay ** s Guy G1y oy ***5 Gy Gy "') .
Proof. s™*Y —s=1(g9,0 ***, 0., 0,0, ---) would lead to

P — 8) = p(s") —p(s) = p(s) —p() =0=g, + g + - + g,

a contradiction.,

THEOREM 3. If @, @y +--, @, are summation methods on G with
domain S, and e, e, -+-,e, are T-endomorphisms of G so that
e+ e+« +e, =1, then ep, + ep, + +++ + €,p, 1S a summation
method on G with domain S.

Proof. Let ¢ = e,p, + e,y + +++ + €,,. Then ¢ is obviously a
T-homomorphism S — G. Since @,(s') = @,(s), the same is true for o,
and for a ge G we have ¢(g,0,0, ---) = g.

THEOREM 4. Let [Sy, @], [Ss @.] be two summation methods on
G which agree on D,= S, N S,. Then there is a summation method
@ on G with domain S = S, + S,, such that ¢ |8S; = @, for 1 =1,2.

Proof. The group S is evidently admissible. Denote D, =
(S\Dy) U {0}, 2 =1,2. Then any s€ S can be written (not necessarily
uniquely)

(7) s=dy+d+dy, dieD, i=0,1,2.
Define ¢ by
o(s) = ‘7’1(do) + §D1(d1) + @(dy) .

This definition is independent of the representation (7), since if s =
d, + d, + d, with d;e D,, then A = o(d, + d, + d,) — p(d, + d, + d;) =
pdy — d) + p(d, — d,) + @i(dy — d;). The element d, —d, is in S,
but since d, —d,=d, —d,+d, —d,, it is in D, and therefore
@2(‘%2 —d,) = ?2(d0 —dy+d,—d,). Hence A= p(d, —d,) + p(d, — d,) +
pldy — dy + d;, — d) = 0. A similar reasoning is needed in order to
show that @(s + §) = @(s) + @(5) for s, 58S, since the sum of two
representations of type (7) is generally not of the same type. Property
(3) of ¢ is obvious, since I"c D, and (4) follows easily, since (7)
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implies s’ = df + d} + d;, where die D,, 1 =0,1,2. Since the decom-
position (7) can be extended to ts, @ is a T-homomorphism, which
finishes the proof.

REMARK 2. On the other hand, if [S,, ] and [S,, @.] are sum-
mation methods which do not agree on S, NS, then there need not
exist a summation method for the admissible subgroup S, + S,. Take
S, and ¢, as S and @ in Theorem 1, and define s, = (g} )s-, by

0 if n=2*
g otherwise .

ol

n

Again, if § is any element of G such that tg = 0 implies tg = 0 for
any te T, then @4s,) = g is a valid definition that can be extended to
a summation method on the minimal admissible subgroup S, containing
8, But S, + S, can not be the domain of any summation method,
since it contains the element (g, g, g, - ++), in contradiction to the con-
struction in Theorem 2.

REMARK 3. Let (Gu.)wes, where A is a set of indices, be a family
of abelian groups with operators 7T; assume that S, is an admissible
subgroup of G¢ and that ¢, is a summation method on G, with domain
S. for each ac A. Consider the (weak or strong) direct sum G =
@D.ciG.. Then it is easily shown that S = @aes S, is admissible for
G, and that @ = (Pu)eecs iS @ summation method with domain S on G.
It is clear that [S, @] is nontrivial if and only if at least one of the
summation methods [S., @.] is nontrivial.

2. Subgroups and ideals. To each subgroup H of G we asso-
ciate the (left) annihilator ideal Ty of T consisting of all ¢ T such
that tH =0, If H is a T-subgroup of G, then T, is a two-sided
ideal, since 0 = t4(tH) = (tzt)H for every tz€ Ty and te T. Clearly
Tro = Th.

Let [S, @] be a summation method on G, and let H be a T-sub-
group of G. Then (S N H*®) = H, is a T-subgroup of G which contains
H. We call this group the [S, p]-extenston of H. It is easy to see
that of H, is an [S, ¢l-extension of H, then Ty = Ty; since H, D H,
we obviously have Ty C Tp. On the other hand, Ty D Tyze = Thy.
From this, it follows:

THEOREM 5. If H is a maximal T-subgroup for the annihilatc™
1deal Ty, then H has no proper [S, pl-extensions.

THEOREM 6. Let H, be a denumerable T-subgroup of G, and
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H, > H, a T-subgroup of G of cardinality not greater than 2% such
that Ty = Ty, Then there is a summation method [S, p] on G so
that H, is the [S, pl-extension of H,.

Proof. Let {h,, hy, +++} be an enumeration of H,, and let M be
an increasing sequence of integers. Define sequences sy,; = (¢,,.)r- by

h; if = 27" me M, p, = ith prime

k2

9= 10 otherwise .

It is easy to find (see Remark 1) a set MM of 2% sequences M such
that any relation of the form >, t,;8%;€ " implies ¢,;s57; = 0 for all
r and j, which in turn implies that ¢,;€ Tz. Now, let {A'}sc. be a
minimal system of generators of H,, that is >, {25 = 0 (finite sum)
if and only if t,h, = 0 for all @. For any choice of the subsystem
M, of I the definition (sy,,) = 2 for a € A yields a summation method
on the minimal admissible subgroup S of G* containing all the s,,.

REMARK 4. The restrictions on the ecardinalities of H, and H,
can be removed if we allow summation methods using, instead of G*,
the strong direct sum G*, where & is an arbitrary infinite ordinal.

EXAMPLE 1. Let G be a finite abelian group, and T the ring of
integers modulo the minimal annihilator N of G. To each subgroup
H of G corresponds the ideal generated by its minimal annihilator.
Clearly, to every divisor D of N, there corresponds a unique maximal
subgroup H, of G with minimal annihilator D. Each subgroup of @G
can be [S, ¢p]-extended to exactly one Hj,.

ExAMPLE 2. If G is the additive group of a ring R considered
as the ring of operators T on G, then T-subgroups of G are the left
ideals of RB. Given now a subset M C R, it determines a left annihi-
lator ideal T, of M. Any finitely generated left ideal containing M
whose annihilator is T, can be represented as an [S, p]-extension of
the left ideal generated by M.

3. Ordered groups. Let G be an abelian group with a partial
ordering relation = satisfying: (1) there is a semigroup HC G con-
taining the zero element and at least one element # 0, in which the
binary reflexive and transitive relation = is defined; (2) if h, h,c H
and ~ > 0, then A, + b > h;; (3) the archimedean axiom: if &, h,e H,
h,>0and h,>0, then there is a positive integer n such that nh,>h,.

DEFINITION 3. Let G be a partially ordered abelian group. s =
(g1, G2y ***, Guy +»-)€G® will be called positive if g,€ H and g, = 0 for
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n=12-.-, and if g, > 0 for at least one index m,. A summation
method [S, @] will be called positive if s€S and s positive imply
@(s) > 0.

The positive elements of G or of S evidently form a semigroup.
Furthermore, if s is positive, so is its translate s'.

THEOREM 7. Let G be a partially ordered abelian group, and
[S, @] a positive summation method on G. Ifs= (¢, Gz ***19u---)EG
ts such that g, =g >0 for infinitely many indices k,, then s¢S.

Proof. The hypothesis implies that s is a positive element. Assume
seS and @(s) =7, then 0> = o(s) = @(g;, 9o ***, 94,, 0,0, ) +
P(0, .0, Gupy Gipiry =+ +) = it 0 + @0, +++,0, 94, Gupir, +++) > mg for
each positive integer n. This contradicts the archimedean axiom.

COROLLARY 7.1. There 1is mo positive wnontrivial summation
method for the group of integers with their natural ordering.

COROLLARY 7.2. Let G be an abelian group with a linear
ordering, and [S, p] a positive summation method on G. If s=
(91, 93y 2 9 ++-)ES 48 positive, then glb g,=0 and @(s)=
Lubag,co 20 g5e

From the last part of Corollary 7.2 it follows that if the partial
sums of a “series” with positive terms are unbounded, then the
“series” does not belong to the domain of any positive summation
method.

THEOREM. 8. Let G be a linearly ordered abelian group. Then
there is a nontrivial positive summation method on G tf and only
of G contains an infinite sequence ¢., §,, + -+, of positive elements and
an element g, such that g, + «++ + g, = g for all n.

Proof. The necessity follows immediately from Corollary 7.2. To
prove sufficiency, set s = (s,);-, and define

_ (g, for m = 2*

n

|0 otherwise .

Then the least admissible S which contains s has elements which can
be expressed uniquely in the form

t = + 2 ais(i)
=0
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where the a, are integers and v = (v, % +**, Vs, 0,0, -e-)e . t=0
implies @; = 0 and >, v; > — (3 %, a,)9. Thus if we define ¢(s) = ¢
we obtain

P(t) = Jﬁnlzl v + (é ai>g

where ¢(f) = 0 whenever ¢ = 0, and ¢ can be extended in an obvious
way to a summation method, and is nontrivial.

THEOREM 9. Let G be a linearly ordered abelian group and
[S, ] a positive summation mothod such that S contains all the
positive elements s = (g,);m, € G for which the “partial sums” S, g,
are bounded for all m. Then p(s) = L.u.b.cpce i1 9; JOTr any posi-
tive se S.

Proof. By Corollary 7.2 we know that ¢(s) = § = L.u.b., >, 9.
Assume o(s) > g. Then (0, «++,0, 9y, gys+1, *++) = @(s) — g > 0 for
any N, and g5 + gy + o+ + gyri < § for all k. It follows that there
is a greatest positive integer =, such that (2n)(g,+ --- + g.) < @
for all k. Determine m, as greatest positive integer such that
@Cn)g, + +++ + o) < § — mg for all k, ete. This defines a nondecreas-
ing sequence of positive integers n; with n; — «. Consider the element
5§ = (n;0;)7-.€ G®. It is obviously in S, since the partial sums >, n,;9;
are bounded for all ». On the other hand

P(8) > nip(s) — 9)

for all 7, which is in contradiction with the archimedean property of
the order in G.

4. Limits.

DEFINITION 4. Let [S, @] be a summation method on the abelian
group G. The sequence {g,, g5, ***, ., -} of elements of G will be
called [S, p]-convergent to g (notation: g = limy , 9,, O ¢, = s, g) if

Q) 8= (g, — gud)i=1€ S, and (2) @(s) = g. (Here g, = 0.)
The following properties are immediate:

THEOREM 10. (1) The sequence {g,49, 9, +++} is [S, pl-convergent

to g for any (S, »l. (2) If 95419 and gnrs—ﬁg then g, -+ gn[ Sl

g+g. 3 limg,(—g)=—limg,g,. @ If g=limg,g, and
fy gy +++, by are arbitrary elements of G, then the sequence {h,, Iy, + -,
Ry G1s G2y ***» Gy *++} 18 [S, @]-convergent to g.

The last part of Theorem 10 implies that if limy, g9, = g, then
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{94, Gisas <+ +} is [S, p]-convergent to g, too.
An arbitrary subsequence of an [S, p]-convergent sequence will

not always be [S, ¢]-convergent to the same limit, even if it is [S, ¢]-
convergent.

ExAMPLE 3. Let G be an abelian group with an element g of
order > 2. Define S to be the minimal admissible subgroup of G*
containing the element

s = (2g7 —2g9 29; —Zgy "') .

Since s’ + s = (2¢, 0, 0, - - +) we may define ¢(s) = g. Then the sequence
{2g, 0, 2g, 0, -+ -} is [S, ¢]-convergent to ¢, but the subsequence {2g,
2g, «++} is [S, @]-convergent to 2g.

This example shows that it is not always possible to define a
topology in G by means of [S, ¢]-convergent sequences.

THEOREM 11. Let G be an abelian group. A mon-trivial sum-
mation method [S, ] on G, with the property that every subsequence
of any [S, p]-convergent sequence 1is [S, p]-convergent to the same
limat, exists if and only if G is infinite.

Proof. Let G be finite. If a sequence of elements of G is not
eventually constant, then two different elements must occur infinitely
often. Hence no summation method [S, @] with the required property
is possible.

Assume G infinite, and distinguish among the following cases:

(a) G contains an element g of inmfinite order. Let S be the
minimal admissible subgroup of G“ containing all the sequences (7,9);,

such that 3)m, converges p-adically to a rational integer m. Define
then

P((n,9)7) = ng .

(b) There exists an element g + 0 of G of finite order divisible
by arbitrarily high powers of some prime p. Let M be the subgroup
of the additive group of rationals, containing all the sequences (p~*"a,);-,
where a, and k, are integers, such that 3.7, » %"a, converges to a
number of the form p~*a, ¢ and k integers. Let S be the minimal
admissible subgroup of G* that contains the sequence (p~*»a,9)y;, and
define p((p~**a,9)r.) = p*ag.

(¢) All elements of G are finite but not of bounded order, and
no element of G is infinitely divisible (by powers of some prime).
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Define G, = n!G; let S be the minimal admissible subgroup of G“ con-
sisting of the sequences (g,);.. so that there exists a g in G with
g— 0, —¢gs— ++* —9,€G, for n=1,2,..-. Define ¢((g.)i=) = 9.

(d) All elements of G have bounded order =m. Then G must
contain an infinite subgroup, all of whose elements have order p for
some fixed prime p. Otherwise there would be a least divisor d of
m for which there is an infinite subgroup G, of G such that dG, = 0.
If d is composite, then for every prime divisor ¢ of d the group qG,
is finite, and hence the kernel of the homomorphism G, — ¢G, is an
infinite group G, with ¢G, = 0, contrary to the hypothesis.

Now, an infinite abelian group all of whose elements are of order
p is the direct sum of infinitely many cyclic groups of order p, say
ZPPZPEPH -, Let S be the minimal admissible subgroup of G
containing the sequences (g,)7-. for which there exists a ge G such
that g — g, — ++» — 9, € Z, P Z% D -+, and define p(9,);=) = 9.
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ON AN EXTENSION OF THE
PICARD-VESSIOT THEORY

H. F. KREIMER

In previous papers, the author has extended the Galois
correspondences between differential Picard-Vessiot extensions
and algebraic matrix groups to Picard-Vessiot extensions of a
wider class of fields with operators, the soc-called /-fields.
In this paper, M-field extensions which generalize extensions
by integrals and by exponentials of integrals are studied.

These fields are found to be simple field extensions and
their structure in the case that the extension is algebraic is
investigated. Under suitable restrictions on the fields of con-
stants, the M-Galois groups of these fields are shown to be
commutative, Criteria are established for such solution fields
to be P-V extensions of }M-fields of difference and differential
type. An extension cbtained by a finite sequence of algebraic
extensions, extensions by integrals, and extemsions by expo-
nentials of integrals, is called a generalized Liouville extension.
It is demonstrated that if the connected component of the
identity element in the JM-Galois group of a regular P-V
extension is a solvable group, then the P-V extension is a
generalized Liouville extension, and if a P-V extension is
contained in a generalized Liouville extension then the con-
nected component of the identity element in the }M-Galois group
of the P-V extension is solvable,

1, Terminology and notation are briefly considered in §2, and a
preliminary result on the constants of an algebraic M-extension of an
M-field is obtained. The structure of solution fields analogous to
extensions by integrals and ecriteria for the existence of P-V exten-
sions of this type are determined in § 3, and a similar study of solu-
tion fields analogous to extensions by exponentials of integrals is made
in §4. In §5, generalized Liouville extensions are defined, and solva-
bility of the Galois group of a P-V extension is interpreted in terms
of imbedding the extension in a generalized Liouville extension.

2. M-rings. The terminology and notaion of this paper are the
same as in [6] and [7]. Let C be an associative, commutative co-
algebra with identity over a ring W, which is freely generated as a
W-module by a set M. If w— @ is a homomorphism of W into a
ring S, let C* be the S-module obtained from the W-module C by
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inverse transfer of the basic ring to S. If p is a homomorphism of
a ring R into the algebra (C5)* = Homg (C®, S); then for every me M
there is 2 mapping a — a°(m) of K into S, which will also be denoted
by m, and the set of these mappings will be called an M-system of
mappings of R into S. Let m — 3, seu Zns?® ® », where me M,
Zunp € W, and z,,, = 0 except for a finite number of elements n and p
in M, be the coproduct mapping of C into C®,C; if a,bc R and
me M, (¢ + bym = am + bm and (abym = 3, rex Znaplan)(bp). An M-
ring is a ring together with an M-system of mappings of the ring
into itself. An M-ring of difference type is an M-ring in which the
M-system of mappings consists of homomorphisms, and an M-ring of
differential type is an M-ring in which the M-system of mappings
consists of the identity automorphism and higher derivations of rank
one or greater.

An element ¢ of an M-ring R is a constant if (ca) = c-a® for
every a€ R. The following are equivalent:

(1) ¢ is a constant of R,

(2) ¢ =¢-1°,

(3) (caym = c(am) for every ac R and me M,

(4) em = c¢(Im) for every me M.
The constants of R form a subring of R which contains the identity
element of R and this subring will be denoted by K,. Suppose b, de R
and d is a unit in R, then bd~'e R, if, and only if, d(bm) = b(dm) for
every me€ M. Consequently, if R is a field, so is R,.

(2.1) LeEmMMA. Let K be an M-field which is an M-extension of
an M-field L. If K is an algebraic extension of L, then K, is an
algebraic extension of L,.

Proof. Suppose de K, and f(x) = 2" + a5 2"+ +++ + @ + a,
is the irreducible, monic polonomial over L for which d is a root. If
me M, 0=(f(d)ym=(fm)(d), where (fm)(x)=Am)x"+ (@,_m)yx* "+ +
(am)x + agm. But then (fm)(x) must be a multiple of f(x), thus
(fm)x) = Im) f(z) and a,m = (Im)a, for 0 < a < h — 1. Therefore,
an€ L, for 0 < a =< h —1 and d is algebraic over L..

Let S'(M) be the free semi-group with identity generated by the
set M. Operations by elements of S'(M) on an M-ring R are defined
as follows: the identity element of S'(M) operates on R as the identity
automorphism of R, and any other element of S’(M) operates on R
as the resultant of the operations on R by its factors. If % is a
positive integer, 7, 7,, +++, 7, are h elements of R, and s, s, *--, s,
are h elements of S’(M); denote by W(r, 7s, *++, T4; S, S, **+, 8,) the
determinant:
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T8, FiSy e T8,

oS, TSy  cre TS,

1"h81 Ths2 M TSh

An M-field K which is an M-extension of an M-field L is a solu-
tion field over L if there exists a positive integer 2 and 7 elements
kyky, -+, k, of K, such that K= Lk, k,, -+, k,> and, for some
choice of & elements t,, t,, +++,t, in S'(M), Wk, ks, -+, k4; T, ts, + 0+, t) =
W, 0 while W;W(k, ko, +++, ku; tyy =y tasy tary, =+, ti, t) € L for
l=a=zhand t=1 or t=tgm,meM and 1 =B =h. The set of
elements k,, k,, ---, k, is a fundamental set for K over L. K is a
Picard-Vessiot extension of the M-field L if K is a solution field over
L and, additionally, K, = L, and L, is an algebraically closed field.

3. Extensions by integrals.

(8.1) TuHEOREM. Let K,L and L, be M-fields such that K s
an M-extension of L and L s an M-extension of L, and assume
there exists ke K such that km — (Im)k = a,, € L, for every me M,

(1) L<k> 1s a solution field over L.

(i) If K, = L<Lk),, then Lk) is imvariant under M-automor-
phisms of K over L; and, 1f L{k), = L,, then the M-Galois group
of L<Lky over L 1is commutative.

(ili) As abstract fields, L{k> is a simple extemsion of L by
adjunction of the element k.

(iv) ILk>, = L, if, and only if, L{k}, = L,.

(v) IfEk is algebraic over L but k¢ L and L<k>, = (L,),, L 1is
a field of characteristic p =0 and k ts a root of an irreducible
polynomial over L of the form x*® + ¢,_,x?" ™" 4+ oo 4 27 + ¢ + b,
where h 1s a positive integer, c,€ (L), for 0= a=h —1, and b, —
Am)be L, for every me M.

(vi) If L isa field of characteristic zero and k is transcendental
over L then L<{k>, = L, tf, and only if, there does mot exist be L
such that bm — (Im)b = a,, for every me M.

(vii)y If ILk> is a P-V extension, such an extension is umique.

Proof. (i) If L{k)> = L, then L<{k) is trivially a solution field
over L with fundamental set consisting of 1. Therefore, assume &k ¢ L.
If a,, = 0 for every me M, then ke K, and L<{k) is a solution field

over L with fundamental set consisting of k. If there exists ne M

such that a, +# 0, then the determinant llln k]le = a, # 0 while 1 and

I are solutions of the equations am = a,a,;(zn) + (Am) — An)a,a; )
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and (xn)m = (a,m + >, )a. (@n) + (An)m — An)a,m)a;* — An)a,* S,)%
where >, = Siex Zmer((In)@)a,, for every me M. It is then readily
established that L<{k) is a solution field over L with fundamental set
consisting of 1 and k.

(ii) An M-isomorphism @ of IL<{k> over L into K is completely
determined by its action on %k, and (ke — k)ym = (km)p — km =
(@, + Am)k)p — a, — Am)k = (Im)(kp — k) for every me M. There-
fore kp — ke K, or kp = k + ¢ for some constant ¢. If K, = Ik,
then L<k) is invariant under M-automorphisms of K over L; and, if
L<Lky, = L,, then the M-Galois group of L<{k> over L is isomorphic to
a subgroup of the additive group of constants of L.

(iiil) The subring L[k] < K of polynomials over L in k is an M-
subring of K, and L<{k) is simply the field of fractions of L[k] in K.
(See Corollary (4.2) of [6]).

(iv) If I<Lk), = L, then certainly L{k}, = L,. If k is algebraic
over L, then I<Lk> = L[k] = L{k} and the converse is true. Let %k be
transcendental over L. An element of L<k> may be represented as
the ratio of a polynomial f(k)€ L[k} and a monic polynomial g(k)e L[k].
Suppose f(k)-(g(k))e K, and is expressed in lowest terms, i.e., f(k)
and g(k) are relatively prime. Then ¢g(k)-((f(k))m) = f(k)-((g(k))m)
for every m e M; and, were (g(k))m == (Im)-g(k) for some m e M, then
SE)-(g(k)™ = ((f(k))ym — (Im) f(k))-((9(k))m — (Im)g(k))~". This last is
impossible since the degree of (g(k)ym — (1m)g(k) is less than the degree
of g(k). Thus (g(k))ym = (Im)g(k) and (f(k))m = (Am)f(k) for every
me M, consequently f(k), g(k)e L{k},. Therefore, if L{k}, = L,, then
SF(k)-(g(k)) e L.

(v) Suppose k is algebraic over L. If L[y] is the ring of poly-
nomials over L in an indeterminate y, determined as an M-extension
of L by setting ym = a,, + (Im)y for every me M; there is a canonical
M-homomorphism 7 of L[y] over L into K such that y"=Fk. Let I
be the kernel of 7, and let f(y) be the monic polynomial which gener-
ates I, i.e., the minimal polynomial for % over L. Because I is an
M-ideal, (f(y))m must be a multiple of f(y) and computation shows
that (f(y)m = Am) f(y), for every me M. Therefore f(y)e Llyl..
Suppose I<Lk), =L, and ¢(y)e L[y],. Then g(k)e L<k>, = L,, say
g(k) = ¢, and k is a root of g(y) — ¢. Therefore g(y) — ¢ is a multiple
of f(y) and, if g(y) has positive degree, it is not less than the degree
of f(y). Subsequently assume only that L[y], contains polynomials of
positive degree, and f(y) is such a polynomial of least positive degree.
If de L,, (y + dym = (Im)(y + d) + a,, and (f(y + d))m = (Im) f(y + d)
for every me M. Therefore f(y + d) and f(y + d) — f(y) are elements
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of Llyl.. The degree of f(y + d) — f(y) is less than the degree of
f(y) and, therefore, cannot be positive. Thus f(y + d) — f(y) =
F(d@) — £(0); but this identity can be valid only if f(y) is a polynomial
of degree not greater than one, or L is a field of characteristic p = 0
and f(y) =0b+ Dt c.y*®, where h is a nonnegative integer and b
and ¢,, 0= a = h, are elements of L. If p is the representation of
Lly] in (C*)* associated with the M-system of mappings on L[y],
then %* = a + y-1° where o is that element of (C*)* such that a(m) =
a, for every me M. If L is a field of characteristic »p == 0 and f(y) =
b+ D ocay?®, then f(y)-1° = (f(y) = b° + koo char® + i y?*-ch.
Therefore ¢,-1° = ¢%, and ¢, L, for 0 =a = h and, if c,e(L,), for
0 < a=h, then bm — (Im)b = — X% _; (ciar*)(m) € L, for every me M.
The assertion in (v) is now immediate.

(vi) Suppose L is a field of characteristic zero and k is transcen-
dental over L. If I<Lk), #+ L,, then L{k}, + L, and there is a poly-
nomial over L in k of positive degree which belongs to L{k},. Let
J(k) be such a polynomial of least degree. By the argument in part
(v), the degree of f(k) is one. Then f(k) generates a prime HM-ideal
Iin L{k} and L{k}/I is M-isomorphic to L. If b is the image of k4 I
under such an M-isomorphism, then bm — (1m)b = a,, for every mc M.
Conversely, if there exists be L such that bm — (Im)b = a,, for every
me M, then k — be L{k}, and ILk>, + L,.

(vil) Let L<k> be a P-V extension of L and let L{k"> be a second
P-V extension of L such that k'm — (Im)k' = a, for every me M.
If & and k' are transcendental over L, there is an isomorphism ¢ of
L{ky over L onto L<{k"> such that k* = k' and o is an M-isomorphism.
Suppose k is algebraic over L and either %’ is transcendental over L
or algebraic over L but of degree over L not less than the algebraic
degree of k over L. If f(x) is the monic minimal polynomial for k
over L, then f(k')e L<k'>,= L, by the argument in part (v); say
f(k) =d. Then K is a root of f(x)— d and k' is algebraic over L
with the same degree over L as k. If the degree of k over L is one,
then IL<k> = L = LK"Y, If the degree of k over L is greater than
one, then L is a field of characteristic p =0 and f(x) = z*" +
Cpo 7"t oo e 4 2 + b where h is a positive integer and ¢, € L,
for 0 = a=h — 1. Let ¢ be a root in the algebraically closed field
L, of x4+ ¢, 2"+ <+« +ca® + cx +~d. Then f(k' + ¢)= f(k)
—d =0 and there is an isomorphism ¢ of L{k)> over L onto LIk
such that k* = k" 4~ ¢. ¢ is an M-isomorphism.

(3.2) CoOROLLARY. Let L be an M-field of characteristic zero
such that L, is algebraically closed, and let a,, me M, be elements
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of L. There exists a P-V extension L<{k> of L such that km —
(Im)k = a,, for every me M if, and only if (1) there exists an element
be L such that bm — (Im)b = a, for every me M, in which case
L{ky = L, or (2) tf Lly] is the ring of polynomials over L im an
indeterminate y, determined as an M-extension of L by setting ym =
a, + (Am)y for me M, and L(y) is the field of fractions of Lly],
then there 1s a structure of an M-field on L(y) such that L(y) is an
M-extension of Lly], in which case L{ky and L(y) are M-isomorphic.

Proof. If there exists be L such that dbm — (Im)b = a,, for every
me M, set k=0 to obtain a trivial P-V extension of L. If there
does not exist be L such that bm — (Im)b = a,, for every me M, but
there is a structure of an M-field on L(y) such that L(y) is an M-
extension of L[y]; then L(y), = L, by part (vi) of Theorem (3.1) and,
setting k =1y, I<k)> = L(y) is a P-V extension of L. The converse
is immediate from parts (iii) and (v) of Theorem (3.1).

If L is an M-field of differential type and of characteristic zero
such that L, is algebraically closed, Corollary (3.2) may be applied to
establish the existence of P-V extensions by adjunction of integrals.

(8.3) COROLLARY. Let L be an M-field of difference type such
that L, 1is algebraically closed, and let a,, me M, be elements of L.
There exists a P-V extenston L{k) of L such that km — k = a,, for
every me M +f, and only vf, the characteristic is 0 or the following
condition s fulfilled when the characteristic 1s p # 0: that there do
not exist a monmnegative integer h, cy,€ L, for 0 £ o« < h, and be L,
such that bm — b+ S\M_ c.(a,)® = d,e L, for every me M, where
{d,,|me M} is a finite set not equal to {0}.

Proof. Let L[y] and L(y) be as in Corollary (3.2). The M-system
of mappings on L[y] consists of isomorphisms and these can be extended
to L(y), so that L(y) is an M-field which is an M-extension of L[y].
Because of Corollary (3.2), only the case when L is a field of charac-
teristic p # 0 need be considered. If L|y], = L,, then L{y), = L, by
part (iv) of Theorem (3.1) and, setting y =k, L<{k> = L(y) is the
desired P-V extension of L. If there exists an irreducible polynomial
in L[y], of positive degree, this polynomial generates a proper prime
M-ideal I in L|y]. The M-field L[y]/I is an algebraic extension of L
and (L|y]/I), = L, by Lemma (1.1), since L, is algebraically closed.
Setting k =y + I, L<k> = L[y]/I is the desired P-V extension of L.
Therefore, assume that there exist polynomials of positive degree in
Lly]., let f(y) be such a polynomial of least positive degree, but
assume f(y) is reducible. Analyzing f(y) as in the proof of part (v)
of Theorem (3.1), f(y) must have the form f(y) = b" + 3., chy?® where
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1 is a nonnegative integer and c,e L, for 0 < a = 7. Let g(y) be an
irreducible monic polynomial which divides f(y), and let { be a root
of g(y) in a splitting field for f(y) over L. The roots of f(y) are the
elements { + ¢ where ¢ is a root of f(y) — b and lies in the algebrai-
cally closed field L,. The roots of g(y) are those elements { + e where
¢ is a root of g(¢ + y). Let ¢ and ¢ be roots of g({ + u); there is an
automorphism of the splitting field of f(y) over L which maps ¢ to
£+ ¢ and its inversemaps { +etol +¢ —¢€. Theng(l{ +e—¢)=0,
¢ — ¢ is again a root of ¢g({ + ¥), and the roots of ¢g({ + y) form an
additive subgroup of L,. Therefore g({ 4+ ) must be a p-polynomial
over L,, say g(C + y) = Dk c.y*® where I is a nonnegative integer
and ¢, L, for 0 = a =h; and ¢g(y) = g(C + (y — {)) must have the
form g(y) = b + >¥_,c.y*™. Any irreducible monic polynomial which
divides f(y) will have the form ¢g(y + ¢) where ¢ is a root in L, of
S) =bv. If meM; (fy)m= fy), (g)m= gy + e,) = 9(¥) + d,,
and bm + S\t clla,)® = b+ d,, where d,, = g(¢,) —be L, and e, is
a root of f(y) — b’. Since g(y) is a proper factor of f(y), g(¥) ¢ L[yl.
and d,, = 0 for some me M.

Conversely, assume there exist a nonnegative integer h, ¢, e L, for
0=a=h, and be L, such that bm — b + >}, c.(a,)** =d,c L, for
every me M, where {d,|me M} is a finite set not equal to {0}. Let
E be the additive subgroup of L, generated by {d,.|me M}, let g(y) =
b+ Shocayr, let f(y) = Il.en (v + ¢), and let f(y) = flg()). fy)
will be a p-polynomial over L,, i.e. f(y) will be a finite linear combina-
tion over L, of monomials y»®, 8 a nonnegative integer; f(y) will have
the form f(y) = b + >i_,c.,y?® where ¢ is a nonnegative integer and
c,e L, for 0 = a = 4; and f(y) e Lly].. If the desired P-V extension
L{Eky existed, f(k) would be an element of L{k>, = L,. If ¢ is a root
in L, of f(y) — b + f(k), then f(k + ¢) = 0 and some factor g(k + ¢) +
e=0. But then 0=(9k+c¢c)+em=gk+c¢c)+e+d,=d, for
every m <€ M, contrary to the assumption that {d,|me M} = {0}.

(3.4) CoROLLARY. Let L be an M-field such that the M-system
of mappings on L consists of the identity automorphism m, and
infinite higher derivations and L, is algebraically closed. If a,, me M
and m #= m,, are elements of L, there exists a P-V extension of
differential type LkY of L such that km = a,, for every m e M, m + m,.

Proof. Let a,, =0, and let L[y] and L(y) be as in Corollary
(3.2). The M-system of mappings on L[y] consists of the identity
automorphism m, and infinite higher derivations, and these can be
extended to L(y) so that L(y) is an M-field of differential type which
is an M-extension of L|y]. By repetition of the argument in the
beginning of the proof of Corollary (3.3), only the case when L is a
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field of characteristic p = 0 and L[y], contains polynomials of positive
degree need be considered. Let f(y)e L[y]., be a polynomial of positive
degree, and let g(y) be an irreducible factor of f(y), say f(y) =
a(y)-(g(y))"** where h is a positive integer not divisible by p, ¢ is a
nonnegative integer, and ¢(y) is not divisible by g(y). Let {D,,D,, D,, - -}
be an infinite higher derivation on L|y] contained in the M-system of
mappings on Lly]. If D,= m, (9(¥)D, = g(y). Let j be a positive
integer and assume that (g(y))D, is a multiple of g¢g(y) for 0 < a < j.
Observe that (g(y))*'D, = 0 for every positive integer a which is not
divisible by »° and (¢(¥))"*D,.,i = ((9(y))D,)"* for every nonnegative
integer a@. Then 0 = (f(y))D,.,; which is equal to a sum of terms
divisible by (g(y))"*" plus the term hq(y)-(g(y))" " -((9(y))D,)"", and
(9(¥))D; must be divisible by g(y). Consequently g(y) generates a pro-
per prime M-ideal I in L[y], Lly]/I is an algebraic extension of L
and, setting k =y + I, L{k> = L|y]/I is the desired P-V extension
of L.

4. Extensions by exponentials of integrals.

(4.1) THEOREM. Let K, L, and L, be M-fields such that K is an
M-extension of L and L is an M-extension of L, and assume there
exists a nonzero ke K such that km = a, k, where a,<c L, for every
me M.

(i) IL<Lk> is a solution field over L.

(ii) If K, = LLk),, then L{k> is inmvariant under M-automor-
phisms of K over L; and, if L<{k), = L,, then the M-Galois group
of L<k> over L ts commutative.

(i) As abstract fields, L<k> is a simple extension of L by
adjunction of the element k. :

(ivy L<Lk>, =L, if, and only if, Lk}, = L,.

(v) Ifk s algebraic over L and L<{ky, = L,, then k is a root
of an irreducible polynomial over L of the form x" -+ b, where h is
a positive integer, b + 0 and (bm)b~*e L, for every me M.

(vi) If L<kY> ts a P-V extension, such an extension is unmique.

Proof. (i) It is easily verified that L{k)> is a solution field over
L with fundamental set consisting of %.

(ii) An M-isomorphism ¢ of L<k) into K is completely deter-
mined by its action on k, and k((kp)m) = k((km)p) = k(e k)p) =
(a,k)-(kp) = (kp)-(km) for every me M. Therefore (kp)k™'e K, or
ko = ck for some nonzero constant c¢. If K, = L<k), then L<{k) is
invariant under M-automorphisms of K over L; and, if L<{k), = L,,
then the M-Galois group of L{k> over L is isomorphic to a subgroup
of the multiplicative group of nonzero constants of L.
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(iii) The argument is the same as in part (iii) of Theorem (3.1).

(ivy If I<Lk>, = L, then certainly L{k}, = L,. If k is algebraic
over L, then L{k> = L{k] = L{k} and the converse is true. Let k be
transcendental over L. An element of L<k)> may be represented as
the ratio of a polynomial f(k) e L[k] and a nonzero polynomial g(k) € L[k]
with either f(0) =1 or ¢(0) = 1. Suppose f(k)-(g(k)y e K, and is
expressed in lowest terms. Then g(k)-((f(k))ym) = f(k)-((g(k))ym) for
every me M; and, were (g(k))m = (Im)g(k) for some me M, then
Sk)-(g(k) ™ = (f(B)m — (Am) f(k))-((g(k))m — (Im)g(k))™*. This last is
impossible, since it follows from the equations f(0)-((g(0))m — (1m)g(0))=
9(0)-((f(0))m — (Im) £(0)) = 0 that (f(k)m — (Im)f(k) and (9(k)m —
(Im)g(k) are both divisible by k. Thus (g(k))m = (Am)g(k) and (f(k))m =
(Am) f(k) for every me M, consequently f(k), g(k)e L{k},. Therefore,
if L{k}, = L, then f(k)-(g(k))'€ L..

(v) Suppose & is algebraic over L. If L|y] is the ring of poly-
nomials over L in an indeterminate y, determined as an M-extension
of L by setting ym = a,y for every me M; there is a canonical M-
homomorphism % of L[y] over L into K such that y* = k. Let I be
the kernel of 7. Since k¥ # 0, y¢ I. Let f(y) be a polynomial such
that f(y) generates I and f(0) = 1. Because [ is an M-ideal, (f(y))m
must be a multiple of f(y) and computation shows that (f(y))m =
(Im) f(y), for every me M. Therefore f(y)<€ L[y],. Suppose L<k)>, = L,
and g(y)e L{yl.. Then g(k)e I<ky, = L,, say gky=1c¢, and k is a
root of g(y) — c¢. Therefore g(y) — ¢ is a multiple of f(y) and if g(y)
has positive degree, it is not less than the degree of f(y). Subsequently
assume only that L[y], contains polynomials of positive degree, and
f(y) is such a polynomial of least positive degree. If b7'y* is the
highest term of f(y) and m e M, then the identity (f())m = (Am) f(y)
implies (0~'y")ym = (Lm)b~y*. Therefore b'y"* and f(y) — b~y" are ele-
ments of L[y],. The degree of f(y) — b~'y"* is less than the degree of
S(y) and, therefore, cannot be positive. Thus f(y) — b y" = f(0) =
ceL, or f(y)="0b"""+¢c. Since b "< Llyl, bly*m)=y*(bm) or
bm)b™' = (y"m)y~" € L, for every me M. The assertion in (v) is now
immediate.

(vi) Let L<k> be a P-V extension of L and let L<k"> be a second
P-V extension of L such that &' = 0 and &'m = a,k’ for every m e M.
If k& and k' are transcendental over L, there is an isomorphism ¢ of
LY over L onto L<KKk"> such that kv = k' and ¢ is an M-isomorphism.
Suppose k is algebraic over L and either k' is transcendental over L
or algebraic over L but of degree over L not less than the algebraic
degree of k& over L. If x* + b is the minimal polynomial for k over
L, then b*(k")* 4+ 1€ LLk'y, = L, by the argument in part (v); say
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bk +1=d. Then k" is a root of z* 4+ b(1 —d) and d # 1. Let
¢ be a root in the algebraically closed field L, of #* — (1 — d)™'. Then
(ck')* + b =0 and there is an isomorphism ¢ of L<k)> over L onto
LK™ such that k = ck’. ¢ is an M-isomorphism.

(4.2) COROLLARY. Let L be an M-field of difference type such
that L, is algebraically closed, and let «,, me M, be elements of L.
There exists a P-V extenston L<k) of L such that k + 0 and km =
a,k for every me M, if and only if, a, # 0 for every me M and
there do not exist positive integers h and ¢ and a nonzero be L, such
that bm = ¢,(a,)*d for every me M, where ¢, ts an ith root of unity
and some ¢, #+ 1.

Proof. If the desired P-V extension L<{k)> exists and me M, m
is an isomorphism on L<{k>. Since k¥ # 0, km = a,k = 0 and a, # 0.
Therefore assume a,, # 0 for every me M. Let L|y] be the ring of
polynomials over L in an indeterminate ¢, determined as an M-exten-
sion of L by setting ym = a,y for every me M, and let L(y) be the
field of fractions of L[y]. The M-system of mappings on L[y] consists
of isomorphisms and these can be extended to L(y), so that L(y) is
an M-field which is an M-extension of L[y]. If L|y].= L, then
L(y), = L, by part (iv) of Theorem (4.1) and, setting k =y, L<k) =
L(y) is the desired P-V extension of L. Suppose f(y)*y is an
irreducible polynomial in L[y], of positive degree. f(y) generates a
proper prime M-ideal I in L[y], L[y]/I is an algebraic extension of L,
y¢ I and, setting k =y + I, L<k)> = L[y]/I is the desired P-V exten-
sion of L. Consequently, assume that there exist polynomials of
positive degree in L[y]., let f(y) be such a polynomial of least positive
degree, f(y) may be chosen so that f(0) = 0, but assume f(y) is re-
ducible. Analyzing f(y) as in the proof of part (v) of Theorem (4.1),
f(y) must have the form (b')w* + ¢’ where 4 is a positive integer.
If g(y) is an irreducible factor of f(y) such that ¢(0) =1, then g(y)
has the form g(y) = b~'y* + 1 where & is a positive integer, and all
other such factors of f(y) have the form g¢g(dy) where d is an 4th
root of wunity in L, If meM; (f(y)m = f(y), @y)m = g(d,y) =
b 'y* + 1 and bm = ¢,(a,)*d, where ¢, = (d,)™" and d, is an 4th
root of unity. Since g(y) is a proper factor of f(y), g(y)¢ L[y], and
¢, # 1 for some me M.

Conversely, assume there exist positive integers %~ and ¢ and a
nonzero be L, such that bm = c,(a,)"d for every m e M, where ¢, is
an tth root of unity and some ¢, = 1. Let g(y) = b7y* + 1, and let
f(y) be the product of the distinct polynomials g(dy) where d is an
h-ith root of unity. f(y) will have the form (b')~'y**+1 and f(y) € L[y]..
If the desired P-V extension I<k) existed, f(k) #1 would be an
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element of L<{k»,=L,. If ¢ is a root in L, of y**— (1 — f(k))™7,
then f(ck) = 0 and some factor g(edk) = 0. But then 0 = (g(edk))m =
¢ b edk) +1 =1 — ¢,' for every me M, contrary to the assumption
that some ¢, # 1.

(4.3) COROLLARY. Let L be an M-field of differential type and
of characteristic zero such that L, ts algebraically closed. If m,e M
18 the identity automorphism on L and a,, me M and m = m, are
elements of L, there exists a P-V extension of differential type L<{k)
of L such that k + 0 and km = a,k for every me M, m # m,.

Proof. Let a,, =1, and let L[y] and L(y) be defined as in the
proof of Corollary (4.2). The M-system of mappings on L[y] consists
of the identity automorphism m, and higher derivations, and these
can be extended to L(y) so that L(y) is an M-field of differential type
which is an M-extension of L[y]. By repetition of the argument in
the beginning of the proof of Corollary (4.2), only the case when
L[y], contains polynomials of positive degree need be considered. Let
f(y)e Lly], be a polynomial of positive degree, choose f(y) so that
f(0) =0, and let g(y) be an irreducible factor of f(y), say f(y) =
q(y)-(g(y))* where h is a positive integer and ¢(y) is not divisible by
9(y). Let {D,} be a higher derivation on L[y] contained in the M-
system of mappings on L[y]. If D, =m, (9g(¥))D, = g(y). Let i bea
positive integer not greater than the rank of {D,} and assume that
(9y)D, is a multiple of g(y) for 0 < a < ¢. Then 0= (f(y)D,
which is equal to a sum of terms divisible by (¢(y))* plus the term
ha(y)-(g()" - ((9(y))D;), and (9(y))D; must be divisible by g(y). Con-
sequently g¢g(y) generates a proper prime M-ideal I in L[y}, L|y]/I is
an algebraic extension of L,y¢I and, setting k=y + I, I<Lk)> =
L[y]/I is the desired P-V extension of L.

(4.4) COROLLARY. Let L be an M-field, such that the M-system
of mappings on L consists of the tdentity automorphism m, and
nfinite higher derivations and L, is algebraically closed. If a,,
me M and m # m,, are elements of L, there exists a P-V extension
of differential type L{k) of L such that k +0 and km = a,k for
every me M, m = m,.

Proof. Because of Corollary (4.3), only the case where L is a
field of characteristic p # 0 need be considered. Let a, = 1, and let
L[y] and L(y) be defined as in the proof of Corollary (4.2). The argu-
ment is then analogous to the proof of Corollary (3.4).
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5. Generalized Liouville extensions.

(5.1) DEFINITION. An M-field K which is an M-extension of an
M-field L is a generalized Liouville extension of L if there exists a
positive integer 4 and % + 1 intermediate M-subfields of K, L —
Ly &L <.+ S L, =K, such that for each integer a, 1< a <1,
there exists ke L, such that L, = L,_<k> and

(1) L, is an algebraic extension of L,_,, or

(2) km — (Am)k = a, € L,_, for every me M, or

(3) km = a,k where a,¢c L,_, for every me M.

