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GROUP EXTENSION REPRESENTATIONS AND
THE STRUCTURE SPACE

ROBERT J. BLATTNER

Let K be a locally compact group. K* will denote the
Jacobson structure space of C*(K), the group C*-algebra of K.
For any unitary representation V of K on a Hubert space,
let Ev denote the projection valued measure on the Borel sets
of J£* defined by Glimm (Pacific J. Math. 12 (1962), 885-911;
Theorem 1.9). A (not necessarily Borel) subset S of iΓ* is
called £V-thick if £7F(S0 = 0 for every Borel Si g K* ~ S.
For any two representations VΊ and V2, &(VU V2) will denote
the space of operators intertwining VΊ and V2.

Suppose K is a closed normal subgroup of the locally com-
pact group Gβ If V is a representation of K and xeG, Vx is
defined by F^ = F^-i, A; e iΓ. If z e K*9 zx = Ker (F*), where
F is any irreducible repesentation such that 2 = Ker (F). (By
Ker we mean the kernel in the group C*-algebra.) This com-
position turns (K*,G) into a topological transformation group
(Glimm, op. cit., Lemma 1.3). The present paper first shows
that the stability subgroups of G at points zeK* are closed.
Then the following two theorems are proved:

THEOREM 1. Let zeK* and let H be the stability sub-
group of G at 2. Let L be a representation of H such that
{z} is EW-thick. Then &(UL, UL) is isomorphic to &(L,L)
and {z}G is ϋ^^-thick.

THEOREM 2. Let M be a representation of G such that
{z}G is ϋ̂ f i irthick for some zeK*. Let H be the stability
subgroup of G at z. Suppose G/H is σ-compact. Then there
is a representation L of H such that {z} is EL{κ-thick and such
that M~UL.

In the above, £7Z denotes the representation of G induced
by L.

It is shown further that if C*(K)\z contains an ideal iso-
morphic to the algebra of all compact operators on some
Hubert space, then the representation L\K of these theorems
is a multiple of the (essentially unique) irreducible representa-
tion L° of K such that Ker (L°) = z. Finally, it is shown that
if M is primary and if K*/G is almost Hausdorff (i.e., every
nonvoid closed subset contains a nonvoid relatively open
Hausdorff subset), then M satisfies the hypothesis of Theorem 2.

These results generalize Mackey's Theorem 8.1 [13], in the case
of the trivial multiplier. In [13], Mackey attacks the problem of

Received September 30, 1964. Research supported in part by NSF Grant G-18999.
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1102 ROBERT J. BLATTNER

reducing the representation theory of a locally compact group G with
closed normal subgroup K to the representation theories of K and
GjK. His main theorem, Theorem 8.1, supposes the following restric-
tions on G and K: G satisfies the second axiom of countability and K
is type / (in the case of the trivial multiplier). The present paper
explores what happens when these restrictions are lifted.

It turns out that a great deal of Mackey's theorem remains true
in modified form. The chief modifications are these:

(a) We replace the dual space K of K by the structure space
K* of its group C*-algebra. This is done because K* is fairly well
behaved, being a To topological space, while K can be very messy
when K is not type I. The first example of § 6 shows how a theory
based on K cannot get off the ground.

(b) We replace the projection valued measure based on K which
is canonically associated with the direct integral decomposition of a
given representation of K (when K is type /) with the measure based
on K* introduced by Glimm in [10]o

These modifications and the lack of separability force us to replace
Mackey's highly measure theoretic arguments with arguments more in
the spirit of the present author's previous work [1-3] and that of
Glimm's paper [10].

After the preliminaries of § 2, we prove our analogue of Mackey's
theorem in §§ 3 and 4. Section 5 is concerned with what additional
hypotheses are needed to make the analogue exact. The paper closes
with some examples in § 6.

The problem dealt with in the last example was the starting point
for this investigation. We wish to thank James Glimm for several
stimulating conversations on this problem.

2* Preliminaries* Let G be a locally compact group and let
C0(G) be the space of continuous complex valued functions on G with
compact support. If f,geC0(G) set (fog)(x)=\ f(y)g(xy~1)dy and
f*(x) = f(x~i)δG(x)-\ where dy denotes right invariant Haar measure
and where δG is its modular function, o, *, the usual addition of func-
tions, and the usual inductive limit topology on C0(G) turn it into a
topological *-algebra. Let L be a unitary representation of G. Then
setting Lf — \ /(x)L"1 dx (strong operator topology integral) gives us

J G

a continuous *-representation of C0(G)β Moreover {Lf: feCQ(G)} has
no simultaneous null vectors (we say that L is a nondegenerate re-
presentation of C0(G)). Conversely, if Φ is a nondegenerate continuous
•* -representation of CQ(G), there is a unique unitary representation L
of G such that Lf = φf for fe C0(G).

If L is unitary representation of G, then \\Lf\\ ^ \\f\lfovfe C0(G).
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Therefore | | / | | = LUB{\\Lf\\ : L unitary representation of G} exists.
|| || is a norm on C0(G) and the completion of C0(G) with respect to
|| || is a C*-algebra, called the C*-group algebra of G and denoted by
C*(G). Clearly there is a one-to-one correspondence between non-
degenerate *-representations of C*(G) and nondegenerate continuous
*-representations of C0(G). Thus the representation theory of C*(G)
is "the same" as that of G.

In what follows, G* will denote the Jacobson structure space of
C*(G); i.e. the space of kernels of irreducible nondegenerate ^re-
presentations of C*(G) equipped with the hull-kernel topology. G* is
a T0-space.

Let 21 be a C*-algebra, Z its structure space, and Φ a nonde-
generate *-representation of SI on a Hubert space φ. Glimm [10] has
shown that there is unique projection valued measure E on the Borel
field generated by the topology of Z with the following property: if
S is a closed subset of Z, then E(S) is the projection on the manifold
of veξ) such that Φ(a)v — 0 for all a e Π Sβ E takes its values in the
center of the von Neumann algebra generated by Φ(%). In our case,
if L is a unitary representation of G, EL will denote the Glimm
measure on G* associated with the representation of C*(G) determined
by L.

For the formulation of induced representations used in this paper
the reader is referred to [1]. If L is a representation of the closed
subgroup H of G, we define a regular Borel projection valued measure
EL on G/H as follows: if S is a Borel subset of G/H, then EL(S)f =
(Xs°π) β/> where χs is the characteristic function of S9 π is the canonical
projection of G onto G/H, and fe&(UL). This EL determines, and is
determined by, the *-representation of C0(G/H) defined by

h(p)dEL(p) ,
GIΠ

heC0(G/H) (cf. [3]).
Finally, if E is any projection valued measure on the measurable

space (Z, &), any subset S gΞ Z (not necessarily in &) will be called
E-thick if E(T) = 0 whenever T f] S = 0 (cf. [11], p. 74).

Let G be a locally compact group and let if be a closed normal
subgroup. For fe C0(K) and x e G9 we define xfe C0(K) by the formula
(xf)(ζ) = f{x~1ξx)A(x) for ζe K, where A(x) is the (constant) Radon-
Nikodym derivative [d(x~1ζx)]/dξβ If L is a unitary representation of
K and if Lx is defined by L\ = Lxξx-i, ξ e K, then L} = Lxf. From
this it follows readily that f—>xf is an automorphism of CQ(K) which
is isometric in the C*-norm || | |. Therefore this map extends to an
automorphism of C*(K). We define an action of G on K* by setting
zx = {fe C*(K) :xfez} for zeK*, xeG. Glimm [10] and Fell [7] have
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shown that the map of K* x G —> K* given by (z, x) —> 2# is continuous,
giving us a topological transformation group.

LEMMA 1. Let (S, G) be a topological transformation group.
Suppose S is a T0-space. Then the stability subgroups of G are
closed.

Proof. Let H be the stability subgroup of G at p e S . Then
{p}H = {p}, so that {p}~H~ g {p}~. If x e H~, we have {px}~ = {p}~x S
{p}~~. Since or1 e H~, we have {pj'αr1 £Ξ {p}~ and hence {p}~ £ {p}-£ =
{pa;}~; i.e., {px}~ — {p}~. But S is To. Therefore px = p and xeH.

We may now state our main theorems.

THEOREM 1. Let G be a locally compact group and let K be a
closed normal subgroup of G. Let z&K* and let H be the (closed)
stability subgroup of G at z. Let L be a representation of H such
that {z} is ELlK-thick. Then &{UL, UL) is isomorphic to &(L, L)
and {z}G EuL\κ-thick.

THEOREM 2. Let G be a locally compact group and let K be a
closed normal subgroup of G. Let M be a representation of G.
Assume that {z}G is EM]K-thick for some ze K*. Let H be the (closed)
stability subgroup of G at z. Suppose G/H is σ-compact. Then there
is a representation L of H such that {z} is ELlκ-thick and such that
M~ UL.

3* Proof of Theorem 1* We begin our proofs with the fol-
lowing lemma.

LEMMA 2. Let H and K be closed subgroups of the locally com-
pact group G, K normal, and K £ H S G. Let L be a representation
of H. Then for every fe C*(K) and g e &(UL) we have [(UL \ K)fg](x) =
(LI K)}g(x) for locally almost all zeG.

Proof. Suppose first that fe C0(K) and g is continuous with com-
pact support modulo H. Set

u(x) = (L I K)}g(x) = [ f(ξ)Lxξ-ιx-ig(x)dξ = \ f(ξ)g(xξ^)dξ .

Clearly u is continuous with compact support modulo H and belongs

to $Q(UL). Let ve&(UL) be continuous with compact support modulo

H, and choose h e C0(G) such that I h(ηx)dη = 1 f or x in the support
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of v. Then

(u, v) = \ h(x)(u(x), v(x))dx = I \ h(x)f(ξ)(g(xξ"1)9 v(x))dξdx

^g, v)dξ = ((U*\ K),g, v) .

Since the set of all such v is dense in &{UL), our result holds in this
case.

Next suppose / e C0(K) and g e tQ(UL). Choose a sequence gn e ΪQ(UL),

continuous with compact support modulo H, such that || gn — g \\ < 2~n.
Then \\{UL\K)fgn- (UL\K)fg\\ < \\f\\2~\ As in the proof of Pro-
position 1 of [1], gn—>g and (UL\K)fgn~-^{UL\K)fg locally almost
everywhere.

Finally, if feC*(K) and g&&(UL)9 we may choose a sequence
fn e C0(K) such t h a t \\fn-f\\< 2~\ Then || (L | K)} ~ (L \ K)} \\ < 2 -

uniformly for all x e G, so that (L \ K)}ng(x) —• (L \ K)}g(x) uniformly on
G. Moreover || (UL \ K)f%g ~(UL\ K)fg \\ < 2~n\\ g\\, from which it follows

that (UL I K)fng —+ (!7Z | i ί)/^ locally almost everywhere. Our lemma is
thereby proved.

We now assume all the hypotheses of Theorem 1. If π is the
natural projection of G into G/H9 we define a : G/H—> K* by a(π{x)) =
CT for xe G. a is continuous and one-to-one.

LEMMA 3. EuL]κ(S) = JS/z(α-1(S)) /or e^erτ/ Borel set S g # * .

Proof. In the first place, we note that (L | K)f — 0 for / e ^
In fact, {z} Π C{^}- = 0 implies that ^^(C^}") = 0 from which we
get EL]K({z}~) = 7. But this says that (L | JBΓ)^ = 0 for all v e §(L) and
all fe f){z}~ = «, as desired.

Let S be a closed subset of K*. Then π(x)ea~1(S) if and only
if zxeS, that is, if and only if zx^Γ\S. Therefore fe ΠS implies
xfez and hence (L | K)} = 0. Let g e &(UL). Let fe Π S. By Lemma
2, we have [{UL \ K)fg](x) = 0 for locally almost all x e π^a-'iS)). If,
moreover, g e Range (E^a-^S))) then g(x) = 0 for locally almost
all xίπ~\a~\S)), so by Lemma 2, [(ί/z | ΛΓ)/̂ ](a?) = 0 for locally
almost all x£π~\or\S)). We conclude that Range (EL(or\S))) S
Range (^z | J C(S)).

Suppose now that ^ g Range (EL(a~1(S))). Then ^ does not vanish
for locally almost all x & π~\a~\S)). Since g is Bourbaki measurable
([4], p. 180), there exists a compact set C g Cπ"1(α~1(S)) of positive
Haar measure upon which g is continuous and does not vanish. Let
x e C. Then z £ Sx~x so that EL\K{Sx~λ) — 0. Hence there exists
fe ΐ\{Sx~1} such that (L\K)fg(x) Φ 0. Setting f{x) = χ-'f, we have
f{x) e S and (L | K)}{x)g(x) Φ 0. By continuity we have (L | K)y

f(x)g(y) Φ 0
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for y in some neighborhood Nx of x in C. Since C is compact and of
positive measure, Nx has positive measure for some xeC. It follows
from Lemma 2 that for that x, (UL \ K)f{x)g φ 0. Therefore
gί Range (EuLικ(S)).

We have proved Lemma 3 for closed S. The general case then
follows from the fact that a projection valued Borel measure on a
topological space is uniquely determined by its values on closed sets.

LEMMA 4. Let H be a closed subgroup of the locally compact
group G and let E be a regular Borel projection valued measure on
G/H. Let J7~ be a To topology on G/H weaker than the natural
topology such that ((G/H)y, G) is a topological transformation group.
Then E takes its values in the von Neumann algebra generated by
{E(S):SejT}.

Proof. Let B be a Borel set in GjH and let T be a self-adjoint
bounded operator commuting with all E(S), S e i 7 " . We must show
that E(CB)TE(B) = 0. Since E is regular, it will suffice to show that
EiCJTEiC,) = 0 for every disjoint compact pair Clf C2QG/H. A
standard compactness argument reduces the problem to the following:
if ply p2£ GjH, pλ Φ p2, find disjoint neighborhoods Nλ of pλ and N2 of
p2 such that EiNJTEiN,) = 0. To do this we find a ^"-closed S which
separates p1 and p2; say, p1 £ S, p2e S. Since S is closed in the natural
topology of G/H, we can find a compact neighborhood N of e in G
such that p.NN-1 Π S = 0. Set Nλ = pλN, N2 = p2N. Clearly N, S
CSN and N2 S SN. Since S is ^"-closed and N is compact, SN is
^'-closed. By hypothesis E(cSN)TE(SN) = 0, and our result follows.

Proof of Theorem 1. Let _̂ ~ = or1 (topology of K*). ^~ and
EL satisfy the hypotheses of Lemma 4. According to Lemma 3
{EL(S) : S e ^~} e {values of EuL\K}. This, in turn, is contained in the
center c^ of the von Neumann algebra generated by UL \ K. By Lemma
4, {values of EL} s ^ . Therefore ^ ( C / z , C7Z) = ^((£? z , ί7z), (JS?Z, ?7Z) =

, L) by [2]. Finally, {z}G is ^z.^-thick by Lemma 3.

4* Proof of Theorem 2* For the proof of Theorem 2 we need
the following lemmas;

LEMMA 5. Let H be a closed subgroup of the locally compact
group G such that G/H is σ-compact. Let ^ be a To topology on
G/H weaker than the natural topology such that {{G/H)^, G) is a
topological transformation group. Let & be the Borel field generated
by ^~. Let fe C0(G/H). Then f is ^-measurable.
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Proof. As is well known, it is enough to show that C G ^ , where

C — ΠΓ, Oi9 C is compact and the 0* are open in G/H. (See [11], p. 220.

Such a set is called a compact Gδβ) Since Cθ^ is closed, it is σ-compact,

whence cC is cr-compact. Therefore CC has the Lindelof property.

Let p e C, g e CC. As in the proof of Lemma 4, there exist open

neighborhoods Npq of p and Mpq of g and a set Sp g <Ξ G/iϊ such that

either Spq or cSpq G J^~, JVM £ $ M , ilfpg S C$pg Since C is compact,

we find p19 --,pn such that C s U * ^ a n ( ^ s e t Sq ~ \Jΐ Sp.q and

Mq = ΠΓ Λf̂ g. Then Sqe&, C g Sff, Mff g cSq, and ikf/is an open

neighborhood of q. Since CC is Lindelδfian, we find ql9 q29 such

that CC g UΓ Afff. and set S = f |Γ Sff.. Then S e ^ . C g S , c C g cS;

that is, C e ^ .

LEMMA 6. Let G he a locally compact group, K a closed normal
subgroup, and U a representation of G. Let G act on K* as above.
Then, for any Borel set S in K* and xeG, Emκ{Sx) = U^ιEu{κ{S)Ux.

Proof. By the uniqueness of Glimm measure, it suffices to prove
this for S closed in K*. We note that (Ϊ7| ISΓ)*"1 = U~\U\K)UX.
Therefore v e Range Euικ(Sx) if and only if (U | K)fv = 0 for all / e f]Sx,
if and only if (U\Kyf'

1v = 0 for all fef)S, if and only if
JJ-1{U\K)fUxv = 0 for all fe ΠS. But this is true if and only if
Uxv e Range Eulκ(S), if and only if v e Range U~lEmK{S)Ux.

LEMMA 7. Let U be a representation of the locally compact group
K. Let 6^ be a collection of closed subsets of K*. Then Range
Eu{ n &*) = Π {Range Eσ(S) S e Sf}.

Proof. Let So = Π Sf. Then Π S 0 - t h e closed ideal of C*{K)
generated by U{ΠS : Se S^} — the closed linear span in C*(K) of
U {Π S : S 6 6^}. Now let v e Π {Range Eσ(S) : S e ^ } β Then, for every
Se S^ and every fe ΠS, we have Ufv = 0; that is, Ufv — 0 for
every fe U{ΠS :SeS^}. By linearity and continuity, Ufv — 0 for
every fef)S. Therefore ve Range Eσ(S0). The opposite inclusion is
clear, since Eσ is monotonic.

Proof of Theorem 2. Let a be as above, let J7~ = a"1 (topology

of if*), and let & be the Borel field generated by ^~. Then

& = a-1 (Borel field of if*). As in [11], p. 75, Eoicr^S)) =

EM\κ(S) for all Borel S in if* defines a projection valued measure Eo

on ^ . According to Lemma 5, every function in C0(G/H) is ̂ im-

measurable. Define E(f) = 1 fdEQ. Clearly E is a *-representation

of CQ(G/H) in the sense of [3]. We assert that (E, M) is a represen-
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tation of the locally compact transformation group (G/H, G) as defined
in [3].

( 1 ) E(C0(G/H))$(M) is dense in £>(M). In fact, since G/H is
tf-compact, there exists a sequence of functions fn e C0(G/H) such that
0 ^ fn } 1. By the monotone convergence theorem, E(fn) —• I weakly,
and (1) is established.

( 2) MMΩM-1 = E(RJ) for all fe C0(G/H) and all xeG. Here
(Rχf)ip) = /(paO F o r this, it suffices to show that MxEQ{B)M~ι = E^Bx-1)
for all Be ^ and a; e G. But this follows immediately from Lemma 6
and the definition of Eo.

According to the Corollary of Theorem 2 in [3], (E9 M) is unitarily
equivalent to an induced representation of (G/H, G); that is, there is
a representation L of H such that (E, M) is unitarily equivalent to
(EL, UL). We shall henceforth assume E = EL and M = UL. In par-
ticular, we have EQoa~l — EuL{κ and also E0(C) = EL(C) for every
compact Gδ C in G/H.

We must now show that {z} is U^*-thick.
Let S be K* closed. First suppose z e S. We assert that ELlκ(S) = I.

By Lemma 7, it suffices to show that ELΪK(SN) = I for every compact
neighborhood JV of e in G. Let geC0(G), ve&(L). As in [1], we
define ε(g,v)e$(UL) by

, v)(x) -
π

e(g, v) is continuous and has compact support modulo H. Let C be a
compact G8 neighborhood of π(e) S ττ(iV). Suppose Support (βf) S
NΠπ-'iC). Then

6(βf, v) G Range EL(C) = Range £Ό(C) S Range E0(a"\SN))

= Range EuLικ(SN) .

According to Lemma 2 , / e Π SiV implies (L | K)x

fε(g, v)(x) — 0 for locally
almost all # e G, hence for all a? e G by continuity. In particular,
(L I K)fe(g, v)(e) = 0. Letting gδ^ΨJ2 \ H approach the Dirac δ function
on H, we get (L | K)fv — 0. Since v is arbitrary, ELlκ(SN) = I.

Now suppose 2 g S. We assert that ELlκ(S) = Q. Let ve RangeEL[K(S).
Choose a compact neighborhood N of e in G such that πiNN"1) Π or^S) =
0 . Then α-\SN) ΓΊ π(JSΓ) = 0 . Let fef]SN. Let X G G . Then
xfenSNx-1. Hence if f e JVar1 n iϊ, we have xfenSξ, so that
ίaj/e ΠS. Let C be a compact Gδ neighborhood of π(e) in τr(iV).
Suppose Support (g) S JV Π TΓ-^C). Then

(L I lOJefo, t;)(») - f χ g(ξx)δB(O-llMξ)ll2L71(L \ K)ζxfvdζ = 0
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(compare the proof of Lemma 6). Prom Lemma 2,

ε(g, v) e Range EσLικ(SN) = Range Eoiar^SN)) .

On the other hand e(g9 v) e Range EL(C) = Range EQ(C). Since
a-\SN)f]C = 0 , e(g, v) = 0. Therefore ε(g, v)(e) = 0 because ε(g, v)
is continuous. Again letting gS^δψ [ H approach the Dirac 8 function
on H, we get v = 0. Therefore ELlκ(S) = 0.

Finally let ^ be the class of all Borel sets S in if* such that
either zeS and EL]K(S) = I or z g S and EL]K(S) = 0. Clearly ^ is
a σ-field, and by the foregoing ^ contains all the closed sets. There-
fore ^ consists of all the Borel sets of if*; that is, {z} is EL!jE-thick.

5* Connections with Mackey's work* In the original forms of
Theorems 1 and 2 due to Mackey ([13], Theorem 8.1), it is assumed
that G satisfies the second axiom of countability and that if is a type
I group, if* is replaced there by K, the set of all unitary equivalence
classes of irreducible representations of K, equipped with the Mackey
Borel structure. According to Glimm ([8], Theorem 1) the natural
mapping of K onto if*, which sends every irreducible representation
into its kernel in C*(if), is one-to-one if if is of type / and second
countable. Moreover, Fell has shown [6] that in this case the Mackey
Borel structure is just the σ-field generated by the topology of i f(= if*).
Our result then specializes to give Mackey's result, except for the
following: Mackey shows that L \ K must be a multiple of the (unique
up to unitary equivalence) representation (whose kernel is) z. To get
this, in our general setting, seems to require a type restriction on if
(or at least on z). The form of our restriction is suggested by Glimm's
theorem ([8], Theorem 1) that a separable C* algebra is of type / if
and only if its image under every irreducible representation contains
the compact operators. We are led to make the following definition:

DEFINITION. Let 21 be a C*-algebra and let L be an irreducible
representation of 21. L is called semi-compact if Ls% contains the com-
pact operators on ξ>(Z/). Ker L will also be called semi-compact.

We know (see Glimm [1], p. 583) that if L is semi-compact and
if M is irreducible with Ker L — Ker M, then L and M are unitarily
equivalent.

LEMMA 8. Let U be a representation of the C*-algebra 21 with
structure space Z. Let z be semi-compact in Z. Suppose {z} is Eσ-
thick. Then U is a multiple of the (essentially unique) irreducible
representation L° of K such that Ker L° = z.

Proof. By hypothesis 21 contains an ideal ^ 2 z such that
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is isomorphic to the algebra of all compact operators on £>(L°). As in
the proof of Lemma 3, Eπ{{z}~) = I implies that Ua — 0 for all aez.
Dividing out by z, we may therefore assume z — {0}. Let S =
{weZ :w ^ ^}. S is closed. ^ Φ {0} implies {0}gS. Therfore
Eu(S) = 0. Since ^ = ΠS, this says that JJ\J^ is a nondegenerate
representation of ^ ^ . From the known representation theory of the
algebra of compact operators on a Hubert space, we obtain an orthogo-
nal decomposition of ξ>( U) into U \ ^ invariant subspaces ξ>γ, the
restriction of U\J^ to each of which is unitarily equivalent to the
irreducible representation L° \ ^ . Let a e 21, v e ξ>γ. Since U \ ^ is
nondegenerate, we can choose a sequence bn e ^ such that Uhn Uav —>
E7>. But δ . α e j ^ and hence UKave&. Therefore Uave&y; that is,
the ξ)γ are invariant under U. Let Ly — U restricted to act on ξ)y.
Ly is irreducible since Ly \ J? is. Now Range 2^({Ker L7}-) 2 Φγ ^ {0}.
Since {0} is ^- thick, {0} e {Ker Ly}~; that is, Ker L γ = {0}. Since
Ker 1/ = Ker L°, L γ - ZΛ Therefore ί/ - a multiple of L°.

As regards Theorem 2, Mackey shows that if, in addition to the
hypotheses on G and K mentioned above, one assumes that K is
regularly embedded in G (see [13], p. 302 for the definition), then
EMlκ is concentrated in an orbit if M is primary. Glimm ([9], Theo-
rem 1) has proved that, in Mackey's case, the assumption of regular
embeddedness is equivalent to the topology of K/G being almost Hausdorff,
in the following sense:

DEFINITION. Let X be a topological space. X is said to be almost
Hausdorff if every nonvoid closed subset contains a nonvoid relatively
open Hausdorff subset.

We propose to turn Glimm's theorem into a definition, even when
K is not of type / and second countable.

DEFINITION. Let K be a closed normal subgroup of the locally
compact group G. K is regularly embedded in G if K*/G is almost
Hausdorff.

REMARK. It follows from [9], p. 133, that K regularly embedded
in G implies that every G-orbit in K* is a Borel set and in fact is
relatively open in its closure.

LEMMA 9. Let K be a regularly embedded closed normal subgroup
of the locally compact group G. Let M be a primary representation
of G. Then there is a G-orbit of K* which is EMlκ-thick.

Proof. If S is a G-invariant Borel set in K *, then
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by Lemma 6, and hence EMlκ(S) belongs to the center of the von
Neumann algebra generated by M. Therefore EMlκ(S) = 0 or /. Let
S* be the collection of all closed G-in variant S S= K* such that
EM\κ(S) = I. So = n & e 6S by Lemma 7. Let θ be the natural
projection of K* onto K*/G. If R is any nonvoid relatively open
subset of Θ(SO), then So — Θ~\R) is a proper closed G-invariant subset
of So. Hence EMlκ(S0 - fl-'CR)) = 0 so that Emκ{θ-\R)) = I. Now
Θ(SO) is a nonvoid closed subset of K*/G. There exists a nonvoid
relatively open Hausdorff subset Ro of Θ(SO). We assert that Ro reduces
to a point. If not, then Ro contains two nonvoid disjoint subsets R1

and R2 which are open relative to Ro and hence to Θ(SO). Then
EM\K(Θ"\R^) — I for i — 1, 2, an impossibility. So JB0 reduces to a
point, Θ~1(RO) is a G-orbit in if*, and our lemma is proved.

REMARK. This is not the only reasonable definition of regular
embeddedness. Indeed, if G satisfies the second axiom of countability,
we could simply require that K*/G be To or, more generally, be
countably separated. The conclusion of Lemma 9 would then follow
(cf. [9], p. 126). If K is not type I, the relations between these
properties and the almost Hausdorff property is obscure.

6* Three examples. Our first example shows that, despite
Lemma 1, the stability subgroup of G at a point in K may be very
bad. Let G be the group whose underlying topological space is
T x Z x C, where T = {ζ e C: | ξ \ = 1} and Z is the discrete integers.
The group multiplication is given by

(ζ, m, α)(ζ, n, b) = (ξζ, m + n, aζein + b) .

Let K = {1} x Z x C and N = {1} x {0} x C. N and K are normal
subgroups of G, and N is abelian. We identify N = iV* with C as
follows: each XeC corresponds to the character χ ( λ ) : (1, 0, α ) - ^ e i R e ( α λ ).
In terms of this identification, the action of K on AT* is given by

λd,«,α) = χe-imΛ B y Theorems 1 and 2, λ L = κU*w is irreducible if
λ ^ O ; moreover λL ~ μ L if and only if λ and μ belong to the same
iΓ-orbit in N*.

We next calculate λL ( l 'm > α ). To this end, we realize λL in the
Hubert space of all square summable functions f on Z according to the
rule: (λL(I,n,6)/)(fc) = exp (i Re (Xbe~^^))f(n + k). Then (λLίf£#/)(fc) -
(xL{lin,u-u-i^f){k) = exp (i Re (Xbξ-ιe-ime~i{n+k)))f{n + k). It follows
that λL(?>w'α) = ^-lQ~imL. Therefore λL{ζ>m'a) ~ λL if and only if λ and
λξ"1 are in the same if-orbit. Supposing λ Φ 0, we see that the
stability subgroup of G at ( λL)" in if is {(£, m, α) : ί = ei% for some
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n e Z}9 a proper dense subgroup of G.
As a consequence of Lemma 1, we see that λL and μL have the

same kernel in C*(K) if | λ | = \μ\. (That this sufficient condition is
also necessary may be seen by applying the structure theory of Glimm
[10].) We also see that Theorems 1 and 2 are useless in this case in
analyzing the irreducible representations M of G for which {Ker λL}G
is jE^r | irthick. This is precisely because the stability subgroup of G
at Ker λ L in if* is G itself.

Our second example shows that in Theorem 2 some restriction on
G/H, such as ^-compactness, is necessary. Let Gx be the "ax + h group";
that is, the group whose underlying topological space is R x R and
whose group multiplication is given by (α, δ)(c, d) = (a + c, bec + d).
Let G be the same group, except that the topology is modified by
making the first factor discrete. Let Kλ — {0} x R §Ξ G2 and K =
{0} x R £ G. Let ψ be the (continuous) identity map of G onto Glβ

Let χ be a nontrivial character of Kλ. By Theorem 1, M1 — OιU
% is

an irreducible representation of Gx and {χ}G1 is i ^ ^ - t h i c k in Kx = ifx*.
Let M — Mλoφf an irreducible representation of G. Because φ\K is
an isomorphism of if onto ifx which is equivariant with respect to G,
when G and Gx are identified as abstract groups under φ, {χo(φ\K)}G
is Emκ-thick in if = if*. The stability subgroup of G at {χo^ l i f ) }
is if. But Λί is not induced from any representation of if, because
dim φ(ΛΓ) = V̂ o while dim &(0U

L) ^ 2*° for any representation L of K.
One may see that, in this case, the proof of Theorem 2 breaks down
right at the beginning: the representation E of C0(G/K) defined there
is identically zero.

Finally, we show that the first part of Theorem 6.2 of [5] is an
easy consequence of our Theorem 1. In fact, we have the following
generalization: Let L be an irreducible representation of the closed
normal subgroup K of the locally compact group G and let H be the
stability subgroup of G at L in K. If GU

L is irreducible, then H — K;
if L is semi-compact, the converse holds. In fact, suppose H Φ K
and choose xe ί f , xϊK. Define T on &(UL) by setting (Tf)(y) =
Vf(xy), where V implements the equivalence of Lx and L; i.e.,
L? = F-L.F, ξeK. Then (Tf)(ξy) - Vf(xξy) = VLutm-ιV-1Vf(xy) =
Lξ(Tf)(y) for f e &(UL), ξeK, yeGf and it follows easily that
Tfe&(UL) and that T is bounded. T clearly intertwines UL but is
not a scalar multiple of I, so the first assertion is established. The
converse assertion follows from Theorem 1 together with the observation
that H is the stability subgroup of G at KerL in if* by virtue of
the comment following the definition of semi-compactness.

There remains the question of whether the converse is true without
the semi-compactness condition. If L is not semi-compact, but if G/K
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is discrete, the converse is true ([12], Theorem 3'). However, the
general case is open.
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ON THE CONTINUOUS IMAGE OF A SINGULAR
CHAIN COMPLEX

GLEN E. BREDON

A continuous surjection π : X -> Y between topological
spaces is called "ductile" if, for each yeY and neighborhood
U of y there is a neighborhood V of y which contracts to y
through U in such a way that this contraction can be covered
by a homotopy of π~\V). It is shown, in this note, that if
7r : X —> Y is ductile and Y is paracompact then the inclusion
of the image π*C*(X) of the singular chain complex of X in
the singular chain complex C*(Y) of Y induces an isomorphism
in homology. Thus H*(Y) can be computed from those singular
simplices of Y which are images of singular simplices of X.

This result does not hold, in general, when π is not ductile. This
question was brought to our attention (for a specific case) by Klingen-
berg who plans to use our result in a study of geodesies on a Rieman-
nian manifold. We shall now rephrase the condition that a map be
ductile in a more convenient language.

Let ^//Γbe the category whose objects are surjective maps π : X—> Y
between topological spaces and whose morphisms are commutative
diagrams

X —

4
Y

-*X'

\*
> Y'

of continuous maps (where π, πf e ^f). This contains an analogue of
homotopy, that is a commutative diagram

I x I >X'

\π x 1 \πr

Y x I > Y'

For 7Γ: J5Γ—> Y and 4 c 7 w e let πA denote the restriction π~:(A)—> A
Of 7Γ.

We will say that π : X—> Y (in ^ ) is ductile if, for each point
ye Y and neighborhood U of y, there is a neighborhood V of y with
V aU such that the inclusion πv —> ππ is homotopic (in ^/ί) to a map
into π[y}. (Thus V contracts, through U, to {y} and this contraction
is covered by a homotopy of π~\V).)

Received September 22,1964. This research was supported by NSF grant GP-1610.
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Most nice mappings are ductile. The following are all examples
of ductile maps :

(a) Simplicial maps.
(b) Let Ad X both be ANR's (compact metric) and π the map

of identifying A to a point.
(c) Y = Yx U F2 where Yίf Y2 Y, Π Y2 are ANR's, X = Y, + Y2

(disjoint union) and where π is the natural map.
(d) π is the map of a differentiate manifold X onto its orbit

space under some compact Lie group acting differentiably on X (see
[1, Chapter VIII, 3.8]). According to Smale this also holds when X is
an infinite dimensional manifold.

(e) Let M be a compact Riemannian manifold and X the space
of mappings S1 —• M in the uniform metric. Regarding S1 as the unit
circle in the complex plane, S1 acts on X by {zf){z') — f{zzf). Let Y
be the orbit space of this action. According to Svarc [4], this is
ductile. According to Smale it falls under the infinite dimensional
case of example (d). It is this example that Klingenberg uses in
studying geodesies on M.

THEOREM. Let π he a ductile map of the space X onto the para-
compact space Y. Then the inclusion π*C*(X)aC*(Y) of chain
complexes induces an isomorphism in homology.

For the proof, it is convenient to introduce some notation. For
π:X-+Y in ^T, let C*(π) = π*C*(X), Hp(π) = H9(C*(π)), C*(τr) =
Horn (C*(ττ), Z), and Hp(π) = Hp(C*(π)). These are functors on ^f.
It is clear that homotopies in ^y£ induce chain homotopies, and there-
fore that homotopic maps π —> π' induce identical homomorphisms

Hp(π) — Hp(π') and Hp(π') — H*(π) .

Note that, as a subcomplex of C*(Y)f C*(π) admits the operation
of subdivision, and that standard methods show that this operation
induces an isomorphism in homology.

Also note that if π is ductile, then, with yeVaU as in the
definition of ductile, the restriction Hp(ππ) —* Hp(πv) factors through
Hp(π{y}) — Hp(y) and hence is trivial for p Φ 0 and has image Z for
p — 0. (Hp(π) —> Hp(π{y}) is clearly surjective). Thus, when π is
ductile, the natural map

lim H%ππ) - H>(πw) = H'(y) = J^ ^

is an isomorphism, where U ranges over the neighborhoods of y.
Now, for π: X-+ Y fixed, let S* be the (differential) presheaf on
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Y defined by S*(U) = C*{ππ) = YLom{n^C^~\U)), Z). S* clearly
satisfies the axiom (F2) of Godement [2]. Let ^ * be the sheaf
generated by S*. The kernel Sϊ(Y) of the natural map C*(π) =
S*(Y) —> S^*(Y) consists of those cochains with empty support (that
is, which vanish on "small" simplices of C*(τr)).

LEMMA, H*(S$(Y)) = 0.

Proof. For an open covering U of Y let C*(π) be the subcomplex
of C*(π) generated by those singular simplices which are contained in
some member of U. A standard argument using subdivision shows
that H*(Cι}(π)) -> H*{C*(π)) is an isomorphism. If Cfτ(τr) = Horn (C*(τr),
Z) it follows that H*(C*(π)) — H*(C%(π)) is an isomorphism0 Thus if
K*χ = ker {C*(ττ) -> C*(ττ)} then £P(i f *) = 0. But clearly S0*(F) =
U u ^ u = l ί m κΐv T h u s #*($?( Γ)) = £P(lim K*x) = lim H*(ίΓ5) = 0.

Now suppose that Y" is paracompact. Then by [2; 3,9.1, p. 159],, j

the sequence

0 -> S0*(Γ) -> S*(Y) -> ^ * ( Γ ) -> 0

is exact, so that H*(π) = H*(S*(Y)) **
Since each Sp is an S°-module? it follows that each 6^v is an

^°-module. ^ ° is just the ordinary singular cochain sheaf of Y in
degree zero and hence it is flabby. Since Y is paracompact it follows
that each ^ is soft.

Let ^ * ( ^ * ) be the derived sheaf of &**\ By standard facts, the
stalk of this sheaf at ye Y is < § r * ( ^ * ) y = limH*(S*(U)) = limH*(ππ)

veu yeu

(U ranging over the neighborhoods of y). We have seen that, when
π is ductile, this is identified with H*(y). Thus, when π is ductile,
6^* is a resolution of the constant sheaf ZΛ

If ^ * is the ordinary singular sheaf of Y, the diagram

H*(C*(Y))-+H*(S*(Y)) = ff*(C*(π))

1 1

commutes (note that ^f * = ^ * when π is the identity)^ If Y is
paracompact, the vertical maps are isomorphisms and so is the lower
map when π is ductile (see [2, 406o2? po 178]).

We wish to obtain this isomorphism on the homology level. Note
that C*(Y)/C*(π) is a free chain complex (generated by those singular
simplices not in the image of π)o We wish to show that
H*(C*(Y)/C*(π)) = 0, under the hypotheses of the theorem. We know
that the cohomology of this chain complex is trivial. Thus, by the
universal coefficient theorem, it suffices to show that, for any abelian
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group A, Horn {A, Z) = 0 = Ext (A, Z) implies that A = 0. This is
proved in [3, Theorem 8.5] and completes the proof of our theorem.

In conclusion we give an example of a map π X —* Y which is
not ductile even though each point yeY has a neighborhood U such
that π~\U) can be deformed into π~\y). Indeed the conclusion of the
theorem does not hold for this example.

Let YΊ be the interval [0,1] on the x-axis of the x — y plane and
for n > 1 let Yn be the upper semicircle (y ^ 0) with radius 1/n and
center at (1/n, 0). Let Y = U~=i Y% a n ( i l e t X be the disjoint union
of the Yn with π : X—> Y the natural map.
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ON REAL EIGENVALUES OF COMPLEX MATRICES

DAVID H. CARLSON

This paper contains many inter-related results dealing
with the genera! question of determination of real eigenvalues
of complex matrices. We first discuss the relationship between
the number of elementary divisors associated with real
eigenvalues of a matrix A and the signature of a Hermitian
matrix H when AH is also Hermitian. We then obtain sets
of equivalent conditions for a matrix to be similar to a real
matrix; for a matrix to be symmetrizable; and for a matrix
to be similar to a real diagonal matrix. As corollaries we
obtain results on the eigenvalues and elementary divisors of
products of two Hermitian matrices. Some of the results are
not new; these are included to give a more complete survey
of what is known in these particular areas,

Recently a theorem on the stability of complex matrices, due
to Lyapunov, has been generalized by Taussky [15, 16], and inde-
pendently, by Ostrowski and Schneider [12], Their result may be
stated as follows: Given a complex matrix A9 there exists a
Hermitian H for which AH + HA* > 0 (positive definite) iί and only
if A has no imaginary eigenvalues. Further, if AH + HA* > 0, the
numbers of eigenvalues of A with positive and negative real parts
equal respectively the numbers of eigenvalues of H which are positive
and negative.

Further generalizations of these results have been obtained by
Schneider and this author [4, 6], under the condition that AH +
HA* ^ 0 (positive semi-definite). This paper will use these results
and methods to prove the theorems mentioned in the synopsis above.

I wish to acknowledge with thanks the contribution of Professor
Emilie Haynsworth, who pointed out to me the connection between
[7] and my results, and thus sparked this investigation. I also wish
to thank the referee for many helpful comments, and for references
to several related papers, especially [13], [14], and [17], with which
I had not been familiar.

2* Definitions* We define the inertia of a complex matrix A to
be In A = (π(A), v(A), δ(A)), where π(A), v(A), 3 (A) are respectively
the number of eigenvalues of A with positive, negative, and zero real
parts. We shall always let G, H and K represent Hermitian matrices;
we denote the signature of H by σ(H) = π(H) — v(H). We shall
define, as in [12], R(AH) = i(AH + HA*).

Received March 3, 1964, and in revised form August 6, 1964.

1119



1120 DAVID H. CARLSON

We shall use several simple propositions throughout the paper.
The first two assume a matrix of the form (we let denote a zero
matrix)

I -i l l A 1 2 . .

A = \ m or A = _Ai

We let λ be an eigenvalue of A, and let

be the degrees of the elementary divisors associated with λ in re-
spectively A, An, and A22 (let α< = 0 for i > r, etc.).

PROPOSITION 1. a{ <Ξ bx + cλ for all i.

PROPOSITION 2. &< ^ ĉ  for all i, and s ^ r; ΐ/ cL = c2 = = 0 ,

then b{ — a{ for all ί.

Proofs. Proposition 2 follows immediately from the more precise
inequality

at+1 ^ bt ^ α* for all ΐ

proved in Appendix A of [5].

To prove Proposition 1, we first assume λ = 0 (if λ Φ 0, we
consider A — XI in place of A). Let {xj9 j = 1, , α j be a lower
Jordan chain (see [8], p. 201) associated with λ = 0 and define x0 = 0;
we have Ax3 = Xj_lf j — 1, , αί# Let

'l/i Ί ,, .
then Ax3- =

«i J L Λ2Z;
Suppose & is the minimal j for which z3- Φ 0; then it follows from the
above calculation that Any3 = y3_l9 j = 1, , jfc — 1, and A22^ = ^-_ly

ji* = k + 1, , di and A222/c = 0. Thus {y39 j = 1, , k — 1} and fo ,
j — k9 * " 9 α j form parts of Jordan chains for An and A22 respectively.
As &! and cx are respectively the maximal lengths of such chains,
k — 1 ^ 6j. and α̂  — fc + 1 ^ cx, so that α* ^ 62 + clβ

Our third proposition is quite different. If AH — K, and S is
nonsingular, let B = SAS~\ Ho - SHS*9 and Ko = SKS*. Then BH0 =
KQ and 5 is similar to A; Iwiϊo — InH and Iwif0 = InK (by Sylvester's
Law of Inertia). Thus we have

PROPOSITION 3. If AH = Z", we may replace A by a matrix
similar to it and either H or K by a matrix complex-congruent to
it, leaving invariant the eigenvalues and elementary divisors of A
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and the inertias of H and K. In particular, we could assume A to
be in some variant of Jordan canonical form or H — Hn 0 0, where
Hn is nonsingular. We shall also always assume that A, H, and K
are partitioned conformably into submatrices.

It will be convenient to make the following definitions. Let y(A)
be the number of ai which are associated with real eigenvalues λ.
Let ΎQ(A) be the number of a{ which are odd and associated with real
λ. Let Ύι(A) be the number of cti which are either odd and associated
with real nonzero λ, or even and associated with λ = 0. Let a(A) be
the sum of all ai associated with real λβ

One last comment: throughout the paper we shall discuss matrices
of the form AH or HJH^ where (say) H2 has some special property.
All our results will remain true if we replace AH by HA, or assume
Hι has the desired special property instead of H2.

3* Elementary divisors associated with real eigenvalues*
Drazin and Haynsworth in [7] proved that a necessary and sufficient
condition that A have (at least) m elementary divisors associated with
real eigenvalues is that there exists an H g: 0, of rank m, for which
AH is Hermitian. Our first theorem generalizes the conditions on H.

THEOREM 1. Let A he a complex matrix. A necessary and
sufficient condition that Ί{A) Ξ> m is that there exists a Hermitian
H for which

(1) I σ(H) I = m

and AH is Hermitian.
If AH is Hermitian and H is nonsingular, then

(2) I σ(H) I ̂  70(A) ,

(3) I σ(AH) I S

Proof. The necessity of the first assertion is contained in the
Drazin-Haynsworth theorem (If H ^ 0, of rank m, then | σ(H) | = m).
To prove sufficiency, we assume that AH is Hermitian (he,, AH —
HA* = 0) for some H satisfying (1). Then if A = %B, j(A) is also
the number of elementary divisors associated with imaginary eigenvalues
of B. We have R(BH) = i(BH + HB*) = 0. We may apply Theorem
3 of [4], which gives a set of bounds on the inertia of H when
R(BH) ^ 0, of rank r (obviously here r — 0). For r = 0, bound (14)
of [4] becomes | o(H) \ ̂  y(A). As | σ(H) \ ~ m was assumed, the
sufficiency is proved.

If H is nonsingular, then (2) is merely a restatement of the second
display of § 9 of [4]. Also, (3) is a restatement of a theorem by
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Loewy [10, p. 69] as given by Bromwich [3, pβ 349], This completes
the proof.

4* Complex matrices similar to real matrices* The next result
contains a conjugate-transpose analogue for complex matrices of a
theorem proved by Taussky and Zassenhaus [18]: That every matrix
with elements in a field F may be taken into its transpose by simil-
arity transformation by a matrix symmetric in F.

THEOREM 2. Let A be a complex matrix. The following four
conditions are equivalent:

( i) A is similar to a real matrix.
(ii) There exists a Hermitian H for which H~γAH — A*.
(iii) There exists a nonsingular Hermitian H for which AH is

Hermitian.
(iv) There exist Hermitian matrices G and H, with H non-

singular, for which A = GH.

Proof. Suppose there exists a matrix T so that B — T~λAT, where
B is real. By the Taussky-Zassenhaus theorem, there exists a real
symmetric S so that S^BS = B' — B*. Calculation shows that
(TST*)-1 A(TST*) - A*; clearly TST* is Hermitian. Conversely, if
H~XAH ~ A*, A is similar to A*, and conjugate eigenvalues of A
must have elementary divisors with identical degrees. Thus A must
be similar to a real matrix.

The equivalence of (ii), (iii), and (iv) is obvious.

5* Products of Hermitian matrices. As corollaries of the
Drazin-Haynsworth theorem and our previous theorems, we obtain
results on the eigenvalues and elementary divisors of products of two
Hermitian matrices. Some are not new; some are easily proved
independently. They are all presented, however, as, taken together
they give a fairly complete description of the eigenvalues of a product
of two Hermitian matrices.

Corollary 1 extends a result credited by MacDuffee [11, p. 65] to
Klein [9].

COROLLARY 1. If H1 and H2 are Hermitian, then

(4) ΊiHΆ) ^ I σ(H2) I ,

(5) a{HJKι) ^ I σ(H2) | + d(H2) .

If H2 is nonsingular, then

(6) ΎoiHΆ) ^ I σ(H2) I, ΊAHΆ) ^ | σ{Hx) \ .
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Proof. We first suppose H2 is nonsingular. Then for A — H1H2f

and H = H^1, AH = H1 is Hermitian and (4) and (6) follow from
Theorem 1 (as InH2 = InH^1). This completes the proof of (6).

If H2 is singular, we may assume H2 = Kn@ 0, where Kn is
nonsingular (there exists a unitary U so that U*H2U — iΓ n 0O; we
write Hλ for UHJJ*). Then

(7) H,H2 =
Hn H12

H21 H22

κn
HnKn

H2ίKu J

As Hn and Kn are Hermitian and Kn is nonsingular, we may
apply (4) to Hn and Kn to obtain

(8) 7(HnKn) ^ \ σ(Kn) I .

As π(Kn) = π(iί2) and v(Kn) = v{H2), we have

(9) I σ(Kn) I = I σ(H2) \ .

By Proposition 2 applied to all real eigenvalues,

(10) ΊiHΆ) ^ Ί{HnKn) .

Combining (8), (9), and (10) we have proved (4) for all H1 and H2o

It is clear from our definitions that

(11) a(A) ^ Ί{A)

for any A; hence (5) follows from (4) when H2 is nonsingular (heo

d(H2) — 0). When H2 is singular we again assume, as in (7), HλH2 —
Hu(Knφ 0), where the zero matrix has order δ(H2); clearly

(12) aiHΆ) = cc{HnKu) + δ(H2) .

From (8), (9), and (11) (with A = HnKn), we have

a(HuKu) ^ i(HuKn) ^ I σ(Kn) \ = |

and substituting this in (12) we obtain (5). We have proved
Corollary 1.

COROLLARY 2. If H1 and H2 are Hermitian, then HγH2 is
similar to a real matrix.

Proof. If H2 is nonsingular, this is part of Theorem 2. If EL
is singular, as in Corollary 1 we may assume H2 = i Γ u 0 0, with Ku

nonsingular. Now HJί2 is given by (7).
We shall use Proposition 2 for A — HYH2 and An — HnKn. To

avoid confusion, we attach a superscript (λ) to each ai and b{ associ-
ated with the eigenvalue λβ As HuKn is similar to a real matrix by
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Theorem 2, and A22 — 0, we have for all nonreal λ,

β(λ) __ j(λ) __ j(λj __ ^ ΰ )

This implies that HJί2 is similar to a real matrix.

REMARK 1. Corollary 2 implies that i?iiϊ2 is similar to HλH2 (we
have that HλH2 is similar to HJϊ2 and hence to (HJI2Y — H2Hλ) for
all Hermitian Hγ and if2, a property not enjoyed by all pairs of
matrices: for example take

"1 01 Γ0 01 Γ0 1
AB = \ , BA =

.0 Oj Lθ θ j ? Lθ 0
REMARK 2. We note that when H2 is nonsingular the above result

is trivial ((H.H.Y = H2HX = H^H.H^Hς1). However, the singular case
cannot be handled in the obvious way by continuity arguments on
H2 + ε /, as the elementary divisors structure is not a continuous
function of the elements of the matrix. The same comment applies
to the two corollaries below.

COROLLARY 3. If Hλ and H2 are Hermitian and H2 > 0, then
H±H2 is diagonalizable, with all real eigenvalues, and In HXH2 =
In Hλ.

Proof. Let A = HXH2 and H = H2

ι > 0; then AH = H,. By the
Drazin-Haynsworth theorem, for m — order A, we have that HXH2 is
diagonalizable, with all real eigenvalues. By Corollary 3 of [12], In
HJI2 = In H2.

REMARK 3. Corollary 3 is well known; cf. [19, pβ 108, problem

6].

Corollary 4 (below) has connections with previous work on sym-
metrizable operators; we shall discuss this further in § 6.

COROLLARY 4. // H1 is Hermitian and H2 Ξ> 0, then HXH2 has
all real eigenvalues; nonzero eigenvalues have linear elementary
divisors, zero eigenvalues have elementary divisors of degree less
than or equal two. We have

(13) πiH.H,) ^ π{H^, v{HxH2) ^ v(H,) .

Proof. Let H2 = Kn © 0, where Kn > 0. Again HλH2 is given
by (7). By Corollary 3, HnKn is diagonalizable, with all real
eigenvalues. As {HJI^ — 0, we have by Proposition 2

a[λ) = blλ) = 1
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for all λ Φ 0 and all nonzero aiλ). We also have by Proposition 1

aλ ^ uλ t w ^ Δ

for all nonzero al0).

All that remains to be proved is (13); but this follows from Corol-
lary 4 of [12].

6* Symmetrizable matrices. In a recent paper [14] Silberstein
discusses symmetrizable operators in unitary spaces. (Other results on
symmetrizable operators may be found in Reid [13] and Zaanen [20]).
We specialize his definition to our finite dimensional setting:

DEFINITION. The complex matrix A is symmetrizable if there
exists a Hermitian H, H ^ 0, for which

(i) Hx — 0 implies Ax — 0.
(ii) HA is Hermitian.

THEOREM 3. Let A be a complex matrix. The following condi-
tions are equivalent:

( i) A has all real eigenvalues) nonzero eigenvalues have linear
elementary divisors, zero eigenvalues have elementary divisors of
degree less than or equal two.

(ii) A is symmetrizable.
(iii) There exists a nonsingular H for which AH ^ 0.
(iv) There exist Hermitian matrices H and K, with K ^ 0, for

which A — HK.
(v) There exist Hermitian matrices H and K, with H non-

singular and K ^ 0, for which A — HK.

Proof. That (i) « ( i i ) is due to Silberstein (Theorems 3.1 and 3.2
of [14]). That (iii) => (i) follows from our Corollary 4. We however,
shall prove (i) => (iii) => (v) => (iv) ==> (ii).

Suppose A satisfies (i). Then for some P, P~ιAP — J — D 0 0 ®
(Σ» Θ J%)> where D is a real nonsingular diagonal and each

Ό 1

0 0

Define K = D φ / © ( Σ , Θ %<), where each

H ] ; J'" LOO

Then K is nonsingular, Hermitian, and JK S: 0. We define H = PKP*,
and then AH = (PJP~ι) (PKP*) ^ 0.

Suppose (iii) holds; then A = HK, where K = H~Ά = H-^AH)^1^
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0. That (v) => (iv) is obvious. Suppose (iv) holds, and A — HK, where
K ^ 0. Then KA = KHK is Hermitian, and Kx = 0 => Ax = HKx =
0. The proof is complete.

As a corollary we give a slight generalization of a result due (in
a more general Setting) to Reid [13].

COROLLARY 5. // AH ^ 0 for some H, rank H = r Φ 0, then
a(A) ^ r. In particular, if H Φ 0, A has a real eigenvalue.

Proof. We may assume by Proposition 3 that H — Hn 0 0, Hn

nonsingular. Then

(14) AH =
A A A21Jdn

As AH is Hermitian, A21Hn — 0; as Hn nonsingular, An — 0. Now
by Theorem 3, as AnHn ^ 0, An has all real eigenvalues. As A21 = 0,
obviously a{A) ^ a(An) — r.

7* Elementary divisors associated with positive and negative
eigenvalues* We give a corollary to Theorem 3 similar in nature to
Theorem 1.

COROLLARY 6. A necessary and sufficient condition for A to
have at least p and q elementary divisors associated with, respectively,
positive and negative eigenvalues is that there exist a Hermitian H
for which π(H) — p, v(H) — q, and AH ^ 0, of rank p + q.

Proof. The proof of the necessity is modeled after the cor-
responding proof of the Drazin-Haynsworth theorem. Let β19 , βp+q

be real eigenvalues of A, of which p are positive and q are negative;
let Vly , Vp+q be a set of linearly independent associated eigenvectors
for β19 , βp+qm Let D = diag (ft, • • •, βp+q) and let V = (Vu ,
Vp+q). We have i 7 = VD and

AVDV* = VD2V* = VDV*A* .

We take H = VDV*; clearly π(H) = p, v(H) = q. As D2 > 0, of
order p + q, AH = HA* = VD2V* ^ 0, of rank p + q.

To prove sufficiency, we assume by Proposition 3 that H = Hn 0 0,
where Hn is nonsingular. As in Corollary 5, A21 — 0 and AH —
AnHn 0 0. We have

rank Hn = rank H = p + q — rank AH ~ rank AnHn

and AnHn ^ 0; therefore AnHn > 0.
By Theorem 1 of [12], InAn = InHn = (p, q, 0). By our Theorem
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3, as An and Hn are nonsingular, An has all real nonzero eigenvalues
with linear elementary divisors. Thus An has p and q elementary
divisors associated with respectively positive and negative eigenvalues.
By Proposition 2, as A21 = 0, A has at least as many of each.

8* Matrices similar to real diagonal matrices* We next give
conditions for a complex matrix to be diagonalizable, with all real
eigenvalues. For the case when A is real, some of these have been
given by Taussky [17],

COROLLARY 7. The matrix A is diagonalizable, with all real
nonzero eigenvalues, if and only if there exists an H for which
AH > 0. // AH > 0, then InA = InH.

Proof. This is Corollary 6 for p + q — order A.

COROLLARY 8. Let A be a complex matrix. The following
conditions are equivalent:

( i) A is diagonalizable, with all real eigenvalues,
(ii) There exists an H for which AH ^ 0, with rank A ~ rank

H = rank AH,
{iii) There exists an H > 0 for which AH is Hermitian,
(iv) There exists an H ^ 0 for which AH is Hermitian and

rank A — rank AH,
(v) There exist Hermitian matrices G and H, with H > 0, for

which A — GH.
Further, if (ii) holds, then InA — InH. If either (iii) or (iv)

holds, then InA — In AH. If (v) holds, then InA — InG.

REMARK 4. If A is a real matrix, all of the Hermitian matrices
G and H of Corollaries 7 and 8 may be chosen to be real symmetric
In fact, all constructions of G and H, given in proof or referred to,
may be used to obtain such real G and Ho The real case of Corollary
8, (i)<=*(v), is known; cf. [17, p. 133].

REMARK 5. That (i) *=> (iii) is contained in Theorem 3.3 of [14].
That ( i)« (v) has been noted by Taussky (Amer. Math. Monthly 66
(1959), p. 427, problem 4846; published solution by Parker, Amer.
Math. Monthly 61 (1960) p. 192). That (v) => (i) is our Corollary 3.
Alternate proofs for Corollary 7 and Corollary 8, (i) <=> (iii), may be
obtained using the equivalence of (i) and (v).

Proof of Corollary 8. (i) =* (ii). Let S^AS = B = diag (ft,
βn), where the ft are real. Obviously B2 ^ 0, with rank B = rank B2;
and if we let H = SBS*, AH ^ 0, with rank A = rank H = rank AH.

(ίi) => (i). Assume H = Hn © 0, Hn nonsingular. As in the proof
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of Corollary 5, A21 = 0 and AH = AnHn 0 0 ^ 0 . As rank H =
rank AH, AnHn > 0 and by Corollary 7, A n is diagonalizable, with all
real nonzero eigenvalues. As rank A = rank H — rank £Γn = = rank An,
and An = 0, we have A22 = 0. The proof of (i) now follows from
Proposition 1. That In A — InH follows from (i) and Corollary V.2
of [6].

(i) <=> (iii). This is the Drazin-Haynsworth theorem for m = order
A. That InA = InAH follows from Corollary 3 of [12].

(i) ==> (iv). Assume S^AS — B = diag (βl9 , /9J, where the &
are real. Let H = SB2S* ^ 0.

Clearly AH = SB3S* is Hermitian, rank A = rank AH.
(iv)=>(i). Suppose now AH is Hermitian, rank A — rank AH,

and H = Hn(B 0, where H n > 0. By (iii), as (AH)n = AnHn is
Hermitian, An is diagonalizable, with all real eigenvalues, and InAn —
In(AnHn). As before, A21 = 0, and AH — AnHn φ 0. As rank A —
rank AH = rank An-BΓn = rank Allf we must have A22 = 0, so that all
eigenvalues of A are real. Further, all nonzero eigenvalues have linear
elementary divisors by Proposition 1.

We now prove that zero eigenvalues also have linear elementary
divisors. Let Sn be a matrix for which Sn1AnS11 = ΰ φ θ , where D
is a nonsingular diagonal. Let S — Sn 0 7. Then

~D JBU

S-LAS = B =

where 4̂22 corresponds to the zero matrix in the lower-right corner of
B. As rank D = rank A u = rank A, obviously 5 2 3 = 0 and all zero
eigenvalues have linear elementary divisors, (again by Proposition 1).

As A22 = 0, π(A) = π(An) = π(AnHn) — π(AH), and similarly v(A) —
v(AH). The proof is complete.
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FIXED POINTS IN A TRANSFORMATION GROUP

HSIN CHU

In this paper, the following result is proved: "Let (X, T, π)
be a transformation group, where X is a Peano continuum
with an end point fixed under T. If the group T is one of
the following two types: (1) It contains a subgroup Rn such
that G/Rn is compact or (2) It contains a s subgroup Z-Rn

such that GI(Z-Rn) is compact, where Z is isomorphic to the
discrete additive group of all integers, then T has another
fixed point."

Professor A. D. Wallace, in [4], proved the following: "Let (X, Z, π)
be a transformation group, where Z~ the discrete additive group of
all integers. If X is a Peano continuum with a fixed end point under
Z, then Z has another fixed point." An interesting question, (See [5])
has been raised by Wallace: "Can one reach the same conclusion about
either compact groups or abelian groups"? In the case of compact
groups, Professor H. C. Wang answered the question in the affirmative
(See [6]). We also give an affirmative answer to the question in the case
of abelian groups when the abelian group is of the type either Rn K or
Z'Rn'K where Rn is a vector group of dimension n and k is a compact
abelian group. Actually, we also cover the case of non-abelian groups.
The same conclusion can be reached if the group, (?, is one of the
following two types:

(1) It contains a subgroup Rn such that G/Rn is compact or
(2) It contains a subgroup Z*Rn such that G/(Z Rn) is compact.

2* We divide that proof of our main result into several steps*

LEMMA 1. Let (X, T, π) be a transformation group, where X is
an arcwise connected Hausdorff space with an end point e fixed under
T. If X has a closed invariant set A under T which does not contain
e then T has another fixed point. Let l(ί), 0 g t ^ 1, be an arc
connecting e and some point x in A such that 1(0) = e and 1(1) = x.
All the points which separate e and A lie on l(t). Let S be the set
of all those points. S is not empty. Introduce a linear ordering in
l(t), 0 ^ t S 1, by the natural linear ordering of t. Then the upper
limit point of S is a fixed point, other than e, under T.

Proof. The first part of the lemma is an equivalent statement of
a theorem, in [6], of Professor H. C. Wang. Under the same assumption

Received June 8, 1964. This work was supported by Contract NAS8-1646, with
the George C. Marshall Space Flight Center, NASA, Huntsville, Alabama.
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as our lemma, Wang's conclusion is that T has no other fixed point if
and only if, given any neighborhood U of e, the orbit UT under T
coincides with the whole space X. We notice that if S is a closed
invariant set under T which does not contain e, then U — X — S is a
neighborhood of e and UT — U which does not coincide with the whole
space X and vice versa.

The proof of the second part of this lemma can be obtained from
the proof of Wang's theorem. (See [6]).

LEMMA 2. Let (X, Z, π) be a transformation group. If X is a
compact, connected, Hausdorff space which is more than a point and
has a fixed end point e, then there is a closed set HaX — e, which
is invariant under Z.

Proof. This is a theorem by Wallace, See [4].

By Lemma 1 and Lemma 2, we obtain Wallace's result.

LEMMA 3. Let (X, Z, π) be a transformation group. If X is a
Peano continuum with a fixed end point e under Z, then Z has another
fixed point.

LEMMA 4. Let (X, T, π) be a transformation group. If X is a
Peano continuum with a fixed end point e under T and T contains
a syndetic subgroup Z (i.e. T contains a integer group Z such that
T/Z is a compact set), then T has another fixed point. If, furthermore,
T is connected, then the assumption on the given end point being
fixed under T is not necessary.

Proof. Consider the transformation group (X, Z, π) induced by
(X, T, π). From Lemma 3, we know that there is another fixed point
p under Z. Since Z is syndetic, there is a compact subset K in T
such that T — Z-K. Consequently, p T — (pZ)K = pK which is compact
and therefore, is closed. It is clear that e £ pK. We know pK is
closed and invariant under T. By Lemma 1, X has another fixed point
q under T.

If T is connected, it is easy to see that every end point is fixed
under T (See [5]). Suppose e is an end point and e Φ et for some te T.
Then, because e is an end point and eT is connected, there is seeT
such that s separates e and et. Consequently, there exists some t' e T
such that 8 — et'. It follows that as t' is a homeomorphism of X, etf

is also an end point as well as a cut point. A contradiction!

As a direct consequence of Lemma 4, we have:
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LEMMA 5. Let (X, R, π) be a transformation group. If X is a
Peano continuum with an end point, then R has another fixed point.

LEMMA 6. Let (X, Rn,π) be a transformation group where n is
a positive integer. If X is a Peano continuum with an end point e,
then Rn has another fixed point.

Proof. By Lemma 4, we know that the end point e is fixed under
Rn for all n. The proof of this lemma is by induction. Suppose the
statement is true for n — k. Consider n = k + 1. Let (x19 , xk9 xk+1)
be a coordinate system of Rk+1. Let A and B be the closed subgroups
determined by xx — 0 and x2 = 0 respectively. Then A = B = Rk. Let
the transformation groups (X, A, π) and (X, B, π) both be induced by
(X, Rk+1, π). By the inductive assumption, we know there are two
points p and q such that p is invariant under A and q is invariant
under B. Both p and q are distinct from e. Let Cx be the subgroup
of Rk+1 determined by x2 — 0, •••, xk+1 = 0. Let C2 be the subgroup
of Rk+1 determined by x1 — 0, x3 = 0, , xk+1 = 0. Then C1 = C2~R
and, as direct products Rk+1 = C^A — C2 J3. Consider the orbit, (p)Rk+\
of p under Rk+1 and the orbit, (q)Rk+1, of q under Rk+1. It is clear
that (p)Rk+1 = (pjd and (q)Rk+1 = (<?)C2, where (pjd and (g)C2 both
are connected.

We know both cl((p)C^} and cl((q)C2) are invariant under i?/<;+1

β If
e is not in either cl{(p)C^) or cl{{q)C2), then, by Lemma 1, i?^ 1 has
another fixed point. Suppose e is in both cϊ((p)d) and cl{(q)C2). This
implies that every neighborhood of e contains points from both {p)C1

and (q)C2.

Let Ϊ7β be a neighborhood of e such that {p,Q} Π U€ = φ. Since
β is a fixed end point, there exists xe Ue such that I - x = I 1 U l 2

for some sets X1 and X2 with the properties:

Xλ n c£(X2) = ci(Xi) n X2 = 0 a n d e G ^ c ^ .

Consequently, {p, q} c X2. Notice that Xx is open in X. It follows
that X1 contains points from both (p)C1 and (q)C2. Since both (p)C1

and (q)C2 are connected, it follows that x e (p)C1 Π (q)C2. Since i2/<:+1 is
abelian, we have p — q and p is a fixed point under Rk+1 other than e.
Complete the proof by Lemma 5.

LEMMA 7. Let (X, Z-Rn, π) be a transformation group. If X is
a Peano continuum with a fixed end point e under Z Rn, then Z Rn

has another fixed point.

