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GROUP EXTENSION REPRESENTATIONS AND
THE STRUCTURE SPACE

ROBERT J. BLATTNER

Let K be a locally compact group. K* will denote the
Jacobson structure space of C*(K), the group C*-algebra of K.
For any unitary representation V of K on a Hilbert space,
let E denote the projection valued measure on the Borel sets
of K* defined by Glimm (Pacific J. Math. 12 (1962), 885-911;
Theorem 1.9). A (not necessarily Borel) subset S of K* is
called Ey-thick if E,(S;) =0 for every Borel S; & K*~ S,
For any two representations V, and V,, Z#(V,, V,) will denote
the space of operators intertwining V; and V,.

Suppose K is a closed normal subgroup of the locally com-
pact group G, If V is a representation of K andxc G, V*is
defined by V? = V1, ke K. If ze K*, z& = Ker (V*), where
V is any irreducible repesentation such that z = Ker (V), (By
Ker we mean the kernel in the group C*-algebra,) This com-
position turns (K*, &) into a topological transformation group
(Glimm, op. cit,, Lemma 1.3). The present paper first shows
that the stability subgroups of G at points z2¢€ K* are closed.
Then the following two theorems are proved:

TueoreM 1. Let z€ K* and let H be the stability sub-
group of G at z. Let L be a representation of H such that
{#} is Ky x-thick, Then 2 (UZ%, UL) is isomorphic to ZZ (L, L)
and {2/G is EyI x-thick.

TuroreM 2. Let M be a representation of G such that
{2}G is Eyx-thick for some zc K*, Let H be the stability
subgroup of G at z. Suppose G/H is o-compact, Then there
is a representation L of H such that {z} is E x-thick and such
that M ~ U=,

In the above, U” denotes the representation of G induced
by L.

It is shown further that if C*(K )|z contains an ideal iso-
morphic to the algebra of all compact operators on some
Hilbert space, then the representation L|K of these theorems
is a multiple of the (essentially unique) irreducible representa-
tion L° of K such that Ker (L°) = 2. Finally, it is shown that
if M is primary and if K*/G is almost Hausdorff (i.e., every
nonvoid closed subset contains a nonvoid relatively open
Hausdorfl subset), then M satisfies the hypothesis of Theorem 2,

These results generalize Mackey’s Theorem 8.1 [13], in the case
of the trivial multiplier. In [13], Mackey attacks the problem of
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1102 ROBERT J. BLATTNER

reducing the representation theory of a locally compact group G with
closed normal subgroup K to the representation theories of K and
G/K. His main theorem, Theorem 8.1, supposes the following restric-
tions on G and K: G satisfies the second axiom of countability and K
is type I (in the case of the trivial multiplier). The present paper
explores what happens when these restrictions are lifted.

It turns out that a great deal of Mackey’s theorem remains true
in modified form. The chief modifications are these:

(a) We replace the dual space K of K by the structure space
K* of its group C*-algebra. This is done because K* is fairly well
behaved, being a T, topological space, while K can be very messy
when K is not type I. The first example of § 6 shows how a theory
based on K cannot get off the ground.

(b) We replace the projection valued measure based on K which
is canonically associated with the direct integral decomposition of a
given representation of K (when K is type I) with the measure based
on K* introduced by Glimm in [10].

These modifications and the lack of separability force us to replace
Mackey’s highly measure theoretic arguments with arguments more in
the spirit of the present author’s previous work [1-3] and that of
Glimm’s paper [10].

After the preliminaries of § 2, we prove our analogue of Mackey’s
theorem in §§ 3 and 4. Section 5 is concerned with what additional
hypotheses are needed to make the analogue exact. The paper closes
with some examples in §6.

The problem dealt with in the last example was the starting point
for this investigation. We wish to thank James Glimm for several
stimulating conversations on this problem.

2. Preliminaries. Let G be a locally compact group and let
Cy(G) be the space of continuous complex valued functions on G with
compact support. If f,ge Cy(@) set (fog)(w) :S fg(ey)dy and

—_— G

F*x) = fHaY)oe(x)™", where dy denotes right invariant Haar measure
and where J, is its modular funetion. o, *, the usual addition of funec-
tions, and the usual inductive limit topology on C,(G) turn it into a
topological *-algebra. Let L be a unitary representation of G. Then
setting L; = ge f(@)L;* dx (strong operator topology integral) gives us
a continuous *-representation of C{G). Moreover {L;: fe Cy(G)} has
no simultaneous null vectors (we say that L is a nondegenerate re-
presentation of Cy(G)). Conversely, if @ is a nondegenerate continuous
*-representation of C(G), there is a unique unitary representation L
of G such that L; = @; for fe Cy(G).

If L is unitary representation of G, then || L,|| =< || f|; for fe C(G).
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Therefore || f|| = LUB{|| L;|| : L unitary representation of G} exists.
lI-ll is a norm on C(G) and the completion of C,(G) with respect to
[|-1] is a C*-algebra, called the C*-group algebra of G and denoted by
C*(G). Clearly there is a one-to-one correspondence between non-
degenerate *-representations of C*(G) and nondegenerate continuous
*-representations of C,(G). Thus the representation theory of C*(G)
is “the same” as that of G.

In what follows, G* will denote the Jacobson structure space of
C*(G); i.e. the space of kernels of irreducible nondegenerate *-re-
presentations of C*(G) equipped with the hull-kernel topology. G* is
a T -space.

Let A be a C*-algebra, Z its structure space, and @ a nonde-
generate *-representation of ¥ on a Hilbert space . Glimm [10] has
shown that there is unique projection valued measure E on the Borel
field generated by the topology of Z with the following property: if
S is a closed subset of Z, then E(S) is the projection on the manifold
of v &  such that @(a)v = 0 for all ac NS. FE takes its values in the
center of the von Neumann algebra generated by @(2). In our case,
if L 18 a unitary representation of G, E, will denote the Glimm
measure on G* associated with the representation of C*(G) determined
by L.

For the formulation of induced representations used in this paper
the reader is referred to [1]. If L is a representation of the closed
subgroup H of G, we define a regular Borel projection valued measure
E* on G/H as follows: if S is a Borel subset of G/H, then EXS)f =
(Asom)-f, where ¥y is the characteristic function of S, 7 is the canonical
projection of G onto G/H, and fe H(U?%. This E* determines, and is
determined by, the *-representation of C(G/H) defined by

By =\ hw)aEw)

he C(G/H) (cf. [3]).

Finally, if E is any projection valued measure on the measurable
space (4, &%), any subset S & Z (not necessarily in <#) will be called
E-thick if E(T)= 0 whenever TN S = @& (cf. [11], p. T4).

Let G be a locally compact group and let KX be a closed normal
subgroup. For fe C(K) and x € G, we define xf € C,(K) by the formula
@f)&) = f(x~'éx)d(zx) for &€ K, where 4(x) is the (constant) Radon-
Nikodym derivative [d(x~'¢x)]/dé. If L is a unitary representation of
K and if L® is defined by L{= L,,—, &€ K, then L*= L,;. From
this it follows readily that f— xf is an automorphism of Cy(K) which
is isometric in the C*-norm ||-||. Therefore this map extends to an
automorphism of C*(K). We define an action of G on K* by setting
zx ={fe C*K):afcz}for ze K*, xeG. Glimm [10] and Fell [7] have
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shown that the map of K* X G — K* given by (2, #) — zx is continuous,
giving us a topological transformation group.

LeMMa 1. Let (S,G) be a topological tramsformation group.

Suppose S is a Ty-space. Then the stability subgroups of G are
closed.

Proof. Let H be the stability subgroup of G at pe€S. Then
{p}H = {p}, so that {p}"H~ S {p}~. If 2€ H~, we have {px}- = {p} 2 &
{p}~. Since x~*e H-, we have {p}~2~" < {p}~ and hence {p}~ & {p} 2 =
{px}~; i.e., {px}~ = {p}~. But S is T,. Therefore pxr = p and xc H.

We may now state our main theorems.

THEOREM 1. Let G be a locally compact group and let K be a
closed wnormal subgroup of G. Let ze K* and let H be the (closed)
stability subgroup of G at z. Let L be a representation of H such
that {2} is Ejg-thick. Then Z(U* U*) s isomorphic to #(L, L)
and {#}G Eyr -thick.

THEOREM 2. Let G be a locally compact group and let K be a
closed mnormal subgroup of G. Let M be a representation of G.
Assume that {2}G is E x-thick for some ze K*. Let H be the (closed)
stability subgroup of G at z. Suppose G/H 4s o-compact. Then there

18 a representation L of H such that {z} is E; x-thick and such that
M= U~

3. Proof of Theorem 1. We begin our proofs with the fol-
lowing lemma.

LEMMA 2. Let H and K be closed subgroups of the locally com-
pact group G, K normal, and K S H S G. Let L be a representation
of H. Then for every f€ C*(K) and g€ O(UF) we have [((U*| K),g](x) =
(L| K):g(x) for locally almost all zcG.

Proof. Suppose first that fe C(K) and ¢ is continuous with com-
pact support modulo H. Set

w@) = (L K)g@) = | _FOLumg@ds = | _f@o@sds .

Clearly u is continuous with compact support modulo H and belongs
to O(U%. Let ve (U be continuous with compact support modulo

H, and choose h ¢ Cy(G) such that S h(pz)dn =1 for x in the support
H
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of v. Then
(,0) = | b@@), v@)de = | | 1@ fEo@), v@)dids
= | _F@ULg, v = (U K)sg,0) -

Since the set of all such v is dense in H(UZ), our result holds in this
case.

Next suppose fe C(K) and g€ H(U*). Choose a sequence g, € (U™,
.continuous with compact support modulo H, such that || g, — gl < 2™
Then [[(U*|K)s9, — (U K)sg || <|[fll27*. As in the proof of Pro-
position 1 of [1], g,— ¢ and (U*| K);g9,— (U*| K);¢9 locally almost
-everywhere.

Finally, if fe C*(K) and ge (U, we may choose a sequence
Ju€ C(K) such that || f, — fll < 2™. Then ||[(L| K); — (L| K)3|| < 2™
uniformly for all x € G, so that (L | K); g(x) — (L | K)}g(x) uniformly on
G. Moreover || (U*| K); g — (U*| K);g | < 27| g ll, from which it follows
that (U*| K); g — (U*| K);g locally almost everywhere. Our lemma is
thereby proved.

We now assume all the hypotheses of Theorem 1. If 7 is the
natural projection of G into G/H, we define a: G/H — K* by a(n(x)) =
2z for xe G. « is continuous and one-to-one.

LeMMA 3. Eux(S) = EXa™(S)) for every Borel set S < K*.

Proof. In the first place, we note that (L|K); =0 for fexz.
In fact, {2} N C{z}- = @ implies that F,x(C{z}") = 0 from which we
get Fx({z}7) = I. But this says that (L | K)v = 0 for all ve (L) and
all fe N{z}= = 2, as desired.

Let S be a closed subset of K*. Then n{x)e a(S) if and only
if zxe S, that is, if and only if 222 NS. Therefore fe NS implies
xzfez and hence (L|K):=0. Let ge $(U%. Let fe NS. By Lemma
2, we have [(U?| K);g](x) = 0 for locally almost all # e z~%(a~"(S)). If,
moreover, g¢¢€ Range (EXa™(S))) then g¢g(x) = 0 for locally almost
all ze¢za*(S)), so by Lemma 2, [(U*| K)gl(x) =0 for locally
almost all z¢zYa"'(S)). We conclude that Range (EXa(S))Z
Range (Ey1,x(S)).

Suppose now that g ¢ Range (E*«*(S))). Then g does not vanish
for locally almost all ¢ 7~(a~'(S)). Since g is Bourbaki meagurable
([4], p. 180), there exists a compact set C & Cx'(a(S)) of positive
Haar measure upon which ¢ is continuous and does not vanish. Let
xeC. Then z¢Sx™ so that E;«(Sx™") = 0. Hence there exists
fe n{Sxz~'} such that (L|K),g(x) # 0. Setting f, = «7'f, we have
fw €S and (L] K)3, g(x) #+ 0. By continuity we have (L| K)%, 9(y) # 0
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for y in some neighborhood N, of « in C. Since C is compact and of
positive measure, N, has positive measure for some xzc C. It follows
from Lemma 2 that for that =, (U*|K);, 9 # 0. Therefore
g ¢ Range (Eyz.(S)).

We have proved Lemma 3 for closed S. The general case then
follows from the fact that a projection valued Borel measure on a
topological space is uniquely determined by its values on closed sets.

LEMMA 4. Let H be a closed subgroup of the locally compact
group G and let E be a regular Borel projection valued measure on
G/H. Let 7 be a T, topology on G/H weaker than the natural
topology such that (G/H)., Q) is a topological transformation group.
Then E takes its values in the von Neumann algebra generated by
{E(S): Se 7}.

Proof. Let B be a Borel set in G/H and let T be a self-adjoint
bounded operator commuting with all E(S), Se.7 . We must show
that B(CB)TE(B) = 0. Since K is regular, it will suffice to show that
E(C)TE(C,) =0 for every disjoint compact pair C, C,= G/H. A
standard compactness argument reduces the problem to the following:
if p, p,€ G/H, p, #+ p, find disjoint neighborhoods N, of p, and N, of
p, such that E(N,)TE(N, = 0. To do this we find a .7 -closed S which
separates p, and p,; say, p. ¢S, p,€S. Since S is closed in the natural
topology of G/H, we can find a compact neighborhood N of e¢ in G
such that p, NN*NS =@. Set N, =p,N, N,=p,N. Clearly N, =
CSN and N, < SN. Since S is 7 -closed and N is compact, SN is
.7 -closed. By hypothesis E(CSN)TE(SN) = 0, and our result follows.

Proof of Theorem 1. Let .7~ = a~* (topology of K*). .7~ and
E* satisfy the hypotheses of Lemma 4. According to Lemma 3
{E*S): Se .77} & {values of Eyzx}. This, in turn, is contained in the
center & of the von Neumann algebra generated by U*| K. By Lemma
4, {values of £} < &°. Therefore <Z(U* U*) = Z(E*, U, (E* U=
A (L, L) by [2]. Finally, {2}G is Eyzg-thick by Lemma 3.

4, Proof of Theorem 2. For the proof of Theorem 2 we need
the following lemmas;

LEMMA 5. Let H be a closed subgroup of the locally compact
group G such that G/H is g-compact. Let 7~ be a T, topology on
G/H weaker than the matural topology such that (G/H)s,G) is a
topological transformation group. Let <& be the Borel field generated
by 7. Let feC(G/H). Then f is & -measurable.
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Proof. As is well known, it is enough to show that C e <%, where
C =N, 0,, C is compact and the O, are open in G/H. (See [11], p. 220.
Such a set is called a compact G;.) Since CO, is closed, it is o-compact,
whence CC is o-compact. Therefore CC has the Lindelof property.
Let peC, gecC. As in the proof of Lemma 4, there exist open
neighborhoods N,, of p and M,, of ¢ and a set S,, & G/H such that
either S,, or CS,, €97, N,; & S,0y, My S CS,,. Sinece C is compact,
we find p,, ---, p, such that C & Ul »e and set S, ~U1 »e and

M, = f']1 »q- Then S,e .7, CCSQ, M, < cS,, and M, is an open

nelghborhood of q. WSince CC is Lindelofian, we find ¢, ¢, -+ such
that cC < L_Jl M, and set S = ﬂ'” 4 Then Sez. C& S, cC g CS;

that is, Ce k742N

LEMMA 6. Let G be a locally compact group, K a closed normal
subgroup, and U a representaiion of G. Let G act on K* as above.
Then, for any Borel set S in K* and xe€ G, Ey x(Sz) = U, By (S)U,.

Proof. By the uniqueness of Glimm measure, it suffices to prove
this for S closed in K*. We note that (U|K)*' = U (U|K)U,.
Therefore v € Range Ey x(S%) if and only if (U| K)v =0 for all fe NSx,
if and only if (U|K)y 7 w=0 for all fensS, if and only if
UAU|K);Uw =0 for all fe NS. But this is true if and only if
U,ve Range Ey, (S), if and only if ve Range U;' E; (S)U,.

LeMMA 7. Let U be a representation of the locally compact group
K. Let & be a collection of closed subsets of K*. Then Range
Ey(N.57) = N{Range Ey(S); Se &}

Proof. Let S, = NS°. Then NS, = the closed ideal of C*(K)
generated by U{NS:Se .9} = the cloged linear span in C*(K) of
U{nS:Se.97}. Now let ve N{Range E;{S):S<¢ &}. Then, for every
Se. & and every fe NS, we have U = 0; that is, Uw =0 for
every fe U{NS:Se.9}. By linearity and continuity, U = 0 for
every fe NS. Therefore ve Range K,(S,). The opposite inclusion is
clear, since K, is monotonic.

Proof of Theorem 2. Let «a be as above, let .7~ = a™* (topology
of K*), and let < be the Borel field generated by 7. Then
% = at (Borel field of K*). As in [11], p. 75, E,(a ' (S)) =
Ez(S) for all Borel S in K* defines a projection valued measure FE,
on &#. According to Lemma 5, every function in C(G/H) is <%-
measurable. Define E(f) = S fdE,. Clearly E is a *-representation

of Ci(G/H) in the sense of [3] We asgert that (E, M) is a represen-
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tation of the locally compact transformation group (G/H, G) as defined
in [3].

(1) E(C(G/H))H(M) is dense in H(M). In fact, since G/H is
o-compact, there exists a sequence of functions f, < C(G/H) such that
0 < f,11. By the monotone convergence theorem, E(f,) — I weakly,
and (1) is established.

(2) ME(f)M;* = E(R,f) for all fe C(G/H) and all x€ G. Here
(R.f)(p) = f(px). For this, it suffices to show that M, E(B)M,;* = E,(Bx™)
for all Be &# and xe(G. But this follows immediately from Lemma 6
and the definition of E,.

According to the Corollary of Theorem 2 in [3], (E, M) is unitarily
equivalent to an induced representation of (G/H, G); that is, there is
a representation L of H such that (E, M) is unitarily equivalent to
(E%, U%. We shall henceforth assume E = E* and M = U*. In par-
ticular, we have E,oca™ = Ey.x and also E(C) = EXC) for every
compact G5 C in G/H.

We must now show that {2} is K c-thick.

Let S be K* closed. First suppose z¢ S. We assert that E;(S)= 1.
By Lemma 7, it suffices to show that E,x(SN) = I for every compact
neighborhood N of ¢ in G. Let ge CyG), ve H(L). As in [1], we
define &(g, v) € (U by

(g, @) = | g(Em)05(&)0,(E) L v .

&(g, v) is continuous and has compact support modulo H. Let C be a
compact G; neighborhood of 7(e) & 7(N). Suppose Support (9) &
NN zC). Then

&(g, v) € Range E*C) = Range E,(C) =< Range E (¢ (SN))
- Range EULIK(SN) .

According to Lemma 2, fe N SN implies (L | K)ze(g, v)(x) = 0 for locally
almost all xe€ G, hence for all xe G by continuity. In particular,
(L] K)se(g, v)(e) = 0. Letting ¢07/%0y*| H approach the Dirac 6 function
on H, we get (L|K);v = 0. Since v is arbitrary, E,z(SN) = L.

Now suppose z ¢ S. We agsert that E; . (S)=0. Let v € Range E},(S).
Choose a compact neighborhood N of ¢ in G such that zZ(NN-)Na~(S) =
@. Then a(SN)N7T(N)=@. Let fe NSN. Let zeG. Then
xfe NSNx~'. Hence if £e Ne™*NH, we have zfe NS& so that
éxfe NS. Let C be a compact G; neighborhood of x(e) in w(N).
Suppose Support (g) & NN 7~(C). Then

(L1 K)se(g, 0)@) = |, g(em)0,(&)0,(&) "L (L] K)iusvds = 0

x
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{compare the proof of Lemma 6). From Lemma 2,
(g, v) € Range Eyr,(SN) = Range E a'(SN)) .

On the other hand e(g,v) € Range EZXC) — Range E(C). Since
a(SNYNC = ¢, e(g,v) = 0. Therefore &(g, v)(¢) = 0 because &g, v)
is continuous. Again letting ¢o7'%04* | H approach the Dirac ¢ function
on H, we get v = 0. Therefore K, (S) = 0.

Finally let & be the class of all Borel sets S in K* such that
either 2ze S and E,x(S) =1 or 2¢ S and E; (S) =0. Clearly & is
a o-field, and by the foregoing & contains all the closed sets. There-
fore & consists of all the Borel sets of K*; that is, {#} is K -thick.

5. Connections with Mackey’s work, In the original forms of
Theorems 1 and 2 due to Mackey ([13], Theorem 8.1), it is assumed
that G satisfies the second axiom of countability and that K is a type
I group. K* is replaced there by K the set of all unitary equivalence
classes of irreducible representations of K, equipped with the Mackey
Borel structure. According to Glimm ([8], Theorem 1) the natural
mapping of K onto K*, which sends every irreducible representation
into its kernel in C*(K), is one-to-one if K is of type I and second
countable. Moreover, Fell has shown [6] that in this case the Mackey
Borel structure is just the o-field generated by the topology of K(= K*).
Our result then specializes to give Mackey’s result, except for the
following: Mackey shows that L| K must be a multiple of the (unique
up to unitary equivalence) representation (whose kernel is) z. To get
this, in our general setting, seems to require a type restriction on K
(or at least on 2). The form of our restriction is suggested by Glimm’s
theorem ([8], Theorem 1) that a separable C* algebra is of type [ if
and only if its image under every irreducible representation containg
the compact operators. We are led to make the following definition:

DEFINITION. Let 2 be a C*-algebra and let L be an irreducible
representation of A. L is called semi-compact if Ly contains the com-
pact operators on H(L). Ker L will also be called semi-compact.

We know (see Glimm [1], p. 583) that if L is semi-compact and
if M is irreducible with Ker L = Ker M, then L and M are unitarily
equivalent.

LevMMA 8. Let U be a representation of the C*-algebra A with
structure space Z. Let z be semi-compact 4n Z. Suppose {2} is Hy-
thick. Then U 4s a multiple of the (essentially unique) irreducible
representation L° of K such that Ker L' = z.

Proof. By hypothesis 2 contains an ideal .7 2 z such that _7/z
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is isomorphic to the algebra of all compact operators on H(L°). Asin
the proof of Lemma 3, E,({z}") = I implies that U, = 0 for all acz.
Dividing out by 2, we may therefore assume z ={0}. Let S =
fweZ:w22_~#}. S is closed. .7 # {0} implies {0}¢S. Therfore
E (S)=0. Since .# = NS, this says that U|_# is a nondegenerate
representation of _#. From the known representation theory of the
algebra of compact operators on a Hilbert space, we obtain an orthogo-
nal decomposition of H(U) into U|._# invariant subspaces £, the
restriction of U|._# to each of which is unitarily equivalent to the
irreducible representation L°|._#. Let ac®, ve . Since U|_~# is
nondegenerate, we can choose a sequence b,€.” such that U, Uwv—
Upw. But b,ac._# and hence U, ,v€ 9. Therefore U,we H7; that is,
the $” are invariant under U. Let LY = U restricted to act on o.
LY ig irreducible since L*|._# is. Now Range E,({Ker L"}") 2 ¥ = {0}.
Since {0} is Fy-thick, {0} {Ker L*}=; that is, Ker L" = {0}. Since
Ker L” = Ker L°, L” ~ L°. Therefore U =~ a multiple of L°.

As regards Theorem 2, Mackey shows that if, in addition to the
hypotheses on G and K mentioned above, one assumes that K is.
regularly embedded in G (see [13], p. 302 for the definition), then
E, x is concentrated in an orbit if M is primary. Glimm ([9], Theo-
rem 1) has proved that, in Mackey’s case, the assumption of regular
embeddedness is equivalent to the topology of K/G being almost HausdorfT,
in the following sense:

DEFINITION. Let X be a topological space. X is said to be almost
Hausdorff if every nonvoid closed subset contains a nonvoid relatively
open Hausdorff subset.

We propose to turn Glimm’s theorem into a definition, even when
K is not of type I and second countable.

DEFINITION. Let K be a closed normal subgroup of the locally
compact group G. K is regularly embedded in G if K*/G is almost.
Hausdorft.

REMARK. It follows from [9], p. 133, that K regularly embedded
in G implies that every G-orbit in K* is a Borel set and in fact is
relatively open in its closure.

LEMMA 9. Let K be a regularly embedded closed normal subgroup
of the locally compact group G. Let M be a primary representation.
of G. Then there is a G-orbit of K* which is Ey g-thick.

Proof., If S is a G-invariant Borel set in K*, then
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Eyx(S)e #Z (M, M)

by Lemma 6, and hence FE, x(S) belongs to the center of the von
Neumann algebra generated by M. Therefore F, x(S) =0 or I. Let
S be the collection of all closed G-invariant S & K* such that
Egye(S)=1. S, =Ne.s by Lemma 7. Let ¢ be the natural
projection of K* onto K*/G. If R is any nonvoid relatively open
subset of 4(S,), then S, — 6~(R) is a proper closed G-invariant subset
of S,. Hence E, (S, — 07(R)) =0 so that Ey(0'(R)) = 1. Now
0(S,) is a nonvoid closed subset of K*/G. There exists a nonvoid
relatively open Hausdorff subset R, of 4(S,). We assert that R, reduces
to a point. If not, then R, contains two nonvoid disjoint subsets R,
and R, which are open relative to R, and hence to 6(S,). Then
Ey. (07 (R)y =1 for ¢ =1,2, an impossibility. So R, reduces to a
point, 6 R,) is a G-orbit in K*, and our lemma is proved.

REMARK. This is not the only reasonable definition of regular
embeddedness. Indeed, if G satisfies the second axiom of countability,
we could simply require that K*/G be T, or, more generally, be
countably separated. The coneclusion of Lemma 9 would then follow
(cf. [9], p. 126). If K is not type I, the relations between these
properties and the almost Hausdorff property is obscure.

6. Three examples. Our first example shows that, despite
Lemma 1, the stability subgroup of G at a point in )¢ may be very
bad. Let G be the group whose underlying topological space is
Tx ZxXC, where T={£eC:|&| =1} and Z is the discrete integers.
The group multiplication is given by

(E’ m; a’)(c, ’l?/, b) = (ECy m ulh 7?/, acein + b) .

Let K={1} x Zx C and N=1{1} x {0} x C. N and K are normal
subgroups of G, and N is abelian. We identify N = N* with C as
follows: each M€ C corresponds to the character yx,: (1, 0, @) — ef®e @b,
In terms of this identification, the action of K on N* is given by
AEme — ze~im By Theorems 1 and 2, *L = U*w is irreducible if
N # 0; moreover *L ~*L if and only if A and ¢ belong to the same
K-orbit in N*,

We next calculate *L%™®, To this end, we realize *L in the
Hilbert space of all square summable functions f on Z according to the
rule: (*Ly,,,,,f)(k) = exp (¢ Re (\be™*"*¥)) f(n + k). Then (*L{75 f)(k) =
L, 0 pe-10-im Y)Y = exp (¢t Re W&~ le~me—i ")) f(n + k). It follows
that *L®me = 77" = Therefore L™ ~ *[, if and only if A and
At are in the same K-orbit. Supposing M = 0, we see that the
stability subgroup of G at (*L)" in K is {(&, m, a):& = ¢ for some
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n € Z}, a proper dense subgroup of G.

As a consequence of Lemma 1, we see that *L and *L have the
same kernel in C*(K) if |n| = |¢]. (That this sufficient condition is
also necessary may be seen by applying the structure theory of Glimm
[10].) We also see that Theorems 1 and 2 are useless in this case in
analyzing the irreducible representations M of G for which {Ker*L}G
is Ey g-thick., This is precisely because the stability subgroup of G
at Ker*L in K* is G itself.

Our second example shows that in Theorem 2 some restriction on
G/H, such as o-compactness, is necessary. Let G, be the “ax + b group”;
that is, the group whose underlying topological space is R x R and
whose group multiplication is given by (a, b)(¢, d) = (a + ¢, be® + d).
Let G be the same group, except that the topology is modified by
making the first factor discrete. Let K, ={0} x RS G, and K =
{0} x R= G. Let ¢ be the (continuous) identity map of G onto G,.
Let y be a nontrivial character of K,. By Theorem 1, M, = ,U* is
an irreducible representation of G, and {Y}G, is Ey  -thick in K, = K.
Let M = M,oq, an irreducible representation of G Because ¢ | K is
an isomorphism of K onto K, which is equivariant with respect to G,
when G and G, are identified as abstract groups under ¢, {¥<(p| K)}G
is Eyx-thick in K = K*. The stability subgroup of G at {yo(p| K)}
is K. But M is not induced from any representation of K, because
dim (M) = W, while dim H(;U*) = 2% for any representation L of K.
One may see that, in this case, the proof of Theorem 2 breaks down
right at the beginning: the representation E of C(G/K) defined there
is identically zero.

Finally, we show that the first part of Theorem 6.2 of [5] is an
easy consequence of our Theorem 1. In fact, we have the following
generalization: Let L be an irreducible representation of the closed
normal subgroup K of the locally compact group G and let H be the
stability subgroup of G at L in K. If ,U* is irreducible, then H = K;
if I is semi-compact, the converse holds. In fact, suppose H == K
and choose we H, x¢ K. Define T on (U?% by setting (Tf)y) =
Vf(xy), where V implements the equivalence of L° and L; i.e.,
L: = V'LV, ée K. Then (Tf)(éy) = Vf(@&y) = VL, V'V flwy) =
LA{Tf)Yy) for fe ©(U*, e K, yeG, and it follows easily that
TfeD(U* and that T is bounded. T clearly intertwines U? but is
not a scalar multiple of I, so the first assertion is established. The
converse assertion follows from Theorem 1 together with the observation
that H is the stability subgroup of G at Ker L in K* by virtue of
the comment following the definition of semi-compactness.

There remains the question of whether the converse is true without
the semi-compactness condition. If L is not semi-compact, but if G/K
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is discrete, the converse is true ([12], Theorem 3'). However. the
general case is open.
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ON THE CONTINUOUS IMAGE OF A SINGULAR
CHAIN COMPLEX

GLEN E. BREDON

A continuous surjection z: X— Y between topological
spaces is called ‘‘ductile’’ if, for each y €Y and neighberhooed
U of y there is a neighborhood V of y which contracts to y
through U in such a way that this contraction can be covered
by a homotepy of z~(V), It is shown, in this note, that if
r: X—Y is ductile and Y is paracompact then the inclusion
of the image 7,Cy(X) of the singular chain complex of X in
the singular chain complex C,(Y) of ¥ induces an isomorphism
in homology. Thus H,.(Y) can be computed from those singular
simplices of Y which are images of singular simplices of X,

This result does not hold, in general, when 7 is not duectile. This
question was brought to our attention (for a specific case) by Klingen-
berg who plans to use our result in a study of geodesics on a Rieman-
nian manifold. We shall now rephrase the condition that a map be
ductile in a more convenient language.

Let _ 7 be the category whose objects are surjective maps 7: X — Y
between topological spaces and whose morphisms are commutative
diagrams

X — X'
-
Y > Y

of continuous maps (where 7, 7’ € _#). This contains an analogue of
homotopy, that is a commutative diagram

X x1TI
lnxl
Y xI—Y'

> X/

T

’

For 7: X— Y and Ac Y we let 7, denote the restriction 7—'(4)— A
of .

We will say that 7: X— Y (in _#) is ductile if, for each point
y€ Y and neighborhood U of y, there is a neighborhood V of y with
¥V < U such that the inclusion 7, — 7y is homotopic (in _#) to a map
into w,,. (Thus V contracts, through U, to {y} and this contraction
is covered by a homotopy of z—(V).)

Received September 22, 1964, This research was supported by NSF grant GP-1610.
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Most nice mappings are ductile. The following are all examples
of ductile maps :

(a) Simplicial maps.

(b) Let Ac X both be ANR’s (compact metric) and 7 the map
of identifying A to a point.

(¢) Y=Y, UY, where Y, Y, Y. NY, are ANR’s, X=Y,+ Y,
(disjoint union) and where 7 is the natural map.

(d) 7 is the map of a differentiable manifold X onto its orbit
space under some compact Lie group acting differentiably on X (see
[1, Chapter VIII, 3.8]). According to Smale this also holds when X is
an infinite dimensional manifold.

(¢) Let M be a compact Riemannian manifold and X the space
of mappings S'— M in the uniform metric. Regarding S* as the unit
circle in the complex plane, S* acts on X by (2f)(7') = f(22'). Let Y
be the orbit space of this action. According to Svare [4], this is
ductile. According to Smale it falls under the infinite dimensional
case of example (d). It is this example that Klingenberg uses in
studying geodesics on M.

THEOREM. Let @ be a ductile map of the space X onto the para-
compact space Y. Then the inclusion 7w, C (X)) C(Y) of chain
complexes induces an isomorphism in homology.

For the proof, it is convenient to introduce some notation. For
m:X—Y in _#, let C.(7) = 7*C(X), Hyr) = H,(C.(7)), C*(r) =
Hom (C (%), Z), and H*(x) = H"(C*(x)). These are functors on _~.
It is clear that homotopies in _# induce chain homotopies, and there-
fore that homotopic maps 7 — 7’ induce identical homomorphisms

H, () — Hy(n') and H*(n')— H?*(w).

Note that, as a subcomplex of C.(Y), C.(x) admits the operation
of subdivision, and that standard methods show that this operation
induces an isomorphism in homology.

Also note that if 7 is ductile, then, with ye VcU as in the
definition of ductile, the restriction H”(zy)— H?(ny) factors through
H*(r,;) = H(y) and hence is trivial for p == 0 and has image Z for
p=90. (H?(m)— H"(m,) is clearly surjective). Thus, when 7 is
ductile, the natural map

Z, p=0

lim H*(my) — H* () = H(y) = 0, p=£0

is an isomorphism, where U ranges over the neighborhoods of y.
Now, for 7 : X— Y fixed, let S* be the (differential) presheaf on
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Y defined by S*(U) = C*(zy) = Hom (,C.(z~(U)), Z). S* clearly
satisfies the axiom (F'2) of Godement [2]. Let .°* be the sheaf
generated by S*. The kernel S;(Y) of the natural map C*(x) =
S*(Y)— .&#*(Y) consists of those cochains with empty support (that
is, which vanish on “small” simplices of C.(7)).

Lemma. H*(S§(Y)) = 0.

Proof. TFor an open covering 11 of Y let C'(xr) be the subcomplex
of C.(7) generated by those singular simplices which are contained in
some member of U. A standard argument using subdivision shows
that H,(CY(m)) — H.(Cy(x)) is an isomorphism. If C}(x) = Hom (C}(x),
Z) it follows that H*(C*(n)) — H*(Cj{m)) is an isomorphism. Thus if
K} = ker {C*(r) — Cj(n)} then H*(Kj) = 0. But clearly S;(Y) =
UuK; = lim K3, Thus H*(S§(Y)) = H*(lim K3)) = lim H*(K}) = 0.

Now sﬁppose that Y is paracompact. Then by [i; 3,9.1, p. 159],
the sequence

0—SHY)—S*(Y)—.(Y)—0

is exact, so that H*(n) = HYS*(Y)) ~ H*(<"*(Y)).

Since each S? is an S%module, it follows that each 277 is an
S-module. & is just the ordinary singular cochain sheaf of Y in
degree zero and hence it is flabby. Since Y is paracompact it follows
that each &7 is soft.

Let 577*(<”*) be the derived sheaf of .&*. By standard facts, the
stalk of this sheaf at ye Y is oZ7*(57%), = hrn H*(S*(U)) = hm H*(my)
(U ranging over the neighborhoods of #). We have seen that when
7 is ductile, this is identified with H*(y). Thus, when 7 is duectile,
S7* is a resolution of the constant sheaf Z.

If ¢* is the ordinary singular sheaf of Y, the diagram

H*(CH(Y)) — H*(§%(Y)) = H*(C*(n))

l l
H (& *(Y) — H(&(Y))

commutes (note that = * = &% when = is the identity). If Y is
paracompact, the vertical maps are isomorphisms and so is the lower
map when 7 is ductile (see [2, 4.6.2, p. 178]).

We wish to obtain this isomorphism on the homology level. Note
that C.(Y)/C.(x} is a free chain complex (generated by those singular
simplices not in the image of =x). We wish to show that
H.(C.{Y)/C.m)y = 0, under the hypotheses of the theorem. We know
that the cohomology of this chain complex is trivial. Thus, by the
universal coefficient theorem, it suffices to show that, for any abelian
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group A, Hom (4, Z) = 0 = Ext (4, Z) implies that A = 0. This is
proved in [3, Theorem 8.5] and completes the proof of our theorem.

In conclusion we give an example of a map 7 ; X— Y which is
not ductile even though each point y< Y has a neighborhood U such
that #=%(U) can be deformed into w~*(y). Indeed the conclusion of the
theorem does not hold for this example.

Let Y, be the interval [0, 1] on the x-axis of the # — y plane and
for n > 1 let Y, be the upper semicircle (y = 0) with radius 1/# and
center at (1/n, 0). Let Y =, 7Y, and let X be the disjoint union
of the Y, with 7 : X— Y the natural map.
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ON REAL EIGENVALUES OF COMPLEX MATRICES

Davip H. CARLSON

This paper contains many inter-related results dealing
with the general question of determination of real eigenvalues
of complex matrices, We first discuss the relationship between
the number of elementary divisors associated with real
eigenvalues of a matrix 4 and the signature of a Hermitian
matrix H when AH is also Hermitian. We then obtain sets
of equivalent conditions for a matrix to be similar to a real
matrix; for a matrix to be symmetrizable; and for a matrix
to be similar to a real diagonal matrix. As corollaries we
oblain results on the eigenvalues and elementary divisors of
products of two Hermitian matrices. Some of the results are
not new; these are included to give a more complete survey
of what is known in these particular areas.

Recently a theorem on the stability of complex matrices, due
to Lyapunov, has been generalized by Taussky [15, 16], and inde-
pendently, by Ostrowski and Schneider [12]. Their result may be
stated as follows: Given a complex matrix A, there exists a
Hermitian H for which AH + HA* > 0 (positive definite) if and only
if A has no imaginary eigenvalues. Further, if AH + HA* > 0, the
numbers of eigenvalues of A with positive and negative real parts
equal respectively the numbers of eigenvalues of H which are positive
and negative.

Further generalizations of these results have been obtained by
Schneider and this author [4, 6], under the condition that AH +
HA* = 0 (positive semi-definite). This paper will use these results
and methods to prove the theorems mentioned in the synopsis above.

I wish to acknowledge with thanks the contribution of Professor
Emilie Haynsworth, who pointed out to me the connection between
[7] and my results, and thus sparked this investigation. I also wish
to thank the referee for many helpful comments, and for references
to several related papers, especially [13}], [14], and [17], with which
I had not been familiar.

2. Definitions. We define the inertia of a complex matrix A to
be InA = (m(A4), v(A), i(A)), where 7(A), v(A), 6(A) are respectively
the number of eigenvalues of A with positive, negative, and zero real
parts. We shall always let G, H and K represent Hermitian matrices;
we denote the signature of H by o(H) = n(H) — v(H). We shall
define, as in [12], R(AH) = }(AH + HA*).

Received March 3, 1964, and in revised form August 6, 1964.
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We shall use several simple propositions throughout the paper.
The first two assume a matrix of the form (we let - denote a zero

matrix)
Au AlZ All :
A= or A= .
. A22 Azl A22

We let N be an eigenvalue of A4, and let

=0 =" =2a,b,=2b,= - =b,c,=c¢,°+

v

Cy

be the degrees of the elementary divisors associated with M\ in re-
spectively A, A,;, and A,, (let a; = 0 for 4 > », ete.).

PropPOSITION 1. a, < b, + ¢, for all 1.

k3

ProrosiTioON 2. b, = a, for all ¢, and s<»; ¢f ¢, =¢, = --- =0,
then b, = a, for all 1.

Proofs. Proposition 2 follows immediately from the more precise
inequality

Ay = b, = a; for all ¢

proved in Appendix A of [5].

To prove Proposition 1, we first assume » =0 (Gf N # 0, we
consider A — NI in place of A). Let {x;,7=1,---,a;} be a lower
Jordan chain (see [8], p. 201) associated with » = 0 and define %, = 0;
we have Ax; ==z;_,, =1, ---,a;,. Let

Y A1 i+ Amz‘ j—1
xj:[J} then ij:[ s ]]:{y }
(2 Anzj Ri1

Suppose & is the minimal 5§ for which z; == 0; then it follows from the
above calculation that Ay, = y;_, 5 =1, «++, k — 1, and A,2; = z,_,,
j=k+1,+-+,0a, and Az, = 0. Thus {y;,5=1,---,k — 1} and {z;,
j=k, -+, o} form parts of Jordan chains for A4,, and A,, respectively.
As b, and ¢, are respectively the maximal lengths of such chains,
kF—1=<b and a;,—k+1=c¢c, so that a, < b, + ¢,.

Our third proposition is quite different. If AH = K, and S is
nonsingular, let B = SAS—, H, = SHS*, and K, = SKS*. Then BH, =
K, and B is similar to A; InH, = InH and InK, = InK (by Sylvester’s
Law of Inertia). Thus we have

ProrosiTioN 3. If AH = K, we may replace A by a matrix
similar to it and either H or K by a matrix complex-congruent to
it, leaving invariant the eigenvalues and elementary divisors of A
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and the inertias of H and K. In particular, we could assume A to
be in some variant of Jordan canonical form or H = H,, P 0, where
H,, is nonsingular. We shall also always assume that A, H, and K
are partitioned conformably into submatrices.

It will be convenient to make the following definitions. Let v(A)
be the number of a; which are associated with real ecigenvalues \.
Let v,(A) be the number of @, which are odd and associated with real
A. Let v, (4) be the number of a¢; which are either odd and associated
with real nonzero )\, or even and asgsociated with » = 0. Let a{A) be
the sum of all a, associated with real \.

One last comment: throughout the paper we shall discuss matrices
of the form AH or H,H, where (say) H, has some special property.
All our results will remain true if we replace AH by HA, or assume
H, has the desired special property instead of H.,.

3. Elementary divisors associated with real eigenvalues.
Drazin and Haynsworth in [7] proved that a necessary and sufficient
condition that A have (at least) m elementary divisors associated with
real eigenvalues is that there exists an H = 0, of rank m, for which
AH is Hermitian. Our first theorem generalizes the conditions on H.

THEOREM 1. Let A be a complex matric. A necessary and
sufficient condition that v(A) = m 1s that there extsts a Hermitian
H for which

@ lo(H) | =m

and AH is Hermitian.
If AH 1is Hermitian and H ts nonsingular, then

@) |o(H) | = 7(4) ,
3) |o(AH) | = 7(4) .

Proof. The necessity of the first assertion is contained in the
Drazin-Haynsworth theorem (If H = 0, of rank m, then |o(H)| = m).
To prove sufficiency, we assume that AH is Hermitian (i.e., AH —
HA* = 0) for some H satisfying (1). Then if A =14B, v(A) is algo
the number of elementary divisors associated with imaginary eigenvalues
of B. We have R(BH) = {(BH ++ HB*) = 0. We may apply Theorem
3 of [4], which gives a set of bounds on the inertia of H when
R(BH) = 0, of rank » (obviously here = 0). For » — 0, bound (14)
of [4] becomes |o(H)| = v(A). As |o(H)|=m was assumed, the
sufficiency is proved.

If H is nonsingular, then (2) is merely a restatement of the second
display of §9 of [4]. Also, (3) is a restatement of a theorem by



1122 DAVID H. CARLSON

Loewy [10, p. 69] as given by Bromwich |3, p. 349]. This completes
the proof.

4. Complex matrices similar to real matrices. The next result
contains a conjugate-transpose analogue for complex matrices of a
theorem proved by Taussky and Zassenhaus [18]: That every matrix
with elements in a field F' may be taken into its transpose by simil-
arity transformation by a matrix symmetric in F.

THEOREM 2. Let A be a complex matriz. The following four
conditions are equivalent:

(1) A ¢s similar to o real matrie.

(ii) There exists a Hermitian H for which H'AH — A*,

(iii) There exists a nonsingular Hermitian H for which AH is
Hermitian.

(iv) There exist Hermiltan matrices G and H, with H mon-
singular, for which A = GH.

Proof. Suppose there exists a matrix T so that B = T AT, where
B is real. By the Taussky-Zassenhaus theorem, there exists a real
symmetric S so that S™BS = B’ = B*, Calculation shows that
(TST* A(TST*) == A*; clearly TST* is Hermitian. Conversely, if
H'AH = A*, A is similar to A*, and conjugate eigenvalues of 4
must have elementary divisors with identical degrees. Thus A must
be similar to a real matrix.

The equivalence of (ii), (iii), and (iv) is obvious.

5. Products of Hermitian matrices. As corollaries of the
Drazin-Haynsworth theorem and our previous theorems, we obtain
results on the eigenvalues and elementary divisors of products of two
Hermitian matrices. Some are not new; some are easily proved
independently. They are all presented, however, as, taken together
they give a fairly complete description of the eigenvalues of a product
of two Hermitian matrices.

Corollary 1 extends a result credited by MacDuffee [11, p. 65] to
Klein [9].

COROLLARY 1. If H, and H, are Hermitian, then
(4) v(HH,) = |o(H) |,

(5) alH Hy) = |o(H,) | + 0(H,) .

If H, 18 nonstngular, then

(6) Vo(H H,) = | o(Hy) |, v(HH,) = |o(H)]|.
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Proof. We first suppose H, is nonsingular. Then for A = H . H,,
and H = H;', AH = H, is Hermitian and (4) and (6) follow from
Theorem 1 (as InH, = InH;"). This completes the proof of (6).

If H, is singular, we may assume H, = K,P0, where K, is
nongingular (there exists a unitary U so that U*H,U = K, 0; we
write H, for UH,U*). Then

Hu le K11 ¢ HnKn *
o e[
H21 Hm ° H21K11 °
As H,, and K, are Hermitian and K, is nonsingular, we may
apply (4) to H,, and K, to obtain

(8 YHKy) = | o(Ky) | .
As n(K.) = n(H,) and v(K,)) = v(H,), we have
(9) | U(Kll) l - ! U(Hz) t .

By Proposition 2 applied to all real eigenvalues,
(10) Y(HH,) = v(H, K.} .

Combining (8), (9), and (10) we have proved (4) for all H, and H,.
It is clear from our definitions that

1) a(A) = 7(4)

for any A; hence (5) follows from (4) when H, is nonsingular (i.e.
o(H;) = 0). When H, is singular we again assume, as in (7), H H, =
H (K, & 0), where the zero matrix has order 6(H,); clearly

(12) a(Hle) - a(HnKu) -+ 5(H2> -
From (8), (9), and (11) (with A = H,K,)), we have
a(H,K,)) = v(H,K.,) = |o(K,)) | = |o(Hy) |,

and substituting this in (12) we obtain (5). We have proved
Corollary 1.

COROLLARY 2. If H, and H, are Hermitian, then H,H, is
stmilar to a real matrix.

Proof. 1f H, is nonsingular, this is part of Theorem 2. If H,
is singular, as in Corollary 1 we may assume H, = K, P 0, with K|,
nongingular. Now H,H, is given by (7).

We shall use Propogition 2 for A = HH, and A, = H,K,,. To
avoid confusion, we attach a superscript (A} to each a; and b, asgoci-
ated with the eigenvalue N. As H, K, is similar to a real matrix by
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Theorem 2, and A,, = 0, we have for all nonreal A,

a™ = pN = b™ — g™
2 T .
This implies that H,H, is similar to a real matrix.

ReEMARK 1. Corollary 2 implies that H,H, is similar to H H, (we
have that H,H, is similar to H,H, and hence to (H.H,)* = H,H,) for
all Hermitian H, and H, a property not enjoyed by all pairs of
matrices: for example take

01 10 00 01
00 00 00 00

REMARK 2. We note that when H, is nonsingular the above result
is trivial (H.H,)* = H,H, — H,(H.H,)H;*). However, the singular case
cannot be handled in the obvious way by continuity arguments on
H, + ¢, as the eclementary divisors structure is not a continuous
function of the elements of the matrix. The same comment applies
to the two corollaries below.

COROLLARY 3. If H, and H, are Hermitian and H, > 0, then
H.H, s diagonalizable, with all real eigenvalues, and In H,H, =
In H,.

Proof. Let A= HH, and H = H;* > 0; then AH = H,. By the
Drazin-Haynsworth theorem, for m — order A, we have that H.H, is
diagonalizable, with all real eigenvalues. By Corollary 3 of [12], In
HH, = In H,.

REMARK 3. Corollary 3 is well known; cf. [19, p. 108, problem
6].

Corollary 4 (below) has connections with previous work on sym-
metrizable operators; we shall discuss this further in § 6.

COROLLARY 4. If H, ts Hermitian and H, = 0, then H,H, has
all real eigenvalues; nonzero eigenvalues have limear elementary
divisors, zero eigenvalues have elementary divisors of degree less
than or equal two. We have

(13) m(H.H)) = n(H,), v(H.H,) = v(H)) .

Proof. Let H,= K,,P0, where K,, > 0. Again HH, is given
by (7). By Corollary 3, H.K, is diagonalizable, with all real
eigenvalues. As (H.H,),, = 0, we have by Proposition 2

a® = bp® = 1



ON REAL EIGENVALUES OF COMPLEX MATRICES 1125

for all » = 0 and all nonzero a{¥. We also have by Proposition 1
aiO) é biO) + ci()) é 2

for all nonzero «”.
All that remains to be proved is (13); but this follows from Corol-
lary 4 of [12].

6. Symmetrizable matrices. In a recent paper [14] Silberstein
discusses symmetrizable operators in unitary spaces. (Other results on
symmetrizable operators may be found in Reid [13] and Zaanen [20]).
We specialize his definition to our finite dimensional setting:

DerFINITION. The complex matrix A is symmetrizable if there
exists a Hermitian H, H = 0, for which

(i) Hz = 0 implies Ax = 0.

(iiy HA is Hermitian.

THEOREM 3. Let A be a complex matrixz. The following condi-
tions are equivalent:

(i) A has all real etgenvalues; nonzero eigenvalues have linear
elementary divisors, zero eigenvalues have elementary divisors of
degree less than or equal two.

(i) A s symmetrizable.

(iiiy There exists a nonsingular H for which AH = 0.

(iv) There exist Hermitian matrices H and K, with K = 0, for

which A = HK.

(v) There exist Hermitiaon matrices H and K, with H non-

singular and K = 0, for which A = HK.

Proof. That (i) = (ii) is due to Silberstein (Theorems 3.1 and 3.2
of [14]). That (iii) = (i) follows from our Corollary 4. We however,
shall prove (i) = (iii) = (v) = (iv) = (ii).

Suppose A satisfies (¢). Then for some P, P AP =J=D@H 0D
P J), where D is a real nonsingular diagonal and each

ool
J, = :
00

Define K=DBIPD ;P K,), where each

01 1
Ki:[ }; gk =0
10 00

Then K is nonsingular, Hermitian, and JK = 0. We define H = PKP*,
and then AH = (PJP~)(PKP*) = 0.
Suppose (iii) holds; then A = HK, where K = H'A = H(AH)H'=
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0. That (v) = (iv) is obvious. Suppose (iv) holds, and A — HK, where
K =0, Then KA — KHK is Hermitian, and Kr = 0= Ax = HKx =
0. The proof is complete.

As a corollary we give a slight generalization of a result due (in
a more general Setting) to Reid [13].

COROLLARY 5. If AH =0 for some H, rank H = r + 0, then
a(A) = r. In particular, of H + 0, A has a real eigenvalue.

Proof. We may assume by Proposition 3 that H = H, P 0, H,
nonsingular. Then

(14) AH — AuAu Hn Tl A11H11 *
B A21A22 ° ] A21H11 -7
As AH is Hermitian, A, H, = 0; as H, nonsingular, A4, = 0. Now

by Theorem 3, as A, H,, = 0, A, has all real eigenvalues. As A, =0,
obviously a(4) = a(4,) = 7.

7. Elementary divisors associated with positive and negative
eigenvalues. We give a corollary to Theorem 3 similar in nature to
Theorem 1.

COROLLARY 6. A mecessary and suffictent condition for A to
have at least p and q elementary divisors associated with, respectively,
positive and megative ergenvalues ts that there exist a Hermitian H
for which w(H) = p, v(H) =q, and AH = 0, of rank p + q.

Proof. The proof of the necessity is modeled after the cor-
responding proof of the Drazin-Haynsworth theorem. Let 8, ---, Boi,
be real eigenvalues of A, of which p are positive and ¢ are negative;
let V,, ---, V,., be a set of linearly independent associated eigenvectors
for By, ++-, Bpyg. Let D =diag (B, <+, Bps,) and let V =(V,, ---,
Vo). We have AV = VD and

AVDV* = VD'V* = VDV *A* .

We take H = VDV*; clearly n{H) = p, v(H) = ¢q. As D* >0, of
order p + q, AH = HA* = VD*V* = 0, of rank p + q.

To prove sufficiency, we assume by Proposition 3 that H = H,, P 0,
where H,, is nonsingular. As in Corollary 5, A,, =0 and AH =
A H.$P0. We have

rank H,, = rank H = p + ¢ = rank AH — rank A, H,

and A, H, = 0; therefore A,H, > 0.
By Theorem 1 of |12], InA,, = InH,, = (p, ¢, 0). By our Theorem
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3, as A, and H,, are nonsingular, A, has all real nonzero eigenvalues
with linear elementary divisors. Thus A, has p and ¢ elementary
divisors associated with respectively positive and negative eigenvalues.
By Proposition 2, as A.,, = 0, A has at least as many of each.

8. Matrices similar to real diagonal matrices. We next give
conditions for a complex matrix to be diagonalizable, with all real
eigenvalues. For the case when A is real, some of these have been
given by Taussky [17].

COROLLARY 7. The matrix A 1is diagonalizable, with all real
nonzero ergenvalues, vf and only if there exists an H for which
AH > 0. If AH > 0, then InA = InH.

Proof. This is Corollary 6 for p + ¢ = order A.

COROLLARY 8. Let A be a complex matriz. The following
conditions are equivalent:
(i) A 18 diagonalizable, with all real etgenvalues,
(ii) There exists an H for which AH = 0, with rank A = rank
H = rank AH,
(iii} There exists an H > 0 for which AH ts Hermitian,
(iv)y There exists an H =0 for which AH 1is Hermitian and
rank A = rank AH,
(v) There exist Hermitian matrices G and H, with H > 0, for
which A = GH.
Further, of (i) holds, then InA = InH. If either (ili) or (iv)
holds, then InA = InAH. If (v) holds, then InA = InG.

REMARK 4. If A is a real matrix, all of the Hermitian matrices
G and H of Corollaries 7 and 8 may be chosen to be real symmetric.
In fact, all constructions of G and H, given in proof or referred to,
may be used to obtain such real G and H. The real case of Corollary
8, (i) = (v), is known; cf. [17, p. 133].

ReEMARK 5. That (i) < (iii) is contained in Theorem 3.3 of [14].
That (i) = (v) has been noted by Taussky (Amer. Math. Monthly 66
(1959), p. 427, problem 4846; published solution by Parker, Amer.
Math. Monthly 67 (1960) p. 192). That (v) = (i) is our Corollary 3.
Alternate proofs for Corollary 7 and Corollary 8, (i) < (iii), may be
obtained using the equivalence of (i) and (v).

Proof of Corollary 8. (i) = (ii). Let S'AS = B = diag (B,, -- -,
8,), where the B, are real. Obviously B* = 0, with rank B = rank B
and if we let H = SBS*, AH = 0, with rank A = rank H = rank AH.

(ii) = (i). Assume H = H,, 0, H,, nonsingular. As in the proof
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of Corollary 5, A, =0 and AH = A.H,G0=0. As rank H =
rank AH, A,H, > 0 and by Corollary 7, A, is diagonalizable, with all
real nonzero eigenvalues. As rank A = rank H = rank H,, = =rank 4,,,
and 4, = 0, we have A,,=0. The proof of (i) now follows from
Proposition 1. That InA = InH follows from (i) and Corollary V.2
of [6].

(i) = (iii). This is the Drazin-Haynsworth theorem for m — order
A. That InA = InAH follows from Corollary 3 of [12].

(i) = (iv). Assume S—'AS = B = diag (8,, -+, 8,), where the B5;
are real. Let H = SB*S* = 0.

Clearly AH = SB’S* is Hermitian, rank 4 = rank AH.

(iv)= (i). Suppose now AH is Hermitian, rank A — rank AH,
and H=H,, @0, where H, >0. By (i), as (4H), = A, H, is
Hermitian, A,, is diagonalizable, with all real eigenvalues, and In4,, =
In(A, H,). As before, A,, =0, and AH = A, H, 0. As rank A =
rank AH = rank A, H,, —rank A,, we must have A, = 0, so that all
eigenvalues of A are real. Further, all nonzero eigenvalues have linear
elementary divisors by Proposition 1.

We now prove that zero eigenvalues also have linear elementary
divisors. Let S, be a matrix for which S7'A,S,, = D0, where D
is a nonsingular diagonal. Let S = S, 1. Then

D - B,
STAS =B =| - - By|,

where A,, corresponds to the zero matrix in the lower-right corner of
B. As rank D = rank A,, = rank A4, obviously B,, = 0 and all zero
cigenvalues have linear elementary divisors, (again by Proposition 1).

As A, = 0, 7n(4) = n(A,) = (4, H,)) = n(AH), and similarly v(A) =
v(AH). The proof is complete.
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FIXED POINTS IN A TRANSFORMATION GROUP

Hsin CHU

In this paper, the following result is proved: “Let (X, T, =)
be a transformation group, where X is a Peano continuum
with an end point fixed under 7. If the group 7 is one of
the following two types: (1) It contains a subgroup R” such
that G/R" is compact or (2) It contains a s subgroup Z:-R"
such that G/(Z-R") is compact, where Z is isomorphic to the
discrete additive group of all integers, then 7 has another
fixed point.”

Professor A. D. Wallace, in |4], proved the following: “Let (X, Z, 7)
be a transformation group, where Z— the discrete additive group of
all integers. If X is a Peano continuum with a fixed end point under
Z, then Z has another fixed point.” An interesting question, (See [5])
has been raised by Wallace: “Can one reach the same conclusion about
either compact groups or abelian groups”? In the case of compact
groups, Professor H. C. Wang answered the question in the affirmative
(See [6]). We also give an affirmative answer to the question in the case
of abelian groups when the abelian group is of the type either R"- K or
Z+-R"- K where R™ is a vector group of dimension » and k is a compact
abelian group. Actually, we also cover the case of non-abelian groups.
The same conclusion can be reached if the group, G, is one of the
following two types:

(1) It contains a subgroup R" such that G/R™ is compact or

(2) It contains a subgroup Z-R" such that G/(Z-R") is compact.

2. We divide that proof of our main result into several steps.

LemMmaA 1. Let (X, T, ) be a transformation group, where X is
an arcwise connected Hausdorff space with an end potnt e fized under
T. If X has a closed tnvariant set A under T which does not contain
e then T has another fixed point. Let 1(t), 0=t =<1, be an arc
connecting e and some point & 1 A such that 1{0) =e and 1(1) = x.
All the points which separate ¢ and A lie on 1(t). Let S be the set
of all those points. S is nmot empty. Introduce a linear ordering in
1(t), 0 = t =< 1, by the natural linear ordering of t. Then the upper
limit point of S is a fixed point, other than e, under T.

Proof. The first part of the lemma is an equivalent statement of
a theorem, in [6], of Professor H. C. Wang. Under the same assumption

Received June 8, 1964. This work was supported by Contract NAS8-1646, with
the George C. Marshall Space Flight Center, NASA, Huntsville, Alabama.
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as our lemma, Wang’s conclusion is that 7 has no other fixed point if
and only if, given any neighborhood U of ¢, the orbit UT under T
coincides with the whole space X. We notice that if S is a closed
invariant set under 7 which does not contain ¢, then U= X — S isa
neighhorhood of ¢ and UT = U which does not coincide with the whole
space X and vice versa.

The proof of the second part of this lemma can be obtained from
the proof of Wang’s theorem. (See [6]).

LEMMA 2. Let (X, Z, ©) be a transformation group. If X is a
compact, connected, Hausdorfl space which is more than o point and
has a fized end point e, then there ts a closed set HC X — e, which
is 1mvariant under Z.

Proof. This is a theorem by Wallace, See [4].
By Lemma 1 and Lemma 2, we obtain Wallace’s result.

LEMMA 3. Let (X, Z, 7) be a transformation group. If X is a
Peano continuum with a fixed end point e under Z, then Z has another
fiwed point.

LevmA 4. Let (X, T, ) be a transformation group. If X is a
Peano continuum with o fived end point ¢ under T and T contains
a syndetic subgroup Z (i.e. T contains o integer group Z such that
T/Z is a compact set), then T has another fixed point. If, furthermore,
T 1s connected, then the assumption on the given end point being
fized under T is mot necessary.

Proof. Consider the transformation group (X, Z, #) induced by
(X, T, 7). From Lemma 3, we know that there is another fixed point
p under Z. Since Z is syndetic, there is a compact subset K in T
such that T = Z- K. Consequently, pT = (pZ)K = pK which is compact
and therefore, is closed. It is clear that e¢ pK. We know pK is
closed and invariant under 7. By Lemma 1, X has another fixed point
g under 7.

If T is connected, it is easy to see that every end point is fixed
under T (See [5]). Suppose ¢ is an end point and e +# et for some t € T.
Then, because ¢ is an end point and ¢T is connected, there is seeT
such that s separates ¢ and ¢t. Consequently, there exists some t'e T
such that s = et’. It follows that as ¢’ is a homeomorphism of X, et’
is also an end point as well as a cut point. A contradiction!

As a direct consequence of Lemma 4, we have:
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LEMMA 5. Let (X, R, @) be a transformation group. If X is a
Peano continuum with an end point, then R has another fixed point.

LEMMA 6. Let (X, R", ) be a transformation group where n is
a positive integer. If X is a Peamo continuum with an end point e,
then R"™ has another fixed point.

Proof. By Lemma 4, we know that the end point ¢ is fixed under
R™ for all w. The proof of this lemma is by induction. Suppose the
statement is true for w = k. Consider n = k + 1. Let (2, <+, %1, T4y
be a coordinate system of R**'. Let A and B be the closed subgroups
determined by 2, = 0 and z, = 0 respectively. Then A = B = R*. Let
the transformation groups (X, A, 7) and (X, B, 7) both be induced by
(X, R*** 7). By the inductive assumption, we know there are two
points p and ¢ such that p is invariant under A and ¢ is invariant
under B. Both p and q are distinet from e. Let C, be the subgroup
of R**"* determined by «, =0, -+, %,., = 0. Let C, be the subgroup
of R** determined by #, = 0,2, =0, -+, %,.=0. Then C,=C,= R
and, as direct products R**' = C,- A = C,-B. Consider the orbit, (p)R***,
of p under R**' and the orbit, (¢)R**!, of ¢ under R**'. It is clear
that (p)R** = (p)C, and (q)R*** = (¢)C,, where (p)C, and (¢)C, both
are connected.

We know both ¢l((»)C,) and ¢l((¢)C,) are invariant under R**'. If
¢ is not in either c¢l((p)C,) or cl((¢)C,), then, by Lemma 1, R** has
another fixed point. Suppose ¢ is in both ¢l((p)C)) and ¢l((¢)C,). This
implies that every neighborhood of ¢ contains points from both (p)C,
and (q)C,.

Let U, be a neighborhood of e such that {p,q} N U, = ¢. Since
¢ is a fixed end point, there exists xe U, such that X — 2 = X, U X,
for some sets X, and X, with the properties:

X, Nel(X) = c(X)NX,=¢ and ce X, U, .

Consequently, {p, ¢} © X,. Notice that X, is open in X. It follows
that X, contains points from both (p)C, and (¢)C.. Since both (p)C,
and (¢)C, are connected, it follows that x € (p)C, N (¢)C.. Since R**'is
abelian, we have p = q and p is a fixed point under R*'' other than e.
Complete the proof by Lemma 5.

LevmA 7. Let (X, Z-R", x) be a transformation group. If X is
a Peano continuum with o fized end point ¢ under Z-R™, then Z-R"
has another fixed point.

Proof. If m =0, the statement of this lemma is the same as
Lemma 3. Letn > 0. Let (X, A, 7) be a transformation group induced
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by (X, Z-R", 7) where A = Z-R"" is a subgroup of Z-R". Let B= R
be a subgroup of Z-R" such that Z-R™ = A-B. Prove this lemma by
induction on n. Suppose (X, 4, ) has a fixed point, p, other than e,
under A. Consider the orbit (p) (Z-RE™). It is clear that (p)(Z-ER") =
(p)B, which is connected. The orbit-closure cl{((p)(Z:-R")) is a connected
compact Hausdorff space. Obviously, ¢l((p)(Z-R")) is invariant under
Z-R*., If ¢ is not in cl((p)(Z-R™)), then, by Lemma 1, Z-R"™ has
another fixed point. Suppose e¢< cl((p}Z-R")). Let Z’ be an integer
group of B. Then ¢ is a fixed end point of the transformation group
(cl((p)}Z-R™)), Z’', 7). By Lemma 2, there is a Z’-invariant closed subset
H of ¢l((p(Z-R™)) such that e¢ H. Consider the transformation group
(X, Z', 7), induced by (X, Z-R", 7). Choose a point g € H and connect
e¢and ¢ by an arc 1(¢),0 < ¢t =<1 on which 1(0) = ¢ and 1(1) = q. Let
S be the set of all points which separate ¢ and H. By Lemma 1 the
upper limit point, 7, of S is a fixed point, other than e, under Z’.
Since cl((p)(Z-R™) is connected, we have S Ccl((p)(Z-R")). Conse-
quently, € cl((p)(Z-R™). Since the points in (p)(Z-R™) are fixed under
A, the points in cl((p)(Z-R™)) are also fixed under A. It follows that
7 is fixed under both A4 and Z’. Let B = Z' K’ for some compact set
K'. Then (r)}Z-R") = (r)K’ which is compact. It is obvious e¢ (r)K".
By Lemma 1, (Z-R") has another fixed point. Complete the proof by
induction.

THEOREM. Let (X, T, ) be a transformation group. If X is a
Peano continuum with o fized end point under T and T ts one of the
following two types:

(1) It contains a subgroup R™ such that G/R™ is compact or

(2) It contains a subgroup Z-R" such that G/Z-R™ is compact,

Proof. Complete the proof by Lemma 1, Lemma 6, Lemma 7 and
a similar method used in the proof of Lemma 4.

COROLLARY 1. Let (X, T, ) be a transformation group. If X
s a Peamno continuum with an end point and T s locally compact,
connected, abelian group, then T has another fixed point.

We have the following application in Topological Dynamics. (See
[1]). The proof is similar to the one used for the theorem.

COROLLARY 2. Let (X, T, n) be a transformation group. If X is
arcwise connected, Hausdorff with a fixed end point ¢ and a regularly
almost pertodic point p, other than e, then T has another fixed point.

Proof. By the definition of regularly almost periodic point, for
a closed neighborhood U of p such that e¢¢ U, there exists a syndetic
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subgroup 4 of T such pA < U. It follows that cl(pA) C U, and thereby,
e¢ cl(pA). It is clear that ¢l(xA) is invariant under A. By Lemma 1,
we have another fixed point ¢ under A. Since A is syndetic, there
exists a compact set K such that T = A-K. From qT = (qA)K = ¢K,
we know ¢ T is compact and, therefore, is closed and e¢ ¢T. Since ¢qT
is invariant under 7, by Lemma 1 we have another fixed point under
T. The theorem is proved.
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THE UNIFORMIZING FUNCTION FOR CERTAIN
SIMPLY CONNECTED RIEMANN SURFACES

HowARD B. CURTIS, JR.

This paper contains a definition of a class of simply con-
nected Riemann surfaces, the determination of the type of a
surface from this class, and a representation of the uniform-
izing function and its derivative as infinite products of quo-
tients as well as quotients of infinite products.

Definition of the class of surfaces. Let {a,, )5 and {b,};-, be
two sequences of real numbers such that for n =1,

0 < @y < bopy < by

and b,,., < b,,. A surface F of the class to be discussed consists of
sheets S,, n =1, 2, 3, ---, over the w-sphere, where for S, a copy of
the w-sphere,
(a) S, is slit along the real axis from a, to b,.
(b) For m =1, S,, is slit along the real axis from a,, ; to b,,_;
and from b,, to 4 co.
(¢) For n=1, S,,., is slit along the real axis from a,,., to b,,.,
and from b,, to 4 oo,
(d) Formz=1, S, is joined to S,., along the slits to make the
b, coincide and to form first order branch points at the end-
points of the slits.

The uniformizing function. Because F is simply connected and
noncompact, there exists a unique function g which maps F' schlichtly
and conformally onto {|z| < R = «}, where for f(z) = ¢g7'(z), f(0) =
0e S, and f’(0) = 1. Two surfaces of hyperbolic type are obtained by
slitting each sheet of F along the uncut parts of the real axis, and
an application of the reflection principle to the uniformizing function
of one of these surfaces shows that f(z) is real for real z. Let
.f(azk-—l) = Qop_1y f("—Bk) - bln f(72k) = o € Szh and S2k+17 f(—’yl) = o €& Sn
and f(0,) = 0€ S,. The image of F in the z-plane satisfies the following
properties. The image of S, is a region which is symmetric about
the real axis. S, is mapped onto a domain containing the origin and
bounded by a simple closed curve C, which intersects the real axis at
—B, and a,. For n = 2, S, is mapped onto an annular region about
the origin and bounded by two simple closed curves C,_; and C,, which

Received July 24, 1964. Research for this paper was supported by a grant from
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are images of cuts. For n odd, C, intersects the real axis at —g,
and «,, while for » even, C, intersects the real axis at —f, and v,.
Furthermore, for k = 1,

’“/3k+1 < —_41816 < —"1 < 0 < Aoy < 52k < Var < 52k+1 < Aopt1 »

The approximating closed surfaces. Let F, be the surface
formed from the first 2% + 2 sheets of F' with the slit in S,,,, from
by, 15 10 oo deleted, so that F), is a compact, simply connected surface.

NotaTION., af =1 —2z/a,, Bi=1+ z/5,,
YE=1—2/", 0f=1-—2/0,.

LEMMA 1. Let R, be the unique rational function which maps
the z-sphere one-to-one onto the simply connected compact surface F,
with R,(0)=0e S, R(0) =1, and R, ()= € 8,,.,. Then

Ry = 12/(1 + 2] T oz, |/ 11 (200 ]

and

(@) = 11/ + 21| 1L e || TL 2. /[ 11 (2200

Proof. The representations of R, and R, must contain factors
shown and can contain no more. The i1, —Brns Varsn, a0d 0y,
which are ordered in the same manner as the &,,.,, —8:, Vs, and d,,
are images of a,,.,, b,, oo, and 0, respectively, under R;'.

LeMMmA 2. F is parabolic.

Proof. Suppose that F' is hyperbolic, and thus g maps F onto
{{z]| <R < }. If D, is the z-plane slit along the real axis from
—Bonitn 10 —oo, then { = () = ¢g|R,(2)] defines a Schlicht mapping
of D, onto a simply connected region 4, of the {-plane bounded by
C,.+, and the segment (—Buia —Bonrs). If To(2) = 2(1 — 2/4B5041,.) 7%
then ¢ = +,| T,(2)] defines a properly normalized, Schlicht mapping of
{l2] < 4B,u11,,} onto 4, such that if the Koebe Distortion Theorem is.
applied to this map, then 8,,.1,, = d(0, C,,1) = B < o, where d(0, C,,+5)
is the distance from ¢ = 0 to the curve C,,.,. Thus there exists a
subsequence {‘82"1“’”}} such that BM,H,W-»A =< R as j— c, and Vg
is a Schlicht mapping of D, , onto 4, . If D is the z-plane slit along
the negative real axis from —A to —e<, then {y,,} forms a family of
funetions which is normal in D, and hence there exists a subsequence
{yr;} such that as ¢ — oo, () — () uniformly on any compact sub-
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set of D. Because D,— D and +;(z)— +(2) as i— oo, then 4;,—
{|z] < B} and + maps D onto {|{| < R} in a one-to-one manner. ([1],
p. 18). Then R,/(2) = f[v ()] — flv(z})] = H(z) uniformly on any com-
pact subset of D as 41— oo, where H is meromorphic in D, while
H(z) # < because R;(0) = 0. H maps D onto F.

Now let D* be the z-plane slit along the real axis from —A to
+ . For ¢ sufficiently large, R,(z) assumes no negative real values
in any compact subset of D*, and thus {R;} is a family of functions
which is normal in D*. Therefore, there exists a subsequence {R,}
of {R;} such that as m — <, R,(2)— G(z) uniformly on any compact
subset of D*. H and G have a common domain of convergence, so
that G is the analytic continuation of H. Then w = G(z) defines a
mapping of the z-plane punched at z = A and - one-to-one and con-
formally onto an open doubly connected Riemann surface F* of which
F' is a subsurface obtained by inserting some slits in F'* over the real

axis. This is impossible, as is clear from the definition of F. Hence
R = o,

LemmA 3. R,(z2) — f(z) uniformly on any compact subset of the
z-plane as n— oo,

Proof. Because 4, —{|{| < =} as n— o, it follows (1], p. 18)
that z = R;'[f()] — ¢ = g|R.(2)] uniformly on any compact subset of
the {-plane as n— . Also, D,— {2z} < «} and R,(2)— f(2) uni-
formly on any compact subset of the z-plane as n — oo,

LEMMA 4. @y — Aty B — By Yokn — Yory a0A 0, — 0, aS

" — oo,
Proof. This is a consequence of Hurwitz’s Theorem.

LeMMA 5. The infinite product

7(2) = [#/(L + 2] 1 [65.05,/0r5) )
converges uniformly on any compact subset of the z-plane.

Proof. Since v,, — = and 0, — oo as k— co, then for any B > 0,
there exists n, = n,(R) such that for &k = n,, 6, > R and v, > R. Then
consider

ny+P

My(z) = 1I [0% 05/(V5)'] -

k=ng

M, is holomorphic for [z | =< R and Myz) == 0 for | 2| = R. A sufficient
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condition for the uniform convergence of M,(z) in ¥ = {|z| < R} as
p— oo is the uniform convergence in K of

ny+p

kE log [0%, 05:1/(75)] as p— oo,

=
where each logarithm is the principal value. By the Cauchy criterion,
this last sequence converges uniformly in E provided for ze E and for
any ¢ > 0, there exists N(¢) > 0 such that for » > N(¢) and p > 0,

ngtn+p

>, log [0 05in/(VH)]| < €.

k=ny+n

Now since 0y, < 05,41 and since vy, < Ogpuy < 013, then for m = 1 and
»>0,
nytnt+p

0< Z [1/(52k)m + 1/(52k+1)m - 2/(72k)m] < 2/(52n0+2n)m’

k=ng+n

Then for all p > 0 and z¢ E,

ng+n+p oo Ny n+p
S 0g (05 35| = | — S lemim] S 1030 + (135 — 23]

= S RMI2/Gunyia)™] S 2 35 [RIGrngran)]” = 2B/ Gongsn — B) -

Since 0yt20 — o 88 m— oo, the Cauchy criterion is satisfied and M,
converges uniformly in E. Thus II(z) converges uniformly in any
compact subset of the z-plane.

LEMMA 6. 7(z) = f(2).

Proof. As a consequence of Lemma 4, there exists » > 0 such
that R,(2)/z = 0 and w(z)/z + 0 for |z| < r, while each of these
guotients defines a function which is holomorphie for |z | < » and takes
the value 1 at z = 0. Thus using the principal value of the logarithm,
for |z| <,

log [R,(2)/2] — log [7(2)/2] = log [R,(2)/m(2)] = log [(1 + 2/7))/(1 + 2/7.,,)]
— S lemm {5 (Wt + 3 (Uo5irn) — 35 @1750)
- kZ; [(1/6m) + (1/0%.1) — 2/7;7‘]} )

Therefore, for n, > 2, as n— oo,

n+1 n
0 < lim sup I S (1o%) + 3 (1051
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— 3 @) — S [(Lo8) + (135, — 2/73]

741 n

< lim sup |5 (102.0) + 3% (108 1) — 35 @75.)

k—mngy k=mng

oo

= > [(Q/03) + (L/05.1) — 2/7ii]

hxno

< lim sup |(1/05,,.) + (/05 11..) + (1/05,) + (1/05,,.1) |
= (2/05,)) + (2/05+1) -

Since 0,,,— o and 0Oy,4; — o as M, — oo, it follows that the limit as
n — oo of each coefficient of the preceding expansion of log [R,(z)/7(2)]
is zero. Furthermore, because as n— o, {log [R,(z)/7(2)]}5-, converges
uniformly on {|z]| < r}, then log |R,(?)/m{z)]—0 as n-— . Thus
7t(z) = lim R, (z) = f(2).

LEMMA 7. 201/a2k+1 < oo, ,2 1/8, < oo, ,2 1y < o, and
S1/8, < oo .
k=2

Proof. Again by Lemma 4, there exists » > 0 such that f'(z) # 0
and Ri(z) = 0 for |z | < ». Since R,(z) — f(z), it follows that R,(z) —
f'(z) and thus log R)(2) — log f'(z) uniformly in {|z| <7} as n— oo,
Thus for |z| < r, log R,(2)

= S 1eml| - 3 e,
2n+-1 n
+ 5 (1, + 2=t + 238 ]
Hence, for m =1,

| n 2n4-1 »
lim | — kzzol/%m,n + lel 1//8k,n - 2/71,n -+ %13/72/;%

n—00

<L oo,
Because 0 < 7v,,, < Bi,» and 0 < Vo, < Qppir,my then
0 < S 1/Bu + 52T
< = e+ 5 B — 2fTe
+ 338 + Lt + 2

Therefore, as n — oo,

2n+4-1 %
0= lim sup [ $31/80n + 32| < =,
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2n+1 n
lim sup > 1/8;,. < oo, and lim sup 3, 1/7epn < o0 .
k=1 k=1
Furthermore, because for

k g 1’ ’72]61% < 32k+1,n < a2k+1y% < 62k+2yn ’

2n+2 n
lim sup > 1/0,,, = lim sup > 2/7y,, < oo
k=3 k=1

n—rco N0

and

n n

lim sup 3, 1/, = lim sup >, 1/vy,, < oo .
n-—ro0 k=1 n—r00 k=1
Hence
. n . 2n+2
lim sup > 1/&40,, < oo and lim sup > 1/0,,, < o .
=0 k-2

n—0 k n—roo

For all N >0, as n— o,

N N 3
;Ol/azkﬂ = kZ(') lim 1/, 44, = lim SUP,;) /ey, < oo,

and thus > 1l/a,,., < .. The convergence of the other series is
k=0
established in a similar manner.

LEMMA 8. FEach of the three infinite products in
P() = [1/L + 21| Lo 162/ 1T 037
converges uniformly on any compact subset of the z-plane.
Proof. This is a consequence of Lemma 7.
LEMMA 9. f'(2) = [exp (02)]| P(z)] where ¢ is real.
Proof. By Lemma 4, there exists » > 0 such that for |z | <,
Ri(z) = 0 and f'(z) # 0. For m = 1, consider the coefficient of z™/m

in the Taylor expansion of log [R.(z)/P(z)] about z =0 for |z| <.
Because of Lemma 7, there exists M > 0 such that for all » = 1,

:i‘ll/VZk,n < M and i Uy < M.

Then because of the ordering of the v,, and 7v,, for each k < =n,
k/Vopn < M and k/v,, < M. Thus for each N > 1, as n— oo,
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lim sup li‘, 17, — ki /75
=1 =1

< lim sup ’];N s, — 33 178] = 2Mm,§,v 1k,

which implies for m = 2, as n— o
lim [ 53 175, — S 175 | =0
f=1 k=1

Similarly, the other terms in the coefficient of 2™/m have a limit of
zero for m = 2, and the coefficient of 2z is real. Then as n-— oo,
log [R}(2)/ P(z)] — log [ f'(2)/ P(2)] = 02, and thus f'(z) = [exp (02)][P(?)].

LemMmA 10. 6 = 0.

Proof. Because the factors of P(z) are canonical products of genus
zero with real zeros, for e >0 and 0 < p =< |arg 2| =7 —p, Pir) =
Olexp(e]z))] and 1/P(z) = Olexp (¢]z])]. Then if arg z satisfies the
preceding conditions and |z | is sufficiently large, then

exp [0 72 () —e|z|] = |f'(2) | = exp[02() + ¢[z]] .

Let A, ={z|n/4d <arg z =< 7/3} and 4, = {¢|27/3 < arg z < 3rw/4}. If
0 > 0, then there exists ¢, > 0 such that for |z| sufficiently large
| f'(®)| = exp(p.|2]) when ze A, and |f'(z)| =exp(—,[2]|) when
z€ A,. Thus as z— <« in A4,, f'(z) — 0, and because f(z) = b,, > 0 for
z on the curve C,, f() >k =0 as z2— o in A,, Thus for » suf-
ficiently large, b,, < k + 1. Since f'(z)dz > 0 in the positive sense on
the part of the curve C,,,, in A, b, — @y, — o a8 N — oo, Where
Qonsi > 0 and thus b,,., — o as n— <o, Because b,,,, < b,,, a contra-
diction has been reached and d ¥ 0. If 6 < 0, then there exists ¢, > 0
such that for |z | sufficiently large | f'(z) | = exp(®, |2 |) when z¢€ 4,
and | f(z)| < exp(—¢,|2|) when ze A,, Similarly, § < 0.

THEOREM. A Riemann surface of the class defined 1s parabolic
and its mapping function f is given by

@) = 2L+ 2P} L35 0% /(i) ]
where
/@) = 11 + &) 1L e T 62/11 (7] -
Furthermore,

;;ol/azkﬂ < oo, ;’;11/,8,6 < oo, éxl/’\/m < oo, and ki;zl/@k < oo .
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RBEMARKS. Lemmas 5 and 6 establish the representation of f(2)
as the product of quotients, while Lemmas 8 and 9 show a represen-
tation of f'(z) as a quotient of products. However, Lemma 7 can be
used to show that the representation of f{z) can also be considered as
the quotient of products.
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FREE COMPLETE EXTENSIONS OF
BOOLEAN ALGEBRAS

GEORGE W. Day

From considering questions about the existence of free a-
complete Boolean algebras and free complete Boclean algebras,
one is led naturally to the following problem: Given a Boolean
algebra B, is it possible to embed B as a subalgebra in a
complete Boolean algebra B* in such a way that homomorphisms
of B into complete Boolean algebras can be extended to com-
plete homomorphisms on B*? In general, the answer is ‘‘no’’;
this paper establishes that B can be so embedded if and only
if every homomorphic image of B is atomic. Several other
equivalent conditiors on B are also developed.

To express these ideas more precisely, we say that the
complete Boolean algebra B* is a free complete extension of
the Boolean B provided that there exist an isomorphism ¢ of
B into B* such that

(i) if h is a homomorphism of B into a complete Boolean
algebra C, then there is a complete homomorphism * of B* into
C such that h*o; =h

(ii) B* has no regular complete proper subalgebra which
contains 1[B] — that is, i[B] completely generates B*, A
Boolean algebra B is said to be superatomic if every homo-
morphic image of B is atomic (or, equivalently, if every sub-
algebra of B is atomic), Our principal result, then, is that a
Boolean algebra B has a free complete extension if and only
if B is superatomic,

The problem of determining which Boolean algebras have free
complete extensions arose from a conjecture made by L. Rieger in [7].
This conjecture is, in effect, that no infinite free Boolean algebra has
a free complete extension; this has been verified by H. Gaifman in
[3] and, independently and by different methods, by A. Hales, in [4].

Rieger proved, on the other hand, that for any cardinal numbers
a and /B there exists a unique free a-complete Boolean algebra on B
generators. This result can be expressed by the statement that the
free Boolean algebra on S generators has a unique free a-extension
(a free c-extension of a Boolean algebra is defined in the same manner
as a free complete extension, with the concepts of completeness and
complete homomorphism replaced by those of «-completeness and

Received June 2, 1964. This paper consists of results contained in the author’s
doctoral thesis, which was submitted to the faculty of Purdue University in April,
1962. The author gratefully acknowledges financial support given by the National
Science Foundation during the preparation of that work.
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a-homomorphism). F.M. Yaqub generalized this results in showing ([10],
§ 2) that every Boolean algebra has a unique free a-extension.

In addition, Yaqub found that the free a-extension of a Boolean
algebra is a-representable if and only if it i$ isomorphic to an a-field
of sets. He also proved that if a = 2% and the free a-extension of a
Boolean algebra B is a-representable, then B is superatomic. In §4,
we prove that the converse of the second of these results follows from
the first, when the first is supplemented with our own results.

In §2, we derive several characterizations of the superatomic
Boolean algebras. In our third section it is shown that every super-
atomic Boolean algebra has a free complete extension. Then, using
the result of Gaifman and Hales mentioned above, we show that every
Boolean algebra having a free complete extension is superatomic.

Boolean concepts which are used without definition in this paper are
defined in [2] and [8]. We denote the join and meet of two elements
a and b of a Boolean algebra by a + b and ab, respectively ; the comple-
ment of b will be denoted by b; the join and meet of a set S of
elements of a Boolean algebra will be denoted by S and IIS, when
they exist. To simplify certain arguments, we have assumed that if
S = ¢, then ¥S and /IS are the zero and unit, respectively, of the
Boolean algebra in which the operations are performed.

2. Superatomic Boolean algebras. As defined by Yaqub in
[10], a Boolean algebra B is superatomic if every subalgebra
and every homomorphic image of B is atomic. This concept had
been formulated previously in a somewhat more general context by
Mostowski and Tarski, who, in [6], defined a hereditarily atomic
Boolean ring as a Boolean ring each of whose homomorphic images
is atomic; they observed that a Boolean ring R has this property
if and only if every subring of R is atomic. In addition, Mayer
and Pierce, in §3 of [5], discussed Boolean algebras with scattered
ordered bases (a totally ordered set, or chain, is scattered if it
contains no subset which is order-isomorphic to the chain of rational
numbers); it follows from their work that every such Boolean
algebra is superatomic. However, there do exist superatomic Boolean
algebras which are not of this form — a simple example is the Boolean
algebra of finite and co-finite subsets of an uncountably infinite set,
ordered by set inclusion.

THEOREM. If B is a Boolean algebra, then the following are
equivalent :

(i) every homomorphic image of B is atomic;

(ii) every subalgebra of B is atomic;

(iii) the Stone space of B is clairsemé (has no nonempty dense-
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in-itself set);

(vi) every chain of elements of B is scattered ;

(v) there is a sublatiice S of B, whose elements generate B,
such that every chain of elements of S is scattered;

(vi) no subalgebra of B is an infinite free Boolean algebra.

Proof. The equivalence of (i) and (ii) is proven in [6], Theorem
3.12. We could, in fact, include in our collection of equivalent state-
ments,

(i) no homomorphic image of B is atomless; since it is easily
shown that this is equivalent to (i).