If L is an M-subfield of an M-field K, let A (L) denote the M-
Galois group of K over L. If G is a subgroup of A, (L), let I(G)
denote the set of all elements of K left fixed by the automorphisms in
G; I(G) is an M-subfield of K and L S I(G) = K. Suppose K is a
solution fleld over an M-field L such that K, =L, and k, k,, -+ -, k;
is a fundamental set for K over L. If @€ Ax(L), then k.p =
i Caphs, 1 = a0 =< J, where (Cap)izaps; 18 @ matrix over K, = L,, by
Theorem (3.2) of [7]. The structure of Ag(L)) may be determined
analogously to the analysis of the differential Galois group presented
in Kaplansky’s An Introduction to Differential Algebra®. The results
needed in the sequel will be summarized here. Ag(L) is an algebraic
matrix group over L, and the algebraic subgroups of A (L) are the
subgroups Ax(L’) where L’ is an intermediate M-subfield of K, L &
L' K. If H is the connected component of the identity element of
A (L), then H is an algebraic subgroup of finite index in Ag(L).
Therefore H = Ax(L) where L = I(H) and L is a finite dimensional
algebraic extension of I(A.(L)). Moreover, L is algebraically closed in
K. Indeed, if k¢ K is algebraic over L, then Ag(L<{k)>) is an algebraic
subgroup of finite index in H since the left cosets of H mod Ax(L<{k))
are in one-to-one correspondence with the distinet images of %k under
the automorphisms in H. Because H is connected, Ax(L{k>) = H and
ke L.

(5.2) THEOREM. Let K be a P-V extension of an M-field L.
If the comnected component of the identity element in Ax(L) is a
solvable group, then K is a generalized Liouville extension of I(Ax(L)).

Proof. Let H be the connected component of the identity element
in Ag(L) and let L = I(H). L is a finite dimensional algebraic exten-
sion of I(Ax(L)). Since H is a connected, solvable algebraic matrix
group over the algebraically closed field L,, a fundamental set k,, k,, -- -,
k; for K over L may be chosen so that the M-automorphisms of H
are represented by triangular matrices, say k.p = >i_o cap(@)-ks for
pe H and 1 £ o < j, where the coefficients c.5(p)e L,. If me M and



ON AN EXTENSION OF THE PICARD-VESSIOT THEORY 203

@€ H, then ((k;m)k;")p = ((kpym)(k;p)™ = ((¢; (@) (kym))(¢;(p) - k)™ =
(k;m)k;* and (k;m)k;'e L. Thus ky;m = a,k; where a,€ L for every
meM. If meM and e H, let ki(m)= (k. k;i)m — Am)k.k;* and
Cop(@) = Cap(@)(Ci(p))™" for a =B <7—1 and 1=a=<j—1; then

() = (o) lesp)Ym — (Am)(up)(fos0)
= 3% Cap(@) (635(0)) (g ym — (Lm)loghe?)

=

R}

= 2 Cap(p) - Feg(m) .

J
f=w

-

By Theorem (3.2) of [7], K is finitely generated as an abstract field
over L 2 L; therefore every intermediate subfield is also finitely gener-
ated over L. Consequently, if L’ is the M-subfield of K generated
over L by the kl(m), me M and 1 < a £ j§ — 1, then there are finitely
many me M such that L’ is generated as an M-field over L by the
ki (m) for these m and 1 =< o =< j — 1. By induction on j, it may be
assumed that L’ is a generalized Liouville extension of I{Ax(L)). Since
(kk;ym — Am)kk;* = ki(m)e L' for every me M and 1= a<j—1
while k;m = a,k; where a,¢ L & L’ for every me M, it follows that
K is a generalized Liouville extension of I{A4,(L)).

In connection with this theorem, it should be noted that I(Ax(L)) =
L if K is a regular field extention of L, If K is an M-field of dif-
ferential type, then I(A, (L)) = L provided only that K is a separable
field extension of L.

(5.3) LemMMA. Let K',K, L' and L be M-fields such that K' 1s
an M-extension of L, K and L' are M-subfields of K’ and contain
L, and K' is generated by its subfields K and L'.

(i) If K ts a solution field over L, K' 4s a solution field over
L' and a fundamental set for K over L is a fundamental set for
K’ over L.

(i) If K and L' are linearly disjoint over L, there is a canonical
isomorphism of Ax(L) into Ax(L'). Moreover, 1f K is a solution
field over L, K, = L,, K] = L., and A (L) and Ax(L') are represented
by matrices with respect to the same fundamental set for K over L
and K’ over L'; then this canonical isomorphism 1s the identity map
on ‘matrices.

Proof. (i) The verification is immediate from the definition of
solution field.

(ii) If K and L' are linearly disjoint over L, automorphisms of
K over L extend uniquely to automorphisms of K’ over L' and M-
automorphisms of K over L extend to M-automorphisms of K’ over
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L', yielding an isomorphism of A,(L) into Ag(L’). The remaining
assertion is immediate.
The converse of theorem (5.2) is a consequence of

(5.4) THEOREM. If K’ is a generalized Liouville extension of
an M-field L and K 1s an tntermediate M-subfield of K’ such that
K is a P-V extension of L, then the connected component of the
identity element tn Ag(L) ts a solvable group.

Proof. By Corollary (2.3) of [7], K and K] are linearly disjoint
over K, = L, whence K and L(K]) are linearly disjoint over L. By
Lemma (5.3), K(K;) is a solution field over L(K/); and there is a
matrix representation for the algebraic group Ax(L) over L., a matrix
representation for the algebraic group Ax,(L(K!)) over K 2 L,, and
a canonical isomorphism of Ax(L) into Axx,(L(K/)) which is the identity
map on matrices. If H is the connected component of the identity
element in Ag(L), then H is an irreducible component of Ax(L)
and its image in Agg,)(L(K!)) is irreducible, hence connected, since
L, is algebraically closed. Therefore H is mapped into the connected
component of the identity element in Ay (L(K/)), and it will suffice
to prove the theorem under the assumptions that K is merely a solu-
tion field over L but K] = L,.

let L=L, S L, S -+ S L, = K’ be as in definition (5.1), and let
ke L, be such that L, = L<{k> and

(1) L, is an algebraic extension of L, or

(2) km — (AIm)k = a, e L for every me M, or

(3) km = a,k where a,c L, for every me M.

Be induction on 4, it may be assumed that the connected component
of the identity element in Ag.,(L,) is solvable. Let L = I(H), where
again H denotes the connected component of the identity element in
ALL). K is a regular extension of L, since L is algebraically closed
in K and L is the fixed field of a group of automorphisms of K whence
K is a separable extension of L. If L, is an algebraic extension of
L, then L<{k) is an algebraic extension of L and K and L<{k)> are
linearly disjoint over L. The canonical isomorphism of H = A.(L) into
Axar(LLEkY) given by lemma (5.3) must map H into the connected com-
ponent of the identity element in Ak, (1), whence H is solvable.

Assume L, is not an algebraic extension of L. If % is transcen-
dental over K, then L,= L(k) and K<{k) = K(k) by Theorems (3.1)
and (4.1). K and L, are linearly disjoint over L, so again there is a
canonical isomorphism of H into the connected component of the iden-
tity element in Ag,,(L,) and H is solvable. Suppose k is algebraic
over K. If km = a,k where a,e L for every me M, then k* +b =10
where £/ is a positive integer, be K and again (bm)b~'c L for every
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meM. If km — (Im)k = a, € L for every me M, then L is a field
of characteristic p =0 and k** + ¢, k** + ++« 4 ck® +ck +b=10
where / is a positive integer, ¢,c¢ K, = L, for 0 =a=h—1, be K
and again bm — (Im)be L for every me M. In either case L<b) is
invariant under the automorphisms in Ax(l) and A;,(L) is commuta-
tive, by Theorems (3.1) and (4.1). Therefore, Ax(I<b>) is an invariant
subgroup of Ax(L) and the factor group, which is isomorphic to a
subgroup of A;(L), is commutative. L, is an algebraic extension of
L{by and, by a preceding argument, the connected component of the
identity element in Ax(L<b)) is canonically isomorphic to a subgroup
of the connected component of the identity element in Ak (L;) and is
golvable. Therefore H, the connected component of the identity ele-
ment in A, (L), is solvable by Lemma (4.9) of [3].
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ON A LINEAR FORM WHOSE DISTRIBUTION IS
IDENTICAL WITH THAT OF A MONOMIAL

R. G. LaHA AND E. LUKACS

Several authors studied identically distributed linear forms
in independently and identically distributed random variables.
J. Marcinkiewicz considered finite or infinite linear forms and
assumed that the random variables have finite moments of all
orders, He showed that the common distribution of the random
variables is then the Normal distribution. Yu. V. Linnik
obtained some deep results concerning identically distributed
linear forms involving only a finite number of random vari-
ables. The authors have investigated in a separate paper the
case where one of the linear forms contains infinitely many
terms while the other is a monomial. They obtained a
characterization of the normal distribution under the assumption
that the second moment of the random variable is finite, In
the present paper we investigate a similar problem and do not
assume the existence of the second moment.

1. We prove the following theorem:

THEOREM. Let {X;} be a finite or denumerable sequence of in-
dependently and identically distributed mondegenerate random vari-
ables and let {a;} be a sequence of real numbers such that the sum
> a;X; exists'. Let a+ 0 be a real number such that
(1) the sum > a;X; s distributed as aX,

M

(i) Mai = al.
7

Then the common distribution of the X; is normal.

REMARK. The converse statement is evidently true provided that
oy = a if the sum >}; a;X; contains more than two terms or £(X;) = 0
in case >); a;X; has only two terms.

In §2 we prove three lemmas, the third of these has some in-
dependent interest. In § 3 the theorem is proved.

Received October 14, 1963, and in revised form March 10, 1964. The work of the
first author was supported by the National Science Foundation under grant GP-96.
The work of the second author was supported by the U.S. Air Force under grant
AF-AFOSR-473-63.

1 We say that the infinite sum X;a;X; exists, if it converges almost everywhere,
It is known (see Loeve [3] pg. 251) that for a series of independent random vari-
ables the concepts of convergence almost everywhere and weak convergence are
equivalent.
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2. Lemmas. We denote the common distribution of the random
variable X; by F(x) and write f(t) for the corresponding characteristic
function.

LeMMA 1. Suppose that all the conditions of the theorem except
(ii) are satisfied. Then sup;|a;| < |al.

According to the assumptions we have
(2.1) I flast) = fat).

We set b; = a;/a (7 =1,2,---) and obtain
(2.2) I;I JFbit) = f(t) .

The lemma is proven if we show that |b;| <1 for all j. First we
note that if |b;| =1 for at least one value of j, then X; has neces-
sarily a degenerate distribution. We consider the case where |b,| > 1
for at least one value k. We see then from (2.2) that

L= [fOt) | = | f@]

which means
1= /@) = | fEtb) ] = 1 fEb0)] = --- }‘grglf(t/bﬁ)l =f0)=1.

Therefore |f(f)| =1 and the distribution of X, is again degenerate.
We conclude therefore that

(2.3) |b;| <1 (F=1,2.--)

LEMMA 2. Suppose that all the conditions of the theorem, except
(ii), are satisfied then the function f(t) has no real zeros.

We first remark that the existence of the infinite sum 3};a;X;
implies that the sequence of random variables Sy = >3 y.1a;X; con-
verges to zero (as N — o) with probability 1. It follows from the
continuity theorem that

(2.4) lim TI flat) =1
N—oo j=N+1
uniformly in every finite t-interval.
Let € > 0 be an arbitrarily small number and let T' be a positive
number. It follows then from (2.4) that there exists an N, = Ny, T)
such that for all N = N, the inequality
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(2.5) I bt —1] =

holds uniformly for |¢| =< T.
We give an indirect proof of Lemma 2. Suppose that the funection
f(t) has real zeros and let t, be one of the zeros of f(¢!) which is
closest to the origin. Then

TJ_I Sit) = f(t) =0,

so that either f(b;t,) = 0 for at least one value of 7 or the product
is infinite and diverges to zero at the point ¢ = ¢,. The first case is
impossible by virtue of (2.3) while the second contradicts the uniform
convergence of the infinite product so that Lemma 2 is proven.

LEMMA 3. Let {X;} be a finite or denumerable sequence of im-
dependently and tdentically distributed nondegenerate random vari-
ables and let {a;} be a sequence of real numbers such that the sum
Svia;X; exists. Let a = 0 be a real number such that sup;|a;| <|al.
Suppose that the sum >.; a;X; has the same distribution as aX,, then
the common distribution of each X; is infinitely divisible.

To prove Lemma 3 we write (2.2) in the form?

(2.6) £ = FOLFOL -+ fOt)Ox(0)
where
(2.7) o5(t)= 1] 7ibst)

and where N is so large that the inequality (2.5) holds. Using (2.6)
we see that

>

o

J,
J

1

(2.8) F@ = 100 11 17001 1T 0269|040

I

We repeat this process n times and obtain

J1teHin

(2.9) f(t) = { T . [f(bir - bA’,'Nt)](”;fr“fm}
. {ﬁ 11 . [@ (b1« - blgNt)](n—k;jl---jN)} .

k=1 jyteetiy=n—
Here all 5, =0 and (m ; 3, -+ 5y) = ml/g! -+ jy!. Formula (2.9) in-
dicates that the random variable X, whose characteristic function is f(¢),
isthesumof k, = N+ N"*' 4 ... + N? 4+ N + 1 independent random

2 If the sequence {Xj;} is finite then N is equal to the number of variables Xj;
so that ox(t) = 1.
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variables X, ,(k — 1,2, ---, k,), that is X = Sk» X, , for every n.

Such sequences of sums of independent random variables occur in
the study of the central limit theorem, and we give next a few results
which we wish to apply.

We say that the summands X, , are uniformly asymptotically negli-
gible (u.a.n), if X, , converges in probability to zero, uniformly in %,
as » tends to infinity; this means that for any € >0
(2.10) lim max P(X,,|=¢)=0.

n—oo 1Sk<ky,

It is known (see Loéve [3] pg. 302) that condition (2.10) is equi-
valent to
(2.11) lim max |f,,.(t)—1]=0

n—oo 1<ksk,
uniformly in every finite ¢-interval.

Let X, (k=1,2,--+,k,) be, for each %, a finite set of inde-
pendent random variables and suppose that the X,,, are u.a.n. Then
the limiting distribution (as # tends to infinity) of the sums >%», X .
is infinitely divisible.

For the proof we refer the reader to Loéve [3] (pg. 309).

We turn now to the proof of Lemma 3 and show that the factors
of (2.9) satisfy condition (2.11).

Let € >0 be an arbitrarily small number and 7 > 0. We see

from (2.5) and (2.7) that we can select a sufficiently large N such
that

(2.12) |041) — 1| =< ¢

uniformly in |[¢| < T. Since |b;] <1 we have
[bjte- bt | < T

so that, according to (2.12),

(2.13) |@y(bir e~ bivt) —1| < ¢

uniformly in |¢t| = T for the chosen value of N.

We consider next a typical factor f(bir-.- bi~t) of the product in
the first brace of formula (2.9). Herej,+j,+ <<+ +Jjy=mandj, =0
so that at least one of the j, is positive. We show now that it is
possible to choose an %, = m,(¢, T') such that for n = n,

@.14) Viin®) = | fB -+ bivt) — 1| < &

uniformly in |¢]| =< T
Clearly,



ON A LINEAR FORM WHOSE DISTRIBUTION IS IDENTICAL 211

(2.15) Vipos () = |S fexp [ibi: -+ bivta] ~ l}dF(x)l

lzlz

-

S fexp [ibi - - - bista] — 1)dF(z)
lz]<4
We choose A so large that

(2.16) {Smgd{eXp [ibi1 - - bivta] — 1}dF(x)[ < 2§ aF@) = < .

lzlz4

‘We note that

b{L...bAJ;N TA .

(2.17) leKA{eXp [ibit «++ binta] — 1}dF(oc)| <

We select now an n* = n*(J, «++, 3y T,¢) so large that for n = n*
the inequality

(2.18) |bit - biv | TA = _;.

holds. This is possible in view of (2.3). There are altogether N™
terms of the form f(bir--- bi~t) in (2.14) and we choose

(2.19) My = nyfe, T') = max n*(Jy o, dm T, €);
P
then (2.14) follows from (2.16), (2.17), (2.18) and (2.19).

We see therefore that the set of independent random variables
X, satisfies the u.a.n. condition (2.11). Therefore the distribution
of X is infinitely divisible and Lemma 3 is proven.

Since f(t) is an infinitely divisible characteristic function, it admits
the Lévy-Khinchine representation

2

(2.20) In f(t) = iat — B2 + S"‘) <e“’” 1 = )1 + 2 16 ()

—eo 1+a2 o
(e 1 it >1+x2
+ L)(e 1 L2 )T d6)

where « and B are real numbers, 8= 0, and where G(x) is a non-
decreasing, right-continuous function such that G(— ) = 0 and G(+ )
= K < . Let now f(t) be the characteristic function of an infinitely
divisible symmetrie distribution, so that f(¢) = f(—t¢). In this case one
sees after some elementary transformations of the integrals in (2.20)
that

(2.21) G(x) + G(—x —0)=C

for all # # 0. Using (2.20) and (2.21) we see that the characteristic



212 R. G. LAHA AND E. LUKACS

function of a symmetric infinitely divisible distribution admits the
representation

(2.22) Inf(t) = —5°/2 + S (cos t — 1) L= 2 g ()
where
(2.22a) Hw) = {2G(W) —~C  for x>0

0 for < 0.

Thus H(x) is a non decreasing, right-continuous, bounded function
and H(x) and G(x) determine each other uniquely.

3. Proof of the theorem. We introduce the function

(3.1) 9(t) = f() f(=1)
and conclude from (2.2) that the relation
(3.2) IJI g(bit) = g(?t)

holds for all real ¢. Here g(f) is the characteristic function of a sym-
metric distribution and is therefore a real and even function. It is no
restriction to assume that

(3.33) Oéb]<1 (j:1,2,"')
where
(3.3b) Zf‘, > 1

According to (2.22) we have then the representation

(3.4) In g(f) = —BE/2 + Sjo(cos to — 1)L j; @ 1 H()

where £ = 0 and where H(x) is a nondecreasing, right-continuous and

bounded function. We use (3.4) and (3.3b) and obtain from (3.2) the
relation

(3.5) $ S” (cos byta — 1) LT qH ()
=1 J+o X

= Kﬁ + Sw(cos te — 1) 1 +2x2dH(x) .
2 +0 @

where
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We define the sequence {y,(t)} by

(3.6) ) = Sj (cos btz — 1)L : 2 H(x)

so that

(3.7) lim yr(t) = 4(t) = Kfzf + K (cos tz — 1) L T apry)
Yo eo 0 X

for every real t.

Since «r(t) is the characteristic function of an infinitely divisible
distribution it follows that K < 0, so that we conclude from assump-
tion (ii) that K = 0 and >, 0] = 1.

By a change of the variable of integration in (3.6) we obtain

v

b% + o?
L dH(x/b,.)] .

ry(t) = r (costx — 1) 1+ x2[
+0

x* Li= 1
We write
Y Lanepy| 0
(3.8) Hy(w) = {L[E R B
0 for x < 0.
Therefore we have, for every v,
(3.9) () = rw(cos tr — 2T am ) .
+0 22

It follows then from (3.7) and (3.8) that

(3.10) lim H,(x) = H(x)

for every « which is a continuity point of H(x). The proof is carried

in the same way in which the convergence theorem is proven (see
Loéve [3] pp. 300-301).
In view of (3.32) we have

b + o* .
TTZ_ = b (J =
so that we conclude from (3.8) that

(3.11) H(o) = 3 BH (1%)

J
for all v.
It follows from (3.10) and (3.11) that
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J— - 2 &X

H(z) = lim Hyx) = 3 ij(~>

y—00 Jj=1 bJ

for all x > 0 which are continuity points of H(x).
Using equation (3.3b) we obtain

(3.12) S b;[H(x) _ H(f_)] >0,
i= ;
Since H(x) is a nondecreasing function, we see from (3.3a) that
(3.13) H(z) < H(bﬁ> .
i
It follows from (3.12) and (3.13) that
= H(*
H(z) = H( bj)
for every x > 0 which is a continuity point of H(x). Therefore
H(x) = H(+»)=C
for & > 0. We now turn to equation (3.4) and get
(3.14) In g(t) = —Bt}/2 .

The statement of the theorem is an immediate consequence of (3.1)
and of Cramér’s theorem.
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SINGULARITIES OF SUPERPOSITIONS
OF DISTRIBUTIONS

DoNALD LuDWIG

Distributions of the form
1

A+1
)
are considered, where x and © belong to K? and R” respectively,
The parameter 1 is complex, and F(x,2) is evaluated for
Re(2) < 0 by analytic continuation, Such integrals arise in
solution formulas for partial differential equations. In case
n=1or n =2, F is expressed in terms of homogeneous distri-
butions of degree >1 + a, where « is nonnegative and depends
upon the geometry of the roots of f, The case of general n
is also treated, in case the Hessian of f with respect to u is

different from zero. The results lead to asymptotic expansions
of analogous multiple integrals,

(1) Flz, 2) = §|f<x, w) | g, wydu

We assume that f and ¢ are C= real-valued functions, and we
assume that the gradient of f with respect to © does not vanish in
the region of R? X R™ under consideration. Integration is taken over
a compact region UcC R", and we assume that g has its support in
the interior of U. For Re(\) > 0, the operation of F on a test funec-

tion ¢ is defined by I(\) = SFrpdx. For other values of N, I()\) is

evaluated by an analytic continuation in . The factor 1/I"[(A + 1)/2]
ensures that I(\) is an entire funection of A. We actually require only
a finite number of derivatives of f and g, provided that Re(\) is
bounded from below.

It is easy to see that, after a change of variables in x-space,
Fe, n; 2«00, 2,) = F(x,, &, =+, p, A) is a distribution in =z, with
Xy, ++ ¢, ©, regarded as parameters. In case n =1 or n = 2, we show
that F, may be expressed as a sum of homogeneous distributions, plus
a smooth remainder. Each term in the expansion of F) is associated
with a point or points where f(x, u) =0 and @f/ou)(x, u) =0. Ex-
pressions such as (8f/0x) and (0f/ou) denote the gradients with respect
to the x and u variables, respectively. In case n = 1, the most singular
term of F, has the degree N + (1/m), if f has order m with respect
to w at the corresponding point. In case n = 2, the degree of the
most singular term of F), depends upon the geometry of the real roots
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216 DONALD LUDWIG

of f, regarded as functions of (u,, u,) for fixed x. The degree of the
singularity varies between A + (1/m) and N + (2/m), if f has order m
with respect to # at the point in question. The extreme values of
the degree are assumed in case all roots of f are coincident, or distinet,
respectively. We also consider higher values of %, in the case where
the Hessian matrix (6*f/6u;0u;) is nonsingular, which frequently arises
in applications. In this case, the most singular part of F' is homo-
geneous of degree N + (n/2).

Integrals of the form (1) arise in representations of solutions of
hyperbolic partial differential equations, specifically the Herglotz—
Petrovsky formula and its generalizations. (See I. M. Gelfand and
G. E. Shilov [7] pp. 137-141, and R. Courant [2], pp. 727-733.) We
shall apply the results of the present paper to the analysis of the
singularities of fundamental solutions of linear hyperbolic equations in
a forthcoming revision of [10].

Our results also have implications for the asymptotic behavior of
single and double integrals, using a device of D. S. Jones and M. Kline
[8]. Let

1) = | exp [ikef (Wlg(w)du .

Then
I(k) = Se““ ht)dt , where h(t) = Sa(t — f))g(u)du .

Here ¢ represents the one-dimensional Dirac function. The behavior
of I(k) for large k is determined by the singularities of h(¢) (see A.
Erdelyi [4], pp. 46-51.) But A(t) is of the form (1), if we set » = —1.
For double integrals, our results extend those of D. S. Jones and M.
Kline [8] and J. Focke [5] to give asymptotic expansions in cases where
all derivatives of f of second order vanish at some point.

The outline of our work is as follows: the first section is devoted
to preliminary remarks, which apply for any n. We show that F' is
a distribution in a single variable, and that singularities of F) at
are associated with points w where f(x,, w) =0 and (@f/ou)(x,, u) = 0.
In the second section, we reduce the case n = 1 to consideration of
an integral of the form

(2) I(x, N, 04)=“/(7V)Su|x+u|*u“‘ldu,

where « is a real number. Here and henceforth, we write Y(\) =
1/I'[(x + 1)/2]. We analyze the singularities of (2) for arbitrary com-
plex A, and for Re(a) > 0, using analytic continuation in both A and
a. The result is that I(x, », @) is the sum of a homogeneous distri-
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bution of degree \ + «, and a smooth function. In the third section,
we consider double integrals. We resolve the singularities of the
zeros of f by a series of quadratic transformations, and reduce the
problem to consideration of integrals of the form

(3) I B) =0\ SS & + o Py ig(u, v, \)dudw .

In the fourth section, we expand (3) in powers of x. The integral is
reduced to the form (2), or

(2) I'(x, N, @) = v(\) S:(x + w)u*'log udu .

I'(x, N, &) is just the derivative of I(x, N, @) with respect to @. The
fifth section is devoted to the simpler case of integrals where the
Hessian of f with respect to % does not vanish. In this case, the
leading singularity of F has degree ) + (n/2).

Our procedures, especially in the case of double integrals, would
be rather unwieldy for purposes of calculation. A simpler scheme is
presented by G. F. D. Duff [3]. Our results may be regarded as a
justification of certain of his methods. Our methods and results, es-
pecially in §§ 2 and 5, have much in common with L. Garding [6].

1. General remarks. In this section, we shall first show that
integrals of the form (1) define distributions in a single variable, with
smooth (in distribution sense) dependence on the other variables as
parameters. Then we show that the singularities of such integrals
are associated with points where f and 8f/0u both vanish. This fact
is the analog of the principle of stationary phase for asymptotic ex-
pansion of integrals.

To show that F, given by (1), is a distribution in one variable,
we assume that 0f/ox, is bounded away from zero in the region under
consideration. Recalling our assumption that (8f/ox) =0, we can
arrange that (9f/0wx,) # 0 by taking a partition of unity in x, u space,
and then rotating coordinates in x-space.

THEOREM 1.1. If, for ue U, a=ux, =b, and for (x, +-,,)
belonging to an open subset of R*™', we have |(8f/ox,)| = a > 0, and
if p(x)e C= with support in (a,b), then I(\), given by the continu-

ation of

(L.1) 10y = 700 | F(e, V(s

depends continuously on ¢ in the C;° topology, and smoothly on
Xy oo, @y I(N) 18 anm entire analytic fumction of n. We recall that
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v\ = YT, + 1)/2].

Proof. We may rewrite (1.1) as a double integral, first choosing
Re(») > 0. Then

109 =70 || |76, w1 (@, wdugp()ds,
=20 |1#@ w1 @, wp)dndu
Now we introduce f as a variable of integration;
109 =709 | {170 h o, wdfdu,
where
D (f @, e+, 3,) = L& W)

of
ou, (X, )

X,=2=2,---,p), and X,(f, w, x,, ---, x,) is defined by the relation
f(X,u)=f. Clearly « and its derivatives with respect to w,, ««-, @,
are in C;° with respect to f, depending continuously on ¢ in the
topology of test functions. Hence it suffices to show that an integral
of the form ‘

(1.2) J0) =70 || FP (s,

defines an analytic functional of «+. Following I. M. Gelfand and
G. E. Shilov [7], we write, with an arbitrary positive integer £,

k

Ty =90 7P [40) = S far

i=

171

200 3900 | L dr a0 | e

The first and third terms are regular in » for Re(\) > —Fk — 1; the
second term is easily evaluated as

1
N e (g .
™ 2O e
Hence, since v(\) has zeros for » = —2] — 1, | = integer = 0, J(\) is

an entire functional. Thus I(\) is also an entire functional.
According to the principle of stationary phase, the singularities of

F' arise from interior points where both f and 0f/éu vanish, or from

. boundary points where f vanishes and 8f/6u is normal to the boundary.
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(See D. S. Jones and M. Kline [8].) We wish to consider only interior
stationary points, and hence we assume that the support of g(x, u) is
in the interior of U.

THEOREM 1.2. If the support of g(x,w) is tn the interior of U,
and tf, at a point x, [(x, u) and @f/ou)x, u) do not both vanish
anywhere i U, then there exists a metghborhood of x, tn which
F(x,\) is smooth for all .

Proof. Let K = inf,c;{| fx, w) [* + | @ffou)z,, w)*}. At each
point u,€ U, we have either

(@) [ f(x, )" = K2, or

(b) | @fjou)(xy, w)) | = K/2.
Hence we can find a neighborhood of (x,, %,) in which either

(8) [SI'> K/4, or

d) affou P > K/4. ,
Such a neighborhood contains the product of an open ball B(x,) < R?,
with center at x,, and an open ball B(u,)C E", with center at u,.
The set of such balls B(u,) forms an open covering of U, which can
be reduced to a finite covering since U is compact. The intersection
of the corresponding B(x,) is open. We denote this intersection by
Clx,).

Thus, to each u,¢ U is associated an open set N(u,) in which either

(@) |fP > KJ/4, or

by 1offou ]’ > K/4, for xe Clay), ue N(uy).
We choose a €= partition of unity subordinate to our finite covering
of U. In sets of type (a), the integrand in (1) is C= for ze C(x,),
for all A, In sets of type (b), we may introduce f as variable of
integration and proceed as in the proof of Theorem 1.1. Here « plays
the role of a parameter. Thus integrals over sets of type (b) define
functionals which are entire in ), and which are C= with respect to z.

2. Single integrals. In this section, we consider the case n = 1,
i.e. where U is an interval of the real line. We shall obtain a
description of the singularity of F' near 2, associated with a neighborhood
of a point #, where f(x,, 1,) = 0 and (2f/0u)(x,, u,) = 0. According to
Theorem 1.2, every singularity of F corresponds to such a neighborhood.
First we make a change of variables involving both 2 and u, and
obtain an integral of the same type, where f(x, u) = «, + u™. Theorem
2.1 states that, for fixed N\, F(x,\) is bounded if ¢(x, w) vanishes
sufficiently rapidly at w = 0. Thus, applying Taylor’s theorem to ¢ as
function of u, we see that the singularities of F arise from terms of
the form g{ 2, + u™ P ufdu. Finally, Theorems 2.2 and 2.3 show that
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such an integral is the sum of a distribution homogeneous of degree
X + (k + 1)/m and a regular function.

Without loss of generality, we may assume that x, = 0 and u, = 0,
and (0f/0x,)(0, 0) == 0. We assume further that, at (0, 0),

ou oum* ’ m! ou™

(0,0) =0 .

We fix €, = -+ 2, =0, and denote z, by . From Taylor’s theorem,
Sz, u) = (0, u) + we,(w, u)
= ¢z, u)(x + M> .

e.(x, u)

Here ¢, is a smooth function; ¢,(0, 0) = (8f/0x,)(0, 0). Since f is of
order m at the origin, we may write

@, u) = ex, u) (@ + u"e(w, w)) ,

where e,(z, u) is smooth, and €40, 0) = {[8™£(0, 0)/0u™]/[m!(0f]0x,)(0,0)]}.
If x and u are sufficiently small, the implicit function theorem implies
that we may introduce a new variable of integration, v = u|e,\(x, ) |¥™;
thus we obtain

@.1) 109 |1 71 g = 909 [ 2 = 0* P gy, 050w
where
g.(w, v; \) = [ey(x, u) [* g(w, u) % .
v

By replacing « by —« if necessary, we may bring (2.1) into the form
where the plus sign holds.

Now we wish to apply Taylor’s theorem to g,(x, v; \), obtaining a
polynomial in », with a remainder which vanishes rapidly as v— 0.
First we show that, for fixed A\, the corresponding term in the ex-
pansion of F will be continuous, and can be made as smooth as desired.

THEOREM 2.1. If g(x, uw;\) has l derivatives with respect to u,
and tf Re(N) =N > —1—1, and vf mn, +k +1 >0, then

2.2) I(z, N) = 7(\) Sal x4+ u™ P utg(e, u, N)du
0
18 continuous and bounded as a function of wx.
Proof. We set & =|x|¥™, and write I = I, + I, with

(2.3) L =) Szel x4+ u™ M uktg(e, w, N)du ,
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(2.4) I, = m)g“ &+ um P urg(e, uw, \)da .
28

In (2.3), we introduce u = &v. Then
I, = y(\) | |M etDIm Szl sgn @ + o™ |* vrg(wx, Ev, Mdv .
[}

Continuing this expression with respect to A in the usual way (see
proof of Theorem 1.1), we see that if m\, + k + 1 >0, I, is continuous
and bounded. We may rewrite (2.4) as

X

A
I, = m)g 14+ 2 [ urmg(e w Vdu .
u'ln

a
2¢

Hence,

A a
L1 =901 = L[ sup [0Go, ) [t
2™ | ozusza 0

which is clearly bounded if %k + mx, +1 > 0. The continuity of I,
follows similarly from the uniform continuity of the integrand.

We remark that smoothness of (2.2) for sufficiently large k& follows
from formal differentiation of (2.2), and application of Theorem 2.1.

Applying Taylor’s theorem to gz, v; \) appearing in (2.1), we see
that

@5 0|1, u0de = 3 g9 00 [ + o poide

+ v(x)§| &+ o™ P gy (e, v, \)do .

Theorem 2.1 implies that the remainder is smooth in 2 for fixed A, if
k is sufficiently large. Evaluation of the singularities of F' is therefore
reduced to evaluation of the singularities of integrals of the form

(2.6) I(x, )\;) = M’Y(X) ga‘ x4+ ™ ')\ v ido .
0
A change of variables yields an integral of the form

@.7) T, \) = 7)) g"{ % 4+ w P usidu
0
where a = (n/m).
In order to describe the singularities of (2.7) and related integrals,

we shall require some facts about certain homogeneous distributions.
We set

x, = max (z, 0) , 2_ = max(—, 0) .
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LEMMA 2.1. The functionals [1/I'(L + 1)zt and [1/T(L + 1)]2t are
entire analytic functionals. Moreover,
1 A

+

S
v +1) A
__]“__._.ggi
I'(x + 1)

The proof is in I. M. Gelfand and G. E. Shilov [7], pp. 56-65. It
is similar to the latter part of the proof of Theorem 1.1.

= 5%I(g) »=1,2--+)

(2.8)
= (=1 @) =12 ---).

A=—

The following theorem leads immediately to results about (2.7).

THEOREM 2.2. If Re(a) > 0, the integral

(x4 u)y u*?
o I'MW+1) [(w)

(2.9) Tz, = |
may be represented n the form

_ ghte
(2.10) Jo (2, \) = a; (), @) MF(?\, Fatl)

Fa(na) — 4 R @)
a_(\, @) ——= x, N, Q) .

I'(v +a+1)
Here R(x, ), &) 18 a smooth function of x for small x, which is regu-
lar in N and «, except for simple poles where N + & 18 a nonnegative
wnteger. The coefficients o, and a_ are regular except for simple
poles where N\ + a s an integer. The sum of the residues at the
poles s zero, since J,(x,\) ts regular. We have

2.11 ax,a :__SHE)\'_._*, a_,\,’a :..:ML.
(2.10) @) sin 7(\A + @) *, @) sin t(\L + @)
We also have, for small wx,

¢ (x4 u)r u*? _ ahte

@12 Jen = | e = et

Proof. We shall use analytic continuation in A and «. First we
assume that —1 < Re(\) < —1/2, 0< Re(a) < 1/2. Then we may
write

_ (" +w) u
(2.13) J.(x,\) = g oo oy M R @),

with
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(2.14) Rmﬁﬁm:'ﬂ:ﬁ;f% %;du

The first integral in (2.13) may be treated by setting u = [2|v. The
resulting coefficient of | 2 |** may be evaluated in terms of I'-functions,
to produce (2.11). To see that R(x, », «) is smooth in x, we introduce
v = (1/u) as variable of integration in (2.14); thus

R(x, N\, @) = _Slla (1 4 vx)h et

We may apply Taylor’s theorem to (1 4+ vx)}, obtaining a polynomial
in vz, plus a remainder which vanishes rapidly for v = 0. Hence, the
residues of R at its poles are powers of z, and the remainder is
smooth in 2.

Now we continue our representation (2.13) for Re(a) > 0. Equation
(2.9) shows that J.(x, \) is regular for —1 < A < —1/2 and Re(a) > 0.
On the other hand, the coefficients a.(xz, @) have simple poles for
A + a = integer. The residues at these poles are determined by the
behavior at o of the integrand in (2.13). Comparing (2.13) and (2.14),
we see that the sum of the residues at the poles is zero.

Now we are ready to continue in ), for fixed «, with Re(a) > 0.
First we assume that o« is not an integer. From (2.10) and (2.11), it
is apparent that the only possible singularities of the representation
(2.10) are where N + a is an integer. The case where M+ «a is a
nonnegative integer has already been discussed. If A + « is a negative
integer, then both J(x, x) and R(x, », @) are regular. It follows that
the sum of the residues of

Ao Atw
a. x -
+ and @

Teratl “TohtarD

must be zero. This can be verified by a direct calculation, using
Lemma 2.1.
If « is a positive integer, o = [, we obtain

a(x, 1)y = (—1), a_(\ D=0,

In this case, K is regular in X, because of the factor 1/I"(\» + 1).
The fact that (x + w)} + (¢ + w) = |z + ©|* immediately implies

THEOREM 2.3. If
(2.15) I, ) = vo»)gﬂ 2+ u P usidu
0

we may write
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}\Lm

(2.16) I(z, \) = by(n, a)m
prre
+ b_(\, @) m + R(x, N, @) .
Here
(2.17) b.(n, @) = I(@)yyO)(, + 1) S;&NI 3
2.18)  b.(\, @) = @Y\ + 1) [1 - %] ,

and R(x, N, a) 18 a smooth function of wx, with poles if N + «a is @
nonnegative integer.

REMARK. Equation (2.16) may be differentiated with respect to
«, to obtain results for

YOV S“| 2 + u [ u log udu .
0

We omit the calculation.

It may be useful to give our results for the leading, or most
singular term in the expansion of (1) an explicit form. In this term,
only the values of (8f/0x,)(0, 0) = b, (1/m!)(@™f/au™)(0, 0) = ¢, and ¢(0, 0)
enter. Taking the most singular term only,

Fi@) ~ () |" | wba- [ u” [ dug(0, 0) .
Setting v = |¢|"™u, and z = bsgn (¢c)x,

Fw) ~ 10| |2+ 0" P do i(ﬂ%
|0|7—n’

—a

If m is even,

F(x)~27(x)g 12 + om pdo IO g)
le| =
m

and if m is odd,

1(9C)~”/(>V)g (|z+ v+ | —2 + v Mdo L 9(0,0)
le] =
m

These integrals may be evaluated by means of Theorem 2.3.
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3. Reduction of double integrals to a standard form. We
shall consider the integral (1), in the case n = 2. As before, the
singularity of F near a given point z, is associated with points u, such
that f(x,, w,) = 0 and (@f/ou)(x,, u,) = 0. Such points %, may be isolated,
or may lie on a curve. In order to evaluate the contribution from a
neighborhood of such a curve, we would have to cover it by a system
of sufficiently small neighborhoods, taking particular notice of singular
points of the curve, and then apply the theory of this section.

Without loss of generality, we may assume that 2, = 0 and u, = 0.
We set fi(u) = f(0,u). Our method consists in dividing the wu-plane
into regions, in such a way that distinet roots of f, appear in different
regions. After a change of variables, f, may be represented as the
product of a monomial and a nonvanishing function, in each region.
The shapes of the regions involved are determined by the Puiseux
expansions of the roots of f,., We obtained the required regions by
an iterative process. If f, is analytic, then the process will terminate.
In fact, if distinct roots of f, have distinet Puiseux expansions, then
the process will terminate if f,e C=. Since the process involves only
a finite number of derivatives of f;, it will terminate if f, has enough
derivatives so that distinet roots have distinct truncated Puiseux ex-
pansions.

The integral over a single region assumes the form

(3.1) T(\) SSI 2 + utvP M uy i g(u, v; N, 2)dudy .

Integrals of this form will be treated in §4. Finally, (Lemma 3.1)

we show that if f; has order m at the origin, then min (v/a, 6/8) = 1/m.

As before, we assume that (8f/92,)(0,0) =0, we set x,= x, =
-2, =0, and we write x; = . Then we may write

S, u) = folw) + e, u) = e, w)(@ + fulw)E(@, u) .

Functions denoted by e¢; or E, are different from zero at the origin.
We first consider the simplest case, where the roots of f, have distinct
tangents at the origin. We write w, = %, %, = v. Then fi(u,, u,) =
P (u, v) + Q(u,v), where P, is a homogeneous polynomial of degree
m, and Q is of order m + 1 at the origin. By our assumption, the
real roots of P, are distinct. We introduce a partition of unity on
the circle, symmetric about the origin, such that each function of the
partition has its support in a region where either P,(cosd, sin0) = 0,
or (0/60)(P,(cosd,sinf)) = 0. Regions of the first type give rise to
an integral of the form

(3.2) T(\) gg[ x + rmEx,r, 0) " e |t grdodr .
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In regions of the second type, we may introduce V = P,(0) + rQ(r, 6)
as a variable of integration; we obtain an integral of the form

(3.3) «/(x)w z + rVE N gyw, v, V, rd Vir

if » is sufficiently small in the support of g,.

Now we consider the general case, where P, may have multiple
roots. We shall obtain integrals similar to (3.2) and (3.3), which may
be reduced to the form (3.1). By the term “sector” we shall mean a
region generated by rotating a line about the origin. Thus a sector
will consist of two wedge-shaped regions. By a “strip” we shall mean
a region generated by displacement of a line parallel to the wu-axis.
By a “quadratic transformation” we shall mean a transformation of
the form # = u,, v = w,v;,. Under a quadratic transformation, a sector
in the u,v plane which does not contain the wv-axis is transformed
into a strip in the w,, v, plane. We shall be integrating over strips
and sectors, and we would like to decompose an integral over a strip
into a sum of integrals over sectors. We accomplish this by formally
extending all integrations over the whole plane. First, we assume
that the integrand in (1) has support in a finite disc about the origin.
Given any open, finite covering of the unit circle, we can find a C=
partition of unity, such that each function ¢;(@) has its support in
one of the covering sets. The functions ¢;(20) provide a partition of
unity which is constant on lines through the origin, and such that
each function of the partition has its support in a sector. After
rotation and application of a quadratic transformation, each of the func-
tions ¢; will have support in a strip. Thus, after quadratic transfor-
mation, our original integral is transformed into a sum of integrals
over strips. Integration over each strip may formally be extended over
the whole plane, which in turn may be decomposed into sectors by a
partition of unity. This process may be repeated as often as desired.
In this way the burden of the complexities of the actual region of
integration is thrown on the structure of the final partition of unity.

We cover each of the real roots of P,(u, v) by a sufficiently small
open sector, and choose a covering of the remaining sectors which is
finite and does not intersect the roots of P,. We choose a partition
of unity subordinate to this covering. Integrals over sectors which
do not contain a root of P,, or which contain a simple root of P,,
may be treated as before, leading to integrals of the form (3.2) or
(3.3). A sector which contains a multiple root of P, may be rotated
so that the root coincides with the new w-axis. Under such a transfor-
mation, an expression of the form w*v?E(u, v), where E(0, 0) = 0, is
transformed into a similar expression. Such expressions remain of the
same type under a quadratic expression as well. Hence, after a rotation
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and a quadratic transformation, we have
E(u’ /U’ x)ﬁ)(u! 1)) - E(Pm + Q) - uInEl[Pml(uh ?)1) + Ql] .

Here we have divided P, + @ by " and collected terms of lowest
degree in u, and v, to obtain P, (u,, v,). Observe that m, is less than
or equal to the multiplicity of the root of P, in question.