Proof. If n — 0, the statement of this lemma is the same as
Lemma 3. Let n > 0. Let (X, A, π) be a transformation group induced
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by (X, Z-Rn, π) where A = Z R"-1 is a subgroup of Z-Rn. Let B = R
be a subgroup of Z-Rn such that Z-Rn — A B. Prove this lemma by
induction on n. Suppose (X, A, π) has a fixed point, p, other than β,
under A. Consider the orbit (p) (Z-Rn). It is clear that (p) (Z-Rn) =
(p)JB, which is connected. The orbit-closure cl((p)(Z Rn)) is a connected
compact Hausdorff space. Obviously, cl((p)(Z Rn)) is invariant under
Z Rn. If e is not in cl((p)(Z Rn)), then, by Lemma 1, Z Rn has
another fixed point. Suppose ee cl((p)(Z Rn)). Let Zf be an integer
group of B. Then β is a fixed end point of the transformation group
(cl((p)(Z-Rn)), Z', π). By Lemma 2, there is a Z'-invariant closed subset
Hot cl((p)(Z-Rn)) such that egi ί . Consider the transformation group
(X, Z', π), induced by (X, Z Rn, π). Choose a point ge Hand connect
0 and q by an arc l(ί), 0 g ί ^ 1 on which 1(0) = β and 1(1) = q. Let
S be the set of all points which separate e and H. By Lemma 1 the
upper limit point, r, of S is a fixed point, other than e, under J2Γ\
Since cl((p)(Z-Rn)) is connected, we have Sccϊ((ί>)(^ -BΛ)). Conse-
quently, re cl((p)(Z-Rn)). Since the points in (p)(Z-Rn) are fixed under
A, the points in cl((p)(Z*Rn)) are also fixed under A. It follows that
r is fixed under both A and Z'. Let B — Zf Kf for some compact set
iΓ. Then (r)(Z-Rn) = (r)ίΓ' which is compact. It is obvious e $ {r)Kf.
By Lemma 1, (Z Rn) has another fixed point. Complete the proof by
induction.

THEOREM. Let (X, T, π) be a transformation group. If X is a
Peano continuum with a fixed end point under T and T is one of the
following two types:

(1) It contains a subgroup Rn such that G/Rn is compact or
(2) It contains a subgroup Z*Rn such that G/Z Rn is compact.

Proof. Complete the proof by Lemma 1, Lemma 6, Lemma 7 and
a similar method used in the proof of Lemma 4.

COROLLARY 1. Let (X, T, π) be a transformation group. If X
is a Peano continuum with an end point and T is locally compact,
connected, abelian group, then T has another fixed point.

We have the following application in Topological Dynamics. (See
[1]). The proof is similar to the one used for the theorem.

COROLLARY 2. Let (X, T, π) be a transformation group. If X is
arcwise connected, Hausdorff with a fixed end point e and a regularly
almost periodic point p, other than e, then T has another fixed point.

Proof. By the definition of regularly almost periodic point, for
a closed neighborhood U of p such that e £ U, there exists a syndetic
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subgroup A of T such pA c U. It follows that cl(pA) c U, and thereby,
e £ cl(pA). It is clear that cl(xA) is invariant under A. By Lemma 1,
we have another fixed point q under A. Since A is syndetic, there
exists a compact set K such that T — A-K. From qT — (qA)K = qK,
we know gT is compact and, therefore, is closed and eiqT, Since qT
is invariant under T, by Lemma 1 we have another fixed point under
T. The theorem is proved.
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THE UNIFORMIZING FUNCTION FOR CERTAIN
SIMPLY CONNECTED RIEMANN SURFACES

HOWARD B. CURTIS, J R .

This paper contains a definition of a class of simply con-
nected Riemann surfaces, the determination of the type of a
surface from this class, and a representation of the uniform-
izing function and its derivative as infinite products of quo-
tients as well as quotients of infinite products.

Definition of the class of surfaces* Let {α2w-i}~=i a n ^ {&«}~=i ^ e

two sequences of real numbers such that for n ^ 1,

0 < α2w_! < b2n_λ < b2n

and b2n+1 < b2n. A surface F of the class to be discussed consists of
sheets Sn, n — 1, 2, 3, , over the ^-sphere, where for Sn a copy of
the w-sphere,

(a) Sj. is slit along the real axis from aλ to bl9

(b) For n ^ 1, S2n is slit along the real axis from a27l_x to b2n_1

and from b2n to + oo.
(c) For n ^ 1, S2n+1 is slit along the real axis from a2n+1 to b2n+1

and from b2n to + oo.
(d) For n ^ 1, Sn is joined to Sn+1 along the slits to make the

bn coincide and to form first order branch points at the end-
points of the slits.

The uniformizing function* Because F is simply connected and
noncompact, there exists a unique function g which maps F schlichtly
and conformally onto {\z | < R ^ oo}, where for f(z) = g~\z), /(0) =
Oe Sj_ and /'(0) = 1. Two surfaces of hyperbolic type are obtained by
slitting each sheet of F along the uncut parts of the real axis, and
an application of the reflection principle to the uniformizing function
of one of these surfaces shows that f(z) is real for real z. Let
/(«2*-i) = α 2 A - 1 , f(-βk) = bk, f(Ύ2k) = oo e S2k and S2k+U / ( - 7 i ) = <*> e S19

and f(δk) = 0 e Sk. The image of F in the z-plane satisfies the following
properties. The image of Sn is a region which is symmetric about
the real axis. St is mapped onto a domain containing the origin and
bounded by a simple closed curve C1 which intersects the real axis at
—β1 and ax. For n ^ 2, Sn is mapped onto an annular region about
the origin and bounded by two simple closed curves Cn^ and Cn, which

Received July 24, 1964. Research for this paper was supported by a grant from
the University of Texas Research Institute and revision of the paper was completed
while the author was a Research Fellow in Mathematics at Rice University.
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are images #of cuts. For n odd, Cn intersects the real axis at — βn

and an, while for n even, Cn intersects the real axis at —βn and yn.
Furthermore, for k ^ 1,

-βk+1 < -βk < - 7 i < 0 < a2k^ < δn < Ί2k < δ2k+1 < a2k+1 .

The approximating closed surfaces* Let Fn be the surface
formed from the first 2w + 2 sheets of F with the slit in S2n+2 from
b2n+2 to oo deleted, so that Fn is a compact, simply connected surface.

NOTATION, a* = 1 - z/α^ , β* = 1 + «/>sv ,

7£ = 1 — φΨ , δ* = 1 — zjδφ .

LEMMA 1. Let Rn be the unique rational function which maps
the z-sphere one-to-one onto the simply connected compact surface Fn

with Rn(0) = 0eSl9 R'n(0) = 1, and Rn{^) = oo e S2n+2. Then

Rn(z) = [z/(l + Z/ΎUU)][ Π/ί.

and

R'n(z) = [1/(1 + Φun

Proof. The representations of i2% and ί2^ must contain factors
shown and can contain no more. The a2k+Un, —βk,n, Ύ2k,n, and δktn,
which are ordered in the same manner as the <x2k+1, —βk, i2ki and δkr

are images of a2k+u bk, coy and 0, respectively, under R~\

LEMMA 2. F is parabolic.

Proof. Suppose that F is hyperbolic, and thus g maps F onto
{| z I < R < oo}. If Dn is the 2-plane slit along the real axis from
—β2n+Un to — oo, then ζ = ψn(z) — g[Rn(z)\ defines a Schlicht mapping
of Dn onto a simply connected region An of the ζ-plane bounded by
C2n+2 and the segment (-β2n+2, -/32 Λ + 1). If Γn(ίδ) = «(1 - z/4β2n+Un)-\
then ζ = ^w[rw(2)] defines a properly normalized, Schlicht mapping of
{| z I < 4:β2n+Un} onto zί̂  such that if the Koebe Distortion Theorem is
applied to this map, then β2n+Un g d(0, C2n+2) ^ R < oo, where d(0, C2w+2)
is the distance from ζ = 0 to the curve C2n+2. Thus there exists a
subsequence {β2nJ+i,nj} such that β2ni+Unj —• A ^ i2 as j —> oo, and α/r̂
is a Schlicht mapping of Z)w onto Δn . If J9 is the 2-plane slit along
the negative real axis from —A to — oo, then {ψnj} forms a family of
functions which is normal in D, and hence there exists a subsequence

such that as i —* oo, ψ^z) —> -f («) uniformly on any compact sub-
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set of D. Because Di—^Ό and ψi(z) —> ψ(z) as i —> oo, then Δi —>
{| 2 I < jβ} and ψ maps i? onto {| ζ | < ϋJ} in a one-to-one manner. ([1],
p. 18). Then R^z) = f[ψi(z)]-+ f[ψ(z)] = .ff(s) uniformly on any com-
pact subset of D as i —> oo , where if is meromorphic in D, while
£Γ(2) ^ oo because i?;(0) = 0. £Γ maps D onto jp7.

Now let D* be the 2-plane slit along the real axis from —A to
+ °°. For i sufficiently large, R{(z) assumes no negative real values
in any compact subset of D*, and thus {Ri\ is a family of functions
which is normal in D*. Therefore, there exists a subsequence {Rm}
of {Ri} such that as m —> oo 9 Rm(z) —* G(«) uniformly on any compact
subset of -D*. i ί and G have a common domain of convergence, so
that G is the analytic continuation of H. Then w — G(z) defines a
mapping of the 2-plane punched at z = A and oo one-to-one and con-
formally onto an open doubly connected Riemann surface F* of which
F is a subsurface obtained by inserting some slits in F * over the real
axis. This is impossible, as is clear from the definition of F. Hence
R = ooβ

LEMMA 3. Rn(z)—+f(z) uniformly on any compact subset of the
z-plane as n —> oo.

Proof. Because An-+{\ζ \ < 00} as ^ ^ c o , it follows ([1], pβ 18)
that z = Rnl[f(ζ)] —• ζ = 0[-βΛ(z)] uniformly on any compact subset of
the ζ-plane as n-+^o Also, Dn—*{\z\ < ^} and Rn(z)—+f(z) uni-
formly on any compact subset of the £-plane as n —> 00 β

LEMMA 4. α 2 Λ_ l f Λ -> au_19 βktn->βk, T2A;,w->72fc, α^d δ f c , w ^ δ f c as

n—> ooβ

Proof. This is a consequence of Hurwitz's Theorem.

LEMMA 5. Tfee infinite product

π(z) = [2/(1 + 2M)] Π [%%+1/(7&)2]

converges uniformly on any compact subset of the z-plane.

Proof. Since y2k —> 00 and δΛ —> 00 as fc^oo, then for any R > 0,
there exists w0 = nQ(R) such that for k ^ n09 δk > R and 72fc > Λ. Then
consider

no+p

MP(z) - Π [δ?* δ2*4+1/(Ύ2*,)2] .

Jlίp is holomorphic for | 2 | ^ J? and ikfp(2) ^ 0 for [ z\ g i2. A sufficient
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condition for the uniform convergence of Mp(z) in E — {| z | ^ R) as
p->w is the uniform convergence in E of

where each logarithm is the principal value. By the Cauchy criterion,
this last sequence converges uniformly in E provided for z e E and for
any ε > 0, there exists N(ε) > 0 such that for n > N(e) and p > 0,

Σ
k=nQ+n

Now since δ2k < δ2k+1 and since τ2fc < δ2k+2 < <52fc+3, then for m ^ 1 and
P>0,

o
no+n+p

Σ

Then for all p > 0 and z e E,

no+n+p

Σ log [% δ*,+1/(72*,)2] Σ

^ Σ [i2"

S i n c e δ2nQ+2n —> oo a s

^ 2

[(1/%) +(l/35+1)-2/7S]

2tί - 22) .

, the Cauchy criterion is satisfied and Mp

converges uniformly in E. Thus Π(z) converges uniformly in any
compact subset of the z-plane.

LEMMA 6. π(z) = f(z).

Proof. As a consequence of Lemma 4, there exists r > 0 such
that Rn(z)/z Φ 0 and π(«)/« =^0 for \z\<r, while each of these
quotients defines a function which is holomorphic for \z\ <r and takes
the value 1 at z — 0. Thus using the principal value of the logarithm,
for I z I < r,

log [Λ.(s)/s] - log [τr(z)/z] = log [BΛ(z)/π(z)] - log [(1 + +

+ d/%+i) -

Therefore, for n0 > 2, as «. —» ©o,

0 ^ lim sup Σ (1/%..) + Σ (l/%
Λ = l fc=l
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- Σ (2/7JU - Σ [(1/%) + 2/7S]

rg lim sup Σ (1/%,.) + Σ ( » + i , ) - Σ (2/7JU)

) + - 2/75]- Σ
^ lim sup

= (2/3TJ + (2/δVi)

Since S2%0 —> oo and <?2%0+1 —• oo as n0 —> oo, it follows that the limit as
n —• oo of each coefficient of the preceding expansion of log [Rn(z)/π(z)]
is zero. Furthermore, because as n —> oo 9 {log [Rn(z)/π(z)]}ζ=1 converges
uniformly on {| z \ < r}, then log [i2Λ(2)/ττ(«)] —> 0 as % ^ o o . Thus
π(«) = liml2H(2)=/(ί5).

LEMMA 7. <

oo

< °°, Σ lMfc <
fc

Proof. Again by Lemma 4, there exists r > 0 such that f\z) Φ 0
and i2i(s) Φ 0 for | 2 | < r. Since jBn(») ->/(«), it follows that i?;(«) ->
/ '(^ ) and thus log R'n(z) —> log /'(«) uniformly in {| » | < r} as ^—• 00.
Thus for I z I < r, log i2'n(s)

2 w + l

Λ = l

Hence, for m = 1,

lim j - gol/*2*+i, + Σ | l/iS*.» - 2/71>w + Σ 3

Because 0 < 7ifΛ < /SlfΛ and 0 < 72Afn < au+un, then

< - | i fe+i. + gi/ft. -

+ Σ 3/72*,» + l/«i,» + 2/7i,w .

Therefore, as π —> oo,

0 ^ lim sup Γ2Σl//3,,. + Σ 2/72fc,»l < °° ,
L k=l fc = i J
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2n+l n

lim sup 2, l/βk,n < °°, and lim sup 2,1/Ύ2k,n <

Furthermore, because for

lim sup 2ι Vδktn ^ lim sup \
n-*oo k — 3 TO—>oo

and

n n

lim sup ΣA l/a2k+ltn g lim sup Σ 1/72A,» <

Hence
n 2n+2

lim sup Σi ~Lla2k+i,n < °° a n d lim sup X 1/δ

For all N > 0, as w— oo,

~ " ^' ' Ύ' sup

oo

and thus X l/a2k+1 < oo. The convergence of the other series is
k = 0

established in a similar manner.

LEMMA 8. Each of the three infinite products in

P(z) = [1/(1 + zKY] Γ π αίUi Π /Sf / Π (72*4)
31

converges uniformly on any compact subset of the z-plane.

Proof. This is a consequence of Lemma 7.

LEMMA 9β f'{z) = [exp (δz)] [P(z)] where δ is real.

Proof. By Lemma 4, there exists r > 0 such that for \z\ < r,
J2 (̂») ^ 0 and f\z) Φ 0β For m ^ 1, consider the coefficient of £m/m
in the Taylor expansion of log [Rr

n(z)/P(z)] about z = 0 for | 2; | < r.
Because of Lemma 7, there exists M > 0 such that for all n ^ 1,

Σ
/

1/72Λ,Λ < I and 2 1/72Λ < Λf .

Then because of the ordering of the yktn and 7Λ, for each fc < w,
/c,w < Λί and k/y2k < Mo Thus for each JV > 1, as n —> ©o,
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lim sup

fg lim sup

/ i

u,. - Σ g 2Mm

= 0 .

Similarly, the other terms in the coefficient of zm/m have a limit of
zero for m ̂  2, and the coefficient of 2 is real. Then as n—* oo?

log [K(z)/P(z)] -> log [f'(z)/P(z)] - δs, and thus f'(z) = [exp

which implies for m ^ 2, as »-> <»

lim [ Σ 1/7S,. -

LEMMA 10. δ — 0.

Proof. Because the factors of P(z) are canonical products of genus
zero with real zeros, for ε > 0 and 0 < p S | arg z \ S π — p, P(z) —
0[exp(e |2 |)] and 1/P(z) = 0[exp (e\z\)]. Then if arg z satisfies the
preceding conditions and | z \ is sufficiently large, then

exp \ f'(z) exp e\z\].

Let A1 = {z\ 7Γ/4 ^ arg z ^ ττ/3} and A2 = {z \ 2τr/3 ^ arg ̂  3τr/4}. If
δ > 0, then there exists φ1 > 0 such that for | z \ sufficiently large
\f\z)\^ex^)(φ1\z\) when zeAλ and |/ '(JS) | ^ exp ( — ^ | z |) when
2 G A2. Thus as 2 —> 00 in A2, /'(«) —> 0, and because /(») ^ 62% > 0 for
2 on the curve C2nf f(z) —* A; ̂  0 as 2 —• 00 in 4 2 β Thus for n suf-
ficiently large, b2n <C k + 1. Since f'(z)dz > 0 in the positive sense on
the part of the curve C2n+1 in Au b2n+1 — a2n+1 —* 00 as w —> co 9 where

Because 62 < a contra-c^2n+i > 0 and thus 6 2 w +i"^ °° a s n~~*

diction has been reached and δ > 0. If δ < 0, then there exists φ2 > 0
such that for | z | sufficiently large | f'(z) \ ̂  exp (φ2 \z |) when z e A2

and I f'(z) \ ̂  exp (—φ2 \ z |) when z e A1# Similarly, δ < 0o

THEOREM, A Riemann surface of the class defined is parabolic
and its mapping function f is given by

f(z) =

f'(z) = [1/(1

Π
fc = l

Π

-. Σ
k = l
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REMARKS. Lemmas 5 and 6 establish the representation of f(z)
as the product of quotients, while Lemmas 8 and 9 show a represen-
tation of f\z) as a quotient of products. However, Lemma 7 can be
used to show that the representation of f(z) can also be considered as
the quotient of products.
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FREE COMPLETE EXTENSIONS OF
BOOLEAN ALGEBRAS

GEORGE W. DAY

From considering questions about the existence of free in-
complete Boolean algebras and free complete Boolean algebras,
one is led naturally to the following problem: Given a Boolean
algebra B, is it possible to embed B as a subalgebra in a
complete Boolean algebra JB* in such a way that homomorphisms
of B into complete Boolean algebras can be extended to com-
plete homomorphisms on B*Ί In general, the answer is "no";
this paper establishes that B can be so embedded if and only
if every homomorphic image of B is atomic. Several other
equivalent conditions on B are also developed.

To express these ideas more precisely, we say that the
complete Boolean algebra B* is a free complete extension of
the Boolean B provided that there exist an isomorphism i of
B into J3* such that

(i) if h is a homomorphism of B into a complete Boolean
algebra C, then there is a complete homomorphism h* of B* into
C such that h*oi — h

(ii) £>* has no regular complete proper subalgebra which
contains i[B] — that is, i[B] completely generates B*. A
Boolean algebra B is said to be superatomic if every homo-
morphic image of B is atomic (or, equivalently, if every sub-
algebra of B is atomic). Our principal result, then, is that a
Boolean algebra B has a free complete extension if and only
if B is superatomic.

The problem of determining which Boolean algebras have free
complete extensions arose from a conjecture made by L. Rieger in [7].
This conjecture is, in effect, that no infinite free Boolean algebra has
a free complete extension this has been verified by H. Gaifman in
[3] and, independently and by different methods, by A. Hales, in [4].

Rieger proved, on the other hand, that for any cardinal numbers
a and β there exists a unique free α-complete Boolean algebra on β
generators. This result can be expressed by the statement that the
free Boolean algebra on β generators has a unique free α-extension
(a free a-extension of a Boolean algebra is defined in the same manner
as a free complete extension, with the concepts of completeness and
complete homomorphism replaced by those of α-completeness and

Received June 2, 1964. This paper consists of results contained in the author's
doctoral thesis, which was submitted to the faculty of Purdue University in April,
1962. The author gratefully acknowledges financial support given by the National
Science Foundation during the preparation of that work.
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α-homomorphism). F. M. Yaqub generalized this results in showing ([10],
§ 2) that every Boolean algebra has a unique free α-extension.

In addition, Yaqub found that the free α-extension of a Boolean
algebra is α-representable if and only if it is isomorphic to an α-field
of sets. He also proved that if a ^ 2**° and the free α-extension of a
Boolean algebra B is α-representable, then B is superatomic. In § 4,
we prove that the converse of the second of these results follows from
the first, when the first is supplemented with our own results.

In § 2, we derive several characterizations of the superatomic
Boolean algebras. In our third section it is shown that every super-
atomic Boolean algebra has a free complete extension. Then, using
the result of Gaifman and Hales mentioned above, we show that every
Boolean algebra having a free complete extension is superatomic.

Boolean concepts which are used without definition in this paper are
defined in [2] and [8]. We denote the join and meet of two elements
a and 6 of a Boolean algebra by a + b and αδ, respectively the comple-
ment of b will be denoted by b the join and meet of a set S of
elements of a Boolean algebra will be denoted by ΣS and ΠS9 when
they exist. To simplify certain arguments, we have assumed that if
S — Φ, then ΣS and ΠS are the zero and unit, respectively, of the
Boolean algebra in which the operations are performed.

2* Superatomic Boolean algebras* As defined by Yaqub in
[10], a Boolean algebra B is superatomic if every subalgebra
and every homomorphic image of B is atomic. This concept had
been formulated previously in a somewhat more general context by
Mostowski and Tarski, who, in [6], defined a hereditarily atomic
Boolean ring as a Boolean ring each of whose homomorphic images
is atomic they observed that a Boolean ring R has this property
if and only if every subring of R is atomic. In addition, Mayer
and Pierce, in § 3 of [5], discussed Boolean algebras with scattered
ordered bases (a totally ordered set, or chain, is scattered if it
contains no subset which is order-isomorphic to the chain of rational
numbers) it follows from their work that every such Boolean
algebra is superatomic. However, there do exist superatomic Boolean
algebras which are not of this form — a simple example is the Boolean
algebra of finite and co-finite subsets of an uncountably infinite set,
ordered by set inclusion.

THEOREM. If B is a Boolean algebra, then the following are
equivalent:

( i ) every homomorphic image of B is atomic
(ii) every subalgebra of B is atomic;
(iii) the Stone space of B is clairseme (has no nonempty dense-
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in-itself set)
(vi) every chain of elements of B is scattered;
(v) there is a sublattice S of B, whose elements generate B,

such that every chain of elements of S is scattered;
(vi) no subalgebra of B is an infinite free Boolean algebra.

Proof. The equivalence of (i) and (ii) is proven in [6], Theorem
3.12. We could, in fact, include in our collection of equivalent state-
ments,

(i') no homomorphic image of B is atomless since it is easily
shown that this is equivalent to (i).

It is well-known that in the natural duality between Boolean
algebras and their Stone spaces, the homomorphic images and atoms
of a Boolean algebra correspond to the closed subspaces and isolated
points, respectively, of its Stone space. Thus, (iii) is equivalent to (i)
(this was observed in [5]).

A Boolean algebra generated by a chain of elements which is
order-isomorphic to the rationale is necessarily atomless, and, in fact,
is isomorphic to the free Boolean algebra on V$o generators (as is shown
on page 54 of [2]). Thus, (ii) implies (iv), and (vi) implies (iv). More-
over, if B is a nonatomic Boolean algebra, then B has an atomless
element b if a is any element of B such that a < b, then for some
element c of ΰ , a < c < b. Every nonatomic Boolean algebra can thus
be shown to have a chain of elements which is order isomorphic to
the rationals; hence, (iv) implies both (ii) and (vi).

It is clear that (iv) implies (v). We shall conclude our proof by
showing that (v) implies (i'). Let us assume that B is a Boolean
algebra generated by a sublattice S. Suppose that h is a homomorphism
of B onto the Boolean algebra Br. If a and b are elements of S such
that a < b and h(ab) is neither an atom nor the zero element of B\
then there are elements s and t of S such that s < t, h(st) is not the
zero of Bf', and h(st) < h(ab). This implies that either

h(a) < h(a + bs) < h(b)

or h(a) < h(a + bt) < h(b). In either case, we have found an element
c of S such that a < c < b and neither h(ac) nor h(cb) is the zero of
Br. Thus we may conclude that either B' has an atom or S has a
chain of elements which is order-isomorphic to the rationals. Hence,
if B is generated by a sublattice S such that every chain of elements
of S is scattered, then no homomorphic image of B is atomless.

REMARK. The equivalence of conditions (i) and (iii) of the theorem
indicates that every clairseme compact Hausdorff space whose topology
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has a base of open-and-closed sets is the Stone space of a superatomie
Boolean algebra. We can, in fact, make a stronger statement. If a
compact Hausdorff space is clairseme, then it is clearly totally dis-
connected that is, it has only one-point maximal connected components.
It is shown in Chapter I of [1] that every locally compact totally dis-
connected space has a base of open-and-closed sets. Thus, every
clairseme compact Hausdorff space is the Stone space of some super-
atomic Boolean algebra. (The author is indebted to Prof. M. Henrikseπ
of Purde University for this argument.)

3* Free complete extensions of Boolean algebras* In this
section, we show that a Boolean algebra has a free complete extension
if and only if it is superatomie Let us observe first that the definition
of the free complete extension of a Boolean algebra implies that if a
Boolean algebra has a free complete extension, then it is unique in
the following sense: if B* and JB* are free complete extensions of the
Boolean algebra B, and iλ and i2 are the isomorphisms of the definition
which carry B into B* and f>2* respectively, then there is an iso-
morphism i* of JB? onto JB2* such that i* o ix — i2.

THEOREM. If B is a superatomie Boolean algebra, then the field
of all subsets of the Stone space of B is a free complete extension
of B, with respect to the natural isomorphism i of B onto the field
of open-and-closed subsets of its Stone space.

Proof. Suppose that B is superatomie and that X is the Stone
space of Bo Let JB* denote the field of all subsets of X. It is clear
that i[B] completely generates 5*, since X is Hausdorff and its open-
and-closed sets form a base for its topology. It remains to be proven
that if ft is a homomorphism of B into a complete Boolean algebra C,
then there is a complete homomorphism ft* of B* into C such that
ft* o i — h.

Recall that for ordinal β, we define X{β\ the /3-th derivative of
X, as follows: X{0) = X; X{β+1) is the set of all limit points of X{β);
and if β is a limit ordinal, then X{β) = n {X{a): a < β}. Since X is
clairseme, every point of X is an isolated point of some derivative of
X; moreover, X has empty derivatives.

If peX and p is an isolated point of X{β), let bp be an element

of B such that i(bp) Π X{β) = {p}.
Now suppose that ft is a homomorphism of B into a complete

Boolean algebra C. We define a mapping ft* of JB* into C inductively
(for convenience, we will write h*(p) instead of h*({p})). If p is an
isolated point of X, let h*(p) — h(bp). If p is an isolated point of
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X{β) a n d h*(q) i s d e f i n e d f o r e a c h q e X ~ X{β\ l e t

h*(p) = h(bp)Π{h*(q): q e i(bp)

I ί S c I , let Λ*(S) - Σ{h*(p) :peS}.
Next, we prove that for every ordinal β,

Sβ : (i) if be B and ί(b) Π X ( β ) = Φ, then fc*(i(δ)) = h(b)

(ii) if δe B and i(6) n X ( β ) = {p}, then

g e i(6) - X^} = h*(p).

Since X is Hausdorff, the truth of (ii) implies that if p, qe X and
p Φ q, then h*(p) is disjoint from h*(q). Thus, if S± and S2 are sub-
sets of X and Sλ Π S2 = φ, then A*(SO and fc*(S2) are disjoint. Since
h* is completely additive by definition, (i) then implies that h* is a
complete homomorphism of J5* into C, and Λ* o % = h.

So is clearly true, since X(0) = X. Now suppose that /5 is an
ordinal such that Sa is true for every ordinal a such that a < β, and
that 6 is an element of B such that i(b) Π X ( β ) = Φ. If /S is a limit
ordinal, then since i(6) is compact, there is an ordinal a, a < B, such
that i(b) (Ί X ( α ) = ^ hence, h*(i(b)) = fe(6). If β is not a limit ordinal,
and i(b) Π X{β~1] Φ φ, then i(6) n X(β~1}is finite, since it is compact and
discrete. We can, without loss of generality, assume that i(b) Π X{β~1] —

{p}. Then, by S^U), h*(P) = h(b)Π{h*(g): q e ί(b) - X (^1 }}; it follows that

h(b) ^ h*(p) + Σ{h*(q) : q e ί(b) - X{β~1]} ,

and thus, h*(p) S k(b) ^ h*(i(b)). Moreover, if qeiφ) - X{β-1], there
is an ordinal a, a < β — 1, and a c e J5, c ^ 6, such that A*(9) ^ fc(c)
thus, h(b) — h*(i(b)). Hence, if Sa is true for every ordinal a such
that a < β, then Sβ(i) is true.

Next, suppose that b is an element of B such that i(b) Π X ( β ) =
{p}. Using Sβ(i), we have

h(b)Π{h*(q) : q e i(b) ~ X<β)}

q) :qe ί(b)

= h(bbp)Π\h*(g): g e i(66p) - X{β)}Π{W(q): q e i(bbj}

) : q e i(bbp) - X{β)} .

In the same way, we can show that

h(bp)Π{h*(q) : q e i(bp) - X{β)} = h(bbp)Π{h*(q): q e i(bbp)

This completes our proof.

REMARK. It is easily seen that there is only one complete homo-
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morphism of 5 * into C which is an extension of h, since such an
extension must have the property that if pe X, then

h*(p) = Π{h(b): p e i(b)} ,

and i ί S c I , then h*(S) = Σ{h*(p) :peS}.

It remains only to be shown that a non-superatomic Boolean algebra
has no free complete extension.

LEMMA. If the Boolean algebra B has a free complete extension,
then so does every subalgebra of B.

Proof. Suppose that B has a free complete extension 5*, that i
is the associated isomorphism of B into I?*, and that Bf is a
subalgebra of B. Let £** be the complete subalgebra of 5**
which is completely generated by i[B']. If hf is a homomorphism
of B' into the complete Boolean algebra C, then, according to a result
of Sikorski ([8], p. 112), hf can be extended to a homomorphism h of
i? into C. Since U* is the free complete extension of B, there is a
complete homomorphism h* of i?* into C such that fe* o % = h. The
restriction of h* to £>** is a complete homomorphism of J3** into C,
and for every beB', h*(i{b)) = h'(b).

THEOREM. A Boolean algebra has a free complete extension if
and only if it is superatomic.

Proof. It was shown above that every superatomic Boolean algebra
has a free complete extension. Now suppose that B is a nonsuper-
atomic Boolean algebra. According to the theorem of § 2, B must
have a subalgebra which is an infinite free Boolean algebra. It follows
immediately from the result of Gaifman ([3]) and Hales ([4]) mentioned
in our introduction, and the above lemma, that B has no free complete
extension.

4* The free ^-extensions of superatomic Boolean algebras*
F. M. Yaqub showed in [10] that if a Boolean algebra B has a free
α-extension Ba which is α-representable (that is, if Ba is the image
of an α-field of sets under an ̂ -complete homomorphism), then Ba is iso-
morphic to an a-ύeld of sets, and if a ^ 2*°, then B is superatomic.
The results of § 3 enable us to prove the following converse of this
statement.

THEOREM. If B is a superatomic Boolean algebra, then the free
a-extension of B is isomorphic to an a-field of sets.
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Proof. It was shown in § 3 that a superatomic Boolean algebra
B has a free complete extension J3* which is a complete field of sets.
For each cardinal a, let βa denote the α-complete subfield of B* which
is ^-generated by B. Suppose that h is a homomorphism of B into
an α-complete Boolean algebra C Let C denote the normal completion
of C, and let h* be the complete homomorphism of 5 * into C" which
is an extension of ho h* carries Ba into C since B α'-generates Ba?

h*[B] c C, and C is an α-complete, α-regular subalgebra of C". The
restriction of fe* to B is thus an α-complete homomorphism of Ba into
C, and is an extension of h. Hence Ba is the free α-extension of B.
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THE BOREL SPACE OF VON NEUMANN ALGEBRAS
ON A SEPARABLE HILBERT SPACE

EDWARD G. EFFROS

Let (S, ,9^) be a Borel space (see G.W. Mackey, Borel
structures in groups and their duals, Trans. Amerβ Math.
Soc. 85, (1957) 134-165), Sίf a separable Hubert space, S the
bounded linear operators on Sίf with the Borel structure gene-
rated by the weak topology, and S/ the collection of von
Neumann algebras on §ίf. Afield of ^{f von Neumann algebras
on S is a map s-»9ϊ(s) of S into j>/\ We prove that there is
a unique standard Borel structures on S/ with the property
that s —» %(s) is Borel if and only if there exist countably many
Borel functions s-» Ai(s) of S into 8 such that for each s, the
operators A*(s) generate 5ί(s). This is a consequence of the
more general result that when iί is provided with a suitable
Borel structure, the space of weakly* closed subspaces of the
dual of a separable Banach space has sufficiently many Borel
choice functions.

We show that the commutant, join, and intersection
operations on j y are Borel. It follows that the Borel space
of factors is standard. The relevance of S>/ to the theory of
group representations is also investigated.

Essentially following von Neumann [9], we say that a field s —> 21 (s)
is Borel if there exist countably many Borel functions s —> A^s) of
S into 8 such that for each s the operators A^s) generate 5U(s).
This definition may be regarded as somewhat artificial. Rather than
state which maps of S into Sf are Borel, one would conjecture
that there is a standard Borel structure on j y for which this
characterization of the Borel maps of S into Ssf is then valid. In § 2
and § 3 we shall show that this is the case. The demonstration depends
on two results: a theorem in [4] showing that a certain Borel structure
on the closed subsets of a polonais space is standard, and Theorem 2
of this paper. In the latter we prove the existence of Borel choice
functions for the weakly* closed subspaces of the dual of a separable
Banach space.

The Borel space Sf is of importance in representation theory. If G
is a second countable locally compact group, and Gc(βίf) are the weakly
continuous unitary representions of G on ^f with the weak Borel
structure (see [8]), the map L —> L(G)f (prime indicates commutant) of

into j y is Borel. By proving in § 3 that the factors J?~ are

Received September 21, 1964. This work has been partially supported by the
National Science Foundation under grant NSF GP 1904.
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a Borel subset of J ^ we obtain new proof in § 4 of Dixmier's result
that the factor representations Gf{£έf) form a Borel subset of G\^f).
We are also able to show that the quasi-equivalence relation is a Borel
subset of G\2ίf) x G\^f).

It is interesting to speculate about the isomorphism relation on J/" „
Conceivably, one might find an argument similar to those in [3] to
prove that the quotient space was not smooth, and thus in particular,
that there are uncountably many essentially distinct factors on ^f'.

We remark that an analogous problem of a "nonintrinsic" defini-
tion of structure, solved for sf below, exists in Spanier's definition of
a quasi-topology [12]. As is shown in [12], one must look for struc-
tures more general than topologies.

We are indebted to E. Alfsen and E. St^rmer, who enabled us to
simplify the proofs of Theorem 2 (by the convexity argument for the
continuity of L) and Theorem 5, respectively.

2. Separable Banach spaces. Let 36 be a separable real or
complex Banach space, X* the dual of X, *yKι(Jί) the norm closed sub-
spaces of X, and W~(l*) the weakly* closed subspaces of X*. We
wish to define a Borel structure on 5^(X*). As 2) —> 2)1 (the annihilator
of 2}) is a one-to-one correspondence between ^V($) and ^"(X*), it suffices
to find a Borel structure on ̂ V(£) and then to transfer it to 5^(3£*).

^ί^(V) is a subset of ^0(T)9 the collection of nonempty closed sub-
sets of the polonais space 36. In [4] we showed that convergence of
subsets in ^(X) defines a standard Borel structure on ^ 0 (£) Recal-
ling the procedure, if Fa is a net in ^0(%) let lim Fa be those x in.
X for which there is a net xa e Fa with xa—+x. Let lim Fa be those
x in ϊ for which there is a subnet Fao and xao e Fao with xan —> x.

P P P P

If F e ^0(X)? we say that Fa converges to the limit F, Fa —> F, if
F = }imFa = UmFa. If Σ g ^0(X), we let Σ be the limits of nets in
Σ9 and we say that Σ is convergence closed if Σ — Σ. The convergence
closed sets form a topology, and generate a standard Borel structure
on ^0(X) We let ^/K(Έ) have the relative Borel structure. It is
easily verified that ^Vi$) is convergence closed in ^{V), hence <yK(J)
and 5̂ ~(36*) have standard Borel structures.

If d is any metric on X compatible with the topology of X, x e X,
and Fe C^{H), define d(x, F) = gib {d(x, y): ye F}. For any positive c,

( 1 ) {Fe ^0(X): d(x, F) ̂  c)

is convergence closed. It follows that F —>d(x, F) is a Borel function
on ^ 0 (£) As in the proof of the first theorem in [4], sets of the
form (1) separate points in ^0(Ίί)9 and thus as ^(X) is standard,
generate the Borel structure. It follows that the Borel structure on
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is the weakest for which the functions F—> d(x, F) are Borel
(actually it would suffice to restrict to the x in a countable dense
subset).

Let d be the norm metric on X. Then for 2) e 5^"(X*), d(x, 2)^) =
| | ^ + ?)1II? the latter being the quotient norm in X/2)1-. As 2) is
weakly* closed, 2)-1 2), and we have a natural isometry (X/2)-1)* ^ 2).
The corresponding isometry of 36/2)x into 2)* is defined by a; + 2)1 —*&|2),
where #|2) in the restriction of #, regarded as an element of X**, to
2). We conclude:

THEOREM 1. Let 2i be a separable Banach space, W\T*) the
weakly* closed subspaces of X*. The Borel structure on ^'"(X*) is
standard, and may be described as the smallest structure for which
the functions

are Borel.
If X is a real or complex separable Banach space, the weak* Borel

structure on X* is that generated by the weak* topology. In other
words, it is the smallest structure for which the functions /'—> f(x),
x e ϊ are Borel. Although we shall not use this fact, we remark that
this structure is standard (see the proof of [8, Th. 8.1]).

Theorem 2 may be regarded as an elaborate form of the Hahn-Banach
Theorem. Recalling the usual argument, suppose that X is a real
Banach space, and that we wish to construct a function in the closed
unit ball Xf of X*. Suppose that / has been defined on a linear sub-
space 93 of X, and is in 93f. If we extend / to the space generated
by 93 and a vector x, we must insist that

(2) | / ( α ? + w ) \ ^ \ \ x + w\\

for all w e 95, i.e.,

- \ \ x + u\\- f{u) ^ f(x) ^ II x + v\\- f ( v )

for all u, v e 93. Let

L{f) = lub {- |i x + u || - f(u): u e 93} ,

M(f) = gib {|| x + v || - f(v): v e 93} .

These exist as for any u, v e 93,

f ( v - u) ^ \\v - u\\ ^ \\x + v\\ + \\x + u\\ ,

(4) i.e., - \\x + u\\ - f ( u ) ^ \\x + v\\ - f ( v ) .

Thus we may rewrite (2):
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(5) L(f) <Z f(x) <£ M(f) .

We shall assume below that 33 is finite dimensional, and let 53* have
the norm topology. The functions /—>L(/) and f—+M(f) are defined
on the closed unit ball 33?. As it is the least upper bound of convex
functions, /—•!/(/) is convex, and thus continuous on the interior of
of S3* (see [1, p. 92]). From

(6)

f—>M(f) is also continuous on the interior of 33?.

THEOREM 2β Let X be a separable Banach space, ^~(X*) the
weakly* closed subspaces of X*. There exist countably many Borel
choice functions fn: W"(£*)->%* such that for each 2) e ^~(X*), the
vectors /%(2)) are weakly* dense in the closed unit ball 2}x of 2).

Proof. Suppose that X is real. If 2) e ^"(X*), we may identify
2) with (X/2)-1)*, the norms and the weak* topologies will coincide.

For each sequence of real numbers t = (t1912, •) with 0 ̂  ^ ^ 1,
we shall construct a function ffe (X/2)±)f. Let xlf x2f be norm
dense in X, with x1 = 0. Let xj®) = xn + 2)x, and S3W(2)) be the linear
space spanned by ^(2)), , xn(%)) in X/^1. Define /^(0) = 0. Suppose
that we have defined ffv...,tn to be an element of 33w(ξ9)?. Letting
S3%(2)) = 33, ffίtm.mttn= f9 and a?%+i(2)) = a? in our previous discussion,
define

(7) fl tnH(x) = ta.,Mf) + (1 - K+1)M(f) .

If x e S3, letting w = v = — *, we have from (3), (5), and (7)

- f(u) £ L(f) 5£ fl...,t%+1(x) ^ M(f) £ - f(v),

i.e.,

Thus defining /ξ ί j i + i on S8,+1(?)) by

/? t,Jcx + w) = cfl tnJx) + f(w) ,

we obtain an extension of f\ tn to an element of 33Λ+1(D)*. As / =
/•̂  tn+1 satisfies (5), it readily follows that f% ,B + 1 is in 5BH+1(?))ί.
Define / f on the space spanned by the »„(?)) to be the union of the
functions ffv...,t . This extends by continuity to an element of

It is clear that any function in (ϊ/S)-1)? must have the form ff
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for some sequence t = (t1912, •). We claim that the countable family
of functions ff, r — (rl9 r2? •) with the r$ rational, and all but a
finite number equal to 0, are weakly* dense in (X/?)1)*. It suffices to
prove that for all n, the functions f¥v...,rn are weakly*, or equivalently,
norm dense in the interior of (%$n(W)ϊ This is trivial if n = 1. Sup-
pose that it is true for n. If g e 23%+1(2))* and || g || ^ 1, let / be the
restriction of g to 33%(2)). From our hypothesis and the earlier discus-
sion, we may select rationals r19 •••, rn with /^,...,r% close to / in the
norm topology, and L(ffv...,rJ and M(ffv...,rJ close to L(f) and M(f),
respectively. Thus by a suitable choice of rn+1, we obtain

close to
For any sequence (t19t2f •••) we have that %}—>ff(xn) is Borel

(regarding ff as an element of 2)). This is trivial if n = 1. Suppose
that it is true for k ^ n. Then

/?(a! . + 1 )/ξ tn+1(a;.
ί L ( / g t ) + (1 - tn+1)M(ff (

If 33M is the linear span of xl9 •• ,xn,

Hfl tJ = lub {- || xn+1 + u + ?)ΊI - /?(«): M e SSM} .

From Theorem 1 and the induction hypothesis,

is Borel for any u e SSU. Restricting to u that are rational linear
combinations of the xk for k g n9 2) —>L(/^,...,ί%) is the least upper
bound of a countable number of Borel functions, and is thus Borel.
From (6) and (8), 2) — f?(xn+1) is Borel. For any x e X, ?)—/F(») is
a limit of functions of the form ^)—*ff(xn)f and hence is Borel. Thus
2)->/F is Borel.

Finally, suppose that X is a complex Banach space. Letting %R be
the corresponding real Banach space, ^f"(3t) is a convergence closed
subset of ^r(X Λ ) . Define a map of ^~(X*) into 3^((XΛ)*) by S) ->Re 2),
where the latter consists of all real functions R e / with / e 2} (the
customary argument shows that /—»Re/ is an isometry of X* onto
(XΛ)*). For 3 £ ^"(X), Re (3 1 ) = 31? where annihilators are taken in
£* and (XΛ)*, respectively. It follows that 2)~-> Re 2) defines a Borel
isomorphism of ^"(X*) onto a Borel subset of ^^*((XΛ)*). Choose real
choice functions / . : 2 r ((XΛ)*H(XΛ)* with fn(ty) weakly* dense in ^
for each 2) e ^^((XΛ)*). Let gn: W~β*)->%* be the corresponding
complex functions, i.e., for 2)e ^ (X*) and aj e X, let
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Then Re gM) = Λ(Re 2)) e (Re2))x, implies ffn($) e 2)lβ Given an ar-
bitrary g e 2)1? a?!, , xk e X, and ε > 0, choose an fn with

for i = 1, , fc. Then as

flf(a ) = Re g(x) — ΐ Re g(ix) ,

we have

for i = 1, ••-,&. Thus the #%(2)) are weakly* dense in 2)le Clearly
the gn are Borel.

COROLLARY. If (S, S?) is a Borel space, then a map s —> 2)(s) of S
into W(&*) is Borel if and only if there exist countably many Borel

functions s—>fn of S into ϊ*, such that for each s, the vectors /* are
weakly dense in 2)(s)lβ

Proof. If s -^ 2)(s) is Borel, the functions /* are obtained by
composing this map with the choice functions of Theorem 2. Con-
versely, if such functions exist, we have from the isometry

2) (β) ^

=sup{ |/ £ ' (a?) | : i =

for each x e ϊ . Thus s—> || a? + ^(s) 1 || is Borel for each α e 3£, and
by Theorem 1, s—>2)(s) is Borel.

3. Von Neumann algebras* Let Sίf y S, J ^ , and _ ^ be as
in § 1. We have that S = (8*)*, where 8* is the separable Banach
space of ultra-weakly continuous functions on £ (or by a natural
identification, the trace class operators with a suitable norm-see [10]).
The ultra-weak and weak* topologies coincide on S. Thus letting
5^(8) be the ultra-weakly closed subspaces of 8, we may give it the

Borel structure described in § 2.
If 2) G 2^(8), write 2)* and ψ for the ad joints of elements in 2),

and the commutant of 2), respectively. The proof of the following
theorem is largely patterned after that of [6, Th. 2.8],

THEOREM 3. 2) —> 2)* and 2) —»2)' define Borel transformations of
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Proof. For / e S*, define / * e 8* by /*(A) = /(A*), the bar indica-
ting complex conjugate. This is an isometry of 8*, hence the trans-
formation S3 —»23* on ^//~(S) is a homeomorphism (in the sense of
convergence), and a Borel isomorphism. For 2) e 3^(8), (2)1)* = (ϊ)*) 1,
i.e., the adjoint operation on ^^(8*) is carried into that on 5^(8),
and thus is a Borel isomorphism on the latter.

From Theorem 2, we may let 2) —* Ap be Borel choice functions
on ^~(S) with Af ultra-weakly dense in 2)lβ We have

ψ = {5G 8: SAf - APS = 0 for % = 1, 2, • •}.

Let 3JΪ and 2JΪ* be the sequences (AJ and (/n) of elements in 8 and
£*, respectively, with sup {|| An\\: n = 1, 2, . •} < oo and χ- = 1 | | / J | < ^ ,
With the norms || (An) \\ = sup {|| A J | : w - 1, 2, ...} and [| (/J || =
Σ«=ill/» II, 271 and 2Ji* are Banach spaces, and defining (/n)((Aw)) =
Σr=iΛ(AJ, 3Ji may be identified with the dual of 3Ή*. We have

ψ = kernel T® ,

where T^: S -> 2Ji is defined by

Γ8(B) - (£Af - Af 5) .

we claim that T^ is continuous in the weak* topologies. If ( / J G S U Ϊ * ,

where gn(B) = fn(BA$ - A$B). The partial sums Σf=iff« a r e weakly*
continuous, and converge uniformly on the unit ball 2λ of S, as if

Σ II/JI.
l

It follows that B —> (fn)T®(B) is continuous on S1? and thus on S (see
[2, p. 41]). Define Γ®: 271*-+S* by

We have that (kernel T®)1- is the closure of the range of Tf. Thus
letting Bi be ultra-weakly dense in Sx and gj — (fi) be norm dense in
3Ji*, we have for any fe 8*,

11/ + ( ? i r II = gib {||/ + Γf(ffj) || , j = 1, 2, . •}

where
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| | / + Tl(ai) || = lub {{/(B.) + T^gMBt) |: i = 1, 2, •}

= lub {| /(£«) + ± MBtAf - AfBd |: i = 1, 2, •}.
1

As 2) — A? is ultra-weakly Borel, D — | | / + (2)')1 II is Borel, and as /
is arbitrary, we have from Theorem 1 that 2) —> 2}' is Borel.

COROLLARY 1. J ^ is α i?ore£ subset of W(W, and thus ^ stand-
ard under the relative Borel structure.

Proof, j y consists of the 2) e ^ " ( S ) invariant under the Borel
transformations 2) —> 2)* and 2) —> 2)". In general say that θ is a Borel
transformation of Borel space (S, 6^). If A is the diagonal of S x S,
and θ x c: S -> S x S is defined by 0 x φ ) = (0(s), s), we have

{s e S: θ(s) = s} = ( ^ x c)-\Δ) .

Thus if (S, 6^) is standard, A is a Borel subset of S x S, and the set
of fixed points of θ is Borel.

Given von Neumann algebras Sί and SB, we let 2ί V S3 denote the
von Neumann algebra generated by 21 and S3. Providing S/ x S^ with
the product structure,

COROLLARY 2. The maps of Stf x s/ into s^ defined by
(21, S3) — 21 Π S3 and (21, S3) — 21 V S3 are Borel

Proof. As 21 Π 33 = (21' V S3')', it suffices to prove the second as-
sertion. From Theorem 2, there exist Borel choice functions A^ S^—^2
with A;(2ί) ultra-weakly dense in 2I1? for each 2 l e j y . For each pair
(21,33)6 s/ x j y , let 9^(21,33) be the self-adjoint linear algebra
generated by the elements A (̂2I) and ^,-(33). Let £Λ(3I, S3) be an
enumeration of the finite complex rational combinations of finite
products of the elements A;(2ΐ), A, (S3) and their adjointsβ The Bk(ll9 33)
are norm dense in <gf (21, SB), hence defining B'k(Ά, S3) = 5fc(2ΐ? S3) if
|| JBfc(2T, S3) || ^ 1, and S;c(2I, S3) = 0 otherwise, the B£(&, SB) are norm
dense in ^ ( 2 I ? S3)le From the Kaplansky Density Theorem, the latter is
ultra-weakly dense in (21 V 33)^ As (21, 35)->5;c(2I, 33) are Borel, our
assertion follows from the corollary to Theorem 2.

COROLLARY 3. ^ is a Borel subset of jzf', and thus is standard
in the relative Borel structure.

Proof. Let $ be the von Neumann algebra on £ίf consisting of
complex multiples of the identity operator. Then J^ is the inverse
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image of the element $ under the Borel map of Szf into j y defined
by 21 -> 21 n SI'.

The argument used in the proof of Corollary 2 shows that a map
s —> 2X(s) of a Borel space (£, ^ ) into S/ is Borel if and only if there
exist Borel functions s —» A^s) of £ into S such that the A{(s) generate
2I(s). Thus we have recaptured the original definition of § 1.

In direct integral theory, it is of some importance to know that
various other subsets of S>/ are measurable (see [9, 11]). We suspect
that constructive procedures similar to that used in Theorem 2, would
enable one to show that many of these sets are Borel.

4* Representation spaces* Let §ίf, £, J ^ and j^~ be as above,
and G be a second countable locally compact group (an analogous theory
exists for separable C*-algebras). Let Gc(^f) be the weakly continuous
unitary representations of G on J%f, with the standard Borel structure
defined by Mackey (see [8]). Let Gf(£έf) be the subset of factor re-
presentations, i.e. those representations L e Gc{Sίf) with L(G)f a factor
von Neumann algebra.

If L, Me Gc(<^r), let 3Ϊ(L, M) be the ring of intertwining operators
for L and M, i.e., those Be2 with BL(t) = M(t)B for all teG. In
particular, 3ΐ(L, L) — L(G)'. As was the case for Theorem 3, the
following is simply a refinement of [6, Th. 2.8].

THEOREM 4. The map G\3Z?) x GG{^f) -> Gc(βέf) defined by
(L, M) -> 3t(L, M) is Borel.

Proof. Let tn be dense in G, and define 3Ji and 2JΪ* as in the
proof of Theorem 3. Defining S ^ ^ : 8-> 2Jΐ by

S"'">(B) = (BL(tn) - M(tn)B) ,

we have that

St(L, Λf) = kernel S{L>M) ,

and that S(z' i¥) is continuous in the weak* topologies. SiL>M) is the
adjoint of a map S{*'M): 931* —> S*, and choosing J5* ultra-weakly dense
in Si, and gό — (fj) norm dense in 301*, we have for any fe L*,

where

llZ+Si^'^) || = lub

+ Σ fj(BMtJ - M(t.)B{) |: ΐ = 1, 2f •} .
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(L, M)->f;(BiL(tn) ~ M(tn)Bi) is Borel when G\^f) x G\£ίf) is given
the product of the Mackey Borel structures, as any ultra-weakly
continuous function is a norm limit of weakly continuous functions.
It follows that (L, M) -> \\f + 91(1/, Af)1 || is Borel, and from Theorem
1, (L, Λf) -» 3t(L, Λf) is Borel.

COROLLARY 1. Tfce map G'G^)—> j y defined by L-*L(G)f is
Borel

COROLLARY 2. (This was first proved by J. Dixmier—see [5,
Theorem 1].) T%e set G*{3(f) of factor representation of G forms a
Borel subset of Gc(£ίf), and thus is standard under the relative
Borel structure.

Following Mackey (see [7]), if L, Me G\£ίf), we say that L is
covered by M, L < M, if very subrepresentation of L contains a sub-
representation that is unitarily equivalent to a subrepresentation of
M. L is quasi-equivalent to M, L ~ M, if L < M and M < L.

If E is a projection in L(G)', and E Φ Q, let LE denote the cor-
responding subrepresentation of G on the range of E. If there exists
a projection Ee L(G)' with £ 7 ^ 0 and LE < M, let C(L, M) be the
least upper bound of all such projections. Otherwise, let C(L, M) = 0.
C(L, M) is an element of L(G)' n

THEOREM 5. TAe map G\^f) x G\£ί?) ~-> S defined by (L, if) —>
C(L, Λf) is Boreί.

Proof. If A e 2 , let £7̂  and JF4 be the projections on the closure
of the range, and the orthogonal complement of the kernel of A. If
A e 3t(L, M), then FA e L(G)' and EA e M{G)r. If A Φ 0, and C7 is the
partial isometry in the polar decomposition of A with U*U — FAJ then
Z7 determines a unitary equivalence of LFΛ and ΛP^, and 2^ ^ C(L, If).
From Theorems 4 and 2, there exist Borel functions A^L, M) that are
ultra-weakly dense in the unit ball of 9ΐ(L, M) for each L and If.
We claim that

(9) C(L,M) = V F
Ai(ι,M),

ΐ = l

where on the right we have taken the least upper bound in the com-
plete projection lattice of L(G)f.

Suppose that there exist L and M with

F=C(L,M)-yFΛi{ZtM)Φ0.
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As 17 < M, there exists a projection Fo g F with Fo Φ 0 and
FQ= U*U where Ue$ϊ(L, M). Choosing ik for which Aik(L,M)-> U
ultra-weakly,

a contradiction.
The map of S into itself defined by A-+ FA is Borel. To see this,

note that A —> A*A is weakly Borel, as if x,y e Sίf\ letting xi be an
orthonormal basis we have

A*Ax°y = J£ ( ^ - ^ ( A T / O ^ J " .

A similar expansion shows that for positive integers n, A —»An is
Borel, hence for any polynominal p, A —» p(A) is Borel. Suppose that / is
a bounded real Borel function on the reals, and that there is a sequence
of real polynomials pn converging to / point-wise, uniformly bounded
on compact sets. If A is a self-adjoint element in S, we have from
spectral theory that pn(A)—*f(A) weakly. Thus A—>f(A) is Borel.
Letting g be the characteristic function of the open set (0, oo),
A -> FA = g((A*A)1'2) is Borel.

For all i, (L, M) —> FΛiiL,M) is Borel. If i*\, , Fn are propections,
then

F1 V β V Fn — F{Fi+...+F%) ,

hence

(L, M)^y F
Ai{L,M)

is Borel. As the projections \/i'=ιFAi{L,M) converge weakly to yr=iFΛiiL,M),
we conclude from (9) that (L, M) ~> C(L, ikf) is Borel.

Ernest remarked in the proof of [5, Prop. 2] that the quasi-
equivalence relation on G/(^g^) is a Borel subset of Gs(3f?) x Gs(£ίf).
The above theorem implies:

COROLLARY 1. The covering and quasi-equivalence relations are
Borel subsets of G\£έf) x

COROLLARY 2. The quasi-equivalence class [L] of a representa-
tion L in G\^tf) is a Borel subset of

Proof. Let πt: GC(^T) x G%Sίf) -> GC(^T), i = 1, 2, 6e the projec-
tions on the first and second co-ordinates. Then [L] = TΓ^TΓΓXL) Γi ~ ) ,
and as π2 is one-to-one on πϊ\L) Π ~ , and the latter is standard, [LI
is Borel.

It would seem likely that the unitary equivalence relation is also
a Borel subset of Gc(3ίf) x G\§{f). Presumably one must prove the
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existence of a Borel choice function on spaces of the form 5R(L, M),
that selects a unitary operator when such exists. If unitary equi-
valence were a Borel set, it would follow that the representations
LeG^βέf7) with L{G)f finite was also Borel. It should be noted that
the unitary analogue of Corollary 2 above is true (see [3, Lemma 2.4]).

If G is the free group on countably many generators, the map
described in Corollary 1 of Theorem 4 is onto. As the given struc-
ture and the corresponding quotient structure on S/ must coincide,
a subset of Stf will be Borel if and only if the inverse image in GG(έ%f)
is Borel.
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A SET OF NONNORMAL NUMBERS

MICHEL MENDES FRANCE

Let P be the set of real polynomials and let E(P)be the
the set of real numbers whose nth binary digit from a certain
point on is 0 or 1 according as [φ(n)] is even or odd for some
φeP. We prove that no number in E(P) is normal in the
binary system and that E{P) has Hausdorff dimension 0.

Some notations and definitions* It is well known that every
real number x of the unit interval which is not a binary fraction can
be expanded in the binary system

x = Σ ε^}

where (sn(x))neN is a uniquely determined sequence of functions taking
values 0 or 1. The functions rn(x) = 1 — 2 εn(x) are known as the
Rademacher functions.

We shall say that x is a normal number (in the binary system)
if for every positive integer s and every sequence of positive, strictly
increasing integers ku k29 , ks one has :

( 1 ) lim - ί Σ rn+kl(x) rn+ks(x) - 0 .

One can prove that this definition is equivalent to the other usual
ones [3], [4], [6].

If £ is a real number, [t] will denote the greatest integer not
greater than t and {t} — t — [t] the fractional part of £.

Let P be the set of real polynomials and let E(P) be the set of
points x such that for some φ e P and for some nQ ^ 0, rn(x) =
exp iπ[φ(n)] for all integers n > n0.

We wish to prove first the following theorem:

THEOREM 1. E(P) contains only nonnormal numbers.

This result shows that the measure of E(P) is null, since almost
all numbers are normal. Now the question arises if E(P) contains
"almost all" (in a sense soon to be made precise) nonnormal numbers
or notβ We answer this question by stating the known result:

Received July 30, 1964. The preparation of this paper was sponsored by the
Office of Naval Research. Reproduction in whole or in part is permitted for any
purpose of the United States Government.

1165



1166 MICHEL MENDES FRANCE

The Hausdorff dimension of the set of nonnormal
numbers is 1, (see for example [1]),

and hj proving our second theorem:

THEOREM 2. The Hausdorff dimension of E(P) is 0.

2 Proof of Theorem !• Let x be an element of E(P). We
show that for a certain sequence of increasing positive integers kl9 k29

• - , ks the equation (1) does not hold.
Let φ be a polynomial such that rn(x) = exp iπ[φ(n)} for all suf-

ficiently large integers n. Without loss of generality we may suppose
that this relation holds for all positive integers, for normality or non-
normality are asymptotic properties. Let the expansion of φ be

(2 ) φ{n) = alLnv + av^nv~ι + - + a,n + a.o , v :> 1 .

If all the numbers α^(l g j ^ v) are rational, then x is clearly rational,
hence nonnormal. If one of the numbers aό{l ^ j ^ v) is irrational, we
can without loss of generality suppose that the leading coefficient au

is irrational. Indeed, suppose that α μ (l ^ μ < v) is irrational and that
aμ.+u "Ίa» axe rational. Let q be the least common denominator of
the v — μ fractions aμ+1 •••,#„. lϊ x is normal, then so is the number
y defined by rn(y) — exp iπ[φ(2qn)] for all integers n. But clearly
[φ(2qn)] = [ψ(n)] (mod 2) where ψ{n) — αμ(2g)μ^μ + β + ot0. This
shows that we can now deal with ψ, the leading coefficient of which
is irrational.

From now on in this section, φ is defined by equation (2) where
av is an irrational number.

We need the known identity for polynomials of degree v :

v-v

and the lemma:

LEMMA 1. // F(xu xz, - — 9xv) is a Riemann integrable function
tvhich is of period 1 in each variable and if φ is a real polynomial
of degree v9 the leading coefficient of which is irrational, then the
following equality holds:

lim lτ Σ F(φ(n), φ(n + 1), , φ(n + v - 1))
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This is a very well known corollary of WeyPs theorems on uniform
distribution (see for example [2]).

Combining equality (3) and Lemma 1, one can write:

L — lim Σ exp iπl [φ(n + v)λ
N «=i V

bfa + v - 1)] + . . . +(-.iy(^[φ(n)]

— lim 2 exp iπl (Λ )φ(n + v — 1)
TV %=i VLV-1-/

v -2) + . . . + v ! tfv ΊJ

- (J)[2α;j + . . . + ( - 1)^2

By putting 2x3 = ?/,, j = 1, 2, , v, the integral becomes

L = 2 , \ e χ P '

Now the identity [a; + εy] = [a;] + ε[y] + [{x} + ε{y}], ε — ±1 shows
that one has:

[ ( ϊ ) ^ - (ΐ)y^ + + vl α - ] = ( ϊ ) ^ " 1 - ( 2 ) t y - ^ + - " + [ v \ a v \

so that:

= ± 1 exp iπl ^jτ/v - (2)^-1

Consider the hyperplane (\)y» - (%)y»-i + • • • + ( - 1)*'% = — {vl av)

in the euclidean space R\ It has rational coefficients except for the
constant term, which is irrational. Hence it cannot split the unit cube
(0, l) v into two regions of equal volume. Therefore the integral L
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cannot be 0. Finally we notice that L may be written

L = lim A Σ rn,M)(rn+^{x)fι) rn(x)
Λr->oo _/v %=i

this completes the demonstration.

3* Proof of Theorem 2* Let P v denote the set of real poly-
nomials of degree v, the coefficients of which are all in the interval
[0, 2[. It is easily seen that to prove Theorem 2, it is sufficient to
prove the lemma :

LEMMA 2β Let Ev be the set of numbers x such that for some
φePv, rn(x) = exp iπ[φ(n)] for all integers n. Then the Hausdorff
dimension of Ev is 0.

Let φ(n) = ajn? + + oc{n + a0, aά G [0, 2]

and let a = (aOf alf , aj) be a point in the space (0, 2)v + 1. We are
going to estimate the number Nu(p) of regions in (0, 2)y+1 which have
the following property: when a ranges over one of these regions,
the sequence [<p(l)], [φ(2)]t ", [φ(p)] stays invariant. First let us
show :

LEMMA 3. The h-dimensional measure (0 ^ h ^ 1) of the set
El = {x I rn(x) = exp iπ[φ(n)] n = 1, 2, , p cp G P J satisfies the
inquality

λ-meaβ ( ^ ) ^ ^ f > .

Indeed, when <p runs through P v, α ranges over (0, 2)v+1. The set
El is composed of at most Nv{p) intervals, each of which has fc-length

Now, if one notices that Ev — f |".i -KJ, one gets the result that
the Hausdorff dimension of Ev cannot be greater than

δ = l i m i n f ~ l o g Λ ^ > .
p-»~ p log 2

We wish to show that δ = 0 and we shall do so by proving our last
lemma:

LEMMA 4. When p goes to infinity, one has
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Proof. Let q be an integer such that

0 ^ q ^ 2 (nu + n*-1 + + n + 1) - 1

Consider the set jβn,g of the points a — (α0, aίy , αv) defined by

q ^ α^n* + + axn + aQ < g + 1.

Clearly, when α runs through the region Rn,q, the quantity [<£>(%)] =
[aun

y + +αxw + α0] stays equal to g. Then let ĝ , q2, , gp be any
sequence of integers such that 0 5Ξ gy < 2 ( j y + + j + 1), j 1 =
1,2, , 39. When α ranges over the set nJ=i^»,?n> the sequence
[φ(l)], [^(2)], — ,[φ(p)] does not change. But the number of these
regions is at most the number of different regions one can obtain by
dissecting the space R M 1 by hyperplanes avn

v + . . + aji + aQ~ q.
These hyperplanes are at most M — Mv(p) = 2JU 2 ( i " + β β + j + 1) =
0(pu+1), Now, one can show that the space R"+1 is dissected into
0(Mv+1) regions by M hyperplanes [5] and therefore :

Nu(p) = 0W+1)2) .

R E M A R K ! . It is easy to generalize Theorem 2 and obtain the
following result. Let (/ W ) W 6 N be a countable set of real functions
such that

l i m iog+_\fM_\ = o t v % e N >

(log+ denotes the maximum of 0 and log). Let Q be the set of all
real finite linear combinations of the family (/J. Then the Hausdorff
dimension of the set E(Q) is 0.

REMARK 2. The proof of Theorem 2 shows that the set Ev is not
dense on the unit interval (0, 1). On the other hand, Ev is invariant
under the mapping x —* {2x}. From these two remarks, one sees that
Eυ is a Rajchman iJ-set and that E(p) is therefore a set of uniqueness
for trigonometric series. This result is to be compared with the
following corollary of Pyatetski-Shapiro's theorem:

The set of nonnormal numbers is not a set of uniqueness.
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POLYNOMIALS ORTHOGONAL OVER A
DENUMERABLE SET

J. L. GOLDBERG

This paper concerns itself with characterizing the ortho-
gonality domain and the distribution function for polynomials
which satisfy

(1.1) Φn+i(x) = (x — an)φn(%) — bnφn-i(x) (n ^ 0)

with

(1.2) φ^{x) = 0 and φo(x) = 1

under the restriction an = 0, bn > 0 (n ^ 0) and lim bn = 0.

This extends the results of Dickinson, Pollak and Wannier [6] by
replacing their restriction Σbn < <*> with the weaker assumption
lim bn = 0, by correcting an apparent oversight, and by characterizing
the distinction between the cases Σ bn < oo and lim bn — 0. In the
course of this study we prove some theorems with occur rather na-
turally and seem of interest in their own right. Our approach owes
its origins to ideas expressed in [4] and [6] and our techniques to the
product and the series representations for a certain subclass of analytic
functions studied by Richards [9] and related to functions characterized
by a certain Stieltjes transform and continued fraction expansion.

More specifically; from a theorem of Favard [7] and Shohat [11],
equations (1.1) and (1.2) and the assumptions an real and bn > 0 (n^0)
are sufficient to imply that {Φn(x)} is a real orthogonal set. Under the
additional restrictions an = 0 (n ^ 0) and Σ bn < oo 9 Dickinson, Pollak
and Wannier [6] have shown:

( i) The domain of orthogonality is a bounded denumerable set
S, symmetric with respect to x — 0, with x — 0 the only non-isolated
point.

(ii) The distribution function (unique, after normalization, because
of the boundeness of S) with respect to which the polynomials {Φn(x)}
are orthogonal, is bounded, nondecreasing and with spectrum (the points
of increase) the point set S of (i). The points S are the poles of a
certain function, meromorphic in 1/x, whose residues are the values of
the jumps of the distribution. (This statement appears to require
modification because of the possibility of nonzero mass at x — 0, a

Received June 12, 1964. Research supported in part by a grant from the National
Science Foundation.
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point of S not a pole. This oversight is examined in some detal below,
see Theorem 3 and § 5.)

(iii) The sequence {xnΦn(x)} converges to an entire function which
is shown to be the denominator of the meromorphic function referred
to in (ii).