It is well-known that in the natural duality between Boolean
algebras and their Stone spaces, the homomorphic images and atoms
of a Boolean algebra correspond to the closed subspaces and isolated
points, respectively, of its Stone space. Thus, (iii) is equivalent to (i)
(this was observed in [5]).

A Boolean algebra generated by a chain of elements which is
order-isomorphic to the rationals is necessarily atomless, and, in fact,
is isomorphic to the free Boolean algebra on ¥, generators (as is shown
on page 54 of [2]). Thus, (ii) implies (iv), and (vi) implies (iv). More-
over, if B is a nonatomic Boolean algebra, then B has an atomless
element b; if a is any element of B such that a < b, then for some
element ¢ of B, a < ¢ < b. Every nonatomic Boolean algebra can thus
be shown to have a chain of elements which is order isomorphic to
the rationals; hence, (iv) implies both (ii) and (vi).

It is clear that (iv) implies (v). We shall conclude our proof by
showing that (v) implies (i’). Let us assume that B is a Boolean
algebra generated by a sublattice S. Suppose that % is a homomorphism
of B onto the Boolean algebra B’. If a and b are elements of S such
that @ < b and A(a@b) is neither an atom nor the zero element of B’,
then there are elements s and ¢ of S such that s < ¢, h(5%) is not the
zero of B’, and h(St) < h(@b). This implies that either

h(a) < h(a + bs) < h(b)

or h(a) < h(a + bt) < h(b). In either case, we have found an element
¢ of S such that a < ¢ < b and neither %(@c) nor h(¢h) is the zero of
B’. Thus we may conclude that either B’ has an atom or S has a
chain of elements which is order-isomorphic to the rationals. Hence,
if B is generated by a sublattice S such that every chain of elements
of S is scattered, then no homomorphic image of B is atomless.

ReMARK. The equivalence of conditions (i) and (iii) of the theorem
indicates that every clairsemé compact Hausdorff space whose topology
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has a base of open-and-closed sets is the Stone space of a superatomic
Boolean algebra. We can, in fact, make a stronger statement. If a
compact Hausdorfl space is clairsemé, then it is clearly totally dis-
connected ; that is, it has only one-point maximal connected components.
It is shown in Chapter I of [1] that every locally compact totally dis-
connected space has a base of open-and-closed sets. Thus, every
clairsemé compact Hausdorff space is the Stone space of some super-
atomic Boolean algebra. (The author is indebted to Prof. M. Henriksen
of Purde University for this argument.)

3. Free complete extensions of Boolean algebras. In this
section, we show that a Boolean algebra has a free complete extension
if and only if it is superatomic. Let us observe first that the definition
of the free complete extension of a Boolean algebra implies that if a
Boolean algebra has a free complete extension, then it is unique in
the following sense: if By and Bj are free complete extensions of the
Boolean algebra B, and %, and ¢, are the isomorphisms of the definition
which carry B into B¥ and BjF respectively, then there is an iso-
morphism +* of B} onto BJ such that ¢* o 4, = 1,.

THEOREM. If B is a superatomic Boolean algebra, then the field
of all subsets of the Stone space of B 1s a free complete extension
of B, with respect to the natural isomorphism 1 of B onto the field
of open-and-closed subsets of its Stone space.

Proof. Suppose that B is superatomic and that X is the Stone
space of B. Let B* denote the field of all subsets of X. It is clear
that i[B] completely generates B*, since X is Hausdorff and its open-
and-closed sets form a base for its topology. It remains to be proven
that if % is a homomorphism of B into a complete Boolean algebra C,
then there is a complete homomorphism #* of B* into C such that
h* ot = h.

Recall that for ordinal B, we define X®, the B-th derivative of
X, as follows: X© = X; X®#*V is the set of all limit points of X®;
and if B is a limit ordinal, then X® = N {X“: a < B}. Since X is
clairsemé, every point of X is an isolated point of some derivative of
X ; moreover, X has empty derivatives.

" If peX and p is an isolated point of X®, let b, be an element
of B such that (b,) N X® = {p}.

Now suppose that % is a homomorphism of B into a complete
Boolean algebra C. We define a mapping h* of B* into C inductively
(for convenience, we will write #*(p) instead of 2*({p})). If » is an
isolated point of X, let h*(p) = h(b,). If p is an isolated point of
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X® and h*(q) is defined for each ge X ~ X®, let
R*(p) = h(b)IT{R*(q) : g € i(b,) ~ X P} .

If Sc X, let h*(S) = J{h*(p): pe S}.
Next, we prove that for every ordinal 3,

Se:(i) if beB and i(d) N X® = ¢, then L*(i(b)) = h(b);
(i) if be B and i(®) N X® = {p}, then
RO I{h*(g) : g € i(b) ~ X®} = h*(p) .

Since X is Hausdorff, the truth of (ii) implies that if p,¢ge X and
p # ¢, then h*(p) is disjoint from h*(q). Thus, if S, and S, are sub-
sets of X and S, N S, = ¢, then A*(S)) and h*(S,) are disjoint. Since
h* is completely additive by definition, (i) then implies that h* is a
complete homomorphism of B* into C, and A* o ¢ = h.

S, is clearly true, since X© = X. Now suppose that B is an
ordinal such that S, is true for every ordinal « such that a < B, and
that b is an element of B such that 4(b) N X® =¢. If B is a limit
ordinal, then since %(b) is compact, there is an ordinal «, @ < B, such
that 4(b) N X = ¢; hence, h*(4(b)) = h(b). If B is not a limit ordinal,
and #(b) N XY == ¢, then 4(b) N X #Vis finite, since it is compact and
discrete. We can, without loss of generality, assume that ¢(b) N X ¢ =
{p}. Then, by Ss_.(i%), h*(p) = MDY II{h*(q): q € 1(b) ~ X P—1};it follows that

h(b) < h*(p) + Z{h*(q) : g€ 1(b) ~ X BV},

and thus, 2*(p) = h(b) = h*@%()). Moreover, if g€ i(b) ~ X, there
is an ordinal @, < 8 — 1, and a ¢€ B, ¢ = b, such that h*(q) = h(c);
thus, A(b) = h*(¢(b)). Hence, if S, is true for every ordinal a such
that a < B, then Sg((%) is true.
Next, suppose that b is an element of B such that (b)) N X® =
{p}. Using Sg(z), we have
() II{h*(q) : g € ©(b) ~ X ®}

= [(bb,) + h* (BB Q) : g e ifh) ~ X}

= h(bb,) [I{h*(q) : q € ©(bb,) ~ X ®}I{h*(q) : q € 1(bb,)}

— h(vb,)I{R*(@) : g € i(bb,) ~ X} .

In the same way, we can show that
k() II{h*(q) : g € 1(b,) ~ X} = h(bb,)I{h*(q) : q € 3(bb,) ~ X P} .

This completes our proof.

REMARK. It is easily seen that there is only one complete homo-
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morphism of B* into C which is an extension of %, since such an
extension must have the property that if pe X, then

h*(p) = I{h(b) : p€ (D)},
and if S c X, then A*(S) = X{h*(p): pec S}

It remains only to be shown that a non-superatomic Boolean algebra
has no free complete extension.

LEMMA. If the Boolean algebra B has a free complete extension,
then so does every subalgebra of B.

Proof. Suppose that B has a free complete extension B*, that 4
is the associated isomorphism of B into B*, and that B’ is a
subalgebra of B. Let B** be the complete subalgebra of B**
which is completely generated by 4|B’]. If #” is a homomorphism
of B’ into the complete Boolean algebra C, then, according to a result
of Sikorski ([8], p. 112), &’ can be extended to a homomorphism % of
B into C. Since B* is the free complete extension of B, there is a
complete homomorphism 4* of B* into C such that A* o4 = k. The
restriction of h* to B** is a complete homomorphism of B** into C,
and for every be B’, h*(¢(b)) = h'(D).

THEOREM. A Boolean algebra has o free complete extension if
and only if it 18 superatomic.

Proof. 1t was shown above that every superatomic Boolean algebra
has a free complete extension. Now suppose that B is a nonsuper-
atomic Boolean algebra. According to the theorem of §2, B must
have a subalgebra which is an infinite free Boolean algebra. It follows
immediately from the result of Gaifman ([3]) and Hales ([4]) mentioned
in our introduction, and the above lemma, that B has no free complete
extension.

4. The free a-extensions of superatomic Boolean algebras.
F. M. Yaqub showed in [10] that if a Boolean algebra B has a free
a-extension B, which is a-representable (that is, if B, is the image
of an a-field of sets under an a-complete homomorphism), then B, is iso-
morphic to an «-field of sets, and if @ = 2%, then B is superatomic.
The results of §3 enable us to prove the following converse of this
statement.

THEOREM. If B is a superatomic Boolean algebra, then the free
a-extension of B is isomorphic to an a-field of sets.
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Proof. 1t was shown in § 3 that a superatomic Boolean algebra
B has a free complete extension B* which is a complete field of sets.
For each cardinal «, let 8, denote the a-complete subfield of B* which
is «a-generated by B. Suppose that & is a homomorphism of B into
an a-complete Boolean algebra C. Let C’ denote the normal completion
of C, and let 2* be the complete homomorphism of B* into C’ which
is an extension of h. h* carries B, into C since B a-generates B,,
r*[B]c C, and C is an a-complete, a-regular subalgebra of C’. The
restriction of 2* to B is thus an a-complete homomorphism of B, into
C, and is an extension of h. Hence B, is the free a-extension of B.
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THE BOREL SPACE OF VON NEUMANN ALGEBRAS
ON A SEPARABLE HILBERT SPACE

EDWARD G. EFFROS

Let (S, .5¥) be a Borel space (see G.W. Mackey, Borel
structures in groups and their duals, Trans., Amer., Math.
Soc. 85, (1957) 134-165), 57 a separable Hilbert space, ¥ the
bounded linear operators on 57 with the Borel structure gene-
rated by the weak topology, and .7 the collection of von
Neumann algebrason 52 A field of 57 von Neuwmann algebras
on Sis a map s—UA(s) of S into o7, We prove that there is
a unique standard Borel structures on .07 with the property
that s —2(s) is Borel if and only if there exist countably many
Borel functions s— A;(s) of S into ¢ such that for each s, the
operators A;(s) generate %(s). This is a consequence of the
more general result that when it is provided with a suitable
Borel structure, the space of weakly* closed subspaces of the
dual of a separable Banach space has sufficiently many Borel
cheice functions,

We show that the commutant, join, and intersection
operations on .7 are Borel. It follows that the Borel space
of factors is standard. The relevance of ©7 to the theory of
group representations is also investigated.

Essentially following von Neumann [9], we say that a field s — 2(s)
is Borel if there exist countably many Borel functions s— A,s) of
S into ¥ such that for each s the operators As) generate 2A(s).
This definition may be regarded as somewhat artificial. Rather than
state which maps of S into %7 are Borel, one would conjecture
that there is a standard Borel structure on & for which this
characterization of the Borel maps of S into .97 is then valid. In §2
and §3 we shall show that this is the case. The demonstration depends
on two results: a theorem in [4] showing that a certain Borel structure
on the closed subsets of a polonais space is standard, and Theorem 2
of this paper. In the latter we prove the existence of Borel choice
functions for the weakly* closed subspaces of the dual of a separable
Banach space.

The Borel space % is of importance in representation theory. If G
is a second countable locally compact group, and G°(2#°) are the weakly
continuous unitary representions of G on 5% with the weak Borel
structure (see [8]), the map L — L{(G)’ (prime indicates commutant) of
G°(2#) into 7 is Borel. By proving in § 3 that the factors 7 are
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a Borel subset of %7, we obtain new proof in §4 of Dixmier’s result
that the factor representations G7(2#°) form a Borel subset of G*(o7).
We are also able to show that the quasi-equivalence relation is a Borel
subset of GY(oF) x GYS7).

It is interesting to speculate about the isomorphism relation on & .
Conceivably, one might find an argument similar to those in [3] to
prove that the quotient space was not smooth, and thus in particular,
that there are uncountably many essentially distinct factors on S57°.

We remark that an analogous problem of a ‘“‘nonintrinsic’’ defini-
tion of struecture, solved for .o below, exists in Spanier’s definition of
a quasi-topology [12]. As is shown in [12], one must look for struc-
tures more general than topologies.

We are indebted to E. Alfsen and E. St¢rmer, who enabled us to
simplify the proofs of Theorem 2 (by the convexity argument for the
continuity of L) and Theorem 5, respectively.

2. Separable Banach spaces, Let X be a separable real or
complex Banach space, X* the dual of %, _#7(X) the norm closed sub-
spaces of ¥, and 777 (X*) the weakly* closed subspaces of X*. We
wish to define a Borel structure on 777(X*). As Y — 9L (the annihilator
of 9)) is a one-to-one correspondence between _#7(¥) and %7 (X*), it suffices
to find a Borel structure on .#"(X) and then to transfer it to 7 (¥*).

A7(%) is a subset of & (%), the collection of nonempty closed sub-
sets of the polonais space X. In [4] we showed that convergence of
subsets in Z(X) defines a standard Borel structure on Z(¥). Recal-
ling the procedure, if F, is a net in Z(X) let lim F\, be those w in
X for which there is a net 2, € F, with 2, — ». Let lim F, be those
x in ¥ for which there is a subnet F“B and By € F“a with Loy — .
If Fe &, (X), we say that F, converges to the limit F, F,— F, if
F=IlmF,=ImF,. If3< %), welet I be the limits of nets in
Y, and we say that Y is convergence closed if 3 =23. The convergence
closed sets form a topology, and generate a standard Borel structure
on Z,(%). We let _#°(X) have the relative Borel structure. It is
easily verified that .#7(X) is convergence closed in = (%), hence _#7(%)
and 777(¥*) have standard Borel structures.

If d is any metric on ¥ compatible with the topology of %X, « ¢ %,
and F'e &%), define d(x, F') = glb {d{z, ¥): y€ F'}. For any positive ¢,

(1) {Fe %) dz, F) = ¢}

is convergence closed. It follows that F'— d{x, F') is a Borel function
on Z(X). As in the proof of the first theorem in [4], sets of the
form (1) separate points in Z(¥X), and thus as =,(X¥) is standard,
generate the Borel structure. It follows that the Borel structure on
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&o(X) is the weakest for which the functions I"'— d(x, F') are Borel
(actually it would suffice to restrict to the 2 in a countable dense
subset).

Let d be the norm metric on ¥. Then for Y € 27 (¥*), d(z, 9*) =
| + DL ||, the latter being the quotient norm in ¥/P+. As 9 is
weakly* closed, 9~ 9, and we have a natural isometry (¥/94)* = 9.
The corresponding isometry of ¥/9* into ¢* is defined by z + 9+ —x|9),
where 2|9 in the restriction of @, regarded as an element of X**, to
9. We conclude:

THEOREM 1. Let X be a separable Bawach space, 97 (X*) the
weakly* closed subspaces of X*. The Borel structure on 77 (X*) is
standard, and may be described as the smallest structure for which
the fumctions

I—lle+ P =1x|D], xeX

are Borel,

If X is a real or complex separable Banach space, the weak* Borel
structure on X* is that generated by the weak* topology. In other
words, it is the smallest structure for which the functions f— f(x),
2 ¢ X are Borel. Although we shall not use this fact, we remark that
this structure is standard (see the proof of [8, Th. 8.1]).

Theorem 2 may be regarded as an elaborate form of the Hahn-Banach
Theorem. Recalling the usual argument, suppose that ¥ is a real
Banach space, and that we wish to construct a function in the closed
unit ball X of X*. Suppose that f has been defined on a linear sub-
space L of %, and is in B, If we extend f to the space generated
by 8 and a vector x, we must insist that

(2) I flo+w) | =lle+wl
for all we B, ie.,

—lletull—fw)=f@=llz+oll - fw)
for all u, v e V. Let

3) L(f) = b {—llw + w || — f(u): u € T},
M(f) = glb{ilz + v |l — flv): v e B} .
These exist as for any u, v € 5,
fo—w=sllv—ull=lle+oll+lle+ull,
(4) i.e., —lle+ull —flw =lle+v] —flv).

Thus we may rewrite (2):



1156 EDWARD G. EFFROS

®) L(f) = flw) = M(S) .

We shall assume below that B is finite dimensional, and let B* have
the norm topology. The functions f— L(f) and f— M(f) are defined
on the closed unit ball B}. As it is the least upper bound of convex
functions, f— L(f) is convex, and thus continuous on the interior of
of B (see [1, p. 92]). From

(6) M(f) =— L(— [},

f— M(f) is also continuous on the interior of Bj.

THEOREM 2. Let X be a separable Bawmach space, <77 (X*) the
weakly* closed subspaces of %*. There exist countably many Borel
choice functions f,. 7 (X*) — X* such that for each Y e W (X%), the
vectors f,(3) are weakly* dense in the closed unit ball ), of 9.

Proof. Suppose that X is real. If e % (X*), we may identify
9 with (X/9+)*, the norms and the weak* topologies will coincide.

For each sequence of real numbers ¢t = (¢, ¢, --+) with 0 = ¢, = 1,
we shall construct a function f ? e (X/91)F. Let x, x,, +++ be norm
dense in %, with x, = 0. Let 2,(9) = z, + 9+, and B,(?) be the linear
space spanned by x,(9), - - -, z,(9) in ¥/P+. Define f %}(0) = 0. Suppose
that we have defined ft ., t0 be an element of T,(Y)i. Letting

B, =B, ftl =f, and z,+{Y) = = in our previous discussion,
define

(7) Pl n@) = £ L(F) + (1= £, )M(F)

If x e W, letting v = v =— 2, we have from (3), (5), and (7)

— f) S L(f) = fito, (@) = M(f) S — F0),

i.e.,
g

i (@) = @) .
Thus defining f;? ..... tory 00 B,0(Y) by

IR o+ w) = of .., (@) + flw),

we obtain an extension of f fpeeert, GO BN element of B, (P)*. As f=
ft? ..... tnti sa,mﬁes (5), it readily follow,a that ﬂ1 ..... by, 18 in B, (D).
Define f ; on the space spanned by the %,(3) to be the union of the
functions f it This extends by continuity to an element of
E/DHE.

It is clear that any function in (X¥/9%)f must have the form f ;

........
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for some sequence ¢t = (¢, t,, --+). We claim that the countable family
of functions f ?, r = (r,r, +-+) with the », rational, and all but a
finite number equal to 0, are weakly* dense in (X/PL)F. It suffices to
prove that for all n, the functions f ?1 ..... -, are weakly*, or equivalently,
norm dense in the interior of (B,(Y))F. This is trivial if n = 1. Sup-
pose that it is true for n. If ge LB,..(P)* and || g || = 1, let f be the
restriction of g to B,(Y). From our hypothesis and the earlier discus-
sion, we may select rationals »,, ---, 7, with f?{ ..... r, close to f in the
norm topology, and L(fY,..., ) and M(r2,...) close to L(f) and M(f),
respectively. Thus by a suitable choice of »,.,, we obtain

close to g(x, ().

For any sequence (f, t,, -++) we have that 9 — f¥,) is Borel
(regarding 7Y as an element of 9)). This is trivial if » = 1. Suppose
that it is true for k = n. Then

@) = [Py (B00D))

(8) = tnﬂL(fg ----- ¢ ) -+ (1 - tn+1)M(f? ,,,,, t )

If B, is the linear span of =z, ---, x,,
L(fY,..0,) =lub{— || @prs + u + D || — FAw):w e B} .
From Theorem 1 and the induction hypothesis,
Y- — || it w + D || — FPw)

is Borel for any w € B,. Restricting to « that are rational linear
combinations of the x, for k= n, Y— L f}? ..... +,) 18 the least upper
bound of a countable number of Bore! functions, and is thus Borel.
From (6) and (8), 9 — f(x,..) is Borel. For any x ¢ %, 9 — fP(z) is
a limit of functions of the form 9 — f¥(x,), and hence is Borel. Thus
9 — fP is Borel.

Finally, suppose that X is a complex Banach space. Letting X; be
the corresponding real Banach space, .#7°(¥) is a convergence closed
subset of _#"(X;). Define a map of 77°(X*) into 77 ((X)*) by 9 —Re D,
where the latter consists of all real functions Ref with fe 9 (the
customary argument shows that f— Ref is an isometry of X* onto
Zp*). For Be _+7(X), Re(8*) = 8%, where annihilators are taken in
X* and (X,)*, respectively. It follows that ¥ — Re ) defines a Borel
isomorphism of 977(%¥*) onto a Borel subset of %77 ((X;)*). Choose real
choice functions f,: Z ((Xp)*)—Xp)* with f,(¥) weakly* dense in 9,
for each PYe 7 ((Xp)*). Let g,: ¥ (¥*)—%* be the corresponding
complex functions, i.e., for Ye %7 (¥*) and z ¢ %, let
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9.(D)(@) = F(Re P)(x) — if(Re P)(iw) .

Then Re ¢,(D) = f.(Re D) € (Re?),, implies ¢,(D)) € Y,. Given an ar-
bitrary g € ¥, %, ++-, 2, € X, and & > 0, choose an f, with

| fu(Re Y)(x;) — Re glwy) | < e
| f2Re Y)iz;) — Regliw)) | <e,

for j=1,---, k. Then as
g(x) = Re g(x) — 17 Re g(i) ,
we have
L 9.(DN@,) — gle) | < 2

for j=1,-+-,k. Thus the ¢g,(¥) are weakly* dense in ¥),. Clearly
the g, are Borel.

COROLLARY. If (S,.5”) s a Borel space, then a map s — (s) of S
wnto 977 (X*) is Borel if and only if there exist countably many Borel
Sfumctions s — f5 of S into X*, such that for each s, the vectors f: are

weakly dense in Y(s),.

Proof. If s— Y(s) is Borel, the functions f: are obtained by
composing this map with the choice functions of Theorem 2. Con-
versely, if such functions exist, we have from the isometry

() = @s)H)",
e+ 9@ | =sup{{fi@)]:0=1,2,---}

for each x € ¥. Thus s— ||2 + Y(s)* || is Borel for each » ¢ X, and
by Theorem 1, s — (s) is Borel.

3. Von Neumann algebras. Let 5%, ¥, %, and % be as
in §1. We have that ¥ = (£,)*, where ¥, is the separable Banach
space of ultra-weakly continuous functions on ¥ (or by a natural
identification, the trace class operators with a suitable norm-see [10]).
The ultra-weak and weak* topologies coincide on ¥. Thus letting
277(2) be the ultra-weakly closed subspaces of ¥, we may give it the
Borel structure described in § 2.

It 9 e 72, write 9* and 9’ for the adjoints of elements in ),
and the commutant of ¥), respectively. The proof of the following
theorem is largely patterned after that of {6, Th. 2.8].

THEOREM 3. 9 — P* and ¥ — Y define Borel transformations of
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Proof. For f e &,, define f*¢e &, by f*(A) = f(A*), the bar indica-
ting complex conjugate. This is an isometry of ¥,, hence the trans-
formation B— B* on _47(¥) is a homeomorphism (in the sense of
convergence), and a Borel isomorphism. For e 277(¥), (OH)* = ()4,
i.e., the adjoint operation on .77(£*) is carried into that on 97 (%),
and thus is a Borel isomorphism on the latter.

From Theorem 2, we may let ¥ — A? be Borel choice functions
on (R with AY ultra-weakly dense in ¥),. We have

Y ={Be%:BAY — AVB =0 for n =1,2,---}.

Let 3 and 9, be the sequences (A,) and (f,) of elements in £ and
L., respectively, with sup{||4,]:n=1,2, -} <coand 32, || f.|]<eo.
With the norms [[(4,) | =sup{l|4,[:n=1,2,---} and ||(f)]|l =
o e |, M and M, are Banach spaces, and defining (f,)((4,)) =

n=1

= [.(A4,), M may be identified with the dual of M,.. We have
9) = kernel TY,
where T9: € — M is defined by
TYB) = (BAY — AYB) .

we claim that T9 is continuous in the weak* topologies. If (f,)e M.,
(FITUB) = S9,(B) ,
where ¢,.(B) = fn(BA? — A?B). The partial sums $.7.,g, are weakly*

continuous, and converge uniformly on the unit ball &, of &, as if
Be g,

S 0B =23 (A1

It follows that B — (f,)TYB) is continuous on £, and thus on £ (see
[2, p. 41]). Define T9: 2, — 2, by

TV(f))B) = (S HUTIB)) .

We have that (kernel T'9)' is the closure of the range of TY. Thus
letting B; be ultra-weakly dense in £, and ¢, = (f7) be norm dense in
M., we have for any fe 2.,

I+ @ =gl {|f+ T, §=1,2 -}

where
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Uf+ TUg) || = lub {{ fB) + TUg)B)|: ¢ = 1,2, -}
= lub{| f(B) + 5, FUB.AD — AVB)|: i =1,2, -],

n=1
As 9)— AY is ultra-weakly Borel, 9 — || £ + (3Y)* || is Borel, and as f
is arbitrary, we have from Theorem 1 that ¥ — 9 is Borel.

COROLLARY 1. .57 18 a Borel subset of 97°(J)), and thus is stand-
ard under the relative Borel structure,

Proof. &7 consists of the e 2#7(¥) invariant under the Borel
transformations ¥ — 9* and ¥ — Y”. In general say that ¢ is a Borel
transformation of Borel space (S, .¢”). If 4 is the diagonal of S x S,
and 0 X ¢: S — S x S is defined by 6 x ¢(s) = (4(s), s), we have

{se S:0(8) =s} = (0 x y7(d) .

Thus if (S, .&”) is standard, 4 is a Borel subset of S x S, and the set
of fixed points of ¢ is Borel.

Given von Neumann algebras 2 and B, we let U Vv B denocte the
von Neumann algebra generated by 2 and 8. Providing . X . with
the product structure,

COROLLARY 2. The maps of &7 X .7 into & defined by
A, B) - ANDB and (A, B) — AV B are Borel.

Proof. As ANDB = v B, it suffices to prove the second as-
sertion. From Theorem 2, there exist Borel choice functions A4;: .o/ — 8
with 4;(3) ultra-weakly dense in %,, for each Ue.o. For each pair
L, Bye . x. 7, let @, B) be the self-adjoint linear algebra
generated by the eclements A/A) and A;(B). Let B (A, B) be an
enumeration of the finite complex rational combinations of finite
products of the elements A,(), A;(B) and their adjoints. The B, (2, B)
are norm dense in %" (U, B), hence defining BLA, B) = B,(A, B if
| By, B)|| =1, and B, B) = 0 otherwise, the BL(N, B) are norm
dense in (¥, B),. From the Kaplansky Density Theorem, the latter is
ultra-weakly dense in (2 VvV B).. As (U, B)— B (U, B) are Borel, our
assertion follows from the corollary to Theorem 2.

COROLLARY 3. & s a Borel subset of 7, and thus is standard
n the relative Borel structure.

Proof. Let I be the von Neumann algebra on 5% consisting of
complex multiples of the identity operator. Then & 1is the inverse
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image of the element & under the Borel map of .o into . defined
by A—ANW.

The argument used in the proof of Corollary 2 shows that a map
s — A(s) of a Borel space (S, .&) into .& is Borel if and only if there
exist Borel functions s — A,(s) of S into ¥ such that the A,(s) generaie
A(s). Thus we have recaptured the original definition of § 1.

In direct integral theory, it is of some importance to know that
various other subsets of .7 are measurable (see [9, 11]). We suspect
that constructive procedures similar to that used in Theorem 2, would
enable one to show that many of these sets are Borel.

4. Representation spaces. Let 577, &, .57 and & be as above,
and G be a second countable locally compact group (an analogous theory
exists for separable C*-algebras). Let G°(5#°) be the weakly continuous
unitary representations of G on 2, with the standard Borel structure
defined by Mackey (see [8]). Let G'(5#) be the subset of factor re-
presentations, i.e. those representations L ¢ G°(57°) with L(G)' a factor
von Neumann algebra.

If L, Me G(57), let R(L, M) be the ring of intertwining operators
for L and M, i.e., those Be & with BI{t) = M(t)B for all teG. In
particular, R(L, L) = L(G)'. As was the case for Theorem 3, the
following is simply a refinement of [6, Th. 2.8].

THEOREM 4. The map G(57) x GY(F) — GA(S7) defined by
(L, M)— R(L, M) is Borel.

Proof. Let t, be dense in G, and define M and MW, as in the
proof of Theorem 3. Defining S%#: ¢ — It by

S@Mn(B) = (BL(t,) — M(t,)B) ,
we have that
R(L, M) = kernel S& |

and that S%¥ is continuous in the weak* topologies. S% 1is the
adjoint of a map S¥¥: M, — L., and choosing B, ultra-weakly dense
in £, and g; = (f7) norm dense in I,, we have for any fe L,,

f+ REL, M) || =glb{]| f+ S (@) ll: =1,2, -},
where

If + SE2(g;) || = lub {| fB)
+ 3 FHBL(t) — ME)B) |: 6 =1,2, -} .
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(L, M) — fy(B;L(t,) — M(t,)B;) is Borel when G°(5#") x G(5#) is given
the product of the Mackey Borel structures, as any ultra-weakly
continuous function is a norm limit of weakly continuous functions.
It follows that (L, M) — || f + R(L, M)* || is Borel, and from Theorem
1, (L, M)— R(L, M) is Borel.

COROLLARY 1. The map G(o7)— .7 defined by L — L(G) 1is
Borel

COROLLARY 2. (Thts was first proved by J. Dizmier—see |5,
Theorem 1].) The set G'(S#) of factor representation of G forms a
Borel subset of GY57), amd thus is standard under the relative
Borel structure.

Following Mackey (see [7]), if L, Me G(o7), we say that L is
covered by M, L < M, if very subrepresentation of L contains a sub-
representation that is unitarily equivalent to a subrepresentation of
M. L is quast-equivalent to M, L ~ M, if L < M and M < L.

If F is a projection in L(GY, and E = 0, let L? denote the cor-
responding subrepresentation of G on the range of E. If there exists
a projection Fe L(G) with E =+ 0 and LfF < M, let C(L, M) be the
least upper bound of all such projections. Otherwige, let C(L, M) = 0.
C(L, M) is an element of L{G) N L(G)".

THEOREM 5. The map G(o7) x GH97) — & defined by (L, M) —
C(L, M) 1s Borel.

Proof. If Ac &, let E, and F', be the projections on the closure
of the range, and the orthogonal complement of the kernel of 4. If
AeR(L, M), then F, e L(GY and E,c M(GY. If A=+0, and U is the
partial isometry in the polar decomposition of A with U*U = F,, then
U determines a unitary equivalence of L*4 and M?”4, and F, < C(L, M).
From Theorems 4 and 2, there exist Borel functions A,(L, M) that are
ultra-weakly dense in the unit ball of R(L, M) for each L and M.
We claim that

(9) CL, M) =V Fuum,

where on the right we have taken the least upper bound in the com-
plete projection lattice of L(G)'.
Suppose that there exist L and M with

F = C(L, M) — i} Famw# 0.
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As L7 < M, there exists a projection F,=< F with F,== 0 and
F, = U*U where Ue R(L, M). Choosing %, for which A, (L, M)— U
ultra-weakly,

0=A, (L, M\)F,— UF, = F,,

a contradiction.

The map of & into itself defined by A — F', is Borel. To see this,
note that A — A*A is weakly Borel, as if z, y € 57, letting «; be an
orthonormal basis we have

A*Awey = 3 (Aw-w)(Ay-)~ .
i=1

A similar expansion shows that for positive integers n, A — A" is
Borel, hence for any polynominal p, A — p(A) is Borel. Suppose that f is
a bounded real Borel function on the reals, and that there is a sequence
of real polynomials p, converging to f point-wise, uniformly bounded
on compact sets. If A is a self-adjoint element in ¥, we have from
spectral theory that p,(A) — f(4) weakly. Thus A — f(A) is Borel.
Letting ¢ be the characteristic function of the open set (0, <o),
A— F, = g((A*A)"*) is Borel.

For all 4, (L, M) — F4,z,x is Borel. If F, ---, F', are propections,
then

FiV o VF, =Fgpairy,

hence

(L, M)— \z FAi(L,M)

is Borel. As the projections Vi.,F i,y converge weakly to VZ,F, i, u),
we conclude from (9) that (L, M)— C(L, M) is Borel.

Ernest remarked in the proof of [5, Prop. 2] that the quasi-
equivalence relation on G’7(5#°) is a Borel subset of G7(5#) x G'(&#).
The above theorem implies:

COROLLARY 1. The covering and quasi-equivalence relations are
Borel subsets of G(27) x GH(Z#).

COROLLARY 2. The quasi-equivalence class [L] of o representa-
tion L in GY(S7) is a Borel subset of GY(S7).

Proof. Let m;: G(oZ) x G(5#) — G(=¢), 1 = 1, 2, be the projec-
tions on the first and second co-ordinates. Then [L] = 7 (z7'(L) N ~),
and as 7, is one-to-one on 7;’(L) N ~, and the latter is standard, [L]
is Borel.

It would seem likely that the unitary equivalence relation is also
a Borel subset of G°(5#) x G(5#). Presumably one must prove the
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existence of a RBorel choice function on spaces of the form R(L, M),
that selects a unitary operator when such exists. If unitary equi-
valence were a Borel set, it would follow that the representations
Le GY(&7) with L(G) finite was algso Borel. It should be noted that
the unitary analogue of Corollary 2 above ig true (see [3, Lemma 2.4]).

If G is the free group on countably many generators, the map
described in Corollary 1 of Theorem 4 is onto. As the given struc-
ture and the corresponding quotient structure on . must coincide,
a subset of .o~ will ke Borel if and only if the inverse image in G*(5#)
is Borel.
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A SET OF NONNORMAL NUMBERS

MicHEL MENDES FRANCE

Let P be the set of real polynomials and let £ (P) be the
the set of real numbers whose nth binary digit from a certain
point on is 0 or 1 according as [¢(n)] is even or odd for some
oc P, We prove that no number in EF(P) is normal in the
binary system and that E'(P) has Hausdorff dimension 0,

Some notations and definitions. It is well known that every
real number « of the unit interval which is not a binary fraction can
be expanded in the binary system

&.(@)
2n

€r =

it

where (g,(2)),ex i8 @ uniquely determined segquence of functions taking
values 0 or 1. The functions r,(x) =1 — 2¢,{x) are known as the
Rademacher functions.

We shall say that x ts ¢ normal number (in the binary system)
if for every posilive integer s and every sequence of positive, strictly
inereasing ntegers ki, k,, «++, k, one has:

N
(1) lim S, (@) e 7 @) = 0.

One can prove that this definition is equivalent to the other usual
ones [3], [4], [6].

If £ is a real number, [t] will denote the greatest integer not
greater than ¢ and {t} = ¢ — [t] the fractional part of ¢.

Let P be the set of real polynomials and let E(P) be the set of
points 2 such that for some @c P and for some n,=0, 7, (x)=
exp+|p(n)] for all integers n > n,.

We wish to prove first the following theorem:

THEOREM 1. E{(P) contarns only nonnormal numbers.

This result shows that the measure of K(P) is null, since almost
all numbers are normal. Now the question arises if FKE(P) contains
“almost all” (in a sense soon to be made precise) nonnormal numbers
or not. We answer this question by stating the known result :

Received July 30, 1964. The preparation of this paper was sponsored by the
Office of Naval Research. Reproduction in whole or in part is permitted for any
purpose of the United States Government.
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The Hausdorff dimension of the set of nonnormal
numbers is 1, (see for example [1]),

and by proving our second theorem :
THBOREM 2. The Hausdorff dimension of E(P) ts 0.

2. Proof of Theorem 1. Let 2 be an element of E(P). We
show that for a certain se(juence of increasing positive integers k., k.,
«««, I, the equation (1) does not hold.

Let @ be a polynomial such that 7,.(x) = expin|[p(n)] for all suf-
ficiently large integers n. Without loss of generality we may suppose
that this relation holds for all positive integers, for normality or non-
normality are asymptotic properties. Let the expansion of ¢ he

(2) n) = an” +a, 7+ -0 +amn+ «, v=1.,
PA) !

If all the numbers a; (1 < 7 < v) are rational, then x is clearly rational,
hence nonnormal. If one of the numbers a {1 < j < ) is irrational, we
can without loss of generality suppose that the leading coefficient «,
is irrational. Indeed, suppose that «,(1 < p¢t < v) is irrational and that
Q,.., -+, are rational. Let ¢ be the least common denominator of
the v — ¢ fractions «,., «+-, &,. If @ is normal, then so is the number
y defined by 7.(y) = expin|p(2qn)] for all integers #. But clearly
[p(2gn)] = [4(n)] (mod 2) where +(n) = @,(2¢)*n* + +-- + @, This
shows that we can now deal with +, the leading coefficient of which
is irrational.

From now on in this section, ¢ is defined by equation (2) where
«, 18 an irrational number.

We need the known identity for polynomials of degree v:

(3) g+ = (e +»—1

- (;)@(% + Y =2y e +(— 1)”—1<3>(p{%) ~vla,

and the lemma:

Lemma 1. If F(z, 2, -+, 2,) ts & Riemann integradble function
which is of period 1 im each variable and if ¢ is a real polynomial
of degree v, the leading coefficient of which s irrational, then the
following equality holds :

N
lim I{]ZlF(¢(%), P(n + 1), <+, P + v — 1))

ZSTVF(%’ Loy =2, xu)dxn Ty da}u .
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This is a very well known corollary of Weyl’s theorems on uniform
distribution (see for example [2]).

Combining equality (3) and Lemma 1, one can write:

L=1lim L $ expi
=lim |3} exp m([go(n + )]

= (Dot v =11+ -+ = 1 (D)lpm])

= lim ;J i: exp in([(’;)@m fy—1)

— (g)¢(n+v—2)+ +v!au]

— (Dlpn + 5= DI+ -+ (~1[pm))

= expin([(})20, — (3)20,0 +oor 4 v1al]
— (e + oo+ (= D20 )da, - da,

By putting 22; = y;, 7 =1,2, ---, v, the integral becomes

1 . Y 5
- b - [ I 1
L 2r Sm,zw exp et <[<1>y” <2>@f'v41 | + v! au]

— (D 4+ (1wl )y, - dy

Now the identity [z + ey] = [z] + ely| + [{a} + e{y}], ¢ = = 1 shows
that one has:

[(’f)y —~ (;)y_ o ol az] - <’{> [y,] — @) [or] = ov + [pla]
[Nt = o+ 1]

L=% 1—S(W exp W[(D {y.} — @) Yoo} + 200 + {p! au}]dy1 <o dy,

= + exp 7 (”)yy~<y>yy_l+ coe +la} |dy, oo dy, .
. 1 2
: v v —ty
Consider the hyperplane (1> Y, — <2>yy_1 +oeee + (= 1y, = —{Pla}

in the euclidean space R*. It has rational coefficients except for the
constant term, which is irrational. Hence it cannot split the unit cube
{0, 1)* into two regions of equal volume. Therefore the integral L
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cannot be 0. Finally we notice that . may be written

L=lim 35 7@ @)D ;

this completes the demonstration.

3. Proof of Theorem 2. Let P, denote the set of real poly-
nomials of degree v, the coefficients of which are all in the interval

[0,2]. It is easily seen that to prove Theorem 2, it iz sufficient to
prove the lemma :

LEMMA 2. Let E* be the set of numbers x such that for some

pe P, r,(x) = expin|pn)]| for all integers n. Then the Hausdorff
dimension of E* is 0.

Let pn) = an” + - + an + «, «;¢el0,2]

and let « = (@, o, -+, @) be a point in the space (0, 2)*'*. We are
going to estimate the number N, (p) of regions in (0, 2)*"' which have
the following property: when « ranges over one of these regions,

the sequence [p(1)], |p(2)], -+, [p{p)] stays invariant. First let us
show :

LEMMA 3. The h-dimensional measure (0 < h < 1) of the set

Ey={z|r,(x) =expin[p®)]; n=12,---,p; @ P} satisfies the
imquality

n < NI
h-meas (E}) = ,2]]\]@ )

Indeed, when @ runs through P,, @ ranges over (0, 2)**', The set
B> is composed of at most N,(p) intervals, each of which has h-length

()

Now, if one notices that E* = (13-, £}, one gets the result that
the Hausdorff dimension of E* cannot be greater than

6 = lim inf 108 NuP)
rsee  plog 2

We wish to show that 0 = 0 and we shall do so by proving our last
lemma :

LEMMA 4. When p goes to infinity, one has
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N.(p) = 0(p* ") .
Proof. Let ¢ be an integer such that
O=¢9g=2Rr"+n"+ -+ +0+1)—1
Consider the set R, , of the points « = («a,, @, ---, @,) defined by

g=an + o +am—+ a, < q -+ 1.

Clearly, when « runs through the region R,,, the quantity [p(n)] =
[an” + «-- +am + ) stays equal to g. Then let q,, q,, -+-, ¢, be any
sequence of integers such that 0=¢, <2 (j*+ -+ +J5+1), 7=
1,2,---,p. When a ranges over the set M-, R,,,, the sequence
[pD)], [@2)], « -, |p(p)] does not change. But the number of these
regions is at most the number of different regions one can obtain by
dissecting the space R**' by hyperplanes a,n” + --- + an + «, = q.
These hyperplanes are at most M = M, (p) = S0, 2(5* + -« + 5+ 1) =
0(p**Y). Now, one can show that the space R**' is dissected into
O(M*+") regions by M hyperplanes [5] and therefore :

N.(p) = 0(p" ") .

REMARK 1. It is easy to generalize Theorem 2 and obtain the

following result. Let (f,).ex be a countable set of real functions
such that

lim g @ _ g ypen.
P—ou p

(log* denotes the maximum of 0 and log). Let Q@ be the set of all
real finite linear combinations of the family (f,). Then the Hausdorft
dimension of the set K(Q) is 0.

REMARK 2. The proof of Theorem 2 shows that the set E* is not
dense on the unit interval (0, 1). On the other hand, E* is invariant
under the mapping = — {2x¢}. From these two remarks, one sees that
E* is a Rajchman H-set and that E(p) is therefore a set of uniqueness
for trigonometric series. This result is to be compared with the
following corollary of Pyatetski-Shapiro’s theorem :

The set of nonnormal numbers is not a set of uniqueness.
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POLYNOMIALS ORTHOGONAL OVER A
DENUMERABLE SET

J. L. GOLDBERG

This paper concerns itself with characterizing the ortho-
gonality domain and the distribution function for polynomials
which satisfy

(1.1 Gu1(®) = (& — 0)Pu(2) — bupu_1(2) (nz0)
with
(1.2) ¢-1(@) = 0 and ¢o(w) =1

under the restrictiona, =0, b, >0 (n = 0) and limb, =0,

This extends the results of Dickinson, Pollak and Wannier [6] by
replacing their restriction 2b, < - with the weaker assumption
lim b, = 0, by correcting an apparent oversight, and by characterizing
the distinction between the cases Yb, < « and limb, = 0. In the
course of this study we prove some theorems with occur rather na-
turally and seem of interest in their own right. Our approach owes
its origins to ideas expressed in [4] and [6] and our techniques to the
product and the series representations for a certain subclass of analytic
functions studied by Richards [9] and related to functions characterized
by a certain Stieltjes transform and continued fraction expansion.

More specifically; from a theorem of Favard [7] and Shohat [11],
equations (1.1) and (1.2) and the assumptions a, real and b, > 0 (n = 0)
are sufflcient to imply that {¢,(x)} is a real orthogonal set. Under the
additional restrictions a, =0 (n = 0) and 2 b, < <, Dickinson, Pollak
and Wannier [6] have shown:

(i) The domain of orthogonality is a bounded denumerable set
S, symmetric with respect to 2 = 0, with z = 0 the only non-isolated
point.

(ii) The distribution function (unique, after normalization, because
of the boundeness of S) with respect to which the polynomials {¢,(x)}
are orthogonal, is bounded, nondecreasing and with spectrum (the points
of increase) the point set S of (i). The points S are the poles of a
certain function, meromorphic in 1/2, whose residues are the values of
the jumps of the distribution. (This statement appears to require
modification because of the possibility of nonzero mass at £ = 0, a

Received June 12, 1964, Research supported in part by a grant from the National
Science Foundation.
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point of S not a pole. This oversight is examined in some detal below,
see Theorem 3 and §5.)

(iii) The sequence {x"¢,(x)} converges to an entire function which
is shown to be the denominator of the meromorphic function referred
to in (ii).

Later, Carlitz [2], studing polynomials, remotely related to Laguerre
polynomials, showed that properties (i) and (ii) hold for the polynomial
sets (under a different normalization)

n

(1.4) Gu:(®) = 2g,(2) Y r— Gnas() (n=1)
where v >0, gox) =1 and g, (x) =2. For these polynomials X b,
diverges and hence (Corollary 4, below) (iii) is false. Subsequently,
Chihara [3, pg. 15] noted, and offered an independent proof of, a
theorem implicit in the works of Stieltjes [13], equivalent to the pro-
position that lim b, — 0 is necessary as well as sufflcient to insure a
denumerable spectrum (with © = 0 the only limit point) for the dis-
tribution relative to {¢,(x)}, @, =0, # =0,1, ---.

In §2 we sketch the fundamental theorems of continued fractions
and the theory of moments that are pertainent to our work. In §3
we prove the corrected generalization of the Dickinson, Pollak and
Wannier theorem (Theorem 3) and set forth necessary and sufficient
conditions that lim x"¢,(1/x) be entire. Section 4 provides a representa-
tion theorem for the class of meromorphic functions relevent to our
study and provides us with a means for investigating in § 6, conditions
under which mass at * = 0 is not present. Finally we offer an ex-
ample, due essentially to Wall [15] which explicitly contradicts (ii)
(without the modification supplied in Theorem 3) but in which (iii)
holds. The example is of interest independently of our use.

2, Preliminary theorems and notational conventions. We
use this section to set forth those parts of the theory of continued
fractions, theory of moments and theory of orthogonal polynomials
which bear on the problems with which we wish to concern ourselves.
None of these theorems are novel. They are stated in a form suitable
for our purposes with their proofs outlined only in such detail that a
specific reference may be quoted for their completion.

Consider the class of polynomial sets defined recursively by

(2.1) wh(@) = 29.7(x) — b,1,850(x) (n = 0)
with
(2.2) $(x) =0, 6" (x) = 1
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and
2.3) b, >0 (n = 0).

We write ¢”(x) as ¢,(x) and agree in general to omit all zero super-
seripts. We reserve the use of superseripts in parenthesis for non-
negative integers fixed in advance of any argument and never for use
as a derivative.

It may be easily seen that {¢'”(x)} are the successive denominators
and {¢"(x)} the successive numerators (here our convention assures
that s is fixed and the sequences are indexed by 7) of the convergents
of

(2.4) L] bl _ Dun| _

T o [o [z

Such polynomial sequences have been studied by Dickison [4], [5],
Dickinson, Pollak and Wannier [6], and perhaps most completely by
Sherman [10], in which more references may be found. We pause to
mention the important recursion relationship

(2.5) @0 (@) = 0@, (@) — buy 9y (w) (n = 1),

which follows from (2.4) but which may be proved independently by
induction. If (2.5) is established first, one may observe directly that

(2,6) M f— 1 I bH‘Sl e e e e — b’ﬂ+8—1 (()n¥3)(x) ,

s0(w) | | @ | @

and hence the equivalence of (2.4) and lim, ¢ (x)/¢(x). The defini-
tions (2.1) and (2.2), the theorem of Favard-Shohat and the standard
properties of real orthogonal polynomials lead to the observations which
we state as

LEMMA 1. All the zeros of the monic polynomials ¢5'(x) are real
and stmple. The degree of ¢(x) s precisely n and ¢ (x) s an
(6327@ Sunction if n is <eZ§g>. The zeros of ¢S(x) and ¢S (x)
alternate; there ts a zero of one polynomial separating two con-
secutive zeros of the other.

Next consider the sequence {4 (x)/¢{(®)}. Set z = 1/x in (2.3)
and define G*(z) by

iy — LI b b b
G = T e [1/z

so that after and equivalence transformation
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But a theorem of Stieltjes states: A mecessary and sufficient condi-
tion that (2.7) be a nonrational meromorphic function is b, > 0 and
limb, = 0 (see Wall [14; Theorems 54.1 and 54.2]). Hence,

THEOREM 1. If {¢P(x)} vs defined by (2.1), (2.2) and (2.3) with
lim b, = 0, then for each nonmegative integer s.
(s+1

D) _
(2.8) 1111—'1'2 2ot (1/2) G“(z) .

G (z) s a transcendental meromorphic function and the convergence
n (2.8) is uniform in compact sets which exclude the poles of G*(z).

As a corollary of this theorem we prove the properties of the
orthogonality domain listed in (i) of the introduction. (See Chihara
[3, pg. 15] for an alternate proof along different lines). Consider an
interval [¢, d] free of poles of G*'(1/x). Lemma 1 assures that the
zeros of ¢(x) and ¢ (x) are not common. Hence, Theorem 1 and
and Hurwitz’s theorem imply that [c, d] is ultimately free of zeros of
(). Thus any distribution function for {¢{(x)} is constant in [e, d],
Szego [12, Theorem 6.1.1]. But the poles of G(1/x) are a bounded
set, symmetrically distributed with respect to = 0. Hence, we have
proved:

COROLLARY 1. The orthogonality domain for the {4y (x)} of
Theorem 1 is the bounded, denumerably infinite set of singularities
of G®(1/x). This set is isolated except at x = 0, and symmetric with
respect to the origin.

Suppose, by way of a converse, that S is any bounded, denumera-
bly infinite point set with @ = 0 the only limit point. Suppose the
distribution function B(x) (bounded and nondecreasing) has S as its
spectrum. We normalize B(x) and all distribution function considered
herein by specifying:

(i) g a8 =1
(2.9) -
(i) Blz)= —;—[B(x L 0) + B —0)], e S.

Suppose further that B(—x) = — B(x) (so that S is symmetric) and that
{p.(x)} is the unique set of monic polynomials orthogonal over S with
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respect to dB. Then the symmetry of dB8 leads directly to

(2.10) Dusa(®) = 3p,(%) — B,p,.(2) (n = 0)

with p_(x) =0 and px) =1. This in turn defines the function
(Szego 12, Theorem 3.5.4])

(2.11) F(z) = S: ff(i)z
_ 1| _ Bz Bzl
1 |1 '

It is now a consequence of the hypotheses on S(x) that F'(z) is trans-
cendental and meromorphic. Hence the theorem of Stieltjes mentioned
prior to the statement of Theorem 1 yields B, >0,n =1,2, --- and
lim B, = 0. Thus,

COROLLARY 2. A nondecreasing, symmetric distribution function,
normalized by (2.9) having discrete, bounded spectrum with x — 0
the only limit point, determines a transcendental meromorphic func-
tion with an expansion of the form (2.11), where {B,} is a positive
null-sequence.

It is useful to have these two corollaries and Theorem 1 restated
in somewhat different form.

COROLLARY 3. The denominators of the successive convergents
of any continued fraction of the form (2.11) with B, > 0 (n >0) and
lim B, = 0 form a sequence of real orthogonal polynomials with the
discrete domain of orthogonality described in Corollary 1.

Our proof of Theorem 3 (below) requires a Mittag-Leffler expansion
of G*(z). To this end we call attension to the following theorem of
Montel {Obrechkoff [8; Theorem XXIJ|):

If a sequence of rational functions converges uwiformly to a
meromorphic function and if the zeros and poles of each rational
function are simple, real, and alternate, then the meromorphic func-
tion has the expansion

B—Az+iAn< Ly 1)
=\ —a,  a,

where ZA, /0% converges and A, B, A, A,, -+, A,, -++ have the same
sign and the a, are real and distinct.
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The hypotheses of this theorem are satisfied by the rational funec-
tions 677(1/2)/65(1/2) because of Lemma 1 and Theorem 1. Further-
more, G'*'(z) is even. Hence, after simplification,

2.13) Go(r) =— A® + 3, 242
AT @y

Finally, G*(0) = 1 so that A <0 and A® < 0 (» > 0). In this re-
presentation, and in all similar expansions, we agree to order the
the poles, 0 < a{¥ < af < +»-, @, — oo,

THEOREM 2. The transcendental meromorphic function of Theorem
1 has the expansion

s 0o s 247
GU(2) =— AW + X T @y

where —ZAN ()2 < o0, AP0 and AP <0, n=1,2,---. The
convergence is uniform in compact sets which exclude the poles of

G(z).

3. The construction of the distribution function. With the
preliminaries now settled, we can proceed with a consideration of the
first of our goals; namely, the construction which explicitly exhibts
the relationship between G'*(1/x) and {{"(x)}. We state this result as
Theorem 3, a generalization and correction of the corresponding theorem
in [6, Theorem 5]. The approach in this section owes its inspiration
to the ideas expressed in [6].

Set z = 1/x in (2.1), (2.2) and (2.5). Define F}(z) = z"¢((1/z).
Then,

(3.1 Fii@) = F.(@) — b, FL20(2) (n=1)
with

(3.2) F(zy =1, FPiry=1

and

(3.3) F2(2) = Fi50(2) — 0. 2 F50(2) (n = 2).
Furthermore,

o (z) _ Fii(z) (n = 1).
26 (1/z) Fi2(z) o

Now divide (3.3) by F"(2) and let n— =, This yields
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1 S 2 8-+l
(3.4) W =1—0.,.2G""(z),

which may be interpreted as an alternate expression for (2.7). We
combine (3.3) and (3.4) to obtain

FPG® — FUi = b #GUF G — Fird)

for n = 1. (Here and in the next equation F{' = F{'(z), G = G¥(z),
ete.). Such an expression suggests iteration. With the aid of (3.4)
written as

Fis:—n41)G(s—f—n~1) . F((}s:‘—n) — G(n{ s—1) l
— bng‘,szzG(()S%rmG(n’H)il) ,

and after some simplication, including multiplying through by z 77,
we compute

(3.5) z—-n—P“IG(s}(z>F’{'s}(z) . z*n*]’wlF;ls‘—]llxz)
= 2 L b G4 6 ()
k=1

for any p and all » = 1. Now choose C’ a circle small enough to ex-
clude all the singularities of Gz}, G"*"(z), ---, G®"™(z). Such a
circle exists because G™(0) =1 for all m. The degree of F'{¥'(z) is
2[k/2]. Hence the residues at the origin of each term in (3.5) is
readily computed and we have

(3.6) | PG @z =0, T b,
o’ k=1

for0p=nand n=1,2,3,.--. If we define the empty product
as unity, then (3.6) holds for # —= 0 also. The change of variables,
z = 1/z, casts (3.6) into

3.7) —1~§ 230 (@) GO (L)) dw = b, TL by
271-7, (4 k=1

0=p=mnand n = 0. Here C is the cirele reciprocal to C’. C sur-
rounds all of the singularities of G“**(1/a),k = 0,1, ---, n. The
integration is taken in the positive direction. We may convert (3.7)
into a real orthogonality relationship by substituting the representation
of G“(z), given in Theorem 2, into (3.7) and interchanging the order
of integration and summation. With the observation that the residue
of a7'G(1/x) at v ==+ 1jal? is —AL{(aly™ > 0, we have

(B.8)  —AV3,pl(0) + Sa7g(w) Res (oG (/a)} = 0, 11 b,
k=1
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for0=p=<n,n=0,1,2,+---. The summation is extended over all
the poles of z7'G®(1/x). We express this and the results of section
two as

THEOREM 3. Let {b,} be an arbitrary sequence of positive constants
with limb, = 0. Suppose {4} are the sets of orthogonal polynomials
determined by (2.1) and (2.2). Suppose G'*(2) is defined by (2.7) and
B is the unique normalized distribution function associated with
{652(2)}. Then for each mownegative inieger s,

(1) the spectrum of B is the closure of the set of poles of
G®(1/z); namely, x =0 and v = +1/a®, n=1,2, ---.

(i) the jump of B at these poles is equal to the residue of
G (1 /x) there. That is,

Ig(sl(x _l_ 0) _ B(s)(m _ 0) — __A;s)(a;s:-)-z
Jor x = +1/al?,
(iii) B“(+0) — B(—0) = —A"¥.
(iv) For each p, 0= p=n and all n=20,12, ---,
|| wror@ds = " sr@gr @ = o, 11 bev.

where | —a, a] 1s an interval large enough to include the bounded set,
{=1/a;}.

The criterion 3b, < oo is both necessary and sufficient to imply
the existence of lim,x"¢{'(1/x).

COROLLARY 4. If 3b, < o then (uniformly)

lim ¢i;:j—11)(1/x) _ qlml_)IE x”—lff);f'_ﬁl)(l/x) _ E<s+1:(x) — G(“(a;)
nee 2, (1/@) lim 2"."(1/2) B (@) '

Here, E¢“*™(z) and E“(x) are entire functions. Conversely, if
lim,x"¢5'(1/%) converges uniformly in a bounded closed domain about
2 =0 then Xb, < o=,

Proof. The sufficiency, with the modification at & = 0 previously
mentioned, is the main theorem of Dickinson, Pollak and Wannier. Their
proof depends only upon Xb,; < <« and hence is applicable here. The
necessity is proved by an appeal to a theorem of Polya (Obrechkoff,
[8, Theorem IV] which states in eflect that the limit of a uniformly
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converging sequence of polynomials with real, symmetric zeros is an
entire function. Therefore, the coefficient of &* in x"¢!”(1/x) converges
to the coefficient of 2° in the series expansion of the limit function.
But, we see that "¢ (1/x) =1 — (s + byey + + -+ + b, )a* + 0(x*) for
n=1,2,---. This proves the necessity. More interestingly;

THREOREM 4. A necessary and sufficient conditton that limx ¢ (1/x)
converges uniformly in some bounded, closed domain containing x=0
(and hence converges to an enlire function) is that Ya;® < .

Proof. Assume that lim,z"¢;'(1/x) converges uniformly. But
the aforementioned theorem of Polya we know the limit function is
entire. Denote its zeros by +«¥, 0 < a® < al¥ < ---. Let o, ,, k=
1,2, --- [n/2] be the 2[n/2] zeros of x"¢{'(1/x) ordered

0 < al,n < a?nz e < a['n/.?],n °

Now & theorem of Hurwitz asserts that lim,a,, =a?, k=1,2,---.
Referring once again to Polya’s Theorem we conclude that (o)™
converges. Of course, the zeros " are the poles of G*(1/x). From
(3.4) they are also the zeros of G “(1/x). But the zeros and poles of
G (1/z) (for any s) alternate on the real axis. Hence X{ajF V) * alsgo
converges. Successive applications of this reasoning yiclds the con-
vergence of X(a”)™® = Ja;* after s steps. We prove the sufficiency
by showing that the convergence of Ya;? implies the convergence of
2b,. Towards this end we note that the zeros of ¢/ (x) and ¢ (x)
are interlaced (Lemma 1). In our notation, the reciprocals of these
zeros are ordered as follows;

s L <Gy, TG <, <t

for n =1,2,---. Henece,
} < ,,1 < ,,1 <
ai,n af,n+l ai,nv"‘l
R .
(3.9) Cé.‘;.,n a?.'rbﬂ C‘*’E,n 2
L o 1 1 .
a%,n ai,n+1 a’f-,n—:z

for » < [n/2]. Thus a;% < a;% By hypothesis J«a,? < . Hence by
Tannery’s theorem (Browwich [1, pg. 136]).

[n/2]

lim > ;) = ;;1 a;’,

n—oe =1



1180 J. L. GOLDBERG

But b, + b, + -+ + b, = 3 P2, since the coefficient of 2* in z"¢(1/x)
is the sum of the squares of the zeros of ¢'(x). Corollary 4 completes
the proof.

For a special case, Dickinson [4] has computed the moments, {m{},
of B8 in terms of the parameters of G''(z). We know in advance
that the odd moments are zero (Shohat [11, Theorem II]) and that the
moments are the coefficients in the Taylor series expansion of G‘(z)
about z = 0. Specifically,

COROLLARY 5. Under the hypothesis of Theorem 3;
miP =0, nodd ,

my = —A — 23 APy =1
me = —2 72 AP {aly " 7w > 0 and even .
k=0

Proof. We have from Theorem 2 that

Goz) = —A® + i 24

2 — ()

= —A© = 23 AP(@) L — #a))

n—1

oo

— A Z 2k>_‘2A“(a )2k2

k=0 n=1

for |z| < |ai®|. Thus
(3.10) FIGO(L) = — AV — 5 a7 S 24 (@)

But then

—1—8 ' G (1/2)}de = Sa xdG
g —a

27
and the Corollary is proved.

4. A representation theorem for the meromorphic function
G*(z). In previous sections we have concentrated on the determina-
tion of the spectrum of A from a knowledge of {b,}. In this and
the succeeding section we direct our attention to the class of meromor-
phic functions which determine real orthogonal polynomials with dis-
tributions having spectra of the type described in Corollary 1. We
denote the class of such meromorphic functions by PIF; a notation
motivated by the notation for a related class of functions. We express
our main theorem by the following:
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THEOREM 5. The following four statements are equivalent*:

1) 2F(z)e PIF
_ 1| Bg| Bz __
(2) F(z) = T 1 ,

with B, >0n—=1,2,+-+, and lim B, = 0.

3) Fo= —A+3 2,

where A<0,A,<0,n=1,2,8, -+, —A—324,0;7=1,0<a, <, < »~+,

an"_’ oo,

-
(4) F(z)= El 1 /o

where 0 < a, <7 < A, < ¥y < oo, &, — oo R4 ﬁ A+ vHA + a3y
n=1
converges (and is therefore +0).

Proof. (1)=(2) is established in § 2 along with (2)=38 (Theorem
2). We shall prove (3)=(2) and then (3)«=(4) to complete the proof.

(a) We prove (3)=(2). Suppose F is defined by (3). Then
—A — 32A,a;? = 1 establishes the uniform convergence of the right-
hand side of (3). Hence F is transcendentally meromorphic and analy-
tic at 2 = 0. The Taylor series (in 2?) for F at z = 0 has only positive
coefficients. From the theory of continued fractions (Shohat [11, pg.
455]), we deduce a representation for F'in the form (2) with the stated
conditions on {B,}.

(b) To prove the equivalence of (3) and (4) we set z = it and define
Jf(t) = tF(t). Then f(t) is a meromorphic function which maps the
right half-plane into itself, the imaginary axis into itself and the reals
into the reals. These properties of f(t) follow, if we assume F' is
given by (3), by taking real and imaginary parts of (3). Richards [9]
made a detailed study of such funections which he named ¢PRF (PR
for positive real part; PI for positive imaginary part in our case).
The transformation, ¢ = —4%z and the definition F(z) = if(—1z)/2, there-
fore, converts Richards’ theorems into results for F'(z). In particular
then, (3)={4) as a consequence of [9; Theorem 12] and because f'(0)=
F'(0) = 1. Conversely, if F is given by (4) then f(¢)e+PRF by |9,
Corollary 12.1] and (4)=(3) by [9; Corollary 10.1]. This completes the
proof.

5. The constants A®, The mass assigned by the weight function

* We suspend our convention on superscripts for this section.
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to each point of the orthogonality domain may be determined, as we
have seen, by examination of the residue at each pole of a funection
meromorphic in 1/x with the single exception of the mass at zero,
— A%, If the mass at zero is zero for each s, as it is in the examples
considered by Dickinson, Pollak and Wannier [6] and Carlitz [2], the
exception is vacuous. It is of some interest then, to consider the
problem of characterizing in function-theoretic terms those PIF fune-
tions with A® =0,8=20,1,2, ---. In the course of this section we
derive some theorems, parts of which yield conditions assuring nonzero
mass at £ = 0. We begin by proving a Lemma fundamental to this
part of our study.

LEMMA 2. In the Stolz domain,
0<0, Zargz=10,<m, and for each s =0,

(5.1) lim G¥(z) = — AW,

1zl o0

Proof. This is a well-known theorem in a different guise. For,
[9, Theorem 5 and Corollary 10.1] shows that lim,, ... f(¢)/t exists (¢ in the
domain |argt| < 6 < m/2) and is nonnegative. Now G*)(2) is PIF from
Theorem 5 (2), so that f(f) = t{G*(4t) € IPR and the Lemma follows from
[9; Corollary 10.1]. A second Lemma follows from (3.4) and Lemma 2.

LeMMA 3. FEither the terms of {A®}>, are all zero or they are
alternately zero and monzero.

Proof. Set z =1y, (y real) in (3.4) and write

1

(5.2) W

=1+ b yG "y .

Then one interation of (5.2) yields

(5.3) =1+ b (/" + b, G (Gy) ™

1

G*(iy)
Now let ¥ — oo in (5.2) and (5.3) and evoke Lemma 2. KEquation (5.2)
shows that A®A“™ == 0 is impossible and (5.3) shows that either
A® = A =0 or AWA“™ =£ 0 for every s. But this is just an
alternate way of expressing the content of Lemma 3.

THEOREM 6. For all s =0,1,2, ---

(5.4) — AW = 1im [T (@ /a2y < oo .

n—oo 1
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Proof. Set z = (4y)~' in Theorem 5 and note that

| m (e = — A i ][22 0]
(5.5) lim G*(z) = —4 Bfﬂlz[[yw(aff))” '

Since

(@ = ey g (Y

¥+ (@) afty

for all ¥ and every #, the hypothesis that T[] (af’/alf*™) converges
implies the uniform convergence of the rightmost factor in (5.5) in
every set ¥* < R? and thus the continuity of G*'(1/3y) at y = 0. This
proves (5.4) when the product converges. Now |al¥ | < |al*? | so that
divergence of [J (a/af™ ) is divergence to zero. Hence, given any
€ > 0 there exists an N such that for all » > N

N
IT (@ /ey < e .
1

But

A

= [ & (aflsﬂ))_z:!
1:[ [ o+ (C(,(f))"2
< ﬁ [w] < (1 4 %)Nﬁ (@ jas+ye

=Wl @y 1T

The leftmost inequality holds for every N because ecach term in the
product is less than one for every y. The last inequality holds for
all y satisfying y < (V' Na*)* #n=0,1,---, N. Because of the
ordering of the poles of G®)(z), this can be accomplished by the re-
striction y < (1 N a¢*V)~'. Hence the limit on the right side of (5.5)
must be zero, proving Theorem 6 if the product diverges. A less com-
plete result follows from (2.13).

[+ (aff“’)‘2]
il [ ¥+ (@)

THEOREM 7. If A“*Y = 0 then o necessary and sufficient condi-
tion for A“ = 0 1s that YAP™ converge. In either case

A = _(1 _ bl+322Afzs+l))_1

(suitably interpreted if XA diverges).

Proof. Set z = (ty)™* (y real) in the representation for G“*V given
by (2.18). Since A“*Y =0 and 0 < al**? < " < .-+, we have for
all y < (af**vy,

_ AEJ,S +1)
T+ @y

—A;8+1)
L+ (@ )y

A

N N
(~1/2) S 4 = s
1 1
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A

o _Aifﬂ)
T @y

= yG I (—ify)
But from (8.4), with z = (i)™,

(5.6) v G (=il = b s 1)

Let y — 0 and assume YA diverges. Then
lim G (—i/y) = —A® =0.
y—0

Now suppose ALY converges. Since

6D G (i) = 32
. Y Y ~ +(a§bs+1))—2y2

IA

!
B
z

we conclude that 3 AF™[1 + (alf*™)y*]™* converges uniformly for all
y in, say ¥* =< R, and hence represents a continuous function at y = 0.
Therefore, from (5.6) and (5.7).

bl_js(—l/A(s) _ 1) —_ iA;s+1) .
1

This completes the proof.

Hence if {A“} is a sequence of zeros, >, A must diverge for
each s. Conversely, if all such series diverge {A®)} is a sequence of
zeros. Is it possible for YA to converge and A® = 0? A® =07
In other words, if {A'"} is alternately zero and nonzero, what can be
said about the convergence of YA,, AP, AP, ---, besides the state-
ment that they all cannot diverge? We leave this question open.

Finally,

THEOREM 8. The constants {b,,,} and A are related by

—1 b b,..b (2 )
5.8 — 1 + 1+s + 1+sY3+s 14+8Y3+sY5+43 cee,
( ) A(S) b2+s b2+sb4+s - b2+sb4+sb6+s *

so that A® =0 if and only if the series (5.8) diverges.

This theorem is known (see [3; Theorem 2] and the references
therein). We include the statement here for completeness.

6. An example. Wall [15] studied a certain continued fraction
which arose in a number-theoretic context. By suitable changes of
variable this example may be used to illustrate the theorems of the
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previous sections. There seem to be relatively few cases of interesting
special functions for which the sequences {b,} and {A.”} are known
explicitly and {A®} is not all zeros. The author was able to find only
this one example. Choose 0 < < 1 and 0 < ¢ < 1 and define b, = 7,

(6.1) bus = (1 — 7005, bupyy = 7¢* (1 — g )
E=0,1,2, -
(6.2) My=rTl (1 — g™ ;
k=1
(6.3) M, M, : E= 2.

Q-9 ) (g
Then Wall [15] has shown, in our notation,

1 : o Mg
6.4 ——— =1 . .
64) G(z) T2 ;Z‘l Z—q*

From (3.4) and (6.4) we deduce that

— My(rg")™

(6.5) GU(e) = 5 — )

s0 that AY = 0, — 24P = M,(rq*)™" and (a}’) = ¢~*. We use Theorem
7 with 8 =0 to deduce that AY =+ 0 if YM(rq*)™" converges. The
ratio test yields the convergence of this series if » < ¢ and its diver-
gence if ¢ < . Thus the terms in {A“} are all zero if ¢ < + and are
alternately zero and nonzero, A® == 0, if » < ¢. Wall has also shown that

(6.6) Giz) = [q” ma— rq’”)]z” .
n=0 k=0
Hence, the moments mi{) can be read off immediately (see Corollary 5)
(6.7) m® = ¢ 11 (1 - g9 (n = 0)
k=0

where the empty product is defined as unity. Incidentally, Xb, <
for all choices of » and g so that this example is one that is included
in the Dickinson, Pollak and Wannier theory.
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J.L. Ullman for the many hours of valuable discussions on the material
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major source of inspiration.
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NORM DECREASING HOMOMORPHISMS
OF GROUP ALGEBRAS

FREDERICK P. GREENLEAF

The homomorphisms ¢ of the group algebra L'(F') into the
algebra M(G) of measures, where /' and G are locally compact
groups, has been completely determined when both groups are
abelian by P. J. Cchen, and when G is compact and the
homomorphism is norm decreasing and order-preserving by
Glicksberg. In this paper the structure of norm decreasing
homomorphisms ¢ is determined for arbitrary locally compact
F and G. Asan application the special structure of all norm
decreasing monomerphisms is determined, along with the
rather elegant structure of all norm decreasing homomorphisms
mapping L'(F") onto LYG).

The analysis is effected by finding all multiplicative sub-
groups of the unit ball of measures on a locally compact
group for, as we show, each ¢ extends to a norm decreasing
homomorphism ¢ : M(F')—M(G), and is determined by the image
under ¢ of the group of point masses on G, a multiplicative
subgroup of the unit ball in M(G).

This paper completes a study of norm decreasing homomorphisms
on group algebras initiated by Glicksberg in [4] and [5]. If G is a
locally compact group we will denote its group algebra by LYG) and
its convolution algebra of bounded regular Borel measures by M(G).
We present a complete structural analysis of the subgroups of the
unit ball in M(G), and a structure theory classifying all norm decreasing
homomorphisms @: L'(F') — M(G) where F and G are locally compact
groups. As an application we determine the special structure of all
monomorphisms ¢ mapping LYF') into M(G) and all norm decreasing
homomorphisms which map L'(F') onto LYG).

Let C(G) be the sup norm algebra of all continuous complex valued
functions on G which vanish at infinity, and recall that Cy(G)* = M(G).
If #e M(G) its support s(y) is defined so that wxes(y) <~ for each
neighborhood U of x there is some + ¢ C{G), vanishing outside of U,
with {¢, ¥> + 0. Then s(¢) is a Borel set. If " is a subset in M(G)
we define supp (') = U{s{p): #€'}. The convolution of y, »e M(G)
is given as an element of Cy(G)* by defining

gy = | [ vistiaps) v

Received April 24, 1964 and in revised form August 1, 1964. This research was
carried out under an Air force grant (AFOSR-407-63).
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for all v e C(G). If M(G) is given the total variation norm it becomes
a Banach algebra under this multiplication.

We first show that if ¢, » e M(G) then

(1) [laeen]l = (1l IIN = s(pexn) = (s()s(V)~

(2) [lpan] =]l [N =T gen]| =[]

These facts were first pointed out, in somewhat less general form, by
Wendel [11] and Glicksberg [4]. These results suffice for the analysis
of the subgroups of the unit ball in M(G).

In order to determine the norm decreasing homomorphisms ¢: L*(F')—
M(G) we use an important observation that such a map always extends
to a norm decreasing homomorphism @: M(F') — M(G) which is con-
tinuous on norm bounded sets as a mapping of (M(F'), (so)) into
(M(G), (6)). Here (0) is the usual weak * topology on M(G), and (so)
is the strong operator topology on M(F') gotten by letting M(F') act by
left convolution on the ideal L*(F') < M(F').

The author is greatly indebtted to the earlier work of Glicksberg
presented in [4], [5]. He is also pleased to acknowledge Professor
Glicksberg’s helpful commentary in private correspondence. It will be
clear to the reader familiar with [4] that the proof of the fundamental
relation || N[l = || pll- I M| = [ x| = | £ [*| N ]| is a simple adaptation
of a Glicksberg theorem dealing with compact groups. The simpler
proof given here was suggested by Glicksberg.

1. Preliminaries. Throughout this paper we will find it con-

venient to write convergence of a net {x;} to a point « in a topological

space (X, 7) as x,-—(—r)—»x or x eﬁr)—x,-, interchangeably. To avoid con-

fusion in discussing homomorphisms we will use the terms homomorphism
(epimorphism, monomorphism) for into (onto, 1:1) homomorphisms; we
reserve the term isomorphism for 1:1 onto homomorphisms.

Most measure theoretic notions are taken from Halmos [3], includ-
ing definition of Baire and Borel sets. In the following discussion let
B = B(G) (B, = B(G®)) be the collection of Borel (Baire) sets in G. If
a funection f is defined on G and if H is a o-ring of sets in G, we say
that f is H measurable on all H sets of G if y,f is H measurable for
each set Ec H (Y, = characteristic function of E). It is clear that
B, meagurability on B, sets implies B measurability on B sets in G.

If pe M(G) define its Baire contraction ¢’ by restricting its domain
of definition to be B(G). A regular Borel measure is uniquely de-
termined by its Baire contraction (see [3], 54. D). If Ee B(G) it must
be o-bounded, and hence there is a Baire set A D FE; this applies in
particular to s(y¢) where pre M(G). If Eec B and f is B measurable on

G, we let g fdp denote the integral S AzSf .
B (23
In applying the Fubini theorem, Borel functions have rather
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pathological properties when compared to those of Baire functions.
These difficulties arise from the fact that the product o-ring B, X B, =
B{(G x G), while we only know B, X B,C B X BC B(G x G) for the
corresponding Borel sets. If f is B, measurable on G and if 4, Be B,,
then the function ¥ ,.x(s, t)f(st) is B, X B, measurable on G x G (hence
B x B measurable) and we can apply Fubini to the convolution-like
integral

.

() |, Zaxals, 0L O X N6, ) -

If f is B measurable, the best we can say is that y,.x(s, t)f(st) is
B(G x G) measurable, but this does not give the B x B measurability
required to make (x) well defined. To avoid these difficulties we will
rely on the following well known observations.

(R1) If f is bounded and B, measurable, and if FE, F'e B,, then
Anxs(8, 1) f(st) is B,x B, measurable on G x G.

(R2) If f is bounded and B, measurable, and if g, xe M(G), let
us choose any sets K, Fe B, such that £ Ds{(¢), FOs(\). Then

[, f@dmer@ = | e s 05608 x 16, 1)

(R3) If ¢re M(G) there exists a unimodular function f, which is
B, measurable on B, sets in G, such that g = f.|{¢|. Thus if Fe B,

wE) = | 1:@dp® = | 161,00 116) -

Notice that 7(t) = Sq/r(st)d/x(s) is in C(G) if e CyGF), and all
CyG) functions are B, measurable on G, so the definition of convolution
is meaningful for g, A e M(G). Convolution is actually independent of
the order of iteration of the integrals used to define it, in fact the
above remarks show that

S o U Wstmms)]dk(t) = S Lone(s, D (stydpe X N, t)
= SGHG AN |aps)

if E, Fe B, are such that E Ds(y), F Ds(\).

If G is a locally compact group and if @ C G we let &, =1{0,: v € Q}
where 0, is the point mass at # for x€G. Let co[X] be the convex
span of a set X< M(G) and if v is a vector space topology on M(G),
denote the (v)-closed convex span of X as colX :v]. We will need the
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following lemmas about the (o) and (so) topologies on M(G) (see intro-
duction).

Lemma 1.1.1. If ‘ur(—s—ol»ﬂ with [l E M < o wn M(F), and
iof W is right untformly continuous and bounded on F, then we have

gy Y — Lt Y.

Proof. Since + is uniformly continuous, there exists fe LF)
corresponding to €>0 such that || f|] =1 and ‘ S Jr(st) f(t)dt — q/f(s)i <e/M

for all se F.. Then we have |{g;*f, > — <;jj, by < e for jed and
likewise for g, so that |{gt;, > — ¢, ¥>| < 3e for § = j..

Lemma 1.1.2. If @ is a compact set in locally compact group G,
and if S is the circle group, then colS&,:s0] = colS,:0] =
e M(G):|lpll =1, s(p) CQ}, and on these sets the (o) and (so0)
topologies coincide.

Proof. Clearly S&, is both (o) and (so) compact, thus from [2,
p. 511] we see that co[S &, : so] is compact in the (so) topology, as is
¢o]S &, :0]in the (o) topology. On the unit ball the identity 5 : (M(G), so)—
(M(G), o) is continuous by 1.1.1, so co[S &, : so] is (0) compact and hence
must contain co[S&,:0]. Since @ is compact it is known that
colS&, 0]l ={pe M@G):|lpll =1, s(u)C Q). But peco[S&,:so]=
s()cQ and |jp|l =1, which gives the reverse containment. It is
obvious that the topologies are the same on these compact sets, once
they are known to coincide.

LEMMA 1.1.8. If G is a locally compact group, colS &y:so] is
the unit ball in M(G) if S is the circle group.

Proof. Let pe M(G), ||¢t]] =1, and let K, be compacta such that
K,.,D>K, and U, K, Ds(tt). Then g, = p| K,e M(G) is such that

norm

el =1, p,eceolS&Ex, 1s0], and g, — . Thus ¢ is in the norm
closure of UJ7.,co[S &, :s0], which lies within co[.S &% : so].

LeMMA 1.1.4. On the unit ball in M(G), convolution ts a jointly
strong operator continuous operation.

Proof. Let pj—(i())—»/x and X\, —(s—o)»)» in the unit ball. If fe LYG),
then because || ;|| = 1 for all jeJ we have || ;N xf — pxhxf]|| =
Wtk f) — prix k) || + || e Ovx f) — prads fl] = |[ M f — Ax ]| +
[F 25 v f) — pre(x f) || — 0.

LEMMA 1.1.5. If G s a locally compact group, the unit ball in
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LY{G) < M(G) is (so) dense in the unit ball in M(G);, in particular,
LYG) 1s (so0) dense in M(G).

Proof. Clearly there exists a left approximate identity {e;} of
norm one in LYG). If pre M(G) then prxe, e LNG) and || pxe; || < || pe]l;
furthermore, if fe LYG) we have

o f — (reyxfil = || pxf — px(egxf) || — 0.

2, Idempotent measures of norm one. 1f G is a locally com-
pact group and KC G is a compact subgroup, define m,e M(G) to be
the normalized Haar measure on K, so that

Sy vy = | _r(s)dmels)

for v e C(G). Let K" be the set of all continuous unimodular multi-
plicative complex valued functions on K, and if Se K" let Sm, denote
the Haar measure on K weighted with the function S. Then Amy, is
an idempotent of norm one in M{G); it is our purpose to show that
these are the only idempotent measures of norm one in M(G).

THEOREM 2.1.1. Let G be a locally compact group. Then if
U, N e M(G) are such that || pesn || = || ¢£]]-]| M| 9t follows that s(pes)) ==
(s(t)s(\))~, the closure in G of s{pis(\j.

Proof. 1t is sufficient to consider the case || g¢|| =||n]|| = 1.
Clearly (s(ze)s(\))~ Ds{pxn). If this inclugion is proper we can find a
compact Baire set U which is such that (int U) N (s(p)s(\)~ # @,
while at the same time UnNs(uxx) = . Let K, Fe B{(G) be such
that E Ds(y), F'DOs(\), and define V = {(s,s7u):uec U,sc B} C G x G}
notice that Ve B, x B, and is such that y,(s, t} = yp(st) for sc K,
te G, thus

S(,mmv W(st)dpe x M, ¢)

=2 v ande x Ms, 1
= wolstyvtiz x M, 1)
_ LXU(w)q/p(x)d/x*X(x) :

Given ¢ > 0, there is a function € Cy(G) such that ||+ ||, =1 and
[{esn, v>] >1—e. If Vis any Baire set in G x G, then



1192 FREDERICK P. GREENLEAF

1 e <uin | = || Zaerls, Or0et)dp x G5, ) |

= LF Yr(st)dy x (s, t)l
(*)

_ S(  lstdie x Ms, )
+ S w(st)de x (s, t)] :
(EXF)NV

For V as above, the right hand side of () consists of the single term

IS(EXF)\V vistdpe X M, t)l = S

B CIIRINIOD

(BXF)

gg d|p|><|>v|—g dlp] x|
EXF nv

(EXF)

:1~S dlp] % .
(EXF)OV

But from our definition of U it is clear that S dlp| xX|n]=0>0,

(EXF)NV
and thus for all ¢ >0 we get 1 — ¢ =<1 — 4, a contradiction.

THEOREM 2.1.2. If G is a locally compact group and of ¢, n € M(G)
are measures such that || pxn| = [ tell-lIN]], then |pxX| = |]|*|N].

Proof. Again it suffices to consider the case || || = |[»]|| = 1. If
F D s(y) is a Baire set, it is o-bounded and from the Radon-Nikodym
theorem we know that there is a Baire measurable funection f, on F
such that u(¥F) = g Le(@) fu(z)d | ¢ ] (x) for all Ee B(G) such that EC F.

clearly |fu(x)| =1 |¢]-a.e. on F; we define a new function

Su®) if xe F and |fux)]| =1

oul®) = {1 for all other 2€G .

Then p, is a unimodular function on G Baire measurable on Baire
sets in G.

We will show | prxX| < | ¢#|x|{N]. Since these are positive measures,
both of norm one (since || g*xn|l = || ¢£ll+]|»]] for any positive measures
!, ve M(@)), our result must follow. If 4 e C(G) and 4 = 0, then

{ e, o = SG%‘“‘*W

— SG [SG ___p“i iz) dy(s)]dx(t)

L[SGWSt)—%%%QdIﬂ\(s)]d\M ®) .

I
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Now the last integral is positive and the integrand is a unimodular
multiple of +(st), so it must be less than or equal to

L vendi e @a o= apisi, v

The following lemma is given in Loynes [6] and Pym [8], and is also
a simple consequence of 2.1.1 and 2.1.2.

ProposiTioN 2.1.3. If G is a locally compact group and if ¢ e M(G)
is a positive idempotent of norm one, then there is a compact subgroup
K G such that ¢ = mg.

We can.now prove the main assertion of this section.

THEOREM 2.1.4. If G is a locally compact group and pe M(G)
8 an tdempotent of norm one, then there is a compact subgroup
Kc G and a function pe K" such that pt = pmyg.

Proof. Write ¢t = p|tt| where ¢ is a unimodular function on G,
Baire measurable on Baire sets in G. From 2.1.2 we see that | ¢| is
a positive idempotent of norm one, so that | ¢#| = m, for some compact
subgroup K< G from 2.1.3.

Now 0 is a bounded Borel measurable function on K since B(K) =
{ENK:Eec B(G)}, so the function o » p(t) = S o(s7t)p(s)dm(s) is
K

continuous on K (we are taking = as the convolution of two functions
on K here). If 4ve C(G) and if Fe B(G) is such that FDs(u) = K,
we have

[ @oto) dmate) = o, w5 = e, 9
= | [}, vevowanss Joam.s)
= [|_ vt tameo |peangs
= SGXG Arxi(s, DO(TE) P ()0(8) Y xxc(s, LM X M(s, T)
Clearly v(t)0(s)lxxx(s, t) is B X B measurable and a slight modification

of R1 gives the B, X B, measurability of o(s™t))r.»(s,t) on G X G.
Thus Fubini applies and we get

| Zaex(s, i 0(s)o(st)dmc X m(s,
[ e@pots—tamts) [y@ame
| ¥ = ot)dm) ,
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so o is | p|-a.e. identical to a continuous function on K. Taking p to
be continuous on K, it is clear that (s,t) — p(st) is continuous on
K x K. But we can apply the argument of 2.1.2:

1= pepll =] ﬁ;%gf*—,f)tldmuw]dwuw

_ SKHK _ﬂt_zsﬁt()_t)— de(S)]dmx(t) ,

which means that o is a multiplicative function on K.

3. Subgroups of the unit ball in a measure algebra. In this
section we consider a locally compaet group G and let /" be a subgroup
in the unit ball of M(G). We will denote this unit ball by %, and
refer to the weak * topology on M(G) as the (¢) topology. Given I”
we denote H, = supp (/") = U{s(p): perl}.

Lemma 3.1.1. Both H, and its closure in G are subgroups of G,
and if the unit of I" is denoted © (i = pmyg for some compact subgroup
Kc G and some pe K"), then K is a wmormal subgroup of both H,
and tts closure. Furthermore, iof pel” then s(p) is a single coset of
the group K wn H,.

Proof. If pel’ then s() is a union of right (or of left) cosets
of K because ixp = pxi = pt= (s(1)s(¢))” = s(1t)- K = K-s(pt) = s(p)
from 2.1.1. If pe I then s(p™) = s{)~". In fact, if x e s(p), yes(p™)
then oy = ke (s()s(™)" = s(uxp™) =K, so that 2" =yk e s(u )K=
s(¢™"), and vice versa.

If g, es(y), g.€ (") we have the relations

(%) K = 5() = (s(s(p)” Ds(s(pr™) D 9:.K*¢. O 9.Kg,
(%) K = s(t) = (s(p)s(pr™))~ D s(ys(pe™) © Kg,9.K D {g.9:} .

Thus s(y¢) is a single coset of K; otherwise we could find g, g, s(2)
with g, ¢ Kg,, and this would = ¢,¢9,7'¢ K. But g, € s(p)™" = s(t™*) and
(xx¥) = g,9,7'€ K, a contradiction. We see now that all supports are
compact and hence s(p)s(\) = s(px\) for all g, xve I,

Clearly H, is a subgroup of G since s(t*X\) = s(#)s(A) and s(p)~* =
s(¢#™); hence its closure is also a subgroup in G. We get normality
of K by considering ge H, and taking any pel’ such that ge s(y).
Then if we take g, =g, g, = g€ s(¢™) in (%), we get KD gKg~.