Now we apply a similar procedure to P, instead of P,. A second
application of the procedure may result in an expression of the form

Ef, = uviE[P,, + Q],

if », divides P, , but further applications of the procedure do not
result in expressions of more complicated form. We temporarily halt
our procedure if Ef, assumes the form

(3.4) Efy = ufolEy(v, + aw, + +++)7,

where a = 0. This situation will always occur if distinet roots of f
have distinct (truncated) Puiseux expansions. In particular, if f is
analytic, we may apply the Weierstrass preparation theorem to f; (see
G. A. Bliss [1], pp. 53-55.) Thus after rotation,

Jo(u, v) = Eu, )[u" + a,()u" ™" + -+ + a,)],

where FE(u,v) and a;(v)(j =1, ---,m) are analytic and E (0, 0) = 0.
Since the field of fractional power series is algebraically closed, the
roots of f, may be expanded in Puiseux series (see R. Walker [12],
pp. 97-102.) Thus after a finite number of quadratic transformations,
the distinct roots of f, must belong to distinet sectors, and f, will
appear as a product of powers of factors whose lowest term is of
degree one, multiplied by a nonvanishing function, as shown in (3.4).
Hence, after a final rotation and quadratic transformation, we are led
to integrals of the form

“/(N)S\ x + u P E(u, v, ©) M w0 g(u, v, @, Ndudv |,

where v =1, 6 = 1. The factor w2’ arises from the Jacobians
of the quadratic transformations. Now, using the implicit function
theorem, we set v, = v | E(u, v, x) |'#, for u, v, « sufficiently small and
obtain an integral of the form

(3.5) 7(/\)”[ o+ uof e, v, @, \dud, .
Thus after appropriate changes of variables, and a partition of unity,

the evaluation of (1) is reduced to evaluation of integrals of the form
{3.5).
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We shall see in the next section that the leading singularity of
(3.5) is determined by ¢ = min (v/, 6/5).

LemmaA 8.1, If f, has order m at the origin, and g(u, v, s, \)
has the form w7 'g u, v, x, N), then in all integrals of the form
(3.5) which arise by the preceding process, we have p = min (v/m, 6/m).

Proof. All integrals which arise are of the form
I = 7(x)55[ © + uPEP, + Q) P g(u, v, x, Ndudv .

For such an integral, we define ¢, = min [v/(a + 1), 6/(8 + 1)]. We show
that g is a nondecreasing function under rotations, quadratic transfor-
mations, and (clearly) if a monomial is factored out of P, + Q. The
only nontrivial case is a quadratic transformation. Under quadratic
transformation,

IL.,=7() ggl z + uf+ﬂ+lva(Pll + Q) M ul T g (wy, w0y, @, M)dudo, .

Hence, pt,.,=min[(v +d)/(a + B+ 1+ 1), /(8 + 1)]. Since I, =1,
we have 6/(8 + 1,) = t,, hence also (v + d&)/(a + B+ 1+ 1) = p,.

4. Expansion of double integrals. In this section, we shall
expand double integrals of the form

4.1) I(x) = 7(K)S§I & + P P wr g (u, v; N, x)dudv

in powers of x, using the results of § 2. First we prove Theorem 4.1,
which asserts that I(x) is continuous in z if v 4 aRe(\) >0 and
0 + BRe(\) > 0. Thus if g(u, v; N, ) is written as a sum of functions,
with remainder multiplied by a large power of both w and v, then the
remainder will give rise to a continuous function of . The major
portion of this section is devoted to expansion of integrals of the form

4.2) J(x) = v(x)ggugol 2z + wf M w0 g(v; N, x)e(uw)dudy |,

where g(v) and ¢(u) have compact support, and ¢(¢) = 1 for small u..
The results are summarized as Lemma 4.2. An appropriate expansion
of g(u, v; N, x), together with Lemma 4.2 then implies an expansion of
(4.1) in powers of x, specified in Theorem 4.2. Finally, we give a.
more or less explicit formula for the coefficient of the leading or most
singular term in the expansion of (4.1).

THEOREM 4.1. If a,£8=0, 7,6 >0 and if v+ aRe(\) >0 and
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d + BRe(\) > 0, and if g(u, v; \) has enough derivatives with respect
to u and v, and has compact support in u and v, then the integral
(4.1) is bounded and continuous in 2z, for small x.

Proof. Let &= |x|"*. We write

I(z) = v(x)gg

| + u*of P w9 gdudv
k&

lul<
+ 7(\) SE | 4+ uf P ur " gdudv ,
u>ké
Ixy=1I+1,.
‘We shall specify k presently. In the first integral, we set u = &pu.
Then

I = WX)“ EoMY | 1 4 peyf [N o gd pdw
lwl<k
Now we choose % so small that +1 + p*0® does not vanish for |p¢| =k,

if v is in the support of g. As in the proof of Theorem 2.1, it follows
that I, is continuous in =z.

In the second integral, we divide by |« |% thus

I, - v(x)gg

+ e ‘Av““lgdv(il) L [

kel ~ o |®

Now we may apply Theorem 2.1 to the inner integral taken over v,
since x}u|™ is bounded. Since ARe(\) + 6 > 0, the inner integral is
continuous in 2 and # for u bounded away from zero, and bounded
for « in the region of integration. Hence, since aRe(\) + v > 0, the
double integral is continuous in zx.

We proceed to the statement and proof of Lemma 4.1. Starting
with (4.2), we set ¢t =u* v =% p=v/a, q=290/B, r=1/8, () =
p(pM*). Thus

dpdy
aB

We recall that ¢, (1) =1 for small ¢, Introducing w = v as a new
variable of integration, we have

J@ =10\ 1o+ P g 3 e

(4.3) J(x) = ﬂ/(x)ri 2+ w ) w; x, \dw
where

. — Ty g1 p»q—ld_;u_
.4 bows 2,00 = | To( 55 o 0o urw o 2

For w # 0, the integral exists and is smooth, since g and ¢, have
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compact support. For the same reason, k has compact support in w.
It follows that the singularities of J(x) for small x are determined by
the behavior of k(w; x,x) for small w. This is precisely the statement
that the singularities of (4.2) are associated with the w and v axes.
Since z and A play the role of parameters in the following, we shall
usually not indicate their presence.

LeEMMA 4.1. For small w, the function k(w), defined by (4.4),
with p,q,r >0, may be represented in the form

klw) = aw™™* + ajw’ log w

(4.5) x

+ E blwqﬂr_l + wq—)—(L+1)r~1R(wr) ,
=0

for any L, if g has enough derivatives. The coefficients a,, ai, b,
depend on x and N, and are given by certain of the formulas (4.6
4.23). The coefficient a; vanishes unless p = q + Jr, for some integer
J=0. The remainder R(w") is smooth for small values of its
argument.

Proof. We distinguish three cases:

(A) ¢>vp,
B) ¢<p, p#q-+ Jr for any integer J, and
©C) g=9p+ Jr, J = integer = 0.

A. If ¢ > p, we define

If w # 0, this integral exists, since g has compact support. Making a
change of variables,

Jeo(w) = wp—lg”g(w)»w—l v
0 ofs
Hence, we have ky(w) = w" 'ay(x, \), with
(4.6) m%m:SEWWJwHAQL
0 afs
Now we may write
— qw + wit\ g X Qe 92
@n k) = a2 g — 1 2

We observe that ¢,(#t) — 1 vanishes for small ¢, Hence, g may be
expanded in powers of w"/y, leading to an expansion of k(w) in powers
of w*. We have
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(4.8) bz, \) = ll' <: >g(’v x, X)l S [pipr) — L]peramirt Zg

B, Ifg<p, g+ (J— r < p<q-+ Jr, for some positive integer
J, we write

9()p(t) = <J§ gzvl>@(u) + (g(v) — JZ: glvl>
+ (90 = S ' )pw) — 1) ;

here

_1/9
gz, \) = ﬂ <—

l
V; X, A
6v> g( ) '1,:0

Thus k(w) = k,(w) + k(w) + ky(w), with

4.9) mw) = |5 0 " (i G
0 =0 af

(4.10) k(w) = S:[g< ;‘U:) - g, Z);: ]wq—lﬂp—q—li_g ,

a1 ko = To(0) ~ 20 S Jim — 1 2L

The integral (4.9) exists, sincefor 0 1< J—1, p—Ilr —qg >0, and
@, has compact support. In fact, we have
J—1
I(w) = 3 vt
-0

with

@12 b = oo e esisT-1).
0

The integral (4.10) exists for w == 0, since, for small g, g(w"/p¢r)

vanishes, and p — l» — ¢ > 0. For large p, the quantity inside the

brackets may be written as w’u~7h(w/tt), where & is a smooth function.

Hence, k, is integrable at «. A change of variables shows that

ky(w) = w™ 1S l[g(v; 2, N) — Xg(x, x)v”]vq*”—lil_”_;
ag
thus
(4.13) ao®, \) = Sw[g(v’; 2, 0) — gy, Wptprrt 2
0 alg
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Finally, we observe that (4.11) may be written in the form

@18 ) = w2 i) — e L

This integral may be treated in the same manner as (4.7).
C. If p=gq+ Jr, J is a nonnegative integer. This case is

similar to the preceding one. We shall use the Heaviside function

0 ifv=x1

H —v) =
(1 =2 {1 if v<1.

We may write
g = 3, @) + [90) = S gt — H(L — 0)g” |

+[o0) = 5 o' — HL = 00, Jlotw) - 1)
+ HQ = 0w H ~ w) + H1— 0g’lp) — HL = )]
Thus k(w) = 5., kj(w), with

@15 k(w) = | (S o) p w4

@1g B = | la@r) — Sgatt

— _ - o d#
— — 1 Jr Jr q—1,,9—q—1 Ot
H(1 — wpe)g,w’ 7w p =3
wrn ) = [ Totwrp) — Sgaors
dp
aB’

— H(L — wpr)g,w™ ") (py(pt) — Lywr=pe=s-

() = | "H(L ~ wp)gw’

1,01 A

() — H1 — iyPmemt 20

X [p:(20) 1 = wp B

The integral (4.15) is identical with (4.9); thus the coefficients

b(l=0,...,J—1) are given by (4.12). The integral (4.16) is similar

to (4.10). By analogous reasoning, we conclude that k. (w) = w” c,(z, \),
with

(4.19)

(4.20) oz, \) = S:[g())') — Jgp* h‘”"———H(l—)J)gJy-”]y—lr—l i_g ;
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the coefficient a,(x, A) will also involve a contribution from Zky(w). In
the integral (4.17), we observe that the integrand vanishes for small
2. Hence, for small w, H(1 — wg™) = 1, in the region of integration.
Thus, if v"*h(v) = g(v) — >\J g,v', we may write

@21) k) = 0 | her ) — 1 2

for small w. Thus k,(w) may be expanded in powers of w”, in the
same manner as (4.7).

The integral (3.22) exists for w # 0, since integration may be
taken over a finite segment excluding the origin. After a change of
variables,

k(w) = — g—é— w logw .
Hence
(4.22) al(x, \) = — O%(x, \) .
Finally, for small w,
Rw) = wg, | (o) — HQ = plp 2

aps
Combining this result with (4.20), we have

(428 @@, ) = afm ) + gi(e, ) | 2= HA = 1) a8
0 yz af
This completes the proof of Lemma 4.1.
Now we may apply Theorem 2.2 to the integral (4.3). Lemma
4.1 immediately implies

LEMMA 4.2, J(x), given by (4.3), has an expansion wn distri-
butions homogeneous of degrees N + p, » + q + Ir(0 =< | £ L), possibly
including a term of the form alc.xi*? log|x|.

It follows that there is a similar expansion of I(x), given by (4.1),
provided that g(u, v; z,\) can be represented as a sum of terms of
the form g(v; x, \)@(u), plus a remainder multiplied by large powers
of both u and v. We define the second difference quotient

if1 629
Gu(U, v; %, \) = S S (us, vt; @, N)dsdt
0Jo QuUov

= L g, v) — g, 0) — (o, v) + g(o, 0)] .
uv
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Hence
(4.24) g(w, v) = g(u, o) — g(o, v) — g(o, 0) -+ uvg,(u, v).

Clearly, ¢,, is smooth if ¢ is smooth. Unfortunately, the terms on
the right hand side of (4.24) do not have compact support in « and v.
Although this difficulty could be circumvented by a systematic use of
finite-part integrals, we prefer to work with functions with compact
support.

Let @ be a C* function with compact support, which is even,
and such that ¢ =1 in a neighborhood of the origin. We define
h(u, v) by the equation

(4.25)  g(u, v) = g(u, 0) @ (v) + 9(0, v) P(u) — g(o, 0) P(w) P(v)
+ uvh(u, s).

Using (4.24), we may write
h(u, v) = <g(u, 0) — g(o, 0)>< 1 — p(v) >+ (g(o, v) — g(o, 0)> <1_¢(u)>

w v v u

+ g(o, 0)( (p(u)u— 1 > ( C’D(vi -1 ) + gul(u, v);

hence 2 is a smooth function. We may apply the same process to
h(u, v), and thus obtain a remainder for g with the factor u*»®. The
process will terminate only if ¢ ceases to have the required derivatives.

We conclude that, after breaking the region of integration into
quadrants, I(x) may be represented as a sum of integrals of the form
(4.2), plus a smooth remainder. Thus we have

THEOREM 4.2. I(x), given by (4.1), has an expansion n distribu-
tions homogeneous of degrees

x+“’—*;¥’"—(ogmgM>,x+ﬁ;—l(0§sz),

plus terms of the form d.xZ log (x), in case (v +m)la = O + )/B=0
Jor certain | and m. The remainder has order greater than
min [(v + M)/a), (0 + L)/B)].

Now we shall compute the most singular term in the expansion
of I(x). We break the region of integration into quadrants, and
evaluate the contribution from a single quadrant. The complete result
would depend on the parity of «, B3, v, 0. As before, we write p = 7/,
q = 0/B. Observe that a lower bound on p and ¢ is given by Lemma
3.1.
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A. If p <gq, we write, from (4.25),

9(u, v) = g(o, v) p(u) + [g(u, 0) — (o, 0) p(w)] P(v) + uvhiu, v).

Since g(u, 0} — g(0, 0) p(w) is smooth and vanishes for v = o, the leading
term arises from g(o, v) (v). From Lemma 4.1, we obtain

I () = v(\) SS | 2+ w? w05 g(u, v; 2, Ndudv

v>0

=v(\) Sm [z + w *aw?™ + ofw? ) ]dw;
0
from (4.6) we have

ao(x, \) = Sw g (0, v; x, NyvPFvie v .
0 a
The leading term of I, (x) is given by Theorem 2.3.
B. If ¢ < », we have, similarly,
L@ =700 [ @ + w Poar™) + ofw')ldu,
with

bo(x, \) = S: g(u, 0; @, ) ur/p __dﬁu .

C. If p=gq, we write
g(uy ’l)) = g(uy O) (P('U) + g(O, ’1)) CP(U'> - g(O, O) (p(?/[/) @(v) + u’l)h(%, 7))-
Applying Lemma 4.1 to each of the first three terms, we obtain

I () =v0\) S: |z 4+ w |*aw”™ + aqqw?*log | w | + o(w")]dw,

with
ao(m, \) = Sm [g(0, v) — H(L — ) g(o, 0)]v~" (i_”
+ [t 0) = QU ) g0, ot L
and

glo, 0; &, \)

a’(l)(xr X) = - C(,B
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We remark that the preceding integrals are the finite parts of the
integrals

5. Integrals with nonvanishing Hessian. We consider integrals
of the form

(.1) Fw, ) =700 | | £, w0 [ g(a, wdu,

where e X C R*, wue U C R", and g has support in the interior of
the bounded set U. We assume that the Hessian matrix [8°f/(0u,0u,)]
is nonsingular for all x€ X and we U. In this case, a rather simple
description of the singularity of F' can be given, using only the results
of §2. Our method consists in a change of variables of integration,
which enables us to write f(x, u) = f(x) & U2+ .-« U2 An applica-
tion of Theorems 2.2 and 2.3 then shows that F' can be expressed in
terms of fAt*2. Similar results have been obtained by a number of
authors, for example J. Leray [9], L. Garding [6], G.F.D. Duff [3],
D. Ludwig [10].

Theorem 1.2 implies that the singularities of F' are associated with
points w,,%, where both f(x,, %) = 0 and [(@f/ou)(x,, u,)] = 0. Thus we
may analyse the singularity of F' near 2, by covering the associated
point or points %, by a finite collection of sufficiently small neighbor-
hoods and choosing a partition of unity. We shall assume that this
has been done. The size of the neighborhoods will be determined from
the following discussion.

Since the Hessian matrix is nonsingular, we may determine u =
u(X) from the equations (0f/6u)(x, u) = 0 in a neighborhood of x,.
We write u = uy(x) -+ v, fi(x, v) = f(x, ux) + v). We can perform a
rotation in the v-space so that the matrix [8°f,/(0v.0v,)] is diagonal at

=2, v=0. Now we determine ¥(x, v,, -+-,v,) from the equation
8f,/0v, = 0. Hence

.fl(xy ,U) = -fl(x! ?71’ ,UZy Tty vn) + (?J - @’1)2 el(xy /U)r

where ¢z, v) does not vanish for x near x, if v is small. Applying
this process to v, -+ -, v, in succession, we obtain

filw, ) = fiw, 0) + 3 (05— ) efa, v),

for x near x,, and for v sufficiently small. This type of result is known
as Morse’s lemma (see M. Morse [11].) We set

Vi= (v; — %) | es(x, v) ",



SINGULARITIES OF SUPERPOSITIONS OF DISTRIBUTIONS 237
and

F(@) = fi(w, 0) = f(x, uy@)).

Introducing V as variable of integration, we have F as a sum of
integrals of the form

(5.2) Iz, N) =v(\) Slf(x) £ Vieee £ Vilrgule, V)AV.
We note that

g:(x, 0) = g(w, uo(w)) 2" 471,

where

4= ‘det (ﬁ)

0,00,

This integral could be handled by an application of Theorems 2.2
and 2.3 n times; we prefer to apply the theorems only twice. After
rearrangement of indices, we may assume that

e(x,v) >0, - ex,v) >0,
ep1(, v) < 0, «++ ey (x,v) < 0. Here k+1=mn. We write
ri=Vi+ - Vri=Via+ o Via.
Then
1,0 = %) {[| 1 7@) + rt = mtp
X Sggl(x, .0;, 1,0,)dw.dw,r 7 ridr dr,.

Here w, and w, represent the corresponding angular variables. Inte-
grating first over these angular variables we obtain

1, = 1) [[1 7@ + 12 = 12 P g, 1%, vy =,
We note that g, is regular in 7} and 73, and
42y
r(3)r(3)
Now we may expand ¢, in integral powers of 7? and 7 for fixed

A the remainder will be smooth in 2 if enough terms are taken. It
therefore suffices to find the singularity of a single term of the form

9:(, 0, 0) =

A7 g(@, o(%)) .
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5.3)  J@ ) =70 SS | F@) -+ 8, — s, st s, dsds,
8520

The leading term of I(x,)) will have precisely the form (5.3),
multiplied by

o
() )

Now applying Theorem 2.3, we see that

A7 g(x, wol(x))

. Z) . l
sIn 7wl A — ] — sIn 7w —
1 ( —1—2 1 5

@) =70 I (L) rov+ 1 I,
2 sin 71'(% -+ é)
o sin T\ I_ |+ R,

sinn(k + —é—>

where

_ 1
" r<x+—é—+1> Ssl

. (f@) + s) P s ds,

and R(z, ) is regular. Now applying Theorem 2.2 to I., we find that

J(@,\) =T (%) r<_’?f-> YOI (0 + 1)

. A . l
y sin 7l'<7n -+~ 7) — sIn T ? ﬁ"*‘”’”
. n n
T[N —> r(x - 1>
sin ( + 5 -+ 2 +
sinﬂ<>»+—k—>— sinnﬁ ~
2 2 f_)\Jr(’ﬂ/z)
+ + Ryz,\).
sinn<k+l7’—> F()n—}——qq’——kl)
2 2
Hence the leading term of I(x,\) is given by
(5.4)  (2m)* 47 g(, uy(x))
o d+ f~+}\+n/2 v f_H"ﬂ ’
r(x+%+1> r<x+%+1>

with
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. l . I
sin T X+E —smn‘E
(5.5 dy =70+ 1) ,
sin 7Z'< S %)

L

. k . k
sin T A — ) —smnwT =
! < + 2) 2

(5.6) d_=v)I'(M+ 1) .
sin @ (x + —72%—>

L

The coefficients d. have simple poles as functions of A according to
the following scheme :
If & and [ are both even, there are poles if X\ is of the form

— 2q, q integer = 0.

If h and I are both odd, there are poles if » = — 2¢ — 1, ¢ integer
0.

If t+ 1 is odd, there are poles if X = ¢ + 1/2, g any integer.

Since I(x,\) is regular for all A, of course the sum of the residues
at these poles is zero.

\%
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NORMS AND INEQUALITIES FOR CONDITION NUMBERS

ALBERT W. MARSHALL AND INGRAM OLKIN

The condition number ¢, of a nonsingular matrix A is
defined by cy(4) = p(A)p(A~) where ordinarily ¢ is a norm,
It was proved by O. Taussky-Tedd that (¢) c,(A) = c,(AA¥)
when ¢(A) = (tr AA*)'/2 and when ¢(A) is the maximum abso-
lute characteristic root of A. It is shown that (¢) holds when-
ever ¢ is a unitarily invariant norm, i.e., whenever ¢
satisfies ©(4) > 0 for A + 0; p(ad) = |a| ¢(A) for complex «;
o(A + B) = ¢(A) + ¢(B); o(A) = o(AU) = ¢(AU) for all unitary
U. If in addition, ¢(E;;)=1, where E;; is the matrix
with one in the (¢, j)th place and zeros elsewhere, then
co(A) = [c,(AA*)]Y/2, Generalizations are obtained by exploiting
the relation between unitarily invariant norms and symmetric
gauge functions., However, it is shown that (c) is inde-
pendent of the usual norm axioms,

1. Introduction. The genesis of this study is the proposition that
under certain conditions, the matrix AA* is more “ill-conditioned” than
A. More precisely, the condition number ¢, (A) is defined for nonsingular
matrices A as

¢o(4) = p(A)p(47) ,

where ordinarily ¢ is a norm. The statement concerning ill-condition-
ing of AA* is the inequality

(¢) e(A) < c(AA*) .

Where ¢(A) is the maximum absolute characteristic root of A and
where ¢(A) = (tr AA*)'?, inequality (¢) was proved by O. Taussky-Todd
[7]. This raises the question of whether (¢) is true for all norms. In
this paper, we show that quite the contrary is true; (¢) is independent
of the usual norm axioms. However, we also prove that (c) does hold
for a quite general class of norms.

In the course of proving these results, we obtain some inequalities
for symmetric gauge functions, which may be of independent interest.

2. Gauge functions and matrix norms. We call ¢ a matric
norm if

(al) Pp(4) >0 when A # 0,

Received March 10, 1964.
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(all) p(ad) = |a| p(A) for complex «a,
(alll) o(A + B) = p(A) + ¢(B) .

In addition to these basic axioms, various other conditions are some-
times imposed:

(alV) Pl =1,

where E;; is the matrix with one in the (¢,7)th position and zero
elsewhere,

(aV) P(AB) = p(A)p(B) ,
(aVvVl) P(A) = p(UA) = p(AU) for all unitary matrices U .

If ¢ satisfies al, all, alll, and aVI, ¢ is called a unitarily invariant
norm.

There is an important connection between unitarily invariant norms
and symmetric gauge functions. A function @ on a complex vector
space is called a gauge function if

( bl) O(u) >0 when u #= 0,
(bII) O(au) = |a | @(u) for complex « ,
(bIII) O(u + v) < O(u) + O(v) .

Often it is convenient to assume, in addition, that
(bIV) D) =1,

where ¢; is the vector with one in the 4th place and zero elsewhere.
If, in addition to bI, bll, and bIII,

(bV) @(uly ) un) = (p(slu' ) enuin)

1?

whenever ¢; = +1 and (¢,, -+, %,) is a permutation of (1, -+, n), then
@ is called a symmetric gauge function.

It was noted by Von Neumann [8] that a norm ¢ is unitarily
invariant if and only if there exists a symmetric gauge function @
such that @(A4) = @(a) for all A, where ai, -, a’ are the eigenvalues
of AA*.

If @ is a symmetric gauge function and u, v satisfy w, < v, 1 =
1, .-+, n, then it follows [6, p.85] that

(2.1) DUy, =2y Up) = Oy +0 0, V)

If @ is a symmetric gauge function satisfying bIV, then [6, p. 86]

(2.2) max | ;| < Oy, +++, u,) = 3| s «
7 =1
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If o is the unitarily invariant matrix norm determined by @ as above,
then it follows that

H(AB) z M(ABB* A¥)
A AVPB) — [maxn, (AA)|maxx, (BB)]
n max \; (BB*A*A)
= Tmax n, (AA")|imaxx, (BB

A

",

where A\(M) are the eigenvalues of M. Thus, for any k = n, ke is
a unitarily invariant matrix norm also satisfying aV. Of course, ¢
itself satisfies alV (since @ satisfies bIV), and this property is destroyed
by the renormalization.

3. The condition number inequality.
THEOREM 3.1. If @ is a unitarily iwvariont norm, then
(c) c(A) = c(AA¥) .

If @ is a symmetric gauge function which determines ¢, then we
may rewrite (¢) in the form

@(“1, %y a/n)@(all_ly ) C"Zl) = @(C(%, ) ai)¢(a;2’ °ty a;2) .

Thus, Theorem 3.1 is a very special case of

THEOREM 3.2. If @ s a symmetric gauge function, then
D(ag, <+, )@l <+« a;") s tnereasing tn v > 0, where ¢, > 0.

The proof of Theorem 3.2 is embodied in the lemmas below.

Following [2] we say (a, :--,@,) is majorized by (b, +--,b,),
written (a) < (b), if

(i) e, =2+-=20a,>0,b,=---=0,>0,

(if) i%gim, B=1, .o m—1,

(i) 3ia,= b, .

LeMMA 3.3. If (a) < (b), and @ is a symmetric gauge function,
then
(3.1) P(ay, -+, a,) = Oby, +-+,0,),
(3.2) O(ar?y -+, a7") = OO, ---, b7 .

Proof. Proofs of (3.1) have been given by Fan [1] and Ostrowski
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[3]; by an argument similar to that of Fan, we prove (3.2).
First, note that we can assume for % and j fixed, & < J,

3.3) ay=ab,+ (1 —ab;, a; =1 — )b, + ab;,a;, =b;, v +#h,j.

That this is true follows from the fact that if (a) < (b), then a can
be derived from b by successive applications of a finite number of
transformations of the form (3.3) (see [2, p.47]).

Let bN: (Illy M) bh——h bj; bh+1, Tty bj—ly bh’ bj+17 ct bn)y so that Q(bly b ’bn)'
= @(b,, -++, b,). By convexity,

(ab; + (1 — a)b))™ =< abi* + (1 — a)b7* .
Then using (2.1) and the convexity of @, it follows that

P(ai?, -+, a;') = O[(ab, + (L — )by, - -, (ab, + (1 — @)b,)
Db + (1 — a)b7?, -, ab7t + (1 — @)b7Y)
a®@®?, «-+, b7 + 1 — @)@(Bb, -+, b3 . ||

A IIA

As a consequence of Lemma 3.3., we have that if (a) < (b) them
D(ay, + =+, a,)P(ar, -+, a7") = Dby, + -+, b)O(bT, -+, b77) .
The proof of Theorem 3.2 is completed by the following

LemmA 34, Ifa,= - Z2a,>0 and a, = aj/2aj, b, = ai/3as,
0 < r<s, then (a) < (b).

Proof. We must show that for all %,

k k
Sar Sal

— =, r<s,
>Sar Da

1 1

which is true if and only if
k

n k % d
SaFa) - Naya =S S aer —a)z0.

1 k+1 4=1 i=k+1
The latter follows from «; = a;, ¢ < j. ||
Observe that by (3.1) and Lemma 3.4, we have

¢(a{v ) a’;) < Z’a:
(e, +o-,az) — Jai

In view of (2.2), it is perhaps natural to expect that

G4 K< O, e ) o o
a0y, e, an) T 2o

,0<r<s, =2+ 20a,>0,
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for any symmetric gauge function @. To see this we need only prove
the left hand inequality, which may be written in the form

0o el [2])s LT [5]).

and which is a consequence of (2.1).
An interesting counterpart to Theorem 3.2 can be obtained from
(3.4).

THEOREM 3.5. If @ s a symmetric gauge jfunction satisfying
bIV, then [@(ai, ---, @) is decreasing in r > 0 whenever a; > 0,
1=1,2,+-+,mn. Thus [@(af, «--, a)D(a;", «+-, ;)" s decreasing
m o > 0.

Proof. We have that

o [T 5o 4] []).

the first inequality by bIV and (2.1). The second inequality is (3.5).
Thus

so that

(oL [T = (o[ [T

The theorem now follows from bIl. ||

I

Theorem 3.5 can, of course, be specialized to yield a kind of con-
verse to (e).

THEOREM 3.6. If ¢ is a unitarily imvartant wmorm satisfying
alV, then

(c*) [e,(AAN" = e (4) .

Condition (c*) can also be obtained under somewhat different hy-
potheses. In particular, if ¢ satisfies aV, then

c(AA*) = p(AA*)p((AA*)™)
= p(A)P(AT)P(AM)P(A* ™) = 0, (A)e,(A¥) .
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If also @(A) = p(A*), then (c*) follows. Of course, p(4) = p(A*) if
¢ is unitarily invariant.

4, Independence of the norm axioms and (c). It is our pur-
pose here to show that the condition number inequality (c) does not
follow from the usual norm axioms al — aV. In fact, all, alll, alV,
aV and (c) are independent.

REMARK. It has been shown by Ostrowski [4] that al is implied
by all, alll, aV, together with ¢(A) = 0, so that al is not included
in the list of independent properties. Rella [5] has shown that all,
alll, alV and aV are independent, and we add (c) to this list.

The results which prove the independence of all — aV and (c) are
summarized in the following table, where +(—) indicates that a
property is true (false).

P(A) all alll alVv aV (c)

1 — I - +

(rank A)(tr AA*)'? -+ — + +
7 max | a;; | + - +
max | a;; | + + — +
2a;l + + + —

An example which serves in the last line of the table just as well
as Y!a,;| is the norm max; >\, | a;; | = sup, @(xA)/0(x), where O(x) =
Sil®;l. Norms of this form are called “subordinate” or “lub” norms,
and in this case @ is a symmetric guage function.

The remainder of this paper is devoted to proving the propositions
indicated in the table.

The results for ¢(A) = 1 are obvious, so we begin by considering
@(A4) = (rank A)(tr AA*)*, In this case, all and alV are obvious, and
(¢) follows from Theorem 3.1, since (tr AA*)Y* is unitarily invariant.
As is well known, (tr AA*)"? satisfies aV; this together with rank AB <
(rank A)(rank B) yields aV for ¢(A4) = (rank A)(tr AA*)"?. That alll
is violated may be seen by taking A = I and B the matrix with a
unit in the (1, 1)th place and zeros elsewhere.

For ¢(A) = nmax, ;|a,;;| and max; ;| a;| the first four columns
of the table are well known, and we need only prove (¢). Let ¢; be
the row vector with one in the 4th position and zero elsewhere. Denote
M~ = (m*) where M = (m,;), and let U= AA*. By Cauchy’s inequality,
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la; | la®| = |eAe} || ea A7) | = [(e;Uel)(e 67 ) eats) (e U e5)]"”
= (u,uP)" .,
Hence,
max I anlrr;aﬂx |a*?| = (max | u;; | max [u )",
or
co(A) = [c (A4 .

Since U = AA* is positive semi-definite,

ww' = (e;Uef)e, U 'ef) = (e;ef) =1,
and it follows that ¢, (AA*) = 1. Thus, we have that
(4.1) c(A) = [e(AAN]'" = c(AA¥)

which gives (¢).

Note that the left inequality of (4.1) is a reversal of inequality
(¢*). That (4.1) also holds if @(A) is the maximum of the absolute
values of the characteristic values of A was proved by O. Taussky-
Todd [6].

Since the first four columns of the table are well known for p(4) =
XY |a;;|, we again need consider only (c). If A :(g 20I>’ where B =
1 9) Then (c) is violated. This same example shows that (c) is

violated for ¢(A) = max; >.; | a;;
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FINITISTIC GLOBAL DIMENSION FOR RINGS

HoRACE MOCHIZUKI

The finitistic global dimensions [fPD(R),lFPD(R), and
IFID(R) are defined for a ring E. We obtain the following
results for R semiprimary with Jacobson radical N. C is
a simple Ileft R-module and [.dimzC < oo, and suppose
that [I.dimz NN < oo for ©=3. Then m < IfPD(R)=
IFPD(R) < (m+1). Theorem 2: Suppose that [.inj.dimz P <
l.inj. dimz R/N? < o for every projective (R/N?)-module P
and that [. inj. dimgz N*-*xN! < oo for © = 3. Then IFID(R) =
l.inj. dimz B < 0. The method of proof uses a result of
Eilenberg and a result of Bass on direct limits of modules
together with the lemma: If I/ is a left R-module such that
N#*=M %= 0 and N*M = 0, then every simple direct summand
of N*1 is isomorphic to a direct summand of N*/N#,

1. We begin by discussing some further properties of perfect and
leftiperfect rings. The rest of the paper is devoted to giving sufficient
conditions for finiteness and equality of certain finitistic global dimensions
for a semi-primary ring.

Let R be a ring (with identity). By an R-module we shall always
mean a left unitary module over E. In ([7]) and ([10]), Eilenberg and
Nakayama define what they called minimal epimorphisms. Bass ([1])
altered this definition to call minimal epimorphisms projective covers.
Eilenberg ([7)] studied the dimension theory for modules having minimal
epimorphisms and said that a category of modules is perfect if every
member of the category has a projective cover. Thus Bass ([1]) called
a ring R for which every R-module has a projective cover a left perfect
ring. There are two special types of left perfect rings about which
we are particularly interested. One is the semi-primary ring R where
the Jacobson radical (J-radical) N is nilpotent and R/N is semi-simple
with minimum condition (semi-simple), and the other is a ring with
minimum condition on left ideals (left Artinian ring).

We define the following finitistic global dimensions for K, using
the definitions and notation of ([1]) and ([3]). IFPD(R) = supl.dim, M
for all R-modules of finite projective dimension, [fPD(R) = supl. dim, M
for all finitely generated (f.g.) B-modules of finite projective dimension,
IFWD(R) = sup w.l. dimz M for all R-modules of finite weak dimension,
IFID(R)=supl. inj. dim, M for all R-modules of finite injective dimension.

In § 2 we discuss some further properties of left perfect and perfect
rings.
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In §3 we give a partial answer to the following questions of
Rosenberg and Zelinsky.

(1) Does IfPD(R) = IFPD(R)?

(2) Is IfPD(R) finite?

We prove that if R is a semi-primary ring with J-radical N such that
N#/N* has finite projective dimension for ¢ = 2, then m < [fPD(R) =
IFPD(R) < (m + 1) where m = sup {l. dim, C: C is a simple R-module
of finite projective dimension}.

In §4 we prove in a manner similar to §3 that if R is a left
Artinian ring with J-radical N such that N?/N**' has finite injective
dimension for 7 =2 and R has finite self-injective dimension, then
IFID(R) = l.inj. dimz B. We also show that if F is a ring such that
the direct product of projectives is projective, if the .J-radical N of R
has the property that N?/N‘'' has finite injective dimension for ¢ = 2,
and if K has finite self-injective dimension, then [FID(R) = I. inj. dim, R.
We conclude by giving examples for the above theorems.

This paper is essentially the first half of the author’s dissertation
at the University of Washington, Seattle, and was written during his
tenure as a National Science Foundation Cooperative Graduate Fellow.
The author wishes to express his gratitude to Professor James P.
Jans for his advice and encouragement during the preparation of the
dissertation.

2. Left perfect rings. Eilenberg ([7]) and Bass ([1]) introduced
the following concepts.

DEFINITION 2.1. A submodule B of an R-module A is called
superfluous if B + C = A implies C = A whenever C is a submodule
of A. An R-homomorphism f: A— D is called minimal if Ker f is
superfluous in A. If A is projective and f is an epimorphism, then f
is called a minimal epimorphism. The ring R is called left perfect if
every R-module has a minimal epimorphism.

DEFINITION 2.2. An ideal N of a ring R is called left (right)
T-nilpotent if given any sequence {a,} of elements in N, we can find
an n such that a,a,---a, =0 (a, -+- a0, = 0).

Bass proved the following theorem.

THEOREM 2.3 ([1, Theorem P, p. 467]): Let R be a ring and N
its J-radical. Then the following are equivalent.

(1) N s left T-nilpotent and R/N is semi-simple.

(2) R is left perfect.



FINITISTIC GL.OBAL DIMENSION FOR RINGS 251

(3) FEvery R-module has the same weak as projective dimension,

(4) A direct limit of R-modules of projective dimension <n has
projective dimenston =n.

(5) R has no tnfinite sets of orthogonal tdempotents, and every
nonzero right R-module has nonzero socle (sum of all stmple submodules
of the right R-module).

In [7] Eilenberg generalized the concept of semi-primary ring, and
generalized a number of theorems of M. Auslander. We state two of
them here in a slightly more restricted situation.

PROPOSITION 2.4 ([7, Theorem 11, p. 333]). Let R be a left perfect
ring with J-radical N. If A4 is an R-module, then the following are
equivalent.

(1) Extz*'(A, B/N) = 0 where E/N is considered as an R-module.

(2) TorZ,, (R/N, A)= 0 where we consider R/N as a right R-module.

(3) Il.dim, A < n.

ProrosiTioN 2.5 ([7, Theorem 12, p. 334]): Let R be a perfect
(i.e., left and right perfect) ring with J-radical N. Then the following
are equivalent.

(1) l.gl.dim R =< n.

(2) 1.dim,C = w.l.dim, C =< » for all simple R-modules C.

(3) Il.dim, (R/N) = w.l.(R/N) < n where we consider E/N as an
R-module.

(4) l.dimy N = w.l.dim, N = n.

(5) l.inj.dimgz(R/N) =< n where E/N is considered as an E-module.

(6) 7r.dim,(R/N)= w.r.dim, (R/N) = n where we treat E/N as
a right R-module.

ReEMARKS. From Proposition 2.4 it is elear that for a left perfect
ring R, 1l. gl. dim R = w.r. dim, (R/N) < r. dim, (E/N) = r. gl. dim R,
By interchanging the ! and the 7 in Proposition 2.5, we see that
{.gl.dim R = 7. gl.dim R = gl. dim R for a perfect ring K.

The following proposition asserts that the simple modules of a right
perfect ring serve as test modules for determining injective dimensions
of modules.

PRroPOSITION 2.6. Let R be a right perfect ring with J-radical N.
If A is an R-module, then the following statements are equivalent.
(a) Exti*(C, A) = 0 for all simple R-modules C.
(b ExtiT(R/N, A) = 0.
(c¢) l.inj.dimz; A < n.
Furthermore if n» = 1, then (b) becomes Ext%z™ (B/N, A) = Ext%(N,A4)=0.
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Proof. (a) = (b) and (c) = (a) are obvious. We shall show that
(@)=(c)

It is well known ([6]) that we can embed any R-module in an
injective R-module. Thus it is possible to form the exact R-sequence:

where Q;,0 < 7 < (n — 1), are injective. Ext3™ (M, A) = Ext; (M, Q,)
for all R-modules M where we use the exact sequences

0 A Q, Imd, 0

and

If we can show that @, is injective, then A would have injective
dimension =n.

It is well known (|3, Chapter I, Theorem 3.2, p. 8]) that @, is
injective if and only if for each left ideal L, each R-diagram

0—>IL-2.R

i
@

with 7 the embedding map can be embedded in a commutative diagram

fl /{
Q.

By using Zorn’s Lemma (as in the proof of Theorem 3.2 in [3]), we
can show that there exists a left ideal L, of A containing L such that

0— L1,

1| /g{
Q.

(k the embedding map) is commutative and that f cannot be extended
to any left ideal of R properly containing L,. If L,= R, then we are
done. If L, R, then R/L,+ 0. According to Theorem 2.3, R/L, has
nonzero socle S(R/L,)) = S.

S = @ XC; is the direct sum of simple B-modules, It is well-known
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that ExtL (@ 2C;, Q,) = II Ext}; (C;, Q,), which is the zero module.
There exists a left ideal L, of R containing L, such that L.,/L,= S.
Extk (S, @,) = 0 implies that we can extend f (and g,) to L,, contra-
dicting the maximality of L,. @, is therefore injective.

COROLLARY 2.7. If R is a vight perfect ring with J-radical N,
then 1. gl.dim R = [. dim, R/N = r. gl. dim R.

Proof. Since [.gl.dim R is the supremum of injective dimensions
of all the R-modules and since I. gl. dim K = [. dim R, it follows from
Proposition 2.6 that . gl. dim B = [. dim zE. The second part is essentially
contained in a theorem proved by Eilenberg ([7, Theorem 12, p. 334]).

In [4] Chase proved some necessary and sufficient conditions that
direct products of projective modules be projective. A module A of a
ring R is called finitely related if there exists an exact sequence 0 —
K- F— A— 0 of R-modules where F'is free and both F and K are f.g.

ProposiTiON 2.8 ([4, Theorem 3.3, p. 467]). For any ring R the
following statements are equivalent.

(1) The direct product of any family of projective R-modules is
projective.

(2) R is left perfect and finitely generated right ideals of R are
finitely related.

Let R be a ring satisfying (1) and (2) in Proposition 2.8. Let
@R, (acX) be a direct sum of copies of R as an R-module.
Considering the exact sequence

0— @ 2R, — IR, — (IIR.)/(@ ¥ R,) — 0,

we note that (IIR,)/(@ ZR,) is the direct limit of projective R-modules
and is therefore projective. The sequence splits, and @ YK, is embedded
as a direct summand of ITR,.

PROPOSITION 2.9: Let K be a ring satisfying (1) and (2) of Proposition
2.8. If P is projective, then I.inj.dim, P =< . inj. dim; R.

Proof. If P is projective, then P is a direct summand of a direct
product IIR, copies of R. It then follows by an exercise in C and F
([3, Chapter VI, Exercise 7, p. 123]) that [.inj. dim, R.

COROLLARY 2.10. Let R be o ring as in Proposition 2.8. If
IFID(R) and l.inj.dim, R are both finite, then they are equal.

Proof. I.inj.dimg P = I.inj.dim, R < [FID(R) = n where P is any
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projective R-module. ILet A be an R-module such that [.inj.dim, A =
n. Considering an exact sequence 0 = K— P— A — 0 where P is
projective, we note that [.inj. dim, K =< n. Thus we get part of the
exact sequence in Ext as follows:

Ext} (B, K) — Ext} (B, P) — Ext3 (B, A) —— 0,

where B is an arbitrary R-module. But then Ext} (B, P) =+ 0 for an
R-module B such that Ext: (B, 4) #+ 0. Hence n = [l.inj.dim, P =
l.inj. dim, R < n.

COROLLARY 2.11. Let R be as in Proposition 2.8. IfIFID(R) =
l.inj. dim, R = 0, then R 1is left Noetherian, t.e., R is quasi-Frobenius
([9, Theorem 18, p. 11]).

Proof. According to theorem of Bass ([2, Theorem 1.1, p. 19)) B
is left Noetherian if and only if the direct sum of injective R-modules
is injective. Let {Q,: 7€ I} be a collection of injective K-modules. For
each 7€ I, we consider an exact sequence 0 — K; — P, — @, — 0 where
P, is projective and thus injective. Since [.inj. dim, K, is finite, K, is
injective, and the sequence splits. Thus @, is also projective, and
D 2Q,(te I)is a projective R-module and hence an injective R-module.

3. Sufficient conditions that [fPD(R) = I[FPD(R) < <. In this
section we attempt to give relatively simple sufficient homological
conditions to answer questions (1) and (2) of Rosenberg and Zelinsky
(appearing in the introduction) in the affirmative. We have the following
theorem.

THEOREM 3.1. Let R be a semi-primary ring with J-radical N.
Ifl.dim,(N"™YN") < o for r =3, then m < [fPD(R) = [FPD(R) =
(m + 1) where m = max {l.dim, C: C is a simple R-module of finite
projective dimension}.

Before we begin the proof of 3.1 we need a preliminary lemma.

LeEMMA 3.2. Let R be a semi-primary ring with J-radical N
such that N+ 0. If M s an R-module such that N"7'M + 0 and
N™M =0, then N™*M s the direct sum of simple R-modules which
appear as direct summands of N /N". Thus N"M/N™ "M, r =
(s — 1), is the direct sum of simple R-modules which appear as direct
summands of N™¢/N™**,

Proof. The second part follows easily from the first part by noting
that N™**(M/N+*M) = 0 and N *(M/N"+*M) == 0.
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We first observe that (N }/N"\M = @ 3C; (i€ I) is the direct sum
of simple R-modules C;. Let x€ M. Then the map f,: a—ax,ae N"™'/N",
is an R-homomorphism of N"™*/N" onto (N"'/N")x. Let C;, t€ I, be one
of the direct summands of (N*"'/N)M. If x,eC;, then z, = Jax; (1 =
J = n) where a;€ N™'/N" and z;€ M. Furthermore %, generates C,.