Later, Carlitz [2], studing polynomials, remotely related to Laguerre
polynomials, showed that properties (i) and (ii) hold for the polynomial
sets (under a different normalization)

(1,4) gn+1(x) = xgn(x) - n gn^(x) (n ^ 1)
(n + y)(n + 7 — 1)

where 7 > 0, gQ(x) — 1 and gλ(x) = x. For these polynomials Σ bn

diverges and hence (Corollary 4, below) (iii) is false. Subsequently,
Chihara [3, pg. 15] noted, and offered an independent proof of, a
theorem implicit in the works of Stieltjes [13], equivalent to the pro-
position that lim bn — 0 is necessary as well as sufficient to insure a
denumerable spectrum (with x = 0 the only limit point) for the dis-
tribution relative to {Φn(x)}> an = 0, n — 0, 1, .

In § 2 we sketch the fundamental theorems of continued fractions
and the theory of moments that are pertainent to our work. In § 3
we prove the corrected generalization of the Dickinson, Pollak and
Wannier theorem (Theorem 3) and set forth necessary and sufficient
conditions that lim xnφ'n(l/x) be entire. Section 4 provides a representa-
tion theorem for the class of meromorphic functions relevent to our
study and provides us with a means for investigating in § 6, conditions
under which mass at x = 0 is not present. Finally we offer an ex-
ample, due essentially to Wall [15] which explicitly contradicts (ii)
(without the modification supplied in Theorem 3) but in which (iii)
holds. The example is of interest independently of our use.

2* Preliminary theorems and notational conventions* We
use this section to set forth those parts of the theory of continued
fractions, theory of moments and theory of orthogonal polynomials
which bear on the problems with which we wish to concern ourselves.
None of these theorems are novel. They are stated in a form suitable
for our purposes with their proofs outlined only in such detail that a
specific reference may be quoted for their completion.

Consider the class of polynomial sets defined recursively by

(2.1) Φ{

n

sU%) = %Φls)(x) - bn+sΦlUx) (n ^ 0)

with

(2.2) φ"(χ) = 0 , φ^(x) = 1
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and

(2.3) bn > 0 (n^ 0).

We write ΦTix) as Φn(x) and agree in general to omit all zero super-
scripts. We reserve the use of superscripts in parenthesis for non-
negative integers fixed in advance of any argument and never for use
as a derivative.

It may be easily seen that {Φ{

n

s)(x)} are the successive denominators
and {Φn-^ix)} the successive numerators (here our convention assures
that s is fixed and the sequences are indexed by n) of the convergents
of

(2.4) Γ

Such polynomial sequences have been studied by Dickison [4], [5],
Dickinson, Pollak and Wannier [6], and perhaps most completely by
Sherman [10], in which more references may be found. We pause to
mention the important recursion relationship

(2.5) φ?(x) = xφ^\x) - b1+aφϊ™(x) (n ^ 1),

which follows from (2.4) but which may be proved independently by
induction. If (2.5) is established first, one may observe directly that

(2 6)
Φls)(x)

and hence the equivalence of (2.4) and Iimnφ
i

n

sj1

1)(x)/φi

n

s)(x). The defini-
tions (2.1) and (2.2), the theorem of Favard-Shohat and the standard
properties of real orthogonal polynomials lead to the observations which
we state as

LEMMA 1. All the zeros of the monic polynomials φ{

n

s)(x) are real

and simple. The degree of φ{

n

s)(x) is precisely n and φ(

n

s)(x) is an

\ dβ) function if n is ( tfdi The zeros of ψn](x) and φ{^\x)

alternate] there is a zero of one polynomial separating two con-

secutive zeros of the other.

Next consider the sequence {φn-iι)(x)/φn](x)}. Set z — 1/x in (2.3)
and define G{s)(z) by

zG^(z) = ,-ί-l - &i±-i - A±iJ ^Ltil

11/2 11/z 11/z 11/z

so that after and equivalence transformation
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(2.7)

But a theorem of Stieltjes states: A necessary and sufficient condi-
tion that (2.7) be a nonrational meromorphic function is bn > 0 and
limbn = 0 (see Wall [14; Theorems 54.1 and 54.2]). Hence,

THEOREM 1. If {φίs)(x)} is defined by (2.1), (2.2) and (2.3) with
lim bn — 0, then for each nonnegative integer s.

(2.8)
»->- zφ{

n

s)(l/z)

G{s)(z) is a transcendental meromorphic function and the convergence
in (2.8) is uniform in compact sets which exclude the poles of G{s)(z).

As a corollary of this theorem we prove the properties of the
orthogonality domain listed in (i) of the introduction. (See Chihara
[3, pg. 15] for an alternate proof along different lines). Consider an
interval [c, d] free of poles of Gis)(l/x). Lemma 1 assures that the
zeros of φns)(x) and φ{^\x) are not common. Hence, Theorem 1 and
and Hurwitz's theorem imply that [c, d] is ultimately free of zeros of
Φn](x). Thus any distribution function for {φ{

n

s](x)} is constant in [c, d],
Szego [12, Theorem 6.1.1]. But the poles of G{s)(l/x) are a bounded
set, symmetrically distributed with respect to x = 0. Hence, we have
proved:

COROLLARY 1. The orthogonality domain for the {φ^(x)} of
Theorem 1 is the bounded, denumerably infinite set of singularities
of G{s)(l/x). This set is isolated except at x = 0, and symmetric with
respect to the origin.

Suppose, by way of a converse, that S is any bounded, denumera-
bly infinite point set with x = 0 the only limit point. Suppose the
distribution function β{x) (bounded and nondecreasing) has S as its
spectrum. We normalize β(x) and all distribution function considered
herein by specifying:

( i ) Γ dβ =
(2.9) J -

(ϋ) β(x) = λ[β(x + 0) + β(x - 0)] , xeS.
Li

Suppose further that β(—x) —— β(x) (so that S is symmetric) and that
{pn(x)} is the unique set of monic polynomials orthogonal over S with
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respect to dβ. Then the symmetry of dβ leads directly to

(2.10) Pn+i(x) = xPn(x) ~ #»P»-i(aO (n ^ 0)

with p-ι{x) — 0 and po(x) = 1. This in turn defines the function
(Szego [12, Theorem 3.5.4])

(2.11) F(z) = ^ d β ^
-~1 - tz

11 B,z2\ B2z
2\

It is now a consequence of the hypotheses on β(x) that F(z) is trans-
cendental and meromorphic. Hence the theorem of Stieltjes mentioned
prior to the statement of Theorem 1 yields Bn > 0, n — 1, 2, and
limJSΛ = 0. Thus,

COROLLARY 2. A nondecreasing, symmetric distribution function,
normalized by (2.9) having discrete, bounded spectrum with x — 0
the only limit point, determines a transcendental meromorphic func-
tion with an expansion of the form (2.11), where {Bn} is a positive
null-sequence.

It is useful to have these two corollaries and Theorem 1 restated
in somewhat different form.

COROLLARY 3. The denominators of the successive convergents
of any continued fraction of the form (2βll) with Bn > 0 (n >0) and
lini-B^ = 0 form a sequence of real orthogonal polynomials with the
discrete domain of orthogonality described in Corollary 1.

Our proof of Theorem 3 (below) requires a Mittag-Lefϊler expansion
of G{s)(z). To this end we call attension to the following theorem of
Montel (Obrechkoff [8; Theorem XXI]):

// a sequence of rational functions converges uniformly to a
meromorphic function and if the zeros and poles of each rational
function are simple, real, and alternate, then the meromorphic func-
tion has the expansion

z - an an

where l>AJal converges and A, B, Al9 A2, , An, have the same
sign and the an are real and distinct.
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The hypotheses of this theorem are satisfied by the rational func-
tions φ^PQIzjlφ^Qlz) because of Lemma 1 and Theorem 1. Further-
more, G{s)(z) is even. Hence, after simplification,

(2.13) G ( 8 ) ( z ) = - A{
oo 9 Δd

V n

/ *

Finally, G(s)(0) = 1 so that A{s) ^ 0 and A{

n

s) < 0 (n > 0). In this re-
presentation, and in all similar expansions, we agree to order the
the poles, 0 < a[s) < a[s) < , αn —> oo.

THEOREM 2. The transcendental meromorphic function of Theorem
1 has the expansion

Gis)(z) = -
n=i z2

where -2Ai s )(αl s ))"2 < °°, A(s) ̂  0 and A{

n

s) < 0, % = 1, 2, .
convergence is uniform in compact sets which exclude the poles of
G{s)(z).

3* The construction of the distribution function* With the
preliminaries now settled, we can proceed with a consideration of the
first of our goals; namely, the construction which explicitly exhibts
the relationship between Gls)(l/x) and {φn](x)}. We state this result as
Theorem 3, a generalization and correction of the corresponding theorem
in [6, Theorem 5], The approach in this section owes its inspiration
to the ideas expressed in [6]β

Set z = 1/x in (2.1), (2.2) and (2.5). Define F{

n

s\z) = znφ{

n

s)((l/z).
Then,

(3.1) FlUz) = Fί'\z) - K^FίUz) (n ̂  1)

with

(3.2) *T(2) = 1, F[s)(z) = 1

and

(3.3) F^{z) = F^iz) - b1+sz*Fϊ:^(z) (n ̂  2).

Furthermore,

e+"(l/s) F^l\z) (n > χ )

F[;\z)

Now divide (3.3) by F^\z) and let n-* oo. This yields
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which may be interpreted as an alternate expression for (2.7). We
combine (3.3) and (3.4) to obtain

r n ur r n-ι — O]+SZ <JΓ {r n+ι\x Jo % _ 2 )

for n ^ 1. (Here and in the next equation F\;] = Fι

n

8)(z), G{s) = Gis)(z),
etc.). Such an expression suggests iteration. With the aid of (3.4)
Written as

Jp(8+n-l)Q(s-\-n-l) fii(s + n) __ Q(n-\-s-1) ^

and after some simplication, including multiplying through by
we compute

(3.5) z

for any p and all n ^ 1. Now choose C a circle small enough to ex-
clude all the singularities of G{s){z)9 G{s+])(z)9 •- , G{s+n)(z). Such a
circle exists because G(m)(0) = 1 for all m. The degree of FJf

β)(2) is
2[&/2], Hence the residues at the origin of each term in (3.5) is
readily computed and we have

(3.6) ---.- [ z—p~1Fls}(z)G^(z)dz = Kv Π bk+s
ZTCl JO' k=i

for O ^ ^ w and n ~ 1, 29 3? . If we define the empty product
as unity, then (3.6) holds for n — 0 also. The change of variables,
z — 1/x, casts (3.6) into

(3.7)

0 ^ p ^ n and n ^ 0. Here C is the circle reciprocal to CO C sur-
rounds all of the singularities of Gik+s)(l/x), k = 0, 1, , n. The
integration is taken in the positive direction. We may convert (3.7)
into a real orthogonality relationship by substituting the representation
of G{s)(z), given in Theorem 2, into (3.7) and interchanging the order
of integration and summation. With the observation that the residue
of x~λG{s){llx) a t x = ± l/α(

n

s) i s -~A{

n

s)(α{

n

s))~2 > 0, w e h a v e

(3.8) - A^δp0φi:\0) + Έx'φPix) Res JkΛs



1178 J. L. GOLDBERG

for 0 ^ p ^ w , w = 0, l ,2, . The summation is extended over all
the poles of x^G^il/x). We express this and the results of section
two as

THEOREM 3β Let {bn} be an arbitrary sequence of positive constants
with \imbn — 0. Suppose {ψ{

n

s)} are the sets of orthogonal polynomials
determined by (2.1) and (2.2). Suppose G{s)(z) is defined by (2.7) and
β{s) is the unique normalized distribution function associated with
{φ{

n

s)(x)}. Then for each nonnegative integer s,

( i) the spectrum of β{s) is the closure of the set of poles of
G{s)(l/z); namely, x = 0 and x = ±l/a'n

s), n = 1, 2, - .

(ii) the jump of βίs] at these poles is equal to the residue of
χ-ιG{s){ljx) there. That is,

β{s)(x + 0) - β{s)(x - 0) - - A ; s ) « ; ' ) " 2

for x = ±1M S ) .

(iii) /3(s)( + 0) - β{s)(-0) = -A ( s ) .

(iv) For each p,0^ p ^ n and all n = 0, 1 2, ,

= dnPf[ bk+s,
k = l

where [—a, a] is an interval large enough to include the bounded set,

The criterion Σbn < co is both necessary and sufficient to imply
the existence of Iimwajw^i8>(l/it?).

COROLLARY 4. If Σbn < oo then (uniformly)

xφ\:\llx) l im a?Λ^β)(l/a?) E{a)(x)
— G{s)(x)

Here, Eis+1)(x) and E{s)(x) are entire functions. Conversely, if
limnx

nφ{

n

s)(l/x) converges uniformly in a bounded closed domain about
x = 0 then Σbn < co.

Proof. The sufficiency, with the modification at x = 0 previously
mentioned, is the main theorem of Dickinson, Pollak and Wannier. Their
proof depends only upon Σb^ < oo and hence is applicable here. The
necessity is proved by an appeal to a theorem of Polya (Obrechkoff,
[8, Theorem IV] which states in eflect that the limit of a uniformly
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converging sequence of polynomials with real, symmetric zeros is an
entire function. Therefore, the coefficient of x2 in xnψ{

n

s)(l/x) converges
to the coefficient of x2 in the series expansion of the limit function.
But, we see that xnφ{

n

s)(l/x) = 1 - (&1+β + b2+s + + bn+s)x2 + 0(a;4) for
n = 1, 2, •••. This proves the necessity. More interestingly;

THEOREM 4. A necessary and sufficient condition that limxnφ{

n

s)(l/x)
converges uniformly in some bounded, closed domain containing x — 0
(and hence converges to an entire function) is that Σa~2 < oo.

Proof. Assume that limnx
nφ'f(l/x) converges uniformly. Bat

the aforementioned theorem of Polya we know the limit function is
entire. Denote its zeros by ±a{

v

s\ 0 < a[s) < a^s) < . Let ±aktn9 k —
1, 2, [n/2] be the 2[n/2] zeros of xnψ{

n

s)(l/x) ordered

0 < aUn < a2tn •-. < a[
l 2 h n

Now a theorem of Hurwitz asserts that l im^α^ = a(

k

s), k = 1, 2, .
Referring once again to Polya's Theorem we conclude that Σ(ak

s))~2

converges. Of course, the zeros ±α[ s ) are the poles of G{s)(l/x). From
(3.4) they are also the zeros of G{s~1](l/x). But the zeros and poles of
G^-^l/cc) (for any s) alternate on the real axis. Hence Σ(ak

s~l))~2 also
converges. Successive applications of this reasoning yields the con-
vergence of Σ(ak

0))~2 — Σak

2 after s steps. We prove the sufficiency
by showing that the convergence of Σak

2 implies the convergence of
Σbn. Towards this end we note that the zeros of φ{*]{x) and φ[!2ί\x)
are interlaced (Lemma 1). In our notation, the reciprocals of these
zeros are ordered as follows;

• < aUn+1 < aun < a2tn+ι < a,,n < ,

for n — 1, 2, -. Hence,

1 1 _ 1 _ β m φ

OC\,n aίn + l Otln + 2

(3.9) Cίί,n «2,n + l «2,w-f

for r < [w/2]. Thus a~% < α^2. By hypothesis Σa~2 < c>o. Hence by
Tannery's theorem (Browwich [1, pg. 136]).

lim Σ akX = Σ
k 1 k l
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But b, + b2 + + bn = Σ k~?<Xk?n, since the coefficient of x2 in xnφ{

n

8)(l/x)
is the sum of the squares of the zeros of φ{

n

s)(x). Corollary 4 completes
the proof.

For a special case, Dickinson [4] has computed the moments, {m^s)},
of β{s) in terms of the parameters of G{s)(z), We know in advance
that the odd moments are zero (Shohat [11, Theorem II]) and that the
moments are the coefficients in the Taylor series expansion of G{s)(z)
about z ~ 0. Specifically,

COROLLARY 5. Under the hypothesis of Theorem 3;

m?

(

?

s) = 0 , n odd ,

m\:] = -A{s) - 2 Σ Aΐ'ia'f)-2 = 1 ,

mi s ) = - 2 Σ Ai s )(αi s ))"%~2 , n >
Jfc = 0

Proof. We have from Theorem 2 that

Σ

Σ
=0 n=l

for | « | < I α| s ) |. Thus

(3.10) aj^G^^l/a?) = -A{s)/x - Σ a?"2*"1 Σ 2A{

n

s)(a'n
s)y2k~2 .

k

But then

and the Corollary is proved.

4* A representation theorem for the meromorphic function
G{s)(z). In previous sections we have concentrated on the determina-
tion of the spectrum of β{s) from a knowledge of {bn}. In this and
the succeeding section we direct our attention to the class of meromor-
phic functions which determine real orthogonal polynomials with dis-
tributions having spectra of the type described in Corollary 1. We
denote the class of such meromorphic functions by PIF; a notation
motivated by the notation for a related class of functions. We express
our main theorem by the following:
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THEOREM 5. The following four statements are equivalent*:

(1) zF(z) e PIF

(2) m l } B £ B £

with Bn > 0 n — 1, 2, , and lim Bn = 0.

(3) F(z)= -A + ± 2A± 2 ,
where A ^ O , A % < 0 , w = l , 2 , 3, •••, - A -2 7 2A % α- 2 = 1, 0 < # ! < <x> <

0 < «! < 7i < α2 < τ 2 < , an -> oo α^d Π (1 +

converges (and is therefore
7 1 = 1

Proo/. (1)«(2) is established in §2 along with (2)=>3 (Theorem
2). We shall prove (3)=>(2) and then (3)<=>(4) to complete the proof.

(a) We prove (3)=>(2). Suppose F is defined by (3). Then
— A — Σ2Ana~2 = 1 establishes the uniform convergence of the right-
hand side of (3). Hence F is transcendentally meromorphic and analy-
tic at z — Oo The Taylor series (in z2) for F at z — 0 has only positive
coefficients. From the theory of continued fractions (Shohat [11, pg.
455]), we deduce a representation for F in the form (2) with the stated
conditions on {Bn}.

(b) To prove the equivalence of (3) and (4) we set z — it and define
f(t) = tF(it). Then f(t) is a meromorphic function which maps the
right half-plane into itself, the imaginary axis into itself and the reals
into the reals. These properties of f(t) follow, if we assume F is
given by (3), by taking real and imaginary parts of (3). Richards [9]
made a detailed study of such functions which he named iPRF (PR
for positive real part; PI for positive imaginary part in our case).
The transformation, t — —iz and the definition F(z) = if(—iz)/z, there-
fore, converts Richards' theorems into results for F(z). In particular
then, (3)=>(4) as a consequence of [9; Theorem 12] and because /'(0) =
F'(0) = 1. Conversely, if F is given by (4) then f(t)eiPRF by [9,
Corollary 12.1] and (4)=>(3) by [9; Corollary 10.1]. This completes the
proof.

5* The constants A{s\ The mass assigned by the weight function

* We suspend our convention on superscripts for this section.
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to each point of the orthogonality domain may be determined, as we
have seen, by examination of the residue at each pole of a function
meromorphic in 1/x with the single exception of the mass at zero,
— A{s). If the mass at zero is zero for each s, as it is in the examples
considered by Dickinson, Pollak and Wannier [6] and Carlitz [2], the
exception is vacuous. It is of some interest then, to consider the
problem of characterizing in function-theoretic terms those PIF func-
tions with Ais) — 0, s — 0, 1, 2, . In the course of this section we
derive some theorems, parts of which yield conditions assuring nonzero
mass at x — 0. We begin by proving a Lemma fundamental to this
part of our study.

LEMMA 2. In the Stolz domain,

0 < θ1 ίg arg z ^ θ2 < π, and for each s Ξ> 0 ,

/K n limG(s)(z) = - A ( s ) .

Proof. This is a well-known theorem in a different guise. For,
[9, Theorem 5 and Corollary 10.1] shows that liml2Hoo f(t)/t exists (t in the
domain | arg t | ^ θ < π/2) and is nonnegative. Now G{s)(z) is PIF from
Theorem 5 (2), so that f(t) = tG{s){it) e IPR and the Lemma follows from
[9; Corollary 10.1]. A second Lemma follows from (3.4) and Lemma 2.

LEMMA 3. Either the terms of {A(s)}Γ=i are all zero or they are
alternately zero and nonzero.

Proof. Set z — iy, (y real) in (3.4) and write

(5 2) -&k
Then one interation of (5.2) yields

(5.3) J- = 1 + b1+s(Vt + 62+.G( +

Now let 7/ —> oo in (5.2) and (5.3) and evoke Lemma 2. Equation (5.2)
shows that A{S)A{S+1) Φ 0 is impossible and (5.3) shows that either
A{s) = A{s+2) = 0 or A(s)A(s+2) Φ 0 for every s. But this is just an
alternate way of expressing the content of Lemma 3.

THEOREM 6. For all s = 0,1, 2,

(5.4) - A{s) = lim Π (αi s )M s + z )) 2 < ~ .



POLYNOMIALS ORTHOGONAL OVER A DENUMERABLE SET 1183

Proof. Set z — (iy)"1 in Theorem 5 and note that

•(5.5) lim G{s){z) = - A{s) = lim Π \ V \ + ^ ' ^
I*H~ y-^o i L y2 + (a{

n

s))-

Since

t +
χ _

for all 7/ and every n, the hypothesis that Π («1S)M'+1))2 converges
implies the uniform convergence of the rightmost factor in (5.5) in
every set y2 ^ R2 and thus the continuity of Gis)(l/iy) at y = 0. This
proves (5.4) when the product converges. Now | a{

n

s) | < | a{

n

s+1) \ so that
divergence of Π (^is)/^is+1))2 is divergence to zero. Hence, given any
ε > 0 there exists an N such that for all n > N

Π (a'f/a{

n

s+1)γ < e .
1

But

w « i ) ) η f r^ + («,(r+i))fr w + «s+i ))-η < fr r
Y L ̂  + «»)-2 J - i1 L ̂  + «
Π y + Γ̂ 2

 } U (l + i ) Π

The leftmost inequality holds for every N because each term in the
product is less than one for every y. The last inequality holds for
all y satisfying y <£ (VWa^^)"1 n = 0,1, , N. Because of the
ordering of the poles of G{s)(z), this can be accomplished by the re-
striction y ^ {V~Wa[£+1))-1

 o Hence the limit on the right side of (5.5)
must be zero, proving Theorem 6 if the product diverges. A less com-
plete result follows from (2.13).

THEOREM 7O If A(s+1) = 0 then a necessary and sufficient condi-
tion for A{s) Φ 0 is that ΣA{

n

s+ι) converge. In either case

A< > = - ( 1 - bι

{suitably interpreted if ΣA{

n

s) diverges).

Proof. Set z = {iyY1 (y real) in the representation for G ( s + 1 ) given
by (2.13). Since A{s+ί) = 0 and 0 < a[s+1) < α t + 1 ) < •••, we have for
all y ^ (αίs+1))2,

N
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But from (3.4), with z = (iy)~\

(5.6) !/-=G..«»(

Let y —> 0 and assume ΣA(

n

s+1) diverges. Then

\im&s)(-i/y)= -A{s) = 0 .
2/-0

Now suppose 2Άis+1) converges. Since

(5.7) y-*G^( £ ^C' j

we conclude that Σ Ais+1)[l + (a^fy2]"1 converges uniformly for all
y in, say y2 ^ R, and hence represents a continuous function at y — 0.
Therefore, from (5.6) and (5.7).

This completes the proof.
Hence if {A{s)} is a sequence of zeros, ΣA{

n

8) must diverge for
each s. Conversely, if all such series diverge {A{s)} is a sequence of
zeros. Is it possible for 2Άis) to converge and A{s) Φ 0 ? A(s) = 0 ?
In other words, if {A(s)} is alternately zero and nonzero, what can be
said about the convergence of ΣAn,ΣA%\ ΣA{2\ •••, besides the state-
ment that they all cannot diverge? We leave this question open.

Finally,

THEOREM 8. The constants {bn+s} and A{8) are related by

(5 8) I — ]_ I ^ l + s I ^l+s^3+g _ι_ ^l+g^3+g^5-}-g I . . .

A{s) b2+s b2+sb,+s 6 2 +A+ sί>6+g

so that A{s) — 0 if and only if the series (5.8) diverges.

This theorem is known (see [3; Theorem 2] and the references
therein). We include the statement here for completeness.

6. An example* Wall [15] studied a certain continued fraction
which arose in a number-theoretic context. By suitable changes of
variable this example may be used to illustrate the theorems of the
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previous sections. There seem to be relatively few cases of interesting
special functions for which the sequences {bn} and {Als)} are known
explicitly and {A(s)} is not all zeros. The author was able to find only
this one example. Choose 0 < r < 1 and 0 < q < 1 and define ί>2 = r,

(6.1) b2k+2 = (1 - rqk)qk+1, b2k+d = rqk+1(l- qk^)

(6.2) Mx = r Π (1 - rqk)

(1 - q)(l - g2) (1 - g*-1)

Then Wall [15] has shown, in our notation,

1 - 1 . ^ v -Miϊ"*(6.4) — ± — = 1 + z2 Σ
G<"(Z) &

From (3.4) and (6β4) we deduce that

so that A{1) = 0, - 2 ^ υ = Mk{rqk)~ι and « 1 } ) 2 = ^~&. We use Theorem
7 with s = 0 to deduce that A{0) Φ 0 if ΣM^rq1")'1 converges. The
ratio test yields the convergence of this series if r < q and its diver-
gence if q < r . Thus the terms in {A{s)} are all zero if q < r and are
alternately zero and nonzero, A(0) ^ 0, if r < g. Wall has also shown that

(6.6) G{1)(z) = Σ IV ff(l - rqk)\z2n .

Hence, the moments m^} can be read off immediately (see Corollary 5)

(6.7) mff = qn U (1 - rqk) (n ^ 0)

where the empty product is defined as unity. Incidentally, Σbk < °°
for all choices of r and q so that this example is one that is included
in the Dickinson, Pollak and Wannier theory.

7* Acknowledgement* A special note of thanks is due Professor
J .L. Ullman for the many hours of valuable discussions on the material
of this note. His encouragement, interest and stimulation were a
major source of inspiration.



1186 J. L. GOLDBERG

REFERENCES

1. T.J.Γa. Bromwich, An introduction to the theory of infinite series, Macmiilan anά
Co. 1959.
2. L. Carlitz, On some polynomials of Tricomi, Boll. Unione Mat. Ital. (3) 13 (1958),.
58-64.
3. T.S. Chihara, Chain sequences and orthogonal polynomials, Trans. Amer. Math.
Soc. 104 (1962), 1-16.
4. D.J. Dickinson, On Bessel and Lommel polynomials, Proc. Amer. Math. Soc. 5
(1954), 946-956.
5. , On certain polynomials associated with orthogonal polynomials, Boll. Unione
Mat. Ital. (3), vol. 13, pp. 116-124.
6. D.J. Dickinson, H.O. Pollak, G.H. Wannier, On a class of polynomials orthogonal
over a denumerable set, Pacific J. Math. 6 (1956), 239-247.
7. J. Favard, Sur les polynomes de Tchebicheff, C.R. Acad. Sci. Paris, 200 (1935),
2052-2053.
8. N. Obrechkoff, Quelques classes de fonctiones entieres limites de polynomes et de
fonctiones meromerphes limites de fractions rationalles, Actualities Scientifiques et
Industrielles, 891, Hermann et O , Paris, 1941.
9. P. Richards, A special class of functions with positive real part in a half-plane,
Duke Math. J. 14 (1947), 777-786.
10. J. Sherman, On the numerators of the convergents of the Stieltjes continued frac-
tion, Trans. Amer. Math. Soc. 35 (1933), 64-87.
11. J. Shohat, The relation of the classical orthogonal polynomials to the polynomials
of Appell, Amer. J. Math. 58 (1936), 453-464.
12. G. Szego, Orthogonal polynomials, Amer. Math. Soc. Colloquium Publication, vol.
23, New York, 1939.
13. T.S. Stieltjes, Recherches sur les fractions continues, Oeuvres, Tome II, Noord-
hoff, Groningen 1918 pp. 402-566.
14. H.S. Wall, Analytic theory of continued fractions, D. VanNostrand, 1948.
15. , A continued fraction related to some partition formulas of Euler, Amer.
Math. Monthly, 48 (1941), 102-108.



PACIFIC JOURNAL OF MATHEMATICS

Vol. 15, No. 4, 1965

NORM DECREASING HOMOMORPHISMS
OF GROUP ALGEBRAS

FREDERICK P. GREENLEAF

The homomorphisms ψ of the group algebra L\F) into the
algebra M(G) of measures, where F and G are locally compact
groups, has been completely determined when both groups are
abelian by P. J. Cohen, and when G is compact and the
homomorphism is norm decreasing and order-preserving by
Glicksberg. In this paper the structure of norm decreasing
homomorphisms φ is determined for arbitrary locally compact
F and G. As an application the special structure of all norm
decreasing monomorphisms is determined, along with the
rather elegant structure of ail norm decreasing homomorphisms
mapping L\F) onto L'iG).

The analysis is effected by finding all multiplicative sub-
groups of the unit ball of measures on a locally compact
group for, as we show, each ψ extends to a norm decreasing
homomorphism φ i M(F)->M(G), and is determined by the image
under φ of the group of point masses on G, a multiplicative
subgroup of the unit ball in M(G).

This paper completes a study of norm decreasing homomorphisms
on group algebras initiated by Glicksberg in [4] and [5], If G is a
locally compact group we will denote its group algebra by L\G) and
its convolution algebra of bounded regular Borel measures by M(G).
We present a complete structural analysis of the subgroups of the
unit ball in M(G), and a structure theory classifying all norm decreasing
homomorphisms φ: L\F) —• M(G) where F and G are locally compact
groups. As an application we determine the special structure of all
monomorphisms φ mapping L\F) into M(G) and all norm decreasing
homomorphisms which map U(F) onto Lι(G).

Let C0(G) be the sup norm algebra of all continuous complex valued
functions on G which vanish at infinity, and recall that C0(G)* = M(G).
If μ e M(G) its support s(μ) is defined so that x e s(μ) <=> for each
neighborhood U of x there is some ψ e C0(G), vanishing outside of U,
with <μ, ψy Φ 0. Then s(μ) is a Borel set. If Γ is a subset in M(G)
we define supp (Γ) — U{s(μ): μe Γ}. The convolution of μ,XeM(G)
is given as an element of C0(G)* by defining

= f Γί ψ(st)dμ(s)\dX(t)

Received April 24, 1964 and in revised form August 1, 1964. This research was
carried out under an Air force grant (AFOSR-407-63).
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for all ψ G C0(G). If M(G) is given the total variation norm it becomes
a Banach algebra under this multiplication.

We first show that if μ,Xe M(G) then
( 1 ) || μ*X || = || μ \\-1| λ || ^s(μ*X) = (s(μ)s(X))~
( 2 ) | | μ * λ | | = | | i « | | . | | λ | | = * | / i * λ | = | μ | * | λ | .

These facts were first pointed out, in somewhat less general form, by
Wendel [11] and Glicksberg [4]. These results suffice for the analysis
of the subgroups of the unit ball in M(G).

In order to determine the norm decreasing homomorphisms φ: L\F)—+
M(G) we use an important observation that such a map always extends
to a norm decreasing homomorphism φ: M(F) —> M(G) which is con-
tinuous on norm bounded sets as a mapping of (M(F), (so)) into
(M(G), (σ)). Here (σ) is the usual weak * topology on M(G), and (so)
is the strong operator topology on M(F) gotten by letting M(F) act by
left convolution on the ideal L\F) c M(F).

The author is greatly indebtted to the earlier work of Glicksberg
presented in [4], [5]. He is also pleased to acknowledge Professor
Glicksberg's helpful commentary in private correspondence. It will be
clear to the reader familiar with [4] that the proof of the fundamental
relation || μ*λ | | = || μ || || X || => | μ*λ | = | μ | * | λ | is a simple adaptation
of a Glicksberg theorem dealing with compact groups. The simpler
proof given here was suggested by Glicksberg.

1Φ Preliminaries* Throughout this paper we will find it con-
venient to write convergence of a net {xj} to a point x in a topological
space (X, τ) as Xj > x o r x < • xjt interchangeably. To avoid con-
fusion in discussing homomorphisms we will use the terms homomorphism
(epimorphism, monomorphism) for into (onto, 1:1) homomorphisms; we
reserve the term isomorphism for 1 : 1 onto homomorphisms.

Most measure theoretic notions are taken from Halmos [3], includ-
ing definition of Baire and Borel sets. In the following discussion let
B = B(G) (Bo = B0(G)) be the collection of Borel (Baire) sets in G. If
a function / is defined on G and if H is a σ-ring of sets in G, we say
that f is H measurable on all H sets of G if χBf is H measurable for
each set EeH (χE = characteristic function of E). It is clear that
Bo measurability on Bo sets implies B measurability on B sets in G.

If μ e M(G) define its Baire contraction μ' by restricting its domain
of definition to be B0(G). A regular Borel measure is uniquely de-
termined by its Baire contraction (see [3], 54. D). If Ee B(G) it must
be σ-bounded, and hence there is a Baire set AZDΈ\ this applies in
particular to s(μ) where μe M(G). If Ee B and / is B measurable on

G, we let \ fdμ denote the integral \ χEfdμ.

In applying the Fubini theorem, Borel functions have rather
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pathological properties when compared to those of Baire functions.
These difficulties arise from the fact that the product 6r-ring Bo x Bo —
B0(G x G), while we only know Bo x BQaB x BczB(G x G) for the
corresponding Borel sets. If / is BQ measurable on G and if A, B e Bo,
then the function χAXB(s9 t)f(st) is Bo x Bo measurable on G x G (hence
B x B measurable) and we can apply Fubini to the convolution-like
integral

< * ) t XAXB(S, t)f(st)dμ x λ(β, t) .
JGxG

If f is B measurable, the best we can say is that χAXB(s, t)f(st) is
B(G x G) measurable, but this does not give the B x B measurability
required to make (*) well defined. To avoid these difficulties we will
rely on the following well known observations.

(Rl) If / is bounded and Bo measurable, and if E, FeBOf then
XEXF(S, t)f(st) is BoxBo measurable on G x G.

(R2) If / is bounded and Bo measurable, and if μ, XeM(G), let
us choose any sets E,FeB0 such that Ei)s(μ), FZDS(X). Then

I f(x)dμ*X(x) = χEXF (s, t)f(st)dμ x λ(s, t) .
GxG

(R3) If μ e M(G) there exists a unimodular function / μ which is
2?o measurable on Bo sets in G, such that μ =fιί\μ\. Thus if EeB,

μ ( E ) = \ χE(s)dμ(s) = \ χE($)fΛs)d \ μ \ ( s ) .
)G )G

Notice that Ψ(t) = [ψ(st)dμ(s) is in CQ(G) if ψeC0(G), and all

'CΌ(G) functions are Bo measurable on G, so the definition of convolution
is meaningful for μ, XeM(G), Convolution is actually independent of
the order of iteration of the integrals used to define it, in fact the
above remarks show that

Γf ψ(st)dμ(s)]dX(t) - ( χEXF{s, t)f{st)dμ x λ(s, t)
G LjG J JGXG

if E,FeBQ are such that E^s(μ), Fz)s(X).
If G is a locally compact group and if Qc G we let &Q = {δx:xe Q}

where dx is the point mass at x for x e G. Let co[X] be the convex
span of a set I c I ( G ) and if 7 is a vector space topology on M(G),
denote the (τ)-closed convex span of X as co[X:j]. We will need the
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following lemmas about the (σ) and (so) topologies on M(G) (see intro-
duction).

LEMMA 1.1.1. If μά-^-> μ with \\μά\\ ̂  M < oo in M(F), and
if ψ is right uniformly continuous and bounded on F, then we have

Proof. Since ψ is uniformly continuous, there exists feL\F)

corresponding to ε>0 such that | | / | | = 1 and f(st)f(t)dt-f(s) <e/M

for all s e F. Then we have | </^i*/, ψy — <//,, ψv> | < ε for j e J and
likewise for μ, so that | ζμjf ψy — <μ, ψy | < 3ε for j Ξ> jQ.

LEMMA 1.1.2. If Q is a compact set in locally compact group G,
and if S is the circle group, then co[S &Q: so] — co[S &Q : σ] —
{μe M(G): || μ \\ ^ 1, s(μ)aQ}9 and on these sets the (σ) and (so)
topologies coincide.

Proof. Clearly S&Q is both (σ) and (so) compact, thus from [2,
p. 511] we see that co[S g^ : so] is compact in the (so) topology, as is
co[S gρ: σ] in the (σ) topology. On the unit ball the identity j : (M(G), so)-+
(M(G), σ) is continuous by 1.1.1, so co[S^Q : so] is (σ) compact and hence
must contain co[S^Q:σ]. Since Q is compact it is known that
co[S^Q:σ] = {μeM{G):\\μ\\^l9 s(μ)aQ}. But μ e co[S ί?Q : so] =>

s(μ)aQ and \\μ\\^Ll, which gives the reverse containment. It is
obvious that the topologies are the same on these compact sets, once
they are known to coincide.

LEMMA 1.1.3. If G is a locally compact group, co[S^G:so] is
the unit hall in M(G) if S is the circle group.

Proof. Let μe M(G), \\μ\\ = 1, and let Kn be compacta such that
JSΓn+1 =) ΛΓn and \Jζ^KnZ)s(μ). Then μn = μ\KneM(G) is such that

|| μn || g 1, μne co[S&Kn : so], and μn > μ. Thus μ is in the norm
closure of \JZ=ι co[S^Kn: so], which lies within co[S^Q:so].

LEMMA 1.1.4. On the unit ball in M(G), convolution is a jointly
strong operator continuous operation.

Proof. Let μd -^> μ and λ̂  -^-> λ in the unit ball. If / e U(G),
then because \\μj\\ S 1 for all jeJ we have | |μi*λΛ*/— μ*λ*/| | ^

|| ^ *(λ*/) - /i*λ*/|| ^ II λ f c*/- λ*/|| +

LEMMA 1.1.5. If G is a locally compact group, the unit ball in
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Lι(G) a M(G) is (so) dense in the unit ball in M(G); in particular,
U(G) is (so) dense in M(G).

Proof, Clearly there exists a left approximate identity {eό} of
norm one in U(G). If μeM(G) then μ*e3 e L\G) and || μ*eό || <Ξ \\μ\\\

furthermore, if fe Lι(G) we have

|| μ*f - (μ*ei)*f\\ = II μ*f ~ μ*{es*f) || > 0 .

2* Idempotent measures o£ norm one* If G is a locally com-
pact group and KaG is a compact subgroup, define mκeM(G) to be
the normalized Haar measure on K9 so that

, ψ} = ψ(s)dmκ(s)
JK

for ψeCQ(G). Let Kκ be the set of all continuous unimodular multi-
plicative complex valued functions on K, and if βe KA let βmκ denote
the Haar measure on K weighted with the function β. Then βmκ is
an idempotent of norm one in M(G); it is our purpose to show that
these are the only idempotent measures of norm one in M(G).

THEOREM 2,1,1, Let G be a locally compact group* Then if
μ,Xe M(G) are such that 11 μ * λ 11 = 11 μ 11 ° 11 λ 11 it follows that s(μ*X) =•=
(s(μ)s(X))~, the closure in G of s(μ)s(X)o

Proof. It is sufficient to consider the case [ | μ | | : = | | λ | | = l .
Clearly (s(μ)s(X))~ Z)s(μ*X). If this inclusion is proper we can find a
compact Baire set U which is such that (int U) Π (s(μ)s(X))~ Φ 0,
while at the same time U Π s(μ*X) = 0 β Let E, Fe BQ(G) be such
t h a t E3s(μ), F =)s(λ), and define V = {(s, s~ιu) :ue U, se E}aG x G;

notice that VeBoxBo and is such that χv(s,t) = Xu(st) for seE9

teG, thus

r

ψ(st)dμ x X(s, t)
(EXF)ΓiV

χv(s, t)ψ(st)dμ x λ(s, t)
EXF

= Xσ(st)ψ(st)dμ x λ(s, t)
J EXF

= \ Xu(
JO

Given ε > 0, there is a function ψeC0(G) such that ||ψ||oo = 1 and
|</i*λ, ψy\ > 1 - ε. If V is any Baire set in G x G, then
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1 - ε<| <>*λ, ψ> I = If χEXF(s, t)ψ(st)dμ x λ(s, t)
I JCfxQ

= I ψ(st)dμ x λ(s, ί)
( \ I J E X F

* ) -

= \ ψ(st)dμ x λ(s, ί)

+ \ ψ(st)dμ x λ(s, ί) .

For V as above, the right hand side of (*) consists of the single term

is (EXF)\V
ϊt)dμ x λ (M)

J(^Xί')\F'

^ ( d
JEXF

\ ψ(8t)

μ\ X |

= 1- \ d
J(EXF)ΠV

d

λ

μ

\μ\

-\

X

χ | λ | ( . , ί )

(^XJ JΠF

λ | .

But from our definition of U it is clear that \ d | μ | x | λ | = S > 0 ,
)(EXF)f]V

and thus for all ε > 0 we get 1 — ε ̂  1 — δ, a contradiction.

THEOREM 2.1.2. If G is a locally compact group and if μ,Xe M(G)
are measures such that \\μ*X\\ = II^IHIMI* then | μ * λ | = | j " | * | λ ; | .

Proof. Again it suffices to consider the case | | μ | | = | | λ | | = l . If

FiDs(μ) is a Baire set, it is σ-bounded and from the Radon-Nikodym

theorem we know t h a t there is a Baire measurable function / μ on F

such t h a t μ(E) = ( χE(x)f^(x)d \μ\(x) for all Ee B(G) such that EczF.

l l | / ( ) l 1 I | F dfi ficlearly = 1 I μ |-a.e. on F; we define a new function

pμ(x) =
if \fμ(x)\ = 1

11 for all other x e G .

Then pμ. is a unimodular function on G Baire measurable on Baire
sets in G.

We will show | μ * λ | ^ | / i | * | λ | . Since these are positive measures,
both of norm one (since | | μ * λ | | = | | ^ | | | l λ l l f ° r a n y positive measures
μ,\eM(G)), our result must follow. If ψeC0(G) and ψ ^ 0, then

_ Γ ψ(x) -dμ*X(x)

= ( Γ( Ψ(st)
Iβliβ (Oμ.λ(sί)
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Now the last integral is positive and the integrand is a unimodular
multiple of ψ(st), so it must be less than or equal to

The following lemma is given in Loynes [6] and Pym [8], and is also
a simple consequence of 2.1.1 and 2.1.2.

PROPOSITION 2.1.3. If G is a locally compact group and if μ e M(G)
is a positive idempotent of norm one, then there is a compact subgroup
KdG such that μ = mκ.

We can, now prove the main assertion of this section.

THEOREM 2.1.4. If G is a locally compact group and μeM(G)
is an idempotent of norm one, then there is a compact subgroup
K(zG and a function pe Ks such that μ = pmκ.

Proof. Write μ = p | μ \ where p is a unimodular function on G,
Baire measurable on Baire sets in (?. From 2.1.2 we see that | μ ] is
a positive idempotent of norm one, so that | μ \ ~ mκ for some compact
subgroup K(zG from 2.1.3.

Now p is a bounded Borel measurable function on K since B{K) —

{EΠ K:E G #((?)}, so the function p * ρ(t) = \ ρ(s~1t)ρ(s)dmκ(s) is
J K

continuous on K (we are taking # as the convolution of two functions
on K here). If f e C0(G) and if Fe B0(G) is such that Fz)s(μ) = K,
we have

f(χ)p{%) dmκ(x) = o , π/r>

= \\\ ψ(st)ρ(t)dmκ(t)]ρ(s)dmκ(s)

= j J J ^ ψ(t)p(s-1t)dmκ(t)^p(s)dmκ(s)

= I XFXF(S, t)p(s-1t)^(t)ρ(s)χκxκ(s9 t)dmκxmκ(s, t) .
JGxG

Clearly ψ(t)ρ(s)χκxκ(s, t) is B x B measurable and a slight modification
of Rl gives the Bo x Bo measurability of p(s~1t)χFXF(sf t) on G x G.
Thus Fubini applies and we get

fe t)f(t)ρ(s)p(s~1t)dmκ x m^s, ί)

- ί f (% * p(t)dmκ(t) ,

JK
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so p is I μ |-a.e. identical to a continuous function on K. Taking p to
be continuous on K, it is clear that (s, t) —> jθ(sί) is continuous on
K x K. But we can apply the argument of 2.1.2:

= t Γ( ^ ' i ? d\μ\(s)]d\μ\(t)

which means that p is a multiplicative function on K.

3* Subgroups of the unit ball in a measure algebra* In this
section we consider a locally compact group G and let Γ be a subgroup
in the unit ball of M(G). We will denote this unit ball by ΣM{Θ) and
refer to the weak * topology on M(G) as the (σ) topology. Given Γ
we denote Ho = supp (Γ) = U{s(μ) : μe Γ}.

LEMMA 3.1.1. Both Ho and its closure in G are subgroups of G,
and if the unit of Γ is denoted i (i — pmκ for some compact subgroup
K(zG and some peKs), then K is a normal subgroup of both Ho

and its closure. Furthermore, if μe Γ then s(μ) is a single coset of
the group K in Ho.

Proofo If μ e Γ then s(μ) is a union of right (or of left) cosets
of K because i^μ — μ^i ~ μ=> (s{μ)s{i))~ = s(μ)-K — K-s(μ) = s(μ)
from 2.1.1. If μ e Γ then s{μ~x) = s(μ)-\ In fact, iίxe s(μ), y e s{μ~x)
then xy = ke (s(μ)s(μ~1))- = s(μ * μ'1) = K, so that x"1 = yk~ι e s(μ~1)K =
siμ"1), and vice versa.

If g^siμ), ^ G δ ^ " 1 ) we have the relations

( * ) K= s(i) = (s(μ)s(μ-1))- =) s(μ)s(μ~1) 3 g,K2

(**) K = s(i) = (s(μ)s(μ-1))- =) s(^)s(//-1) =) Kgig2KzD{gig2} .

Thus s(/i) is a single coset of K; otherwise we could find gug2es(μ)
with gx £ Kg2y and this would => g1g2~

1 £ K. But gf1 e s(μ)"1 = siμ-1) and
(**) => g1g2~

16 iΓ? a contradiction. We see now that all supports are
compact and hence s(μ)s(X) — s(μ*X) for all μ,XeΓ.

Clearly Ho is a subgroup of G since s(μ * λ) = s(μ)s(X) and siμ)"1 =
siμ-1); hence its closure is also a subgroup in G. We get normality
of if by considering geH0 and taking any μ e Γ such that ges(μ).
Then if we take gx — g, g2 — g~xe s{μ~ι) in (*), we get Kz)gKg~\

The following theorem gives the structure of a subgroup Γ; it
gives only a necessary condition on the structure of a collection of
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measures Γ in the unit ball of M(G) in order that Γ be a subgroup.
Necessary and sufficient conditions will be given later.

PROPOSITION 3.1.2. If Γ is a subgroup of Έ,M{β) for locally compact
group G, let i — pmκ be its unit and let Ho = supp (Γ). Then there
exists a subgroup Ω c S x G , with the property

Ho = {geG : (a, g) e Ω for some | a | = 1} ,

such that Γ — {aSg*ρmκ : (a, g) e Ω).

REMARK. Here S is the circle group and S x G is the usual
product group. In 2.1.4 we have already shown that the unit is i = pmκ

where K is normal in Ho and pe KA.

Proof. Let ^ be a unimodular function on G, Baire measurable
on Baire sets in G9 such that μ — p^\ μ\ for μe Γ. lί g£ s(μ) we
have shown that s(μ) = gK and we know that ρμ is determined | μ |-a.e.
on s(/ί). But if s(μ) — gK, then | ^ | = ^ * m ^ ; in fact, we have
μ*i — μ9 which => | μ | * | i | = |^|>κm^ = |/i |, and this gives | μ | = δg*mκ

since ||jw|| = 1. We first show that pμ is | μ |-a.e. identical to a con-
tinuous function on s(μ)9 or equivalently that p^(x) — p^(gx) is m^-a.e.
equal to a continuous function on K. We have

I ψdμ=\

for f e C0(G), while μ = i*μ

\ ψdμ = I Γ\

= \ \ f{sgt)ρ{s)ριι{gt)dmκ{s) \dmκ(t) .

For r̂ G jEί0, the map ττff: s —> (/sgr1 is an automorphism of K such that
mκ(πgE) — mκ(E) for Borel sets EaK; thus if we define πg*β(s) —
βigsg-1) for se JSΓ, geHQ, and βeK\ then πg*βeKA and the last
expression above is

= J J J ^ f (gst)πg*p(s)pμ(gt)dmκ(s)jdnικ(t)

= \κ Ψ(gt)

= \ Ψ(gt)[πg*p

where r̂ gives the convolution of two functions on K rather than
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functions on G. Since πg*p and pj are bounded and B(K) measurable
functions on K, their convolution on K is a continuous function, and
the above equalities => Pμ° — πg*p * pμ° mκ-a.e. on K.

Take each function pμ to be continuous on s(μ) for μ e Γ. Then
we have pμ{x)Pχ{y) = pμ*λ(%y) for all (x, y) e s(μ) x s(λ) in G x G,
because

dμ*X(z)
p(z)

LJsβ(μ) LJs(λ)

and since the last integrand is continuous and unimodular. If s e K
and g e s(μ) for μ e Γ, then we have

PA*) =

which means that |θμ

α — cg p on if where ^ = /0μ(flr) is a scalar of
modulus one. Clearly μ — pμ(g)-(δg*ρrnκ) if ges(μ); i.e. if ges(μ),
then for some scalar a with | α | = 1 we have μ = aδg*pmκ.

Let Ω — {{a, g)e S x G : aδg*pmκe Γ}. We have shown that for
each # G iί 0 we can find a scalar | a | = 1 such that (α, βf) e β, so we
only have to show that

(aβ^*pmκ)*(a23g2*pmκ) = a1a2δQig^pmκ .

Since the left side is in Γ we get (αxα2, g$2) e Ω, and this will give
the group property. But a2δθ2*pmκe Γ and i — pmκ is the unit of Γ;
hence

a$gi* ρmκ*(a2δg2* pmκ) = a$gi*a$g2

as required. Clearly Γ = {αδ^pm^ : (α, gf)e

COROLLARY 3.1.3. If μ,Xe Γ we have s(μ) — s(λ) <=> μ — αλ /or
some scalar a with \ a \ — 1.

Proof. If s(μ) = s(λ) = <?if then there are scalars a, β of unit
modulus such that μ — aδg*pmκ and λ = βδg*pmκ.

COROLLARY 3.1.4. If Si = {ai: \a\ = 1} and if Γ C\ Si = {i},
then for μ, λ e Γ we have μ = λ whenever s(μ) = s(λ).

PROPOSITION 3.1.5. If G is a locally compact group and Γ is a
subgroup of 2^(0, let us write its unit as i = pmκ, where pe K\ and
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let Ho — supp (Γ). Then Ko — {x e K: ρ(x) — 1} is a compact subgroup
of G which is normal in both K and Ho.

Proof. If μ e Γ and ^ is the unimodular function, Baire measur-
able on Baire sets in G, such that μ — Pμ.\μ\9 then we know that p^
is a translate of p to s(μ)f and we also know that pμ{x)pλ{y) — pμ*λ(xy)
for all xes(μ), yes(λ)9 from 3βl,2β Obviously Ko is normal in K\
normality in HQ is more troublesome.

If y e KQ, x e Ho, then xyx~x e K and if x e s(μ) we get

which => α ; ^ " 1 e

PROPOSITION 3,1.6. Let G be a locally compact group, let Ho be
an arbitrary subgroup, let KZD KO be a pair of compact subgroups of
G which lie within Ho and are normal therein, and assume that pe K*
is a function such that Ko = Kerp. Then we have pmκ*δg*pnικ —
δg*pmκ for all geH0*=>K is central in Ho modZo (i.e. K/Ko is a
central subgroup of Ho/Ko).

Proof. If K is central in Ho mod iΓ0 and ψ e C0(G), then

(ρmκ*δg*pmκ, ψy = I I I I j ^(sα ^^^^dm^^JcZ

= \ \ f{sgt)ρ(st)dmκ{$) \dmκ{t) .

But sflf = flfs mod iΓ0, so that sg = ŝfc for some & e EΓ0, and the last
expression becomes

= ψ{gskt)p{st)dmκ(s) \dmκ(t)

= I Γl ψ(gst)ρ(st)dmκ(s)\dmκ(t)

= ] f f f(gs)p(s)dmκ(s) = <βg*ρmκ, f

since {pmκf — pmκ.

If, conversely, pmκ*δg*pmκ = δg*pmκ for all geH0, we show
that if is central in i ί 0 mod iΓ0 as follows. Let

where {U3 : j e J} is a basis of compact symmetric neighborhoods of
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the unit in G, and make {ψ3-: j e J} a net of functions in L\G) under
the obvious partial ordering. Then we have

= p(e)< [ χ ^; ( 8 ) p(s)dmκ(s)
)κ mκ(Uj)

p(s)dmκ(s)
mκ(Uj)

f
=

= \
J

= I ψ3d[δg*ρmκ] = i ψjd[ρmκ*dg*ρmκ]
JK JK

= ( ίί ^ r r ?
J^LJ^ mκ(Uj)

J^LJ^ mκ(Uj)

But |O is uniformly continuous on iΓ and hence, given ε > 0 there is
an index i(ε) such that j > i(ε) in the partial ordering of J=>
I P(t) - /θ(ί') I < ε if tet'Ud. Hence if i > i(ε) we get: χσj(st) Φ 0 =*
te s~ιUj, which => | p(t) — ^(s"1) | < ε. Some trivial computations then
show that the last integral is always within ε of the following expression
if j > j(ε).

pis-^dm^s) = 1
J

But s —+ pigsg"1) is a function in KA, and from the known orthogonality
of one dimensional representations of K, this integral can be nonzero
^ Pigsg"1) — p(s) for all se K. This means that gs — sg mod Ko for
all se K, ge Ho.

COROLLARY 3.1.7. If G is a locally compact group and Γ is a
subgroup of ΣM{Q), let Ho = supp(Γ), and let us write the unit of Γ
as i — pmκ as in 2.1.4, where KaG is a compact subgroup and
pe K\ Then if Ko = Ker p, K must be central in Ho mod Ko.

Proof. From 3.1.5 we know that iΓ0 must be normal in Ho.
Furthermore, i*μ = μ=>pmκ*3g*pmκ = dg*pmκ for all geH0 (see3.1.2).

THEOREM 3.1.8. (Structure Theorem for Subgroups). Let G be
locally compact group and let Γ be a subgroup of ΣM{G) with unit i.
Then we have
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( 1 ) Ho — U {s(μ): μ e Γ} is a subgroup of G.
( 2 ) i — pmκ where KdG is a compact subgroup and pe KA.
( 3 ) K and Ko = Ker p lie within Ho and are normal in Ho.
( 4 ) K is central in Ho mod KQ.
( 5 ) Ω — {{a, g)e S x G : aδg * ρmκ e Γ} is a subgroup ofSxG

with Ho = {geG : (a, g) e Ω for some \a\ = 1}.

and we have Γ — {aδg*pmκ : (a, g) e Ω}.
Conversely, let Ho be a subgroup in G, let KaG be a compact

subgroup lying within Ho, and let peKA be chosen such that
( 1 ) K and Ko = Ker p are both normal in Ho.
(2 ) K is central in Ho mod Ko.

and let Ω be any subgroup ofSxG with Ho = {g e G : (a, g) e Ω for
some I a \ — 1}. Then Γ — {aδg*pmκ : (a, g) e Ω) is a subgroup of
ΣM{G) with Ho = U{s(μ) : μeΓ}, with i = pmκ as a unit, and with
Ωa{(a,g)eS x G: aδg*pmκzΓ} = Ω-{{p{k),k): keK}.

Proof. The first part follows from 3.1β2? 3.1.5, and 3.1.7. Con-
versely, if K is central in Ho mod Ko = Ker p in a scheme of this sort
we must have pmκ*δg*pmκ = δg*pmκ for all ge HQ. This means that
Γ is a group, since the only difficulty in showing this lies in the
verification that Γ is closed under convolution. It follows immediately
that Ho — U {s(μ) : μ e Γ] and that τ 0 : (a, g) —> aδg * pmκ is a homo-
morphism of Ω onto Γ with kernel Ω n {(p(k), k) : ke K}. Notice that
Ω and Ω'= Ω {(p(k), k):ke K} give rise to the same group of measures Γ.

The classical example of a subgroup in ΣM{G) is a group of translates
of normalized Haar measure Γ — {δx*mQ\ xeG0}9 where QaG is a
compact subgroup, normal in the subgroup Go. Theorem 3.1.8 can be
stated in a form which shows that every subgroup Γ c ΣM[Q) corresponds
to a subgroup of this type in Σms^Θ) rather than ΣM{G).

Let πs, π0 be the projection homomorphisms in S x G and let
Ω z) Ωo be subgroups in S x G satisfying the conditions

(1) Ωo is a compact subgroup of S x G normal in Ω.
(2) Sί l f l o = (1, e), so πG"\x) Π ΩQ is a single point if xe πG(Ω0).

If we are given a compact subgroup KdG and a function pe KA, we
define the mappings

τ 0 :

r* :
s
c(
M

x G

,(G)-
r(S x

—>

G)

+ M(G)
C»(S x G)

>M(G)

such that τo(α, fir) = aδg*pmKj τ*ψ(a, g) = <τo(α,#),f >, and <τ**/i,n/r>
<^, Γ*Ί/Γ)>. Clearly r ^ f e C0(iS x G) since if is compact, and τ**δ{a}g)
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aδg*ρmκ for (a, g)eS x G. Furthermore, τ** : (M(S x G),
(M(G), (σ)) is a linear map which is continuous on norm bounded sets

since μs -^-* μ in ΣmsxG)9 ψ e CQ(G) ==>

<τ**μj, ψ> = <j"y, τ * t > > <j«, τ*ψ> = <r**μ, f > .

Also, r** is a norm decreasing linear map.
Now take K = πff(β0), where Ωz)Ω0 satisfy (1) and (2) above, and

define the function p(k) on K such that (p(k),k)e ΩQ for each keK.
It is clear that peKΛ since Ωo is compact. Let us also define Ho =
7Γs(i2), iΓ0 = π β (β 0 Π G). Then iΓ0 = Ker p and it is easily verified that
Ko is normal in both HQ and if, and that K is central in Ho modif0,
from conditions (1) and (2). Thus Γ = {aδg*pmκ : (α:, gr)e Ω) is a sub-
group in ΣM{Θ) since 3.1.8 applies to the system of objects HQt K, Ko, p.

The mapping r**£ : (a, g) —> aδg*pmκ is a homomorphism on Ω since

From normality of Ωo in β it follows that Γ~ = {δx*mβ o: a efl} is a
subgroup of ΣMιSXΘ).

LEMMA 3.1.9. 1/ ΩZDΩQ satisfy conditions (1), (2) above, and if
Γ = {α:^ * jOm^ : (α, gr) e Ω} then r 0 : Ω—+ Γ is an epimorphism with
kernel Ωo.

Proof. We have indicated that τ0 is an epimorphism. If τ0(oc9 g) =

pmκ, then geK and we have adg*prnκ = ap(g)pmκ = pmκ; hence

a = ^(gr) and (α, gr) = (^(g), g) with gf G iΓ, so (α, gr) e £ 0 by definition of p.

THEOREM 3.1.10. Given subgroups Ωz)Ωoin S x G satisfying (1)
and (2) let K~πQ(Ω^, define p ~ πso{πG\Ω^~x on K, and define
τ** : M(SxG)->M(G) as above. Then ρeKA (so τ0 and r** are
well defined), Γ — {aδg * pmκ: (a, g) e β} α^d Γ~ = {δx * m ^ : x e Ω}
are subgroups in ΣmG) and ΣmsxQ) respectively, and τ** is an
isomorphism between Γ~ and Γ. Conversely, if Γ c ΣM{G) is a sub-
group with unit i = pmκ, it arises from a pair of subgroups Ω z> Ωo

in S x G which satisfy conditions (1) and (2) by means of the above
construction if we take Ω = {(a, g)e S x G : adg*pmκe Γ} and Ωo =
{(α, g)e S x G: aδg*pmκ =

Proof. To establish the first part we will show that τ**(δiP*mί?0) =
r**δβ = τo(a?) for any xeί2; then from 3.1.9 it is clear that τ** is an
isomorphism between Γ~ and Γ. But Ωo is compact, so there exists a

net {Xj} in co[g%J with X^—^->mflo; hence δa.*λJ —^->δβ*mx?0 and
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r**(δβ*m f lo) <r-^— r ^ f t ^ ^ r * * ^ ) , as required. Conversely, if ΓcΣmβ)

is a subgroup, and if Ωi)Ω0 are formed as indicated, then properties
(1) and (2) hold as a consequence of the following lemma, which will
be of interest later on. Once this is shown, it is easy to check (see
3.1.8) that πΰ{Ω) = supp(Γ), πG(ΩQ) = K, and p = πso(πQ\ΩQ)~1 on K.
In the first part we showed that τ** must be an isomorphism of
{δx*mΩQ: x e Ω} onto {aδg*pmκ : (a, g) e Ω} and we know that Γ coincides
with the latter subgroup of ΣM{G) from 3.1.2.

LEMMA 3.1.11. Let G be a locally compact group and let Γ czΣM{G)

be a subgroup with unit i = pmκ. Form the pair of subgroups in
S xG:

Q = {{a, g)e S x G : aδg*pmκGΓ}D

Ωo = {(a, g)e S x G: aδg*ρmκ = ρmκ) .

Then we have Ωo = {(p(k), k) : ke K} and this is a compact subgroup
of S x G, normal in Ω. If we define the map τ 0 : (a, g)—*aδg*ρmκ

for (a, g)e S x G, then r 0 : S x G - > (M(G), (σ)) is continuous and
τ 0 : Ω—+Γ is an epimorphism with kernel Ωo.

Proof. If τo(a, g) = ί then g e K and we have aδg*pinκ ~ a p(g) pmκ.
Ήence a = p(g) and (a, g) — (p(g), g) with ge K. Since pe K\ ΩQ is
a compact subgroup of S x G. Let Ho — supp (Γ), KQ == Ker p; from
3.1.8, K is central in Ho mod iΓ0, so δg*pmκ — pmκ*δg*pmκ for
geHo (see 3.1.6). Thus τ0 is a homomorphism on £? (that it is onto is
clear from 3.1.2) since

^ = τo(a19 g1)*τ0(a2, g2)

if QD #2 € iίo Obviously Ωo = Ker τ01Ω, so i20 is normal in Ω. The
continuity of τ0 is clear.

4* Norm decreasing homomorphisms on locally compact
groups* Let G be a locally compact group and consider on M(G) the
(σ) and (so) topologies defined in § 1. Every norm decreasing homo-
morphism on L\G) extends naturally to a norm decreasing homomorphism
on M(G). To appreciate the usefulness of this extension theorem it
is helpful to recall 1.1.3.

THEOREM 4.1.1. Let F, G be locally compact groups and let
φ : L\F) —> M(G) be any norm decreasing homomorphism. Then φ
extends uniquely to a norm decreasing homomorphism φ: M(F) —* M(G)
which is continuous on norm bounded sets as a map of (M(F), (so))
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into (M(G),(σ)). If {βj: j e J} is a left approximate identity of
norm one in L\F) then the extension is given explicitly by the
formula

φ(μ) — lim {φ{eά *μ): j e J} all μ e M(F) ,

where the limit is in the (σ) topology. A similar result holds for
right approximate identities.

Proof. Let B = φ{L\F)) and let A be the (σ) closure of B in
M(G), so that A and B are subalgebras of M(G).

LEMMA 4.1.2. Let {e/ : je J} be a left approximate identity of
norm one and let {ek

r: ke K} be a right approximate identity of
norm one in Lϊ(F). Then in M(G) the (σ) limit points of the nets
{φ(e31)} and {φ{ek)} °<tt coincide in a single idempotent c e M(G), sa
we must have convergence

φ(ek

r) — > c

in the (σ) topology. If φ Φ 0 then c Φ 0 and we have a — c*a = a*c
for all ae A.

Proof. Since || <£>(#/) || ίk 1 there is at least one (σ) limit point λ,

for this net, and for an appropriate subnet we get φ(ejip)

ι) ° > λ»

Thus if fe L\F) we have

X*φf < φ(em

ι)*<pf= φ(ej{p)

ι*/) • φ(f) .

Hence if {μt: ie 1} is a net in B with μt — <p(ft) and μi > μ in A,,
we have

0 ) N j? ,. (σ)
X*μ< λ * ^ = \*<pfi = φfi = μi > μ

so that λ * α = a for all a e A. In particular we have λ e A s o λ * λ = λ.
Similarly if v is a (σ) limit point of {φ{ek

r)} then v^v — v and α*y = α
for all ae A.

If λ, i; are (σ) limit points as above, we have λ, v in A, which =>
λ = λ*y = i;; hence λ = v and all limit points (left or right) coincide
in a single idempotent c such that c*a = a*c = a iί ae A. If φ Φ 0,
dearly * =£ 0.

The main step in our proof is to show that, if {/,•: j e J} is a



NORM DECREASING HOMOMORPHISMS OF GROUP ALGEBRAS 1203

norm bounded net in Lι{F) which is (so) convergent to some μe M(F),
then the net {φ(fj)} converges to a limit λμ in the (σ) topology, and
this limit depends only on μ, rather than on the particular choice of
the net {/,}. This can be done for any μ e M(F), in view of 1.1.5.

First consider any fe L\F) and notice that | | / i * / — μ*f\\ —> 0,
which => || φfj*φf — φ(μ*f) || —• 0. Let λ be any (σ) limit point of
the norm bounded net {φ(fj)}\ there exists a convergent subnet

φ(μ */

for all fe L\F), which means that φ(μ*f) = X*φf for all fe L\F).
Clearly λ e A since each <p(/j) e 5, and this means that

X — χ*c 4 x*φ(ek) = cp(/:<*ek

r) .

Thus we get

λ = lim{φ(μ*ek

r) : ke K}

in the (σ) topology, and this formula doesn't depend on anything but

the choice of μ e M(F). Hence if fj > μ, then λ is the only possible
limit point of {φ(fj)}9 so if we take λ/x = lim {φ(μ*ek

r)}9 we always

have φfj > λμ.
Notice that if feL\F) we have | | / * e / - f\\ -> 0, which gives

W / ̂  ^ normλ/ < φ{f*ek

r) > φ(/)

so that φf = Xf for all fe U(F). Now define <p(/i) = λμ for ^ e M{F),
and verify the properties required. Clearly φ{f) — φ(f) for all fe Lι{f),
so φ extends φm

If (7) is a locally convex topology on M(F) we define the bounded
(7) topology (67) by taking as a basis of neighborhoods about zero
all sets X Γ\Y where X is a (7) neighborhood of zero, and Y is a fixed
norm neighborhood of zero. From the discussion above we know that
if μ e M(F) and if W is a (σ) neighborhood of zero in M(G), then
there is an open (bso) neighborhood V of zero in M(F) such that
φ((μ + V) Π Z/ίF)) c φμ + T7. Now let W czW be a (σ) neighborhood
of zero such that W = — W and W + W a W, and let U be an open
(δso) neighborhood of zero in M(F) such that

φ((μ + U)Π L\F)) c φμ + IF' .