The following theorem gives the structure of a subgroup I'; it
gives only a necessary condition on the structure of a collection of
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measures /' in the unit ball of M(G) in order that I” be a subgroup.
Necessary and sufficient conditions will be given later.

ProrosiTioN 3.1.2. If I" is a subgroup of =y for locally compact
group G, let © = pmy be its unit and let H, =supp (/). Then there
exists a subgroup 2cC S x @G, with the property

Hy={geG: (a,g)c 2 for some || =1},

such that I = {ad,xomg : (@, g) € Q}.

REMARK. Here S is the circle group and S X G is the usual
product group. In 2.1.4 we have already shown that the unit is ¢ = pm,
where K is normal in H, and pe K".

Proof. Let p, be a unimodular function on G, Baire measurable
on Baire sets in G, such that p = p.|p| for pel'. If ges(y) we
have shown that s{y¢t) = gK and we know that o, is determined | ¢ |-a.e.
on s(p). But if s(p) = gK, then |p]| = d,xmg; in fact, we have
pxt = g, which = | g|x|i| = |p|xmg = | ], and this gives | pt| =0, xmx
since || || = 1. We first show that p, is | zt|-a.e. identical to a con-
tinuous function on s(y), or equivalently that p.’(x) = p.(gx) is mx-a.e.
equal to a continuous function on K. We have

|, e = | wlaostand
K
for e C{(G), while gt = 4% p =
[, vde={ [{ wetowdnss |auw
= _[|_vGatro@ougtdmas) [amxt .
K K
For ge H,, the map 7, :s— gsg" is an automorphism of K such that
m(w,B) = mg(E) for Borel sets FC K; thus if we define 7,*B(s) =

B(gsg™) for se K, ge H, and Bec K", then 7#,*8¢ K" and the last
expression above is

=[] v(gstim, o(s)pugtyame(o) Jamctt
= _ven[ 7 00056 0dmee) |imett
=|_v(@dlm, 0 * poltydme(t)

where « gives the convolution of two funections on K rather than
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functions on G. Since 7 ,*p and p.’ are bounded and B(K) measurable
functions on K, their convolution on K is a continuous funection, and
the above equalities = 0, = 7,*0 * p.° Mm-a.e. on K.

Take each function p. to be continuous on s(¢) for pel’. Then
we have 0.(2)0\(y) = pua(ry) for all (x,y)es(y) x s(») in G X G,
because

1= SGdI#*M = Sg ,o,ula(z)

- st) [Ssu\) %d [ 2] (3)]d fel @),

dpxn(z)

and since the last integrand is continuous and unimodular. If se K
and ges(y) for e l”, then we have

0.(8) = Pu(gs) = 0ui(98) = Pu(g)0i(s)
= pw(g)p(s) = ¢,°0(8)

which means that p,° = ¢,-0 on K where ¢, = p.(g9) is a scalar of
modulus one. Clearly ¢ = p.(g)-(0,xpomg) if ges(p); ie. if ges(y),
then for some scalar a with |a| =1 we have ¢t = ad,*pmy.

Let  ={(a,9)e S X G: ad,xpmge I'}. We have shown that for
each ge H, we can find a scalar |a| = 1 such that («, g)e 2, so we
only have to show that

(“1591 * me) * (0(2592 * (OmK) = alazaglqz * me .

Since the left side is in I we get (aa,, ¢:9.)€ 2, and this will give
the group property. But a0, xomge " and ¢ = pmg is the unit of I
hence

alégl * OM g% (00, % OM ) = 00, * A, % OMg = OO0, 4, % OM g

as required. Clearly I' = {ad, = omg : («, g) € £}.

COROLLARY 8.1.3. If p#,nel” we have s(¢) = s(\) = 1 = an for
some scalar a with |a| = 1,

Proof. 1If s(¢) = s(\) = gK then there are scalars «, 8 of unit
modulus such that ¢ = ad,xpomx and N = GBI, * pmg.

COROLLARY 3.1.4. If Si={ai: |a| =1} and if I'NSi={i},
then for p,nel’ we have pt = N whenever s(tt) = s(\).

PropositioN 3.1.5. If G is a locally compact group and I” is a
subgroup of X, let us write its unit as ¢ = pmg, where pc K", and



NORM DECREASING HOMOMORPHISMS OF GROUP ALGEBRAS 1197

let H, = supp (/). Then K, = {xe K: p(x) = 1} is a compact subgroup
of G which is normal in both K and H,.

Proof. If pel and p, is the unimodular function, Baire measur-
able on Baire sets in G, such that ¢ = p,| |, then we know that o,
is a translate of p to s(¢), and we also know that 0.(2)0,(¥) = Opa(2y)
for all zes(y), yes(\), from 3.1.2, Obviously K, is normal in K;
normality in H, is more troublesome.

If ye K,, xe H,, then xyx—e K and if xzes(y) we get

plryr™) = pu@)p (Yo (@) = pu(x)-1- 0. (x7)
= Ouu(za™) = p(e) =1,
which = xyx—'e K,.

ProrosiTioN 3.1.6. Let G be a locally compact group, let H, be
an arbitrary subgroup, let K> K, be a pair of compact subgroups of
G which lie within H, and are normal therein, and assume that pe K*
is a function such that K, = Ker p. Then we have omgx0,%omx =

o,xomg for all ge Hy— K is central in H, mod K, (i.e. K/K, is a
central subgroup of H/K,).

Proof. If K is central in H, mod K, and + € C,(G), then
Comexdysome, vy = [ [ | wisatio@otimc(s) |a1o,)e) |amat)
= | [, #eaonms s [am) .

But sg = gs mod K,, so that sg = gsk for some ke K, and the last
expression becomes

f

EG[L “JP(QSI’C??)P(st)dmx(s)]dmx(t)
SGUG "/”(QSt)P(St)de(S)]de(t)

I

SG P(g8)0(8)dmc(s) = (B, % oM, > ,

since (omg)’ = pmg.
If, conversely, omgx0,%xpmyg = 0,%xpmg for all ge H, we show
that K is central in H, mod K, as follows. Let

Xng

I —
Y AU, N K)

where {U;: je J} is a basis of compact symmetric neighborhoods of
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the unit in G, and make {y;: jeJ} a net of functions in L'(G) under
the obvious partial ordering. Then we have

X j(s)
5 mge(U;)
Xov,(98)
& me(U;)

Vi(gs)o(s)dm(s)

1= o) — | o(s)dm.c(s)

o(s)dm x(s)

[|_i69t06) 0ty dma(s) |ama(t)

K| K

S
X
- SK Y SK Pid[ oM+ 3, % O]
|
S

i » (gst
_SK Xov (950) o gsg~z)p(t)de(s)]de(t)

wle m(U)
B
= LL%p(gsa*)p(t)de(s)]de@) ,

But p is uniformly continuous on K and hence, given ¢ > 0 there is
an index j(¢) such that 7 > j(¢) in the partial ordering of J=
[p®t) — o) | < e if tet’'U;. Hence if j > j(€) we get: A ,(8t) # 0=
tes™U;, which = |po(t) — p(s™) | < e. Some trivial computations then
show that the last integral is always within € of the following expression
it 5> j(e).

|, o(asg)o(sdme(s) = | _olgsg~)p@idma(s)

But s — p(gsg™) is a funection in K", and from the known orthogonality
of one dimensional representations of K, this integral can be nonzero
< 0(gsg™) = p(s) for all se K. This means that gs = sg mod K, for
all se K, ge H,.

COROLLARY 3.1.7. If G is a locally compact group and I' is «
subgroup of Xy, let Hy, = supp ('), and let us write the unit of I"
as 1 = omg as wn 2.1.4, where KC G 4s a compact subgroup and
oe K". Then if K, = Ker p, K must be central in H, mod K,.

Proof. From 3.1.5 we know that K, must be normal in H,.
Furthermore, ¢t = pft—=0M % 0,% oM =0,% pmg for all g e H, (see 3.1.2).

THEOREM 3.1.8. (Structure Theorem for Subgroups). Let G be
locally compact group and let I' be a subgroup of Xy With unit 4.
Then we have
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(1) Hy= U{s(p): perl} is a subgroup of G.

(2) i = pmg where KC G 18 a compact subgroup and pe K",

(3) K and K, = Ker p lie within H, and are normal in H,.

(4) K s central in H, mod K,.

(5) R={(a,9)eS x G: ad,xpm,ec '} is a subgroup of S X G

with H, = {ge G: («, g)e 2 for some |a| = 1}.

and we have I = {ad, xpomg : («, g) € 2}.

Conversely, let H, be a subgroup in G, let KCG be a compact
subgroup lying within H, and let o€ K" be chosen such that

(1) K and K, = Ker p are both normal in H,.

(2) K 1s central in H, mod K.
and let Q2 be any subgroup of S X G with H,={geG: («, g)c 2 for
some |a| =1}, Then I"' = {ad,xpomy: (&, g)c 2} 1s a subgroup of
e with Hy= U{s(p): pel’}, with i = ome as a unit, and with
Qcia,9)e S x G: ad,xomge '} = Q-{(ok), k) : ke K}.

Proof. The first part follows from 3.1.2, 3.1.5, and 3.1.7. Con-
versely, if K is central in H, mod K, = Ker p in a scheme of this sort
we must have om0, % pmy = 0,xomy for all ge H,. This means that
I" is a group, since the only difficulty in showing this lies in the
verification that /" is closed under convolution. It follows immediately
that H, = U{s(y): eI’} and that 7z,:(a, g) — @d,xomg is a homo-
morphism of 2 onto I with kernel 2 N {(o(k), k) : ke K}. Notice that
Qand 2'=0-{(o(k), k): ke K} give rise to the same group of measures /.

The classical example of a subgroup in Y is a group of translates
of normalized Haar measure I" = {0,xm,: € Gy}, where QCG is a
compact subgroup, normal in the subgroup G,. Theorem 3.1.8 can be
stated in a form which shows that every subgroup " C ¥, corresponds
to a subgroup of this type in Y,s«s rather than ¥, ..

Let 74, 7y be the projection homomorphisms in S X G and let
QD Q, be subgroups in S X G satisfying the conditions

(1) £, is a compact subgroup of S X G normal in 2.

2) SN =(@1,e), so T, (x)N 2, is a single point if 2 e T(Q,).
If we are given a compact subgroup K G and a function pe K", we
define the mappings

T S X G— M(G)
%1 C(G) —— CS x G)
o M(S X G) — M(G)

such that 7(«, g) = @i, * pmg, T*P(a, g) = (T, g), ¥, and {T¥*p, > =
{p, T, Clearly t¥¢e C(S X G) since K is compact, and t**0,,, =
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ao,xpomg for (a,g)eS x G. Furthermore, z**: (M(S X G), (0)) —
(M(G), (0)) is a linear map which is continuous on norm bounded sets

since pj—i—> j23 in 2ygxa P € Co(G) =

{e** sy D = pts, T —— ot T = (T, )

Also, 7** is a norm decreasing linear map.

Now take K = ms(2,), where 2 D%, satisfy (1) and (2) above, and
define the function o(k) on K such that (o(k), k)e 2, for each ke K.
It is clear that pe K" since £, is compact. Let us also define H, =
wo(2), K, = me(2, N G). Then K, = Ker p and it is easily verified that
K, is normal in both H, and K, and that K is central in H, mod K,
from conditions (1) and (2). Thus I" = {ad,xpomx : (@, g)€ 2} is a sub-
group in ¥y since 3.1.8 applies to the system of objects H,, K, K,, o.

The mapping t**0 : (@, g) — @d,* omg is a homomorphism on 2 since

T**0(ayay, 0109 = ozlafz’b‘glg2 * OMg = 011691 * OM % 0,0 g, % OM

— kK * ok
=7 5<a1,gl)*z' 5(012»02)'

From normality of 2, in 2 it follows that I'™ = {0,%m : v 2} is a
subgroup of 2y sxa.

LEMMA 3.1.9. If Q> 0, satisfy conditions (1), (2) above, and if

I' ={ad,xomg: (a, g)e 2} then 7,: Q— I is an epimorphism with
kernel 2.

Proof. We have indicated that 7, is an epimorphism. If 74, g) =
pmyg, then ge K and we have ad,xpomg = ap(g)omx = omg; hence
a = p(g) and («, g) = (0(9), 9) with ge K, so («, g) € &, by definition of o.

THEOREM 3.1.10. Given subgroups 2D 82,in S X G satisfying (1)
and (2) let K = ma(2y), define 0 = mgo(me| Q)™ on K, and define
o** s M(S X G)— M(G) as above. Then pe K" (so 7, and T** are
well defined), I' ={ad,xpmg: (@, g)e 2} and I ={0,%xm,: xe 2}
are subgroups m 2y ond Xysce respectively, and T** 48 an
tsomorphism between I~ and I'. Conversely, iof I' C 2y 98 a sub-
group with unit © = Omg, 1t arises from o pair of subgroups 2 O £,
wm S X G which satisfy conditions (1) and (2) by means of the above
construction if we take 2 = {(a,9)eS X G: ad,xomge '} and 9, =
{(a,g)e S X G: ad,« omx = pmg}.

Proof. To establish the first part we will show that t**(d, xmg) =
%49, = 7o) for any xe 2; then from 3.1.9 it is clear that z** is an

isomorphism between 7"~ and I". But £, is compact, so there exists a

net {\;} in co[&,] with Mﬁzemgo; hence b‘x*xj-ﬁ)a&*’mgo and



NORM DECREASING HOMOMORPHISMS OF GROUP ALGEBRAS 1201

T**(0, * My ) e(i)— T, % N;)=1T**(d,), as required. Conversely, if I"'C Y,
is a subgroup, and if 2 592, are formed as indicated, then properties
(1) and (2) hold as a consequence of the following lemma, which will
be of interest later on. Once this is shown, it is easy to check (see
3.1.8) that 7x(Q) = supp ("), 7)) = K, and p = wgo(m| Q)" on K.
In the first part we showed that =** must be an isomorphism of
{0,%my, : € O} onto {ad,*omg : (@, g) € 2} and we know that I” coincides
with the latter subgroup of %, from 3.1.2.

LemmA 3.1.11. Let G be o locally compact group and let I' C Xy 6

be a subgroup with unit © = pmyg. Form the pair of subgroups in
SxG:

Q={a,g9)eSXG: ad,xpmec}D
Qo - {(CK, g)e SxG: aég*pm'lc - me} .

Then we have 2, = {(0(k), k): ke K} and this ©5 a compact subgroup
of S X G, normal in 2. If we define the map ,: (&, g) — b, * oM
Jor (a,g)e S X G, then ©,: S X G— (M(G), (0)) s continuous and
Tt Q— I 18 an epimorphism with kernel Q.

Proof. 1f t{a,g)=1 then g ¢ K and we have ad xomg=a-p(g)- 0m.
Hence @ = p(g) and («, g) = (0(g), 9) with ge K. Since pc K", 2, is
a compact subgroup of S X G. Let H,=supp(l’), K, = Ker p; from
3.1.8, K is central in H, mod K,, 80 0,%0Mg = 0Mmg*0,%0mg for
g€ H, (see 3.1.6). Thus 7, is a homomorphism on £ (that it is onto is
clear from 3.1.2) since

T, §:95) = alazagl*ggz*me
= alazagl*pmx*agz*pmlz = T, 91) % To(AXay go)

if ¢, g.€ H,. Obviously 2, =Kerz,|2, so £, is normal in 2. The
continuity of 7, is clear.

4, Norm decreasing homomorphisms on locally compact
groups. Let G be a locally compact group and consider on M(G) the
(0) and (so) topologies defined in § 1. KEvery norm decreasing homo-
morphism on LY(G) extends naturally to a norm decreagsing homomorphism
on M(G). To appreciate the usefulness of this extension theorem it
is helpful to recall 1.1.8.

THEOREM 4.1.1. Let F, G be locally compact groups and let
@ LNF)— M(G) be any morm decreasing homomorphism. Then ¢
extends uniquely to a norm decreasing homomorphism o : M(F') — M(G)
which s continuous on norm bounded sets as a map of (M(F'), (s0))
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wnto (M(G), (0)). If {e;: jed} is a left approximate identity of
norm one wn LYF') then the extension is given explicitly by the
formula

P(p) = lim {ple;xpe): je J}  all pe M(F),

where the limit 1s in the (o) topology. A similar result holds for
right approximate identities.

Proof. Let B = @o(LF')) and let A be the (o) closure of B in
M(G), so that A and B are subalgebras of M(G).

LEMMA 4.1.2. Let {ej': jeJ} be a left approximate tdentity of
norm one and let {e,”: ke K} be a right approximate identity of
norm one in LY(F). Then in M(G) the (o) limit points of the nets
{plesh} and {p(e,”)} all coincide in a single tdempotent ¢c M(G), so
we must have convergence

ples) ‘(0—)"5

ple,") _)(a) ¢
in the (o) topology. If ¢ + 0 then ¢+ 0 and we have a = (xa = a*¢
for all ae A.

Proof. Since ||@(e;!)|| =1 there is at least one (0) limit point A

for this net, and for an appropriate subnet we get @(e,-(p,’)ﬂx.

Thus if fe LF) we have
(@)
N @f <2 p(eiin)) * pf = Pleiin' *F) — p(f)
Hence if {t;: ¢ I} is a net in B with g = o(f,) and ;2 pt in A,
we have

x*pﬁ-x*yi:x*gpfi:@fi:m—@»p

so that xxa = @ for all ac A. In particular we have A e 4 so Axh = A.
Similarly if v is a (o) limit point of {p(e,”)} then vxyv =vand axy =a
for all ac A.

If N, v are (¢) limit points as above, we have A,y in A, which =
A = A%y = y; hence M = v and all limit points (left or right) coincide
in a single idempotent ¢ such that ¢xa =ax¢c=a if ac A. If @ = 0,
clearly ¢ == 0.

The main step in our proof is to show that, if {f;: jedJ} is a
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norm bounded net in L'(F’) which is (so) convergent to some ze M(F),
then the net {p(f;)} converges to a limit A, in the (o) topology, and
this limit depends only on g, rather than on the particular choice of
the net {f;}. This can be done for any pe M(F'), in view of 1.1.5.
First consider any fe LY(F') and notice that ||fixf— puxf||—0,
which = || pfixpf — p(*xf)||— 0. Let X be any (o) limit point of
the norm bounded net {p(f;)}; there exists a convergent subnet

(@)

@(fiw) — M. Then

P15 1) P2 o(fri ) = @ Fiio# Pf ~2o Nk f

for all fe LY(F'), which means that @(uxf) = Axq@f for all fe L'(F).
Clearly A e A since each o(f;)e B, and this means that

A= X*ze(—(ﬂ—x*g)(e/) = p(pxe,) .
Thus we get
A= lim {p(ux*e,”) : ke K}

in the (o) topology, and this formula doesn’t depend on anything but
the choice of pre M(F'). Hence if f; ), ¢, then X is the only possible
limit point of {p(f))}, so if we take x, = lim {p(pxe,”)}, we always
have of; 2, Moo

Notice that if fe L'(F') we have || f*e,” — f]]| — 0, which gives

A 2 p(fre) " (1)

so that ¢of =\, for all fe LY(F). Now define &(yt) = N, for pre M(F),
and verify the properties required. Clearly &(f) = @(f) for all fe L'(f),
so @ extends .

If (v) is a locally convex topology on M{F') we define the bounded
(7) topology (by) by taking as a basis of neighborhoods about zero
all sets XN Y where X is a (v) neighborhood of zero, and Y is a fixed
norm neighborhood of zero. From the discussion above we know that
if e M(F) and if W is a (o) neighborhood of zero in M(G), then
there is an open (bso) neighborhood V of zero in M(F) such that
(e +-VynL(F)cpp + W. Now let W < W be a (¢) neighborhood
of zero such that W = — W’ and W’ + W’ < W, and let U be an open
(bso) neighborhood of zero in M(F') such that

P+ U)ynL(F)yCppe + W'

If xep + U we can find a (bso) neighborhood U, of zero such that
(1) oM+ U)NLA(F)Con+ W’
(2) »+U,cp+U.
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Then we have @((\+ Uy)NLAF)C Py -+ U)NINF)C pu+ W’
and #((» + Uy N LY(F)) c xn + W', which together imply that

PN+ WHN(Pp+ W)+ @

(see 1.1.5), which means that pxe e + W, Hence p(u + U)c pp+ W
as required for continuity.

Clearly ||Ppll = sup{l|@p(pxe) |} = |[pll for pe M(F), and if
¢ e M(F') we have

_ (o) — — )
Ppan) < Plpx (ko)) = Ppex phke,T) — PLxPN

. , (s0) — . . .
since vxe,”—> A. Hence @ is a norm decreasing homomorphism.

ExampLE. In 4.1.1 we cannot replace the (so) topology with the
(o) topology in M(F'). Indeed, if Z = integers, S = circle, and if 8 is
some irrational number, then (237, @,0,) = 37, @,0.i.8 gives a
norm decreasing homomorphism ¢ : LY(Z)-— M(S). This map coincides
with its extension ®. The sequence {¢, =6,,: n=1,2...} is (0)
convergent to zero, while ¢(x,) is not (¢) convergent in M(S).

ReMARK. The proof of 4.1.1 is also valid for any bounded homo-
morphism ¢ : LYF')— M(G), which means that the structure of a
bounded homomorphism is determined once we know the structure of
the bounded group of measures @(&,); however, the structure of the
bounded subgroups in M(G) is generally not known unless G is abelian
or the subgroup lies within =, 4.

4.2. The structure of norm decreasing homomorphisms. If
@ extends the norm decreasing homomorphism ¢ : L(F') — M(G), as in
4.1.1, then I' = (&) is a subgroup of the unit ball in M(G). Using
the continuity properties of @ demonstrated in 4.1.1 and our knowledge
of the structure of /" we can determine ¢ completely (see 1.1.3).

Let 4 = pmg be the unit of I' and denote H,=supp (), 2 =
{la,)e S x G:ad,xom, e It D2, ={(a,9)e S X G: ad,xomg = pmg},
and K,=FKerp. Let 7: S X G— (S X G/2,), be the canonical map
onto the space of right cosets of £, so m is a homomorphism when
restricted to S x H,, and let z,: (&, g) — ad,xomg for (a,g)e S X G.
Then define §: F'— (2/2) C (S X G/), to be 0 = wor, 0P od, so that
0(x) = m(a, g) if and only if P(d,) = ad,*pomg in M(G). The mappings
involved are shown in the following (commutative) diagram.

SxGoo&lr
1
(S X G/2), D2/ < F
Figure 1
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ProposITION 4.2.1. The map ¢: F— 2/Q, is an epimorphism and
is continuous as a mapping ¢ : F— (S X G/2)..

Proof. Let z,2,¢ F and let («, g)), (@, g.)€ 2 be chosen such
that n(a;, g,) = 0(x;), and let («a, g) € 2 be chosen such that n(a, g) =
O(waw,). Thus P0,,) = a;0,, % ome. We have d(z.2,) = 0x,-0x, if w(a,g) =
w(a,, 9.)7(c, ¢,), which happens if (a,a., g,9.) € (@, 9)2,. This follows since

&alaﬁ(g*lglgy *0Mg = (80 ,~1% OM ) (0,04, % OM ) % (0,04, % OM )
- gﬁ(axlwz)_l * @(5%) * ¢(6w2) = IOmK .

We want to show 0: F— (S x G/Q,), is continuous. Because Pod
and 7 are continuous it suffices to show that 7,: SXG— N = t(S X G)
is an open map when N has the restricted (o) topology. Let (0, g,)e SxG
and let U x V be a product of open sets in S, G with «a,e U, g, V.
It suffices to show that z,(U x V) is always a (o) neighborhood of
7o, go) in N. If this set fails to be a neighborhood there is a net
{(@j, g;)} such that p; = ca;, g;) = a;0, xomg @, Oy % OMy, While
pi2 U x V). We can assume g;¢ g, WK for some compact neighbor-
hood W of g,, and, by taking subnets, we get g, — ¢g.€ ¢.K, &; — a, € S.

If we let g;* = 9i(9.7'90), then g;* — g,.. Let a;* = a;0(g9,7'g,); this
makes sense because g,0.7'€ K. Then we have

4 — o
To(aj*’ gJ*) = C(j*&(gj*)*me = a/f(o(gl lgo)ogj*a(gl“lgo)*pmlf

(o)
= aj‘sgj*{o/mz = t{a;, g;) — aoﬁgo*me .

Since g,;* — g, we must have a,;* — «, and @,* is eventually in U; hence
Tda;*, g;*) = tle;, ;) is eventually in 7,{(U x V), a contradiction.

Let ¥y (a2, g) = {ad,x pmg, ¥> for 40 C(G). Then ¥y e C(SXG)
since K is compact, and in fact 7*+ is constant on right cosets of 2,
in Sx G since 2, = {(o(k), k) : ke K}. If ¥eC(S x G) and is constant
on right cosets of 2, let us identify it with a function

¥ e C((S x G/2.),) .

This function vanishes at infinity since £, is compact. We can give an
integral representation for norm decreasing homomorphisms as follows.

THEOREM 4.2.2. Let F, G be locally compact groups and let
@i LNF)— M(G) be a nonzero norm decreasing homomorphism with
extension @ to M(F), as wn 4.1.1. Denote

(1) I'=p(&%)

(2) ¢ = pmg the unit of I°

(3) 2={a,9)eS X G: aj,xpmge I}
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(4) Q={(a,9)eS X G: ad,xomg = i}.
Define the maps
To: S X G— 1
%1 CG) —— CyS x @)
w*t* 1 Cy(G) — C((S x G/2,),)
0. F—— Q/0,

as indicated above. Then we have the representation
(%) Py vrp =, (T*T*op) 0 0
for all pe M(F) and + € CyG).

REMARK. Since 0: F— 2/2, is a continuous homomorphism and
iR € C((S X G/,),), it follows that (w*c*y)of is a uniformly con-
tinuous and bounded function on F. Thus the right hand side of (%)
is uniquely determined. We will want to make use of 1.1.1 in the
following discussion.

-

Proof. We have {P(d,), ¥) = {8p T*T*y) = 0, (T*T*yr) o) if
xe . If pe M(F) is of norm one then there exists a net {o;: jeJ}
in the convex span of the extreme points of %y, such that |[o;]|=1

and aj—(ﬂp (see 1.1.3). If we write o, = 3\ M, )0, (finite sum),
we can apply 1.1.1. to get :

<¢/"’ "//‘> AN <¢(0j): "#> = Z A (.79 (E)<§5(5,), "l">
= 22 MJ, )0, (T*T*9) 0 0
= (05, (TTH ) 0 O — {1, (WTHpo 0

Thus <¢//‘7 “F> = <#’ (75*’1'*1#)00>.

As a converse we have the following theorem which classifies all
norm decreasing homomorphisms.

THEOREM 4.2.3. Let F, G be locally compact groups and let I
be a subgroup of Iy With unit © = pmgx and with

Q={(a,9)eS X G: ajd,xpmgel},

2 ={a,9)eS X G: ad,xpmg = 1}. Then of 0: F— 2/Q, is any con-
tinuous epitmorphism (2/2, s given the restricted topology from
(S x G/2,),), the relation

(%) {pte, ¥y =<, (@) o 0y
for pe M(F), e C(GQ) defines a norm decreasing homomorphism
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@ : (M(F), (s0)) — (M(G), (0)) which ts continuous on mnorm bounded
sets, and we have P(&,) = I,

REMARK. If & has the above continuity properties it is clear that
@ is obtained, as in 4.1.1, by extending the norm decreasing homo-
morphism & | L'(F).

Proof. From 3.1.11 we see that &, is a compact subgroup of
S x G which is normal in 2, so 2/2, is well defined. We have also
noted that t*y(«, g) = {ap,*xpmg, ¥ is in C(S x G) and

TC*T*“/TG Co((S X G/-Qo)r) ’

80 (w*Tc*4r)od is bounded and uniformly continuous on #. Hence (%)
is always well defined.

Clearly @ : (M(F'), (s0)) — (M(G), (0)) is a norm decreasing linear
map, and continuity on norm bounded sets follows from 1.1.1. Now
P(0,) = ad,xpmy for all (a,g)en0(x), so Hoo = (tyemw™')ol; thus,
P(Ly) =1 and @ is a continuous homomorphism of (&%, (s0)) into
(M(G), (0)). Convolution is a jointly (so) continuous operation in X ,,,
80 @ is a norm decreasing homomorphism of M(F') in view of the
density theorems 1.1.3, 1.1.4.

A norm decreasing homomorphism ¢ : L'(F') — M(G) is order pre-
serving if ¢ = 0= () = 0. From the continuity properties given in
4.1.1 and the structure theorem 3.1.8 it follows that ¢ is order
preserving < (%) is a group of translates of Haar measure
{0,xmq: xe Gy}, where Q CG is a compact subgroup, normal in the
subgroup G,. Every norm decreasing homomorphism ¢ is closely related
to an order preserving norm decreasing homomorphism of L'(F') into
M(S x G).

If 2250, are two subgroups in S X G satis{ying conditions (1) and
(2) in the discussion following 3.1.8, define the maps <z, «--, ** as
indicated there.

THEOREM 4.2.4. If &: (M(F), (s0)) — (M(G), (0)) 18 a morm de-
creasing homomorphism, continuous on morm bounded sets, and if
I' = (&) has unit 1 = pmg, then the subgroups

Q={(a,9)e SxG:ad,xpmge '} D2 ={(a,g) € SXG: ad,* oM = omg}

satisfy conditions (1) and (2) of 3.1.9 and we can factor @ = t**o@
where @ 1s some order preserving norm decreasing homomorphism
of M(F) wnto M(S x G). Here @ maps & to the group of measures
{0,%mg,: xc 2} and T** 4s a homomorphism on the range of @.
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Conwversely, if @: M(F)— M(S X G) ts any order preserving norm
decreasing homomorphism, let £ = supp (P(&£)) D2, = s(@(3,)). If
2, 2, satisfy conditions (1), (2) in 3.1.9, then @ = t** o @ : (M(F'),(s0)) —
(M(G), (0)) ts a norm decreasing homomorphism, continuous on norm
bounded sets.

Proof. Let QD 8, satisfy (1) and (2) of 3.1.9 and define M, to
be the subspace of measures in M(S X G) whose intersection with
Ysxer 18 0[S &, : 0]. We assert that

(¥) M, is a subalgebra in M(S x G), t**(d,*my) = T**(3,) = T,()

for xe 2, and 7** is a norm decreasing homomorphism on M,.
Clearly M, ={t¢ :s(¢t) C 2}, and is a subalgebra. We have already shown
(in discussing 3.1.10) that my e M, and **(0,*m,) = T**(9,) = 7o)
for all ze 2. Thus v** is multiplicative on S%,, and since convolu-
tion is separately (o) continuous we can show that c**(0,%py) =
c+(3,) ¥ () for pe My, me @. Then if A;—2» for ||\ || = 1, where
€ eolS &, we use the same idea once more to get

U) . - 73
PRk pr) D R (g ) = T R T (p) — D TRE(N) R T (1)

80 7**| M, is a homomorphism.

Now @ maps S&; into M, and if pre M(F'), || ¢£|| = 1, there exists
a net {¢;}CcolS&y] such that /zjﬂ p. This means @p; ), ou
while @p; € Xysxey N My, so Qe M, and @ maps M(F) into M,. Thus
7**@ is well defined and is a norm decreasing homomorphism with the
desired continuity properties (t** is (0) continuous on M(S X @)).

Conversely, let @ be given; then £, 2, defined above satisfy (1)
and (2), as shown in 3.1.11. The homomorphism 0 : F'— Q/2,, associated
with @ as in 4.2.2, is continuous, 80 0*« = o0 is uniformly continuous
and bounded (UCB) on F and we can consider the dual maps.

0%+ C((S x G2Qy),) —> UCB(F)
0% 1 M(F) —> M((S % G/2),) -

For +r e C(S x G) define n*yr e C((S x G/2,).) by lifting the function
T*p(x) = Sn/r(xt)dmgo(t) (constant on right cosets of 2, over to the
coset space (S X G/2,),. The desired map @ is given by

Op, ) = L0**p, whypy = L, (m¥) 0 )

for e Cy(S X G). It is easy to verify that @(0,) = 0,4 *m,, for all
(a, g) € T'0(x); therefore, as indicated in 3.1.10, we have {z**@(d,), v)> =
(T Brar ¥ M), ¥ = (T B ), ¥ = LBy Mg, B = <PBI> for
all ze F. Thus @ = t**®@ on S&,. But from 1.1.1 we see that @
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defined above is continuous on norm bounded sets mapping from the
(so0) to the (o) topology; clearly, then z**@: (M(F'), (s0)) — (M(G), (0))
is continuous on norm bounded sets. Now & and 7**@® both enjoy
this continuity property and coincide on S&5; from 1.1.3 it follows

that they coincide on all of M(F'), and this is the desired factorization
of @.

5. Examples and applications. In 5.1 we analyze the special
structure of norm decreasing monomorphisms ¢ : L'(F') — M(G) between
locally compact groups F' and G; then in §5.2 we give the structure
of all norm decreasing homomorphisms ¢ which map L'(F') onto LYG).
Maps in the latter class have very simple structure.

5.1, Norm decreasing monomorphisms. Let us denote & =
S&,={ad,: la] =1, xe F} and &, = &5 throughout this discussion.

LEMmA 5.1.1. If ¢ LF)— M(G) is o norm decreasing mono-
morphism, and if @ is its extension to M(F) as in 4.1.1, then ¢ 1is
a monomorphism of M(F') into M(G). Furihermore $(F,) N St = {i},
where © = p(0,), and p =N in P(F,) whenever s(p) = s(\).

Proof. If p,ne M(F) have Hp = @rn =& and ¢ # A, then there
is some fe L'(F') such that g f = A« f while p(uxf) = p(AMxf) = &xf,
a contradiction. Hence @(.%,) N St = {i} and the last property follows
from 3.1.4.

We propose to study the structure of all norm decreasing homo-
morphisms ¢ whose extensions @ have the special property I, N Si = {3},
where Iy = @(F,) and 1 = »(6,) is the unit in I, This discussion
will apply to norm decreasing monomorphisms as a particular case.
Hereafter we will denote I" = @( 7 ), I', = &(F,) (writing the unit of
these groups as ¢ = pmg), H, = supp (), and

Q={a,g)eS X G: ad,xpmygel}.

Let 7 : G — (G/K), be the canonical map onto the right coset space,
so w: H,— H,/K is the corresponding canonical homomorphism. Let
s Va be the topologies on F, G and, if v is a group topology on G,
let v/ denote the quotient space topology on (G/K), (notice v/r = w(v)).
The restriction of v¢ to a subset NC G is v,|N. We will speak
interchangeably of a topology v and the collection of open sets it
specifies.

The following lemma holds for all locally compact groups; notation
is chosen so its meaning in the present context is clear.
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LeMMA 5.1.2. Let F, G be locally compact groups and consider
any system of subgroups Kc H,C G with K a compact subgroup in
G which is normal in H, Let ©: G— (G/K), be the canonical map
onto the right coset space. If (: F— (HJ/K, 74/7) ts @ continuous
eptmorphism then {(vy) and w ' ol{(v;) are topologies in H /K and H,
respectively; moreover, if v ts the common vrefinement in H, of
(ve| Hy) and w*ol(vz) then (H,, v) s a locally compact topological
group, v/t =(vy), and {: F— (H/K, v/T) 48 an open, continuous
eptmorphism.

REMARK. Unless K is trivial, 77*o{(v;) will not be a Hausdorff
topology, but in all other respects (homogeneity, joint continuity of
multiplication, ete.) it is like a group topology.

Proof. The topology axioms for mw *o{(v,) follow if we can verify
them for {(v;). Only the finite intersection property is nontrivial. If
Vi, V,eve let U, = V,;-Ker{ and notice that {(x) N U; #+ & implies
that {(x) c U;,. Thus

LVINLUVY) =LUINLT) =2: Ty U, # @, v+ =1,2}
= C( U1 N Uz)e C('YF) .

Now (H,, v) is a Hausdorff space and the collection of sets Z =
{UNV:U=WnNH, Wevg; V=rn'ol(X), Xev;} is a base for 7.
If UNnVez/ then (UN V)= U"'N Ve %, so the inverse mapping
is bicontinuous. It is quite easy to verify that v is homogeneous, in
the sense that vy = {aU: Uev} for any x<c H,, so joint continuity of
multiplication will only be proved at the identity ec H. If ¢ lies
within UNVe % there exist U,ev:| H, and V,€ 7 'o{(v,), which
contain ¢, such that Ulc U and V< V; hence (U, NVy) x (U,NT,)
is an open neighborhood of (¢, ¢) in (H,, 7) X (H,, v) which maps into
UNYV under the product mapping.

Clearly v Do {{(v;), so that v/m = n(v) Do YL(v;)) =L(vs). For
the converse inclusion, we first make a few simple assertions:

(1) If Ac H, is a union of K-cosets and if B is any subset of
H,, then (AN B)-K = AN (B-K);

(2) If A.c H, for indices a e I, then (Uuesrle) K = Urer(4,-K).
Now a typical element in v has the form X = U.e;4. NB, where
A, =ne{(U,) for some U,e",; and B, =V,N H, for some V,€ .
Evidently A, = A,-K and B,-K = n~'o(nB,), so we get

(X) = (X K) = m(Uaes(4e N Ba) - K)
= T(Uzerde N (Bo- K))
= T(Uee:mUUL) N 77'7(B.))
= Ue«erl(Uo) N (B.) .«

()
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But continuity of { implies that {(v;) D (ve/m| H/K) and it is easily
verified that the latter collection of sets is just m@(ve|H,); hence the
last term in (x) is in {(vy), giving #w(v) < {(vF). Clearly v/m = {(v,) =
{: F—(H/K, v/r) is an open mapping; so (H,/K, v/7) is topologically
isomorphic to the locally compact quotient group F/Ker ({). To see
the local compactness of (H,, v), notice that K< H, is v compact
because v| K = 74| K. A result due to Mackey gives local compactness
(see Montgomery-Zippen [7], p. 52).

If xe F write s(x) = s(3(d,)), a coset of K in H,. The map { =
wos: F—((G/K),, Ys/7) carries F onto H /K, is a homomorphism (see
2.1.1), and is continuous since x; — ¢ = 6” — 0, = C,D(ij) — P(0,) =
mos(w;) — mwos(w). If pel'yand ge s(y), then we can write pt = o, | pt| =
0.0,xmg) and we can take p, to be a unique continuous function on
the coset s(y)c H,. Assigning o, in this manner for each pe ', we
have pua(st) = p.(s)o(t) for se s(y), tes(\), as indicated in the proof
of 3.1.2. Define p on all of H, such that o(x) = p.(x) if x e s(y), el
this is unambiguous since s(¢) = s(\) = ¢t =\ (we assume I', N Si = {1},
so 3.1.4 applies).

Consider the group topology v on H, constructed as in 5.1.2 for
the epimorphism { = wos: F— (H,/K, v4/7).

ProposiTION 5.1.3. (H,, 7} is a locally compact Hausdorff group
and poe (H, 7)".

Proof. Clearly p is a unimodular multiplicative function on H,
which is continuous on cosets of K (see proof of 3.1.2). The topological
group properties of (H,, v) were verified in 5.1.2. Given ¢ > 0 we can
find a v, neighborhood V of the unit in G such that | o(g,) — o(g.) | < ¢
for all ¢, g,€ H, with g, = g, mod X and ¢g,7'g,€ V. This is clear since
0.7(8) = p(gs) = ap(s) for some || =1, whenever se K, ge s(p), pe [’
(see proof of 3.1.2), and we know o is uniformly continuous on K.

Let ge Hy; then g,¢ s(x,) for some z,€ F, and if U is a compact
v neighborhood of x,, N = s(U) is a neighborhood of g, in (H,, 7).
N is compact since econtinuity of wos: F— (H/K, v/z) = mos(U) is

compact, and since K is a v compact subgroup in H,. If p fails to be

v continuous at g, we can find a net {g;}C N such that gj—(r)—>go

while o(g;) — B # B, = p(g,). For each index j there exists an ;¢ U
such that g;es(x;); we can assume that the net {x;} is v, convergent

to some x,¢ U, which will = y¢; = %(9, j)ﬂ»gﬁ(éﬁ) = u¢,. But this
= s(ty) = 9,K = s(p), since g; _(7*1)) Jo, SO ft; = 4o = $(0,,). Recall that
1 = 000, xmyg) and pt, = P(9, % mx) from the definition of p.

If 4+eC(G) has sup norm one and {#, > # 0, then ¥(s) =
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SwwmmM%@ism(KQ,HW@éLzmiW@:@%)mrﬂl
se ¢g,K, where a = {yt,, v)> (a constant = 0). Furthermore,

I

<oy 0 = [[| witpp(tama® |ots)afs,, +mcl(o)

S
g[S“/f(1*8).O(tS)d?an(t)]ol[ag0 *1m)(8)
|

{l

P @)o@)dme x5 m2)
= | v @o@0dld, xmel(@) = gt 4 -

If e >0 we can insure that |¥(g;s) — ¥(g9s)| <& for all se€ K and
J = j. since g; o), g,, and this means that a = {pt, ¥ —p;, > =
S!de[ﬁg JEmg] = Sw(gjs)p(gjs)de(s). The last integral is eventually
within & of

| @) )ims(s) = o | paplgss)dma(s)
= a | pladp(g)dmc(s) — aBiB .

Since this is true for all € > 0, and B, # B, we have a contradiction.

COROLLARY 5.1.4. If Fis a compact group and ¢ : L'(F)— M(G)
18 a norm decreasing monomorphism, then in 5.1.2 I' = $(F") is a (0)
compact subgroup of >iye, Hy = supp (I") is a compact subgroup in
G, and v = vg| H, in H,. Thus if p is defined as above, p e (H,, 75)".

Proof. Clearly I’ is compact; H, is then v, compact since
(H/K, v4/mt) is compact (recall wos: F— (H,/K, 7¢/7) is a continuous
epimorphism). By definition of v the map zwes: F'— (H/K, v/n) is
continuous and we know that K c H, is v compact; thus H, is ¥ compact
as well as v¢ compact. Since v is finer than 74, these must be equivalent
topologies on H,.

Congider the following maps between measure algebras.

(1) Let H,G be locally compact groups and let 5: H— G be a
continuous monomorphism. Define j**: (M(H), (s0)) — (M(G), (¢)) such
that {j**pu, > = {p, yojy for 4 € C(G).

(2) Let H be a locally compact group and let pe H". Define
Ayt (M(H), (s0) — (M(H), (s0)) such that A(g) = ppt, s0 {Anpt, ¥ =
e, Y.

(3) Let F, H be locally compact groups, let K be a compact
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normal subgroup in H, and let {: F— (H/K, v5/w) be an open con-
tinuous epimorphism, where 7 : H — H/K is the canonical homomorphism.
Then define @ : (M(F'),(s0))—(M(H ), (s0)) such that @y, >={pt,(w* ) >,
where the function 7*yr(x) = \ V(xt)dm(f), constant on cosets of K,

is considered as a funection in Cy(H/K).

We assert that the maps in (1) --- (3) are all norm decreasing
homomorphisms, continuous on norm bounded sets with respect to the
topologies indicated. Since (A,p)*f = o(p+0f), this assertion is clear
for (2), and follows easily from 1.1.1 for (1), because + o7 is uniformly
continuous and bounded on H; we momentarily put off verification of
(3). Once this assertion has been checked we can prove the following
structure theorem.

THEOREM 5.1.5. If we are given groups and maps as in (1) - -+ (3)
then the map @ =J** oA, 0@ : (M(F), (s0)) — (M(G), (0)) %8s a norm
decreastng homomorphism, continuous on norm bounded sets, with
the special property that I'yN St = {¢}, where [y = $(F,) and 1el”
is its unit. Conversely, let ¢ . L{(F)— M(G) be a norm decreasing
homomorphism whose extension @ (as described in 4.1.1) has the
special property I'yN St = {1}, where 'y = $( ;) and © = pmg s its
unit. If H, = supp ("), then we get p = j** o A,o@ by taking groups
H=H,7"">K=(K,v) and maps { =mrmos: F— (HJ/K,v/n), =
©d : (Hy, 7) — (G, ve), where pe (Hy, v)" is the unique function on H,,
continuous on cosets of K, with the property p = p|p| for all pel.

ReMARK. In the first part, @ is clearly the extension of ¢ =
@ | L'(F). Furthermore, the unit of I will be © = pm and supp({") = H,
when H and K are regarded as subgroups in G. In the second part
the v topology in H, is defined as in 5.1.2.

Proof. In the first part consider H and K as subgroups of G (with
new group topologies) and j as the identity injecting H into G; H
has a topology finer than ~v,|H, but since j is continuous, it is a
homeomorphism on compacta and on cosets of K in particular. If
xe F it is easy to verify that @(d,) = p(d,*xmg) for any ge T 'ol(x).
From this it is clear that /7 has unit ¢+ = pmg, and that /7, N S¢ = {3}.

Conversely let @ : LY(F)— M(G) be given. If we take H = (H,, v),
K= (K,7v) and let { =mos, 7 =14d: (H,, v) — (G, vs), we see that H
is a locally compact group and that {: F— (H,/K, v/m) is an open,
continuous homomorphism (5.1.2); thus, the maps j**, 4,, @ are well
defined. We know o€ (H,, v)" from 5.1.3.

If e F then |®(0,) | = 0,%xmx for any g € s(x) and @(9,) = 0(0,*Mx)
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by definition of p. It is a simple matter to verify that
1d** 0 A,00(3,) = 0(0,* M)

for any ges(x), so that @ = id**oA,0® on &, Since the maps on
cach side of this identity are continuous on norm bounded sets, as
maps of (M(F'), (s0)) into (M(G), (¢)), we get & = 1d**oA,o@ on all
“of M(F) from 1.1.3.

COROLLARY 5.1.6. A mnorm decreasing homomorphism @ : L'(F)—
M(G) is & monomorphism < its extension has the structure @ =
1d**o0 A,0 @, as in 5.1.5, where the map { = wos which induces @ is
an rsomorphism of F onto H,/K.

Proof. If ¢ is a monomorphism, so is @ | F (see 5.1.1); now 5.1.5
applies and it is clear that { = wos is an isomorphism, as required
for (=). Notice that the maps A, and id** are always monomorphisms
in (2) and (3) above. Conversely, in (3) we have @ = 7**o{**, where
&y, ¥y =<, Yoy and <7L'**{l, ¥y = {tt, w4 define maps

c** 7?**
M(F) — M(H/K, v/m) — M(H,, 7) .

Since { = wos: F— (H,/K, v/w) is a topological isomorphism if { is
1:1, {** is a monomorphism. It is easy to verify that 7*(Cy(H,, 7))
is sup norm dense in C(H,/K, v/7); hence #** is always a monomorphism.

In the following paragraphs we digress to study the map defined
in (3) and prove the assertions about it which were used to prove
5.1.5. Then in 5.2, we will use these observations to study the
structure of special norm decreasing homomorphisms.

THEOREM 5.1.7. Let F and H be locally compact groups, let K H
be a compact normal subgroup, and let {: F— H/K be an open,
continuous epimorphism. Then the map @ : (M(F),(s0))— (M(H), (s0)),
defined such that {@pu, > =y, (T*y)ol>, is a morm decreasing
homomorphism, continuous on norm bounded sets, if we identify
T*() = gn/f(xt)dmx(t) (constant on cosets of K) with a function in

C(H/K) for each ¢ Cy(H).
Proof. Consider the maps shown in Figure 2,

(M(F), (s0) ——> (M(H), (s0))

l@1 ln’**
(M(F/Fy), (s0)) —2 (M(H/K), (s0))
Figure 2
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where F, = Ker ({), {@,z¢, > =y, yrom) (m,: F'— F/F, is the canonical
homomorphism), (D, ¥> =y, polomy™), and where {m**p, > =
{pt, w*p>. Clearly @, is bicontinuous with respect to the topologies in
Figure 2. Continuity of @ follows from the lemmas below, since we
can verify by direct computation that @ = 7**o@,0 @, on M(F).

LEMMA 5.1.8. Let Q be a locally compact group with Q,C Q «a
closed, mormal subgroup, and let w,: Q@ — Q/Q, be the canonical homo-
morphism. Define @ : (M(Q), (s0))— (M(Q/Q,), (s0)) such that {@t,~r> =
e, pomyy for e CQ/Q,). Then @ is a morm decreasing homo-
morphism, continuous on norm bounded sets.

Proof. It is easy to verify that @ is a norm decreasing homo-
morphism. We assert that @(M(Q)) = M(Q/Q,), and in fact @2, ) =
uigrops from this it will follow that @(LY(Q)) is a two sided ideal in
M(Q/Q,) since LY(Q) is a two sided ideal in M(Q). If Yy =
{ellpll =1, s(pyc X} for X @, we will show that O(Xy) =23,
for all compacta K C Q; since m, is open, this means that every /¢ with
compact support in M(Q/Q,) is the @-image of some pe M(Q) with
[l el = [|n]]. Clearly @(2x) < 2;x, and K compact = the map

@ (Zg, (0) — (M(Q/Qy), (0))

is continuous, in fact if {y,;} C 3 with ;zj& poand if fe CyQ) has
f=1on K, then for any € C(Q/Q,) we get {@t;, > = {ftj, romw,y =
gy fo(prom)y — b, felpomy)y =@, >, Now X is precisely the
(0)-closed convex span of {ad, : |a| =1, x € K}, so @(Xy) is (0)-compact;
since @(0,) = 0., we have @(3y) Dco{ad.,: |a| =1, we K}, which
gives the converse inclusion.

Now if e M{Q/Q,) there are measures A, with compact support
such that [|A, — M| — 0 and [N = [[ M|+ 57 [ N — N, || (restrict
M\ to increasingly large compacta). Then there exist p,e€ M(Q) with
D(1t) =y 1l = [0 1 a0d @(1t) = ouis — M), [l a1 = [ = N |
for n = 1; hence g = >\7.,p, converges in M(Q), |||l =1\, and
@(1r) =\ as required.

Next we show @(LYQ)) C LY(Q/Q.); in fact, if 1 = &f and x ¢ Q/Q,,
then given ¢ > 0 and ge¢ m, '(x) we can find a compact neighborhood
V of g with ||d,xf — f|| < e for all he V. Thus || @(0,)x@f — &f|| =
|| 0yt — ptl| < e for yemV. Since m, is open and continuous, this
means ¢ = @f e LY(Q/Q,) (see Rudin [9], p. 230; the abelian hypothesis
used there is superfluous). To prove 5.1.8 it is now sufficient to show
that @(LY(Q)) is norm dense in LY(Q/Q,). To prove density, let {¢;} = L(Q)
be a left approximate identity such that e¢; > 0, ||¢;|| =1, and s(e;)
are compacta which are eventually within any fixed neighborhood of
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the unit in Q. Then s(@¢;) are compacta shrinking to the unit in @/Q,.
But {@e;, v>— +r(e) for all 4 € C(Q/Q,), hence De; —((L 0, and || Pe; || £ 1;
these facts together imply that lim {|| @e; ||} = 1. Since @e¢; = 0 (clear),
{@e;} < LY(Q/Q,) is an approximate identity for L(Q/Q,). Since @(LY(Q))
is an ideal in M(Q/Q,), norm density of @(LYQ)) in LYQ/Q,) follows.

LEMMA 5.1.9. If Q s a locally compact group, K Q a compact
normal subgroup with canonical homomorphism w: Q — Q/K, define
7% 1 (M(Q/K), (s0) — (M(Q), (s0) such that {m**p, vy = {pt, T
where THyr(x) = Sq/r(xt)dm,g(t) (constant on cosets of K) s regarded

as a function in CyQ/K). Then w** 4s a norm decreasing homo-
morphism, continuous on norm bounded sets.

Proof. Normality of K in Q= h*xmz = Mg*xh = mexhxmg for
all he LY(Q). Define &: M(Q) — M(Q/K) such that (&, > = g, Pom).
It is a simple matter to verify that (1) 7**&(p) = psxmg for all
re M@), and (2) &x**(p) = o for all pe M(Q/K). One can also verify
by direct computation that #**u = (z**p)xm, for pe M(Q/K). From
(1) we see that 7**(M(Q/K)) = M(Q)*my, so that 7**(LY(Q/K)) is
closed under right or left multiplication by elements of M(Q)*m .
Finally, z**(LY(Q/K)) C L'(Q); for if ¢ > 0 and ¢ @, and if fe LY(Q/K),
we can find a neighborhood V of n(x) with ||d,f — f|| < & whenever
we V. Thus, if W is a neighborhood of x such that #(W)CV, we
have || 0, * (T**f) — T**f|| = [| £(0,) * §(@**f) — &(@**f) || = || 0y xf — fI <€
for all ye W. Thus n**fe L (Q) (again see Rudin [9], p. 230). If
{e;} is a norm one approximate identity in L'(Q/K), then e¢; 0, 0,
and it is easy to show that ﬂ**e,-ﬂ»m,c = 7**(0,) from 1.1.1. We
can arrange that the supports s(w**e;) shrink to s(mz) = K, a compact
set; thus we get n**ej—gs—(im,z by applying 1.1.2. Since 7**(LYQ/K))
is closed under right multiplication by elements of mxM(Q) = M(Q)+mg,
we get (for any he LYQ)) || (T**e;) s Mgxh — MygxMmyexh || — 0, which
= **(LY{Q/K)) is norm dense in mg* LY Q).

Consider yj(io)nu in M(Q/K) with [[p;||=1; if he LY(Q) then
(T**pyxh = (@**p;)xmexh. But we can approximate mgxh in norm
by some n**f(fe LYQ/K)) and we know that (z**u,)x(n**f)=
T (1 ) s (7 ) (),

5.2. Norm decreasing homomorphisms which map L'(F) to
LYG). Suppose ¢ actually maps L'(F') onto L'G), then the structure
of ¢ is exceedingly simple. First recall that if ¢ is a norm decreasing
isomorphism of L'(F') onto LYG) it is actually an isometry; furthermore,
an isometric isomorphism has the special structure
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Gty w5 = | postap os(is@

where s: FF— (G is any topological isomorphism and oe G", as was
first proved by Wendel [10], [11]. Although the structure theorem
5.1.4 could be used as the basis for a direct proof of these results,
it only gives conditions on the structure of ¢ which are necessary
(but not sufficient) if we are to have @(LF')) = LYG). To identify
these norm decreasing isomorphisms (or isometries) precisely we would
have to retrace some of Wendel’s analysis rather than do this we use
‘Wendel’s analysis as a starting point.

THEOREM 5.2.1. Let o : L'(F)— L' (@) be a mnorm decreasing
epimorphism. Then there exists a closed norwmal subgroup F,C F,
an isometric wsomorphism A LNF/F)— LXG), and Bec F" with
Ker BC F, such that ¢ = Ao(n*Ay), where Ag(y) = By, and the
canontcal homomorphism w: F— F|F, gives {m*(pt), > = {yt, pom)
for e Cy(F/F,).

Proof. First notice that, if s(x) = s(®(0,)), then s: F—G is a
continuous homomorphism; in fact, #(0,) = om, for compact subgroup
Kc G and pec K", and if he L(G) we can write h = @f for some
fe LXF). Thus hxomg = o(f)*@(d,) = ¢f = h, which is impossible
for all h unless K = {¢}, s0 @ maps &y into &y. For continuity
of s see remarks preceding 5.1.3. Hence F;, = {xc F': s(x) = ¢ in G}
is a closed normal subgroup in I. If we define 8(z) = ae S = $(3,) =
ady.,, the continuity properties of @ (see 4.1.1) insure that Bec F";
thus Ag: ¢ — By is an isometric automorphism of M(F). The map
¥ . M(F)— M(F/F,) has been discussed in 5.1.8; we assert that =*
has the following properties (which will be verified at the end of this
proof):

(1) =*LYF)—= L'(F/F,), and

(2) [lz¥( |l =inf{[| £ + |l : neKer (z*)},
the quotient norm in M(F')/Ker (7*).

Clearly pe Ker (n*Ap) = {m*Ag(pt), v) = S By (re)dm(z) = 0 for
all ye C(F/F,); it is not hard to show that e Ker < Gy, y> —
|, <00, 9>dpn(@) = | B(&) Ouiary ¥ 2dpa(w) = 0 Tor € C(G). The non-
trivial first equality here can be seen from 4.2.2, or directly by looking
at the action of @ on finite sums of point masses and using the (so)
continuity of ®. We assert that Ker » D Ker (7*4;), so

A= po(n*Ap)™ 1 M(F|F) — M(G)

is a well defined homomorphism.
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LEMMA 5.2.2. If {f;} is a mnet of bounded functions im C(F')
with M = sup{|| fille} < = and f;— f uniformly on compacta, then

{p fio— o, £ for all pee M(F).

Proof. As usual, for bounded fe C(F') we define {yt, > =<y, xsf)
where E'e B(F') and E Ds(¢). For K compact in F' we obviously have
{p| K), fip— | K), f> and for suitably chosen compacta K, C s(u)
we have [t — (1| K,)|| — 0; hence {y, fi>— {¢t, f).

Each function ¥ (x) = {d,.), ¥ is continuous, bounded, and constant
on cosets of F, in F, if 4re C(G). But any bounded fe C(F) which
is .constant on cosets of F, can be approximated uniformly on compacta
by a uniformly bounded net of functions selected from {hom: he C(F/F,)};
in fact, if K F is compact so is 7K, and if U is a relatively compact
open neighborhood of 7K, we can find continuous % such that A =1
on 7K, h = 0 outside U and 0 =< < 1. Then f-(hor) coincides with
homw on F, where h(z) = h(z)-f(z (x))e C(F/F,); we have hjor = f
on K and ||h,o7 ||« = ||f]|l. as desired. Taking ¥ as the uniform on

compacta limit of uniformly bounded net {h;o7} we get

{pp, vy = {Bp, Tp = lm (B, h;om)t = lim {(x* Ag(p), hip} = 0

if pte Ker (z*A4g), so Ker 3 D Ker (7% 4,).
Now || 4] = 1 since (2) insures that

|7 Ag(e) [| = inf {[[ p£ + || : n e Ker (w*A4y)}

inf {|| £ + nl|: neKerp}

>
=z inf {||pp + @nil = || ppll} = | pp ]

forpe € M(F). Since w*: (M(F'), (s0)) — (M(F'[F,), (s0)) is continuous on
norm bounded sets (see 5.1.8), (7*)~' is open on Yy, relative to the
(so) topologies; hence A: (M(F/F), (s0)) — (M(G), (0)) is continuous on
norm bounded sets. From (1) we see that 4 maps L'(F/F,) onto LYG),
so 4 on M(F/F,) coincides with the extension A from L(F/F,) discussed
in 4.1.1. Furthermore,

M Epiz) = Po(@* A)™(Epiw,) = PlB@)d, : we F} = {0,y v F},

$0 M &pipy) N S{0,} = {0} in &y and the analysis of 5.1 applies; i.e.
we can write 4 = j** oA, ol* : M(F/F)— M(G) as in 5.1.5. In our
present context some of these maps are trivial since A(0,) = 0,101
for ¢ F/F;; indeed, o and K are trivial, 7 is the injection of H =
{s(z): x€ F'} into G, and {: F/F,— H is given by {(x) = s(4(3,)) =
s(r(z)). But F,=Kers=Kernw in F, so { is an isomorphism of
F/F, onto H; hence, as indicated in 5.1.6, 4 must be a monomorphism
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on M(F/F,). Thus 4 is a norm decreasing isomorphism between L'(F/F})
and LYG), and Wendel’s analysis applies to A.

In proving 5.1.8 we showed that =*(M(F')) = M(F/F,) and that
T (2 wm) = Tupirge LThe latter identity proves assertion (2) above.
Furthermore, we showed 7*(LYF')) c LXF/F,) is norm dense, and that
a right approximate identity {e;} of norm one in L(F) is mapped to
the same sort of approximate identity {z*¢;} in L*(F/F,). Let fe L\(F/F)),
say with [|f|| =1, and let pr € M(F') be chosen with || ¢|| = 1, n*p = f;
then w*(pxe;) = (T*p)*(w¥e;) = f*(T*e;) %f and pxe;e LNF) with
Hpxe; || = lpell =1 f]l. Hence we see 7*(Zp;) is norm dense in
Sugiry. We can find g, e LY(F) with ||g,|| =1 and ||7*g, — f| = 1/2.
Since w*g, — fe LN(F/|F,), there exists g, LNF) with ||g.|] = 1/2 and
|7*g, — (f — 7w*g) || < (1/2)*. By continuing this selection we get g, € L'(F')
with (| g, 1| = (1/2)"" and || 7*g, — (f — 2= w¥g5) || < (1/2)*. Thus g =
S g, converges in LY(F') and n*g = x>, w¥g, = f, proving assertion
(1) above.
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THE 2-.LENGTH OF A FINITE SOLVABLE GROUP

FLETCHER GROSS

One measure of the structure of a finite solvable group G
ig its p-length [,(G). A problem connected with this measure
is to obtain an upper bound for [,(G) in terms of ¢,(G), which
is a numerical invariant of the Sylow p-subgroups of G. This
problem has been solved but the best-possible result is not
known for p =2, The main result of this paper is that [,(G) <
2¢,(G) — 1, which is an improvement on earlier results. A
secondary objective of this paper is to investigate finite solva-
ble groups in which the Sylow 2-group is of exponent 4. In
particular it is proved that if & is a finite group of exponent
12, then the 2-length is at most 2,

Introduction and discussion of results, The object of this
paper is to obtain bounds for the 2-length of a finite solvable group.
Following Hall and Higman [4], we call a finite group G p-solvable if
it possesses a normal series such that each factor group is either a
p-group or a p'-group. The p-length, [,(G), of such a group is the
smallest number of p-groups which can ocecur as factor groups in such
a normal series. ¢,(G) is defined to be the smallest » such that 2™ =1
for all « belonging to a Sylow p-subgroup of G.

For an odd prime p, it is proved in [4] that [(G) < e,(G) if p is
not a Fermat prime and [,(@) = 2¢,(G) if p is a Fermat prime. Further-
more these results are best-possible. A.H. M. Hoare [6] then proved
that in a 2-solvable group G, [,(G) = 3e,(G) — 2 provided that
1,(G) =2 1. The primary purpose of this paper is to prove the follow-
ing improvement:

THEOREM A. If G is a fintle solvable group and 1,(G) = 1, then
lz(G) = 262(G) - 1L

Feit and Thompson [1] have proved that solvability and 2-solvability
are equivalent notions for finite groups. Thus no loss of generality is
involved in requiring G to be solvable in the theorem.

Theorem A will be shown to be an easy consequence of the
following theorem about linear groups:

THEOREM B. Let G be a finite solvable linear group over a field
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F of characteristic 2 and assume G has no nontrivial normal 2-
subgroup. Then 1f N is the largest normal 2'-subgroup of G and
tf g 18 an exceptional element of order 2™ im G, it follows that g*™*
is n the largest mormal 2-subgroup of G/N.

Here, following [4], an element 2 of order p” in a linear group over
a field of characteristic p is said to be exceptional if (x — 1)*"~*=0.

Whether or not Theorem A represents a best-possible result is not
known, but it seems likely that further improvements can be made.
Indeed, the author knows of no group whose 2-length exceeds its
2-exponent. In the special case of finite solvable groups satisfying
e,(@) = 2, i.e., solvable groups whose Sylow 2-subgroups are of exponent
4, 1 think it likely that [(G) < 2 instead of the bound I,(G) =3
furnished by Theorem A.

In §4 of this paper, groups satisfying e,(G) = 2 are studied in
more detail. A sufficient condition for [,(G) < 2 in this special case is
established, and, as an application, we prove that ,(G) = ¢(G) if G is
a finite group of exponent 12.

2. Proof of Theorem A from Theorem B. For the rest of
this paper we adopt the convention that all groups referred to are
assumed finite, and, if G is such a group, then |G| denotes its order.
If H is a normal subgroup of G, we write H <] G.

We now recall the definition of the upper 2-series of the solvable
group G:

1:P0§N0<P1<N1<"'<P1§NZZG.

Here N,/P, is defined to be the greatest normal 2’-subgroup of G/P,
and P,., /N, the greatest normal 2-subgroup of G/N,. The least inte-
ger | such that N, = G is the 2-length [,(G). (If there is no danger
of confusion we write simply [..)

It is proved in [4] that the automorphisms of P,/F, where F/N, is
the Frattini subgroup of P,/N,, induced by G represent G/P, faithfully.
Thus G/P, is faithfully represented as a linear group operating on P,/F
(P/F is an elementary abelian 2-group and so is considered as a vector
space over the field with 2 elements).

Now if 1,(G)=1, the conclusion of A is trivial. Also the p-length
group is at most equal to the class of a Sylow p-subgroup [4, Theorem
1.2.6]. An immediate consequence of this ig that if G is solvable and
e(@) =1, then I(G)=1. Thus l, =2 implies that ¢, = 2 so the result
again follows. Now if [, > 2, then [(G/P,) =1(G) — 2 =1 so that
Theorem A would follow by induction on [, if we could prove that
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62(G/P2) = ez(G) — 1.

Now suppose ¢ is an element of maximal order 2™ in a Sylow
2-Sylow subgroup of G/P,. If g is not exceptional, then [4, Lemma
3.1.2] we have e,(G) = m + 1. If ¢ is exceptional, then, since G/P,
satisfies the hypothesis of Theorem B, ¢**! is in P,/P, if Theorem B
is true. Thus, assuming the validity of B, we obtain in all cases
¢(G/P,) £ ¢,(G) — 1 and Theorem A follows.

3. Proof of Theorem B. Neither the hypothesis nor the con-
clusion of the theorem is affected by an extension of the field F.
Hence, without loss of generality, we assume that F' is algebraically
closed. Since an element of order 2 cannot be exceptional, m must be
greater than 1. Let h = ¢>"* and so h? = ¢g»™ .

In proving B we will define subgroups H and H, such that
H< G, H <|H, ke H, and g normalizes H,, It then will be shown
that if = is any element in the largest normal 2-gubgroup of H,/H,N N
then (k% ) = (h, )*. From this it will follow that 4* is in the largest
normal 2-subgroup of H,/H, N N, and, finally, from this the theorem
will follow.

First we need two lemmas which are of use later and which
motivate the definition of H. Here, and elsewhere, we denote the
space on which G operates by V.

LEMMA 3.1. If Q is any 2'-subgroup of G which is normalized by
g, then h* fizes every minimal characteristic F — @ submodule of V.

Proof. A minimal characteristic F — @ submodule is simply the
join of all those F — @ submodules operator isomorphic to a given
irreducible F'— @ submodule. Now if @ is a 2-group, V can be
written as the direct sum of the minimal characteristic F — @ sub-
modules. ¢ normalizes @ s0 ¢ must permute the minimal characteristic
F — @ submodules. If the lemma were not true, then g, as a permut-
ation of these submodules, would have a cycle of length 2™ which
would contradict the assumption that ¢ is exceptional.

LEMMA 3.2. If Q is any abelian 2-subgroup of G and x is any
element of G normalizing Q and fixing every minimal characteristic
F — Q submodule of V, then x centralizes Q.

Proof. Let V; be any minimal characteristic ' — @ submodule of
V. Since @ is abelian and F' is algebraically closed, @ operates on V;
as a scalar multiplication, i.e., if ye@ and ve V, then yv = y;(yjv
where %;(y) is a scalar. We now obtain



1224 FLETCHER GROSS

(@ yx)y = 27'y(xv) = 57 Y (Yav = L(y)v .
Thus (y, ) is the identity on V; for all ye @ and the lemma follows.

Now let H be the normal subgroup of G consisting of all elements
which fix every minimal characteristic F — @ submodule for every
normal 2’-subgroup @. Since the largest normal 2-subgroup and the
largest normal 2'-subgroup of H are normal in (G, we see that H has
no normal 2-subgroup greater than the identity and the largest normal
2'-subgroup of H is HN N. By Lemma 3.1 2* must belong to H.

Let M be the largest normal nilpotent subgroup of H. Clearly
M is a 2'-group and M <|G. Furthermore, since H is solvable, M
contains its own centralizer in H [2].

LeMMA 3.3. M s of class 2,

Proof. Since h*e H, h* does not centralize M. Thus by Lemmas
3.1 and 3.2, M is not abelian. Now let ¢ be the class of M and sup-
pose ¢ = 3. Then if I',(M) is the ith term in the lower central series
of M I'{M)=M and I',.,(M) =" (M), M)) and if d is the first
integer = (¢ + 1)/2, we have [3, Chap. 10]

(TM), M) =Ty (M) #1 (since d < ¢ — 1),

and
(La(M), I'(M)) = I'y(M) = 1.

Thus I'y(M) is abelian and, of course, normal in G but is not central-
ized by M. From Lemma 3.2 and the definition of H we see that this
is impossible, and so ¢ = 2.

M=M x M, x -+« where M, is the Sylow g;-subgroup of M and
q; is an odd prime. Kach M, is of class at most 2 and so M, is a
regular ¢;-group [3, p. 183]. Then the elements of order at most g,
form a characteristic subgroup K; of M;. Let K=K, X K, X -+ An
automorphism of M; of order prime to g, centralizes K; only if it is
the identity automorphism [7, Hilfssatz 1.5]. Therefore no 2-element
of H, except for the identity, centralizes K. Hence K cannot be
abelian (since k* is a nonidentity 2-element of H) and so K must be
of class 2.

We now are prepared to define the subgroup H,. For this purpose
decompose V for each K, into the sum

V=V.®V.®:---

where the V,; are the minimal characteristic F'— K, submodules. Let
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Cy;={x|xeH and (K;,z) =1 on V;;}. C;; is a normal subgroup of
H although not necessarily normal in G.

Take H, to be the intersection of all the C,; which contain A%
If 4* is not in any C,; then set H, equal to H. In any event H,<| H
and H, is normalized by ¢g. As was the case with H, H, has no
normal 2-subgroup greater than the identity and the greatest normal
2’-subgroup is H, N N.

Now let P be a 2-subgroup of H, such that P and ¢ belong to
the same Sylow 2-subgroup of G and P(H.NN)/(H,NN) is the largest
normal 2-subgroup of H,/(H,NN). Since, modulo N, P is normalized
by g, it follows that g normalizes P.

LEMMA 3.4. If xe P, then (h%, x) = (h, ©)%.

Proof. TFirst we show that this lemma finishes the proof of
Theorem B: i normalizes P so that (&, x)’c @(P) where @(P) is the
Frattini subgroup of P. Thus the lemma implies that h* centralizes
P/®(P). Therefore from [4] we conclude that A*c P. Since h* is
in the greatest normal 2-subgroup of H,/(H, N N), it follows that h?
is in the greatest normal 2-subgroup of H/(H N N) from which the
conclusion of Theorem B follows.

To prove the lemma, let k = (h% x}h, )™ and suppose k + 1.
Since k¥ cannot centralize K, (K, k) is not the identity on some V.
Since ke H,, we must have (K, »*) also not the identity on V;;. (This
last statement is the motivation for our choice of H)).

In what follows let V' =V,;, ¢ = q;, and @Q, z,, &, the restrictions
of K;, x,k, respectively, to V’'. Let ¢ be the first power of ¢
fixing V'’ and let g, be the restriction of ¢ to V’'. Now h* is not
the identity on V' and [4, p. 13] g, must be exceptional

(e, (g — 1" =0),

and thus n must be at least 2. Let h, = ¢*" °. k, = (b3, 2)(h,, ©)"
and both (@, k}) and (@, k,) are not the identity.

Since g, is exceptional and (Q, 2} # 1, @ cannot be abelian. Thus
@ must be of clags 2. V' is the sum of absolutely irreducible F' — @
submodules all of which are operator isomorphic to each other. Hence
Z(Q), the center of @, is cyclic and is generated by a scalar matrix.
Since @ is of exponent ¢ and @’ = 1, we see that

Z@) =Q = 9(@Q)

and so @ is an extra-special ¢-group [4, p. 15]. We note also that if
S is the 2-group generated by x, and g,, then (Z(Q), S) = 1 since Z(Q)
is generated by a scalar matrix.
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Now let V" be an irreducible F' — QS submodule of V’'. V" is an
irreducible F'— @ module [4, Lemma 2.2.3], and V'’ is the sum of
F — @Q modules operator isomorphic to V. Thus (Q,h}) %1 on V"
and g, is exceptional on V”. From [4, Theorem 2.5.4] we have the
following:

(1) 2" —1 is a power of ¢, and

(2) if g, is faithfully and irreducibly represented on Q,/Q’ (such
a @, can always be found since A’ is not the identity on Q/Q’), then
@ can be written as the central product of @, and a group Q, and g,
transforms @, trivially. It now follows [6] that 2" — 1 =g¢ and
1Q/Q"| = ¢~

The representation of @ on V' is isomorphic to the representation
of @ on V'’ so that (g,, @) =1 on V" implies that (¢,, @,) = 1. Thus
the centralizer of ¢, in the space @/Q has co-dimension 2 over GF(q).
The minimal equation of %, on @,/Q" must be ¢*+ 1 =0 so that A’
must have the representation

-1 0
o )

on Q,/Q’. We now can conclude that for every power of g, (except
for the identity, of course), the co-dimension of its centralizer in Q/Q’
is 2. Also, since ¢ = 3 (mod 4), GF(q) contains no primitive 4th root
of unity. Thus if » = 2 then in the completely reduced representation
of ¢? on Q/Q' there is only one nontrivial block. If n = 2, there are
two nontrivial blocks.

Now if ¢ is a generator of @', define p(a, b) for a,be @ by the
equation

(a,b) = ¢ .

o(a,b) is bilinear and skew symmetric and gives Q/Q’ the structure of
a symplectic space over GF(q) [4].

o is of maximum rank since Q" = Z(Q) so Q/Q" must have dimension
2r. Since (S,Q’) =1, S preserves the symplectic structure of Q/Q’.
Thus the representation of S on Q/Q’ may be considered as a subgroup
of a Sylow 2-subgroup of the symplectic group on Q/Q’.

Q/Q’ is of dimension 27 over GF(q) so that @/Q" can be provided
with the structure of a vector space U of dimension » over GF{(g?.
If w, -+, u, is a basis for U, the expression [4]

oXau;, IBu;) = Y(a,B) — aiB)/7,

where o’ = a’ and v is a primitive 4th root of unity, is a skew
symmetric bilinear form on U of rank 27 with values in GF(q).
Let 0 be a primitive 2**-th root of unity in GF(¢*) and let T be
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the group of transformations of GF(q*) generated by the two transfor-
mations « — f*« and o — fa’. All transformations y of U of the form

yQau) = X(T,a)u,, ,

where the T, are taken from T and ¢ is a permutation taken from a
Sylow 2-subgroup of the symmetric group on the numbers 1,2,---, 7,
form a Sylow 2-subgroup of the Symplectic group on Q/Q’ [4].

Thus we may assume that x,, g,, h,, the representations of x,, g, ,,
respectively, on Q/Q’, are of this form. Since (@, s}) = 1 and (@, k) # 1,
we have Al 1 and (i, x)) # (h, x)*. We now need more information
on g,.

LEMMA 3.5. The permutation ¢ associated with g, ts the identity
permutation.

Proof. o is of order less than the order of g, from [4, p. 23].
First suppose ¢ is of order > 2. Then n > 2 and so the represen-
tation of ¢ on Q/Q has only one nontrivial irreducible block. But
the permutation associated with ¢; is ¢° which has at least 2 disjoint
nontrivial cyeles. Clearly this is a contradiction. Thus ¢* = 1.

Now suppose ¢ = 1. Assume, say, o(1) = 2, 6(2) = 1. The repre-
sentation of g, on Q/Q" has only one nontrivial irreducble block so g,
must be the identity on

> .

i#1,2
Now gia.u, + au,) = T,Tau, + T.T.a.u, and so one of T,T, or T.T,
must not be the identity of 7. But then neither one can be the
identity. Therefore the representation of /@’ would have 2 nontrivial
irreducible blocks. This can happen only if » = 2. This implies that
T,T, and T,T, are of order 2 and thus must equal the transformation
a— —«a. (This is the only element of order 2 in 7.) Thus the
centralizer of ¢! in Q/Q" has co-dimension 4 over GF(q) whereas it
ghould have co-dimension 2. This proves that ¢ = 1.

Hence ¢, fixes each u; and must act trivially on «; for all but
one value of 4, ¢ = 1, say. Therefore

g.(Zau) = Aau, + 3 agu,
=1

where A is an element of order 2" in 7. Then
hQaw) = A" aw, + > au,;,
1

and
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RQeauw) = —au, + >, au; .
11

We may assume that

x(Sau;) = ET 0, .

Case 1. m(1) # 1. Assume, say, that z=*(1) = 2. Straight forward
calculation yields

(hu xl)(Sa’iui) - A_2n—2a1u1 + T2—1A2”—2T2a2u2 + Zl a;u; .

11,2
But A is the unique element of order 2 in T. Thus

(hy, x)'(Fou;) = —au, — au, + ;l:nzaiui
and it is easgily vérified that this is the same result as (hi, x,).

Case 2: w(l) = 1. In this case we easily find that (hl, x,) is the
identity while
(hy, ) (Sn) = (A%, Ty, + S e .
Now the group T easily is seen to be a generalized quaternion group

of order 2"*! go that the only conjugates of A in T are A and A~
Thus

(A7, T)p = A" T(A™ )T, = 1.

Thus (h,, x,) is also the identity.
Therefore it has been shown that

(h, x,)* = (A, x.)

in all cases. This completes the proof of lemma 3.4, and, by a previous
argument, Theorem B now is proved.

4. Groups with ¢, = 2. If G is a solvable group whose Sylow
2-groups are of exponent 4, then we know from Theorem A that
1,(G) £ 3. We now investigate conditions for 1,(G) < 2 to hold. The
argument is similar to that used in proving Theorem B, but a more
restrictive hypothesis is needed. That no loss of generality is involved
in assuming the stronger hypothesis is insured by the following
reduction theorem, which is stated in a slightly more general form
than needed.

A proposition R will be said to be of type 4.1 if it is of the
following form:

If G is a finite p-solvable group satisfying condition C, then
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1(Q) = f(e,(G)), where f is a monotonically increasing function defined
for nonnegative integral arguments, f(0) = 0, and condition C either
is vacuous or states that e, (G) = a; for some set, possibly infinite, of
primes p, and nonnegative integers a,.

Note that the proposition that I,(G) < e,(G) if G is a finite solvable
group satisfying e,(G) < 2 is of type 4.1. One of the results of this
section is that I(G) =< e(G) if G is a finite group of exponent 12.
This statement is also of type 4.1 since the condition that G be of
exponent 12 is equivalent to stating that el(G) = 2, ¢(G) =1, and
e,(G) = 0 for all other primes.

THEOREM 4.1. To prove a proposition R of type 4.1 it is suf-
ficient to prove the proposition for the following spectal case:

(1) G is the normal product of V by G, where V is a wvector
space over F, a finite field of characterisizc p, and G, is a p-solvable
linear group on V having mno normal p-subgroup other than the
identity.

(2) Any irreducible representation of any p'-subgroup of G,
over F is in fact absolutely trreducible.

(38) All groups of order at most |G,| satisfy R.

(4) V 1s an trreducible F' — G, module.

Proof. 1In proving this theorem we assume R is valid for the
special case and then prove it is valid for the general case.

Now suppose G is the group of smallest order which satisfies the
hypothesis but not the conclusion of R, and let

1=P=<N,<P<--+<P<N=¢G

be the upper p-series of G. Since f(0) = 0 we must have [, (G) > 0.
If F\/N, is the Frattini subgroup of P,/N,, then, as is shown in [4],
L(G/F) = 1,(G) so that if F,==1 we would have a proper factor group
of G satisfying the hypothesis but not the conclusion of R.

Hence assume F, = 1. Thus P, is an elementary abelian p-group
which we identify with a vector space V, over GF(p). G/P, is faithfully
represented as a linear group G, on V, and G, has no normal p-group
greater than the identity.

From [4, p. 4] we may assume that G has only one minimal
normal subgroup. This subgroup must be contained in V, and we
denote it with M. If M=V, and G, is faithfully represented on
V. /M then we have 1,(G/M) = [,(G) so that we would have a contra-
diction to the minimality of G.

Now suppose M = V, and G, is not faithfully represented on V,/M.
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Then the elements of G, centralizing V,/M form a normal subgroup
of G, greater than the identity. If @ is a minimal normal subgroup
of G, centralizing V,/M, then @ must be a p’-group so that V as a
Q-module is completely reducible. Thus there exists a Q-module M,
such that V, = M@ M,. @ is the identity on M, but not on M since
@ is faithfully represented on V,. Now if M, is the centralizer of @
in V, then M, is normal in G, M, is not the identity, and M, does not
contain M. This contradicts the minimality of M.

Thus we see that M =V, which implies that G, is irreducibly
represented on V,. A consequence of this is that if H is any normal
subgroup greater than the identity in G, then H can have no nonzero
fixed vector in V, Otherwise all the vectors fixed by H would form
a nontrivial submodule of V..

Now pick F to be a large enough finite extension of GF(q) such
that any irreducible representation of any p’-subgroup of G, over F
is absolutely irreducible. Let 1 =6, 6, ---, 8, be a basis for F' over
GF(p) and let v, v,, ---, v, be a basis for V, over GF(p). Finally let
V be the vector space over F with basis ¢, ---, »,, i.e., the vectors
of V are the formal sums

s T
Z Z C;i0:v;
F=11=0

where ¢;;€ GF(p). G, acts on V in the obvious way.

Consider the group G* = G,V, i.e., the normal product of V by G..
If ¢g* is of order p™ in G* then either the image g of g* in G, is of
order p™ or g is of order p™! and ¢ is not exceptional on V. In the
latter case (g — 1)»™ v, = 0 for some v, from which it follows that ¢
is not exceptional on V. Thus ¢,(G) = (m — 1) + 1 =m.

Therefore in any event ¢,(G) = ¢,(G*). Since ¢,(G*) = ¢,(G) for
q # p, G* satisfies condition C. Furthermore 1,(G) = [,(G*) so that if
G* satisfies R so does G.

Now suppose H is any normal p’-subgroup other than the identity
in G, and suppose

s T
v = Z Z ¢:30:0;
=1 1i=0

is a nonzero vector fixed by H. Since v = 0 the coefficient of »; is
not zero for some 7,7 =1 say. Then there exists ac F' such that
a(Si,cq0) =1. H must fix av which can be written in the form
av = v + v where

»

8 8
v =+ 3o v = 3 2 00; .
i=2 7=2

=1

For H to fix av it must also fix " which contradicts the fact that
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H has no nonzero fixed vector in V,. Thus H has no nonzero fixed

vector in V.
If V is an irreducible F' — G, module then we have arrived at the

special case of the theorem. Therefore assume U is a proper submodule.

If G, is not faithfully represented on V/U, then let @ be a minimal
normal subgroup of G, centralizing V/U. @ must be a p'-group so
that V is completely reducible as an F' — @ module. Thus there exists
a nontrivial F — @ submodule on which @ is the identity. This is
impossible since @ can have no nonzero fixed vector.

Hence G, is faithfully represented on V/U. Thus [,(G*) = [ (G*/U)
and, of course, ¢,(G*) = ¢,(G*/U) so that if G*/U satisfies R so does
G* and then so does G.

We still have that any normal nonidentity p’-subgroup H of G,
has no nonzero fixed vector in V/U since V is completely reducible as
an F — H module. Therefore if G, is not irreducibly represented on
V/U then the same argument as before yields that G, is faithfully
represented on a nontrivial factor module of V/U. Continuing in this
way we ultimately arrive at the special case where G, is faithfully
and irreducibly represented on some vector space over the field F.
This finishes the proof of Theorem 4.1.

Among the results we now shall prove is that if G is of exponent
12 then (@) = ¢,(G). Before doing this it might be well to justify
this work. For in a group of order 2°3° the 2-length and the 3-length
can vary at most by one. Thus if it were true that the 3-length of
a group of exponent 12 was one, then it would be trivial to state
that the 2-length was at most two. However in [5, p. 5] is found an
example of a group of exponent 12 but with 3-length two.

For the rest of this paper we make the following standing as-
sumptions.

(1) G =(G.V, the normal product of V by G, where V is a
vector space over a finite field F' of characteristic 2 and G, is a
finite, solvable linear group having no normal 2-subgroup other than
the identity.

(2) V is an irreducible F'— G, module.

(3) Any representation over F of any p’-subgroup of G, is abso-
lutely irreducible.

(4) e(G)=2.

We are interested in seeing under what conditions can [,(G) exceed
e(G). But if e(G) =0 then both e¢,(G) and I,(G) are 1, and if
e(Gy) =1 then [,(G)) =1 so that I(G) = ¢,(G) = 2. Thus we may as
well agsume
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(8) e(G) =2.

Later we shall add to these assumptions the further one that G
is of exponent 12. Actually, until we restrict ourselves to groups of
exponent 12, we will make no use of the fact that G, is irreducibly
represented on V.

Now let N be the largest normal 2’-subgroup of G,. We shall show
that a certain 2-subgroup, to be described later, must be contained in
the greatest normal 2-subgroup of G,/N. In particular if 1,(G) > 2
(which is the same as [,(G,) > 1), we shall see that there must exist
an element of order 4 of a special type in G..

First let H be the following normal subgroup of G,: x€ H if, and
only if, for every normal nilpotent subgroup @ of class at most 2 in
G,, © fixes every minimal characteristic F — @ submodule of V. A
normal nilpotent subgroup of G, must be a 2-group so that V splits
into the sum of minimal characteristic F' — ¢ modules.

From (5) there are elements of order 4 in G,, and from (4) all
such elements must be exceptional. Thus if ¢ is of order 4 in G,
then ¢* must be in H by lemma 3.1. Hence H is greater than the
identity. H has no normal 2-subgroup except for the identity and the
largest normal 2'-subgroup is H N N.

Let D be the greatest normal nilpotent subgroup of H. D =
D, x D, x --- where D, is a Sylow ¢;-subgroup of D for an odd
prime ¢,. H centralizes any normal abelian subgroup of G, so that,
by the proof of Lemma 3.3, we obtain ¢(D) = 2. Now, as before, let
K, be the subgroup of D, consisting of all elements of order at most
q; and let K=K, X K, X +-- We again have that no non-identity
2-element of H centralizes K.

Now take H, to be the subgroup of G, consisting of all elements.
which fix every minimal characteristic ¥ — K; module for all ©. H, <G,
and, since ¢(K;) =2, H < H,. H, has no normal 2-subgroup except for
the identity and its greatest normal 2'-subgroup is H, N N.

Let P be a Sylow 2-subgroup of H,. P+ 1 since if g is any
element of order 4 in G, then ¢g*c H. Now the square of any element
of P must be in H. Thus P/(PNH) is of exponent 2 and thus abelian.
Therefore P’ << H. We now prove two lemmas which enable us to
show directly that PN/N is normal in G,/N.