Let ¢: L = @I(N"'/N") (n copies) —» T = (N"'/Nx;, (1 =75 < n)
be the R-epimorphism given by ¢ (Ja; (1 =5 =< n)) = Jax; 1 = 7 = n).
Since L and T are both modules over the semi-simple ring R/N, L =
Kero@ T. C;is a direct summand of L. By a well-known theorem
([10, Chapter 1V, Theorem 2, p. 64]) C, is isomorphic to a direct summand
of N™'/N~,

Proof of Theorem 3.1. Let M be an R-module of finite projective
dimension. If NM = 0, then M is a direct sum of simple R-modules
of finite projective dimension. Thus M has projective dimension =m
(I3, Chapter VI, Exercise 7, p. 123)].

Suppose then that NM = 0. We assert that [.dim, N*M =< m for
t=2. If N*M =0, then there is nothing to prove. Hence assume
N*M # 0. Let t be the integer such that N'M = 0 and N**M = 0.
‘We have the submodules N*/M,1 < j < (¢t — 2) to examine. We induce
on the integer 5. If j =1, the N M is the direct sum of simple
R-module of projective dimension =< m by Lemma 3.2 and the hypotheses
of the theorem. [.dim,(N‘'M) < m, as above. Assume that
l.dim, (N*7*'M) <m where 1 < j=(t —2). (N7M)/(N*M) has
finite projective dimension < m, being the direct sum of simple R-modules
of projective dimension < m (Lemma 3.2 and the hypotheses of the
theorem). From the exact sequence in Ext in the first variable for
the exact sequence 0 > NV M — N M (N M)/(N“ M) — 0 we
see that [.dim, (N7 M) < m. We have therefore proved our assertion.
Since [. dimgz (N°M) < m, from the exact sequence 0 — N’M — M —
M/N*M — 0 we conclude that [. dim, M/N*M < co.

From the exact sequence 0 — N*— R — R/N*— (0 we notice in
particular that [. dim, N? < m and that {.dim, (R/N?) < m + 1. Now,
R/N? as a ring is semi-primary with J-radical N/N?, and M/N*M is an
R/N*module. Thus M/N*M has a minimal epimorphism as an R/N?
medule. Let 0— K— P— M/N*M— 0 be the minimal (R/N?*)-epimorphism
for M/N’M. Then [l.dim,P < m + 1 (since P is a direct summand
of a direct sum of copies of R/N*? as an R-module), and K & (N/N?P
(7, p. 330])). K=@2XC,(acI) is a direct sum of simple R-modules
C,, and [.dim, K < «. Again applying an exercise in C and ¥ ([3,
Chapter VI, Exercise 7, p. 123]), we see that [.dim,C, < o for all
ac I. Therefore l.dim, K < m. Using the exact sequence in Ext for
the exact sequences 0 - K— P— M/N*M—0 and 0> N*M— M—
M/N*M— 0,om conclude that . dim, M < [. dim, M/N*M < (m + 1).
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Lastly we assert that M/N2M is the direct limit of f.g. R-modules
of finite projective dimension. Let P=@2XP,(axec’) be a direct
decomposition of P into f.g. projective (R/N?*-modules (each of projective
dimension = m + 1). This fact follows from a result of Eilenberg ([7,
Proposition 3, p. 330]). If 4 is an arbitrary finite subset of I” and if
J is any finite subset of I such that @ 3C,(acJ) & @ IP(x e 4), then
M/N*M is the direct limit of f.g. R-modules S(4,J) where 0—
D3C(aecJ)—@IP,(xe 4)— S(4, J)— 0 is exact. Since the first two
both have finite projective dimension, so does S(4, J). From Theorem
2.3 it follows that [.dim, M < [. dimz (M/N°M) < lfPD(R). Since M
was arbitrary with finite projective dimension, we can write that m <
lfPDR) < IFPD(R) < (m + 1).

4. Sufficient conditions that [FID(R) < «. We state the main
theorem of this section.

THEOREM 4.1. Let R be a semi-primary ring with radical N such
that
(@) for any projective (R/N?*-module P,

l.inj. dim, P < l. inj. dim, R/N®* < o .
() tf r = 3, then l.inj. dim, (N"™"YN") < .

Then l.inj. dim; R < oo, and IFID(R) = l. inj. dim, R.

Proof. Let M be an R-module of finite injective dimension over
R. Then it follows, in a manner similar to the proof of Theorem 3.1,
that [. inj. dim; N*M < m where m = max {l. inj. dim, C: C is a simple
R-module of finite injective dimension}. From the exact sequence
0—-N?*—->R—RIN*—0 it is evident that [.inj.dim,N?*=<m and
l.inj. dim, B < max (m, n) < oo,

Obviously, [.inj. dim, (M/N*M) < . M/N*M is an R/N*module
and therefore has a minimal R/N*-epimorphism 0 — K— P— M/N?*— 0.
As in the proof of Theorem 3.2, K is the direct sum of simple R-
modules of finite injective dimension. K is thus a direct summand of
a direct product of simple R-modules of finite injective dimension, and
we have that [.inj.dim, K < m ([3, Chapter VI, Exercise 7, p. 123]).
From the exact sequence in Ext for the second variable applied to the exact.
sequence 0 — K— P— M/N*M — 0 we deduce that [. inj. dim,(M/N*M) <
max (m, n) and hence [.inj. dim, M < max (m, n).

IFID(R) < max (m, n) < oo ,
and by Corollary 2.10, [FID(R) = . inj. dimg R.
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We remark that a semi-primary ring R satisfies condition (a) of
Theorem 4.1 if R is a left Artinian ring with [.inj. dim, (R/N?) =
n < oo, or if R/N*® satisfies (1) and (2) of Proposition 2.8 and
l.inj. dim, R/IN? = n < oo, In the first case we apply the well-known
fact ([2, Theorem 1.1, p. 19]) that the direct sum of modules of injective
dimension = % has injective dimension = »n for Noetherian rings. Thus
P a direct summand of a free K-module implies that the injective
dimension of P is less than or equal to the injective dimension of R.
In the second case we use the remarks prior to Proposition 2.9 together
with an exercise in C and E ([3, Chapter VI, Exercise 7, p. 123]) to
find that free R-modules and therefore projective R-modules have
injective dimension less than or equal to the injective dimension of E.

5. Examples. In this section we give examples which satisfy
Theorems 3.1 and 4.1 respectively. The construction is essentially that
given by Chase in [5].

Let R’ and R” be rings and X a left R’-, right R”-bimodule.
We form the ring R consisting of matrices (¢, x, 0, 2”) where a’' ¢ R’,
ze X, and a”’ e R”. Addition is componentwise and multiplication is
given by the equation

’ ’ "y __ [ ’ ” ”
(a{r xl: O; al,)(ab x?! 07 (1/2) - ((1/1(12, alxz + xlaz ’ 01 a/l a';,) .

Chase proved the following proposition.

ProrosiTioN 3.7 ([5, Lemma 4.1, p. 17]). Let R be as above, and
suppose further that R’ is semi-primary (respectively Artinian) with
radical N’ and R” is semi-simple (with minimum conditions). Then
R is semi-primary (respectively Artinian) with radical N consisting of
the matrices (¢/, z, 0, 0) where ¢’ € N’ and x € X. Moreover gl. dim R =
max (gl. dim R’, 1 + [. dim; X).

If G is the finite group of order 2 and K is a field of characteristic
2, then K(G), the group algebra, is a quasi-Frobenius algebra with
nonzero radical N(G) such that N(G)* = 0 ([9, p. 7]). Eilenberg et al.
([8, Proposition 15, p. 94]) have shown that for each positive integer
m, there exists a semi-primary ring R, with radical N, such that
gl.dim R, = m and (N, # 0. Let R' = K(G)@ R” (ring direct sum).
The radical of R’ is N'= N(G) + N,.. We can suppose that R, is a
finite dimensional algebra over K. Then R’ is a vector space over K.

(i) Let R" =R, X= N’ and R” = K in Proposition 3.7. Then
the following facts hold.

(a) gl.dim R = l.dim; N = oo,

(b) l.dim, N =Il.dim, (N)Y < (m — 1) if 7 = 2.

(¢) [I.inj.dimg; R = max {l. inj. dim, R’, l. inj. dim, N’}
= [.inj. dimg N’ = .
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Thus we have an example of a semi-primary (Artinian) ring satisfying
the hypotheses of Theorem 3.1 but not those of Theorem 4.1.

(ii) Suppose that (N')?= (N,)?+# 0 and (N')** = (N )" = 0 where
¢g=2. Let R=R',X=(N")? and R"” = K in Proposition 3.7. Then
the following facts hold.

(a) gl.dim R = 1[.dimy N = oo,
(b) [.inj.dim; R = [.inj., R’ = m.
(¢) Il.inj.dim N7 = [. in]. dimg (N') = m.

This gives an example of an Artinian ring satisfying the hypotheses
of Theorem 4.1.
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THE COLLINEATION GROUPS OF DIVISION RING
PLANES II: JORDAN DIVISION RINGS

R. OEHMKE AND R. SANDLER

In this paper the authors continue their study of the col-
lineation groups of division ring planes (The collineation groups
of division ring planes I. Jordan division algebras, J. Reine
and Angew, Math, vel. 216, 1964). Some of the resulis
cbhtained for finite dimensional Jordan division algebras are
extended to a special class of infinite dimensional algebras.

As is well-known the study of the collineation group of a
projective plane 7 coordinatized by an algebra <# can be
reduced to the study of the autotopism group of # or the
group of autotopic collineations of =, 57°(x). The pair (a, b),
a, be .57, is defined to be admissible if and only if there
exists an element « in S77(x) with (1, Da =(a, b). Modulo
the automorphism group of .57, the determination of 5#(n)
is eguivalent fo the determination of all admissible pairs (a,
b) and coset representatives ¢,,; € 577 (x) such that (1, 1)oa,, =
(a, b). With either the assumption .<7 algebraic over its center,
or the assumptions characteristic of <7 not egual to 0 and
the centers of % and 7' (the algebra of all elements of <7
algebraic over the center of .27) equal, the admissible pairs
(a, b) are determined. Use is made of Kleinfeld's result on
the middle nucleus of Jordan rings (Middle nucleus = center
in a simple Jordan ring, to appear.) We also prove and use
the result that the algebra & consisting of all right multi-
plications R, is commutative, where f is in the subalgebra
generated by a and o ! over the base field,

Let R be any nonalternative division ring (i.e., (R — {0},:) is a
loop), and let m(N) be the prejective plane coordinatized by R. Then,
as is well known, the study of the collineation group of 7, G(x), can
be reduced to the study of the autotopism group of R, or the group
of autotopic collineations of =, H(w). If « is a collineation of 7, then
a e H(rm) if and only if (o) = (e0), (0)a = (0), (0, O)a = (0, 0). Now, in
[3], the pair (a, b) was defined to be admissible if and only if there exists
an element e H(w) with (1, I)a = (a, b), and it was shown that,
modulo the automorphism group of R, H(R), the determination of
H () is equivalent to the determination of all admissible pairs (a, b)
and coset representatives @,,, € H(7):

(1) (1, Dpas = (a, b) .
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The second part of [3] was concerned with planes coordinatized
by finite dimensional Jordan division algebras, and it was proved that
if R is a finite dimensional Jordan division algebra of characteristic
# 2,3, then (@, b) is admissible if and only if @ and b are elements
in the center of R, and coset representatives of ¢,, were obtained
for a, b in the center of R. In this paper, we shall prove the follow-
ing theorem:

THEOREM A. If R s a Jordan division algebra of characteristic
#+ 2, 3, and 1f either

(@) R 1s algebraic over its center, Z; or,

) R has characteristic = 0, and the center of R is equal to
the center of R'—the algebra of all elements algebraic over Z;
then (a, b) ts admissible ©f and only ©f a and b are both in Z.

We shall need a recent result of Kleinfeld in the proof of Theorem
A, and quote it here:

THEOREM 1[2]. If R is a simple Jordan ring of characteristic
+ 2, the three nuclet of R are equal.

This generalizes Theorem 15 of [3] and is useful in that with this.
result we need only show that an element, @, is in any one of the
nuclei of R in order to prove that a is in the center of R.

Our first step will be to prove some results about Jordan division
rings which are analogous to known theorems about finite dimensional
Jordan algebras, and which are necessary tools for this paper. Recall
that the linearized form of the Jordan identity can be written [1],

RxRZ'LD + Rmez —I_ Rsz‘w
(2) - szRz —I_ RZZR’M) —I_ Raprz
- Rz(zw) + RszRw + RwaRz
= Rz(mw) _]_ RszRw + RszRx ’
where R, is the linear transformation corresponding to multiplication

in R by the element x.
‘We now prove

THEOREM 2. Let a be an element of a Jordan division algebra,
R. Then a and a™ generate an associative subalgebra of R.

Proof. If R is finite dimensional over Z, this result is a trivial
consequence of the well known result [1] that any Jordan algebra is
power-associative. For the infinite-dimensional case, it suffices to prove:
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(3) a~lak = aF¢ for all ¢, k=1.

For 1=1, set ® = a*, 2= w = a in (2), and apply the last two result-
ing transformations to a™ to obtain

o (Byr+2 + 2R, R R,) = a7 (Ryk+2 + Ry R,R, + R,R,R,t),
or
a~'a*? + 2aF T = a7 e + [(@eF)ala + aF
which implies o*** = [(a"a*)a]a = a*R, = [(a"a*)a]R,. Since R is a
division ring, R, is nonsingular, and the last equation implies a* =
(a*aP)a = (@* YR, = (¢ 'a*) R,, which, in turn, implies a** = a a*.

Thus, (3) is verified for 2 =1. For ¢ >1, set z=a", y=a, 2 = a*
in (2) and apply the first two resulting transformations to o™

o (R,—1Ree+1 + Ror + R, R 1)
= @ (Rp+1R—1 + By + Ry—R,) ,
or,
(4) =Rt 4 g~igk + [(at)a]et !
= (¢"%a**N)a™ + a'a* + [a"a* e .
If we assume a~7a* = a*7 for all k¥ and all 5 < % + 1, (4) becomes

a—(i+1)ak+1 _|_ 2ak—i — 3a/k—i ,

which implies ¢~ a*+t = @*¢, which together with the truth of (3)
for 2 =1 and all %, completes the inductive proof of the theorem.

Another result which is analogous to a well-known theorem for
finite-dimensional Jordan algebras [1] is:

THEOREM 3. If R is a Jordan division algebra over a field
of characteristic = 2, and ©f a is any element of R, then the algebra
& generated by all R,, for xeFla, a™], 18 commutative.

Proof. In (2), set x =a™, w=a, z = a’, and get
(5) R, R,i+1 + R,R;i-1 + R;s = RyiniR,—+ + R,i-1R, + R, .

In [1], it is shown that the Jordan identity implies that R,:, R,:
commute for any «, and all 4, = 0. Thus, for ¢ =1, (5) can be
simplified to

(6) Ry-1Ryi11 = RyniRos .

Next, let x =a™, w=¢a’, 2= a in (2), and get
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(7) R,—2R,i11 + RyuR,—1 + B Ry
= Ry+R,—: + R,~1R,i + R,i—R, .

If © = 2, we can use (6) and the fact that R, R,i—: = R,i—R, to simplify
(7) to

(8) R,sRyi+1 = RynRyos .

Thus, for all ¢ = 3, R,; commutes with all elements in & generated
by R,~ and R,-.. Since the set of all R;, fe Fla™], is generated by
R, and E,- [1], we can conclude that for 7 = 3, R,: is in the center
of ©. Similarly, we can show that for 7 = 3, E,~: is in the center
of &. Next, we substitute in (2), x = 2 = a’, w = a™, and, using the
fact that R,—« is in the center of &, we conclude

(9) RyoR,—» = R,—2R,> .
Finally, substituting = 2 = a, w = a™?, and using (9), we can deduce
(10) R.R,-~.= R, R, .

But from (6), we know that R,-1R,» = R,R,~:.. Thus, we see that
R,-: commutes with R,, R,;, EK,-, and E,-:, and hence that R,—: is in
the center of &. Similarly, we can conclude that R,, R, R,— are
also in the center of &, and thus that & is commutative.

We now turn to the proof of Theorem A. Recall that in [3] the
admissibility of (a, b) for any nonalternative R was seen to be
equivalent with the isomorphism of R and a certain isotope of R, &,,,
obtained by recoordinatizing 7 with the new coordinate points () =
(), (0 = (0), (0, 0) = (0, 0), and (1, 1) = (a, b). Now, in [3],
(Sec. 9) the following theorem was proved but not stated explicitly.

THEOREM 4. If R is commutative, and if the middle nucleus of
R is equal to the center of RN and if FLR,] s commutative for all
xe R, then if S,, is commutative, S,, can be represented as follows:
8,,~ R, B, *), where

(11) rDy=2+y,

and multiplication in &,, is given in terms of multiplication in R:
(12) (y * 2) = [(yR*) (RA)IR R

Also, a*b™'e Z.

Notice that (12) is equivalent to

13) R, = RARBRZRIR, -
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Since if &,,, is to be isomorphic with R, &,,, must be commutative
and using Theorems 1 and 3, we have the validity of Theorem 4 in
our present study. From this point on, then we assume that &,, is
of the form given by Theorem 4 and wish to determine under what
conditions on the element a, R and &,,, are isomorphic.

We begin with

THEOREM 5. Let R be a Jordan division ring, of characteristic
# 2, 8, and let €,, be as in Theorem 4. Then if S,,, satisfies the
Jordan identity, we have

(14) R, = Ri[q(T — I) + I] Jor any © =0,
where

(15) T=R,R,,

and

1 e —1) )

(16) 6= ——F

Proof. This theorem for R finite dimensional is contained in [3]
(Sec. 10, Lemma 2). The proof for the infinite-dimensional case is
exactly the same, keeping in mind that Theorem 3 must be invoked
to let us permute elements of the form R,: and R,-;.

Assume now that R has characteristic p # 0. We shall prove
that Theorem 5, together with the Jordan identity for R imply that
a is algebraic over Z if &,, satisfies the Jordan identity. To see this,
observe first that for any k, (14) implies the equalities

17) Bo» = RBi? = Rrye = (RY)*,
since q;, = 0.

Thus, if ¢ = a?, we have
(18) R, = RE, for all k= 0.

Next, recall [3] that the linearized form of the Jordan identity for
&,,, can be written

szea—l‘R(zw)ZBa—1 + RwR;lRuz)Ru,—l + Rsz:lR(sw)Rt:l
(19) = R(zw)Ra_le + R(zz)Ra_lRu_lRw + R(a:w)R;lRa_le
= R(zw)Ra_leRa_l + RzRaHlRa;R(—z—lRw —I— RwRu—leRa_le .

We wish to prove a commutator identity:

THEOREM 6. If &,, satisfies the Jordan identity, then
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(20) [R,, Rix1] = (4 + 1) [R,, R.],

Jor i =0, ¢ = a?, and for all xc R.

Proof. In (19), let w =¢, #z = ¢'. Then we have
R,Ri+ + R,R,; + RuR,,
= RsnR, + R,sR, + R, R, ,
or,

(21) [B,,Ryi+1] = [Reei, Re] + [Roe, Reil -

Thus (20), for ¢ =1 is verified. If ¢ > 1, we apply our induction
hypothesis to the right hand side of (21), and write

(22) [R..,R.] = i[R0ei—1,R,] = {[R,R.Ri-,R,] .

But by (18), we can write R,R,—: = R,R:* = Ri = R, so (22) becomes
(23) [B.o,Rei] = i[R.oi,B]

which allows us to write (21) as

(29) [R,,Bein] = (@ + 1) [R.oi,Re]

and complete the inductive proof of Theorem 6.
Now in (20), if we set + = p — 1, we obtain

(25) [R,,R.:] =0, for all xe R,

but this is equivalent, in our case, to asserting that ¢ = a? is in the
center of R. Thus, as promised, we demonstrated that if &,, is a
Jordan ring, then a® = c€ Z, and a 4s algebraic over Z.

The completion of the proof of Theorem A is quite simple. If
@&, ,, satisfies the Jordan identity, and if a is algebraic over Z, then
a € R'—the algebra of all algebraic elements. Now, let a’, &’ be any
two elements of R', and consider R[a, o, a’], the subalgebra of R’
generated by a, o', a”. Since (19) holds for all z, ¥, ze R, it certainly
also holds for all x, y, ze R[a, o', a”’]. But in [3], it was shown
that if (2) and (19) hold for any commutative algebra, then a is in
the center of that algebra. Thus, a is in the center of Rla, o', a”]
for any o', a” € R’, which completes the proof of Theorem A.

As a final remark, we observe that [3] (Sec. 14), a coset re-
presentative ¢,, for H(w)/H,(R) was explicitly determined for every
admissible pair (a, b) for which both ¢ and b were in the center.
Thus, for those algebras satisfying the conditions of Theorem A, all
the coset representatives are actually known, and the collineation group
for such a plane is thus completely determined modulo the auto-
morphism group of the algebra.



COLLINEATION GROUPS OF DIVISION RING PLANES 265

REFERENCES

1. A. A. Albert, A structure theory for Jordam algebras, Ann. of Math. 48 (1947),
546-567.

2. E. Kleinfeld, Middle nucleus = center in a simple Jordan ring, to appear.

3. R. H. Oehmke and R. Sandler, The collineation groups of division ring planes I:
Jordan division algebras, J. Reine und Angew. Math. 216 (1964), 67-87.

INSTITUTE FOR DEFENSE ANALYSES






PACIFIC JOURNAL OF MATHEMATICS
Vol. 15, No. 1, 1965

ON NON-CONVEX POLYHEDRAL SURFACES IN E®

GEORGE H. ORLAND

In this note only the simplest type of non-convex polyhedral
surface will be examined. These surfaces will be characterized
as the only nen-convex polyhedral surfaces which have a con-

vex polar,

Proofs will depend upon the possibility of associating convex sur-
faces to the non-convex ones. Thus, by comparing a non-convex sur-
face with its convex “second polar”, it will be possible to discover
how bending affects the angles of the non-convex surface. In a similar
way the Gauss-Bonnet relationship will be verified.

The tools of vector analysis provide simple and efficient means for
keeping track of the sizes of angles on one side of a non-convex poly-
hedral surface. The triple scalar product, together with the rules for
its manipulation and expansion, will be used a great deal. Thus Lemma
1 expresses known facts in terms of these products. In this connection,
sgn [¢,t.t,] is to mean the algebraic sign of the triple scalar product
[t.i.ts] of the vectors t,, ¢, and ¢, Furthermore sgn [tt,t;] will only
be written when [¢t,t,] = 0.

Polyhedral corners. Let ¢,, -+, %, be an ordered set of vectors
in E* where k = 3 and any three consecutive vectors ¢,_,, ¢;,, and ¢,,,
are linearly independent. (All indices will always be reduced modulo
k.) The set of all vectors which are linear combinations of ¢, and t,,,
with nonnegative coefficients will be denoted by [],;.,. Furthermore
let the intersection of [J,.,; and [];;.; be no more than the origin
unless 1 = j,t—1=45+ 1, or 4 — 1 =75. When these conditions are
satisfied the collection of all vectors in the I, ., ’s will be called a
polyhedral corner. The origin is the vertex, the t’s are the edges,
and the [l;...’s are the faces of the polyhedral corner. The angle
between ¢, and ¢,., is the face angle ¢,,., of 1l,,.. The normal to
the face [I;... is the vector #,,,; = t; X t;2,. The exterior angle e,
formed by Il,-., and I];,;., will have the magnitude of the angle be-
tween n,_,; and n,,;.,, and the sign of [{,_.t;t;1.]. The dikedral angle
0, formed by II,_,,; and II,..; is 180° —e,. A polyhedral corner ¥
will be called convex if for each ¢, the plane of [],,., is a plane of
support for 2.

LEMMA 1. Let Y=2(t,) be a polyhedral corner. Then 3 is convex
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of and only if sgn[t,_.t;t;..] is constant.
Proof. Suppose Y is convex. It is sufficient to show that
sgn [ttt 1] = sgn [E;t; 10,4

for any 4. However ¢, , and ¢,., must lie on the same side of the
plane of JI, ., so this equality holds.

The ‘‘if’’ part of this lemma will not be used in what follows and
is only mentioned for completeness. For this reason the proof, which
is not trivial, will be omitted.

LeMMA 2. An ordered set of wvectors {t, «--,t,} determines a
convex polyhedral corner if and only +f sgn[t,_.tit;] is constant for
all ¢ and all 7 different from ¢ — 1 and <.

Proof. If 3 = 3(t,) is a convex corner, then sgn [¢,_.t.¢,.,] is con-
stant for all 4. For any particular ¢, the plane of [],_,; supports X
so that sgn [¢,_.t.t;] = sgn [, .t;t,..] for all  different from 7 — 1 and 4.

To prove the converse we must first show that the t,’s determine
a polyhedral corner. Since [¢;,_.¢;t;+.] # O for all ¢, any three consecu-
tive vectors are linearly independent. Now suppose the faces [, ,; and
IL;,;+. are distinet, and 4+ 5 and ¢ — 1 = 7§ + 1. Any vector common
to both of them is of the form at,_, + 8t;, = v¢; + ot;,,, where a, 8,70
are nonnegative. By taking the inner product of both sides of this
equation with £,_; X t, we get

0= V[ti—ltiti] + B[ti—ltitj‘l—l] ’

so that y=6 =0 and [I;.;NIl;;+s=0. Thus we have a polyhedral
corner X(t,). The hypothesis now implies that X(¢;) is convex.

Corners and polars. Starting with some given polyhedral corner
Y = 3(t,) we may ask whether or not the vectors mn,,;, %, ***, %_i,x
form the edges of a new polyhedral corner. For this to occur we
must first of all have every consecutive set of three of them linearly
independent. However

[ 1,000 r1502] = [Eitiiboral[tinititin] # 0,

so that this is automatically satisfied. The second condition, that non-
adjacent faces intersect in exactly the origin, need not be satisfied in
every instance. When the normals do form a new polyhedral corner
we call it the polar polyhedral corner, or just the polar of X, and
denote it by 2*.
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LEMMA 3. A polyhedral corner 3 = 3(t;) 1s convex if and only
if it has a polar Z® which is convex, and has sgn{n, M1 M;, i:1)
positive for all i and for all j different from i — 1 and 4.

Proof. Suppose Y is convex. Using Lemma 2, the existence and
convexity of 2? will follow from the positivity of sgn[n;_ .7, ;+1%;, ;1]
for all 4 and all j different from 4 — 1 and 4. This in turn follows
by expanding

[0, 0a5, 540 = (60 X)) X (6 X E)]= (65 X E540)
= [ti—1titi+1] : [titjtj+1]

and noting that, by Lemma 2, it is positive.

To prove the converse let sgn [n,_,,,7,,;.1M; ;1.] be positive for all
v and all 7 different from 7 — 1 and 7. The preceding equation tells
us that sgn[t,_.t¢t;..] = sgn[t,t,t;.,] for those same ¢’s and j’s. One
more application of Lemma 2 shows that 2(¢;) is convex.

There is still another way for a polyhedral corner to have a con-

vex polar. This would occur if the sign in Lemma 3 were taken to
be negative.

LeMwvaA 4. Let 3 = 3(t,) be a polyhedral corner with at least
Jour edges. Then sgn [titt;.,] ts constant as a function of j, where
J 18 different from © — 1 and ©, and alternates as a function of ¢ tf
and only 1f sgn[n,_, M M ;41 18 negative for all © and all j dif-
ferent from v — 1 and 1. When this is the case ¥ has a convex
polar. In fact X has exactly four edges.

Proof. The equivalence can be shown, in the following way, to
be a consequence of the identity

[ 1,030, 541] = [Eiibitirdd - [E:28504]
First suppose sgn [¢;t;t; ;] satisfies the hypothesis. Then

sgn [t;1t;4.] = sgnlt; i8]
= —sgn [t 1] = —sgn [ttt,.]

and sgn|[n,_,;Nn;;1M;,;+.] is negative. Conversely the negativity of
sgn [n;_y,M,01M;,;11] Shows that sgn[titt;.,] is constant as j varies,
and also that sgn [tt;t;..] = —sgn [¢,_it6.] = —sgn [t,_1t6;4]

When these hypotheses are satisfied, Lemma 2 shows that 37 exists
and is convex.

The expansion of (¢, X &) X (t; X t;,,) can be performed in two
ways to yield the identity
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[ttt alts — [t ]t = [Gt5t,000 — [atst;0t -
By hypothesis sgn [¢,t.t;.,] = sgn (—[¢:t.t;]) and
sgn [t.t;6;,,] = sgn (—[ttt;4.]) -

Now should sgn [¢,t.t;,,] = sgn [¢t;t;..], then the faces [I,. and I,
would intersect in points besides the origin. We conclude that

sgn [tit,t;,,] = —sgn [tit;t;.]

when neither 5 nor § + 1 is equal to 1 or 2. Now suppose X has five
or more edges. Then

sgn [t.t,t;] = sgn [£,t,t;] = sgn [ttds] = sgn [ttt

which is impossible. (It is easy to give examples of four-edged poly-
hedral corners which do satisfy the hypothesis.)

We shall call such non-convex polyhedral corners, which have con-
vex polars, saddle corners.

Bending a saddle corner. Starting with a saddle corner X = X(¢,)
we shall form X??, the polar of the polar of ¥, and see how it is related
to 2. An edge of 2? is m,,,, = ¢, X t;;, and a corresponding edge of
DAL

My = Ny_g,; X Nypur = (G X 8) X (& X tn) = [ttt -
Corresponding to the face angle ¢,,;., = J(t,, t;;)) of X is the face angle
Pl = Lmy, mi) = L itibonlts, [Btitialtin)

of 27?, Since
sgn [ttt ] = —sgn [t .ti],
Piir = 180° — @, ;1;. Corresponding to the dihedral angle
0; = 180° — sgn [¢,_t:t; ] ST (Wi, My500)
of 2, the dihedral angle of X7* is
0; = 180° — sgn [m,_mm, ., I (m;_, X m;, m; X m;,,) .
Now

sgn [m;_ymm;.,]
= sgn [[t;_t, 1t ., [ttt a0t [Etiritisaltinnl
= 8gn ([ti—zti—xti]‘[ti—ltiti+1]2[titi+1t¢+z]) =+1,

and
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L(m,_y X my, My X M)
= [t ot b1t X [ttty alts, [ttt X [Eiitisaltin)
= (=M1, —Niyin1) = L(Mia,5 Piign)

Thus
0; = 180° — L(My_1,5, Miia) -

The second relation will be used to obtain the following result. The
first will be used later.

BENDING THEOREM. Let 3 = 2(t) and I' = ['(r,) be two saddle
corners whose corresponding face angles are equal. Let 6, be the
dihedral angle of X at t, and v, be the dihedral angle of I' at 7.
Then sgn (0, — 7v,) alternates as a function of 4, in the case where
Jor all 4, sgnir,_w»r,.] = —sgn[t,_itt...l. In the case where for
all ¢, sgn{r,_rr.] = sgnlt,_itit,..], either all 0, — v, have the same
sign or they are all zero.

Proof. The normal 7, X r,., to a face of I will be called s, ;...
In the case where sgn[r,_77;1 ] = —sgn [¢,_t1,..],

0, — ;= [1800 — 8gn [ti—liiti+l] L (i %i,i~i~1)]
- [1800 — sgn [7; 771 L (Sima, Si,i-u)]
= sgn [r, 17 [<(Si—1,i9 1,01 T LMy, nzwl)]

which alternates as a function of 4. In the case where
sgn [r,_ririn] = sgn [ titin] ,

8; — v, = sgn[r, 71l [@:(51@1,»:, Siier) — LM, W/i,in)]
= 8gn [ﬁ-lﬂ"'ﬂ-x]{[lgoo — LN,y ni,i+1)]
- [1800 — L(Bi1,iy Ss,i+1)]}

= sgn[r,_r7ria]-0; — 7)),

where 4. and 7, are dihedral angles of ¥** and I'*® respectively, cor-
responding to 6; and <, respectively. We are now able to apply a
well-known ‘‘four vertex’’ theorem [1, Chapt. II, p. 12] to the two
convex polyhedral corners 377 and 7'??. For the situation we are con-
sidering, this theorem states that either 8; — v} is zero for all 4, or
is zero for no 7 and alternates in sign as a function of 4. Since
[7._7:7:1] also alternates in sign, the assertion is proved.

This theorem has the following interpretation when we think of
the saddle corner as having hinged edges. Picture the corner being
bent and thereby having its dihedral angles altered. Then all of its
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dihedral angles will be altered in the same direction provided it remains
a saddle corner throughout the process.

The case where the signs alternate arises in the following way.
Take a saddle corner, form a mirror image of it, and ‘‘bend’’ this
mirror image. Then compare this last corner with the original one.

The Gauss-Bonnet result. In [2] Polya discussed and proved a
version of the Gauss-Bonnet theorem for convex polyhedral surfaces.
We shall extend his Lemma II to saddle corners. (His Lemma II is
just the statement of the G — B theorem for convex corners.) Other
methods will probably be needed to extend this lemma to general
non-convex polyhedral angles.

Let Y be a saddle corner so 3? is convex. Call —K the (negative)
total curvature of 3 which is, in magnitude, equal to the solid angle
included by 2*. Since (2??)* is X? (or its mirror image), the total
curvature of 377 is just K. The total geodesic curvature can be found
by taking a polygonal path around a polyhedral corner and computing
the total change in direction along this path. This turns out to be
exactly the sum of the face angles for that corner. The G — B theorem
is valid for 27 so K + @i, + +++ + @i, = 360°. The sum of the face
angles of Y is

Prs+ 20+ Py = (180° — 1) + -+ + (180° — #i,)
=T720° — (pl, + +++ + L) .
Therefore
(—K) -+ (@1,2 A e A+ (]74,1)

= —K+720° — (p1, + +++ + @i)
= 720° — 360° = 360° ,

and the G — B theorem is valid for 3.
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COLLINEATION GROUPS
OF SEMI-TRANSLATION PLANES

T. G. OSTROM

This paper consists in an investigation of the collineations
of a class of planes constructed by the author. The construction
consists of replacing the lines of a net embedded in a given
plane by subplanes of the same net.

For the case in question, the given plane is the dual of
a translation plane. The full collineation group of the new
plane is isomorphic to a subgroup of the collineation group
of the original plane. The main point of the argument is to
show that the new planes admit no collineations displacing
the line at infinity,

I. In[2], the author introduced a new class of affine planes. These
new planes were obtained by a construction which consists of starting
with a plane which is the dual of a translation plane and modifying
some of the lines. By the very process of construction, a part of the
collineation group of the original plane is carried over to the new
plane.

However, the full collineation group for these new planes has not
been previously determined; in particular, it has not been known
whether there are any collineations displacing the line at infinity. In
this paper, we show that (with mild restrictions on the nature of the
original plane) the full collineation group on each new plane is precisely
the group “inherited” from the original plane.

II. Preliminary definitions and summary of previous results.
We shall be using Hall’s ternary [4] and certain slight modifications
of the ternary as coordinate systems for planes. The point at infinity
on the line ¥ = xm will be denoted by (m); the point at infinity on
o = 0 will be denoted by (o).

In any case where the coordinate system contains a subfield ¥ it
should be understood that small Greek letters (with the exception of-
© and o) denote elements of .

For any affine plane II and any set & of parallel classes, the
system consisting of the points of /7 and lines belonging to the parallel
classes in & will be called a net N embedded in II. If (m) is the
point at infinity corresponding to some parallel class in N, we shall
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find it convenient to speak of (m) as “belonging to N.”
A quasifield (Veblen-Wedderburn system) will be said to be a left
quasifield if the left distributive law, a(b + ¢) = ab + ac, holds.

Let ¥ be a coordinate system with associative and commutative
addition. If ¥ contains a subfield §§ such that

(1) a(a + B) = ax + af
(2) (aa)B = a(afB)
(3) (@ + b)a = aa + ba

for all @, b in T and all o, B in §, we shall say that T is a right
vector space over .

If lines whose slopes are in % can be represented by equations
of the type ¥y = xa + b, we shall say that ¥ is linear with respect to
5.

Now let T be a left quasifield of order ¢*(q > 4). Suppose that
% is a right vector space over a subfield & of order q. Let IT be the
affine plane coordinatised in the usual sense by Z. (Note: The line
of slope m through the origin is written ¥ = xm rather than with m
on the left.)

We can then define another plane I7 [2] whose points are
identical with the points of I7. The lines of /7T are of two kinds:

(1) Lines of /I which have finite slopes not in ¥
(2) Sets of points (x, ¥) such that x = aa + ¢, y = af + d,

where a # 0, ¢, d are fixed elements of ¥ while « and 8 vary over
5.

Now the lines of type (2) may be identified with subplanes (of
order q) of II. If a permutation ¢ on the points of II induces a
collineation of either II or II which carries lines of type (1) into lines
of type (1), then ¢ induces collineations of both planes. If ¢ is a
translation (elation with axis L) of either plane, then ¢ is a transla-
tion of both planes [3].

Now let ¢ be a fixed element of ¥ which is not in . Each
element of ¥ can be written uniquely in the form ta + 5. The lines
of II can be written in a more convenient form if each point is
assigned new coordinates as follows:

If (v, y) = (& + &, 9, + ), let
(5; g) = (t§1 + Ny, t€, + 772)-
Define a new operation * such that
(&, + NN, + N,) = t&; + 7, is equivalent to
(t& + Ez) (t)u1 + /,!2) - t771 + 7 (tE] + Ez)*xz = &N + Niks ,
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where n, == 0 and N (Epe, + f8) =t + N\,
See reference [3].

Then the lines of I7 can be represented by equations of the fol-
lowing forms:

Type (1): §=@ —a)prm + B, meF

Type (2): Yy=20+borx=c.
Let II, denote the affine subplane of /7 which is coordinatised by &
in ; let 7, be the affine subplane of // which is coordinatised by ¥ in
T. Then II, is the set of points for which # = 0; 7, is the set of
points for which & = 0.

The plane I admits all translations of the form (x, y) — (x,y +
b). The points of I7,(x = 0) are in a single transitive class under this
group of translations—which also acts as a group of translations on
IT. There will be further translations if and only if there is some
element ¢ such that (x + ¢ym = am + e¢m for all  and all m. If
there are no further translations, /7 is what we call a strict semi-
translation plane; we shall say that T is a strict left quasifield.

I11. The collineation group. It is well known that a net can
be coordinatised in much the same fashion as a plane. If the net is
embedded in a plane, a coordinate system for the plane induces a
coordinate system for the net, provided the lines x =0, ¥y = 0 and
y = « all belong to the net. Conversely, any coordinate system for
the net can be extended to form a coordinate system for the whole
plane.

LEMMA 1. Let N be a net with q + 1 parallel classes. Let N
be coordinatised by a system €, let F be the subset of € such that
xa 1s defined for all x in €, all @ tn §. Suppose that

(1) Addition in € is associative.

(2) F s a field of order q with respect to addition and
multiplication in €.

(3) The additive group in € is a right vector space over F.

(4) € 18 linear.

Then N can be embedded im a Desarguesian plane.

Proof. The additive group is isomorphic to the additive group of
a fleld £ which is a quadratic extension of . For instance, if ¢ is
odd, multiplication in & may be defined as follows

(t&, + &) o (N + >\'z) = tE N, + ENy) + (06,0, + &)

where ¢ is a fixed nonsquare element of § and ¢ is a fixed element
not in . Then the net N will be embedded in the Desarguesian plane
coordinatised by &.
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LEMMA 2. Let € be a left quasifield coordinatising a plane II
of order ¢*. Suppose that (1) T is a right vector space over a
subfield F of order q and (2) T is linear with respect to F. Let T
be any other coordinate system for Il subject to the following condi-
tion (a). The point () is the same for both T and T, (b) T’ is an
extension of a coordinate system for the net N consisting of those
parallel classes whose slopes in T are infinite or belong to F.

Then T’ s also a left quasifield satisfying conditions (1) and (2).

Proof. The plane IT is a dual translation plane with special point
(c0). This implies that ' is a left quasifield.

It follows from Lemma 1 that any coordinate system for N must
have properties (1) and (2). These properties will carry over to <'.

We now return to the construction discussed in part II. It is to
be understood that £ is a left quasifield of order ¢* which is a right
vector space over a subfield of order ¢, that T is linear with respect
to ¥, and that /7 is the new plane introduced in part II.

Since we shall ultimately be concerned with collineations which
might displace the line at infinity, we shall want to deal with the

projective version of /7. We modify our previous notation so that (m)
denotes the point at infinity on y = x*m.

THEOREM 1. If T 4s a strict left quasifield, then the affine
collineations of II are precisely those which it shares with II.

Proof. For each a in §, there are exactly g translations of I7
with center («). Likewise, there are ¢q translations with center (co).
If £ is a strict left quasifield, so that /I and II admit exactly ¢*
translations, we have exhausted the translations in I7.

This implies that no affine collineations of /7 carry a line of type

(1) into a line of type (2). Hence every affine collineation of /7 is a
collineation of II.

LEMMA 3. Suppose that [T admits a collineation which carries
the line at infinity into some line L. Then, without loss of
generality, we may take L to be T = 0.

Proof. By Lemma 2 of [3], L is some line of type 2, hence L
consists of the set of points of an affine subplane of /I. By Lemma
2, we can choose a new coordinate system £’ for /I such that this
subplane is coordinatised by a field of order ¢ and ¥’ is a left quasifield
satisfying (1) and (2) of Lemma 2. If ¥ is initially chosen in this
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way, L has the equation £ = 0. Since the basic construction consists
of replacing lines by subplanes (see [3]), the change of coordinate

system for /I does not alter the nature of II.

LEMMA 4. If IT admits a collineation carrying L. into T =0,
multiplication in T takes the form

(tal _}— 181) * (taZ + 82) - t[h(aly aZ) - /31“2 + al/BZ]
+ [Bla;l h(al) aZ) + k(ali a?)
- 53“(1 a2 + 181 182] al :/: 0

and

Box (ta, + B,) = ta, B, + B, By + B(B,, a,)

where h, k, and R are functions from § X § into F.

Proof. By Lemma 2 of [3], (o) is the center of ¢ elations with
axis ® = 0. These collineations act on /T in such a way as to leave
I, pointwise fixed. Since x =0 is fixed in I, II, is fixed (not
pointwise) in /7. Thus we have a group of elations of /7 which is
transitive on the ¢ points of /7,0 L.. — (o).

There is a similar group of elations in II which has center (o),
axis © = 0, and is transitive on the points at infinity of II, (excluding
the point at infinity of x = 0). These collineations carry over into /7,
appearing as collineations which leave 7/, pointwise fixed. The col-
lineations leaving 17, pointwise fixed impose automorphisms of 7' which
fix each element of F. The elations of /I with center () and axis
@ = 0 impose the “partial distributive law” ax(b + a) = ab + ax a, be g,
aecP, on T. Lemma 4 then follows from Theorem 2 and 3 of [1].

LEMMA 5. Under the conditions of the previous Lemmas, T has
the property that if bxa = — 1, then bx(axm) = (— 1) xm for all
m in I.

Proof. The proof is essentially the same as the proof of Theorem
11 in [1].

LEMMA 6. Under the conditions of the previous lemmas, there
exist functions f and g such that hia,, o) = fla)a,, kla,, a,) = g(a)a,.

Proof. Given ta, (o, #0), let ta, + B, be determined so that
to, * (tay, + B,) = — 1. By Lemma 4, A(a,, ) + a3, = 0

ko, o)) = — 1.
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By Lemma 5, we have ta, * (fayy + ByY) = — v, which is equivalent
to the pair of equations

e, a;v) + aBy =0
k(au 0(2'7) = —".

Now, by Theorem 11 of [3], T is a right vector space over ¥. In
particular, (ta, + B) * B, = ta,5;, + B.5,. From this, and our definition
of a,, we know that a, % 0. We easily get k(a,, a,Y) = k(a,, o)y for
each nonzero «;, and v in F, where «, depends on «,. Letting a,y =
a, we get k(a, o) = k(a,, a,)a;’a = g(a)a.  Moreover, (e, 0) = 0.
This establishes the part of our L.emma that pertains to k. A similar
argument works for h.

THEOREM 2. Under the hypotheses of Theorem 1 and the addi-
tional requirement that q > 4, Il admits no collineations displacing
L.; the full collineation group of II is the group of affine collinea-
tions which it shares with II.