If λ G /ί + U we can find a (6so) neighborhood Ϊ7λ of zero such that

(1) φ((\ + uλ) n L^JF7)) C ^λ + w

(2) X + Uk(zμ + U.
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Then we have φ((X + Uλ) Π L\F)) c φ((μ + U) Γ) L\F)) aφμ
and φ((X + Uλ) Π L\F)) c φX + W, which together imply that

(φX + W) Π ( ^ + IF') Φ 0

(see 1.1.5), which means that φXeφμ -\- W. Hence φ(μ + U)aφμ + W
as required for continuity.

Clearly || φμ || g sup{|| <p(μ*ek

r) ||} ^ || μ || for μeM(F), and if
^ λ e M(F) we have

φ(μ * λ) < φ(μ * (λ * e/)) = φμ * φ(X * efc

r) φ// * ^

since λ * e / • λ. Hence φ is a norm decreasing homomorphism.

EXAMPLE. In 4.1.1 we cannot replace the (so) topology with the
(σ) topology in M{F). Indeed, if Z — integers, S — circle, and if β is
some irrational number, then <p(ΣJΓ=i α A J = Σ~=i anδ(eiχnβ} gives a
norm decreasing homomorphism φ : L\Z) —• ikf(S). This map coincides
with its extension φ. The sequence {μn = δ{n): n — 19 2 } is (tf)
convergent to zero, while φ(μn) is not (σ) convergent in M(S).

REMARK. The proof of 4.1.1 is also valid for any bounded homo-
morphism φ : L\F) —• M(G), which means that the structure of a
bounded homomorphism is determined once we know the structure of
the bounded group of measures φ{&F); however, the structure of the
bounded subgroups in M(G) is generally not known unless G is abelian
or the subgroup lies within ΣM{G).

4*2* The structure of norm decreasing homomorphisms* If
φ extends the norm decreasing homomorphism φ : Lι(F) —-> M(G), as in
4.1.1, then Γ = φ(&F) is a subgroup of the unit ball in M(G). Using
the continuity properties of φ demonstrated in 4.1.1 and our knowledge
of the structure of Γ we can determine φ completely (see 1.1.3).

Let i — pmκ be the unit of Γ and denote Ho — supp (Γ), Ω =
{(a, g)e S x G : a§g*pmke Γ}z)Ω0 — {(a, g)e S x G : aδg*pmκ — ρmκ},
and Ko = Ker p. Let π : S x G —> (S x G/Ω0)r be the canonical map
onto the space of right cosets of ΩOf so π is a homomorphism when
restricted to S x Ho, and let τ 0 : (α, g)—+aδg*prnκ for (α, g)e S x G.
Then define 0 : F-+ (Ω/Ωo)c(Sx G/i30)r to be θ = ^ o ^ o ^ o ί , so that
0(&) = 7r(α, g) if and only if φ{8x) = adg*ρnικ in M(G). The mappings
involved are shown in the following (commutative) diagram.

S xGi)Ω<^-Γ

(S x G/ΩQ)r =)

Figure 1
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PROPOSITION 4.2.1. The map θ : F—>Ω/Ω0 is an epimorphism and
is continuous as a mapping θ : F—>(S x G/Ω0)r.

Proof. Let x19 x2e F and let (au g^)9 (α2, g2)e Ω be chosen such
that π(ai9 g^ — θ(xi)9 and let (α, g) e Ω be chosen such that π(a9 g) —
θ(xλx2). Thus φ(8x.) — a$g.*pmK. We have 0{xγx2) — θxι-θx2 if π(a9 g) —

), which happens if ((x1a2,g1g2) e (a,g)Ω0. This follows since

= (adg~i*ρmκ)*(a1δgi*ρmκ)*(a23g2*pmκ)

We want to show θ\ JP—>(S x G/Ω0)r is continuous. Because φoδ
and π are continuous it suffices to show that r 0 : S x G —> iV = ro(S x G)
is an open map when AT has the restricted (σ) topology. Let (aQ, gQ)e SxG
and let U x V be a product of open sets in S, G with <x0 e U, gQe V.
I t suffices to show that τo( 17 x V) is always a (σ) neighborhood of
^0(̂ 0, 0̂) in AT. If this set fails to be a neighborhood there is a net
{(tfj> QJ)} such that μy = τo(aj9 g3) = aβg^pmκ ~—• ocJ)gQ*pmKi while
jtίyί τo(C7 x F ) . We can assume ^ G g0WK for some compact neighbor-
hood TF of g09 and, by taking subnets, we get g3- —> g1 e g0K, aά —> aλe S.

If we let 0, * = gagr^o), then ^ * -> ^0. Let α / = ocφ{g~ιg,yy this
makes sense because ^ί/Γ1 e i^. Then we have

j = r o(a i ? ^ ) -^-> aodgo*ρmκ .

Since # / —> ^0 we must have α / —> α0 and αy* is eventually in U; hence
^o(oίj*fg3 *) — τo(aj9gj) is eventually in τQ(U x V), a contradiction.

Let τ*ψ(a, g) = <aδg*pmκ, π/r> for ψ e CQ(G). Then τ*ψ e C0(SxG)
since K is compact, and in fact τ*ψ is constant on right cosets of Ωo

in SxG since Ωo = {(p(k), k) : keK}. If Ψ e C0(S x G) and is constant
on right cosets of Ωo, let us identify it with a function

π*¥eC0((S x G/ΩQ)r) .

This function vanishes at infinity since ΩQ is compact. We can give an
integral representation for norm decreasing homomorphisms as follows.

THEOREM 4.2.2. Let F9 G be locally compact groups and let
φ : L\F) —> M(G) be a nonzero norm decreasing homomorphism with
extension φ to M{F), as in 4.1.1. Denote

( 1 ) Γ = φ(&r)
(2 ) i — pmκ the unit of Γ
( 3 ) Ω = {(a,g)eS x G: aδg*pmκeΓ}
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( 4) Ωo = {(a, g)eS x G: adg*ρmκ = i}.
Define the maps

τ0: S x G > Γ

τ* : C0(G) > CQ(S x G)

τr*τ* : Co(G) > C0((S x G/£0)r)

θ: F >Ω/Ω0

as indicated above. Then we have the representation

for all μ e M(F) and ψ e C0(G).

REMARK. Since θ : F—>Ω/Ω0 is a continuous homomorphism and
τr*z-*f 6 CQ((S x G/Ω0)r)9 it follows that (π*τ*ψ)oθ is a uniformly con-
tinuous and bounded function on F. Thus the right hand side of (*)
is uniquely determined. We will want to make use of 1.1.1 in the
following discussion.

Proof. We have <<?(<?*), ψ> = <βθaf τr*τ*α/r> = <&, (τr*τ*α/r) o ̂ > if
xe F. If μ e M(F) is of norm one then there exists a net {σά: j e J}
in the convex span of the extreme points of ΣM{F) such that ||0"i|| = 1

and Gj • μ (see 1.1.3). If we write GJ = X MJ> #)&* (finite sum)f

we can apply 1.1.1. to get

(i,

Thus

As a converse we have the following theorem which classifies all
norm decreasing homomorphisms.

THEOREM 4.2.3. Let F, G be locally compact groups and let Γ
be a subgroup of 2^(0) with unit i — pmκ and with

Ω = {(OL, g)e S x G: aδg* ρmκ e Γ) ,

Ωo — {(a, g)e S x G : aδg*pmκ = i}. Then if θ : F-^>Ω/Ωo is any con-
tinuous epimorphism (Ω/ΩQ is given the restricted topology from
(S x G/ΩQ)r), the relation

for μ e M(F), ψ e C0(G) defines a norm decreasing homomorphism
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φ : (M(F), (so)) —> (M(G), (σ)) which is continuous on norm bounded
sets, and we have φ( %?F) ~ Γ.

REMARK. If φ has the above continuity properties it is clear that
φ is obtained, as in 4.1.1, by extending the norm decreasing homo-
morphism φ I &(F).

Proof. From 3.1.11 we see that Ωo is a compact subgroup of
S x G which is normal in Ω, so Ω/ΩQ is well defined. We have also
noted that τ*π/r(α, g) = ζμpg*pmκ, ψy is in C0(S x G) and

π*τ*ψ e C0((S x G/Ω0)r) ,

so (π*τ*ψ)oθ is bounded and uniformly continuous on F. Hence (*)
is always well defined.

Clearly φ\ (M(F),(so))—>(M(G), (σ)) is a norm decreasing linear
map, and continuity on norm bounded sets follows from 1.1.1. Now
φ(3x) = aδg*pmκ for all (a, g)eπ~1θ(x), so φoδ = (τ^oπ^oθ] thus,
φ( g^) — Γ and ψ is a continuous homomorphism of (gf#, (so)) into
(M(G), (σ)). Convolution is a jointly (so) continuous operation in ΣM{F),
so φ is a norm decreasing homomorphism of M(F) in view of the
density theorems 1.1.3, 1.1.4.

A norm decreasing homomorphism φ : L\F) -+ M(G) is order pre-
serving if μ ^ 0 => φ(μ) ^ 0. From the continuity properties given in
4.1,1 and the structure theorem 3.1.8 it follows that φ is order
preserving <=> ψ(^F) is a group of translates of Haar measure
{δx*mQ: xeG0}, where Q(zG is a compact subgroup, normal in the
subgroup (τ0. Every norm decreasing homomorphism φ is closely related
to an order preserving norm decreasing homomorphism of Lι(F) into
M(S x G).

If Ω ZD ΩQ are two subgroups in S x G satisfying conditions (1) and

(2) in the discussion following 3.1β8, define the maps τ0, -. , r * * as

indicated there.

THEOREM 4.2.4. If φ : (M(F)y (so)) -> (M(G), (σ)) is a norm de-
creasing homomorphism, continuous on norm bounded sets, and if
Γ = φ( ifp) has unit i — pmK9 then the subgroups

Ω = {(&, g)eSxG:aδg* ρmκ eΓ}i) Ωo = {(a, g)eSxG:aδg* ρmκ = ρmκ)

satisfy conditions (1) and (2) of 3.1.9 and we can factor φ — τ**oφ
where Φ is some order preserving norm decreasing homomorphism
of M(F) into M(S x G). Here Φ maps cgF to the group of measures
{δx*mΩo: xeΩ} and τ** is a homomorphism on the range of Φ»
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Conversely, if Φ : M(F) —+ M(S x G) is any order preserving norm
decreasing homomorphism, let Ω = supp (Φ( gV)) ZDΩ0 — s(Φ(de)). If
Ω, Ωo satisfy conditions (1), (2) in 3.1.9, then φ = τ**oφ: (M(F),(so))~-»
(M(G), (σ)) is a norm decreasing homomorphism, continuous on norm
bounded sets.

Proof. Let Ωz)Ω0 satisfy (1) and (2) of 3.1.9 and define MQ to
be the subspace of measures in M(S x G) whose intersection with
ΣM{SXG) is co[S&Ω:σ]. We assert that

(*) MΩ is a subalgebra in M(S x G), τ**(δx*mO() = τ**(δx) = τo(x)
for xe Ω, and τ** is a norm decreasing homomorphism on Mo.

Clearly MΩ — {μ: s(μ) c Ω], and is a subalgebra. We have already shown
(in discussing 3.1.10) that mΩ(je MΩ and τ**(δx*mΩ{) = τ**(δx) = τo(x)
for all xeΩ. Thus τ** is multiplicative on S^Ω, and since convolu-
tion is separately (σ) continuous we can show that τ**(δx*μ) =
τ**(<y *r**(μ) for μ G Λfβ, a; e fl. Then if λ, -^-> λ for || λ || = 1, where
Xj G CO[AS gfβ] we use the same idea once more to get

so τ * * I MΩ is a homomorphism.

Now 0 maps S&T into Λffl, and if μe M{F), \\μ\\ = 1, there exists

a net {μj} a co[S %?F] such that μs-^-+μ. This means Φμj—^Φμ
while Φ/iy e ^^(^xβ) Π Mi?, so Φμ e MΩ and (P maps M(F) into Λίfl. Thus
τ**0 is well defined and is a norm decreasing homomorphism with the
desired continuity properties (τ** is (σ) continuous on M(S x G)).

Conversely, let φ be given; then Ω, Ωo defined above satisfy (1)
and (2), as shown in 3.1.11. The homomorphism θ : F-* Ω/Ωo, associated
with φ as in 4.2.2, is continuous, so θ*ψ — ψoθ is uniformly continuous
and bounded (UCB) on F and we can consider the dual maps.

β* : CQ((S x G/Ω0)r) > UCB(F)

θ** : M(F) > M((S x G/ΩQ)r) .

For ψ e CQ(S x G) define π*f e CQ((S x G/ΩQ)r) by lifting the function

π*ψ(x) ~ I ψ(xt)dmΩo(t) (constant on right cosets of ΩQ) over to the

coset space (S x G/Ω0)r. The desired map Φ is given by

(Φμ, t > = <θ**μ, π*ψ> = ζμ, (π*ψ)oθ}

for f e C0(S x G). It is easy to verify that Φ(δx) = δiatg)*mΩo for all
(a, g)e π~1θ(x)', therefore, as indicated in 3.1.10, we h a v e ^ τ * * ^ ^ ) , ψ} —
<^**(δ(α,,)*mΰo), ψ> = ζτ**(δ{atg)), ψy = <adg*pmκ, ψ} = ζφ(δΛ)ψy for
all XGJP7. Thus φ = τ**Φ on Sg^F. But from 1.1.1 we see that Φ
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defined above is continuous on norm bounded sets mapping from the
(so) to the (σ) topology; clearly, then τ**Φ : (M(F), (so))-> (M(G), (σ))
is continuous on norm bounded sets. Now ψ and τ**Φ both enjoy
this continuity property and coincide on S&F; from 1.1.3 it follows
that they coincide on all of M(F), and this is the desired factorization
of φ.

5Φ Examples and applications* In 5.1 we analyze the special
structure of norm decreasing monomorphisms ψ : L\F) —> M(G) between
locally compact groups F and G; then in § 5.2 we give the structure
of all norm decreasing homomorphisms φ which map L\F) onto L\G).
Maps in the latter class have very simple structure.

5Λ* Norm decreasing monomorphisms* Let us denote JF~ =
S&F — {adx : I a \ — 1, xe F} and j^l = g^ throughout this discussion.

LEMMA 5.1.1. If φ : L\F) —» M(G) is a norm decreasing mono-
morphism, and if φ is its extension to M(F) as in 4.1.1, then φ is
a monomorphism of M(F) into M(G). Furthermore φ(JFl) Π Si = {i},
where i = φ(δe), and μ = λ in ψ(^l) whenever s(μ) — s(λ).

Proof. If μ, λ e M(F) have φμ — ψX — ξ and μ Φ λ, then there
is some / e Lι(F) such that μ * / Φ λ * / while φ(μ */) = <̂>(λ */) = f * <̂ /,
a contradiction. Hence ^ ( ^ ^ ) Π Si = {i} and the last property follows
from 3.1.4.

We propose to study the structure of all norm decreasing homo-
morphisms φ whose extensions φ have the special property Γo Π Si — {i},
where Γo — cp(J^l) and i — φ{Se) is the unit in ΓQ0 This discussion
will apply to norm decreasing monomorphisms as a particular case.
Hereafter we will denote Γ — φ{^~), ΓQ = φ(^l) (writing the unit of
these groups as i = pmκ), Ho = supp (Γ), and

Ω = {(a, g)e S x G : aδ(J* pmκ e Γ} .

Let π : G —> (G/K)r be the canonical map onto the right coset space,
so π : Ho —> HQ/K is the corresponding canonical homomorphism. Let
7F, ΊG be the topologies on F, G and, if 7 is a group topology on G,
let j/π denote the quotient space topology on (G/K)r (notice y/π — π(j))β

The restriction of yθ to a subset NaG is y0 \ N. We will speak
interchangeably of a topology 7 and the collection of open sets it
specifies.

The following lemma holds for all locally compact groups; notation
is chosen so its meaning in the present context is clear.
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LEMMA 5.1.2. Let F, G be locally compact groups and consider
any system of subgroups Ka HoaG with K a compact subgroup in
G which is normal in HQ. Let π : G —> (G/K)r be the canonical map
onto the right coset space. If ζ : F—» (HJK, 7G/π) is a continuous
epimorphism then ζ(yF) and ττ~1oζ(7ί,) are topologies in Ho/K and HQ

respectively; moreover, if 7 is the common refinement in HQ of
{ΊQ I Ho) and π'1 o ζ(jF) then (Ho, 7) is a locally compact topological
group, y/π — ζ(jF), and ζ : F—>(H0/K,yln) is an open, continuous
epimorphism.

REMARK. Unless K is trivial, TΓ"1 o ζ ^ ) will not be a Hausdorff
topology, but in all other respects (homogeneity, joint continuity of
multiplication, etc.) it is like a group topology.

Proof. The topology axioms for π'1 o ζ(yF) follow if we can verify
them for ζ(jF). Only the finite intersection property is nontrivial. If
Vlf V2e7F let Vi = F - K e r ζ and notice that ζ~\x) Π Ut Φ 0 implies
that ζr\x) c Ui. Thus

n ζ(v2) = ζ(Ud n ζ(U2) = [x: ζ- 1 ^) n u< Φ 0 , i = 1,2}

= ζ(ϊ71n U2)eζ(iF).

Now (Ho, 7) is a Hausdorff space and the collection of sets ^ =
{UΠ V: U=WΠH0, WejG; V^π-'o^X), XeyF} is a base for 7.
If U Π Ve <%r then (U Π V)-1 = TJ-1 Π V~xe <%f, so the inverse mapping
is bicontinuous. It is quite easy to verify that 7 is homogeneous, in
the sense that 7 = {xll: Uej} for any xeH0, so joint continuity of
multiplication will only be proved at the identity e e H. If e lies
within UΓ\Ve^ there exist UoeyG\Ho and Voe π - ' o ζ ^ ) , which
contain e, such that U0

2aU and F 0

2 c F; hence (UQ Π Fo) x (C/o Π Fo)
is an open neighborhood of (e, e) in (ίί0, 7) x (HQ, 7) which maps into
U Γ\V under the product mapping.

Clearly 7 3 π~x o ζ(7#), so that 7/τr = 71(7) =) TΓ O ττ-1(ζ(7^)) = ζ(7^). For
the converse inclusion, we first make a few simple assertions:

( 1 ) If A c Ho is a union of Z-cosets and if i? is any subset of
Ho, then (A ΓΊ B) 1Γ = A n (B-K)\

( 2) If Aα c Ho for indices α e /, then (U«e/^) ^ = \Jaei{Aa-K).
Now a typical element in 7 has the form X — \JaβIAa Γ\Ba where
Aa — π~ιoζ{Ua) for some Ua e yF, and Ba — Va Π i ϊ 0 for some F α e j G .
Evidently Aa — Aa*K and Ba K= π~1o(τrBα), so we get

π(X) = π(X-K) = π(\Jaei(Aa Π Bβ) iΓ)

= ^(U«er^«n(B

TrίU^Cίt^) ΓΊ
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But continuity of ζ implies that ζ(yF) z> {ΊGJTZ \ Ho/K) and it is easily
verified that the latter collection of sets is just τr(γ# | Ho); hence the
last term in (*) is in ζ(τ F ) , giving π(y)dζ(yF). Clearly j/π = ζ(ΎF)=>
ζ : F—*(H0/K,7/π) is an open mapping; so (H0/K,j/π) is topologically
isomorphic to the locally compact quotient group i^/Ker (ζ). To see
the local compactness of (HO9y)9 notice that KczH0 is 7 compact
because 7 | K — yG \ K. A result due to Mackey gives local compactness
(see Montgomery-Zippen [7], P 52).

If xe F write s(x) = s(φ(dx)), a coset of K in Ho. The map ζ =
π©s : F-*((G/K)r,yG/π) carries F onto Ho/K, is a homomorphism (see

2.1.1), and is continuous since x3- —-> x => δXj > 8X => <P(δXj) —> ̂ (δ^) ==>
π o S(XJ) —> 7Γ o s(#). lί μe Γo and # e s(/>ί), then we can write μ — ρμ\ μ\ —
p^(()g*mK) and we can take pμ. to be a unique continuous function on
the coset s(μ) c Ho. Assigning pμ in this manner for each μe ΓQ we
have p^\(st) = pμ.(s)pλ(t) for ses(μ), tes(X), as indicated in the proof
of 3.1.2. Define p on all of Ho such t h a t p{x) — p^x) iί xe s(μ), μ e Γo;
t h i s is u n a m b i g u o u s since s(μ) — s(λ) => μ = λ (we as sume Γof) Si — {i},
so 3.1.4 applies).

Consider t h e g r o u p topology 7 on i ? 0 c o n s t r u c t e d as in 5.1.2 for
t h e epimorphism ζ = π o § : F ^ - ^ (Ho/K, ΊQITL).

PROPOSITION 5.1.3. (iί0, 7) is a locally compact Hausdorff group
and pe(HQ9y)\

Proof. Clearly p is a unimodular mult ip l icat ive funct ion on HQ

which is cont inuous on cosets of K (see proof of 3.1β2). T h e topological
g r o u p propert ies of (HQ, 7) w e r e verified in 5,1.2. Given ε > 0 we can
find a yQ neighborhood V of t h e u n i t in G such t h a t | p{g^ — p(g2) \ < ε
for all gu g2 e HQ w i t h gι — g2 mod K and gr^ e F . This is clear since
Pμf(s) = Pμ.(gs) — ap(s) for some | a | = 1, w h e n e v e r se K, ge s(μ), μe Γ
(see proof of 3.1.2), and we k n o w p is uni formly cont inuous on K.

L e t g e Ho; t h e n gQ e s(xQ) for some x0 e F, and if U is a compact
j F neighborhood of xQ, N = s(U) is a neighborhood of g0 in (H0,y).
N is compact since c o n t i n u i t y of T Γ O S : F—+(H/K,j/π)=^πos(U) is
compact, and since iΓ is a 7 compact s u b g r o u p in Ho. If (O fails to be

7 cont inuous a t 0O w e can find a n e t {g3} a N such t h a t g3 > g0

while p{g3)-* β Φ β0 = p(g0)- F o r each index j t h e r e exis t s a n xόe U
such that gjes(Xj); we can assume that the net {Xj} is j F convergent

to some a?! e ?7, which will => ^, = ^(δXJ) > φ(δXj) — μt. But this

=> s(/iθ = Sfo^ = 8(μQ), since gr,- -^-> gOf so ^ = ^ 0 = φ ί & J . Recall that
μά — p(δg *mκ) and jw0 = P(δgo*wικ) from the definition of p.

lί ψe C0(G) has sup norm one and (μ0, ψ)> Φ 0, then Ψ(s) =
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[ ψ(ts)ρ(t)dmκ(t) is in CQ(G), \\Ψ\U^1, a n d Ψ(s) = aφ(s) for a l l

se g0K, where a = (μ0, ψy (a constant =£ 0). Furthermore,

= j Ψ(x)p(x)d[δgo*mκ](x) =

If ε > 0 we can insure that | Ψ(gjS) — Ψ(gos) | < ε for all a e if and

j ^ y6 since gj — -̂> ̂ 0, and this means that a = <^0, 5P"> < <^5 , ?Γ> =

I Ψpd[δgj*mκ] = I Ψ(gjS)p(gjS)dmκ(s). The last integral is eventually

within ε of

Φ(go$)p(gjS)drκκ(s) = α J ρ{g,s)p{gfi)dmκ{s)

= « J
Since this is true for all ε > 0, and /30 ̂  /S, we have a contradiction*

COROLLARY 5.1.4. If F is a compact group and φ : L\F) -
is a norm decreasing monomorphism, then in 5.1.2 Γ = φ(J^~) is a (σ)
compact subgroup of ΣΛΓ(0)> HQ = s u p p ^ ) is a compact subgroup in
G, and 7 = ΊQ \ Ho in Ho. Thus if p is defined as above, pe (Ho, 7<?)A

Proof. Clearly Γ is compact; HQ is then yθ compact since
(H0/K,7G/π) is compact (recall πog; F—^(Ho/Ky70/π) is a continuous
epimorphism). By definition of 7 the map πos: F-* (H0/K,7/π) is
continuous and we know that Ka Ho is 7 compact; thus Ho is 7 compact
as well as y0 compact. Since 7 is finer than yθ9 these must be equivalent
topologies on HQ.

Consider the following maps between measure algebras.
( 1 ) Let H, G be locally compact groups and let j : H —•> G be a

continuous monomorphism. Define i** : {M{H), (so))—>(M(G), (σ)) such
that <i**^, t > = <μ, Ψ°i> for ψ e C0(G).

( 2 ) Let H be a locally compact group and let ρeHA. Define
Ap: (M(H), (so)) — (M(H), (so)) such that Ap(μ) = pμ, so <Ap/«, t > =

( 3 ) Let F, H be locally compact groups, let K be a compact
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normal subgroup in Hf and let ζ : F—>(H/K,y3/π) be an open con-
tinuous epimorphism, where π : H —* H/K is the canonical homomorphism.
Then define Φ: (M(F),(so))->(M(H), (so)) such that <Φμ, ψ>=ζμ,(π*ψ K > ,

where the function π*ψ(x) = I ψ(xt)dmκ(t), constant on cosets of K,
j

is considered as a function in C0(H/K).
We assert that the maps in (1) (3) are all norm decreasing

homomorphisms, continuous on norm bounded sets with respect to the
topologies indicated. Since (Apμ)*f = p(μ*pf)9 this assertion is clear
for (2), and follows easily from 1.1.1 for (1), because ψoj is uniformly
continuous and bounded on H; we momentarily put off verification of
(3). Once this assertion has been checked we can prove the following
structure theorem.

THEOREM 5.1.5. If we are given groups and maps as in (1) (3)
then the map φ = j * * oApoφ : (M(F), (so)) —* (M(G), (σ)) is a norm
decreasing homomorphism, continuous on norm bounded sets, with
the special property that Γ0Π Si = {i}, where ΓQ — φ{tβ

r

Q) and ie Γ
is its unit. Conversely, let φ :. Lι(F) —» M(G) be a norm decreasing
homomorphism whose extension φ (as described in 4.1.1) has the
special property Γof] Si = {ί}, where Γo = φ(j^Q) and i — pmκ is its
unit. If Ho — supp (Γ), then we get φ — j**oApoφ by taking groups
H = (Ho, 7) Z) K = (K, y) and maps ζ = πoS : F-+ (HJK, y/π), j =
id : (Ho, T) —> (G, yG), where pe (Ho, τ)Λ is the unique function on Ho,
continuous on cosets of K, with the property μ = ρ\ μ\ for all μ e ΓQ.

REMARK. In the first part, φ is clearly the extension of φ =
φ I L\F). Purthermore? the unit of Γ will be i = pmκ and supp(T) = H,
when H and K are regarded as subgroups in G. In the second part
the 7 topology in Ho is defined as in 5.1.2.

Proof. In the first part consider H and K as subgroups of G (with
new group topologies) and j as the identity injecting H into G; H
has a topology finer than 7<? | H, but since j is continuous, it is a
homeomorphism on compacta and on cosets of K in particular. If
xeF it is easy to verify that φ(8x) = ρ(3g*mκ) for any geπ~1oζ(χ)9

From this it is clear that Γ has unit i = pmKj and that Γo Π Si = {i}.

Conversely let φ : L\F) —> M(G) be given. If we take H = (Ho, 7),
K — (K, 7) and let ζ = πos, j = id : (Ho, 7) —* (G, Jβ), we see that H
is a locally compact group and that ζ : F—>(H0/K,fy/π) is an open,
continuous homomorphism (5.1.2); thus, the maps j * * 9 APf Φ are well
defined. We know pe(H0,yy from 5.1.3.

If xe F then | <ρ(δx) \ — δg*mκ for any g e s(x) and φ{δa) — p(δg*mκ)
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by definition of p. It is a simple matter to verify that

δx) = p(δg*rnκ)

for any ges(x), so that φ ~ id**oApoφ on ^ 7 Since the maps on
each side of this identity are continuous on norm bounded sets, as
maps of (M(F), (so)) into (M(G),(σ)), we get φ = id**oApoφ on all

^of M(F) from 1.1.3.

COROLLARY 5.1.6. A norm decreasing homomorphism φ : L\F)—>
M(G) is a monomorphism <=> its extension has the structure φ —
id**oApθφ, as in 5.1.5, where the map ζ — πos which induces Φ is
an isomorphism of F onto Ho/K.

Proof. If φ is a monomorphism, so is φ \ F (see 5.1.1); now 5.1.5
applies and it is clear that ζ = πos is an isomorphism, as required
for (=>). Notice that the maps Ap and id** are always monomorphisms
in (2) and (3) above. Conversely, in (3) we have Φ — π^oζ**, where
(ζ**μ, ψy — <ju, ψ°C) and (π**μ, ψy — (μ, π*ψy define maps

M(F) -^ M(H0/K, y/π) — M(H0, 7) .

Since ζ — πos: F—*(HQ/K,7/π) is a topological isomorphism if ζ is
1:1, ζ** is a monomorphism. It is easy to verify that π*(CQ(H0,y))
is sup norm dense in C0(H0/K, y/π); hence π** is always a monomorphism.

In the following paragraphs we digress to study the map defined
in (3) and prove the assertions about it which were used to prove
5.1.5. Then in 5.2, we will use these observations to study the
structure of special norm decreasing homomorphisms.

THEOREM 5.1.7. Let F and H be locally compact groups, let Kc. H
be a compact normal subgroup, and let ζ : F-^H/K be an open,
continuous epimorphism. Then the map Φ : (M(F),(so))-^(M(H),(so)),
defined such that (Φμ, ψy — <j«, (^+)°C), is a norm decreasing
homomorphism, continuous on norm bounded sets, if we identify

π*ψ(x) — \ ψ(xt)dmκ(t) (constant on cosets of K) with a function in

C0(H/K) for each ψeC0(H).

Proof. Consider the maps shown in Figure 2,

(M(F),(so)) — (M(H),(so))

Φl

(M(F/F0), (so)) -±+ (M(H/K), (so))
Figure 2
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where FQ = Ker (ζ), (Φxμ, f} = ζμ,ψ°πoy (π0: F—> F/Fo is the canonical
homomorphism), ζΦ2μ, Ό — <(μ, ̂ °ζ°^o~ iX and where ζπ**μ, ψy —
<j«, π*ψyc Clearly Φ2 is bicontinuous with respect to the topologies in
Figure 2. Continuity of Φ follows from the lemmas below, since we
can verify by direct computation that Φ — π**oφ2oφ1 on M(F).

LEMMA 5.1.8. Let Q be a locally compact group with QQ(zQ a
closed, normal subgroup, and let π0: Q —* Q/Qo be the canonical homo-
morphism. Define Φ : (M(Q), (so))—>(M(Q/QQ),(so)) such that <Φμ,ψy =
ζμ,ψoπoy for | e CQ(QIQQ)O Then Φ is a norm decreasing homo-
morphism, continuous on norm bounded sets.

Proof. It is easy to verify that Φ is a norm decreasing homo-
morphism. We assert that Φ(M(Q)) = M(Q/Q0), and in fact Φ{ΣM{Q)) =
ΣM{QIQO)'> from this it will follow that Φ(L\Q)) is a two sided ideal in
M(Q/Q0) since L\Q) is a two sided ideal in M(Q). If Σx =
{μ: || μ\\^l, s(μ) c X) for XaQ, we will show that Φ(ΣK) --= ΣπQK

for all compacta KaQ; since π0 is open, this means that every μ with
compact support in M(Q/Q0) is the (P-image of some μ e M(Q) with
\\μ\\ = | | λ | | . Clearly Φ(ΣK) c ΣπQK, and K compact ==> the map

Φ : (Έ,κ, (σ)) > (M(Q/Q0), (σ))

is continuous, in fact if {μ5}aΣκ with μά-?—*μ and if feCQ(Q) has
/ = 1 on K, then for any ψ e C0(Q/Q0) we get <Φμd, ψ) = ζμjf ψ o τro> =
( ^ / • ( f ^ o D ^ ^ / ί t ^ o D ^ ^ M ) . Now ^ is precisely the
(σ)-closed convex span of {aδx : \a\ — lf xe K), so Φ{ΣK) is (o')-compact;
since Φ{ox) = δπQX we have Φ(Σκ)z) co {adπQX : \ a \ = 1, ^ e i f } , which

gives the converse inclusion.
Now if λ 6 M(Q/Qo) there are measures λn with compact support

such that || λ, - λ || — 0 and || λ || = || λx || + Σf = 1 1| λn+1 - Xn \\ (restrict
λ to increasingly large compacta). Then there exist μne M{Q) with
Φ(μx) = \u\\μ1\\ = \\\1\\ and(P(/in+1) = (λn+1 - λ j , | | /^ + 1 | | = ||λw + 1 - λ j |
for n i> 1; hence μ = Σ£=i t*n converges in ikf(Q), | l i" | | = | | λ | | , and
φ(^) = λ as required.

Next we show Φ{L\Q))dL\QIQQ)) in fact, if μ = Φf and xeQ/Q0,
then given ε > 0 and gr e TΓO"1^) we can find a compact neighborhood
V oί g with | | < W - / | | < ε for all fee V. Thus || Φ(δh)*Φf - Φf\\ =
|| δ y * ^ — /̂ II < ε for yeπQV. Since πQ is open and continuous, this
means μ = Φfe L^Q/QQ) (see Rudin [9], p. 230; the abelian hypothesis
used there is superfluous). To prove 5.1.8 it is now sufficient to show
that Φ{U(Q)) is norm dense in U{QjQ,). To prove density, let {e,} c U(Q)
be a left approximate identity such that e, > 0, \\ej\\ = 1, and s(βj)
are compacta which are eventually within any fixed neighborhood of
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t h e uni t in Q. Then s(Φβj) are compacta shrinking to t h e uni t in Q/Qo

But (Φes, ψy-+ψ(e) for all ψ e C0(Q/Q0), hence Φed -^U de and || Φes || ^ 1;

these facts together imply that lim {|| Φβj ||} = 1. Since Φβj ̂  0 (clear),

{Φβj} c L'iQ/Qo) is an approximate identity for U(QIQQ). Since Φ(L\Q))

is an ideal in M(Q/Q0), norm density of Φ{U{Q)) in Lι(QIQQ) follows.

LEMMA 5.1.9. If Q is a locally compact group, KaQ a compact

normal subgroup with canonical homomorphism π : Q —> Q/K, define

7Γ** : (M(Q/K), (so)) -> (M(Q), (so)) such that <π**μ, ψ> = ζμ, 7Γ*ψ>

where π*ψ(x) = I ψ(xt)dmκ(t) (constant on cosets of K) is regarded

as a function in C0(Q/K). Then TΓ** is a norm decreasing homo-

morphism, continuous on norm bounded sets.

Proof. Normality of K in Q => h* mκ = mκ * h = mκ * h * mκ for
all h e U(Q). Define ξ : M(Q) -> M(Q/K) such that <£μ, t > = <A«, f ° π>.
It is a simple matter to verify that (1) τr**f(μ) = μ*mκ for all
// G Λf(Q), and (2) ξπ**(μ) = μ for all /J G M(Q/K). One can also verify
by direct computation that π**μ = (π**/i)*m^ for /ιe M(Q/K). From
(1) we see that π**(ΛΓ(Q/£")) = Λί(Q)*m^, so that π**(L\QIK)) is
closed under right or left multiplication by elements of M(Q)*mκ.
Finally, π**(L\QfK)) c U(Q)\ for if ε > 0 and x e Q, and if / G L\Q/K),
we can find a neighborhood V of π(x) with | | δ w / ~ / | | < ε whenever
ue V. Thus, if W is a neighborhood of x such that π( W) c F, we
have P,*(τr**/) - π**/ | | ^ || f(8,)*f(π**/) - f(ττ**/) || = || δxy*f-f\\ < ε
for all yeW. Thus π**feU(Q) (again see Rudin [9], p. 230). If

{βj} is a norm one approximate identity in L\Q/K)f then e3- > de

and it is easy to show t h a t π**e3- —°—* mκ = π**(de) from 1.1.1. We
can a r r a n g e t h a t t h e supports s(π**ej) shrink to s(mκ) = K, a compact

set; t h u s we ge t π**βj >mκ by applying 1.1.2. Since π**(U{QIK))
is closed under r i g h t multiplication by elements of mκ*M(Q) = M(Q)*mκ,
we get (for any heU(Q)) \\ (π**ej)*mκ*h — mκ*mκ*h \\ —> 0, which
=>π**(L1(Q/UL)) is norm dense in mκ*U(Q).

Consider μά - ^ μ in M(QjK) wi th \\μό\\^l\ if heU(Q) then
(π**μ3)*h = (π**μj)*mκ*h. But we can approximate mκ*h in norm
by some π**f(feU(QIK)) and we know that (π**μj)*(π**f) =

5.2. Norm decreasing homomorphisms which map L\F) to
L\G). Suppose φ actually maps L\F) onto L^G), then the structure
of φ is exceedingly simple. First recall that if φ is a norm decreasing
isomorphism of L\F) onto 1/(6?) it is actually an isometry; furthermore,
an isometric isomorphism has the special structure
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= \ P ° Φ)Ψ ° s(x)df(x)
JF

where s: F-+G is any topological isomorphism and peGA, as was
first proved by Wendel [10], [11]. Although the structure theorem
5.1.4 could be used as the basis for a direct proof of these results,
it only gives conditions on the structure of φ which are necessary
(but not sufficient) if we are to have φ{L\F)) = L\G). To identify
these norm decreasing isomorphisms (or isometries) precisely we would
have to retrace some of WendeΓs analysis rather than do this we use
WendePs analysis as a starting point.

THEOREM 5.2.1. Let φ : L\F) —> L\G) be a norm decreasing
epimorphism. Then there exists a closed normal subgroup FQdF,
an isometric isomorphism A: L^F/FQ)—* L\G), and βeFA with
KerβaFo such that φ = Λo(π*Aβ), where Aβ(μ) — βμ, and the
canonical homomorphism π : F-~• F/Fo gives <7Γ*(μ), ψy ~ <μ, ψoπy
for ψeC0(F/F0).

Proof. First notice that, if s(x) = s(φ(δx))9 then s: F—>G is a
continuous homomorphism; in fact, φ(δe) = pmκ for compact subgroup
KCLG and peK\ and if heL\G) we can write h = φf for some
fe L\F). Thus h*pmκ = φ(f)*φ(δe) = φf = h, which is impossible
for all h unless K — {e}, so ψ maps &M{F) into g^^,. For continuity
of s see remarks preceding 5.1.3. Hence FQ — {xe F: s(x) — e in G}
is a closed normal subgroup in F. If we define β(x) = ae S <=> φ(δx) =
aδs{χ), the continuity properties of φ (see 4.1.1) insure that βeFΛ;
thus Aβ : μ —> βμ is an isometric automorphism of M(F). The map
π* : M(F) —> M(F/FQ) has been discussed in 5.1.8; we assert that π*
has the following properties (which will be verified at the end of this
proof):

(1) π*L\F) = L\F/F0), and
(2) | |π*(μ)| | = inf {\\ μ + n\\: %eKer(π*)},

the quotient norm in M(F)/Ker (π*).

Clearly μ e Ker {π*Aβ) — <τrMβ(μ), ^> = \ β{x)f{πx)dμ{x) = 0 for
JF _

all ψ 6 CQ(F/FQ); it is not hard to show that μ e Ker ψ ^=> ζφμ, ψ} =

\ <φ(δx),ψ>dμ(x) = { β(x)<δt{x), ψydμ(x) = 0 for feCQ(G). The non-
jFt JF

trivial first equality here can be seen from 4.2.2, or directly by looking
at the action of φ on finite sums of point masses and using the (so)
continuity of φ. We assert that Ker φ Z)Ker (π*Aβ), so

A = φ o (π*Aβ)~x: M(F/F0)

is a well defined homomorphism.
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LEMMA 5.2.2. If {/,-} is a net of bounded functions in C(F)

with M— sup {||/y ||oo} < °° and fj—+f uniformly on compacta, then

<β, fi> - <j", /> for all μ e M(F).

Proof. As usual, for bounded fe C(F) we define ζμ, /> = ζμ, χEfy
where Ee B(F) and Ez)s(μ). For K compact in F we obviously have
(s(μ\K),fϊ)—>((μ\K),fy and for suitably chosen compacta Knczs(μ)
we have || μ - (μ \ Kn) || — 0; hence </*, /,> - <μ, />.

Each function Ψ(x) = <δβ(aί), α/r> is continuous, bounded, and constant
on cosets of Fo in ί7, if ψeCQ(G). But any bounded feC(F) which
is .constant on cosets of Fo can be approximated uniformly on compacta
by a uniformly bounded net of functions selected from {hoπ: he C0(F/F0)};
in fact, if Ka F is compact so is πK, and if U is a relatively compact
open neighborhood of πK, we can find continuous h such that h = 1
on 7riΓ, I Ξ O outside Z7 and 0 ^ fc^ 1. Then f'(hoπ) coincides with
hλ°π on ί7, where hx{x) — h(x)-f(π^1(x))e CQ(F/F0); we have h^π = f
on K and || l ^ J i H*, ̂  11/1U as desired. Taking Ψ as the uniform on
compacta limit of uniformly bounded net {/̂  °π} we get

f Λy oτr>} - lim {<ττMβ(^), ̂ ,>} = 0

if μ e Ker (π*Aβ), so Ker ^ Z)Ker (π*Aβ).
Now I ] J 11 ̂  1 since (2) insures that

[| π*Aβ(μ) \\ = inf {|| μ + n\\: ne Ker (τr*Ap)}

^ inf{|| μ + w|| : ^G Ker ̂ }

^ i n f { | | ^ + ^ | | - \\φμ | | } - | | ^ | |

for/J G M(i^). Since π* : (M(F), (so)) -> (M(F/FQ), (so)) is continuous on
norm bounded sets (see 5.1.8), (π1*)-1 is open on ΣM{FlFo) relative to the
(so) topologies; hence A : (M(F/F0), (so)) —• (M(G), (σ)) is continuous on
norm bounded sets. From (1) we see that A maps U(FjF0) onto Lι(G),
so Λ on M(F/F0) coincides with the extension A from L^F/Fo) discussed
in 4.1.1. Furthermore,

A r^F\F) = Ψ o (π*Aβy\ &FlF) - φ{β(x)δx: xeF} = {dsix): x e F} ,

so A( tfFiFQ) Π S{δe} = {de} in g^(ff) and the analysis of 5.1 applies; i.e.
we can write A = j**oApoζ* : M(F/Fo) —> M(G) as in 5.1.5. In our
present context some of these maps are trivial since A(δx) = ds{π-ι{χ))

for x e F/Fo; indeed, p and K are trivial, j is the injection of H —
{s(x) : x G F} into G, and ζ : .F/Fo ~> H is given by ζ(x) = s(^(δx)) =
sίπ-Xa;)). But -Po = Ker s = Ker π in .F, so ζ is an isomorphism of
F/Fo onto ί ί ; hence, as indicated in 5.1.6, A must be a monomorphism
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on M(F/F0). Thus A is a norm decreasing isomorphism between L\F/F0)
and L\G), and WendePs analysis applies to A.

In proving 5.1.8 we showed that π*(M(F)) = M(F/F0) and that
K*(ΣM{F)) — ̂ M(FIFQ)- The latter identity proves assertion (2) above.
Furthermore, we showed π*{L\F))(zU{FIF^ is norm dense, and that
a right approximate identity {eό} of norm one in L\F) is mapped to
the same sort of approximate identity {π*βj} in L1{FJFQ). Let fe LXF/FQ),

say with | | / [ | = 1, and let μ e M(F) be chosen with || μ || = 1, π*μ = /;

then π*(μ*ej) — (π*μ)*(π*ej) =/*(7r*e5 ) >f and μ*ejβ L\F) with
^ II μ li = ll/ll Hence we see π*(Sχi(ί.)) is norm dense in

We can find Sί e L\F) with || βl || g 1 and || π*flfi - / II ^ 1/2.
Since TΓ*^ -feL^F/Fo), there exists g2e L\F) with | | # 2 | | ^ 1/2 and
11 π*#2 — (/ ~ 7Γ*flfi) 11 < (1/2)2. By continuing this selection we get gn e L\F)
with || ^ || g (1/2)-1 and || π*gn - (/ - Σ5=ί π*^) || < (l/2)\ Thus g -
ΣΓ=i ^% converges in L\F) and π*^ = Σ»=i ^^^^ = Λ proving assertion
(1) above.
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THE 2-LENGTH OF A FINITE SOLVABLE GROUP

FLETCHER GROSS

One measure of the structure of a finite solvable group G
is its ^-length lp(G). A problem connected with this measure
is to obtain an upper bound for lp{G) in terms of ev(G), which
is a numerical invariant of the Sylow p-subgroups of G. This
problem has been solved but the best-possible result is not
known for p = 2. The main result of this paper is that h(G) ^
2e2(G) — 1, which is an improvement on earlier results. A
secondary objective of this paper is to investigate finite solva-
ble groups in which the Sylow 2-group is of exponent 4. In
particular it is proved that if G is a finite group of exponent
12, then the 2-length is at most 2.

Introduction and discussion of results* The object of this
paper is to obtain bounds for the 2-length of a finite solvable group.
Following Hall and Higman [4], we call a finite group G p-solvable if
it possesses a normal series such that each factor group is either a
p-group or a p'-group. The ^-length, lp{G), of such a group is the
smallest number of ^-groups which can occur as factor groups in such
a normal series. ep(G) is defined to be the smallest n such that xpn = 1
for all x belonging to a Sylow p-subgroup of G.

For an odd prime p, it is proved in [4] that lp(G) ^ ep(G) if p is
not a Fermat prime and lp(G) ^ 2ep(G) if p is a Fermat prime. Further-
more these results are best-possible. A. H. M. Hoare [6] then proved
that in a 2-solvable group G, 12(G) ^ Ze2{G) - 2 provided that
12(G) ̂  1. The primary purpose of this paper is to prove the follow-
ing improvement:

THEOREM A. If G is a finite solvable group and 12(G) ^ 1, then
12(G) ̂  2e2(G) - 1.

Feit and Thompson [1] have proved that solvability and 2-solvability
are equivalent notions for finite groups. Thus no loss of generality is
involved in requiring G to be solvable in the theorem.

Theorem A will be shown to be an easy consequence of the
following theorem about linear groups:

THEOREM B. Let G be a finite solvable linear group over a field

Received July 13, 1964. This work, supported in part by a National Science
Foundation Cooperative Fellowship, is based upon my doctoral dissertation at the
California Institute of Technology. I wish to express my heartfelt appreciation to
my advisor Marshall Hall, Jr. for his encouragement and helpful suggestions.

1221



1222 FLETCHER GROSS

F of characteristic 2 and assume G has no nontrivial normal 2-
subgroup. Then if N is the largest normal 2'-subgroup of G and
if g is an exceptional element of order 2m in G, it follows that g*™-1

is in the largest normal 2-subgroup of G/N.

Here, following [4], an element x of order pn in a linear group over
a field of characteristic p is said to be exceptional if (x — ly71-1 — 0.

Whether or not Theorem A represents a best-possible result is not
known, but it seems likely that further improvements can be made.
Indeed, the author knows of no group whose 2-length exceeds its
2-exponent. In the special case of finite solvable groups satisfying
e2(G) = 2, i.e., solvable groups whose Sylow 2-subgroups are of exponent
4, I think it likely that 12(G) ^ 2 instead of the bound 12(G) ^ 3
furnished by Theorem A.

In § 4 of this paper, groups satisfying e2(G) — 2 are studied in
more detail. A sufficient condition for 12(G) ̂  2 in this special case is
established, and, as an application, we prove that 12(G) ̂  e2(G) if G is
a finite group of exponent 12.

2> Proof of Theorem A from Theorem B* For the rest of
this paper we adopt the convention that all groups referred to are
assumed finite, and, if G is such a group, then | G | denotes its order.
If if is a normal subgroup of G, we write H <\G.

We now recall the definition of the upper 2-series of the solvable
group G:

1 = PoS No < Pi < N± < --- < Pt ^ Nt = G .

Here NJPk is defined to be the greatest normal 2'-subgroup of G/Pk

and Pk+ί/Nk the greatest normal 2-subgroup of G/Nk. The least inte-
ger I such that iVz = G is the 2-length 12(G). (If there is no danger
of confusion we write simply i2.)

It is proved in [4] that the automorphisms of PJF, where F/No is
the Frattini subgroup of PJN0, induced by G represent G/P1 faithfully.
Thus G/Pί is faithfully represented as a linear group operating on PJF
(PJF is an elementary abelian 2-group and so is considered as a vector
space over the field with 2 elements).

Now if l2(G)~lf the conclusion of A is trivial. Also the ^-length
group is at most equal to the class of a Sylow ^-subgroup [4, Theorem
1.2.6], An immediate consequence of this is that if G is solvable and
e2(G) — 1, then 12(G) — 1. Thus l2 = 2 implies that e2 ^ 2 so the result
again follows. Now if l2 > 2, then 12(G/P2) = 12(G) - 2 ^ 1 so that
Theorem A would follow by induction on l2 if we could prove that
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e2(G/P2) g e2(G) - 1.
Now suppose g is an element of maximal order 2m in a Sylow

2-Sylow subgroup of G/P^ If g is not exceptional, then [4, Lemma
3.1.2] we have e2(G) Ξ> m + 1. If g is exceptional, then, since G/P1

satisfies the hypothesis of Theorem B, g^-1 is in P2/P1 if Theorem B
is true. Thus, assuming the validity of J3, we obtain in all cases
e2(G/P2) ̂  e2(G) - 1 and Theorem A follows.

3* Proof of Theorem B* Neither the hypothesis nor the con-
clusion of the theorem is affected by an extension of the field F.
Hence, without loss of generality, we assume that F is algebraically
closed. Since an element of order 2 cannot be exceptional, m must be
greater than 1. Let h = gr/n~2 and so fe2 = g2™-1.

In proving B we will define subgroups H and Hι such that
H <\G, Hx <J H, h2e Hlf and g normalizes Hl9 It then will be shown
that if x is any element in the largest normal 2-subgroup of HJHί Π N
then (h2, x) = (h, x)2. From this it will follow that h2 is in the largest
normal 2-subgroup of HJHί (Ί N, and, finally, from this the theorem
will follow.

First we need two lemmas which are of use later and which
motivate the definition of H. Here, and elsewhere, we denote the
space on which G operates by V.

LEMMA 3.1. If Q is any 2''-subgroup of G which is normalized by
g, then h2 fixes every minimal characteristic F — Q submodule of V.

Proof. A minimal characteristic F — Q submodule is simply the
join of all those F — Q submodules operator isomorphic to a given
irreducible F — Q submodule. Now if Q is a 2'-group, V can be
written as the direct sum of the minimal characteristic F — Q sub-
modules, g normalizes Q so g must permute the minimal characteristic
F — Q submodules. If the lemma were not true, then g, as a permut-
ation of these submodules, would have a cycle of length 2m which
would contradict the assumption that g is exceptional.

LEMMA 3.2. If Q is any abelian 2''subgroup of G and x is any
element of G normalizing Q and fixing every minimal characteristic
F — Q submodule of V, then x centralizes Q.

Proof. Let Vi be any minimal characteristic F — Q submodule of
V. Since Q is abelian and F is algebraically closed, Q operates on V{

as a scalar multiplication, i.e., if yeQ and v e V{ then yv = Xi(y)v
where Xi(y) is a scalar. We now obtain
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Xi{x-lyx)v = x

Thus (y, x) is the identity on V{ for all yeQ and the lemma follows.

Now let H be the normal subgroup of G consisting of all elements
which fix every minimal characteristic F — Q submodule for every
normal 2'-subgroup Q. Since the largest normal 2-subgroup and the
largest normal 2'-subgroup of H are normal in G, we see that H has
no normal 2-subgroup greater than the identity and the largest normal
2'-subgroup of H is H ΓΊ N. By Lemma 3.1 h2 must belong to H.

Let M be the largest normal nilpotent subgroup of H. Clearly
M is a 2'-group and M <] G. Furthermore, since H is solvable, M
contains its own centralizer in H [2].

LEMMA 3.3. M is of class 2.

Proof. Since h2 e H, h2 does not centralize M. Thus by Lemmas
3.1 and 3.2, M is not abelian. Now let c be the class of M and sup-
pose c ^ 3. Then if Γ{(M) is the ΐth term in the lower central series
of M (Λ(M) = M and Γi+1(M) = (A(ilf), M)) and if d is the first
integer ^ (c + l)/2, we have [3, Chap. 10]

(Γd(M), M) = Γd+1(M) Φ 1 (since d ^ c - 1) ,

and

(Γd(M), Γd{M)) £ Γ2d(M) = 1 .

Thus Γd(M) is abelian and, of course, normal in G but is not central-
ized by M. From Lemma 3.2 and the definition of H we see that this
is impossible, and so c — 2.

M = J l ί 1 x M 2 x where Mi is the Sylow (^-subgroup of M and
g{ is an odd prime. Each M{ is of class at most 2 and so Mi is a
regular gΓgroup [3, p. 183]. Then the elements of order at most q{

form a characteristic subgroup K{ of M{. Let K — Kx x K2 x An
automorphism of M; of order prime to q{ centralizes K{ only if it is
the identity automorphism [7, Hilfssatz 1.5]. Therefore no 2-element
of H, except for the identity, centralizes K. Hence K cannot be
abelian (since h2 is a nonidentity 2-element of H) and so K must be
of class 2.

We now are prepared to define the subgroup JSΓ1# For this purpose
decompose V for each K{ into the sum

where the Va are the minimal characteristic F — K{ submodules. Let
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C{j = {x I xe H and (Kίy x) — 1 on V^ }. Ĉ - is a normal subgroup of
H although not necessarily normal in G.

Take Hί to be the intersection of all the Ci3 which contain h\
If h2 is not in any C^ then set H^ equal to H. In any event HX<\H
and H1 is normalized by #. As was the case with H, H1 has no
normal 2-subgroup greater than the identity and the greatest normal
2'-subgroup is JHΊ Π N.

Now let P be a 2-subgroup of Hι such that P and g belong to
the same Sylow 2-subgroup of G and P(H1 Π N)/(H1 Π N) is the largest
normal 2-subgroup of H1/(H1f]N). Since, modulo N, P is normalized
by g, it follows that g normalizes P.

LEMMA 3.4. If xe P, then (h\ x) = (ft, x)\

Proof. First we show that this lemma finishes the proof of
Theorem B: h normalizes P so that (h, xfeΦ(P) where Φ(P) is the
Frattini subgroup of P. Thus the lemma implies that h2 centralizes
P/Φ(P). Therefore from [4] we conclude that h2eP. Since h2 is
in the greatest normal 2-subgroup of H1/(H1 Π N), it follows that h2

is in the greatest normal 2-subgroup of H/(H Π N) from which the
conclusion of Theorem B follows.

To prove the lemma, let k = (h2, x)(h, x)~2 and suppose k Φ lβ

Since k cannot centralize K, (Kiy k) is not the identity on some F^ .
Since ke H19 we must have {K^ h2) also not the identity on V^. (This
last statement is the motivation for our choice of Hλ).

In what follows let V = Ffy, q — qi9 and Q, x19 kx the restrictions
of Kί7 x, k, respectively, to V. Let g2m~n be the first power of g
fixing V and let gλ be the restriction of g*m-n to V. Now h2 is not
the identity on V and [4, p. 13] g1 must be exceptional

(i.e., (ffl - l)*»-i = 0) ,

and thus ^ must be at least 2. Let hx — gΓ~2. kλ — (h\, x^)(hu xλ)~2

and both (Q, ̂ 2) and (Q, kt) are not the identity.
Since g1 is exceptional and (Q,h\) Φ 1, Q cannot be abelian. Thus

Q must be of class 2. V is the sum of absolutely irreducible F — Q
submodules all of which are operator isomorphic to each other. Hence
Z(Q), the center of Q, is cyclic and is generated by a scalar matrix.
Since Q is of exponent q and Qf Φ 1, we see that

Z(Q) = Q' = Φ(Q)

and so Q is an extra-special g-group [4, p. 15]. We note also that if
S is the 2-group generated by x1 and gu then (Z(Q), S) — 1 since Z(Q)
is generated by a scalar matrix.
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Now let V" be an irreducible F — QS submodule of V. V" is an
irreducible F~Q module [4, Lemma 2.2.3], and V is the sum of
F — Q modules operator isomorphic to V". Thus (Q, h\) ^ 1 on V"
and g1 is exceptional on V". From [4, Theorem 2.5.4] we have the
following:

( 1 ) 2n — 1 is a power of q, and
( 2 ) if gx is faithfully and irreducibly represented on QJQ' (such

a Qi can always be found since ft2 is not the identity on Q/Q'), then
Q can be written as the central product of Qι and a group Q2 and gγ

transforms Q2 trivially. It now follows [6] that 2n — 1 = q and

The representation of Q on V" is isomorphic to the representation
of Q on F ' so that (glf Q2) = 1 on V" implies that (g19 Q2) = 1. Thus
the centralizer of gλ in the space Q/Q' has co-dimension 2 over GF(q).
The minimal equation of h1 on QVQ' must be t2 + 1 — 0 so that ft?
must have the representation

- 1 0

0 - 1

on QJQ'. We now can conclude that for every power of g1 (except
for the identity, of course), the co-dimension of its centralizer in QjQf

is 2. Also, since q ~ 3 (mod 4), GF(q) contains no primitive 4th root
of unity. Thus if n Φ 2 then in the completely reduced representation
of g\ on Q/Q' there is only one nontrivial block. If n — 2, there are
two nontrivial blocks.

Now if c is a generator of Q', define p(a, b) for a,beQ by the
equation

(α, b) = cp(α>δ) .

p(a, b) is bilinear and skew symmetric and gives Q/Q' the structure of
a symplectic space over GF(q) [4].

p is of maximum rank since Q' = Z(Q) so Q/Q' must have dimension
2r. Since (S, Q') = 1, S preserves the symplectic structure of Q/Q'.
Thus the representation of S on Q/Q' may be considered as a subgroup
of a Sylow 2-subgroup of the symplectic group on Q/Q'.

Q/Q' is of dimension 2r over GF(q) so that Q/Q' can be provided
with the structure of a vector space U of dimension r over GF(q2).
If %!, •••, %r is a basis for U, the expression [4]

where α' = aq and 7 is a primitive 4th root of unity, is a skew
symmetric bilinear form on U of rank 2r with values in GF(q).

Let θ be a primitive 2%+1-th root of unity in GF(q2) and let T be
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the group of transformations of GF(q2) generated by the two transfor-
mations a-+θ2a and a—*θa'. All transformations y of U of the form

where the Ti are taken from T and σ is a permutation taken from a
Sylow 2-subgroup of the symmetric group on the numbers 1,2, •••, r,
form a Sylow 2-subgroup of the Symplectic group on Q/Q' [4].

Thus we may assume that x19 glf hu the representations of xl9 gl9 hlf

respectively, on Q/Q', are of this form. Since (Q, h\) Φ 1 and (Q, /d) ^ 1,
we have ft? ^ 1 and (ft?, xx) ^ (ftlf x,)2. We now need more information
on gx.

LEMMA 3.5. The permutation σ associated with gλ is the identity
permutation.

Proof, σ is of order less than the order of g1 from [4, p. 23].
First suppose σ is of order > 2. Then n > 2 and so the represen-
tation of g\ on QIQ' has only one nontrivial irreducible block. But
the permutation associated with g\ is σ2 which has at least 2 disjoint
nontrivial cycles. Clearly this is a contradiction. Thus σ2 = 1.

Now suppose a Φ 1. Assume, say, σ(l) = 2, σ(2) = 1. The repre-
sentation of gx on Q/Q' has only one nontrivial irreducble block so gx

must be the identity on

Σ
i £ 2

Now glia.u, + a2u2) = T.T^u, + T^a.u, and so one of T2T, or 7\T2

must not be the identity of T. But then neither one can be the
identity. Therefore the representation of Q/Q' would have 2 nontrivial
irreducible blocks. This can happen only if n — 2. This implies that
T2T1 and TλT2 are of order 2 and thus must equal the transformation
a-+— a. (This is the only element of order 2 in T.) Thus the
centralizer of g\ in Q/Q' has co-dimension 4 over GF(q) whereas it
should have co-dimension 2. This proves that σ — 1.

Hence gλ fixes each u{ and must act trivially on ai for all but
one value of i, i — 1, say. Therefore

i) = Aa.u, + Σ #i^*

where A is an element of order 2n in Tβ Then

and
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hKΣatiUi) = -a.u, + Σ a^ .Σ

We may assume that

Case 1. τr(l) Φ 1. Assume, say, that π"\ΐ) — 2. Straight forward
calculation yields

(hlf xdiΣatiUi) = A-^-^u, + Γ f ^ — 2 ^ ^ + Σ
2^1,2

But A2"1"1 is the unique element of order 2 in T. Thus

a2u2

and it is easily verified that this is the same result as (ΛJ, x j .

2: τr(l) = 1. In this case we easily find that (Λ?, Xi) is the
identity while

(hl9 xtfiΣoCiUi) = (A^-2, Ttfa.u, + Σ ^ .

Now the group T easily is seen to be a generalized quaternion group
of order 2 π f l so that the only conjugates of A in T are A and A~\
Thus

(A2n~\ T,f = A 2 " " 1 ^ 1 ^ 2 " " 1 ) ^ = 1 .

Thus (&!, xθ is also the identity.
Therefore it has been shown that

(hlf xx)
2 = (Λ2, xθ

in all cases. This completes the proof of lemma 3.4, and, by a previous
argument, Theorem B now is proved.

4* Groups with e2 — 2. If G is a solvable group whose Sylow
2-groups are of exponent 4, then we know from Theorem A that
k(G) ^ 3 . We now investigate conditions for k(G) ^ 2 to hold. The
argument is similar to that used in proving Theorem B, but a more
restrictive hypothesis is needed. That no loss of generality is involved
in assuming the stronger hypothesis is insured by the following
reduction theorem, which is stated in a slightly more general form
than needed.

A proposition R will be said to be of type 4.1 if it is of the
following form:

If G is a finite p-solvable group satisfying condition C, then
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h(G) ^ f(βP(G)), where / is a monotonically increasing function defined
for nonnegative integral arguments, /(0) = 0, and condition C either
is vacuous or states that ePt(G) S α» for some set, possibly infinite, of
primes pt and nonnegative integers a{.

Note that the proposition that 12(G) ̂  e2(G) if G is a finite solvable
group satisfying e2(G) ^ 2 is of type 4.1. One of the results of this
section is that 12{G) ̂  e2(G) if G is a finite group of exponent 12.
This statement is also of type 4.1 since the condition that G be of
exponent 12 is equivalent to stating that e2(G) ^ 2, ez(G) ^ 1, and
eP(G) ^ 0 for all other primes.

THEOREM 4.1. To prove a proposition R of type 4.1 it is suf-
ficient to prove the proposition for the following special case:

( 1 ) G is the normal product of V by G1 where V is a vector
space over F, a finite field of characteristic p, and G± is a p-solvable
linear group on V having no normal p-subgroup other than the
identity.

( 2 ) Any irreducible representation of any pr-subgroup of Gt

over F is in fact absolutely irreducible.
( 3 ) All groups of order at most \ G11 satisfy R.
( 4 ) V is an irreducible F — G1 module.

Proof. In proving this theorem we assume R is valid for the
special case and then prove it is valid for the general case.

Now suppose G is the group of smallest order which satisfies the
hypothesis but not the conclusion of R, and let

l = Po^No<P1<- - <Pι^Nι = G

be the upper p-series of G. Since /(0) = 0 we must have lp(G) > 0.
If FJN0 is the Frattini subgroup of PJNOf then, as is shown in [4],
ipiG/F^ = lv(G) so that if FxΦl we would have a proper factor group
of G satisfying the hypothesis but not the conclusion of R.

Hence assume F1 = 1. Thus P1 is an elementary abelian p-group
which we identify with a vector space V1 over GF(p)o G\PX is faithfully
represented as a linear group G1 on V1 and G1 has no normal p-group
greater than the identity.

From [4, p. 4] we may assume that G has only one minimal
normal subgroup. This subgroup must be contained in V1 and we
denote it with M. If M Φ V1 and Gx is faithfully represented on
VJM then we have lp(G/M) = lp(G) so that we would have a contra-
diction to the minimality of G.

Now suppose MΦVX and Gx is not faithfully represented on VJM.
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Then the elements of G1 centralizing VJM form a normal subgroup
of Gi greater than the identity. If Q is a minimal normal subgroup
of Gi centralizing VJM, then Q must be a p'-group so that 7 as a
Q-module is completely reducible. Thus there exists a Q-module M±

such that V1 — M 0 Mx. Q is the identity on Mx but not on M since
Q is faithfully represented on V±. Now if M2 is the centralizer of Q
in V± then M2 is normal in G, M"2 is not the identity, and M2 does not
contain M. This contradicts the minimality of M.

Thus we see that M — V± which implies that Gλ is irreducibly
represented on Vt. A consequence of this is that if H is any normal
subgroup greater than the identity in Gλ then H can have no nonzero
fixed vector in V± Otherwise all the vectors fixed by H would form
a nontrivial submodule of Vx.

Now pick F to be a large enough finite extension of GF(q) such
that any irreducible representation of any ^'-subgroup of Gx over F
is absolutely irreducible. Let 1 = θoy θu , θr be a basis for F over
GF(p) and let v19 v29 , v8 be a basis for V1 over GF(p). Finally let
V be the vector space over F with basis vu •• ,<yβ, i.e., the vectors
of V are the formal sums

s r

Σ Σ CiAv,-

where ci3 e GF(p). Gλ acts on V in the obvious way.
Consider the group G* = G±V, i.e., the normal product of V by G1#

If g* is of order p m in G* then either the image g of #* in G1 is of
order p m or g is of order p™"1 and # is not exceptional on V. In the
latter case (g — l ) ^ " 1 ^ Φ 0 for some ^ from which it follows that g
is not exceptional on Vλ. Thus ep(G) ^ (m — 1) + 1 = m.

Therefore in any event ep(G) Ξ> ep(G*). Since βg(G*) = eβ(G) for
q Φ p, G* satisfies condition C. Furthermore lP(G) — lP{G*) so that if
G* satisfies i? so does G.

Now suppose H is any normal ^'-subgroup other than the identity
in G1 and suppose

is a nonzero vector fixed by H. Since v Φ 0 the coefficient of ^ is
not zero for some j , j — 1 say. Then there exists a e F such that
^(Σί=o tfii#i) — l H must fix αi; which can be written in the form
av = vf + v" where

V' = Vi + Σ cίiVy, / = Σ Σ C^Vy .
i = 2 J=2 i = l

For H to fix αv it must also fix v' which contradicts the fact that
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H has no nonzero fixed vector in V±. Thus H has no nonzero fixed
vector in V.

If V is an irreducible F — Gx module then we have arrived at the
special case of the theorem. Therefore assume U is a proper submodule.

If G1 is not faithfully represented on V/U, then let Q be a minimal
normal subgroup of Gx centralizing V/U. Q must be a p'-group so
that V is completely reducible as an F — Q module. Thus there exists
a nontrivial F — Q submodule on which Q is the identity. This is
impossible since Q can have no nonzero fixed vector.