LEMMA 4.2. Suppose that g and h are two elements of P and
V' 48 a minimal characteristic F — K, submodule of V. Let @, g,
and h, be the restrictions of K;, g, and h, respectively, to V'. Then
if (@, k) = 1 it follows that (@, (g, ) = 1.

Proof. Assume (Q, (g, #.)) = 1. Therefore neither g, nor &, central-
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izes Q. If (@, g}) = 1, then straight forward calculation yields

@, (9:h)) = @, (g, h)) # 1,
(Q’ (glh’ly h’l)) = (Q, (glhl)_l) # 1.

'Thus, replacing ¢, by ¢, if (Q,¢) =1, we may assume that
(@, g1) #= 1 along with (Q, k}) =1 and (@, (g, 1)) = 1.

Now exactly as in the proof of Lemma 3.4 we obtain that @ is an
extra gpecial ¢-group (actually ¢ = 3 since ¢, is of order 4 and thus
exceptional so that 4 — 1 must be a power of ¢), Q/Q" is a symplectic
space, ¢, and h, preserve the symplectic structure of Q/Q’, and we
may assume that ¢, and h, operate on Q/Q’ as follows:

g.Qau) = Aau, + > au,;,
=
hQau;) = 2T 0, ,

‘where ¢ is a permutation of order = 2 (since (@, %}) = 1), and A and
the T; are chosen from a group isomorphic to the quaternion group
of order 8 (since ¢ = 3). In addition A must be of order 4 since
(@, g1) #+ 1.

If o does not fix 1 then (g, k) would be of order 4 but its
.centralizer in Q/Q would have co-dimension 4 over GF(3). Thus (g, h))
would be of order 4 but not exceptional which is impossible.

Hence o fixes 1 and, since (Q, 2}) = 1, we must have

h(Zau;) = +am, + % T: 0%y
K3

It is now an easy matter to verify that (g, k) = 1 and the lemma is
proved.

COROLLARY. If g, he P and h* =1, then (g, h) = 1.

Proof. (g, h) is in P’ and thus in H. So if (g, h) # 1 then
(K, (g, h)) #1 for some K,. Then lemma states that this cannot
happen.

LemMA 4.3. If g, he P, then (g, h)* = 1.

Proof. Suppose that (g, h)* #+ 1. Then for some K;, (K;, (g, h)*) = 1.
‘Choose V' to be a minimal characteristic ' — K; submodule of V such
that (K, (g, h)?) is not the identity on V’. If Q, g, and &, are defined
as in the previous lemma, then, if either (Q, ¢3) or (@, h}) is the
identity, (gi, ;) = 1. Therefore assume neither ¢ nor i} centralize Q.
Thus g, and h, are both exceptional of order 4. @ is an extra-special
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3-group and we may assume g, and h, operate on Q/Q’ as follows:
g(Xau) = Ao, + ;, au; ,
171
h(Xau;) = Bou; + > ou; .

175

Now if 7 = 1 then (g, A) =1 and if 5 = 1 then
(gu h1)2(2aiu’i) = (Ar B)zalul + Z AUy .
1751

But A and B are elements of a quaternion group so that (4, B)® is
the identity and the lemma is proved.

THEOREM 4.4. PN/N <| G,/N.

Proof. We shall prove that P(H,N N)/(H.NN)< HJ/(H,NN)
which is equivalent to the theorem since H, <] G,.

Let P, be the subgroup of P such that P(H.N N)/(H,N N) is.
the largest normal 2-subgroup of H,/(H,NN). P, <] P and P, contains
the center of P [4, Lemma 1.2.3]. Thus by the corollary to Lemma
4.2, P, contains all elements of order 2 in P. The elements of order
2 in P form an elementary abelian group P, which is normal, modulo:
H, NN, in H,. The elements of H,/(H,N N) which centralize both
P, and P,/P, form a normal subgroup of H/(H,N N). But if any
2'-element centralized both P, and P,/P,, then, as easily may be seen,
this element would centralize P, contrary to the fact [4, Lemma 1.2.3]
that P, contains its centralizer in H,/(H, N N). Thus the elements.
centralizing both P, and P,/P, form a normal 2-subgroup of H,/(H, N N),
and from the corollary to Lemma 4.2 and from Lemma 4.3, P must.
be contained in this normal 2-subgroup. But P is a Sylow 2-subgroup-
of H, and thus it follows that, modulo H, N N, P is normal in H,.

COROLLARY. [(H) =1.

Now let S be a Sylow 2-subgroup of G, which contains P. From.
the theorem it follows that P is normal in S.

LEMMA 4.5. If P contains all elements of order 4 im S, then.
L(G) = 1.

Proof. If S = P we are done. Therefore assume S = P. Then if
xeS — P we must have 2°=1. Also €S — P, ye P imply that.
2ye S — P so that (xy)* = 1 which implies that x*yx = y~*. Thus
induces the automorphism y— y~* of P. This can be an automorphism
only if P is abelian. Now if both z, and =, are in S — P then 2z,
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centralizes P. But e,(G,) = 2 so that P does contain elements of order
4. Hence x,x, cannot be in S — P.

Therefore |S/P| = 2 and P is abelian. Now if xS — P, ye P,
then (z,y) = ¢7'y oy = y* € O(P) and thus x centralizes P/@(P). Hence
[4, Lemma 1.2.5] PN/N connot be the largest normal 2-subgroup of
G/N. But P is maximal in S so that SN/N must be the largest
normal 2-subgroup of G,/N. This implies that [,(G,) = 1.

To our assumptions (1)~(5) we now add

(6) G is of exponent 12.

This implies that K must be a group of exponent 3 and class at
most 2. We prove that [,(G,) = 1 in this case by showing that the
hypothesis of Lemma 4.5 are satisfied.

For this purpose assume that ¢ is an element of order 4 in S — P.
g°isin Hso (K,g)#1. Let V=V, BV,P--- be the decomposition
of V into minimal characteristic F' — K modules. Since ge S — P, ¢
does not fix some V,. ¢* does fix each V, and if ¢* is not the identity
on a V, then ¢ must fix that V, for otherwise g could not be ex-
ceptional [4, p. 13]. We now need the following result:

LEMMA 4.6. There exist 2 and y wn K such that ((x, g%,
(¥, 9°) # L.

Proof. Let C ={x|xec K, (2, ) Z(K)}. Clearly C = Z(K) but
C +# K since then ¢* would centralize Z(K) and K/Z(K) which would imply
that (K, ¢*) = 1. (¢* centralizes Z(K) by Lemma 3.1 and 3.2.) K/Z(K) is
an elementary abelian 3-group so that there must be a GF(3) — g module
of K/Z(K) complementary to C/Z(K). Thus K/Z(K)=L/Z(K)DC/Z(K)
and g normalizes L. For all xe L — Z(K), (¢, ¢g°) is not in Z(K).

Now suppose z,ye L — Z(K) and (x, ¢)(y, 9> '€ Z(K). Since
K/Z(K) is abelian, straight forward calculation yields

(wy™, ¢ = (v, ¢Ny ", ¢°) (mod Z(K)) ,
1=(y "¢ =9y, g (mod Z(K)) .

Thus (xy ™, ¢%) = (x, ¢)(y, ¢ =1 (mod Z(K). This implies that
xy~'e Z(K). Therefore we have shown that (z, ¢*) = (¥, g*)(mod Z(K))
if, and only if, © = y (mod Z(K)) for x,ye L.

It immediately follows from this that for any a2 € L, there exists
a ¥y such that z = (y, ¢*)(mod Z(K)). Now L cannot be abelian since ¢
normalizes L and ¢g* does not centralize it. F¥rom all this we see that
there exist z, ye L such that ((x, g%, (%, %)) = 1.

Now taking x and y to satisfy the lemma, we may assume without
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loss of generality that ((z, g%, (¥, %) is not the identity on V.. This
implies that ¢* is not the identity on V, so g must fix V,.

Since g does not fix every V,, assume g does not fix V,. Therefore
¢* is the identity on V, which then also must be the case for (w, ¢%)
and (y, g°).

V is an irreducible F'— G, module so that there must be an
element taking V, into V,. Such an element must be of the form zh
where e S and z is from a Sylow 3-subgroup of G, which necessarily
must contain K. We shall derive a contradiction by showing that z
and K generate elements of order 9 which is impossible in a group of
exponent 12.

If V, =V, then 2V, =V,. Set g, = hgh™'. Then

(@7, gd), 7, g)

is not the identity on V,. Now suppose ¢.V, = V,. Then gh~'V, =
r'V,, and, since gV, = V,, this implies that A=V, =V;, 5 = 2. Then
we would have gV, =V;. But gh—'eS so that (gh~')*e H. Thus
(gh™')* fixes V, and, therefore, gh~'V; = V,. (2™")* also must fix V, so
we have h='V; = V,. From this we conclude that V, = gh~'V; = gV,
which is a contradiction. Hence g,V, # V,. A consequence of this is
that V,, = V, for V,, =V, would imply that AV, =V, which would
imply that ¢,V,= hgV, =V,. Since V, # V, it follows that z is not
the identity and so is of order 3.

If we replace V,, g, «, and y by V,., g, "', and y* ', respectively,
we may assume that 2V, =V,, gV, + V,, and ((x, ¢, (¥, g°)) is not the
identity on V,. Let x, = (%, ¢° and 9, = (¥, ¢°). «, and ¥, must be the
identity on V, since g, is. Since z is of order 3, we have zV, =1V,
2V, =V, n=1,2), and 2V, =V..

Let V=V, @V,BV,. V' is fixed by 2z and the restrictions of
2, Y, and z to V' are

0 0 4 Mo 0 N 0 0
z=|B 0 0),9}1:(0 I 0),y=(0 I 0},
0 C 0 0 0 M 0 0 N,

where I is the identity and 0 the zero matrix. Now (z,, %) is not the
identity on V, but (x,, ¥,)¢€ Z(K) and Z(K) is represented on V, as a
cyclic group generated by a scalar matrix. Thus (M, N) = ol where @
is a primitive third root of unity. From 2* =1 we obtain C = A~'B,

Now z, %, and y, all belong to the same Sylow 3-subgroup of G,.
Thus (22,)° = (zy,)’ = 1. From this direct computation yields that
M,=A*M™A, N, = A'N—'A. Thus (M, N) =AM, N"HA. But M
and N generate a group of exponent 3 and class 2. It follows easily
that (M, N*) = (M, N) = wl. Thus
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wl 0 0
(xl’ yl) =10 I 0
0 0 wl

It is now a simple matter to verify that (2(x, v,))® # 1. Hence
2(x,, ¥, is a 3-element of order greater than 3 which is impossible in
a group of exponent 12. This contradiction proves that the hypothesis
of Lemma 4.5 is satisfied and thus:

THEOREM 4.7. If G is a finite group of exponent 12, then
L(G) = e(G).
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ALGEBRAS OF BOUNDED SEQUENCES

KENNETH HOFFMAN AND ARLAN RAMSAY

Let [~ be the algebra of all bounded sequences of complex
numbers. The primary purpose of this paper is to settle, by
means of a counter-example, a conjecture about subalgebras
of l~: If A isa subalgebra of [~ which is closed under uniform
convergence and separates the points of SN, then A = [~,

The main tool used in the construction of the example is a positive
result about Boolean algebras (Proposition 1), which seems interesting
in its own right.

Our interest in subalgebras of [° stems from recent work on
interpolation problems. In 1957, R. C. Buck inquired as to which
sequences {z,} in the unit disc of the plane have this property: If {w,}
is an arbitrary bounded sequence of complex sequence of complex
numbers, there exists a function f, bounded and analytic in the unit
dise, such that f(z,) = w, for each m. This question was answered
very effectively by L. Carleson [2]. It was also answered in a slightly
weaker form by D. J. Newman [7]; and, it was partially answered by
W. Hayman [5].

Badé and Curtis [1] have obtained strong results on subalgebras of
C(X), the algebra of continuous complexvalued functions on a compact
Hausdorff space X, in cagse X has the property that any two disjoint
open F. subsets have disjoint closures. The smallest nonfinite space
with that property is BN, the Cech compactification of the integers.
Since [~ is isomorphic to C(8N), the work of Badé and Curtis has shed
some light on a general class of interpolation problems of the type
which we previously mentioned [see 6; page 205].

Technical aspects of the work of Badé and Curtis, as well as similar
aspects of the interpolation problem for bounded analytic functions,
have led to the aforementioned conjecture. Were this conjecture true,
it would be a powerful tool in the study of interpolation problems.

We shall settle the conjecture in the negative. We show that, if
the continuum hypothesis is valid, there exists a subalgebra A of [~
such that

(i) A is closed under uniform convergence;

(ii) every nonnegative sequence in (™ is the modulus of a sequence
in A;

(i) A= [~

The example is constructed as follows. Let <Z be the Boolean
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algebra of measurable subsets of the unit circle, modulo null sets. Let
B be the Boolean algebra of subsets of the integers modulo finite sets.
As a lattice, B has an unusual property (property (ii) of Lemma 4).
We exploit that property and the continuum hypothesis, to produce an
isomorphism of <% into B. We extend the inverse of the isomorphism to
a homomorphism from B onto <&. The adjoint of such a homomorphism
is a homeomorphism of the Stone space S(<#) into the Stone space S(B).
The space S(<#) is the maximal ideal space of L=, the Banach algebra
of essentially bounded measurable functions on the unit cirele. The
space S(B) is BN — N. From the algebra of bounded analytic functions
in the unit dise, we construct a subalgebra of L~ = C(S(<#)), and
carry that algebra with the imbedding of S(<#Z) in BN — N, to obtain
the desired subalgebra of I~

Homomorphisms of Boolean algebras. In a Boolean algebra B,
denote least upper bounds by \/, greatest lower bounds by A, and
complements by ‘. Denote the corresponding set operations by U, N,
and ', If a <0, let [a, b] be the set of all # in B such that o < z < b,
If E is a subalgebra of B and « is an element of B, let E[x] be the
subalgebra generated by E and z:

Elz] ={e No) V(S A)e fecE}.

We shall be concerned with the problem of extending Boolean algebra
homomorphisms. The basic extension lemma is the following, implicitly
given by Sikorski in [8].

LEMMA 1. Let E be a subalgebra of the Boolean algebra B, and
let @ be a homomorphism of E into a Boolean algebra C. If xe B,
then @ can be extended to a homomorphism of KElx] into C if and
only if there exists an element y in C such that

(1) 2(0,2] N E) S [0, y] N p(E)

(i) (=, 1] N E) < [y, 1] N o(E).
For each such y, there is a unique extension @ which takes x into y;
and then o (Elx]) = o(EDly]. If ¢ is an imbedding and y s such
that equality holds im (i) and (i), then the corresponding extension
@ 1s also an imbedding.

Proof. We content ourselves with the remark that, if y satisfies
(i) and (ii), the extension @* is given by

PHlee A @) V (e, A\ 7)) = (ple) A y) V (ple) A YY) .

Lemma 2. (Stkorski) If B is a Boolean algebra and ¢ is a
homomorphism of a subalgebra of B into a complete Boolean algebra
C, then @ can be extended to a homomorphism of B into C.
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Proof. In the context of Lemma 1, we have
sup ([0, z] N E) = inf o[z, 1) N E) .

Therefore, the element ¥ can always be found. Apply Zorn’s lemma.

Of course, Lemma 2 says that complete Boolean algebras are injective
in the category of Boolean algebras and Boolean homomorphisms.

An F-space is a topological space in which any two disjoint open
F', subgets have disjoint closures. A Boolean algebra is an F-algebra
if its Stone space is an F-space. An F-algebra can also be described as
one which satisfies property (I) of Badé and Curtis [1]: If @, ¥s, %o Yoy« * *
is an orthogonal sequence in B, then there exist orthogonal elements
2 and y in B, such that x is an upper bound of {x, x,, ---} and y is
an upper bound of {y, ¥, -+-}.

Levma 3. A homomorphic image of an F-algebra s an F-algebra.
If B is am F-algebra in which orthogonal sets are (at most) countable,
then B is complete.

Proof. Let B and C be Boolean algebras, and let ¢ be a homo-
morphism from B onto C. If ¢, ¢, --+ is an orthogonal sequence in C,
there can be defined (by induction) an orthogonal sequence of pre-images
in B. Choose any b, such that ¢(b,) = ¢,. If b, «--, b, are orthogonal
with ¢(b;) = ¢;, 1 < j < k, choose any 2 in B with ¢(z) = ¢,,, and set
by =,V -+ Vb)Y Ax. From the alternative description of F-algebras,
it is then clear that C is an F-algebra if B is.

Now, suppose that B is an F-algebra and that orthogonal sets in
B are at most countable. To prove that B is complete, it suffices to
show that every orthogonal set in B has an upper bound. Evidently,
the only case of interest is that of an orthogonal sequence x,, x,, -+ -
which is part of a maximal orthogonal set {x,, ¥., %,, %5, +--}. Since B
is an F-algebra, there exist orthogonal elements %,y in B such that
2 is an upper bound of {x,, «,, -+ -} and ¥ is an upper bound of {y,, ¥, - - -}.
Then 2z must be the least upper bound of {z, x,, ---}. For, if u is
another upper bound of {x,, ®,, +-+}, then 2 = « A w is also such an upper
bound. If z were less than %, we could adjoin 2’ A x to {x,, ¥, %, Yo, ** -}
and obtain a properly larger orthogonal set.

Examples of F-algebras abound. Evidently, any Boolean o-algebra
is an F-algebra. Consequently, any homomorphic image of a o-algebra
is an F-algebra. In particular, if K is a closed subset of the Stone
space of a o-algebra, then the algebra of all (relatively) open-closed
subsets of K is an F-algebra. Of course, the same is true of any closed
subset of the Stone space of an F-algebra. In other words, a closed
subset of a (compact and totally disconnected) F-space is an F-space.



1242 KENNETH HOFFMAN AND ARLAN RAMSAY

One can use Lemma 3 to show that certain homomorphic images
of o-algebras are complete. We are interested in some homomorphic
images of o-algebras which might be called anti-complete, because, they
contain no strictly increasing sequence which has a least upper bound.
One such algebra is the algebra of subsets of the integers modulo finite
setg, i.e., the algebra of open-closed subsets of the space BN — N. The
following lemma provides us with a class of algebras of the type which
we have in mind.

LEMMA 4. Let <# be an infinite Boolean o-algebra, with Stone
space S. Let K be a nonempty closed Gy in S such that the interior
of K is empty. Let B be the Boolean algebra of (relatively) open-closed
subsets of K.

(1) FEach maximal orthogonal set im B ts either finite or unco-
untable.

i Ife,=a, =<+« and b, =b,= -+ in B, and if a, < b, for
every n, then there is an element ¢ in B such that a, < c¢ <b, for
every m.

Proof. If z is in <&, let [x] be the corresponding open-closed
subset of the Stone space S. The fact that K is a nonempty closed
(s without interior means that

K =Mle.]

where e, > ¢, > --- is a strictly decreasing sequence in <# and inf, e, =
0. The map

Yx) =[x]N K

is a homomorphism from <#Z onto B, and, v(x) = ¥(y) if and only if
there exists an % such that £ A e, =y A e,.

For the proof of (i), suppose that {a,, a,, -+ -} is a countable orthogonal
gset in B. We shall show that there exists a nonzero element of B
which is orthogonal to each a,. We may assume that each «, is nonzero.
Let 2, «,, -+ be an orthogonal sequence in B with v(x,) = a,. If k
is a positive integer, then ¥(x,) = a, # 0; hence, z, N ¢, = 0 for all n.
Thus, we must have z, A (e, — e,.,) # 0 for infinitely many values of ».
From this it is eclear that there is a sequence of integers n, < n, < ---
such that the elements

Y = 2 N (enk - 6nk+1)

are nonzero, k =1,2, ---, Let y = sup,v,. For each k, the element
Y A €,,+, 18 orthogonal to »,. Therefore, ¥(y) is orthogonal to each
a,. Since
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y/\ekgy/\enkgyk>oy

we see that v(y) # 0.

The proof of (ii) is essentially the same as the proof that every
nonempty closed G; in the space SN — N has a nonempty interior [4;
pages 98, 99]. TFirst note that B has no atoms. Such an atom would
correspond to a point of K which is isolated in K. The point would
then be a G; in S. Any such point is isolated in S and must be in
the interior of K. Since B has no atoms, (ii) is trivial if both sequences
are eventually constant. Otherwise, the sequence a,, b, @, — a;, b, — by, =+ -
has infinitely many nonzero terms. By (i), there exist nonzero elements
a, b in B such that the sequence a, b, ¢, b}, @, — @, b, — b,, + -+ is orthogo-
nal. Since B is an F-algebra, there is an element ¢ in B which is
{b,b,,b, — b,, ---} and which is an upper bound of {e, a,, @, — a,, ---}.
Then, for each n

a,<a,Va=ec=b,—b<bd,.

That completes the proof.

We now focus our attention on a Boolean algebra B, which has
property (ii) of Lemma 4. As we have indicated, the algebra of open-
closed subsets of AN — N is one such algebra. It is easy to see that
a Boolean algebra B has property (ii) if and only if its Stone space
S(B) has these three topological properties:

(a) S(B) is an F-space;

(b) every nonempty (closed) G; in S(B) has a nonempty interior;

(¢) S(B) has no isolated points.

We might remark that, if S(B) satisfies (a), (b), and (c), then the Stone
space for the algebra of Borel sets in S(B) modulo first category sets
is a Stonian space in which every first category set is nowhere dense
and on which every measure has nowhere dense support. See Dixmier [3].

LEMMA 5. Let B be a Boolean algebra which has property (ii)
of Lemma 4. Let I be a countably generated ideal in B, and let F
be a countable subset of B which is disjoint from I. If y is a strict
upper bound of I, there exists an element z in B such that

(@) z2<y

(b) z is a strict upper bound of I

(e) FNJO,z| is empty.

Proof. First let us show that, if % is an element of B which is
not in I, there is an x < y such that v £ 2 and x is a strict upper
bound of I. We may suppose that # < y; otherwise we may take 2 = y.
Since % is not in I, the ideal generated by I and «’ is proper. Let J
be that ideal. Since J is countably generated, we can find ¢ < 1 such
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that ¢ is a striect upper bound of J. Choose ¢, with 0 < ¢, < ¢, and
let x =y —t. It is easy to see that = is a strict upper bound of I
and that v £ 2.

If F={f,f:, -}, the preceding paragraph shows us how to con-
struct a sequence y, = ¥, = --- such that each ¥, is a striect upper
bound of I and such that, for each », we have f, £ %,. Since B has
property (ii) of Lemma 4, there exists an element z in B which is a
strict upper bound of I and is a strict lower bound of the dual ideal
generated by v, %., +++. Any such z has properties (a), (b), and (c).

ProposiTION 1. Let B be a Boolean algebra which has property (ii)

of Lemma 4. Any Boolean algebra of cardinality at most 3R, can be
imbedded in B.

Proof. Let C be a Boolean algebra, the cardinality of which does
not exceed W,. Then C is the union of a well-ordered chain of countable
subalgebras. We can arrange that the chain starts with the subalgebra
{0, 1} and that each member of the chain is generated by the preceding
subalgebras and one additional element. By Lemma 1 and induction,
it suffices to prove the following. If E is a countable subalgebra of
C, if ¢ is an isomorphism of E onto the subalgebra F of B, and if z
is in C — E, then there exists an element y in B such that

(@ o([0,z]NE)=[0,y]NF

®) o(x, 11N E) =y, 1] N F.

Let I be the ideal in B which is generated by the left-hand member
of (a), and let D be the dual ideal in B which is generated by the
left-hand member of (b). Then, both I and D are countably generated,
and each element of D is a strict upper bound of I. If we apply
property (ii) of Lemma 4 and then Lemma 5, we obtain an element u,
of B which is a strict upper bound of I and is a strict lower bound
of D, while [0, u,] and F' — I are disjoint.

Now, we show that, if v is any element of F — D, then there
exists « such that 4 = w,; v 2 w;u is a strict lower bound of D; and
10, ] N (F' — I)is empty. If v % u, we may take u = u,. If v = u,
observe that the dual ideal D,, which is generated by D U {v'}, is both
countably generated and proper. Hence, there exists a nonzero element
w in B which is a strict lower bound of D,. Then 0 < w < %', and
u, V w is a lower bound of D, with %, < u, V w. We apply Lemma 5
to the ideal [0, u,] and the subset F' — I. We obtain an element % such
that %, < u < %, V w and (F — I) N[0, u] is empty. Then u is a strict
lower bound of D, and v % u, because u A v = u Aw > 0.

Suppose F' — D = {v,, v,, ---}. We employ the argument which we
have just concluded, to construct an increasing sequence %, S U, SU, = + -
such that, for each n, we have the following: v, Z %.; [0, »,] N (F — I)
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is empty; u, is a strict lower bound of D. Once again we apply property
(i) of Lemma 4 and then Lemma 5, to conclude that there exists an
element y in B such that [0, y] N (F — I) is empty, v is a strict lower
bound of D, and ¥ is a strict upper bound of the ideal generated by
%y, Uy, ~++. 'This is the y which we seek.

COROLLARY. Let B be an infinite Boolean F-algebra. Let C be
a Boolean algebra of cardinality at most Y, in which orthogonal sets
are at most countable. If C* ts the completion of C by cuts, then
C* s a homomorphic tmage of B. Hence, the Stone space S(CT) can
be imbedded in the Stone space S(B).

Proof. Select any (infinite) discrete sequence in the Stone space
S(B). Its closure is homeomorphic to the space SN. Hence, the algebra
of open-closed subsets on SN — N is a homomorphic image of B.

We see that we need only prove the Corollary when B is the
Boolean algebra of open-closed subsets of the space SN — N. In that
case, Proposition 1 provides us with an isomorphism ¢, from a subalgebra
of B onto the algebra C. We can extend @ to a homomorphism ,
from B into the completion C*. Since orthogonal sets in C are at
most countable, the same is true in the algebra C*. By Lemma 3, the
range of the homomorphism «+r is complete. Hence, « maps B onto C*.

Suppose C, and C, are the free Boolean algebras on W, and W,
generators, respectively. Each of these algebras satisfies the conditions
on the algebra C in the Corollary. Therefore, the Stone spaces S(C;)
and S(C}) can be imbedded in BN — N. In particular, SN — N contains
closed subsets which are Stonian but not hyper-Stonian [3].

ProrosiTION 2. Assume the continuum hypothesis. Let B be the
Boolean algebra of subsets of the integers, modulo finite sets. If C
is a complete Boolean algebra of cardinality at most 2%, then C is a
homomorphic image of B. Hence, the Stone space S(C) can be imbedded
in the space SN — N.

Proof. Since 2% — W,, Proposition 1 tells us that C can be
imbedded in B. Then, we have an isomorphism ¢, from a subalgebra
of B onto the algebra C. Since C is complete, ¢ can be extended to
a homomorphism of B onto C.

The example. Let L= be the algebra of essentially bounded measur-
able functions on the unit cirele in the plane. Identify functions which
agree almost everywhere. Then, with the essential supremum as norm,
L~ is a commutative Banach algebra which is isometrically isomorphic
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to C(X), the algebra of continuous functions on its maximal ideal space
X. The isomorphism is the Gelfand representation f— 7. We let H*
be the subalgebra of L=~ which consists of the functions % whose
negative Fourier coefficients vanish. If » e H* then the Poisson formula

1
2r

0
h(z) = . j z do

S” h(e®)Re 2
—x e’
extends 2 to a bounded analytic function in the unit dise; also, each
bounded analytic function arises as the Poisson integral of its boundary
values

h(e'®) = lim h(re®®)
r—1

which exist almost everywhere. For a summary of these basic facts,
see [6].

LEMMA 6. Let K be a closed subset of X, the maximal ideal
space of L=, and suppose the interior of K is empty. If u is any
nonnegative continuous function on K, there exists a function h in
H= such that the modulus of kb agrees with u on K.

Proof. Let m be the measure on X which corresponds to normalized
Lebesgue measure on the unit circle. In other words, if + is the linear
functional

S
W) = 2=\ senas

on L=, the Riesz representation theorem, together with the isomorphism
between L~ and C(X), provides us with a unique probability measure
m on X such that

v = fam, feLr.

Then X is a hyperstonian space and m is a normal measure on X, i.e.,
if S is a measurable subset of X, m assigns the same measure to S
and the interior of S:

m(S) = m(int S) .

Consider the given closed set K in X. Since K has no interior,
m(K) = 0. Hence, we can construct a nonnegative continuous function
on X which vanishes on K and has its logarithm integrable with respect
to m. That is, there exists an f in L= such that
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(@ =0

() Ff=0o0n K

© | log fe?)ao > .

Let w be a nonnegative continuous function on K. We can extend
% to a nonnegative continuous function on X. Thus, we have a function
g in L” such that ¢ = 0 and § = u on K. With the function f of the
previous paragraph define

T 10

W) = exp= | L2 log [(e) + g(e)]a -
2r J-re?® — 2

Since log (f + g) is integrable and bounded above, % is a bounded analytic

function in the unit disc. The boundary values

h(e'®) = lim h{re®®)

then satisfy
|h|=f+ g, almost everywhere .
So |h|=F+ §. In particular, since f = 0 on K, we have
Bl =191e=u.

The closed set K of the last lemma may be sufficiently small so
that the restriction of H> to K is all of C(K). If K is a nonempty
G5, that does not happen; however, we shall not stop to prove that
here. We shall choose a particular K on which it does not happen.

Let K be the set of maximal ideals of L= which contain the function
(1 —2). Then K is a closed G; without interior in X, and the restriction
of A= to K is a proper closed subalgebra of C(K). See [6; page 187].

Let <# be the Boolean algebra of measurable sets on the circle,
modulo null sets. The Stone space of <# is the space X. The Stone
representation for <7 is simply the restriction of the Gelfand represen-
tation of L= to the collection of characteristic functions of measurable
sets. According to Proposition 2, there exists a homeomorphism z, of
X into the space BN — N. We use 7 and the set K to define an
algebra of continuous functions on AN. ILet 4 be the algebra of
continuous functions fon SN such that, on the set K, the composition
for agrees with the restriction of a funection in H>. We assert that

(i) A is a uniformly closed subalgebra of C(8N);

(il) every nonnegative continuous function on SN is the modulus
of a function in A;

(iiiy A = C(BN).

It is clear that (i) and (iii) are satisfied. Property (ii) follows from
this observation. Suppose ¢ is a nonnegative continuous function on
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a totally disconnected compact Hausdorff space Y. Let M be a closed
subset of Y, and let & be a continuous complex-valued function on Y
such that the modulus of h agrees with g on M. Then, there exists
fin C(Y) such that f|, =h!|, and | f] =g on all of Y.
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SOME ASPECTS OF TORSION
J. P. JANS

Using S. E. Dickson’s characterization of a torsion class,
a class of modules closed under taking factors extensions and
arbitrary direct sum, we study torsion classes closed under
taking submodules and arbitrary direct products, We show
that these classes are in one-to-one cerrespondence with idem-
potent two sided ideals of the ring., Finally we investigate
the structure of rings R for which the torsion class o, =
{M | Homz(M,Q(R)) = 0, Q(R) the minimal injective for R} is
closed under taking products.

The original purpose of this paper was to show that for certain
rings the direct product of torsion modules is again torsion, and by
torsion we mean a particular kind of torsion defined in § 3. However,
we find that S. E. Dickson [3] has given a set of axioms for torsion
theories in Abelian categories and we thought it best to work within
his axiomatic system.

In §1 we summarize the work of Dickson and study, within the
context of modules over a ring, torsion theories closed under taking
submodules. In §2, we give a complete characterization of all torsion
theories closed under taking submodules and direct products. Finally,
in § 3 we show that a fairly wide class of rings enjoy the property
that a particular kind of torsion is closed under taking submodules
and direct products.

1. Sets of torsion theories. Dickson [3] has introduced a set of
axioms for torsion theories in certain abelian categories sufficiently
general to include the category .. # of left modules and homomorphisms
over a ring R with identity. His axioms (stated here for , ) are
as follows.

A torsion theory for , 7 is a pair (9, & ) of classes of modules
such that:

I. .97 and & have only 0 in common.

II. 97 is closed under taking factors and & is closed under
taking submodules.

III. For each M in . . there exists a unique submodule 7T(M)
of M such that

0—->TM)—M— M/TM)—0
is exact with T(M)e .9 and M/T(M)e & .

Received July 15, 1964. The author gratefully acknowledge the support of NSF
grant GP 809.
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The modules in .7 are torsion modules and those in & are
torsion free. 7T(M) is the unique largest submodule of M in 7.

Dickson [3] proved a number of things about torsion theories (in
a context more general than the category . #); we state a few of
his results. In what follows (77, % ) is a torsion theory for . 7.

A. 7 is closed under direct sum and & is closed under direct
product.

B. Both .77 and & are closed under extension.

C. Each class .97, & uniquely determines the other.

D. Given .7 closed under taking factors extension and direct
sum, there exists a unique & = {F|Homg(T, F) = 0 all Te 7} such
that (77, &) is a torsion theory.

D'. Given & closed under taking submodules extensions and
direct product there exists a unique class .7~ = {T | Homy (T, F) = 0
all F'e &} such that (9, & ) is a torsion theory.

Thus in considering torsion theories it is enough to consider classes
7" closed under taking factors extensions and direct sums (or classes
Z  cloged under taking submodules extensions and direct products).

For the rest of this paper we shall only consider torsion theories
(97, 9 ) for . where 9 is closed under taking submodules as
well. With respect to this property Dickson [3] proved the following
E. 9 is closed under taking submodules if and only if & is closed
under taking minimal injectives.

We shall use the phrase ‘‘a torsion theory closed under taking
submodules ’’ to describe this situation.

It should be noted that Dickson was working in a context more
general than modules over a ring and that we have specialized his
results to this case.

In a torsion theory (7, & ) closed under taking submodules, the
torsion class .7 forms a ‘ strongly complete additive’ class in the
sense of Walker and Walker [10]; that is, .7~ is a class closed under
taking factors submodules and arbitrary direct sums. Gabriel [6] has
shown that there is a one-to-one correspondence between such classes
and filters of left ideals of the ring R. Consequently, the torsion
theories closed under taking submodules form a set.

In the following theorem we connect such a torsion theory with
injective modules.

THEOREM 1.1. If (97, F ) is a torsion theory closed under taking
submodules then

(1) There exists modules X,¢ 9~ and Y,e. & such that & =
{Z|Homg (X,, Z) =0} and 7 = {W|Hom,(W,Y,) =0} (X, and Y,
are not unique).

(2) The module Y, can be selected to be imjective.
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Proof. Let {X,} be the set of finitely generated modules in 7.
We say the sef we mean, of course, one module from each equivalence
class (equivalence under isomorphism) of finitely generated modules.
Now since .9 is closed under taking submodules, factors and direct
sums, it is therefore closed under direct limit. Thus a module is in
7 if and only if its finitely generated submodules are in .9, Now
let X, = 2.X. be the direct sum of the finitely generated modules in
.

Now form the class % ' = {M | Hom,(X,, M) = 0}. It is clear that
Hom(X,, M) = 0 if and only if Hom,(X,, M) = 0 for all the modules
X,. Therefore the class &' contains the class & . We show them
equal. Let M be in .# ' but not in &, then 0+ T(M) < M. But
T(M) contains a finitely generated module (= 0) isomorphic to one of
the X,. It follows that Hom, (X,, T(M)), Hom, (X,, M) and Hom, (X,,M)
are all nonzero contradicting the assumption that M was not in & .
Thus we have shown that & = {M | Hom, (X,, M) = 0.}

Now choose a set of finitely generated modules {X} one from each
isomorphism class not in T. Factoring out the . torsion of each of
these we obtain a set of modules F, all in &, where F, = X/T(X)).

Let Y, = Q(xnF,), the minimal injective containing the product
wF,. Reecall that for a module M, Q{M) is injective containing M as
a submodule, and for X = 0 in (M) X N M # 0 also. Sece |4]. The
module 7F, is in &% Dbecause & is closed under products. Also from
property K cited above & is closed under taking minimal injectives,
consequently Y, is in & .

Now form the clags .7’ = {X | Hom, (X, Y,) = 0}. From the proper-
ties of Hom, |9], .77’ is closed under taking factors, extensions, and
direct sums. But the fact that Y, is injective implies that .77’ is
also closed under taking submodules, for if 0— X’ — X is exact, then
Hom, (X, Y,) — Hom, (X', Y,) — 0 is also exact. That is, if X is in
7" s0 is X’. Thus we see that &' is a torsion class for some tor-
sion theory closed under taking submodules. Moreover, by property
D' cited above .9 is contained in .7 .

From the first part of the proof .9 and .97’ are determined by
their finitely generated modules. If X’ is a finitely generated module
not in .7~ then X’ = X! for some « and there exists a nonzero homo-
morphism X'— F, = X /T(X}). It follows that Homg(X’, nF,) == 0
and so Hom, (X', Y,) ## 0. Consequently X’ is not in ', Since 9~
and .77’ coincide on finitely generated modules, .7~ = .77,

From the properties D and D’ cited above the modules X, and Y,
need not be unique because X, P Y’ and Y, P Y’ would do as well
where X'e 9 and Y'e &7 .

Before we develop a more specialized torsion theory in the next
section, we should make a few remarks about torsion. In the first
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place a torsion theory (7, & ) gives an idempotent subfunctor of
the identity 7, where T applied to M L 8 gives T(M)T—(—f»)T(S) and
T(f) is f restricted to T(M). Two torsion theories are the same if
their torsion functors are equivalent.

If we apply this remark to the ring R considered as a left module
over itself we see that the left ideal T'(zR) is carried into itself by
every right multiplication. That is, T(zR) is a two sided ideal. At
first we thought that torsion theories could be indexed by these two
sided ideals; that is, T and 7" are the same torsion functor if and
only if T(zR) = T" (zR). However, the following example shows this
is not correct: Let .77’ be the torsion class containing only the zero
module and let .7, = {X | Hom, (X, Q(R)) = 0} where Q(FK) is the mini-
mal injective for R. These clearly give torsion theories; let 7, and
T' be the associated torsion functors. Then one sees that T, (RR) =
0 = T"(zR).

In § 3 we shall investigate the torsion theory .7, defined above
in more detail. Also we shall show in the next section that certain
torsion theories can be indexed by ideals in the ring.

2. Torsion-torsion free classes. Let .7~ be a class of modules
in .~ which is closed under taking submodules factors, extensions,
direct products and direct sums. Then .77 is the torsion class for a
torsion theory (.7, & ) closed under taking submodules and it is also
the torsion free class for another torsion theory (¥,.77). Such a
pair of torsion theories (2, .7 ) and (.7, & ) will be called a torsion-
torsion free theory (TTF theory) and the class .7, a TTF class.

Consider for a moment a class .7~ closed under taking submodules,
factors, extension and direct sum. Classes somewhat more general
were congsidered by Gabriel [6, p. 395] as ‘‘ closed ”’ subcategories of
=7 . Such a class .7 is completely determined by the cyclic modules
in it and therefore determines a filter F; of left ideals of R [6, p.
411] where L e F, if and only if R/Le T. The filter F, is idempotent
in the sense that the product of two left ideals in it is again in it
[6, p. 412]. Conversely, any such idempotent filter determines such
a class 7 [6, p. 411-412].

The following theorem was mentioned by R. S. Pierce one day
during a conversation.

THEOREM 2.1. The class 7 closed under taking submodules,
Sfactors, extension and direct sums is also closed under direct products
if and only tf its associated filter F, has a smallest element I. In
that case 7 is a TTF class and I is the two sided ideal C(R)
where C s the torsion functor for the torsion theory (%, 7).
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Proof. If .77 is closed under products the natural maps R — R/L
for R/L in .7~ induce a map RS, IT R/L and Im 6 is again in 7 .
But then Ker # is in the associatelziueﬁlter and we have Kerd = L for
each L in the associated filter and the filter therefore has a smallest
element.

Conversely, suppose [ is the minimal element in the filter associated
with .77. We shall show that M is in .9~ if and only if IM = 0. If
M in 7 and IM =+ 0, then Im # 0 for some me M. The mapping
I— I'm has image in T so there exists {(C I such that I/X = Im.

Now since .7 is closed under extension and the following exact sequence
has both ends in .9~

0—I/X— R X—RII—0,

it follows that R/X is in .77. This latter statement contradicts the
minimality of I.

Conversely, suppose that IM = 0 and let YR; be a free R module
mapping onto M, ZRii M — 0. Since Ker 6 contains XI,, 6 induces
a map of YR,/I, onto M. But since .7~ is closed under direct sums
and factors we have M in 7.

Finally, it follows that .7~ is closed under products because I an-
nihilates a product if and only if it annihilates each factor.

In the case that the filter has a smallest element I then, C(R) = I
for R/I is the ‘‘largest’’ factor of R such that I annihilates it.

We remark that the filter F, = {L|L 2 I, L a left ideal} will be
an idempotent filter if and only if I = I*. This idempotence is neces-
sary for the class of modules annihilated by I to be closed under ex-
tension (e.g. 0 — I[/I*— R/I* — R/I— 0 is a short exact sequence with
I annihilating each end but not the middle unless I = I?).

COROLLARY 2.2. There is a omne-to-one correspondence between
TTF classes T, and idempotent two sided ideals I

[—{M|IM=0=T,.

Proof. This follows from Gabriel’s correspondence between ‘‘closed’’
categories of modules and idempotent filters of left ideals [6, p. 412]
together with the above theorem which classifies those classes which
are also closed under products.

COROLLARY 2.3. The following are equivalent for an ideal I

1 I=1TI

2 T,={M|IM=0}4s a TTF class

(3) the natural map 0-— Extg; (4, C)— Extz (4, C) is an iso-
morphism for R modules A, C such that IA = IC = 0.
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Proof. Only the condition (3) requires attention. For R modules
A, C such that IA = IC = 0, R extensions can be considered as R/I
extensions because the class of modules annihilated by I is closed under
extension,

If I+ I*, by the remark preceding Corollary 2.2,

0— I/I*— R/I*— R/I—0

represents an R extension in Ext, (R/I, I/I*) which is not an R/I ex-
tension and in this case the map is not an isomorphism.

The following theorem gives information about a special class of
TTF classes.

THEOREM 2.4. Suppose that 7 is a TTF class and (&,.7),
(9, Z) the associated torsion theories with torsion functors C, T;
then the following are equivalent.

1) for all M, M = C(M) P T(M)

2) R=CR)D T(R) ring direct sum

B v =%

4) TCM)) = 0 and C(M/TM)) = M/T(M) for all M.

Proof. (1)=(2) is trivial.

The class 9 is {M|C(R)M = 0}. Let .o~ be the class
{M| T(R)YM = 0} .

Assuming the decomposition R = C(R)@ T(R) gives a decomposition
1 = e, + e, where ¢; are orthogonal central idempotents in R. Then
.7 and %7 can be characterized as .9 = {M|e, M = 0} and

(M|e,M =0} = 57

and ¢, acts like identity on modules in .7~. Using this one sees that
A can now be characterized as either

&7 = {M|Hom, (M, T) =0 all T in .9}
or
& ={M|Homz (T, M) =10 all T in 7}.

It follows that % = & and (2= 3).

Agsuming (3), & = ¥ is closed under sums, products, submodules,
and factors, so T(C(M)) = 0 and since M/T(M) in &, C(M/T(M)) =
M/T(M) which is condition (4).

Finally, assuming (4), form C(M) N T(M) for an R module M.
Since this is a submodule of T(M) and .7 is closed under submodules,
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it is in .9 . But T(C(M)) = 0 means that C(M) has no .7~ torsion
gsubmodules so C(M) N T(M) = 0.

Now form M/(C(M) + T(M)), this is a factor of M/C(M) which
is in .o, It follows that M/(C(M) + T(M)) is in .Z~. Since we are
assuming that C(M/T(M)) = M/T(M), M/(C(M) 4 T(M)) is also in &
since it ig a factor of M/T(M) which is in %" . But then

M/(C(M) + T(IM))

is in both & and 7~ and is therefore zero. Thus we have established
that M = C(M) & T(M). This completes the proof of the theorem.

3. A particular torsion theory. In this section we define a
torsion theory which coincides with the usual one for integral domains.
Thigs torsion has been used before |See Prop. 1 of 7].

Let Q(R) be the injective hull of R considered as a left module
over itself [4]. Let .9, ={M | Hom, (M, @R)) = 0}. It is not hard
to show that .9, = {M | Hom, (M', Ry = 0 for all submodules M' & M.}

The methods of §1 show that the class .97, is a torsion class
closed under taking submodules. It is not, in general, closed under
arbitrary direct products (e.g. R = Z the ring of integers). However,
in the following theorem we shall show that for a fairly wide class
of rings .9, is a TTF class. Eilenberg [5] introduced the notation
of a perfect ring and Bass [2] has given a characterization of them.
We use Bass’ characterization instead of Eilenberg’s original definition.

DeriNIiTION., R is right perfect if

(1) R/N is semisimple with minimum condition where N is the
Jacobgon radical

(2) every nonzero left module M has nonzero socle S(M), where
the socle is the submodule generated by the simple submoduleg
of M.

Condition (2) is equivalent to ‘‘ every nonzero module has simple

submodules.”’

THEOREM 3.1. If R is right perfect then 7, 18 a TTF class.

Proof. We must show that the product of .7 ,torsion modules

is again .7 ;-torsion.

Let us begin by defining for each ordinal « a submodule S*(})
of the R module M as follows:

1 SM)=0

(2) if B is a limit ordinal SP(M) :}JFS“(M)
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(3) if B=a+ 1, SA(M) is the inverse image of S(M/S*(M)) under
the map M — M/S*(M). Equivalently, SF(M) = {m | Nm e S*(M)} where
N is the radical of R.

From the assumptions on the ring R we know that for some «,,
S* (M) = M (and the cardinal of that «, is less than or equal to the
cardinal of M). Also for a < @, we know that S**(M)/S*(M) is a
direct sum of simple R (hence R/N) modules.

We now define the composition factors of the R module M to be
those simple modules which appear as summands in S**(M)/S*(M) for
some ordinal «. Note that since R/N is semi-simple with minimum
condition, R has (up to isomorphism) only a finite set of simple modules
and for each M the composition factors of M form a subset of that
set.

Now we show that an R-module M is .7 -torsion if and only if
for each composition factor S of M, Homj (S, R) = 0. Suppose first
that for each composition factor S of M, Homg (S, B) = 0 but that
Hom, (M, Q(R)) # 0. Let f be a nonzero homomorphism of M to Q(R),
since R is essential in Q(R), (M) N R+ 0. Let f~(f(M) N Ry =M,
in M and we have a nonzero homomorphism f,:M,— R where f, =
S lu,» Because M, N S*(M) = M, we can be assured that there exists
a first ordinal «, such that f, restricted to S* (M) N M, is nonzero.

Now we note that «, cannot be a limit ordinal, for if S“y(M) =
U SA(M) with f, restricted to S*(M) N M, the zero map, then f,

B<ay

restricted to S“u(M) N M, is also the zero map.
Let «, = v + 1 then f, induces a nonzero homomorphism of

(S™{(M) N M)/(S*(M) N M,)
into R. Since

(S"*H(M) n M)/(S*(M) N M,)
is isomorphic to

(ST (M) 0 M, + S*(M))/S(M) ,

we have a nonzero homomorphism of a submodule of S*™(M)/S"(M)
into R. This gives a nonzero homomorphism of one of the composition
factors of M into contradicting the assumption that Homj, (S, R) = 0
for composition factors S of M.

Conversely, suppose that Homg (S, R) # 0 for some composition
factor S of M. This gives a nonzero homomorphism f : M’ — R where
M’ is a submodule of M (actually M’ can be taken to be S**{(IM)
where S appears as a summand of S**(M)/S*(M)). Since Q(R) is the



SOME ASPECTS OF TORSION 1257
injective hull of R we have the solid diagram

M — M

L
fl if

R — Q(R)

which can be extended by a dotted arrow f’ which gives a nonzero
element of Hom, (M, Q(R)). Thus M is not .7 ~torsion.

Finally we complete the proof of the theorem by showing that
the set of composition factors of a product [],e; M, is the union of the
composition factors of each of the factors M;. For each simple R
module S; there is an idempotent ¢; in R/N such that ¢.S; # 0 and
g,S; =0 for ¢ = 4. Since R is an SBI ring [8, p. 53, 54] these can
be raised to idempotents e; in R. Also we still have the relation
e;S; = 0 and ¢,S; = 0 for 1 = jJ.

Now we shall show that S, is a composition factor of M if and
only if e,M = 0. Tirst if S, is a composition factor of M then S,
appears as a summand of S*" M) M), for some ordinal «. Thus,
e S My £ S“(M), and, a fortiori, ¢, M = (.

Conversely, if e,M = 0, then e;m = 0 for a suitable me M. There
is a first ordinal « such that eme S«(M). We claim that ¢ =~v + 1
is not a limit ordinal for if S“(M) = Us<w S*M) with e;m ¢ SP(M), then
e;m ¢ S*(M)also. It follows that e,m represents a nonzero coset e;m in

ST MY/SY(M) and e;e;m = e;m # 0. Therefore, one of the summands of
ST H(M)/SY(M) is S; for otherwise e; would annihilate SY+(M)/S"(M).
Thus we have shown that S, is a composition factor of M.

We now complete the proof of the theorem. It is clear that e;
annihilates a product [],;e; M; if and only if e; annihilates each factor.
So the set of composition factors of a product is the union of the
composition factors of each of the factors. Thus for right perfect
rings the product of .7 torsion modules is again .7 ,-torsion.

The class of right perfect rings is fairly large, containing rings
with minimum econdition and semi-primary rings [2].

However, we shall show by an example that the rings for which
7 ~torsion is closed under products is even bigger.

Let R = [l;ex K; the product of an infinite number of copies of
a field. R has an infinite set of orthogonal, indecomposable idempotents
{e;}. It isn’t hard to show that a module M is .7 -torsion if and only
if ¢M =0 for all 4. It is clear that this property is inherited by
products, so for such rings the product of .77, torsion is again 77,
torsion. Note also that the ring R has some non trivial torsion
modules, for instance II K;/¥ K.

This brings up the question of the structure of rings for which
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(0) is the only .7, torsion module. Clearly, in this case, .7, torsion
will be closed under products. The following theorem gives several
equivalent characterizations of this condition. In a ring R we denote
by »(S), the right annihilator of S, »(S) = {x| Sz = 0}.

THEOREM 3.2. For aring Rthe following conditions are equivalent:
(1) 7,=(0)

(2) For every simple R-module S, Homg(S, R) = 0

(3) For every maximal left ideal L of R, r(L) =+ 0

(4) For every left ideal L +# R, r(L)+# 0

Proof. We prove the implications cyclically in order. If 7,=0
then Hom,(S, Q(R)) = 0 for simple modules S. But if f:S — Q(R)
is nonzero, then f(S) N R s 0 and it follows that f(S) S R since f(S)
is also simple. Therefore Hom,(S, R) = 0 and (1) implies (2).

Now let L be a maximal left ideal of R and consider the sequence
0—-L—R— R/L— 0. Note that R/L is simple. The sequence induces
0 — Hom,(R/L, R) — Homy(R, R) exact. Considering Hom,(R/L, R) as
a submodule of Hom,(R, R), the right multiplications of R we see
that Hom,(R/L, R) = r(L) the right annihilator of L. It follows that
(L) = 0 because Hom,(R/L, R) + 0.

Since every left ideal L = R can be embedded in a maximal one
L and the relation L & L implies »(L) < (L), it follows that (3)
implies (4).

Finally, if for each L =+ R, »(L) # 0, then for each such L,
Hom,(R/L, R) #+ 0 (a right multiplication by a nonzero element of 7(L)
gives such a nonzero homomorphism). It follows that

Hom, (R/L, Q(R)) # 0

for all L + R and the filter of left ideals associated with .77, in this
case consists only of R itself. That is, C(R) = RB. Then from Theorem
2.1 we know that .77, = (0). This completes the proof of the theorem.

REMARK. M. Auslander has shown [1] that a commutative semi-
primary ring satisfies condition (2) of the above theorem. Hence such

rings have only zero torsion.
The following example shows that left and right torsion theories
need not give rise to the same two sided ideal. Let

2=y o

The left .77, torsion modules for R are those annihilated by

z,Y,z¢ K, a field} .
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[(00 |

C(R) = y,ze K -,
\y 2 |

whereas the right .97, torsion modules are those annihilated by the

0
ideal C,(R) = {(” ) 2,y K}
y 0
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BOUNDARY MEASURES OF ANALYTIC DIFFERENTIALS
AND UNIFORM APPROXIMATION ON
A RIEMANN SURFACE

LAURA KETCHUM KODAMA

A classical theorem of F. and M. Riesz establishes a one-
to-one correspondence between analytic differentials of class
H, on the interior of the unit disc and finite complex-valued
Borel measures on the boundary of the disc which are orthogo-
nal to polynomials. The main result of this paper gives a
similar correspondence when the unit disc is replaced by a
compact subset, satisfying a finite connectivity condition, of
any noncompact Riemann surface. The analytic differentials
on the interior of the set satisfy a boundedness condition
analogous to the classical H,; differentials and the measures
on the boundary of the set are those orthogonal to all mero-
morphic functions with a finite number of poles in the comple-
ment of the set. This result is then used to obtain theorems
on uniform approximation on the set by such meromorphic
functions.

This paper extends results of Bishop in [2] and [5] where he
considers compact subsets of the plane staisfying a simple connectivity
condition.! He obtained such a one-to-one correspondence between
boundary measures and analytic differentials and used his result together
with an approximation theorem for nowhere dense sets to give a proof
of Mergelyan’s approximation theorem [6]. We are able to extend
Mergelyan’s theorem to our more general sets and also show that
““local’’ approximation implies approximation on the whole set.

I. Boundary measures of analytic differentials,

A. DEFINITIONS AND PRELIMINARIES.

In this section S will denote an open Riemann surface. If K is
a compact subset of S, we denote by C(X) the algebra of all continuous
complex-valued functions on K with norm |[|f| = sup [f(x)], and by

A(K) the closed subalgebra of C(K) consisting of thOoe functions which
are limits of meromorphic functions on S with finitely many poles in

Received January 10, 1964. This paper is a portion of a doctoral dissertation
written at the Univergity of California at Berkeley under the direction of Professor
Errett Bishop. The author wishes to thank Professor Bishop for proposing the
problem and for his helpful suggestions and encouragement. This work was partially
supported by contracts NSFG-9103 and NSFG-18974.

' The case with smooth boundary is diseussed by Royden in [7].
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S ~ K. By Runge’s Theorem when S is the plane, or by the extension
of Runge’s Theorem due to Behnke and Stein [1, p. 445 and p. 456]
in the general case, A(K) can also be characterized as all functions
of C(K) which are uniform limits on K of functions analytic in a
neighborhood of K.

The sets for which our results are obtained are defined as follows.

DEFINITION 1. A compact subset K of S will be called n-balanced
if there exists a finite family {U;}-, of components of S ~ K such
that any point of the boundary of K lies on the boundary of one of
the U,. An open subset of S will be called n-balanced if it is the
interior of its closure and its closure is a compact n-balanced set.

The following properties are clear.

LEMMA 1. The interior of a compact n-balanced set is an open
m-balanced set for some m =< n. The boundary of a compact n-balanced
set 18 a nowhere dense compact n-balanced set.

The measures on the boundary of K to be considered are now
defined.

DerFinNITION 2. If K i3 a compact subset of S, we denote by M(K)
all finite complex-valued Borel measures £+ on the boundary of K such

mmgmpzomrmfeme

Several preliminary definitions will be necessary to describe the
boundedness condition on the analytic differentials to be studied.

By an arc we will mean a continuous map f: [a, b] — S of a closed
interval ¢ = ¢t <b into S. We will identify ares f: [a,b]— S and
g: le,d]—S whenever b —a =d —c¢ and g¢g(t) = f(t + @ — ¢). The
image of [a, b] under f will be denoted by |f|. By a subarc of f we
mean the restriction of f to a subinterval [¢,d], a =c < d =b. If
g: e, b]— S is such that f(b) = g{a,) then by the product of f and
g, written fg, we mean the arec h: [a,b + b, — a,] — S defined by

) = f(b) if a=t<b
| gt + a, — b) if b<t=<b-+0b —a,.

An are f: |a,b]— S is an analytic arc if f can be extended to be
analytic with nonzero derivative in a neighborhood of [a, b]. A piece-
wise analytic arc is a product of a finite number of analytic arecs. A
simple closed curve is an arec f: [a, b] — S such that f(a) = f(b), and
if x+ a and z # b then f(z) = f(a) and f is one-to-one on the open
interval (a, b).
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DerFINITION 3. If U is an open subset of S we say that a sequence

{v;} delimits U if
(i) each v, is a finite family of disjoint piecewise analytic simple
closed curves «;; such that |a;;| < U and UJ;|«,;| is the boundary of
an open set V,c U and each «,; is positively oriented with respect to
V..
(i) if T is any compact subset of U, then for all sufficiently

large ¢, TC V,.

DerFiNITION 4. If U is an open subset of S with compact closure
K and v is a finite family of piecewise analytic curves «; such that
la;]cU and w is an analytic differential on U, we denote by || @ ||,

the norm of the linear functional F' on C(K) defined by F(h) = S ho.
Y

DerFINITION 5. Let U be an open subset of S with compact closure.
The class H(U) consists of all analytic differentials @ on U such that
there exists a sequence {v;} which delimits U and an M > 0 such that
loll, < M for all 7.

Our aim Is to establish, in case K is an n-balanced set, a one-to-
one correspondence between M(K) and H(U), where U is the interior of
K. The correspondence will be between a differential and its boundary
measure, in the following sense.

DErFINITION 6. Let U be an open subset of S with compact closure
and let B be its boundary. A finite complex-valued Borel measure p
on B is said to be a boundary measure of @we H(U) if the sequence of
Definition 5 can be chosen so that

g hw—»ghd/; as 14— co
Yi

for all Ae C(U U B).

We do not need any restrictions on K other than compactness in
order to show the existence of a boundary measure for every differential
we H(U). The following theorem has the same proof as Theorem 1in [5].

THEOREM 1. Let U be an open subset of S with compact closure
K. Then any @c H(U) has o boundary measure pe M(K).

In order to “fit together” sequences which delimit two different
open sets to obtain a sequence which delimits the union, we will need
the following lemma.

LEMMA 2. Let v and 6 each be a finite family of disjoint piece-
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wise analytic simple closed curves, a; and B; respectively, such that
U;la;! is the boundary of an open set I' with each o, positively
ortented with respect to ' and similarly U;|B;| is the boundary of
an open set 4 with each B; positively oriented with respect to 4.
Then there exists a finite collection of analytic coordinate fumctions
h;, with domain V;, V, a neighborhood of a point p;c S (the p; need
not be distinct), so that given any neighborhood U, of h(p;) such that
U,ch(V)) and any ¢, > 0, there exists ¢, a fintte family of disjoint
precewise analytic simple closed curves +r;, such that \J;|+;| is the
boundary of an open set @ and

(i) each +; ts positively oriented with respect to @

(ii) each +; is the product of a finite number of subarcs, each
of which 1s either a subarc of some a; or B; or ©s an are f such that
for some ©, the arc h;o f has length less than &, and [h;o f| C U,.

(i) rudcocrJdJUx (U

The proof is left as an exercise for the reader.’

B. PLANE SETS.

In this section we consider the special case where S is the plane.
The proofs of the following lemma and theorem are the same as
Lemma 4 and Theorem 1 in [5].

LEMmA 8. If K s a compact n-balanced subset of the plane and
iof p and v are both in M(K) and S(t —2)7'du(t) = S(t — 2)7'dv(t) for
all z in the interior of K, then p = v.

THROREM 2. Let U be an n-balanced open subset of the plane
and K be its closure. Then given we H(U), its boundary measure,
which exists by Theorem 1, is unique and tf » = f(z)dz then

1) = (2mi)=| (@ — 2~dp(t)

Jor all ze U,

The next lemma is a modification of Lemma 6 in [3]. The assump-
tion that v is orthogonal to all functions analytic in a neighborhood of
K rather than just all polynomials enables us to obtain the measure
B., with support in K. The proof is not given, as the same proof
applies with only obvious minor modifications and we prove a general
version for any open Riemann surface as Lemma 5 below.

2 A proof may be found in the author’s thesis.
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LEMMA 4. Let K be a compact subset of the complex plane. Let
v be a measure on K orthogonal to A(K)., Then for almost all real
nwmbers x,, there exists a measure S5, on the set KN {z: Re z = x,}
such that

S hdy = — S hdy = \hdp,,
Rxo Ly J

0

Sor all he A(K), where

R, =KN{z: Rezzuz} and L, =KN{z: Rez =} .

TumoREM 3. Let K be a compact n-balanced subset of the com-
plex plane with interior U. Then 1f pe M(K), there exists an
analytic differential e H(U) such that pt is the boundary measure

of .

Proof. The proof is by induction on n. If # =1, K is balanced
in the sense of [5] and Theorem 3 of [5] is the required result.

Suppose for % > 1 the theorem is true for m-balanced sets for all
m < n. For ze U, define

f@) = (2m’)~1g(t — o) .
Now suppose @, is as in Lemma 4 and furthermore that {z: Rez = .}
intersects the interior of at least one of the bounded components U, of
Definition 1. Then L, and R, are both m-balanced for some m < n.
Thus since ¢ | L, + B, € M(L,) and p| R, — B, € M(R,) by Lemma 4
and Runge’s theorem, the induction hypothesis applies and they are

boundary measures of analytic differentials fi(z)dz and f,(2)dz respectively.
For z in the interior of L,

Sz = @roy ™ \(t — 2)7d{p | L, + B)(0)

= @2me)7 \(E — =) dpe | Ly, + 8. )(0)

S
S
+ @iy (¢ = 97d(e | B, — 8,00
= (2miy™ [t — 2)"dpu®) = F@)

and for z in the interior of R, we have similary

Fiz) = (2m)"1g(t — ) = Fz)
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Now let @, < #, both restricted as above. Then ¢|R, — 5, is a
boundary measure for f(z)dz on the set R,. Denote the delimiting
sequence by {v;}. Also ¢|L, + 5, is a boundary measure for f(2)dz
on the set L,. Denote the delimiting sequence by {d;}. Suppose I';
is the open set bounded by 7v; and 4; the open set bounded by d;, as
required in Definition 3. We apply Lemma 2 to v;, 6;, I';, 4; where U,
are chosen so that h;(U;) C U and ¢; chosen so that the length of the
arc in U,; which is not from 4, or v, is less than »; and =, sgg) Ifie)] < 1.

The lemma yields ¢; a finite union of disjoint piecewise analytic
simple closed curves in U which form the boundary of the open set
@;,, and I';Ud;c@;,cU. If S is a compact subset of U, let
Ty < %y < 2. Then S, =SN{z: Rez = x,} is a compact subset of the
interior of L, and S,= SN {z: Rez = &} is a compact subset of the
interior of R,. Thus for all j sufficiently large,

S,c4; and S,cI'; and S=S, US,c4,Ul;,C®;.

Therefore {p;} is a delimiting sequence for U. Furthermore,

loll, = | 17@11dz1= | 17@1de] + |, 17@)]1de]
@ 7y s
+ 2,59p | A | < @1, + @, + 1

Thus we H(U).

By Theorems 1 and 2 there exists a boundary measure v on the
closure of U such that for ze U,

fle) = (2717;)—15(15 — 2~du(t) and ve Miclsr U)c M(K) .

Applying Lemma 3 to ¢ and v we see that ¢ =v and thus g is the
boundary measure of w.

C. SUBSETS OF AN OPEN RIEMANN SURFACE.

In this section we consider the general case where S is any open
Riemann surface. The function (f — 2)~* used in the plane case must
be replaced by the elementary differential of Behnke and Stein [1].
The result needed is the following : there exists an elementary differ-
ential a(p) which for fixed p is a meromorphic differential on S with
exactly one pole, a simple pole at p with residue 1. Furthermore, if
h is an analytic coordinate function on an open set VS and a(p) =
Az, p)dz on h(V), then A(z, p) is meromorphic in p on S with exactly
one pole, a simple pole at (). Thus if A7'(z,) ¢ K, Az, p)c A(K).

We prove the following generalization of Lemma 4.
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LeMMA 5. Let K be a compact subset of S. Let v be a measure
on K orthogonal to A(K). Then +f f ts a mnonconstant function
analytic on S, for almost all real numbers x,, there exists a measure
B,, on the set KN {p: Re f(p) = x} such that

S hdy = — g
Byq Ly

for all he A(K) where

hdy = Shdﬁmo

0

L,,={p: RBeflp)=a}N K and R, = {p: Reflp) =z} K.

Proof. Since f is nonconstant, for all but finitely many real
numbers x, the differential of f does not vanish on K N {p : Re f(p) = «}.
Let 2, have this property and let x, > =, be such that the differential
of f does not vanish on KN{p: 2, =< Re f(p) = =x,}). Since the differ-
ential of f does not vanish, there exists a neighborhood of any point
of KNip: x, = Re f(p) =2} on which f is a coordinate function.
Cover KN{p: x, < Re f(p) = ,} by finitely many neighborhoods {U,},
such that the closure of U, is compact and contained in V; and f is a
coordinate function on V,. Denote by f;* the inverse of f as a coordi-
nate function on V..

There exists a nonnegative measure /¢t on K such that [y(B)| =
(B) for all Borel sets B. Let ¢ be the nonnegative, nondecreasing
function defined by ¢(z) = 1({p: Re f(p) = x}). Then ¢'(x) will exist
for almost all x. Let x, be such that ¢'(x,) exists and x, < 2, = x..
Thus v vanishes on all subsets of L, N R, and since he A(K) implies

Shdv = (0 we have
S hdy = — S hdy for all he A(K) .
R:.;O LZO

Suppose now that ~ is a meromorphic function with finitely many
poles outside K. Let W be an open neighborhood of K on which % is
analytic. Let W,= W N U,. Choose ¢,0 < ¢ <1 and let

T — U {pe W;: Ref(p) =, and dist (f(p), (K N W) <¢}.
Let || b = gggl(h(p)l .
If Ref(p) > x, define h(p) = (27”')“1&,}““(20) and if Re f(p) < a,

define h,(p) = (Zrci)“lg ha(p) where in each case integration is in a
T

positive direction with respect to {p: Ref(p) < w,}. Suppose p, is
interior to 7T relative to {z: Rez = x,}. Then for some 1, f(p,) is
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interior to f(W; N T) relative to {2: Rez = w}. Let 7, = (TN W,).
Since the W, cover T, we can choose, for ¢ #* 4,, measurable sets
7, C{z: Rez = 2} N f(W;) so that f;'(r;) are pairwise disjoint and
each is disjoint from f;'(z;) and so that T = Ui, fi'(z). Then if

pe U, (Zml)‘lg ha(p) becomes
r

@miy | BEFONE — Fo)dE + @riy 35 [ MO D), O

where g, is analytic in f(clsr U;) in the first variable and in f(clsr U;)
in the second variable. The first term has continuous boundary values
both from the right and the left at p, with difference Z(p,) and the
integrals in the summation are all continuous in p at p,. Thus h, and
h, have continuous boundary values 4,(p,) and h,(p,) and

hy(po) — k(Do) = h(po) .

If we define hy(p) = M(p) + hy(p) in Re f(p) < @, and hy(p) = () + h(p)
in Re f(p) > x,, then h, and h, are analytic in a neighborhood of K
and h = h, — h,. Thus

hdy + g hdy

L;,;O

S hdv:S hldv—g I%dvzg
Ra, Ra, R,

Rwo

and

SRx hudy l -

g%[<zm->—lgrha<p>]d»<p> |

|, pa®|dpe(o)

é S
{p: Re fip)>ug}

+ 5], L[ peo|io .

=1

Cover K N [p: Re f(p) = x,} by a finite number of open analytic neighbor-
hoods, which are the domains of analytic coordinate functions +r,, each
with range the unit circle D. Continuing the inequalities we have

sinig, (1, 16w ri)anm

a3 (5 o), 01d0dpe)

=1 0~]1

1l

el s, (3 176, 01 d0duw)

(D)

where g,; is analytic in the first variable in f(clsr U;) and in the
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second variable in f(clsr U;) and v, is analytic in the first variable in
D and the second variable in f(elsr U,). The g;; and v,,; are therefore
bounded and we have a constant L, independent of &, so that the above
expression is less than or equal to

1nm (), le = @+ #1vds doe) + L}

where M is chosen, independent of ¢, so that if y = Im f(p) and
v = Im{ where pe R,, and { is in some 7;, then |y — v | < M.
A bound N, independent of ¢, is found for

11, e — ay + e17dt dota)
as in [3, p. 42]. Thus
M hldv‘ < || k|| (uN + L)

Rxo

and a similar estimate can be made for . Combining these

S h,dy
Ly

0

we have

onhdvl <Qln|.

where @ is independent of ¢, and thus

[, hdv| = Qsup{lh(p)|:pe KN p: Rofp) = o} -

Therefore h — S hdy is a bounded linear functional on a dense subset
Ry,

of A(K)| KN {p: %Bef(p) = w,} and therefore on A(K) | K N {p: Re f(p)=
2,t. By the Hahn-Banach theorem we can extend this bounded linear
functional to C(K N {p: Re f(p) = x,}) and then apply the Riesz repre-
sentation theorem to obtain the desired measure £,

LEMMA 6. Suppose K is an n-balanced compact subset of S.
Suppose f s a monconstant analytic function on S and K, =

Kn{p: Ref(p) = x,}. Then K, is a compact m-balanced set for some
m=n.

Proof. K, is clearly compact.
Let {U;}%; be the finite set of components of S ~ K from Defini-
tion 1. A point ¢ on the boundary of K, is either on the boundary
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of K or in the intersection of the interior of K with the boundary of
{p: Ref(p) = x,}. In the former case, ¢ is on the boundary of some
U, and therefore on the boundary of the component of S ~ K which
contains U;, which we call V,. There are n U, and therefore m V;,
with m < n. In the later case, ¢ is on the boundary of some com-
ponent @ of {p: Ref(p) < x,}. Suppose Q@ C K, then clsr U < K and
clsr @ is compact. @ is open, so Ke f(p) = x, on the boundary of Q.
Since clsr @ is compact, Re f(p) must assume its minimum on clsr @
is compact, Re f(p) must assume its minimum on clsr @ and by the
minimum modulus theorem for real parts of analytic functions, the
minimum must be assumed on the boundary, but there Ref (p) = ..
Thus Re f(p) = x, on @ which is a contradiction. Since @ is not con-
tained in K, it must interset some U,. Therefore @ C V; and ¢ is on
the boundary of V.. This shows K, is m-balanced.

LemMmA 7. Under the hypotheses of Lemma 5, the measure
v|R, — B, 1s orthogonal to A(R,) and the measure v|L, + 5, 1s
orthogonal to A(L,).

Proof. Let h be a rational function on S with poles at p,, 0,y *++, D,
in S~R, =S~KnN{p: Ref(p) <w} Letp,---,p, be those poles
not in S~ K. Each p,%=1,---,k is in some component @, of
{p: Ref(p) < x}. By the proof of Lemma 6, such a component cannot
be contained in K. Thus we may choose ¢;,2 =1, -+, k, ¢;€¢Q, ~ K
and let J; be a curve in @; joining p, and q,. Let

k k ~ k n
B=8S~UJi~Ufp} and B=8~Ulel~ U {p}.

Then by Theorem 6 in [4], &, which is analytic on B, can be uniformly
approximated on R,, a compact subset of B, by functions f; analytic
on B. Now letting B, = B and B, = S we apply Theorem 13 in [1, p.
456] and approximate f; on R, by meromorphic functions g; with poles
on the boundary of B,, i.e., at the points ¢q,, -+, q,, Dps1, ***, Ps. But

these are all in S ~ K. Thus g;¢ A(K). By Lemma 5, ngd(v |R,, —
B,,) = 0. Thus ghd(u | R,y — B.) =0 and v| R, + B,, is orthogonal to
A(R,). The same argument shows v | L, + 8,, is orthogonal to A(L,,).

Given any finite collection of functions {g,},—; on S, and a real
number 2, we define an equivalence relation on the points of S as
follows. The points p and ¢ are equivalent, if, for all &k, Re f.(p) = x,
if and only if Ref.(q) = ..

LeMMA 8. Let K be a compact subset of S and {U} an open
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covering of K. Then there exists a finite collection of monconstant
Sunctions, each analytic on S, such that given any x, 1/4 < x, < 3/4,
each equivalence class of the relation defined with these functions
lies tn a single member of the covering.

Proof. Fix a metric on S. By the ILebesgue covering lemma,
there exists p > 0 such that any set of diameter less than or equal
to p, containing a point of K, lies in a single member of the covering
{U;}. Cover K by a finite number of sets of diameter less than o/3
which are homeomorphic to a closed disc. Call these sets {D;}r,. For
1, 7 such that D, N D; is empty, let f,; be a function analytic on
S such that Re f;; < 1/4 on D, and Re f,; > 38/4 on D;. This is possible
since by the Behnke-Stein extension of Runge’s theorem [1, p. 445 and
p. 456] we can approximate a function which is identically zero on a
neighborhood of D, and identically one on a neighborhood of D; by
functions analytic on S.

Now if A is an equivalence class of the equivalence relation defined
by these functions, we will show diam A = p.

Let p,cA. Then for some %, p,€ D;,. Let 4,1, -+, %, be all ¢
such that D, N D; is not empty. Let pe KN {p: Ref,(p) = 3/4, all
§ % G, %y ¢+, 1}, Suppose pée Ui, D;. Then since pe K< Ui, D,
pe D;, some j, # %, +++, %. Thus f;;(p) > 3/4 which contradicts the
choice of ». We have shown

igdo

2]
K0 {p: Refiy®) = 2 all j # iy - iuf < U D

Now since p,€ D;, Ref,(p) <1/4, all j =+ 4, -+, %, but p,e A4, so
for all pe A, we have Ref; (p) < 1/4 for @ + 1, -~ -, %,. Therefore

AcKn{p: Refym) = 3 all j =iy - iyfc U D
'L-*ZO

Each D, ---, D;, intersects D; and diam D, < 0/3. Therefore diam
i, Di < p and the proof is complete.

THEOREM 4. If K 4s a compact subset of S and {U}, ts an
open covering of K, and if p is a measure on K which is orthogonal
to A(K), then there exist measures v, with support contained in o
compact set T, K NU, such that v; is orthogonal to A(T}) and p =
Y+ Yy cee TV,

Proof. Let f, be the functions of Lemma 8, k=1, ---,l. The
proof will be by induction on . If [ =0, let T = KU, and v, = p
is orthogonal to A(K) == A(T).
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Suppose the theorem is true for { — 1. Let 1/4 < x, < 3/4 and
R, = KnN{p: Ref(p) = x} and L, = KN{p: Refi(p) = x}. R, and
L, are both compact, and {U}., is a covering for each. An equiva-
lence class of points of R, of the relation defined by fi, --- ,fi_; lies
in a single member of {U.}.,. Similarly for an equivalence class of
points of L,. Thus we may apply the induction hypothesis to the
measures ¢, = {t| R, — B,, which is orthogonal to A(R,) by Lemma 7,
and p, = p| L, + B, which is orthogonal to A(L,) by Lemma 7.
Thus we have measures v;; with support contained in a compact set
T;; < U, N K which is orthogonal to A(T},) s =1,2, t+=1,.--,n and

Yo=Y+ VYt cee FV,, M=Vt Uyt oeee F .

Thus L=+ Uy = (Vi + Vo) + Wi+ Vy) + o0+ (Vip + Vi) and v,; + v,
has support contained in T, UT,,cU,NK., If feA,T,;U T,), then
f1T;e A(Ty,) and f| Ty € A(T;) and

Sfd(vu + V) = gfd”u‘ + gfdvzi =0.
Thus v,; + v,; is orthogonal to A(T,; U T,) and the theorem is proved.

THEOREM 5. If K is a compact subset of S and if for every
p€ K, there is a closed neighborhood W of p such that f| W e A(KN W),
then f e A(K).

Proof. Suppose f ¢ A(K). Then there exists a measure ¢ on K
such that g is orthogonal to A(K) and X fdp # 0. Let V be the
interior of W. Then {V} is an open covering of K. Let {V;}7-, be a
finite subcovering. Apply the last theorem with this covering to get
measures v; with support contained in a compact set T,C VN KcCc W,;NK
and v; is orthogonal to A(T}) and pg=v,4+v,+ -+,
I We A(KNW,) implies f| T; € A(T;). Thus Sfdvi =0 and Sfdy =0
which is contradiction.

CorROLLARY 1. If K 4s a compact subset of S and for every
pe K there exists an analytic -coordinate function h with h(p) =0
and the range of h is {z: |z2| <1} and an r, 0 <r <1, such that
AEYN{z: |z| =) =C(K) N {z: |z2] = *}), then A(K) = C(K).

Proof. Let fe C(K). For every p,

foh™|hz: |2] = rfe CMK)Y N {z: |z] = 7))
= AK)N{z: |z| = 7}).
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Thus fIKNEYz: |z|=rfe AKNR™Mz: |2] = 7). Applying the
theorem, fe A(K).

Thus a local condition on a compact set in the plane which implies
that any continuous funection can be uniformly approximated by rational
functions, such as Theorems 2.4 and 3.4 in [6], can be applied in
coordinate neighborhoods of every point of K to show A(K) = C(K).
As a special case, using Theorem 2.4 of [6] we have the next corollary
which we will need to prove uniqueness of boundary measures.

COROLLARY 2. If K is a nowhere dense compact n-balanced subset
of S, then A(K) = C(K).

We also obtain a generalization from the plane to Riemann surface
of the approximation theorem of Bishop [4].

COROLLARY 3. If K 48 a compact noivhere dense subset of an
open Riemann surface and M is the mintmal boundary of A(K), then
M = K implies A(K) = C(K).

Proof. Let h be an analytic coordinate function at p ¢ K such that
h(p) = 0 and the range of h is {#: |z] <1}. Let » be 0 <r < 1.
Let M’ be the minimal boundary of A(R(K)N{z: |z| =7r}). Let
2ze M(K) and |z| = 7, then h™(s)e K = M. There exists fe A(K) such
that f(2(2)) =1 and |f(g)| <1 if ge K and q == h7'(2).

folh7e AMK)N{z: |z =7}, foh7(@)=1, |[foh™(r)|<1
it Ceh(K)and |{|=r, L+ 2 Thus ze M'. Since
M =nMEK)N{z: |z] =7},
by Theorem 4 in [4], we have
AMEK)N{z: [zl =7) =CE) N {z: [2] =7} .
Now the theorem applies and we have A(K) = C(K).

LEMMA 9. Suppose K is an n-balanced compact subset of S. If
¢ 8 o measure on the boundary B of K which is orthogonal to all

rational functions on S with poles im the interior of K or in S ~ K,
then ¢ = 0.

Proof. The hypothesis implies £ is orthogonal to A(B). By
Lemma 1, B is an m-balanced nowhere dense compact subset of S.
Thus by Corollary 2, A(B) = C(B) and p = 0.
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THEOREM 6. If K is a compact n-balanced subset of S and w is
an analytic differential on the interior of K, then the boundary
measure [t of @ which exists by Theorem 1 is unique, and if h is
an analytic coordinate function on an open set V.C S and o = f(2)dz
on V), then

f&) = @riy*| - A, @ dpta)
where a(p) = A(z, p)dz on (V).

Proof. Suppose p and v are both boundary measures of @. Let
g be a rational function on S with poles in the interior or the com-
plement of K. Then

Sgd(/,z - Sgd# ~ ggdu — lim SB g® — lim S g0 .

n » n T
If % is large enough so both J, and <, surround all the poles of ¢
which lie in the interior of K, then

SS g0 = S einx Res,(gw) = S ga N

n Y

Therefore Sgd(y —v) =0 and by Lemma 9, p¢ = y.

A(z, @) is meromorphic in ¢ with a simple pole of residue —1 at
h™z). Thus

(2mi) | — Az, 9 dpu(a) = @iy lim | — A, o =
— Resi1 (A(z, 9)0) = f(2) -

THEOREM 7. Let K be a compact wm-balanced subset of S with
wnterior U and let pe M(K). Then there ewists a differential
we H(U) such that pr is the boundary measure of ®.

Proof. Let fi, ---,f; be the finite set of functions analytic on S
and satisfying the conditions of Lemma 8 using coordinate neighbor-
hoods for the covering. The proof will be by induction onl. If [ =0,
K lies in a single coordinate neighborhood and we may consider K as
a subset of the plane. In this case we have the result in Theorem 3.

Suppose the theorem is true for I — 1. Let 1/4 < , < 3/4 satisfy
the conditions of Lemma 5 for f}, pt, K. Let L,, R,, and 5, be as
in Lemma 5. By Lemma 6, R, and L, are compact m-balanced sets for
some m and by Lemma 7, ¢ | R, — 8,,€ M(R,) and ¢ | L, +8, € M(L,,).
Since f, -+, fi_, partition R, and L, in the sense of Lemma 8, the
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induction hypothesis applies. Thus we have analytic differentials ,
and ®, on the interiors of K, and L, for which p¢|R, — 8, and
¢ | L, + B, are the boundary measures respectively.

If h, is an analytic coordinate funection on V,Cint R, and o, =
fi2)dz on h(V) and a(q) = A.(z, ¢)dz on h(V,) then

@y

£&) = @x | = A, gd(e | R, ~ 8.,)(@)
= @ri) | — A, 9dlp | B, — £.)0

+ @ri)t | — Az, @dlp | Ly, + B )@

::<2ni>—1§ — Az, ¢)dpela) -

Similarly, if h, is an analytic coordinate function on V,Cint L, and
w, = fy(z)dz on h,(V,) and alq) = A.(z, ¢)dz on h(V,) then

£&) = @iy | ~ Az, wdpa)

Since we have this for almost all x, between 1/4 and 3/4 we can define,
for any coordinate function ~ on VU, a differential ® = f(z)dz on
V) with

f@ = @iy | — A oo

where a(q) = A(z,q¢)dz on W(V), @ = &, on intR,, and ® = @, on
int L,,.

Let 1/4 < o, < w, < 3/4 and both z, and =z, satisfy the conditions
of Lemma 5. Let the delimiting sequence of Definition 6 for the
boundary measures | L,, + 8., and ¢t | R, — 8, be {0;} and {v;} respec-
tively. Let 4, and I'; be the open sets of which 0, and 7, are the
boundaries. Let p;, V, be the finite collection of points and coordinate
neighborhoods obtained in Lemma 2 with %; the analytic coordinate
function on V;. Let U; be a closed neighborhood of p; so that
U;cV;,NU. Let k; be the maximum of | f(h;{(p))| for pe U where
o = f(z)dz on V;. Let ¢; = (k;'277). Using these U; and ¢; we apply
Lemma 2 to get ¢; a2 finite union of disjoint piecewise analytic simple
closed curves forming the boundary of @, and |p;| U@, CU. Further-
more, since {9;} and (v;} delimit the interiors of I, and R, , respectively,
and 1", U 4,C @, {p;} delimits U.

Finally we see that

Nolly, = ll@lly, + ll@ll, + 2k = | @]y, + | @], + 1.
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Therefore we H(U) and by Theorem 1, @ has a boundary measure v
on the boundary of clsr U.

Now let g be a rational function on S with poles in U or S ~ K.
Choose 2, 1/4 < x, < 3/4, as in Lemma 5 and so that no pole of g lies
on {p: Re fi(p) = x,}. Let {0;} and {r;} be the delimiting sequence of
Definition 6 for the boundary measures z|L,, + B,, and p[R, — 8
respectively. Then

%o

Lot =) = {od( | ., = 8.) + Jodlp| L, + £) — oo

:limS ga)+li_mg ga)—limg g .

T Ty bn

Letting ¢ be large enough so that all the poles of ¢ in U are surrounded
by ¢, and by either z; or o; and using the residue theorem we have

Sgd(#—v)zgrigwjtg gw—g go =10.

oy (0711;

Thus by Lemma 9, # — v =0 and g is the boundary measure of w.

COROLLARY 4. If K is a compact m-balanced subset of S with
interior U, then A(K) comsists of all functions im C(K) which are
analytic on U.

Proof. Clearly every function in A(K) is analytic on U. Suppose
A(K) does not contain all such functions in C(K). Then there exists
a continuous linear functional L orthogonal to A(K) with L(f)+# 0
for some fe C(K), f analytic on U. The boundary of K is the Silov
boundary of the algebra of functions in C(K) analytic on U, so there

exists a measure # on the boundary of K so that Sgdp = I(g), all

ge C(K), analytic on U. Thus pgec M(K) and there exists we H(U),
80 that

OqéL(f):Sfd;z:lignS fw =0

Yi

since f is analytic on U.
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FUNCTIONS WHICH OPERATE ON
CHARACTERISTIC FUNCTIONS

ALAN G. KONHEIM AND BENJAMIN WEISS

Let G be a locally compact abelian group and B+(G) the
family of continuous, complex-valued non-negative definite
functions on G. Set

B (G) = {feB*(G): f(0) < 1}
O(G) ={feB*(G): f0) =1}

A complex-valued function defined on the open unit disk is
said to operate on {Bf(@),Bt@)} if feBf(G) implies
F(f)eB*@G), similarly for {#(G), ?(G)}. Recently C. S. Herz
has given a proof of a conjecture of W. Rudin that F operates
on {BH(G), B*(@)} if and only if

*) F) = fj, Con2™Z% Con 2 0, 2] < 1.

m 0

for a certain class of G. We shall show by independent methods
that F operates on O(RY) if F' is given by (*) for [z| <1 and
F'(1) =1. This answers a question posed by . Lukacs and
provides in addition an alternate proof of Herz’s theorem.

Let A, B denote two familes of funetions ¢, b: X — Y. A function
F:Z<Z Y—Y is said to operate on (U, B) provided that for ecach ac A
with range (¢) & 7 we have F(a)e®B. If A =B we say simply that
F operates on A. Recently there has been considerable interest in
determining, for particular families (2, B) the class of functions which
operate.

If A is the family of complex-valued 2m-periodic functions on R'
which have absolutely convergent Fourier series

9 — {a:a(e) ~ S g with S ] < oo}
f=—oco E=—co

then a classic result of N. Wiener [10] states that 1/ae 2 provided
that a(8) = 0(0 = 6 < 2r). P. Lévy [3] generalized Wiener’s theorem
by proving that analytic functions operate on 2.

If A is the family of all non-negative-definite matrices (a,,;) with
—1 < a;; <1 then I. J. Schoenberg [8] proved that any continuous
function F' which operates on 2, F: (a;,;) — (F(a;, ;)) must be of the form

Fw) = 3, e,a”
(c,z20 -1<a<l)
m.]une 20, 1964, and in revised form August 23, 1964.
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The theorem of Wiener-Lévy can be obtained in a more general
setting. Let G be a locally compact abelian group and G its dual
group, i.e. the set of continuous homomorphisms of G into the
multiplicative group of complex numbers of modulus one, endowed
with the weak topology. For g a complex-valued, regular measure on
G with finite total variation we define its Fourier-Stieltjes transform by

A0 = | #@pdn) (e
and denote by B(@) the family of such transforms. Then

THEOREM. Real entire funciions operate on B(@) (see [7] for
definition).