Proof. The relations between the multiplications in 7 and T is
reciprocal, i.e.

(tfl + 771) (t/\’]. + Xz) = t&, + Ny, =
(6 + &) x(fpy + ) =1+, i N #0,

where M@+ )=t + N,

Let us assume that /I does admit a collineation displacing L.. We
shall show that we must have ¢ < 4. Now let », =0, &, # 0, A, = 0.
We have:

(tél + 7’/1) (thx) = t&, + 7%,
is equivalent to
(&, + 52) * (I — At RO"ly Kfl)) =1+ N,

which is in turn equivalent to the pair of equations (by Lemmas 4
and 6)

7= FEINT — ENTY — ENTR(, AT
Ny = EET FEINT + gEINT — ELET AT — &N RB(N, AT

Let R(n, 2 = S(\,). Solving for &, and 7,, we get

(& + 1) (t\) = t[f(&) —.& S(xl) — >‘41]
+ [9EINT + FEIET — SO — e
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By hypotheses, T is a left quasifield which is a right vector space
over ¥. Hence

(&1 + 1) [ty + ] = (& + 1) (En) + (86, + 7)) (L) .

Carrying out the multiplications in the above equation and separating
the components, we get the two equations

FE) =& SO+ 1) — (v + o) = [F(E) — &SO) — pn]
+ [fE) — &8S() — ],
gE) (v + )7+ fEIMET — SO+ 1) — ET(NV + 1)
= [gEINT" + fEIMET — 7 S(N) — BEETA]
+ [gE) ™ + F(&) néET — nuS() — 7L éT .

Eliminating f(&,), we find that the terms involving S also drop ‘out
and we get

gE) v+ )yt =g G N+ gD

Now if g(¢&) = 0, then (¢£) (t\) = [ f(&) — £S(\))]. But the solutionTof
any equation of the type (¢§) x = ¢8 is ¢ = &7'8, which is in .
Since th ¢ ¥, we have a contradiction. We conclude that g(¢&,) = 0.
Hence we must have (A + p)™' = A" 4 g7 for all A, ¢ in §F except in
the cases that )\, ¢, or A + ¢ is zero.
With ¢ = 1, this equation is equivalent to

MA4nN+1=0 v+#0, —1.

Hence % can contain at most 4 elements. Since we assumed g >4,
the theorem is proved.
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ON ANTI-COMMUTATIVE ALGEBRAS AND
GENERAL LIE TRIPLE SYSTEMS

ARTHUR A. SAGLE

A general Lie triple system as defined by K. Yamaguti, is
considered as an anti-commutative algebra A with a trilinear
operation [z, ¥, 2] in which (among other things) the mappings
D(x, y): 2 — [z, y 2] are derivations of A. It is shown that
if the trilinear operation is homogeneous, and A4 is irreducible
as a general L. t, 8. or irreducible relative to the Lie algebra
I{A) generated by the D(x, y)’s, then A is a simple algebra.
The main result is the following. If A is a simple finite-
dimensional anti-commutative algebra over a field of charac-
teristic zero which is a general L. t. s. with a homogeneous
trilinear operation [z, ¥, 2], then A is (1) a Lie algebra; or (2)
a Malcev algebra; or (3) an algebra satisfying J(z, y, 2)w =
Jw, x, y2) + Jw, y, z6) + J(w, 2, xy) where J(x, y,2) = axy-2 +
yz-% + 2x-y., Furthermore in all three cases I(A) is the deriva-
tion algebra of A and I(A) is completely reducible in A.

1. A general Lie triple system (general L. t. s.) has been defined
in [6] to be a vector space V over a field F' which is closed with respect
to a trilinear operation [z, ¥, 2] and a bilinear operation xy so that

(L.1) [, y,2] =0,

(1.2) @ =0,

(L.3)  [2,y, 2] + [, 2, 2] + [2, 2, 9] — (ey)z — (y2)o — (z2)y = 0,
(1.4)  [we, y, 2] + [zy, w, 2] + [yw, @, 2] = 0,

1.5 [, v, wl, », y] + [lv, w, ], w, y]
+ [lU, U, [w7 €, y]] + [wy €, [71/, v, y]] =0,

(1.6) [w, ®, yz] + z[w, @, y] + y[z, w, 2] = 0.

A general L.t.s. is an extension of a Lie triple system used in dif-
ferential geometry and Jordan algebras. Next we note that if V isa
Lie algebra with multiplication xzy, then V becomes a general L.t.s.
by setting [x, v, 2] = (xy)2. As an extension of this it was shown in
[7] that if V is a Malcev algebra [2] with multiplication 2y, then V
becomes a general L. t. s. by setting [z, v, 2] = — (xy)z + (y=)x + (22)y.

Received January 23, 1964. Sponsored by the U.S. Army Research Office
(Durham) and by NSF Grant GP-1453.
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In this paper we shall take the point of view that a general L.t.s.
is an algebra A with multiplication xy satisfying (1.1) — (1.6); that is,
A is an anti-commutative algebra with linear transformations

D(x,y): A— A:z—zD(z,y) =[x, ¥, 7]

for all z,yc A satisfying (1.1)-(1.6). Thus from (1.6) we see that
each D(z, y) is a derivation of A satisfying various identities. Motivated
by the above examples we shall assume that the trilinear product
[x, ¥, 2] is a linear homogeneous expression in the products of =, vy
and z. Thus using anti-commutativity we assume there exist fixed «,
B, 7€ F so that

(1.7 [z, 9, 2] = axy-z + Byz-x + 72x-y.

With (1.7) as the form for the trilinear operation, we next consider
irreducibility conditions on A. First suppose A is irreducible as a
general L.t.s.; that is, A has no proper general L.t.s. subspace B
so that [B, A, A]CB, then A is a simple algebra. For if B is a
proper ideal of A, then from (1.7) B is general L.t.s. subspace so
that [B, A, AJcB. Next let I(A) be the subspace of the derivation
Lie algebra D(A) generated by all derivations of the form D(z, y),
then from (1.5) I(A) is a Lie subalgebra of D(A4) under commutation.
If A is I(A)-irreducible, then by (1.7) A is a simple algebra.
Motivated by these remarks the main result is the following

THEOREM. If A is a simple finite dimensional anti-commutative
algebra over a field of characteristic zero with a wnonzero trilinear
operation [x, y, 2] satisfying (1.1)-(1.7), then

1) A s a stmple Lie algebra with S =7, « — 8=1; or

(2) A 1s a simple Malcev algebra [4] with a = — 1, 8=v=1; or

(B) A is a stmple algebra satisfying J(x,y, 2)w = J(w, x, yz) +
J(w, y, zx) + J(w, z, xy) with a=1/2, B8=v=1/4 and J(x,y, 2) =
Y2 -+ yz-x -+ 2x-Y.

Furthermore in all three cases I(A) is the derivation algebﬁm of A
and I(A) s completely reducible in A.

It should be noted that since the trilinear operation [x, ¥, 2] given
by (1.7) is homogeneous, any nonzero scalar multiple would also be an
admissible trilinear operation. Therefore all superfluous nonzero scalars
will be eliminated to obtain the final above normalizations for «, 8
and 7.

2. TIdentities. We investigate the identities (1.1)-(1.7) with the
assumption that A is a simple finite dimensional anti-commutative
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algebra over a field F' of characteristic zero and with multiplication
denoted by xy. From (1.1),

0=z, 2y =axxy+ Bayx+vyzx
= (8 — ") xy-=.

Thus v =8 or zy-x = 0 for all z, ye A. Suppose this last equation
holds then we must have

xy-z + xyz =0 x, Y, 2€ A.

Now let 0 £ be A4 and consider B = bA. B is an ideal of A; for if
Yy, z€ A, then by-z = — b-yz. Thus B=0 or B= A. B = 0 implies
bF is an ideal of A and therefore A = bF. This implies A>= 0, a
contradiction to the simplicity of A. But if R, or ER(x) denotes the
mapping a — ax, then B = A implies R, is surjective and since A is
finite dimensional, E, is injective. This contradicts 8R, — 0 with b = 0.
Thus we must have v = 5.

From (1.2), xy = — ya which is just the statement that A is
anti-commutative.

From (1.3), v = B and setting J(x, ¥, 2) = xy+2z + yz-x + 22y we
have

J(z, 9, 2) = afxy-z + yzw + z2-Y)
+ Blyz-x + 2wy + xy-2)
+v(e-y + wy-z + yz-w)
- (a '!— 218) J((L', y’ Z’) .

Thus if A is not a Lie algebra we have
2.1 l=a+25.

In case A is a Lie algebra, then 8=~ and D(z, y) = (8 — «) R(xzy).
The remaining identities give no more information and therefore the
first part of the main theorem is proved by setting 8 — a = — 1.
Henceforth A is assumed to be a non-Lie algebra.

From (1.4) we obtain

0 = af(wz-y)z + (vy-w)z + (yw-x)z]
+ Blyz-wa + wz-xy + 22-YWw
+ @rwa)y + (z-ay)w + (2-yw)w]
= aJ(w, z, ¥)z
+ Blyz-wx + (z-wx)y + (wr-y)z — (we-y)z
+ wz-axy + @-xy)w + (2y-w)z — (Y- -w)z
+ xz-yw + (2-yw)z + (Yw-x)z — (yw-x)2]
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= ad(w, z, y)z — BJ(w, , y)z
+ By, z, we) + J(w, 2, 2y) + J(=, 2, yw)] .

Thus
(2'2) (C( - 18) J(’I,U, &z, y)z = B[J(Z, ’l/l), .’Ey) + J(z’ %, yw) + J(Z, y9 wx)] .

From (2.2) we see that 8+ 0. For suppose 8 =0, then from (2.1),
a =1 and from (2.2), J(w, z, y)z = 0. Now if J(A4, A, A) denotes the
subspace spanned by the elements J(w, z, y) for all w, z, ye A we see
that J(A, A, A) is a nonzero ideal of A and so A = J (4, 4, A). But
J(w, z, y)z = 0 implies A* = 0, a contradiction.

We rewrite (1.5) in terms of the derivations D(u, v) by operating
on ¥ in (1.5) to obtain

(2.3) [D(w, ), D@, w)] = D(wD(v, u),x) + D(w, D(v, w)) ,

where for linear transformations S and T, [S,7T]=ST — TS. We
shall not use this identity since a straightforward computation, as
suggested by the referee, shows (1.6) and (1.7) imply (1.5).
Next using [z, vy, 2] = (@ — B)xy-z + BJ(x, ¥, z) we obtain from
(1.6),
0=(ax— Bwx-yz + BJ(w, x, yz)
+ (@ — B) 2(wz-y) + Bz J(w, x, y)
+ (¢ — B) ylaw-2) + By J(z, w, 2)

and therefore
(2.4) (a — B) J(wz, y, 2) — BJ(yz, w, x)
— B[J(wy T, z)y - J(w’ L, y)z] .
3, Proof of main theorem. We shall investigate first the

restrictions imposed by (2.2) and (2.4). In (2.4) set w =y and z2==2
to obtain

(a — 2B) J(»y, x,y) = BlJI(y, », x)y — J (¥, z, y)x]

=0.
Thus we have
Case 1. J(xy, z,y) =0, or
Case 1II. a=28.

We shall show that in Case I, A must be a non-Lie Malcev algebra
(since we are assuming A is not a Lie algebra) and that Case II yields
an anti-commutative algebra satisfying J(z, ¥, 2)w = J(w, x, yz) +
J(w, y, 22) + J(w, 2, zy) .
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For Case I we linearize J(xy, «, y) = 0 to obtain

(3.1) J(we, y, 2) + J(yz, w, x) = J(wy, z, x) + J(zx, w, y),
(3.2) wd(z, ¥, 2) — xJ(y, 2, w) + yJ (2, w, ®) — 2J(w, x, y)
= 3[J(we, y, 2) + J(yz, w, 2)] .

Using (3.2) and (2.2) we have

3 (a — B) [J(w, y, 2) + J(yz, w, )]
= (a — B) [—J&, y, )w + Jy, z, wx — J(z, w, )y + J(w, =, y)z]
= B[—J(w, x, yz) — J(w, y, zx) — J(w, 2, xY)
+ J(z, ¥, 2w) + J(x, z, wy) + J(x, w, yz)
— J(y, z, wx) — J(y, w, x2) — J(y, x, zw)
+ J(z, w, 2y) + J(z, x, yw) + J(z, y, wx)]
= B[2J(zy, z, w)+ 2J(zw, , y)
— 2J(wz, ¥, z) — 2J(yz, w, x)
+ 2J(wy, x, z) + 2J(xz, w, y)]
= — 68 [J(wx, ¥, 2) + J(yz, w, x)] , using (3.1).

Thus a—B=—26=+0 or
3.3) Jwz, y, 2) + J(yz, w, x) = 0.
Now in case & — 8 = — 28 we have from (2.2),

22J(w, x, y) = J(z, w, 2y) + J(z, x, yw) + J(z, y, w)
and using this identity with (3.1) we have

2wl (w, z, y) = J(w, z, yw) + J(w, y, w)
= 2J(w, x, yw) .
Thus A is a Malcev algebra. Using the results of [3] we may assume
a=—1, §=v=1. Also from [3] the derivation algebra equals I(A4)

and I(A) is completely reducible in A.
So we next assume A satisfies (3.3), then using (2.4) we obtain

[44 J(wxy y7 Z) = B[J(wy xr Z)y - J(wy xv y)Z] ’
and therefore
ale — B) J(ww,y, z) = Bla — B) [J(w, x, 2)y — J(w, x, y)z]
= By, w, xz) + J(y, x, 2w)
+ J(y, 2, wx) — J(z, w, 2y)

- J(Z, z, ’y'LU) — J(z; Y, wx)]’ using (2-2)
= 26 J(wz, ¥, 2), using (3.3).
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Thus Jwz, y,2) = 0, or
ala — B) = 28
In the first case, A is a Lie algebra which is a contradiction and in
the second case a = — B or 28. Thus as subcases we have
Case A. o« = — 8 and therefore . = — 1, f=v=1;
Case B. a = 28 and therefore o« = 1/2, B = v = 1/4.

First consider Case A, then from (2.2) and (3.3) we have

2wd(w, x, y) = J(w, w, xy) + J(w, z, yw) + J(w, ¥y, wx)
= 2J(w, x, yw)
and therefore A is a Malcev algebra. We shall next show that this

Malcev algebra of Case A actually does not exist. First for any
anti-commutative algebra A define the linear transformation 4(x, ¥) by

z A, y) = J(, 9, 2)

and let 4(A, A) be the linear space of transformations spanned by
these 4(z, y)’s for all z,ye A. Using (3.3) we have

0 = J(wz, y, 2) + J(w, z, yz)
= w(R, 4y, z) + Az, yz))

and therefore
(3.4) R, Ay, 2) = — 4z, yz) e 4(A, A) .
From identities (2.32) and (2.34) of [2] we also have
2 Ay, )R, = 2R, 4(y,2) — 2R(J(x, y, ?)) — 4 A(yz, x) € A(4A, A) ,

using also the preceding identity. Thus we see from these identities
that 4(4, A) is an ideal in the transformation algebra T(A4) which is
generated by R(A) = {R,:xc A}. But since A is simple, T(4) is a
simple asgsociative algebra and therefore 4(A4, A) = 0 or T(A) = 4(A, A).
But 4(4, A) = 0 implies A is a Lie algebra and therefore 4(A4, A) is
a simple associative algebra. But we shall next show that 4(x, ¥)* =
0 and therefore conclude that 4(A, A) have a basis consisting of
nilpotent elements. Thus 4(A, A) must be a nilpotent associative
algebra, a contradiction to the simplicity of 4(A, A). Hence Case A
does not exist. So to show 4(x, %)’ = 0 we have

—22 A(x, y) R(xy) = 2zy-J(w, y, 2)
= J(xy, x, y2) + J(2y, ¥, 22)
+ J(wy, z, xy)



ON ANTI-COMMUTATIVE ALGEBRAS 287

= J(x-yz, z, /]/) T J(y'zx’ @, y)
— J(z 2y, x, y), using (3.3)

= J(J(z, y, 2), ¢, y)

=2z A, y),
that is, 4(x, y)* = — 2 4(x, ) R(zy). But from identity (2.33) of [2],
Az, 4P = — 3 d(z, y) R(xy) and therefore Az, y)* = 0.

Next we derive more identities for Case B and use methods similar

to those used in Case A to show Case B does not exist either. Using

the notation from Case A we obtain again from (3.3) the identity (3.4).
Also with @ = 1/2, 8 = 1/4 in (2.2) we obtain

(3.5) J(w, z, Yz = Jz, w, xy) + J(z, z, yw) + J(z, y, wz) .
From (3.5) and (3.4) we have
Az, R, = — Az, 2y) — K, 4z, x) + R, 4z, y) e 4(4, A) .

Thus as in Case A we see 4(4, A) = T(A) is a simple associative
algebra. Next from (8.5) we also have
(3.6) B(J(w, , ) = d(wz, y) + 4y, w) + dyw, z),
and using (3.4) we obtain
A(QC, y)2 = [er RZI] A(ﬂ;, y) - R(ﬂ?y) A(xi y)

= RxRu A(xy y) - Rny A(ﬂé’, y) + A(wy9 xy)

= d(», y-oy) — Ay, z-2y) + d(zy, ©y)

= — dwy-w, y) — Ay, vy) — Ay -2y, )

= — R(J(xy, =, ¥))

=0,
where the last equality follows from (3.3). Thus as in Case A, we
conclude that Case B does not exist, this completes Case I.

Next consider Case II where a =28 % 0. From (2.2) and (2.4)
we see that A satisfies (3.5) and
(3'7) J(’M){X), Y, Z) - J(’_?/Z, w, CL‘)
= J(’M), €, z)y - J(’LU, €,y y)z .

Next we rewrite (3.5) and (3.7) in terms of right multiplications to
obtain (3.6) and

A(Z, wx) - Rz A(w’ x) - - R(J(w7 z, z)) - A(wv x)Rz ’
by operation on y in (3.7). Using this and (3.6) we have
dw, 2)R, — R, Ad(w, ) = — d(wz, 2) — d(xz, w)
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— Ad(zw, x) — A(z, wx)
= A(zx, w) — Azw, x) ;

(3.8) [d(w, x), R,] = A(zx, w) — A{zw, x) .
Now using (3.8) and the Jacobi identity we have

[4(w, »), 4(u,v)] = [dw, x), [R,, R,]] — [4w, x), R(uv)]
- - [[Ru; A(w’ x)]y RU] - [Rm [Rm A(w’ x)]
— [d(w, x), R(uv)] € 4(A, A) .
Thus defining the Lie transformation algebra of A, denoted by L(A4),

to be the Lie algebra generated by R(A) = {E,:x<c A} [5], the above
calculations prove

LEMMA 3.9. A4(A4, A) is a Lie algebra and L(A) = 4(A4, A).

For clearly 4(A, A) C L(A) = 2, M; where M, = R(4) and M, =
[M,_,, M|] for 72 >1. But also since A= J(4, A, A) we have from
(3.6) that M, 4(A, A) and since 4(A, A) is a Lie algebra, M;C 4(4, A);
thus L(A)C 4(A, A).

Next we consider the center C of L(A) = 4(4, A). Since A is
simple, 4(A4, A) is an irreducible Lie algebra over a field of charac-
teristic zero and therefore from [1, Th. 1], 4(4, A) = CP4 where
4’ is a semi-simple Lie algebra and C = {4e 4(A, A):[{4, T] = 0 for
all T'e 4(A, A)} .

LeMMA 3.10. C = 0 and therefore A(A, A) ts a semi-stmple Lie
algebra.

Proof. Let 4 =73, 4(x;, y;) € C, then for any u,ve A we have
(uv)d = — vR, 4
= — v4 R,, since R, c 4(A, A)
= —vd-u
=u-vd.
But next we have
(vu)d = =, vud (x;, ¥,)
= 3; J(vu, 2, y;)
=3, [J(@y;, v, w) — (@, y;, wv + J(@;, y;, v)u] ,
' using (3.7)
= J(z, v, u) — Sud(x;, y,)v + Svd(x;, y)u,
where z = Zx,y;
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= J(z, v, u) — ud-v + vd-u
= J(z, v, u) + v-ud — u-v4
= J(z, v, u) + (vu)d — (uv)4.

Therefore (uv)d = J(2, v, ) Where z = Zx,y, .

Case 1. z=3xy, = 0. Then (uv)4 =0 and since A= A*> we have
4=0.

Case 2. z=Z=ux4y, %+ 0. Then there exists we A with a = 2w = 0;
otherwise zF would be a nonzero ideal in A. Therefore

ad = w)d = J(z, w,z) =0

and K = ker 4+0. But K is an ideal of A. Forif xe K, y< A, then
(yx)4d = y-24 = 0 and therefore KAC K. Thus K= A which means
4=10. From both of these cases we conclude C = 0.

Next as for Malcev algebras we have the following

DEFINITION. The set N={ne A:J(n, A, A) =0} is called the
J-nucleus of A.

LemmA 3.11. If a, be A are such that J(a, b, A) = 0, then abe N.

Proof. Suppose J(a, b, u) = 0 for all we 4, then from (3.7)

J(ab, Y, z) = J(yzr a, b) + J(a, b7 Z)y - J(a’ b! y)z
= 0.
COROLLARY 3.12. N 4s an ideal of A which is a Lie algebra
and therefore N = 0.

CoROLLARY 3.13. R, ts a derivation of A if and only if
xe N=0.

Now let
D@, y) = LR, R]— ~R
’ 4 'z Y 2 2y
i.e. 2D(x,y) = [z,¥,2] = —;—xyz + —411— (yzx + zz-y) .

Then D(z, y) is an inner derivation, that is, D(x, y)e L(A) = 4(A4, A).
If I(A) denotes the linear subspace spanned by all such D(x, y)’s, then
we have

LemMA 3.14. The derivation algebra of A equals I(A) and I(A)
1s completely reducible in A.
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Proof. First we shall show that any derivation D of A in 4(A, A) is
actually in I(4). For let D= R, + (1/4) 3,|R,,, R,] € 4(4, A) = L(4).
Then write D = R(z + (1/2) 5; 2;y;) + Z;D(x;,9;). From this equation
R(z + (1/2)%; »,y;) is a derivation and therefore by Corollary 3.13 it
equals zero. Thus De I(A).

Next we shall show any derivation of A is in I(4). Since D isa
derivation [E,, D] = R(xD) and therefore using the Jacobi identity we
obtain [4(A4, A), D]|C 4(A, A). Now the map

A(A, A) — A(A, A): X —[X, D]

is a derivation of 4(A, A). But since 4(4, A) is a semi-simple Lie
algebra all derivations are inner and therefore there exists T € 4(4, A)
so that

(3.15) [X, D] = [X, T] for all Xe 4(4, A).

Now since A(zx,y) = [R,, B,] — RB(xy) = 4 D(z, y) + R(xy) we have,
using Corollary 3.13,

(3.16) 4(A, Ay = R(A) DI(4)

as a vector space sum. Therefore let 7 = R, + D, where D, < I(4)
and z€ A, then for any zc A,

[R., R.] = [R,, T — D]
= [R,, T] — [R,, D]
=|[R,, D — D,], using (3.15)
= R (zD),

where D = D — D, is a derivation. Therefore

R (x(D — 2R))) = R (D) — 2R (x2)
= 4D(z, ?) .

Thus R (x(D — 2R,)) is a derivation and using Corollary 3.13 we have
(D —2R) =0  for any z¢c A.

However this implies 2R, = D is a derivation and therefore 0= 2R, = D.
Thus from the definition of D we have D = D,e I(A) so that every
derivation of A is in I(A).

The last part of the main theorem is proved in a manner analogous
to the proof of Theorem 9 in [1]. We note from (3.16) that the
completely reducible Lie algebra 4(A4, A) is such that the subalgebra
I(A4) is splittable and has a complementary subspace, namely FE(A),
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which is I{4)-invariant (because [R,, D] = R(«D)). Thus from [1, Th.
5], I(A) is completely reducible in A and the proof of the main
theorem is complete.
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A CHARACTERIZATION OF FREE PROJECTIVE PLANES

L. C. SIEBENMANN

A characterization of free projective planes is given that
is more symmetrical than the original definition of M, Hall,
It tends to very simple proofs of two fundamental theorems
due to M, Hall and L. I. Kopejkina-one being the result that
every subplane of a free plane is free.

In a fundamental paper Marshall Hall defines a free plane to be
a projective plane which either is degenerate or is generated as follows
from a ‘basis configuration,” m,, consisting of at least two points on
a line together with two isolated points. For each pair of points not
already joined in 7, create a distinet line that joins them and add it
to m,. In the resulting configuration, 7, consider pairs of lines that
do not intersect, and for each create a distinet intersection point and
add it to m,, thus forming =w,. Continuing, construct =,, 7,, 7, 7,, ete.
adding alternately lines and points as indicated above. Then 7 = {J, %,
(with the obvious incidence relation) is a projective plane. It is by
definition a free plane. Hall proved that a free plane contains no
confined configuration, that is, no finite configuration that, like the
Desargues configuration, has =3 points on each line and =3 lines
through each point. Further, using a complicated argument, he showed
that, if a finitely generated plane contains no confined configuration,
it is free. It follows that any finitely generated subplane of a free
plane is free.

L. I. Kopejkina [2] proved, shortly after, that an arbitrary sub-
plane of a free plane is free. (Of interest is the analogy with free
groups.) An exposition of Kopejkina’s theorem appears in [3].

Because it suggests a more symmetrical definition of free plane
that leads to very direct proofs of the above theorems, we introduce
the notion of an extension process.

DEFINITION 1. An extenston process is a well ordered nested
sequence of partial planes m,crw, C -+ C7xw,C +-- (the subsecripts
0,1, -+, m, --- belonging to a well ordered set) such that if a point
p and a line I appear in a term 7, » > 0, and in no earlier term then
p is not incident with I—in other words, the new elements in 7, may
be incident in 7, with elements appearing in earlier terms, but have
no incidences among themselves. From this point we adopt as definition
the characterization of free plane we aim to justify.
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DEFINITION 2. A free plane is a (possibly degenerate) projective
plane, 7, for which there exists an extension process w, C T, & .-
Cr,C -+ with 7y = @ (the empty plane) and = = U. 7, such that
every new point [or line] in a term =, is incident in 7, with at most
two lines [points].

Immediately we can prove

TueEOREM I (Kopejkina). Ewvery subplane of a free plane is free.

Proof. If wis a free plane and m,Cm, C --- Cmw,C -+ IS an
extension process as above for z, then, given any subplane 7/, the
sequence 7, N 7' Cx Na' C --- Cxw, N7’ C -+ is visibly such an ex-
tension process for n'. So @’ is free. J

Some definitions and notations are collected in §2. In §3 the
result of Hall is proved. Our definition of a free plane is apparently
broader than M. Hall’s, In §4 we prove that the definitions are
equivalent.

2. A set of elements consisting of points and lines, together with
a relation of incidence between points and lines is said to form a
partial plane (or configuration) if every two distinct lines [points]
are together incident with at most one point [respectively line], (which
when it exists we call their jotn). If every two distinct lines [points]
are together incident with exactly one point [respectively line] the
system becomes a (projective) plame. A plane is said to be non-
degenerate if it contains 4 points no 3 of which are incident with the
same line, and otherwise is said to be degenerate.

If o and o are subpartial planes of the partial plane m, then
p+o (or pUo), pNo, and p — o are subpartial planes of 7 defined
in the obvious way.

A configuration p in a plane 7 is said to generate the least sub-
plane containing p©. This subplane is denoted by [p]. (or [@]) and is
called the completion of o in w. The plane 7 is finitely generated if,
for some finite configuration pcC x, [p] = 7.

An extension process, &, is regularly presented in the form & =
{r,;;ne N} where N={0,1,--+,n, ---} is a well ordered set. =,  will
denote Unen Tne & is said to act on 7, and have the result &(m,) =
U. 7w, It should be pointed out that the partial plane &(m,) need not
be a full projective plane. The & -stage (or simply stage) of an ele-
ment 2 € £ (7,) is the least » such that xex,. If n >0, v is said to
appear ot &£ -stage n; it is incident in 7, with certain elements called
its & -bearers (or bearers), and these must all lie in 7, = U< Tro
Elements in 7, (by convention) have no bearers. Observe that if ¢,
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is incident with v, and ¥ is not a bearer of x, then x must be a bearer
of y, for they cannot both appear at the same stage.

If p is a subpartial plane of © = & (r,), there is a naturally defined
restriction of & to @, denoted & (@, viz. {r, N P;ne N}. This is
apparently a process that acts on 7, N 0 with result p. Also there is
a naturally defined saturation of & by p, denoted & -+ p, viz.
{m, + p; ne N}. It apparently acts on w, + o with result z. We make
two simple but important observations.

(1) The bearers in &N P of an element x€ P are just those &-
bearers that lie in p.

(2) The bearers in & + p of an element ¢z, + 0 include its
& -bearers and in addition any elements of o incident with « in =.

If & and & are extension processes, & acting on 7, and &
acting on & (w,), then there is a naturally defined composition of &~
with & denoted & o & .

We call a process, &, (a) bound; (b) free; (c) hyperfree if for all
n >0 every new element of 7z, has (a) 2 2; (b) 2; (¢) =< 2 bearers.
Of course an extension process need not fall into any of these categories.
A free plane is by definition a plane which is the result of a hyper-
free process acting on the empty plane, O.

A bound process &, whose result, (), is a full projective plane,
is called a completion process for mw,. If p is a configuration in a
plane 7, there is a canonical completion process & = {0,;ne J*},
indexed on the integers =0, that acts on @ with result [0],. In fact
0o = p and p, is defined inductively as the subpartial plane of = whose
elements are those of o, ; together with all points [lines] of 7 that
are joins of lines [or points] of p©,_, resp. as » is even or odd.

3., Now we prove Hall’s result. Suppose 7 is a finite partial
plane having P points, L lines, and I incidences between the points
and lines. The rank of 7 as defined by Hall is

r(m)=2P+ L) —1I.

LemMA 1. Any finite partial plane, m, which contains no confined
configurations ts the result of a hyperfree process.

Proof. Set m, = m where m is the number of points and lines in
7. Since 7, is not confined, there exists some element x, € 7, which
is incident with =2 elements in x,. Define 7, _,C 7, to be 7, less
the element ,. Since 7, _, is not confined, the process may be re-
peated, and after exactly m steps we obtain n,= @. Then & =
{r;2=0,1, -+, m} is hyperfree and & (Q) = x.
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COROLLARY. The rank of a finite partial plane containing no
con fined configuration is monnegative.

Proof. In fact r(n) = r(x,) = ++- = (@) =0. |

THEOREM II (Hall). A free plane contains mo confined configu-
ration. A finitely generated plane that contains no confined configu-
ration s free.

REMARK. Kopejkina [2] constructed a plane (not finitely generated)
that contains no confined configuration, but is not free.

Proof. Suppose first that 7 is a free plane and & = {7,; ne N}
is a hyperfree process such that &# (@)= n. If p is any finite con-
figuration in 7, there is an element xze€ p having maximal & -stage,
m. Since ¢ is incident with at most two elements of x,, it obviously
cannot be incident with at least three elements of pcx,. Thus p
cannot be a confined configuration.

The proof of the second assertion depends essentially on our defi-
nition of free plane. Suppose that the plane 7 is generated by a finite
configuration 7, and that 7 contains no confined configuration. Let
¥ = {m,;ne J*} be the canonical completion process for m,. Observe
that each partial plane w, is finite and & (7,) = 7. Since & is bound
r(my) = r(m) = +++ = r(z,). But by the corollary above r(7,) = 0 for
all n. Hence for some integer m the minimal rank be attained, and
thereafter r(z,) will have this minimal value. But this means that in
the bound process & = {m,; n = m} every element has exactly 2 bearers
i.e., & is free. Now, by Lemma 1, x, = 7 (x,) where .~ is hyper-
free. So composing & with &~ we obtain a hyperfree process with
Go 7(D)=mr. |

4., This last section is devoted to proving that the adopted defini-
tion of free plane is equivalent to Hall’s.

LEMMA 2. Suppose F s hyperfree and © = F (w,) s a plane.
Then

1) & =F N[r] ts a free completion process for w, in T; in
Jact, for xe|rm)], the S -bearers lie in [m,] and coincide with those
i any completion process for w, in 7.

Q) F=F + |m) ts still hyperfree; in fact, for x¢lx,), the
F-bearers coincide with the F -bearers.

Proof. (1) Let & be any completion process for 7, in z#. If the
first assertion is false, let # be an element of least & -stage, m, for
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which the & -bearers do not conincide with the .&# -bearers. Clearly
m > 0. Then at least one of the =2 & -bearers of x, say ¥, must
fail to be an & -bearer. Since « ¢ 7, y must have x as an & -bearer.
But % doesn’t have z as an & -bearer and ¥ has & -stage <m. This
is a contradiction.

(2) Supposing the second assertion false, we have some x ¢ [7,]
with an .,-bearer y that is not an & -bearer and (hence) lies in
[7] — 7w, But x is incident with yérm,; so z¢[m,] must be an -
bearer of y e [7,] in contradiction to (1). N

REMARK. This lemma has a useful generalization in which x, is
replaced in (1) and (2) by a partial plane p C x, that is ‘complete’ in =,
(see [1, 4.3]). Then, in the proof of (1), the possibility that xzem,
must be eliminated.

DEFINITION 3. A free completion of a partial plane, 7, is a plane
7 which is the result of a free process acting on w,.
Again this seems less restrictive than Hall’s definition, but

TaEorREM III. Any two free completions of a partial plane w,
are related by o unique isomorphism that fixes m,.

Proof. Let & be a free completion process for w, and let & be
the canonical completion process for m, in & (w,). Clearly & (z,) =
[m] = & (m,); and according to assertion (1) of the above lemma, &
is free. The theorem now follows from the fact that, if & and &’
are two canonical free completion processes for m, there is a unique
isomorphism of #(7,) onto &'(w,) that fixes 7. J

In a free extension process {m, 7;} of just two terms we say that
m, is derived from m, by a free addition, and 7w, from 7w, by a free
subtraction. Two partial planes are free equivalent if the one can be
derived from the other by a finite sequence of free additions and
subtractions. Free equivalent partial planes evidently have isomorphic
free completions.

Recall that a basis configuration consists of a number of points
on a ‘base’ line and two isolated points.

THEOREM IV. FHEvery nondegenerate free plane contains o basis
configuration of which tt is a free completion.

Proof. Suppose m = & (@) is a free plane, where & = {r,; ne N}
is a hyperfree process. We may assume without loss of generality
that at each stage one element and no more is added, i.e., 7, = 7, + z,,
where 2z, is an element that has 0, 1, or 2 bearers.
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Applying Lemma 2 to & for stages =n we find that &' =
Z + [r,_] is hyperfree; applying the same lemma to &’ for stages
>n we find that &' N [n,] free completes |z, | + =, to [7,].

Now let a be the first stage such that [7,] is nondegenerate. Then
[7,.] must be a degenerate plane, and, as we have observed, [z,] is a
free completion of [7,_] + x,. By an inspection of the various cases
one shows that [7,_] + 2, is in every case free equivalent to some basis
configuration 7#§. This implies that [z,] is a free completion of =«y.

For n > a, one readily shows (ef. [1] or [3]) that [x,_] + =z, is
free equivalent to [7,_] with a set p, of points adjoined to the base
line, I, of ©¢. (The set p, consists of 2 or 1 points if x, is incident
with O or 1 elements in [7,_], and of course ¢, is empty when z, € [7,_].)
Thus [r,] is a free completion of [7,_] + ..

We will show that = is a free completion of the basis configu-
ration 78 = ¢ + Unse Mae  Let {([7._] + 2)% k€ J*} be the canonical
process that free completes [7,_| + #, to «,, and form the composition
of all these processes to obtain 7= {([7,_] + ®.)*; (n,k)e N x J*, n = a}
where ([7,.] + ) is to be read as #nf§, and N X J* is well ordered
lexicographically. This is a hyperfree process acting on 7¢ with result
7. The saturation .&¥ = .&¥ + nf is the desired free completion process.

Clearly & (zf) = m; and .&° is a bound process since all elements
with <2 . -bearers lie in 7#f. To show that . is actually free
observe that every new element, x, of & appeared in .&” with exactly
9 bearers. If z has an extra bearer, y, in &, then ye [, Where x
has .&-stage (m, k)e N x J* and » > m. But y is incident with both
x and base line [ of #¢, i.e., y is the join of  and !. Then ye|x,]
in contradiction to y€ g¢,. So .&° must be free. |

This completes the proof that the definition of free plane we have
proposed coincides with M. Hall’s definition.
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SIMPLE AREAS

EDWARD SILVERMAN

Let 2 =1, E= E¥ and ¢ be continuous on F X E x E with
gla, -, +) convex, g(a, kb, ke¢) = k?g(a, b, ¢) for all real & and
® + e = gla, b, c) < A%+ ¢ for all a,b,cc E where b =
16112, If fla, d A e) = minyac=ane g(@, D, ¢) then f is a permis-
sible integrand for the two-dimensional parametric variational
problem,

Let 7y be a simple closed curve in E, B be the closed unit
circle in the plane, C be the collection of functions x continuous
on B into E for which 2|0B<cy and D = {x€C|z is a D-map}.
Suppose that D is not empty. It was shown in ‘A problem of
least area’, [7], that the problem of minimizing I(f) over D
is equivalent to minimizing I(g) ever D where I(f,x)=

Hf(x, A @), Lg,2)= “g(x, D, 4) P=1%u q =2, and both

integrals are taken over B. The minimizing solution of I(g)
is known to have differentiability properties corresponding to
g, and this solution also minimizes I(f).

The function f is simple, that is, feor each a <€ F, each
supporting linear functional to f(a, :) is simple, If N =3,
then, of course, each parametric integrand is simple. In this
paper we show that for each simple parametric integrand F'
there exists G, satisfying the conditions imposed upon g, such
that F' is obtained from G as f was obtained from g.

In [7] we showed that the two-dimensional parametric problem in
the calculus of variations considered by [1, 2, 4, 5, 6] could be reduced
to a nonparametric problem provided the parametric integrand f was
properly related to a suitable nonparametric integrand g, f = Ag. When
this occured, not only the existence of the minimizing solution z was
given by the nonparametric theory [3] but also its smoothness, if ¢
was smooth. Furthermore, we saw that Ag was simple for each g,
that is, each supporting linear functional of Ag was simple. We shall
show here that whenever f is simple then there exists g such that
= Ag.

Let E=FEY, If acFE oracE*let & =||alf. Let T,=EANEFE
with norm N,, thus N,(a A b) is the area of the parallelogram spanned
by @ and b, and let T, = E x E. We define N, on T, by Nya,b) =
(8 + b)/2. Let T* be the set of all simple linear functionals over T,
which have norm one. Hence, if {€ T*, there exist & and 7 in E*
such that { =& A% with &=7"=1 and &-7=0. We frequently
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write £a for &(a).

If @ is defined on P x @ then ¢, is defined on Q by @,(q) = @(p, @)
for all pe P and q€ Q.

Let .o~ be the set of all continuous real-valued functions f on
E x T, for which there exists » = M) = 1 with N;/Ax = £, < AN, and
such that f, is convex and positively homogeneous of degree one for
each ae E. Let &, be the set of all continuous real-valued functions
g on E x T, for which there exists » = 1 with N,/x < ¢g, < AN, and
such that g, is convex and homogeneous of degree two for each ac E.
For our purposes, &, gives nothing more than &= {he 2, | there exists
g € Z, such that h(a, b, ¢) = max, g(a, bcos @ — c¢sin§, bsin 0 + ¢ cos 0)}.

If ge &7 then let Ag(a, b A ¢) = ming,,—;4. 9(a, b, ¢) and
k k
Ag(a, &) = int {3} Ag(a, b, A 0)| 31bi A o, = )
=1 i=1

for all e T,. We saw in [7] that Age . and that Ag is simple.
Evidently Ag(a, b A ¢) = min,, g(a, rb, sb 4 r7c).

If ge =& then 2gY* is convex and positively homogeneous of degree
one. Suppose that &, 7ne E*, and so (§,7)eTy. We say that (§,7)
supports 2937 at (b,c) if &b+ nec = 2[g(a, b, ¢)'* and if &d + e <
2[g(a, d, e)]'* for all (d, e¢). Furthermore, (£, 7) supports 2¢%? properly
at (b, ¢) if (¢, ) supports 2¢g¥* at (b, ¢) and if &b = ne, &c = b = 0.

The following lemma appears in [7]

Lemma 1. If (&, n) supports 2g.° properly at (b, ¢) then g(a, b, ¢) =
Ag(a, b N ¢)=1b A c,& Ny where [d N e, 0 N\ 0] = p(d)a(e) — p(e)o(d).

Proof. If r +#0 then d4g(a,rd, sb+ r7'c) = (r&d) + v~ 7(c)y =
(r + 77)(Eb + ey /4 = (8b + ne)* = 4g(a, b, ¢) and g(a, b, c) =[b N ¢, & A 7.

Now suppose that &, 7eE*,&=7"=1 and &.-p=0. Let
H, (b, ¢) = [(6b + ne)* + (E¢ — nb)’]/A. 1t is easy to see that H,,, = H,.
if EAn=pANo,pP=0"=1 and p-0=0. Hence we can define
hepnn = H; . It quickly follows that Z:(bcos@ — ¢siné, bsing + ccos0) =
he(b, ¢) for all {e T* and all real 4. As the sum of squares of linear
funetionals, & is continuous, convex and homogeneous of degree two.
An easy computation shows that o A o = if (p, ) supports 2hy* at
(b, ¢) where h¢(b, ¢) # 0.

We define Ak(b A ¢) = infpe=sn. He(d, €).

If ¢ is a real number let ¢* = max {¢, 0}.

LEMMA 2. Ahi(b Ac)=1[bAec ]
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Proof. Suppose that L =& A7 where £=7%"=1 and &-7=0.
If [bAe, EAD]=1 then (&%) supports 2h'"*=2h}* properly at (9(c)b—7(b)c,
—&(e)b + &(b)e). If[b A e, & AN = —1 then &(b) + 7*(b) = &* for some
0>0, If 9b)=0 let b = b/&(d) and ¢’ = —&(c)b + &(b)e; if n(d) = 0
let ¥ = b/d and ¢’ = —[&(b) + 0*7(c)]b/[6m(b)] + d¢c. In both cases h(b', ¢') =
0 and ¥ A" =bAc. If[bAc,EARN]=01let e>0. If 9b) =0 let
b = ¢eb and ¢’ = [—9(c)b + N(b)c]/[en®)]. Then A, ¢') = &6*/4. If n(b) =
0 and &(b) = 0 let b = b/e and ¢’ = ec; now IV, ¢') = &[&(c) + (c)]/4.
If »®) =0 and &) = 0 then let b = &b and ¢’ = —[&(c)b]/[e&(D)] + c/e
to obtain AV, ¢') = &&%(b)/4. The lemma follows by positive homogeneity.

LeEMMA 8. Let M =1, k be continuous on E into [N}, \], ge &
and fla, b, ¢) =max {g(a, b, ¢), k(a)heb, ¢)}. Then fe & and Af(a, b A¢c)=
max {Ag(a, b N\ ¢), k(a)Ah:(b N ¢)} for all a,b,ce E.

Proof. That fe &isevidentasis the fact that A f=max {Ag, kAh}.
Choose a, b, ¢ with b A\ ¢ = 0. Then there exist d and ¢ with d A e =
b Acand Af(a,d A e) = f(a, d, ), and there exist (0, ¢) which supports
271 properly at (d,e), [7]. Assume, at first, that f(a,d,e) =
g9(a, d, e) > k(a)h,(d, e). If (0,0) did not support 2¢.* at (d, ¢), then
there would exist (d,, e,) — (d, ¢) such that k(a)h:(d,,e,) > g(a, d,,e,)
and this is impossible for large n. Hence (p, o) supports 2¢.* properly
at (d,e¢) and Ag(a,d Ae) =g(a,d,e) = fla,d, e) = Af(a,d Ne). If
fla, d, e) = k(a)h:(d, ) > g(a, d, €), a similar argument, together with
the fact that o A 0 = k(a)(& A %), gives k(a)Ah:(d A e) = Af(a,d A e).
If g(a,d, e) = kla)he(d,e), let ¢ >0 and ¢ = max{(1l + €)g, k- he}.
Obviously (11 + &)p, (1 + ¢)o) supports 2¢%* vproperly at (d,e) and
1 + e)gla, d, e) > k(a)he(d, e). Hence Af(a,d Ne) < Aga,d N e) =
(1 + ¢)*Ag(a, d N e) and the lemma follows.