Hence G, is faithfully represented on V/U. Thus lp(G*) = lp(G*/U)
and, of course, ep(G*) ^ ep(G*/U) so that if G*/U satisfies R so does
G* and then so does G.

We still have that any normal nonidentity p'-subgroup H of Gλ

has no nonzero fixed vector in V/U since V is completely reducible as
an F — H module. Therefore if G1 is not irreducibly represented on
V/U then the same argument as before yields that G1 is faithfully
represented on a nontrivial factor module of V/U. Continuing in this
way we ultimately arrive at the special case where G1 is faithfully
and irreducibly represented on some vector space over the field F.
This finishes the proof of Theorem 4O1.

Among the results we now shall prove is that if G is of exponent
12 then 12(G) ̂  e2(G). Before doing this it might be well to justify
this work. For in a group of order 2α3δ the 2-length and the 3-length
can vary at most by one. Thus if it were true that the 3-length of
a group of exponent 12 was one, then it would be trivial to state
that the 2-length was at most two. However in [5, p. 5] is found an
example of a group of exponent 12 but with 3-length two.

For the rest of this paper we make the following standing as-
sumptions.

( 1 ) G = GίV, the normal product of V by G19 where V is a
vector space over a finite field F of characteristic 2 and Gx is a
finite, solvable linear group having no normal 2-subgroup other than
the identity.

( 2 ) V is an irreducible F — Gx module.

( 3 ) Any representation over F of any p'-subgroup of Gx is abso-
lutely irreducible.

( 4 )

We are interested in seeing under what conditions can 12(G) exceed
€2(G). But if e^Gy) = 0 then both e2(G) and 12(G) are 1, and if
ejfii) = 1 then 12{G,) = 1 so that 12(G) = e2(G) = 2. Thus we may as
well assume
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( 5 ) eΛ(Gd = 2.

Later we shall add to these assumptions the further one that G
is of exponent 12. Actually, until we restrict ourselves to groups of
exponent 12, we will make no use of the fact that Gλ is irreducibly
represented on V.

Now let N be the largest normal 2'-subgroup of Glβ We shall show
that a certain 2-subgroup, to be described later, must be contained in
the greatest normal 2-subgroup of GJN. In particular if 12(G) > 2
(which is the same as 12(G^) > 1), we shall see that there must exist
an element of order 4 of a special type in Gλ.

First let H be the following normal subgroup of Gx: xe H if, and
only if, for every normal nilpotent subgroup Q of class at most 2 in
Glf x fixes every minimal characteristic F — Q submodule of V. A
normal nilpotent subgroup of Gx must be a 2'-group so that V splits
into the sum of minimal characteristic F — Q modules.

From (5) there are elements of order 4 in Glf and from (4) all
such elements must be exceptional. Thus if g is of order 4 in G1

then g2 must be in H by lemma 3.1. Hence H is greater than the
identity. H has no normal 2-subgroup except for the identity and the
largest normal 2'-subgroup is H Π N.

Let D be the greatest normal nilpotent subgroup of H. D —
D1 x D2 x where D4 is a Sylow (^-subgroup of D for an odd
prime qi9 H centralizes any normal abelian subgroup of Gx so that,
by the proof of Lemma 3.3, we obtain c(D) = 2. Now, as before, let
K{ be the subgroup of D{ consisting of all elements of order at most
q{ and let K = Kx x K2 x We again have that no non-identity
2-element of H centralizes K.

Now take H1 to be the subgroup of Gx consisting of all elements
which fix every minimal characteristic F — Kt module for all i. Hί<^ G19

and, since c(Ki) ^ 2, H g Hx. H1 has no normal 2-subgroup except for
the identity and its greatest normal 2'-subgroup is H1 Π N.

Let P be a Sylow 2-subgroup of Hx. P Φ 1 since if g is any
element of order 4 in Gί then g2 e H. Now the square of any element
of P must be in H. Thus P/(PΓ\H) is of exponent 2 and thus abelian.
Therefore P' < H. We now prove two lemmas which enable us to
show directly that PN/N is normal in GJN.

LEMMA 4.2. Suppose that g and h are two elements of P and
V is a minimal characteristic F — K{ submodule of V. Let Q, glf

and hx be the restrictions of Kiy g, and h, respectively, to V. Then
if (Q, h\) = 1 it follows that (Q, (gu h,)) = 1.

Proof. Assume (Q, (gu hλ)) Φ 1. Therefore neither gt nor ^ central-
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ίzes Q. If (Q, gr?) = 1, then straight forward calculation yields

(Q, (gAf) - (Q, (9i, K)) Φ 1 ,

(Q, (gA, h)) = (Q, (ffA)-1) Φ 1 .

Thus, replacing gx by flr^ if (Q, gl) = 1, we may assume that
<Q, βfϊ) ̂  1 along with (Q, Λ?) - 1 and (Q, (&, h,)) Φ 1.

Now exactly as in the proof of Lemma 3.4 we obtain that Q is an
extra special g-group (actually q ~ 3 since gx is of order 4 and thus
exceptional so that 4 — 1 must be a power of q), Q/Q' is a symplectic
space, #! and hγ preserve the symplectic structure of Q/Qf', and we
may assume that g1 and h1 operate on QjQr as follows:

where σ is a permutation of order ^ 2 (since (Q, hi) — 1), and A and
the Γi are chosen from a group isomorphic to the quaternion group
of order 8 (since q = 3). In addition A must be of order 4 since
(Q, flfϊ) * 1.

If σ does not fix 1 then (gu hλ) would be of order 4 but its
•centralizer in QjQf would have co-dimension 4 over GF(S). Thus (g19 hλ)
would be of order 4 but not exceptional which is impossible.

Hence σ fixes 1 and, since (Q, hi) = 1, we must have

h^ΣaiUi) = ±a1n1 + Σ ^ ^ σ ( ί ) .

It is now an easy matter to verify that (g19 hλ) = 1 and the lemma is
proved.

COROLLARY. If g, he P and h2 — 1, then (g, h) = 1.

Proof, (g, h) is in P ' and thus in H. So if (g, h) Φ 1 then
(Ki, {g, h)) Φ 1 for some KiΛ Then lemma states that this cannot
happen.

LEMMA 4.3. If g, he P, then (g, hf = 1.

Proof. Suppose that (g, hf Φ 1. Then for some Ki9 (Ki9 (g9 hf) Φ 1.
Choose V to be a minimal characteristic F — Kι submodule of V such
that (Ki, (g, hf) is not the identity on V. If Q, gl9 and hx are defined
as in the previous lemma, then, if either (Q, g\) or (Q, h\) is the
identity, (g19 h^ — 1. Therefore assume neither g? nor fc? centralize Q.
Thus fifi and hx are both exceptional of order 4. Q is an extra-special
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3-group and we may assume gx and hλ operate on Q/Q' as follower

g^ΣaiUi) = Aaxux + Σ a i u i >

h^IaCiUi) = BoίjUj + Σ « Λ

Now if i Φ 1 then (#!, Λx) = 1 and if j — 1 then

(<7i, A O ^ α ^ ) = (A, B ) 2 ^ + Σ ViUi .

But A and £> are elements of a quaternion group so that (A, B)2 iŝ
the identity and the lemma is proved.

THEOREM 4.4. PN/N <\ GJN.

Proof. We shall prove that P^Γ) N^i^f) N) <] HJi^n N)<
which is equivalent to the theorem since H1<\G1.

Let P1 be the subgroup of P such that P^H, Π iV)/(ίί1 Π N) is
the largest normal 2-subgroup of fl"1/(£Γ1ΠiVr). Pi <1 P and Px contains
the center of P [4, Lemma 1.2.3]. Thus by the corollary to Lemma
4.2, P1 contains all elements of order 2 in P. The elements of order
2 in P form an elementary abelian group P2 which is normal, modulo
H1 Π N, in Hlm The elements of HJiH, Π N) which centralize both
P2 and Pi/P2 form a normal subgroup of H1j{Hι Π N). But if any
2'-element centralized both P2 and PJP2, then, as easily may be seen,
this element would centralize Pt contrary to the fact [4, Lemma 1.2.3]
that Px contains its centralizer in HJiHt Π N). Thus the elements
centralizing both P2 and Pi/P2 form a normal 2-subgroup of HJ(H1 Π N),
and from the corollary to Lemma 4.2 and from Lemma 4.3, P must
be contained in this normal 2-subgroup. But P is a Sylow 2-subgroup-
of Hι and thus it follows that, modulo Hγ Π N, P is normal in Hlm

COROLLARY. ^(ίfO = 1.

Now let S be a Sylow 2-subgroup of Gx which contains P. From,
the theorem it follows that P is normal in S.

LEMMA 4.5. // P contains all elements of order 4 in S, then

WGi) = 1.

Proof. If S — P we are done. Therefore assume S Φ P. Then if
xe S — P we must have x2 = 1. Also xeS — P, yeP imply that
xy e S — P so t h a t (O T/)2 = 1 which implies t h a t x~λyx — y~\ Thus x
induces the automorphism y —> T/"1 of P . This can be an automorphism
only if P is abelian. Now if both x1 and x2 are in S — P then c^α^
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centralizes P . But e2(Gj) — 2 so t h a t P does contain elements of order
4. Hence xλx2 cannot be in S — P .

Therefore | S/P\ = 2 and P is abelian. Now if xeS - P,yeP,
then (x, y) — x"ιy~ιxy — y2e Φ{P) and thus x centralizes P/Φ(P). Hence
[4, Lemma 1.2.5] PN/N connot be the largest normal 2-subgroup of
GJN. But P is maximal in S so that SN/N must be the largest
normal 2-subgroup of GJN. This implies that ί2(Cτi) = 1.

To our assumptions (1)~(5) we now add

( 6 ) G is of exponent 12.

This implies that K must be a group of exponent 3 and class at
most 2. We prove that 12(GJ) = 1 in this case by showing that the
hypothesis of Lemma 4.5 are satisfied.

For this purpose assume that g is an element of order 4 in S — P.
g2 is in H so (K, g2) Φ 1. Let V — Y10F2 0 be the decomposition
of V into minimal characteristic F — K modules. Since g e S — P, g
does not fix some F*. g2 does fix each F* and if $2 is not the identity
on a Vi then # must fix that F* for otherwise # could not be ex-
ceptional [4, p. 13]. We now need the following result:

LEMMA 4.6. There exist x and y in K such that ((x, g2),

(v, g2)) * i .

Proof. Let C = {x \ x e K, (x, g2) e Z(K)}. Clearly C ^ Z(K) but
C ΦK since then g2 would centralize Z(K) and K/Z(K) which would imply
that (K, g2) = 1. (g2 centralizes Z{K) by Lemma 3.1 and 3.2.) K/Z(K) is
an elementary abelian 3-group so that there must be a GF(Ά) — g module
of K/Z(K) complementary to C/Z(K). Thus K/Z(K) = L/Z(K)®C/Z(K)
and g normalizes L. For all xe L — Z(K), (x, g2) is not in Z{K).

Now suppose x,ye L — Z(K) and (x, g2)(y, g2)'1 e Z(K). Since
K/Z(K) is abelian, straight forward calculation yields

(xy-1, g2) = (x, g2)(y~\ g2) (mod z{K)),

l = (yy~\ g2) = (v, g2)(y~\ g2) (mod Z{K)).

Thus (xy-\ g2) = (x, g2)(yf g2)~ι = 1 (mod Z(K). This implies that
xy~ι£ Z(K). Therefore we have shown that (x, g2) = (y, #2)(mod Z{K))
if, and only if, x = y (mod Z{K)) for x,yeL.

It immediately follows from this that for any xeL, there exists
a 2/ such that x = (y, g2)(moάZ(K)). Now L cannot be abelian since g
normalizes L and g2 does not centralize it. From all this we see that
there exist x,yeL such t h a t ((x, g2), (y, g2)) Φ 1.

Now taking x and y to satisfy the lemma, we may assume without
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loss of generality that ((x, g2), (y, g2)) is not the identity on F l β This
implies that g2 is not the identity on VΊ so g must fix Vλ.

Since g does not fix every Vif assume g does not fix F 2 . Therefore
g2 is the identity on F2 which then also must be the case for (x, g2)
and (y, g2).

V is an irreducible F — Gί module so that there must be an
element taking V1 into F2. Such an element must be of the form zh
where he S and z is from a Sylow 3-subgroup of G± which necessarily
must contain K. We shall derive a contradiction by showing that z
and K generate elements of order 9 which is impossible in a group of
exponent 12.

If hV1 = Vm then zVm = F 2. Set g1 = hghr1. Then

is not the identity on Vm. Now suppose gxV2 = F 2. Then gh~1V2 =
fe-'Fa, and, since #F 2 ̂  F2, this implies that fe"1^ = F, , i =£ 2. Then
we would have gVά = F, . But gh-'eS so that {gh~ι)2eH. Thus
(gh"1)2 fixes F2 and, therefore, gh^Vj = V2. (h*1)2 also must fix F2 so
we have fe^Fj = F 2 . From this we conclude that F2 = gh^Vj — gV2

which is a contradiction. Hence gxV2ΦV2. A consequence of this is
that Vm Φ V2 for Vm = F2 would imply that h~xV2 = Fx which would
imply that ^ F j = hgV1 — F 2. Since F m ̂  F2 it follows that z is not
the identity and so is of order 3.

If we replace V19 g, x, and y by F m , gl9 xh~\ and yh~\ respectively,
we may assume that zVΊ = F2, ̂ F 2 Φ V2, and ((x, gf2), {y, g2)) is not the
identity on Vx. Let xx = (x, g2) and ̂  = {y, g2). x1 and y1 must be the
identity on F2 since g2 is. Since z is of order 3, we have zV1 = F.,,
^ F 2 - F ^ ^ l , 2 ) , and «F. = F x .

Let F ' = Fi 0 F2 0 Vn. V is fixed by z and the restrictions of
xlf yl9 and 2 to V are

MO

0

where I is the identity and 0 the zero matrix. Now (xu yί) is not the
identity on VΊ but (xlf y^) e Z(K) and Z{K) is represented on V1 as a
cyclic group generated by a scalar matrix. Thus (M, iSΓ) = ω l where ω
is a primitive third root of unity. From z3 — 1 we obtain C = A"1!?"1.

Now z, 05lf and yλ all belong to the same Sylow 3-subgroup of Glβ

Thus (̂ xO3 = (zi/O8 = 1. From this direct computation yields that
Mx = A-lM-xA, Nx = A-'N-'A. Thus (Mίf N,) = A~\M~\ N~X)A. But M
and iV generate a group of exponent 3 and class 2. It follows easily
that (AT-1, iV-1) = (Λf, JV) = α>7. Thus
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It is now a simple matter to verify that (z(x19 y^f Φ 1. Hence
#(#i> Vi) is a 3-element of order greater than 3 which is impossible in
a group of exponent 12. This contradiction proves that the hypothesis
of Lemma 4.5 is satisfied and thus:

THEOREM 4.7. If G is a finite group of exponent 12, then
UG) ^ e2(G).
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ALGEBRAS OF BOUNDED SEQUENCES

KENNETH HOFFMAN AND ARLAN RAMSAY

Let ϊ°° be the algebra of all bounded sequences of complex
numbers. The primary purpose of this paper is to settle, by
means of a counter-example, a conjecture about subalgebras
of l°°: If A is a subalgebra of l°° which is closed under uniform
convergence and separates the points of βN, then A = l°°.

The main tool used in the construction of the example is a positive
result about Boolean algebras (Proposition 1), which seems interesting
in its own right.

Our interest in subalgebras of l°° stems from recent work on
interpolation problems. In 1957, R. C. Buck inquired as to which
sequences {zn} in the unit disc of the plane have this property: If {wn}
is an arbitrary bounded sequence of complex sequence of complex
numbers, there exists a function /, bounded and analytic in the unit
disc, such that f(zn) = wn for each n. This question was answered
very effectively by L. Carleson [2]. It was also answered in a slightly
weaker form by D. J. Newman [7]; and, it was partially answered by
W. Hayman [5].

Bade and Curtis [1] have obtained strong results on subalgebras of
C(X), the algebra of continuous complexvalued functions on a compact
Hausdorff space X, in case X has the property that any two disjoint
open Fσ subsets have disjoint closures. The smallest nonfinite space
with that property is βN, the Cech compactiίication of the integers.
Since l°° is isomorphic to C(βN), the work of Bade and Curtis has shed
some light on a general class of interpolation problems of the type
which we previously mentioned [see 6; page 205].

Technical aspects of the work of Bade and Curtis, as well as similar
aspects of the interpolation problem for bounded analytic functions,
have led to the aforementioned conjecture. Were this conjecture true,
it would be a powerful tool in the study of interpolation problems.

We shall settle the conjecture in the negative. We show that, if
the continuum hypothesis is valid, there exists a subalgebra A of l°°
such that

( i ) A is closed under uniform convergence;
(ii) every nonnegative sequence in l°° is the modulus of a sequence

in A;
(iii) A Φ l°°.

The example is constructed as follows. Let & be the Boolean
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algebra of measurable subsets of the unit circle, modulo null sets. Let
B be the Boolean algebra of subsets of the integers modulo finite sets.
As a lattice, B has an unusual property (property (ii) of Lemma 4).
We exploit that property and the continuum hypothesis, to produce an
isomorphism of & into B. We extend the inverse of the isomorphism to
a homomorphism from B onto &. The adjoint of such a homomorphism
is a homeomorphism of the Stone space S(&) into the Stone space S(B).
The space S(&) is the maximal ideal space of L°°, the Banach algebra
of essentially bounded measurable functions on the unit circle. The
space S(B) is βN — N. From the algebra of bounded analytic functions
in the unit disc, we construct a subalgebra of L°° = C(S(&))f and
carry that algebra with the imbedding of S(&) in βN — N, to obtain
the desired subalgebra of ϊ°\

Homomorphisms of Boolean algebras. In a Boolean algebra J5,
denote least upper bounds by V, greatest lower bounds by Λ, and
complements by '. Denote the corresponding set operations by U, Π,
and '. If a ^ b, let [α, b] be the set of all x in B such that a ^ x ^ b.
If E is a subalgebra of B and x is an element of B, let E[x] be the
subalgebra generated by E and x:

E[x] = {(e A x) V (/ Λ x')) e,fe E} .

We shall be concerned with the problem of extending Boolean algebra
homomorphisms. The basic extension lemma is the following, implicitly
given by Sikorski in [8].

LEMMA 1. Let E be a subalgebra of the Boolean algebra B, and
let φ be a homomorphism of E into a Boolean algebra C. If xe B,
then φ can be extended to a homomorphism of E[x] into C if and
only if there exists an element y in C such that

(i) φ([0,x]nE)Q[0,y]f)φ(E)
(ii) φ([x, l ] n S ) £ [y, 1] Π φ(E).

For each such y, there is a unique extension φ+ which takes x into y;
and then φ+(E[x\) — φ(E)[y], If φ is an imbedding and y is such
that equality holds in (i) and (ii), then the corresponding extension
φ+ is also an imbedding.

Proof. We content ourselves with the remark that, if y satisfies
(i) and (ii), the extension φ+ is given by

φ+de, Ax)V (e2 A x')) = (φie,) A y) V (φ(e2) A yf) .

LEMMA 2. (Sikorski) If B is a Boolean algebra and φ is a
homomorphism of a subalgebra of B into a complete Boolean algebra
C, then φ can be extended to a homomorphism of B into C.
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Proof. In the context of Lemma 1, we have

s u p φ([0, x]ΠE)^ inf φ([x, 1) Π E) .

Therefore, the element y can always be found. Apply Zorn's lemma.

Of course, Lemma 2 says that complete Boolean algebras are injective
in the category of Boolean algebras and Boolean homomorphisms.

An F-space is a topological space in which any two disjoint open
Fσ subsets have disjoint closures. A Boolean algebra is an F-algebra
if its Stone space is an .F-space. An F-algebra can also be described as
one which satisfies property (I) of Bade and Curtis [1]: If xl9 yl9 x29 y29

is an orthogonal sequence in B, then there exist orthogonal elements
x and y in B, such that x is an upper bound of {xl9 x29 •} and y is
an upper bound of {ylf y29 •}.

LEMMA 3. A homomorphic image of an F-algebra is an F-algebra.
If B is an F-algebra in which orthogonal sets ore (at most) countable,
then B is complete.

Proof. Let B and C be Boolean algebras, and let φ be a homo-
morphism from B onto C. If cl9 c2, is an orthogonal sequence in C,
there can be defined (by induction) an orthogonal sequence of pre-images
in B. Choose any b1 such that φφj) — cx. If blf , bk are orthogonal
with φ{bj) — cj9 1 ^ j 5Ξ k, choose any x in B with φ(x) = ck+1 and set
bk+1 — (bλ V V bk)'Λx. From the alternative description of F-algebras,
it is then clear that C is an F-algebra if B is.

Now, suppose that B is an F-algebra and that orthogonal sets in
B are at most countable. To prove that B is complete, it suffices to
show that every orthogonal set in B has an upper bound. Evidently,
the only case of interest is that of an orthogonal sequence x19 xz,
which is part of a maximal orthogonal set {x19 yl9 x29 y2, •}. Since B
is an F-algebra, there exist orthogonal elements x9 y in B such that
x is an upper bound of {xl9 x2f •} and y is an upper bound of {y19 y29 •}.
Then x must be the least upper bound of {xl9 x29 •••}• For, if u is
another upper bound of {x19 x29 •}, then z = x A u is also such an upper
bound. If z were less than x9 we could adjoin z' A x to {xl9 yl9 x2} y29

 β - •}
and obtain a properly larger orthogonal set.

Examples of F-algebras abound. Evidently, any Boolean σ-algebra
is an F-algebra. Consequently, any homomorphic image of a σ-algebra
is an F-algebra. In particular, if if is a closed subset of the Stone
space of a cr-algebra, then the algebra of all (relatively) open-closed
subsets of K is an F-algebra. Of course, the same is true of any closed
subset of the Stone space of an F-algebra. In other words, a closed
subset of a (compact and totally disconnected) F-space is an F-space.
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One can use Lemma 3 to show that certain homomorphic images
of cr-algebras are complete. We are interested in some homomorphic
images of σ-algebras which might be called anti-complete, because, they
contain no strictly increasing sequence which has a least upper bound.
One such algebra is the algebra of subsets of the integers modulo finite
sets, i.e., the algebra of open-closed subsets of the space βN — N. The
following lemma provides us with a class of algebras of the type which
we have in mind.

LEMMA 4. Let & he an infinite Boolean σ-algebra, with Stone
space S. Let K he a nonempty closed Gs in S such that the interior
of K is empty. Let B be the Boolean algebra of (relatively) open-closed
subsets of K.

( i ) Each maximal orthogonal set in B is either finite or unco-
untable.

(ii) If ax ^ a2 ^ and bx ^ b2 Ξ> in B, and if an < bn for
every n, then there is an element c in B such that an < c < bn for
every n.

Proof. If x is in &, let [x] be the corresponding open-closed
subset of the Stone space S. The fact that K is a nonempty closed
Gδ without interior means that

where ex > e2 > is a strictly decreasing sequence in έ%? and inf n en —
0. The map

is a homomorphism from & onto J5, and, y(x) — y(y) if and only if
there exists an n such that x Λ en — y A en.

For the proof of (i), suppose that {a19 a2, •} is a countable orthogonal
set in B. We shall show that there exists a nonzero element of B
which is orthogonal to each an. We may assume that each an is nonzero.
Let xu #2, be an orthogonal sequence in B with y(xn) = an. If k
is a positive integer, then Ί(xk) = ak Φ 0; hence, xk Λ en Φ 0 for all n.
Thus, we must have xk A (en — en+1) Φ 0 for infinitely many values of n.
From this it is clear that there is a sequence of integers nx < n2 <
such that the elements

Vk = ®k Λ ( e Λ f c - enfc+1)

are nonzero, Jc — 1, 2, . Let y = supfc yk. For each fc, the element
V A e%k+1 is orthogonal to xk. Therefore, y(y) is orthogonal to each
%. Since
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V Λ ek^y Λ e n k ^ y k > 0 ,

we see that y(y) Φ 0.
The proof of (ii) is essentially the same as the proof that every

nonempty closed G8 in the space βN — N has a nonempty interior [4;
pages 98, 99], First note that B has no atoms. Such an atom would
correspond to a point of K which is isolated in K. The point would
then be a Gδ in S. Any such point is isolated in S and must be in
the interior of K. Since B has no atoms, (ii) is trivial if both sequences
are eventually constant Otherwise, the sequence alf bu a2 — al9 b1 — b2,
has infinitely many nonzero terms. By (i), there exist nonzero elements
a, b in B such that the sequence α, 6, al9 b[, a2 — alf b1 — b2f-" is orthogo-
nal. Since B is an F-algebra, there is an element c in 5 which is
{&, Vu b1 — b2J •} and which is an upper bound of {α, alf a2 — alf •}.
Then, for each n

an < an V a ^ c ^ bn - b < bn .

That completes the proof.
We now focus our attention on a Boolean algebra B, which has

property (ii) of Lemma 4. As we have indicated, the algebra of open-
closed subsets of βN — N is one such algebra. It is easy to see that
a Boolean algebra B has property (ii) if and only if its Stone space
S(B) has these three topological properties:

(a) S(B) is an F-space;
(b) every nonempty (closed) Gδ in S(B) has a nonempty interior;
(c) S(B) has no isolated points.

We might remark that, if S(B) satisfies (a), (6), and (c), then the Stone
space for the algebra of Borel sets in S(B) modulo first category sets
is a Stonian space in which every first category set is nowhere dense
and on which every measure has nowhere dense support. See Dixmier [3].

LEMMA 5. Let B be a Boolean algebra which has property (ii)
of Lemma 4. Let I be a countably generated ideal in B, and let F
be a countable subset of B which is disjoint from I. If y is a strict
upper bound of /, there exists an element z in B such that

(a) z < y
(b) z is a strict upper bound of I
(c) F Π [0, z] is empty.

Proof. First let us show that, if u is an element of B which is
not in I, there is an x ^ y such that u ^ x and x is a strict upper
bound of /. We may suppose that u ^ y; otherwise we may take x = y.
Since u is not in J, the ideal generated by I and v! is proper. Let J
be that ideal. Since J is countably generated, we can find t < 1 such
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that t is a strict upper bound of J . Choose tλ with 0 < tx < t\ and
let x — y — tγ. It is easy to see that x is a strict upper bound of I
and that u ^ x.

If F = {/i,/2, •}, the preceding paragraph shows us how to con-
struct a sequence yλ^ y2^ such that each yn is a strict upper
bound of / and such that, for each n, we have fn S Vn- Since B has
property (ii) of Lemma 4, there exists an element z in B which is a
strict upper bound of / and is a strict lower bound of the dual ideal
generated by yuy2, •••. Any such z has properties (a), (b), and (c).

PROPOSITION 1. Let B be a Boolean algebra which has property (ii)
of Lemma 4. Any Boolean algebra of cardinality at most y^ can be
imbedded in B.

Proof. Let C be a Boolean algebra, the cardinality of which does
not exceed ^ l β Then C is the union of a well-ordered chain of countable
subalgebras. We can arrange that the chain starts with the subalgebra
{0,1} and that each member of the chain is generated by the preceding
subalgebras and one additional element. By Lemma 1 and induction,
it suffices to prove the following. If E is a countable subalgebra of
C, if φ is an isomorphism of E onto the subalgebra F of B, and if x
is in C — E, then there exists an element y in B such that

(b) φ{[x, 1] n E) = [y, 1] Π F.
Let / be the ideal in B which is generated by the left-hand member

of (a), and let D be the dual ideal in B which is generated by the
left-hand member of (b). Then, both / and D are countably generated,
and each element of D is a strict upper bound of I. If we apply
property (ii) of Lemma 4 and then Lemma 5, we obtain an element u0

of B which is a strict upper bound of I and is a strict lower bound
of D, while [0, uQ] and F — I are disjoint.

Now, we show that, if v is any element of F — D, then there
exists u such that u ^ uo; v ^ u; u is a strict lower bound of D; and
[0, u] n (F — I) is empty. If v ^t u0, we may take u = u0. If v ^ uQ,
observe that the dual ideal Dlf which is generated by D U {vf}, is both
countably generated and proper. Hence, there exists a nonzero element
w in B which is a strict lower bound of A Then 0 < w < v'f and
w0 V w is a lower bound of D, with u0 < u0 V w. We apply Lemma 5
to the ideal [0, u0] and the subset F — I. We obtain an element u such
that u0 < u < u0 V w and (F — I) Π [0, u] is empty. Then u is a strict
lower bound of D, and v ^ u, because uΛv'^uΛw>0.

Suppose F — D = {v19 v29 •}. We employ the argument which we
have just concluded, to construct an increasing sequence u^u^u^
such that, for each n, we have the following: vn ^ un; [0, un] f](F — I)
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is empty; un is a strict lower bound of D. Once again we apply property
(ii) of Lemma 4 and then Lemma 5, to conclude that there exists an
element y in B such that [0, y] Π (F — I) is empty, y is a strict lower
bound of D, and y is a strict upper bound of the ideal generated by
ulf u2, •••. This is the y which we seek.

COROLLARY. Let B be an infinite Boolean F-algebra. Let C be
a Boolean algebra of cardinality at most ^1 in which orthogonal sets
are at most countable. If C+ is the completion of C by cuts, then
C+ is a homomorphic image of B. Hence, the Stone space S(C+) can
be imbedded in the Stone space S(B).

Proof. Select any (infinite) discrete sequence in the Stone space
S(B). Its closure is homeomorphic to the space βN. Hence, the algebra
of open-closed subsets on βN — N is a homomorphic image of B.

We see that we need only prove the Corollary when B is the
Boolean algebra of open-closed subsets of the space βN — N. In that
case, Proposition 1 provides us with an isomorphism φ, from a subalgebra
of B onto the algebra C. We can extend φ to a homomorphism φ,
from B into the completion C+

β Since orthogonal sets in C are at
most countable, the same is true in the algebra C+. By Lemma 3, the
range of the homomorphism ψ is complete. Hence, ψ maps B onto C+.

Suppose Co and C1 are the free Boolean algebras on ^ 0 and ^
generators, respectively. Each of these algebras satisfies the conditions
on the algebra C in the Corollary. Therefore, the Stone spaces S(CQ)
and S(Ct) can be imbedded in βN — JV. In particular, βN — N contains
closed subsets which are Stonian but not hyper-Stonian [3].

PROPOSITION 2. Assume the continuum hypothesis. Let B be the
Boolean algebra of subsets of the integers, modulo finite sets. If C
is a complete Boolean algebra of cardinality at most 2**°, then C is a
homomorphic image of Bo Hence, the Stone space S(C) can be imbedded
in the space βN — N.

Proof. Since 2*° = fc^, Proposition 1 tells us that C can be
imbedded in 5 . Then, we have an isomorphism φ, from a subalgebra
of B onto the algebra C. Since C is complete, φ can be extended to
a homomorphism of B onto C.

The example. Let L°° be the algebra of essentially bounded measur-
able functions on the unit circle in the plane. Identify functions which
agree almost everywhere. Then, with the essential supremum as norm,
L°° is a commutative Banach algebra wτhich is isometrically isomorphic
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to C(X), the algebra of continuous functions on its maximal ideal space
X. The isomorphism is the Gelf and representation / —• /. We let H°°
be the subalgebra of L°° which consists of the functions h whose
negative Fourier coefficients vanish. If h e H°° then the Poisson formula

h(z) = — Γ Hei9)Re e%\ + z dθ
2π J-* eιθ — z

extends h to a bounded analytic function in the unit disc; also, each
bounded analytic function arises as the Poisson integral of its boundary
values

h(eiθ) = lim h(reiθ)
r-»l

which exist almost everywhere. For a summary of these basic facts,
see [6].

LEMMA 6. Let K be a closed subset of X, the maximal ideal
space of Z/°°, and suppose the interior of K is empty. If u is any
nonnegative continuous function on K, there exists a function h in
H°° such that the modulus of h agrees with u on K.

Proof. Let m be the measure on X which corresponds to normalized
Lebesgue measure on the unit circle. In other words, if ψ is the linear
functional

ψ(f) = -IT Γ W

on L°% the Riesz representation theorem, together with the isomorphism
between L°° and C(X), provides us with a unique probability measure
m on X such that

Ψ(f)= \ fdm, feL~

Then X is a hyperstonian space and m is a normal measure on X, i.e.,
if S is a measurable subset of X, m assigns the same measure to S
and the interior of S:

m(S) = m(intS) .

Consider the given closed set K in X. Since K has no interior,
m(K) = 0. Hence, we can construct a nonnegative continuous function
on X which vanishes on K and has its logarithm integrable with respect
to m. That is, there exists an / in L°° such that
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(a) /^0
(b) / = 0 on K

(c) j log/(eiβ)d0 > -oo.

Let u be a nonnegative continuous function on K. We can extend
u to a nonnegative continuous function on X. Thus, we have a function
g in L°° such that g ^ 0 and £ = t& on if. With the function / of the
previous paragraph define

h(z) = exp -A- Γ - ζ - ± ^ - log [/(O + βr(e")]d0 .

Since log (f+g)is integrable and bounded above, h is a bounded analytic
function in the unit disc. The boundary values

h(eiθ) = lim h(reίθ)
r-»l

then satisfy

\h\=f+g9 almost everywhere .

So I h I = / + g. In particular, since / = 0 on if, we have

The closed set K of the last lemma may be sufficiently small so
that the restriction of JY°° to K is all of C(K). If if is a nonempty
Gδ, that does not happen; however, we shall not stop to prove that
here. We shall choose a particular K on which it does not happen.

Let K be the set of maximal ideals of L°° which contain the function
(1 — z). Then if is a closed Gδ without interior in X, and the restriction
of H°° to K is a proper closed subalgebra of C(K). See [6; page 187],

Let & be the Boolean algebra of measurable sets on the circle,
modulo null sets. The Stone space of & is the space X. The Stone
representation for έ%? is simply the restriction of the Gelfand represen-
tation of L°° to the collection of characteristic functions of measurable
sets. According to Proposition 2, there exists a homeomorphism τ, of
X into the space βN — N. We use τ and the set K to define an
algebra of continuous functions on βN. Let A be the algebra of
continuous functions / on βN such that, on the set K, the composition
for agrees with the restriction of a function in H™. We assert that

( i) A is a uniformly closed subalgebra of C(βN);
(ii) every nonnegative continuous function on βN is the modulus

of a function in A;
(iii) A Φ C(βN).

It is clear that (i) and (iii) are satisfied. Property (ii) follows from
this observation. Suppose g is a nonnegative continuous function on
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a totally disconnected compact Hausdorff space Y. Let M be a closed
subset of Y, and let h be a continuous complex-valued function on Y
such that the modulus of h agrees with g on M. Then, there exists
/ in C(Y) such that f\M = h\M and | / | = g on all of Y.
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SOME ASPECTS OF TORSION

J. P. JANS

Using S. E. Dickson's characterization of a torsion class,
a class of modules closed under taking factors extensions and
arbitrary direct sum, we study torsion classes closed under
taking submodules and arbitrary direct products. We show
that these classes are in one-to-one correspondence with idem-
potent two sided ideals of the ring. Finally we investigate
the structure of rings R for which the torsion class j^7 =
{MI HomR(M,Q(E)) = 0, Q{R) the minimal injective for R) is
closed under taking products.

The original purpose of this paper was to show that for certain
rings the direct product of torsion modules is again torsion, and by
torsion we mean a particular kind of torsion defined in § 3. However,
we find that S. E. Dickson [3] has given a set of axioms for torsion
theories in Abelian categories and we thought it best to work within
his axiomatic system.

In § 1 we summarize the work of Dickson and study, within the
context of modules over a ring, torsion theories closed under taking
submodules. In § 2, we give a complete characterization of all torsion
theories closed under taking submodules and direct products. Finally,
in § 3 we show that a fairly wide class of rings enjoy the property
that a particular kind of torsion is closed under taking submodules
and direct products.

1* Sets of torsion theories. Dickson [3] has introduced a set of
axioms for torsion theories in certain abelian categories sufficiently
general to include the category R.^/f of left modules and homomorphisms
over a ring R with identity. His axioms (stated here for R^/f) are
as follows.

A torsion theory for R,^// is a pair (J7~, J^~) of classes of modules
such that :

I. J^~ and J^" have only 0 in common.
II. J7~ is closed under taking factors and J ^ is closed under

taking submodules.
III. For each M in R^</? there exists a unique submodule T(M)

of M such that

0 -> T(M) -> M-* M/T(M) -> 0

is exact with T(M)e^~ and M/T(M)eJ^.
Received July 15, 1964. The author gratefully acknowledge the support of NSF

grant GP 809.
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The modules in J^~ are torsion modules and those in j^~ are
torsion free. T(M) is the unique largest submodule of M in S~.

Dickson [3] proved a number of things about torsion theories (in
a context more general than the category R ^ ) we state a few of
his results. In what follows {J7~,J^~) is a torsion theory for R^fί.

A. ^~ is closed under direct sum and ^ is closed under direct
product.

B. Both ^f~ and ^ are closed under extension.
C. Each class ^~, ^ uniquely determines the other.
Dβ Given Jf closed under taking factors extension and direct

sum, there exists a unique ^ — {F\ HomΛ(Γ, F) — 0 all Te ^} such
that (J7~9 ^) is a torsion theory.

D'. Given j ^ ~ closed under taking submodules extensions and
direct product there exists a unique class ^~ — {T | Hom^T, F) — 0
all f e ^ } such that {^~,^r) is a torsion theory.

Thus in considering torsion theories it is enough to consider classes
^~ closed under taking factors extensions and direct sums (or classes
jβ~ closed under taking submodules extensions and direct products).

For the rest of this paper we shall only consider torsion theories
C-̂ ", S^) for R^/S where S~ is closed under taking submodules as
well. With respect to this property Dickson [3] proved the following
Eβ ^~ is closed under taking submodules if and only if JF' is closed
under taking minimal injectives.

We shall use the phrase '' a torsion theory closed under taking
submodules" to describe this situation.

It should be noted that Dickson was working in a context more
general than modules over a ring and that we have specialized his
results to this case.

In a torsion theory (^~, j^~) closed under taking submodules, the
torsion class Jf forms a "strongly complete additive" class in the
sense of Walker and Walker [10] that is, ^ is a class closed under
taking factors submodules and arbitrary direct sums. Gabriel [6] has
shown that there is a one-to-one correspondence between such classes
and filters of left ideals of the ring R. Consequently, the torsion
theories closed under taking submodules form a set.

In the following theorem we connect such a torsion theory with
injective modules.

THEOREM 1.1. If ( ^ , ^) is a torsion theory closed under taking
submodules then

(1) There exists modules XQ e J7~ and YQ e J^ such that J^ —
{Z\ Hom^Xo, Z) = 0} and jT~ = {W\ Ή.omR(W, Yo) = 0} (Xo and Yo

are not unique).
(2) The module Yo can be selected to be injective.
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Proof. Let {Xa} be the set of finitely generated modules in ̂ ~ .
We say the set we mean, of course, one module from each equivalence
class (equivalence under isomorphism) of finitely generated modules.
Now since J7~ is closed under taking submodules, factors and direct
sums, it is therefore closed under direct limit. Thus a module is in
J7~ if and only if its finitely generated submodules are in ^ m Now
let Xo = ΣaXa be the direct sum of the finitely generated modules in

Now form the class J ^ ' = {M | Hom^ (Xo, M) = 0}. It is clear that
Xo, M) = 0 if and only if ΈίomB(Xa, M) = 0 for all the modules

Xa. Therefore the class j ^ " ' contains the class j ^ ~ . We show them
equal. Let M be in ^~' but not in J ^ , then 0 Φ T(M) ̂  M. But
T(M) contains a finitely generated module (Φ 0) isomorphic to one of
the Xa. It follows that Hom^ (Xa, T(M)), Horn,, (X,, M) and HomΛ (X0,M)
are all nonzero contradicting the assumption that M was not in S^ *
Thus we have shown that j ^ " = {M \ RomR (Xo, M) = 0.}

Now choose a set of finitely generated modules {X }̂ one from each
isomorphism class not in T. Factoring out the Jj/~ torsion of each of
these we obtain a set of modules Fa all in J?~, where Fa — Xt

aιjT(X'cί)9

Let Yo = Q(πFa), the minimal injective containing the product
πFa. Recall that for a module M, Q(M) is injective containing M as
a submoduίe, and for X Φ 0 in Q(M) X Π M Φ 0 also. See [4]. The
module πFa is in j ^ ~ because ^ is closed under products. Also from
property E cited above JF' is closed under taking minimal injectives,
consequently Yo is in ^~\

Now form the class ^Γ! — {X | Homβ (X, Yo) = 0}. From the proper-
ties of Horn, [9], ̂ ' is closed under taking factors, extensions, and
direct sums. But the fact that Yo is injective implies that J7~* is
also closed under taking submodules, for if 0 —> Xf —> X is exact, then
Homβ (X, Yo) -* Homβ (X', Yo) -> 0 is also exact. That is, if X is in
^ ' so is X'. Thus we see that άΓf is a torsion class for some tor-
sion theory closed under taking submodules. Moreover, by property
Dr cited above ^ is contained in ^/'}.

From the first part of the proof J7~ and ^7~' are determined by
their finitely generated modules. If X ' is a finitely generated module
not in ^ then X' ~ X'a for some a and there exists a nonzero homo-
morphism X ' — Fa - X'JTiX'J. It follows that Homβ (X', ;rFα) ^ 0
and so Hom^ (X ;, YQ) ̂  0. Consequently X' is not in J7~'. Since ^ "
and ^ f coincide on finitely generated modules, J7~ = ^~''.

From the properties D and Π cited above the modules Xo and Yo

need not be unique because Xo φ Y' and Y"o φ F ' would do as well
where X'e_^~ and Y' e ^ .

Before we develop a more specialized torsion theory in the next
section, we should make a few remarks about torsion. In the first
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place a torsion theory {^~',Jr) gives an idempotent subfunctor of
the identity Γ, where T applied to M - S gives T(M)T^T(S) and
T(f) is / restricted to T(M). Two torsion theories are the same if
their torsion functors are equivalent.

If we apply this remark to the ring RR considered as a left module
over itself we see that the left ideal T(BR) is carried into itself by
every right multiplication. That is, T(RR) is a two sided ideal. At
first we thought that torsion theories could be indexed by these two
sided ideals; that is, T and T are the same torsion functor if and
only if T(RR) — T (RR). However, the following example shows this
is not correct: Let J7~f be the torsion class containing only the zero
module and let ^~0 = {X | Hom^ (X, Q(R)) = 0} where Q(R) is the mini-
mal injective for R. These clearly give torsion theories; let To and
T be the associated torsion functors. Then one sees that To (RR) =
0 - T{RR).

In § 3 we shall investigate the torsion theory ^ " 0 defined above
in more detail. Also we shall show in the next section that certain
torsion theories can be indexed by ideals in the ring.

2* Torsion-torsion free classes* Let ά?~ be a class of modules
in R^// which is closed under taking submodules factors, extensions,
direct products and direct sums. Then S" is the torsion class for a
torsion theory (^*, _^~) closed under taking submodules and it is also
the torsion free class for another torsion theory ( ^ , ^ " ) . Such a
pair of torsion theories ( ^ , J7~) and (JT^, ^~) will be called a torsion-
torsion free theory (TTF theory) and the class ^ " , a TTF class.

Consider for a moment a class J7~ closed under taking submodules,
factors, extension and direct sum. Classes somewhat more general
were considered by Gabriel [6, p. 395] as " closed " subcategories of

R.^//. Such a class J7~ is completely determined by the cyclic modules
in it and therefore determines a filter Fτ of left ideals of R [6, p.
411] where LeFτ if and only if R/L e T. The filter Fτ is idempotent
in the sense that the product of two left ideals in it is again in it
[6, p. 412]. Conversely, any such idempotent filter determines such
a class jT~ [6, p. 411-412].

The following theorem was mentioned by R. S. Pierce one day
during a conversation.

THEOREM 2.1. The class J7~ closed under taking submodules,
factorsf extension and direct sums is also closed under direct products
if and only if its associated filter Fτ has a smallest element /. In
that case ^~ is a TTF class and I is the two sided ideal C(R)
where C is the torsion functor for the torsion theory
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Proof. If ^?~ is closed under products the natural maps R —+ R/L
for R/L in J?~ induce a map R —> Π -B/£ and Im 0 is again in ^~.
But then Ker 0 is in the associated filter and we have Ker θ g L for
each L in the associated filter and the filter therefore has a smallest
element.

Conversely, suppose I is the minimal element in the filter associated
with ^~. We shall show that M is in ^~ if and only if IM = 0. If
M in ^ and IM Φ 0, then Im Φ 0 for some me M. The mapping
I—*Im has image in T so there exists Xa I such that I/X — Im.

Now since ^ ~ is closed under extension and the following exact sequence
has both ends in J7~

0 -> I/X-> R/X-+ R/I-* 0 ,

it follows that R/X is in ^~. This latter statement contradicts the
minimality of I.

Conversely, suppose that IM — 0 and let ΣRi be a free R module
mapping onto M, ^i?{ —> ikΓ—> 0 Since Ker θ contains ΣIU θ induces
a map of ΣRi\Ii onto M. But since J7~ is closed under direct sums
and factors we have M in ^ .

Finally, it follows that ^ is closed under products because / an-
nihilates a product if and only if it annihilates each factor.

In the case that the filter has a smallest element I then, C(R) — I
for R/I is the " largest " factor of R such that I annihilates it.

We remark that the filter Fx = {L \ L a /, L a left ideal} will be
an idempotent filter if and only if I — P. This idempotence is neces-
sary for the class of modules annihilated by / to be closed under ex-
tension (e.g. 0-^I/P—>R/P—>R/I—+0 is a short exact sequence with
/ annihilating each end but not the middle unless I = P).

COROLLARY 2.2. There is a one-to-one correspondence between
TTF classes TΣ and idempotent two sided ideals I

I^{M\IM^ 0} = Tj .

Proof. This follows from Gabriel's correspondence between ' 'closed''
categories of modules and idempotent filters of left ideals [6, p. 412]
together with the above theorem which classifies those classes which
are also closed under products.

COROLLARY 2.3. The following are equivalent for an ideal I
(1) I=P
(2) T, = {MI IM = 0} is a TTF class
(3) the natural map 0 —» ExtΛ// (A, C) —> ΈxtR (A, C) is an iso-

morphism for R modules A, C such that IA = IC — 0.
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Proof. Only the condition (3) requires attention. For R modules
A, C such that I A = IC — 0, R extensions can be considered as R/I
extensions because the class of modules annihilated by I is closed under
extension.

If IΦ I2, by the remark preceding Corollary 2.2,

0 — I/P-* R/F-> R/I—0

represents an R extension in Ext^ (R/I, I/P) which is not an R/I ex-
tension and in this case the map is not an isomorphism.

The following theorem gives information about a special class of
TTF classes.

THEOREM 2.4. Suppose that J^ is a TTF class and
(J^,^) the associated torsion theories with torsion functors C, T;
then the following are equivalent.

(1) for all M, M = C(M) 0 T(M)
(2) R = C(R) 0 T(B) ring direct sum
(3) ^ = <&
(4) T(C(M)) = 0 and C(M/T(M)) = M/T(M) for all M.

Proof. (1) => (2) is trivial.

The class J/~ is {M | C(R)M = 0}. Let JY be the class

{MI T(R)M = 0} .

Assuming the decomposition R — C(R) 0 T(R) gives a decomposition
1 = e1 + e2 where ei are orthogonal central idempotents in R. Then

and s/ can be characterized as ^~ — {M \ ejή — 0} and

{M \ e2M = 0} =

and βi acts like identity on modules in ^ " . Using this one sees that
A can now be characterized as either

= {M\KomB(M, T) = 0 all T in

or

= {MI Homβ (Γ, Jkf) = 0 all Γ in

It follows that ^ = ^ and (2 => 3).
Assuming (3), ^ = ^ is closed under sums, products, submodules,

and factors, so T(C(M)) = 0 and since M/T(M) in ^~, C(M/T(M)) =
M/T(M) which is condition (4).

Finally, assuming (4), form C(M) Π T(M) for an R module M.
Since this is a submodule of T(M) and J7~ is closed under submodules,
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it is in ά/~. But T(C(M)) = 0 means that C(M) has no ^ torsion
submodules so C(M) Π T(M) = 0.

Now form M/(C(M) + T(M)), this is a factor of M/C(M) which
is in J^~. It follows that M/(C(M) + Γ(M)) is in JΓ\ Since we are
assuming that C(M/T(M)) = M/T(M), M/(C(M) + T{M)) is also in <if
since it is a factor of M/T(M) which is in ^ . But then

M/(C(M) + Γ(M))

is in both ^ and ^ ~ and is therefore zero. Thus we have established
that M = C(M) © T(M). This completes the proof of the theorem.

3. A particular torsion theory. In this section we define a
torsion theory which coincides with the usual one for integral domains.
This torsion has been used before [See Prop. 1 of 7]

Let Q(R) be the injective hull of R considered as a left module
over itself [4]. Let ^~ 0 = {M\ Hom^ (M, Q(R)) = 0}β It is not hard
to show that ^~0 = {M | HomΛ (M', R) = 0 for all submodules M' C M.)

The methods of § 1 show that the class J^~o is a torsion class
closed under taking submodules. It is not, in general, closed under
arbitrary direct products (e.g. R = Z the ring of integers). However,
in the following theorem we shall show that for a fairly wide class
of rings S~"0 is a TTF class. Eilenberg [5] introduced the notation
of a perfect ring and Bass [2] has given a characterization of them.
We use Bass' characterization instead of Eilenberg's original definition.

DEFINITION. R is right perfect if
(1) RjN is semisimple with minimum condition where N is the

Jacobson radical
(2) every nonzero left module M has nonzero socle S(M), where

the socle is the submodule generated by the simple submodules
of M.

Condition (2) is equivalent to '4 every nonzero module has simple
submodules."

THEOREM 3.1. If R is right perfect then J^~o is a TTF class.

Proof. We must show that the product of ,^0-torsion modules
is again ,^~0-torsion.

Let us begin by defining for each ordinal a a submodule Sa(M)
of the R module M as follows:

(1) S°(M) = 0
(2) if β is a limit ordinal Sβ(M) = \J Sa(M)

cύ<β
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(3) if β = a + 1, Sβ(M) is the inverse image of S(M/Sa(M)) under
the map Λf-> M/Sa(M). Equivalently, Sβ(M) = {m \ Nm e Sa(M)} where
N is the radical of R.

From the assumptions on the ring R we know that for some aQ,
Sa° (M) = M (and the cardinal of that a0 is less than or equal to the
cardinal of M). Also for a < a0 we know that Sa+1(M)/Sa(M) is a
direct sum of simple R (hence R/N) modules.

We now define the composition factors of the R module M to be
those simple modules which appear as summands in Sa+1(M)/Sa(M) for
some ordinal α. Note that since R/N is semi-simple with minimum
condition, R has (up to isomorphism) only a finite set of simple modules
and for each M the composition factors of M form a subset of that
set.

Now we show that an lϋ-module M is ^ - t o r s i o n if and only if
for each composition factor S of M, Hom^ (S, R) = 0. Suppose first
that for each composition factor S of M, Hom^ (S, JB) = 0 but that
HomΛ(Λf, Q(R)) Φ 0. L e t / b e a nonzero homomorphism of M to Q(R),
since R is essential in Q(R),f(M) Π R Φ 0. Let f~\f(M) Γ\ R) = Mo

in M and we have a nonzero homomorphism f0: MQ—> R where fQ —
f \MQ. Because MQ (Ί Sa°(M) — Mo we can be assured that there exists
a first ordinal ax such that f0 restricted to Sai(M) Π MQ is nonzero.

Now we note that at cannot be a limit ordinal, for if Sai(M) —
U Sβ(M) with /0 restricted to Sβ(M) Π Λf0, the zero map, then f0

restricted to Sai(M) D Mo is also the zero map.
Let ax — 7 + 1 then f0 induces a nonzero homomorphism of

(s^(M) n M0)/(^(ikf) n Λf0)

into R. Since

(S"+1(M) n ikro)/(s^(M) n

is isomorphic to

we have a nonzero homomorphism of a submodule of Sy+1(M)/Sy(M)
into iϋ. This gives a nonzero homomorphism of one of the composition
factors of M into contradicting the assumption that Homβ (S, i?) =£ 0
for composition factors S of ikf.

Conversely, suppose that Hom^ (S, R) Φ 0 for some composition
factor S of M. This gives a nonzero homomorphism / : M' —> R where
Mr is a submodule of Λf (actually Mf can be taken to be Sa+1(M)
where S appears as a summand of Sa+1(M)/Sa(M)). Since Q(R) is the



SOME ASPECTS OF TORSION 1257

injective hull of R we have the solid diagram

Mr >M

4 V
R > Q(R)

which can be extended by a dotted arrow / ' which gives a nonzero
element of Ή.omB(M, Q(R)). Thus M is not ^- tors ion.

Finally we complete the proof of the theorem by showing that
the set of composition factors of a product J[iel M{ is the union of the
composition factors of each of the factors Mi% For each simple R
module S{ there is an idempotent e{ in R/N such that eβi Φ 0 and
eβj = 0 for ί Φ j . Since R is an SB I ring [8, p. 53, 54] these can
be raised to idempotents e{ in R. Also we still have the relation
βiSi Φ 0 and eβj = 0 for i Φ j .

Now we shall show that Si is a composition factor of M if and
only if e{M Φ 0. First if St is a composition factor of M then S{

appears as a summand of Sa+1(M)(M), for some ordinal a. Thus,
βiSa+1(M) g£ Sa(M), and, a fortiori, e{M Φ Q.

Conversely, if e{M Φ 0, then e^i Φ 0 for a suitable m e l , There
is a first ordinal a such that e%me Sa(M)a We claim that α — 7 + 1
is not a limit ordinal for if Sα(M) = U β <, Sβ(M) with e^i 0 Sβ(M), then
e^m ί Sα(M)also. It follows that eτm represents a nonzero coset ê m in
Sy+1(M)/Sy(M) and e ^ m = ê m Φ 0. Therefore, one of the summands of
Sy+1(M)/Sy(M) is Si for otherwise e, would annihilate Sy+1(M)/Sy(M).
Thus we have shown that St is a composition factor of M.

We now complete the proof of the theorem. It is clear that e{

annihilates a product Πiej f̂? if a n d o n ly if e% annihilates each factor.
So the set of composition factors of a product is the union of the
composition factors of each of the factors. Thus for right perfect
rings the product of ,^-torsion modules is again ^"0-torsion.

The class of right perfect rings is fairly large, containing rings
with minimum condition and semi-primary rings [2].

However, we shall show by an example that the rings for which
^-tors ion is closed under products is even bigger.

Let R — ΐlieπ Ki the product of an infinite number of copies of
a field. R has an infinite set of orthogonal, indecomposable idempotents
{ej. It isn't hard to show that a module M is ^^-torsion if and only
if e{M = 0 for all i. It is clear that this property is inherited by
products, so for such rings the product of ^ " 0 torsion is again J^>
torsion. Note also that the ring R has some non trivial torsion
modules, for instance Π KJΣ K{.

This brings up the question of the structure of rings for which
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(0) is the only ^~0 torsion module. Clearly, in this case, ^~0 torsion
will be closed under products. The following theorem gives several
equivalent characterizations of this condition. In a ring R we denote
by r(S), the right annihilator of S, r(S) = {x | Sx = 0}.

THEOREM 3.2. For a ring R the following conditions are equivalent:
( i ) jr; = (0)
( 2 ) For every simple R-module S, HomR(S, R) Φ 0
( 3 ) For every maximal left ideal L of R, r(L) Φ 0
(4) For every left ideal L Φ R, r(L) Φ 0

Proof. We prove the implications cyclically in order. If J7~^ — 0
then KomR(S,Q(R)) Φ 0 for simple modules S. But iίf:S->Q(R)
is nonzero, then f(S) Π R Φ 0 and it follows that f(S) £ R since f(S)
is also simple. Therefore Homi2(>S, R) Φ 0 and (1) implies (2).

Now let L be a maximal left ideal of R and consider the sequence
0 —» L —> J? —-> 2?/L —> 0. Note that i?/L is simple. The sequence induces
0 —> HomR(R/L, R) —* Hom^ϋ?, i?) exact. Considering KomR(R/L, R) as
a submodule of *ΆomR(R, R), the right multiplications of R we see
that ΊlomR(R/L, R) = r(L) the right annihilator of L. It follows that
r(L) Φ 0 because Hom^ (#/L, R) Φ 0.

Since every left ideal L Φ R can be embedded in a maximal one
L and the relation L £ L implies r(L) £ r(L), it follows that (3)
implies (4).

Finally, if for each L Φ R, r(L) Φ 0, then for each such L,
Ή.omR(R/L, R) Φ 0 (a right multiplication by a nonzero element of r(L)
gives such a nonzero homomorphism). It follows that

RomR(R/L, Q(R)) Φ 0

for all L Φ R and the filter of left ideals associated with ^\ in this
case consists only of R itself. That is, C(R) — R. Then from Theorem
2.1 we know that ^~Q — (0). This completes the proof of the theorem.

REMARK. M. Auslander has shown [1] that a commutative semi-
primary ring satisfies condition (2) of the above theorem. Hence such
rings have only zero torsion.

The following example shows that left and right torsion theories
need not give rise to the same two sided ideal. Let

x,y, ze K, a fieldf .
\y s/ )

The left ^Ό torsion modules for R are those annihilated by
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y
y,ze K

whereas the right J7~o torsion modules are those annihilated by the
(x 0\

ideal Cr(R) =
V 0

x,yeK\.
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BOUNDARY MEASURES OF ANALYTIC DIFFERENTIALS
AND UNIFORM APPROXIMATION ON

A RIEMANN SURFACE

LAURA KETCHUM KODAMA

A classical theorem of F. and Mβ Riesz establishes a one-
to-one correspondence between analytic differentials of class
Hi on the interior of the unit disc and finite complex-valued
Borel measures on the boundary of the disc which are orthogo-
nal to polynomials. The main result of this paper gives a
similar correspondence when the unit disc is replaced by a
compact subset, satisfying a finite connectivity condition, of
any noncompact Riemann surface. The analytic differentials
on the interior of the set satisfy a boundedness condition
analogous to the classical Hλ differentials and the measures
on the boundary of the set are those orthogonal to all mero-
morphic functions with a finite number of poles in the comple-
ment of the set. This result is then used to obtain theorems
on uniform approximation on the set by such meromorphic
functions.

This paper extends results of Bishop in [2] and [5] where he
considers compact subsets of the plane staisf ying a simple connectivity
condition.1 He obtained such a one-to-one correspondence between
boundary measures and analytic differentials and used his result together
with an approximation theorem for nowhere dense sets to give a proof
of Mergelyan's approximation theorem [6]. We are able to extend
Mergelyan's theorem to our more general sets and also show that
"local" approximation implies approximation on the whole set.

I* Boundary measures of analytic differentials*

A. DEFINITIONS AND PRELIMINARIES.

In this section S will denote an open Riemann surface. If K is
a compact subset of S, we denote by C(K) the algebra of all continuous
complex-valued functions on K with norm | | / | | = sup \f(x) |, and by

xEK

A(K) the closed subalgebra of C(K) consisting of those functions which
are limits of meromorphic functions on S with finitely many poles in

Received January 10, 1964. This paper is a portion of a doctoral dissertation
written at the University of California at Berkeley under the direction of Professor
Errett Bishop. The author wishes to thank Professor Bishop for proposing the
problem and for his helpful suggestions and encouragement. This work was partially
supported by contracts NSFG-9103 and NSFG-18974.

1 The case with smooth boundary is discussed by Royden in [7J.
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S ~ K. By Runge's Theorem when S is the plane, or by the extension
of Runge's Theorem due to Behnke and Stein [1, p. 445 and p. 456]
in the general case, A(K) can also be characterized as all functions
of C(K) which are uniform limits on K of functions analytic in a
neighborhood of K.

The sets for which our results are obtained are defined as follows.

DEFINITION 1. A compact subset K of S will be called n-balanced
if there exists a finite family {Z7jLi of components of S ~ K such
that any point of the boundary of K lies on the boundary of one of
the Ui. An open subset of S will be called n-balanced if it is the
interior of its closure and its closure is a compact ^-balanced set.

The following properties are clear.

LEMMA 1. The interior of a compact n-balanced set is an open
m-balanced set for some m rg n. The boundary of a compact n-balanced
set is a nowhere dense compact n-balanced set.

The measures on the boundary of K to be considered are now
defined.

DEFINITION 2. If K is a compact subset of S, we denote by M(K)
all finite complex-valued Borel measures μ on the boundary of K such

that [fdμ = 0 for all fe A(K).

Several preliminary definitions will be necessary to describe the
boundedness condition on the analytic differentials to be studied.

By an arc we will mean a continuous map / : [α, b] —• S of a closed
interval a ^ t ^ b into S. We will identify arcs / : [α, b] —> S and
g : [c, d] —» S whenever b — a — d — c and g(t) = f(t + a — c). The

image of [α, b] under / will be denoted by | / 1 . By a subarc of / we
mean the restriction of / to a subinterval [c, d], a ^ c < d ^ b. If
g : [aίy bt] —-> S is such that fib) — g{a^} then by the product of / and
g, written fg, we mean the arc h : [a, b + bλ — α j —> S defined by

j/(*) if azt*b
{ g(t + αi - 6) if b ^ t ^ b + &x - a, .

An arc / : [α, 6] —* S is an analytic arc if / can be extended to be
analytic with nonzero derivative in a neighborhood of [α, 6], A piece-
wise analytic arc is a product of a finite number of analytic arcs. A
simple closed curve is an arc / : [a, b] —•> S such that f(α) = f(b), and
if x Φ a and x Φ b then f(x) Φ f(a) and / is one-to-one on the open
interval (α, 6).
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DEFINITION 3. If U is an open subset of S we say that a sequence
{7<} delimits U if

( i ) each 7* is a finite family of disjoint piecewise analytic simple
closed curves ai3 such that | ai3 | c U and (Ji I α ϋ I * s the boundary of
an open set Vι c f7 and each α^ is positively oriented with respect to
V,.

(ii) if T is any compact subset of U, then for all sufficiently
large ΐ, T c F,.

DEFINITION 4β If ί7 is an open subset of S with compact closure
K and 7 is a finite family of piecewise analytic curves a3 such that
\0Cj\aU and ω is an analytic differential on U, we denote by \\o)\\y

the norm of the linear functional F on C(K) defined by F(h) — \ hωo

DEFINITION 5. Let U be an open subset of £ with compact closure.
The class H(U) consists of all analytic differentials ω on U such that
there exists a sequence {7J which delimits U and an M > 0 such that
\\o)\\yί < M for all i.

Our aim is to establish, in case K is an ^-balanced set, a one-to-
one correspondence between M(K) and H(U), where ?7is the interior of
K. The correspondence will be between a differential and its boundary
measure, in the following sense.

DEFINITION 6. Let U be an open subset of S with compact closure
and let B be its boundary. A finite complex-valued Borel measure μ
on B is said to be a boundary measure of coe H( U) if the sequence of
Definition 5 can be chosen so that

f f
I hω —•> 1 hdμ as i
Jyί J

for all heC(U{jB).

We do not need any restrictions on K other than compactness in
order to show the existence of a boundary measure for every differential
oj e H(U). The following theorem has the same proof as Theorem 1 in [5],

THEOREM 1. Let U be an open subset of S with compact closure
K. Then any ωeH(U) has a boundary measure μeM(K).

In order to "fit together" sequences which delimit two different
open sets to obtain a sequence which delimits the union, we will need
the following lemma.

LEMMA 2. Let 7 and 3 each be a finite family of disjoint piece-
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wise analytic simple closed curves, a3- and βo respectively, such that
\Jj I oίj I is the boundary of an open set Γ with each a3- positively
oriented with respect to Γ and similarly \J3 I @J I is ^ e boundary of
an open set Δ with each β3 positively oriented with respect to Δ.
Then there exists a finite collection of analytic coordinate functions
hi with domain Vi9 F< a neighborhood of a point p{e S (the Pi need
not be distinct), so that given any neighborhood TJ{ of h{(p^ such that
Ui c hi(Vi) and any ε{ > 0, there exists φ, a finite family of disjoint
pieceivise analytic simple closed curves ψJ9 such that \J3 \ ψ3 \ is the
boundary of an open set Φ and

( i ) each ψ3 is positively oriented with respect to Φ
(ii) each ψ3 is the product of a finite number of subarcs, each

of which is either a subarc of some a3 or β3 or is an are f such that
for some i, the arc hi of has length less than e{ and \h{of\ c U^

(iii) ΓUΔaΦczΓUΔuUUh

The proof is left as an exercise for the reader.2

B. PLANE SETS.

In this section we consider the special case where S is the plane.
The proofs of the following lemma and theorem are the same as

Lemma 4 and Theorem 1 in [5].

LEMMA 3. If K is a compact n-balanced subset of the plane and

if μ and v are both in M(K) and \(t — z)~1dμ(t) = \(t — z^dvfy) for

all z in the interior of K, then μ — v.

THEOREM 2. Let U be an n-balanced open subset of the plane
and K be its closure. Then given a)eH(U), its boundary measure,
which exists by Theorem 1, is unique and if ω = f(z)dz then

f(z) =

for all ze U.

The next lemma is a modification of Lemma 6 in [3]. The assump-
tion that v is orthogonal to all functions analytic in a neighborhood of
K rather than just all polynomials enables us to obtain the measure
βXQ with support in K. The proof is not given, as the same proof
applies with only obvious minor modifications and we prove a general
version for any open Riemann surface as Lemma 5 below.

2 A proof may be found in the author's thesis.
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LEMMA 4. Let K be a compact subset of the complex plane. Let
v be a measure on K orthogonal to A(K). Then for almost all real
numbers x0, there exists a measure βXQ on the set K Π {z : Re z — x0}
such that

[ hdv = - [ hdv = [hdβx

K o h X Q J °

for all heA(K), where

RXQ = K Π {z : Re z ^ x0} and LXQ = K |Ί {z : Re z ^ x0} .

THEOREM 3. Let K be a compact n-balanced subset of the com-
plex plane τυith interior U. Then if μeM(K), there exists an
analytic differential coeH(U) such that μ is the boundary measure
of ω.

Proof. The proof is by induction on n. If n — 19 K is balanced
in the sense of [5] and Theorem 3 of [5] is the required result.

Suppose for n > 1 the theorem is true for m-balanced sets for all
m < n. For ze U, define

f(z) -

Now suppose xQ is as in Lemma 4 and furthermore that {z : Re z — xQ}
intersects the interior of at least one of the bounded components Ui of
Definition 1. Then LXQ and RXQ are both m-balanced for some m < n.
T h u s s i n c e μ \ L X o + βXQ e M{LX) a n d μ \ R X Q - βXQ e M{RX) b y L e m m a 4
and Runge's theorem, the induction hypothesis applies and they are
boundary measures of analytic differentials fx(z)dz and fz(z)dz respectively.

For z in the interior of LXQ,

Uz) = (2ττi)-1 j(ί - zrd{μ I LXQ + βx){t)

= (27ΓΪ)-1 j(ί - z^diμ I LXQ + βXQ)(t)

RXQ - βx)(t)

= f(z)

and for z in the interior of RXQ we have similary

{t) = f(z) .