In particular by taking G = Z (the group of integers) we obtain
the Wiener-Lévy theorem.

A few years ago a converse to this theorem was obtained by
H. Helgon, J. P. Kahane, Y. Katznelson and W. Rudin [1]. They
proved that if F' operates on B{@) then F' is a real-entire function.

In probability theory the elements of B(@) which are of most direct
interest are those Z which arise from nonnegative measures /i, i.e.
according to Bochner’s theorem the /£ which are nonnegative-definite
on G. Let B+*(G) denote this family. Rudin has conjectured [6] that
the functions which operate on (B (Z), B*(Z))" must have the form

F(z) = i Cp, @ 2™ .
<oy
Recently C. S. Herz [2] published a proof of Rudin’s conjecture for
(B (&), B*(G)) under certain restrictions on G. His proof consists of (1)
showing that if F, defined on the unit disk, operates on (B (G), B(G))
then F operates on (B (/",), BT({",)) where I, is the discrete multiplicative
group of complex numbers of modulus one, and (2) characterizing the
functions which operate on (B (/), B*({)).

Lukacs posed in [5] the question of determining the class of
functions which operate on the set of characteric functions @(RY),
where @(G) = {f e B*(G): f(0) = 1}.

We shall answer here the question posed by Lukacs, directly and
by quite independent methods. This will actually yield an alternate
proof of Herz’s more general result by making use of some of his
preliminary propositions. In § 1 we state the main theorem and outline

the proof. The details occupy us in §2-§4. In §5 we show how to
obtain the more general result.

1 Z= the additive group of integers with discrete topology, B;(G)=
{feB*(G): f0) < 1}
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1. Statement of the main theorem and outline of the proof,
THEOREM 1. If F operates on O(R') them F is given by

) Flz)= 20 ¢,.22"  (z]=1).
n,m=0
(en,mz0)

With >\ o Cmyw = L.

Assuming that F is continuous it is first shown that F operates
on Bi(RY). It then follows that

F(re')y = ]gw a,(r) exp (2k0)

0=+ =<1) whereaq,(r) =0k =0, =1, £2, -..), Having obtained this
representation we prove that not only is «,(r) nonnegative, but also
absolutely monotonic. Thus

(1) Flre®) = S, S a,.7" exp (ik0)

lp=—o0 n=0

with a,, = 0. On the other hand, if the theorem is to ke true, then

=00 m=0
n—m=k

F(re) = i { > cn,mr”“‘} exp (tk0) .
k n,

In order to pass from (1) to (*) «,(r) must actually be of the form

ak(r) = /},,lkl Z bk,n/rﬂn
n=0

with b,, = 0. To prove that the exponents of » in a,(r) increase by
two can be done directly (Lemma 5). To prove that a,(r) = O(r'*)
(near r = 0) we introduce the more general representation of F'

F(r,exp (ing) -+ ryexp (INE) + +++ -+ 7, eXp (TN,0))

= 5 e, (a7 e ) exp (i3 kot
1gisn

where (ry, 7y, +-+, r,) varies in a suitable cube of R". The vanishing

of a,(r) to the correct order is then deduced from the simple observation

that @ ,uy,.i, (T T2y =20, 70) = O(rry -+ - 7,) if all k; # 0 (Lemma 4).
Finally we turn to the question of continuity. Since F(¢) is a

continuous function for every ¢ ¢ @(R'), the natural approach would be

to prove directly that z,— 2, implies F(z,) — F(z,) by constructing a
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ch.f. ¢ together with a bounded sequence {t,} such that ¢(t,) = z,.?
However, as the referee has observed it suffices to prove a slightly
weaker interpolation property; namely that some ¢ € @(R!) exists which
interpolates, on a bounded sequence, some subsequence of the {z,}. His
lemma and proof are given in § 4.

2. Several lemmata. In this section we assume that F is
continuous on 4 = {z:]2] = 1} and operates on @(RY).

LemMmA 1. If pe Bi(R') then F(p)e Bf(RY).
Proof. 1t suffices by Cramey’s criterion [5, p. 65] to show that
SASAF(p(t — w)) exp (it — w))dtdu = 0

for all real @ and A > 0. If the lemma were false there would exist
therefore and 4, > 0 and 2, such that

(2) S:‘OS:DF(Z?(t — w)) exp (1%t — w))dtdu = —d < 0°.
The function
_ |t .
Pt = {(1 pO)(1 - L) it o=
0 if [¢]> ¢

is in B (R") for every ¢ > 0, [5, p. 70] and thus ¢, = p, + p< B*(R").
It is, in faect, in O(R') since ¢,(0) = 1. Because F operates on @(R').

(3) S: OS :OF@E(t — u)) exp (iwt — w))dtdu = 0 .
On the other hand
IS: OS:O {F(p(t — w) — F(g(t — w))} exp (Gt — u))dtdu]

- HGS {F(p(t — w)) — F(g:(t — u))} exp (Gao(t — u))didu ’ < 44,
Go={tu:0=<t=<A,0=<u=<A,|t—u| <e

since |F(?)| =1 on 4. If we take ¢ < d/44, then (3) contradicts (2).
Let n be a positive integer and 2w, A, A, -+- A, be rationally
independent real numbers. For each vector m = (m,, m,, -+, m,) with

2 We were not able to deduce this strong interpolation property for @(R!) and
this necessitated a somewhat round about argument in the original version of this
paper.

3 That the integral in (2) is real follows from the easily verified identity F(z)=F(Z).
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integral components and each vector r = (v, 7, --+,7,) with 0=
r; <1l/m @1 =4 =mn) we formally define a,(r) by

(4)  a,(r) = limit —1 g F(Z frk eXp(mkt))epr it mkhk}dt.
T k=1 ( k=1

Toe 2 -7

LeMMA 2. The limit in (4) exists and ts independent of
Ny Ay, =00y N, (Drovided that 2w, Ny, Ny, + ++, N, are rationally independent
real numbers).

Proof. Combining Lemma 1 with the observation that
;:]1 7, exXp (4N, ) € BT (RY)
we see
F(35 i exp (i) € B (R)

and hence the limit in (4) exists [5, p. 43].
The Kronecker-Weyl theorem [9] next shows that

o= (G T [ #( o)

(5) n
X exp —1 Z m$,, d¢1d¢2 e d¢n
e

and hence «,(r) is independent of the particular {\;} chosen.
A function f defined on the cube 0 =2, < a(l =17 =n) is called
absolutely monotonic function if

J1tdatee i
Q - . - f(xuxzy""xn)go
0ri102i2 « -+ 0xin

throughout the cube for j5,,7; *++,5,=0,1,2, --- Just as in the case
of one variable, an absolutely monotonic function admits a power series
expansion with nonnegative coefficients.

LEMMA 3. The pointwise limit of absolutely monotonic functions
1s absolutely monotonic.

Proof. For m =1 the lemma is well known. We then proceed
by induction to n + 1. Suppose

lmit fo(ry, 75y o0y Toss) = f(r, Py 000y 7o)

k—oo

For fixed », 7, +-+, r, we have
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Folryy Poy ooy o) = ; ey i(T1y Ty =0y Ta)Vhgs — (1, Ty 200, Tar)
and hence
Sy 7oy o oey Puy)) = g} (T, Ty * ooy To)Tin
with
ATy, Tay v o0y Ty) = lir_)rgt i (Pyy Tay =005 T0) o

Since a,, {7, 75, -+, 7,) i8 an absolutely monotonic function the induction
hypothesis implies a;(r,, ,, -+, 7,) i8 likewise so and lemma is proved.

LeMMA 4. In the cube 0 = r, <1/n(1 =7 = n)
(4i) a,(r) is an absolutely monotonic function

(6) (1) = 5 iy, (myriine 7l
1§:77'§n
and

(4ii) If m; # 0 for every 1 (1 =t =< n) then a;;,...;,(m) =0 if
4; =0 for some j (L =5 < n).

Proof. 1. Generalizing a result of Rudin [6, p. 618] we will show
that if f is continuous in the cube 0 < x; < ¢ (1 <4 < n) and satisfies

2w (2w 2
(7) S S S fla, + b, cos b, a, + b,cos by, ++-,a, + b, cosd,)
0 0

0

X f[ co8 j,0,d0, = 0
k=1

for all integers 7., 75 +++,4,.=0,1,2, -+« whenever 0 < b; < a;, a; + b; < a,
then f is absolutely monotonic in the cube 0 =2, < a (1 =17 = n).
2. To see that a,(r) satisfies (7) (with @ = 1/n) we observe that

I: < 1 >”b SMS%‘. .o SZﬂa’m(al + bl COS8 01, e, _I_ bﬂ cos 0%)
271' 0 Jo 0

X II cos 7,0, do,
k=1

n (*2r (f2n 2r
=<?17r—> S S g a,(a, + b cos by, «++,a, + b,cos0,)
0 0 0

X exp —1% Enj 7.0, d6.d6, -+ - db,
k=1
since the integrand in I is an even function of each of the {¢,}. Next,

the integral representation of a,(r) and the Kronecker-Weyl theorem
yields
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n (27 (27 2T
2w 0 Jo 0
x F((a, -+ b, cos 0,) exp (¢¢,) + --- + (a, + b, cos 0,) exp (14,))
X exp —1 ]Z:l (710, + my8,) db, « -+ dO,d, - -+ do, .
A final application of the Kronecker-Weyl theorem shows

T n
I = limit 2_1f§ F(kz (@, + b, cos C,t) exp (mt))

oo -r
X exp —1 é,l (7.8, + mN, )t det

and this limit is nonnegative because
/z:‘ (@, + by, cos Cy+) exp (i) € BA(RY) ,

Lemma 1 and [5, p. 43].

3. Suppose first that f satisfies (7) and is of class C=. To show
that
(8)

fitriatttin
- - - f(xlra:b'”;xn)go
axflawéz e 6”1{"

in the cube 0=, <a(l=t=n) welet N=j,+7,+ --+ + 4, and
write, by Taylor’s theorem,

f(a’l + bl Cos 617 ey Ay + bn cos 07;)

(9) :§—1-<blcost9l 0 + e +bncosi>kf
=0 k! ox, ox,

’”if‘zi
1=isn

zy=a;+n;b;0080; o
1=izn

1 (b 0,0 ... 4 b,cos0,-2 )N“f
cos cee « COB U,

(N + D1\ Yo P
Multiply (9) by TI%-.cosj.f,dd, and integrate from 0 to 27, Set b, =
b < min, a, and let b | 0 to obtain (8).

4. If f is a priore only continuous, we proceed as follows: let
g: R'— R satisfy

(i) geC~

(ii) g@) > 01if 0 <t <1;g(t) =0 otherwise

1

(iif) Sg(t)dt: 1.

If f satisfies (7), then so does

Fildy @ oevy 1) = SS S

0,0 0

1 n

X @+ Oy -+ ey @+ 00 1L @Ay

¢ The numbers 2z, A1, * -+, An, {1, -+, {» are taken to be rationally independent real
numbers.
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onthecube 0 =2, <a—d(1 =% =n). Nowf;€C>and the argument
in 3. applies to show that f; is absolutely monotonic. But f;— f
(pointwise) in the cube 0=z, < a (1 =% = n) and Lemma 3 permits
us to complete the proof of 4(i).

5. If m, # 01 = k = n) then from (5) we see

a’m(O’ Tay * o2y /rn) - am(lrly 07 Tgy =2y Irn) = e
= (r, Ty ***, Try, 0) =0

and this yields (4)ii.
LeMma 5. If

W) ax(r) = o= | F(rexp (i9)) exp (~ik) dg
E=0,+1, £2, ...

then
5(1) ay(—7r) = (—1)fa,(r)
and

5() ar) =S @ —l=r=1
J=0
with
a5 = 0 %ak,:‘< oo .

Thus

Zoak,z,-'rzf if k is an even integer

£

a,(r) = -
E;)ak,gmfr”“ iof k is an odd integer .
&

Proof. For 5(i) note

a(—7) = gl;r—gm expi(@ + 7)) exp (—ik¢) dg = (—1)a(r) .

Proceeding as in the proof of Lemma 4, we show that

2r
S a,(cos 0) exp —wvd df = 0
0

y=20,+1, +2 ...

so that a,(cos-)e BT(R"). It follows from [4, p. 202] that

a,(cos ) = i b,,; cos 5O
=0
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with

H\/

0>,
7=0
If T; denotes the jth Tchebychev polynomial then
(11) w@) = 30, Tiw) —1=a<1.

Jj=0
But for 0 < 2 =1, Lemma 4 yields the representation

Q@) = 3 a0
=

with

Oy = 0 5; Ay, < 0,

=
Using elementary properties of the Tchebychev polynomials and

the fact that the Fourier series of a C* function may be differentiated
term-by-term, 5(i) and (11) imply that the equality

> Q7 = Z by, Ti(x)
7=0 j=o
extends to —1 < 2 < 1, and this proves 5(ii).

3. Proof of Theorem 1 with hypothesis of continuity.
F(r exp (1¢)) is a continuous, periodic, nonnegative definite function.
We can therefore write

(12) F(rexp (i9) = 3_au(r) exp (ikd)
0=sr=<1 0=g¢=2n
with
() 2 0k =0, £1, %2, -++) 3\ ay(r) = F(r) .

In (12) we set z = r exp (¢¢) and use Lemma 5 to conclude that

(13) F@) = S con2@"+ S (dpn"[7™ + e, 2" /2")
n,m=0 1Sm=En<eo

with
Com=0(m,m=20,1,2,--.)
dnmzo bon Z20(L=m=mn < )

nym + Z‘ (d’ﬂym + en,'m) = 1 .

=0 l=m=n<oo

K

U

n
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We will now show that d, ., = 0. Let 27, A, -+, ), , \ be rationally
independent real numbers and set
70
(14) 2z = rexp (Int) + > 7, exp (PN, 1)
k=1
in (13) where
0s=r<2B8 r.=7r2n QA=k=n).

Let m = (m,, 1,1, ---, 1) and note by Lemma 4
\_—ﬂ/—ﬁ—/

o

(15) am(r, Tiy Toy =02y 'rno) = lerrllrz s oy —+ 0(7'7'1'}"2 fe 7"”0)

— 1 >n0n+l no+1
_C'"<2n0 PRt g o(pmott)

Examing the term 2%/2f with 2z as in (14) we obtain
70 a
(7‘ exp (at) + > 7, exp (i)nkt)>
k=1

ng B
(7’ exp (—oAd) + > 7, exp (—ikkt)>
k=1

(16) = ret(oxp (7d) + = 3 exp (ind)) exp (G6M)
2n, k=1
oo 1 ng . » B
S0l oo ) -

so that only the terms 2°/zf with B8=m,—J,a=n,+50=j5=m,—1)
yield a contribution to a,(r, 7\, 75, +++, 7,). But with 2 as in (14)

T
limit -2%5 [0 exp (—i(ma 4+ Ny 4 - e MO

—-r

— Djrng~m0+2j
with Dj.= 0 for j = 0. Thus (15) implies that d,,., = 0. A similar

argument shows e, ,,, = 0 and the theorem is proved with the hypothesis
of continuity.

4. The continuity of F?, We begin with an interpolation lemma.

LeMMA 6. Let z,—2,(2,|<1,n=0,1,2,--+). There exists a
ch.f. ¢, a sequence (of real numbers) t, — 1 and a sequence (of integers)
{n} such that ¢(t,) = z,,.

Proof. Let z,=1—(2/3)9"; then (9"/2)r, = (1/6) (mod 1) while
9*t"/2)z, = (1/2) (mod 1) for m > 0. Hence

5 We wish to acknowledge our thanks to the referee for the statement and proof
of Lemma 6.
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cos_9”7 = 1/23 , c0579”+”r =0(m > 0)

and cos (7/2)9" = 0. Let {,} be a sequence of positive numbers such
that

120]‘!‘27]%<1.
n=1
We define inductively a sequence {¢,} of positive-definite functions
as follows; let
§50(t) = lzo l ei(a\rgzo)t )

Assume that ¢, ¢, ---, ¢, have been defined such that ¢;(1) = 0 for
j > 0. Choose integers m,, and n,., such that

v
Vpr1 = ]Z([) ¢j(Tvnp+l) - an+1 <
i=

Y p-a
2

and define '
?pri(t) = 27, (cos slet)(cos 9o+ 1t> iAp1t
where ¢,., and \,,, are chosen such that
»
¢1>+l(fmp+1) - ”p+l 2:.11 ( mp+l) .

We shall assume that the sequence {m,} is strictly increasing. If we

set ¢, = 7,, and

o(t) = z 6:(1) - eA(t)

where 4(z) = max (0,1 — 2|z|) and ¢ > 0 is such that ¢(0) =1 then
8(t) =2, (k=1,2,---) and ¢ ¢ O(R").

LEMMA 7. F 1s continuous in the open unit disk {z:]z]| < 1}.

Proof. Suppose not; then there would exist a z,|2,| <1 and a
sequence {z,} (|2, | < 1) such that z, — z, and F(z,) 4 F(z,). By passing
to a subsequence if necessary we can assume that {F(z,)} converges.
By Lemma 6 there is a ch.f. ¢ and a sequence (of real numbers) {¢,}
with limit one such that ¢(¢,) = Z,,. But then

Fzo) = F(9(1)) = limit F(¢(¢,)) = limit F(z, )

which is a contradiction.
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REMARK. For future reference let us note that Lemma 1 now
shows that F' operates on Bi(R") U @(R").

LEMMA 8. F is continuous on —1 <2 <1,

Proof. By observing that F(cos:)e @(R'), we obtain, just as in
Lemma 5

F&) = 3, p,T.()

where p, = 0 and

Since | T,(x)| <1 on —1 <2 =<1, F is continuous there.
THEOREM 2. F is continuous on 4.

Proof. Aswe have already remarked, F' operates on B (R') U @(RY).
Now Lemmata 2-5 carry over mutatis mutandis to prove that

(20) Fz) = S ¢, 22"
nym=0

lz] <1

where ¢,,,, = 0. Setting z = ¢ in (20) and using Lemma 8 we see that

ComX®* =F(1)=1.

M

limit 3
z11 k=0 n

4

33
%

0
k

But the {c, .} are nonnegative and hence

Covm = 1.
0

i

7

Thus our series in (20) extends to a continuous function on 4. We
agsert that F' is equal to this extension. For let ¢ e @(R") t, — t, with
0 < |ty <1,|é(t)] =1. Then F(¢) is a continuous function and
thus limit F(¢(¢,)) = F(¢(t,)). But

limit F(¢(t)) = limit 3 0, n(#(6))" (3"

= 3 C0uld(t) @)
and thus

me:%gwmwﬂmw

n 0
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5. Concluding remarks. In order to obtain the general theorem
we require two propositions due to Herz [2 p. 165, p. 167].

ProprosiTioN 1. If a locally compact abelian group H has elements
of arbitrarily high order then every F' which operates on (B (H), B*(H))
is continuous.

ProrosiTiON 2. If a locally compact abelian group H has elements
of arbitrarily high order, then every F' which operates on (B (H), B*(H))
operates on (B (%), BT(Z)).

REMARKS. 1. In Propositions 1 and 2 it is assumed that F is
defined on {z:|z]| < 1}.

2. Proposition 1 does not include our Lemma 7 since we assume
merely that F' operates on @(R'), not on (Bf(R'), B*(RY).

THEOREM 2. If a locally compact abelian group H has elements
of arbitrarily high order, then F operates on (B;(H), BT(H)) tf and
only ©f

F) = 3 .27, (2]<1)

n,m=0

where ¢,,, = 0.

Proof. By Propositions 1 and 2 we may assume that H = Z and
that F' is continuous. It suffices, by the proof of Theorem 1, to show
that F operates on (B (R'), B*(R')). Suppose A€ Bf(R') and set ¢ =
F(\). Since ¢ is continuous all that must be verified is that ¢ is a
nonnegative-definite function. For any ¢ > 0, the sequence {», = M(nd)}
is nonnegative definite and therefore by the hypothesis {¢(nd)} is a
nonnegative definite sequence for any 6 > 0. Since ¢ is continuous

S:qui(u — v) exp (tx(u — v))dudv
= limit %’;i (1 — m)d) exp iwd(n — m) 8 .
But since {¢(nd)} is a nonnegative-definite sequence for each 6 > 0
n[il #((n — m)0) exprxd(n — m) 0*°=0
and hence by Cramer’s criterion ¢ is nonnegative definite.

We conclude with a few remarks.
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1. There is a formal relation between the result of [1] and our
Theorem 1. Every real-entire function F' can be written in the form

F=(F —F)+uF, — F)

where F, F,, F, and F, satisfy (*). On the other hand every fi¢ B(@)
is of the form

ﬁ = (ﬁl - ﬁz) + 'L(ﬁs - //24)

where £, /i, fi, and 2, are in B*(G). A direct proof of our theorem
starting from this observation would be desirable.

2. The proof given here of Theorem 1 demonstrates in one stroke
that F' is real-analytic in 4 and if it is expressed as a power series in
z and 7 it has nonnegative coefficients. If one could prove directly that
F operates on all Fourier transforms assuming values in 4 then proof
of the theorem could be completed in two steps:

(A) F is real-analytic [7, Chapter VI| and thus

F@) = 3 ¢, .22
n,m=0
B ¢pn=0(mn,m=0,1,2,..--) The second step is a consequence
of the explicit representation

r n+m
Cpym = limit limit —=  —— g F (Z 75 eXp ('é?»,j))
rl0 T—oo /}anq—m 2T 7 =

X exp (% ME—i3 xﬁkt) o

where the inner limit exists and is positive by virtue of Lemma 1 and
[5, p. 43] and the outer limit exists by (A) above.

3. For nondiscrete G with elements of arbitrarily high order one
can show by using the methods used in the proof of Theorem 1, that
F operates on @(G) if and only if F satisfies (*). If G is discrete this
needn’t be the case, and F needn’t even be continuous as, F(z) =
0(Z])<1),=1(z|=1), which operates on @(Z) already shows. For
such discrete groups we don’t know if it is true that F' operates on
@(G) implies that F must operate on B (G@). If it were true then at
least the structure of F' for |z| < 1 could be determined.
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ALMOST INVARIANT MEASURES

R. LARSEN

Let ¢ be a regular complex-valued Borel measure on a
locally compact topological (LC) group G which is finite on
compact sets; and for each s€ G define the measure T,y by
T.u(E)= p(E + s), EeB,(G) the collection of all Borel subsets
of G with compact closure, If f is a function on G then for
each se G we set T.f(t) = f(t + s), tc(G. Let X be a transla-
tion invariant subspace of Cy(G), the space of continuous com-
plex-valued functions on G which vanish at infinity, i.e., a
subspace such that fe X implies 7. ¢ X, scG; and let U be
an open symmetric neighborhood of zere in G. Then we shall
say u acts U-almost invariantly on X if S Th@®) | d|p|®) < oo,

G

he X, and
S h(O)d Tope(t) = ia,L(S)S WEAT,pt) (e U, heX),
g i=1 2]

where s,,s;, -+, S, are fixed elements of U, We shall say p
is a U-almost tnvariant measure on G if {T,u|s<€ U} spans a
finite dimensional space of measures, When U= G we shall
say p acts almost invariantly and p is an almost invariant
measure, respectively, The main results of this paper show
that if ¢ acts U-almost invariantly on X then there exists
some continuous function f such that

E h(t)dp(t) S WOFOdmE) ,  heX,
G G

where dm is right invariant Haar measure on G; and that
¢ is a U-almost invariant measure if and only if there exists
a continuous Jf such that dut) = f&)dm(t) and {T;f | s U} spans
a finite dimensional space of functions.

We shall also establish the equivalence for connected groups of
the two notions of acting almost invariantly and of the two notions of
almost invariance, and shall say something about the uniqueness of
measures which act U-almest invariantly.

We shall denote by V{(G) the linear space of all regular complex
valued Borel measures on a LC group G, and by C.{G) the subspace
of C,(G) consisting of those functions with compact support. Through-
out the paper we shall use m and dm to denote right invariant Haar
measure on the LC group G, i.e., m{FE + s) = m(K).

Received December 18, 1963, and in revised form June 6, 1964. This research
was partially supported by the National Science Foundation under Grant No. NSF-
GP-1814. This paper is a portion of the author’s doctoral dissertation.
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REMARKS. (a) The concept of a measure which acts U-almost
invariantly i1s o generalization of the notion of a measure acting in-

variantly, i.e. a measure g such that S h(OYA T, p(t) ———g h(t)dp(t),
G G

se @G, he X. For abelian LC groups measures which act invariantly
were considered in [1].

(b) Since, in general, we shall consider nonabelian groups it would
perhaps be better to speak of measures which ‘‘act right U-almost
invariantly”’ or are ‘‘right U-almost invariant’’. However, in the
interests of notational simplicity we choose the terminology given
above. It is easy to see that a similar development can be made using left
invariant Haar measure, T, (E) = p{s + E) and T,f(t) = f(s + 1).

(¢) The restriction in the definitions that U be an open symme-
tric neighborhood of zero in G is mainly one of convenience. Indeed,
it is not difficult to see that if W is a Borel subset of G with finite
positive Haar measure for which

Sgh(t)dep(t) = Sy a(s) Sgh(t)dTSiﬂ(t) (se W, he X)

then some left translate of W + W containsg an open symmetric neigh-
borhood U of zero in G for which a similar relation holds. However,

in the proofs which follow it is necessary that the Haar measure of
U be positive.

2. Measures which act almost invariantly., For G a LC
group and X a translation invariant subspace of Cy(G) we shall denote
by L{(X) the topological linear space of all linear complex-valued funec-
tionals on X with the topology given by pointwise convergence; i.e. a
net of functionals < F, > < L{X) converges to F,c L(X) if and only
if lim F(h) = F(h), he X. If pe V(G) acts U-almost invariantly on
X, then for each s€ G we define the functional F,e L(X) by

F(h) = Sgh(t)dTS;z(t) (he X).

This notation for the functionals F', will be used consistently in the
remainder of the paper. It should be noted that the funectionals F,
need not be continuous.

The main result of this section is the following theorem which is
comparable to Theorem 2 in [1].

THEOREM 1. Let G be a LC group, X a translation invariant sub-
space of C(@), te V(@) and U an open symmetric neighborhood of zero
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i G.  If ptacts U-almost invariantly on X then there exists a continu-
ous function f such that

S haydpes) = S WOf(dmE)  (he X) .
G &

ProoF. Since p¢ acts U-almost invariantly on X it is clear from
the definition 1 that, without loss of generality, we may write
Fs - Z a’i(s>F3i (S S U)
=1
where F, , F,, -+, F, , are assumed to form a linearly independent subset
of L{X}. Let C be the subspace of L{X) spanned by F,, F,,, --+,F, .

It is easy to verify that the mapping p:G — L{X) defined by
@ls)y = F,, se @G, is continuous; and hence the mapping + =@ |, 5 2
continuous mapping on U to C in the relative topology inherited from
L{X). Thus, since C is a finite dimensional subspace of L{X), the
mapping + is also continuous if we put on C the topology given by
the norm, || 232, 0.F,, || = >\ | b; .

Furthermore, in this norm topology it is clear that the projection
mappings P, :C — C defined by

Pk<gf biEy;) - b/:Fsk ’ k - 19 27 M) "

are also continuous.

But then from the continuity of the composite mappings P, oy,
k=1,2,+--,m, it is immediate that «,«,, ---, @, are continuous
functions on U.

Let A be the set of all functions in C,(G) with support contained
in U. For each ge A we define the linear functional F, e L(X) by

F, = S g{s)F.dm(s) .
(23

This vector valued integral makes sense since the support of ¢ lies in
U and so

1 F, = Sggqs)L; ai(s)Fsi]dm(s)
7L AY
= 3| swaiamsF,,
=1 JG
where the coefficients in the last expression exist sinee «,, @, ---, @

are continuous on U.
Set B=1{F,|ge A}). From (1) it is clear that BC C, and simple

(3
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verification shows that B is linear space. Hence B is a closed sub-

space of C. .
Let < gs> C A be a net of functions such that

(i) gs=0, all 5
(i) S ge()dm(t) = 1, all &,
G
(iii) for any open symmetric neighborhood W of zero in G there
is a B, such that for 8> B, the support of g is contained in W.

(We shall call such a net of functions a compact approximate identity.)
Then since a,, a,, ---, &, are continuous on U, using (1), we obtain:

lim F,, = lim 3} S gus)s)dm(s)F,,
B8 B 1=1J6G
= Y a(0)F,, = F,.

Therefore F,c B, and so there exists some ke A such that F, =
F, = Lk(s)ﬁgdm(s).
But then for each he X,

|, Bttty = Fh)
= F(h)
- S () F(h)dm(s)

h(s)4(—s) SG T(—s + tydp(t)dmis)
= |, HerfEdms)

where 4 is the modular function of G and f is the continuous func-
tion defined by

Flo) = 4(—5) | k(—s + tydput) .
The applications of Fubini’s theorem are valid since it is clear that
|, 16 1] [t = )| d] 1] (tyam(s) < = .

This completes the proof of the theorem.
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REMARKS. (a) Clearly the function f is, in general, not unique.

(b) For Euclidean groups E™, m > 0, it is easy to see that we
may choose f to be infinitely differentiable.

(¢) One cannot conclude that a measure which acts U-almost
invariantly is either a U-almost invariant measure or even absolutely
continuous with respect to m. For example let G be any infinite com-
pact abelian group, X the space spanned by any nonzero continuous
character (., v}, U = G and p¢ the measure with unit mass concentrated
at zero. Then g is neither almost invariant nor absolutely continuous,
but it does act almost invariantly on X.

The next theorem shows that for connected groups the two notions
of acting almost invariantly are identical.

THEOREM 2. Let G be a connected LC group, X a translation
wmvariant subspace of C(G), pe V(G) and U an open symmetric neigh-
borhood of zero in G. Then the following are equivalent:

(1) ¢ acts almost invariantly on X.

(i) p acts U-almost tnvariantly on X.

Proor." Clearly (i) implies (ii)

Now suppose p¢ acts U-almost invariantly on X. Then the space
C spanned by {F,|se U} is a finite dimensional subspace of L(X). Let
E={s|se@G, F,eC}. Without loss of generality we may write F, =

11@(s)F,, se¢ E; where s, s,, -+, s, are fixed elements of U.

Clearly E is not empty as UcC E. We shall show that E is both
open and closed, and hence, since G is connected, K = G; i.e. ¢ acts
almost invariantly on X.

It is immediate from the finite dimensionality of C and the con-
tinuity of the mapping ¢:s— F,, cited in the proof of Theorem 1,
that E is a closed subset of G.

On the other hand, let s,c E. Since U is an open symmetric
neighborhood of zero in G there is an open symmetric neighborhood
W of zero such that W+ s,cU,71=1,2,--+-,n. Then W+ s, is a.
neighborhood of s, and for each s + s, W + s, we have:

Froo(h) = | MOt

h(t — s)d T, p(t)

Il

I
M 5

q==

a(s,) SG Wt — $)dT, pu(t)

-

fl
M

(80 Fy 1, (h) (he X).

L

! The author is indebted to J. Lindenstrauss for suggesting the simple proof
given here.
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But s+s,e W+s,cU,1=1,2, ---, n; and 80 Fo,,eCii=1,2,---,n.
Thus for each s+ s,e W+ s, we see that F,., ¢C; and con-
sequently E is open.

3. Almost invariant measures, Theorem 1 provides us almost
immediately with a necessary and sufficient condition for a measure to
be U-almost invariant.

THEOREM 3. Let G be a LC group, pe V(G) and U an open
symmetric neighborhood of zero in G. Then the following are equi-
valent:

(i) ¢ is @ U-almost invariant measure on G.

(iiy There is a continuous function f on G such that dp(t) =
Fioydm(ty and {T,f |se U} spans a finite dimensional space of functions.

Proof. Clearly (ii) implies (i). Suppose p is a U-almost invariant
meagure. Then evidently g acts U-almost invariantly on X = C(G);
and so by Theorem 1 there exists a continuous function f on G such
that

SG h(tydpe(t) = SG W6y dm(t) (he CG)) .

Consequently, from the regularity of p it is easy to deduce that
dp(t) = f(t)dm(t) and that {T,f|se U} spags a finite dimensional space
of functions; and this completes the proof.

Given a topological group G, let FDT(G) be the space of all
continuous complex-valued funections f on G such that {7.f]|sc G}
spans a finite dimensional space. As an immediate consequence of
Theorem 3 we have the following theorem on almost invariant measures.

THEOREM 4. Let G be a LC group and pe V(G). Then the
following are equivalent:

(1) o s an almost invariant measure on G.

(i) There is an fe FDT{G) such that du(t) = f(t)dm(t).

REMARKS. (a) For U-almost invariant measures it is clear that
the dimensions of the spaces spanned by {7,y |se U} and {T.f|se U}
must be the same.

(b) If p is almost invariant and T,p = X', a(s)T,,p, se@G, it
can be shown that «, a,, ---, @, C FDT(G); and that we may write

S = 2L
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(¢) In general for U-almost invariant measures the function f
given by Theorem 3 need not belong to FDT(G). For example, let
G = Z, the additive group of the integers; U = {0}, and let ¢ be the
measure with unit mass concentrated at zero. Then f(0)=1, f(f)=0,
t#0; and f¢ FDT(Z).

(d) For a topological group G, let D{(G) be the space of all linear
combinations of products of continuous complex-valued functions on G
which are either additive or multiplicative; i.e. functions f such that
either f(s + t) = f(s) + f(t) or f(s + t) = f(s)f(t). If G is an abelian
topological group it is known that FDT(G)= D(G) [2, p. 25]. Thus
if Gisa LCA group we can conclude that the funection f of Thecrem
4 belongs to D{G).

(e If G=R™ m >0, then the preceding remark implies that
each almost invariant measure z# must be of the form

dpe(t) = 3, Pty exp (b, tidm(t) ,

where P; are arbitrary polynomials with complex coefficients, j =
1,2, ---,1;b; are m-vectors of complex numbers, 7 =1,2,---,1 and
t = (®, Ty = oy Tp)o

An immediate corollary to Thecrem 4 is the following:

COROLLARY. Let G be a LC group; pe V(G), ¢+ 0, 1t singular
with respect to right invariant Haar wmeasure. Then for each Borel
set W in G with finite positive Haar measure, {T,u|se W} spans
an nfinite dimensional subspace of V(G).

Proof. Suppose the contrary, i.e. there exists a Borel set W of
finite positive Haar measure for which {7,z |se W} spans a finite
dimensional subspace of V(G). Then from a remark of section one
there exists an open symmetric neighborhood U of zero in G such that
{T,;e1se Uj also spans a finite dimensional subspace of V{(G).

Thus, by Theorem 3, ¢+ would be absolutely continuous with res-
pect to Haar measure, and hence zero; contrary to the hypotheses of
the corollary.

Considering measures ¢ € V(G) as acting on the space C,(G), Theorem
2 implies that for connected LC groups the notions of almost invariant
measures and U-almost invariant measures are equivalent. We state
this result as Theorem 5.

THEOREM 5. Let G be a connected LC group, pe V(G) and U an
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open symmetric neighborhood of zero in G. Then the following are
equivalent:

(i) p is an almost imvariant measure on G.

(i) o is a U-almost invariant measure on G.

4. Uniqueness theorems, As noted previously, a measure g
may act U-almost invarianty on a subspace X of Cy(G) without being
a U-almost invariant measure. The next two theorems provide conditions
which insure that a measure which acts U-almost invariantly is a
U-almost invariant measure. The first theorem is a generalization of
Theorem 1 in [1], and its proof is patterned after that in [1].

THEOREM 6. Let G be a LC group, X a dense translation in-
variant subalgebra of C(G), pre V(G) and U an open symmetric neigh-
borhood of zero in G. If p acts U-almost invariantly on X then p
is a U-almost tnvariant measure.

Proof. Without loss of generality we may assume that
@) XG Wi— s)dp(t) = 3} ai(s) L h(t — s)dpe(t) seUheX).

For each fe C,(G), since X is dense in C(G), there is a function
g € X such that ¢ vanishes at no point of the support of f. Let
k= flg. Clearly k< C,(G). Again by the denseness of X there is a
sequence < ¢, > C X which converges uniformly to k.

Then it is easy to verify that

3) lim | ga(t — 9)g(t — s)dpu(t) = | 7t — s)dpu(t) (se U),
and that
@ lim 3, as) | gult — s)o(t — s)du(t

= Sia) | £t~ s)dpt) (seU).

But < g, > < X as X is a subalgebra, and hence from (2) the
left hand sides of (3) and (4), and thus the right hand sides, are
equal.

Since this holds for each fe C(G) we conclude from the regularity
of ¢ that p is U-almost invariant.

If the group G is compact then the funetionals F, are bounded,
and it is easy to see that in this case the preceding theorem remains
true if we only require that X be a dense translation invariant
subspace. This leads us to search for conditions on X other than
the ones that it be a dense subalgebra which will insure that a
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measure which acts U-almost invariantly is a U-almost invariant measure.
A result in this direction is given by the following theorem.

THEOREM 7. Let G be a LC group, X a translation invariant
subspace of C(G), pe V(G) and U an open symmetric neighborhood
of zero in G. If X contains a compact approximate identity and p
acts U-almost invariantly on X then p is a U-almost invariant
measure.

Proof. Since p acts U-almost invariantly on X, {F,|se U} spans
a finite dimensional subspace B of L(X).

Let C be the linear subspace of V(G) spanned by {7,z |sec U} and
define the mapping @:C— B by &(T,pn) = F,s€ U. Clearly @ maps
C onto B. '

Furthermore, we claim @ is one-to-one. Indeed, let v = 3\ .¢; Trjy
be an element of C such that @(v) = 0, i.e. S h(t)dv(t) = 0, he X. Let
G

< gs>C X be a compact approximate identity. Then, since X is
translation invariant, for each fe C,(G) we have

0 = lim S () SG gst — P)dv(t)dm(r)
= lim Sg ge(—7) SG Fr + tydv(t)dm(r)

= |, r®avt)

since S f(. + t)dv(t) is continuous. The applications of Fubini’s theorem
G

are valid as both f and < gz > belong to C.(G).

Thus, by regularity, v = 0, and hence @ is one-to-one.

But then @ is a one-to-one linear mapping of C onto the finite
dimensional space B. Therefore C is finite dimensional, i.e. p is U-
almost invariant.

REMARKS. (a) We have not, of course, circumvented the dense-
ness assumption of Theorem 6; as any translation invariant subspace
of C(G) which contains a compact approximate identity is necessarily
dense in C/{(G).

(b) Let pe V(G) act U-almost invariantly on a translation invari-
ant subspace X of Cy(G), and let f be any function given by Theorem
1 such that
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|, Mt = | rofame) (e X).

In general the precise nature of f is not clear. A plausible conjecture,
in the light of the structure of U-almost invariant measures, might
be that one could always find some f as above for which {T.f|se U}
gpans a finite dimensional space of functions. Some support for this
conjecture can be found in the faet that for compact groups and
measures g which act almost invariantly one can construct such a
function f as a linear combination of the characters common to the
space X and the support of the Fourier-Stieltjes transform of p.

5. Additional comments. In a previous version of this paper
a seemingly more general problem was considered. A subsemi-group
S of a LC group G will be called admissible if

(i) S is an open subset of G and

(ii) the zero of G is a point of closure of S.

For such subsemigroups (with the obvious changes in the previous
notation) one can consider translation invariant subspaces X of Cy(S),
measures ¢ e V(S) and open symmetric neighborhoods U of zero in G
such that

S MOAT,t) = 3, ti(s) S Mt)dT,pu(t) (seUNS, heX),

i.e. one can consider measures g on S which act U-almost invariantly
on translation invariant subspaces X of Cy(S). Similarly one can consider
pe V(S) which are U-almost invariant measureson S, i.e. {T,;t|se UN S}
spans a finite dimensional subspace of V(S).

It is now seen that the most appropriate way to investigate such
measures is to reduce the problem to the context of groups which was
discussed in the preceding four sections. Let us indicate how this
reduction takes place. We shall restrict ourselves to the case where
re V(S) acts U-almost invariantly; the situation for U-almost invariant
measures is similar,

Suppose X is a translation invariant subspace of C.(S), re V(S)
and U is an open symmetric neighborhood of zero in G; and assume
that g acts U-almost invariantly on X. Define a new measure € V(G)
by p#(E) = m(ENS), EcB,(G). This clearly defines a measure in V(G)
as S is an open subset of G. Also, since S is open the functions in
C«(S) must vanish on the boundary of S, and hence we may consider
C«S) as a subspace of C(G) by defining for each fe C(S),f(t) =0,
te¢S. Let Y be the subset of C{G) which consists of X, considered
as a subspace in C(G), and all its translates by elements of G. Clearly
Y is a translation invariant subspace of C(G). Moreover, it is easy
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to check that gg‘[ ey d | {t) < «<,heY, and that {F,|se UnN S}
spans a finite dimensional subspace of L{Y).

But U N S has finite positive Haar measure since S is open; and
$0 by a remark in the first section there must exist some open symme-
tric neighborhood W of zero in G such that {F,|se W} spans a finite
dimensional subspace of L{Y), i.e. £ acts W-almost invariantly on Y.

We now can employ the developement of the preceding sections
to investigate ff, and then restricting the functions and measures so
obtained to the admissible subsemi-group S we get the analogous in-
formation about the measure f¢. In particular, one can in this fashion
establish theorems for ;e V(S), S an admissible subsemi-group cf G,
which are analogs of Theorems 1-7 above.

The reduction just obtained makes it clear that nothing really new
is to be gained by a separate consideration of admissible subsemi-groups.
Therefore a detailed exposition of this situation has been omitted.

REMARKS. It should be noted that a similar development for ar-
bitrary subsemi-groups of G is not possible. Indeed, let G = R, the
additive group of the real line; S, and S, the subsemi-groups of G defined
by S, ={s|s= 0} and S, = {s|s > 1}; and define the measure z, € V(S,)
by pf{E; =1 if 0e K, pn(E) =0 if 0¢ E; and the measure p, e V(S,)
by p(E)=11if 3/2¢ H, p(E) =0 if 3/2¢ E. Clearly neither S, nor
S, is an admissible subsemi-group, as each violates one of the conditions
for admissibility. Furthermore it is easy to check that {T,p;|seS;}
1 =1,2, span finite dimensional spaces, but that there exist no con-
tinuous funections f; on S;, © =1, 2, for which d(t) = fi{t)dm{t) and
{T.f;|se Si} span finite dimensional spaces of functions, 2 =1, 2; i.e.
the analog of Theorem 4 fails.
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GENERALIZED CHARACTER SEMIGROUPS:
THE SCHWARZ DECOMPOSITION

Y.-F. Lin

y The author’s résumé: A stricture theorem due to
S. Schwarz asserts that if S is a finite abelian or a compact
abelian semigroup admitting relative inverses, than the
character semigroup of S is decomposed into a disjeint unicn
of character groups of certain maximal subgroups of S, In
this note, among other things, we generalize this Schwarz
Decomposition Theorem to a broader class ¢f semigroups, the
so-called pseudo-invertible semigroups, We also relax the
range of the characters from the semigroup of complex
numbers to a more general semigroup.

For notations and terms not defined here see A. D. Wallace [11].

Throughout this paper, let S be always a compact commutative
semigroup, unless otherwise stated. By a character of S is meant a
continuous homomorphism of S into the multiplicative semigroup C of
the complex numbers endowed with the usual Eueclidean topology. The
collection of all characters of S, with the value-wise multiplication of
functions, endowed with the compact-open topology, forms a semigroup
which will be denoted by (S, C)” or simply S™, and will be called the
character semigroup of S. Hewitt and Zuckerman [4] use the term
semicharacter, in the discrete case, for not identically zero characters.
Here we use (§, C) or simply S, as distinguished from S”, to denote
the collection of semicharacters of S. We note that ,§, in general, need
not be a semigroup. We first draw attention to the faet that if ¥ is
a character of S, then |y(x)| =1 for every « in S. For, otherwise
%(S) would not be compact. Thus, in the study of characters, only
the unit dise{z:|z] = 1} of the complex numbers is used. Let us
write D for this unit disc. The set D itself forms an important
semigroup which is compact, connected, commutative, cancellable,' has
zero 0 and unit 1; moreover the circumference {z:1z| = 1} of D is the
maximal subgroup H(1) and D\H(1) is an ideal. However, only some
of these are needed as we shall see below.

Throughout the rest of this paper, let 7' be an arbitrary, but fixed,
compact commutative cancellable semigroup with zero z and unit «*
such that T\H(u) is a subsemigroup of 7. By a generalized character

1 A semigroup S is cancellable if and only if for any nonzero elements a, b, ¢ in
S such that ab = ac or ba = ca, then b =c.

2 It is to be understood that z = u.
Received August 27, 1964.
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of S is meant a continuous homomorphism of S to 7. As in the case
of character semigroup, the collection (S, T)Y" of all generalized charac-
terg of S, with value-wise multiplication of mappings and the compact-
open topology, forms a commutative (topological) semigroup which will
be called the generalized character semigroup of S. We write (§, T)
for the collection of all not identically zero elements in (S, T)". It
is quite eagy to see that if S is a group, then (§, T) = (§, H(u)) and
(§, T) is a group.

THEOREM 1. If S s discrete, then (S, T)" is compact.

Proof. Since S is discrete, the compact-open topology on (S, T)"
is the relative topology, on the set (not topologized) (S, T')", of the
Tychonoff product topology on the product P{T :se€ S}, which is compact
by the Tychonoff theorem. The compactness of (S, T)" now follows
from the fact that (S, T)" is a closed subset of P{T :sc S}.

DErFINITION 1. For any y in (S, T)", the support of %, sp(y), is
the set {x:xe S, x(s) # z}.

We have immediately sp(x.-).) = sp()Xs) N sp(Y,) for any i, X, in
(S, TY". It is clear that if ¥ in (S, T)" is not identically zero, sp())
is an open subsemigroup of S; such an open subsemigroup will be called
a supporting subsemigroup. Since the support of the zero generalized
character is the void set [ ], as a convenience we also call [ ] a sup-
porting subsemigroup. We write henceforth, <2 (S) or F for the
collection of all supporting subsemigronps of S.

DEFINITION 2 [8]. The Rees partial-ordering = on the set E of
idempotents in S is the subset {(e, e,): (e, e.)e E X K, ee, = e}. If
(e, &) 18 in = we write, equivalently, ¢, < e,.

LemMA 0 [13]. Let (X, =) be a mnonvoid compact topological
space endowed with a quasi-ordering = such that for each t in X
the set {x:2xe X,z <t} 18 closed in X. Then (X, =) has a minimal
element.

Proof. See Ward [13, Theorem 1].

LeMMA 1. If S, is a compact subsemigroup of S, them E(S,)
has a unique minimal element with respect to the Rees partial-
ordering =.

Proof. Since S, is a compact semigroup, the set E(S, of all
idempotents in S, is a nonvoid closed subset of S,. It is fairly easy
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to see that {x: xe E(S,), x < t} is closed for each ¢ in E(S;). It then
follows from Lemma 0 that (E(S,), =) has a minimal element, say e,.
If there were another minimal element ¢, in E(S,), then one concludes
e, = e, = ¢,. This proves the uniqueness.

DErFINITION 3. If Pe &7(S), then o(P) is the set
:xe(S, TY,sp(y) = P} .

For each P in &7 (S),o0(P) is easily seen to be a cancellable
subsemigroup of (S, T)". In general, (S, T)" may be decomposed into
the union of the disjoint family {o(P): Pe &?(S)} of cancellable
subsemigroups of (S, T) .

DEFINITION 4 [1]. A semigroup S admitiing relative inverses is
a semigroup such that to each « in S there is & pair (¢,2’) in E x S
such that xe — & = ex and 22’ = ¢ = a'x.

A well-known result of A. H. Clifford [1] says that a semigroup
is a semigroup admitting relative inverses if and only if it is the
disjoint union of its maximal subgroups. The more general class of
semigroups that we are interested in is the following.

DEFINITION 5 [3]. A semigroup S is pseudo-invertible if and only
if, to each element # in S there is an % in S such that

(i) 2% ==z

(ii) Za"™ = a2 for some positive integer =, and

(ili) 7°x = 7.

The element T satisfying conditions (i), (ii) and (iii) above turns
out to be unique if it exists [3], in which case it is called the pseudo-
inverse of ©. A semigroup S is pseudo-invertible if and only if, to
every « in S there is an integer » > 0 such that z* is in some subgroup
of S [3], [5], [6]. From this, one sees that the class of pseudo-
invertible semigroups includes all semigroups admitting relative inverses,
all periodic semigroups; all semigroups of matrices; all finite dimensional
affine semigroups (for definition of an affine semigroup, see [2]) and
many others.

LEMMA 2. Let S be a compact commutative pseudo-invertible
semigroup. Then each supporting subsemigroup P of S is open and
closed. Therefore, if P = [ ] then P has a unique minimal idempotent
er with respect to the Rees partial-ordering on E(P).
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Proof. To show each P in &7 is open and closed, we may consider
only P []. For any nonvoid P in 7, there is a ¥ in (S, T)" such
that P={x:xe S, x(x) + z}. We show, for pseudo-invertible S, also,
P={x:x2eS, yx)e H(u)} and consequently P is open and closed. To
this end, let # be an arbitrary element of the nonvoid set P =
{x:xe S, x{x) # 2}. Then since S is pseudo-invertible, there is a positive
integer n such that x"e H(e) for some ¢ in FE; thus, since E(T) =
{z, u}, we must have y(x)" = x(z") e H(u). Consequently, since T\H (u)
is a subsemigroup, we obtain ¥(x)€ H(u). This proves

{e:2eS,y(x) 2 =P={x:xeS8, y(x)e Hu)},

so that P is open and closed

The set P being a closed subsemigroup of the compact semigroup
S, by Lemma 1, E(P) has a unique minimal element e, with respect
to the Rees partial ordering.

In the following, for Q@ S, e, will be the least idempotent in @
if it exists.

THEOREM 2. Let S be a compact commutative pseudo-invertible
semigroup. Then the generalized character semigroup (S, T)" of S
may be decomposed inmto the wumion of the disjoint family

{(H/(\ep), T): Pe P} of groups, where we agree that (Hg, T) = {0}.

The proof of this theorem is contained in the following two lemmas.
AN
It should be noted that when T < C, (H(e), T) is the familiar character
AY
group H(e).

LEMMA 3. Under the hypothesis of Theorem 2, for any nonvoid
P in P (S), the maximal subgroup H(ep) of S is the kernel of P
and the mapping 7. P— H(ep) which takes every x in P to xe, is
a (continuous) retraction of P onto H(es).

Proof. Let x be an arbitrary element of S. Let I'(z) = {x":n = 1}~
and N(x) = N{z"/(x) : w = 1}, then N(x) is the kernel of 7'(x) as well
as, since S is compact, a closed subgroup of S. Thus N(x) contains
a unique idempotent which is designated simply by e, instead of the
rather complicated symbol ey,,. If = is in P we have e,e., = ¢, and
hence the unique idempotent in N(we,) is e,. Therefore, xze, =
(wep)epr€ N(xep) C H(ep) for all & in P. To show H(ep) is an ideal of
P, we first show that H(ep) C P. This is true since there is a ¥, in
(S, TY" such that an element 2 of S is in P if and only if y(®) # ;
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80 Xr{ep) 7= #z {consequently ¥.(¢,) = u) and thus ¥,(x) # 2z for all x in
H(e,). Now PH({e,) = PH(ep)e, C Pe, C H{ep) shows that H(e,) is an
ideal of P; since it is a group it must be the minimal ideal of P.
The fact that r.: P-— H{e,) is a continuous retraction onto is then
evident.

LemMA 4. Under the hypothesis of Theorem 2, for any monvoid
P in 2(S),0(P) = {x:v1e(S, T), sp(}) = P} s isomorphic to the
generalized character group (I:f\(ep), TY of the maximal subgroup H(ep)
of S. In particular, if TcC,o(P) 1s also homeomorphic with the
character group HA(eP) of H{ep).

Proof. Let h: o(P)— (ff(ep), T) be the mapping which takes
each ¥ in o(P) to | H(ep). Clearly y € o(P) implies ¥ | H(ep) € (H?ep), T).
We have h(%l : X2) - (Xl ‘ Xz) i H(eP) - (Xl I H(ep))°(X2 i H(QP» = h(%l)'h(;{z)
so that A is a homomorphism. To show % is an isomorphism, we show
each ¢ in (1/5\7 {¢x), T) may be extended, uniquely, to a % in o(P). To
this end, we define, for @ in (H?@P), 7).

o {,@ on S\P,
L= lpor, on P.

This is continuous because 7, iz continuous and P is open and closed.
A routine verification shows that ¥ is an extension of ¢ to an element
in 0(P). Such an extension is unique as we shall now see. If ¥ is
any element in o(P) with y'| H(ep) = @, then ¥'(z) =z = y(x) for all
v in S\P and yx'(x) = (@) -u=)(@)L(er) = A(wep) = plwe,) =
@or, p(x) = y{x), for all # in P.- Therefore, & is an isomorphism of o(P)
onto (HA(eP), T). It remains to show, in the case T CC, that
h: O(P)—aHA(eP) 1s also a homeomorphism. This follows from the fact

AN
that 7 is one-to-one, continuous and that H(e,) is discrete |7].

COROLLARY. I f S satisfies the hypotheses of Theorem 2, and if
S is conmected, then &7 = {S, O} and hence (S, T)™ = (H(e,), T) U {0} =
(H(e,), T)".

The author is greatly obliged to Professor A. D. Wallace for his
-encouragements.
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REPRESENTATIONS OF LATTICE-ORDERED
GROUPS HAVING A BASIS

JusTIN T. LLoYDp

A convex [-subgroup C of a lattice-ordered group G is said
to be a prime subgroup provided the collection L(C) of left
cosets of G by C is totally-ordered by the relation: zC =< yC
if and only if there exists ce C such that x¢c < y. A collec-
tion C of prime subgroups of G is called a representation for
G if N C contains no proper l-ideal of G. A representation C
is said to be irreducible if the intersection of any proper sub-
collection of C does contain a proper l-ideal of G. C is a
minimal representation if each element of C is a minimal
prime subgroup. A representation C is *-irreducible if N C =
{1} while () (C — {C}) + {1} for every CeC. In this paper it
is shown that an [-group with a basis admits a minimal irre-
ducible representation and that such a representation can be
chosen in essentially only one way, In particular, an [-group
with a normal basis has a unique minimal irreducible repre-
sentation. In addition, two properties equivalent to the ex-
istence of a basis are derived; namely the existence of a re-
presentation C such that each element of C has a nontrivial
polar and the existence of a *-irreducible representation.

For a linearly-ordered set L, let P(L) denote the collection of all
order-preserving permutations of L. P(L) is a group under the oper-
ation of composition of functions, and is an Il-group if fe P(L) is
defined to be positive provided f(x) = « for all xe L. C. Holland [2]
has related an arbitrary l-group G to l-groups of the form P(L) in
the following way: Letting C be a prime subgroup of G, the collec-
tion L(C) of left cosets of G by C is totally-ordered (by the relation men-
tioned above) and the map g — g where g(xC) = gxC for all zCe L(C)
is an [-homomorphism from G into P(L(C)). This map is called the
natuwral l-homomorphism. If C = {C,|i€ I} is a represention for G
and if 6, denotes the natural [-homomorphism of G into P(L(C,)), then
the large cardinal product [J of the 0,(G) contains an [-isomorphic copy
of G as an [-subgroup and subdirect product. (This l-isomorphism is
defined by g — (-, 6.(g), -+-).) It is for this reason that C is called
a representation. The main result of [2] is that every l-group has a

representation. If C = {C;|7¢e I} is a representation for G and if each

Received July 27, 1964. This research was partially supported by National Science
Foundation grants GP-41 and GP-1791, and represents a portion of the author’s
doctoral dissertation. The author wishes to thank Professor P. F. Conrad for his
help in preparing this paper. Several suggestions by the referee have led to im-
provements in this paper.
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C, is an l-ideal of G, then C is called a realization of G. In this
case, each 0,(G) is a totally-ordered group and G is [-isomorphic to an
l-subgroup and subdirect product of a cardinal product of o-groups.
If C is an irreducible representation consisting of l-ideals, then C is
called an irreducible realization.

2. Minimal irreducible representations of l-groups with basis.
An element s of an l-group G is basic provided s>1 and {xe G|1 < 2 < s}
is totally-ordered by the order relation in G. A basic element s of G
is mormal if s and g~'sg are comparable (9'sg = s or s > g~'sg) for
all ge G. For xze G, the absolute value of = is defined by |x| = 2 Vv 2.
Two elements © and ¥ of G are said to be disjoint if || A |y]| = 1.
A subset S of G is a basis for G if S is a maximal set of pairwise
disjoint elements and each element of S is basic. A basis S is normal
if each element of S is normal.

P. Lorenzen [4] has shown that an l-group G has a realization if
and only if no positive element of G is disjoint from one of its con-
jugates. P. Jaffard [3] has proven that an abelian l-group has an
irreducible realization if and only if it has a basis. F. Sik [5] gener-
alized this result by showing that for an l-group G, the possession of
a normal basis is equivalent to the existence of an irreducible realiza-
tion of G. Using this result along with Lorenzen’s, it is easily seen
that an l-group G with a basis has a realization if and only if it has
a normal basis.

It will now be shown that an l-group G with a basis has a minimal
irreducible representation which can be chosen in essentially only one
way. The construction depends upon those prime subgroups of G hav-
ing nontrivial polars and not upon the choice of a basis. It will be
shown further that the concept of a minimal irreducible representation
is a direct generalization of the concept of an irreducible realization.

LEMMA 2.1. (P. Conrad, unpublished) A convex l-subgroup C of
an l-group G is prime if and only tf the conditions a,be G and
a ANb=1imply acC or beC.

For an element @ of an l-group G, let D(x) ={ye G||z| A |y| = 1}.
For a subset B of G, let D(B) = ) D(z) (x€ B). Since each D(x) is
a convex l-subgroup of G, D(B) is also a convex l-subgroup of G.

LemMmA 2.2. Let C be a prime subgroup of the l-group G where
D(C) = {1}. Let se D(C),s>1. Then s is basic, C = D(s) and C is
minvmal prime. Conversely, if s ts basic, then D(s) is a prime sub-
group of G and se DD(s).
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Proof. Let szax=1land s=y=1. Thenz(x Ay)y ™, ylxAy)'e
D(C) and z(x Ay)*Ayl@ Ay =1. It follows from Lemma 2.1 that
2z A teCNDEC) or ye Ay)'eCNDC)y and so 2z A y)™* =1 or
yx ANy =1, Thus y= 2 or x = y and 80 s is basic. Since s¢C,
Lemma 2.1 implies that D{s) € C and since s D(C) it is immediate
that C = D(s). Thus C = D(s). Since D{s) is contained in any prime
subgroup which does not contain s, it is clear that C is minimal.

Suppose s is basic and let a,be G be such that a A b =1, If
a,bg¢ D(s), then s=a As>1 and s=b A s>1. Since s is basic,
aNs=bAsorbAs>aAs. In either cage it follows that a Ab A s> 1,
contradicting the assumption that ¢ A b = 1. Thus a A b = 1 implies
that ae D(sj or be D(s) and so D{s) is prime by Lemma 2.1. It is
clear that se DD(s).

LeMya 2.3, Let C, and C, be distinct prime subgroups of the
l-group G. Then D(C) N D{C,) = {1}.

Proof. It D{C) N D(C,) =+ {1}, let se D(C) N D(C,) where s > 1.
By Lemma 2.2., C, = D{s) = C,; and this contradicts the supposition
that C, = C,.

THROREM 2.1. Let C' be the collection of all prime subgroups C
of the l-group G such that D(C) # {1}, For each Ce C’, let s(C)e D(C)
where s{C) > 1. Then the following are equivalent:

(a) {s(C)|Ce(’} is a basis for G.

by NC ={1.

(¢) ' is a representation for G.

In case any of these conditions hold, a subset C of C' is an irre-

ducible representation if and only if C contains evactly one group
from each conjugate class in C'.

Proof. Suppose that (a) holds and let xe€ G where 2 > 1. Then
there exists C e C’ such that « A s(C) > 1. By Lemma 2.2., D(s(C)) = C
and so x¢C. Thus N C' = {1}. (b) implies (c) by definition. If (c)
holds and if 1 < e @, then there exists ge G and Ce(C’ such that
g'xge C. Thus x2¢gCg* while gCg e (C’. It follows from Lemma
2.1. that « A s(gCg™) > 1. Therefore {s(C)|Ce C’} is a basis for G.

It is clear that an irreducible representation cannot contain distinect
conjugate subgroups. Suppose then that C contains exactly one group
from each conjugate class in C’. Let 1 < xe G and let Ce C’ be such
that @ A s(C) > 1. There exists ge G such that g7'Cge C and since
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x e C it follows that g7xg¢ N C. Thus M C contains no proper l-ideal
of G and so C is a representation of G. If E is a proper subcollection
of C, let CeC’ be such that no conjugate of C is in E. If there
exists C,e E and ge G such that ¢g7*s(C)g ¢ C,, then s(C)¢ gC,g~* while
gC,g*e C’'. The only element of C’ not containing s(C) is C and so
gC.g™ = C contradicting the supposition that no conjugate of C is in
E. Thus M E does contain a proper l-ideal and so C is an irreducible
representation of G.

COROLLARY 2.1. If S is a basts of the l-group G, then {D(s)|se S}
s the set C' of all prime subgroups C of G which satisfy D(C) + {1}.

Proof. By Lemma 2.2, {D(s)|se S} & C’. Thus N C' = {1} and
so it follows from the Theorem that {D(s)|se S} = C'.

COROLLARY 2.2. Ewery l-group with a basis admits a minimal
wrreducible representation.

COROLLARY 2.3. An l-group G has a representation C such that
D(C) = {1} for each CecC if and only tf G has a basis.

The above results show one way in which a minimal irreducible
representation can be chosen for an [-group with a basis. The fol-
lowing shows that this is the only way in which such a representation
can be chosen.

THEOREM 2.2. If am l-group G has a basis S and if Cisa
minimal trreductble represntation for G, then C=C ={D(s)|se S}.
Thus C contains exactly one group from each conjugate class in C'.

Proof. Let CeC. Then N (C — {C}) contains a proper I-ideal
N of G. (For the purpose of the following argument, let N = G in
case C has only one element.) Let 1 < ge N and choose se S such
that 1< gAs=<s. Then g A s is bagic and since 1< gAs=y,
h™ (g A s)he N for all he G. Since M C does not contain an l-ideal of
G, there exists ke G such that k(g A s)k¢ C. Moreover, k(g A s8)k
is basic. Since C is prime, it follows that Dk (g A s)k = C. The
minimality of C implies that D{(k (g A s)k) = C. It follows from Corol-
lary 2.1. that Ce C'.

It is easily seen that a basic element s is normal if and only if
D(s) is an l-ideal. The following is then immediate.
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COROLLARY 2.4. Amn l-group wibhﬁa normal basis has a _u_m'que
minimal irreducible representation C and each element of C is an
l-ideal. Thus C is an irreducible realization.

THEOREM 2.3. A representation (7_0]” an l-group G is *-irreducible
if and only if G has a basis S and C = {D(s)|se S}.

Proof. If G has a basis S and if C = {D(s)|se S}, it is clear
that C is a *-irreducible representation of G.

Suppose then that C is a *-irreducible representation and let C’
denote the collection of prime subgroups C of G such that D(C) == {1}.
Let C,eC and let 1<geN(C —{C}H. If 1<heC,thengAheNC
and so g Ak =1. Thus D(C,) # {1} and so C = C'. It follows that
N ¢’ = {1} and therefore by Theorem 2.1. that {s(C)|Ce C’} is a basis
for G. By Corollary 2.1., C' = {D(s(C)) | Ce C’}. Since the intersection
of any proper subecollection of C’ is nontrivial, it follows that C = C'.

COROLLARY 2.5. (F. Sik [5]) An l-group G has ¢ normal basis
iof and only if it has an irreducible realization.

Proof. If G has a normal basis S then C' = {D(s)|se S} is an
irreducible realization.

If C is an irreducible realization of G, then C is a *-irreducible
representation of G. It follows from the Theorem that G has a basis
S and C = {D(s)|se S}. Thus each D(s) is an l-ideal of G and so S
is a normal basis for G.
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ON RELATIVE COIMMUNITY

T. G. MCLAUGHLIN

The paper relates te questions raised by A. A, Muchnik
in a 1956 Doklady abstract, namely, whether a noncreative
r.e, set can be simmple in a creative one, and whether a creative
r.e. set can be simple in a nencreative one. We furnish a
negative answer to the second question, and give a variety of
partial results having te do with the first. Thus, we show
that no universal set can have immune relative complement
inside a noncreative r.e, set and that any r.e, set which is
hyperhypersimple in a creative set must itself be creative;
whereas, there exist three sets a, 8, 7, a £ 8 S 7, such that
B is creative, a and y are nonuniversal, and both S5 — « and
¥ — B are hyperhyperimmune,

In addition, we answer two questions of J, P, Cleave re-
garding the comparison of effectively inseparable (e.i,) and
“almost effeclively inseparable’ (almost e.i.) sequences of r.e.
sets, Thus: a sequence can be almost e.i. without being e.i.;
and an almost e.i. sequence of disjoint r.e. sets may have a
noncreative union,

1. In [7], Muchnik formulated (in slightly different language)
the following two problems: given two r.e. sets 4, 2, with 4 & 3 and
3 — 4 immune, can we have

(1) 4 creative and X mesoic?

(2) 4 mesoic and X creative?

In the present paper, we consider these questions relative to not-
necessarily-r.e. universal sets; and we make two or three applications
of our results to matters considered in {7] and [1]. We are indebted
to J. P. Cleave for providing us with a draft copy of [1], which has
since been supplanted by a (forthcoming) joint paper of Cleave and
C. E. M. Yates. (For an abstract of the Cleave-Yates paper, see [2].)

2. Definitions and preliminary lemmas, Basic terminology is
essentially as in [3]. Notational departures from [3]: we use ‘W’
in place of ‘w,’, ‘¢’, in place of ‘0’ for the null set, ‘U’ for union,
‘N’ for intersection, and ‘—’ instead of a prime symbol for comple-
mentation. A set 4 of natural numbers is said to be immune just in
case 4 is infinite and, for all ¢, if W, S 4 then W, is finite. If 4,

Received June 6, 1963, and in revised form July 16, 1964. Preparation of this
paper has been carried out, in part, under fellowship support from the National
Science Foundation. The material in the paper is based on some results given in
the writer’s Ph. D. dissertation, submitted to the Graduate Division of the Univer-
sity of California at Los Angeles in May, 1963. We are indebted to the referee for
pointing out some expository flaws in the original version of section 2.
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Y are sets of numbers such that 4 & ¥ and 2 — 4 is immune, we say
that 4 is cotmmune in 2. (In case 4 = W;, ¥ = W,, for some j and
k, we say instead that 4 is simple in X.) Similarly, if 4 £ Y and
2 — 4 is hyperhyperimmune, we say that 4 is cohyperhyperimmune
in Y, or that 4 is hyperhypersimple vn 2, in case both 4 and X are
r.e. (For definition and discussion of the notion of hyperhyperimmunity,
the reader may consult [9] or [10]; the existence of hyperhypersimple
sets is known from [5].)

LEMMA 1. There extsts a set of nmumbers, «, such that both «
and its complement, &, are hyperhyperimmune.

Proof. This follows from the definition of hyperhyperimmunity
([10]) by a straightforward diagonal argument, since there are only
countably many recursive sequences of pairwisedisjoint nonempty finite
sets.

The terms ‘creative’, ‘productive’ ‘contraproductive’ ‘mesoic’ and
‘simple’, as applied to number sets, have their customary significance
(see [3]). A mesoic set 4 is said to be pseudosimple just in case, for
some number j, W; & 4 and 4 U W, is simple. We will make use of
the (more or less) standard notations ‘<,_,” and ‘=<, .’ for the rela-
tions of (recursive) many-one and one-to-one reducibility, respectively.
By a universal set is meant a set 4 of numbers such that W, <, , 4

for all j (or, equivalently as it happens, W; <, _, 4 for all j).

Lemma 2. ([11, Chapter 5, Proposition 2 and Theorem 6],
noting that g and t can be one-to-one in the cited Theorem 6; see
also [4, Proposition 1.12]). 4 1is universal <f and only 1if 4 s
productive.

Let an infinite set 4 be given. Suppose there is a partial recursive
function p such that, for all 7, if W; & 4 then j is in the domain of
p and (Vi) (t€ W;=p(j) > 1). Then (and only then), we say that
4 is strongly effectively immune. An r.e. set with a strongly
effectively immune complement is called strongly effectively simple.
An example of a strongly effectively simple set: the simple-but-not-
hypersimple set of Post [9]. The following fact is easy to establish,
using a trick due to Myhill ([4]):

LeMMA 3. If 4 is strongly effectively immune, then there is a
recursive function, r, such that (¥V;)(W; S 4= (Vi) (t € W; = r(j)
> 7).

In [1] and [6], it has been noted that Friedberg’s procedure ([5])
for decomposing a nonrecursive r.e. set into two nonrecursive, r.e.,
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disjoint subsets can be extended to provide K(r.e.) components, for any
K such that 2 = K< W, in such a way that, in the case K= W,
the comgonents are presented in a recursive sequence (i.e., in a
sequence indexed by a recursive function). In [1], extending an
important observation of Yates, Cleave shows that if decomposition of
a nonrecursive r.e. set Y into K r.e. components (2 = K = W,) is car-
ried out according to this extension of Friedkerg’s construction, then
any two of the resulting components are recursively inseparable in a
remarkably strong sense: namely, if W, is any one of the components,
then, for arbitrary k, W, & W;= W, — 3 is r.e.

In general, suppose {W,},er i8 an indexing of the set of components
in a K-component decomposition of the nonrecursive r.e. set Y into
r.e. subsets (2 < K=< W,), where R is understood to ke r.e. in case
K = %,. Then, we shall say that the decomposition in question is a
CFY(K)-decomposition just in case, for any such index set R, re R
= (VJ) (W] S Wrﬁ Wj — 2 is r.e.).

Suppose that, in fact, there is a partial recursive function p such
that e R = (V,) (W; & W, = p(r, §) is defined and W, ;, = (W, — 3)
U (a finite subset of 2). We shall, under these circumstances, say
that the CFY(K)-decomposition of ¥ whose comgponents are given by
the set {W.,},er is a strong CFY(K)-decomgosition of ¥.

The fundamental observation of Cleave and Yates is then just
this:

LEMMA 4. Let X be a nonrecursive v.e. set, and suppose 2 <
K =%, Then 3 admits a strong CFY(K)-decomposition.

The next two lemmas express simple but useful properties of
CFY(K)-decompositions.

LeMMA 5. Let 3 be an r.e., nonrecursive set, and W; a com-
ponent in a CFY(K)-decomposition of X. Then W; ts not simple in
any r.e. set. N

Proof. Suppose, to the contrary, that W; & W,, where W, — W;
is immune. The union of the components other than W; is an r.e.
set, say W,; hence, since W, — W, is immune and W,; N W, = ¢, we
have W, N W, = a finite set. Therefore, W, — (W,N W,) is r.e.,
includes W;, and misses W, (and hence misses each of the components
going to make up W,). Thus, (W, — (W,Nn W,)) — W; must be an
r.e. set. But here is an absurdity, since (W,— (W.N W) — W;
must be immune. The lemma follows.

LEMMA 6. Let 4 be either a creative set or a monpseudosimple
mesoic set. Let 4,, 4, be the components in a CFY(2)-decomposition
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of 4. Then, at least one of 4., 4, has the property of being meither
pseudostmple nor many-one reducible to a simple set.

Proof. Let X, Y, be pseudosimple mesoic sets. Suppose X, U 3,
is neither simple nor recursive. Let 3!, X, be r.e. sets such that
<oy, ey, and 3, U3, 3,U 3, are simple. Now, (2, U Z) N
(Z, U =) is simple, and is a subset of (<, U ZX,) U (21N 2. Hence,
since X, U 2, is not recursive, (X, U 2, U (2] N 2} is infinite and so
Z,UZ) U nx) is simple. Therefore ¥, U %, is pseudosimple.
Thus, we see that either 4, or 4, must be nonpseudosimple. It is an
evident feature of CFY(K)-decompositions that the components are
pairwise recursively inseparable; and from this it follows that neither
4, nor 4, can be many-one reducible to a simple set. The lemma fol-
lows. (We will see later, in Theorem 6, that 4,, 4, must be mesoic
when 4 is creative, as well as when 4 is noncreative.)

Recall that W,, W, are termed ¢ffectively inseparable just in case
W, N W,; =¢ and there is a partial recursive function p such that,
for all £ and m, if W, W,, W, & W,, and W, N W, = ¢, then
»(k, m) is defined and lies outside W, U W,. In [1], Cleave considers
the following two sequential variations on this concept:

Let {W,,} be a recursive sequence (i.e., the indexing function 7
is recursive) of pairwise-disjoint, nonrecursive r.e. sets. {W.,} is e.t.
(Cleave) just in case, for ¢ == j, there is a partial recursive function
P;; such that, if W,, & W,, W,;, € W,, and W, n W, = ¢, then
P, (k, m) exists and lies outside W, U W,, U (U, W,). Again, Cleave
calls (W,;)} almost e.i. just in case, whenever 4 # j, there is a partial
recursive funection p,; such that, if W,,& W, W.,<S W,, and
W.n W, = ¢, then p,;(k, m) is defined and W,, ,.m I8 an infinite
recursive set whose intersection with W, U W, U (U, W..) is finite.
Cleave shows, in [1], that the CFY(¥,)-decomposition of the creative
set {x|xe W,} given by the extended Friedberg construction presents
an almost e.i. sequence; his argument, in fact, is valid for any strong
CFY(¥,)-decomposition of a creative set'. He then asks:

(1) Do there exist almost e.i., non-e.i. sequences?

(2) Must the union of the terms of an almost e.i. sequence be
creative?

In §3 we shall provide pleasantly straight-forward proofs that the
answers to these two questions are, respectively, “yes” and “no”.

One other concept, of Muchnik’s ([7]), will receive a little of our
attention in §3: the notion of “sets-of-a-pair in an r.e. set”. We

1This proof of Cleave’s, showing that any strong CFY({%)-decomposition of a
creative set presents an almost e.i. sequence, will, presumably, appear in the paper
corresponding to [2].
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rephrase Muchnik’s original definition as follows: Disjoint r.e. sets
4y, 4, are said to be sets-of-a-pair in the r.e. set X just in case 4, U
4,223, ¥ — (4, U 4,) is infinite, ¥ ig indeed r.e., and, for all 7 and
for j =0,1, 4, W, S 3= [(W, — 4; is finite) or (W, N 4,_; # ¢)].
We shall say that an r.e. set 4 is SOPRE just in case there exist
two other r.e. sets, 2, and 2,, such that 4, X, are sets-of-a-pair in
the r.e. set X,.

REMARK. It is not hard to show that any creative set is SOFRE.

In Theorem 9 we will put forward an additional bit of information on
SOPREness.

One further lemma will prove handy in §3.

LEMMA 7. The question whether o mesoic set can be coimmune
i o universal set reduces to the question whether a mesoic set can
be simple in a creative set.

Proof. Suppose 4 is universal, X mescic, and Y is coimmune in
4. Let 2, 2, be an effectively inseparable pair of disjoint creative
sets. Since 4 is universal, there is a one-to-one recursive function f
such that f(X) S 4, f(Z)< 4. Now, f(3,), f(Z,) are themselves ef-
fectively inseparable ([11, Chapter 5, Proposition 4]). Hence, since
3 < f(2,), the sets f(2) U Y, f(3,) are effectively inseparable. There-
fore, f(2) U 2 is creative. Hence (f(X) U 2) — Y must be infinite;
and so 2 is simple in the creative set f(2)) U Y, proving the lemma.

3. Theorems.

THEOREM 1. A wuntversal set cannot be covmmumne in o mesoic
set,

Proof. Suppose that 4 is universal, 2 mesoic, 4 2, and 2 — 4
is immune. Let 2, X, be disjoint, effectively inseparable r.e. sets.
Let f be a one-to-one recursive function reducing 2, to 4. Then
f(3,) € 4; hence, since 3 — 4 is immune, f(Z,) N Y must be finite.
Therefore, 3 — (f(2,) N &) = 2, is a mesoic superset of f(¥,) which is
disjoint from f(5,). But f(Z)), f(2,) are effectively inseparable; and
so also 2, f(¥, are effectively inseparable. But this is impossible,
since 2, is mesoic. The theorem follows.

THEOREM 2. If 4 is a untversal set, then there are two mnon-
untversal sets 2, and X, such that X, is cohyperhyperimmune tn 4
and 4 is cohyperhyperimmune tn 2,.

Proof. Applying Lemma 1, let 4, be a hyperhyperimmune set
whose complement is likewise hyperhyperimmune. Since both a univer-
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sal set and its complement have infinite r.e. subsets, the sets 4 N 4,,
4N 4, must be infinite and therefore immune (indeed, hyperhyper-
immune); and we have, clearly, 2, = 4 N 4, cohyperhyperimmune in
4 cohyperhyperimmune in 3, = 4 U (4 N 4,). It remains to see that
3, Y, are not productive. Now, X, = 4, N 4 cannot be productive,
since it is immune. If Y, were productive, it would be contraproductive
(Myhill); hence, since a contraproductive set has a nonimmune comple-
ment, 3, is not productive, and the proof is complete.

THEOREM 3. (i) A pseudosimple set cannot be coimmune in o
universal set.

(ii) If 4 is a mesoic set such that 4 =,_2 for some simple set
Y, then 4 cannot be cotmmune in o universal set.

(ii) There are mesoic sets 4, meither pseudosimple nor many-
one reducible to o simple set, such that 4 is not coimmune in any
universal set.

Proof. 1t follows from Lemma 7 that we need only prove (i),
(i), and (iii) with ‘universal’ replaced by ‘creative’. Then (i) becomes
evident, since a simple set cannot have a creative superset; (ii) is an
eagy consequence of the (easily proved) Theorem 5 of [T7] together
with the fact that any creative set is recursively inseparable from
some r.e. subset of its complement; and (iii) results at once from
Lemmas 5 and 6.

THEOREM 4. If an r.e. set 4 1is hyperhypersimple in X, where
Y 18 creative, then 4 must also be creative.

Proof. It was pointed out by Yates, in [12], that an r.e. set 4,
with infinite complement, is hyperhypersimple if and only if there is
no recursive sequence {W,.}, of pairwise-disjoint r.e. sets (finite or
infinite), such that W,, N 4+ ¢ holds for all 4. It readily follows
from consideration of inverse images of r.e. sets under one-to-one
recursive functions that, for r.e. sets 4 and 2, 4 is hyperhypersimple
in ¥ if and only if 4 &£ ¥, ¥ — 4 is infinite, and there is no recursive
sequence {W,,,} of pairwise-digjoint r.e. subsets (finite or infinite) of
S such that (Vi) (W, N (2 — 4) == ¢). Now, it follows straight-
forwardly from Myhill’s isomorphism theorem ([8]) that if 5 is creative,
then there is a recursive sequence {W,.} of pairwise-disjoint creative
sets such that ¥ = U, W, . Let {W,,} be such a sequence, relative
to the given creative set X; and suppose 4 is an r.e. set hyperhyper-
simple in ¥. It follows that there is at least one 4 such that W,, N
& — 4) = ¢; ie., W, & 4. But then 4 is the disjoint union of the
r.e. sets W, and 4 N (Ujx Weo5»); and hence, since W, is creative,
4 is creative.
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THEOREM 5. If an r.e. set 4 is strongly effectively simple in 2,
where X is crealive, then 4 must also be creative.

Proof, Applying Lemma 3, Let s be a recursive function such
that, for all numbers 2, W, S 2 — 4= (V) (xc W,=s(t) > ). (Itis
not really essential to our purposes to have a total function s, but
the proof is just a bit less cumbersome if we do.) Now, there exist
a recursive function », and a strictly increasing recursive function
g, such that, forall4, W,,, = W, N X and W,,, = W, — {x |z < sr(@)}.
Let p be productive for Y: by results of Myhill, we may assume p to
be strictly increasing and recursive. Let & be a 2-place recursive
function such that W, ;, = W, and h(3, ) > 7, for all 7 and j. Then,
the function p* defined by p*(x) = p(h(x, sr(x))) is productive for X,
and has the property that p*(¢) > sr(¢), for all . Since p* and ¢ are
strictly increasing, then, we see that p*q(i) > sr(4), for all ©. We
now claim, and the reader will easily check, that the function p*q is
productive for 4. This completes the proof.

THEOREM 6. FEach component of a CFY(K)-decomposition of a
creative set, 2 = K = W, ©s mesoic.

Proof. Suppose, to the contrary, that ¥ is a component in a
CFY(K)-decomposition of a creative set 4, and that 3 is creative.
Now, it is easily verified that if f is a one-to-one recursive function
generating ¥, and ¥, is a hyperhypersimple (strongly effectively simple)
set, then f(2,) is hyperhypersimple (strongly effectively simple) in 2.
Hence, by Theorem 4 or Theorem 5, f(X)) is creative. It follows from
the Myhill isomorphism theorem that X itself is simple in a creative
set (consider a recursive permutation mapping f(2,) onto Y). But, by
Lemma 5, 5 cannot be simple in any r.e. set; and from this contradie-
tion, the theorem follows.

THEOREM 7. Let {W.,;} be a recursive sequencing of the com-
ponents of a strong CFY(Y,)-decomposition of 3, ¥ a creative set.
Then, the sequence {W,.} ts almost e.i. but not e..

Proof. W.s, W.y, -+- is an almost e.i. sequence by the result
of Cleave ([1]) cited in §2. It is clear that if W,,, W,u, - were
an e.. sequence, then, for % = j, the terms W,,, W,; would be
effectively inseparable. But hence, W.,, W,; would be creative;
whereas, by Theorem 6, they must be mesoic. From this contradiction
in the subjunctive mood, we conclude to Theorem 7.

THEOREM 8. The union of the terms of an almost e.i. recursive
sequence of pairwise-disjoint r.e. sets meed not be creative. Indeed:
if X s a creative set, then X is the disjoint union of two mesoic



1326 T. G. MCLAUGHLIN

sets 4,, 4,, each of which s the union of the terms of such a
sequence.

Proof. Again, let {W,} be a recursive indexing of the components
of a strong CFY(K)-decomposition of ¥, so that the sequence W,,
W, =+« i8 almost e.i. Now, it is easy to see that each of the sub-
sequences W,q, W.o, Wi, +++, Wy, Wowy Weg, -+ is likewise
almost e.i. Since {W,} is a CFY(Y,)-decomposition of ¥, the pair of
sets s Wy Uss Weiy are the components of a CFY(2)-decomposition
of 3. Hence, by Theorem 6, each of U.; W.u, Uws W,., is mesoic,
and the theorem is proved. -

THREOREM 9. Suppose 4., 4, are sets-of-a-pair in the r.e. set 3.
If 4, i3 creative, then X ts creative. On the other hand, iof X s
creative, there exist two mesoic sets A, 4, such that 4,, 4, are sets-
of-a-pair in X.

Proof. For the first assertion: if 4, is creative, so is 4, U 4,. But
4, U 4, is simple in 5. Hence, by Theorem 1, X must be creative.
For the second assertion: Let 3’ be any r.e. set which is simple in
Y, and let 4,, 4, be the components of any CFY(2)-decomposition of
', It is then easgily checked that 4,, 4, are sets-of-a-pair in X; and,
by Theorem 6, 4, and 4, must be mesoic.

REMARK. The first assertion of Theorem 9 extends and completes
Theorem 8 of [7].

Notice that, in the proof of the second part of Theorem 9, we
proceeded in such a way that at least one of 4,, 4, must be non-
pseudosimple; this follows from Theorem 3(¢) and Lemma 6. It is not
hard to insure that both 4,, 4,, be nonpseudosimple mesoic sets. For
choose 2’ to be a creative set, and apply the following general result.

THEOREM 10. Let X be a creative set, and 4,, 4, two mesoic sets
(not mnecessarily disjoint) such that 4, 4,=2. Then neither 4,
nor 4, can be pseudosimple.

Proof. Suppose, to the contrary, that (say) 4, is pseudosimple:
let ;7 be a number such that W, & 4,, 4, U W; = 4, is simple. Let f
be a one-to-one recursive function generating 4,. Now, creative sets
intersect simple sets creatively ([3, Theorem T2.6(2)]); so, X N 4, =
4, U (4, N 4,) = a creative set. Again, as is easy to verify, mesoic
sets intersect simple sets mesoically; thus, 4, N 4;is mesoic. Hence,
by [3, Theorem T2.6(2)] and the fact that removal of any recursive
subset from a creative set leaves a creative residue, we see that 4, N
W; is mesoic. Now, f~%(X N 4,) — a creative set. This follows from
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[3, Theorem T2.6(1)] and the (easily verified) fact that if () is
productive, r a 1-to-one recursive function, then also 4 is productive.
But /(' N 4) = f(4) U4, N Wy). Furthermore, f(4,) is re-
cursive, since its complement is f(W;). Hence, /(4. N W;) must be
creative. But therefore, since f is one-to-one recursive, Jff(4, N
W) = 4, N W; = a creative set: contradiction. The theorem follows.

REMARK. Theorem 10 can also be proved with the word ‘pseudo-
simple’ replaced by the words ‘many-one reducible to a simple set’;
however, the latter result does not interest us here.

The following two assertions, related to Theorem 3, may also be
proven: (i) a mesoic set 4 which is many-one reducible to a pseudosimple
set cannot be coimmune in a universal set; and (ii) if 4 is r.e. and is
coimmune in a creative set, then 4 is almost effectively inseparable
from some creative set.
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¢-BOUNDED HARMONIC FUNCTIONS
AND CLASSIFICATION OF RIEMANN SURFACES

MITSURU NAKAI

Let @(t) be a nonnegative real valued function defined for
t in [0, o) such that &(¢) is unbounded in [0, c0) and bounded
in a neighborhood of a point in [0, c©). A harmonic {unction
% on a Riemann surface R is said to be 0-bounded if the
composite function @(|%|) has a harmonic majorant on R.
Denote by Ogo the class of all Riemann surfaces on which
every O-bounded harmonic function reduces to a constant,
The main result in this paper is the following: Ogyo = Ogp
(resp. Ogz) if and only if d(@) < co (resp. d(@) = =), where
d(®) = lim sup;... @(t)/t. This is the best possible improvement
of a result of M. Parreau,

We also prove a similar theorem for the classification of
subsurfaces of Riemann surfaces using @-bounded harmonic
functions vanishing on the relative boundaries of subsurfaces,

The chief tool of our proof is the theory of Wiener com-
pactifications of Riemann surfaces.