Let fe. and N =A(f). We define k£ on E x [TF¥ — {0}] by
1/k(a, £) = SUDuw [@, L]/ f (@, @). Then k is continuous, range k< [(A || L)),
MIE™, k2t is convex and

fla, @) = max k(a Ola, £] -
It f(a, &) = maxeer k(a, O)[a, {] then f is simple.

THEOREM. Let k be as above and f(a, ®) = maxeer k(a, {)|e, {].
Then g(a, b, ¢) = maxeem k(a, Oh:(b, ¢) is in 2 and f = Ag.

Proof. Let {{,} be dense in T* and N\ be as above. Let
9:(a, b, ¢) = max {N,(b, o)/, k(a, L)h.(b, o)}

and
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gll-l—l(a’, b; C) = max {gp(a'; by C); k(ar Cp+l)hp+l(b7 C)}

where h, = hg,.
By the last lemma,

Ag,(a,b A o) = max {FOLD | max i@, LI A ¢, I} = £, b A o)

for each p. Hence lim Ag, < f. On the other hand, for fixed a, b, ¢
and arbitrary € > 0 there exists r such that f(a, b A ¢) < k(a, )b A, C]+e
and so f = lim Ag,.

A little arithmetic shows that
FRi(r, ) — Wif*(w, v) | = || (7, 8) — (u, v) || .

Hence {g7*} is equicontinuous and g, = lim g, is continuous. It is clear
that ¢, = g and that ge 2. Furthermore, if K and L are compact
subsets of E¥ and T, respectively, then, by a theorem of Dini, g,
converges uniformly to g on K x L.

It remains to show that Ag = lim Ag,. Choose a, b, cc E and ¢ > 0.
There exist (b,, ¢,) with Ny(b,, ¢,) < MAg(a,b Ac) such that Ag,(a, b,Ac,) =
go(a, b,,¢,) and b, A¢c, = b Ac. By passing to a subsequence, if
necessary, we can suppose that there exists (b,, ¢;) such that (b,, ¢;) —
(b, ¢;). Let p be so large that g,(a, 7, s) > g(a, 7, s) — € for Ny(r, s) =
MAg(a,b A c) and so large that || (b,, ¢,) — (by, ¢,) || <&. Then Ag(a,b Ac)=
Ag(a, b\ ¢)) < g(a, by, ¢) < g,(a, by, ¢)) + € < [g3%(a, by, ¢,) + N + e =
[Ag¥i(a, by A ¢;) + NP%]* + 6. Hence Ag = lim Ag,, and the opposite
inequality is evident.

If 7 is a projection of E onto a plane PC E, then there exist &
and 7 in E* such that &(mwe) = &(e), (we) = 7(e) and [b A ¢c,E A Y] #0
whenever b and ¢ are linearly independent points of P. A computation
gives [bAc,E AQ(me) =[e ANc, EARD+[bAe &ANec and we can
identify = with & A 7. Since we can also suppose that & =7"=1,
&.7 =0, we can identify the set of projections with the elements of T*,

THEOREM 2. Let fe . o7 and suppose that for each ac E and each
b A c#0 there exists a projection &, (in T*) onto the plane determined
by b and ¢ such that [b A ¢, &] > 0 and such that f(a, {(d) A L(e)) =
fla,d N e) whenever [{(d) A Cye),L] >0. Then f is simple and
Sfla, b A o) =k, §)[b A ¢, §l.

Proof. There exist d and ¢ such that 1/k(a, &) = [d A e, L l/f(a, d, e).
Hence
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I [&(d) A Lule), Gl

k(a, £o) Sfla,d N\ e)
S [Co(d) /\ Co(e), CO] — [b /\ C’ CO] S 1 .
@, L(d) NLe))  fla, b Ae) k(e &)

It is evident that the converse of this theorem holds.
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CHEBYSHEV APPROXIMATION TO ZERO

JAMES M. SLoss

In this paper we shall be concerned with the questions
of existence, uniqueness and constructability of those poly-
nomials in % + 1 variables (%1, %, ---, %, ¥) of degree not
greater than n, in 2; and m in y which best approximate
zero on I, X I, X --- X Iy, I, =[—1,1], in the Chebyshev
sense,

It is a classic result that among all monic polynomials of degree
not greater than » there is a unique polynomial whose maximum over
the interval [—1, 1] is less than the maximum over [—1,1] of any
other polynomial of the same type and moreover it is given by T,(z) =
2" cos [n are cos z], the normalized Chebyshev polynomial.

Our method of attack will be to prove a generalization of an in-
equality for monic polynomials in one variable concerning the lower
bound of the maximum viz. max_ .., | P.(®)| = 2" where P, () is
a monic polynomial of degree not greater than #. The theorem will
show that the only hope for uniqueness is to normalize our class of
polynomials. This is done in a very natural way viz. by considering
only polynomials, if they exist, of the form:

(0'1) P(xly Loy ***y Ly y) = Am(xly °tty xk)ym
o+ A (e .)ym“l e AO(. <)
for which A,(x,, %, +-+, x,) is the best polynomial approximation to

zero on I, X I, x «-+ x I,. Thus if k=1, we consider only polynomials
of the form:

(0.2) P(@,y) = T x)y™ + A, @)y + -+ + Afx) .

We find in the case of (0.2) that there is a unique best polynomial
approximation and it is given by T,.(2)T.(y). Thus we can consider
the question of existence, uniqueness and constructability of a polyno-
mial of the form:

(0.3) P(wy, @, ) = T, (@) T, (@:)y™
+ A, (@, )y™ T e+ Ay, @)
that best approximates zero. We find in this case there is a unique

best polynomial approximation and it is given by Tnl(xl)f’nz(xz)f’m(y).
Continuing in this way we shall show that the question is meaning-
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ful in general and that there is a unique best polynomial approxima-
tion to zero of the form (0.1) given by Tnl(x,)i’nz(xz) oee Tnk(xk)f’m(y).

The uniqueness and constructability are the most surprising results,
since as Buck [1] has shown, F'(x,y) = xy has amongst those polyno-
mials of the form

p(x, ¥) = a, + a.(x + y) + a(2* + ¥7)
infinitely many polynomials of best approximation which are given by:

af,+Bf,, a=0, B=0, a+p8=1

where
1 1
(@, 9) = = (@ + o) — =,
Sz, y) 2(x+y) 1
1,, . 1

We shall finally normalize the polynomials in a different way and
show by construction, the existence of a polynomial, of best approxi-
mation in this class. However in this case the question of uniqueness
remains open.

1. NOTATION. Let %, ®,, -+-, %, be positive fixed integers. Let

o be the finite set of vectors {(x,;, #u,, ***, ¥4;,)}, Where 7y, Jo, =+« Js
are integers with 0 <7, < 7,0=75, =M, +++,0 = 5, =< n; and where
also —-1=2,;, =1, ~-1=sa,;,=<1,---,-1=w,, =<1 and no two of

the »,; are the same, no two of the w,, are the same, ---, no two
of the z,; are the same. Let Q(z,y) = Q(®,, %, -++, %, y) be any
polynomial in x,,2,, ++-,%, and y of degree<n,+n,+ +++ +mn,+m—1
where @ is of degree = n, in 2,,5s =1,2, .-+, k and of degree = m in
Y. Let m be the set of all such polynomials. Thus if Q(x, y) is in 7

Q, ¥) = Du(@Y™ + Pps(@YY" T+ <o+ Do)
where p,(x) is a polynomial in «,, x,, ---, x, of
degree < n, + Ny + <+« + 0, — 1

and p,(x),0 =< s =< m — 1, are polynomials of degree =< n, + n, + +++ + n,
in 2,2, «++,2,. Let

Alp,; 7, 0] = min | a7w]2 « -« TFk — P, (Ty, T, ++ 0, Tp) |
* In O

which does not depend on the particular @, but only on the class «
and the leading coefficient polynomial of .
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THEOREM 1. If Q(x, y) ts any polynomial in w and if o is any
.set of the type deseribed above then

max |ePaye - .. kY™ — QX X, v, i, ¥) | = Alp,; 7, 0]
—1Zzgs1
—1=y<1

Proof. Assume not. Then there exists a Q*(z, %) in 7 and a set
.o of the type described such that:

max |l - .- aphy™ — Q*(w, y) | < Alp,; 7, 012"
—152g51
—lsy=l

-consider the polynomial:
Pz, y) = oiuy? -« - aiby™
— Q*(, y) — [y -+ 23 — P, ()] T(y)
where p,(x) is the coefficient of y™ in Q*(x, y¥) and where
(1) T (y) = 25T (y) = 2™ cos [m arc cosy] .

Then P(x, %) is a polynomial of degree =< m — 1 in y and thus can be
written:

P, y) = ¢ i(®)y" ™ + ¢, a()y™ " + -+ 4 q(®)

where ¢,(x),0 = s =< m — 1, are polynomials in #,, x,, -+, x, of degree
=N N oo Mg
Let (2., %3, ***, %xs,) belong to o and y, be one of the points

rw 0

yT:cos—y—n—, =r=m, 7 =integer.

‘Then T,(y,) = (—1)2"™ and we can show that the sign of

P[xljly x21'2’ ) xkﬂ'ka yr]
ny

is the same as the sign of —[2} -+ 23%, — (W, =+ +, )] To(w).
To see this note that:

\ Tm(yr)l |x;bJ11 e x:;ck; - pm(xlflv Sty xkjk) |

- i x:‘jll e xsz - pm(xlfly tc xljk) l arm
= Alp,; 7, 0]2™" .

But by the assumption

max |xp1 - aiy" — Q%(x, v) | < Alp,; 7, g]2""
— -
e

;and thus a fortiori
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|@ij, «+ - Bk yr — Q@@ =+ v, Baipy ¥0) | < Alpn; 7w, 01277
If we fix  in 0 then P(x, y) is a polynomial of the one variable
y and of degree = m — 1. And as y takes on the values ¥, = cos (77r/m),
P(xz, y) changes sign m + 1 times. Thus P(x, ¥) has m zeros, which
means ¢,_(x) =0,q,_,(x)=0, -+, q(x) = 0 since P(x,y) is only of
degree =< m — 1.
Since # was an arbitrary point of ¢, then

qs[xljlr x2j2y "';xkjk]:()y 0§3§m—1

where 0 <7, <%,0=4,Zm,, ++-,0= 7, <n,. But ¢,(x)is a polyno-
mial of degree < %, in x,, of degree < %, in «,, ---, of degree = n, in x,
and thus

qs[xl’wb.“ymk]zoy Oésém”"l.
From which we see P(x,y) = 0 and thus:

@1 gy — Q@ y) = [ - 20k — p ()] T (W) -
But clearly:

max [t - 2 — p,(@) || T(y) | = Alp,; =, 02"
—1Zx .=
e

which is a contradiction and thus the theorem is proved.

Let us now consider the subset of polynomials 7, of @ for which
@Q(z, y) belongs to 7w and p,(x) = 0. Then by the above theorem, a.
lower bound for the maximum is

Al0; 7, 0] = min |ajr - .- 2ir| < 1
which clearly depends on the set 0. We shall next show that for
this subset 7,, we get a lower bound for the maximum that is in-
dependent of ¢ and moreover the lower bound is larger than A[0; z, o]
for all g, namely it is unity. In the third theorem we shall show
that unity is the best possible lower bound i.e. there is a polynomial
in 7, for which the maximum is 2™,

THEOREM 2. Let Q(x,y) be any polynomial in =, then

max |apag? -« XY™ — Q@ @y, 0, Ty, Y| = 27
—1=xg=1
—1=y<1

Proof. By contradiction. Assume there exists a Q(x,, «++, x;, Y}
in 7, such that:

max I TG o e xzkym - Q(xl, *ccy Xpy y) ] <z,
—1=z4=1
—1=y<1
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Then there exist d,’s, 1 =s=Fk,1 > 09, >0 such that:

k
max |7« epy" — Q@y, v, @, Y) | < 27 1L 070
—lszg=1 s=1
—1=y<l

Let T, (y) be given by (1) and consider the polynomial
P(xlv ey xk’y) = xfl e xzkym - Q(xly b "xk:y) - x{bl e xszm(y) .

P(x,, ---,2,,Y) is a polynomial of degree <m — 1 in y and of degree < n,
inx, 1=s=k.
Let o* = {(.,, %y, **+, %;,)} Where j,, ---,j, are integers with

0§j,§n1+1,0§j2§n2+1, "‘,Oéjkénk+1;
0, < xu'lé 1,0, < 902j2§ 1, 4,0, < Ty, <1
and the x,; are distinct, ---, the w,;, are distinct.
Note that for x in 0%, the sign of P(x;, -+, s, ¥) 1s the same

as the sign of —aij, - -+ a3k T,(y,) for y, = cos (rm/m), r = 0,1, «-+, m.
This follows from the fact that:

n1

3
l xlh °0t xz;ckyzn - Q(xl, ceey Xpy yr)\ < 2t 1:[1 523

and the fact that:
n ny A L % k
g, - e @i, Tuly,) | = 27 Ty, > 207 11 o3

Thus we conclude that P(x,;, «--, %;,, ¥) has m + 1 sign changes
for (@5, +-+, %ks,) In 0*. Let us write

P@,y) = 0pai@)Y™ " + Dpo@)y™ ™ -+ + o0 + Do)

where p(x), 0 =< s <m — 1, are polynomials of degree <=, inx,, 0=s=Fk.
For each z in o*, P(z, y) has m + 1 sign changes and thus p, .(x) = 0,
Do) =0, «++, py(x) = 0 for each « in o*. If for (x,, ®sy, ***, es,)
in ¢*, we fix all but the first component, we get n, + 2 values in o*
for which p,(x) = 0,0 < s < m — 1, but these p,(x) are of degree = n,
in 2, and thus p,(,, %y, s, =+, ¥i5,) = 0 for all real x,. Continuing
in this way, we see that p,(x,, 2,, +++, ;) = 0 for all (x, x,, + -, x;), &,
real. Thus:

P(xly xz; Tty xkr y) = 0
for all real x, and real y. Thus
wit e wp T (y) = oo ay™ — Q@ + v v, T4, Y)

But
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max |ap - .- o T, (y) | = 27
—lgzg4=1
—lsy=1

which gives a contradiction and the theorem is proved.

2. Normalization of competing polynomials and constructiomn.
of the best polynomial. We shall now consider a subset 7(8) of the:
set of polynomials w. We shall then answer the question of existence,
uniqueness and constructability of the best polynomial approximation
in the maximum norm to zero within this class 7(8) on the cube

-1, =51, vee, -1, 21, -15y=<1,

It is apparent from Theorem 1, that if we want uniqueness independent
of o, it is necessary to consider some subset of .

DEFINITION. A polynomial

Q, Y) = Dul@s, Ty <=+, Y™
F Duer( @y Bgy =0, Y™ A v DL, Ty v o, By)

which is in 7w and for which
w;‘lx;@ e ka - pm(mly Tgeee xk) = Tnl(wl) T’nz(x‘z) e Tnk(xk)

is said to be in 7w(B).

LEMMA. Let q(y) be a polynomial im y, let y, >y, > +-+ >y,
be any set of real numbers for which

q¥) =0,9(%) =20,9(y) =0, --- (=1)"(y,,) = 0.

Then q(y) has m zeros imcluding multiplicities on [Y,, ¥.].

Proof. (by induction): For m = 1 obvious. Assume theorem to-
be true for m = k. Let y, > %, > ¥, > +++ > ¥, be any set of real
numbers such that

9y =0,9(y) =0, -« (—D*q(y) = 0, (—1)*"q(y34)) = 0.

Case 1. q(y,) 0 for some 1 <s=<k. Then by the induction
hypothesis q(y) has s zeros on [y, %,] and has k + 1 — s zeros on
1., Y1) But q(y,) = 0 thus ¢(y) has s zeros on y, = y < y, and thus
q(y) has s+ (k+ 1 —s) =k + 1 zeros on [Yo, Yi+il-

Case 2. q(y,) < 0. Then unless q(y,) =0for 1 =s=<Fk we are in
Case 1 and we are finished. Therefore, assume q(y,) = 0,1 <s= k.
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We may as well assume q(y) < 0 on (y,, ¥,) since if not then ¢(y) has
a zero there because q(y,) < 0, and we are finished. Also, we may as
well assume ¢(y) > 0 on (v, ¥,) since if not and ¢(y) has no zeros on
(Y, ¥4,) (f does have a zero then we are finished) then since ¢(y,) < 0
and q(y,) = 0, we must have that ¢(y) has 2 zeros in (y,, ¥,), continu-
ing in this way we see that we may as well assume that (—1)q(y) < 0
on (¥, ¥s-1) for 0 < s = k. In particular (—1)*q(y) < 0 for ¥ on (¥, Yr+)-
But by assumption (—1)*"¢(y,.,) = 0. Thus by the continuity of q(y),
we have ¢(y,..) =0 and q(y,) =0 for 1=s=<=k+1ie.qy) has bk +1
zeros on [Yo, Yiial-

Case 3. q(y,) = 0 proof is obvious making use of Case 1.

THEOREM 3. There exists a unique Q@*(x, ) in 7(8) such that

max | a2 <. 2pey™ — Q¥(x, y) |
—1seg=1
—1£y=s1

is 2 minimum. Moreover:

Q*(ﬂ?, y) = = Tﬂl(xl) T’rhz(x2) t T’nk(xk) Tm(y) _'_ millx;bz te xzkym .

Proof. FEuxistence by construction. Let the ¢ of Theorem 1 be
the special set of vectors

0(18) = {(xljp xZJ'Zy Ty kak)}

where
y5, = €08 (J17T/N,), Tajy, =+ +, Xpg, = €08 (J27T/1y)
0=5,=n,0=75=n, -, 025, =0 .
Then
Alp.., 7(8), 0(B)] = min [t - e — po(a, @ oo, 0|
= min_ | T, @) T (@) - T, (@)

- 21—%121—11.2 ceo 21—nk

Thus by Theorem 1

max |xmap: .. Tpey™ — Qx, y) | = 2721 00 21T
—ls2;=1
—1=y=1

But the polynomial

Q*(x, y) = arape - - apiy™ — T, (@) T, (@) « o T, (@) Tlw)
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clearly belongs to 7(8) and

max | xap? e o gley™ — Q*(x, y) | = 2122 o 0. 212
—1=zg=1
—1l=y<1

Thus Q*(x, y) is a best approximation from the set 7(5)

Uniqueness. Let Q*(x,y) in n(8) be a polynomial of best
approximation and let

P(x,y) = app -+ afey™ — Q*(@, y) — T, (@) -+ T, (@) To(w)
= [aPwit «+ - 23 — P Y" — Pua(R)Y™TH — <o e pyl)
— T @) Toyw) <+ T (@) Touly)
= Qua(@)Y" 7+ QoY A 2 (@)

where q,,_,(%), - -+, g(x) are polynomials of degree <n, in 2, 0=s=#k
since @*(x, y) is in w(B).

Let o* = (xf, aF, -+, x}) be a fixed but arbitrary element of a(5).
Then we claim that P(z*, y) has m zeros including multiplicities in
[—1,1]. To see this let y, = cos (sm/m), 0 = s = m, then since

‘x;knlx;knz ce e w,’f”ky’” _ Q:s(xx, y)l é 21—%121—~n2 .o 21—nk21—m ,
P@*,y) =0, P(e*,4) =0, »++ (=1)"P(2", y,) = 0.

By the lemma P(x*,y) has m zeros counting multiplicities for —1 =y <1.
Thus P(x*, y) has m zeros but is only a polynomial of degreem — 1,
thus P(x*, y) = 0. But this holds for all z* in ¢(8), thus P(z,y) = 0
and the theorem is proved.
We could formulate Theorem 3 in the following way. Let z(k),
k=1, be the set of polynomials of the form

Q@, Y) = Pu(@yy ==+, BTt + Dpa(@)TIT + <00 + po()

which is of degree = n, in «,, 1 = s < k and for which p,(x, -+ 2,) is
a polynomial that best approximates zero, if such exists, on the cube
LxLx--xI,I,=[—1,1],1 < s £ k.

Theorem 3 alternate. For k =2,3,4 ---, the following is true;
Statement k. w(k — 1) is not empty and there exists a unique
M (2, %5y *«+, Xy, ®p11) in w(k) such that:

max | M (2, @, +*, T, Trg) |
—~1=zg=1
—~1=y<1

is a minimum. Moreover:
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M@y, @y =0y @, Ban) = Lo (@) T -+ T @) Ty (0,) -
Proof. Obvious.
Finally we wish to prove:

THEOREM 4. There exists a monic polynomial
P(xlv ) xk, y) - m;‘l et x"l;bkym - Q(xlv ct xk, y)

where Q(x,y) belongs to m, that best approximates zero on the cube
L xI,x <« X I, I, =[—1,1). The polynomial is

apt e e op T (y) .

Proof. By Theorem 2

max | P(x,, <+, 2%k, y)| = 2™,
—1=524=1
—1=5y<1

But 2 ... 27%T (y) is a monic polynomial of the correct form with

max |gft e xpd, (y) | = 2™,
—1szg=s1
—1=y=1

Thus the theorem is correct.
The question of uniqueness in this case is an open one.
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ISOMETRIC ISOMORPHISMS OF MEASURE ALGEBRAS

ROBERT S. STRICHARTZ

The following theorem is proved:

If G, and G, are locally compact groups, A; are algebras
of finite regular Borel measures such that Li(G,) £ A; S _Z(G))
for 1 =1,2, and T is an isometric algebra isomorphism of A,
onto A,, then there exists a homeomorphic isomorphism « of
G; onto G, and a continuous character y on G, such that
Te(f) = px(feoa)) for pe A, and fe Cy(Gy).

This result was previously known for abelian groups and
compact groups (Glicksberg) and when A; = LY(G;) (Wendel)
where 7T is only assumed to be a norm decreasing algebra
isomorphism,

A corollary is that a locally compact group is determined
by its measure algebra,

If G is a locally compact group with left Haar measure m, then
the Banach space _# (G) of finite complex regular Borel measures (the
dual of the Banach space C,(G) of all continuous functions vanishing
at infinity on G) can be made into a Banach algebra by defining multi-
plication of two elements p, ve _Z(G) to be convolution:

xv(f) = SS F(st)du(s)d(z) for feCyG) .

The subspace LY(G) of all measures absolutely continuous with respect
to m is a closed two-sided ideal and hence a subalgebra.

In [1; Theorems 3.1 and 3.2] it is shown that if G, and G, are
either both abelian or both compact, then any algebraic isomorphism
T of a subalgebra A, of _#Z(G,) containing LYG,) onto a subalgebra
A, of _(G,) containing LYG,) which is norm-decreasing on LYG,) has
the form

(*) T(f) = p(fee))  pe Ay feCG)

where « is a homeomorphic isomorphism of G, onto G, and ¥ is a
character on G,. In this note we shall prove that (x) holds where T
is assumed to be an isometry but G, and G, may be arbitrary locally
compact groups. Our starting point will be the theorem of Wendel
[2; Theorem 1] that any isometric isomorphism T:LYG,) — LYG,) is
of the form (%).

THEOREM. If G, and G, are locally compact groups and T is an
1sometric isomorphism of a subalgebra A, of #(G,) containing LXG,)
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onto a subalgebra A, of _#Z(G,) containing LY G,) then T has the
form (x). Conversely, the equation (x) defines an isometric isomor-
phism of _#Z (G,) onto 7 (G,) for every choice of o and .

LEMMA.' Let p,ve #Z(G). Then p 1l yifandonlyif ||p1+v]| =
[lee—vil=Ilell+ vl

Proof. Suppose ¢ | v. Then there exists a disjoint partition of
G into sets A, B such that |¢#|(B) = |v|(A4) = 0. Thus

fetvli={pxv|(@)=pEv[(4)+|prLv[(B)
=114+ [v[B) = el + v .

Conversely, assme |[p+ v =g —v|[ =gl +|[v]. Let xg=
Sfv + p, where fe L'(v) and g, L v be the Lebesgue decomposition of
¢ with respect to v. Then

lexvii=lel+2I=I[5+ i+ v
= [[Foll + el + vl

But [[gxv|=[A x|+ el so [[AELwI=I v+l
Thus f = 0 a.e. with respect to v hence ¢ [ v.

Proof of theorem. The converse is an easy verification. Let T
be an isometric isomorphism of A, onto A,. We shall show first that
T maps LYG,) onto L'(@G,) and hence has the form (x) when restricted
to LY(G,), and then that (x) extends to all of A,.

Indeed LYG;) 2 =1,2 will be shown to be the intersection of all
nontrivial closed left ideals I & A, which satisfy
(xx) pel, ve A, and v | N whenever ¢ | )\ and M€ A; imply ve L.

T and T clearly preserve the property of being a closed left
ideal and by the lemma they preserve (xx). Thus T maps L*G,) onto
LY G»).

Now for pe LYG,), the condition ve 4; and v | N whenever )€ A4,
and ¢ 1 A is equivalent to v € ¢, Clearly v € g implies it, and con-
versely any v satisfying it must be orthogonal to its singular part \
in its Lebesgue decomposition v = f#¢ 4+ A with respect to ¢ since A e A,.
So LYG;) is a closed left ideal satisfying (xx). Let I & A4; be any non-
trivial closed left ideal satisfying (*x). Then I must contain a nonzero
L' measure since axpe L' and is nonzero for £ =0 in I and « is a
suitable element in an L' approximate identity. The total variation
of this measure is absolutely continuous with respect to it, hence in
I. By convolving this with an appropriate L' approximation to a point

1 T am indebted to George Reid for suggesting this lemma.
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mass, we get a measure ve I strictly positive in a neighborhood of
the identity (the convolution of an L' and an L= function is continu-
ous). But there is an L' approximate identity absolutely continuous
with respect to v, hence in I. Since I is a closed ideal, L'< I.

Thus we have (%) holding for all ve LXG,). Let pec A, and
ve LYG)). Then pxye LY(G,) so

| [Festnredusane = T = T
=[x sratiarprae

so () holds for ¢ and all functions in Cy(G.) of the form g S(rat)x(t)dv(t)

where fe CyG;) and ve LYG,). This class of functions is dense in
Cy(G,) since v may be taken in an L' approximate identity. Thus (x)
holds for all Ci(G,) by continuity, which proves the theorem.

COROLLARY. A locally compact group ts determined by tts measure
algebra.

This corollary was obtained independently by B. E. Johnson (Proc.
Amer. Math. Soc. 1964). His results imply the main theorem under
the hypothesis that each A, contains all point masses.
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CHARACTER SUMS AND DIFFERENCE SETS

RicHARD J. TURYN

This paper concerns difference sets in finite groups, The
approach is as follows: if D is a difference set in a group G,
and y any character of G, (D) = > »3(g) is an algebraic integer
of absolute value 1”7 in the field of mth roots of 1, where
m is the order of y. Known facts about such integers and
the relations which the (D) must satisfy (as y varies) may
yield information about D by the Fourier inversion formula,
In particular, if y(D) is necessarily divisible by a relatively
large integer, the number of elements g of D for which 3(g)
takes on any given value must be large; this yields some non-
existence theorems,

Another theorem, which does not depend on a magnitude
argument, states that if » and v are both even and a, the
power of 2 in v, is at least half of that in », then G cannot
have a character of order 2¢, and thus G cannot be cyclic.

A difference set with v = 4n gives rise to an Hadamard
matrix; it has been conjectured that ne such cyclic sets exist
with v > 4, This is proved for » even by the above theorem,
and is proved for various odd » by the theorems which depend
on magnitude arguments, In the last section, two classes of
abelian, but not cyclic, difference sets with v = 4n are exhibited,

A subset D of a finite group G is called a difference set if every
element ¢ of G can be represented in precisely N ways as d,d;*, d,.e D,
If x is any nonprincipal character of G, we must then have | > e, 2(d) | =
V'n,n =k —\, where k is the order of D. We shall write y(D) for
Steen 2(d) (as in [8]). If G is abelian and |Y(D)| = V% for some
subset D and all nonprincipal characters of G, D is a difference set in G.

This work originated in a search for difference sets with G eyeclic
of order v, and the parameters related by v = 4n. Because in this case
every divisor of m is a divisor of v, Hall’s theorem on multipliers, [5],
one of the main tools in the study of difference sets, cannot be applied.
The method presented here is particularly suitable for computation of
difference sets if v and n have common factors. It is roughly as
follows: the numbers x(D) are algebraic integers of absolute value

V' n in the field of mth roots of 1, where m is the order of ¥ (as an
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element of the character group of G). We use the known facts about
such algebraic integers, together with elementary combinatorial in-
formation about these numbers which depends on their being sums of
characters taken over the difference set, and the relations which must
hold between the various character sums. We may then use the ortho-
gonality of characters (Fourier inversion formula) to obtain information
about the characteristic function of D.

The difference sets with ¥ = 4% correspond to (unnormalized)
Hadamard matrices. The only known cyclic (i.e., with G cyclic)
difference set of this type is the trivial one with » = 4. Although we
did not succeed in proving that no such cyclic sets exist if v >4, a
number of nonexistence theorems are proved; these give bounds on the
orders of the cyclic p-subgroups of G, where p|(n, v). The proofs
depend only on the existence of characters of certain orders.

In his survey of cyclic difference sets with & =< 50, [5], Hall had
left twelve sets of values of (v, %k, \) undecided; it was not known
whether a cyclic difference set with these values of (v, k, \) existed.
For all but one of these, (v, n) > 1. Nine of these were shown not to
correspond to cyclic sets in [14]. Ten have since been shown not to
correspond to cyclic sets by Mann ([8]). Of the twelve sets of values,
one is left unresolved by [8] or [14], and it is shown here that it
cannot correspond to an abelian set.

On the constructive side, we derive two classes of abelian, but not
cyclie, difference sets, both with v = 4n. One class, for which v = 36,
contains a set recently found by Menon [10]; the other class, for which
v = 4!, was suggested by one of the sets with v = 36.

Some of this work appeared in [13] and [14]. However, the use
of the full force of Lemma 3 was suggested to me by my reading of
Mann’s paper [8]. I would like to express my gratitude to Professor
Gleason for the large amount of time he spent reading this work; he
pointed out a number of errors and is responsible for a great improve-
ment in the quality of the exposition.

We assume throughout that the reader is familiar with cyclotomie
fields (see e.g. [15]). We recall in particular the following facts:

(1) The field of mth roots of 1 is of degree ¢(m) over @ (the
field of rationals); thus the field of mnth roots of 1 is of degree ¢(m)
over the field of nth roots of 1 if (m,n) = 1. If (m,n) =1, any é(m)
consecutive powers of {, a primitive mth root of 1, form an integral
basis for the field of mnth roots of 1 over the field K of nth roots of
1; the Galois group of K({) over K is isomorphic to the multiplicative
group of integers relatively prime to m (mod m). The automorphism
o; which corresponds to j is defined by 0;) = ¢ for (5, m)=1. In
particular, complex conjugation is o_;.
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(2) If p is prime, the factorization of p in the field Q(), ¢ a
primitive mth root of 1, is as follows: if (p, m) =1, and we assume
4|m if m is even, let o, be the automorphism given by o,({) = ¢*.
Then if P is any prime ideal divisor of (p) (where (A) denotes the
principal ideal generated by A) o, is a generator of the subgroup of
automorphisms 7 for which 7(P) = P. The prime ideal divisors P, of
(p) are in one-to-one correspondence with the cosets of this subgroup,
and (p) = 7P,. Thus if (p, m) =1, (p) is not divisible by the square
of any ideal #(1). If m = p*n,a =1, (p,n) =1, and { is a primitive
p°th root of 1, then in Q) (p) = (1 — {)*, ¢ = ¢(p%); ¢ always denotes
the Euler function. In the field of mth roots of 1, 1 — { factors just
as p does in the field of nth roots of 1.

(3) If Lisarootof 1, # 1,1 — ¢ is a unit unless { is a primi-
tive p"th root of 1, p a prime, » = 1, and then 1 — {|p. p|1—C
only for p =2, { = —1. (A proof follows from J[*(1 — ) =m,(
a primitive mth root of 1, and the Mobius inversion formula.)

(4) Suppose A and B are algebraic integers in a cyclotomic field,
|A] = |B|and (A4) = (B). Then A/B = wisa root of 1. This follows
from the theorem of Kronecker which asserts that an algebraic integer
all of whose conjugates have absolute value 1 are roots of unity. The
fact that |ow| = 1 for any automorphism o follows from the lemma
below (with m = 1).

LEMMA 1. If|w|”e€@Q for some integer m = 1, and ac(w) = ca(w),
where ¢ denotes complex conjugation, then |w| = |o(w)]|.

For
|w ™ = w™c(w™)eQ .
Therefore

|w [ = o(w™e(w™))
= o(w)"o(c(w™))
= o(w)"c(o(w)™)
= la(w) ™.

We use the following notations: if G is a group, p a prime,
0,(G) = a if a is the largest integer m such that G has a character
of order p™. If wn is an integer, p*||n if »*|n, p**'fn. Z, is the
cyclic group of order m. w, with or without subseripts, will denote a
root of 1. %, always denotes the principal character of G, i.e., %(g9) =1
for all geG. If a and b are integers, we say that a is semiprimitive
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mod b if there exists an integer ¢ such that a° = —1 (modbd). a is
self-conjugate mod b if all prime divisors p of @ are semiprimitive
mod bp~°», where b = [1p°»,

Difference sets. A (v, k, \) configuration is a set of v points and
b subsets, called blocks, each containing k points, such that the inter-
section of any two distinet blocks consists of N points. Defining #» to
be k¥ — A, we have also k¥* — xw =n. If M is the incidence matrix of
the configuration (m,;; = 1 if point 4 is in set j, m;; = 0 otherwise), an
equivalent definition is that

M'M=nl+\J,

where J is the matrix with all entries = 1. Since {M' — \J/k)}M =
nl, M{M' — (\J[k)} = nl. The entries m,;; of M are all 0 or 1, hence
mi; = m,;;, and thus the 47 term of the last equation shows that
>im; =k, and therefore MM’ = nl + \NJ = M'M.

Assume a (v, k, \) configuration has a regular transitive group of
automorphisms; that is, assume there exists a transitive group G of
order v of permutations of the v points, each permutation taking blocks
into block; if D is the subset of G of those ¢ for which o(P)e B, where
P is a fixed point and B a fixed block, any element a # ¢ of G can be
represented in precisely N ways as to™', with 7,0 in D. We must
show aB N B contains precisely \ points. This will happen unless
aB = B, since aB is a clock of the design. So there are at least X\
pairs for which o™ = a with z,0e D. But since k(k — 1) = Mv — 1)
and there are k(k — 1) ordered pairs 7z, 6 and v — 1 elements in G not
the identity, we cannot have «aB = B for « + e (cf. [1]). Replacing P
by z,P and B by 7,B replaces D by z,D7i.

Let Y, be the characteristic function of D, y, =1 foroe D, y, =0
for o¢ D.

We then have

S YYee =N T HFEe
cER

as an equivalent formulation of the condition that D N =D have precisely
A points for all z.

A subset D of a group G is called a difference set if it satisfies
the above conditions; D is cyclic or abelian if G is. The sets oD as
o ranges through G form the blocks of a (v, k, \) configuration. The
complement of a difference set is a difference set, and hence we may
assume k <v/2.

We shall always assume the difference set is nontrivial, i.e.,
1< k<wv—1, from which it follows that v = 7.

Suppose G is abelian. Let f be a function defined on G,y a
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character on G, and let

(1) Fo = 5, f@x(9)

The set of equations
(2) 5, f(9)f(hg) = (k)
is equivalent to
(3) FOFD = 3 eth)(h)
or if f is real-valued,
7= X e .

This shows D is a difference set, with parameters v, k, N, n =k — \,
if and only if
(4) Sy, =k

G
];yax@l — V7 forall y=7,.

It also shows that | f()) | = ¢ for all y if and only if S f(g) f(gh) =0
for h +# e.

Finally, D is a (v, k, \) difference set if and only if we have, in
the group algebra of G,

(5) (o)D) =ne+26, G=3g.

D D e
‘The orthogonality relations for characters imply that if f and f are
related by (1), we must have

(6) £lg) = % P -

Let f be a function on a group G and restrict ¥ to a subgroup A
of the character group. If H is the kernel of ﬁ, i.e., all h such that
x(h) = 1 for all ¥ in H, we may define a function F on G/H by sum-
ming f over the cosets of H and apply the preceding formulae to F.

We note the following special cases:

(1) Let x be a character of order p°, p prime, b = 1, { a primitive
p'th root of 1, f a function on G with values in a field K such that
[K(): K] = ¢(p*) = ¢. Let F; = Xf(g), over all g with x(g) = {’, and
let S; =320 Fii45y @ = "' Then if
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%11 FiCi = i AiC"

with A4;e K, so that the A; are uniquely determined, we have

1 no2 :
Fi:Ai—FE(Si—%AW) 1<i<g
" Fi:_L(sﬁfiAi,z.qj) $<i=<p
P =

the formula whose repeated application is equivalent to the inversion
formula (6) for a cyclic group.

(2) Let f(g) be as before, %, and ¥, two characters of order p
which generate a subgroup of order 9? { a fixed primitive pth root
of 1.

We let F;; = 3 f(g) over all g with x(g) = {, x(9) = {. Let
S f(g) =S, and let

Z Ej = Sm,k

m=itkj

for k=1, -+ p, 0ol + oj =74). The S,.. can be determined by (7)
from S and the sum

S @09 -

Then

(8) Fi,.:%( >y sm,,,—s).

m=4+kj

(3) If f(g) is an_ algebraic integer for all ge G and ¥ ranges over
a coset of a subgroup H of the character group of G, order of H = m,
then

(9) m| 3 f(9)x(9) -

For if y, is a fixed character in the coset, the sum in question is.
e F(@UDAA9) = F(9)X(9) Zies X(9) and ez x(9) is m if x(g) =1
for all ye H, 0 otherwise.

If H is a subgroup of G, we will always denote by H the set of
all characters ¥ such that (k) = 1 for all Ae H, and vice versa.

If G is abelian, the group algebra of G is a direct sum of fields;
in fact the elements >, 9%(¢7") are eigenvectors for all the elements
of the regular representation of G. The eigenvalues of the incidence

matrix of a (v, k, \) configuration have absolute value 1V, except for-
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one which is k; equations (4) are an explicit restatement of this fact
for abelian difference sets.

Call a subset D of a group G nonperiodic if D = Da implies a = e.
A difference set is nonperiodic. A multiplier of D is an automorphism
o of G such that (D) = Da, for some a, in G. (a, is unique if D is
nonperiodic.) When G is cyclic, all the automorphisms of G are of the
form o(g) = g™, (with m relatively prime to the order of G) and the
integer m is called a multiplier of D if o(D) = Da. The above defini-
tion is the obvious generalization to nonecyclic groups of the notion of
multiplier (see [1]).

LemMA 2. The multipliers of D are a subgroup M of the auto-
morphism group of G; d.., = a.7(a,) for g,7€ M. o leaves a translate
Db of D fizxed vf and only 1f a, = ba(d)™".

The lemma is obvious.

COROLLARY. If G is of prime order p, every set DSG has «a
tramslate which is left fized by all the multipliers of D.

If G is of prime order, written additively, the only periodic subset
of G is G. Since the multipliers are a cyclic group, we may pick a
generator o of the multiplier group. If this is given by o(t) = ki
(mod p), 1 — k has a multiplicative inverse mod p, so if ¢D = Da,
(1 — k)b = a, then (Db) = Db.

The quadratic residues modulo any prime = —1(4) form a difference
set. In [7], E. Lehmer considered the existence of other difference
sets defined by power residues (mod v) if v is an odd prime. In parti-
cular, it was shown in [7] that if v = ¢f + 1, a prime, and if the eth
powers, or eth powers and 0, form a difference set (mod v), then the

multipliers are precisely the eth powers. The corollary proves a more
general statement.

THEOREM 1. Let D be a subset of Z,, p a prime, which is a union
of m multiplicative cosets of the eth powers, plus posstbly 0. If e is
the least number for which this is true, and ¢ > 1, the eth powers
are all the multipliers of D. If D is a difference set and q|(m, e)
then q*|e implies ¢°|m.

Proof. Replace D by a translate left fixed by all the multipliers.
Lemma 2 shows that if D has a nontrivial multiplier there is a unique
translate of D which it leaves fixed. Thus ¢ > 1 shows D must be a
set of multiplicative cosets of the set of multipliers, plus possibly 0.
Since the eth powers are certainly multipliers, the first statement
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follows from the minimality of e. If D is a difference set, we may
assume by taking the complement of D that 0¢ D. Then k = mf, and
mf(mf — 1) = ref, n = m(mf — 1)/e. Since mf — 1 is prime to m, q*| e,
q | m implies ¢° | m.

In the second part of the theorem, we did not have to assume e
minimal. For example, if ¢ = 4, m = 2 is impossible; in particular the
squares cannot form a difference set mod a prime of the form 4k + 1.
Hall [5] has constructed a family of difference sets with m = 8, ¢ = 6.

Character sums. We first prove a well known theorem of a type
originally proved [2] for (v, k, 1) configurations (finite projective planes).
(See [3],[4].) The proof given is very direct and yields more in the
special case of abelian difference sets.

LemMMmA 3. If 7 is an algebraic integer such that |7 =mn for
some integer n and () = I P&, P, prime ideals, then II(P.P)% = (n).
Lf 7 belongs to the field of mth roots of 1 and p is a prime divisor
of n semiprimitive mod m then p occurs to an even power im m, SQY
|l n, and p®|7.

Proof. The first statement is obvious since 7 = n. If p is semi-
primitive mod m the prime ideal divisors of (p) in the field of mth roots
of 1 are invariant under complex conjugation. (p, m) = 1 implies that
(p) is not divisible by the square of any prime ideal, which proves the
lemma (cf. [8]).

We remark at this point that, with the notations of the lemma, if
d*|n and d is self-conjugate mod m then d |%. For if p|(d, m), p* || m,
(p) is a power of a single prime ideal in the field of p°th roots of 1,
and this ideal factors into distinct prime ideals invariant under complex
conjugation in the field of mth roots of 1.

THEOREM 2. Let G be abelian, D a v, k, » difference set in G.
If v is even, m is a square. If p is a prime which divides n to
an odd power and q # p is a prime divisor of v, p has odd order in
the multiplicative group mod q.

(The conclusions that v even implies # is a square, and that p is
a quadratic residue mod ¢ are known for arbitrary v, k, A configurations.)

Proof. If v is even, G has a character % of order 2. |[x(D)|'=n
implies » is a square, since (D) is rational. To prove the second part,
let ¥ be a character of order ¢. Since |Y(D)|* = n, Lemma 3 shows
that p cannot be semiprimitive mod ¢; the semiprimitive numbers are
precisely those which have even order in the multiplicative group mod q.
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THEOREM 3. If v is o« prime and D is a difference set mod v,
inversion 18 not a multiplier of D. If v=-e¢f + 1 and D is a union
of m multiplicative cosets of the set of eth powers mod v, plus possibly
0, then f ts odd.

REMARK. Inversion is not a multiplier under much more general
conditions (see [8]; never if G is cyeclic). The conclusion that f is odd
is proved for the eth powers, and the eth powers and 0, in [7].

Proof. Replacing D by its complement if 0 D, we may assume
0¢ D. Now replace D by a translate left fixed by all the multipliers.
Since inversion is a multiplier }(D) must be real for all ¥, and thus

= +1V'n if § # %. This shows ¥(D), which lies in the subfield of
degree 2 over @ is left invariant by the subgroup of index 2 of the
Galois group of the field of wth roots of 1, i.e., by all the automor-
phisms of the form ¢({) = {7, { a primitive vth root of 1, » a quadratic re-
sidue modv. Therefore y(D)= 3"y, *=>w""y,L", and >0 (v, —¥,.)C*=0.
Therefore y, = ¥,; for all 4+ and any quadratic residue ». This shows
D consists of the set of quadratic residues or nonresidues (if D is non-
trivial). But this can happen only for v of the form 4k — 1, and then
inversion is not a multiplier since it takes the residues into the
nonresidues.

If D is a union of multiplicative cosets of the set of eth powers
mod v and f is even, —1 is an e¢th power and hence a multiplier, which
we have just shown is impossible. This proves the last part of the
theorem.

If ¢ is a multiplier of D, 6D = Da, and we have Y(¢D) = x(a)x(D);
in particular the factorization of the ideals (3(D)) is unchanged if we
replace D by oD. The following theorem is a partial converse.