1266 LAURA KETCHUM KODAMA

Now let x0 < a?! both restricted as above. Then μ \ RXQ — βXQ is a
boundary measure for f(z)dz on the set RXQ. Denote the delimiting
sequence by {γ;}. Also μ\LXχ + βXl is a boundary measure for f(z)dz
on the set LH. Denote the delimiting sequence by {δj}. Suppose Γ3

is the open set bounded by y, and Δ3 the open set bounded by δ3 , as
required in Definition 3. We apply Lemma 2 to yj9 δjf Γ39 Δ3 where Ui
are chosen so that hι\ U{) c U and ε̂  chosen so that the length of the
arc in Ui which is not from δ3- or 7̂  is less than 7jt and 2^* sup \f(z) | < 1.

zeui

The lemma yields φ3 a finite union of disjoint piecewise analytic
simple closed curves in U which form the boundary of the open set
Φ3; and Γ3 U Δ3 a Φ3 a U. If S is a compact subset of U, let
Xo < x2 < %i Then S1 — S Π {z : Re z ^ x2} is a compact subset of the
interior of LXl and S2 ~ S f] {z : Re z ^ x2} is a compact subset of the
interior of RXQ. Thus for all j sufficiently large,

S, c Δj and S2 c Γ3 and S = iSj U iS2 c J, U Λ c: (Py .

Therefore {̂ j } is a delimiting sequence for U. Furthermore,

\f(z)\\dz\

+ S ^ s u p | / ( 2 ) | ^ | | ω | | γ + | | ω | | 8 + 1 .

Thus ωeH(U).
By Theorems 1 and 2 there exists a boundary measure v on the

closure of U such that for z e U,

f(z) = (2τrί)-1ί(ί - ^ - ^ ( ί ) and v e Λf(clsr t/) c

Applying Lemma 3 to μ and r̂  we see that μ — v and thus μ is the
boundary measure of a).

C. SUBSETS OF AN OPEN RIEMANN SURFACE,,

In this section we consider the general case where S is any open
Riemann surface. The function (t — z)~~x used in the plane case must
be replaced by the elementary differential of Behnke and Stein [1].
The result needed is the following: there exists an elementary differ-
ential a(p) which for fixed p is a meromorphic differential on S with
exactly one pole, a simple pole at p with residue 1. Furthermore, if
h is an analytic coordinate function on an open set F c S and a(p) —
A(z, p)dz on h(V), then A(z, p) is meromorphic in p on S with exactly
one pole, a simple pole at h~\z). Thus if h~1(zQ) $ K, A(z09 p) e A(K).

We prove the following generalization of Lemma 4.
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LEMMA 5. Let K be a compact subset of S. Let v be a measure
on K orthogonal to A(K). Then if f is a nonconstant function
analytic on S, for almost all real numbers x09 there exists a measure
βXQ on the set K f] {p: Re f(p) = x0} such that

\ hdv = - [ hdv =\ hdβ

for all h e A(K) where

LXo = {p : Ref(p) ^ x0} Π K and RXQ = {p : Re f(p) ^ x0} Π K.

Proof. Since / is nonconstant, for all but finitely many real
numbers x, the differential of / does not vanish on K Π {p : Ref(p) — x}.
Let x1 have this property and let x2 > xx be such that the differential
of / does not vanish on K Π {p : xλ ^ Ref(p) g x2}. Since the differ-
ential of / does not vanish, there exists a neighborhood of any point
of K Π {p : x1 S Ref(p) ^ x2} on which / is a coordinate function.
Cover K Π {p : #1 ̂  Ref(p) S x2} by finitely many neighborhoods {ί7jLi
such that the closure of Z7; is compact and contained in Vι and / is a
coordinate function on F*. Denote by / r 1 the inverse of / as a coordi-
nate function on V{.

There exists a nonnegative measure /J on K such that | v{B) \ ^
/i(β) for all Borel sets B* Let ώ be the nonnegative, nondecreasing
function defined by φ(x) — μ({p : Ref(p) ^ α;}). Then φ'{x) will exist
for almost all x. Let α;0 be such that φ'(x0) exists and x1 ^ x0 ^ a%.
Thus y vanishes on all subsets of LXQ Π -βXo and since fe € A(K) implies

Yhdv ~ 0 we have

( hdv = - ( hdv for all h e A{K) .
n \ T

Suppose now that h is a meromorphic function with finitely many
poles outside K. Let W be an open neighborhood of K on which h is
analytic. Let W{ = FT Π £/"*. Choose ε, 0 < ε < 1 and let

T=(j{peWi: Ref{p) = x0 and dist (f(p), f(K Π
i = l

Let ||fe||
PST

If i2e/(p) > #o, define Λ:(p) = {2πiγΛ ha(p) and if JBβ/(p) < x0,

define h2(ρ) — (2πi)~1\ ha(p) where in each case integration is in a

positive direction with respect to {p: Ref(p)^xQ}. Suppose p0 is
interior to T relative to {z: Re z — xQ}. Then for some i0, f(p0) is
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interior to f(Wh n T) relative to {z : Re z = x0}. Let τ ί o = / ( Γ Π Wio).
Since the Ή^ cover T, we can choose, for i Φ iQ, measurable sets
Ti c {2: Rez = x0} Π /(W t) so that f^\τ^ are pairwise disjoint and
each is disjoint from fi~ι{τiQ) and so that T = UiU/Γ 1 ^*). Then if

p e
r

{2πi)-1\ ha(p) becomes

(27a)-1

i

where g{ is analytic in /(clsr C7ίo) in the first variable and in /(clsr Ui)
in the second variable. The first term has continuous boundary values
both from the right and the left at p0 with difference h(p0) and the
integrals in the summation are all continuous in p at p0. Thus hx and
h2 have continuous boundary values h^Po) and h2(pQ) and

If we define hx{p) = A(p) + fe2

in Ref(p) > x0? then hλ and
and h = hι — h2. Thus

in Ref(p) < #0 and fc2(p) = fe(p) + fc^

are analytic in a neighborhood of

and

Γ 7 , f , , Γ 7 , Γ 7 , , f
\ hdv — \ hxdv — \ h2dv — \ hγdv + \
J-Rxn J Rχrι J Rxn * R Xn JI

I ( hdv = I f
I JRχn \ JR

ίP:-Ref(p)>x2)

Σ ί S

( ha(p)

+

Cover jfiΓ Π [p: Ref(p) ^ α;2} by a finite number of open analytic neighbor-
hoods, which are the domains of analytic coordinate functions ψkf each
with range the unit circle D. Continuing the inequalities we have

\h\\± J^ ̂  (Jr I ζ - /(p) l-^ζ)^^)

I h || g j ^ nEr ( g J r 1174> (/(P), 0 I dQdμ{p)

Σ
i

where g^ is analytic in the first variable in /(clsr Ut) and in the
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second variable in /(clsr Uj) and yki is analytic in the first variable in
D and the second variable in /(clsr U{). The g{j and yki are therefore
bounded and we have a constant L, independent of ε, so that the above
expression is less than or equal to

h l t*]-ll2dt dφ(x) + iλ

where M is chosen, independent of e, so that if y = Imf(p) and
<y = Imζ where p e J?a.o and ζ is in some τi9 then 17/ — v \ < M.

A bound N, independent of ε, is found for

ST
as in [3, p. 42]. Thus

t2Yll2dtdφ{x)

hλdv

and a similar estimate can be made for I h^
\hXQ

we have
c

hdv
:0

where Q is independent of ε, and thus

Combining these

hdv £ Q sup{| h(p) \:peKn{p: Ref(p) = xQ}} .

Therefore h —> I hdv is a bounded linear functional on a dense subset

of A{K) \KO{p: Ref{p) - x0} and therefore on A(K) \ K Γ) {p: Bef(p) =
x0}. By the Hahn-Banach theorem we can extend this bounded linear
functional to C(K Π {p: Ref(p) = a?0}) and then apply the Riesz repre-
sentation theorem to obtain the desired measure βXQ.

LEMMA 6. Suppose K is an n-balanced compact subset of S.
Suppose f is a nonconstant analytic function on S and jζ. =
Kf] {p: Ref(p) ^ x0}. Then Kλ is a compact m-balanced set for some
m rg n.

Proof. Kx is clearly compact.
Let {Ui]i=1 be the finite set of components of S ~ K from Defini-

tion 1. A point q on the boundary of Kx is either on the boundary
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of K or in the intersection of the interior of K with the boundary of
{p: Ref(p) Ξ> χ0}. In the former case, q is on the boundary of some
Ui and therefore on the boundary of the component of S ~ K which
contains Ui9 which we call V{. There are n U{ and therefore m Vi
with m g n. In the later case, q is on the boundary of some com-
ponent Q of {p: Ref(p) < x0}. Suppose QaK, then clsr U aK and
clsr Q is compact. Q is open, so Bef(p) = x0 on the boundary of Q.
Since clsr Q is compact, Ref(p) must assume its minimum on clsr Q
is compact, Ref(p) must assume its minimum on clsr Q and by the
minimum modulus theorem for real parts of analytic functions, the
minimum must be assumed on the boundary, but there Ref(p) = x0.
Thus Ref(p) ^ x0 on Q which is a contradiction. Since Q is not con-
tained in if, it must inter set some Uim Therefore Q a Vt and q is on
the boundary of F ί β This shows Kx is m-balanced.

LEMMA 7. Under the hypotheses of Lemma 5, the measure
v\RXQ — βH is orthogonal to A(RXQ) and the measure v \ LXQ + βXQ is
orthogonal to A(LXQ).

Proof. Let h be a rational function on S with poles at p19 p2, , pn

in S ~ RXQ — S ~ K Π {p : Ref(p) < xQ}. Let p19 , p/c be those poles
not in S ~ K. Each pi9 i — 1, , A; is in some component Q̂  of
{p: Refζp) < x0}. By the proof of Lemma 6, such a component cannot
be contained in K. Thus we may choose qi9 i = 1, , fc, q{eQi ~ K
and let J{ be a curve in Q̂  joining p{ and gί# Let

B = S~{)Ji~\J{pi} and 5 = S - U {g,} ~ U fa}.

Then by Theorem 6 in [4], h, which is analytic on B, can be uniformly
approximated on RXQ9 a compact subset of B, by functions /,- analytic
on B. Now letting Bx — B and B1 = S we apply Theorem 13 in [1, p.
456] and approximate /,- on i2a.o by meromorphic functions r̂y with poles
on the boundary of B19 i.e., at the points q19 , qkf pk+1, , pn. But

these are all in S — K. Thus β̂  e A(if). By Lemma 5, \#id(y | RXQ —

βx) = 0. Thus ^hd(v I jBβ0 - βXQ) = 0 and y | ΛXo + /5,0 is orthogonal to

^ ( i y . The same argument shows v\LH + βXQ is orthogonal to A(LXQ).

Given any finite collection of functions {gJUi on S, and a real
number x0, we define an equivalence relation on the points of S as
follows. The points p and q are equivalent, if, for all k, Refk(p) ^ x0

if and only if Refk(q) ^ x0.

LEMMA 8. Let K be a compact subset of S and {Ui} an open
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covering of K. Then there exists a finite collection of nonconstant
functions, each analytic on S, such that given any x0, 1/4 < x0 < 3/4,
each equivalence class of the relation defined with these functions
lies in a single member of the covering.

Proof. Fix a metric on S. By the Lebesgue covering lemma,
there exists p > 0 such that any set of diameter less than or equal
to p, containing a point of K, lies in a single member of the covering
{Ui}. Cover K by a finite number of sets of diameter less than pβ
which are homeomorphic to a closed disc. Call these sets {AlΓU For
ί, j such that A Π A is empty, let fiS be a function analytic on
S such that Re fa < 1/4 on A and Re fa > 3/4 on Dj. This is possible
since by the Behnke-Stein extension of Runge's theorem fl, p. 445 and
p. 456] we can approximate a function which is identically zero on a
neighborhood of A and identically one on a neighborhood of A by
functions analytic on S.

Now if A is an equivalence class of the equivalence relation defined
by these functions, we will show diam A ^ p.

Let pQdA. Then for some ί0, p o e Ao° Let io,i19 •••,£* be all i
such that A o Π A is not empty. Let pe K Π {p: RefίQJ{p) ^ 3/4, all
i =£ i0, ii, •••, ί j . Suppose 2? ίU*i ΐ 0 A Then since p e ϋΓc U*=-i A .
p e Dj 0» some i 0 ^ ô? , ΐ*. Thus fiojo(p) > 3/4 which contradicts the
choice of p. We have shown

IT n ip : i ?e/ v (p) ^ 4" a 1 1 i ^ *o, ,

Now since poeDio, RefiQJ(p) < 1/4, all i ^ i0, ,ik, but ί)0GA, so
for all pe A, we have Refίoj(p) < 1/4 for i Φ i09 , ifc. Therefore

A c iΓΠ jp : RefiQJ(p) ^ A a 1 1 ^ ̂  ί o ' β β β^ 4 C U A .
1 4 J i^io

Each Ao» "• »AA. intersects A o and diam A < ι°/3. Therefore diam
U*=i0 A < ι° and the proof is complete.

THEOREM 4. If K is a compact subset of S and {£/J U is an
open covering of K, and if μ is a measure on K which is orthogonal
to A{K), then there exist measures v{ with support contained in a
compact set Ti c K Π Ui such that vt is orthogonal to A(T{) and μ —

Proof. Let fk be the functions of Lemma 8, k — 1, ° , I. The
proof will be by induction on I. If I = 0, let T = K a UiQ and viQ ^ μ
is orthogonal to A(K) ^ A(T).
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Suppose the theorem is true for I — 1. Let 1/4 < x0 < 3/4 and
RXQ = Kf]{p: ReMp) ^ x0} and L.0 = KΓί {p: Λβ/,(p) ^ x0}. RXQ and
LX Q are both compact, and {t/ KU is a covering for each. An equiva-
lence class of points of RXQ of the relation defined by f19 ,fx_λ lies
in a single member of {t^KU. Similarly for an equivalence class of
points of LXQ. Thus we may apply the induction hypothesis to the
measures μ1 — μ \ RXQ — βXQ which is orthogonal to A(RXQ) by Lemma 7,
and μ2 — μ \ LXQ + βXQ which is orthogonal to A(LXQ) by Lemma 7.
Thus we have measures v^ with support contained in a compact set
Tji c Ui Π K which is orthogonal to A(T3i) j = 1, 2, i = 1, , w and

Thus μ = μ, + μ2 = (vn + v2l) + (i;12 + v22) + + (vln + y2n) and vH + v2i

has support contained in Tu U T2i (zU^K. If / e A u TH U Γ2<), then
f\THe A(TH) and /1 T2i e A(T2i) and

v2i) = \fdvu + ^fdv2i = 0 .

Thus vH + v2i is orthogonal to A(TH U 72i) and the theorem is proved.

THEOREM 5. If K is a compact subset of S and if for every
pe K, there is a closed neighborhood W of p such that f\We A(KΠ W),
then f e A{K).

Proof. Suppose / ί A(K). Then there exists a measure μ on K

such that μ is orthogonal to A{K) and \ fdμ Φ 0. Let V be the

interior of W. Then {V} is an open covering of K. Let {Vi}n

i=1 be a
finite subcovering. Apply the last theorem with this covering to get
measures v{ with support contained in a compact set T^c Vi Π K c Wt (Ί K
and Vί is orthogonal to A(Ti) and μ — v1

J

Γ v2+ + yΛ.

/1 We A(K n TΓί) implies f\T,e A(Tt). Thus ί fdv, = 0 and f /tfμ = 0

which is contradiction.

COROLLARY 1. If K is a compact subset of S and for every
pe K there exists an analytic -coordinate function h with h(p) — 0
and the range of h is {z: \ z \ < 1} and an r, 0 < r < 1, such that
A(h(K) f]{z: \z\^r}) = C(h(K) f]{z: \z\^ r}), then A(K) = C(K).

Proof. Let fe C(K). For every p,

{z: \z\ ^ r})

Π {z : I «I ^ r} ) .
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Thus /1 K Π h-λ{z : \z\^r}e A(K Π lrr\z : | z | g r}). Applying the
theorem, feA(K)o

Thus a local condition on a compact set in the plane which implies
that any continuous function can be uniformly approximated by rational
functions, such as Theorems 2.4 and 3.4 in [6], can be applied in
coordinate neighborhoods of every point of K to show A(K) = C(K).
As a special case, using Theorem 2,4 of [6] we have the next corollary
which we will need to prove uniqueness of boundary measures.

COROLLARY 2. If K is a nowhere dense compact n-balanced subset
of S, then A(K) = C(K).

We also obtain a generalization from the plane to Riemann surface
of the approximation theorem of Bishop [4].

COROLLARY 3. If K is a compact nowhere dense subset of an
open Riemann surface and Mis the minimal boundary of A(K), then
M=K implies A(K) = C(K).

Proof. Let h be an analytic coordinate function at p e K such that
h(p) = 0 and the range of h is {z: \z\ < I}. Let r be 0 < r < 1.
Let Mf be the minimal boundary of A(h(K) f] {z: \ z | ^ r}). Let
z e h(K) and \z\^r, then h~\z) e K = M. There exists fe A(K) such
that f{h-\z)) = 1 and \f(q) \ < 1 if qe K and q Φ h~\z).

if ζ G h{K) and | ζ | ^ r, ζΦ z. Thus s e M'. Since

M' = A(ίΓ) n {z : I « I ^ r} ,

by Theorem 4 in [4], we have

A(h(K) f]{z: \z\^r}) = C(h{K) n {̂  : | « | ^ r}) .

Now the theorem applies and we have A(K) — C(K).

LEMMA 9. Suppose K is an n-balanced compact subset of S. If
μ is a measure on the boundary B of K which is orthogonal to all
rational functions on S with poles in the interior of K oτ in S ~ K,
then μ — 0.

Proof. The hypothesis implies μ is orthogonal to A(B). By
Lemma 1, ΰ is an ^-balanced nowhere dense compact subset of S.
Thus by Corollary 2, A(B) = C(B) and μ = 0.
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THEOREM 6. If K is a compact n-balanced subset of S and ω is
an analytic differential on the interior of K, then the boundary
measure μ of ω which exists by Theorem 1 is unique, and if h is
an analytic coordinate function on an open set V c S and ω = f(z)dz
on h(V), then

where a(p) — A{z, p)dz on h{V).

Proof. Suppose μ and v are both boundary measures of ω. Let
g be a rational function on £ with poles in the interior or the com-
plement of K. Then

\gd{μ - v) = \gdμ - \gdv = lim 1 gω - lim I gω .
J J J n JBn n Jyn

If n is large enough so both δn and yn surround all the poles of g
which lie in the interior of K, then

ϊ gω = ifpeintKResp(gω) =\ gω .'

Therefore \gd(μ — v) = 0 and by Lemma 9, μ — v.

A(z, q) is meromorphic in q with a simple pole of residue — 1 at
h~\z). Thus

i)-1( - A(z, q)dμ{q) = (2πi)~1 lim [ -A(z, q)ω =

- Resh-Uz) (A(z, q)ω) = f(z) .

THEOREM 7. Let K be a compact n-balanced subset of S with
interior U and let μ e M(K). Then there exists a differential
ωeH(U) such that μ is the boundary measure of ω.

Proof. Let flf , f% be the finite set of functions analytic on S
and satisfying the conditions of Lemma 8 using coordinate neighbor-
hoods for the covering. The proof will be by induction on I. If I — 0,
K lies in a single coordinate neighborhood and we may consider K as
a subset of the plane. In this case we have the result in Theorem 3.

Suppose the theorem is true for I — 1. Let 1/4 < x0 < 3/4 satisfy
the conditions of Lemma 5 for fu μ, K. Let LXQ, RXQ, and βXQ be as
in Lemma 5. By Lemma 6, RXQ and LXQ are compact m-balanced sets for
some m and by Lemma 7, μ \ RXQ - βXQ e M(RXQ) and μ \ LH +βXo e M(LX).
Since flf •••Jfι-1 partition Rx and Lx in the sense of Lemma 8, the
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induction hypothesis applies. Thus we have analytic differentials ω1

and ω2 on the interiors of RXfJ and LXQ for which μ \ RXQ — βXQ and
μ I LXQ + βXQ are the boundary measures respectively.

If ft,, is an analytic coordinate function on V1 c int RXQ and ω1 =
fx(z)dz on h^FO and a(q) — Aλ{z, q)dz on h^FO then

RXQ

(2πi)-ί j - A^s,

Similarly, if A2 is an analytic coordinate function on V2 c int LXQ and
co2 = f2(z)dz on ^(Fa) and a(q) = A2(^? ^)& on h2(V2) then

Since we have this for almost all x0 between 1/4 and 3/4 we can define,
for any coordinate function i on F c [ / , a differential ω = f(z)dz on
h(V) with

f(z) = (2W)-1 - A(z, q)dμ(q)
J

where a(q) = A(z, q)dz on h(V), ω = ω1 on inti ϊ^, and ω ~ ω2 on
int LXQ.

Let 1/4 < x1 < x2 < 3/4 and both xx and $2 satisfy the conditions
of Lemma 5. Let the delimiting sequence of Definition 6 for the
boundary measures μ \ Lx,} + βX2 and μ \ RXi — βXi be {3{} and {7;} respec-
tively. Let Δ{ and /^ be the open sets of which δi and 7, are the
boundaries. Let p3 , V3 be the finite collection of points and coordinate
neighborhoods obtained in Lemma 2 with h3 the analytic coordinate
function on V3. Let U3 be a closed neighborhood of p3 so that
U3 a Vj Π U. Let k3 be the maximum of | f(h3(p)) \ for pe U where
ω — f(z)dz on Vjo Let ε3 = {kjι2~~5). Using these U3 and e3 we apply
Lemma 2 to get ψι a finite union of disjoint piecewise analytic simple
closed curves forming the boundary of Φ{ and \ψι\ U Φi c C7. Further-
more, since {δj and ( T J delimit the interiors of LX2 and RXi, respectively,
and Γi U Δi c (P^ {̂ ĵ delimits Z7.

Finally we see that

II ω \\φt ^ || ω | | n + || α> ||δ. + Σ3k3ε3 ^ || ω ||γ. + || ω ||δ. + 1 .
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Therefore ωeH(U) and by Theorem 1, ω has a boundary measure v
on the boundary of clsr U.

Now let g be a rational function on S with poles in U or S ~ i£.
Choose #, 1/4 < x0 < 3/4, as in Lemma 5 and so that no pole of g lies
on {p: Re fι(p) = £0}. Let {σj and {r<} be the delimiting sequence of
Definition 6 for the boundary measures μ\LXQ + βXQ and μ \ RXQ — βXQ

respectively. Then

Rχ0 - β*0) + \gd(μ I LXo + βXQ) -

= lim \ gω + lim I gω — lim \ gω .
ί )τi i J<r4 i )φn.

Letting i be large enough so that all the poles of g in U are surrounded
by φH and by either τ* or σi and using the residue theorem we have

1 gd(μ — v)=\gω+\gω—\ gω = 0 .

Thus by Lemma 9, μ — v — 0 and μ is the boundary measure of ω.

COROLLARY 4. If K is a compact n-balanced subset of S with
interior U, then A(K) consists of all functions in C(K) which are
analytic on U.

Proof. Clearly every function in A(K) is analytic on U. Suppose
A{K) does not contain all such functions in C{K). Then there exists
a continuous linear functional L orthogonal to A{K) with L{f) Φ 0
for some fe C(K), f analytic on U. The boundary of K is the Silov
boundary of the algebra of functions in C(K) analytic on U, so there

exists a measure μ on the boundary of K so that \ gdμ = L(g), all

geC(K), analytic on U. Thus μeM(K) and there exists ωeH(U),
so that

0 Φ L(f) = [fdμ = lim ( fω = 0
J i hj

since / is analytic on U.
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FUNCTIONS WHICH OPERATE ON
CHARACTERISTIC FUNCTIONS

A L A N G. KONHEIM AND B E N J A M I N W E I S S

Let G be a locally compact abelian group and B+(G) the
family of continuous, complex-valued non-negative definite
functions on Gβ Set

A complex-valued function defined on the open unit disk is
said to operate on {B+(G), B+(G)} if feB+(G) implies
F(f)eB+(G), similarly for {Φ(G),Φ(G)}. Recently C. S. Herz
has given a proof of a conjecture of W. Rudin that F operates
on {B+(G),B+(G)} if and only if

(*) F(z) = Σ c*nZmzn, cmn ^ 0, I z I < 1 .
m,n

for a certain class of G. We shall show by independent methods
that F operates on Φ(RX) if F is given by (*) for | z \ £ 1 and
F(T) — 1. This answers a question posed by E. Lukacs and
provides in addition an alternate proof of Herz's theorem.

Let SI, 33 denote two familes of functions α, b: X —> Y. A function
F: Z £ Y —> Y is said to operate on (31, S3) provided that for each ae 21
with range (a) g Z w e have F(a) e 33. If 21 = S3 we say simply that
F operates on 21 β Recently there has been considerable interest in
determining, for particular families (31, 33) the class of functions which
operate.

If 21 is the family of complex-valued 2ττ-periodic functions on Rι

which have absolutely convergent Fourier series

21 = jα : a(θ) - Σ ^eikθ with Σ I ak I <

then a classic result of N. Wiener [10] states that l/αe2I provided
that a{θ) Φ 0 (0 ^ θ < 2τr). P. Levy [3] generalized Wiener's theorem
by proving that analytic functions operate on 2ί.

If 2ί is the family of all non-negative-definite matrices (aifj) with
— 1 < ait3 < 1 then I. J. Schoenberg [8] proved that any continuous
function F which operates on 21, F: (aί}j) —> (F(ai}j)) must be of the form

F(x) = Σ cnx
n

71 = 0
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The theorem of Wiener-Levy can be obtained in a more general
setting. Let G be a locally compact abelian group and G its dual
group, i.e. the set of continuous homomorphisms of G into the
multiplicative group of complex numbers of modulus one, endowed
with the weak topology. For μ a complex-valued, regular measure on
G with finite total variation we define its Fourier-Stieltjes transform by

μ(β) = \ χ(χ)μ(dx) (x e (?)

and denote by B{G) the family of such transforms. Then

THEOREM. Real entire functions operate on B(G) (see [7] for
definition).

In particular by taking G — Z (the group of integers) we obtain
the Wiener-Levy theorem.

A few years ago a converse to this theorem was obtained by
H. Helson, J. P. Kahane, Y. Katznelson and W. Rudin [1]. They
proved that if F operates on B(G) then F is a real-entire function.

In probability theory the elements of B(G) which are of most direct
interest are those μ which arise from nonnegative measures μ, i.e.
according to Bochner's theorem the μ which are nonnegative-definite
on G. Let B+(G) denote this family. Rudin has conjectured [6] that
the functions which operate on (B?(Z), B+(Z)Y must have the form

F(z) = Σ cn,mznzm .
n,m = 0

Recently C. S. Herz [2] published a proof of Rudin's conjecture for
(Bt(G)9 B+(G)) under certain restrictions on G. His proof consists of (1)
showing that if F, defined on the unit disk, operates on {Bt (G), B+(G))
then F operates on (Bΐ(Γ0), B+(Γ0)) where Γo is the discrete multiplicative
group of complex numbers of modulus one, and (2) characterizing the
functions which operate on (B{(Γ0), B+(Γ0)).

Lukacs posed in [5] the question of determining the class of
functions which operate on the set of characteric functions Φ{Rι),
where Φ(G) = {fe JS+(G):/(O) = 1} .

We shall answer here the question posed by Lukacs, directly and
by quite independent methods. This will actually yield an alternate
proof of Herz's more general result by making use of some of his
preliminary propositions. In § 1 we state the main theorem and outline
the proof. The details occupy us in § 2-§ 4. In § 5 we show how to
obtain the more general result.

Z= the additive group of integers with discrete topology, Bf(G) =
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1* Statement of the main theorem and outline of the proof •

THEOREM 1. If F operates on Φ(Rι) then F is given by

with X;,m,0 cm,n = 1.

Assuming that F is continuous it is first shown that F operates
on BtiR1). It then follows that

F(reiΘ)= Σ ak(r) exv (ikO)

(0 S r ^ 1) where ak(r) ^ 0 (fc = 0, ± 1 , ± 2 , •). Having obtained this
representation we prove that not only is ak(r) nonnegative, but also
absolutely monotonic. Thus

( 1 ) F(reiΘ) = Σ Σ α fcιnr exp (ikO)

with αfc,n ^ 0. On the other hand, if the theorem is to be true, then

F(reiθ) = Σ I Σ cn,mrn+m\ exp (ikθ).

In order to pass from (1) to (*) ak(r) must actually be of the form

ak(r) = rm Σ KnT2n

with bktn ^ 0. To prove that the exponents of r in ak(r) increase by
two can be done directly (Lemma 5). To prove that ak(r) = O(rUc{)
(near r = 0) we introduce the more general representation of F

F{rx exp (ίxj) + r2 exp (ΐλ3ί) + + rΛ exp (iλnt))

= f Σ^ ^ , ^ . . . , ^ 1 , n, , rn) exp | i Σ &iVJ

where (rx, r2, •••,rw) varies in a suitable cube of Rn. The vanishing
of ak(r) to the correct order is then deduced from the simple observation
that akίtk2t...tkn(rlf r29 , rn) = Oίr^a rn) if all k,- Φ 0 (Lemma 4).

Finally we turn to the question of continuity. Since F(Φ) is a
continuous function for every φeΦ(Rι), the natural approach would be
to prove directly that zn —> z0 implies F(zn) —> F(z0) by constructing a
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ch.f. φ together with a bounded sequence {tn} such that Φ(tn) — zn.
2

However, as the referee has observed it suffices to prove a slightly
weaker interpolation property; namely that some ψ e Φ(R1) exists which
interpolates, on a bounded sequence, some subsequence of the {zn}. His
lemma and proof are given in § 4.

2* Several lemmata* In this section we assume that F is
continuous on Δ = {z: \ z | ^ 1} and operates on Φ(RL).

LEMMA 1. If p e BUR1) then F(p) e Bt

Proof. It suffices by Cramey's criterion [5, p. 65] to show that

\A\AF(p(t - u)) exp (ix(t - u))dtdu ^ 0
Jo Jo

for all real x and A > 0. If the lemma were false there would exist
therefore and Ao > 0 and x0 such that

(2 ) [Λθ[Λ°F(p(t - u)) exp (ixQ(t - u))dtdu = -d < 03 .
Jo Jo

The function

pε(t) =
( l - p ( 0 ) ) f l -

0

if 111 g ε

if ί I > e

is in BtiR1) for every ε > 0, [5, p. 70] and thus ψs = ps + peB+(R1).
It is, in fact, in ^(i?1) since ^ε(0) = 1. Because F operates on Φ(Rλ).

( 3 ) [Aθ[A°F(Φs(t - u)) exp (ixo(t - n))dtdu ^ 0 .
Jo Jo

On the other hand

I \ °{F(p(t — uj) — F(φε(t — u))} exp(ixo(ί — u))dtdu
I Jo Jo

= ( ({F(p(t - u)) - F{φz{t - u))} exp (ixQ(t - u))dtdn

G2 = {(«, u): 0 ^ t S Ao, 0 ^ u ^ Ao, 11 - u I ̂  e}

since | F(«) | ^ 1 on Δ. If we take ε < d/AA0 then (3) contradicts (2).
Let n be a positive integer and 2ττ, λx, λ2, Xn be rationally

independent real numbers. For each vector m — (mu m2, , mn) with
2 We were not able to deduce this strong interpolation property for Φ{RX) and

this necessitated a somewhat round about argument in the original version of this
paper.

3 That the integral in (2) is real follows from the easily verified identity F(z) = F(z).
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integral components and each vector r = (r19 r2, , rn) with 0 g
Ti < 1/n (1 ^ i ^ n) we formally define am(r) by

(4 ) am{r) = limit -L- Γ F ( Σ n exp (i\kt)) exp { - i ί Σ m*λJ dί .

LEMMA 2. T%β ίίmίέ m (4) exists and is independent of
\, λ2, , λΛ (provided that 2π, X19 λ2, , Xn are rationally independent
real numbers).

Proof. Combining Lemma 1 with the observation that

we see

and hence the limit in (4) exists [5, p. 43],

The Kronecker-Weyl theorem [9] next shows that

. 27Γ / Jo Jo Jo

( 5 )
x exp —% 2

and hence am(r) is independent of the particular {λ,,} chosen.
A function / defined on the cube 0 ^ x{ < a (1 :§ i ^ n) is called

absolutely monotonic function if

throughout the cube for j 1 9 j 2 , , j n = 0,1, 2, Just as in the case
of one variable, an absolutely monotonic function admits a power series
expansion with nonnegative coefficients.

LEMMA 3. The pointwise limit of absolutely monotonic functions
is absolutely monotonic.

Proof. For n = 1 the lemma is well known. We then proceed
by induction to n + 1. Suppose

limit fk(r19 r2, , rn+ί) = /(r^ r2, . , rn+1) .

For fixed r19 r2, , rw we have
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o

n, r3, , rn+1) = Σ ^ - ( n , r2, , r J n + 1 —> /(rx, r2, , rn+1)
.7=0

and hence

, rn+1) = Σ α;(^i> ^ , rn)r'n+
7=0

with

a>i(ru r*9 , Ό = limit α^.X^, r2, , r n) .

Since ak>j(ru r2, , rΛ) is an absolutely monotonic function the induction
hypothesis implies a3{ru r2, , rn) is likewise so and lemma is proved.

LEMMA 4. In the cube 0 ^ r { < 1/n (1 ^ i ^ n)
(4i) αm(r) is α^ absolutely monotonic function

( 6 ) » » = Σ ailtiy...in(m)r£r$ - - - ri*

and
(4ii) IfπiiΦO for every i(l ^ i ^ n) then cxiviv...lin(m) = 0 if

iό — 0 for some j (1 S 3 ^ n).

Proof. 1. Generalizing a result of Rudin [6, p. 618] we will show

that if / is continuous in the cube 0 ^ xt < a (1 ^ i ^ w) and satisfies

\ I /(«i + &! cos ^ , α2 + δ2 cos 6*2, , an + bn cos ^w)

o Jo Jo

X Π cos jkθkdθk ^ 0
k = l

for all integers j u j 2 , , j n — 0,1, 2, whenever 0 ^ 6y ̂  α, , αy + 6̂  < α,
then / is absolutely monotonic in the cube 0 ^ Xι < a (1 ^ i ^ n).

2. To see that am(r) satisfies (7) (with a — 1/n) we observe that

I = (——) I α j ^ + bλ cos θί9 , an + bn cos 5n)
V 2TΓ / Jo Jo Jo

n

x Π cos jkθkdθk

k = l

/ 1 \ w p2τr r 2τr f27Γ
= ( - ^ ~ ' " \ αm(^i + bι C°S ίi, ,α f t + 6ft COS θn)

V 2TΓ / Jo Jo Jo

x exp — i Σ ifĉ fe dθ1dβ2 d#TO

since the integrand in / is an even function of each of the {θk}. Next,
the integral representation of am(r) and the Kronecker-Weyl theorem
yields
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( ^ \ n Γ2πΓ2π Γ2π

2π) Jo Jo Jo

x F({ax + δx cos 0i) exp (ίφ,) + + (an + bn cos θn) exp (iψn))
n

x exp —i Σ (Jk@k + mfĉ fe) ^0iβ *β dθndφ1 dφn .

A final application of the Kronecker-Weyl theorem shows

\ (ak + bk cos ζkt) exp (ίλ^ί)
I = limit ~ Γ

x exp —ί Σ
k=ι

+
and this limit is nonnegative because

Σ (αfc + bk cos ζfc ) exp (iλfc ) e B+ίB1) ,

Lemma 1 and [5, p. 43].
3. Suppose first that / satisfies (7) and is of class C°\ To show

that

( 8 ) f(xly x2, ^ 0

in the cube 0 ^ x{ < a (1 ^ i ^ n) we let N — j \ + j 2 + + j n and
write, by Taylor's theorem,

f(aλ + δi cos 0i, , αn + δw cos 0Λ)
iV 1

(9) =Σyi-6i

(ΛΓ
! 0080, +6.008 g.

Multiply (9) by Πϊ=i ^osjkθk dθk and integrate from 0 to 2π. Set b{ ~
b < min .̂ ak and let δ J 0 to obtain (8).

4. If / is a priori only continuous, we proceed as follows: let
g-.R'-tR1 satisfy

( i ) geC~
(ii) g(t) > 0 if 0 < t < 1; #(£) = 0 otherwise

(iii) ΓffWdί = 1.
Jo

If / satisfies (7), then so does

JoJo Jo

X n)

4 The numbers 2 ,̂ ̂ i, , λn, ζi, , ζn are taken to be rationally independent real
numbers.



1286 ALAN G. KONHEIM AND BENJAMIN WEISS

on the cube 0 ^ x{ < a — d (1 ^ i ^ n). Now /δ e C°° and the argument
in 3. applies to show that /δ is absolutely monotonic. But /δ —•/
(pointwise) in the cube O ^ ϋ ^ α f l ^ i ^ w ) and Lemma 3 permits
us to complete the proof of 4(i).

5. If mk Φ 0 (1 ^ k S n) then from (5) we see

αm(0, r2, , rΛ) = am(ru 0, r8, , r n ) =

- αm(n, r2, , TV.!, 0) = 0

and this yields (4)ii.

LEMMA 5. If

1 Γ2ίΓ

αΛ(r) = — \ F(r exp (iφ)) exp (—ikφ) dφ
(10) 2 π Jo

fc = 0, ± 1 , ± 2 , •••

then

and
oo

5(ii) αfc(r) = Σ akj^j — 1 ^ ^ ^ 1

oo

akj ^ 0 Σ αfc,i ^ °°

1Σ ak,23τ2j if k is an even integer

Σ αfc 23+ιr2ί+1 if k is a n °dd integer .Σ
0

Proof. For 5(i) note

α ( r ) = ΓV(rexpΐ(0 + π))exp(-ikφ) dφ = (-l)fe

2ττ Jo

Proceeding as in the proof of Lemma 4, we show that

S 2τr

αfc(cos θ) exp — ii;^ dθ ^ 0
0

v = 0, ± 1 , ± 2 , •••

so that a^cos^eB+iR1). It follows from [4, p. 202] that

α f c(cos θ) = Σ &fc,j
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with

h,3 ^ 0 Σ bk,j < oo .

If T3 denotes the jth Tchebychev polynomial then

(11) ak(x) = Σ hjTi(x) - 1 ^ x ^ 1 .

But for 0 g x ^ 1, Lemma 4 yields the representation

co

j=o

with

α*,y ^ 0 Σ α*,i < ^

Using elementary properties of the Tchebychev polynomials and
the fact that the Fourier series of a C°° function may be differentiated
term-by-term, 5(i) and (11) imply that the equality

CO OO

J=0 * j-=0

extends to — 1 S % ̂  1, and this proves 5(ii).

3* Proof of Theorem 1 with hypothesis of continuity*
F(r exp (iφ)) is a continuous, periodic, nonnegative definite function.
We can therefore write

CO

(12) F(r exp (iφ)) — Σ ak(r) exp (ikφ)

with

ak(r) ^ 0 (k = 0, ± 1 , ±2, •) Σ %( r) = F(r)

In (12) we set z — r exp (iφ) and use Lemma 5 to conclude that

(13) F(z) = Σ ^ , , m ^ m + Σ (dn,mZnβm + entWz*/zm)

with

cw,w ^ 0(w, m = 0, 1,2, •••)

dn>m ^ 0 en,m ^ 0 ( B m ^ % < o o )

Σ cn,n + Σ «,m + en,m) = 1 .
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We will now show that dno,mQ = 0. Let 2π, Xίf , XnQ, X be rationally
independent real numbers and set

(14) z — r exp (iXt) + Σ rk exp (ίλfci)

in (13) where

0 5g r < 2/3 rk = r/2^0 (1 ^ & ̂  w0).

Let m = (m 0 ,1,1, , 1) and note by Lemma 4
nQ

(15) α m (r, rx, r2, , rWQ) = C m r r ! r 2 rnQ + o(rr,r2 rn)

= Cm(-i-) τ ^ + o(r^).
V 2^0 /

Examing the term za/zβ with ^ as in (14) we obtain

r exp (iXt) + Σ rk exp (iλfcί)

ί r exp (—iXt) + Σ rk exp (—iλfcί)

(16) = rα~β(exp (iλί) + - ί - Σ exp (iλfcί)V exp (i/8λί)

x Σ ^{-^— Σ exp(-ί(λ fc - X)t)Y (b = 1)

so that only the terms zaββ with β — m0 — j , a = nQ + j (0 ̂  j ^ m 0 — 1)
yield a contribution to &m(r, r19 r2, •••, rW Q). But with 2; as in (14)

limit J L Γ z«o+3βmo-i exp ( - i ( m o λ + λx + . + λn n)ί)dt
2 J 2 7

__ J 5 ./y*n0—mo+2j

with lλ,\^ 0 for i = 0. Thus (15) implies that dnQ,mQ = 0. A similar
argument shows enQymQ — 0 and the theorem is proved with the hypothesis
of continuity.

4* The continuity of F5. We begin with an interpolation lemma.

LEMMA 6. Let zn —> z0 (| zn \ < 1, n — 0,1, 2, •). There exists a
ch.f. φy a sequence (of real numbers) tk —> 1 and a sequence (of integers)
{nk} such that Φ(tk) — zn}c.

Proof. Let τn = 1 - (2/3)9-; then (9n/2)τn = (1/6) (mod 1) while
(9n+m/2)τn = (1/2) (mod 1) for m > 0. Hence

5 We wish to acknowledge our thanks to the referee for the statement and proof
of Lemma 6.
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cos ?L§nτn = ΫA., cos HL9n+mτn = 0 (ra > 0)
Δ Δ Δ

and cos (τr/2)9w = 0β Let {ηn} be a sequence of positive numbers such
that

I 2θ I + Σ Vn < 1 .
71=1

We define inductively a sequence {φn} of positive-definite functions
as follows; let

Φ0(t) = \zo\ e i (arg0o)ί .

Assume that φ0, φlf , φp have been defined such that Φj(l) = 0 for
j > 0. Choose integers mp+1 and np+1 such that

P + l

and define

V

{-V np + l
^ Vv-vx

" 2

ΦP+1(t) = 2r p

where ε̂ î and λp+1 are chosen such that

Ψp+i(τmp+1) = «»p+1 - Σ Φi(τmp+1)

We shall assume that the sequence {mj is strictly increasing. If we
set tk = τmfc and

ί(t) = Σ Φi(t) + eA(t)

where Δ(x) = max (0, 1 — 2 | x\) and ε > 0 is such t h a t 0(0) = 1 then
Φ(tk) = znk (k = 1, 2, .) and φ e Φ(&).

LEMMA 7. F is continuous in the open unit disk {z:\z\ < 1}.

Proof. Suppose not; then there would exist a zQ9 | z01 < 1 and a
sequence {zj (| ^ | < 1) such that zn —> 2;0 and .F(3W) y4 ί 7 ^ ) . By passing
to a subsequence if necessary we can assume that {F(zn)} converges.
By Lemma 6 there is a ch.f. φ and a sequence (of real numbers) {tk}
with limit one such that φ(tk) — z%k. But then

F(z0) = F(φ(l)) = limit F(φ(tk)) - limit F(znj)

which is a contradiction.
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REMARK. For future reference let us note that Lemma 1 now
shows that F operates on Bt(Rι) U

LEMMA 8. F is continuous on - H x g l .

Proof. By observing that i*Xcos )e Φ{RX), we obtain, just as in
Lemma 5

F(x) = Σ P,Tn(x)
n = 0

where pn ^ 0 and

Σ Pn = 1

Since | Tn(x) | ^ 1 on — 1 ^ $ ^ 1, F is continuous there.

THEOREM 2. F is continuous on Δ.

Proof. As we have already remarked, F operates on BtiR1) U Φ{RX).
Now Lemmata 2-5 carry over mutatis mutandis to prove that

(20) F(z)=
n,m=0

where cn,m ^ 0. Setting z = x in (20) and using Lemma 8 we see that

limit Σ n Σ o Cn,™^ = TO = 1 .

But the {cn,m} are nonnegative and hence

s i Ί/itin

Thus our series in (20) extends to a continuous function on Δ. We
assert that F is equal to this extension. For let Φ e Φ{R1) tk —> t0 with
0 < I Φ(tk) I < 1> I Φ(Q l = l Then F(ψ) is a continuous function and
thus limit F(Φ(tk)) = F(φ(t0)). But

limit F(φ(tk)) - limit Σ cn,UΦ(tk)Y(Wk)ΓΣ
n,m,~Q

= Σ cntrn(φ(to)γ(φ(to)γ

and thus

= Σ
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5* Concluding remarks* In order to obtain the general theorem
we require two propositions due to Herz [2 p. 165, p. 167].

PROPOSITION lβ If a locally compact abelian group H has elements
of arbitrarily high order then every F which operates on (Bi(H), B+(H))
is continuous.

PROPOSITION 2. If a locally compact abelian group H has elements
of arbitrarily high order, then every F which operates on {Bt(H), B+(H))
operates on (Bf(Z), B+(Z)).

REMARKS. 1. In Propositions 1 and 2 it is assumed that F is
defined on {z: \ z | < 1}.

2. Proposition 1 does not include our Lemma 7 since we assume
merely that F operates on 0{R'), not on {Bt{Rι), B+iR1)).

THEOREM 2. If a locally compact abelian group H has elements
of arbitrarily high order, then F operates on {Bi(H), B+(H)) if and
only if

Σ cn,mz»zm , ( \ z \ < l )
n, m — 0

where cn,m ^ 0.

Proof. By Propositions 1 and 2 we may assume that H = Z and
that F is continuous. It suffices, by the proof of Theorem 1, to show
that F operates on (BΐiR1), B+iR1)). Suppose XeBtiR1) and set ψ =
F(k). Since φ is continuous all that must be verified is that φ is a
nonnegative-definite function. For any δ > 0, the sequence {λn — X(nd)}
is nonnegative definite and therefore by the hypothesis {φ(nd)} is a
nonnegative definite sequence for any δ > 0. Since φ is continuous

S AΐA
\ φ(u — v) exp (ix(u — v))dudv

o Jo
A/8

— limit 2 Φ((n ~~ wήδ) exp ixδ(n — m) δ2 .
δj.0 ra,m = l

But since {φ(nδ)} is a nonnegative-definite sequence for each δ > 0

AI8

2 φ((n — m)δ) exp ixδ(n — m) δ2 ^ 0
n, m = 1

and hence by Cramer's criterion φ is nonnegative definite.

We conclude with a few remarks.



1292 ALAN G. KONHEIM AND BENJAMIN WEISS

1. There is a formal relation between the result of [1] and our
Theorem 1. Every real-entire function F can be written in the form

F=(F1- F2) + i(F3 - F4)

where Fu F2, Fz and F, satisfy (*). On the other hand every βe B(G)
is of the form

where μl9 β2, β3 and β4 are in B+(G). A direct proof of our theorem
starting from this observation would be desirable.

2. The proof given here of Theorem 1 demonstrates in one stroke
that F is real-analytic in A and if it is expressed as a power series in
z and z it has nonnegative coefficients. If one could prove directly that
F operates on all Fourier transforms assuming values in A then proof
of the theorem could be completed in two steps:

(A) F is real-analytic [7, Chapter VI] and thus

F(z)= Σ cn,mz*z"
n,in=0

(B) cn,m ^ 0 (n, m — 0,1, 2, •) The second step is a consequence
of the explicit representation

cnιm = limit limit — ^ -^— Γ F(Σ rk exp (i\kt)

x exp (Σ V - i Σ K+

where the inner limit exists and is positive by virtue of Lemma 1 and
[5, p. 43] and the outer limit exists by (A) above.

3. For nondiscrete G with elements of arbitrarily high order one
can show by using the methods used in the proof of Theorem 1, that
F operates on Φ(G) if and only if F satisfies (*). If G is discrete this
needn't be the case, and F needn't even be continuous as, F(z) =
0(\Z\ < 1), =1(12 I = 1), which operates on Φ(Z) already shows. For
such discrete groups we don't know if it is true that F operates on
Φ(G) implies that F must operate on Bi(G). If it were true then at
least the structure of F for | z \ < 1 could be determined.
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ALMOST INVARIANT MEASURES

R. LARSEN

Let μ be a regular complex-valued Borel measure on a
locally compact topological (LC) group G which is finite on
compact sets; and for each seG define the measure Tsμ by
Tsμ(E) = μ(E + s), EeBc(G) the collection of all Borel subsets
of G with compact closure. If / is a function on G then for
each seG we set Tsf(t) = f(t + s), te G. Let X be a transla-
tion invariant subspace of CQ(G), the space of continuous com-
plex-valued functions on G which vanish at infinity, i.e., a
subspace such that feX implies T-sfeX, seG; and let U be
an open symmetric neighborhood of zero in G. Then we shall
say μ acts U-almost invariantly on X if \ | h(t) \ d \ μ \ (t) < oo,

JG

heX, and

( h(t)dTsμ(t) = Σat(s) \ h(t)dT8.μ(t) (seU, heX),
JG ^=1 )θ

where sl9s2, - - , sn are fixed elements of U. We shall say μ
is a U-almost invariant measure on G if {Tsμ \ s e U] spans a
finite dimensional space of measures. When U = G we shall
say μ acts almost invariantly and μ is an almost invariant
measure, respectively. The main results of this paper show
that if μ acts ί7-almost invariantly on X then there exists
some continuous function / such that

h(t)dμ(t) = \ h(t)f(t)dm(t) , heX,

where dm is right invariant Haar measure on G; and that
μ is a £7-almost invariant measure if and only if there exists
a continuous / such that dμit) = f(f)dm(f) and {Tsf \ seU} spans
a finite dimensional space of functions.

We shall also establish the equivalence for connected groups of
the two notions of acting almost invariantly and of the two notions of
almost in variance, and shall say something about the uniqueness of
measures which act [/-almost invariantly.

We shall denote by V(G) the linear space of all regular complex
valued Borel measures on a LC group G9 and by Ce(G) the subspace
of C0(G) consisting of those functions with compact support. Through-
out the paper we shall use m and dm to denote right invariant Haar
measure on the LC group G9 i.eβ, m(E + s) — m{E).

Received December 18, 1963, and in revised form June 6, 1964. This research
was partially supported by the National Science Foundation under Grant No. NSF-
GP-1814. This paper is a portion of the author's doctoral dissertation.
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REMARKS, (a) The concept of a measure which acts [/-almost
invariantly is o generalization of the notion of a measure acting in-

variantly, i.e. a measure μ such that \ h(t)dTsμ(t) = \ h{t)dμ{t),
JO Jθ

seG, he X. For abelian LC groups measures which act invariantly
were considered in [1].

(b) Since, in general, we shall consider nonabelian groups it would
perhaps be better to speak of measures which "act right [/-almost
invariantly" or are "right [/-almost invariant". However, in the
interests of notational simplicity we choose the terminology given
abovec It is easy to see that a similar development can be made using left
invariant Haar measure, T£E) = μ(s + E) and TJ(t) = f(s + ί).

(c) The restriction in the definitions that U be an open symme-
tric neighborhood of zero in G is mainly one of convenience. Indeed,
it is not difficult to see that if W is a Borel subset of G with finite
positive Haar measure for which

h(t)dT8μ(t) = Σ«i(β) ί h{t)dTHμ{t) (seW, heX)
i=l JG

then some left translate of W + W contains an open symmetric neigh-
borhood U of zero in G for which a similar relation holds. However,
in the proofs which follow it is necessary that the Haar measure of
U be positive.

2* Measures which act almost invariantly* For G a LC
group and X a translation invariant subspace of C0(G) we shall denote
by L(X) the topological linear space of all linear complex-valued f unc-
tionals on X with the topology given by pointwise convergence; i.e. a
net of functionals < Fa > c L(X) converges to Fo e L(X) if and only
if \\mFa(h) = F0{h), he X. If μe V(G) acts [/-almost invariantly on
X, then for each s e G we define the functional Fs e L(X) by

F.(h) = \ h(t)dTsμ(t) (heX).
)G

This notation for the functionals Fs will be used consistently in the
remainder of the paper. It should be noted that the functionals F8

need not be continuous.
The main result of this section is the following theorem which is

comparable to Theorem 2 in [1].

THEOREM 1. Let G be a LC group, X a translation invariant sub-
space of C0(G), μ e V(G) and U an open symmetric neighborhood of zero
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in G. If μ acts U-almost invariantly on X then there exists a continu-
ous function f such that

\ h{t)dμ(t) = \ h(t)f(t)dm(t) (h e X) .
JG JG

PROOF, Since μ acts ?7-almost invariantly on X it is clear from
the definition 1 that, without loss of generality, we may write

Fa = ±ai(8)FH (seU)
i — l

where F8l, Fβ 0, - , FSn, are assumed to form a linearly independent subset
of L(X). Let C be the subspace of L{X) spanned by F,L, FH, ,F,n.

It is easy to verify that the mapping φ:G—>L{X) defined by
ψ[s) — Fs, s e G , is continuous; and hence the mapping ψ = φ \ σ is a
continuous mapping on U to C in the relative topology inherited from
L(X). Thus, since C is a finite dimensional subspace of L(X), the
mapping ψ is also continuous if we put on C the topology given by
the norm, || Σt=AFBt \\ = ΣlU I 6* |.

Furthermore, in this norm topology it is clear that the projection
mappings Pk:C -+C defined by

are also continuous.
But then from the continuity of the composite mappings Pk°^h

k ~ 1, 2, ' ° , n, it is immediate that a19 a2, , an are continuous
functions on U.

Let A be the set of all functions in CC{G) with support contained
in U. For each g e A we define the linear functional Fg e L{X) by

Fg = \ g(s)Fsdm(s) .
JG

This vector valued integral makes sense since the support of g lies in
U and so

(1) Fg -

= Σ ί g(s)αi(s)dm(8)Fat ,
i^l JG ι

where the coefficients in the last expression exist since ctlf α2,
 β , αn

are continuous on U.
Set B — {Fg I g e A}. From (1) it is clear that B αC9 and simple
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verification shows that B is linear space. Hence B is a closed sub-
space of C.

Let < gβ > a A be a net of functions such that
( i ) gβ ^ 0, all β;

(ii) ί gβ(t)dm(t) = 1, all /5;

(iii) for any open symmetric neighborhood W of zero in G there
is a /30 such that for β > β0 the support of gβ is contained in W.
(We shall call such a net of functions a compact approximate identity.)
Then since α l y <x>, β ,^ % are continuous on U, using (1), we obtain:

lim F = lim Σ ί gβ(s)ai(s)dm(s)Fs.
β P β ι=i }G %

Therefore F o e β, and so there exists some ke A such that Fo =•

= ( &(s)Fsdm(s).

But then for each he X,

h(t)dμ(t) - F0(h)

= k(s)Fs(h)dm(s)
JG

— I k(s) \ h(t — s)dμ(t)dm(s)

= I .1 k(s + t)h(—s)dm(s)dμ(t)

= ί ( fc(-s + t)h{s)Δ{-s)dm(s)dμ(t)
JGJG

— \ h(s)Λ(—s) i fc(—s + t)dμ(t)dm{s)

J6

where J is the modular function of G and / is the continuous func-
tion defined by

f(s) = A{-s) \ k(~s + t)dμ{t) .
JG

The applications of Fubini?s theorem are valid since it is clear that

( I k(s) I ( \h(t-8)\d\μ\ (t)dm(s) < co .
)G }G

This completes the proof of the theorem.
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REMARKS, (a) Clearly the function / is, in general, not unique.
(b) For Euclidean groups Rm, m > 0, it is easy to see that we

may choose / to be infinitely differentiate.
(c) One cannot conclude that a measure which acts [/-almost

invariantly is either a [/-almost invariant measure or even absolutely
continuous with respect to m. For example let G be any infinite com-
pact abelian group, X the space spanned by any nonzero continuous
character (., 7), U = G and μ the measure with unit mass concentrated
at zero. Then μ is neither almost invariant nor absolutely continuous,
but it does act almost invariantly on X.

The next theorem shows that for connected groups the two notions
of acting almost invariantly are identical.

THEOREM 2. Let G be a connected LC group, X a translation
invariant subspace of C0(G), μ e V(G) and U an open symmetric neigh-
borhood of zero in G. Then the following are equivalent:

(i) μ acts almost invariantly on X.
(ii) μ acts U-almost invariantly on X.

PROOF.1 Clearly (i) implies (ii)
Now suppose μ acts [/-almost invariantly on X. Then the space

C spanned by {Fs | se [/} is a finite dimensional subspace of L(X). Let
E = {s I s e G, Fs e C}. Without loss of generality we may write Fs =
Σi?=i(Xi(s)F'sί, se E; where slf s2, *", sn are fixed elements of U.

Clearly E is not empty as UaE. We shall show that J57 is both
open and closed, and hence, since G is connected, E — G; i.e. μ acts
almost invariantly on X.

It is immediate from the finite dimensionality of C and the con-
tinuity of the mapping φ:s—*Fs, cited in the proof of Theorem 1,
that E is a closed subset of G.

On the other hand, let s0 e E. Since U is an open symmetric
neighborhood of zero in G there is an open symmetric neighborhood
W of zero such that W + Si c U, i — 1, 2, , n. Then W + s0 is a
neighborhood of s0, and for each s + soe TF + s0 we have:

)gh(t - 8)dT.ji(t)

= Σ «i(βo) \g Ht - s)dT.tμ(t)

= t,a{{So)F.+.t(h) (heX).

1 The author is indebted to J. Lindenstrauss for suggesting the simple proof
given here.
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But s + s^e W+SiCi U9 ΐ = l, 2, •••,%; and so f ^ . e C; i = 1, 2, •••, w.
Thus for each s + 8 0 6 ^ + ^ 0 , we see that F s + S o e C ; and con-

sequently E is openβ

3* Almost invariant measures* Theorem 1 provides us almost
immediately with a necessary and sufficient condition for a measure to
be [/-almost invariant.

THEOREM 3β Let G be a LC group, μe V(G) and U an open
symmetric neighborhood of zero in G. Then the following are equi-
valent:

(i) μ is a U-almost invariant measure on G.
(ii) There is a continuous function f on G such that dμ(t) —

f(t)dm(t) and{TJ \ s e U} spans a finite dimensional space of functions.

Proof. Clearly (ii) implies (i). Suppose μ is a [/-almost invariant
measure. Then evidently μ acts [/-almost invariantly on X = CC(G);
and so by Theorem 1 there exists a continuous function f on G such
that

j h(t)dμ(t) = ^ h(t)f(t)dm(t) (h e CC(G)) .

Consequently, from the regularity of μ it is easy to deduce that
dμ{t) — f{t)dm{t) and that {T8f\ se [/} spaijs a finite dimensional space
of functions; and this completes the proof.

Given a topological group G, let FDT(G) be the space of all
continuous complex-valued functions f on G such that {Tsf\seG}
spans a finite dimensional space β As an immediate consequence of
Theorem 3 we have the following theorem on almost invariant measures.

THEOREM 4. Let G be a LC group and μeV(G). Then the
following are equivalent:

(i) μ is an almost invariant measure on G.
(ii) There is an fe FDT(G) such that dμ(t) = f(t)dm(t).

REMARKS, (a) For [/-almost invariant measures it is clear that
the dimensions of the spaces spanned by {Tsμ \se U} and {Tsf\ se U}
must be the same,

(b) If μ is almost invariant and Tsμ = Σii=i^i(s)THμf seG, it
can be shown that cc19 a2f , ana. FDT(G); and that we may write
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(c) In general for [/-almost invariant measures the function /
given by Theorem 3 need not belong to FDT(G)a For example, let
G — Z, the additive group of the integers; U = {0}, and let μ be the
measure with unit mass concentrated at zero. Then/(0) = l, f(t) = O,
tΦO; and f£FDT(Z).

(d) For a topological group G, let D(G) be the space of all linear
combinations of products of continuous complex-valued functions on G
which are either additive or multiplicative; i.e. functions / such that
either f(s + t) = f(s) + f{t) or f(s + t) = f(s)f(t). If G is an abelian
topological group it is known that FDT(G)= D(G) [2, p. 25]β Thus
if G is a LCA group we can conclude that the function / of Theorem
4 belongs to D(G)O

(e) If G — Rm, m > 0, then the preceding remark implies that
each almost invariant measure μ must be of the form

dμ(t) = Σ Pj(t) eχP (h, t)dm(t) ,
1

where Pj are arbitrary polynomials with complex coefficients, j —
1, 2, , I; bj are m-vectors of complex numbers, j — 1, 2, , I and

An immediate corollary to Theorem 4 is the following:

COROLLARY. Let G be a LC group; μ e V(G), μ Φ 0, μ singular
with respect to right invariant Haar measure. Then for each Borel
set W in G with finite positive Haar measure, {Tsμ \se W} spans
an infinite dimensional subspace of V(G).

Proof\ Suppose the contrary, ioe. there exists a Borel set W of
finite positive Haar measure for which {Tsμ \ s e W} spans a finite
dimensional subspace of V{G)O Then from a remark of section one
there exists an open symmetric neighborhood U of zero in G such that
{Tsμ\se U) also spans a finite dimensional subspace of V(G).

Thus, by Theorem 3, a would be absolutely continuous with res-
pect to Haar measure, and hence zero; contrary to the hypotheses of
the corollary,,

Considering measures μ e V(G) as acting on the space Ce(G), Theorem
2 implies that for connected LC groups the notions of almost invariant
measures and [/-almost invariant measures are equivalent. We state
this result as Theorem 5.

THEOREM 5β Let G be a connected LC group, μ e V(G) and U an
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open symmetric neighborhood of zero in G. Then the following are
equivalent:

(i) μ is an almost invariant measure on G.
(ii) μ is a U-almost invariant measure on Go

4* Uniqueness theorems* As noted previously, a measure μ
may act [/-almost invarianty on a subspace X of C0(G) without being
a [/-almost invariant measure. The next two theorems provide conditions
which insure that a measure which acts [/-almost invariantly is a
[/-almost invariant measure. The first theorem is a generalization of
Theorem 1 in [1], and its proof is patterned after that in [1].

THEOREM 6. Let G be a LC group, X a dense translation in-
variant subalgebra of CQ(G), μ e V(G) and U an open symmetric neigh-
borhood of zero in G. If μ acts U-almost invariantly on X then μ
is a U-almost invariant measure.

Proof. Without loss of generality we may assume that

(2) ( h(t- s)dμ{t) = Σ cCi(8) [ h(t - s^dμit) (seU,heX).
JG i=i JG

For each feCe(G), since X is dense in CQ(G), there is a function
g e X such that g vanishes at no point of the support of / . Let
k =f/g. Clearly keCc(G). Again by the denseness of X there is a
sequence < gm > c X which converges uniformly to k.

Then it is easy to verify that

(3) lim ί gjt - s)g(t - s)dμ{t) =\ f(t- s)dμ(t) (s 6 U),
m JG JG

and that

(4) Km ± a{(s) \ gm(t - 8i)g(ί - st)dμ(t)
m ι=l JG

f(t-8t)dμ(t) (seU).

But < gmg > c X as X is a subalgebra, and hence from (2) the
left hand sides of (3) and (4), and thus the right hand sides, are
equal.

Since this holds for each / e CC(G) we conclude from the regularity
of μ that μ is [/-almost invariant.

If the group G is compact then the functional Fs are bounded,
and it is easy to see that in this case the preceding theorem remains
true if we only require that X be a dense translation invariant
subspace. This leads us to search for conditions on X other than
the ones that it be a dense subalgebra which will insure that a
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measure which acts [/-almost invariantly is a [/-almost invariant measure.
A result in this direction is given by the following theorem.

THEOREM 7. Let G be a LC group, X a translation invariant
subspace of C0(G), μ e V(G) and U an open symmetric neighborhood
of zero in G. If X contains a compact approximate identity and μ
acts U-almost invariantly on X then μ is a U-almost invariant
measure.

Proof. Since μ acts [/-almost invariantly on X, {Fs\se U} spans
a finite dimensional subspace B of L(X).

Let C be the linear subspace of V(G) spanned by {Tsμ \se U} and
define the mapping Φ:C—>B by Φ(Tsμ) = Fs,seU. Clearly Φ maps
C onto B.

Furthermore, we claim Φ is one-to-one. Indeed, let v = Σy=i c ;^ /*

be an element of C such that Φ{v) = 0, i.e. I h(t)dv(t) = 0, h e X. Let

< gβ> c X be a compact approximate identity. Then, since X is
translation invariant, for each feCc(G) we have

0 = lim ( f(r) [ gβ(t - r)dv{t)dm(r)
β JG JG

= lim ( gβ(-r) \ f(r + t)dv{t)dm{r)

= \/(t)dv(t)

since I /( . + t)dv(t) is continuous. The applications of Fubini's theorem
}G

are valid as both / and < gβ> belong to CC{G).
Thus, by regularity, v = 0, and hence Φ is one-to-one.
But then Φ is a one-to-one linear mapping of C onto the finite

dimensional space B. Therefore C is finite dimensional, Le. μ is U-
almost invariant.

REMARKS, (a) We have not, of course, circumvented the dense-
ness assumption of Theorem 6; as any translation invariant subspace
of C0(G) which contains a compact approximate identity is necessarily
dense in C0(G).

(b) Let μ e V(G) act [7-almost invariantly on a translation invari-
ant subspace X of C0(G)9 and let / be any function given by Theorem
1 such that
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( h(t)dμ(t) = ( h(t)f(t)dm(t) (h e X) .

In general the precise nature of/ is not clear. A plausible conjecture,
in the light of the structure of [/-almost invariant measures, might
be that one could always find some / as above for which {Tsf\ se U}
spans a finite dimensional space of functions. Some support for this
conjecture can be found in the fact that for compact groups and
measures μ which act almost invariantly one can construct such a
function / as a linear combination of the characters common to the
space X and the support of the Fourier-Stieltjes transform of μ.

5* Additional comments* In a previous version of this paper
a seemingly more general problem was considered. A subsemi-group
S of a LC group G will be called admissible if

(i) S is an open subset of G and
(ii) the zero of G is a point of closure of S.
For such subsemigroups (with the obvious changes in the previous

notation) one can consider translation invariant subspaces X of CQ(S),
measures μ e V(S) and open symmetric neighborhoods U of zero in G
such that

h(t)dTsμ(t) = Σ<*i(8) \ h{t)dTHμ{t) (seUΠSJieX) ,

he, one can consider measures μ on S which act [/-almost invariantly
on translation invariant subspaces X of C0(S). Similarly one can consider
μ e V(S) which are [/-almost invariant measures on S, he. {Tsμ \ s G Z7n S}
spans a finite dimensional subspace of V(S).

It is now seen that the most appropriate way to investigate such
measures is to reduce the problem to the context of groups which was
discussed in the preceding four sections. Let us indicate how this
reduction takes place. We shall restrict ourselves to the case where
μ G V(S) acts [/-almost invariantly; the situation for [/-almost invariant
measures is similar.