Consider a nonnegative real valued function @(t) defined for all
real numbers ¢t in [0, «). A harmonic function 4 on a Riemann’
surface R is said to be @-bounded if the composite function @]« |) has
a harmonic majorant on R. The totality of @-bounded harmonic
functions on R is denoted by H®(R), or simply H@. We denote by
Oz, the class of all Riemann surfaces R on which every @-bounded
harmonic function reduces to a constant. Our problem is to determine
Oy, for every O,

First assume that @(t) is bounded on [0, ). Then every harmonic
function is @-bounded. Hence R belongs to Oy, if and only if there
exists no nonconstant harmonic function on R. Thus the class Oy,
consists of all closed Riemann surfaces +f @ 48 bounded. Soon we
see that the converse is also valid. Hence, hereafter, we always
assume that

(1) @(t) vs unbounded on [0, o).

We say that @(¢) is bounded at a point ¢, in [0, =) if there exists a
neighborhood of ¢, relative to [0, «=) in which @(¢) is bounded. Now
assume that @(t) is not bounded at any point of [0, «). Let u be a
nonconstant harmonic function on RB. Then @(|«|) is not bound at any
neighborhood of any point of R and so # is not @-bounded. Thus the
class Oyo consists of all Reimann surfaces if @(t) s not bounded at
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any point of [0, ). Soon we see that the converse is also true.
Hence, hereafter, we always assume that

(2) O(t) is bounded at least at one point in [0, o),

Now our problem which is left is to determine Oy, for functions @
satisfying the two conditions (1) and (2). For the aim, we put

d(@) = lim sup &(t)/t .
t—ro0
Clearly O < d(@) = . Our result is stated as follows:

THEOREM 1. Assume that @ satisfies (1) and (2). If d(®@) is finite
(resp. infinite), then Ogy = Oyp (resp. Ogp).

Since the restrictions on @ are exclusive each other, we also see
that Oy = Ogp (resp. Og;) implies that @ satisfies (1) and (2) and d(®)
is finite (resp. infinite). This theorem is proved by Parreau [3] for
the special @ which is increasing and convex (and so continuous) (see
also Ahlfors-Sario’s book [1], pp. 216-219). Parreau’s proof keenly
uses the increasingness and convexity of @ and one might suspect that
these assumptions are inevitable. We are interested in the fact that
for the wvalidity of Parreau’s result, no assumption is needed for @
except the inevitable conditions (1) and (2). Thus our Theorem 1 is
the best possible generalization of Parreau’s result at least in the
above formulation.

2. Before entering the proof of Theorem 1, for convenience, we
explain an outline of the Wiener compactification of a Riemann
surface and its some properties which we use in the proof of Theorem
1. For details, consult Constantinescu-Cornea’s book [2], §6, 8 and 9.

Let F be a Riemann surface not belonging to O, and f be a real
valued function on F. Let W% (resp. W%) be the totality of super-
harmonic (resp. subharmonic) funetions s on F such that there exists
a compact subset K, of F' with the property that f=<s (resp. f= s)

on F'— K,. If W% and W7 are nonvoid, then W% and W7 are Perron’s
families and so

RE(p) = inf (s(p); se W) and h%(p) = sup (s(p); s€ WF)

are harmonic and 2% = h¥. If hf = h? on F, then we write h% =
hE = h% and we call f to be harmonizable on F.

Let R be an arbitrary Riemann surface. A real-valued function
f on R is said to be a continuous Wiener function if (a) for any sub-
surface F' of R with F'¢ O, as a Riemann surface, the restriction of f
on F' is harmonizable on F and the restriction of | f| on F' has a super-
harmonic majorant on F; and if (b) f is finitely continuous on B. We
denote by WC = WC(R) the totality of continuous Wiener functions
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on B. We also denote by WB = WB(R) the totality of bounded members
in WC. Observe that WC (resp. WB) is a vector space and closed
under max and min operations. Any continuous superharmonic function
on R which has a harmonic majorant clearly belongs to WC. Hence
HP c WC and HB c WB.

There exists a unique compact Hausdorff space R* containing R
ag its open and dense subset such that C(R*)| K = WB(R), where C(R*)
is the totality of finitely continuous functions on R* and C(R*)|R is
the totality of restrictions of funections in C(R*) to R. We call R*
the Wiener compactification of B. By the obvious identification, we
may simply write as C(R*) = WB(R). It is clear that any function
in WC(R) is (not necessarily finitely) continuous on R*, or more ac-
curately, is continuously extended to R*. Hereafter, we use topological
notions relative to B* only. For example, A for A C R means the
closure of A in R*. But the notation 04 for A R* is the only
exceptional. 04 means the boundary of A N R relative to R.

Let WCCR) = (fe WC; b =0) if R¢0Qq and W,C(R) = WC if
Re O, We set 4= (peR* f(p) =0 for any f in W,C). This is a
compact subset of I'= R* — R and called the (Wiener) harmonic
boundary of R. It is seen that W,C = (fe WC; f =0 on 4). From
the definition, it is obvious that K€ O, if and only if 4 = @. Moreover,

LeMMA 1. ReOgyz — Og of and only tf 4 consists of only one
point.

Let F be an open subset of R each boundary point of which is
regular for Dirichlet problem and 8F == ¢. Such an F is called a
regular open subset of B. We say that Fe SOy, if any connected
component of F' does not carry any nonconstant bounded harmonic
functions vanishing continuously at 8F. The most important is the
following

LEMMA 2. F¢S0,, iof and only if F — F contains a point of

As an corollary of this, we can easily see the following useful

LEMMA 3. Let F be a regular open subset of R and s be «
superharmonic function on F bounded from below. If
lim inf s(p) = 0
F3p-q

for any q in 0F U (F' N 4), then s =0 on F.

3. Proof of Theorem 1 for d(@) < . Since d(@) < <, we can
find a positive number ¢ and a point £, in [0, ) such that @(t) =< ¢t
for any ¢ = t,. Assume that there exists a nonconstant HP-function
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%, on B, Then u = u, + t, is also a nonconstant harmonic function
on R with u=1¢=0o0on R. Thus O(u|)=Zc|u|=cu and cu is an
HP-function on B. Hence Oz, C Ogp.

Conversely, assume that there exists a nonconstant H@-function
% on RB. We have to prove the existence of a nonconstant HP-function
on R. By the definition, there exists an HP-function v on R with
O(u])=v on R. If v is not a constant or # is bounded, then nothing
is left to prove and so we assume that v is a constant and % is not
bounded. Then the connected open set D = (Ju(p)|; pe R) in [0, =)
does not contain 0. Contrary to the assertion, assume that D 0.
Then D =1[0, ) and so (@(u(p)]); pe R) = (@(t); te[0, «)) is
unbounded in [0, ) by the assumption (1) for @¢. But this is impos-
sible, since @(] #|) = v(constant) on B. Thus 0¢ D. This shows that
4 does not change sign on R. Hence w or — % is a nonconstant HP-
function on K. Therefore, Oy D Ogp. Thus Oz = Oy, for @ with
d(@) < oo,

4. Proof of Theorem 1 for d(@) = . First assume that there
exists a nonconstant HB-function 4 on K. By the assumption (2) for
@, there exists an interval (a, b) < [0, o) in which @(¢) = ¢ (constant).
By choosing a suitable constants A and B, the range of v = Au + B
is contained in (@, b). Then &(|v|) =@&®)<=c¢ on R. Thus v is a
nonconstant H@-function on R. Hence Ogz; D Og,.

Next we prove the converse inclusion Oy C Op,, or equivalently,
R¢ Oy, implies B¢ Oy, Assume that there exists a nonconstant H®-
function # on B. We have to prove that R ¢ Ogy. Contrary to the
assertion, assume that R<c Ogz. By the definition, there exists an HP-
function v such that @(|u|) < v on R. From this, we see that R ¢ Oy5.
For, if Re Ogp, then @l u|) £ v (constant) and since d(@) = oo, |u|
is bounded. This contradicts R€ Ogzz. Hence R¢ Oz, and a fortiori
R¢ 04 Thus Re Oyy — Og and so by Lemma 1, the harmonie boundary
4 of R consists of only one point 4, i.e. 4 = (0). By d(®@) = «, we
can find a stricly increasing sequence (r,);—, of positive numbers such
that

lim @(r,)/r, = oo and lim 7, = o .

Let G, = (peR; |u(p)| < r,). Since u is not a constant and u is
unbounded by Re Oz, G, is a regular open subset of R with 8G, + ¢
and G, " R. We see that G, ¢ SOy, for some n. For, if this is not
the case, then G,€SOyz for all n=1,2 ---, Let a,=71,/0(r,).
Then a,\,0(n — ). Consider the function a,» — |%|, which is
superharmonic and bounded from below on G, and continuous in
G,Ud0G,. If qedd,, then
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lu(g) | = 7, = (r,/0(r,)) O(r,) = ¢,2(u(®) ) = a,v(Q) .

Thus a,» — |#]| =0 on 8G,. Hence av —|u|=0 in G,. For, if
a,v(p)) — | u(py) | < d < 0 for some p, in G, then G|, = (pe G,; a,v(p) —
lu(p) | < d) is a nonempty regular open subset with G, U 0G| C G,.
The function d — (a,v — | % |) is a positive and bounded (with bound
d + r,) subharmonic function in G vanishing continuously at 8G,. So
G, ¢ SOy,;. But this is a contradiction, since G, D G, U 8G, and G, ¢
SOgs. Hence a,v — |u| =0 in G,. Now let » be an arbitrary point
in R. There exists an n, such that pe @G, for all » = n,. Then
| w(p) | = a,v(p) for all » = n,. Thus by making = ", |u(p)| =0,
i.e. w =0 on R, which is a contradiction. Hence G, & SOy, for some
n, and so G, & SOx, for all ® = », and so without loss of generality,
we may assume that G,¢ SOyz for all n=1,2, .-, In particular,
G, ¢ SOy, implies that G, — 8G, contains 6 by Lemma 2 (recall that
4 = (8)), i.e. G, is a neighborhood of & in the Wiener compactification
R* of E. Hence in the topology of R*,

*) lim sup |u(p) | = lim sup |u(p)| =7, .
R3p-3 G198

Now consider the function f, = a,v + ., — | % |, which is superharmonic
and bounded from below on G, and continuous in G, U 8G,. If qedG,,
then as before,

lu(g) | = r, = (r,/O(r,)) O(r,) = 0, 0(| Q) |) = a,v(q) = a,v(q) + 7,
and so f,(¢) = 0 on 0G,. This with (*) gives that
lim inf f.(p) = 0

Gp 34
for any ¢ in 8G, U (8) = 8G, U (G, N 4). Hence by Lemma 3, f, =0
in G,, or

lu| £ a0+ 7,

in G,. Let p be an arbitrary point in R. There exists an 7, such
that pe G, for all n = n,. Thus |uw(p)| = a,v(p) + r, for all n = n,.
Hence by making # e, |u(p)| =7, ie. |w| =<7 on R. Hence
R ¢ Ogyz. This is a contradiction, since we assumed that e Ogz;. Thus
Re Oy

5. Finally we make a few remark to the classification of Riemann
surfaces with regular boundaries. Let @(t) be a non-negative real-
valued function defined in [0, «). Let R be a Riemann surface and
F be a regular open subset of R. We denote by H,@ = H®@R, F)
the totality of harmonic functions % in F vanishing continuously at
oF such that @(lv|) admits a harmonic majorant in F. We say that
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Fe SOy, if H@ contains only zero. We want to determine SO,, for
every @. As before, unless @ satisfies (1), then F'e SOy, if and only
if F does not carry any nonzero harmonic function in F vanishing
continuously at 8F. Thus SOy, consists of all relatively compact
regular open subsets of Riemann surfaces if @(t) ts bounded in [0,
o), Similarly as before, SOy, consists of all regular open subsets of
Riemann surfaces if @(t) is not bounded at t = 0. Hence we have
only to consider the problem of determining SO, under the condition

(3) @(t) is bounded at t = 0 and unbounded in [0, ).

As before d(@) = lim sup,_.2(t)/t. By (8), SOz, C SOz is always valid.
Without assuming (3), we can show SOy, D SOy if d(@) = o (see
the proof of Theorem 2 below). If d(®) < oo, then we cannot get any
definite conclusion in general. So we prove only the following

THEOREM 2. Assume that @ satisfies (3) and d(@) = . Then
SOH(D - SOHB'

Proof. Assume that there exists a nonconstant H @-function u
in F. Then &(u|) = v in F for some harmonic function » in F. We
want to show that F'¢ SOg;. Contrary to the assertion, assume that
Fe SOz, By d(@) = o, there exists an increasing sequence (7,)r:
of positive numbers such that a, = »,/@(r,) \,Oand r, " as n /" oo,
Let F, = (pe F; |u(p)| < r,). Clearly F, ~F and F,€ SOgzz. Asin
the proof of Theorem 1 for d(@) = «~, a,v —|u| =0 on 0F, and
a,v — |u| is lower bounded superharmonic function in F, and so F, ¢
SOy implies that a,v = |w| in F, and finally v = 0 in F. This is a
contradiction and so F'¢ SOgz, or SOz O SOgs.

Now we change the definition of H@ = H@(R, F') as follows:
H,® is the totality of harmonic functions % in ¥’ vanishing continuously
at 0F such that @(u|) admits a harmonic majorant in K, where we
define w = 0 in B — F. Under this new definition, Theorem 2 is again
valid. In fact, SOz, C SOy is clear by (3) and the above proof for
SOy4o D SOy for d(@) = o« can be applied with an obvious modification
to the present case. Moreover, we can show the following

THEOREM 3. Assume that @ satisfies (3). If F is a regular open
subset of R with the compact complement in R, then Fe SOy, if and
only +f Fe SOys, or equivalently, Re Og.

Proof. Clearly F'e SOy, implies F'e SOgz; by the condition (3).
Hence we have to show that F¢ SOy, implies F¢ SOgs. Evidently,
F¢ SOy is equivalent to R¢ O,. Let w be a nonconstant H@-func-
tion in F. Then there exists an HP-function v in R such that
@(lu{) < v on R, where we define = 0 in R — F. Contrary to the



CLASSIFICATION OF RIEMANN SURFACES 1335

assertion, assume that F'e SOy or equivalently EBe Oy Then the
inelusion Oz C Oy, implies that v is a constant, i.e. @(] w |) is a bounded
function on R. Let D= (Ju(p)|; ne R). Since D is connected and
|%| is not bounded, D =10, ). Thus (@(|u(p)l|); pe R) = (O(t); te
[0, «)). From this, the boundedness of @(|  |) implies the boundedness
of @(t), which contradicts the assumption (3).
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ON #-ORDERED SETS AND ORDER COMPLETENESS

LiNo GUTIERREZ NOVOA

In this paper, the notion of an n-ordered set is introduced
as a natural generalization of that of a totally ordered set
(chain). Two axioms suffice to describe an n-order on a set,
which induces three associated structures called respectively:
the incidence, the convexity, and the topological structures
generated by the order. Some properties of these structures
are proved as they are needed for the final theorems. In
particular, the existence of natural %-orders in the “flats” of
an n-ordered set and the fact that (as it happens for chains)
the topological structure is Hausdorff,

The idea of Dedekind cut is extended to n-ordered sets and
the notions of strong-completeness, completeness, and condi-
tional completeness are introduced, It is shown that the S~
sphere is s-complete when considered as an wn-ordered set, It
is also proved that £, the n-dimensional euclidean space, failg
to be s-complete or complete, but that it is conditionally
complete, It is also proved that every s-complete set is com-
pact in its order topology but that the converse is not true.
These results generalize classical ones about the structure of
chains and lattices.

II. n-Ordered sets. An element of the cartesian produet X+
of a set X will be called an n-simplex and denoted by 0" = (s, s, + -+, 8,)
where s;€ X for every 4. The class of even permutations of this
sequence is called an oriented =-simplex and denoted by |o"| =
| 80y 81, =+, 8, ]. The class of odd permutations is another oriented
n-simplex denoted by | — 0| =] — (S, 85, *++,8,)|. The set of all
oriented n-simplexes of X will be denoted by | X”|. In what follows
n-simplex will mean oriented n-simplex.

The join of two simplexes |o"|=|8y,8, *-*,8,] and |7¥| =
[ty by, »o, | 18 the A+ k — 1 — simplex | Sy, Si, * =+, Sp, boy b1y *+ =, T |
and will be denoted by |o”, z*|.

An n-ordered set is a pair (X, ¢,), where X is a set and ¢, is a

function from | X*| to the set {— 1,0,1} and which satisfies A4, and
A,.

Ai.—For every |o"|e| X" p,| —0"| = — @, |0"|.
Before stating A, we introduce the following notation:

@i (O.n’ Tn) = Py l ti? Sy Soy 200y Sy, ; P [ tO’ tlv t0 Ty ti~17 Soy tH—l’ ctcy tn |
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A,—If O (0" ) =0 for i =0,1, «--- n; then @, | 0" | @, || = 0.

D,.—The simplex |z"'| is said to be an upper bound for the set
{xgyael}c X if @, | ®s 7| = 0 for every ac I. If all the relations
are strictly > then | 7"~ | is a proper upper bound. Similar definitions
for lower bounds using = and <.

D,.—The n-order ¢, is open from above (from below) if every
finite subset of X has a proper upper bound (lower bound).

T.—If @, s an open from above (or from below) n-order of X
then the following transitive property holds:

If @, |80 81y ***y Sizty Xy Si41y ==+, 8, | = 0 for all ¢ and some x € X then:
Pn 0" 2 0.

Proof. Apply A, to the pair |z, z"*|,|0o"| where |7 '] is a
proper bound for {s;} U {x}

ExXAMPLES.
(a) In the vector space V™ over the reals define:

Pp—1 I Voy Vyy =%y Uy l = Sign Of det° i Voy V1y ***y Upy

The function ¢, , is an n—1-order of V".

(b) In the same space define:

P | Vos Uiy ¢+, v, | =sign of det. |v; — v, t=1,2,---,m. @, is an
n-order of V™.

(¢) The function of example (a) restricted to the sphere | V| =1
gives an n-1 order of the nm-1-sphere.

(d) Any 1l-order satisfying the transitive property of T, is
equivalent to a chain if we define: ¢, |a,b|tobe — 1,0 or 1 according
to @ >b, a =0 and a < b respectively.

(e) A field G is said to be n-ordered if it is also an n-ordered

set and the mappings: f,: x—ax and g,: x — a + « are order-automor-
phisms for any a # 0.
If we ecall: |o"| =S, S, --,S,|;la0"| =]aS, aS,-+--aS,]|, and
la +0"|=]a+ S,a+ S, --,a+S,|, then the definition means
exactly that ¢,|0" | @, |a0”|and ¢, | 0" | @, |a + 6" | depend only on a.
The following examples can be given:

(e,) The real numbers field is a 1l-ordered (open) field. (This is
a well known result).

(e,) The complex numbers field is a 2-ordered (open) field if we
define for any |o®| = | &, a,, @, |:
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14(c° .
(@) where 4(c%) = }ao o, o, ;

@2(0) = JA(O'ZH

O, &y

& being the complex conjugate of «, |« | the modulus of «.

(e;) The field of quaternions, considered as a 4-dimensional vector
space over R and with the 4-order of example (b) above becomes a
4-ordered (noncommutative) field.

(f) The n-order of V™ given in example (b) makes an nm-ordered
vector space out of V™ in the sense that the mappings f,: ©— ax
and ¢g,: x-— x + y are order-isomorphisms for any ac R, a # 0 and
any y€ V. This example can be generalized as follows:

(g) Let V be any linear space over the ordered commutative field
K, and BC V any Hamel base for V. If N={b,b, ---,0,} is any
finite subset of B: we can make V into an wm-ordered vector space by
defining @, (Vo, V, »+-, V,) =+ 1, —1 or 0 whenever det (V/— Vi)
is >, < or =0 in K(V/ is the coeflicient of b; in the expression of
V; in terms of the base B)

The independence of the axioms follows from the following examples:

In the set {a, b, ¢} define: @,|a,b,¢c| =@,|b,a,¢| =1 and ¢, =0
elsewhere. This system satisfies A, but not A,.

In the set {a,b, ¢, d, ¢} define:

@2\6,0,6”:@ZHG,C,CL‘:@2|6,C,b\:@2‘d,a,bl
:¢2‘dab50|:¢21dvcya':(pZJa/’cvbl:1

and define @, on the remaining simplexes according to A;. This
system satisfiles A, but not A,.

III. Consequences of the Axioms,

D,.—Two elements x, y of W are said to be equivalent if for
every |z*'|e| X" we have: @,|z, 7" | =@, |y,7*"|. They are
conjugate if o,|z, 7" = — @, |y, 7" "|. The relation between
equivalent elements is an equivalence relation and the set of equivalence
classes can be m-ordered in the usual way. For this set the following
axiom holds.

A;.—There are no distinct equivalent points.
From now on we assume (X, ¢,) satisfies 4,, 4, and A; and call (X,
®,) a reduced n-ordered system. An easy consequence of A; is:

C;.—An element x € X has at most one conjugate x*.

D,.—A simplex |o*|, k =< n, is said to be singular if for every
| "= | we have: ¢, | o, 7"**| = 0. In particular |o”| is singular
if: @, |0 | =0.
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The following theorems follow easily and are stated without proof:

T,.—x* monsingular, s the conjugate of x, if and only if |z,
x* | s singular.

T,.— Any simplex with repeated elements is singular.

T,.—There is at most one singular 0-simplex.

To.—If ¢ # vy, for some |n"'[: @, |x, x| # @, |y, T ].

We have also:

Too—If @, (0", ") =0 for 1 =0,1,2, .-+, nthen @, | 0" | @, |T" | =
0. (Compare A,)

Co.—If (0", 7"y =0for+=20,1,2,--+,nthen @, | 0" | p, | 7" | = 0.

T..—If @ (0", =0 for :=0,1,2, - nand ¢,|0"|p,|7"| =0
then: @, (c", t") = 0 for every 1.

IV. Flats and relative orders.

D,.—Given a nonsingular k-simplex |7*|, k < n, the set F'|#*| =
{z; |, 7" | is singular} will be called the flat determined by =*

Teo—1If s;,e Fin*|, +=0,1---n then |o™| 1s singular.

Proof. Apply C; to the pair |o”|, | x, 7" | where the last simplex
is nonsingular (Such an x exists by D,)

C,.—If |o"| and |z"| are both nonsingular, then for some <:
[ £;, 81,8, +=+, 8, | is not singular.

To.—If |p* %], h+k=mn—1, is nonsingular, the function
oot | = @, | o, 7| is a reduced h-order defined on the h-simplexes
| o* | of the set F| p*|, ¢, ts called the order of F|pu"| relative to
% |. The proof is straightforward.

To.—(Invariance of the relative order).—If @, and +, are the
relative orders of F|p*| by |n*| and | t*| respectively, then:

@il o* | =l p [oul " [halo™ | for any |0 |C F|pt].

Proof, We consider first the case where |7*| and |z*| differ by
only one element. Let |7n*|=]a, & | and |7¥| = |+ (b, &) | and
apply A, to the pair: | b, &~ p*| and |a, &, 0" |. It is easily seen
that the only @, different from 0 is:

@n ! a’ Ek_l’ ,’Ch 1 g)ﬂ l b’ Sk_d? Gh "

Hence: ¢, | 7%, t* | @, | 7", 0" | = @, | 7%, " | @, | T¥, 0" | and the theorem
follows since: ¢, | 7%, p* | # 0.

For the general case we construct inductively, using C, the
sequence: |7ty | = [7*[; |7} | = [L;, tiy <+ <, Lijy Divsy Divey **+, Do | Where
the t;, are elements of [7*| and apply the previous result several times
to the h-orders relative to |#¥| and |#},| for j = —1,0,1, ---, n.
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Since the previous result is independent of | z* | and | 7% | we have:

C.—The orders induced in F|p*| by |7*| and |7*| are either
identical or opposite and we may speak of the two “natural” orders
wn any flat F|p*,

V. Convexity theorems.
D;.—The element x is said to be contained in the nonsingular
simplex | 7" | if for some natural order of F'|rw"*| we have:

a/izgjh[pwpl’ coey Pie1y Xy Dit1y '°',p%|@h|7€h‘§0
for every 015 h.

If every a, > 0 we say that z is interior to | 7" |.

D,.—The segment (@, b) is the set of interior points of the non-
singular 1-simplex |a, b .

D,.—A set Cc X is said to be convex if for every a,be C, such
that |a, b| is not singular we have: (@, b) < C.
From the definitions follows:

T..—If x is contained in (interior to) |o*| it is also contained
wn (intertor to) | — (o") |

T..—If x is contained wn (tnterior to) | 6™ | and every s; satisfies:
Pn |8, T = 0 for some |7, then @, |z, 7 =0 (> 0).

Proof. We assume ¢, | o™ | > 0 and apply 4, to the pair:
| ¢, 7|, | 0" | to get @, |2, "' | = 0.

Now if « is interior to |o0"|, @, |2, 7*'| cannot be 0, otherwise by
C, and Ty we would have ¢, |0”| = 0 which contradicts our assump-
tion.

D,.—We say that | ¢*| is contained in (interior to) |z"| if every
s; is contained in (interior to) |z*|.
Using the previous theorem we now can prove:

Ts.—If x is contained in | o™ | and | o™ | is contained in (interior
to) |~ | then x s contained im (imterior to) |mw"|.
This theorem can be extended in a natural way to the case of two
simplexes | o"| and |7*| where h and k& can be different from n. We
omit the details. As a corollary of these theorems we have:

T —The sets Ct|o"| and Int | c*| formed by the elements which
are contained in and interior to | o | respectively, are convex.

VI. The induced structures. Given an mn-ordered set (X, ¢,)
the following structures are said to be induced by the order:

(a) The incidence structure, (X, &) where &2 is the family of
flats of (X, @,).
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(b) The convexity structure (X, ) where & is the family of
convex subsets of (X, p,).

(¢} The topological structure (X, 57) where & is the family of
closed sets generated by the sub-base <#. The elements of <7 are
the sets Biw = {x; @, | ®, 7" | = 0} for any nonsingular | 7"|, toge-
ther with the B = {2, ¢, |2, 7| < 0}. We prove the following
theorem concerning the topological structure (X, &)

T.—The topological space (X, %) ts Hausdorff, provided (X,
®,) contains no singular point.

Proof. 1If |z, y| is singular then by T,, x = y*. Since 2 is not
singular, for some |z"'| we have ¢, |z, 7" >0, and therefore
@, |y, 7| < 0. The sets B ={2;0,]% 7| >0} and B =
{2; p, |2, 7" | < 0} are disjoint (open) neighborhoods of x and ¥
respectively.

If |,y is not singular, for some #"% o, |, y, 7" *| > 0. Assume
first that for some 2z, we have: 0 # ¢, |2, 2, 7" | = @, | 2, Y, T | = 0.
To be precise let ¢, |z, 2, 7" *| <0 and @, |2, y,7"*| >0 and call
|zt | = |#, " *|. Then B/n— and B are the required neighborhoods.
If such a z does not exist, call | z"~'| = |, 7"*| and |o™'| = |y, "% |.
It is easily verified that B:—: and Bj»—: satisfy the requirement. The
above theorem is an extension of a well known result in the topology
of chains. (See [1] p. 39)

The following result is important and will be needed in the sequel:

To.—If ®, y are contained in | o™ | then x is contained in some
| 071 = |80y 81y =+, Sims, Yy Sivsy **, S |

Proof. Call P, =¢"|0}| and P;; = @"| 0} = @™ | 8oy Sy ***, Sjy,
Ty Sisty 0%y Simty Yy Siu1y =0, 8, | for 4 g, Clearly Py = — P We
put Pii - @rn I 80y 81y ¢y 851y, Ly 8541y 0%, Sy |’
Applying A, to the pair:

|o?| and | 07, | we get:

It P;P,; and P.P; are both =0 then PP, =0. We may assume
@"|o™| > 0. Then by D, all P, are = 0. Hence we have transitively:
P,,=0 and P;; = 0 imply P,; = 0. Using this, we can prove easily,

by induction on m, that for a certain value of K, say k =k, all P,; =
0, 7=0,1,2,---,m, and this means that « is contained in | o7, |.

VI. n-Order completeness. In the theory of ordered sets a
lattice is said to be complete if every subset of it has a L.U.B. and
a G.L.B. This notion is equivalent to that of compactness of the
associated topological space (interval topology) when applied to chains.
(See [3]) In this sense the lattice of real numbers fails to be complete.
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{See [3], p. 51) On the other hand it is conditionally complete because
every bounded subset has a L.U.B. and a G.L.B. This property is
equivalent to the fact that every Dedekind cut has a separation
element. We proceed to extend these ideas to m-ordered sets. Let
(xz, ¢,) be a reduced n-ordered set. Every eclement xe X determines
an n-l-order in X by defining: ¢, ,|7" | = @, |z, z**|. Consider
now the subsets of | X" | defined by: C} = {|7a"|; @,_, | 7| = 0}
and C; = {| 7" |; @i [T £ 0} It is clear that Cr U C; = | X
and « is called the separation element of the pair (C;, C;). We also
have for every nonsingular |z"'|:|z"'|eC} N C; if and only if:
xe F|7n""|. We now extend the notion of “cut” to mn-ordered sets.
Let C+ and C~ be two subsets of | X"~ | such that C* U C~ = | X"
and v any object not in X. Let X* be the set X U {v}. We extend
the function ¢, to the set | X**| by defining: @i |v, 7" | = +1, —1
or 0 whenever |7*'| is in C* —C~,C- —C* or in C+ N C-, resp.
Then @} |7"| =@, |7"| for |z || X"|. We call v the ideal element
defined by (C*, C).

D,,.—A pair (Ct, C~) of subsets of | X*'| is said to be a cut if
the following properties are satisfied:
(a) CTuUC =|X*|
(by (X*, @) is an m-ordered set. (Satisfies A, and A,)

D,.—A cut (C*,C) is said to be ¢ntertor or a Dedekind cut if
the ideal element v defined by the cut is interior to some |o”| of X.
This means that for some | o™ | and every 4 we have:

1 B
gD;zk\S()ysly ey Si, 7, Siy "',Sn!gl,‘f|0'n| >0.

D,.—An n-ordered set (X, p,) is said to be strongly complete
(s-complete) if every cut has a separation element in X. It is condi-
tionally s-complete if every interior cut has a separation element. It
is order complete if the topological space (X, &) is compact.

T.,—If (X, p,) s s-complete, then every element has a conjugate.

Proof. For every xe X the sets C; and C; obviously form a cut
(CH,C7). 1t is also clear that the pair (C;, C}) is also a cut defining
x*,

Tso—The S™ sphere with the n-order defined in II, example ¢,
18 strongly complete.

We give only an idea of the proof: For any nonsingular n-simplex
|z | in S® and taking antipodal points, we have a decomposition of
S* into 2" simplexes. Given a cut (C*, C~), the ideal element, v is
order-contained in one of them say |x;|. The repeated barycentric
subdivisions of | 7% | furnish, (because of T,) a sequence of simplexes
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|7?], 4 =0,1,2 --. such that v is interior to all of them and their
diameters tend to 0. There is also a unique point » of S” common to
all the |n7|. It is easily shown that p is the separation element of
the cut.

It follows from T, that E", the euclidean #%-space with the %-
order of example II(b) is not s-complete and from D, that it is not
order complete. This is not surprising if we recall the initial remark
of this section. But we can prove:

Tyo.—E"™ with the n-order of example II(b) is conditionally s-
complete.

We omit the proof since it is entirely similar to that of T\, The
relationship between order-completeness, s-completeness, and compactness
is established in the following theorem which is similar to the classical
result for partially ordered sets and chains. (See [3] and [2])

Toy.—If the ordered set (X, p,) 18 s-complete, then it is order
complete 1.e. the space (X, & ) 1is compact.

Proof. Let G be a collection of closed sets of (X, &) with the
finite intersection property. It follows from a well known theorem of
Alexander that we may restrict ourselves to the case where &
consists of elements from the sub-base <. (See VIa) Let .# be a
maximal extension of & in & with respect to the property. Then
an element of % belongs to .# if and only if it meets every
element of 7. (See [4])

Using the notation of T, we now define (C*+, C):

|z**|e C* if Binre # and |n"'|eC- if Bau-1e . # .

We shall prove that (C*, C) satisfies D,, and is therefore a cut. If
|7*™*| is not in C* for some M,e .~ we have:

Mo (- X - E:n—l - B;n—l C E;n—l .

It follows that every Me ._# meets Bm-: since it meets M,. Or
|7~ |e C~. Therefore C* UC~ =|X""*|. In order to show that
D, (b) holds, we first prove the following result:

If v is the ideal element defined by (C*, C~) and v satisfies a finite
system of equalities: @,|7v, 07| =¢;;1=1,2,---,1, then there is
some 2z € X which, when substituted for v, also satisfies the equalities.

Proof. If e; =1, then |077*| is in C* but not in C~ and there-
fore E;M_I fails to meet at least one element of _#Z. Denote it by
M;. Similarlyife; = —1, B‘, 1 does not meet M;€ _#. Andife,=0,
both B;"kn . and Bc, i belong to 4. We call M, = Bw—l N B,kn_l,
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clearly M,c .7 .

We consider now I =, M,,» =1,2, ---,[. Since [ is not empty,
we take any zecl. It can be readily seen that z satisfies all the
equalities. To show now that (C*, C~) is a cut, it suffices to check A,
since A, is obviously satisfied. But if some pair | 6" ], | 7" | of n-simplexes
of X* fails to satisfy A., by the previous result the same is true when
we put ze X instead of v, and this leads to a contradiction. Let s be
the separation element of the cut (C+,C-) and G any element of <.
Since G belongs to the sub-base <# and T, holds, it can be written
G = B;,_, for some |7*'|: This means |t*'|e C* and ¢, |s, "' | = 0,
or equivalently, se Bi, , = G. This completes the proof.

That the converse of the above theorem is not true, can be seen
by means of the following example:

Let (S?, ¢,) be the 2-sphere with the 2-order of Example II(c) and
K the finite subset of six elements (X%, 7, +=k), 2-ordered by the
restriction of @, to K. Then K is compact in the induced topology
but the cut generated by the elements +(1/3)(i +Jj + k) of S* in
(S?, @,), restricted to (K, ¢,), have no separation elements in (K, ¢,)
and therefore it is not s-complete.
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SOME CONSIDERATIONS ON CONVERGENCE IN
ABELIAN LATTICE-GROUPS

FREDOS PAPANGELOU

We define a-convergence in an abelian l-group as follows:
The net (x:);c; a-converges to x if x is the only element such
that = = V@% (@ A x) = A@io (x; vV x) for every wwel. In an
Archimedean [-group (x;) a-converges to x if and only if for
every a and b the net (¢ Vv x;) Ab order-converges (in the ordinary
sense) to (@ vV ) A b. In general a-convergence is weaker than
this latter condition and is considerably more natural in the
non-Archimedean case, The algebraic operations of an arbitrary
abelian [-group G are continuous relative to a-convergence, If
G is completely distributive its a-convergence derives from a
Haugadorff group-topology. Three sufficient conditions are given
for the preservation of the a-convergence of an [l-group G
when it is embedded in another l-group £Z. In an appendix,
we formulate a necessary and sufficient condition in order that
an abstract sequential convergence derive from a topology.

The present paper is supplementary to [9] and concludes the investi-
gation begun there. We note here that a-convergence is weaker than
the concepts of convergence studied in that paper. In the next few
paragraphs we review briefly some of the basic definitions and recall
some of the results of [9] which will be needed below. The elementary
theory of lattice groups is assumed known; we refer the reader to |2,
Chap. XIV] or [4]. We shall employ the additive notation and use the
standard abbreviation “l-group” for “lattice-group.”

If A is a subset of an l-group G and if A has a least upper bound
in G, we shall denote this L.u.b. by V%,a or sup® A4; dually the g.Lb.
is denoted by A%, a or inf“ A, In the case of a family (x.).e; the
notation is V&, 2. or sup® {z,:«c I} and dually for greatest lower
bounds. We shall omit subscripts and superseripts whenever confusion
is unlikely. The term “positive” will be used for “=0.” Throughout
the present paper R will denote the real line, R* (where X is an
arbitrary set) the I-group of all real functions on X. M will be reserved
for the l-group of all bounded real funections on [0, 1].

In [9] we investigated several types of order-convergence, the main
ones being o-convergence, natural convergence and L-convergence. We
repeat here the definitions of the latter two. Let G be an abelian
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l-group and let (x;);c; be a directed net in G (in the sense of [6]). An
element u € G is said to be a superelement of (x;) if x;, < w eventually;
a subelement is defined dually. The net (x;) is said to be eventually
bounded in G if it has a superelement and a subelement. For ordinary
sequences “bounded” and “eventually bounded” are equivalent.

We say that an eventually bounded net (x,) converges naturally to
x€ G relative to G (denoted: v-lim{&; ¢, = ) if inf® U = sup®V =z,
where U is the set of supereclements and V the set of subelements of
(x;)in G. The operations +, \/, A, ete., of the l-group G are continuous
with respect to this convergence.

If M is the l-group of all bounded real functions on [0, 1] and if
we define 0,(x) = n*x(l — ¥, £€[0,1],n = 1, 2, --- then the sequence
(0,) is pointwise convergent to 0 but is not eventually bounded in M.
It is therefore natural to extend our definition of convergence so as to
obtain non-eventually-bounded convergent nets, and one way to do this
(discussed in §7 and § 8 of [9]) is the following:

1.1. D=urFINITION. The net (,);e; L-converges to x relative to G
(denoted: L-lim{@, 2, =«) if and only if for each pair a,bcG
yv-im!%; (@ vV ;) A b= (a V) A b

1.2. PROPOSITION. ([9, Prop. 7.2]). L-lim® x, = x if and only if
for every b =0 in G v-lim® |z, — x| A b=0.

Our L-convergence is not related to Rennie’s L-topology ([10]).

The following lemma, which will be needed later, is contained in
Lemma 6.3 of [9].

1.3. LeMMA. Let G be an Archimedean l-group, a an element of
G and (%)ier @ net wn G which 1s eventually bounded. Then the
following statements are equivalent:

(i) V(& Aa)=a for every i,¢l.

i2ty

(i) a = u for every superelement w of (x;).

2. The a-convergence in an abelian lattice-group. The sequence
(0,) defined above L-converges to 0 in M and in this respect Definition
1.1 is effective. Suppose however that we embed M in the non-Archi-
medean [-group JoM (where J denotes the ordered group of integers
and o denotes lexicographic product) by means of the “canonical”
mapping f— (0, f). The sequence (0, ¢,) is now bounded in Jo M and
our trick fails: (0, ¢,) is not L-convergent in Jo M.
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There is however another, more intrinsic, way of describing the
pointwise convergence of (0,) in M which remedies the defect in this
particular case. This is achieved by means of Def. 2.1 below; this
definition may seem a little sophisticated at first but is in fact very
natural, as a closer examination will show.

2.1. DEFINITION. The net (%;);e; @-converges to x€ G relative to
G (denoted: a-lim{%; x;, = ) if x is the only element of G satisfying:

(1) r=V@ ANx)y= A9 (; Va) for every i,el.
Y A

121) 21

Compare Def. 2.1 with Lowig’s Thm. 42 in [7]; see also Lemma
1.3 above. It will be convenient to call an element & satisfying (1) a
central element of (x;) relative to G. The definition then reads:
a-lim'® x, — o if and only if x is the only central element of ()
relative to G.

Before studying a-convergence and its connection to L-convergence,
we introduce another concept of convergence for purposes of comparison
only and as an auxiliary tool. In fact, it proves to be very defective
in the case of abelian l-groups, despite the fact that it arises from a
close imitation of the method so successfully employed by H. Lowig
in the case of Boolean rings. If a net (x;,) is eventually bounded in
@G, then an element x€ G is said to be an interelement of (x;) relative
to G if v =2 =< u for every subelement v and every superelement u
of (x;) in G. If (x;) is not eventually bounded, then 2z is said to be
an interelement of (x;) relative to G if and only if for every a,b
(@ VV ) A b is an interelement of (@ \V #;) A b in the preceding sense.

DEFINITION. The net (x;) L*-converges to x relative to G (denoted:
L*1lim® x;, = x) if « is the only interelement of (z;) relative to G.

If (x;) is eventually bounded then v-limx, = %, L-limx, = « and
L*-lim z; = ¢ are of course equivalent.

2.2. LEMMA. If x is an interelement of (x;) and if ye G and
wel are such that x, Nx =y <2 for all 1 =1, then y too is an
interelement of (x;) and dually.

Proof. If (x;) is eventually bounded, if u is a superelement and
v a subelement of (x;), then there is some % = %, such that v < s, Az =
Yy = o =u, hence v =y =u. Suppose now that (x;) is not eventually
bounded and fix a,b. If v =(aV @) Ab=wu for all ¢ = k say, then
v=(aV ) ANb=wu by the definition of interelement. We therefore
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have on one hand (¢ V¥) A b = (¢ V ®) A b =< w and on the other hand
VE eV e)AbAlaV)yAb=laV (@ A x)]Abfor all © = k; if
1 is chosen to be =i, k, then v Z[a vV (g, AX)] A b= (@ y) Ab.
Thus v < (¢ V ¥) A b = u; we infer that (& V ) A b is an interelement
of (avVa)ADb, i1el.

2.3. LEMMA. If x is a central element of (x;) them x is an
interelement of (x;). Lf moreover (x;) ts not eventually bounded, then
the converse 1s also true.

Proof. Let x be a central element of (x;). If (x;) is eventually
bounded, it is immediately seen that z is also an interelement of (x,).
If (x;) is not eventually bounded we show, using the infinite distributive
laws, that for every a, b€ G (a \V %) A bis a central element (and hence
also an interelement) of (a vV ;) A b,1€ L

Assume now that (zx;) is not eventually bounded and let x be an
interelement of (x;). Fix ¢,€ . Obviously « < «; V @ for all ¢ = 4.
If yw <z, vz for all i = 1, then (x V&) A ¥ =y eventually. Since
(xV 2)ANy =2z Ay is, by the definition, an interelement of (x \V ;) A 9,
1€ I, and since the latter net is eventually equal to y, we have y =
x Ay, hence y <. Thus x = A,z (@; V @). Similarly we prove the
dual equality.

2.4. COROLLARY. If G1is Archimedean, then x is an interelement
of (x;) if and only tf it s a central element of ().

Proof. If (x;) is eventually bounded this is a direct consequence
of Lemma 1.3. If (x,) is not eventually bounded the result is included
in the above Lemma.

2.5. THEOREM. L-limz, =a  tmplies L*lima, =2, and
L*lim g, = x vmplies a-limz;, = 2. If (x;) is eventually bounded then
L*-lim z; = ¢ s equivalent with L-limx; = z (and with v-limx, = x).
If (x;) s mot eventually bounded L*-limx, = x s equivalent with
a-lim 2, = x,

Proof. If L-limx, = %, where (x;) is not eventually bounded,
then v-lim(a V) Ab=(aV z) Ab for every a,b. Hence xz is an
interelement of (x,). If y were another interelement, then (with a =
x A Y, b=2a\Vy in the definition) [(x A ¥) Vy] A (x V y) =y would
be an interelement of [(x A y) V a;] A (x V ¥), 1€, which however
converges naturally to [(x A y) Va] A (@ Vy) =2. Thusy =x. We
have shown that L-lim 2, = & implies L*-limx, = .
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If L*lima; = then x = V., (&; A 2) for every 4, in fact if
y=x, A« for all © =1, then * Ay is an interelement of (x;) by
Lemma 2.2, therefore 2 Ay =2, i.e. y = 2. Dually we show that
= Az (®; V). That x is the only central element of (x;) follows
from Lemma 2.3. The final part of the theorem is also a consequence
of Lemma 2.3.

None of the converse implications is valid. To show that L*-limx,=
2 does not imply L-limx; = @ consider the direct product M x (Jo M)
of the l-groups M and Jo M and set x, = (d,; 0, g,) (the sequence (c,)
was defined above). It can easily be shown that a-limz, =0 and
since (¢,) is not eventually bounded in M x (Jo M) we infer from the
preceding theorem that L*-limx, = 0. However L-limx, = 0 is false;
in fact if z=1(f;1,¢g) then (0 V x,) A« fails to converge naturally
to (0V O Ax=0, since every superelement wu = (h;m,n') of
OvVae)ANx=1(,Af0,o0,) must necessarily have m = 1. Finally to
show that a-lima; = does not imply L*-limx;, = 2 consider the
sequence (0, 0,) in Jo M. We thus see that a-convergence is in general
weaker than L-convergence, both for bounded as well as for unbounded
sequences, However, in an Archimedean [-group they are equivalent:

2.6. THEOREM. In an Archimedean l-group L-convergence and
a-convergence are equivalent.

Proof. Assume o — lima; = ®. Then, by Thm. 3.8 of the follow-
ing section, for every a,beG a —lim(a V @;) A b= (a \V 2) A b. By
Corollary 2.4 this means (@ VV «) A b is the only interelement of
(a\w;)A\b, 1€ I and since the latter net is bounded, v—lim (a\Vz,) A b =
(a V 2} Ab. Hence L —lima; = .

The entire machinery of [9, §8] is now at our disposal for the
“completion” of an Archimedean [-group relative to its a-convergence.

3. Continuity of the ‘algebraic operations. The operations
+, —, V, A ete. are continuous relative to L-convergence; this follows
from Prop. 1.2 (see [9, Prop. 7.4]). It is much less trivial to show
that they are continuous relative to «-convergence too. This will be
our next goal: The proof of Thm. 3.8 below goes via a number of
auxiliary propositions, most of them covering special cases. Let us
however remark at this point that L*-convergence violates this natural
requirement of continuity. Setting =z, = (0,;0,0,) in the I[-group
M x {(Jo M) as before, and ¢ = (0; 1, 0) we see that L*-limx, — 0 does
not imply L*-limx; A ¢ =0 A ¢. Hence the mapping = — 2 A ¢, with
¢ fixed, may fail to be continuous. The mapping G X G3(x, y) —
2 + y € G may also fail to be jointly continuous as is seen from the
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consideration of the sequences %, = (0,;0,0,) and y, =(—0,;0,0) in
M x (JoM). These are overwhelming disadvantages and we have to
reject L*-convergence. It is of course true that L*limx, =2
implies L*-lim (—x;) = — and L*-lim (x; + ¢) = x + ¢ but this offers
little consolation.

Notice the following useful facts:
(2) If 2= A (%, Vo) and if o* = @, then 2* = A (z; V 2*);

iz >
121 127

and dually.

(3) If alima; =« and if 2, <y eventually, then x < y;
and dually.

(4) If x,y are central elements of (x,;), then so are
VY and & A ¥.

(5) If (y;) is a subnet of (x;) (in the sense of [6]) and if x is a
central element of (y;), then =z is a central element of
(zx;) also.

(6) The following three statements are equivalent:
(i) « is a central element of (x;);
(ii) —x is a central element of (—u;);
(iii) « + ¢ is a central element of (x; 4 ¢).

The easy proofs are left to the reader. From (6) in particular it
follows that a-limx;, = 2z, a-lim(—z;) = — and a-lim(x,+¢) =2 + ¢
are equivalent.

3.1. PROPOSITION. If a-lim;c;x;, =2 and tf (Y;)ies 18 a subnet
of (%.)ier, then a-limje; y; = .

Proof. We first show that x is a 'central element of (y;), i.e.

(7) t=V W ANx)y= A (y; V) for each j,eJ.

izig

Assume 2z = y; Az for every 7 =7, and define y =2 A 2. We
shall show that ¥ is a central element of (x;). In fact fix 7,., We have
=y, hence by (2) ¥y = Vs, (€; A ¥). To show the dual equality
Y = Aizi, (@ V y) assume

(8) u =, Vy forall i=1,.
Then v <2, Vy Ve=ux Vax for all 1 = 1, hence

(9) =< A, Vr)==2x.

izig
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Suppose now y; = 2, J€J, and choose 7' = j, such that n(j’) =
2. Then by (8) u = x,,, V ¥ and combining with (9)

U=STN @uin VY=YV (@uin ANT) =Yy,

since y =2z A x=y; A for all § = 7. Thus y = A, (2 V 9).
We infer that y is a central element of (x,), hence y =z, i.e.
x ANz=uw, 2=« and this proves the first half of (7). The dual is

proved analogously. It follows now from (5) that « is the only central
element of (y;).

3.2. ProposiTION. If 2, = 0 for every 7, then the following are
equivalent:

(i) alimzx, =0

(ii) If x=0 and v = V (z; A x) for every 4, then x =0

iz
(iii) For each x>0 there exist i,€ I and u,e G such that x>u, =
x; A« for all 1 = 1,.

Proof. That (i) implies (ii) is obvious. (iil) is only a restatement
of (ii). We now show that (ii) implies (i). Assume (ii) is true. Then
0 is a central element of (x;). In fact fix 4,; obviously 0 = Vizi, (2:A0).
To verify the dual equality 0 = Ay, (v V 0) = Ayzi, @; Suppose y = @,
for all 7 = ¢,. Defining x =y vV 0 we have 0 =z < z; for all + =1,
i.e., x = a; A o for all ¢ =1,. But then « = V., (x; A x) for any 1,
since there is always an ¢ = 4,, i,. By hypothesis (ii) 2 = 0, i.e., y £ 0
and this means 0 = Ay, ;.

If « were another central element of (x;), then » = A, (@, V) = 0
and on the other hand » = V., (%; A x) for every 4,. By (ii) 2 = 0.

3.3. ProposiTION., If 2;,=0(icl), y;=0(jeJ), alimz;, =0

and a-limy; =0, then a-limg ey (X + %) =0. (Here I x J is
directed by the cartesian ordering).

Proof. We shall apply the preceding proposition. Let z= 0 be
such that

(10) z=_ VYV (= +y;) Az] for every iy J,.

izig, j2dg
We shall first show that

an 2=V (x; N 2) for every i,.

iz

Let y= 2, AN zforallt =1, Definey,=2Ay. Thenz=y, =2, A2
for all 7 = 7,., From this we shall deduce that
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(12) 2=y =V lyi A (2 —y)] for every j,.

=N
In fact if w = y; A (2 —y,) for all § = 7, then

U+ Y= Wi +Y)AN2= (Y 2 AN2) Az

for all © =4, and all 7 = 7, hence u + ¥, = (¥; + ) A (y; + 2) Az =
(y; +a2) AN zforal i=1% andallj = 7,. By (10)u + 9, =z, i.e.,, u =
z — ¥y, and thus (12) is established. This implies, by the preceding
proposition, z2—y,=0, 2=19,=2A¥Y, ¥ =2 which proves (11). Finally,
by the preceding proposition again, (11) implies z = 0.

3.4. ProrosiTioN. If a«@-limx;, =0 then «a-limzjf =0 and
a-lim x; = 0 (where af = x; V 0, 27 = (—2) Vv 0).

Proof. x+ =0, therefore we can apply Prop. 3.2. Let x =0 be
such that
(13) v =V (&7 N 2) for every 4,.

=

We shall show that
{14) v =V (x; A x) for every i,.

24y

Ify=a, Axforall i =4, then y =2 a, AOAx for all 1 =1, y=
[Vizi (@ AOJA =0 A a(=0). Thus y= (@, A2)V(OAR) =2 Ao
for all 7 =4, hence vy =2 by (13); (14) is established. That x =
Aizi, (@; V @) follows from (2) and the relation # = 0. Now 2« being
a central element of (x;) must be equal to 0.

Finally a-limz; = 0 implies «-lim(—x,) =0 and by what was
proved a-lim x; = 0.

3.5. COROLLARY. «-limx; = 0 implies a-lim |«a;| = 0.

Proof. a-limxz; =0 implies a-limz} =0 and a-limx; = 0. By
Prop. 3.3 a-lim;,; (7 + 27) = 0. Now |wx,| =27 + x7,i¢ I, being a
subnet of (xf + x7), (4,5 eI x J, a-converges to 0.

3.6. PROPOSITION. «-lim|x;| = 0 implies a-lim z; = 0.

Proof. «-lim|x;] =0 implies a-lim(—|z;])=0. Since 0=
z; VO =|z;]VO0wehave 0 = A,z (2; V 0) for every 4,. Dually 0=
2; A0 = (—]x;[) A 0implies 0 = V3, (x; A 0) and thus 0 is a central
element of (x;). Let x be another central element. Then —2z is a
central element of (—u;), therefore
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(15) =V (x; A x) for every 1,
(16) —x=V (—z; A —x) for every 4,.

We infer from (15) and (16) that

(17) lxl:_y (Jz;| A |2]) for every 4, .

(In fact if y = |o;| A |2|theny = 2; A xz and ¥y = (—x;) A (—2), hence
yzxand y= —2, ie.y=aV —x=|z).
By Prop. 3.2 || =0,2 = 0.

3.7. THEOREM. a-limx; = « if and only if a-lim|x;,—x| = 0.

In fact both are equivalent to a-lim (x; — ) = 0. Notice that, by
Prop. 3.2 a-limye;2;, =0 and 0=y, =x, for all +el imply
a-lim;e; y; = 0.

3.8. THEOREM. If a-lim;e;2;, = and a-limje;y; =0, then
a-lime, (—a;) = —w, alime, |a;|=|2], @lim;jerns (@ +¥) =2+ ¥,
a-lim ers (@ V ¥5) =« V y and dually.

Proof. 0=|(w;+y) —(@+y|=|a;—x|+|y;—yl. By Prop.
3.3, Thm. 3.7 and the remark preceding the present theorem:

a-lim (x; + ;) = v + ¥y .
Similarly

le; Vy,—aeVyl=le, Vy,—aVy,+aeVy —zVyl
sl Vys—aeVuyilFlevy,—aeVyl S le—o+ [y, — vl

ete.

4. Subspaces and product spaces. If an abelian l-group G is
embedded in another abelian [-group E with preservation of all existing
joins and meets, then the a-convergence of E can be relativized to G.
It is natural to ask under what conditions this relative convergence
coincides with the a-convergence of G itself. Theorem 4.1 below gives
three sufficient conditions.

Let E be an l-group and G an l-subgroup. G is said to be regular
in E (equivalently E is said to be regular over G or a regular ex-
tension of G) if AC G and inf® A =0 imply inf® A =0. It is then
true that = sup® X(X C G) implies * = sup” X, and dually.
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4.1. THEOREM. If the abelian l-group E is a regular extension
of G, (x;) and x are in G, then a-lim® x, — & implies a-lim® o, = x,
If moreover either

(i) G is Archimedean
or (ii) E s completely distributive (see Definition 5.1 below)
or (iii) for every ec KE,e > 0 there is g G such that 0 < g =e
then a-lim'® x, = ¢ and a-lim® x, = x are equivalent.

Proof. That a-lim® x, = 2 implies a-lim® x; = x follows from
the definition of «-convergence and the regularity of E over G.
We here prove the sufficiency of conditions (i) and (iii) for the converse
implication; the sufficiency of condition (ii) will be proved below (§5).

Let a-lim® x;, = . Without loss of generality we can assume
x=0,2,=0. Then 0 is a central element of (x,) relative to E too.
Let ¢,e¢ E be another central element of (x) in E; then e, =
AL, (@, V e) = 0 and

(18) e, = V& (x; N\ e) for every i, .

iZ4

Case (i) (G Archimedean). We first show that ¢, A a =0 for
every positive a€G. In fact a-lim'® x, =0 implies L-lim® x, = 0
by Thm. 2.6, hence v-lim® 2, Aa=0. Then vlim®x, Aa=0
(see [9, Prop. 6.2]), therefore v-lim® x, Ae Aa=0. If # is any
superelement of 2; A e, A a@,7€ I, in E then by (18)

eNa= V2@ NeNa=u
121
for suitable 7,. Thus ¢, A @, being a lower bound to the set of super-
elements of 2, A e, A a, 1€ I, in E, must be 0.
In particular e, A 2; = 0 for every 7€ I, hence by (18) ¢, = 0.
Case (iii). (For every ¢ >0, ec K, there is ge G such that

0 < g=e). Assume ¢, > 0in (18) and let g € G be such that 0 < g = e,.
Then

g=eNg= [,\Zl,‘m (x; A eo)] Ng =N ANe g = V2@ Ag)
121 = 1=

hence g = Vi (x; A g). By Prop. 3.2 we then have g = 0, a contra-

diction. Thus ¢, must be 0.

Condition (iii) in the above theorem covers the case of the Everett
extension G* of G by means of “Cauchy” cuts, as well as the extension
G (see [9]). It seems improbable that the implication a-lim® x; =
2z = «-lim® x; = ¢ remains valid if we merely assume that E is
regular over G.
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We close this section with a theorem on cartesian products, whose
proof is easy.

4.2. THEOREM. If G is a direct uniton G = X.cr G° of abelian
l-groups G°,ze T and if x€G,x;€G, then «alim® x, —x if and
only if a-lim{® 'z = x° for every ve T. (Here 2° denotes the z-th
“coordinate” of x).

5. The case of completely distributive abelian l-groups. There
is a very neat characterization of «-convergence in a completely
distributive abelian [-group.

5.1. DEFINITION. An abelian l-group G is said to be completely
distributive if it satisfies the following condition:

(P) If, for each index « in a set A, (Tui)jer, 15 @ family n G
and if all goins and meets exhibited in equality (19) below exist,
then this equality is valid:

(19) AV =V Ao ;

aG€4 JEI g QEh €A
here ¢ = ¥ ,c ., 1.6., ¢ is the set of all choice-functions @(.) on A
with g(a)e J, for each ae A.

For equivalent formulations of complete distributivity see [12,
Thm. 2.6].

5.2. THEOREM. If G is completely distributive and (2,);er 75 @
directed net in G, then the following are equivalent:

(i) alima, =0
€7

(i) For each cofinal subset J of I A |x;| = 0.
JET

Proof. If a-lim;e; 2, = 0 then a-lim;e;|2;| = 0 and since (;);es
is a subnet of (%);er we must have «a-lim;e;|2;| =0, hence
Aiesl2z;| = 0. Conversely assume that (ii) holds. To show that
a-lim z;, = 0 (equivalently a-lim |x;| = 0) it is sufficient, by Prop. 3.2,
to show that if =0 and « = Vs {(|2;] A x) for each ieT then
=0, But if 2 = V2 (z;] A ) for each i€ [ then

=AV (z[Aw).

i€l j=

On the other hand by hypothesis (ii) Aier (| %, | A 2) =0 for each
choice function ¢(.)€ X;e;J;, where J; = {jel:j = i}. Thus

VA (| Aa)=0
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and by the complete distributivity of G, z = 0.
Notice that (i) implies (ii) in any abelian I-group. We can now
proceed to the

Completion of the proof of Theorem 4.1. Let E be a completely
distributive regular extension of G. If a-lim{%, ;=0 then A2, |x;|=0
for every cofinal subset J — I. By the regularity of E over G A%, |x;|=0
for every cofinal J < I, hence by Thm. 5.2 a-lim'® %, = 0.

Our next result is that in a completely distributive abelian l-group
the a-convergence derives from a group topology.

5.3. THEOREM. If G 1is completely distributive then its a-con-
vergence derives from a topology T on G which makes G into a
Hausdorff topological group.

This means that a-limx, = « if and only if (2;) is eventually in
each T-neighborhood of x.

Proof. To show that the a-convergence is a topological conver-
gence, it is sufficient, by [6, p. 74] to show that it has the following
properties:

(i) If ;= x for every 7¢I, then a-limzx; = x.

(i) If allimz, =2 and if (y;) is a subnet of (x;), then
a-lim y; = «.

(iii) If a-limzx; = = is false, then there is a subnet (y;) of (x;) no
subnet of which a-converges to x.

(iv) If, for each 7 in a directed set I, (x;;)jer, is a net in G such
that a-herg x;,; = x; and if a-lim;, = x then

TELRy
a-lim y,p = @
where Y., n = Yarey, (&, f()el X '>e(IRi = >, is the net defined by
Y iy = Tirn (Z =1x ?E(IRi is directed coordinatewise).

For a variation on these conditions see [1].

(i) is obvious and (ii) was proved earlier (Prop. 3.1). To show (iii)
we assume (without loss of generality) that « =0. If a —limx;, =0
is false then by Thm. 5.2 there is a cofinal subset J of I and some
2€ G such that 0 < 2z < |x;| for every jeJ. Then (x;);e; is a subnet
of (x,);er no subnet of which can a-converge to 0.

Finally to establish (iv) we need a lemma.

LEMMA. Let D be a cofinal subset of >, = I X X;er B;. For each
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we l let A; = {je R, there exists a choice-function f(.) € Xer B; with
J(o) =7 and (%, () € D}, i.e. A; = {f(3)): f 18 such that (i, f)eD}.
Then the set

2={nel:A,; 1s cofinal vn R}

ts cofinal in I,

In fact suppose there is k,€ I such that, for every ¢ = k, A; is not
cofinal in R;. Then for each ¢ = k, there is j(i)e R, such that no
element § of A; is =7(i). Define f,(.) in X.e; B; by:

an arbitrary element of R; if ¢ 2 k,

o) = JG) it i =k, .

Then there is no element (¢, f(.))e D with (2, £(.)) = (ks, fi(.)), Which
contradicts the fact that D is cofinal in I X X,e; R;.

Having established the lemma we now turn to the proof of (iv).
Suppose that a-limjep, 2;; =, for each 7¢I and that a-lim,e; x;=0.
(There is no loss of generality in assuming x = 0). We shall show
that a-limy ;iyex Yarey = 0 by applying Thm. 5.2. If D is cofinal
in > and 2z < |y,,;. | for every (¢, f(.))e D, i.e. if 2 < | x; sy | for every
¢ and f(.) such that (¢, f(.)) € D, then in particular, for a fixed ¢ in Q
(2 is defined as in the lemma) z < |, s, | for every f(.) € X.c: R; such
that (¢, f(.)) € D, hence

2wl = | — 12 = (%00 — 2

¢—lo| it {loas — ol A0 X R and (i, f()e D} =0

(That the inf is zero is a consequence of the equality a-limjep, |2;,;—2;|=
0 and the fact that A; = {f(?) : f(.) € X.e; B; and (7, f(.)) € D} is cofinal
in R)).

Thus z =< |x;| for each i€ and since 2 is cofinal in [, z =
Aicol2;| = 0 by the same reasoning. In other words

. Y| =0
(4,7(-))ED
for each cofinal subset D of >; hence a-lim, s.)ex Yu, sy = 0.

We conclude that there is a topology € on G such that a-limzx, =«
if and only if, for each Z-neighborhood U of =, x;,¢ U eventually.
This topology is Hausdorff since limits of arbitrary a-convergent nets
are unique. Finally by Thm. 3.8 the operations of the l-group are
continuous and the proof is complete.

5.4, COROLLARY. If G is a regular l-subgroup of a direct union
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X.er G° of sitmply ordered abelian l-groups, them its a-convergence
derives from o Hausdorf group-topology. In particular in R* (X
any set) a-convergence is pointwise convergence.

In fact such an l-group G is completely distributive. It is a little
absurd to derive this corollary from Thm. 5.3, since we can prove it
directly and in fact determine the topology. In each G° a-convergence
is equivalent to the topological convergence which is defined by means
of open intervals. By Theorem 4.2 the a-convergence of X..r G
derives from the product topology. Finally by Thm. 4.1, case (ii),
(X .er G* is completely distributive) the «-convergence of G derives
from the relative topology of the subspace G C X.er G°. Notice that
this argument serves to establish Thm. 5.3 in the particular case that
G is Archimedean, for if G is Archimedean and completely distributive
then it is representable as a regular [-subgroup of a direct union
X.er G of simply ordered (abelian) l-groups G*,7e¢ T (in fact as a
“regular subdirect union”). See [13, Thm. 2.2].

Similar results are of course valid for Boolean algebras, where
the analogue of a-convergence is simply the natural convergence as.
defined in §1. For instance the “pathological” examples given in [7,
p. 1192-93] and [3] are not completely distributive. K. Matthes [8]
has given a condition on a lattice I which is necessary and sufficient
in order that the natural convergence of L derive from a topology.
If R® is the l-group of all real functions on the real line, then the
natural convergence of R? does not derive from any topology (R® is
not “YW,regular” [8]), whereas its a-convergence (L-convergence is a
topological convergence. Notice however that for sequences natural
convergence and a-convergence are equivalent in RF,

An abelian l-group G is said to be (W,, Wo)-distributive if it satisfies
condition (P) of Def. 5.1 whenever the set A as well as each J, are
countable.

5.5. ProprosITION. If G is (3., Wo)-distributive then its a-con-
vergence of sequences derives from a T-topology I(G).

This follows from the discussion of §6 and the fact that in an
(Mo, Ro)-distributive l-group the characterization of Thm. 5.2 is valid
for ordinary sequences. As far as continuity of the group operations
is concerned we can affirm that the mapping G 3« — —x € G is continuous
relative to £(G) and that for each y € G the mapping Goax —x +yec G is
also continuous. The Il-group G X G is (¥W,, Wo)-distributive, hence its
sequential a-convergence derives from a T-topology T(G X G). If G x G
is topologized with (G x G) and G is topologized with Z(G) then the map-
ping ¢: G x G3(x,y)—x+ vy e G is continuous. In fact using Thm. 4.2



CONVERGENCE IN ABELIAN LATTICE-GROUPS 1361

we can easily show that the inverse image ¢ '(K)C G x G of a I(G)-
closed set K G is (G x G)-closed.

6. Appendix on abstract sequential convergence, In this
gsection we give an elementary theorem on a necessary and sufficient
condition in order that a given abstract sequential convergence be
equivalent to a sequential convergence defined by means of a topology.
The argument establishing this result is essentially due to Lowig [7].
Though the present appendix is only lcosely connected with the rest
of the paper, it is attached here because the main result is used in
establishing Proposition 5.5.

Let X be an arbitrary set and € an assignment of “limits” to
certain sequences of elements of X. If the element xe X is assigned
to the sequence (x,), we write C-lim, 2z, =+ and say that (z,) €-
converges to . We say that € is an abstract sequential convergence
wn X with unique limits if it satisfies the following conditions:

{20) To each sequence at most one “limit” is assigned.
(21) If », = « for every n, then €-limz, = x.
(22) If @-limz, = = and if (x,,) is a subsequence of (x,), then

(‘S"hm Liin) = Lo
”

The star-convergence corresponding to € is defined as follows:
' *-lim x, = « if and only if every subsequence (z,,) of (x,) containg
a sub-subsequence (%,nw.)) = such that E*limz,,,) = . The
notion of star-convergence was introduced by Urysohn in [11]. A T'-
topology 2(%”) can also de defined in X by means of €; it is called the
deritvative topology of €:

(t) A set KC X is closed relative to () if
C-limx, = 2 and z,€ K for all » imply x ¢ K.

I(Q) determines a new sequential convergence which we shall call
the derivative topological convergence: TAE)-limzx, = x if and only
if, for each T(€)-neighborhood U of x, (x,) is eventually in U. In
ordinary cases star-convergence is known to be equivalent with the
derivative topological convergence. According to theorem 6.1 below
this is actually true in the most general case, provided we stick to
our reasonable assumption of uniqueness of limits. The first to observe
the connection between star-convergence and derivative topological
convergence was P. Urysohn [11] who proved a restricted form of
Thm. 6.1, under the severe assumption that € satisfies the following
condition:
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(I) The operator A — A defined by A = {&e X: there
exists a sequence (x,) in A with €-limx, = «}

for every AC X, is idempotent, i.e. A = A.

The same condition was involved in the proof of Satz 29 of [5], which
dealt with a particular kind of order-convergence in lattice groups
introduced by Kantorovitch in the same paper. Lowig [7, pp. 1191-
1192] removed condition (I) proving the same equivalence for another
particular concept of order-convergence in Boolean algebras. However,
it is easily seen that Lowig’s argument, with slight modifications, can
serve to establish the following general theorem.

6.1. THEOREM. (Urysohn [11], Lowig [7]). Let € be an abstract
sequential convergence with unique limits in a set X. Then the
corresponding star-convergence is equivalent to the derivative topo-
logical convergence, i.e., €*-limx,=x if and only if T(C)-limx,=2x.

Lowig’s argument can be found in [7, pp. 1191-92]. What follows
here is an outline of this argument, with some modifications necessitated
by the fact that the property expressed by condition (22) above is
assumed here for subsequences only and not for rearrangements (see
Lowig’s Thm. 29). First, one shows that if €-limz, =, then
Z(€)-limx, = z and « is the only limit of (x,) under the topological
convergence (). This latter assertion (uniqueness) is established as
follows: If y # « then the set K = {x,:%, # y} U {x} is Z(C)-closed;
in fact if (a,) is a sequence in K with €-lima, = a and if the range
of (a,) is infinite then by the definition of K there is a subsequence
of (a,) which is of the form z,,,, ), Zxay, = - With ML) <M2)<MB) <+« +;
in other words there exists a sequence which is both a subsequence
of (@, and a subsequence of (2,). This implies ¢ = =, hence a ¢ K.
If the range of (a,) is finite the same coneclusion (i.e. a € K) is trivial.
Thus K is indeed ¥(€)-closed. The complement of K is a ¥()-neigh-
borhood of % which fails to contain eventually the terms of the
sequence (x,).

Next we show that I(€)-limx, =2« implies €*limx, = x.
Assume, by way of contradiction, that there exists a subsequence ()
of (x,) no sub-subsequence of which €-converges to x. The above
result then can be seen to imply that no subsequence (or rearrangement
of a subsequence) of (x,.,,) €-converges at all. Then the set K =
{Zhiwys Ty 7 2} is T(E)-closed and its complement is a I(€)-neighborhood
of x, but (x,,,) is eventually outside this neighborhood; a contradiction.

Finally the implication €*-limzx, = v = I(C)-limx, = 2 is easy
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to establish. This completes the argument,

It follows from Thm. 6.1 that limits of sequences are unique under
the derivative topological convergence. Notice however that the topology
F(€) is not necessarily Hausdorff, i.e., limits of nets may fail to be
unique. Consider for instance the extended real line R and set
@€-lim z, = « whenever x, = for every # (x may be + or —cc),
C-lim ¢, = + <> whenever (z,) is strictly increasing and & -limz, —
—oo whenever (x,) is strictly decreasing. Let A, B be ¥(€)-open sets
containing -+ and —c respectively; then ANB # @ since the
complements A° and B° are countable. In fact an uncountable set
contains both a strictly increasing and a strictly decreasing sequence,
hence an uncountable Z(€)-closed set contains both — e and —c. An
immediate consequence of 6.1 is the following theorem:

6.2. THEOREM. An abstract sequential convergence & with unique
limits derives from a topology if and only if it satisfies the follow-
g condition

(23) If (»,) does mot converge to x under &, then there is a sub-
sequence (%) no sub-subsequence of which converges
under € to x.

Comparing this theorem with analogous results of Arnold [1] and
Kelley [6] on convergence of arbitrary directed nets we see that,
surprisingly, in the case of ordinary sequences the extra assumption
of uniqueness of limits renders the condition on iterated limits (condition
(iv) at the beginning of the proof of Thm. 5.3) superfluous.

Theorems 6.1 and 6.2 have been recorded here because the author
has been unable to find an explicit statement of these general results
in the literature. It seems that only the obvious implication €*-limx, —
z=(€)-limx, =« is widely known. For instance it is stated in
[2, p. 62] that if (x,) star-converges to a then “it certainly converges
to a in the star fopology; moreover...this special case is sufficient
for the applications of star-convergence which we have in mind.”

In connection with Thm. 6.2 we observe that in general there are
more than one topologies determining the sequential convergence €.
For instance if € is pointwise convergence of sequences of real funections
on [0, 1], then the class of Baire functions is ¥(€)-closed but not closed
relative to pointwise convergence of nets (i.e., relative to the product
topology of R!©), The topology T(€) is the strongest topology de-
termining € and is 7,. If there is at least one Hausdorff topology
determining € then a fortiori (€) is Hausdorff.

If € is an abstract sequential convergence with unique limits on
X which satisfies condition (23), then the sequential convergence € x €
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on X x X defined by:

(a) € x € —lim(z,,y,) = (z,y) if and only if
€ —limz, =2 and € — limy, = ¥,

also satisfies condition (23) and hence it derives from a T,-topology
Z(€ x €). This topology is stronger than the product topology
() x T(C) on X x X. (Observe that if A, B are I(C)-open in X
then 4 x B is € x €)-open in X x X). It may be strictly stronger.
For instance if ¥(C€) is not Hausdorff, then the diagonal of X x X is
not closed under I(€) x FT(€) though it is obviously T(€ x €)-closed.

The assumption of uniqueness of limits plays an important role in
the considerations of the present section. (Let X be an infinite set
and set €-lim #, = v whenever the “range” of (x,) is finite and 2 is
any element of X. Under ZT(€) every sequence converges to every
element).
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SOME REMARKS ON THE COEFFICIENTS USED IN
THE THEORY OF HOMOLOGY MANIFOLDS

FRANK RAYMOND

In the theory of generalized n-manifolds (n-gms) or Cech
cohomology manifolds (n-cms), as developed principally by
Wilder, the ring of coefficients had been a field. Due to the
influence of transformation groups interest was aroused for
more general coefficicnt systems., However, it is usually simpler
to deal algebraically with coefficients in a field. Thus it
becomes desirable to have a theorem which implies the validity
of a result for n-cms over principal ideal domains when it is
known to be valid for fields, The main result of our paper is
devoted to such a theorem,

In [1; Chap. 1], and |5], it was shown that under suitable re-
strictions X is an orientable wn-cm over the integers Z if X is an
orientable n-cm over Z,, for all primes p and p = 0, (i.e. Z, is the
field of quotients of Z). At the time it was not clear how to proceed
to the general case of principal ideal domain L instead of the integers
Z. Theorem 1 and the Corollary, here, is the extension of this result
to the general case and is, in fact, a strengthening of the earlier
result even when L = Z. The proof is similiar to arguments of related
results in [7]. The previous argument in |[5] was given only in outline
form and can be adopted, although not easily, to yield a proof of
Theorem 1. However, on the basis of what was sketched there the
argument would not be any shorter than that which we give here.

As a consequence of the method we establish (Theorem 2) the
equivalence of singular homology n-manifolds and n-cms for a wider
clags of space than was given in [7] and [8].

Before proceeding to the preliminaries we would like to illustrate
several of the advantages of Theorem 1. As was mentioned above,
arguments involving fields as coefficients are considerably easier than
those with a principal ideal domain as a coefficient system. A particular
case in mind would be spectral sequence arguments. Thus under
certain conditions the establishment of a result valid for n-cms over
principal ideal domains where it is known to be valid for fields would
be automatic by appealing to Theorem 1 and the Corollary. For example,
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Wilder’s monotone mapping theorem is thereby extended. Also the
proofs of Separation and Union theorems for n-gms with boundaries
(Michigan Mathematical Journal 7, (1960) 7-21) would be considerably
gimplified and the factorization theorem (Theorem 6) becomes valid for

arbitrary principal ideal domains instead of only the integers Z and
fields.

I wish to thank the referee for his helpful criticisms and sug-
gestions on improving the exposition of a somewhat entagled earlier
version of these results. I have incorporated his suggestions into the
present version.

1. Preliminaries. All spaces will be Hausdorff. Two homology
theories will eventually be used, the Borel-Moore homology theory with
compact supports [2] and the singular homology theory. Coefficients
will be taken in the L-module G, where L is a principal ideal domain.
A superscript “s” will denote the singular homology if it becomes
necessary to distinguish the two homology theories. The pth Cech or
sheaf cohomology module with compact supports and coefficients in G
of a locally compact space X will be denoted by H?(X; G). We shall
assume familiarity with the concept of homology local connected up
through dimension n(lc, or l¢;) and cohomology locally connected (cle),
(see [10] or [1]). For dimension of a locally compact space we shall
use the Alexandroff-Cohen definition of cohomology dimension. Funda-
mental for the discussion will be the universal coefficient sequences.

(L) 0— H(X; L)Q G — Hy(X; G) — H, (X; L)*G — 0,
and

1.2) 0— HNX;L)RG— HNX;G) — HX; L)*G—0 .
The sequences are exact and functorial.

(1.3) A singular homology n-manifold (n-shm) X over an L-module G is

a space such that
1. dlml; X < oo,
. . — [0, pFEn
2. HX, X —2:G) = {G, D7 for each ac X,
3. There exists a covering by open sets {U,} of X such that
Jet HAX, X — Uy G) — HyX, X — ; G)

is bijective for each xz¢ U.,.

This is what I called locally orientable singular homology n-mani-
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fold over G in {7]. It isn’t hard to see that 2 and 3 imply that X is
locally a Peano-space and consequently condition 1 makes sense, (that
is, X is therefore locally compact and dimensgion is consequently well
defined). We say that X is orientable if for each open connected set
O, with compact closure, the homomorphism j,: H}(X, X — O; G) —
H:(X, X — z;G) is bijective, for all xe 0. That is, 2 and 3 say that
the orientation sheaf or the sheaf of local homology groups is trivial
in all dimensions except # and there it is locally constant. It is
orientable, therefore, if the orientation sheaf is constant.

By a generalized n-manifold over L (n-gm) we shall mean a Cech
cohomology m-maniford over L (n-cm). This is a locally orientable
generalized n-manifold in the sense of Wilder and with coefficients
over L. See for example, [10], [1], {2], and [5].

(1.4) In [2], Borel and Moore defined 2 homology theory for locally
compact spaces. Thigs can be regarded as a single space theory in
terms of Eilenberg and Steenrod [3; Chap. 10]. However, by looking
at the homology theory as a relative homology theory (see below) we
shall easily reformulate the definition of (Borel-Moore) homology mani-
folds to one that is analogous to that already given for singular
homology manifolds. This enables us to use a single argument for the
proof of Theorem 1 valid for both homology theories. Furthermore,
the comparison between singular homology manifolds and homology
manifolds there, in a sense, reduces to a comparison of the respective
homology theories (Theorem 2). (An alternative would be to reformu-
late the definition of singular homology manifold in terms of locally
finite singular homology leaving intact the Borel-Moore definition. But
for various reasons we do not think this procedure is preferable.)

Let U be an open subset of the locally compact space X. Define
the relative group

H(X,X—-U;@ tobe HJ(U;G),

where H,(U; G) denotes the Borel-Moore homology theory with closed
supports, [ef. 2; 3.8 and §5]. Thus, from the single space theory of
Borel-Moore homology we obtain a homology theory, in the sense of
Eilenberg and Steenrod, defined on the category of closed locally
compact pairs and proper maps. We now follow Eilenberg and Steenrod
and extend the relative theory on compact pairs to arbitrary Hausdorff
pairs.
Let (X, Y) be an arbitrary Hausdorff pair. Define

H:i(X,Y:G) to be Dirlim, H,(X,, A G)

where (X,, A,) runs through all compact pairs (direction is given by
inclugion) in the arbitrary pair (X, Y). This procedure extends the
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homology theory from compact pairs to arbitrary pairs. See [3; p. 255]
for outline of details. In particular, if X is locally compact and Y a
subset whose closure is compact then

(i) Dirlimyy H,(U) = Dirlimp-, H(X, X —U) = HY(X, X - 7Y),
where U runs through the open neighborhoods of the subspace Y.
Clearly,

(i) H(X, X —U)=HiX, X U),
when X is locally compact, U is open and U is compact, (use excision).
We shall call this homology theory, H;, defined on arbitrary Hausdorff
pairs and continuous maps the Borel-Moore homology theory with
compact carriers. For the pair (X, Y) we have, of course, the exact
sequence

(iily — HYY; G) — Hi(X; G) H(X, Y;G)

a—”‘» H; (Y5 6) — .

For locally compact spaces homology n-manifolds (n-hm) over an
L-module G are defined exactly as singular homology n-manifolds over
G were defined in 1.3. The homology to be used is the Borel-Moore
homology theory with compact carriers. Putting Y = point in (i) above
we easily see that the definition is equivalent to that in [2; 7.5] when
X is le,.

Poincaré duality holds for homology manifolds. The form of duality
we shall need is that with compact supports. Thus it is necessary to
identify the Borel-Moore homology with compact carriers with the
homology of the Borel-Moore chains with compact support. If U is
an open subset of the locally compact space X we have the exact
sequence of Borel-Moore chaing with compact support

0—I'(Zn(X; )| URG) — I'(Fa(X; L) Q G)
—— LT X; L) @ O (Tu(X; )| UQ G) — 0,

where & y(X; L) denotes the standard sheaf for homology on X of
{2;88]. The derived homology sequence is analogous to (iii) above,
with Y replaced by U, compare [9; 2.2]. However, more is true. The
chains with compact support in U, ['(Ex(X;L)|UXR G), can be
identified with the direet limit, directed by inclusion, of all the chains
of X whose support lie in ecompact subsets of U. On the other hand,
the chains of X whose support lie in a compact subset, F', have homology
functorially equivalent to the homology of F. See [2; 3.4] and [9]
for details. Similarly we may identify Hi(X, U; G) as the homology
of the chains of X with compact support mod those chains of X whose
support, again compact, lies in U.

In what follows we shall only use the Borel-Moore homology theory
for locally compact pairs (X, U), U open in X, and with compact
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carriers (or the equivalent, with compact supports). Therefore we shall
simply abbreviate Hi(X; U) to H. (X, U).

(1.5) Let ¢ stand ambiguously for a prime ideal, = 0, or any of
its generators of a principal ideal domain L. The ideal is maximal and
the residue class ring is a field and will be denoted by L,. Denote
the field of quotients of L by L,. Define the family of all fields
determined by L to be the collection of fields just descrited. Denote
the collection by .&°.

(1.6) The following statements are well known consequences of
elementary properties of tensor and Tor functors applied to Li-modules.

Suppose that G s an L-module and that G R L, =0, then G
contarns only torsion elements.

Suppose that G is L-module, and ¢ 15 o prime in L. Then G
contains q-torsion, if and only if, GxL, == 0. Hence, tf G and H
contain q-torsion, GxH = 0, because G contains a cyclic submodule
twsomorphic to L, and L,xH— G+ H ©s injective.

Let ge @, and (g) be the cyclic submodule generated by g. From
the exact sequence

G/(g)+G

(PHRGE—G6GRG,

and the fact that G/(g)*G is a torsion module, (g) can not be isomorphic
to L if G =0. Hence, if GR G =0, then G contains only torsion
elements. In particular, if GQRQ G =0 and G 5= 0, then GG += 0.

1.7y Let X be locally compact, U and V open subsets of X such
that V< U, and V is compact. Suppose that X is homology locally
connected up through dimension % in terms of the Borel-Moore homology
theory with compact supports and coefficients in L, le, (respectively;
X is leg over L), Then the vmages of the homomorphisms

1y 1 H(V; L) — H,(U; L)
Jet H(X, X — V; L) — H(X, X — U; L)
are finitely generated, for all p < n in terms of the Borel-Moore

homology theory with compact supports (respectively; in terms of the
singular homology).

Proof. This argument has been communicated to the author by
C. N. Lee. Both the Borel-Moore homology with compact supports and
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the singular homology theory satisfy the Mayer-Vietoris sequence in
terms of open subsets. The absolute case for singular homology then
becomes an exact copy of the absolute case for the Borel-Moore ho-
mology theory which is proved in [2; 6.8]. The relative case now
follows from exactness and a little diagram chasing.

2. The family .&*. EKach field L,e & (p = 0, or q) is a vector
space over the rationals or the integers modulo a prime. This is
determined, of course, by the characteristic of each L,. Denote the
corresponding collection of fields isomorphic to the integers modulo a
prime and possibly the rationals by .&*. Clearly, L, is a L} module.

Let (L) denote the characteristic of L. In general we have
three cases:

1. (L) =m, m = 0.

2. y(L)=0, x(L,) =0, for all L, e &".

3. L) =0, (L, # 0, for some L,€ ..

The structure of .&©* for these three cases are respectively:

1. Z, =% and L is additively a vector space over Z,.

2. Z,= <* and L is additively a vector space over Z,.

3. Z,and all 7, for which there exists an L,e.&” for which

x(L,) = m #= 0.

It is the presence of the third case which causes the difficulties
in the main theorems.

The first observation to be made is that dim; X < dim; X, for any
L-module G. Also, if G is free over L, then dim, X = dim; X. This
is a direct consequence of 1.2. Hence, dimzp X = dimL; X, and, in fact
for Cases 1 and 2, dim; X = dim n X, for all Lje. o>,

The next proposition is also an easy consequence of the universal
coefficient Theorems 1.1 and 1.2.

(2.1) ProPOSITION. A space X is a m-cm, #-shm or an n-hm over
L (respectively; orientable) where L is a field of characteristic m, if
and only if, X is an m-em, n-shm or an n-hm over Z,, (respectively;
orientable).

3. A dimension lemma. This section is concerned with the
determination of dim; X when one knows dimLpX or dimp;] X for all
L,e &7, or all L} e &*. Define dim.. X = MaXzse {diml; X}. This
will be called the field dimension of X. Clearly, dim,.X = dim_ X,
where dim. X is defined analogously.

(3.1) LEMMA. Let X be locally compact. Then dim; X =
(dimg. X) + 1. Furthermore, the strict inequality holds for Cases 1
and 2 of §2.
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Proof. By the remarks in §2, dim; X = dim; X =dim, X =
dim .. X for Cases 1 and 2.

Suppose now that n = dim_.. X < dim; X. (We are necessarily in
Case 3). Then H ™ (U; L,) = 0, for all L,e &7, all open UcC X, and
all £k >0. By 1.2, H**"(U; L)Q L, =0 and H**(U; L)xL, = 0,
for all L,e <. Hence by 1.6, H**YU; L) =0, for all k>0, and
all open subsets U, Uc X. But if H»YU; L) =0, for all U, then
dim; X < n. Therefore, there exists some open subset U such that
H* (U; L) = 0. This implies that H;*Y(U; L) is a torsion module. (In
fact, H *(V; L) is a torsion module, possibly trivial, for all open
subsets V of X.) We observe that if dim; X > dim .. X = »n, dim; X =
n + 1. Hence, there exists an L,e.% such that dim..X = dim, X
and there exists an open subset V such that H./*(V; L) has nontrivial
g-torsion. Note also that if dim, X < dim, X forall L, e =7, L, + L,
then dim; X = dim; X = dim_.. X.

Actually the lemma is stronger than we need. We shall only use
in Theorem 1 the fact that dim; X < o if dim_.X < . However,
it can be used to simplify and/or extend several arguments in dimen-
sion theory. The following is a sample of such a situation.

COROLLARY. (Bockstein, and Fary [4].) Let X be a locally com-
pact Hausdorff space such that dim; X — n < . Then dim; X* = kn
or k(n — 1)+ 1. The latter case holds, &f and only tf, dim . X<dim, X,

Proof. If dim; X = dim_.. X, then dim; X* = kn = dim_.. X*. (It
is known that dim; X x Y < dim; X + dim; Y, see [1, p. 15]. There
are other published proofs of this fact that seem to be incomplete;
however, they can be completed if one assumes dim; X X Y < o,
Now, dim., X* = kdim.. X follows from repeated use of the Kiinneth
theorem and dim, X* =k dim; X from the fact that dim; X* = dim_.. X*).
If dim; X* % kn, then dim;X > dim..X. Then there exists some
“prime” q € L such that dimLz X=dim_.X=mn—1,

In particular we can find an open subset U < X such that H(U; L)
contains ¢-torsion. Thus, for %k = 1, the theorem is proved. We
proceed by induction. Assume H; " V*(U"; L) has ¢-torsion, for all
r < k. Then

Ho=v+(U Ly« HNU; L) # 0, by 1.6.