THEOREM 4. Suppose D 1is a difference set in G, G abelian, and
o is an automorphism of G such that the ideals (X(D)) and (x(aD))
are the same for each character J. Then 1f there exists m such that
mln, m>x and (m,v) =1, 0 is a multiplier of D.

REMARK. We give below an example of a difference set in which
every automorphism leaves the principal ideals generated by the charaec-
ter sums invariant, but the multiplier group has order 2 while the
automorphism group has order 96.

Proof. The theorem follows from the generalization of Hall’s
theorem ([5]; see also [8], [9], [12]). We repeat the proof, essentially
the one in [8]. In the group algebra of G, we let H = D (0D) — \G
(where D' = > ep97, 0D = 3,,c,0(9)). Each character of G extends
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to a homomorphism of the group algebra, and X(H) is nw(X), with w(})
a root of 1 for every character x. If ¥ = %, this follows from the
formula k* — v =mn. If ¥ # %, we have Y(H) = x(DYx(6D) = x(D)yo(D).
Since (¥(¢D)) has the same factorization as (}(D)), and x(D)x(D) = =,
we conclude that (Y(H)) = (n). Since |Y(H)| = n, Y(H) = nw(}), with
w(x) a root of 1.

By the inversion formula (6), if H = Yh,g, we have

g, = % S AH@) = L S w(ie) -

Since m | n, (m, v) = 1, we conclude m | h,. Since m >\ and h, = —\
by the definition of H, h, = 0 for all g. We have seen before that
| %(H)|=mn for all characters ¥ is equivalent to the assertion >, h,h,, =0
for all s = e. Therefore only one &, # 0, since all #, = 0. Clearly
that h, is n. Now

H + NG = D7'o(D) = \G = ng, .
Multiplying by D, we get

(ne + NG)aD = NG + ngD
ne(ecD) = ng,D

so 0D = ¢g;'D.
We note here a consequence of (9).

THEOREM 5. Assume D 1is a difference set in G and that (Yy(D)) =
(D)) for some nonprincipal character  and all characters ) in a
group H. If the order of H ts relatively prime to n and the order
of 4, there exists g in G such that Yy(Dg) = 4(Dg) (or X(9)xv(D) =
(D)) for all y in H.

Proof. We shall first prove the theorem for a cyclic group of
prime power order. Let ¥ be a generator of H, of order p”; we may
assume 7 is the least integer for which the theorem is not known.
Assume D is translated so that ¥?4(D) = (D) for all j, and let
A (D) = w,Cr(D), where { is a p"th root of 1 and w;, is a root of 1 of order
prime to p. Then ¥4(D) = w,iy(D) if (7, p) = 1 because Xy (D) is
the conjugate of ¥v(D) under the automorphism which is the identity
on the field of roots of 1 of order prime to p (to which w, and (D)
belong) and takes p"th roots of 1 into their jth powers. Therefore
SA(D) = wp(D)tr, the sum over all j with 0 <7 < p", (4,p) = 1.
tré is ¢(p7) if { =1, —p~ if { is a primitive pth root of 1, and 0
otherwise. Since Yy(D) = (D) if p|J, we get
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»| S 19(D) = 5 9(D) + weDyire

(p,n) =1, (D) | n implies p" | p™* + w,itrl, and therefore tr{ + 0,
g»=1, and w, =1 (since p|1 — w,, and p = 2 implies w, = —1). If
{ =1, the theorem is proved; if { # 1, take any ¢ such that x(g) = (.
Then Yy (Dg) = (Dg) because (? =1, and y(Dg) = 4(Dg) for
(J, p) = 1 because xy(Dg) = y(Dg).

An arbitrary group H may be expressed as a direct product of
cyclic groups H;, with generators y,. It is clear from the above proof
that we can find ¢, in G such that xiy(Dg;) = ¥(Dg,) for all j, and
%;(g;) = 1 for © # j, since the construction of g¢; involves only the value
of 7.¢g;). Then if g= IIg,, we have Yiv(Dg) = (Dg) for all <, 3.
Replacing D by Dg for simplicity, we shall now show that y(D) =
(D) for all ¥ in H. Let F be the set of all ¥ with this property.
If v, 1. are elements of F' of order p’, p°, respectively, and generate a
group of order p"**, p prime, » = s = 1, we show that this group is
contained in . We may assume that 7 rnd s (and the ¥;) are picked
so that yiyie F if p|¢j, i.e., we take a minimal group for which the
theorem is not known. The ¢(p")¢(p*) = q characters yiyi with (¢7, p) =1
fall into ¢(p°) equivalence classes, each consisting of all ¥™, (m, p) =1
for some ¥. The preceding result shows that 3, .= x™(D) = Ay (D),
with A one of ¢(p™), —p™*, or 0. Now

P | iy (D) = (07 — (D) + y(D) 3 A

the first term being the sum over all ¥iyi with p |47, ¥(D) >, A being
the sum over the ¢(p°) equivalence classes. Since (D) |n, (p,n) =1,
we have p+* | 3A —q. Since 0 = YA — q = —p"d(s) > —p"™° because
—p" ' =< A = ¢(p7) for all A, we must have A = ¢(p") for all A, which
means all yixje F. We now conclude that F' contains all characters of
prime power order, by induction on the number of components.

An arbitrary character ¥ in H may be expressed as [[]y;, with ¥,
of order ¢,, the ¢, distinct prime powers. We prove by induction on
v that y€ F. We have seen that if »r =1, ye F. If the theorem is
true for » — 1, we have (D) = { X (D) with £, a ¢, root of 1, by
the first part of the theorem, and ¥, %v(D) = (D) by the inductive
assumption. But (D) = {x4(D) by applying the theorem for » — 1,
with ¥4 playing the role of +, and { a [[; ¢, root of 1. Since (D) =
(D) we conclude £, = {, which implies {;, = =1 and y€ F.

Abelian Hadamard matrices. An Hadamard matrix is a square
matrix H of order h with entries 41, any two distinct rows of which
are orthogonal, i.e., such that HH’' = hl. An Hadamard matrix may
be normalized to have first row and column consisting of just +1’s.
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The remaining matrix of order # — 1 has the property that the dot
product of any two rows is —1, and that the sum of the entries in
any row is —1.

Let M be the incidence matrix of a (v, k,\) design, and J the
matrix with all entries =1. The matrix 2M — J has entries 1 where
M has entries 1, —1 where M has entries 0 and

@eM — J)2M — J)Y = AMM'" — 4kJ + vJ = 4nl + J(v — 4n) .

Thus the dot product of two distinct rows of 2M — J is v 4n. It
is clear that the matrix of order » — 1 derived from an Hadamard
matrix of order 2 > 2 by normalizing the first row and column is
equivalent to the incidence matrix of (v, k, \) configuration with
v+ 1=4n, k=2n —1, » =n — 1. Several classes of abelian differ-
ence sets with these parameters are known.

However, the question of the existence of difference sets whose
incidence matrix generates an Hadamard matrix without the normali-
zation has not been considered extensively in the literature. By the
preceding, these are defined by the condition v = 4n. In a recent paper
[10] Menon constructed two such difference sets (one for the direct product
of two dihedral groups of order six, the other one for the abelian group
Zg X Zg and noted the product theorem (Lemma 4 below). In [9] Menon
constructed such sets for the direct product of an even number of copies
of Z,. The connection with Hadamard matrices is mentioned in neither
paper. The author’s interest in the question is partly due to the
following theorem ([11]): if #; = +1, 1 =4 =<9v and |3 aw,.,| =1
for all 5 > 0, then if v is odd, v < 13; if v is even and >2, the ¢ for
which x; =1 (or —1) form a difference set (mod v) with v = 4n. (The
problem partly answered by [11] arose in radar design.)

By an abelian Hadamard matrix we mean the Hadamard matrix
derived from a difference set in an abelian group with v = 4n. (Then
n = N? v=4N? k= N@2N — 1), x= N(N — 1), if we normalize so
that 2k < v. We shall call such sets H sets for brevity. Note that we
have the formula k = (v — V' v(v — 4n) + 4n)/2; v even implies » must
be a square, and therefore the choice v = 4n leads to a simple family
of values for v, k, \.

LEMMA 4. Let D, be H sets in G;, © = 1, 2. Then (D,, D,)U(D,, D,)
18 an Hadamard difference set in G, X G,. Conversely, if D, is a
difference set in G; (D,, D,) U (D,, D,) is a difference set in G, X G, if
and only tf both D, are H sets. (D, denotes the complement of D,.)

The first statement follows from the fact that the direct product
of two Hadamard matrices is an Hadamard matrix; the second from
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the fact that if A,A] =] + (v, — 4dn)J — I)for i =1, 2, n, + 0, then
(4, % ANA X 4) = (v] + (v, — dn)(J — 1)) X (v I + (v, — dny)(J — 1))
is of the form oI + ¢J only if v, — 4n, =0 for 2 =1, 2.

A more involved proof is given in [10].

Nonexistence theorems. In this chapter we shall prove several
theorems of the following general nature: if D is a (v, k, A) differ-
ence set in G and (», v) > 1, there are bounds on the orders of charac-
ters of G. For example, if 2|(n, v), we can prove that under suitable
assumptions ¢,(G) must be less than the exponent of 2 in v; in particular,
G cannot be cyclic. Our main interest is the nonexistence of H sets;
we use the previous notations: v = 4N? n = N2,

We remark that p|(n, v) implies that p |k, X and that (k, v)’|=n,
since w = & — x and ¥* — M = n. We also note that if p is odd and
b =1, q semiprimitive mod p implies that ¢ is semiprimitive mod p°.

If % is a character of G of order s and D & G, a primitive sth
root of 1, then x(D) = >3 Y.l¢, where Y, is the number of elements
g in D such that x{g) =¢'. Thus 0= Y, < v/s. The proofs of the
first two theorems below depend on this statement about the magnitude
of the Y, and would have direct analogues if the y, were not restricted
to be 0 or 1, (i.e., if we allowed multiplicities in D).

THEOREM 6. Let D be any subset of G such that m|yx.(D) for
all characters ¥ im a group H of order v, (m,w) =1, with Y, a
character of order v, > 1, yi ¢ H, for 1 =35 <w, and where not all
YD) = 0 for ye H. Then 27 = muvw, where r is the number of
distinet prime divisors of v,. If v, =1, v = mv,.

Proof. The inversion formula (6) shows that each of the v, sums
Sy, .(g) taken over a coset of the kernel H of H is divisible by m,
since the sum over HI is

L5\ 7o)

2 %XEH

and m | yy{D) for all ¥ in ﬁ, (m,v,) = 1. Not all these v, sums are
0 since then, by another application of (6), all ¥x.(D) would be. Let
S, be one of these v, sums which is not 0. If » =1, S, is a sum of
the y, over a coset of H, S, # 0, and m|S,. Thus S, = m, and since
Vv, = S, v = mu,.

For the rest of the theorem, we shall require the following lemma:

LEMMA 5. Let G be a finite cyclic group, f a function on G
with tntegral values, and )} a generator of the character group of G.
Assume m | F() = Dec SOXW), fF() = 0. Let r be the number of
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distinct prime divisors of the order of G. If 0= f(9) =b for all
g, m =27 iof [f(g)] = b,m = 270.

Proof. Let G = G, X H, G, cyclic of order ¢ = p%, order of H
prime to ¢q. Let ¢ be a generator of G;;x(g) = is a primiti\ie qth
root of 1. Then f() = ¢ F(1)¢, with F(3) = Suen f(ht)x(h), m| f () =
SHF (1) — F(3(2))CF, where ¢ = ¢(g) and ¢ < j(¢) < ¢, j(¢) = i(mod p*7').
Since the order of H is relatively prime to ¢, is of degree ¢ over
the field generated by the F'(¢) over Q. Thus m | F(z) — F(j(z)) for
all ¢, and at least one of the F'(¢) — F'(j(z)) is not 0; we pick one
such index 4. Now if r = 1 the lemma follows because F'(1) — F'(j(2))
is an integer divisible by m and bounded by b if 0 =< f(g9) =< b, by 2b if
[f(@)| =b. If r >1, His a cyclic group whose order has » — 1 distinct
prime factors, and ) restricted to H is a generator of the character
group of H. But m|F(?) — F(j(t)) = Syen (f(hE) — f(ht'))x(k), and
the lemma follows by induction on 7 since now | f(ht?) — f(At7D) | = b
if 0= f(9)=b,=2bif |f(g)|=b.

Returning to the proof of the theorem with », > 1, we pick S, as
before. We may write S, = > Y,¢% with { a primitive v,th root of
1 and Y, the number of elements g of D in the chosen coset of the
kernel of the group generated by H for which %lg) = C'. Since %,
and H generate a group of order v,v,, there are v/vw, such elements
in G, and therefore at most that many in D. Thus 0 =Y, < v/vw,,
and Lemma 5 implies that m < 2"*(v/v,), which proves the theorem.

This proof depends on the simple structure of the irreducible poly-
nomial for a p™th root of 1.

COROLLARY 1. Let D be a difference set inm a group G which has
a character of order v,. If m*|n and m s self conjugate mod v,,
then vm < 2", where r is the number of distinct prime divisors

of (m, v,).

If D is a difference set x(D) = 0 for all ¥. Let ¥ be a fixed
character of order w,, and let ¥ = XX, where the order of ¥, is the
product of the distinet prime power divisors ¢, of v, for which (¢;,, m)>1,
and the order of ¥, is relatively prime to the order of %,. If follows
from the remarks after Lemma 3 that m | (D) for any character ¥ of
order dividing v,, and thus in particular m | ¥{y.(D) for all j. Theorem
6 shows that 2 'v = mv,.

In [5], Hall listed twelve sets of (v, &k, \) with k < 50 for which
the existence of a cyclic difference set had not been decided. The
theorems in [8], [13], [14] showed there were no cyclic difference sets
for all the sets of (v, k, A) with the exception of (120, 35, 10).
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As an example of the above corollary, we see that there is no
abelian difference set with the parameters (120, 35, 10). For an abelian
group of order 120 = 2°-3 -5 must have a character of order 30. Since
n =25 and 5= —1 (mod6), the existence of such a difference set
would imply 30:5 < 120 by the corollary (m = 25, v, = 30).

COROLLARY 2. There is no cyclic H set 1f N 18 a prime power,.
If an H set exists with N = 2%(v = 2*%) we must have 0,(G) = a + 2.
If and H set exists with N = 3% 0,(G) < a + 1; 1f we assume also
that 0,(G) = 1, we can conclude 0,(G) = a. If an H set exists with
N = p° p a prime =5, 0,(G) = a.

Proof. If there is an H set with N = 2% 0¢,(G) = b, put », = 2%,

m = N in Theorem 6: we conclude 2% =2 or b<a+ 2. If

N = p% p an odd prime, and ¢,(G) = b we conclude similarly 4p* =

Pt or pb < 4p°®. Thus p* =<4, so b=Za if p=5, b=a+1 if

= 3. If also 0,(G) =1 (as when G is cyclic) there is a character of

order 2 and we can put v, = p*, m = N, v, = 2 in Theorem 6: we get
4dp* = 2p°t, or p* = 2p% and b = a for p > 2.

COROLLARY 3. If there 1s an H set with N = p*M.M,, with M,
self conjugate mod p°* and p*~* > 4M . M;, then o,(G) < b.

Proof. Apply Theorem 6 with v, = p*, m = p°M,, v, = 1; we con-
clude 4p*M:M} = p*+**M,.

COROLLARY 4. There 1s mo cyclic H set of N = p*M,M,, p odd,
M, self conjugate mod p, and p* >2M, M;. If p and all prime divisors
of M, are of the form 4k — 1 there is mo cyclic H set 1f p* > M, M2,

Proof. The first statement follows from Theorem 6 with v, = 2,
v, = p**,m = p°M,. For the second statement we first make the
following observation: if ¢"= —1 (mod 4), ¢* == —1 (mod B), then ¢
is semiprimitive mod AB if and only if the same power of 2 divides
both » and s. If p =4k — 1, (1/2)¢(p*) = = is odd. Now if ¢ = —1
(mod 4), ¢ = —1 (mod p), we conclude ¢" = —1 (mod 4p*). Now put
v, =4, v, = p**, m = p°M, in Theorem 6. We conclude M M} = p°,
contradicting the hypothesis.

Theorem 6 also gives a simple proof of Theorem 7 of [8]:

COROLLARY 5. If pl(n,v), v = p*v, with p semiprimitive modv,,
then there exists mo cyclic difference set with parameters (v, k, \).

Putting p°% v, p°* of the corollary equal to v, v,, m, respectively
in Theorem 6, we conclude pv, = p*v, or 1 = p°.
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Other examples of Theorem 6 can easily be given. For example
(since 3¥ = —1(mod5),5 = —1(mod 3)), there is no cyclic set with
N = 3°6°M if 3°5° > 2M>,

We note an analogous theorem which can be proved in the same
fashion.

THEOREM 7. If % s a character of G of order v, > 1, v, = ]! q;
with q, powers of distinct primes and D 1s a subset of G such that
X(D) = w 5=, 29 A, 0HA,,; rational integers, {; a primitive q;th
root of 1, them 2w = v, [1}-, max; 4, ;.

The preceding results depended on elementary considerations about
the magnitude of the characteristic function of a difference set summed
over a subset of the group. We shall now prove a result which depends
only on the fact that the characteristic function has integer values,
with no restrictions on the size of the integers.

It is easy to see that the only algebraic integers in the field of
2"th roots of 1,m =3, of absolute value 3° are of the form
w3 (1 4+ 21V =2, 0 =< b < a. (Note that V' —2 = ¢ -+ £ ¢ a primitive
8th root of 1.) Thus, since | A+ BV —2| = 3™ implies A*+ 2B = 3",
max A%, B> = 3!, and theorem 7 implies there are no H sets with
0(G) =2t + 2 if N = 235 and 2% > 3", However, we shall remove
any magnitude restrictions and prove that there are no H sets with
0(G) =2t + 2,t =1 if 2'|| N.

We first make the following remarks: if p is a prime and &, \, v
are integers such that k> — v = n, k —Ax=mn, and p|(n, v) then p | (k,N\);
since k(k — 1) = Mv — 1), and p does not divide £ — 1, v — 1, p divides
k and ) to the same power, say »"||k, x. Thus p"|n. Assume that
p% || m; then

(a) 2r > S implies p5"|| v

(b) 2r < S implies p"|| v
and in either case the power of » which divides v is less than S/2.
Finally

(¢) 2r =S implies p"|wv.

In case (c), assume further that p = 2. Then % is a square (by
Theorem 2); if k = 27k, n = 2*n} with k,, n, odd we get 2(k} — n}) =
Av.  Since 27||n, we conclude that 2+*| v, as k} — n} = 0 (mod 8).

We shall now show that if D is a difference set such that 2|(n, v),
and 2 divides %k* and % to the same power, then the group G cannot
have a character of order 2°, where 2|/ v; in particular, G cannot be
cyclie.

Let D be a difference set, and assume p° || k, V'n, p**5||v with ¢ = 1.
Then we know that for p = 2,S = 3. Let ¥ be a character of G of
order p‘*S, and let Y7 be the number of elements g of D such that
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xig) = X257 = (7, where {, = exp (2nt/2"), for 1= h =t + S. Then
xiD) = 27 YLy, T =27

LEMMA 6. If 20¢|| Y} for some m,a >0 then 20777 || Y for
h+3=t+S.

Proof. We note the formula

(10) Yyt = Y. + Yvﬁ; — Y5

which follows from Y} =Y:"' + Y:,, But yx,.(D)= (Y-

YEor,. Since 2°|| %+(D)| and there is only one prime ideal which
divides 2 in the field Q({,,,), we conclude that 2°]%,.,(D) and therefore
20| Yt — YY1 < m < ¢, since the {};,1 < ¢ = ¢, form an integral
basis for Q({,,,). Thus 27%|| Y} a >0 implies 27| Y}!*' and by
induction 2¢-*77 || Y2 for h+ 5 <t + S.

¢ =2

COROLLARY. 2'|Y5 for all m.

For if not, put 7 = ¢ in the lemma; this would imply Y. is not
an integer.

LEMMA 7. Assume D is a difference set such that 2| n,v, 2* || n, k?,
2055 ||v, S = 0. Then S = 3, and there exist integers Z,, such that

r
prAS

=M 1=h=8, T =258
T
(11) S.Z; =k
k., M odd integers, 25| ki — M>.
Proof. We have seen that 2'|Y5., Let Z,=27'Y5 k, = 27k,

M? = 27%n., Then equations (11) are a summary of the known properties
of D; the faect that 25|k} — M* follows from k*— n=av, and

20k, N, Vi

THEOREM 8. There are no sets of integers Z,, k,, M which satisfy
11) for S = 3.

Proof. Let 2, =37 Z, (", 0<i<T—1. Then Z, =k, |Z,| =
M for ¢ > 0. The latter equations imply (e.g., by (3)) that

gz o KL= M?
X Zh= M 2
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The assumption 25|| k} — M* implies therefore that YZ? is even. Since
the Z, are integers and ¥Z,, is odd, this is impossible.

COROLLARY. If D is a difference set and 2|k, V'n, 275 ||v,t = 1
then 0G) <t + S. In particular, there are no cyclic difference sets
Jor such values of v, kn.

This follows from the theorem and Lemma 7.
We remark that Lemma 6 holds for arbitrary primes.

Existence theorems. We shall now give some existence theorems
for H sets. We denote Z, x Z, by K,.

THEOREM 9. The following are abelian H sets for N = 2¥1 h > 1:

1) All h-tuples with an odd number of zero components, G =
I kL Z.

(2) The subset of GF(2*) x GF(2") consisting of all pairs (m, +
My, MyM,), M; € GF(2F).,

Proof. The set {0} is an H set in K, or Z,; by Lemma 4 (taking
Kronecker products of the Hadamard matrices) we get the first state-
ment.

To prove the second statement, let ¢ = 2*. The set D = all (m, +
m,, M, M,) is easily seen to be the set of points which lie on one of
the ¢ + 1 lines in the affine plane GF'(q) x GF(q)

L. X=0
L. Y=mX+m meGF(q) .

All these lines have distinct slopes, and it is easily verified that
each point in D lies on precisely two of these lines. The number of
points in D is q(g + 1)/2, since there are ¢ + 1 lines of ¢ points each,
and each point lies on two lines. (Note that here 2k > v.) We now
consider DN D + a for a€ G, a not the identity. If the vector a is
parallel to L, (where a« e GF(q) or @ = ), then Pec L, implies P +
aeL, If B+a,LgNLg+ a will be empty, since Lg;+ a has the
same slope as Lg, but Lg + a = Lg only if the slope of a = the slope
of Lg. Any line not one of the L, contains ¢/2 points of D; for it
intersects ¢ of the lines L,, and each point of intersection lies on
precisely two of the L,. Count all the points of DN D + a twice:
there are ¢ points on L,, and ¢/2 on each of the other ¢ lines. There-
fore DN D + a contains g + ¢(q/2) points each counted twice, and the
order of DN D + a is (¢® 4 29)/4 for a = 0, independent of «; clearly
n= ¢’/4, v = 4n.



CHARACTER SUMS AND DIFFERENCE SETS 337

If D is a difference set with v even, = is a square, and an obvious
possible value for the (D) is w(x)V'n for X # X%, with w()}) an ap-
propriate root of 1 for each ¥. (w(¥) must have order dividing the
order of %, or twice it if the order of y is odd; (m,v) =1 implies
w™ = w@)™.) If v=4N* k= N(2N — 1) we must have

=L

v = 4 <2N ~1+ 3 w(x);‘c(g))

if (D) = w(x)N, where |w())| =1 for any H set, and w()) is a root
of 1 if we assume (X(D)) = (N) for X # .
We now note a simple lemma.

LEMMA 8. Let D be an H set in G, G, normal in G of index 4.
If (D)) = (N) for x # ¥, and G, in the kernel of ¥, then the numbers
of elements in the cosets of G, are

N* N2 N?* N(N —2)
(12) (2’ 2’ 2’ 2 )
or
(13) <N(N—1) N(N —1) N(N —1) N(N+1)>
2 ’ 2 ’ 2 ’ 2 )

Only the second case can arise vf N 1s odd.

This is a trivial application of, for example, formulae (7) and (8).
The first case arises if G/G, = Z, and (D) = +:N or if G/G,= Z, X Z,
and the three characters of order 2 on G/G, do not give equal character
sums. The formula (12) does not yield integers if N is odd.

This lemma is proved incorrectly in [10]; the assumption on ¥ (D),
if G/G, = Z, is not explicitly stated.

We shall now describe certain difference sets in the abelian groups
of order 36 which have no elements of order 9. It will be convenient
to consider Z, X Z, as an affine plane (over the field Z,); we denote it
by A,. We shall refer to these sets as @ sets.

Let G, be K, or Z,, and let 0,1,2,3 be the elements of G,. In
the affine plane A, take four lines L, 0 =% =< 3, one of each slope
(i.e., four distinct mutually intersecting lines). Let S, be the comple-
ment of L, in A,, S, = L, for 1=1,2,3. We let D be the subset of
G, x A, consisting of all pairs (¢, #) with 2€S;,0 =<4 < 3. It is not
hard to verify that D is an H set; this will be shown in the course
of Theorem 12,

We now enumerate Z, in the usual manner by ¢+=20,1, 2,3, and
let 0=1(0,0),1=(0,1),2=(,0),3=(1,1) in K,, We let Q, be the
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Q set in Z, X A; for which L, is X =0,L, is Y=X,L,is Y =2X
and L, is Y =0. @, is like @, except that L, is X = 1. @, is like
@, except that L, is Y =1. QI Qi, Q; are the Q sets in K, x A, defined
like Qu sz Q3-

We call two subsets D,, D, of a group G equivalent if D, = (¢D))«,
where ¢ is an automorphism of G and «€G.

THEOREM 10. Any Q set is equivalent to one of Q, or Q! 1=
1, 2, 3; these are imequivalent.

We first prove a simple lemma.

LEMMA 9. Assume there are N + 1 distinct mutually intersecting
lines L,; (t.e., one of each slope) in the affine plane GF(N) x GF(N),
(N any prime power), such that any point in the plane lies on not
more than two lines; then N is even.

To prove the lemma, fix one of the N + 1 lines, say L,. It con-
tains N points of the plane and intersects N of the lines L;. Since a
point lies on at most two of the L;, each point of L, lies on precisely
two of the lines L,. This proves any point of the plane lies on none
or two of the lines L,. Now take a line parallel to L,, but =L, It
must intersect all the L; except L,; each point of intersection is on
two of the L,, and there are N intersections; thus N is even.

We now return to the proof of the theorem.

Every automorphism ¢ of G, X A, induces automorphisms o,, g, on
G, and A,, respectively. In an arbitrary @ set, the element of G,
which corresponds to S, is determined (it is the only element x of G,
for which there are six elements (z, %) in the set). Lemma 9 shows
that the four lines L, have a point P of triple or quadruple intersection,
necessarily unique, and it is also uniquely determined by the @ set.
Since L, is uniquely determined by the set, we see that the sets @,,
Q! are indeed inequivalent. To show that any @ set is equivalent to
one of @;, Q}, we first translate the @ set so that the identity element
of G, corresponds to L, and the point P of A, corresponds to the origin
of A;. We now observe that the automorphism group of A, is transitive
on quadruples of distinct slopes: given four distinct lines through the
origin, we may clearly transform the first and second into X = 0 and
Y = 0, respectively, by an automorphism (since A, is a vector space).
If it is necessary to interchange the other two slopes, the linear
transformation S which takes (x, ) into (xz, —¥) ((z, ¥) € 4;) will leave
the X and Y axes invariant but will interchange the other two lines
through the origin. If four of the lines L; go through P, we have
shown the Q set is equivalent to @, or Q. If one of the L, does not
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contain P, we first apply an automorphism to A; which will transform
the slopes to correspond to the slopes of @; or @}, 4 =1 or 2. If the
line L; which does not contain P now coincides with the corresponding
line in @, or @} we have shown the desired equivalence; if it does not,
we apply the inversion automorphism to A,. This will leave invariant
the lines through the origin, and take a line not through the origin
into the other line parallel to itself and not through the origin.

THEOREM 11. The multiplier groups of @, Q. Qs Qf, @i, Q) are
of orders 4,2, 2;12, 6, 6, respectively.

It is clear that a multiplier of any of the @,, @ must leave the
sets fixed, since we have seen that identity elements of G, and A, are
special elements of the sets. We have also seen that the automorphism
group of A, is transitive on quadruples of slopes, and ouly the trans-
formations +1 of A; leave all the slopes invariant. A multiplier of
one of the @, or Q! restricted to G, is a permutation = of 0,1,2,3
(which leaves 0 fixed); the permutation of the slopes of the L, in A,
must induce the same permutation of 0,1,2,3. We can always find
precisely two automorphisms of A,, ¢ and (—I)o, which leave the Y
axis fixed and take the slope of L, into that of L,;,t=1,2,3. If
the L, all go through the origin both (z, ¢) and (z, (—I)o) will be
multipliers. However, if one of the L, does not go through the origin,
only one of these two automorphisms will take @, or @} into itself
(the other will take the I, not through the origin into the line (—1)L,).
The theorem now follows because Z, and K, have 2 and 6 automorphisms,
respectively.

TrreREM 12. The only H sets for which N 1s an odd prime,
satisfying the condition (Y(D}) = (N) for all ¥ # ), are the Q sets
described ahove and their complements, if G 1s abelian.

Proof. We have seen that if N is an odd prime and an H set
exists with # = N? then oy(G) < 2, (Corollary 1 of Theorem 6). Thus
G must be K, X Zy X Zy or Zy X Zy X Ly,

We shall assume that k= N(2N — 1) (by taking the complement
of the H set D if necessary). We counsider first G = K, X Zy X Zy,
and write abed for ¥4 With e,be Z, ¢c,de Zy,. We let Y., Xz be
the characters of order 2 defined by ¥%.((1,5, ¢, d)) = ysl{e, 1, ¢, d)) =
—1, for all a,b,¢,d. We may assume D is translated so that y.(D) =
%a(D) = N (since they are both 4N, being rational integers of absolute
value N). Lemma 8 then shows that y,%s(D) = N, since N is odd.

Let € be a fixed primitive Nth root of 1, and define ¥, % by
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XN((a’r b; ¢, d)) =¢{°
X-((a, b, ¢,d)) = C*
¢, d being integers (mod N). For 0 < k < N, let

Lo = Awds -

For any nonprincipal character y, (x(D)) = (V) and |x(D)| = N, so that
X(D) = wN for some root of 1, w. We may thus write

L(D) = w, LN

for k=1,+++, N, oo, u, = 1. By Theorem 5, if ¥, is any character

of order 2 we have X, x.(D) = +x.(D) (put % = 4 in Theorem 5). We
may therefore write

XeXeXi(D) = 6, LN
XoXi(D) = w, kN
XeXi(D) = v, LN
with v, w,, t, = +1.

We first prove that >, u,= -1+ N(fE=1,---,N, ). For
N*| 3055 AwXe(D) = N@2N — 1) + 3% Sin X(D), 1, J (mod N). But if
Le(D) = u, L*N then yi(D) = w, N for ¢ == O(mod N) (as in the proof
of Theorem 5) and therefore 3. Xi(D) = u,N(—1+ d,,N). Thus
N2|—N+ >, —wN,and N |1 + >, %,. Therefore Ju, = —1(mod N),
and Ju, is not more than N + 1 in absolute value, since u, = 1 for
all k. Since N is odd, Yu, is even, and therefore Yu, = —1 — N or
—1 -+ N. Thus all the u, are —1 or all but one are 1.

Similarly each of Xv,, Jw,, Xt, is 1+ N; the argument is the
same, but the term which corresponds to 7 =7 =0 in e.g., the sum
Sini XaXixi(D) is now N instead of N(2N — 1). The v, are all +1
or all but one are —1; the same is true, independently for the w,
and for the t,.

We shall write 6, for 0,144, and 4 for 3, 0,. 4 and the J,
depend on ¢, d. We shall refer to the set of ¢, d such that ¢ + kd =
¢, as line k; these are the points of A, for which 6, =1. 4 is the
number of the lines ¥ on which the point ¢, d lies.

Now the inversion formula gives

00¢d = NZ; 1, 2}7 S (N0, — D + v, + w, + 1)

10¢d = -1\% + ﬁ S (No, — (s + v, — w, — 1)

0led = Nzl; 1., 7111\7 S (NG, — 1) + w, — v — 1)

1led = NZX, L Z_lﬁg(z\rak — 1) + b — Ve — W)
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The first of the above formulae, for example, is
1 —
00cd = —— D)% (00cd
¢ e EXJX( )X(00cd)

- 4]1\72 DY (X;;(D) + ZaXi(D) + 1exi(D) + xwxsxi(D))

T4, 0, ¢, ) + — (D) + 1(D) + %(D) + L.XAD)
since %,(0,0, ¢, d) = %,%:(0,0,¢,d) for any %, of order 2. The last
term is (N(2N — 1) 4+ 3N)/AN?, the first term in the formula for
00cd; the sum is clearly (1/AN?) 3, S (U, + v, + wy, + £,) N - {707k
(with the convention {~°"*% = {~%) which reduces to the first formula.
The above follow similarly, except that e.g., Y.X:((1,0,¢, d)) =
AaXsXi((1, 0, ¢, d)) = — (1, 0, ¢, d)).

It is clear that finding an H set D of the required type is precisely
equivalent to finding wu,, v,, w,, t, all =1, and ¢, mod N which yield 0
or 1 in all the above equations. We shall now consider all the possible
types of solution (using the symmetry of the v,, w,, ¢, in the problem).

I. U, = —‘1, V, = Wy = tk =1 fOI‘ all k.

Then

00¢cd = A4
2
10¢d = Oled = 1led = 1 — % )

Since 00cd must be 0 or 1, any point ¢,d must lie on none or
two of the lines k; but Lemma 9 then shows N is even. For another
proof, note that these formulae show the resulting Hadamard matrix
would be equivalent to a direct product of an N X N matrix
((2(00cd) — 1)) by the 4 x 4 matrix 2I — J, which requires the N X N
matrix to be Hadamard, i.e., N =1 or N even. This case suggested
the construction in Theorem 8.

II. U, = —1,v,=w, =1t =—1 for all k, except ¢, =1.
Then

00¢d = %(1 +4,)

and 00cd = 1/2 for c¢d not on line m, which is impossible.

Im.  u,= -1, v.=1,w,=t, = —1 for all k, except w; =¢,=1.
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Then

100d:1~é—(4~3j+5m).

If 5 = m, 10cd is fractional unless each point which lies on one
of the lines k& lies on at least one other. But this would mean each
point of one of the lines k& would lie on precisely two, and by Lemma
9 this would mean N is even. If j = m, the formula

mw:%(d—aj—am):i S 6,

k#5,m

shows that any point on one of the N — 1 lines k, but =7, m must
lie on another. Since any one of these N — 1 lines intersects the
others in at most N — 2 points, this is impossible.

IV, =0, =w, =18t = —1 for all k, except {, =w;=v,=1.
Then

11cd:_;_(1+3m—5n~5j) )

If ed is on none of the lines j, m,n we have lled = 1/2, which
is impossible. But these three lines contain at most 3(N — 1) + 1
points, and for N > 2, N* > 3N — 2, so such a point exists.

V. Wy =V, = W, = b, = 1 for all k, except u, = —1.
1 0
00cd = — = + 4 — 22
2+ 2

and 00cd is not an integer for ¢d not on line £.

VI. u, = v, = w, =1, ¢, = —1 for all k, except u, = —1,¢t, =1
mm:%u—@+%y

If m = h, N is even by Lemma 9. If m = h, > %, 0, must be
an integer for all ¢d which was shown impossible in III.

VII. uk:/vk:].,tk:wk:_‘l
for all %k, except u, = —1,¢t, = w; =1.

00¢d = %(1 o, 46, — b))

so for a point not on lines &, 7, m we would have 00cd = 1/2, as in IV.



CHARACTER SUMS AND DIFFERENCE SETS 343

VIII. u, =1, v, =w, =t = —1

for all %k, except u, = —1,t, = w;=v,=1.

We have
_ 1 1
00¢d = 1 — E(A + 0,) + E(Bm + 0; + d,)

Olcd:—;—(d- Sy 4 0; — 8, — 8,)

and the two formulae analogous to 0Oled. First, we note that h is
not equal to any of j, m,n: forif say j = h (by symmetry), we would
have 0led = (1/2)(4 — 6,, — 6,) = (1/2) Sismn 0 and this is shown im-
possible in III. Second, we note that j, m, n are distinct: again, by
symmetry, if say j=m we would have 0led = (1/2)(4 — 6, — §,) as
before.  Therefore j, m,n,kh are all distinct. But then 0led =
1/2)Sktmonnri Ox) + 0; and the sum in parenthesis must be an even
integer for all ed. This is impossible (as in III) if there are more
than 4 lines in the plane; but if N =3, the sum is zero, and the
formulae reduce to

00¢cd = 1 — 04,
0led = 9;
10cd = 0,
lled = o

m

which clearly give 0,1 values for any choice of the lines %,7, m,n
(one of each slope) for all ¢, d.

We now turn to the group Z, X Zy X Zy = Z, X Ay. We write
abe for Y., 0€Z,b,ceZy. We define the characters y, k=
1, .-+, N, o of Zy X Z; as before. We let 4 be a fixed character of
order 4. We have

X(D) = u, N %
YD) = v, N

with 4, v, = 1. Again we get >, u,= —1=+ N, >,,v, =1+ N.
By Theorem 5, (with 3, = 4) we conclude that x,(D) = wy,(D) with
w a fourth root of 1; write ). (D) = w,Ni*{%, with a, = 0 or 1, and
w, = £1. Lemma 8 shows we may normalize the set so that (D)=
P*(D) = N.

We use the 33;, 3%, to denote the sum over those values of k for
which a, = 0 or a, = 1, respectively. As before, the inversion formula
gives
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Obe — szg L ?11\7 S (s + w)(ND, — 1)
2b¢ — Z\% + —21? S (s — w)(NO, — 1)
1be = szv 1, %,— S (s + wg)(NG, — 1)
She — Nﬂ; 1y 5117 3% (g — w,)(NG, — 1)

since for example, in the first formula, ¥.(D) + ¥v*1.(D) =0 if
YD) = £1*N. (As in Theorem 5, +*x (D) is the conjugate of
¥ x(D) under the automorphism o defined by o(i) = —1, 0(§) = Q).
But then, since 4| xu(D) + ¥*xu(D) + ¥Xu(D) + ¥*%u(D), 4| (i + vi) NC,
80 U, = —, if ¥Y(D) = (D). If ¥y(D) = +x(D), we conclude
Uy, = Vg

By considering 0bc + 2b¢ for any bc we conclude that >, u, =
O(mod N), and >, w, =1 (mod N). The second of these shows there
exist values of k& which oceur in >;, i.e., for which ¥, (D) = +iy.(D).
Since S, u, 4+ Spu,= > %, = —1+ N, we conclude >;u,=
—1(mod N), so that there exist values of %k which occur in >;;.
The formula for 1bc — 3be¢ shows 3;; w, = O(mod N).

Su,=—1=xN; if Su,=—-1—N,u,=—1 for all &k, and
St =0 (mod N) implies there are N values of k& which occur in
> (since there is at least one). We would then have precisely one
value of k& in >};;, which would imply >, w,= +1; but >, w, =
O(mod N). Therefore we must have >4, = —1 4+ N. Now >,u, =
O(mod N) would imply >;u, =N or 0. The first of these would
imply there are N values of & in >};, therefore >);; w, = +1, which
would contradict 3%;; w, = 0(mod N). Therefore >}; 4, = 0, and there
are two values of kin >},, N — 1 in >;;. But since >, w, = 1(mod N),
Sw, =1+ N, to get >y w, = 0(mod N) we must again have >,,w, =
0, and there are two values of k£ in >};;. Therefore N = 3.

There are two values of £ in >, and >, %, = 0. Pick the two

generators of Z, X Zy so that u;,= —1,u, = +1, with 3,  the
values of k& in 3, i.e., %u(D) £ X )Wu(D) for k=3, co. w, + w, =
1-3= -2, so wy=w, = —1. Therefore w, + w,= 0, and by ap-

plying the automorphism (x, ¥, 2) — (¢, ¥, —2) we may assume w, = 1,
w, = —1.

The formulae now reduce to (with notations as in the first part
of the theorem)

0bc =1 — 4,
2bc = 0.,
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1bc = 0,
3bc = 0, .

Clearly, any choice of the lines gives a difference set.

COROLLARY. The Q sets are the only abelian H sets with N a
prime of the form 4k — 1.

Proof. By Corollary 1 of Theorem 6, we must have o, < 2. The
characters of G must all have order dividing 4N; if N is a prime of
the form 4k — 1, N remains prime in Q(z), and the only integers of
absolute value N in the field of 4Nth roots of 1 are wN,w a root
of 1. Thus (x(D)) = (N) for all % # %,, and the corollary follows from
Theorem 12.

We remark that given a set of values of v,%k, A and an abelian
group G of order v, one often very useful way of constructing differ-
ence sets in G with the given parameters is to construct first all the
sets of algebraic integers which might be the (D), and then to con-
struct D from these. Theorem 12 is an example of this procedure.

THEOREM 13. Let G =111 Z, [1: Z, 11 Z, T1%* Z,, with » = ¢, r — &
even, r — t + 2s = 2q9. Then there is an H set in G.

Proof. The following two subsets of Z, X Z, are inequivalent H
sets:

(00, 10, 20, 50, 01, 61)
(00, 10, 21, 51, 01, 61) .

The theorem now follows from the previous theorem by Lemma 4.
It is easy to check that all the H sets of Theorem 13 satisfy the
condition (X(D)) = (V) for all ¥ = ¥X,.

Addendum. “The case r =1 of Theorem 6 has been obtained
independently by methods similar to those of this paper: K. Yamamoto,
Decomposition fields of difference sets, Pacific J. Math., 13 (1963),
337-352, and R. A. Rankin, Difference sets, Acta Arithmetica, 9 (1964),
161-168. The second paper also contains a special case of Theorem 5.”
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CONCERNING KOCH’S THEOREM ON
THE EXISTENCE OF ARCS

L. E. WARD, JR.

A theorem of R. J. Koch asserts that if X is a compact
space endowed with a partial order /" such that

(i) [ is a closed subset of X X X,

(i) there exists 0 € X such that (0,x)c " for each x € X,
and

(iii) for each xz€ X the set L(z) = {y : ¥y < «} is connected,
then each point of X lies in a connected chain containing 0,
In particular, X is arcwise connected. This is a corollary of
the theorem: if X is a compact space and /' is a partial order
satisfying (i), and if W is an open subset of X such that each
neighborhood of each point & of W contains a point ¥ =+ x
with (y,x)&I’, then each point of W is the supremum of a
connected chain which meets X — W. A new proof of these
results is presented.

The first of these theorems is generalized in several ways,
The compactness is relaxed to local compactness and the as-
sumption that each closed chain has a zero. Moreover, the
existence of a zero need not be assumed. If the set £ of
minimal elements is closed, then £ is joined by connected
chains to all other points of X. If the set function L is
continuous, then F is necessarily closed.

1. A classical problem of topology is to determine when a space
is arcwise connected. Here it will be convenient to adopt the termi-
nology of A. D. Wallace [6] and call a subset 4 of a space an arc if
A is a continuum with exactly two noncutpoints. If A is also sepa-
rable then it is a real arc.

A few years ago R. J. Koch [4] proved a remarkable theorem of
this type. He showed that a compact partially ordered space is arcwise
connected if certain natural conditions are imposed on the partial order.
It is the purpose of this paper to study Koch’s result in detail. His
proof, although ingenious, is long and very complicated. Since the
theorem is fundamental to the structure theory of partially ordered
spaces, and since it has been applied [3, 4, 6] to a variety of problems
in topological algebra, it is of some interest to exhibit a shorter and
simpler proof. This is donein § 2. In the later sections, some gener-
alizations of Koch’s theorem are obtained.

Received February 13, 1964. Presented to the American Mathematical Society,
January 24, 1964. The author gratefully acknowledges the support of the National
Science Foundation.
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Perhaps the most celebrated theorem on arcwise connectivity is
the assertion that every locally connected and metrizable continuum is
real arcwise connected. I suspect the existence of an intimate relation-
ship between Koch’s theorem and this result. In the final section of
the present paper, this possible relationship is discussed, but I have
not been able to resolve the question satisfactorily.