Suppose X is a translation invariant subspace of CQ(S), μe V(S)
and U is an open symmetric neighborhood of zero in G; and assume
that μ acts [/-almost invariantly on X. Define a new measure μ e V{G)
by μ(E) = μ(E Π S),Ee BC(G). This clearly defines a measure in V(G)
as S is an open subset of Go Also, since S is open the functions in
C0(S) must vanish on the boundary of S, and hence we may consider
Co(S) as a subspace of C0(G) by defining for each feC0(S),f(t) Ξ= 0,
t ί So Let Y be the subset of C0(G) which consists of X, considered
as a subspace in C0(G), and all its translates by elements of G. Clearly
7 is a translation invariant subspace of C0(G). Moreover, it is easy
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t o c h e c k t h a t I | h(t) \ d \ μ \ { t ) < oo,heY, a n d t h a t {Fs\se U Π S}
JO

spans a finite dimensional subspace of L{Y)O

But U Π S has finite positive Haar measure since S is open; and
so by a remark in the first section there must exist some open symme-
tric neighborhood W of zero in G such that {Fs | s e W} spans a finite
dimensional subspace of L(Y), he. μ acts "FF-almost invariantly on Y.

We now can employ the developement of the preceding sections
to investigate μ, and then restricting the functions and measures so
obtained to the admissible subsemi-group S we get the analogous in-
formation about the measure μ. In particular, one can in this fashion
establish theorems for μ e V(S), S an admissible subsemi-group of G9

which are analogs of Theorems 1-7 above.
The reduction just obtained makes it clear that nothing really new

is to be gained by a separate consideration of admissible subsemi-groups0

Therefore a detailed exposition of this situation has been omitted.

REMARKS. It should be noted that a similar development for ar-
bitrary subsemi-groups of G is not possible. Indeed, let G ~ R9 the
additive group of the real line; Sλ and S2 the subsemi-groups of G defined
by Sj. = {s I s ^ 0} and S2 — {s | s > 1}; and define the measure /A e ViSj
by μJJE) = 1 if 0 G E9 μx{E) = 0 if 0 g E\ and the measure μ2 e V(S2)
by μ2{E) = 1 if 3/2 e E, μ2(E) = 0 if 3/2 ^ E. Clearly neither Sx nor
S2 is an admissible subsemi-group, as each violates one of the conditions
for admissibility. Furthermore it is easy to check that {Tsμ{ \ s e SJ
i = 1,2, span finite dimensional spaces, but that there exist no con-
tinuous functions ft on Si9 i = 1,2, for which dμ^t) = fi(t)dm(t) and
{Tafi \se Si} span finite dimensional spaces of functions, i = 1, 2; ieeo

the analog of Theorem 4 fails.
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GENERALIZED CHARACTER SEMIGROUPS:
THE SCHWARZ DECOMPOSITION

Y.-F. LIN

The author's r€sum§: A structure theorem due to
S. Schwarz asserts that if S is a finite abelian or a compact
abelian semigroup admitting relative inverses, than the
character semigroup of S is decomposed into a disjoint union
of character groups of certain maximal subgroups of S. In
this note, among other things, we generalize this Schwarz
Decomposition Theorem to a broader class of semigroups, the
so-called pseudo-invertible semigroups. We also relax the
range of the characters from the semigroup of complex
numbers to a more general semigroup.

For notations and terms not defined here see A. Dβ Wallace [11].
Throughout this paper, let S be always a compact commutative

semigroup, unless otherwise stated. By a character of S is meant a
continuous homomorphism of S into the multiplicative semigroup C of
the complex numbers endowed with the usual Euclidean topology. The
collection of all characters of S, with the value-wise multiplication of
functions, endowed with the compact-open topology, forms a semigroup
which will be denoted by (S, C)~ or simply S~, and will be called the
character semigroup of S. Hewitt and Zuckerman [4] use the term
semicharacter, in the discrete case, for not identically zero characters.
Here we use (S, C) or simply S, as distinguished from SΓ, to denote
the collection of semicharacters of S. We note that S, in general, need
not be a semigroup. We first draw attention to the fact that if χ is
a character of S, then | χ(x) | ^ 1 for every x in So For, otherwise
χ(S) would not be compact. Thus, in the study of characters, only
the unit disc {z: | z | ^ 1} of the complex numbers is used. Let us
write D for this unit disc. The set D itself forms an important
semigroup which is compact, connected, commutative, cancellable,1 has
zero 0 and unit 1; moreover the circumference {z: \ z | = 1} of D is the
maximal subgroup H(l) and D\H(1) is an ideal. However, only some
of these are needed as we shall see below.

Throughout the rest of this paper, let T be an arbitrary, but fixed,
compact commutative cancellable semigroup with zero z and unit u2

such that T\H(u) is a subsemigroup of T. By a generalized character
1 A semigroup S is cancellable if and only if for any nonzero elements a, b, c in

S such that db = ac or ba = ca, then b = c.
2 It is to be understood that z ^ u.
Received August 27, 1964.
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of S is meant a continuous homomorphism of £ to T. As in the case
of character semigroup, the collection (S, T)~ of all generalized charac-
ters of S, with value-wise multiplication of mappings and the compact-
open topology, forms a commutative (topological) semigroup which will
be called the generalized character semigroup of S. We write (S, T)
for the collection of all not identically zero elements in (S, T)~. It
is quite easy to see that if S is a group, then (S, T) — (S, H{u)) and
(S, T) is a group.

THEOREM lβ If S is discrete, then (S, T)~ is compact.

Proof. Since S is discrete, the compact-open topology on (S, T)~
is the relative topology, on the set (not topologized) (S, T)~, of the
Tychonoff product topology on the product P{T:se S}, which is compact
by the Tychonoff theorem. The compactness of (S, T)~ now follows
from the fact that (S, T)~ is a closed subset of P{T:seS}.

DEFINITION 1. For any χ in (S, T)"\ the support of χ, sp(χ), is
the set { ί c ^ e S , χ(s) Φ z}.

We have immediately sp{χ, χ2) = sp{χx) Π sp(χ2) for any χ19 χ2 in
(S, Γ)". It is clear that if χ in (S, T)~ is not identically zero, sp(χ)
is an open subsemigroup of S; such an open subsemigroup will be called
a supporting subsemigroup. Since the support of the zero generalized
character is the void set • , as a convenience we also call Π a sup-
porting subsemigroup. We write henceforth, ^(β) or & for the
collection of all supporting subsemigronps of S.

DEFINITION 2 [8]. The Rees partial-ordering ^ on the set E of
idempotents in S is the subset {(e19 e2) : (e19 e2) e E x E, e±e2 = e^. If
(e19 e2) is in ^ we write, equivalently, eλ ^ e2.

LEMMA 0 [13]. Let (X, ^ ) be a nonvoid compact topological
space endowed with a quasi-ordering g such that for each t in X
the set {x : x e X, x ^ t) is closed in X. Then (X, ^ ) has a minimal
element.

Proof. See Ward [13, Theorem 1].

LEMMA 1. If So is a compact subsemigroup of S, then E(SQ)
has a unique minimal element with respect to the Rees partial-
ordering ίg.

Proof. Since So is a compact semigroup, the set E(S0) of all
idempotents in So is a nonvoid closed subset of So. It is fairly easy
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to see that {x: xe E(S0), x S t} is closed for each t in E(S0). It then
follows from Lemma 0 that (E(S0), ί§) has a minimal element, say e0.
If there were another minimal element e1 in E(S0), then one concludes
e1 — eoe1 = e0. This proves the uniqueness.

DEFINITION 3. If Pe^(S), then σ(P) is the set

{χ:χe(S, Γ Γ

For each P in ^ (S), σ(P) is easily seen to be a cancellable
subsemigroup of (S, T)"\ In general, (S, T)~ may be decomposed into
the union of the disjoint family {σ(P): Pe ^ (S)} of cancellable
subsemigroups of (S, T)".

DEFINITION 4 [l]β A semigroup S admitting relative inverses is
a semigroup such that to each x in S there is a pair (e, x') in E x S
such that xe = # = ex and α cc' = e = x'χe

A well-known result of A. H. Clifford [1] says that a semigroup
is a semigroup admitting relative inverses if and only if it is the
disjoint union of its maximal subgroups. The more general class of
semigroups that we are interested in is the following.

DEFINITION 5 [3]. A semigroup S is pseudo-invertible if and only
if, to each element x in S there is an x in S such that

( i ) xx — x;

(ii) xxn+1 = xn for some positive integer n, and
(iii) x2x — χe

The element x satisfying conditions (i), (ii) and (iii) above turns
out to be unique if it exists [3], in which case it is called the pseudo-
inverse of Xo A semigroup S is pseudo-invertible if and only if, to
every x in S there is an integer n > 0 such that xn is in some subgroup
of S [3], [5], [6]. From this, one sees that the class of pseudo-
invertible semigroups includes all semigroups admitting relative inverses,
all periodic semigroups; all semigroups of matrices; all finite dimensional
affine semigroups (for definition of an afRne semigroup, see [2]) and
many others.

LEMMA 2. Let S he a compact commutative pseudo-invertible
semigroup. Then each supporting subsemigroup P of S is open and
closed. Therefore, if P Φ • then P has a unique minimal idempotent
eP with respect to the Rees partial-ordering on E(P).
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Proof. To show each P in & is open and closed, we may consider
only P Φ Π For any nonvoid P in ^ , there is a χ in (S, T)~ such
that P — {x: xe S, χ(x) Φ Z\. We show, for pseudo-invertible Sf also,
P — {x: x G S, χ(#) e if (u)} and consequently P is open and closed. To
this end, let x be an arbitrary element of the nonvoid set P —
{x: x e S, χ(x) Φ z). Then since S is pseudo-invertible, there is a positive
integer n such that xneH(e) for some e in E; thus, since E(T) —
{z, u}, we must have χ(x)n = χ(xn) e H(u). Consequently, since T\H{u)
is a subsemigroup, we obtain χ(x) e H(u). This proves

{x :xeS, χ(x) Φ z} = P = {x :xe S, χ(x)e H(u)} ,

so that P is open and closed

The set P being a closed subsemigroup of the compact semigroup
S, by Lemma 1, E{P) has a unique minimal element eP with respect
to the Rees partial ordering.

In the following, for Q c S, eQ will be the least idempotent in Q
if it exists.

THEOREM 2. Let S be a compact commutative pseudo-invertible
semigroup. Then the generalized character semigroup (S, T)" of S
may be decomposed into the union of the disjoint family
{(H(eP)9 T): Pe ^} of groups, where we agree that (Hπ, T) — {0}.

The proof of this theorem is contained in the following two lemmas.
It should be noted that when Γ c C , {H{e)f T) is the familiar character
group H{e).

LEMMA 3. Under the hypothesis of Theorem 2, for any nonvoid
P in έ^(S), the maximal subgroup H(eP) of S is the kernel of P;
and the mapping rP\ P-^H(eP) which takes every x in P to xeP is
a (continuous) retraction of P onto H(eP).

Proof. Let x be an arbitrary element of S. Let Γ(x) = {xn\n ̂  1}~
and N(x) = Π{xnΓ(x) :n^ΐ\, then N(x) is the kernel of Γ(x) as well
as, since S is compact, a closed subgroup of S. Thus N(x) contains
a unique idempotent which is designated simply by ex instead of the
rather complicated symbol eN(x). If x is in P we have exeP — eP and
hence the unique idempotent in N(xeP) is eP. Therefore, xeP —
(xeP)eP e N(xeP) c H(eP) for all x in P. To show H(eP) is an ideal of
P, we first show that H(eP) c P. This is true since there is a χP in
(S, T)~ such that an element x of S is in P if and only if χP(x) Φ z;
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s o Xp(ep) Φ z (consequently χP(eP) — u) and thus χP(x) Φ z for all x in
H{eP). Now PH{eP) = PH{eP)eP c PeP c H(eP) shows that H(eP) is an
ideal of P; since it is a group it must be the minimal ideal of P.
The fact that rP\ P —-> H(eP) is a continuous retraction onto is then
evident.

LEMMA 4. Under the hypothesis of Theorem 2, for any nonvoid

P in &*(S), σ(P) = {χ : χ e (S, Γ Γ , sp(χ) = P} is isomorphic to the

generalized character group (H(eP), T) of the maximal subgroup H(eP)

of S. In particular, if TczC, σ(P) is also homeomorphic with the

character group H(eP) of H(eP).

Proof. Let k: σ(P) —> (H(eP), T) be the mapping which takes

each χ in σ(P) to χ | H(eP). Clearly χ e σ(P) implies χ | £Γ{eP) e (iϊ?tfP), Γ).

We have h{χ1 χ2) = (χ: χ2) | 2ϊ(eP) = (χ1 \ H(eP))*(χ2 \ H(eP)) = h{χλ)-h{γ^

so that h is a homomorphism. To show h is an isomorphism, we show

each <p in (H(eP), T) may be extended, uniquely, to a χ in σ(P). To

this end, we define, for φ in (H(eP), T).

^ _ {z, on S\P ,

(φ°rp on P .

This is continuous because rP is continuous and P is open and closed.

A routine verification shows that χ is an extension of φ to an element

in σ(P)o Such an extension is unique as we shall now see. If χ' is

any element in σ(P) with χ' | fl"(eP) — φ, then χ'(α?) = z = χ(x) for all

x in S\P and χ'(a ) = χ'(x) t6 = χ'(a ) χ'(eP) = χ'(αeP) = φ(xeP) =

cporp P(a;) = χ{x), for all a; in P. Therefore, fe is an isomorphism of σ(P)

onto (H(eP)9 T). It remains to show, in the case TaC, that

/&: <7(P) -^ H(eP) is also a homeomorphism. This follows from the fact

that h is one-to-one, continuous and that H{eP) is discrete [7].

COROLLARY. / / S satisfies the hypotheses of Theorem 2, and if

S is connected, then &> = {S, D} and hence (S, T)~ = (H(e8), T) U {0} =

The author is greatly obliged to Professor A. D. Wallace for his
encouragements.
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REPRESENTATIONS OF LATTICE-ORDERED
GROUPS HAVING A BASIS

JUSTIN T. LLOYD

A convex ^-subgroup C of a lattice-ordered group G is said
to be a prime subgroup provided the collection L{C) of left
cosets of G by C is totally-ordered by the relation: xC ^ yC
if and only if there exists ceC such that xc ^y. A collec-
tion C of prime subgroups of G is called a representation for
G if Π C contains no proper ί-ideal of G. A representation C
is said to be irreducible if the intersection of any proper sub-
collection of C does contain a proper Z-ideal of G. C is a
minimal representation if each element of C is a minimal
prime subgroup. A representation C is *-irreducible if Π C =
{1} while Π ( C - {C}) Φ {1} for every CeC. In this paper it
is shown that an Z-group with a basis admits a minimal irre-
ducible representation and that such a representation can be
chosen in essentially only one way. In particular, an Z-group
with a normal basis has a unique minimal irreducible repre-
sentation. In addition, two properties equivalent to the ex-
istence of a basis are derived; namely the existence of a re-
presentation C such that each element of C has a nontrivial
polar and the existence of a ^-irreducible representation.

For a linearly-ordered set L, let P(L) denote the collection of all
order-preserving permutations of L. P(L) is a group under the oper-

ation of composition of functions, and is an i-group if / e P(L) is

defined to be positive provided f(x) ^ x f or all x e L. C. Holland [2]

has related an arbitrary Z-group G to ^-groups of the form P(L) in

the following way: Letting C be a prime subgroup of G, the collec-

tion L(C) of left cosets of G by C is totally-ordered (by the relation men-

tioned above) and the map g —> g where g(xC) = gxC for all xC e L(C)

is an i-homomorphism from G into P(L(C)). This map is called the

natural ί-homomorphism. If C = {Ĉ  | i e 1} is a represention for G

and if d{ denotes the natural i-homomorphism of G into P(L(Ci)), then

the large cardinal product Π of the δ^G) contains an ί-isomorphic copy

of G as an i-subgroup and subdirect product. (This ^-isomorphism is

defined by g—> ( , d^g), •••)•) It is for this reason that C is called

a representation. The main result of [2] is that every i-group has a

representation. If C = {C; | i e 1} is a representation for G and if each

Received July 27, 1964. This research was partially supported by National Science
Foundation grants GP-41 and GP-1791, and represents a portion of the author's
doctoral dissertation. The author wishes to thank Professor P. F. Conrad for his
help in preparing this paper. Several suggestions by the referee have led to im-
provements in this paper.
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Ci is an ί-ideal of G, then C is called a realization of G. In this
case, each δ^G) is a totally-ordered group and G is ί-isomorphic to an
Z-subgroup and subdirect product of a cardinal product of o-groups.
If C is an irreducible representation consisting of Z-ideals, then C is
called an irreducible realization.

2* Minimal irreducible representations of Z-groups with basis*
An element s of an Z-group G is basic provided s > l and {xeG\l^x^s}
is totally-ordered by the order relation in G. A basic element s of G
is normal if s and g~ιsg are comparable {g~ιsg ̂  s or s > #~~1s#) for
all g e G. For x e G, the absolute value of # is defined by | α? | = x V a?"1.
Two elements x and y oί G are said to be disjoint if | a? | Λ 11/1 = 1.
A subset S of G is a basis for G if S is a maximal set of pairwise
disjoint elements and each element of S is basic. A basis S is normal
if each element of S is normal.

P. Lorenzen [4] has shown that an £-group G has a realization if
and only if no positive element of G is disjoint from one of its con-
jugates. P. Jaffard [3] has proven that an abelian i-group has an
irreducible realization if and only if it has a basis. F. Sik [5] gener-
alized this result by showing that for an i-group G, the possession of
a normal basis is equivalent to the existence of an irreducible realiza-
tion of G. Using this result along with Lorenzen's, it is easily seen
that an i-group G with a basis has a realization if and only if it has
a normal basis.

It will now be shown that an Z-group G with a basis has a minimal
irreducible representation which can be chosen in essentially only one
way. The construction depends upon those prime subgroups of G hav-
ing nontrivial polars and not upon the choice of a basis. It will be
shown further that the concept of a minimal irreducible representation
is a direct generalization of the concept of an irreducible realization.

LEMMA 2.1. (P. Conrad, unpublished) A convex l-subgroup C of
an l-group G is prime if and only if the conditions a,beG and
a Λ b = 1 imply aeC or beC.

For an element x of an ί-group G, let D(x) = {yeG\\x\ Λ\y\ = 1}.

For a subset B of G, let D{B) = f\D(x) (xeB). Since each D{x) is

a convex i-subgroup of G, D(B) is also a convex J-subgroup of G.

LEMMA 2.2. Let C be a prime subgroup of the l-group G where
D{C) φ {1}. Let seD(C), s > 1. Then s is basic, C = D(s) and C is
minimal prime. Conversely, if s is basic, then D(s) is a prime sub-
group of G and seDD(s).
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Proof. Let s ^ x ^ 1 and s ^ y ^ l . Then x(x A y)~\ y(x A y)~ι e

D(C) and a?(a; Λ y)~x A y(x A y)~x = 1. It follows from Lemma 2.1 that
α(α Λ y)~' e C Π D(C) or y(x A y)~ι eC f] D(C) and so x(x A y)~ι = 1 or
y(x A yY1 — 1. Thus y ^ x or x ^ y and so s is basic. Since s ί C ,
Lemma 2.1 implies that 2?(s) S C and since s e D(C) it is immediate
that C S D(s). Thus C = D(s). Since D(s) is contained in any prime
subgroup which does not contain s9 it is clear that C is minimal.

Suppose s is basic and let a,beG be such that a A b = 1. If
α, b £ JD(S), then s ^ α Λ O l and s ^ 6 Λ s > 1. Since s is basic,
α Λ s ^ ό Λ s or 6 Λ s > α Λ So In either case it follows that a A b A s > 1,
contradicting the assumption that a A b = 1. Thus a A b = 1 implies
that aeD(s) or beD(s) and so Z)(s) is prime by Lemma 2.1. It is
clear that seDD(s).

LEMMA 2.3. Let C1 and C2 be distinct prime subgroups of the
l-group G. Then jD(d) Π D(C2) = {1}.

Proof. If A d ) Π D(C2) ^ {!}, let seDiCJ Π 2?(C2) where β > 1.
By Lemma 2.2., Cλ = D(s) — C2; and this contradicts the supposition
that d ^ C2.

THEOREM 2.1. Let C be the collection of all prime subgroups C
of the l-group G such that D(C) Φ {1}. For each C e C", let s(C) e D(C)
where s(C) > 1. Then the following are equivalent:

(a) {s(C) I C e C'} is a basis for G.

(b) Π C ' = {1}.
(c) Cr is a representation for G.

In case any of these conditions hold, a subset C of C" is an irre-

ducible representation if and only if C contains exactly one group

from each conjugate class in CO

Proof. Suppose that (a) holds and let xeG where x > 1. Then
there exists C e C" such that x A s(C) > 1. By Lemma 2.2., D(s(C)) = C
and so xίC Thus f\Cf = {!}. (b) implies (c) by definition. If (c)
holds and if 1 < x e G, then there exists g e G and C e C such that
g~xxg^C. Thus xigGg"1 while gCg~ιeCr. It follows from Lemma
2.1. that x A sigCg-1) > 1. Therefore {s(C) \ Ce C'} is a basis for G.

It is clear that an irreducible representation cannot contain distinct
conjugate subgroups. Suppose then that C contains exactly one group
from each conjugate class in C\ Let 1 < xe G and let C e C ' b e such
that x A s(C) > 1. There exists geG such that g~ιCgeC and since
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x $ C it follows that g~xxg ? Π ^ . Thus Π C contains no proper Z-ideal

of G and so C is a representation of G. If E is a proper subcollection

of C, let C e C be such that no conjugate of C is in E. If there

exists CxeE and # e G such that g^sifygg CΊ, then s(C) g gCxg~ι while

gCγg~ιeC. The only element of C" not containing s(C) is C and so

gCλg~ι — C contradicting the supposition that no conjugate of C is in

E. Thus Π E does contain a proper Z-ideal and so C is an irreducible

representation of G.

COROLLARY 2.1. If S is a basis of the l-group G, then {D(s) \se S}

is the set Gf of all prime subgroups C of G which satisfy D(C) Φ {1}.

Proof. By Lemma 2.2. {D(s) \ se S} g C". Thus Γ\C' = {1} and
so it follows from the Theorem that {D(s) \ se S} — C.

COROLLARY 2.2. Every l-group with a basis admits a minimal
irreducible representation.

COROLLARY 2.3. An l-group G has a representation C such that
D(C) Φ {1} for each CeC if and only if G has a basis.

The above results show one way in which a minimal irreducible
representation can be chosen for an i-group with a basis. The fol-
lowing shows that this is the only way in which such a representation
can be chosen.

THEOREM 2.2. If an l-group G has a basis S and if C is a
minimal irreducible represntation for G9 then C g C = {D(s) \ s e S}.
Thus C contains exactly one group from each conjugate class in Cf.

Proof. Let CeC. Then Π (C — {Q) contains a proper ί-ideal
N of G. (For the purpose of the following argument, let N — G in
case C has only one element.) Let 1 < ge N and choose se S such
that 1 < g Λ s ^ s. Then g Λ s is basic and since 1 < g A s ^ g,
h~~ι(g Λ s)he N for all he G. Since Π C does not contain an ί-ideal of
G, there exists keG such that k~\g A s)kg C. Moreover, k~\g A s)k
is basic. Since C is prime, it follows that D(k^(g A s)k S C. The
minimality of C implies that D(k~\g A s)k) = C. It follows from Corol-
lary 2.1. that C e C.

It is easily seen that a basic element s is normal if and only if
D(s) is an ί-ideal. The following is then immediate.
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COROLLARY 2.4. An l-group with a normal basis has a unique
"minimal irreducible representation C and each element of C is an
l-ideal. Thus C is an irreducible realization.

THEOREM 2.3. A representation C of an l-group G is ^-irreducible
if and only if G has a basis S and C = {D(s) \ se S}.

Proof. If G has a basis S and if C = {D(s) \ se S}, it is clear
that C is a *-irreducible representation of G.

Suppose then that C is a *-irreducible representation and let C"
denote the collection of prime subgroups C of G such that D(C) Φ {1}.
Let CλeC and let 1 < g e f| (C - {C,}). If K^heC, then g f\hef\C
and so g A h = 1. Thus D(Cύ Φ {1} and s o C g C . It follows that
f| Cr = {1} and therefore by Theorem 2.1. that {s(C) \ Ce C'} is a basis
for G. By Corollary 2.1., C = {D(s(C)) \ CeC}o Since the intersection
of any proper subcollection of C is nontrivial, it follows that C = C'.

COROLLARY 2.5. (F. Sik [5]) An l-group G has a normal basis
if and only if it has an irreducible realization.

Proof. If G has a normal basis S then C" = {D(s) \ se S} is an
irreducible realization.

If C is an irreducible realization of G, then C is a *-irreducible
representation of G. It follows from the Theorem that G has a basis
S and C = {D(s) \ se S}. Thus each D(s) is an Hdeal of G and so S
is a normal basis for G.
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ON RELATIVE COMMUNITY

T. G. MCLAUGHLIN

The paper relates to questions raised by A. A. Muchnik
in a 1956 Doklady abstract, namely, whether a noncreative
r.e. set can be simple in a creative one, and whether a creative
r.e. set can be simple in a noncreative one. We furnish a
negative answer to the second question, and give a variety of
partial results having to do with the first. Thus, we show
that no universal set can have immune relative complement
inside a noncreative r.e. set and that any r.e. set which is
hyperhypersimpie in a creative set must itself be creative;
whereas, there exist three sets a, β, γ, a Q β ^ γ, such that
β is creative, a and γ are nonuniversal, and both β — a and
γ — β are hyperhyperimmune.

In addition, we answer two questions of J. Pβ Cleave re-
garding the comparison of effectively inseparable (e.i.) and
"almost effectively inseparable" (almost e.i.) sequences of r.e.
sets. Thus: a sequence can be almost e.i. without being e.i.;
and an almost e.i. sequence of disjoint rβe. sets may have a
noncreative union.

1. In [7], Muchnik formulated (in slightly different language)
the following two problems: given two r.e. sets Δ, Σ, with Δ S Σ and
Σ — A immune, can we have

(1) A creative and Σ mesoic?
(2) A mesoic and Σ creative?

In the present paper, we consider these questions relative to not-
necessarily-rβe. universal sets; and we make two or three applications
of our results to matters considered in [7] and [l]β We are indebted
to J. P. Cleave for providing us with a draft copy of [1], which has
since been supplanted by a (forthcoming) joint paper of Cleave and
C. E. M. Yates. (For an abstract of the Cleave-Yates paper, see [2].)

2* Definitions and preliminary lemmas* Basic terminology is
essentially as in [3]. Notational departures from [3]: we use 'Wx'
in place of 'ωx', 'φ', in place of '0' for the null set, ' U ' for union,
TV for intersection, and ' —' instead of a prime symbol for comple-
mentation. A set A of natural numbers is said to be immune just in
case A is infinite and, for all i, if Wi Si Δ then Wt is finite. If Δ,

Received June 6, 1963, and in revised form July 16, 1964. Preparation of this
paper has been carried out, in part, under fellowship support from the National
Science Foundation. The material in the paper is based on some results given in
the writer's Ph. D. dissertation, submitted to the Graduate Division of the Univer-
sity of California at Los Angeles in May, 1963. We are indebted to the referee for
pointing out some expository flaws in the original version of section 2.
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Σ are sets of numbers such that A £ Σ and Σ — A is immune, we say
that Δ is coimmune in Σ. (In case A — Wj, Σ — Wk, for some j and
k, we say instead that Δ is simple in Σ.) Similarly, if Δ ξΞ= Σ and
Σ — A is hyperhyperimmune, we say that A is cohyperhyperimmune
in 21, or that A is hyperhy per simple in Σ9 in case both z/ and Σ are
r.e. (For definition and discussion of the notion of hyperhyperimmunity,
the reader may consult [9] or [10]; the existence of hyperhypersimple
sets is known from [5].)

LEMMA 1. There exists a set of numbers, a, such that both a
and its complement, a, are hyperhyperimmune.

Proof. This follows from the definition of hyperhyperimmunity
([10]) by a straightforward diagonal argument, since there are only
countably many recursive sequences of pairwisedisjoint nonempty finite
sets.

The terms 'creative', 'productive' 'contraproductive' 'mesoic' and
'simple', as applied to number sets, have their customary significance
(see [3]). A mesoic set A is said to be pseudosimple just in case, for
some number j , Wj £ A and A (j Wj is simple. We will make use of
the (more or less) standard notations ' ί ^ - / and ' g^ i ' for the rela-
tions of (recursive) many-one and one-to-one reducibility, respectively.
By a universal set is meant a set A of numbers such that Wj ^ ^ A
for all j (or, equivalently as it happens, Wj ^m-iΔ for all j).

Lemma 2. ([11, Chapter 5, Proposition 2 and Theorem 6],
noting that g and t can be one-to-one in the cited Theorem 6; see
also [4, Proposition 1.12]). A is universal if and only if A is
productive.

Let an infinite set A be given. Suppose there is a partial recursive
function p such that, for all j , if Wj Q A then j is in the domain of
p and (Vi)(ie Wj=>p(j) > i). Then (and only then), we say that
A is strongly effectively immune. An r.e. set with a strongly
effectively immune complement is called strongly effectively simple.
An example of a strongly effectively simple set: the simple-but-not-
hypersimple set of Post [9]. The following fact is easy to establish,
using a trick due to Myhill ([4]):

LEMMA 3. If A is strongly effectively immune, then there is a
•recursive function, r, such that (V̂  ) (Wj £ A ==> (Vi) (i e W3 ==> r(j)

>i)).

In [1] and [6], it has been noted that Friedberg's procedure ([5])
for decomposing a nonrecursive rβe. set into two nonrecursive, r.e.,
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disjoint subsets can be extended to provide K(r.e.) components, for any
K such that 2 ̂  K ̂  Ho, in such a way that, in the case K — Ho>
the components are presented in a recursive sequence (i.e., in a
sequence indexed by a recursive function). In [1], extending an
important observation of Yates, Cleave shows that if decomposition of
a nonrecursive r.e. set Σ into K r.e. components (2 ^ K g Ho) is car-
ried out according to this extension of Friedberg's construction, then
any two of the resulting components are recursively inseparable in a
remarkably strong sense: namely, if Wj is any one of the components,
then, for arbitrary k, Wk ϋ Wj=^Wk — Σ is r.e.

In general, suppose {Wr}reR is an indexing of the set of components
in a iΓ-component decomposition of the nonrecursive r.e. set Σ into
r.e. subsets (2 ^ K ̂  Ho), where R is understood to be r.e. in case
K = Ho Then, we shall say that the decomposition in question is a
CFY(K)-decomposition just in case, for any such index set R, r e R
=> (V,-) (Wj ^Wr^Wj-Σ is r.e.).

Suppose that, in fact, there is a partial recursive function p such
that reR=> (v, ) (Wj g ΐ? r => p(r, i) is defined and Wp{rJ) = (Wj - 21)
U (a finite subset of 21). We shall, under these circumstances, say
that the CFF(iΓ)-decomposition of Σ whose components are given by
the set {TFrlrei? is a strong CjFF(if)-decomposition of Σ.

The fundamental observation of Cleave and Yates is then just
this:

LEMMA 4. Let Σ be a nonrecursive r.e. set, and suppose 2 ̂
K ^ H o . Then Σ admits a strong CFY(K)-decomposition.

The next two lemmas express simple but useful properties of
CjPYr(ίΓ)-decompositions.

LEMMA 5. Let Σ be an r.e., nonrecursive set, and Wj a com-
ponent in a CFY(K)-decomposition of Σ. Then Wj is not simple in
any r.e. set.

Proof. Suppose, to the contrary, that Wj £ Wk, where Wk — Wj
is immune. The union of the components other than Wj is an r.e.
set, say We; hence, since Wk — Wj is immune and Wj Π We — φ, we
have We Π Wk = a finite set. Therefore, Wk - (We Π Wk) is r.e.,
includes Wj, and misses We (and hence misses each of the components
going to make up We). Thus, (Wk — (We (Ί Wk)) — Wj must be an
r.e. set. But here is an absurdity, since (Wk — (We Π Wk)) — Wj
must be immune. The lemma follows.

LEMMA 6. Let A be either a creative set or a nonpseudosimple
mesoic set. Let Δx, J 2 be the components in a CFY(^-decomposition
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of A. Then, at least one of Δ19 Δ2 has the property of being neither
pseudosimple nor many-one reducible to a simple set.

Proof. Let Σί9 Σ2 be pseudosimple mesoic sets. Suppose Σι U 22

is neither simple nor recursive. Let Σ[9 Σ2 be r.e. sets such that
Σ[ C Σ19 Σ'2 S Σ29 and Σγ U Σ[f Σ2 (J Σf

2 are simple. Now, (Σ, U Σ[) Π

(22 U 20 is simple, and is a subset of (Si U Σ2) U (Σ[ Π 2*0. Hence,
since 2\ U ̂ 2 is not recursive, (2\ U -Σ"2) U (SI Π 2Ό is infinite and so
(2Ί U Σ2) (J (-ΣΊ' ΓΊ 2Ό is simple. Therefore Σ1 U Σ2 is pseudosimple.
Thus, we see that either Δ1 or Δ2 must be nonpseudosimple. It is an
evident feature of Ci^F(iΓ)-decompositions that the components are
pairwise recursively inseparable; and from this it follows that neither
Δ1 nor Δ2 can be many-one reducible to a simple set. The lemma fol-
lows. (We will see later, in Theorem 6, that Δ19 Δ2 must be mesoic
when Δ is creative, as well as when Δ is noncreative.)

Recall that Wi9 W3 are termed effectively inseparable just in case
Wi Π Wj = φ and there is a partial recursive function p such that,
for all k and m, if W{ S Wk9 W5 S W^ and Wk Π ΐ^m = ^, then
)̂(fc, m) is defined and lies outside Wk U T7W. In [1], Cleave considers

the following two sequential variations on this concept:
Let {TFru)} be a recursive sequence (i.e., the indexing function r

is recursive) of pairwise-disjoint, nonrecursive r.e. sets. {T7r(ί)} is e.i.
(Cleave) just in case, for i Φ j 9 there is a partial recursive function
Pu such that, if WrU) S Wk, Wr{j) S Wmf and Wk Π Wm = φ, then
Pitj(k9m) exists and lies outside Wk U Wm U (UnWV^)). Again, Cleave
calls (Wru)} almost eΛ. just in case, whenever i Φ j 9 there is a partial
recursive function pίfj such that, if T7r(ί, £ W"̂ , Wr(j, £ TF ,̂ and
If f c n TFm = ^, then pitj(k9 m) is defined and WPuj{k>m) is an infinite
recursive set whose intersection with Wk U Wm U (U»Wr(n)) is finite.
Cleave shows, in [1], that the CjPF(^0)-decomposition of the creative
set {x I x e Wx} given by the extended Friedberg construction presents
an almost e.i. sequence; his argument, in fact, is'valid for any strong
CFF(^0)-decomposition of a creative set1. He then asks:

(1) Do there exist almost e.i., non-e.i. sequences?
(2) Must the union of the terms of an almost e.i. sequence be

creative?
In § 3 we shall provide pleasantly straight-forward proofs that the

answers to these two questions are, respectively, "yes" and "no".
One other concept, of Muchnik's ([7]), will receive a little of our

attention in §3: the notion of "sets-of-a-pair in an r.e. set". We

1ΓΓhis proof of Cleave's, showing that any strong CFF(^o)-decomposition of a
creative set presents an almost e.i. sequence, will, presumably, appear in the paper
corresponding to [2].
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rephrase Muchnik's original definition as follows: Disjoint r.e. sets
Δo, Ax are said to be sets-of-a-paίr in the r.e. set Σ just in case Ao U
A^Σ, Σ — (Ao U Δλ) is infinite, Σ is indeed r.e., and, for all i and
for j = 0, 1, A3 C WiSΣ=* [(W, - Δd is finite) or (W{ ΓΊ Λ-; ^ 0)].
We shall say that an r.e. set A is SOPRE just in case there exist
two other r.e. sets, Σλ and Σ2y such that A, Σλ are sets-of-a-pair in
the r.e. set Σ2.

REMARK. It is not hard to show that any creative set is SOPRE.
In Theorem 9 we will put forward an additional bit of information on
SOPREness.

One further lemma will prove handy in § 3.

LEMMA 7. The question whether a mesoic set can be coimmune
in a universal set reduces to the question whether a mesoic set can
be simple in a creative set.

Proof. Suppose A is universal, Σ mesoic, and Σ is coimmune in
A. Let Σu Σ2 be an effectively inseparable pair of disjoint creative
sets. Since A is universal, there is a one-to-one recursive function /
such that /(2Ί) C Δ, f(Σ2) s 3. Now, /(2Ί), f(Σ2) are themselves ef-
fectively inseparable ([11, Chapter 5, Proposition 4]). Hence, since
ΣQf(Σ2), the sets f(Σ,) U Σ7 f(Σ2) are effectively inseparable. There-
fore, f{Σλ) U Σ is creative. Hence (/(2Ί) [j Σ) - Σ must be infinite;
and so Σ is simple in the creative set /(2Ί) U Σ, proving the lemma.

3* Theorems*

THEOREM 1. A universal set cannot be coimmune in a mesoic
set.

Proof. Suppose that A is universal, Σ mesoic, A ϋ Σ9 and Σ — A
is immune. Let Σ19 Σ2 be disjoint, effectively inseparable r.e. sets.
Let / be a one-to-one recursive function reducing Σ± to A. Then
f(Σ2) <Ξ I; hence, since Σ — A is immune, f(Σ2) Γ) Σ must be finite.
Therefore, Σ — (f(Σ2) f] Σ) = Σ3 is a mesoic superset of /(2Ί) which is
disjoint from f(Σ2). But /(2Ί), /(^2)

 a r ^ effectively inseparable; and
so also Σ3, f(Σ2) are effectively inseparable. But this is impossible,
since Σ3 is mesoic. The theorem follows.

THEOREM 2. If A is a universal set, then there are two non-
universal sets Σι and Σ2 such that Σx is cohyperhyperimmune in A
and A is cohyperhyperimmune in Σ2.

Proof. Applying Lemma 1, let Δ1 be a hyper hyper immune set
whose complement is likewise hyperhyperimmune. Since both a univer-
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sal set and its complement have infinite r.e. subsets, the sets Δ 0 Δίf

Δ Π Δ1 must be infinite and therefore immune (indeed, hyperhyper-
immune); and we have, clearly, Σ1~Δ(λΔ1 cohyperhyperimmune in
Δ cohyperhyperimmune in Σ2 = Δ U (Δ f) Λ). It remains to see that
Σ19 Σ2 are not productive. Now, Σ2 = Δ± f) Δ cannot be productive,
since it is immune. If Σ1 were productive, it would be contraproductive
(Myhill); hence, since a contraproductive set has a nonimmune comple-
ment, Σί is not productive, and the proof is complete.

THEOREM 3. (i) A pseudosimple set cannot be coimmune in a
universal set.

(ii) If Δ is a mesoic set such that Δ ̂ w_i2 r for some simple set
Σ, then Δ cannot be coimmune in a universal set.

(iii) There are mesoic sets Δ, neither pseudosimple nor many-
one reducible to a simple set, such that Δ is not coimmune in any
universal set.

Proof. It follows from Lemma 7 that we need only prove (i),
(ii), and (iii) with 'universal' replaced by 'creative'. Then (i) becomes
evident, since a simple set cannot have a creative superset; (ii) is an
easy consequence of the (easily proved) Theorem 5 of [7] together
with the fact that any creative set is recursively inseparable from
some r.e. subset of its complement; and (iii) results at once from
Lemmas 5 and 6.

THEOREM 4. If an r.e. set Δ is hyperhy per simple in Σ, where
Σ is creative, then Δ must also be creative.

Proof. It was pointed out by Yates, in [12], that an r.e. set Δf

with infinite complement, is hyperhypersimple if and only if there is
no recursive sequence {Wru)}9 of pairwise-disjoint r.e. sets (finite or
infinite), such that Wr{i) Π Δ Φ Φ holds for all i. It readily follows
from consideration of inverse images of r.e. sets under one-to-one
recursive functions that, for r.e. sets Δ and Σ, Δ is hyperhypersimple
in Σ if and only if Δ S Σ, Σ — Δ is infinite, and there is no recursive
sequence {Wr(i)} of pairwise-disjoint r.e. subsets (finite or infinite) of
Σ such that (Vi) (Wr{ί) Π (Σ - Δ) Φ Φ). Now, it follows straight-
forwardly from MyhilΓs isomorphism theorem ([8]) that if Σ is creative,
then there is a recursive sequence {Wr(ί)} of pairwise-disjoint creative
sets such that Σ = \JiWr{i). Let {TFrU)} be such a sequence, relative
to the given creative set Σ; and suppose Δ is an r.e. set hyperhyper-
simple in Σ. It follows that there is at least one i such that Wr{i) Π
(Σ — Δ) = φ; i.e., Wr{i) C Δ. But then Δ is the disjoint union of the
r.e. sets Wr{i) and Δ Π (UίVi^r(i)); and hence, since Wr{i) is creative,
Δ is creative.
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THEOREM 5. If an r.e. set Δ is strongly effectively simple in Σ,
where Σ is creative, then Δ must also be creative.

Proof. Applying Lemma 3, Let s be a recursive function such
that, for all numbers i, W{ g Σ - Δ ==> (Vx) (x e Wi => s(i) > x). (It is
not really essential to our purposes to have a total function s, but
the proof is just a bit less cumbersome if we do.) Now, there exist
a recursive function r, and a strictly increasing recursive function
q, such that, for all i, Wr{i) = W{ Π Σ and Wq{i) = ^ — {α; | x < sr(i)}.
Let j> be productive for Σ: by results of Myhill, we may assume p to
be strictly increasing and recursive. Let t be a 2-place recursive
function such that Wh{ίfj) — Wi and h(i, j) > j , for all i and j . Then,
the function p* defined by p*(x) = p(h(x, sr(x))) is productive for Σ,
and has the property that p*(i) > sr(i), for all i. Since p* and q are
strictly increasing, then, we see that p*q(ϊ) > sr(i), for all i. We
now claim, and the reader will easily check, that the function p*q is
productive for I. This completes the proof.

THEOREM 6. Each component of a CFY(K)-decomposition of a
creative set, 2 gΞ K ^ ^ 0 , is mesoic.

Proof. Suppose, to the contrary, that I7 is a component in a
CjPF(iΓ)-decomposition of a creative set Δ, and that Σ is creative.
Now, it is easily verified that if / is a one-to-one recursive function
generating Σ, and Σ1 is a hyperhypersimple (strongly effectively simple)
set, then /(2Ί) is hyperhypersimple (strongly effectively simple) in Σ.
Hence, by Theorem 4 or Theorem 5, /(2Ί) is creative. It follows from
the Myhill isomorphism theorem that Σ itself is simple in a creative
set (consider a recursive permutation mapping f(Σλ) onto Σ). But, by
Lemma 5, Σ cannot be simple in any r.e. set; and from this contradic-
tion, the theorem follows.

THEOREM 7. Let {WrU)} be a recursive sequencing of the com-
ponents of a strong CFY(#0)-decomposition of Σ, Σ a creative set.
Then, the sequence {Wr{i)} is almost e.i. but not e.i.

Proof. Wr(0), Wru), ••• is an almost e.i. sequence by the result
of Cleave ([1]) cited in §2. It is clear that if Wr{Q), Wrω, ••• were
an e.i. sequence, then, for i Φ j , the terms Wr{i), Wru) would be
effectively inseparable. But hence, Wr{i), Wr{j) would be creative;
whereas, by Theorem 6, they must be mesoic. From this contradiction
in the subjunctive mood, we conclude to Theorem 7.

THEOREM 8. The union of the terms of an almost e.i. recursive
sequence of pair wise-disjoint r.e. sets need not be creative. Indeed:
if Σ is a creative set, then Σ is the disjoint union of two mesoic
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sets Δlf A2, each of which is the union of the terms of such a
sequence.

Proof. Again, let {Wr{i)} be a recursive indexing of the components
of a strong CFY(K)-decomposition of Σ, so that the sequence Wr^,
Wr{1), ••• is almost e.i. Now, it is easy to see that each of the sub-
sequences Wr{0), Wr{2), WrU)f •••> Wrω, Tfr(3), WrW, ••• is likewise
almost e.i. Since {Wr(i)} is a Ci*Ύ(^0)~decomposition of Σ, the pair of
sets \J2\iWr{i), UzfiWru) are the components of a CFY(2)-decomposition
of Σ. Hence, by Theorem 6, each of \J2\iWrii), \J2uWr{i) is mesoic,
and the theorem is proved.

THEOREM 9. Suppose Δlf A2 are sets-of-a-pair in the r.e. set Σ.
If Δ1 is creative, then Σ is creative. On the other hand, if Σ is
creative, there exist two mesoic sets Δ19 A2 such that Δl9 A2 are sets-
of-a-pair in Σ.

Proof. For the first assertion: if Aι is creative, so is Δ1 U A2. But
Δj_ U A2 is simple in Σ. Hence, by Theorem 1, Σ must be creative.
For the second assertion: Let Σf be any r.e. set which is simple in
Σ, and let Alf A2 be the components of any CFY(2)-decomposition of
Σ'. It is then easily checked that Δ19 Δ2 are sets-of-a-pair in Σ; and,
by Theorem 6, Δ1 and Δ2 must be mesoic.

REMARK. The first assertion of Theorem 9 extends and completes
Theorem 8 of [7].

Notice that, in the proof of the second part of Theorem 9, we
proceeded in such a way that at least one of Δlf A2 must be non-
pseudosimple; this follows from Theorem 3(i) and Lemma 6. It is not
hard to insure that both Al9 A2, be nonpseudosimple mesoic sets. For
choose Σr to be a creative set, and apply the following general result.

THEOREM 10. Let Σ be a creative set, and Δ19 A2 two mesoic sets
(not necessarily disjoint) such that Δx U A2 = Σ. Then neither Δx

nor A2 can be pseudosimple.

Proof. Suppose, to the contrary, that (say) Δ1 is pseudosimple:
let j be a number such that W$ £ Δί9 Δ1 U W3- — Az is simple. Let /
be a one-to-one recursive function generating AB. Now, creative sets
intersect simple sets creatively ([3, Theorem T2.6(2)]); so, Σ f] Λs =
Δλ U (Δ2 Π ΔB) = a creative set. Again, as is easy to verify, mesoic
sets intersect simple sets mesoically; thus, A2 Π A3 is mesoic. Hence,
by [3, Theorem 772.6(2)] and the fact that removal of any recursive
subset from a creative set leaves a creative residue, we see that Δ2 Π
Wj is mesoic. Now, f~\Σ (Ί Δz) — a creative set. This follows from
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[3, Theorem T2.6(l)] and the (easily verified) fact that if r(Δ) is
productive, r a 1-to-one recursive function, then also A is productive.
But t\Σ Π 4) = /"Vi) U t\Δ, n W5). Furthermore, /^(Λ) is re-
cursive, since its complement is f~\Wj). Hence, f"1(A2 Π Wj) must be
creative. But therefore, since / is one-to-one recursive, ff~\A2 Π
Wj) — A2 n Wj — & creative set: contradiction. The theorem follows.

REMARK. Theorem 10 can also be proved with the word 'pseudo-
simple' replaced by the words 'many-one reducible to a simple set';
however, the latter result does not interest us here.

The following two assertions, related to Theorem 3, may also be
proven: (i) a mesoic set A which is many-one reducible to a pseudosίmple
set cannot be coimmune in a universal set; and (ii) if A is r.e. and is
coimmune in a creative set, then A is almost effectively inseparable
from some creative set.
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^-BOUNDED HARMONIC FUNCTIONS
AND CLASSIFICATION OF RIEMANN SURFACES

MITSURU NAKAI

Let Φ(t) be a nonnegative real valued function defined for
t in [0, oo) such that Φ(t) is unbounded in [0, <XD) and bounded
in a neighborhood of a point in [0, oo). A harmonic function
u on a Riemann surface R is said to be 0-bounded if the
composite function Φ(\ u |) has a harmonic majorant on R.
Denote by OΠΦ the class of all Riemann surfaces on which
every ^-bounded harmonic function reduces to a constant.
The main result in this paper is the following: OHΦ — OHp
(resp. OHB) if and only if d(Φ) < oo (resp. d(Φ) = oo), where
diΦ) = lim supί̂ oo Φ(t)jt. This is the best possible improvement
of a result of M. Parreau.

We also prove a similar theorem for the classification of
subsurfaces of Riemann surfaces using ^-bounded harmonic
functions vanishing on the relative boundaries of subsurfaces.

The chief tool of our proof is the theory of Wiener com-
pactifications of Riemann surfaces.

Consider a nonnegative real valued function Φ(t) defined for all
real numbers t in [0, co). A harmonic function u on a Riemann1,
surface R is said to be (^-bounded if the composite function Φ(\ u |) has
a harmonic majorant on Rβ The totality of (^-bounded harmonic
functions on R is denoted by HΦ{R), or simply HΦ. We denote by
OHΦ the class of all Riemann surfaces R on which every (^-bounded
harmonic function reduces to a constant. Our problem is to determine
OHΦ for every Φ.

First assume that Φ(t) is bounded on [0, co). Then every harmonic
function is (^-bounded. Hence R belongs to OEΦ if and only if there
exists no nonconstant harmonic function on R. Thus the class OHΦ

consists of all closed Riemann surfaces if Φ is bounded. Soon we
see that the converse is also valid. Hence, hereafter, we always
assume that

(1) Φ(t) is unbounded on [0, co).

We say that Φ(t) is bounded at a point t0 in [0, co) if there exists a
neighborhood of t0 relative to [0, oo) in which Φ(t) is bounded. Now
assume that Φ(t) is not bounded at any point of [0, co). Let u be a
nonconstant harmonic function on R. Then Φ(\ u |) is not bound at any
neighborhood of any point of R and so u is not ^-bounded. Thus the
class OHΦ consists of all Reimann surfaces if Φ(t) is not bounded at
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any point of [0, oo), Soon we see that the converse is also true.
Hence, hereafter, we always assume that

(2) Φ(t) is bounded at least at one point in [0, oo).

Now our problem which is left is to determine OSΦ for functions Φ
satisfying the two conditions (1) and (2). For the aim, we put

d(Φ) = lim sup Φ(t)/t .
t-*oo

Clearly 0 ^ d(Φ) ^ oo. Our result is stated as follows:

THEOREM 1. Assume that Φ satisfies (1) and (2). If d(Φ) is finite
{resp. infinite), then OHΦ — OHP {resp. OHB).

Since the restrictions on Φ are exclusive each other, we also see
that OHΦ — OΠp (resp. OHB) implies that Φ satisfies (1) and (2) and d(Φ)
is finite (resp. infinite). This theorem is proved by Parreau [3] for
the special Φ which is increasing and convex (and so continuous) (see
also Ahlfors-Sario's book [1], pp. 216-219). Parreau's proof keenly
uses the increasingness and convexity of Φ and one might suspect that
these assumptions are inevitable. We are interested in the fact that
for the validity of Parreau's result, no assumption is needed for Φ
except the inevitable conditions (1) and (2). Thus our Theorem 1 is
the best possible generalization of Parreau's result at least in the
above formulation.

2. Before entering the proof of Theorem 1, for convenience, we
explain an outline of the Wiener compactίfication of a Riemann
surface and its some properties which we use in the proof of Theorem
1. For details, consult Constantinescu-Cornea's book [2], § 6, 8 and 9.

Let F be a Riemann surface not belonging to OG and / be a real
valued function on F. Let WF (resp. WF) be the totality of super-
harmonic (resp. subharmonic) functions s on F such that there exists
a compact subset Ks of F with the property that / ^ s (resp. f^s)

on F — Ks. If Wf and WF are nonvoid, then WF and Wf are Perron's
families and so

hF{p) = inf (s(p); seWf) and hF

f{p) - sup (β(p); se Wf)

are harmonic and hF ^ hj. If hF = hF on F, then we write hF —
hf = hf and we call / to be harmonizable on F.

Let R be an arbitrary Riemann surface. A real-valued function
/ on R is said to be a continuous Wiener function if (a) for any sub-
surface F of R with F<£θQ as a Riemann surface, the restriction of /
on F is harmonizable on F and the restriction of \f\ on Fhas a super-
harmonic majorant on F\ and if (b) / is finitely continuous on R. We
denote by WC = WC(R) the totality of continuous Wiener functions
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on R. We also denote by WB — WB(R) the totality of bounded members
in WC. Observe that WC (resp. WB) is a vector space and closed
under max and min operations. Any continuous superharmonic function
on R which has a harmonic majorant clearly belongs to WC. Hence
HP c WC and HB c WB.

There exists a unique compact Hausdorff space R* containing R
as its open and dense subset such that C(R*)\ R = WB(R), where C{R*)
is the totality of finitely continuous functions on R* and C(R*)\R is
the totality of restrictions of functions in C(R*) to R. We call R*
the Wiener compactification of R. By the obvious identification, we
may simply write as C(R*) = WB(R). It is clear that any function
in WC(R) is (not necessarily finitely) continuous on iϋ*, or more ac-
curately, is continuously extended to R*. Hereafter, we use topological
notions relative to iϋ* only. For example, A for A a R means the
closure of A in iϋ*. But the notation dA for A c i?* is the only
exceptional. dA means the boundary of A Π R relative to R.

Let W0C(R) = (fe WC; hR

f = 0) if RίOG and W0C(R) = WC if
ReOG. We set A = (pe R*; f(p) = 0 for any / in W0C). This is a
compact subset of Γ = R* — R and called the (Wiener) harmonic
boundary of R. It is seen that W0C = (fe WC; / = 0 on zί). From
the definition, it is obvious that ReOGΊϊ and only if A — φo Moreover,

LEMMA 1. Re OHB — OG if and only if A consists of only one
point.

Let F be an open subset of R each boundary point of which is
regular for Dirichlet problem and dF Φ Φ. Such an F is called a
regular open subset of R. We say that Fe SOHB if any connected
component of F does not carry any nonconstant bounded harmonic
functions vanishing continuously at OF. The most important is the
following

LEMMA 2. Fi SOΠB if and only if F — dF contains a point of
A.

As an corollary of this, we can easily see the following useful

LEMMA 3. Let F be a regular open subset of R and s be a
superharmonic function on F bounded from below. If

lim inf s(p) >̂ 0
F Bp->q

for any q in OF U (F Π A), then s ^ 0 on F.

3. Proof of Theorem 1 for d(Φ) < oo. Since d(Φ) < oo, we can
find a positive number c and a point ί0 in [0, oo) such that Φ(t) ^ ct
for any t ^ t0. Assume that there exists a nonconstant HP-ίunction
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u± on R. Then u — uλ + t0 is also a nonconstant harmonic function
on R with u ^ t0 ^ 0 on R. Thus <P(| u |) g c | ^ | = cu and cu is an
i?P-f unction on R. Hence OHΦ c OH P .

Conversely, assume that there exists a nonconstant iϊ0-function
u on R. We have to prove the existence of a nonconstant iϊP-function
on R. By the definition, there exists an iϊP-function v on R with
Φ(| u I) ^ v on R. If i? is not a constant or w is bounded, then nothing
is left to prove and so we assume that v is a constant and u is not
bounded. Then the connected open set D — (\u(p)\; peR) in [0, oo)
does not contain 0. Contrary to the assertion, assume that D 3 0.
Then D = [0, oo) and so (Φ(\ u(p) |); peR) = (Φ(ί); ί e [0, co)) is
unbounded in [0, oo) by the assumption (1) for Φ. But this is impos-
sible, since Φ(\ u |) ^ ΐ (constant) on J?. Thus 0 ί D. This shows that
u does not change sign on R. Hence u or — u is a nonconstant HP-
function on J?. Therefore, O^φ 3 O^P. Thus OHΦ — OHP for Φ with

4. Proof of Theorem 1 for d(Φ) — oo. First assume that there
exists a nonconstant ifB-function u on R. By the assumption (2) for
Φ, there exists an interval (α, b) c [0, oo) in which Φ(t) ^ c (constant).
By choosing a suitable constants A and B, the range of v = An + B
is contained in (α, 6). Then Φ(\ v |) = 0(v) ^ c on R. Thus ^ is a
nonconstant jHΦ-f unction on R. Hence OEB z> OHΦ.

Next we prove the converse inclusion OΠB c OHΦ, or equivalently,
i? g OHΦ implies R g 0 ^ . Assume that there exists a nonconstant HΦ-
function u on R. We have to prove that R g 0 ^ . Contrary to the
assertion, assume that Re OHB. By the definition, there exists an HP-
function v such that Φ(\u\) ^ v on R. From this, we see that R $ OHP.
For, if Re 0HP, then Φ(\ u \) ̂  v (constant) and since d{Φ) - c o , \u\
is bounded. This contradicts R e 0HB. Hence R g 0 f f P and a fortiori
lϋ g 0^. Thus R e 0HB — 0G and so by Lemma 1, the harmonic boundary
Δ of R consists of only one point δ, i.e. A = (δ). By d(0) = oo, we
can find a stricly increasing sequence (rΛ)*= ι of positive numbers such
that

lim Φ(rn)/rn = oo and lim rn = oo .

Let Gn = (pe i2; | u(p) \ < r w ). Since u is not a constant and u is
unbounded by R e 0HB, Gn is a regular open subset of R with 9G% ^ ^
and Gn /* R. We see that Gn g SO^^ for some %. For, if this is not
the case, then Gn e SOHB for all n = 1, 2, . Let an = rJΦ(rn).
Then α w \ 0 ( π - ^ o o ) . Consider the function α ^ — | u | , which is
superharmonic and bounded from below on Gn and continuous in
Gn\JΘGn. If gedG., then
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I u(q) I = rn = (rJΦ(r%)) Φ(rn) = anΦ{\ u(q) |) ^ anv{q) .

Thus anv - \u\^0 on 6>GW. Hence anv - \ u | ^ 0 in GΛ. For, if
aMPo) - I ̂ (Po) I < d < 0 for some p0 in Gn, then G£ = (p e Gn; anv(p) -
I w(p) I < d) is a nonempty regular open subset with G'n U 9(?ή c: Gn.
The function ώ — (anv — \ u |) is a positive and bounded (with bound
<Z + r J subharmonic function in Gf

n vanishing continuously at dG'n. So
Gr

n & SOHB. But this is a contradiction, since Gn Z) G'n U ®G'n and Gft e
SOHB. Hence anv — | u \ ̂  0 in GΛ. Now let p be an arbitrary point
in R. There exists an n0 such that peGn for all n ^ n0. Then
I u(p) I g αnv(p) for all n ^ w0. Thus by making n / oo, | u(p) | = 0,
i.e. u Ξ 0 on β, which is a contradiction. Hence GΛl ί SO f fΛ for some
^ and so Gn g SO f f B for all n^ nx and so without loss of generality,
we may assume that Gn ί SO^^ for all w = 1, 2, . In particular,
Gx ί SOiί^ implies that Gx — 9GX [contains δ by Lemma 2 (recall that
A = (δ))9 i.e. G! is a neighborhood of δ in the Wiener compactiίication
J2* of R. Hence in the topology of R*,

(*) lim sup I u(p) \ = lim sup | u(p) \ ̂  r1
R9p->8 θ ^ δ

Now consider the function / n = αΛi; + rx — | u |, which is superharmonic
and bounded from below on Gn and continuous in Gn U ®Gn. If g e 0G%,
then as before,

I u(q) \ = rn = (rJΦ(τn)) Φ(rn) = anΦ(\ u(q) |) ^ anv{q) S anv{q) + n

and so fn(q) ^ 0 on 9GΛ. This with (*) gives that

lim inf fn{p) ^ 0

for any q in dGn U (δ) = 0G% U (Gn Π ̂ ) . Hence by Lemma 3, /„ ^ 0
in Gn, or

in Gw. Let p be an arbitrary point in R. There exists an nQ such
that peGn for all n ^ w0. Thus | u{p) \ ̂  αwi;(p) + r1 for all w ^ n0.
Hence by making % / o o , | u(p) \ ̂  rx, i.e. \u\^rx on JB. Hence
R ί 0 ^ . This is a contradiction, since we assumed that R e OHB. Thus

5. Finally we make a few remark to the classification of Riemann
surfaces with regular boundaries. Let Φ{t) be a non-negative real-
valued function defined in [0, °o). Let R be a Riemann surface and
F be a regular open subset of R. We denote by H0Φ = H0Φ(R, F)
the totality of harmonic functions u in F vanishing continuously at
OF such that Φ(\u\) admits a harmonic majorant in F. We say that
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Fe S0HΦ if H0Φ contains only zero. We want to determine S0HΦ for
every Φ. As before, unless Φ satisfies (1), then Fe S0SΦ if and only
if F does not carry any nonzero harmonic function in F vanishing
continuously at OF. Thus SOHΦ consists of all relatively compact
regular open subsets of Riemann surfaces if Φ(t) is bounded in [0,
oo). Similarly as before, SOΞΦ consists of all regular open subsets of
Riemann surfaces if Φ(t) is not bounded at t — 0. Hence we have
only to consider the problem of determining SOΠΦ under the condition

(3) Φ(t) is bounded at t = 0 and unbounded in [0, oo).

As before d(Φ) = lim &apt-*~Φ(t)/t. By (3), SOHΦ c SOffB is always valid.
Without assuming (3), we can show SOHΦ =) SOBB if d(Φ) — oo (see
the proof of Theorem 2 below). If d(Φ) < oo, then we cannot get any
definite conclusion in general. So we prove only the following

THEOREM 2. Assume that Φ satisfies (3) and d(Φ) — oo. Then

SOBΦ = SOSB

Proof. Assume that there exists a nonconstant ifo0-function u
in F. Then Φ(\u\) ^ v in F for some harmonic function v in F. We
want to show that F$SOBB. Contrary to the assertion, assume that
FeSOΠB. By d(Φ) — oo, there exists an increasing sequence (rn)~=1

of positive numbers such that an — rJΦ(rn) \ 0 and rn /" oo as n /* oo.
Let Fn = (peF; | u(p) | < r J . Clearly Fn / F and Fn e SOHB. As in
the proof of Theorem 1 for d(Φ) = oo, anv — \ u | ^ 0 on dFn and
anv — I u I is lower bounded superharmonic function in Fn and so Fn e
SOEB implies that anv Ξ> | u \ in Fn and finally u — 0 in F. This is a
contradiction and so F$SOΠB, or SOHΦZ) SOHB.

Now we change the definition of H0Φ = H0Φ(R, F) as follows:
HQΦ is the totality of harmonic functions u in F vanishing continuously
at dF such that Φ(\ u |) admits a harmonic majorant in R, where we
define u = 0 in R — F. Under this new definition, Theorem 2 is again
valid. In fact, SOHΦ c SOHB is clear by (3) and the above proof for
SOΠΦ Z) SOHB for d(Φ) — oo can be applied with an obvious modification
to the present case. Moreover, we can show the following

THEOREM 3. Assume that Φ satisfies (3). If F is a regular open
subset of R with the compact complement in R, then Fe SOHΦ if and
only if FeSOHB, or equivalentlyf ReOQ

Proof. Clearly Fe SOEΦ implies Fe SOHB by the condition (3).
Hence we have to show that FgSOHΦ implies FgSOBB. Evidently,
F$SOBB is equivalent to RίOQ. Let u be a nonconstant H0Φ-ίunc-
tion in F. Then there exists an ϋΓP-function v in R such that
Φ(\ u I) S v on R, where we define u — 0 in R — F. Contrary to the
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assertion, assume that FeSOHB, or equivalently ReOo. Then the
inclusion OG c OHP implies that v is a constant, i.e. Φ{\ u |) is a bounded
function on J?. Let D = (\u(p)\; peR). Since D is connected and
I u I is not bounded, Z> = [0, <χ>). Thus (Φ(\ u(p) |); peR) = (Φ(t); te
[0, oo)). From this, the boundedness of Φ{\ u |) implies the boundedness
of Φ(t), which contradicts the assumption (3).
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ON ^ORDERED SETS AND ORDER COMPLETENESS

LINO GUTIERREZ NOVOA

In this paper, the notion of an n-ordered set is introduced
as a natural generalization of that of a totally ordered set
(chain). Two axioms suffice to describe an w-order on a set,
which induces three associated structures called respectively:
the incidence, the convexity, and the topological structures
generated by the order. Some properties of these structures
are proved as they are needed for the final theorems. In
particular, the existence of natural ά-orders in the "flats" of
an ^-ordered set and the fact that (as it happens for chains)
the topological structure is Hausdorff.

The idea of Dedekind cut is extended to ^-ordered sets and
the notions of strong-completeness, completeness, and condi-
tional completeness are introduced. It is shown that the Sn

sphere is s-complete when considered as an ^-ordered set. It
is also proved that En, the ^-dimensional euclidean space, fails
to be s-complete or complete, but that it is conditionally
complete. It is also proved that every s-complete set is com-
pact in its order topology but that the converse is not true.
These results generalize classical ones about the structure of
chains and lattices.

IL n-Ordered sets* An element of the cartesian product Xn+1

of a set X will be called an ^-simplex and denoted by σn = (s09 s19 , sn)

where s< e X for every i. The class of even permutations of this

sequence is called an oriented ^-simplex and denoted by | σn | =

\s09s19 , sn |. The class of odd permutations is another oriented

^-simplex denoted by | — σn | = | — (s0, s19 , sn) |. The set of all

oriented w-simplexes of X will be denoted by | Xn |. In what follows

w-simplex will mean oriented ^-simplex.

The join of two simplexes | <7Λ | = | s0?s17 , sh \ and | τ* | =

I *o> t19 , tk [ is the h + k — 1 — simplex ( s09 s19 , sh910, t19 , tk \

and will be denoted by | σh, τk |.

An n-ordered set is a pair (X, φn), where X is a set and φn is a

function from | Xn \ to the set {— 1, 0, 1} and which satisfies A1 and

A.

A10—For every \ σn \ e \ Xn [ <pn \ — σn \ = — φn \ σn \.

Before stating A2 we introduce the following notation:

Φi { σ n , τ n ) = ψ n I ti9 s l 9 s 2 J , s n \ φ n \ t 0 9 1 1 9 , ί ^ , s 0 , t1+19 • • • , < „ !
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A2.—If Φi(σ% τn) ^ 0 for i = 0 , 1 , . . . n; then <pn\σ*\φn\τ*\^0.

Dlm—The simplex | TΓ71"1 | is said to be an upper bound for the set
{xa; a 6 1} c X if <pn \ xa, π71-1| ^ 0 for every a el. If all the relations
are strictly > then | π*1"11 is a proper upper bound. Similar definitions
for lower bounds using <̂  and <•

D2.—The %-order φn is open from above (from below) if every
finite subset of X has a proper upper bound (lower bound).

Tx.—If φn is an open from above (or from below) n-order of X
then the following transitive property holds:

If Ψn I sθ9 sl9 , Sι_ly x9 si+19 , sn ( ̂  0 for all i and some x e X then:

ψn σn I ̂  0.

Proof. Apply A2 to the pair \x,πn~1\,\σn\ where | πn~ι \ is a

proper bound for {s<} U {x}

EXAMPLES.

(a) In the vector space Vn over the reals define:

<Pn-i I ̂ o, v19 , vn_, I = sign of det. | vOf v19 , vn_Ύ \

The function ψn_x is an n—1-order of Vn.
(b) In the same space define:

ψn I i>o, v19 , vn ] = sign of det. | v{ - v01, i = 1, 2, , w. cp% is an
^-order of F % .

(c) The function of example (a) restricted to the sphere | V \ = 1
gives an n-1 order of the w-1-sphere.

(d) Any 1-order satisfying the transitive property of Tx is
equivalent to a chain if we define: φx \ a9 b \ to be — 1, 0 or 1 according
to a> b9 a = b and a < b respectively.