Hence, by the Kiinneth theorem H;"»++»=4(U" x U; L) + 0. Setting
r =1k — 1, we obtain H"9*(U* L) = 0. Since dim,. X" = k(n — 1),
dim; X* = k(n — 1) + 1.

It is easily shown that the latter case cannot hold if X is cle over
L, the point being dim; X — dim_. when X is cle.
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4. The main results,

TarOREM 1. Let X be le, (respectively; let) over L. Then X is
an n-hm (respectively; an n-shm) over L, if and only if, X ts an
n-hm (respectively; am n-shm) over each Lic <#*. Moreover, X is
orientable, 1f and only if, X is orientable over each L}e &*.

THEOREM 2. Let X be lc, (respectively; lci) over L, then X 1is
an n-cm, of and only if X is an w-hm (respectively; n-shm) over L.
Moreover X 1s an orientatable n-cm +f and only +f X s an orientable
n-hm (respectively; n-shm).

COROLLARY. Let X be lc, over L then X 4s an n-cm over L &of
and only if X is an n-cm over every L}e &#*.

Summarizing these results we have:

Under le, over L, n-cm;{=>)n-cmg.{=)n-cm. {=) n-hm;
{=>n-hmg {=>n-hm_..

Under lc, over L, n-shm,{=) n-shm.{=> n-shm..

Under lci, over L, n-cm;{=>n-cm.{=>n-cm, {=)n-hm;
{=>n-hmg {(=>n-hm_.{=)n-shm,
{=>n-shmg.{=>n-shm_.

Proof of Theorem 1. If X is an m-hm (respectively; an n-shm)
over L, the universal coefficient theorems immediately imply that X is
an n-hm (respectively; an n-shm) over each L,e_&”, and over each
L} e 7%,

For the converse we shall not distinguish the two respective cases
as the arguments are identical. The homology groups are to be inter-
preted as the singular homology or the Borel-Moore homology with
compact supports as the case may be.

Assume that X is an n-hm (or an n-shm) over each L}e &*,
Then as L, is a vector space over L}, we can (universal coefficient
theorems) assume that X is an n-hm (or an %n-shm) over each L, € &,

Next, we show that dimLpX =mn, for all p. Hence by §3,
dim; X =n + 1. In fact, after we show that X is an w»-hm (or
n-shm) over L, we may conclude that dim; X = n. These statements
follow from the lemma:

Let X be lc, over the principal tdeal domain L or have a countable
base for its topology (respectively: no assumptions if the singular
homology 14s used). If X 4s am n-hm (respectively: m-shm) then
dim; X = n.
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The proof of this general proposition depends upon the fact that
for finite dimensional spaces over L, dim; is a local property. That
is, one need only check the vanishing of the cohomology modules for
sufficiently small subsets of X. The hypothesis guarantees that the
(—1)*-homology modules for the Borel-Moore homology theory are 0
for open subsets of X. We now use Poincaré duality, (Poincaré duality
is proved for singular homology manifolds in [7]), and obtain that
H*"(U,; L) = H_(U; L) = 0, for all open subsets U within an orientable
part of X and all £ > 0. This completes the proof of the lemma.

Let v e X, then H(X, X — w; L,) = 0, for all k #+ n. In particular,
HX X—-—2 L)L, = H, (X, X —; L)xL, = 0, for all k£ + n, and
all ¢. Thus, for 1.6, H(X, X — ;L) =0, for all k#n or n — 1.
Furthermore, for any open subset Pc X, H, (X, P; L) is torsion free
since H, (X, P; L,) = 0, by Poincaré duality. Let U be a connected
neighborhood of 2 (with compact closure) such that U is orientable
with respeet to L,. Let V be any connected open subset of U such
that V< U; let F denote the image of

(4.1) it H(X, X — U; L)

S H(X, X — TV, L) .

The module F' is a finitely generated (by 1.7) torsion free L-module.
Since

Ju: H(X, X = U; L) Q Ly — H(X, X — V; L) ® Ly
= H(X, X — V; L)

is bijective and has image isomorphic to L,, it follows that F' must be
precisely isomorphic to L. Now tensor (4.1) by L, and obtain the
commutative diagram

HX,X-ULQL—FQL—0
N 1
NG @D i
N _
HX, X-V, L)X L,
which is exact on the top row. Since F® L, = L,
HX,X-ULKL,+0,

and consequently H,(X, X — U; L,) = L,. Therefore, U is an orientable
n-hm or n-shm over L,, for all ¢q. Note further that

H, (X,X— U LxL,=0.

Therefore it follows that H, (X, X — x; L) = 0, since it is the direct
limit of torsion free modules (such as H, (X, X — U; L)) and
H, (X, X—2,L)R® L, =0.

We show now that j. H(X, X— U:L)—H(X,X— V;L) is
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bijective with image, F, isomorphic to L, whence the orientation sheaf
is locally isomorphic to L in dimension n, (i.e.j«: H,) X, X — U; L)—
H(X, X — x; L) is bijective for all xc U).

First, H(X— V, X— U, L) is torsion free, and H,(X— V,X— U; L,)=
HXU — V; L,) = 0. Therefore by 1.1 and 1.6 H(X — V, X — U; L) = 0.
Exactness of the triple (X, X — V, X— U) implies that j, is injective.
A similar argument shows that H, (X, X — V; L) is also isomorphic
to L. Now, H(X—-V,X—U:L)=0, for all L,c.&¥, implies
H, (X—V,X —U: L) is torsion free. Thus j, must also be surjective.

We have shown that X is an n-hm (or m»-shm) over L. That X
is orientable over L if and only if it is orientable over each L,e &
is clear from the above. In fact, orientability over L, is equivalent
to orientability over L.

It is interesting to note that le, was used to make the (—1)**-Borel-
Moore homology groups vanish and to guarantee sufficiently many open
connected subsets of X. (These facts are implied by Condition 3 of 1.3
in the singular case). The lc, (and lc:) condition over L was used
to imply the finite generation of the image of j, in 4.1 (Added in proof:
lc, also guarantee the validity of change in,rings.)

Proof of Theorem 2. Suppose X is an m-cm over L then Poincaré
duality implies H(X, X — »; L)= H**x; L) =0, for all integers
kE+# n. In dimension, n, H (X, X — V:Ly= H(V;L)= L, if V is
connected contained within an orientable part of X and V compact.
Furthermore, duality is functorial with respect to inclusion. Thus X
is an n-hm and orientable if and only if X is orientable as an n-cm.
[ef 2; 7.12 for a proof that essentially uses only the universal coefficient
theorem]. Note also that 7f X is an n-cm over L, then X 4s an m-cm
over L, and L}, for all L,e &, and L}e.&*. This follows
trivially from the universal coefficient sequences. In particular, X
is an n-hm over all L,e &*. In [8], I have shown that if X is lc
over L}, and is an n-hm over L}, then X is an n-shm over L;.
(The point being that the relative Borel-Moore homology groups
H.(X, U; L}) are naturally equivalent to the Cech homology groups
(with compact carriers) which are naturally equivalent to the relative
singular homology groups H:(X, U; L,). Therefore, if X is a cm over
L and is lcs over L (hence l¢i. over every LF), then, by Theorem 1, X
is an n-shm over L.

On the other hand, if X is an n-hm and is l¢, (or an n-shm and
is lct) over L, then Poincaré duality (image H,(V; L) — H,(U; L) is
isomorphic to image H:*(V; L) — H"*(U; L)) implies that X is an n-
cm over L. (The argument is that of [2; 7.12] with the observation
that le, condition suffices instead of the full le.. because H~" is 0 for
negative p.)
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Again orientability statements are clear.

Proof of the corollary. Trivially, if X is an n-em over L then
X is an n-cm over every coefficient L-module. Conversely, if X is an
n-cm over LF then X is an n-hm over L], by Theorem 2. By Theorem
1, if X is, in addition, le¢, over L, then X is an n-hm over L. Again
by Theorem 2, X is an n-cm over L.

In [8] it was observed that Theorem 2 held for fields. In [6], the
“if” part (singular homology) of Theorem 2 for L = Z and X having
a countable basis is proved. Their argument, however, does not appear
to be amenable to the general case because of the reliance upon duality
between compact topological groups and diserete abelian groups.

In Theorem 1, the integer n was kept fixed, i.e. n was independent
of L,, L,e.&”. In order to free the theorem from this assumption a
strengthening of the other hypotheses is needed, although no examples
implying the contrary are known to me. An illustration of (possibly)
stronger hypotheses which would imply the constancy of the integer
n would be to assume that H, (X, X — x; L) is finitely generated for
some « € X, where n, = dim, X, or to assume that dim, X = dim_. X.
(Cf. [1; I, 4.11)).

One could formulate these remarks as a question. Let X be cle
(respectively: lc.) over L, and dim; X < o. Suppose X 1is n,cm
(respectively: an m,-shm) over each L,¢.&”. Then, s X an m-cm
(respeciively: an n-shm) over L, for some integer n? It seems likely
that the answer is always affirmative. (We have already seen that if
the characteristic of L satisfies 1 or 2 of § 2, the answer is affirmative.)
However, if the local connectedness assumptions over L were removed
it seems likely that the answer would be negative, (if not then it
would follow that every compact group acting effectively on a manifold
would necessarily be a Lie group).

Added in proof. If L’ is a module over L and both are principal
ideal domains then H,(X, X-U; L’) has the interpretations depending
upon which ring, L or L/, is used for the ground ring. The inter-
pretations agree, that is the change of rings is valid, for the singular
homology as is well known, and for the Borel-Moore homology theory,
with compact carriers, if X is l¢” over L, (due to Bredon). We have
implieitly used the wvalidity of the change of rings in the proof of
Theorem 1. When L/ is a field, which is all that we need, the validity for
the Borel-Moore homology can easily established as follows. Let the
L’-modules

Hom,, (I'f(Z%(X; L) | UR L), ') and Hom, (I'(Z7x(X; L") | U), L)

determine presheafs. Apply the arguments of [2; 6.4 and 6.6] to both
presheafs. This implies that they both determine the sheaf-theoretic
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cohomology of U, with closed supports, over L as dual spaces of both
homology theories. Hence the change of rings is valid. A recent
example of Bredon, which has also inspired these remarks, shows that
this change of rings is not valid without the l¢” hypothesis. A complete
discussion of the change in rings will appear in a forthcoming book
of Bredon on sheaf theory.
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ON SUB-ALGEBRAS OF A C*ALGEBRA

J. R. RINGROSE

The following noncommutative extension of the Stone-
Weierstrass approximation theorem has been obtained by Glimm.
Theorem., Let & be a C*-algebra with identity I, and
let <Z be a C*-sub-algebra containing I. Suppose that <Z
separates the pure state space of .o/, Then <% =
In the present paper, we apply Glimm’s theorem to obtain
the following noncommutative generalisation of another result
of Stone.
Let &7 be a C*-algebra with identity I and pure state
space Z° Let <Z be a C*-sub-algebra of .97 and defne
A" ={f: f is apure state of & and f(B)=0 (Be c#)},
& ={g,h): g,he 7 and gB)=h(B) (Be Z),
S ={A: Ae oFf f(A=0 (fe_?") and g(4) =h(4)
(g, ) e &)} .
Then 7 = 57,

We will refer to this as Theorem 2 in the sequel. Glimm’s theorem
is to be found in [1]; Stone’s, in {3].

Once it is known that 57, is a C*-sub-algebra of %7, Theorem 2
is an almost immediate consequence of Glimm’s theorem (see § 4). It is
clear that 577 is a closed self-adjoint linear subspace of .97; accordingly,
most of this paper is devoted to proving that 275 is closed under
multiplication (see § 3).

We remark that, if & is commutative, then <7 consists exactly
of all homomorphism from .% on to the complex plane C; so in this
case, it 1s immediate from its definition that 577, is a C*-sub-algebra.
However, this seems not to be obvious in the general case. Indeed,
for a general set _#~ of pure states of .o and a general subset & of
P x P, the class

{A: Ae o/ flA) =0 (fe.7) and g(4) = W(4) (g, h) e &)}

need not be a sub-algebra of .&7; for example, let .o consist of all
bounded linear operators on a Hilbert space H, let .+~ be void, and
let & consist of a single pair of vector states arising from orthogonal
unit vectors.

2. Notation. Throughout, .7 is a C*-algebra-by which we shall
mean a uniformly closed self-adjoint algebra of operators acting on a
(complex) Hilbert space H. We shall always assume that .% contains
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the identity operator I on H. A state of %7 is a linear functional f
on % such that f(A*A) =0 (Ae ) and f(I) = 1. The set of all
states is convex and weak * compact ; the Krein-Milman theorem ensures
the existence of extreme points, and these are called pure states. The
pure state space of o7, denoted by &7 (or () if & has to be
specified), is the weak * closure of the set of all pure states.

Given a state f of .7 there is a *-representation ¢, of &~ on a
Hilbert space H,, and a unit vector z; in H,, such that ¢z, is
dense in H,, and

f(A) = oAy, ay) (Ae 7).

To within unitary equivalence, ¢, is unique. Furthermore, ¢; is
irreducible if and only if f is a pure state (see, for example, [2] 245,
265, 266). We shall always use the symbols ¢;, H;, , in the sense
just described.

3. Some lemmas. Throughout this section we shall assume that
# is a C*-sub-algebra of .o/ and that ¢ <Z. We use the notations
introduced in the statement of Theorem 2 ; note that, since Ic <Z, 4+~
is empty and

7, ={A: Ae & and g(4) = h(A4) (g, h)e &)} .

For completeness, we give a proof of the following simple result.

LEMMA 1. (i) Let fe? Se &7 and suppose that f(S*S) = 1.
Define g(A) = f(S*AS) (Ae ). Then ge 2.

(i) Let fe o, xe Hy, ||w]|l =1, and define g(4) = {¢;(A)x, x>
(Ae &7). Then ge F.

Proof. (i) Clearly g is a state. Suppose first that f is a pure
state, and let # = ¢(S)x;. Then for each Ae o7

(1) oA, ) = {(S*AS)w;, w;p = fIS*AS) = g(4) .

With A =1 we obtain ||2|| =1; and since f is a pure state, ¢, is
irreducible, so ¢:(.%)x is dense in H;. This, with (1), implies that ¢,
and ¢, are unitarily equivalent. Thus ¢, is irreducible, so g is pure.

Now suppose only that fe &?. There is a net (f;) of pure states
which converges to f in the weak * topology. Since f;(S*S) — f(S*S) =
1, we may suppose that f;(S*S) > 0 for each 4. Let k; = [£.(S*S)]™*2,
S; = kS, and define g¢,(4) = fi(SfAS;) (Ae ). Then f(SS,) =1,
and the argument of the preceding paragraph shows that g, is a pure
state. For each Aec &
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(A) = JUSTAS) | qg a9y — g(a) .
sy = TELLS) = A48 = o)

Hence (g;) is a net of pure states which converges to g in the weak *
topology, 8o ge &~

(ii) Since ¢ (. )x, is dense in H;, we may choose S,e ¥ (n =
1,2, -<+) such that

| ¢,(S)zsll =1, [|$S)xs — || —0.

Thus f(S¥S,) =1, and by part (i) of this lemma, we may define g, in
P by g.(4) = f(SFAS,) (Ae 7). Then for each Ae .

9u(A) = (B (A)(S,)xs, $7(S,)2s) — P A, ) = g(4) .
Thus ge 2.

LEMMA 2. Let Te sz, Se <z. Then S*TSe 57,.

Proof. Let (f, fo)e . Wehave toshow that f,(S*TS) = f.(S*TS).
Since S*Se «#, we have f.(S*S)= f,(S*S); and after multiplying S
by a suitable scalar, we may clearly suppose that f,(S*S) is either
0 or 1.

If f(S*S) =0, then S is in the left kernel of f; (+ = 1, 2), and
FUS*TS) = f(S*TS) = 0.

It f(S*S) =1, define ¢;(4) = fi(S*AS) (Ae ). By Lemma 1
(1), g;€ &*. If Be =%, then S*BSe <z, so f(S*BS) = f,(S*BS); that
is, g.(B) = g,(B). Hence (g, 9,) € &, and since T € 27, it follows that
g(T) = g(T); that is, fi(S*TS) = f(S*TS). This completes the proof.

LEMMA 3. Let Tes#, and R, Sc &#. Then R*TSec 57,.

Proof. This follows from Lemma 2 since

AR*TS = (R+ S)*T(R + S) — (R — S)*T(R — S)
— i(R + iS)*T(R + iS) + (R — iS)* T(R — 3S) .

LEMMA 4. Let fe & and let M be a closed subspace of H; which
is invariant under ¢(<Z). Then M is a invariant under ¢(S57.).

Proof. Suppose that the lemma is false. Then we may choose
Te 57, and xe M such that ¢(THre M. Let y= (I — E)(T)x,
where E is the projection from H; on to M. Given ¢ in [0, 27), define
Y, = « + exp (tt)y, 2, = ky,, where

k=12l + ly P17 =yl .
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Thus z,€ Hy, ||2:|] =1, and by Lemma 1 (ii) we may define g,¢ <& by
9.(A) = {$(A)z, 2,y (Ae 7). Since ¢,(<#) leaves both M and H, & M
invariant, it follows that for each Be <7,

9.(B) = kX9,B)(® + ¢'y), © + ''y)
= B'[K¢,(B)x, x> + {8/ By, ¥)] ,

which is independent of ¢. Hence, for each s, ¢ in [0, 27), we have
9,y g€ & . Since Te 57, it follows that g(T) = g(T); so g (T) is
independent of te [0, 27). However,

9(T) = B (THx + e"y), = + e*y)
:p _{_ qeit + 7'6_“ ,
where p, g, r are independent of ¢ and
7 = kgD, yp =k ly|? + 0.
Thus ¢,(T) is not independent of t€][0, 27), and we have obtained a
contradiction. This proves the lemma.

LeMMA 5. 572, is a C*-sub-algebra of .7

Proof. Suppose that (g, h)e &. Let M, be the closed subspace
of H, which is generated by ¢,(c#)x,. It follows from Lemma 4 that
M, is invariant under ¢,(57%). When Te 277, we shall write ¢,(T) | M,
for the operator (from M, into M,) obtained by restricting ¢,(T) to M,.
Similar notations will be used with % in place of g¢.

Given Te 57, and R,Se &%, we have (Lemma 3) R*TS e 5£,.
Since (g, h)e &, it follows that g(R*TS) = h(R*TS), or equivalently
that

( 2 ) <¢g( T)¢Q(S)x97 ¢9(R)xg> = <¢h( T)¢h(s)xhy ¢h(R)xh> .

By taking T = I, we deduce the existence of a unitary operator U
from M, on to M, such that

(3) U, (S)w, = ¢1(S)a,, (Se z).
Equation (2) then implies that
Lo (T, wy = {g(T)Uv, Uw)y (T 2%)

for all v, we ¢,(<#)x,, hence for all v, we M,. The last equation is
equivalent to

(4) ¢(T)| M, = U*[gu(T) IM, U (Te25) .
Now suppose that T, T,e 5. Given (g, h)e &, construct U as
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above. Since ¢,(7T;) leaves M, invariant (¢ = 1, 2), so does ¢,(7.T,), and
¢g(T1T2) 1 Mg = [¢Q(Tl) [ Mg][¢g(T2) [ Mg] H

similar considerations apply with % in place of g. From (4), with
T =T, T, we deduce that

$o(T.To) | My, = U*u(T.T2) M,|U .
Since x,e€ M, and Ux, = z,, the last equation implies that

<¢9(T1 T2)xg’ xy> = <¢h( T\ To)x,, xh> 5

that is, ¢(T.T,) = W(T.T,). This holds whenever (g,h)e &, so0
T.T,e 5,.

We have now shown that 57, admits multiplication; since 577, is
clearly a closed self-adjoint linear subspace of .97, the lemma is proved.

4. Proof of Theorem 2. We shall use the notations introduced
in the statement of Theorem 2. It is immediate from the definition
of 57, that &% C 57,.

We first consider the case in which I € <%, so that the theory
developed in § 3 applies to show that 577, is a C*-algebra. We remark
that each element f of the pure state space &7 (57.) can be extended
to an element f of &#(.). For there is a net (f;) of pure states of
&4, converging to f in the weak * topology. KEach f; can be extended
to a pure state f; of .97 (see, for example, [2] 304). Since F () is
compact, the net (f;) has at least one weak * limit point f e &7 (),
and f is an extension of f.

Suppose that <# + 5#2,. Then by Glimm’s theorem there exist
distinet g, h € 7 (5#7) such that g(B) = (B) (Be &#). We may extend
g, h to elements, 7,  respectively of &7 (.o7). Clearly (7, h)e &. Thus,
by the definition of 57, §(T) = h(T) whenever Tec 57, ; that is,
¢ = h, contrary to hypothesis. This proves Theorem 2 for the case in
which Te 7.

If I¢=, let <& = <%+ CI be the C*-algebra generated by I,
# (C denotes the complex field). With an obvious modification of the
notation introduced in Theorem 2, it is clear that _#7(<%)) is empty and
that (%) = &€(#Z). Thus 27, C 57, ; since Ie &7, the first part
of this proof shows that <Z = Tz BO oy & B

Now let f be the pure state of <Z defined by f(M + B) =\
(Ave C, Be cZ), and let g be any extension of f to a pure state of .o
Clearly ge .+7(<#). Hence g(5#.) = (0), and

S, S N gH0) = f10);
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that is, 5%, £ <. The reverse inclusion has already been noted, so
B = ;.
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SOME TOPOLOGICAL PROPERTIES OF CERTAIN SPACES
OF DIFFERENTIABLE HOMEOMORPHISMS
OF DISKS AND SPHERES

JACK M. ROBERTSON

Let D, ={xcE,: |z| =1}, and S*"={x€FEpsi: |2 ] =1}
We denote by H, the space of C= homeomorphisms of D, onto
itself leaving a neighborhood of the boundary fixed. Let K,
be the space of C* orientation preserving homeomorphisms of
S* onto itself, It is not required that maps in the two spaces
have differentiable inverses. In both space the C* topology
is used.

The purpose of this paper is to establish the following
two theorems:

TueorEM 1. H, s contractible to a point for any n.

TaeoreM 2. K, 1s arcwise connected for any n.

NOTATION. f(2) = (fi(®y, ==+, @), “++, fu (@, +++,2,)) Where x =
(%, ++-, x,), or simply f(x) will denote mappings of FE, into E,. The
shorter form will be used where the meaning is clear.

The topological analog of Theorem 1 is established by a mapping
described by Alexander (1923)[1]. Smale (1959)[4] proved the cor-
responding result for » = 2 in the space of diffeomorphisms on D,
leaving a neighborhood of the boundary fixed. Kneser (1926)][3]
proved that the space of all orientation preserving homeomorphisms of
S? onto S? has the rotation group as a deformation retract, while
Smale gave the corresponding result for the space of orientation
preserving diffeomorphisms on S? in the paper referred to above.
Fisher’s work (1960)[2] gives the analog of Theorem 2 in the topo-
logical case for n = 3.

II. Proof of Theorem 1. Let m(v) be a mapping on I (the
unit interval [0, 1]) with the following properties:
(@) m(v)eC=;

(by m'(v) >0 on <O, —3—> ;

4
{(¢) m@w) =1 on (% , 1] ;
(d) m@) =e " on (0, %) ;

Received September 16, 1964, The work in this paper was partially supported
by Summer Fellowships for Graduate Teaching Assistants in the summers of 1963
and 1964, This paper represents the major results of a thesis submitted to the
University of Utah for the Ph.D. degree in August 1964,
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() m(0) =0.
1 -1 —e My (1 —m(v)) t# 0,
Now define k{v, t) _{m(v) £=0,
on I x I. We see that:
@) k(,t)eC~ on I x I,
')  E(v, t) is monotonic in v for each te I;

() kv, t) =1 for v = —z-for all te I

(d) k(v,1) =1 for all ve I;
(") kv, 0) = m(v);

) 0=2k(v,t) =1 on IXx I
The mapping

(1) w—k(lwl, the

is in H, for each t. At ¢t =1 the mapping is the identity, while at
t = 0 the mapping has all partial derivatives of all orders zero at the
origin,

The mapping given by Alexander was defined as follows:

tf (—9£>, t # 0 (f extended to be the identity outside D,) ,
J t(a’) = 4

x, t =0.

In the C* topology the mapping of H, X I— H, defined by (f, t) — f,
(the Alexander map) will not be continuous for k¥ = 1. In general,
lim f, # f, because at the origin the derivatives of f, do not converge

t—0
to the derivatives of the identity mapping. However, by composing
the Alexander mapping with (1), we obtain the mapping required in

Theorem 1. Thus define
h:H,x I—H,
by
h(f,t) = kf,
where
kfw) = k(| fx) P, 8) fle) .

In particular A(f, 1) = f for all fe H,, while h{f,0) is the mapping
given by (1). Because of the form of map (1) at the origin, all
derivatives of all orders of kf, approach zero there and the problem
mentioned above is removed. The argument that & is continuous is
tedious but straightforward.
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III. Local straightening of mappings in E,. The proof of
Theorem 2 requires some local straightening procedures for maps in
E, which we now give. For this purpose let L be the space of C~
orientation preserving homeomorphisms mapping U, = {x€ E, :| x| = r}
into F,, leaving the origin fixed and topologized by the C* topology.
We will use J(f), to represent the Jacobian matrix of f evaluated at
pe U, and | J(f),| the corresponding determinant.

LevmMA 1. Suppose fe L with J(f), = (a;;), p the origin and
(a;;) nonsingular. Then there is a path f,e L from f to g, where
g agrees with f in a neighborhood of the boundary of U, and is the
linear map with Jacobian (a;;) in a neighborhood of the origin. Also
for all t, f, agrees with f in a neighborhood of the boundary of U..

Proof. Let o(v) be a mapping on [0, ) with the following pro-
perties:

(@) oa(v)eC=;

by @) =1on [0,a), a>0;

(¢) o(w)=0 for v = 1;

(d) o'(v) =0 for ve |0, ).
We see that |o’(v)| < M for some M. Let ¢ < » be chosen so that
for xe U,

(1) i — afi<xu‘\-.-,xn) ]<€, 5>0,7/: 1, ...,rn/;j: 1’ 2’ cee, M.

0x;

Then for z¢ U,,

(ll) }ailxl—'f— R i 238 4 “fi(xu "';xn)I < mec for 1 = 1,2,---,m.
Now define

R R CHCARTE S

/'2 . o 5 2
+t0<@1+ - + x, >(0'/11931+ cee +au2,

——f1<ﬂ71, "°7xn))y '°"fn(m17 '°"xn)

2 ® o 0 2
+to(”l+ . aakis )(Cbn19€1+ e @,

— folxy, oo, x,,))) .

At t=0, f,=/,; at t =1, f, is linear with Jacobian (a,;) inside a
neighborhood of the origin; for all ¢, f, agrees with f outside U..

The element in the (7, 7)th position of J(f,) differs from a,; by at
most

afi(xly ) xn)

;i —
t 6xj
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. ’ 2aé;t o' ( x5+ cz + ) >(ai1xl doeee b, — Fi @y e, %))
+)t0‘<x?+”.+xi><a-,~— afi(xu"'yxn))l.
c ‘ ij

On U,, |#;| = ¢ so that the expression is bounded by ¢ + (2/c) Mnec +
¢ = (2 + 2Mn)e. Hence by choosing ¢ sufficiently small, | J(f,)| will
remain positive on U, for all ¢ so that f, will be a homeomorphism on
U,. Continuity of the path f, in L is immediate from the definition

of f,.

LEMMA 2. Let f(2, -, 2,) = (@, + » + « + 0y, Goglo -+ * + Qo @ppy =
Apnt,) € L with ay <+« a,, > 0. Then there is a path f,€ L such that
a=st= b,ft(xly ""xn) :f(xn M) xn) att = a,ft(ml, "'yw«n):(a/nwu ey
a,,r,) tn a neighborhood of the origin at t = b, and f(x, <+, x,) =
flxy, «--,2,) tn a neighborhood of the boundary of U, for each t.

Proof. We construct the path in n — 1 ares as follows. Choose
a positive ¢, less than ». Let k% > 1 be sufficiently large so that
whenever

o+ kil + -+ kiwn S,
we have |x;] <¢,71=2,8, -+, m
Now define
EEREEXREY A
o

(@13@y + =00+ Aoyy)y Aoy + o0 F Aoy * 00y By®y) o

ft(xn M) xn) - (allxl oo+ oay, — tO'(

Then f, = f when t = 0 and f, at ¢ = 1 is the mapping
(@2, Qogly + =00+ @y + o0y Ayul®y)
in a neighborhood of the origin. For each ¢, f, = f outside
@ + ol + -+ + kil = cl

so that f, = f outside U,. Also J(f;) in the (1,1) position differs
from a, by

12 202 1 ... 22
’t 2;1 0"< il +c2 + ki )(amxz“‘ s ta,w,) | .
2 1

This expression is zero outside the ellipsoid «? + kil + --- + kiz2 = cl.
Inside this, |2, | <e¢, so if |ay; | < M,5=2,---,n, and Mis a bound
on the derivative of o(v), the expression is at most 1 - (2/¢,) - M(n — 1) -
M, - e. This expression is small whenever ¢ is small (nothing that ¢
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can be chosen independent of ¢,)). Thus by choosing & small, | J(f:)]
will remain positive inside the ellipsoid and f, will be a homeomorphism
for each t.

Thus we assume fe L and for ¢; > 0 with | x| < ¢; < * the map-
ping is given by

I > )
(@0, ooy Qi 1 @iy @iy + Qii@iar + + o0 4 Xy,

Qi1 Lirr T oo+ Qipy,n@ny =00y Cpn®s)e

Let k; > 1 be sufficiently large so that whenever al+ --- 4 @ +
Bty + --+ + K2 ¢, it follows that |a;|<e¢, j=4+1, -, m.
Define for x¢ U,

ft(xli "'yxn)
= <f1(xu 0y xn)! Ty i—1(931, cc xn);fi(xu M) ﬁcn)

_ w(fxf B e 7.7 e el
ci

)(ai,i+1xi+1 4 oeee o @2,)
fH—l(xl’ %y xn)’ "'9fn(x1, M) xn)) .
For the proper choice of ¢, we can repeat the argument given above.

LemmA 3. Suppose f(x,, ++-,2,) = (0,2, +++, a,%,) € L, a; >0 for
all ©. There is a path f, in L from f to a mapping which 1is the
identity in a neighborhood of the origin, and f,=f for all t in a
neighborhood of the boundary of U.,.

Proof. First, if @ > 0 let p(x) be a function on (— oo, o) with:
(a) p(x)eC=;
(b) 2'(x) >0 on (— oo, e0);
(¢) p(x) =2 in a neighborhood of the origin;
(d) op(x) = ax outside (— s + «, s — @), @ > 0.
We again construct the arc in segments. Choose s, < » and define

ft(xly Ty xn)
2 .o 0 2
= (a1x1 + to ( % T = 2 ) (D(®) — @,@), Qs sy -+, anxn> )

1

where o is defined in Lemma 1 and p,(x,) satisfies properties (a) — (d)
above for s=1s. At t=0, f,=f; at ¢t =1 in a neighborhood of the
origin f, is the mapping (x,,as,, -+, @,%,). Also for all tel, f,=f
outside the cylinder 23 + --- + 22 <sl, — s, =, <s,. J(f,) in the
(1, 1) position is
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2 . o o 2 2 . e 2
[1__t0.<x2+ +xn>]al+w<x2+ 2+xn>pl,(xl)’
S

2
81 1

which is positive for all ¢ on the cylinder given above. Hence f, is
a homeomorphism for each ¢.

Now there is an s, with 0 <s, < s, so that on the ecylinder
X a4 e =8, —s, =0, <s, the mapping is given by

(x, a2y, -+, a,2,). On this cylinder define

i 2 ... 2
Jo®@yy - e e, x,) = (xlyazzxz + to ( ata _22 + T )
2

X (pofa) — (s5), O3y ===y Oy xn) .

Here p,(x,) satisfies conditions (a)-(d) given above with s = s,. Repeat-
ing the process we complete the desired path.

IV. Proof of Theorem 2. The proof now consists of fitting
together properly the mappings already constructed.

Let fe K,. Then there is a point p on S" so that f has non-
singular Jacobian at that point. Let (0,, P,) be a coordinate neighbor-
hood where 0, = S" — p(p, antipodal to ») and P, an associated
stereographic projection. Now there is a path e,, t € I, in the rotation
group on S" so that ¢, is the identity map, e,f = ¢ leaves p fixed and
Pe, /)P = PgP™* has a triangular Jacobian with positive diagonal
elements at the origin. Let C be a closed disk on S so that for
some r >0, U, c P(C). Applying Lemmas 1 — 3 there is a path
(PygP™), tel, in the space of mappings on U, from PgP™ to a
mapping which is the identity in a neighborhood of the origin.
Furthermore, for all ¢, (PgP), agrees with P,gP;* for all xe P/(C)
except on an interior set of U,. Define g,€ K, by

. P(PgP),P, on C
9= ¢ outside C.

Then g, = g and g, is the identity in a neighborhood of p.

Next let C, and C, be two closed sets covering S" where C, is a
circular disk on S* with p the center of the disk, and so that C; is in
an open set left pointwise fixed by g,. We further assume p¢C,.
Let (0,, P,) be a coordinate neighborhood with C,c 0, = S” — p and
P, an associated stereographic projection. Then except for a trivial
dilation P,g.P;' is an element of the space H,. By Theorem 1 there
is a path (Pyg.P;Y), from P,g,P;* to the identity map on P(C,). We
now define h,c K. by
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B — P (P, PP, on C,
" |g, outside C,.

The path from f to the identity map is now complete and Theorem 2
is established.

The spaces H, and K, are intermediate spaces to the topological
spaces of Alexander and Kneser, and the diffeomorphism spaces treated
by Smale. It is interesting to note that methods used in this paper
are related to methods used in the larger nondifferentiable spaces and
the smaller differomorphism spaces. Alexander’s mapping is altered to
give Theorem 1, while Theorem 2 parallels Smale’s work.
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SOME RESULTS IN THE LOCATION OF
ZEROS OF POLYNOMIALS

ZALMAN RUBINSTEIN

Three out of the four theorems proved in this paper deal
with the location of the zeros of a polynomial P(z) whose
zeros z;,1=1,2,.--,n satisfy the conditions |2;| <1, and

n .22 =0for p=1,2,---,1, One of those estimates is

P''zy Plz) 1 < l+1

P(z) P 2 [z](Jz|" — 1)

for |z] > 1.

The fourth result is of a different nature. It refines, in
particular, a theorem due to Enestrom and Kakeya. It is
shown that no zero of the polynomial /(z) = >\7_ bi2* lies in

the disk
lz e 1
B+D| B+1°
where 8 = maxp-, |h/'(2)|/max -, |h(z)]|, and max.-, |h(z)| =
[ h(e®) .

We generalize and strengthen certain well-known results due to
Biernacki [1], Dieudonné [3, 5], and Kakeya [8].

We use repeatedly a recent result due to Walsh which is a gener-
alized form of an earlier theorem of his [10]. It concerns the case
in which all the zeros of a polynomial lie within a certain distance of

their centroid.

THEOREM 1. Let h(z) = 37, b,2"(b, complex),

max | h'{z) ]

— lzI=1

- max[A@)|

max,—; | h(z)| = | h(e®)|, and let Cg be the disc |z — Be /(B + 1)| <
1/(8 + 1), then no zero of h lies in Cp.

Proof. Consider the function F(z) = e *h(ze*®)/m, where h(e*) =
me*. Then F satisfies the conditions, |F'(2)| <1 in |2] <1, FQ1) =1.
Letz,—lasn—oc,0<2,<1,andlet a =1lim, . [(1 — | F(x,)])/1 —z,)].
Then o < | F'(1)]. It follows readily (see [2] p. 57) that

Um [(1 — | F(z,) D/Q — z,)] = F'(1) = "1 e)/m = [1'(®) |/m .

Received June 3, 1964. This research was sponsored by the Air Force Office of
Scientific Research.
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We apply now the following result due to Julia [2}: If a function f
is regular in the unit disc and | f ()] <1 for |z| < 1, and there exists
a sequence of number z,, +++,%,, - - - such that lim,_. 2z, =1, lim,_.. f(zn)—
L lim, . [(1 — [ f(2.) D/(1 — |2, )] = « then

11— f()F |1 —2F
(1) 1“|f(2)|2§a1—|zlz for |z] < 1.

In (1), set f(z) = F(2), @« = | k() |/m. If F(2) =0and|z]| <1, then
(L —1z3/|1 — 2 |* = a, which is equivalent to e~%2,¢ C,. Since a < 8,
it follows that Cyc C,; hence e¢~%%,¢ Cs which concludes the proof.

COROLLARY 1. Let h(z)= >,i-,0,2%,b,>0. Then B= S7_ kb,/S 2 b,
and no zero 18 in the disc

2, kb, 23 by
2 — k=0 < =

Syt Db | 3G+ Db

In particular, if b, 1s o strictly increasing sequence, then all the
zeros of h(z) lie in the complement of Cg with respect to the unit
disc. This makes more precise the theorem of Emestrom and Kakeya

[8].

In a recent paper, Tchakaloff [9] (see also [7]) has proved that if
all the zeros of the polynomials

(2) Pu2) = aPz" 4 oo + a®(a® > 0,k =1, -+, m)

lie in the unit disc and if 4, > 0(k =1, ---, m), then all the zeros of
the polynomial > 7., A, P.(z) lie in the dise [2| = 1/sin (x/2n), and that
this is the best possible result. We prove a more precise result in
the case where there is more information about the zeros of P(z).

THEOREM 2. Let the polynomials P.(2)k = 1, <+, m) of the form
(2) have all their zeros z,(1t =1,--,mk=1,---,m) in the unit
disc and let A, >0k =1, -+, m). Suppose that Sz =0 for
p=1 -, (b =1,---,m). Then all the zeros of the polynomial
S ALP(2) lie in the disc |z| < (sinw/20)~ "%, For values of the
form n=(1+1)r, the exact bound does not exceed (sin (m(l+1))/2m))~+,

Proof. Without loss of generality we may assume that ¥ = 1.
By a rccent result due to Walsh [11] the polynomials P, satisfy the
equality P,(z) = (z — @,(2))", where |@,(z)| < |z|™ for |z| > 1. Let
¢ be a point outside the unit disc at which the cirele (2| = (|
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subtends an angle ¥. On the circle |z| = |{|™* there exists a point
a, such that 0 < arg ({ — @.)/{ — a)) £ ¥, and

(3) 5 AP = @ ar 5 42
One deduces from equation (3) that

S APO =0T <X,

k=1 n

For ¥ = n/n, sin (nw/2n) = | {|~**Y, This proves the first part of the
theorem. The example A, = A, =1, m = 2, P(z) = (""" + )", Pz) =
(& + )", where p = 1 exp (i7w/2n), proves the second part of the
theorem, since in this case the polynomial P,(z) + P,(z) has the zero

v = [sin M]“"”“ )
2n

Dieudonné has proved [3], (for a different proof see [4]), that if the
polynomial P has all its zeros in the closed unit dise, then

(1) o _Pel. L
& PRI |z]—1

, for |z] > 1.

We give a short proof of (4), which at the same time yields a stronger
inequality in the case where the centroid of the zeros of P is at the
origin.

THEOREM 3. If all the zeros z{(t =1, ---,m) of the polynomial
P(2) lie in the closed unit disc and if >, 28 =0k =1, ---,1), then
Jor |z]| > 1 the following sharp estimate holds

(5) P'@) P _ 1| 1+1
P'zy Pl ozl fzl(z["—1)

Inequality (5) holds also for | = 0, in which case the second condition
wmposed on the z, is to be omitted.

Proof. By a recent result due to Walsh [12], there exists =
funetion @(z), | p(2) | < |z|7, such that for |z] > 1

(6) P'(2) _ n i
PRy z— 9(2)

An estimate due to Goluzin [6], applied to ¢ yields the inequality

(1) @ = L2 joe,
(z* —1
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for |z| > 1. Since by (6)
(8) P'G) PR _ 1 _ e@)—29()

P'(z) PR) 2z 2z — 9z)

is follows, using (7), that

P”(z),_P'(z)_il 1[ lp@ | _Yz[" 1—[o@]
P'z)  Ple) =z l[zlLz]l —le@] |zI"—1]z] — |

A

It remains to prove the inequality

L1

1 2
LA e 1—2 < +
a—x a—la—zx attt —1

(9)
forall 0=z <a’, and a > 1.

If we denote the left hand side of (9) by f(x), then f(a™') =
(I + /(e —1), and f’(x) = 0 provided the function g(x) = a*" —a +
la'(x* — 2ax + 1) is nonnegative. Since g'(x) < 0 it is enough to show
that h(a) = g(¢~") is nonnegative. Indeed one verifies that A(l) =0
and h'(a) > 0 for all a > 1.

The particular case P(2) = z* — 1, l = n — 1, shows that the bound
(5) cannot, in general, be improved.

The result due to Dieudonné follows from (7) and (8).

Finally, we discuss a problem raised by Biernacki [1], which was
also treated by Dieudonné [5], namely that of determining a region
containing all but, possibly, one zero of the polynomial aP(z) + P'(z)
for all complex a. Each of the above authors has proved that if all
the zeros of P lie in the unit dise, then the concentric disc of radius
2'2 ig the smallest concentric disc that has the above mentioned proporty.
Assuming additional information about the zeros of P, we obtain a
smaller disec for all but possibly I + 1 zeros of the polynomial 2'P(z)-
aP’(z).

THEOREM 4. If all the zeros 2zt =1, +++,nm) of the polynomial
P(z) lze in the closed umit disc and if > 2F =0k =1, ---,1), then
for all complex a at least n — 1 zeros of the polynomial 2'P(z) + aP'(2)
lie in the disc |z| < 2V,

Proof. Proceeding as in the proof of Theorem 3, we have

P'z) _
P(z)

n

zl
« z—o()
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satisfied by any zero of the polynomial z'P -+ aP’ which exceeds 1 in
modulus. Set g(z) = 2 'p(1/2), w = 2" and h(w) = g(z). Then |g(z)| < 1
if 2] <1 and

(10) 9(z) = y{— +an

(11) h(w) = % +oan.

If for some @ the polynomial 2'P + aP’ has at most # — 2 zeros in
the disc |z| = 2¥®¢+ " then equation (10) has at least ! + 2 roots in
the disc |z| < 2-Y@¢+ " and hence equation (11) has at least two roots
in the dise |w| < 27"*, This was proved to be impossible in [5]
Theorem 4 is sharp for all ! and % of the form n = 2k(l + 1), k=
1,2, ---. The upper limit is attained by the zeros of the polynomial

P(z) — (z2l+2 — Qifzglel 4 1)n/(2u+1)) .
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ON SIMPLE ALGEBRAS OBTAINED FROM
HOMOGENEOUS GENERAL LIE
TRIPLE SYSTEMS

ARTHUR A. SAGLE

We continue the investigation of the simple anti-commuta-
tive algebras obtained from a homogeneous general L.t.s. In
particular we consider the algebra which satisfies

(1)  J&,y,2)w=Jw,x,yz) + J(w,y, 2x) + J(w, 2, xy) .

The usual process of analyzing a nonassociative algebra is to
decompose it relative to elements whose right and left multi-
plications are diagonalizable linear transformations e.g.
idempotents or Cartan subalgebras. In this paper we show
that such a process yields only Lie algebras and indicates the
difficulty in finding any non-Lie multiplication table for a
simple anticommutative algebra satisfying (1).

A general Lie triple system [2] is an extension of a Lie triple
system used in differential geometry and Jordan algebras. A general
L.t.s. may be regarded as an anti-commutative algebra A with a
trilinear operation [z, y, 2] so that the mappings D(z, y):z— [z, ¥, 2]
are derivations of A which generate a Lie algebra, I(4), under com-
mutation satisfying certain natural identities. A homogeneous general
L.t.s. is a general L.t.s. for which the operation [z, v, 2] is a homo-
geneous expression in the products of x,y and z; that is, using anti-
commutativity, [#,¥,z2] =axy-z -+ Byz-x + vze-y for some fixed
a, B, v in the base field. From [1] we see that if A is a homogeneous
general L.t.s. over a field of characteristic zero which is either an
irreducible general L.t.s. or I(A)-irreducible or a simple algebra, then
A is a Lie or Malcev algebra or satisfies

(1) J(@, 9, )w = J(w, x, y2) + J(w, ¥, z2) + J(w, 2, vY)

where J(2,9,2) = xy-2 + yz-2 + ze-y. The main result of this paper
is the following theorem.

THEOREM. If A is a simple finite dimensional anti-commutative
algebra over a field F of characteristic zero which satisfies (1) and
if A contains a monzero element w so that right multiplication by
u, R,, 18 a diagonalizable linear transformation, then A is a Lie
algebra.

Received August 3, 1964. Sponsored in part by NSF Grant GP-1453.
1397
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2. Proof of theorem. For any anti-commutative algebra we
have the identity

wd (@, ¥, 2) — 2J (¥, 2, w) + yJ (2, w, ®) — 2J(w, @, Y)
= J(w, », y2) + J(w, y, zz) + J(w, 2, 2Y)
+ J(wz, ¥, 2) + J(wy, z, x) + J(wz, x, y) .
But using (1) we also have
wd (@, y, 2) — xJ (Y, 2, w) + yJ(z, w, ¥) — zJ(w, %, y)
= —2[J(w, z, y2) + J(w, ¥, 22) + J(w, 2, zY)
+ J(we, ¥, 2) + J(wy, 2, ©) + J(wz, x, y)] .
Thus using the two preceding identities we have
J(w, zy, 2) + J(w, yz, x) + J(w, 22, ¥)

2
(2) =J(wz, ¥, 2) + J(wy, 2, 2) + J(wz, 2, y) .

Now let % == 0 be an element of A so that R,: % — axu is a diagonali-
zable linear transformation. Then R, + 0, for this implies that the
one dimensional subspace #F' is an ideal of A and therefore equals 4.
Thus A® = 0, a contradiction to the simplicity of A. Since R, acts
diagonally in A we may write

A=A, @%Aa
where
A, ={zecA: 2R, —N)=0}.
We shall now prove
(3) AAsC AL g,
For let x¢c A,, y€ Ag, then from (1)

J(u, z, YR, = J(u, u, xy) + J(u, , yu) + J(u, y, uwr)
= BJ(ZL, L, y) - aJ(’I,{,, Y, fX/')
= (a+ B)J(u,x,¥) .

Thus J(u, 2, ¥) € Aers and therefore
sy(R, — (@ +B))=2y-u +yu- -2+ ur-yc A.p .

From this #y(R, — (o + B)I)* = 0 and setting xy = Xz2,€ A, B Do Au
we see by the diagonal action of R, that xye 4,,5. In particular (3)
shows A, is a subalgebra of A.

Next we shall show
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(4) J(Ao, Apy A)) =0 or a+B+7=0

for any characteristic roots «, 3,7 of R,. Let xec A, yecdszc4,,
then from (3) J(z, y, 2) € Ayrp.y and therefore

(@ + B+ 7,y z) =J@, ¥, )R,
= J(u, z, y2) + J (4, ¥, 2x) + J(u, 2, xy)
=—az-yz+ @+ B+MNe-yz + B+ Tyz-x
—By-zx+(@+B+7y-zx+ (@+ 7z y
— 22y +(@+ B+ MNz-ay + (@ + By -z
=0.

and this equation proves (4).
from (1) and (3) we have

J (Ao Aoy ADA,C J (A, Ay, Ay
and for « == 0 we have from (1), (3) and (4),

J(A09 AO’ AO)Aa c J(Aay AO) AO)
=0.

Thus J(A,, 4, A)A C J (A, 4, A) and therefore J(4,, 4, 4, iz an
ideal of A whien is contained in A, = A. Since A is a simple algebra
this yields

(5) J(A, Ay, A) = 0.

Next we shall prove that if « is a nonzero characteristic root so that
—« is also a characteristic root, then

(6) J(Aa’A—aon):O-
For using (1), (3) and (5) we obtain

J(Ao, A_sy A4, C I (A, A, A)
and for any 8 # 0 we also obtain

J(A,, A,y AYAsC J(Ap, Al A_LAY)
+ J(4s, A_., AAL)
+ J(Ag, Ay, AuA )
C J(Ap, Auy A_o) + J(Ag, Ay, Ay)
=0,

also using (4). Thus as in the proof of (5), J(A., A_., 4,) is an ideal of
A which must be zero. Adopting the usual convention that if « is a
characteristic root but —« is not, then A_, =0 we see that (6) holds
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for any characteristic root «.
Next let

B=3A,A_, @%Aa ,

' Zall

then if 8 +# 0 we see from (3) that BA;,c B. If 8 =0, then from
(6) we obtain (A, A_,)A,C A,A_, and therefore BA,Cc B. Thus B is
an ideal of A and therefore B =0 or B=A. If B=0, then B, =0,
a contradiction. Therefore we have

(7) A:w%AaA_a@o%Aa.

Now from (4) and (6) we have for any characteristic roots 5 and « +# 0,
J(A,, A_., Ag) = 0 and therefore

(8) JAn A A)=0  (a+#0).

We ghall use (7) and (8) together with the following lemma to prove
A is a Lie algebra.

LEMMA., Let N ={xecA:J(x, A, A) = 0}, then
(i) J(a, b, A) = 0 implies abe N;
(i) N s an ideal of A which is a Lie algebra.

Proof. Clearly (ii) follows from (i). So let a,be A be such that
J(a,b, Ay =0 and let w,2e A. Then from (1) and (2) we have

0 = wd(a, b, ?2)
(9) = J(w, ab, 2) + J(w, bz, a) + J(w, za, b)
= J(wa, b, z) + J(wd, z, a), using (2) .
Now interchanging z and w in this last equation we obtain 0 =
J(za, b, w) + J(2b, w, a) = J(w, bz, a) + J(w, za, b) and using this in
(9) yields J(ab, w, 2) = 0; that is, abe N.
To show that A is a Lie algebra, suppose it is not. Then from

the lemma N = 0 and from (8) A,A_,C N = 0. Thus from (7) A=
St A, and therefore A, = 0; this contradicts 0 # u € A,.
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ON SMALL MAPS OF MANIFOLDS

HANS SAMELSON

A result announced by R. F. Brown in 1963, and completed
by Brown and Fadell, generalizing classical results of H, Hopf
for differentiable manifolds, is the following:

THEoREM: Let M be a compact connected topological
manifold; then

(a) M admits arbitrarily small maps with a single fixed
point;

(b) If the Euler characteristic y» of M is zero, then M
admits arbitrarily small maps without fixed points (and
conversely). Here a map is small if it is close to the identity
map. We propese to give a short proof of this theorem,

We will use the recent result of J. Kister (also Mazur and Stallings)
that any microbundle over a complex is a bundle [4]. We note that
according to [2] the result (b) holds also for manifolds with boundary.

2. Characteristic class, We consider the tangent miecrobundle

Tu: M 2, Mx M —p—1>; here d is the diagonal map, and p, the first
projection (cf. [5]). Attached to 7, is the Thom class u, a well-defined
element of H"(M x M, M x M — d(M)) (here n = dim M); the coef-
ficients used are the integers Z, if M is orientable, and twisted integers,
determined by the orientations of the horizontal factor M at the points
of M x M, in the nonorientable case. (Cf. [6] for details in the
orientable case.) We write % for the image of u in the absolute group
H™(M x M); the Euler class ¢, is the image of # in H"(M) under
the diagonal map d* (twisted coefficients in the nonorientable case).
Furthermore, M has a fundamental cycle ¢ (again twisted coefficients
for nonorientable M). It is a well-known fact that the value {ey, £
of e, on # equals the Euler-Poincaré characteristic ¥, of M.

[Since this is not easy to find in the literature, we sketch a proof:
First assume M orientable. Let {x;} be a basis for H*(M) modulo
torsion, and let {«,} be the basis of H.(M) modulo torsion, dual to {x;}
under { , >; put r; = dim ;. Define {x]} by dx; = a;, where b is the
Poincaré duality operator dx = x (1 g; then {x]} is again a basis for
H*(M) modulo torsion. Finally let {«&)} be dual to {xj} under { , >.
One verifies that d.p = Ja; x ] modulo torsion (use {x X ¥y, d. > =
e Uy, ). Now # satisfies the relation {x, a) = (—1)""<%, dr x a)
for xe H"(M) (cf. [6]). Therefore we have ey, p> =&, d > =

Received September 8, 1964. This work was supported by NSF Grant GP-2510.
1401
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i, Yo, x ay = ¥(—1)yiw), ay = ¥(—1)% = yy. For nonorientable M
let M be the orientable double covering, and use the facts that the
Thom class is preserved under the covering map, that the fundamental
cycle of M maps onto twice the (twisted) fundamental cycle of M,
and that x; = 2y (as one can see, e.g., from the Smith sequence).]

In particular, if ¥, = 0, then also the Euler class e, vanishes.
Furthermore, in all this discussion we may, by Kister’s result, replace
the tangent microbundle by an actual bundle (in the local product
sense) whose fibre is R* with a well-defined origin and which therefore
has a well-defined 0-section. We denote this bundle by 7,.

3. Proof of theorem. We begin with part (b); thus assume
YXx = 0. Embed M in a number space R* with &k = 2n + 1, and let
V be a (closed) polyhedral neighborhood of M that retracts onto M,
via the map . We consider the bundle »*T,, induced from the bundle
Ty (see end of §2) by ». By naturality the Euler class of 7r*Ty
vanishes. Therefore, if K is any polyhedron of dimension < 7 contained
in V, the restriction of »*7, to K admits a nonvanishing section (i.e.,
one that does not meet the 0-section of 7*7,); to prove this one uses
the interpretation of the Euler class as obstruction. Let .97 be a
finite, open covering of M, of dimension %, such that (a) the nerve
N, can be realized in V and (b) an associated barycentric map
f: M— N, (cf. [3], p. 69) is homotopic to the identity 1, of M in
V; this exists of course. Let s be a nonvanishing section of 7*7, | N, .
Applying the covering homotopy theorem to the map sof of M into
the bundle formed by the complement of the 0-section of 7*7, and to
the homotopy between f and 1,, one gets a nonvanishing section of
r*T 4 | M, i.e. of T,. This section amounts of course to a fixed-point-
free map of M into itself. Again according to Kister, 7, can be
assumed to lie in any preassigned neighborhood of the diagonal of
M x M, which means that the map can be constructed as close to the
identity as one pleases.

The converse is classical (Lefschetz fixed point theorem).

4. Proof of theorem continued. We come to part (a). As
before we imbed M in a Euclidean space R*, and r is a retraction of
some neighborhood of M onto M. Let A be a coordinate system in
M (i.e., an open subset homeomorphic to R"), and let B, respectively
C, be the subsets of A corresponding to the set of points in R” of
norm <1, respectively <3%. There exists a polyhedral neighborhood
W of M — B in R*, whose r-image liesin M — C. Since H*(M — C)
(twisted coefficients if needed) vanishes (M — C being a manifold with
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nonempty boundary), the characteristic class of 7*7,| W is zero. By
the same argument as before, the bundle 7, | M — B has a nonvanishing
section, which can be interpreted as a map f of M — B into M,
without fixed points. We may assume that the f-image of the bounday
of M — B lies in A (by taking 7, small enough), and it is then clear,
using A ~ R", how to extend f to a map of M into itself whose only
fixed point is the point of A corresponding to the origin of R".

If f is homotopic to the identity map of M (as it will be if it is
small enough: apply 7 to the linear homotopy in R*), then the index
of the fixed point is %,: the index equals =+ the intersection number
of the graph of f in M x M and the diagonal, and it is well known
that this is y, under the present circumstances. In fact, this last
remark yields another version of the proof of (a): if y» = 0, one can
extend f over B without any fixed point.
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|e(z) |-CLOSENESS OF APPROXIMATION

ANNETTE SINCLAIR

For a given function F(Q) defined for Q¢ S, the connec-
tion between these questions is investigated: (1) For arbitrary
¢ > 0 (or possibly {¢;}, where ¢; corresponds to a compoment S;
of S), does there exist a function f of a specified class &
such that supges | F(Q) — f(Q)| <e on S (or & on S)?; (2)
Given an admissible function ¢(Q), does there exist a function
fe.7 such that | F(Q) — f(Q) | = | «Q)] on S? A continuous
Junction Q) defined on S is admissible if for each zero Qg
there is a positive integer 7ng such that «Q)/(Q — Q)8 is
bounded from zero in a deleted neighborhood of Qs. A typical
result is: Corresponding to any F'(z) analytic on a closed
bounded set S and to any admissible ¢(z), there exists a ra-
tional function 7(z) with its poles on a certain preassigned
set such that | F(z) — r() | =< |e)| on S.

When the sup-topology is used in approximating a given function
F' defined on a set S by a function f in a certain clags &, it is re-
quired that, for arbitrary & > 0, there exists fe.# such that

sup | FI(X) — f(X)| <e for XeS.

In this paper the connection is investigated between existence of such
an approximating funetion and existence of an approximating g € . when
for any admissible funetion &(X) it is required | F(X) — g(X) | = | &(X) |
when Xe S.

The latter formulation has the advantage of automatically specify-
ing that, at any zero X, of &(X) on S, ¢g(X,) = F(X,) and at multiple
zeros corresponding derivatives of F and g agree, provided F' has
derivatives at these points. One interesting application, in case F' is
continuous and is well-behaved near zeros, is that in which

| F(X) —f(X)| = p| F(X)|

is required, where p denotes a preassigned per cent.

Apprbximation in the real case in which a neighborhood N, . of
F consists of those f such that &(x) < F(z) — f(x) = &(x) has been
suggested by P.C. Hammer." If [&(z) — &(x)]/2 is an ‘‘ admissible ”’
e(x), the problem reduces to the |e(x)|-closeness of approximation

Received March 11, 1964 and in revised form August 10, 1964, This work was
supported in part by a National Science Foundation Science Faculty Fellowship,
64016. This paper was written while the author was on sabbatical leave of absence
at Stanford University.

1 S.I.LA.M. Conference on Approximation Theory, Gatlinburg, Tennessee, 1963.
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considered in this paper. For &(x) < F(x) — f(x) = &(x) if and only if

— &) — &(@)1/2 = F(o) — [&(x) + &(2)]/2
— J(@) = [&((@) — &()]/2

This paper is perhaps of most interest in connection with approxima-
tion in the complex plane. However, as the Weierstrass-factor Theorem,
Mittag-Leffler Theorem, and Runge Theorem [2] upon which the results
depend, hold also on the open Riemann surface, the theorems are stated
in abstract form for the open Riemann surface: then certain specializa-
tions to the complex plane are given in the corollaries.

As is customary, ‘‘open’” Riemann surface denotes a noncompact
Riemann surface [1]. A point on a Riemann surface is denoted by @,
a point in the complex plane, in particular, by 2, and a point on the
real axis by x. For the sake of clarity the notation f(Q) is frequently
used to denote the funection f.

When it is specified a function has poles coinciding with those
of another funection, it is to be understood that they have identical
principal parts; likewise, if a function has zeros coinciding with those
of a second function, the order of the respective zeros is the same.

For reference we state:

Hyporugsis H. Suppose that S is o closed set on the open Rie-
mann surface R, Let B* consist of precisely one point of each of
those components of R— S whose closure is compact.

Theorem 1 includes the case that S is compact with no interior points.
For example, if R is the finite complex plane, S may be a bounded
closed interval on the real axis; in fact, S may be any closed bounded
set with or without interior points.

THEOREM 1. Assume Hypothesis H and suppose a function &(Q)
(#£0) defined on S. Let R be an open set (which may be R) such
that SC RCR and suppose .&° is a collection of functions mero-
morphic on R, analytic on R — B*. Then these approximation re-
quirements (1) and (2) are equivalent.

(1) Corresponding to any function M(Q) analytic on S° (the
wntertor of S) and continuous on S, there exists ke .S such that
| M(Q) — k(@) = | &(Q) | when Qe S.

(2) Corresponding to any function m{Q) meromorphic on S° and
continuous on S except at poles, there exists f =h + k, whereke & and
h 18 meromorphic on N with its only poles cotnciding with those of m
on S, such that |m(Q) — f(Q)] = |e(@)] on S.

Proof. Clearly, (2) includes (1). We proceed to prove (1) implies (2).
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The set of points at which m has poles on S is an isolated set
on R. Hence, according to the Mittag-Leffler partial fractions theorem
[2, p. 591; T] there exists a function » meromorphic on R whose only
poles coincide with those of m on S and have the same principal
parts. (We note that, if m has only a finite number of poles on S
and if N is the finite complex plane, then % may be required to be a
rational function.)

The function m — I is analytic on S° and continuous on S. Hence,
by the conclusion in (1), there is a function ke .27, such that

[m(Q) — Q)] — k(@) | = | e(Q) |
when Qe S, that is,
| m(Q) — Th(Q) + E(@Q)]] = [(Q) |

on S.

Thus, & - k, which is meromorphic on R and analytic on R — B*
except for poles on S coineciding with those of m, is a function f as
required.

COROLLARY 1.1. The theorem ts true if in
1) M(Q) is assumed analytic on S and in
2) m(Q) is assumed meromorphic on S.

COROLLARY 1.2. For R the finite complex plane and S a com-
pact set on N, the theorem is true &f in

(1) k is required to be o rational function and in

(2) f is required to be a rational function.

H.J. Landau [5] proved: If on the complex plane, S is a closed
bounded set with no interior and if there exist cutting sets of S whose
closures have arbitrarily small measure, then any function continuous
on S may be uniformly approximated on S by a rational function
whose poles lie in B* J co. It follows from Corollary 1.2 that, if m
is continuous on such a set S except for a finite number of poles,
m(z) can be uniformly approximated by a rational function whose poles
lie in B* U « and at the poles of m on S.

By the Carleman approximation theorem [3; 4] if w(2) is continuous
-on the real axis, then corresponding to any {¢;), there exists an entire
function f such that |w(x) — f(®)| <e when 1+ — 1< |z| =4, ¢+ =
1,2, --+. Hence, Theorem 1 implies that. if w{z) is continuous on the
finite real axis except for a finite or a denumerable numker of poles
‘with limit point at <o, then w(x) can be approximated in the above
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sense by a meromorphic function f whose poles lie on the real axis
and coincide with those of w. According to an extension by the
author [8, Theorem 3] of the Carleman Theorem, if S consists
of the union of closed circular disks S; tangent externally on the real
axis and extending to infinity and if w is analytic at interior points
of S, continuous on S, then, corresponding to any {¢;}, there exists.
an entire funection f such that |w(z) = f{z)| <e on S;,,1=1,2,--.
By Theorem 1, w may be allowed poles on S° provided the approxima-
ting function f is allowed coincident poles.

An analogue of the type of generalization given in Theorem 1 for
a @-set has previously been used by the author [8; 9].

A sequential limit point of a set S is a limit point of a set of
points chosen one from each component of S. A set S in the extended
complex plane whose components S, S,, ---, are compact and whose
set of sequential limit points B < &’ (S) is called a Q-set [9]. We
require, in addition, that a Q-set on an open Riemann surface R be
a closed set, that is, R contains no sequential limit point of S. When
in the complex domain R is chosen as the extended plane minus B,
the set of sequential limit points of S, a Q-set is closed.

A function &(Q) defined for Q¢ S is admissible on S if

(1) It is continuous on S;

(2) Corresponding to each of its zeros Qs on S, there is a positive
integer ng such that &(Q)/(Q — Qg™ is bounded from zero in a neigh-
borhood N, S. The smallest positive integer n, satisfying the condi-
tion in (2) is called the order of the zero of &(@Q) at Q.

THEOREM 2. Assume Hypothesis H with S= U S,, where the S, are
compact and disjoint. Let R be an open set such that SC RCR. Suppose
M is any function which is analytic on S°, continuwous on S. Then (1)
below implies (2); also, if S is a Q-set or a compact set, (2) implies (1), and
if K is any isolated interior subset of S, f(z)=M(z) can be required on K.

(1) Corresponding to any {e,) (¢ if S is compact), there exists
f analytic on R — B*, meromorphic on R, such that | M(Q) —f(Q)|=¢,
when Qe S, n=1,2,+-- (or ¢ when Qe S).

(2) Corresponding to any Q) which is admissible on S, there
exists F analytic on R — B* and meromorphic on R such that

| M(Q) — F(@) | = [¢Q)]

on S. If f in (1) can be required to be a rational function and if S
18 compact, then F can be required to be a rational fuction.

Proof. We first show (1) implies (2). Admissibility requirement
(2) for &(Q) implies the zeros of ¢ on S are isolated. Hence, by the
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Weierstrass-factor Theorem [2, p. 591] there exists ¢ analytic on R
whose only zeros are the zeros @p of &(Q) and are of the respective
orders mg. Let ¢, = inf | &(Q)/g(Q)| for Q on S, (or ¢ = inf|e(Q)/g(Q) |
for @ on S). Now, by Theorem 1 with ¢(@) =¢, on S, (or ¢ on S)
and (1) above, there exists a function ¥ meromorphic on R, analytic
in R — B* except at zeros of ¢ on S, such that | M(Q)/g(Q) — k(Q)| = ¢,
(or € on S) where defined. Then on each S, (or S)

| M(Q) — 9(@k(Q) | = 19(@) | e,

(or | g(@)|e). Now g-k, which has removable singularities at the @,
satisfies the requirements for F.

Next we consider the converse, giving the proof for the case S is
a @-set. Since {¢,} defines an admissible (@), (1) is a special case of
(2). We are to verify also that interpolation conditions can be assigned.
The Weierstrass-factor theorem yields existence of a function g analy-
tic on R such that ¢ has zeros on K of the same orders as the inter-
polation conditions. For ¢,(Q) = ¢,]g(Q)/ max | g(@)|] when Qe S,, and
£(Q) defined by ¢,(Q) on S,, &(Q) is admissible on S. By hypothesis
(2), there is F' analytic on R — B*, meromorphic on R, such that

| M@Q) — F@)| = |e@)]

on S. Since |e(@)] =e¢, on S, and ¢(@) vanishes on K, F' satisfies the
interpolation conditions, in addition to the requirements for f in the
conclusion of (1).

COROLLARY 2.1. If M s analytic on the closed bounded set S in
the finite complex plane, then, corresponding to any admissible &(z),
there extists a rational function r having its poles on B* such that
| M(z) — r(2)| < | e(2) | when ze S.

Proof. This follows from the Walsh formulation of the Runge
‘Theorem [10, p. 15] and Theorem 2 with n = 1 and R = R defined as
the finite complex plane.

The next corollary is obtained by applying a result of Mergelyan
[6; 10, p. 367].

COROLLARY 2.2. If in the complex plane M is continuous on the
closed bounded set S, analytic on S°, and tf S does not separate the
olane, then, corresponding to any admissible &(z), there exists a
polynomial p(z) such that | M(z) — p(z)| < | e(z) | on S.

COROLLARY 2.3. Suppose S is a Q-set (= U S,) and &(z) is admis-
stble on S C R, the extended plane minus the set of sequential limit
points of S. Then, if M is analytic .on S, there exists a function
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S analytic on R — B*, meromorphic on N, such that | M(z) — f(2)| = |e(2)}
everywhere M is defined on S.

If M is meromorphic on S, there exists f analytic on R — B*,
except at poles of M on S, and meromorphic on R such that
| M(z) — f(2)| < | e(z)| everywhere M is defined on S.

Proof. The first part is an immediate consequence of Theorem 2
and a previous theorem of the author [9, Theorem 3]. The latter part
then follows from Corollary 1.1.

For &(Q) continuous on S, in order that (2) of Theorem 2 hold,
the admissibility restriction (2) on ¢ is necessary at any interior zero
of ¢ at which M is analytic. For, if | M(Q) — F(Q)| = |&(@) ] on S,
then, at a zero Qg of &, M(Qp) = F(Qp). If (as is the case if M is
analytic at Qg and F(Q) = M(Q)) M(Q) — I'(Q) = (@ — Qp)"eg(Q), Where,
in some neighborhood N%C S, g is bounded from zero, then

| M@Q) — F@) | = @) ]

on S implies | (@ — Qp)"8/e(Q) || g(@)| =1 on NQﬁ, where defined. The
last inequality is possible only if the first factor is bounded on NQIB,
that is, €(Q)/(Q — Qp)"s is bounded from zero on NQB. At an interior
point of S, M is necessarily analytic if Hypothesis (1) of Theorem 2 is
satisfied; hence, if the conclusion of Theorem 2 is to hold, continuous.
&(®) must satisfy admissibility requirement (2) at any interior zero of e.

An example is next given to illustrate an application of Theorem
2 for the case » = 1. Let R=R = {2/|2| < «}; M(z) = zsin1/z for
2 # 0, M(0) = 0; &(z) = (z — 1)’(z — 3/4)z — %)g(?), where ¢ is any func-
tion continuous and nonvanishing on S; S = {¢/0 < # = 1} U ’_,v; where
the v; are nonintersecting closed disks with centers at the zeros of
e(z). Now, by a Walsh approximation theorem [10, p. 47], M(z) can
be uniformly approximated by a polynomial, that is, (1) in Theorem 2
is satisfied with f(z) a polynomial in 2. Hence, Theorem 2 implies
that for any admissible ¢(z), in particular as defined above, there is a
polynomial F'(z) such that | M(z) — F(z)| = |e(z)| on S.

The next theorem yields degree of convergence in the O(c,(Q))-sense
by setting S =S8, =8, = ---, also other special results as stated in
the corollaries.

Corresponding to given {e,}, {€.(®@)} with ¢,(Q), defined on S, and
nonvanighing on8S,,n =1, 2, - - -, will be called ¢,-admissibleon S= U S,
if there exists g(Q) analytic on R such that, for each n, ¢,(Q) = 9(Q)%,(Q)
and ¢, < inf|¢,(@)|,n=1,2, .-+, for Qe S,.

THEOREM 3. Assume Hypothesis H, with S = U, S,, where the
S, are compact, but not necessarily disjoint. Let &, be a collection
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of functions each meromorphic on an open set R, and analytic on
R, — B*, where S,C R, CcR. (R, may be R.) Suppose a certain
sequence of posttive constants {¢,} assigned. Then (1) below tmplies (2).

1) Corresponding to any {m,}, with m, analytic on S, continu-
ous on S,, and such that m,(Q) = m;(Q) on S, NS; (tf this is mnot
the null set), there exists f,, f.e &, and M (independent of n) such
that | m,(Q) — f.(Q)| < Me, on S,.

(2) Corresponding to any ¢,-admissible {¢, (@)}, (Q) = g(Q)4.(Q))
and to {m,} defined as in (1), there exists h meromorphic on R whose
only poles lie on B* or coincide with those of m,(Q)/g(Q) on S and
there exisis f,€ .5, such that

[ m, (@) — g(@IMQ) + S| = M, [ e.(Q) |

on S,,n=1,2---. If in (1) the f, can be chosen as the same func-
tion for all n, the same s true for the f, in (2). If, in (1), M is
independent of {m,(Q)}, then, in (2), M, = M.

Proof. By the Mittag-Leffler theorem there exists & meromorphic
on R whose only poles coincide with those of m,/g on S,, n =1, 2,--..
Now (m,(2)/g(z)) — h(z) is analytic on SY, continuous on S,. Hence,
by hypothesis (1), there exists f, e .5, such that on S,

| m,(@)/9(Q) — M@)] — fo(@) | < Me, = M, [$,(Q) ] .

This yields the required result.
If in both (1) and (2) the m, are assumed analytic on S,, the
theorem remains true.

COROLLARY 3.1. Let m be analytic on the bounded closed set S
which does not separate the complex plane. Suppose {€,} is a certain
sequence of positive constants such that there exist polynomials {p,(z)}
of respective degrees n and some M such that |m(z) — p,(z) < Me,
on S. Then, for ¢,admissible {¢,(z)} with ¢,(2) = Py(2)¢,(2), where
P,(z) s a polynomial of degree N, there ewxist polynomials Py.,(z)
of degrees N + n such that |m(zy — P, y(2)| = M, |¢,(2)] on S.

Proof. In the theorem set S =S8, =S, = .- and m(z) = m,(z) =
my(z) = --+, and let &, denote the set of all polynomials of degree .
Since, by the hypothesis, (1) is satisfied, the conclusion of the theorem
yields the result when it is noted that % can be chosen as an appro-
priate rational function.

ExampLE. If m(z) is analytic on S, |2| =1, m is analytic in a
larger region D,: | 2| < p [10, p. T9]. Fix R, 1 < R < p, and set ¢, =
1/R*. Let ¢ be any function which is continuous and nonvanighing on
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S and let Py(2) be a polynomial of degree N, nonvanishing on 8S.
Then K can be chosen so that, for ¢,(z) defined as KP,(z)$(z)/(z" + R"),
and ¢,(z) = Ké(2)/(z" + R"), {¢,(2)} is ¢,-admissible on S. There are
known to be polynomials p, of respective degrees » such that, for
some M, | m(2) — p,(z) | < M/R" on S [10, p. 79], whence, by Corollary
3.1, there exist polynomials ¢,.,y of degrees n + N such that

| M(2) — Quan(@) | = M, |6,(2) |

on S, for some M, independent of =,

The polynomials p,.5 in Corollary 3.1 cannot be required to be of
degree less than # + N. For m analytic on S defined as in the Ex-
ample, choose Py(z) as a polynomial whose only zeros coincide with
those of m(z) on S, and define ¢,(2) = (K/R")Py(z), 1 < R < p. Sup-
pose there exist polynomials p,(z) of degree &k such that

| m(z) — pu(2) | = MLK| P,(2) |/ R"

on S. Without loss of generality it can be supposed the zeros of p,
coincide with those of m on S [10, p. 310]. Now N = m/P, is analy-
tic on S, except for removable singularities, and

| N(z) — px(2)/px(2) | = M,/R"

on S. Since p,(2)/py(2) is a polynomial of degree k¥ — N, this would
yield a degree of convergence stronger than maximal convergence if
k— N < =n[10, p. 79].

The result stated in Corollary 2.3, which is a direct consequence
of Theorem 2, is essentially that of Corollary 3.2.

COROLLARY 3.2. Suppose m{z) is analytic on S = U S,, o Q-set
with components S,, and let B denote its set of sequential limit
points. Let R be the extended complex plane minus B and define
B* as in Hypothesis H. Then, corresponding to any &(z) = g(2)(2)
with g analytic on R and ¢ bounded from zero on each S,, there
exists [ analytic on R—B*, meromorphic on R, such that

[m(z) — f(z) | = |e(z)| on S.

Proof. In the theorem, let R, =R, ¥ = A =% = --- be the
set of functions analytic on R-B*, meromorphic on R, and define
m,(z) =m(2) on S, €,(2) =¢&(z) on S, 6,(2) = ¢(2) on S,, ¢, = inf|¢,(2) |
for ze€ S,. We note {¢,(?)} is ¢,-admissible. By a theorem of the author
[9], M (1) of the theorem is satisfied, with » = 1 and f,(2) = f,(z) = - - -,
whence the theorem implies (2), yielding the required result.
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COROLLARY 3.3. Let S = U, S., where the S, are closed cir-
cular disks of radii one-half tangent externally along the positive
real axis and ordered by imcreasing distance from the origin. Sup-
pose m 1s analytic on each S%, continuous on S. Then, for &(z) =
9(2)9(2), where g s an entire function (nonvanishing on 0S) and ¢
18 bounded from zero on each S,, there exists an entire function F
such that | m{z) — F(z)| < |e(@) | on S.

Proof. Let R = R be the finite complex plane, B* the null set,
and & = &4 = &4 = --- the class of entire functions. Define m,(z) =
m(z) on S,, n=1,2,---, and set ¢,(2) =¢e(z) on S,. Then define
$,(2) = ¢(z) on S, and ¢, = inf | ¢,(2) | for ze S,. By a previous result
[8, Theorem 3], corresponding to any {¢,}, there exists f(z) = fi(z) =
Jf2) = <+, fe &2, such that | m(z) — f(z)| < ¢, on S,. Then (2) of
the theorem with F(z) = g(2)[h(z) + f(2)] yields the required result.
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ISOMETRIC IMMERSIONS OF MANIFOLDS
OF NONNEGATIVE CONSTANT
SECTIONAL CURVATURE

EDSEL STIEL

Let 1? denote a C>~ Riemannian manifold which is d-
dimensional and complete, Our first result states that an iso-
metric immersion of a flat M into (d + k)-dimensional Euclidean
space, k < d, is n-cylindrical if the relative nullity of the immer-
sion has constant value 7. This result was obtained by O’Neill
with the additional hypothesis of vanishing relative curvature,
We next consider the case in which M¢ and M%*, k < d, are
manifolds of the same constant positive sectional curvature.,
In this case we show that an isometric immersion of }? into
M®* is totally geodesic if the relative curvature of the im-
mersion is zero on a certain subset of /7,

Let M? and M%* be C* Riemannian manifolds of the same con-
stant sectional curvature C, M? being assumed complete and k& < d.
Let «: M? — M** be an isometric immersion. The character of such
immersions has been studied in [4] and [5] in terms of what Chern
and Kuiper call the <ndex of relative nullity of + [2]. This func-
tion, v, assigns to each m e M the dimension of _#7(m), the subspace
of vectors « in the tangent space M, such that 7, = 0. The linear
difference operators T, act on My, and contain the same informa-
tion as the classical second fundamental form operators S, where z is
a tangent vector to M orthogonal to dv-(M,) [1]. In fact T, is char-
acterized by its skew-symmetry and the equation T.(z) = dy(S,(x)).
Our first theorem concerns the case in which M*? is flat and M** =
R** d + k dimensional Euclidean space. It states that when v is
constant on M? the immersion + is ‘ecylindrical’. We next investigate
the corresponding situation for C > 0.

We use essentially the notation in [4]. In particular we identify
M?® with (M%) when it seems safe to do so. Let N denote the bundle

of normal k-frames of M relative to «; that is

N ={(m, E)|me M and F is a k-frame (orthonormal set of k&
vectors) of My, orthogonal to dy(M,)} .

The Riemannian connection of M%"* induces a natural connection on
N. The curvature form of this connection is called the relative
curvature of . We say that +: M*— R%* is n-cylindrical provided

Received August 5, 1964. Part of this work was supported by the NSF while
the author was a Research Assistant at UCLA.
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M and + can be expressed as Riemannian products M? — B*™ x R*
and o = 4 X 1 where + is an isometric immersion of B%™" in R%++—
and 1 is the identity map of R”. We can now state our first theorem
precisely. This result was obtained by O’Neill as Theorem 2 of [4] but
with an additional hypothesis, namely, the assumption of zero relative
curvature. We shall use a similar assumption in our Theorem 3.

THEOREM 1. Let M? be a complete, flat, C= Riemannian maoni-
fold. Am isometric immersion +v: M*— R** is n-cylindrical ¢f the
relative nullity has constant value n.

We summarize some results applicable to an isometric immersion
between two manifolds of constant curvature C. Let .#"‘(m) be the
orthogonal complement of .#7(m) in M,. From [5] we have: If =
denotes the mintmum value of v, then n=d — k and G, the open
subset of M* on which v = n, is foliated by complete totally geodesic
subspaces (the leaves of ") which are also totally geodesic relative
to . Also there exists for any me G an x€ 4"+(m) such that T,
18 injective on _4"+(m). The two cases of interest to us are:

Case 1. G = M* (i.e., v is constant), M?** = R** (C = 0) and
a = oo (see below).
Case 2. C>0and 0<a< /4 C.

The parameter a appears in the following lemma. Let v:(—a,a)— L
be a unit speed geodesic in a leaf L of .4 in G. Then there exists
a frame field E = (K, ---, E;,,) on a neighborhood or v in G such
that:

1. The geodesic v is an integral curve of Ei;

2. FEach integral curve of E, is a geodesic of M,

3. The vector fields E,, ---, E, are contained in A, K, ., -+, K,
in 4L and E,,, ---, B, are contained wn the orthogonal comple-
ment of yw(M,) 1 Myim;

4, The frame E is parallel on v. The construction for this
lemma is contained in Lemma 1 of [5], except we use the additional
fact that the leaves of _#~ are R™ planes in Case 1 for a = . We
pull the connection form ¢ of the frame bundle of M%* down to G
by way of the frame field E. Using the following index convention,

15a,0=n; n+l1=sq,r,s=d;

l1=4,5=4d; d+l=sa,8=d+k,

we get
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65 = @;;0dE  (connection forms of M),
Tia = @u0dE  (Codazzi forms),
On8 = GopodE  (normal connection forms).

A set of linear operators on .4 L dependent on the frame field E can
be defined by

PEG(ES) = 27‘¢1‘a(Es)Er .

From the second structural equation and the properties of the frame
field E one can show that the matrix P(t) of Py, satisfies the dif-
ferential equation P’ = —P* — CI on (—a,a) where I denotes the
(d — n) X (d — n) identity matrix. See Lemma 3 of [5]. Our proof
of Theorem 1 hinges on the central result from [4] which states that
if for all me M* and x€ 4™ we have that P, = 0 then the immer-
sion is n-cylindrical. Theorem 1 can now be easily proved with the
help of the following lemma which is applicable in both Case 1 and
Case 2.

Levma 1. Let me L. If xe _47(m) and ye 4 +(m) then Ty, =
T,oP, on 4" *+(m).

Proof. Since L is complete there exists a geodesic v:(—a,a)— L
with ¥(0) = m and a frame field E as defined above in a neighborhood
of v. From T, (E;) = 2.c.i(E)E, and the definition of 47 we get
that 7z,, = 0. Using this fact with the Codazzi equation for z,, we
have

0 =dT,e = —2ibu; N Tia — 26Tap N po = Zibog N Toa »
This implies that
2, 000a(B)Tad B B = 2o, 0000(B)T oo (B Ee

or that

Ty (P (E,) = Tp(Ps.(E,)) .
Hence for xe _#"(m) and y, ze 4 +(m) we have

T (P.(2)) = TAPy) = Tr,w(?),

the last equality above following from the symmetry of the second

fundamental form operators.

2. Proof of Theorem 1. We shall show that P, =0 for x € .#"(m),
me M We may assume 2 is a unit vector and v is a unit speed com-
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plete geodesic of the leaf through m with v'(0) = . By a previous
remark we may pick ye€ _#"*(m) such that 7T, is injective on /" +(m).
Then .#7t + T, (#"1) is invariant under both T, and T, . Hence
the 2(d — n) x 2(d — ») matrix of T,|(4+#"*+ T,(4+#"*)) can be re-
presented by a (d — %) x (d — n) matrix A in the upper right hand
corner, —A? in the lower left hand corner and zeros elsewhere. If
B is the analogous block for T, then @ = —AB* will be the matrix
of T,oTp | 4#"+. The difference operators T, and T, commute
on M, since M is flat and hence we have AB* = BA‘. By Lemma 1,
P,=T,Tp | 4+ and hence P(0) = (A™")'B*. Let

R — ___A—-lQ(A-—I)t —_— Bt(A-—l)t .

Since @ is symmetric so is R and therefore P(0) has the same (real)
eigenvalues as R. These eigenvalues satisfy A, = —\. on the real
line (since P satisfies this equation by a result stated above) and
hence each A, = 0. Thus R =0 and this implies P(0) = 0 which is
the desired result.

3. Positive curvature case. For completeness we include Corol-
lary 1 of [5] as

THEOREM 2. Let M?® and M** be C= manifolds with the same
constant positive curvature C, M* being assumed complete. Let r:
M?*— M** be an isometric immersion with 2k <d. Then + 1is
totally geodesic.

As above let n denote the minimum value of v and let G consist
of the me M?* for which v(m) = n.

THEOREM 3. Let M? and M** be C~ mantifolds with the same
constant positive curvature C, M?* being assumed complete. Let :
M?®*— M** be an isometric immersion with k < d. Then - is totally
geodesic if the relative curvature of « is zero on G.

Proof. The proof is by contradiction. If v is not totally geodesic
then n < d. Let L be a leaf in G and let me L. We first show that
for any xe ._4"(m), P, is a symmetric operator and is independent of
the frame field used in its definition. Let ye€ ._#"*(m) such that T,
is injective on .#"t. Using a geodesic v:(—a, a) — L with v (0) = »
and Lemma 1 we have as in the proof of Theorem 1 that P(0) =
(A7")'Bt. Since the relative curvature of + is zero we get from the
Ricei equation of the immersion that the Codazzi forms satisfy the
relation ¥;7,; A 7,3 = 0. From this we conclude that T, and T,
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commute on (dy(M,))> or A'B = B'A. This equation implies that
P(0) is symmetric. From the first structural equation we have that

&, B,] = 2(6.(8,) — ¢,(E)E;

which together with the symmetry of P, implies [E,, E,]e . +"+; thus
AL is integrable., For xze .7, P, is actually a second fundamental
form operator of the leaf through .#"1 and thus P, is independent
of the choice of frame field used in its definition.

From the completeness of L it follows that we can find a unit
speed geodesic v in L defined on the real line. Since M is of constant
positive eurvature, v is a compact immersion and P, is a periodic
function on the real line. Let A be one of the d — n real eigenvalue
functions determined by the symmetric operator P,. We may assume
» attains a maximum at m = ¥(0). Let £ be a frame field as above.
Then » must satisfy MN(0) = —2\%0) — C = 0 since P satisfies P’ =
—P?* — CI on an interval containing 0. This implies M0) is not real,
which is the desired contradiction. Hence n = d or « is totally geodesic
on M.

As a Corollary we get a result of O’Neill’s from [3]. Let S***(C)
denote the sphere of curvature C.

COROLLARY 1. Let M? and M** be C= manifolds with the same
constant positive curvature C, M? being assumed complete. Then any
isometric immersion : M — M+ 4s totally geodesic. In particular
if Mt = SYC) then any such immersion is an imbedding onto a
great sphere.

Proof. The vanishing of the relative curvature of + is trivial in
the hypersurface case. In case M = S*C) we have that (M) =
SHC)  8**Y(C). Letting S%C) denote the universal covering manifold
of M? and 7 the natural projection, we have that oz is a local iso-
metry onto (M). Hence +om and therefore o is injective. Thus
is an imbedding onto S*C).
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INVARIANT SPLITTING IN JORDAN AND
ALTERNATIVE ALGEBRAS
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Let A be a finite-dimensional Jordan or alternative algebra
over a field F' of characteristic 0, Let N denote the radical
of A, Then A possesses maximal semisimple subalgebras
isomorphic to A/N, [5], [6], any two of which are strictly
conjugate, [2], [9]. If G is a finite group of automorphisms
and antiautomorphisms of A, then A possesses G-invariant
maximal semisimple subalgebras, [10]. We investigate here
the uniqueness question for such G-invariant maximal semi-
simple subalgebras. The result is that the striect conjugacy
can be chosen to commute pointwise with G and to be in the
enveloping associative algebra generated by the right and left
multiplications in A.