2. A short proof of Koch’s theorem. If I" is a partial order
on a set X, we identify I" with its graph and treat the symbols 2 <
¥, xl'y and (x, y)e I’ as synonyms. Recall that a chain of a partially
ordered set (X, ") is a subset C of X such that a/™d or b/'a obtains
for each @ and b in C. We also define

L, N ={xe X:xla},
M(a, ") ={xe X:alx},

for each a€ X. Where no ambiguity may occur we shall write L(a)
for L(a, I') and M(a) for M(a, I'). Moreover, if A C X we define

L(A) = U {L(»):x e 4},
and it is convenient to adopt the notation
[z, ylr = M(x, I') N L(z, I') .

In case X is a topological space, the partial order [I' is continuous
provided I" is a closed subset of X X X. When this occurs, X =
(X, ") is called a continuously partially ordered space. It is well-
known [7] that if X is a continuously partially ordered space then the
sets L(x) and M(x) are closed, for each x ¢ X, X is a Hausdorff space,
and, if X is compact, it admits a minimal element, i.e., an element
having no proper predecessors. A zero of a continuously partially
ordered space is an element which precedes every other element. In
the compact case, a unique minimal element is necessarily a zero.
Finally, we remark that in a compact, continuously partially ordered
space, a connected chain joining two distinet points is an arc. An
are which is also a chain will be termed an order arc or a I'-arc.

(2.1) THEOREM (Koch). Let W be an open subset of the compact,
continuously partially ordered space X, and suppose, for each xc W,
that each meighborhood of x contains an element y with y > x. Then
each xc W is the supremum of an order arc C such that C — W 1is
nonempty.

(2.2) COROLLARY. If X s a compact, continuwously partially
ordered space with zero, 0, such that L(x) is connected for each xec X,
then each xe X — {0} is joimed to O by an order arc.
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The corollary follows easily from Theorem 2.1 by taking W =
X — {0} (see [4]). Our proof of Theorem 2.1 is embodied in two main
lemmas.

(2.3) LEMMA. Let W be an open subset of the compact space X.
If X admits a partial order satisfying the hypotheses of (2.1), then
X admits such a partial order which is minimal.

Proof. Let {I",} be a maximal nest of partial orders satisfying
the hypotheses of (2.1), and let I'y= M {[,}. It is readily verified
that I, is a continuous partial order on X. Let x¢ W and let U be
a neighborhood of z; clearly we may assume that U cC W. Since X
is regular, there exists an open set V with xe¢ V<V U, and since
X is normal, there exists an open set R with X — UcRcRcX—V.
For each «, let 2, be a I',-minimal element of L(x, I",) N V; then there
must exist ¥y, # x, such that

yweL(%,Fa)“RCL(OC,FW)* (RUV) .

Since the closed sets L(x, I',) — (RU V) are nested and nonempty,
there exists ye L(zx, ") — RUV. Thus (y,x)el, y =2, and ye U.
Therefore I, satisfied the hypotheses of (2.1) and is minimal.

(2.4) LEMMA. Let W be an open subset of the compact space X,
and suppose I' is a partial order on X which is minimal with

respect to satisfying the hypotheses of (2.1). Then every maximal
chain of (X, I') is connected.

Proof. If not then the compactness of X guarantees [7] the
existence of elements « and b of X with (a,b)el", ¢ # b, and

[a, b]; = {a} U {b} .

Since X is a Hausdorff space, there are disjoint open sets U and V
with ae U and be V. Let

F={wyeXxX:[2,yl —(UUV)=0}.

A routine argument involving the continuity of /" shows that F is
closed and hence

Ad=T— (U XV — F)

is also closed. Since I' is reflexive and U NV = 0, one sees that 4
is reflexive, and the anti-symmetry of I implies that 4 has the same
property. To see that A4 is transitive, suppose that pdq and q4r but
(p,r)e X x X — 4. Since pl'r, it is clear that
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(p,relUxV —F

and thus [p, v, U UV, so that gqe U or qe V. If ge U then, since
re V and (q, r)€ 4, we infer that (g, r)€ F' and consequently

lg,7]: = (U U V)+0.
But then
[pv/r.]F_(UU V)i(),

i.e., (p, r)e F, a contradiction. A similar contradiction ensues if ge V
and therefore 4 is transitive. ‘

Now let xe€ W and let N be a neighborhood of 2. If ze X -V
then L(x, 4) = L(z, I') and hence there exists ye N, y # =, with y4z.
If xe V then

L@, )NV = L, )NV

and hence the desired y exists in N NV. Therefore 4 satisfies the
hypotheses of (2.1), contrary to the minimality of I.

Proof of Theorem (2.1). In view of Lemma 2.3 we may assume
that 7" is minimal, for any I'-arc will be an order arc with respect to
a partial order which contains I". Let € W and let D be a maximal
chain of X such that xeD. By Lemma 2.4, D is an order arc, and
by hypothesis, C = D N L(x) is nondegenerate and hence C is also an
order arc. Since X is compact, C has a least element which cannot
lie in W,

It should be noted that the chief applications to topological algebra
arise from Theorem 2.1. From a purely topological point of view,
hewever, Corollary 2.2 is the more interesting, and it is this result
which we shall generalize in several ways.

3. A lemma on quotient spaces. If X is a space and F is a
closed subset of X, we denote by X/F the quotient space which is
obtained when F' is identified with a point.

(8.1) LEMMA. Let (X,I") be a continucusly partially ordered
space and let F be a compact subset of X such that F = L(F). Then
X/F is a continuously partially ordered space. If, for each xze X,
it follows that L(x, I') meets F, then F is o zero for X/F. Finally,
1f X is compact and, for each x e X, each component of L(x, I') meets
F, then X/F satisfies the hypotheses of Corollary 2.2 and hence each
point of X/F — {F') 1is joined to F by an order arc of X/F.
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Proof. Define the relation 4 on X/F by pdq provided p,qge X—F
and pl'g, or p=F and L(g, ") meets F. It is clear that 4 is a
partial order, and the proof that 4 is continuous is routine except for
the verification of the fact that if (F, q)¢ 4, then there are open sets
U and V such that qe U, FCV and L(U, ") and V are disjoint. To
see this we note that since I” is continuous and L(g,I") and F' are
disjoint there exist, for each t€ F, open sets U, and V, such that
qe U,, teV, and L(U,, I') and V, are disjoint. Since F' is compact,
a familiar argument shows that the desired sets U and V exist. That
F is a zero if each L(x, I") meets F' is obvious. If X is compact then
so is X/F', and if each component K, of L(x, ") meets F, then

L(x, 4) = {F} U U{K, — F}

is also connected.

(3.2) COROLLARY. If X is a compact and continuously partially
ordered space, if F is a closed subset of X such that F = L(F') and
if, for each we X, each component of L(x) meets F, then, for each
xe X — F, there exists y < x such that y and x are joined by an
order are in X.

Proof. If e X — F, then, in X/F, there exists an order arc 4,
joining F and x. Let ye A, — {z} U {F'}; then y < 2 and an order arc
joing ¥ and « in X/F. Since this arc is disjoint from F, it remains
an order arc in X,

In the following sections we shall also require a simple lemma
about compact partially ordered spaces.

(3.3) LemmA. If A s a closed subset of a compact, continuously
partially ordered space, then L(A) is a closed set.

Proof. Let I' denote the graph of the partial order. Choquet [2]
first observed' that in a continuously partially ordered space the set
functions L and M are upper semi-continuous. Therefore, if x¢ L(A),
there is an open set U with 2e€ U such that M@ N A4 =0 for each
te U. Therefore U N L{A) = 0, so that L(A) is closed.

4. The locally compact case. Very simple examples exist to
show that Koch’s theorem fails if X is assumed only to be locally
compact. For later reference we describe one of these.

(4.1) ExAmpLE. There exists a locally compact and continuwously
partially ordered space Y with zero, 0, such that L(x) s connected,

1 T am indebted to the referee for this reference.
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Jor each xc Y, but certain elements of Y — {0} are not joimed to 0
by an are.

In the Cartesian plane let A_, denote the closed line segment whose
endpoints are (0,0) and (1,0), A4, is the closed line segment whose
endpoints are (1,0) and (1,1), and, for each n=1,2, -+, 4, is the
closed line segment whose endpoints are (1 — 2%, 0) and (1 — 2", 1). Let

X = nL__J_1 {4,} .
In the relative topology X is a compact space. Give X the coordi-
natewise partial order, i.e., (a,b) = (¢,d) if and only if a <c¢ and
b=d. Then it is easy to see that X satisfies the hypotheses of
Theorem 2.1, with the origin for zero.

Now let S be a closed segment of 4, which does not contain (1, 1),
and let Y =X — S. Then Y is a locally compact space which other-
wise satisfies all the hypotheses of Theorem 2.1, but no arec joins 0
to (1, 1).

The space Y is even a topological semi-lattice. The author and
L. W. Anderson [1] have shown that if a connected and locally compact
topological lattice has a zero, then each point is connected by an order
arc to zero, and, under suitable auxiliary hypotheses, the same is true
of locally compact semi-lattices, but our methods depended very strongly
on the lattice structure.

With no additional hypotheses at all, however, some results can
be obtained in the locally compact case, using Lemma 3.1 and Corollary
3.2.

(4.2) THEOREM. Let X be a continuously partially ordered space,
let pe X, and suppose p admits a compact netghborhood N which
contains no minimal elements of X. If L(x) is connected, for each
x€ N, then there exists q€ L(p) — {p} such that q and p lie in an
order arec.

Proof. Let B denote the boundary of N and define
F=LLMPNB)NN.

We assert that L(p) N B is not empty, for otherwise the connectivity
of L(p) insures that L(p) C N; but then L(p) is compact and hence
contains a minimal element of X. But, by hypothesis, N contains no
minimal elements of X. Moreover, since p€ L(p) — B, it follows that
pe L(p) N (N — F). By Lemma 3.3, F is a closed subset of L(p) N N.
If xeL(p) N (N — F) then the connectivity of L(x) guarantees that
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each component of L{x) N N meets F. Therefore, the space L(p) N N
satisfies the hypotheses of Corollary 3.2, and the theorem follows.

Referring to the space Y of Example 4.1, the point (1,1) can
certainly be joined by an order arc to a point (1,1 —¢)< (1,1). In
order to continue this arc on to 0 it is necessary to add some further
hypothesis such as is contained in our next result.

(4.3) THEOREM. Let X be a locally compact, continuously par-
tially ordered space with zero, 0, and suppose L(x) is connected, for
each xe X. If each closed chain of X has a zero, then each ve X —
{0} is joined to 0 by an order arc.

Proof. If ze¢ X — {0}, then Theorem 4.2 assures us that z is the
supremum of a nontrivial connected chain. Let C be a maximal such
chain; by hypothesis, z(C), the zero of C, exists. If 2(C) = 0, then
another application of Theorem 4.2 produces a nontrivial connected
chain D, of which 2(C) is the supremum. But the chain CUD is
connected and thus contradicts the maximality of C. Thus C is an
order arc joining « to 0.

We note that Theorem 4.3 truly generalizes Corollary 2.2 because,
in the compact case, every closed chain has a zero.

Problem. Does Theorem 4.3 remain true if the hypothesis that
each closed chain has a zero is weakened to “each chain has an infimum”?

5. Partially ordered spaces without zero. Let K be a continuum
which contains no are. Select x,€ K and define # < ¢ if and only if
Yy =, or ¥y = x. With respect to this relation K is a compact continu-
ously partially ordered space in which each set L(x) is connected but
in which there are no arcs. Thus we cannot infer the existence of
order arcs without some restrictions on the set of minimal elements,
but the hypothesis of Corollary 2.2 that there is only one minimal
element is unduly restrictive.

(5.1) THEOREM. Let X be a compact, continuously partially
ordered space tn which L(x) is connected, for each xe X. Let E
denote the set of minimal elements of X, and suppose, for each
xe X —E, that e X — CU(L(x) N E). Then each xe X — K is joined
by an order arc to some element of E.

Proof. Let xe X — E; since L(x) is also a compact, continuously
partially ordered space, L(x) N E is not empty. Let

E, = L(CUL(x) N E))
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and note that xe L(x) — E, and, by Lemma 3.3, that E, is closed.
By Corollary 8.2, « is the supremum of a nondegenerate connected
chain. The proof now follows that of Theorem 4.3. If C is a maximal
connected chain such that z = sup C, then by compactness C has a
zero which, by maximality, is a member of K.

(5.2) COROLLARY. Let X be a locally compact, continuously
partially ordered space im which each closed chain has a zero, and
iwn which, for each xe X — E, it follows that xe X — Cl(L(x) N E),
where E denotes the set of minimal elements of X. If L(x) ts con-
nected, for each xe€ X, then each xe X — E 1is joined by an order
arc to some element of K.

Proof. If xe X — E then by Theorem 4.2, x is the supremum
of some nondegenerate connected chain. If C is a maximal chain with
this property, then C is closed and, by maximality, its zero is an
element of FE,

(5.3) COROLLARY. Let X be a locally compact, continuously
partially ordered space in which each closed chain has a zero, and
i which the set E of minimal elements is closed. If L(x) is con-
nected, for each xe X, then each xe X — E 4s joined by an order
arc to some element of H.

Some authors have called a partial order on a space “continuous”
if the set-valued mapping L is continuous in the following sense: that
each set L(x) is closed and, if U and V are open sets such that
L(z) c U and L(x) meets V, then there exists an open set W containing
2 such that, if ye W, then L(y)C U and L(y) meets V. If a partial
order satisfies this condition, let us say that the space is an L-con-
tinuous partially ordered space. It is a simple exercise to verify
that L-continuity of a partial order implies continuity. (See Choquet

[2])

(5.4) THEOREM. If X is an L-continuous partially ordered
space, then the set E of minimal elements of X is closed.

Proof. If xe€ X — E then there exists p < ¢ and hence, if U is
a neighborhood of p, L(x) N U is not empty. We may select U such
that xe X — U. By L-continuity, there exists an open set W such
that ke W X — U and, for each te W, L(t) N U is not empty. In
particular, L(t) is nondegenerate and hence W N E is empty.

(5.5) COROLLARY. If X 4s a locally compact, L-continuous par-
tially ordered space im which each closed chain has a zero, and +f
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L(x) s comnected, for each xc X, then each non-minimal element of
X 1is joined by an order arc to some minimal element of X.

6. Concluding remarks. We return to consideration of the
theorem that a locally connected, metrizable continuum is real arcwise
connected. The problem we wish to raise may be put in this way:
Does Koch’s theorem tmply the arcwise connectivity of such continua?l
Since Mardesic has shown [5] that the natural analog of this result
fails in the nonmetrizable case, metrizability (or some slightly weaker
condition) must certainly be assumed. Now it can be shown that any
locally connected continuum admits a nontrivial quasi-order (i.e., a
reflexive, transitive relation) which is continuous, has a zero, and is
such that each set L(x) is connected. By an argument similar to that
of Lemma 2.3 one can find a minimal quasi-order with the same
properties. If, under suitable conditions, this minimal quasi-order is
found to be a partial order, then arcwise connectivity would follow
from Corollary 2.2.
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A NEW MEASURE OF A PARTIAL DIFFERENTIAL
FIELD EXTENSION

ISRAEL ZUCKERMAN

Let G be a differential field of characteristic zero with
the commuting derivations d;, -+, dn. If F' is a differential
subfield of G, the algebraic and differential degrees of trans-
cendence of G over F, denoted respectively by d(G/F) and
d.d(G/F) are numerical invariants of the extension. Unlike
the ordinary differential case (m=1) d.d. (G/F)=0 does not
imply that d(G/F) is finite. In this paper an intermediate
measure of the extension is constructed, called the limit vector,
The first and last components of this vector correspond to
d.d(G/F)and d(G/F ) respectively, and the limit vector is additive.

Similar concepts have been developed independently by Kolchin in
a2 work not yet published.

Characteristic sets of prime ideals as defined in [6] play a pro-
minent role in the development of the limit vector, as well as in the
development of other results of this paper which do not depend on the
limit veetor. Further, it is shown that an intermediate field of a
finitely generated extension is finitely generated. Kolchin has a prior,
but different proof of this. Kolchin’s analog of Liiroth’s Theorem [2, 3]
is extended and some results on characteristic sets of length one are
obtained.

Raudenbush [5] shows that the dependence axioms of Van der
Waerden [7] are satisfied by differential dependence. It is indicated
below that these axioms are more readily established by use of the
limit vector. A further result is that a proper specialization of Fla]
must reduce the limit vector only if @ has a characteristic set of length
one over F. A short proof of a theorem of Delsarte [1] on partial
linear homogeneous differential equations concludes the paper.

2. Ordering the derivatives. The main source of this subject
is Ritt [6], especially §8 and § 2 of Chapter VIII and §§1-16 of Chapter
IX. In general, the terminology and notation are as in [6]. Consider
the differential ring F{y, ---, y.}, where the y, are differential in-
determinates. Then D = di'..- d™ will denote a derivative, i.e., the
composite of derivations. We associate with D the vector (i, + -+, %,).
The sum of the ¢, is called the order of D, or of the associated vector,
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or of Dy;. y; is to be considered a derivative of itself of zero order. Let
w denote an arbitrary y-derivative. A set of marks will be assigned
to the d; and y, to achieve a complete ordering of the w. In doing
so, the primary objective will be to have w, precede w, if the order
of w, is less than the order of w,. Associate with each d,, the marks
Uigy ***, Wimta; Where u,, = 1, u,, = 0, and for k > 2: u,, = 0 for k=4+2,
uy; = 1 for k=1 4+ 2. Associate with each y; the marks v;;, ««+, ¥; .12,
where v, =1 and v;, = 0 for k # 2. Let w=4d---d,.™y,. Then w
is assigned m + 2 marks as follows: The jth mark of w is v;; + t,u,;+
ees + %,u,;. Let w, and w, be two y-derivatives with marks a;, and
b; respectively. Then we shall say that w, precedes w, or succeeds w,
according as the first nonzero difference b, — a, is positive or is negative.
As one can easily verify the system of marks introduced here achieves
the desired complete ordering of the y-derivatives. Such ordering will
prevail throughout, with the exception of §12.

3. A transcendence basis for a, +++,a, over F. Let a, -+, a,
be elements in G. If the a, are differentially dependent over F, let
P be the prime ideal in F{y,, +--,¥.} with (a, +--, a,) as a generic
zero, and let C = (4, +-+, 4,) be a characteristic set of P. (C is
said to be a characteristic set of the a; over F.) Denote the leader
and separant of A; by p; and S, respectively. If w is a derivative of
some p;, it will be called principal; otherwise, it will be called parame-
tric. We will call an a-derivative principal if it admits a representa-
tion w(a) where w is principal; otherwise, it will be called parametric.
If the a; are differentially independent over F', all a-derivatives will
be considered to be parametric. The ordering of the y-derivatives
carries over to the ordering of the symbols for the a-derivatives.

THEOREM 1. The parametric derivatives of a,, - -+, a, are distinct
and constitute a transcendence basis for F(a, ---, a,) over F. More-
over, a principal a-dertvative depends algebraically on parametric
derivatives of equal or lower order.

Proof. If the a, are differentially independent over F', the proof
is immediate. Now assume that the a; are differentially dependent
over F, with the associated prime ideal P and the characteristic set C.
Since C is a characteristic set of P, every differential polynomial, (d.p.),
in P involves a derivative of some p,. Hence the parametric a-deriva-
tives are distinct and algebraically independent over F. This proves
the first statement of the theorem.

Now, the principal a-derivatives are completely ordered with p,(a)
as the first derivative. Since p, is the leader of A4,, p.(a) depends solely
on parametric derivatives. Let w(a;) be a principal a-derivative suec-



A NEW MEASURE OF A PARTIAL DIFFERENTIAL FIELD EXTENSION 359

ceeding pa). If w is a proper derivative of some leader, say p,;, then
an appropriate derivative D of A, yields

0= DAJa,, +++,a,) = Si(ay, *++, a)yw(a;) + B(a,, +++, a,), where the
a-derivatives in S;(a) and B(a) precede w(e;). w may also be some p,
for ¢ > 1. In either case, w(a;) depends on principal and parametric
derivatives whose symbols precede the symbol for w(a;). By induction,
each of these principal derivatives depends on preceding parametric
derivatives; hence on parametric derivatives which precede w(a;). Thus,
w(a;) depends on preceding parametric derivatives, concluding the
proof.

4. Restriction to a-derivatives with orders not exceeding 7.

Let A be a subset of G, and % a positive integer. Then the set of
derivatives of elements of A of order not exceeding n will be denoted
by (n; A). Let F” be an ordinary field contained in . Then, as is
customary, F'(n; 4) will denote the ordinary field extension obtained
by adjoining (n; A) to F'.d(F'(n; A)/F"') will be denoted by A(F"’, n; A)
or simply by h(n) if no ambiguity arises. (This type of abbreviation
is repeated throughout.)

With this notation the following corollary is immediate, noting that
the ordering of the a-derivatives is such that a principal derivative
depends on parametric derivatives of equal or lower order.

COROLLARY 1. I{(F,n;a, +++,0a,) 1s the wnumber of parametric
derivatives of the a; of order mot exceeding n.

THEOREM 2. For n sufficiently large,
h(F’ 5 Ay o0y a’r) = H(F, N, Qyy o0y ar)//rn! ’

where H(n) 1s a polynomial in n with integral coeffictents. H(n)=0,
or has degree t = m and leading coefficient ¢, > 0.

Proof. Let p(n) denote the number of derivatives of some y of
order not exceeding n. Then

p(n) =Cn + m,m) =+ m)(n + m—1) -+ (n + 1)/m!

Hence, if the a; are differentially independent over F, h(n) = rp(n)
and the theorem is true in such case with { = m and ¢, = 7.

Now assume that the a, are differentially dependent over F' with
leaders p; of a characteristic set for the a; over F. Partition the p;
into subsets R;, each consisting of derivatives of the same y;. Let
a1, ***, 4, be one such subset. For each nonempty subset T of {q,, «++, q,},
let w(T') be the m-vector with kth ecomponent, k(T), equal to the
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maximum of the kth components of the vectors associated with the g;
in T, and let v, be the sum of the k(7). Let n be a positive integer
greater than the maximum of the v over all R;,. Then an m-vector
will be called a multiple of u(T) if each of its components is not less
than the corresponding component of «(T), and if the sum of its com-
ponents does not exceed n. Let S(T') denote the set of multiples w(T),
and let N(T') denote the number of elements in S(T'). Let B(T') denote
the number of elements in T.

Then,

(1) N(T) = C(n + m — vy, m) .

Note that p(n) is of the form (1) with » = 0. Therefore we extend
the set of subsets T to include the empty set ¢ and define v,=0,
N(®) = p(n). The number of parametric derivatives of y; of order not
exceeding % is obtained by subtracting from p(n) the number of elements
in the union of the S(T). Thus, it is equal to

(2) S (= DEON(T)

(2) is the sum of 2* expressions, each of the form (1). The term
of highest degree in m in each expression is the same, n™/m! Since
there are as many positive as negative expressions in (2), the sum of
the terms in ™ is zero. Furthermore, by consideration of large n we
see that the effective leading coefficient of (2) is positive.

The sum of the number of parametric derivatives of the E; is then
a polynomial with the desired properties. (An empty R; contributes
p(n) elements.)

The following corollary is immediate.

COROLLARY 1. Let s be an integer with0 = s<m. Ifa,-.--,a,
are differentially dependent over F, then

0, if s<m—t;
lim »*h(n)/p(n) = { ¢, ifs=m-—t;
" oo, ifs>m—t.
If a, ---,a, are differentially independent over F, then
7, for s=10;

}HE nhm)/p(n) = { oo for 0 <s<m

5. Introduction of the limit vector. We may now define

Le(Ff Ayy o0y a‘r) = lim nsh(n)/p(n) (S = Oy ct m) ’
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and
L(Fy al; "‘,d,.) = (LOy "'yLm) .

The latter will be called the limit vector of a,, ---, a, over F.
The following remarks are evident.

1) d.d(Fa,, +++,a,0/F) =1« Ly= 1.

(2) For a single element a, d.d(F<{a)/F) =0« L,= 0.

We will later show that d.d(F<a,, ---, a,»/F) = L,, subsuming (1) and
2.

3) d(Fa,, +++,a /F)=k < o =L, = km!

In particular, if each a, is algebraic over F, L, = 0 for all s.

6. Results on L,. The following corollaries follow from the proof
of Theorem 2. In this section, a will be differentially algebraic over
F with characteristic set C = 4,, --+, 4;, 0 < k < . W, will denote
the vector associated with the leader of A,.

COROLLARY 2.
L(F; a) = m X, (— 1)*" ", ,
T

In particular, this shows that L.(F; a) s divisible by m.

Proof. The coefficient of #™* in m! C(n + m — vy, m) is
3) (m —v)+ <o+ + (1 —vr) = m(m + 1)/2 — mog .

The first term in (3) is the same for each v;. Since there are as many
positive as negative expressions in (2), these terms cancel in computing
C,.—:, and the desired result follows.

As a special case of Corollary 2, we have the following.

COROLLARY 3. If a has a characteristic set of length one over F,
then L(F;a) = mg where g is the order of such characteristic set.

The result of Corollary 2 may be carried further so as to depend
more directly on the leaders of the characteristic set. We need the
following lemma.

LEMMA. Let w(l), ---,wk), 1 =k < o, be a sequence S of real
numbers with w(l) = min (w(3)). For each subsequence T of S, let
B(T) and M(T) denote respectively the nmumber and maximum of its
elements. Then,
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2 (= DPPRMT) = (1) .

Proof. Let T' denote a T which does not have u(l) as its first
Felement; and let 7" be the sequence obtained by adjoining w(l) at the
beginning of 7”. Then, with the exception of T = w(l), the T can be
partitioned into pairs of 7" and 1" such that

(__ 1)B(T’)+1M(T!) + (_ 1)B(T”)-{—1M(TII) — 0 .

Thus, the desired result is obtained.

COROLLARY 4. Let w; denote the mintmum of the jth components
of the W,. Then

L(F;0)=m > w; .
=1

Proof. By the lemma, the sum of the jth components of the vee-
tors associated with the T, with the appropriate signs affixed, is w;.

Hence, if we sum the (— 1)5?*'v, component-wise, the result of
Corollary 2 yields L,(F; a) = m >,7_,w;, as desired.

Note that Corollary 4 implies that L(F;a) = 0 if and only if w; =
0 for all j.

COROLLARY 5. Let A, of order v belong to C, and let k > 1.
Then L(F;a) < mv.

Proof., If for j=1, .-+, m, the jth component of W, is the
minimum of the jth components of the W,, then for ¢ s t, A; would
not be reduced with respect to A,.

We are now in a position to prove a converse of Corollary 3.

COROLLARY 6. If L(F,a)=mg, 09 < o, and if a satisfies
an wrreductble d.p. A over F of order g, then A is a characteristic
set for a over F.

Proof. Since a satisfies A4, there exists a d.p. A’ in C with order
9’ = g. By Corollary 5, if k£ > 1, L(F; a) < mg’ < mg. Hence, C= A'.
By Corollary 3, ¢’ = g and A’ has the same order as A. Since A has
zero remainder with respect to A’ and is irreducible, A = ¢A’ where ¢
is in F'; hence, A is a characteristic set for a over F.

7, Additivity of the limit vector.

LEMMA 1. Let A be a finite set of elements contained in an ex-
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tenston of F. If k, q, and v are nonnegative integers and s an
integer such that 0 < s <m, then

lim [(n + k)'h(n + q, A)/p(n + 7)] = lim [n*h(n, A)/p(n)] .

n—oo

Proof.
(n+k)yh(n+¢,4) _ (n+@hn+q A +k)pn+q
p(n + 1) p(n + q) (n + q)° pn + r)
Clearly,
im 2+ 1 gpg lim 2R g
= p(n 4 1) e (0 g)°
Furthermore,
lim (n+ @°h(n + q, 4) — Hm n'l(n, A) .
nes p(n + q) e p(n)

LeMMA 2. Let A be a set and b an element contained in an exten-
ston of F with b differentially algebraic over F{A>. Let t be the maximal
order of derivatives of A appearing in o characteristic set C for b
over F(AY. Let A’ be a set of A-deriwatives containing (n + t; A).
Then,

MEFCAY, m; b) = WEF(A), n; D) .

Proof. Let S(n) denote the set of parametric derivatives of b of
order not exceeding n with respect to C. Then S(n) is algebraically
independent over F(4’). Furthermore, S(n) is an algebraic spanning set
for (u; b) over F(A') since in the proof of Theorem 1 only derivatives
with orders not exceeding » of the d.p. in C are present in the al-
gebraic relations obtained for the principal derivatives.

Note that the result holds more readily if b is differentially trans-
cendental over FKA).

THEOREM 3.

L(F;ay -, 0) = 3, L(Fa, , -+, a,%a,) .

Proof. For 4=1, ..., r — 1, if a,,, is differentially transcendental
over Fla,, ++-,a;>, let t; = 0. Otherwise, t; be the maximal order of

derivatives of @, + -+, a; in a characteristic set for a,,, over Fa,, ---,a>.
Then,
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F(?’L+t1+ e +tr—l;a/1, “';ar)
DFm 4t + oor +t50)0 + b+ <00+t ay)
e (’ﬂ/ + by a’r—l)(n; CL,.)DF(?’I/; ay, "',(Z/,.) .

Then, by ,additivity of the transcendence degree and Lemma 2,
WE,n A+t + oo +t, a0, 0, a,)
> ;h(F<al, N S R N R
= WE,n;a,, -, a,).
Multiplying by %°/p(n), then taking the limit of the resulting expres-

sions as % approaches oo, by application of Lemma 1, the desired
result is obtained.

8. Extension of the limit vector to a measure of an arbitrary
differential field extension. Let f(G) denote the set of finite subsets
of an extension G of F, including the null set. For S and T in f,
suppose that & is the first component for which L(F% S) and L(F; T)
differ, and that L, (F;S)< L,(F;T). Then we will write L(F;S)< L(F;T)
and we may define L(G/F') = sup,e, L(F; S).

COROLLARY 1. IfG is finitely generated over F', i.e.,G=Fa,,+++,a,>,
then L(G/F) = L(F;a, ---, a,).

Proof. Let A= {a,, -+, a,} and B belong to f. Then G = F{A, B).
By Theorem 3, L(F;B) =< L(F, A, B) = L(F; A) + L(F{A)»,B). Since
BcC F{A), L(F{A»; B) = 0. Hence, L(F; B) < L(F; A) for all B in f.
Immediate consequences are:

COROLLARY 2. Given G = F(AY = F{B), where both A and B
belong to f. Then L(F; A) = L(F; B).

CoROLLARY 3. If H is finitely generated over G, and G s fini-
tely generated over F, then

L(H/F) = L(H/G) + L(G/F) .
9, A general additivity theorem.
THEOREM 4. Given FCGCH. Then, L(H/F)= L(G/F)+ L(H/G).
Proof. (PartI): To prove L(H/F)=L(G/F) + L(H/G). Let g(H)

denote the set of finite subsets of H, including the null set, which
contain no elements of G. Then every V in f(H) is the unique union
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of an S in f(G) and a T in g(H), and convergely. For a particular V =
SuUT,

L(F; V)= L(F;S) + L(F{S); T = L(F; S) + L(G; T) .

Hence,

sup L(F; V) = sup (L(F; S) + L(G; T))

vesfia

Z sup L(F; S) + sup L(G; T) = L(G; F) + L(H; G) .
SEF(R) TEg(H)

Proof. (Part II): To prove L(H/F) < L(G/F) + L(H/G). 1t suf-
fices to show that L(F<h,, ---, h/F) = L(H/G) + L(G/F) for any
finite subset Ay, -+, h, of H. Let H, = G<{h,, ++-,h,), and let P be
the prime ideal in G{y, +--, ¥,} with A, ---, h, as a generic zero. If
P=0, let G, = F. Otherwise, let G, = F(A), where A is the set of
coefficients of a characteristic set C of P. Let P, be the prime ideal
in G{y,, +-+,y,} with &y, -+, h, as a generic zero. Then C is also a
characteristic set of P,. Hence, L(H,/G) = L(GKhy, -« -, hy/G)).

By additivity for the finitely generated case,

L(Fhyy +++, by F < L(GL gy =+ <, Byl F)
= LGy -+, BYIG) + L(G/F)
= L(H,/G) + L(G/F)
< L(H/G) + L(G/F) .

10. Remarks on L,. (1) Almost all of the previous results
on L, could be obtained more readily: If a is differentially algebraic
over F', it is sufficient to consider a single d.p. B(y) in F{y} which
has a as a nonsingular solution. (i.e., @ does not annul the separant
of B(y).)

(2) In order to establish the theory of differential dependence for
arbitrary m, Raudenbush showed in [3] that differential dependence
satisfied the dependence axioms of Van der Waerden [5]. However this
theory follows immediately from the results on L,. Furthermore, since
it suffices to consider differentially independent subsets of G in deter-
mining Ly(G/F), it is clear that d.d (G/F') = L(G/F). Hence the addi-
tivity of d.d. follows from the additivity of L,.

11, A result on finitely generated extensions.

THEOREM 5. Given FCGc H= Fa,, -+-, ). Then G is fini-
tely generated over F.

Proof. If the a; are differentially independent over G, then it
follows readily that ' = G. Hence the theorem is true in such case.
If the a; are differentially dependent over G let @ be the set of



366 ISRAEL ZUCKERMAN

coefficients of a characteristic set A4,, ---, 4, of the a;, over G. Then
we assert that G = FK@>. For let p; be the leader of 4, and R the
set of parametric derivatives of the a,. Construct

G' = FLQ>, G'* =G'(R), G* = G(R) .

Then
H=G"*(py, -+, 0:) = Gy, +++, 24)
and
|H: 6] = [H:G*) = T(deg 4, in p) < = .
Thus

G = G* .

Moreover, since the parametric derivatives of the ¢, are trans-
cendental over both G and G, [G:G'] = [G*:G'*] = 1. Hence, G =G
and the theorem is proved.

12. Characteristic sets of length one and Luroth’s theorem.
Kolchin [1] and [2] proves the differential analog of Liiroth’s theorem
for ordinary differential fields of characteristic zero; explicitly, if
Fc Gc F(y), then G = F{a), for some « in G. With minor changes
Kolchin’s proof goes through for the partial case, provided that y has
a characteristic set of length one over G.!

Using the ideas in [1] and [2], we establish the following converse.

THEOREM 6. If FC Fla)C F{y), where a¢ F, then y has «a
characteristic set of length one over Fla).

Proof. Since ae F{y>, a = P(y)/Q(y), where P and @ may be
taken to be relatively prime d.p. over F. We assert that A(z) =
aQ(2) — P(z) is a characteristic set of ¥ over F<{a). To begin with,
A is clearly irreducible over F<a).

Let Y be the prime ideal over F<{a)> with y as a generic zero.
Let X be the prime ideal over F{a)> with A as a characteristic set,
and let # be a generic zero of X. « is differentially transcendental
over F'; for otherwise @, and hence ¥ would be differentially algebraic
over F. Therefore, mapping ¥ onto x determines an F-isomorphism

1. In Kolchin’s proof, [2] on the 9th and 10th lines from the top on page 400,
the result follows by considering the derivatives ordered so that every z derivative
is higher than every y derivative. On the 16th line from the top on the same page,

the y derivatives need to be considered higher. These orderings differ from those
used in this paper.
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of Fy)> onto F{z)>. Under this isomorphism, @ remains fixed, for
a = P(y)/Q(y) = P(x)/Q(x). Hence the isormorphism leaves F<{a) fixed.
Thus y and « satisfy the same d.p.’s over F{a), and y is a generic
zero of Q. Hence, X = Y and A is a characteristic set of X.

13. The length of a characteristic set is not a property of
the extension. If F{a) = F{b), and if @ has a characteristic set of
length one over F, must this also be true of b? The answer is in the
negative as the following example will indicate.

ExampLE. Let u denote a differential indeterminate and let m = 2
with the derivations denoted by subscripts # and y as in %, and u,.

Let P be the set of d.p. with zero remainder with respect to wu,.
Then P is a prime differential ideal. Since the initial and separant of
%, are both one, P is also generated by u, over F. Let a be a generic
zero of P. Define

(1) b=a+ pay,

where p is in F and is differentially transcendental over the field of
rationals contained in F. Then

(2) b, = Datly

(3) b, = ay + pyay + pay, = (1 + pay + pay, ,
(4) bow = Daally -

Then (1) and (2) imply

(5) a=b—pa,=b—p/p.b),
showing that « is in F<b>. (2) and (4) imply

(6) by = DabealDes = 0,

showing that b satisfies a second order d.p. over F.

Equations (1), (2), and (3) may be solved for a, a,, a,, in terms of
b, b, and b,. Hence, since @, a,, a,, are algebraically independent over
F b cannot satisfy a first order d.p. over F. Equation (6) yields the
irreducible d.p. satisfied by b,

(6’) A= Uy — pxwxx/px:c ’

which may be chosen as a d.p. in a characteristic set for b.

By Corollary 3 to Theorem 2, L,(F;a)= 2. Since F<{a)> = F{b>,
L(F;b)=2. By the same corollary, A cannot be the sole d.p. in a
characteristic set for b.
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14. A simply generated extension with no generator having
a characteristic set of length one. KEzxample: Let P be the prime
differential ideal generated by u, and u, over F. Then u, and u, also
constitute a characteristic set of P. Let a be a generic zero of P, and
let G = Fa).

Then h(F, n; a) = 1, for all positive integral n. Hence L,(G/F)=0.
By Corollary 3 to Theorem 2, if G has a generator b with a charac-
teristic set of length one, then L,(G/F) = mg where g is the order of
such characteristic set. Hence, g = 0 and b is algebraic over F. This
implies that a is algebraic over F which is a contradiction of the fact
that a is a generic zero of P.

15, Specializations. «a' is called a specialization of a if there
exists a differential homomorphism of F{a} onto F{a’}, taking « into o/,
and leaving F' elementwise fixed. Since

MF, n; ) < MF, n; 0), L(F;d) = L(F;a) .

We investigate when equality holds.

ProposiTION 1. If @ has a characteristic set of length one over
F and if o' is a proper specialization of a, (i.e., F{a} and F{a'} are
not isomorphic), then L(F;a’) < L(F}; a).

Proof. Assume L(F;a') = L(F; a), and let A be a characteristic
set for a over F. Then by Corollaries 3 and 6 of Theorem 2, A is
also a characteristic set for o' over F. Hence, F{a} and F{a'} are iso-
morphic. Thus the proposition is proved.

ProrosiTioN 2. If ¢ has a characteristic set of length exceeding
one, a proper specialization need not reduce the limit vector.

Proof. The following example will prove the point. As in the
example of §13, we consider F{u} with w a differential indeterminate
and two derivations denoted by subscripts « and y. Let ¢ be a generic
zero of the prime differential ideal P in F'{u} with characteristic set
and generator u,. Also, let a be a generic zero of the prime differen-
tial ideal @ in F{u} generated by and with a characteristic set, u,,
and u,,. Since @ is properly contained in P, ¢ is a proper specializa-
tion of a. But, by direct computation, or by Corollary 4 of Theorem 2,
L(F; a) = L(F; t) = (0, 2, o), proving the proposition.

16. Order of a prime ideal and systems of linear homogeneous
d.p. Let P be a prime differential ideal in F{y} with generic zero a.
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The algebraic degree of transcendence of F<a) over F'is called the order
of P, (ord P). By Theorem 1, this is the number of parametric deriva-
tives of a. We will show that this use of order agrees with the
“order”’ of a system of linear homogeneous d.p. as used in the study
of differential equations.

The following lemmas will lead to this result. The first two are
nondifferential and are stated without proof. Lemma 3 is Kolchin’s
Lemma 1 in [4], where it is proved. Lemmas 4 and5 are the differen-
tial analogues of Lemmas 1 and 2, respectively.

LEMMA 1. Let S be a system of linear homogeneous polynomials
wn Kz, «++, x,] which is a vector space over K, where K is a mon-
differential field. Then

(a) (S) is prime and contains no linear homogeneous polynomials
which are not in S.

(b) SmK[xl,"',CU,.]:O:(S)HK[-W““‘,xr]:O.

LEMMA 2. Let a set T of linear homogeneous polynomials with
coeffictents in a field K generate a wvector space over K and over an
extension L of K. Then elements of T linearly independent over K
remain linearly independent over L, and the number of such elements
wn a maximal set is the dimension of both vector spaces.

LEMMA 3. Let C be the field of constants of the partial differen-

tial field F, and let a,, +«+, a, belong to F. If a,, --+,a, are linearly
dependent over C, then Wy ,...p (¢, -+, a,) =0 for every choice of
derivatives D, ---, D, where Wp,..., (a5, +++, a,) = det (Dia;). Con-

versely, of Wy,...pfty, +++,a,) =0 for every choice of D, +--, D,
of orders = n — 1, then a,, -+, a, are linearly dependent over C.

LEMMA 4. Let S be a system of homogeneous linear partial d.p.
wm F{y} which s a vector space over F and is closed under the de-
rivations d, +-+,d,. Let T denote a set of y-derivatives. Then [S],
18 prime and

SAF[T]=0=[S]NF[T]=0.

Proof. Let V denote the set of finite sets of y-derivatives, Then
by Part (a) of Lemma 1, if Ue V, SN F[U] generates a prime ideal
Sy in F[U]. Since the union of the S, over all U in V is [S], [S]
is prime.

Let T” be a finite subset of 7. By Part (b) of Lemma 1,
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SNAF[T]=0=S8mNF[T']=0=[S]NF[T]=0.

LEMMA 5. Let S denote a set of homogeneous linear partial d.p.
wn Fly}, and let G be an extension of F. Let T denote a set of y-
derivatives. If P and Q denote the prime differential ideals gen-
erated by S in

Fly} and G{y} respectively,
then

PN FIT]=0=QNG[T]=0.

This implies that P and Q have the same orders.

Proof. Let S* denote the system consisting of the d.p. in S and
of their derivatives. Let B be a maximal linearly independent subset
of S* over F, therefore, by Lemma 2, over G. By Lemma 4, P
contains a nonzero polynomial in members of T if and only if it con-
tains such a polynomial which is linear homogeneous; that is, if and
only if there is a linear dependence among members of T and B over
F. In the same way @ contains a nonzero polynomial in the members
of T if and only if the members of T and B are linearly dependent
over G. But Lemma 2 shows that these conditions are equivalent.
Thus the lemma is proved.

THEOREM 7. Let S be a system of homogeneous linear partial
d.p. in Fly}. If the set of solutions of S is of limear dimension k
over constants, them ord [S] = k.

Proof. (a) ord[S] = k:

Let u,, -+, u, be a linear basis for the solutions over constants.
Let ¢, - - ,c, be new constants algebraically independent over Fu,, -« « %, >.
Let v = >, cu;. Since the u, are linearly independent over constants,
by Lemma 3, for some set of derivatives D,, ---, D, of orders <k — 1,
Wy v 0, (8, <+, w) # 0. Hence, D, --+, D,v are linearly independ-
ent over F. Since v belongs to the manifold of {S], [S] contains no
linear homogeneous polynomial, and therefore by Lemma 4, contains
no polynomial in Dy, --+, D,y. Hence, ord [S] = k.

() k=zord[S]:

Let ord[S] = k. Let v, be a generic zero of [S]. Then k deriva-
tives, D,, -+, D,, of v, are algebraically independent over F'. We define
inductively a sequence of elements v; which are solutions of S by the
requirement that v; be a generic zero of the differential ideal generated
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by S over Flv, ---, v;_ly}.

Then, by Lemma 5, Dw;,, -++, D\v; are algebraically independent
over Fw, +++,v;_,». In particular, the Dw;, ¢,7=1, ---, k, are al-
gebraically independent over F. Hence, Wy,,... 5 (v, -++,v,) # 0. Then

Lemma 3 implies that the v; are linearly independent over constants.
Thus k& = ord [S].

THEOREM 8. Let P be a prime differential ideal in Fly}. If P
contains o set of nonzero d.p. A;, 1 =1, «++,m, such that A; involves
only y-derivatives of the form diy where t is a nonnegative integer,
then ord P is finite.

Proof. If P contains a d.p. free of proper y-derivatives, then ord
P =0, and the theorem holds. Hence, we may assume that the A,
involve proper y-derivatives. Then A, involves a derivative of the
leader of some member of a characteristic set C of P. Hence, there
exist leaders of members of C of the form diy, ¢, >0,7=1,---,m. Thus,
by Theorem 1, ord P< ¢, +++ t,. proving the theorem.

If we specify in Theorem 8 that P = [S], where S is a system of
linear partial homogeneous d.p. in F{y}, then we have the hypothesis
of a theorem of Delsarte [1], Proposition A, page 37. Then by Theorems
7 and 8, the linear dimension of the solution space of S is finite, which
is Delsarte’s conclusion.
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