Similar results have been obtained for associative algebras, [11],
and Lie algebras, [12]. However, in the associative case, the conjugacy
can be obtained in terms of adjoints of G-symmetric elements, i.e.,
elements left fixed by the automorphisms in G and sent into their
negatives by the antiautomorphisms in G. In the Lie algebra case,
one needs only to consider automorphisms, and the conjugacy is obtained
in terms of adjoints of fixed points of G. In each case, the conjugacy
is in the enveloping associative algebra of A. In both the Jordan and
alternative cases, the automorphisms which occur would commute
pointwise with G if the elements of A which occur in their formulation
in terms of right and left multiplications were to be fixed points of G.
However, we have not obtained the conjugacies in this form, and it
seems to be an open question whether or not it is always possible to
do so.

If G is assumed fully reducible, instead of finite, then A will also
possess G-invariant maximal semisimple subalgebras. This is noted in
the Jordan case in [4] when G contains only automorphisms, and the
same proof can be extended to cover the alternative case, even if G
also contains antiautomorphisms. We have answered the uniqueness
question for the similar situation in the associative and Lie cases, [13].
For the Jordan and alternative case, the problem seems more complicated.
We note here that it is easily answered if N*=0, with the strict
conjugacy commuting pointwise with G. However, the general question
remains open.
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2. Preliminaries. If ae A, we let B, and L, stand for right
and left multiplication by @, i.e., 2R, = xa, L, = ax. The following
two lemmas are easily proved by straightforward calculation.

LeMMA 1. Let g be an automorphism of A. Then g7'R,g = R,,
and g'L,g = L,,.

LEMMA 2. Let g be an antioutomorphism of A. Then g—‘R,g=
L., 97'L.g = R,,.

A derivation of A will be called inner if it is in the enveloping
Lie algebra generated by the right and left multiplications in A, [7].
We will have occasion to use the following types of inner derivations.
If A is Jordan, and x,sc 4, then [R,, R,] = R,R, — R,R, is an inner
derivation of A which, for 2 e N, will be a nilpotent element of the
radical of the enveloping associative algebra generated by multiplications
in A by elements of A, [1], [2], [8]. If A is alternative, and s, x€ A,
then D, =|[R,, R,] + [L,, R,] + [L,, L,] is an inner derivation of A
which, for xe¢ N, will be a nilpotent element of the radical of the
enveloping associative algebra generated by the left and right multi-
plications of A4, [7], [9].

LemMMA 3. If A is alternative, a,be A, then [R,, L,] = [L,, R],
and D,, = —D,,.

Proof. 2[R, L,] = b(xa) — (bx)a = —(b, #, @), where (b, x,a)=
(bx)a — b(xa) is the associator of b, z, and ¢. Also z[L,, R,] = (ax)b —
a(xb) = (a, ¢, b). The first part of Lemma 3 follows from the skew-
symmetry of the associator function. Hence

Db,a = [Rb, Ru] + [Lb9 Ra] + [Lby La]
- ”—[Ra’ Rb] - [Rm Lb] - [LM Lb]
= ~[Ra9 Rb] - [La; Rb] - [Lzu Lb] = —Da,b .

LEMMA 4. Let A be Jordan, and g an automorphism of A. Then
gml[Ray Rb]g - [Ragy Rbg]'

This is immediate from Lemma 1.

LEMMA 5. Let A be clternative, and g an automorphism or
antiautomorphism of A. Then gD, .9 = D,y

Proof. This is clear from Lemma 1 if ¢ is an automorphism. Let
g be an antiautomorphism. Then, using Lemma 2, ¢g7'D, ;9 = [ L, Lol +
[R.y, Ly,) + [Ruys Riyl = D,y by Lemma 3.
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If D is a nilpotent derivation of A, then expD =1+ D +
(D?¥2!) + --- is an automorphism of A. We assume familiarity with
the Campbell-Hausdorff formula, [3], (exp D,) (exp D,) = exp D,, where
D, is in the Lie algebra generated by D, and D,.

3. The Jordan case.

THEOREM 1. Let A be a finite-dimenstonal Jordan algebra over
a field F of characteristic 0. Let G be a finite group of automor-
phisms of A. Let S be a G-invariant maximal semisimple subalgebra
of A. Let T be a G-invariant semisimple subalgebra of A. Then
there exists an automorphism U = exp D of A such that

(1) U maps T into S,

(2) D (and hence U) commutes potntwise with G,

(3) D is a nilpotent imner derivation of A which is in the
radical of the enveloping associative algebra of A.

Proof. Let N denote the radical of A. Let s and % denote the
projections of the vector space A = S N onto S and N respectively.
Then s and % are linear mappings such that

( i ) s(tlt2) = 3(t1)3(t2)

(i) n(ti,) = st)n(t.) + n(t)st.) + n(t)n(t,)

(i) s(tg) = s(t)g,  nltg) = n(t)g
for ¢, ¢t,teT,gec@.

(i) and (ii) follow since N is an ideal. (iii) follows from the in-
variance of T, S and N under G.

Now set N,=N, N,= N},+ AN:,. By [5], the N; form a
nonincreasing sequence of ideals terminating in 0. Now T, =T S A =
S + N,. Suppose that we have found automorphisms U, = exp0,
U =expD, -+, U_, =exp(D,_,) of A satisfying (2) and (3) of Theorem
1 such that 7, = TU,U,--- U;,_;, &S + N;. Then we will show that
there exists an automorphism U, of A satisfying (2) and (3) of Theorem
1 such that T.U, = S + N,,,. Henceif N, =0, then U = U,U,---U,_,
will be the desired automorphism by the Campbell-Hausdorff formula.

Now T is a G-invariant semisimple subalgebra of A, so that (i),
(ii), (iii) hold for t,, t,, te T;. Consider the space N;| N,.,. We consider
this as a T;-module by defining ¢-# = -t = ns(t) for ne N;, te T,.
Then by (ii), we have

(iv) says that the mapt— n(t) is a derivation of 7, into the module
N;|N;,,. Hence, by [2], there exist elements 2,,-+-,2,in N,, ¢, ---,t,€ T,
such that
—_ Y4
(v) n() =X (&;-t)y+t; — T;-(tt;)) for te T, i.e.,
j=1
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a(l) = 3, Tws@)s(ts) — T8 (ets) -
Using (i), we have

(i) n(t) = 8(t) 3} [R.,, Rueyl (mod N,y for te T,
7=1
Let ge G. Then
[Ra:jg’ Rs(tj)g] = g_l[ijv Rs(tj)]g
by Lemma 4. Hence

) 33 [Beyp Butys) = 80057 (3] [Rey Busy)o

= (tg)( 3 [Bey Buiyl)g = nltg™)g = n(t) (mod N

It follows that if we set D, = —(1/m) 3 ea (G2, [E. 00 Bt pol)s
where m is the order of G, then

(vi)) n(t) = —s(t)D;(mod N,,,) for te T,.

Now D; clearly satisfies (3) of the Theorem, since the z;ge N.
To see that D; satisfies (2) of the Theorem, we fix a value of 5. Then
e [Beys Botepol = Sigea 97 [Reyy Ruvylg  clearly commutes pointwise
with G. Hence so does D, which is a linear combination of such
mappings.

Finally, set U; =exp D,. If te T, then tU, =t + tD; + (t/2)D? +

- =8(t) + n(@) + s(t)D; + n(t)D; + (/2)D} + «--.

Now n(t) € N;, so that n(t)D; e N,;,,. Also, since the 2, ---, z,€ N,,.

we have that (¢/2)D? + -+ € N;.;. Therefore

tU; = s(t) + n(t) + s(t)D;  (mod N;,,)
= s(t)(mod N,,,) by (vii).

Hence T,U, & S + N,,,. This completes the proof of the Theorem.

COROLLARY 1. Let A be a finite-dimensional Jordan algebra.
over o field of characteristic 0. Let G be a finite group of automor-
phisms of A. Let S and T be G-invariant maximal semisimple
subalgebras of A. Then S and T are strictly conjugate via an
automorphism of A of the type described in Theorem 1.

COROLLARY 2. Let A and G be as in Corollary 1. Let T be any
G-invariant semisimple subalgebra of A. Then T is contained in a
G-invariant maximal semisimple subalgebra of A.

Corollary 1 is an immediate consequence of Theorem 1. Corollary
2 follows from the existence of a G-invariant maximal semisimple
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subalgebra S of A. For then if U is an automorphism of A which
maps T into S, and which commutes with G pointwise, it follows that

SU-' is a G-invariant maximal semisimple subalgebra of A which
contains 7.

4. The alternative case.

THEOREM 2. Let A be a finite-dimensional alternative algebra
over a field F of characteristic 0. Let G be a finite group of auto-
morphisms and antiautomorphism of A. Let S be a G-invariant
maximal semisimple subalgebra of A. Let T be a semisimple
subalgebra of A. Then there exists an automorphism U = exp D of
A such that

(1) U maps T into S,

(2) D (and hence U) commutes pointwise with G,

(3) D is a nilpotent inner derivation of A which s in the
radical of the enveloping associative algebra of A.

Proof. The proof is similar to Theorem 1. We define s and » as
in Theorem 1, but use N, = N°® instead. We consider N'| N+ as a
two-sided T;-module by ¢-# = s(t)n and #%-t = ns(t). Then (i), (ii),
(iii) and (iv) are valid. Hence, by [9], there exist elements ,, -+, x,€ N°¢
and ¢, +--,t,€ T, such that

(v) wld=t%D,;z, for te T,
J=1

where D, 57 18 the inner derivation [R, » R;J.] + [L, 5 R;j] + [L, » L_;].] of
T, into its two-sided module N¢| N*', As in Theorem 1, we obtain

i) n(t) = s(t) ]Zplle(tj)_xj(mod N for te T, ,
where D,
of A.

Now let ge G. Then by Lemma 5, we have g7 (D, ), )9 = Dactj10.2 yo-
Hence, for any geG,s(t) 5= Divyoeyy = $O)97 (Xt Dayow )9 =
s(tg™ N1 Dyie e )9 = n(t)(mod N**) by (iii) and (v).

Now set D; = —(1/m) yeq (0= Dijyginye), where m is the order
of G. Then we have

(vil) n(t) = —s(t)D;(mod N***) for te T.,.

D; satisfies (3) of the Theorem since the x;0€ N. To see that D,
satisfies (2) of the Theorem, we fix a value of . Then 3,es Ditjigiepe =
2uwea 97 Dyuy,.,9 commutes pointwise with G. Hence so does D;, which
is a linear combination of such mappings.

Now we set U, = expD,, and get that T.U, S S + N* ag in
Theorem 1. Finally, we put U = U,U,-+-+-U,_,, where N* =0, and
use the Campbell-Hausdorff formula to complete the proof of the

i5.x, 18 the inner derivation [R,, R, | + [ Ly, Byl + [ Loy, Lyl
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Theorem.
As in the Jordan case, we have the following two corollaries of

Theorem 2.

COROLLARY 1. Let A be a finite-dimensional alternative algebra
over o field of characteristic 0. Let G be a finite group of automor-
phisms and antiautomorphisms of A. Let S and T be G-invariant
mazximal semisimple subalgebras of A. Then S and T are strictly
conjugate via an automorphism of A of the type described in Theorem 2.

COROLLARY 2. Let A and G be an in Corollary 1. Let T be any
G-invariant semisimple subalgebra of A. Then T is contained in a
G-invariant maximal semisimple subalgebra of A.

5. The fully reducible case. Let A be a finite-dimensional
Jordan or alternative algebra over a field of characteristic zero. If G
is a fully reducible group of automorphisms and antiautomorphisms of
A, then it follows from [4] that G will leave invariant a maximal
semisimple subalgebra of A. The analogue of Corollaries 1 has not
been answered as yet for this case. However, if N? =0, then any
automorphism of the form described in the proofs of Theorems 1 and
2 which carries a G-invariant maximal semisimple subalgebra T onto
another one, S, is unique, and hence will commute pointwise with G.

For let U, = expD,, U, = exp D, be of this form and both map 7"
onto S. Then D?=D?=0, so that U,=I1+ D, U,=1+ D, 1If
teT, then tU, =t +tD,eS and tU,=1t -+ tD,eS. Hence their
difference tD, — tD,e SN N =0, since D, and D, have range in N.
Hence D, = D, on T. Also D, and D, are both 0 on N since N2 = 0.
Henece D, = D, since A =T + N.

Now let ge G. Then ¢g7'U,g = I + ¢g7'D,g will map T onto S and
¢'D.g is a derivation of square zero having range in N. Hence, by
the above, ¢g7*D,g = D,, that is, D,, and hence U,, commutes pointwise
with G.
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Dedicated to Professor Alexander Doniphan Wallace
on the occasion of his siwtieth birthday

R. J. Koch proved that if X is a compact, continuously
partially ordered space and if W is an open subset of X which
has no local minima, then each point of W is the supremum
of an order arc which meets X — W, More recently he
extended this result to quasi ordered spaces in which the sets
E@x)={y:x <y <2} are assumed to be totally disconnected
and W is a chain, He conjectured that the latter hypothesis
is superfluous, and we show here that Koch’s conjecture is
correct.

As a corollary it follows that if X is a compact, continu-
ously quasi ordered space with zero (i.e., a unique minimal
element), if each set E(x) is totally disconnected, and if each
set L(x) = {y: y < x} is connected, then X is arcwise connected.

We begin by recalling a few definitions (see [1], [2], [3] and
[4]). We say that X = (X, I") is a continuously quasi ordered space
provided X is a Hausdorff space, /" is a quasi order (= reflexive,
transitive relation) on X and the graph of [ is a closed subset of
X X X. We identify I with its graph and regard the symbols z <
y, and ¢ "y and (x, y) € I' as synonyms.

A chain of a quasi ordered space X is a subset C of X such that
a=bor b=a holds for each a and b in C. We also define

L, I") = {ze X:(x, 0)e [},
M, I') = {xe X: (a, )},
E(a, I') = L(a, I') N M(a, I') ,

for each e X. It is also convenient to define
Ka, b, I'y = M(a, I") N L, I"),

the closed “interval” from « to b. Where there is no ambiguity we
shall write (L(a) (resp., M(a), E(a), I(a, b)) for L(a, I"), (resp., M(a, I'),
E(a, I), Ka, b, I'). It is well known [3] that if X is a continuously
quasi ordered space then the sets L(a), M(a), E(a) and I(a, b) are
closed and, if X is compact, then X contains a minimal element, that
is, an element m such that L(m) — E(m) is empty.

1 Received September 2, 1964. Presented to the American Mathematical Society,
November 14. 1964, This research was supported by a grant from the National
Science Foundation.
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A subset Y of the quasi ordered space (X, [') is said to have mo
local "-minima if, for each x ¢ Y and each neighborhood U of z, the
set

Ynun L, I'y — E@, I'

is nonempty. This definition is due to Koch |2].

In case the relation /7 is a partial order, it is known that a con-
nected chain joining two distinet points is an arc. (Here we use the
term are to describe a continuum with precisely two non-cutpoints.)
An arc which is also a chain is termed an order are.

The following two lemmas will be of later use.

LEMuA 1. Let X be a compact, continuously quast ordered space,
let a and b be members of X, and let K be a closed subset of X such
that I{a, b) N K = 0. Then there exist open sets U and V such that
ac U, be V and for each a'€¢ U and b e V it follows that I(a’, ') N
K = 0.

Proof. Suppose, on the contrary, that for all neighborhoods U
and V of @ and b, respectively, there exists a'c U and ' ¢ V such
that I{a’ "y N K # 0. Then

I'n(Ux K)m(K'x V) = 0.

These sets form a family of nonempty closed sets with the finite
intersection property and hence their intersection is nonempty:

I'nae} x Ky n(Kx Y #0,
that is to say, I(a, b) N K # 0, contrary to the hypothesis.

LemMMa 2. If R is an open subset of the compact, continuously
quast ordered space X, then the set

F ={(a, b)e X X X: Ka, b) — R = 0}
18 closed.

Proof. If (a,b)¢ F then Ia,b) N (X — R)=10. By Lemma 1,
there are open sets U and V with ae U and be V such that for each
a'e U and V' e V it follows that I{¢/, ¥') C R, and hence (U X V)N
F =0, Therefore, F' is closed.

2. Koch's theorem for quasi ordered spaces. The crux of
our proof is embodied in the following theorem.

THEOREM. Let X =(X, ') be o compact, continuously quasi
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ordered space and let W be an open subset of X. If

(i) E(x, I') 1s totally disconnected for each xe X,

(iiy W has mo local I-minima, then X admits a minimal quasi
order which has a closed graph and satisfies (i) and (ii). Moreover,
this mintmal quast order is a partial order.

Proof. Let {I",} be a maximal nest of quasi orders on X such
that each I', has a closed graph and satisfies (i) and (ii), and let " =
"NA{l.}. Clearly (X, I') is a continuously quasi ordered space and
E(x, I') is totally disconnected. We will show that W has no local
I’-minima.

Let e W and let U be a neighborhood of x; since W is open
and E(x, ") is totally disconnected, we may assume that U cC W and
that K(z, Iy N U is closed. Since X is normal there exist open sets
V and R such that

Ex, NNUcVcVcU,
X—-UcRcRcX-V.

For each «, the compact set L{x, I',) N V has a /,-minimal element
which we denote z,. And since W has no local I",-minima there exists

Yo € (X — R) N L{®a, Iy) — Ex,, L) .
It follows that
yaeL(x’ Fa>#R U V

so that the sets L(x, I',) — R U V are compact, nonempty and nested.
Consequently there exists

yeLx, I[—-RUV

and it is clear that y ¢ E(x, I"). That is, W has no local /'-minima.

Now suppose that /7 is not a partial order; then there exists a
nondegenerate set E(x, ). Since FE(x, I') is compact and totally
disconnected, there exist nonempty, closed and disjoint sets A and B
whose union is E(xz, I"). Since X is normal there exist disjoint open
sets P and @ such that AC P and BC Q. Let

F ={(a, b): Ka,b) — PU Q +# 0}.
By Lemma 2, F is a closed subset of X X X and hence
d=T—(Px @ —F)

is also closed. Since P and @ are disjoint, 4 is a reflexive relation
on X.
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We claim that 4 is a quasi order. For suppose p4q and q4r
but (p, r)e (X X X) — 4. Now (p, rye " so that (p, r)e (P X Q) — F
and hence qe P or gqe Q. If ge P then, since re @ and (g, r)e 4 we
infer that (¢, r) € F and thus I(q, *) — P U Q = 0. But I(q, ) < I(p, 7)
and hence I(p, r) — P U Q # 0, contrary to the fact that (p, r)e (P x
Q) — F. A similar contradiction ensues if ¢ @, and thus 4 is a quasi
order.

Since 4 < I' it is obvious that each set E(x, 4) is totally discon-
nected. Now suppose ze¢ W and that O is a neighborhood of z, O c W.
If ze W — @ then

L(z, 4) = L(z, I')
and hence there exists
ye O N Lz, 4y — E(z, 4) .

And if ze@Q, the fact that W has no local /"-minima insures the
existence of

yeONQNLE I~ Kz I).

But y ¢ P implies y€ L(z, 4), so that in any event W has no local 4-
minima.

Finally we note that 4 contradicts the minimality of I°, for if
ac A and be B then (a, b)e " — 4. Therefore I' is a partial order.

COROLLARY 1. Let X be a compact, continuously quasi ordered
space and let W be an open subset of X. If conditions (1) and (ii)
of the theorem are satisfied, then each point of W is the supremum
of an order arc which meets X — W,

Proof. By the preceeding theorem we may assume that the quasi
order is a partial order. Thus Koch’s theorem for partially ordered
spaces applies.

An element 0 of the quasi ordered space X is a zero of X provided

0=FE0) = N{L{x): xc X}.

COROLLARY 2. If X is a compact, continuously quasi ordered
space with zero, if each set E(x) is totally disconmected and if each
set L(x) is conmected, then X is arcwise connected.

Proof. Let W = X — {0}; the connectedness of the sets L(x)
guarantees that W has no local minima and therefore each point of
W lies in arc containing 0,

Following Koch we say that a subset C of the quasi ordered space
X is biconnected if C is connected and if each of the sets E(x) N C is
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connected.

COROLLARY 3. Let X be a compact, continuously quast ordered
space and suppose there exists ae X such that

E(a) = N {I(x): ze X}.

If X — E(a) has no local minima then each element of X can be
joined to E(a) by a biconnected chain.

Proof. Let Z denote the compact, continuously partially ordered
space which is obtained when E(x) is identified with a point, for each
xe X. Let ¢(X) = Z be the canonical quotient map and let

x-" vtz

be the monotone-light factorization of ¢. It is easy to see that Y
inherits a quasi order from Z which has a closed graph and is such
that E(y) is totally disconnected, for each ye Y. Moreover, Y-
m(E(a)) has no local minima and hence, by the theorem, there are
order arcs joining points of Y to m(E(a)). Since m is monotone, the
corollary follows at once.
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DEVELOPMENT OF THE MAPPING
FUNCTION AT A CORNER

Neil M. Wigley

Let D be a domain in the plane which is partially bounded
by two curves I',. and I'; which meet at the origin and form
there an interior angle =z > 0. Let N be an integer = 2 and
let @ be a real number such that 0 < a < 1. Suppose that for
+=1,2,I"; admits a parametrization x = 2;(f),y = ¥:(£),0 =t < 1,
where x; and y; have Nth derivatives which are uniformly a-
Holder continuous, and |zi(t)| + |yi¢)| > 0. Let F(2) map the
upper half plane conformally onte D in such a way that F(0) =
0. Then if 7 is irrational F'(z) has an asymptotic expansion in
powers of 2z and z°, with error term o(z¥*7%), If = p/g, a
reduced fraction, then F'(z) has an asymptotic expansion in
powers of 2,27, and 2 log 2z, with error term 0o(z"*7¢). In both
cases ¢ is an arbitrarily small positive number, Furthermore
expansions for derivatives of F'(z) of order < N may be ¢b-
tained by differentiating formally.

The behavior of such conformal maps at corners was first investi-
gated by Lichtenstein [9]. Let F'(2) be the function inverse to F(z)
which maps D onto the upper half plane. Lichtenstein showed that
if I, and /", are analytic then

(1.1) %F‘l(z) = 21" plz)

where ¢(2) is continuous in D and o(0) # 0. This result was later
generalized in two ways. One was to weaken the requirements on
I'yand I',. It follows from the work of Kellogg [4] and Warschawski
[10] that with very modest conditions imposed on I', and I, one has

F(z) = 2/"¢p(2)

where again @(z) is continuous in D and @(0) = 0. In particular this
follows if one assumes that I", and I', have continuously turning tan-
gents in a neighborhood of the origin (though weaker conditions will
suffice).

The other generalization of Lichtenstein’s theorem was an improve-
ment of the result (1.1), maintaining the analyticity requirement. For
the case 7 = 1 Lewy [8] showed that F{(z) has an asymptotic expansion
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in powers of z and logz. Later Lehman [6] showed that expansions
of the kind mentioned in the first paragraph are valid for all angles
nz > 0, provided I, and I', are analytic. Thus in this paper we
dovetail the results of the two developments. Furthermore we shall
indicate some applications to the behavior at corners of solutions of
elliptic partial differential equations; see [3], {5], [7], [8], [11] and [12].

2. Principal results. Let N be an integer = 2 and let « be a
real number such that 0 < @ < 1. Assume that for < =1, 2,7, admits
a parametrization & = x,(f), ¥ = v.(t) where z,(t) and y.(t) are uniformly
C¥*+e for 0 <t <1, and assume that there exists a d > 0 such that
[ait)] + |9i(t)| =8 for 0 =t =1. Let F(z) map the upper half plane
conformally onto D. Then G(z) = F(z"7) maps the sector 0 < argz < @t
onto D and we have the following theorems.

THEOREM 1. If 7 is irrational then there exists a polynomial
P(z, z°) such that as z— 0,0 = argz = 7,

F(z) = 2" P(z, 2°) + o(z""™°)

where € 18 an arbitrarily small positive number and P(0,0)=+0. If T =
p/q, a reduced fraction, then there exists a polynomial P(z, 2z, 2" log z)
such that as z— 0,0 argz =7,

F@) =zP(z, 2, 2" log 2) + o(z"*™)

where ¢ s an arbitrarily small positive number and P(0, 0, 0) = 0.
Furthermore expansions for derivatives of order < N may be obtained
by differentiating formally.

THROREM 2. If 7 4s trrational then there exists a polynomial
P(z, 2Y7) such that as 2— 0,0 < argz < =&z,

G(z) = 2P(z, 2'7) + o(z" )

where € 18 an arbitrarily small positive number and P0,0)# 0. If r =
p/q, a reduced fraction, then there exists a polynomial P(z,z"*, 2% log z)
such that as z— 0,0 < argz < «t,

G(z) = z2P(z, 27, 2 log 2) + o(z" ™)

where € s an arbitrarily small positive number and P(0, 0, 0) = 0.
Furthermore expansions for derivatives of order < N may be ob-
tained by differentiating formally.

1 This means there exists a constant K such that for 0<s<t<land 0S=n=N

dr dr dr dr
xi(s) — dtnxi(t) dtnyi(s) - Eﬁyi(t) < K(s—tle.

i +
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From Theorems 1 and 2 one can obtain an asymptotic expansion
for the inverse function F'~'(2) which maps D onto the upper half
plane. The method is an iterative one, starting with F(z) = o(z"™)
and increasing the exponent of the error term; see, for instance,
Wasow [11], pp. 49-50.

THEOREM 3. If T s irrational thew there exists a polynomial
Pz, /") such that as z— 0,ze DU, U,

Fhl(z) = zll‘[P(Z, ZI/T) + O(ZN““I“E’I/T‘E)

where € 1s an arbitrarily small positive number and P(0,0) 0. If 7=
p/q, a reduced fraction, then there exists a polynomial P(z, 2", 2" log 2)
such that as z— 0,ze DU /I, U7,

Fi(z) = zler(z’ 217, 2" log 2) + O(ZN~1+1/T—,;)

where € is an arbitrarily small positive number and P(0, 0, 0) = 0.
Furthermore expansions for derivatives of order = N may be ob-
tatned by differentiating formally,

Since G7'(z) = (F'(2))", we have, by the binomial theorem.

THEOREM 4. If © 4s irrational there exists a polynomial P(z, z24°)
such that as z—0,ze DU I U [,

G (z) = 2P(z, 2"7) + o(z" ™)

where ¢ is an arbitrarily small posttive number and P(0,0)+-0. If t =
p/q, a reduced fraction, then there exists a polynomial P(z, "7, 2" log )
such that as z—0,2ze DU I, U I,

G (2) = zP(z, 27, 2" log 2) + 0o(z"°)

where ¢ s an arbitrarily small posttive number and P(0, 0, 0) = 0.
Furthermore expansions for derivatives of order = N may be ob-
tatned by differentiating formally.

3. Applications to partial differential equations. The expan-
sions of Theorems 2 and 4 have immediate applications to a previous
paper of the author [12]. In particular §4 and 5 of [12] need only
be modified suitably to obtain the following theorems.

Let U(x, y) be a solution in D of the partial differential equation

U |, *U

ox* + oy’

+KU=F

where K and F are (NN — 1)-times continuously differentiable in
DU UTLu{0}, U is twice continuously differentiable in D, and U,
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and U, are a-Holder continuous in every compact subset of DU, UTl,.
We also assume that for ¢ = 1, 2, U satisfies on /”; 2 boundary condition

5,2U . AU =B,
on

where 9, = 0 or 1, 8/0n represents the outgoing normal derivative, and
A, and B; are (N — 1)-times continuously differentiable as functions of
arc length, defined on 7°; U {0}, and A;(0) = 0, if J, = 0. Finally, we
assume that as 2—0,ze DU, UL,

U(z) = o(z*)

where ¢ >max(—1, —1/7) if 0, =0, and > max(—1, —1/27) if 0, # J,.
Then

THEOREM 5. If 0, =0, =0 then as 2—0,ze DU I U},
U(z) = log 2P, + log zZP, + P, + o(z" )

where P, P, and P, are polynomials in z,%,2Y" and z'° if © is i7-
rational and in z,%,2"°, 2", 2" log z and Z'logZ ©f T = p/q; and € is
an arbitrarily small positive nuwmber. If B, (0)A)0) = B,(0)A4,0), P,
and P, vanish identically. Furthermore expansions for derivatives
of U(z) of order = N — 2 may be obtained by differentiating formally.

THEOREM 6. If 6, =0 and 6, =1 (or 6, =1 and 0, = 0) then as
z—0,zeDUI'U T,

U(z) = P+ o(z"7)

where P is a polynomial in z, z, 2V* and 2% if = s irrational; P
18 o polymomial wn z, %, 2%, 2Y" 2 logz and Z'logZ if © = p/q and
q ts odd; P is a polynomial in z,Z, 2%, 2%%, 2" log z and Z*logZ if
o = plqg and q is even; and € 18 an arbitrarily small positive number.
Furthermore expansions for derivatives of U(z) of order = N — 2 may
be obtained by differentiating formally.

THEOREM 7. If 0, =0,=1 then as z—0,ze DU, U7,
U(z) = log zP, + log ZP, + P, + o(z" )

where P,, P, and P, are polynomials in z,Z, 2% and 2Y° &f © is ir-
rational and in 2, %, 27, 2%, 2" log z and Z'logZ if © = p/q; and € is
an arbitrarily small positive number. If U(z) is bounded at the
ortgin then P, and P, vanish identically. Furthermore derivatives
of U(z) of order < N — 1 may be obtained by differentiating formally.
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4., Some Lemmas, Later we shall need some properties of func-
tions which are Holder continuous in a set, but whose Holder constants
diverge in a certain way near a boundary point of the set. Let S be
a subset of the plane which does not contain the origin, but of which
the origin is a cluster point. Let £ and 8 be real numbers, 0 < 8 < 1,
and let M be a nonnegative integer. Let f(x, %) be a real or complex
valued function such that f(x, y)e C*"® for (x, y)e S, and suppose that
for0=n=M

(1) D flz,y) = O(z*™)
as z— 0,z¢ S, where D" ranges over all nth order partial derivatives,
and

(i) there exists a constant K such that

sup | D*f(z) — D"f(5) | |z < K
’ |z —CFF -

where the supremum is taken over all derivatives D", and over all
points 2, {e S such that 0 < |z — (| <d|z|,0[ ]; ¢ is assumed to be
some positive number < 1. The totality of such functions we designate
by Wi+8(S}. If S is the sector d, < argz = 0,, 0 < |z]| < |2,], we write
Wi+E(ls,, 6,]). We omit the dependence on z, because we are only con-
cerned with properties (i) and (ii) in some neighborhood of the origin.
If S is a segment 0 < 2 < A we write W', properties (i) and (ii)
should then be modified properly for a function of one variable. We
observe that if 8 = 0 property (ii} follows from property (i) and the
condition |z — {| < d|z|, 0|l

We now list some properties of the W-spaces. We state them for
the complex case, though with suitable modifications the properties
hold for the real case., Thus we agsume 0 < |z — | < d|z|,0[]|, and
2, LeS.

1. 1—0<|2/l] <1+ 0.

2. Let < —1. If @/0x)f(z), (8/0y)f(z} ¢ WXS) then f(z) differs
by a constant from a function in W...(S). The proof is contained in
Bourbaki [2].

3. If (0/ox)f(z), (8/0y)f(z) € WAS) then f differs by a constant from
a function in WE (S), 0 < 8 < 1. The proof follows from property 2
above and the mean value theorem for functions of two variables.

4, There exists a constant K depending only on g, 8 and J such

that
|2t — (P S K|z 2P — (Pl < Kzl |z — (P

Here we assume that S is so chosen that 2*'f and zf are single valued

functions.
5. Let f(z) = #*, and assume z* is single valued for z¢ S. Then
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for all integers M = 0 and any B such that 0 < B =<1, f(z) ¢ WZ+E(S).

6. Let M and N be integers = 0, let « and B satisfy 0 < a, B <1,
and let ¢ and v be real numbers. Let f(2) € W¥*=(S) and g(z) € WF4(S).
Let o' = min(a, 8), M’ = min (M, N) and ¢ = min (¢, v). Then

f&) + g(z) € Wt (S)
and

f(2)g(z) € Wi+ (S) .

Proof. The first statement follows from the fact that W% +*'(S) 2
War«(Sy N WY*A(S), and because the W-gpaces are linear. For the
second statement we observe first that f(z)g(z) e C*'+*(S). Then

f(2)g(z) = 0(z")0(2") = O(z**)
and

@9() = FQ9O] = 1719 — 9] + 190) || ) — FO)|
= Ki|z2lo? |z — CP + Kozl |z = ()
< K, |z |2 — (]

since
2= CPP =Lz — CP= e = LI S 8 [P~ [2 — (I
and
lz = " = o [z |2 — LI .

The proof then follows easily from induetion.

We now state three lemmas. The analogous theorems for the real
cage follow without difficulty.

LEMMA 1. Let 1 >0 and let f(z) ¢ WE*(S). Suppose also that
|f(®)| =6,|z|*2€ S, for some 6, > 0. Let S’ be the range of S and
suppose g(z) € WY(S). Then

h(z) = g(f(z)) € Wi +**(S)
where M’ = min (M, N).

Proof. 1t is clear that h(z) = 0(z**). Next, for |z — {| < d|z],d|{|

| 1(2) — h(©) | = [ 9(f(2)) — 9(f(C)) |
= Kimax (| f(2) "7, | f© P [f(2) — SO PP

< K, max (|2 [0, | L[H0R) |08 | — ¢ [o8
< K, l2|o? |g — L]
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provided | f(z) — f(Q)]| =6 |f(2)],8]f(Q)|. In the contrary case, however,
suppose | f(z)| = |f(0)] and |f(z) — f(Q)| > d|f(2)|. Then

Lotr ﬂ?: Cgli{ O] < K, 1 9(7@) — g(7@) ] 121%#| &) — £Q) |
=< Ky max (|£@) [ | Q) P) | £(2) [P | 2=
= Kymax (2], [C]?) 2]
< K|z
and thus &(z) € W2E(S).
Writing f = ¢ + ¥, ¢, ¥ real, we have

%h(z) = g ([(2)P.(2) + gy(f(2)V.(2) .

Now by definition g, € WYT"#(S’), and thus ¢, (f(2)) € WEL¥(S) as
well as @, ¥, € W277%(S), and thus, by Proposition 6,

9 h(e) e Wma(S) |
0x
The lemma follows by similar arguments.

LEMMA 2. Let f(z) map S onto a set S’ in such a way that f(z)
18 conformal on the interior of S, and suppose f(z) € Wi+t«(S), u > 0.
Assume also that |f'(z)| = 0,|z |+, ze S, for some 6, > 0. Let g({) be
the function tnverse to f(z) which maps the interior of S’ into S,
and assume that g({)e C*¥+*(S') (this is the case if S and S have
suffictently smooth boundaries).

Then

9(C) € Wii“(S") .

Proof. Let z, be fixed. Then for |z| sufficiently small we have
| f(&)| = |f(z)]. Thus

fz) | — [ f@] =[] — [f(&) ]| = | f(z) — f(2) |
S:" 1 (w)dw ~

< SZOKllwln—lidww < K+ |z — 12

where the path of integration is taken to be a union of paths argw :
const. and |w| = const. Thus
| f@)| =z K, + K|z = K. |z]".

Since | f(z)| £ K, |#z!* we have
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9@ =@ s oz = K, | L]

By Propositions 2 and 3 we have ¢g({) ¢ W2.(S").
Next,
ig,(c1) — g'(Cz)l — |f’(22) — f(z) ] |z1 — % ,a
16— G J" | @)z 20— 21" |60 — & |7

= Koz [z 22 | f(2) |

where z lies between 2, and z,. Since 1 — 0 =< |2z/z,| =1+ 0 we have

19 (L) — 9" (&) | < K, |z ]1—;L~a—(y.—~1)a <K, | I(I/p.)-—l—a .
l C1 - C2 la - - °

Thus ¢(z) € WL*(S’). The proof follows by induction.

LEMMA 3. Let f(z) e Wit(S) and let P(z) be a polynomial of
degree < ¢t with P(0) = 1. Let v be a positive real number. Then
there exists a function fi(z)e Wit*(S) and a polynomial P(z) of
degree < pt such that

(P(z) + f(2)) = P2) + fi(z) .
Proof. The proof follows easily from the binomial theorem.

In obtaining the asymptotic expansions we shall come across certain
integrals which were studied in [8], [5], and [12]. To estimate these
integrals we use the following lemmas. The first was proved in [8]
and [5]. The second is a generalization of a theorem in [8], [5], and
[12] and will be proved in § 9. The integrals are Lebesgue integrals
extended over positive values of ¢t. The variable z lies on the logari-
thmic Riemann surface with branch point at the origin. The kernel
of the integrands is the function log (f — z) which we define in the
following way. For fixed t we make cuts along the Riemann surface
from te** to oce®™* k=0, +1, &2, ---. The logarithm is uniquely
defined, except for z lying on these cuts, as the analytic continuation
of the logarithm which is real for 0 < |z| < ¢, argz = 0.

LeEmMMA 4. Let A be a positive number, (1 a real number > —1,
and n o nownegative integer. For 0 < argz < 2w, let

f) = S:t"(log £ log (¢ — 2)dt .

Then there exists a polynomial P(logz) and a power series p(z) which
converges for |z| < A, such that
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f(z) = 2*"'P(log z) + p(2) .
If 1 is an integer the polynomial P is of degree n + 1; otherwise

it is of degree n.

Lemma 5. Let pt be a real number > —1 which s not an integer,
and let B(t) e Wi for 0 <t =< A. For 0 <argz<m, let

A
9) = | A(t) log (¢ — 2)at .
Then there exists a polynomial q(z) of degree < p + 1 such that

() = g(2) — q(z) € W0, m)) .
A similar result obtains for —mw < argz < 0, with the same poly-

nomaal q(z).

5. Preliminary results. It follows from Warschawski [10] that
F~(2), which maps D onto the upper half plane, satisfies the relation

(6.1) F(2) = 27 p(2)

where ¢(z) is continuous in D U I, U/, U {0} and o(0) = 0. We shall
show in this section that F~'(z) e W& “«(D U L, U 1).
It follows easily from the Cauchy integral theorem that

F~'(z) e Wi *(In, me — N])

where A is a small positive number: one simply examines the integral

d _n‘ “0)d
F(2) §(C

dz" zZy

taken over a circle about z of radius é]z|, bearing in mind that
Fz) = 0(z") as 2—0,ze Dy ', U l,. Thus it will suffice to show
that F~'(z) e W¥i*(D’) and FYz) € Wi *(D") where D' =DN{z:argz=
nt — 2\} and D” = DN {z:argz < 2\}. Because of the symmetry be-
tween [, and /', we need only show that F~ 1(z) e Wyr«(D’).

Next, if we have V(z) = Im F~'(z) ¢ W} *(D'), then, by Wars-
chawski’s result above and the Cauchy-Riemann equations, we have
Re F~'(z) ¢ Wi (D"), and thus F'~'(z) ¢ W “(D'). Thus we shall show
Viz) e Wir«(D’).

Now we make a transformation which has the effect of straighten-
ing out I',. Let y = B(x) be a parametrization of I, (if 7 = 1/2 or
3/2 this is impossible; but a small rotation about the origin would
take care of this difficulty). Then it can be shown that B(x)e C¥**
for 0 =<2 < A, where A is a small positive number; furthermore, by
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the hypotheses of §2, for 0 =% = N,0 = x, 2, < @,

qup LB @) — BV@)|

w170y |2, — @, |"

We make the transformation & = w,7) =y — 6(x), and set v(&,7) =
V(x, y). Then v is defined (at least) for 0 < & 4 7* < 4,, —&tand =
7 < 0, provided A, and ¢ are chosen small enough. The points (&, %)
are images of a subset of the points (x, y) such that (7t —d)z <y <
B(x), where 0, is a small positive number. Since B(x) = O(x), we find
that 0, = y/x < 1/6, for some 4, > 0, and thus, since

€+ 7=+ 9 — 2yB(x) + (B®)),
5, = @’ + Yt < 1/5,
§2 2
for some d; > 0. Since V(x, y) = O(z'"), we have v(§, ) = O('"), where
C=¢§&+4 .
We now state a lemma which is a special case of a theorem of
Agmon, Douglis and Nirenberg ([1], pp. 657-660). Let 0 < R <1 and

let S be the semicircle &+ 7* < R,7 < 0. For {eS let d; denote the
distance from { to the circular part of the boundary of S.

LEMMA 6. Let u(&,n) be a solution of a uniformly elliptic partial
differential equation
Lu = aw, + 2bu,., + cu,, + du, + eu, + fu =0,

whose coefficients are C¥** 4m S with uniform oa-Hélder constants.
Let u(§,0) =0 for —R< &< R. If ueC*(S) then ue C¥ %(S), and
there extsts a constant K, tndependent of u and R, such that

U | ye = ngelglu(C)l

where

(Ulyen =  sup  ayrelDTW(E) = DTulCy)|
N 4e1—gal<dg, dg, & — &, )¢

+ Zsupd [ D*u(C) | ;

the suprema are taken over all kth and Nth order derivatives of u.

Since V{(x, ) is harmonie, we have
Ly = vee + (1 + B' 6y — 28'(E)vey — B8"(E)v, = 0
for 0 <&+ 9P < A, —&tand =9 =0, Also
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v(§,0) = V(z, B(x)) = 0.
We now apply the lemma to v and the semicircles
E—&)+7=&sin’0, =0

where 0 < &, < (1/2)A,; these semicircles are tangent to the rays » =0,
and 7 = —&tand. In each semicircle we have, for some K, > 0,

sup [v(0) | = K. |7

In the semicircle (§ — &)* + %> = ((1/2)&,sin0)’, p < 0, we have d; =
(1/2)&,sin 0. Thus for (¢ — &)* + 7* = ((1/2)&,sin d)®, 7 = 0, we have

1D = (3(1+ 5 sind)) 1 D)

= (2 (1+ Lsind)de) | D) | = K| L P
gin 0 2 J

for 0 =<k =< N. Thus v({) e WP¥.(|—0,, 0]) where d, is small. By the mean
value theorem v({) € Wi ***([—0, 0]). To estimate | D¥»({)) — D¥v(L,) |
we use the lemma again; the details are similar to those above. Thus
we can conclude that »({) e Wi¥r*([—d, 0]). Since

5, < vy
g4+

= ’

1

05

it follows, by easy calculations, that for some small positive A,
V(z) € Wit (Imz — A, 7))

Thus we conclude that F~'(z) e Wi;y«(DuU ', U T1).

6. A preliminary transformation. From now on for the sake
of definiteness we will assume that I, is tangent to the positive x-
axis at the origin and that I, is tangent to the ray argz = mr at
the origin.

We set H(z) = (F'(2))Y°. Then H(z) maps the upper half plane
conformally onto a domain D’ which is the image of D under the
transformation z — 2Y*, D’ is partially bounded by curves I} and I}
which have horizontal tangents at the origin. From the binomial
theorem it is clear that theorem 1 is equivalent to an asymptotic ex-
pansion

H(z) = 2P(z, 2°) + o(z"77077) (a irrational)

(6.1)
H(z) = zP(z, z°, 2" log 2) + o(2""~""") (@ = p/9)

as z— 0,0 < argz =7, where ¢ > 0 can be chosen arbitrarily small



1446 NEIL M. WIGLEY

and the polynomial P has a nonvanishing constant term; furthermore
we must show that we can differentiate (6.1) N times. Since Theo-
rems 2, 3 and 4 follow directly from Theorem 1, we need only prove
(6.1).

By Lemma 1, and since F''(z) € Wi (DU I',U Iy), we have

H(2) = F ") e Wr(D'y I ury.
By Lemma 2, H(z) ¢ Wr*+([0, x]).
7. An integral representation, We will now construct an in-

tegral representation for H(z) based on the equations for I'; and I,.
Let F(z) = & + ip. Then we have

N—-1

where @, € W™, this is merely the Taylor series for I, and is valid
for 0 = ¢ =6,

We will now adopt the convention of dropping subseripts on coef-
ficients whose value is unimportant; then we have

7= 3¢ + ) -
With w = H(z) = w + iv, we have

w= G iy = (14 i Seers o 20)"

=er(a+ S+ 00),

and by Lemma 3, ¢, ¢ W7, It is readily seen that Rea # 0. Then
we have, by separating real and imaginary parts,
(7.1) w =51 + ¢& + & + -+ 4 &V 4 pi(8))
(7.2) v =E"(c+ c& + c& + + o+ 4 &V 4 @ [8))
with ¢, ¢, € Wi, Next,

w = afE(L + ¢& + ¢& + <o + &V + py(8))
with @, € W', As a =0, we have, by the inverse function theorem,
(7.3) E=u(c+ cu® + cu™ + -+« + cu¥ VT 4+ py(u’))

where ¢;, considered as a function of u°, belongs to Wy*?. Thus by
Lemma 1, @(u) = pi(u’) € Wii%.. Substituting (7.8) in the right side
of (7.2), we obtain
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N—2 . 1t
v = u(Z cu’ + go,(u))
3=0

(7.4) s e )
X <§0 cw'f<k§:‘(,) cutt + 9D7(u))J + @(E)) .

We set

Ps(u) = @y(§) = %(u’(g ou’t + %(u))) .

It is easily checked that &(w) e W¥*+<* as a function of u, and thus
ps(w) € WiEt9.. Thus, expanding the right side of (7.4), it follows
that

v=u(c + cu’ + - 4 ¥V -+ py(u))
with @, ¢ WZi%.. Finally, (dv/du)|,_, = 0, and thus
(7.5) v = u(cu’ + cu® + oo« + cu™ T+ p(u)) .

This equation is valid for v and u defined on the segment y = 0,
0 <2< A, provided 4 is chosen small enough.

If 0<7<1/2 or 3/2 <7 =2 we can repeat the same argument
on [7,: note that we never used the fact that /7, has a horizontal
tangent, but only that /7, (and I’}) has a horizontal tangent at the
origin. If 1/2 < 7 < 3/2, we replace & by |£|; and for 0 < 7 =< 2, we
replace u by |u]|.

Finally, if z = 1/2 or 3/2 we begin with the equation

[aqu—
g =

M=

o' + @u(®)

—

n—

and carry through with the roles of & and » reversed. Thus we have,
for —A<x<0,y=0,

(7.6) v = uleu® + cur 4 <+« + w7 + o (u))
with ¢, ¢ Wi,
We now consider the Green’s function for the upper half plane

(1.7) G(t,z):~—2—17?{10g|t~z|+10g]t—2]},

where t = %, + 4y,. It is easily seen that (6/0y,)G(x,,2) = 0. We apply
Green’s theorem to the functions G(t,z) and wu{t) = Re H(t) on the
semi-circle 0 < |[t] < A, y, > 0, and obtain

u(z) = S;G(t, 2) 0 w(tydt -+ S (G, — Gu,)ds,

ayt Y>>0

1t|=4
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where s, represents arc length and #, the outward normal. By (7.7)
we have

L. WG, — Gu,)ds, = () + p(@)
[t1=4
where p(z) is a power series which converges for |z| < A. Also, for
Yy = 0,
G(t,2) = ——{log |t — 2| + log |t — 7}
2r

1
= ——log|t—z|
o g | |

il

— L {log (¢t — 2) + log (t — 2)} .
2

Here we define log (t — z) as the analytic continuation of the logarithm
which is real for 0 < |z| < ¢, argz = 0. The congruence holds modulo
271; however, each of the logarithms on the right side has imaginary
part >—7 and <7w. Thus we may replace the congruence by equality.
With these observations in mind, we obtain

1

(1.8) w@) = — E;S;g‘;’;_u(t)

x {log (t — 2) + log (t — 2)}dt + p(z) + (7).

Since u(z) = Re H(2) and p(z) has real coefficients, we replace (7.8) by
the equation of which it is the real part, namely

H(z) = __1_SA _6—u(t) log (t — 2)dt + p(2) + const. ,
T )40y,

where the constant takes care of the nonuniqueness of the conjugate
harmonic function of u(z). We now drop this constant, changing p(z)
if necessary, and use (7.5) and (7.6), together with

0 _ 0
o, w(t) = o, v(t),
to obtain
oo H(z) = %S;ut(t, 0){2 ouit + @(u)} log (¢ — 2)dt

+ irut(t, 0){1\_72_‘,l cu’t + w(u)} log (¢t — 2)dt + p(z) .
T Jo =

Here
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d Clia?
p(u) = W(%q)u(%)) e Wa—i:
and
/ — d N-—-14a?
r(u) = d—(u’?s(u)) e Wie .
U
Furthermore, (7.9) is valid for 0 < argz = 7w, 0 < 2| < A.
8. Obtaining the asymptotic expansions. We have, for —A <
t <0, Ht) ¢ Wr*® and thus u(t) € W<, Hence
(u(t)y™ e W

V — 2
w, € W=

and thus

(8.1) wt, Of S ewis + o)} e W
as a function of t, —A < ¢ < 0. Similarly

(8.2) w,(t, 0){1;2 it + ”l/f(%)} c Wi
for 0 < ¢t =< A. Thus by Lemma 5, if ¢ + 1, 2,

H(zy = az + b2* + %.(2)

where ¥.(z) ¢ W20, )). As H(z) has «-Holder continuous Nth
derivatives for 0 < arg z < 7w, we must have y,(z) ¢ WZ*([0, x]).

If z=1 or 2 Lemma 5 will not apply. However, if ¢ is any
small positive number we can replace the W7’ of (8.1) and (8.2)

with W%’ and thus we can always write
(8.3) H(z) = az + b#" + y{2)

where y.(z) ¢ WX*Y[0, 7]).

We now prove Theorem 1 by induction. In the future we shall
use the symbol « to represent any number between 0 and 1, and ¢ to
represent an arbitrarily small positive number such that nt — ¢ is not an
integer for 0 =< n =< N. In particular we write y.(2) ¢ Wit= (0, «]).

First let « be irrational. Assume that for some m, with 0 <m <
N — 1, that

H(z) = 2P.(2, 2°) + Yu(?)

where P,(z,z°) is a polynomial in its arguments such that P,(0, 0) == 0
and ¥,.(2) ¢ W2 (0, z]). That this is the case for m = 1 follows
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from the fact that the constant a of (8.3) is not equal to zero; this
follows from (5.1) and the definition of H(z).
Then by the inductive hypothesis we have, for —A < ¢ <0,

ult, 0) = t( ST ettt %(t))

k+lz<mr

with @(t) e W% and ¢, 0. A similar equation holds for 0 < ¢ < A.
Then

urcT = tnr{ Z ctk+lr + @;Ls(t)}

k+ilr<mr
with ¢l € Wi4, and
udlt, 0) = > olk + 14 o)t + p(t)

k+lr<mz

with ¢, € W ZF*. Also, since o(u) e WH%. as a function of wu,
(u(t)y e WE4® as a function of ¢. Thus, cross-multiplying, collect-
ing terms, and using Lemmas 1; 2 and 3, we obtain

N1
w(t, 0){21 ow’™ + (p(u)} = > ct*rT @14(t) + @ult)

k+lr<mr

with @ (t) e Wi, and ¢, ¢ WEI#.. By the inductive hypothesis
m+ 1= N-—1 and we may write ¢, = ¢, + ¢,; € W%, Clearly
a similar equation holds for 0 < ¢t =< A, and, applying Lemmas 4 and 5
we obtain

H(z) = ZCMZHH + Ani?)

with ¥...(2) € Wii5%.,-((0, 7). As H has continuous Nth derivatives,
Amer € WERS (10, 7]). By Warschawski’s results ¢, == 0. Finally,
setting m = N — 2, and %y_(2) = o(g¥~""*), we have, with 2¢ re-
placed by ¢,

H(z) = 2Py_i(z, 2°) + ofz¥~V7117%)
as z2—0,0<argz=m, and, for 0 =n =< N

ﬁ([—[(z) — 2Py {2, 7)) = o{zg¥hrin—s)
dz"

as z— 0,0 argz < «.
Now let z = p/q, a reduced fraction. For 0 < m < N — 1 we as-
sume that

H(z) = 2P, (2, 2%, 2" log 2) + .(2)
with y.(2) e WZ.e_ ([0, x]), and P,b(0,0,0) -~ 0. Then, for —A=<¢=0,
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w(t, 0) = t>) et/ " (t" log )" + p,(t)
ut(t, 0) - E Ctj+lcr(tp lOg t)l + Q)ls(t) '
w™ = "3 et (" log t)' + @y(t)}

where @, € WH2.. and @, € WY, Thus
N—1
wt, O 3] ew” + p(uft)} = 5ot og ) -+ pult

where 1 =20,1=k=q,0=1=j/p,J + kr <(m + L)t and ¢, € Wi71j".
A similar equation obtains for 0 < ¢t < A. Applying Lemmas 4 and 5
we obtain

H(z) = 3. a;,2"*(log 2)"" + 1,11(2)

with %, € Wii% .. {0, x]). Terms of the form ¢t/ ***(logt)!, with
k < g, contribute terms of the form z/"'"*(log 2z}’ with I' <1<+ 1.
With k& = q, however, higher powers of the logarithm appear, and we
must then show 5 + 1+ kr =1 -+ 1, where I’ £ + 1. But then

J+14+kr=7+1+0p
zpl+1l+pzpl+D+1zl+2=20+1.

Thus we can write
H(z) = 2P, (2,27, 2" log 2} + Y,.(2),
and, for m = N—2and 0 =n < N,

dn
dz"

dn T p— rll—n—s
H(z) = W(ZPN@(Z, 27, 2" log 2)) + ofg¥—brHiTn
2
as z— 0,0 argz = 7.

9. Proof of Lemma 5. Suppose that ¢(z) exists and ¢(z) =
9(z) — q(z) e W2 ((0,]). Then it follows that o(z) ¢ WZ3'**((0, x}).
Hence we need only show that there exists a polynomial ¢(z) such
that

Pz) = g™(2) — q"(2) € Wy, (0, 7)) .
We break the proof into three parts, numbered I, II and III.
I. First we assume 0 < argz < 0. We have
4 B(t)
Wzy = — | (N — 1)1 —E dt .
g@) = ~ | pt O

We write, with » = |z],
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A4 c—r[2 z+r/2 4
S:S +S _]_g :I1+Iz+Iso

0 0 z—rf2 z+r/2

Throughout the proof we shall use constants C,, C,, C,, --+, which are
independent of 2; to simplify notation we shall use one symbol C to
denote all such constants. I, is bounded in absolute value by

CSz—-r!ZtlL(ax)—th é CT[J,-i-l—N ,
where we have used |8(¢)| =< Ct*

For I, we expand B(¢) in a Taylor series about the point x and
get

Z B(k)( )g“m(t — m)kdt

a—rla(t — 2)¥

x+r/216>(1\7—1)(z.)(t . w)N—ldt
+ Sm~7‘/2 (t —_ Z)N

9.1)

where 7 lies between 2« and ¢.
The integral term .J, arising from the kth term of (9.1) can be
written in the form

13
J, = CB% S _ " u
k B () ot — g
k

= 2( >,6’””( )S_HZ ( '(—tig);g)@{v)k—j dt

S0 (5 —w) - (- -w) |

)

and thus, since | 8% (x)| = Cx**,

J—N+1

7= € Saryig( 2T < oper
=0

The last integral on the right side of (9.1) we write in the form

Srlz B(N—l)(,z.l EE m)tN—L Qi

(6 — i)

= [T {E e o B Loy
(t —y) (¢ + 1y)

0

where 0 < 7, —7, < t. We write the term in brackets in two parts,
and get

7‘/2 N1 B(N——J)(,Z.l _]_ x) . B(N—l)(z-l __|__ x)
9.2) S ¢ { o i }dt
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e BT 4 B B, + )
+ e @+ i) @ i) jat

The first integral is equal to
% Img gy BT 4 @) gy
(& — )™

r/2 $N—1 > N Q(N—1
2 g P )8 e
0 @+ "

We make the change of variables ¢ = sy to obtain

2i I 2E + 6o o a)is

(s*+ 1)¥
o N /2y G2N—~1— k,ka(N—l)(o- + x)ds
=2im 5 () &+ 1)~

where ¢ < 7/2; this is bounded in absolute value by

C i rf—f—l—-—lw/Z x|tV ds £ Ce—N+t
=t Jo (s + 1)F -

The second integral on the right side of (9.2) is bounded absolutely
by

rl
M2t o £ mp2 e iar < oy
0

To handle I, we observe that

G jz)N > (k + ll\cr - 1>zkt—N—k .

Let m be the integer such that ¢# <m < ¢+ 1 and assume m = N.
We have

9.3) - ";21: (e + N = DI JIZ - 1)'sz:+mB(t)t—N~kdt

_l_r > (k+ N -1

z+r[2 k=m—N+1 k!

M

B dE

We set

a) = =5 BRI = Dl sy tar

If m <N we set qz) =0, and the last sum of (9.3) begins with
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k=0. In any event, q(z) will be taken such that ¢"(z) = ¢,(2); its
exact form is given in [12].

Thus to prove that @™ (z) = g""(z) — q.(2) € W._»+.((0, 6)), we need
only estimate the last two terms on the right side of (9.3). We have

S e = D st
E=o0 ! 0

m—N z+7rf2
=C 3 r"S Nk dt = Corti=v |
k=0

0

and

r s (—’iir—kl\:——ﬂz"ﬁ’(t)t—lM dtl

z+r{2 k=m—N-+1

co 3 GEN-DLE g

k=m—N+1 k!

oo (k + N — 1)! puti-N 1 M—N—k+1
< 0+ —
"_Ck=m§zv+1 k! ]y—N——k—)—l](cos +2>
= Cyri-¥

where we assume cos 0 > 1/2. Thus pW2) € W,_»..((0, 5)).

II. For 6 < argz = m, observe that @(2) is analytic for |z| > 0.
That ¢(z) € W,,, follows from [12]. By Cauchy’s theorem

where the integral is taken around a circle with 2 as center and radius
0,1%]|, where 0, is a small positive number. Then

lp™(2)| = C2r o, |z])(|z| (1 £ &) (0, |2[)~ = Cre+=v |

III. We will now show that
|@(z) — @™M(0)| < C ez — (%,

for [z —C|=0]|z|,0|{|. First, this inequality follows immediately
from (9.4) for § < argz,arg{ =< w. Thus we will restrict ourselves
to the range 0 < argz,arg{ <. We have

P () — pM(C) = —S:EW(N — 1) B(t){(t —}z)N - t __].C)N}dt

_ Sii(N — 1! B(t){(t jz)N TG _1 C)N}dt

+ 75 E A M= Dl — oy pee-rrar
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~\ 5 GENZ Dl pypear

CHr(2 k=m—N+1 k!
k20
=D'+ I+ DP+1I.
Then

L B G—r[2 y tN—l(ﬁl)k[Ck _ z"]dt
I=- 1)!S0 A 2 t— 2"t — 0

Since |[{ — 2] =<d|z| and |{| = (1 + 9)|z]|, we have
k—1
R I e L I eV LS i E
< Claf|C -z,

Hence

(1= 0 Sla— ezt [T (L) (o(5 - 0)) T
< Cla—C|aprae,

Similarly, we can assume the sum in I, begins with &£ = 1, and
we obtain

m—N x4rf2
P2 Cle— S o | eortar
1 0

k=
= Clz— gl

Likewise

114] < C | 2 —C la k:"§N+1 (k + le, _ 1)! |Z 1/;—« Sw Nkt
k>0 °

zt+rf2

1 \kB—N—k+t
(bt N = D e (cos0 -+ E>
k=N k! lgg— N —Fk+ 1]

=Clz|—¥e|z — (|,

=Clz—-CJ

Finally we must evaluate I®*. We write
N—2 (k)
at) = 5 LB ¢ — a4 e, 1

where

¥, 1) = | SO groa

and
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80 = % L@ — o + 4t 0
Then we have

o (N = DI BB ()t — x)  BREE — &)
I'= -2 ! Sx——rlz{ (t — 2)™ t—=0or }dt

o - o)

— Nz—lz ch + JN—l .
k=0

With

e 5 (k  \i(y — V=i
t— o = 3 (5 - e -
we have, for t < N — 2,

7= S 0)

1 [T = e — = BV — O — 2l
__N-DI &k 1
i} %(5)

ROy
X {,@m(x)(z — ) ((9{; i %:_ B z)i—NH B (x - —72: - >i—N+1>
ool g5

To the term in brackets we add and subtract

e (R B (L )

Then the jth bracketed term becomes

r
2
(9.5) B (Gl B S D)
_I_ (ﬁ(k)(x) — B(k)(g))

Jemom (g9 -39

Thus to evaluate J* k< N — 2, it suffices to evaluate each term of
9.5).
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Since [ — ¢ =[y|=[{] =]z + 0), and

jx+%—€f§¢<cos5——5——%)

A e
‘x 2 C| = T(z 5>’
the second term of (9.5) is bounded absolutely by

Cm;l.—«lc—w( [ﬁ; . E ia ?,.k~—N+l é C,',,/J.—N-H.~a lz . C ia .

To evaluate the first term of (9.5), consider the function

and its first partial derivatives, fi(p,q) = fo(p, @), and [, q) = f(p,q).
Then we must evaluate

BE(@)(f(x, y) — f(&, 1) .
By the mean value theorem we have, for some )\ with 0 <\ < 1,
S, y) — f& 1) =@ — fx + ME— o),y + My — ¥))
+ @y —fle + ME— ),y + My —v) .

Then using previously mentioned inequalities for | — &|, |& &= #/2 — ],
etc., it follows easily that for k= N — 2

|JE| < Cpumvie |z — ([,

Thus to finish the proof we must evaluate
J¥t= (N — 1)5””2{ V(@, t) _ (&, t) }dt
et =27 &= 0OF
= —(N— 1>SN2 P, @ + 1)
=iz (4 — y)™

s—8+7(2 (& & t)
N-p| TG gy
+ ( ) e (t — ’(;’}7)N

We will assume o = & were « < & another similar argument would
prevail. Then

v (N I\ G e v+ E)
ST =W l)g—r/a{ (t —any™ (t —2y)™ }dt

TN S A (% e )
+ (N 1)&/2 et
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By definition, for ¢ = 0,

v, e+ ols | EE g do 5 Cerer,

and thus the third integral on the right side of (9.6) is bounded abso-
lutely by

r—

—N+1 hrl —1 < —~N+1 _ir__ -t
Claf S t-idt = C |z ]* ix+§|<2>

r/2

éCIz_Clalzlp—N—H—a.

We handle the second integral of (9.6) in the same fashion.
Thus we have left to evaluate

TG 6+ Y e, +t)
S { (t —ip)” t — )~ }dt

—rl2

o Lt —anp)” (t + ip*
_ "/f(x!x_*_t)__ _ N’\[f(fb',il’/'—‘t)
@0 Gy VG }dt

_ SmdtSt (t _ S)N—Z {B(N—l)(é. + S) _ B(N—l)(E. _ S)
o o (N=2)1 U (t —ip)” (t + ¥
_ B +5) | BT —s)
ST e el

where we have recalled the definition of .
We write

BE(E 4 8) = BYTIE) + K, s)s
BYI(E — ) = B + K, 99"
B + 8) = BYa) + Ky, 8)s*
BYI(x — 8) = BV (w) + K, s)s°
where | Ki(s)| = C|z|*"""~. Also
(9.8) s*| K&, 8) — Kw,8) | < C |z ="z — {|°
and
8| Ki(§, 8) — Ky(w, s)| = C |z P+,

Similar inequalities hold for s*| K, — K, |.
Next, (9.7) becomes
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|, o) e e (e

N—1) 1 _ 1
- eTE) <<t —w)r G+ ¢y>N>}dS
/2 t(t — s)" (K, (&, s)s®
+ So dtgo N — 1) {(t —in”
_ K¢, 5)s” _ Ky(x,s)s" + K4(xv3)3a} ds
@+ (=Y (¢t + )Y

9.9

Notice that

S:/Q tg : ((tN——S );V)_lz <(t ~17;7;)N G +1q;77)N> ds

- S/ (z\; l:_ll)z ((t wlrzn)N T +1¢77)N> o
== et

% 4 = iy — @+ i)y
=5 (% — i) iy — (L +in) (—iny}

Thus the first term of (9.9) is bounded absolutely by terms of the form
eolnty) - Gale) )
B 'B(NMI)(m){<r/2%~y~ iy)k B (7’/2—:—yzy>k}
= 2087 T [<T/2%Z i7;>k - <7‘/27I—y~ zy>k]

+ 20 Im [(ﬁ)"](ﬁw—“(s) — BU(g)) .

The second term is bounded by C|z[*~¥"~|z — {|*. The first, using
the mean value theorem, is bounded by

Jo—1lpank
9.10) cyz|u~N+1|y—;7|’Im@ﬁ?‘__%)kT

where o lies between y and 7. But then ¢ < Cr, [7/2 — 10| = 7/2,
and hence (9.10) is =

C | 2 [P+ I y—7 |o pi=ep=t < C |z |P=¥ = |z — L |*.

Thus we are left with the second term of (9.9). By symmetry
we need only consider
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[afo— e 2 B

©.11) = S:IzdtS:(t — sy g (K&, 8) — Ky, )t — in)-"ds

+ S:lzdtSZ(t 85K (2, 8) ((t *17377)N ~a _liy)N> ds

By (9.8), for any ¢ > 0 we have
5| Ki(&, 5) — Kiw, 5) | = CiCI* |z rime s | g — g [0,

Thus the first term on the right side of (9.11) is bounded in absolute
value by

COCr |2 — L= g pveime | Mae] vt | — iy v ds
0 0

/2
= 00ICs |2 — L[ |z peime | ey
— CC?C;‘S [ z — C |a(1-—s) |z [;L—N+1—-a+ae .

Now let ¢ — 0.
Finally, to evaluate the second term on the right side of (9.11),
we observe that

=

t—i"  &—w"
= SRty =l — a7t — g
< l2 = CIF Syt — i |t — iy |

where we have assumed that y =%. Then

SmdtSt(t — )V Ky(w, 8)((¢ — 7)Y — (t — iy)~N)ds
< i CkgrﬂtzN_k—Ha iz |;.L—N+1—-a }z N 4 |a Y ] t — “7 |—-N | t — zy |—th
k=1 0

N rf2

é C ] 2 |/J.—N+1—a |Z . C |a Z S tN—-k—1+ozyk—a | t — ’I/y |—N dt .
k=1 J0

With the change of variables ¢t = ry, the kth integral becomes

rf2y . oo .
S gh—k—te o — 4 |7V dt = g g¥k—tre |z — 4| Fdt =C
0 0

since 1 < k =< N. This completes the evaluation of J¥—! and the theorem
is proved.
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EMBEDDING A CIRCLE OF TREES IN THE PLANE
H. C. WISER

Concerning the embedding in the plane of homogeneous
proper subcontinua of a 2-manifold, it is shown here that there
is an embedding if the continuum is decomposable and the
manifold is orientable, The embedding is obtained by con-
structing an annulus on the manifold containing the continuum;
in the nonorientable case an annulus or a Mobius strip con-
taining the continuum may be found. Similar results are
obtained for continua on a 2-manifold which have a decompo-
gition into continua with zero 1-dimensional Betti numbers
such that the decomposition space is a finite planar graph.

This extends the results of [2] concerning the embedding in the
plane of homogeneous proper subcontinua of a 2-manifold. Definitions
and a summary of other results may be found in [2].

THEOREM 1. A decomposable homogeneous proper subcontinuum
of an orientable 2-manifold can be embedded in the plane.

Proof. Let X be a decomposable proper subcontinuum of an
orientable 2-manifold M. By Theorem 11 of [2] there is a continuous
collection G of disjoint continua filling X such that the decomposition
space X’ is a simple closed curve and the elements of G are mutually
homeomorphic, homogeneous, and treelike. Consider the upper semi-
continuous decomposition of M whose nondegenerate elements are the
elements of G. By Theorem 1 of [1], the decomposition space M’ is
homeomorphic to M. Let A’ be a closed annular neighborhood of the
simple closed curve X' on M’'. Let f be the projection map from M
to M’ and A be f*(A’). Consider A’ to be filled by a continuous
collection of simple closed curves {J,}, « € [01], where J,, = X’. Then
f is one-to-one on A-X and f-%J,) must be compact since J, is com-
pact; thus f/f%(J,) is a continuous one-to-one map of a compact set
for a + 1/2 and therefore a homeomorphism. For a closed subinterval
I of [01] not containing 1/2, f~%(3.e;J.) is a closed annulus. If
pe A-f~(J, + J,) then f(p) is in the interior of A’ and thus p is
interior to A. The continuum A must then be a 2-manifold with
boundary consisting of f~(J;) + f7(J,). Fit 2-cells C, and C, to the
boundary curves of A to make a 2-manifold M, without boundary.
Considering an upper semi-continuous decomposition of M, with the
elements of G as the nondegenerate elements, we have M| as merely

Received September 16, 1964, Research supported by NSF Grant GP-107.
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A’ with 2-cells C and C| fitted to J, and J,; i.e., M| is a 2-sphere.
Using Theorem 1 of [1] again, M, must be homeomorphic to M} and
A must be a closed annulus; X is thus planar.

In the same manner we have the following results:

THEOREM 2. A decomposable homogeneous proper subcontinuum
of a monorientable 2-manifold is contained im an open annulus or
open Mobius strip on the mantfold.

THEOREM 3. If a subcontinuum of an orientable 2-manifold has
an upper semi-continuous decomposition into continua with zero mod
2 1-dimensional Betti numbers' such that the decomposition space is
a finite planar graph then the continuum can be embedded im the
plane,

In view of Theorem 1, a nonplanar homogeneous subcontinuum of
an orientable 2-manifold would have to be in the class of nontreelike
indecomposable continua. No planar homogeneous continuum in this
class is known, although the pseudo-circle is a candidate. It would
be nice to eliminate the condition of orientability in Theorem 1.
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RING-LOGICS AND RESIDUE CLASS RINGS

ApIL YAQUB

Let (R, X, +) be a commutative ring with unit 1, and let
K = {p;, 02, -++} be a transformation group in R. (R, X, +)
is called a ring-logic, mod K essentially if the “+” of R is
equationally definable in terms of the “K-logic” (B, X, p1, 05, ).
The Boolean theory results by choosing K to be the group
generated by ¢* =1— 2 (order 2, z** =1x), The following
result is proved: Let » = p, --- p; be square-free, and let R,
be the residue class ring, mod n. Let, =, be any transitive
0— 1 permutation of K, ,(¢ =1,--.,t). Let, ~, be the induced
permutation of R, defined by (x;, -+, 2) = (&, -+, 2),
zi€R,(1=1,---,%), and let K be the transformation group
in R, generated by, =, Then (R,, X, +) is a ring-logic, mod
K. An extension of this theorem to the case where 7 is
arbitrary is also considered. The present proofs use the
Fermat-Euler Theorem as well as a generalized form of the
Chinese Residue Theorem.

The motivation for the study of ring-logics stems from the familiar
equational interdefinability of Boolean rings (R, X, -+) and Boolean
logics (=Boolean algebras) (R, N, *)} [5]. In a series of recent publi-
cations ([1]-[4]), Foster raised this equational interdefinability, as well
as the entire Boolean theory, to a more general level. In particular,
Foster showed [2; 3] that any p-ring with unit (and more generally,
any p*-ring with unit) is a ring-logic, modulo certain suitably chosen
groups. Furthermore, the author proved [6] that R,, the residue class
ring, mod %, is a ring-logic, modulo the “natural group” (generated by
2" =1+ ). Our present object is to further extend these results
by considering certain transformation groups in R, of rather general
nature, and with respect to which (R,, X, +) is a ring-logic (see
Theorem 5).

1. The ring of residues mod p*. Let (R,:, %X, -+) be the residue
clasg ring, modp*, where p is prime and k = 1. Let G denote the
group of units in R,.. Then, as is well known, the order of G is
p(p*) = p* — p*, where p(n) is the familiar Euler p-function (=number
of positive integers which do not exceed % and which are relatively
prime to n). Let, ~, be a permutation of R,:. We call, =, a transitive
0 — 1 permutation if (i) 0 =1, and (ii) for any elements «, 8 in R,
there exists an integer » such that «™ =8, where ™" =(---((a")")"---)"
(r-iterations).

Received July 6, 1964.
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We recall from [4] the characteristic function o0.(x), defined as
follows: for any given pe Ry, 0u(®) =1 if ¢ =g and d,(x) =0 if
x + p. Following [4], we also define: o x _b=_(a" x b7)", where,
7, is the inverse of the 0-— 1 permutation, ~. One readily verifies
that ¢« x_0=0X_a =a. Hence, we have the following “normal
expansion formula” [4]:

R O P N G RR CROTORDE

4

In (1.1), @, B, --+ range independently over all the elements of R,
while #, y, --+ are indeterminates over R,. Also, >.izz«; denotes
o, X _o, X _---, where «,, a,, --- are all the elements of R.

We now have the following

LEMMA 1. Let, =, be any transitive permutation of R, and let
K be the tramsformation group in R, generated by, ~. Then all the
elements of R, are equationally definable im terms of the K-logic
(Rpk’ Xy A)-

Proof. Since, ~, is a transitive permutation of R,:, therefore,
R, ={0,07,07% -+, 07?1}, Similarly, we have, a2 2 > -.. 77"~ = 0,
for all « in R,. The last equation shows that 0 (and with it
07,072 -+, 077")) is expressible in terms of the K-logic, and the lemma
is proved.

LEMMA 2. Let G=1{1,C, &, +++, {,} be the group of units in the
residue class ring (R, X, +). Let, ~, be a transitive 0 — 1 permu-
tation of Ry satisfying 17 =&, {5 = &y +++, §ouy = £, but otherwise,
=, 18 entirely arbitrary. Let K be the tramsformation group in R
generated by, ~. Then each characteristic function 0.(x), € Ry, s
equationally definable in terms of the K-logic (RBgx, X, ).

Proof. Since, 7, is tramsitive, therefore, there exists an integer
¥ such that #™" = 0. Now, one readily verifies that

5»(%) = (xAT+1x"’r‘+2w"r+3 e xA¢+¢)pk~pk—1 ’

since, by the Fermat-Euler Theorem, a”*~**' =1 for all a in G. This
proves the lemma.

THREOREM 3. Let K, , be as in Lemma 2. Then the residue
class ring (Ryx, X, +) 18 a ring-logic, mod K.

Proof. By (L1), ® + ¥ = 3.iGer,, (@ + B)(0.(2)05(y)). By Lemma
1 and Lemma 2, each of a + B, d.(x), and ds(y), is expressible in terms
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of the K-logic. Hence, the “+” of R,. is equationally definable in
terms of the K-logic. Next, we show that (R, X, +) is fived by
its K-logic. Suppose that (R,:, X, +’) is another ring with the same
class of elements R, and the same “x” as (R,, X, +) and which
has the same logic as (R, X, +). To prove that +' = +. But this
follows, since, up to isomorphism, there is only one cyclic group of
order p*.

2. The general case. In attempting to generalize Theorem 3 to
the residue class ring (R,, X, +), n arbitrary, we need the following
concept of independence, introduced by Foster [4].

DerFINITION. Let {U, +-+, U,} be a finite set of algebras of the
same species S. We say that the algebras U, --+, U, are independent
or satisfy the Chinese Residue Theorem, if, corresponding to each set
{¥'} of expressions of species S, there exists a single expression X such
that ¥, = X (mod U;) (4 =1, ---,t). By an expression we mean some
composition of one or more indeterminate-symbols «x, --- is terms of
the primitive operations of U, -+, U; ¥; = X(mod U;) means that
this is an identity of the algebra U,.

As usual, we shall use the same symbols to denote the operation
symbols of the algebras U, ---, U, when these algebras are of the
same species. We now have the following

LEMMA 4. Let p,, -+-,p, be distinct primes. Let, ~, be any
transitive 0 — 1 permutation of Rk, and let K; be the transformation
group in Ry generated by, =, (¢ =1,---,t). Then the K:-logics
(Bpks, X, )t =1, -++, 1) are independent.

Proof. Let nm=pr..--pkt and let E=ax"2%-.- 27" Let
pfim; = n. Since (p¥i, n;) = 1, therefore, there exist integers r,,s;

such that »mn;, — s;pf = 1. Now, one readily verifies that
1(mod R,%:) ,
w; = def = E"mim = ( ot (g #1).
0(mod R,%;)
To prove the independence of the logics (&, X, "), let {¥;} be a set
of ¢ expressions of species x, ”; i.e., primitive composition of indeter-
minate-symbols in terms of the operations x, . Define

X=Fw x_ %X _Vo,.

It is readily verified that ¥'; = X(mod R,%:)(z = 1, -+, 1), sincea x _0 =
0 X _a =a. This proves the lemma.
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We are now in a position to consider (R,, X, +) in regard to the
concept of ring-logic. Indeed, let n = pf ... p¥, where the p, are
distinet primes (2 =1, ---,t), and let G; = {1, {i, {is, + -+, Loy} be the
group of units in the residue class ring (B, X, +). For each 4,
define, ~, to be a transitive 0 — 1 permutation of R, satisfying 17 =
Loy Ca = Cigy *++, (Lirp—)” = Ly, but otherwise, 7, is entirely arbitrary,
and let K; be the transformation group in E,* generated by, ~. Now,
it is well known that the residue class ring R, is isomorphic to the
direct product of Rk, «--, Rk

R,=R,1 X +-+ X Ry (direct product), % = pir--- pi* .

Furthermore, it is easily seen that by defining (%, + -+, 2,)” = (2, +*+, %),
(xy, ++-, )€ R,, we obtain a transitive 0 — 1 permutation of E,. Let
K Dbe the transformation group in R, generated by the above permu-
tation, ~. We now have the following

THEOREM 5. The residue class ring (R,, X, +), n arbitrary, is
a ring-logic, mod K, where K is the tramsformation group in R,
above.

Proof. Let m = pfr--- p¥, where the p; are distinct primes (1 =
1,---,t). By Theorem 3, each (E,r, X, +) is a ring-logic, mod K;,
where K, is as defined above (¢ =1, ---,¢). Hence, for each ¢, there
exists an expression ¥, such that

x; + Y = Vi@, ys; X, ), for all @, y; in Bk

But, by Lemma 4, the K-logics (E,%;, X, ") are independent (z =1, ---,1),
and hence there exists a single expression X such that X = ¥; (mod E,%:)
t=1,---,1). Now, let x = (2, +-+,2,), ¥y = (¥, -+, ¥,) be any elements
of R(=Ryu X +-+ X R,x). Since the operations are component-wise
in this direct product, therefore,

X(@,y; X, 7) = X (@ 2, ), Wy ++ =, Y5 X, 7)

= (X(@, ¥ X, 7))y o0 X(@ Y5 X, 7))

= ¥y, Y3 X, ), o, T, Yss X, 7))

=@+ Yy, o0, T+ YL)

=r+9vy.
Hence, the “+” of R, is equationally definable in terms of the K-logic
(R,., xX,7). The proof that (R,, x, +) is fixed by its K-logic follows
as in the “fixed” part of the proof of Theorem 3, since again, up to

isomorphism, there is only one cyclic group of order n. This completes
the proof of the theorem.
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We shall now take a closer look at the case where n = p, --- p, is
square-free. In this case the group G; of units in R, (=fleld) is
precisely the set of all nonzero elements of R, (i =1, ---, %), and the,
", described above (see paragraph preceding Theorem 5) for R, is now
simply any transitive 0 — 1 permutation of E,. Hence, we have the
following

COROLLARY 6. Let n = p,--+ p, be square-free, and let, =, be
any transitive 0 — 1 permutation of R, (i =1, --+,%). Let, ~ be the
induced permutation of R, defined by (x,, -, 2,) = (&7, +-+, %),
v, e R, (1 =1,---,1), and let K be the transformation group in R,
generated by, ~. Then (R,, X, +) ts a ring-logic, mod K.

Thus, if, in particular, we choose = = 1 + 2 in the above Corollary,
we obtain the following (compare with [6]).

COROLLARY 7. Let n be square-free, and let N be the “natural
group”, generated by x~ =1+ x. Then (R,, X, +) 18 a ring-logic,
mod N.

Upon choosing, ~, in Theorem 5 in all of the various available
ways, we obtain the corresponding transformation groups K with
respect to which (R,, X, +) is a ring-logic.
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Correction to

CHAINS OF INFINITE ORDER AND THEIR
APPLICATION TO LEARNING THEORY

JOHN LAMPERTI AND PATRICK SUPPES

Volume 9 (1959), 739-T754

Professor M. Iosifescu has pointed out to us an error in our paper
[1]. The difficulty lies in the positivity condition

(2.3) Py 2020  for every w,

which is not strong enough when n, > 1. Iosifescu has in fact given
an example of a second order Markov chain satisfying (2.3) with n, = 0
for which lim,_.. p{”(x) is not independent of # as asserted by Theorem
2.1.

The difficulty ean be overcome by making the stronger assumption
that for some state j,, some positive integer n, and some sequence of

N

positive numbers 6

2.3 Di(x) = 6,  for every x and m .

Here p{(x) is the joint probability (defined formally by (2.11) and
(2.12)) of executing the sequence x, after n steps, given x, and jim
means a sequence of m repetitions of 5, Thus we are asserting that
the event, consisting of m econsecutive visits to j, starting after a
lapse of time n, has positive probability uniformly in 2 (not in m).
If n, =1, (2.3") follows from (2.3) with 4, = ™, and our error lay in
the tacit use of (2.3"), rather than (2.3), in proving Lemma 2,2 in our
paper. When (2.3") is assumed the argument given is valid. Lemma
2.1 does in fact follow from (2.3) and (2.5) as asserted, and so with
the new hypothesis the coneclusions of § 2 are justified.

Let us consider the effect of this change on the application to
linear learning models. Assumption (ii) (b) of Theorem 4.1, which is
used to derive (2.3), is now seen to be inadequate for the conclusions
of the theorem. However the special case (4.5), when m, = 0, yields
(2.3) with n, = 1 and so the results are valid in this situation. Al-
though (2.3") could be adapted to yield greater generality, we take it
that essentially all cases of interest are actually covered by (4.5), and
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shall leave the matter so. A similar remark applies to Theorem 4.2,
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Correction to

NON-LINEAR DIFFERENTIAL EQUATIONS
ON CONES IN BANACH SPACES

CHARLES V. COFFMAN

Volume 14 (1964), 9-15

In [1] the proof of a main lemma, Lemma 3.1, contains an error,
The lemma itself is false without stronger hypotheses. The purpose
of this note is to state and prove a lemma which can be used in place
of Lemma 3.1 in the proofs of Theorem 4.1 and 5.1 in [1].

Let Y be a Banach space, let I be a closed linear manifolds in
Y* which is total for Y." Assume that I is some real interval. The
differential equation with which [1] is concerned is

(1) dy/dt = f(t,y) ,

where f is a function from I X C — Y which is continuous with respect
to the weak [I'-topology on Y; C is a subset of Y. The notation and
terminology used here will be the same as that employed in [1]; the
definition of a weak I'-derivative, a weak I'-solution of (1), ete., are
to be found in [1].

Let & be the space of weakly I"-continuous functions on I with
values in C, furnished with the topology of uniform convergence (in
the weak I'-topology) on compact subintervals of I, If C is compact
in the weak I’-topology, then Ascoli’s theorem implies that a set of
equicontinuous functions in % is relatively compact in . However
unless the topology on & satisfies the first axiom of countability one
cannot conclude from Ascoli’s theorem, as is done in [1], that an
equicontinuous sequence of functions in % has a convergent sub-
sequence. (Z will satisfy the first axiom of countability, for example,

Received March 3, 1965.

i In [1] a total manifold is defined but is incorrectly called a determining
manifold. The author wishes to thank the referee of this note for pointing out
this mistake as well as for correcting an omission in the original proof of the lemma
stated here,
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Y* which is total for Y." Assume that I is some real interval. The
differential equation with which [1] is concerned is

(1) dy/dt = f(t,y) ,

where f is a function from I X C — Y which is continuous with respect
to the weak [I'-topology on Y; C is a subset of Y. The notation and
terminology used here will be the same as that employed in [1]; the
definition of a weak I'-derivative, a weak I'-solution of (1), ete., are
to be found in [1].

Let & be the space of weakly I"-continuous functions on I with
values in C, furnished with the topology of uniform convergence (in
the weak I'-topology) on compact subintervals of I, If C is compact
in the weak I’-topology, then Ascoli’s theorem implies that a set of
equicontinuous functions in % is relatively compact in . However
unless the topology on & satisfies the first axiom of countability one
cannot conclude from Ascoli’s theorem, as is done in [1], that an
equicontinuous sequence of functions in % has a convergent sub-
sequence. (Z will satisfy the first axiom of countability, for example,
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i In [1] a total manifold is defined but is incorrectly called a determining
manifold. The author wishes to thank the referee of this note for pointing out
this mistake as well as for correcting an omission in the original proof of the lemma
stated here,
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if C is bounded and I" is separable in its norm topology.)
Let Y, I',C,I and & be as above, the following Lemma can be
used in place of Lemma 3.1 of [1] in the proofs of Theorem 4.1 and 5.1.

LEMMA. Let {y.(t)} be a sequence of weakly I'-continuous functions
defined on I with values in C. Let C be compact in the weak I'-
topology. For each meighborhood V of 0 in Y, in the weak I'-topology,
and for each compact subinterval I' of I, let there exist an N =
N(V, I') such that for all n = N, y,(t) is a V-approximate weak I'-
solution of (1) on I'. Then, in &, the sequence {y,(t)} has a cluster
point Y, (t) and yyt) is a weak I'-solution of (1) on I.

Proof. As is shown in the proof of Lemma 3.1 in [1], the sequence
{y.(t)} is equicontinuous in the weak [I'-topology on Y, thus it follows
from Ascoli’s theorem that the sequence {y.(t)} has a cluster point y,(¢)
in &. To complete the proof it will be shown that given v e I, there
exists a subsequence {y, ()} of the original sequence such that

(2) YW, (D) = Y(yelt))  as k— oo,
and
(3) Y ¥, () = (FC, yll) as k— oo,

uniformly on compact subintervals of I. To this end let {I,} be an
expanding sequence of compact intervals whose union is I. Since f(¢, %)
is uniformly continuous on I, X C for each k, there is a neighborhood
V. of 0 such that |v(f(, ¥'() — f (&, y(t))) | < (1/k) on I, for any
function ¥'(t) with ¥'(f) — y(t)e V, on I,. Let

vingl= e vivwi< 3, it vi=viav[y 1]

then for each & it is possible to choose an element {¥., ()} of the
original sequence such that Yu, (t) — y(t) € Vi on I,. It easily follows
that a subsequence selected in this manner satisfies (2) and (3), and
the limits are uniform on compact subintervals of I, Finally since the
hypothesis implies that

YD, (8) — f 4., (D) — 0, as k— o,

uniformly on compact subintervals of I, it follows from (2) and (3)
that

(4) Hlt) = wltd) = | A wo, byl

As v was arbitrary, (4) holds for each ve I, consequently D,y (t)
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exists on 7 and y,(t) is a weak I'-solution of (1) on 1.
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