(e) A field G is said to be -^-ordered if it is also an ^-ordered
set and the mappings: fa:x—>ax and ga: x —>a + x are order-automor-
phisms for any a Φ 0.

If we call: | σn \ = | SQ, S19 -, SΛ | | aσn \ = | αS0, αSx αS% |, and
I a + cru I = I a + SQ9 a + Su , α + Sn |, then the definition means
exactly that φn\σn \φn\ aσn \ and φn \ σn \ φn \ a + σn \ depend only on a.

The following examples can be given:

(ex) The real numbers field is a 1-ordered (open) field. (This is
a well known result).

(e2) The complex numbers field is a 2-ordered (open) field if we
define for any | σ2 \ = | a09 al9 a2 \:
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φ2(σ2) = iΔ{σ2)

A{σ2) I

[ 1 1 1

w h e r e Δ(σ2) ~\aQ aλ a2

a being the complex conjugate of a, \ a | the modulus of α.
(e3) The field of quaternions, considered as a 4-dimensional vector

space over R and with the 4-order of example (b) above becomes a
4-ordered (noncommutative) field.

(f) The w-order of Vn given in example (b) makes an ^-ordered
vector space out of Vn in the sense that the mappings fa: x-^ax
and gy\ x—^x + y are order-isomorphisms for any aeR, a Φ 0 and
any y e Vn. This example can be generalized as follows:

(g) Let V be any linear space over the ordered commutative field
K, a n d B a V a n y H a m e l b a s e for V. It N = {b19b2, •••, bn} is a n y
finite subset of B\ we can make V into an n-ordered vector space by
defining φn(V0, V19

 β , Vn) = + 1, — 1 or 0 whenever det (Vί — Vξ)
is >, < or = 0 in K(V( is the coefficient of b3- in the expression of
Vi in terms of the base B)
The independence of the axioms follows from the following examples:

In the set {a, 6, c} define: φ2 \ a, 6, c | = φ2 \ b, a, c | = 1 and φ2 — 0
elsewhere. This system satisfies A2 but not Alo

In the set {α, b, c, d, e} define:

φ2\e, c, d\ = φ21 e, c, a \ — φ2

= φz\d,b,c\ = φ2\d,c,a\ = φ2

e9 c,b\ = φ

a, c9 b I = 1

, a,b

and define φ2 on the remaining simplexes according to Alt This
system satisfies Aγ but not A2.

Ill* Consequences of the Axioms*
D3.—Two elements x, y of W are said to be equivalent if for

every \πn~1\e\Xn~1\ we have: φn \ x, πn~ι \ — φn \ y, πn~x \. They are
conjugate if φn \ x, πn~ι \ — — φn \ y, π71-11. The relation between
equivalent elements is an equivalence relation and the set of equivalence
classes can be %-ordered in the usual way. For this set the following
axiom holds.

A3.— There are no distinct equivalent points.
From now on we assume (X, φn) satisfies A19 A2 and A3 and call (X,
φn) a reduced ^-ordered system. An easy consequence of A3 is:

C3.~An element xeX has at most one conjugate cc*.
D4.—A simplex | σk |, k ^ n, is said to be singular if for every

if: Ψn

w e h a v e :

I = 0.
πn-k-i i — o. In particular \σn \ is singular
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The following theorems follow easily and are stated without proof:
T2.—x* nonsingular, is the conjugate of x, if and only if \ x,

x* I is singular.
T3o — Any simplex with repeated elements is singular.
T4<,—There is at most one singular 0-simplex.
Tho—If xΦy, for some \ πn~' |: φn\ x, πn~x \Φ φn\y, π^1\.
We have also:
Γ6β—// Φi (σn, τn) ^ 0 for i = 0, 1, 2, . . , n then φJ σn \ φJ τn \ S

0. (Compare A2)
Cβ.—If Φi(σn, τn) = 0 for i = 0, 1, 2, . , n then φn\ σn \ φn \ τn | = 0.

TΊ.—If Φi(σn, τn) ^ 0 for i = 0, 1, 2,
then: Φi(σn, τn) — 0 for every i.

= 0

IV* Flats and relative orders*
Dβ.—Given a nonsingular fc-simplex | πk |, k <n, the set F
x, TΓ̂  I is singular} will be called the flat determined by πk

T8.—If S; e F\ πn~ι |, i = 0 , 1 n then \σn \ is singular.

Proof. Apply C6 to the pair | an |, | x, π71"11 where the last simplex
is nonsingular (Such an x exists by Z?4)

C8.—If I σn I and | τn \ are both nonsingular, then for some i:
I ti9 s19 s29 - , sn I is not singular.

Γ9.—If \μk,πk\, h + k = n — 1, is nonsingular, the function

w I σ\ τrfc I is α reduced h-order defined on the h-simplexes
seέ F | /ife I, φh is called the order of F\ μh\ relative to

I πk \. The proof is straightforward.
JΓ10.—(Invariance of the relative order).—If φh and ψh are the

relative orders of F\ μh \ by \ πk \ and \ τk \ respectively, then:

φh\σh\=ψh\μh\φh\μh\ψh\σh\ for any \σh\aF\μh \.

φ h I a h I =
I σh I o/ ί/̂

k

Proof. We consider first the case where | πk \ and | τk \ differ by

only one element. Let | πk \ — \ a, ξ and — \ ± (6, ί^"1) | and
apply A2 to the pair: | b, ζk~\ μh \ and | a, ξk~\ σh \. It is easily seen
that the only Φ{ different from 0 is:

Hence: φn \ τk, μh\φn\ πk, σh \ — φn \ πk, μh \φn\ τk, σh \ and the theorem

follows since: φn \ τk, μh \ Φ 0.
For the general case we construct inductively, using C8, the

sequence: | π\ \ = | πk |; | πk \ = | tio, th, ., tij9 pj+1, pj+2, , pn\ where
the ti are elements of | τk \ and apply the previous result several times
to the fe-orders relative to | π) \ and | πk

+1 \ for j — — 1, 0, 1, •••,%.
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Since the previous result is independent of | τk | and πk \ we have:
C10.— The orders induced in F\ μh \ by \πk \ and | τk \ are either

identical or opposite and we may speak of the two "natural" orders
in any flat F\ μh |.

V* Convexity theorems*
Z>6.—The element x is said to be contained in the nonsingular

simplex | TΓ̂  | if for some natural order of F\πh \ we have:

Po, Pi,

for every

i-19 X,

0 ^ i
-,Pn\ψh ^ 0

h

If every a{ > 0 we say that x is interior to | πh |.
Z)7.—The segment (a, 6) is the set of interior points of the non-

singular 1-simplex \a, 6 |.
Z)8.—A set C a X is said to be convex if for every a,beC, such

that I α, 6 I is not singular we have: (a, 6) c CO
From the definitions follows:

Tn —If % ̂  contained in (interior to) \σh\ it is also contained
in (interior to) | — (σh) \

T12.—// x is contained in (interior to) \ σn | and every st satisfies:
Ψn I sif πn~λ I ̂  0 for some \ πn~λ |, then φn \ x, π71"11 ^ 0 (> 0).

Proof. We assume φn \ σn \ > 0 and apply A2 to the pair:

x, σn I to get φn \ xf φ"-1 \ ̂  0 .

Now if x is interior to \σn \, φn\x1π
n~1 \ cannot be 0, otherwise by

C6 and T8 we would have φn \ σn \ = 0 which contradicts our assump-
tion.

D9.—We say that | σk \ is contained in (interior to) \πh \ if every
Si is contained in (interior to) | πh |.
Using the previous theorem we now can prove:

T13.—// x is contained in \σn \ and \ σn \ is contained in (interior
to) \πn\ then x is contained in (interior to) \πn\o

This theorem can be extended in a natural way to the case of two
simplexes σh | and | πk \ where h and k can be different from n. We
omit the details. As a corollary of these theorems we have:

Tu—The sets Ct\σh\ and Int | σh | formed by the elements which
are contained in and interior to \ σh \ respectively, are convex,

VIΦ The induced structures* Given an n-ordered set (X, φn)
the following structures are said to be induced by the order:

(a) The incidence structure, (X, &) where & is the family of
flats of (X, φn)o
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(b) The convexity structure (X, &) where & is the family of
convex subsets of (X, φn)o

(c) The topological structure (X, ^ r ) where ^~ is the family of
closed sets generated by the sub-base &\ The elements of έ% are
the sets Bϊn-i — {x; φn \ x, πn~ι | ^ 0} for any nonsingular | π71"11, toge-
ther with the B~n-ι = {x, φn \ x, πn~ι | ^ 0}. We prove the following
theorem concerning the topological structure (X, j^~)

TΊ5.—The topological space (X, J^~) is Hausdorff, provided (X,
φn) contains no singular point.

Proof, If I x, y | is singular then by T2, x = #*. Since x is not
singular, for some | π™-1 | we have ^ | x, π71"1 | > 0, and therefore
φw I y, πn~' I < 0. The sets J?ί«-i = {2;; ^ | s, π*-11 > 0} and B~n-i =
{2; <pw I2, TT"11 < 0} are disjoint (open) neighborhoods of x and y
respectively.
If I x, y I is not singular, for some πw~2, <pw | x, 7/, πw~21 > 0. Assume
first that for some z, we have: 0 Φ φn | z, x, ττw~21 =£ <p% | a;, ?/, πn~2 \ Φ 0.
To be precise let φn \ z, x, πn~2 \ < 0 and φn \ z, y, πn~2 \ > 0 and call

πn~'11 = I z, πn~21. Then B+n-i and B~n-i are the required neighborhoods.
If such a z does not exist, call | τ% - 11 = | x, π%~21 and | σn~ι \ — \ y, πn~21.
It is easily verified that B~n-i and B£n-ι satisfy the requirement. The
above theorem is an extension of a well known result in the topology
of chains. (See [1] p. 39)
The following result is important and will be needed in the sequel:

Tlβ.—If x, y are contained in | σn \ then x is contained in some
I σ7! I = I So, 819 , s{_u y, si+1, , sn

9 °3-11Proof. Call Pi = φ» \ σϊ \ and Pi3 = φn \ σ% \ = φn | s0, s19

α, Si+i, , Si-i, 7/, si+u , sn I for i ^ i . Clearly P i y = - P3ί. We
put P ί { = φn I So, Sx, , Si-i, X, Sί+1, , Sw |.
Applying A2 to the pair:

and | σ^ | we get:

If PjPki and PkPi3 are both ^ 0 then P ^ ^ 0. We may assume
φn I σn I > 0β Then by D6 all P r are ^ 0. Hence we have transitively:
Pki S 0 and Pi3 ^ 0 imply P f c i ^ 0. Using this, we can prove easily,
by induction on n, that for a certain value of K, say k = k0 all P^^ ^
0, j = 0, 1, 2, , w, and this means that x is contained in | σl01.

VI. nΌrder completeness. In the theory of ordered sets a
lattice is said to be complete if every subset of it has a L.U.B. and
a G.L.B. This notion is equivalent to that of compactness of the
associated topological space (interval topology) when applied to chains.
(See [3]) In this sense the lattice of real numbers fails to be complete.
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{See [3], p. 51) On the other hand it is conditionally complete because
^very bounded subset has a L.U.B. and a G.L.B. This property is
equivalent to the fact that every Dedekind cut has a separation
element. We proceed to extend these ideas to ^-ordered sets. Let
(x, φn) be a reduced ^-ordered set. Every element x e X determines
an w-1-order in X by defining: φn_1 \ πn~λ \ — φn \ x, π*1"1|. Consider
now the subsets of | X*-1 | defined by: d = {\ πn~' | φn_, \ πn~λ | ^ 0}
and C- = {| πn~ι | φn_, | π"-11 ^ 0} It is clear that Ci U C~ = \ Xn~x \
and x is called the separation element of the pair (Ci, C~). We also
have for every nonsingular | π71-1 | : | πn~γ \eCi Π C~ if and only if:
xeF\πn~1\. We now extend the notion of "cut" to ^-ordered sets.
Let C+ and C~ be two subsets of | Xn~' \ such that C+ U C~ = \ Xn~λ \
and 7 any object not in X. Let X* be the set XL) {7}. We extend
the function <pn to the set | X*w | by defining: φt \ 7, π71'11 = + 1, — 1
or 0 whenever | πn~ι \ is in C+ — C", C~ — C+ or in C+ Π C", resp.
Then φt I πn \ = φn \ πn \ for | πn \ e \ Xn |. We call 7 the ideal element
defined by (C+, C").

Z)10.—A pair (C+, C -) of subsets of \Xn~1\ is said to be a <mέ if
the following properties are satisfied:
(a) C + U C - = |X%-1[
(b) (X*,φ*) is an ^-ordered set. (Satisfies Aι and A2)

Dn.—A cut (C+, C") is said to be interior or a Dedekind cut if
the ideal element 7 defined by the cut is interior to some \ σ% \ of X.
'This means that for some | σn \ and every i we have:

φt I So, s n , s^i, 7, s i f , sn\ φ* I σn I > 0 .

D12.—An ^-ordered set (X, φn) is said to be strongly complete
'(s-complete) if every cut has a separation element in X. It is condi-
tionally s-complete if every interior cut has a separation element. It
is order complete if the topological space (X, ^) is compact.

JΓ17.—If (X, <pTO) is s-complete, then every element has a conjugate.

Proof. For every x e X the sets Ci and C~ obviously form a cut
(CJ, C~). It is also clear that the pair (C^, Ci) is also a cut defining

T18.— The Sn sphere with the n-order defined in II, example c,
is strongly complete.

We give only an idea of the proof: For any nonsingular ^-simplex
I πn I in Sn and taking antipodal points, we have a decomposition of
Sn into 2n+1 simplexes. Given a cut (C+, C"), the ideal element, 7 is
order-contained in one of them say | π £ | . The repeated barycentric
subdivisions of | π% \ furnish, (because of T16) a sequence of simplexes
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I π? I, i = 0,1, 2 such that 7 is interior to all of them and their
diameters tend to 0. There is also a unique point p of S71 common tα
all the \πn

t\. It is easily shown that p is the separation element of
the cut.

It follows from T17 that En, the euclidean w-space with the n-
order of example II(b) is not s-complete and from Dn that it is not
order complete. This is not surprising if we recall the initial remark
of this section. But we can prove:

T19.—En with the n-order of example Π(b) is conditionally s-
complete.

We omit the proof since it is entirely similar to that of T18. The
relationship between order-completeness, s-completeness, and compactness
is established in the following theorem which is similar to the classical
result for partially ordered sets and chains. (See [3] and [2])

2\o — V the ordered set (X, φn) is s-complete, then it is order
complete i.e. the space (X, J^~) is compact.

Proof. Let § be a collection of closed sets of (X, &~) with the
finite intersection property. It follows from a well known theorem of
Alexander that we may restrict ourselves to the case where &
consists of elements from the sub-base &. (See Via) Let ^ be a
maximal extension of ^ in J?~ with respect to the property. Then
an element of ^ belongs to ^/S if and only if it meets every
element of ^ . (See [4])
Using the notation of T15 we now define (C+, C~)\

I πn~ι \eC+ if Bin-, e ^ f and | π^11 e C~ if B~n-i e ^ T .

We shall prove that (C+, C~) satisfies D10 and is therefore a cut. If
I πn~x I is not in C+ for some Mo e ^€ we have:

Mo C X - Bin-l = B-n-l C B~n~l .

It follows that every Me ^f meets B~n-ι since it meets Mo. Or
I π"-11 e C~. Therefore C+ U C~ = | Xn~" |. In order to show that
Ao(b) holds, we first prove the following result:

If 7 is the ideal element defined by (C+, C~) and 7 satisfies a finite
system of equalities: φn \ 7, 0?"11 = et i = 1, 2, , I, then there is
some ze X which, when substituted for 7, also satisfies the equalities.

Proof. If ei = 1, then | σΓ11 is in C+ but not in C" and there-
fore B~in^ fails to meet at least one element of ^£. Denote it by
Mi<t Similarly if e, = — 1, -Bί-n-i does not meet M, e ^€. And if ek = 0,
both Bik%^ and B~kn^ belong to ^ T . We call Mk = B ^ f] B~^
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•clearly Mke ΛS.

We consider now I — f\r Mr, r = 1, 2, , L Since I is not empty,
we take any ze L It can be readily seen that z satisfies all the
equalities* To show now that (C+, C~) is a cut, it suffices to check A2

since Aλ is obviously satisfied. But if some pair | σn j, | τn | of w-simplexes
of X* fails to satisfy A2, by the previous result the same is true when
we put ze X instead of 7, and this leads to a contradiction. Let s be
the separation element of the cut (C+, C~) and G any element of gf.
Since G belongs to the sub-base £% and T17 holds, it can be written
G = Btn^ for some | τn~ι |: This means | τn~ι \ e C+ and φn \ s, τn~λ | ^ 0,
or equivalently, s e Btn-i — G. This completes the proof.

That the converse of the above theorem is not true, can be seen
by means of the following example:

Let (S2, φ2) be the 2-sphere with the 2-order of Example Π(c) and
K the finite subset of six elements ( ± i , ±j, ±fc), 2-ordered by the
restriction of φ2 to iΓ. Then K is compact in the induced topology
but the cut generated by the elements ±(l/3)(i + j + k) of S 2 in
(S2, φ2), restricted to (if, φ2), have no separation elements in (K, φ2)
and therefore it is not s-complete.
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SOME CONSIDERATIONS ON CONVERGENCE IN
ABELIAN LATTICE-GROUPS

FREDOS PAPANGELOU

We define ^-convergence in an abelian ί-group as follows:
The net (ccOΐei α-converges to x if x is the only element such
that x = y^^iQ (Xi Ax) = Λ ^ o (Xi V x) for every i0 e I. In an
Archimedean £-group (xi) α-converges to x if and only if for
every a and b the net (aWXi)Ab order-converges (in the ordinary
sense) to (α v x) Λ b. In general α-convergence is weaker than
this latter condition and is considerably more natural in the
non-Archimedean case. The algebraic operations of an arbitrary
abelian ί-group G are continuous relative to α-convergence. If
G is completely distributive its α-convergence derives from a
Hausdorff group-topology. Three sufficient conditions are given
for the preservation of the α-convergence of an ί-group G
when it is embedded in another ί-group E. In an appendix,
we formulate a necessary and sufficient condition in order that
an abstract sequential convergence derive from a topology.

The present paper is supplementary to [9] and concludes the investi-
gation begun there. We note here that α-convergence is weaker than
the concepts of convergence studied in that paper. In the next few
paragraphs we review briefly some of the basic definitions and recall
some of the results of [9] which will be needed below. The elementary
theory of lattice groups is assumed known; we refer the reader to [2,
Chap. XIV] or [4]. We shall employ the additive notation and use the
standard abbreviation "£-group" for "lattice-group."

If A is a subset of an i-group G and if A has a least upper bound
in G, we shall denote this l.u.b. by \f{

a

GiAa or sup(ί?) A; dually the g.l.b.
is denoted by Λie^α o r inf(Gί) A. In the case of a family (xa)aei the
notation is V2e/ χ« o r sup(ί?) {xa : oce 1} and dually for greatest lower
bounds. We shall omit subscripts and superscripts whenever confusion
is unlikely. The term "positive" will be used for " ^ 0 . " Throughout
the present paper R will denote the real line, RΣ (where X is an
arbitrary set) the i-group of all real functions on X. M will be reserved
for the Z-group of all hounded real functions on [0, 1].

In [9] we investigated several types of order-convergence, the main
ones being o-convergence, natural convergence and L-convergence. We
repeat here the definitions of the latter two. Let G be an abelian
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Z-group and let (Xi)iei be a directed net in G (in the sense of [6]). An
element u e G is said to be a super element of (xt) if xt ^ u eventually;
a subelement is defined dually. The net (x{) is said to be eventually
bounded in G if it has a super element and a subelement. For ordinary
sequences "bounded" and "eventually bounded" are equivalent.

We say that an eventually bounded net (&<) converges naturally to
xeG relative to G (denoted: v-lim^ α?< = x) if irdm U = sup(Gί)F = x,
where U is the set of superelements and V the set of subelements of
(x^ in G. The operations + , V, Λ, etc., of the Z-group G are continuous
with respect to this convergence.

If M is the Z-group of all bounded real functions on [0,1] and if
we define σn(x) = n*x(l — xψ, x e [0,1]9 n = 1, 2, then the sequence
(<7Λ) is pointwise convergent to 0 but is not eventually bounded in M.
It is therefore natural to extend our definition of convergence so as to
obtain non-eventually-bounded convergent nets, and one way to do this
(discussed in § 7 and § 8 of [9]) is the following:

1.1. DEFINITION. The net (Xi)iel L-converges to x relative to G
(denoted: L-limjfV x{ — x) if and only if for each pair α, b e G
v-limllV (a V xt) A b = (a V x) A b.

1.2. PROPOSITION. ([9, Prop. 7.2]). L-limiG) x{ = x if and only if
for every b ^ 0 in G v-lim{G) | x{ — x | Λ b — 0.

Our L-convergence is not related to Rennie's L-topology ([10]).

The following lemma, which will be needed later, is contained in
Lemma 6.3 of [9].

1.3. LEMMA. Let G be an Archimedean l-growp, a an element of
G and (Xi)iei a net in G which is eventually bounded. Then the
following statements are equivalent:

( i ) y (xt A a) = a for every iQ e I.

(ii) a ^ u for every superelement u of (a^).

2* The ^-convergence in an abelian lattice-group* The sequence
(σn) defined above L-converges to 0 in M and in this respect Definition
1.1 is effective. Suppose however that we embed M in the non-Archi-
medean i-group J o M (where J denotes the ordered group of integers
and o denotes lexicographic product) by means of the "canonical"
mapping /—>(0,/). The sequence (0, σn) is now bounded in JoM and
our trick fails: (0, σn) is not L-convergent in JoM.
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There is however another, more intrinsic, way of describing the
pointwise convergence of (σn) in M which remedies the defect in this
particular case. This is achieved by means of Def. 2.1 below; this
definition may seem a little sophisticated at first but is in fact very
natural, as a closer examination will show.

2.1. D E F I N I T I O N . T h e n e t (Xi)iei oc-converges to xeG relative to
G (denoted: aAimfe\ x{ — x) if x is the only element of G satisfying:

( 1 ) x = V{G) (a* Λ x) = A{G) (Xi V x) for every iQe I.

Compare Def. 2.1 with Lowig's Thmβ 42 in [7]; see also Lemma
1.3 above. It will be convenient to call an element x satisfying (1) a
central element of (x{) relative to Go The definition then reads:
a-lim{G) Xi — x if and only if x is the only central element of (α )̂
relative to G.

Before studying α-convergence and its connection to L-convergence,
we introduce another concept of convergence for purposes of comparison
only and as an auxiliary tool. In fact, it proves to be very defective
in the case of abelian i-groups, despite the fact that it arises from a
close imitation of the method so successfully employed by H. Lowig
in the case of Boolean rings. If a net (xι) is eventually bounded in
G, then an element x e G is said to be an inter element of (x{) relative
to G if υ S x ^ u for every subelement υ and every superelement u
of (x^ in G. If (x^ is not eventually bounded, then x is said to be
an interelement of (a?,-) relative to G if and only if for every α, b
(a V x) Λ b is an interelement of (a V Xi) Λ b in the preceding sense.

DEFINITION. The net (x{) L*-converges to x relative to G (denoted:
Z/*-lim(ί?) Xi = x) if x is the only interelement of (x^ relative to G.

If (Xi) is eventually bounded then v-lim xt — x, L-lim x{ = x and
L*-\imXi — x are of course equivalent.

2.2. LEMMA. / / x is an interelement of (x{) and if yeG and
ioe I are such that x{ A x ^ y ^ x for all i ^ i0, then y too is an
interelement of (Xt) and dually.

Proof. If (xι) is eventually bounded, if u is a superelement and
υ & subelement of (a?*), then there is some i ^ i0 such that υ ^ Xι/\x ^
y ^ x <; u, hence υ ^ y <; u. Suppose now that (xt) is not eventually
bounded and fix α, b. If υ ^ (a V Xι) Λ b ^ u for all i ^ & say, then
t> ^ (α V x) Λ & ̂  u by the definition of interelement. We therefore
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have on one hand (a V y) A b ^ (a V x) A b ^ u and on the other hand
υ ^ [(a V xd Ab] A [(a V x) A b] = [a V (&< Λ x)] A b for all i ^ k; if
ΐ is chosen to be 2n0, fc, then ^ ^ [α V (xt A x)] A b ^ (a V ί/) Λ b.
Thus u ^ (α V y) A b g u\ we infer that (α V y) A b is an interelement
of (a V Xi) A b, ie I.

2.3. LEMMA. If x is a central element of (α?*) £/&6% α? is an
interelement of (xi). If moreover (#*) is ^oί eventually bounded, then
the converse is also true.

ProofΌ Let x be a central element of (#<). If (»<) is eventually
bounded, it is immediately seen that x is also an interelement of (a?€)
If (aSf) is not eventually bounded we show, using the infinite distributive
laws, that for every a, b e G (a V x) A b is a central element (and hence
also an interelement) of (α V xt) A b, i e I.

Assume now that (&<) is not eventually bounded and let x be an
interelement of (xt). Fix ΐ o e /. Obviously x ^ ^ V x for all i ^ i0.
If 1/ ̂  Xi V 8 for all i ^ i0, then (x V xj Λ y = y eventually. Since
(x V a;) Λ y — x A y is, by the definition, an interelement of (a; V #<) Λ y,
ie I, and since the latter net is eventually equal to y, we have y —
x A y, hence y ^ x. Thus x — Aί^ί0 (

χi V x). Similarly we prove the
dual equality.

2.4. COROLLARY. // G is Archimedean, then x is an interelement
of (x^ if and only if it is a central element of (α^).

Proof. If (xt) is eventually bounded this is a direct consequence
of Lemma 1.3. If (x{) is not eventually bounded the result is included
in the above Lemma.

2o5. THEOREM. L-lim Xi — x implies L*-lim x{ — x, and
L*-lim Xi = x implies α-lim xt — x. If (a?<) is eventually bounded then
L^-lima;^ — x is equivalent with L-lim xi — x (and with v-limXi — x).
If (%i) is not eventually bounded L*-lim^ i = a; is equivalent with
α-lim x{ — x.

Proof. If L-lim xt = x, where (x^ is not eventually bounded,
then v-lim (a V Xi) A b = (a V x) A b for every a, bo Hence x is an
interelement of (x{). If y were another interelement, then (with a —
x A y, b — x V y in the definition) [(x A y) V y] A (x V y) — y would
be an interelement of [(x A y) V cc<] Λ (x V y), ie I, which however
converges naturally to [(x A y) V x] A (x V y) = x. Thus y — x. We
have shown that L-lim Xi — x implies L*-limXi — x.
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If L*-limα^ = x then x = V ^ i o ( ^ A x) for every io; in fact if
y Ξ> xi Λ x for all i ^ i0, then a; Λ 2/ is an interelement of (x{) by
Lemma 2O2, therefore x Λ !/ = «, i.e. y ^ x. Dually we show that
x — Ai^ίo(

χί V x). That x is the only central element of (x^ follows
from Lemma 2.3. The final part of the theorem is also a consequence
of Lemma 2β3o

None of the converse implications is valid. To show that L*-lim x{ =
x does not imply L-limX; = x consider the direct product I x (JoM)
of the i-groups M and JoM and set xn = (σn\ 0, σn) (the sequence (σn)
was defined above). It can easily be shown that a-lim xn — 0 and
since (xn) is not eventually bounded in M x (JoM) we infer from the
preceding theorem that L*-limίcΛ = 0o However L-lim xn = 0 is false;
in fact if x = (/; 1, g) then (0 V xn) A x fails to converge naturally
to (0 V 0) Λ x = 0, since every superelement u — (h; m, h') of
(0 V xn) A x = (on A /; 0, σn) must necessarily have m ^ 1. Finally to
show that a-lim Xi = x does not imply L*-limXi = x consider the
sequence (0, σn) in JoM. We thus see that α-convergence is in general
weaker than L-convergence, both for bounded as well as for unbounded
sequences. However, in an Archimedean i-group they are equivalent:

2.6. THEOREM. In an Archimedean l-group L-convergence and
a-convergence are equivalent.

Proof. Assume a — lim x{ = x. Then, by Thm. 3.8 of the follow-
ing section, for every a,beG a — lim (a V xt) A b — (a V x) A b. By
Corollary 2.4 this means (a V x) A b is the only interelement of
( α V ^ ) Λ ^ ίe I and since the latter net is bounded, v — lim (a\fx{)Ab —
(a V x) A bo Hence L — lim x{ — x.

The entire machinery of [9, §8] is now at our disposal for the
"completion" of an Archimedean i-group relative to its α-convergence.

3. Continuity of the algebraic operations* The operations
+ > — 9 V, Λ etc. are continuous relative to L-convergence; this follows
from Prop. 1.2 (see [9, Prop. 7.4]). It is much less trivial to show
that they are continuous relative to α-convergence too. This will be
our next goal: The proof of Thm. 3.8 below goes via a number of
auxiliary propositions, most of them covering special cases. Let us
however remark at this point that L*-convergence violates this natural
requirement of continuity. Setting xn — (σn; 0, σn) in the i-group
M x (JoM) as before, and c — (0; 1, 0) we see that L*-limxn = 0 does
not imply L*-lim x{ A c — 0 Λ c. Hence the mapping x —> x A c, with
c fixed, may fail to be continuous. The mapping G x G 3 (x, y) —>
x + yeG may also fail to be jointly continuous as is seen from the



1352 FREDOS PAPANGELOU

consideration of the sequences xn — (σn; 0, σn) and yn = ( — σn; 0, 0) in
M x (J°M). These are overwhelming disadvantages and we have to
reject L*-convergence. It is of course true that L*-limα^ = x
implies L*-lim(—x{) — —x and L*-lim (a^ + c) = x + c but this offers
little consolation.

Notice the following useful facts:

{2) If x — A 0&i V x) and if x* ^ x, then x* = A (#* V a?*);

and dually.

{3) If α-lim Xi — x and if Xι S y eventually, then x ^ y;

and dually.

( 4 ) If xfy are central elements of (a^), then so are

a? V 2/ and x Λ y.

{5) If (τ/y) is a subnet of (#<) (in the sense of [6]) and if as is a

central element of (τ/y), then x is a central element of

(Xi) also.

( 6) The following three statements are equivalent:
( i ) x is a central element of (a^);
(ii) —-X is a central element of ( — x^);
(iii) x + c is a central element of (x{ + c).

The easy proofs are left to the reader. From (6) in particular it
follows that α-lim^ = x, α-lim( — x{) = — x and α-lim (x{ + c) — x + c
are equivalent.

3.1. PROPOSITION. If a-limiel xt = x and if {yj)jeJ is a subnet

of (Xi)iei, then α-lim, €j y, = a;.

Proof. We first show that x is a central element of (^y), i.e.

( 7 ) x = V (2/i A a;) = A (2/i V a;) for each io

Assume z ^ y3- A x for every i ^ i0 and define y = x Λ z. We
shall show that y is a central element of (xt). In fact fix ίQ. We have
x^y, hence by (2) | / = V ^ o f e Λ l / ) . To show the dual equality
1/ = ki^iQ{χi v 2/) assume

( 8 ) u ^ Xi V y for all ΐ ^ ί0 .

Then u ^ a?i V 1/ V a; = x{ V x for all i ^ i0, hence

( 9 ) u S A fe V x) = x .
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Suppose now y3- — xn{j), j e J, and choose j ' ^ j 0 such that n(f) ^
i0. Then by (8) u ^ xn{JΊ V y and combining with (9)

u ^ x A (xniJΊ V y) = i/ V fe(i') Λx) = y ,

since y = z Λ % ̂  y, Λ x fov all i ^ j 0 . Thus 7/ = Λ^;o (»» V 2/)
We infer that y is a central element of (x{), hence y — x, i.e.

x Λ z — x, z ^ x and this proves the first half of (7). The dual is
proved analogously. It follows now from (5) that x is the only central
element of (y3).

3.2. PROPOSITION. If x{ ^ 0 for every i, then the following are
equivalent:

( i ) α-lim ^ = 0
(ii) If x ^ 0 and # = V (#* Λ x) for every i0, then x = 0

(iii) For each x > 0 there exist i o e I and % G G such that x>u0 ^
αji Λ x for all i ^ i0.

Proof. That (i) implies (ii) is obvious, (iii) is only a restatement
of (ii). We now show that (ii) implies (i). Assume (ii) is true. Then
0 is a central element of (xt). In fact fix ix; obviously 0 = V ^ ^ ΛO).
To verify the dual equality 0 = Λ ^ f e V 0) = A ^ ^ suppose y g x{

for all i ^ i1# Defining x — y V 0 we have 0 ^ x ^ x̂  for all i ^ ίly

i.e., x = xi Λ ^ for all i ^ i l β But then x — V^;o (
χi Λ x) for αn^/ ί0,

since there is always an i ^ i0, ίlβ By hypothesis (ii) x — 09 he., 7/ ̂  0
and this means 0 = A ^ ^ ^

If x were another central element of (α^), then x = A^*o feVx) ^ 0
and on the other hand x = V ^ ; o ( ^ Λ ») for every i0. By (ii) a? = 0.

3.3. PROPOSITION. If xt ^ 0 (ί e I), yά ^O(je J ) , α-lim ^ = 0
and a-limyj — 0, then a-\imuj)EIXJ (x{ + ^ ) = 0. (Here I x J is
directed by the cartesian ordering).

Proof. We shall apply the preceding proposition. Let z ^ 0 be
such that

(10) z= V [fai + Vi) Λ zj for every iQ, j 0 .

We shall first show that

(11) z= V (#< Λ z) for every i0 .

Let 7/ ̂  Xi Λ « for all i ^ i0. Define y^ — zί\y. Then 2 i> τ/0 ̂  x% Λ ^
for all i*ziQ. From this we shall deduce that
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(12) z - Vo = V [Vi Λ (z - 7/0)] for every j 0 .

In fact if u ^ τ/y Λ (2 — τ/0) for all j i> j 0 > t h e n

v> + 2/0 ̂  (#; + 1/0) Λ s Ξ> (VJ + Xi Λ Z) Λ Z

for all i Ξg ΐ0 and all ,7 ̂  j 0 , hence u + y0^ (yd + #*) Λ (#*• + z) A z =
(2/j + ff») Λ 3 for all i ^ i0 and all i ^ j 0 . By (10) u -\- y0^ z, i.e., w ^
z — y0 and t h u s (12) is established. This implies, by t h e preceding
proposition, z—yo — O, z~yQ — zAy, y^z which proves (11). Finally,
by t h e preceding proposition again, (11) implies z ~ 0.

3.4. PROPOSITION. If #-lim x{ = 0 then αMim xf — 0 and
α-lim xi ~ 0 (where xι ~ x{ V 0, xι — ( — x) V 0).

Proof, xf ^ 0, therefore we can apply Prop. 3.2. Let x ^ 0 be
such that

(13) x — y {xf Λ a?) for every i0 .

We shall show that

(14) x — \/ (xi /\ x) for every i0 .

If y ^ Xi Λ % for all i ^ i0, then 1/ ̂  x{ Λ 0 Λ ^ for all i ^ i0, 7/ ^
[ V ^o feΛ0)]Λa; = 0 Λ a( = 0). Thus 2/^feΛa;)V(0Λa;) = ccί Λ x
for all i ^ i0, hence 7/ ̂  x by (13); (14) is established. That x —
Ai^ίo(

χi V x) follows from (2) and the relation x ^ 0. Now x being
a central element of (xt) must be equal to 0.

Finally α:-lim xt = 0 implies <£-lim(—^J = 0 and by what was
proved <x-lim xϊ — 0.

3.5. COROLLARY, α-lim Xι — 0 implies α-lim | cĉ  | = 0.

Proof. α-lim â  — 0 implies α-lim cc? = 0 and α-lim xj = 0. By
Prop. 3.3 α-lim^ (ccf + a j) = 0. Now | xt \ = xf + xi, ί e /, being a
subnet of (x/ + xj), (i, j)e I x J, α-converges to 0.

3.6. PROPOSITION, α-lim | xi \ = 0 implies α-lim â  = 0.

Proof, α-lim 1 ^ 1 = 0 implies α-lim ( —| »< |) = 0. Since 0 ^
a?< V 0 ^ I α?i I V 0 we have 0 = A^»o ̂

 v °) f o r every i0. Dually 0 ^
%i Λ 0 ^ ( — I ^ I) Λ 0 implies 0 = V^<0 (x{ Λ 0) and thus 0 is a central
element of (xt). Let x be another central element. Then — x is a
central element of (—«<), therefore
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(15) x — \/(xι A x) for every i0

(16) — x = y ( — β» Λ —x) for every % .

We infer from (15) and (16) that

(17) I x I = V (I χi I Λ I x I) for every ί0 .

(In fact if y ^ | xζ | Λ | x | then y^x{f\x and # ^ ( —«») Λ ( — x), hence

y ^ x a n d 7/ Ξ> — αj, i . e . y ^ x \/ — x — \x\)
By Prop. 3.2 | x \ = 0, a = 0.

3.7. THEOREM, α-lim x{ — xif and only if α-lim | x̂  — a; | = 0.
In fact both are equivalent to α-lim (xt — x) = 0. Notice that, by

Prop. 3.2 a-limiei xi — 0 and 0 ^ yt g cc4 for all ΐ e J imply
α:-limier #< = 0.

3.8. THEOREM. / / α:-limΐe7 ^ = x and α:-limi6J yd = 0, then
α-lim ί eJ ( — Xi) = - x ? ^-lim ί 6 J | x{ \ = \ x |, α-lim(ί,i)eJXJ(a?ί + #,•) = x + 1/,
α-lim ( ί ) i ) 6 / X J (oĵ  V yj) = x V y and dually.

Proof. 0 £ i \ ( x i + y j ) - ( x + y ) \ ^ \ x i - x \ + \ y s - y \ . B y P r o p .
3.3, Thm. 3.7 and the remark preceding the present theorem:

a-lim (Xi + y3) = x + y .

Similarly

i V 2/i — x V 1/1 = I Xi V I/,- — x V 2/i + x V i/i — x V y \

^\XiV ys — xv yA + \χ\/ y3- — xv y\^\Xi — χ\ + \y3 -v\

etc.

4. Subspaces and product spaces. If an abelian Z-group G is
embedded in another abelian Z-group E with preservation of all existing
joins and meets, then the (^-convergence of E can be relativized to G.
It is natural to ask under what conditions this relative convergence
coincides with the α-convergence of G itself. Theorem 4.1 below gives
three sufficient conditions.

Let E be an Z-group and G an Z-subgroup. G is said to be regular
in E (equivalently E is said to be regular over G or a regular ex-
tension of G) if AdG and inf{G) A = 0 imply inf{E) A = 0. It is then
true that x = sup(<?) X(XaG) implies x = sup(jE7) X, and dually.



1356 FREDOS PAPANGELOU

4.1. THEOREM. If the abelian l-group E is a regular extension
of G, (x^ and x are in G, then α-lim(2?) xt — x implies a-\im{G) x{ — x.
If moreover either

( i ) G is Archimedean
or (ii) E is completely distributive (see Definition 5.1 below)
or (iii) for every e e E, e > 0 there is geG such that 0 < g ^ e
then a-lim{G) x{ — x and <x-lim(2?) Xi — x are equivalent.

Proof. That a-\\m.{E) Xi — x implies a-lim{G) x{ = x follows from
the definition of α-convergence and the regularity of E over G.
We here prove the sufficiency of conditions (i) and (iii) for the converse
implication; the sufficiency of condition (ii) will be proved below (§ 5).

Let a-lim{G) Xi — x. Without loss of generality we can assume
x — 0, Xi ^ 0. Then 0 is a central element of (xt) relative to E too.
Let eoe E be another central element of (x{) in E; then e0 =

(18) e0 = y { E ) (χi Λ O for every i0 .

Case ( i ) (G Archimedean). We first show that e0 A a — 0 for
every positive aeG. In fact a-lim{G) x{ = 0 implies L-lim(ί?) ^ = 0
by Thm. 2.6, hence y-lim((?) x{ A a — 0. Then v-lim(ί7) ^ Λ α = 0
(see [9, Prop. 6.2]), therefore i;-lim(^) xt A e0 A a = 0. If u is any
superelement of Xi A eQ A a,ie 7, in E then by (18)

e0 Λ a — \/{E) (xt A e0 A a) ^ u

for suitable iQ. Thus eQ A a, being a lower bound to the set of super-
elements of Xi A e0 A a, i e /, in E, must be 0.

In particular e0 A Xι — 0 for every is I, hence by (18) e0 — 0.
Case (iii). (For every e > 0, eeE9 there is # e G such that

0 < g ^ e)o Assume eQ > 0 in (18) and let g e G be such that 0 < g ^ e0.
Then

0 = e0 Λ g = Γ V(jE) (a* Λ βo)Ί Λ flr = V(^) {%i Ae0Ag)= \/{E) (ff< Λ flf)

hence βf = Vilί0 (̂ < A βf)- By Prop. 3.2 we then have g = 0, a contra-
diction. Thus β0 must be 0.

Condition (iii) in the above theorem covers the case of the Everett
extension G* of G by means of "Cauchy" cuts, as well as the extension
G (see [9]). It seems improbable that the implication #-lim(<?) x{ =
x ==> α~lim(2?) £; = # remains valid if we merely assume that E is
regular over G.
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We close this section with a theorem on cartesian products, whose
proof is easy.

4.2. THEOREM. If G is a direct union G — XτβτGτ of abelian
l-groups G%τe T and if xeG, xie G, then a-limf) xζ = x if and
only if a-\ivcifT)xl — xτ for every τeT. (Here xτ denotes the τ-th
"coordinate" of x).

5* The case of completely distributive abelian i-groups* There
is a very neat characterization of α-convergence in a completely
distributive abelian £-group«

5.1. DEFINITION. An abelian i-group G is said to be completely
distributive if it satisfies the following condition:

(P) If, for each index a in a set A, (xaj)jeia is a family in G
and if all joins and meets exhibited in equality (19) below exist,
then this equality is valid:

(19) A V χaj = V A »«,*<«>
cύEA jEJcύ φSφ cύβA

here Φ = XaeA^a, i.e., Φ is the set of all choice-functions φ(.) on A
with φ(a) G Ja for each ae A.

For equivalent formulations of complete distributivity see [12,
Thm. 2.6].

5.2. THEOREM. If G is completely distributive and (Xi)iei is a
directed net in G, then the following are equivalent:

( i ) a-lim x{ = 0
%ei

(i i) For each cofinal subset J of I A I χj I — 0.
jej

Proof. If a-limiei x{ = 0 then α-lim ί e l | x{ \ = 0 and since (Xj)jβj

is a subnet of (Xi)iei we must have α - l i m i € J \XJ\ — 0, hence

A J 6 J I χj I — 0c Conversely assume t h a t (ii) holds. To show t h a t

α-lim 0̂  = 0 (equivalently α-lim | ̂  | = 0) it is sufficient, by Prop. 3β2,

to show t h a t if x >̂ 0 and sc = Vi^* (I ̂ i I Λ %) for each i e I then

cc = 0. But if x = V j^ί (I ̂ i I Λ x) for each i e I then

x = A V (i a, I Λ a?) .
iβl j^i

On the other hand by hypothesis (ii) A e/d^u) I Λ x) = 0 for each
choice function φ(.) e χiei J{, where J{ — {j e I:j >̂ ΐ}β Thus

V A (I ^ ( i , I Λ x) = o
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and by the complete distributivity of G, x = 0.
Notice that (i) implies (ii) in any abelian ί-group. We can now

proceed to the

Completion of the proof of Theorem 4.1. Let E be a completely
distributive regular extension of G. If α-lim l j X;=0 then Λiej I ^i 1=0
for every coίinal subset J c / . By the regularity of Eover G Ai 1 J I # J I = 0
for every cofinal Ja I, hence by Thm. 5.2 α-lim(2?) x{ — 0.

Our next result is that in a completely distributive abelian £-group
the α-convergence derives from a group topology.

5.3. THEOREM. // G is completely distributive then its a-con-
vergence derives from a topology X on G which makes G into a
Hausdorff topological group.

This means that α-lim x{ = x if and only if {x^ is eventually in
each ^-neighborhood of x.

Proof. To show that the α-convergence is a topological conver-
gence, it is sufficient, by [6, p. 74] to show that it has the following
properties:

( i ) If xi = x for every i e /, then α-lim x{ = x.
(ii) If α-lim x{ = x and if (y/) is a subnet of (Xi), then

α:-lim y3- — x.
(iii) If α-lim xt — x is false, then there is a subnet (yj) of (xt) no

subnet of which α-converges to x.
(iv) If, for each ΐ in a directed set /, (#*,j^-e^ is a net in G such

that α-lim xitj = x̂  and if α-lim xi = x then

α-lim i/(if/) = x

where ^ ( j l / , Ξ |/ ( j ) / ( l ) ), (ΐ, /(.)) e I x X i^ Ξ 2 i s the net defined by
iez

Vu,f{-)) — χi,fu) ( Σ = ^ x X ^ is directed coordinatewise).

For a variation on these conditions see [1].
(i) is obvious and (ii) was proved earlier (Prop. 3.1). To show (iii)

we assume (without loss of generality) that x — 0. If α — lim xi — 0
is false then by Thm. 5.2 there is a cofinal subset J of I and some
zeG such that 0 < z g | x3- \ for every je / . Then (x3)3ej is a subnet
of (#i) ίei

 n o subnet of which can α-converge to 0.

Finally to establish (iv) we need a lemma.

LEMMA. Let D be a cofinal subset of Σ= I x Xiei Ri. For each



CONVERGENCE IN ABELIAN LATTICE-GROUPS 1359

iQ e I let Aio — {j e RίQ: there exists a choice-function /(.) e Xiei Rι with
f{%) =j and (%,/(.)) e D}, i.e. Aio = {/(%): f is such that (ίo,f)eD}.
Then the set

Ω — {ioe I: AίQ is cofinal in RίQ}

is cofinal in /„

In fact suppose there is k0 e I such that, for every i ^ k0 Ai is not
cofinal in Rim Then for each i ^ k0 there is j(i) e R{ such that no
element j of Ai is }zj(i). Define /0(.) in XieiRi by:

(an arbitrary element of R{ if i g k0

fM =

Then there is no element (i,f(.))eD with (i,/(.)) ^ (Kfo(.)), which
contradicts the fact that D is cofinal in / x XieiRi.

Having established the lemma we now turn to the proof of (iv).
Suppose that a-limJeR. xitj — x{ for each ie I and that oc-limίei %i — 0.
(There is no loss of generality in assuming x — 0)β We shall show
that θί'lim{itfί.))eΣy{itf[.)) = 0 by applying Thmo 5.2. If D is cofinal
in 2 a n d z = I Vi,f( ) I f o r every (i, /(.)) e D, i.e. if z ^ | ίcίf/(<) | for every
•i and /(.) such that (i,f(.))eD, then in particular, for a fixed i in £?
(β is defined as in the lemma) z ^ \%itfu) I for every /(.) e XiβiRi such
that (i, /(.)) G D, hence

z — \Xi\^\ xitfU) I - ! x{ I ̂  I »ί>/(ί) - x̂

2 - |x, | ^inf{ |a? ί f / ( ί ) - x{\ : f(.)e X R, and ( i , / ( . ) ) e D \ = 0 .
I iei )

(That the inf is zero is a consequence of the equality a-limjeR. | ̂ ,y — Xi —
0 and the fact that A, = {f(i) : /(.) e Xίei R, and (i, /(.)) e b} is cofinal
in S,)e

Thus z S I #* I for each i e i3 and since ί? is cofinal in /, z ^
Λίea I E* I = 0 by the same reasoning. In other words

A l2/(i,/( » l = o

for each cofinal subset D of X ; hence α-limu,/ (. ) ) e Σ 2/u ,/(.)) = 0.
We conclude that there is a topology % on G such that α:-lim 0̂  = 05

if and only if, for each ^-neighborhood U of x, Xiβ U eventually.
This topology is Hausdorff since limits of arbitrary α-convergent nets
are unique. Finally by Thm. 3.8 the operations of the Z-group are
continuous and the proof is complete.

5.4. COROLLARY. If G is a regular l-subgroup of a direct union
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XτeτG
τ of simply ordered abelian l-groups, then its a-convergence

derives from a Hausdorff group-topology. In particular in RΣ (X
any set) a-convergence is pointwise convergence.

In fact such an Z-group G is completely distributive. It is a little
absurd to derive this corollary from Thmβ 5.3, since we can prove it
directly and in fact determine the topology. In each Gτ ^-convergence
is equivalent to the topological convergence which is defined by means
of open intervals. By Theorem 4.2 the α-convergence of XτβTG

T

derives from the product topology. Finally by Thm. 4.1, case (ii),.
(XzβτGτ is completely distributive) the α-convergence of G derives
from the relative topology of the subspace Ga XτeτG

τ. Notice that
this argument serves to establish Thm. 5O3 in the particular case that
G is Archimedean, for if G is Archimedean and completely distributive
then it is representable as a regular Z-subgroup of a direct union
XτeτG

τ of simply ordered (abelian) i-groups Gτ,τeT (in fact as a
"regular subdirect union"). See [13, Thm. 2.2].

Similar results are of course valid for Boolean algebras, where
the analogue of ^-convergence is simply the natural convergence as
defined in § 1. For instance the "pathological" examples given in [7,
p. 1192-93] and [3] are not completely distributive. K. Matthes [8]
has given a condition on a lattice L which is necessary and sufficient
in order that the natural convergence of L derive from a topology.
If RB is the i-group of all real functions on the real line, then the
natural convergence of RR does not derive from any topology (RR is
not "^o-regular" [8]), whereas its α-convergence (L-convergence is a
topological convergence. Notice however that for sequences natural
convergence and α-convergence are equivalent in RR.

An abelian Z-group G is said to be (fc$0, ^-distributive if it satisfies
condition (P) of Def. 5.1 whenever the set A as well as each Ja are-
countable.

5.5. PROPOSITION. If G is (^ 0, ^-distr ibutive then its α-con-
vergence of sequences derives from a !\-topology %{G).

This follows from the discussion of § 6 and the fact that in an
(Ho, ^-distr ibutive i-group the characterization of Thm. 5.2 is valid
for ordinary sequences. As far as continuity of the group operations
is concerned we can affirm that the mapping GBX-^ — xeG is continuous
relative to Z(G) and that for each y eG the mapping G3x—+x + yeGis
also continuous. The i-group G x G is ()ftQf ^0)-distributive, hence its
sequential ^-convergence derives from a Tropology X(G x G). lίGxG
is topologized with %(G x G) and G is topologized with £(G) then the map-
ping φ: G x G B (x, y) —> x + y e G is continuous. In fact using Thm. 4.2
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we can easily show that the inverse image φ~ι(K) c G x G of a Z(G)-
closed set KaG is Z(G x G)-closed.

6* Appendix on abstract sequential convergence* In this
section we give an elementary theorem on a necessary and sufficient
condition in order that a given abstract sequential convergence be
equivalent to a sequential convergence defined by means of a topology.
The argument establishing this result is essentially due to Lδwig [7].
Though the present appendix is only loosely connected with the rest
of the paper, it is attached here because the main result is used in
establishing Proposition 5.5.

Let X be an arbitrary set and (£ an assignment of "limits" to
certain sequences of elements of X. If the element x e X is assigned
to the sequence (xn), we write &-limw xn — x and say that (xn) (£-
converges to x. We say that (£ is an abstract sequential convergence
in X ivith unique limits if it satisfies the following conditions:

{20) To each sequence at most one "limit" is assigned.

(21) If xn — x for every n, then K-lim xn — x*

(22) If E-lim xn = x and if (xk(n)) is a subsequence of (xn), then

e-lim xk{n) = x.
n

The star-convergence corresponding to E is defined as follows:
γίf*-lim£% — x if and only if every subsequence (xkin)) of (xn) contains
.a sub-subsequence (fffc(λ(»))) = x s u c h that ^-lim xk(λ{n)) = x. The
notion of star-convergence was introduced by Urysohn in [11]. A T:-
topology %{^) can also de defined in X by means of (£; it is called the
derivative topology of (£:

(τ) A set K c X is closed relative to £((£) if

K-lim $π = x and xw e iΓ for all n imply xe K.

determines a new sequential convergence which we shall call
the derivative topological convergence: £((£)-lim xn — x if and only
if, for each S(K)-neighborhood U of x, (xn) is eventually in U. In
ordinary cases star-convergence is known to be equivalent with the
derivative topological convergence. According to theorem 6.1 below
this is actually true in the most general case, provided we stick to
our reasonable assumption of uniqueness of limits. The first to observe
the connection between star-convergence and derivative topological
convergence was P. Urysohn [11] who proved a restricted form of
Thm. 6.1, under the severe assumption that © satisfies the following
condition:
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(I) The operator A —•> A defined by Ά — {xeX: there

exists a sequence (xn) in A with (£-lim xn = x}

for every A c X, is idempotent, i.e. Ά = Ά.

The same condition was involved in the proof of Satz 29 of [5], which
dealt with a particular kind of order-convergence in lattice groups
introduced by Kantorovitch in the same paper. Lowig [7, pp. 1191-
1192] removed condition (I) proving the same equivalence for another
particular concept of order-convergence in Boolean algebras. However,
it is easily seen that Lowig's argument, with slight modifications, can
serve to establish the following general theorem.

6.1. THEOREM. (Urysohn [11], Lδwig [7])β Let (£ be an abstract
sequential convergence with unique limits in a set X. Then the
corresponding star-convergence is equivalent to the derivative topo-
logical convergence, i.e., &*-\imxn = x if and only if %(Qίy\imxn=x.

Lowig's argument can be found in [7, pp» 1191-92]. What follows
here is an outline of this argument, with some modifications necessitated
by the fact that the property expressed by condition (22) above is
assumed here for subsequences only and not for rearrangements (see
Lόwig's Thm. 29). First, one shows that if K-lim xn — x, then
£((£)-lim xn — x and x is the only limit of (xn) under the topological
convergence £((£). This latter assertion (uniqueness) is established as
follows: If y Φ x then the set K = {xn: xn Φ y) U {x} is £((£)-closed;
in fact if (an) is a sequence in K with K-lim an = a and if the range
of (an) is infinite then by the definition of K there is a subsequence
of (an) which is of the form xλil), xλi2), xλ(3), - with λ(l)<λ(2)<λ(3)< •;
in other words there exists a sequence which is both a subsequence
of (an) and a subsequence of (xn)o This implies a = xf hence aeK.
If the range of (an) is finite the same conclusion (i.e. a e K) is trivial.
Thus K is indeed 2((£)-closed. The complement of K is a S£(&)~neigh-
borhood of y which fails to contain eventually the terms of the
sequence (xn).

Next we show that £(&)-lim xn — x implies (£*-lim xn = χΦ

Assume, by way of contradiction, that there exists a subsequence {xk(n))
of (xn) no sub-subsequence of which K-converges to χ0 The above
result then can be seen to imply that no subsequence (or rearrangement
of a subsequence) of (xkin)) ©-converges at all. Then the set K =
{#*(*)• χk(n) Φ %} is 2(K)-closed and its complement is a £((£)-neighborhood
of x, but (xk{n)) is eventually outside this neighborhood; a contradiction.

Finally the implication (£*-lim xn = x => ϊ(K)-lim xn — x is easy
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to establish,, This completes the argument.
It follows from Thm. 6.1 that limits of sequences are unique under

the derivative topological convergence. Notice however that the topology
£((£) is not necessarily Hausdorff, i.e., limits of nets may fail to be
unique. Consider for instance the extended real line R and set
E-l im^ = x whenever xn — x for every n (x may be + 00 or — oo),
K-lim xn — Λ-^ whenever (xn) is strictly increasing and ^- l im xn =
— oo whenever (xn) is strictly decreasing. Let A, B be £((£)-open sets
containing + oo and — oo respectively; then A f) B ^ 0 since the
complements Ac and B° are countable. In fact an uncountable set
contains both a strictly increasing and a strictly decreasing sequence,
hence an uncountable £((£)-closed set contains both — oo and — oo # An
immediate consequence of 6.1 is the following theorem:

6.2. THEOREM. An abstract sequential convergence Wwith unique
limits derives from a topology if and only if it satisfies the follow-
ing condition

(23) // (xn) does not converge to x under K, then there is a sub-

sequence (xk(n)) no sub-subsequence of which converges

under (£ to x.

Comparing this theorem with analogous results of Arnold [1] and
Kelley [6] on convergence of arbitrary directed nets we see that,
surprisingly, in the case of ordinary sequences the extra assumption
of uniqueness of limits renders the condition on iterated limits (condition
(iv) at the beginning of the proof of Thm. 5.3) superfluous.

Theorems 6.1 and 6.2 have been recorded here because the author
has been unable to find an explicit statement of these general results
in the literature. It seems that only the obvious implication (£*-lim#% =
x => ί£(S)-lim xn — x is widely known. For instance it is stated in
[2, p. 62] that if (xn) star-converges to a then "it certainly converges
to a in the star topology; moreover . . . this special case is sufficient
for the applications of star-convergence which we have in mind."

In connection with Thm. 6.2 we observe that in general there are
more than one topologies determining the sequential convergence (£.
For instance if (£ is pointwise convergence of sequences of real functions
on [0,1], then the class of Baire functions is £((£)-closed but not closed
relative to pointwise convergence of nets (i.e., relative to the product
topology of i2[0'1]). The topology £((£) is the strongest topology de-
termining (£ and is T\. If there is at least one Hausdorff topology
determining & then a fortiori £((£) is Hausdorff.

If K is an abstract sequential convergence with unique limits on
X which satisfies condition (23), then the sequential convergence E x E
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on X x X defined by:

(a) K x K - lim (xn, yn) = (x, y) if and only if

(£ — lim xn = x and (£ — lim yn — y,

also satisfies condition (23) and hence it derives from a Tropology
£((£ x (£). This topology is stronger than the product topology
£(<£) x £((£) on X x X. (Observe that if A, B are £((£)-open in X
then A x J5 is £((£ x &)-open in I x I ) , It may be strictly stronger.
For instance if £((£) is not Hausdorfΐ, then the diagonal of X x X is
not closed under £((£) x £((£) though it is obviously £((£ x &)-closed.

The assumption of uniqueness of limits plays an important role in
the considerations of the present section. (Let X be an infinite set
and set K-lim xn = x whenever the "range" of (xn) is finite and x is
any element of X. Under £((£) every sequence converges to every
element).
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SOME REMARKS ON THE COEFFICIENTS USED IN
THE THEORY OF HOMOLOGY MANIFOLDS

FRANK RAYMOND

In the theory of generalized ^-manifolds (%-gms) or Cech
cohomology manifolds (w-cms), as developed principally by
Wilder, the ring of coefficients had been a field. Due to the
influence of transformation groups interest was aroused for
more general coefficient systems. However, it is usually simpler
to deal algebraically with coefficients in a field. Thus it
becomes desirable to have a theorem which implies the validity
of a result for ?ι-cms over principal ideal domains when it is
known to be valid for fields. The main result of our paper is
devoted to such a theorem.

In [1; Chap. 1], and [5], it was shown that under suitable re-
strictions X is an orientable n-cm over the integers Z if X is an
orientable n-cm over Zp, for all primes p and p ~ 0, (i.e. Zo is the
field of quotients of Z). At the time it was not clear how to proceed
to the general case of principal ideal domain L instead of the integers
Z. Theorem 1 and the Corollary, here, is the extension of this result
to the general case and is, in fact, a strengthening of the earlier
result even when L = Z. The proof is similiar to arguments of related
results in [7]. The previous argument in [5] was given only in outline
form and can be adopted, although not easily, to yield a proof of
Theorem 1. However, on the basis of what was sketched there the
argument would not be any shorter than that which we give here.

As a consequence of the method we establish (Theorem 2) the
equivalence of singular homology ^-manifolds and %-cms for a wider
class of space than was given in [7] and [8].

Before proceeding to the preliminaries we would like to illustrate
several of the advantages of Theorem 1. As was mentioned above,
arguments involving fields as coefficients are considerably easier than
those with a principal ideal domain as a coefficient system. A particular
case in mind would be spectral sequence arguments. Thus under
certain conditions the establishment of a result valid for n-cms over
principal ideal domains where it is known to be valid for fields would
be automatic by appealing to Theorem 1 and the Corollary. For example,
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Wilder's monotone mapping theorem is thereby extended. Also the
proofs of Separation and Union theorems for w-gms with boundaries
(Michigan Mathematical Journal 7, (1960) 7-21) would be considerably
simplified and the factorization theorem (Theorem 6) becomes valid for
arbitrary principal ideal domains instead of only the integers Z and
fields.

I wish to thank the referee for his helpful criticisms and sug-
gestions on improving the exposition of a somewhat entagled earlier
version of these results. I have incorporated his suggestions into the
present version.

1* Preliminaries* All spaces will be Hausdorίf. Two homology
theories will eventually be used, the Borel-Moore homology theory with
compact supports [2] and the singular homology theory. Coefficients
will be taken in the L-module G, where L is a principal ideal domain.
A superscript "s" will denote the singular homology if it becomes
necessary to distinguish the two homology theories. The pth Cech or
sheaf cohomology module with compact supports and coefficients in G
of a locally compact space X will be denoted by H?(X; G). We shall
assume familiarity with the concept of homology local connected up
through dimension n(lcn or lcs

n) and cohomology locally connected (clc),
(see [10] or [1]). For dimension of a locally compact space we shall
use the Alexandroίf-Cohen definition of cohomology dimension. Funda-
mental for the discussion will be the universal coefficient sequences.

(1.1) 0 > HP(X; L)®G > HP(X; G) > HP^(X; L)*G > 0 ,

and

(1.2) 0 > H?(X; L) (g) G > Hξ(X) G) > Hp\X\ L) * G > 0 .

The sequences are exact and functorial.

(1.3) A singular homology n-manifold (%-shm) Xover an L-module G is
a space such that

1. dimz X < oo,

2. H}(X, X - x; G) - ffi p j JJ, for each x e X,

3. There exists a covering by open sets {Ua} of X such that

j * : Hϊ(X, X - Ua; G) > H:(X, X-x G)

is bijective for each xeUa.

This is what I called locally orientable singular homology %-mani-
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fold over G in [7]. It isn't hard to see that 2 and 3 imply that X i s
locally a Peano-space and consequently condition 1 makes sense, (that
is, X is therefore locally compact and dimension is consequently well
defined). We say that X is orientable if for each open connected set
0, with compact closure, the homomorphism j * : H^(X, X — 0; G) —*
Hr

n{X, X - x; G) is bijective, for all xeO. That is, 2 and 3 say that
the orientation sheaf or the sheaf of local homology groups is trivial
in all dimensions except n and there it is locally constant. It is
orientable, therefore, if the orientation sheaf is constant.

By a generalized n-manifold over L (n-gm) we shall mean a Cech
cohomology n-maniford over L (%-cm). This is a locally orientable
generalized ^-manifold in the sense of Wilder and with coefficients
over L. See for example, [10], [1], [2], and [5].

(1.4) In [2], Borel and Moore defined a homology theory for locally
compact spaces. This can be regarded as a single space theory in
terms of Eilenberg and Steenrod [3; Chap. 10]. However, by looking
at the homology theory as a relative homology theory (see below) we
shall easily reformulate the definition of (Borel-Moore) homology mani-
folds to one that is analogous to that already given for singular
homology manifolds. This enables us to use a single argument for the
proof of Theorem 1 valid for both homology theories. Furthermore,
the comparison between singular homology manifolds and homology
manifolds there, in a sense, reduces to a comparison of the respective
homology theories (Theorem 2). (An alternative would be to reformu-
late the definition of singular homology manifold in terms of locally
finite singular homology leaving intact the Borel-Moore definition. But
for various reasons we do not think this procedure is preferable.)

Let U be an open subset of the locally compact space X. Define
the relative group

HP(X, X- U G) to be HP(U; G) ,

where Hp( U; G) denotes the Borel-Moore homology theory with closed
supports, [cf. 2; 3.8 and § 5]. Thus, from the single space theory of
Borel-Moore homology we obtain a homology theory, in the sense of
Eilenberg and Steenrod, defined on the category of closed locally
compact pairs and proper maps. We now follow Eilenberg and Steenrod
and extend the relative theory on compact pairs to arbitrary Hausdorff
pairs.

Let (X, Y) be an arbitrary Hausdorff pair. Define

H;(X, Y; G) to be Dir limλ Hp(Xλ, Ak; G)

where (Xλ, Aλ) runs through all compact pairs (direction is given by
inclusion) in the arbitrary pair (X, Y). This procedure extends the
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homology theory from compact pairs to arbitrary pairs. See [3; p. 255]
for outline of details. In particular, if X is locally compact and Y a
subset whose closure is compact then

( i ) Dir l\mUz>τHp(U) = Dir l i n w HP(X, X - U) = Hi(X, X- Y),
where U runs through the open neighborhoods of the subspace Y.
Clearly,

(ϋ) HP(X, x-U) = H;(X, X-U),
when X is locally compact, U is open and £7 is compact, (use excision).
We shall call this homology theory, Hi, defined on arbitrary Hausdorff
pairs and continuous maps the Borel-Moore homology theory with
compact carriers. For the pair (X, Y) we have, of course, the exact
sequence

(iii) > H;{ Y; G) - ^ H}(X; G) - ^ > H;(X, Y; G)

-*->HUY;G) >.
For locally compact spaces homology n-manifolds (n-hm) over an

L-module G are defined exactly as singular homology %-manifolds over
G were defined in 1.3. The homology to be used is the Borel-Moore
homology theory with compact carriers. Putting Y — point in (i) above
we easily see that the definition is equivalent to that in [2; 7.5] when
X is lc0.

Poincare duality holds for homology manifolds. The form of duality
we shall need is that with compact supports. Thus it is necessary to
identify the Borel-Moore homology with compact carriers with the
homology of the Borel-Moore chains with compact support. If U is
an open subset of the locally compact space X we have the exact
sequence of Borel-Moore chains with compact support

0 > ΓC(^Π(X; L)\U®G) >

X; L)\U®G) > 0

where C#H{X\ L) denotes the standard sheaf for homology on X of
[2; § 3]. The derived homology sequence is analogous to (iii) above,
with Y replaced by U, compare [9; 2.2]. However, more is true. The
chains with compact support in U, ΓC(^H(X; L) \ Z7(g) G), can be
identified with the direct limit, directed by inclusion, of all the chains
of X whose support lie in compact subsets of U. On the other hand,
the chains of X whose support lie in a compact subset, F, have homology
functorially equivalent to the homology of F. See [2; 3.4] and [9]
for details. Similarly we may identify Hζ(X, U; G) as the homology
of the chains of X with compact support mod those chains of X whose
support, again compact, lies in U.

In what follows we shall only use the Borel-Moore homology theory
for locally compact pairs (X, U), U open in X, and with compact
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carriers (or the equivalent, with compact supports). Therefore we shall
simply abbreviate Hl(X; U) to H*(X, U).

(1.5) Let q stand ambiguously for a prime ideal, Φ 0, or any of
its generators of a principal ideal domain L. The ideal is maximal and
the residue class ring is a field and will be denoted by Lq. Denote
the field of quotients of L by Lo. Define the family of all fields
determined by L to be the collection of fields just described. Denote
the collection by

(1.6) The following statements are well known consequences of
elementary properties of tensor and Tor functors applied to L-rnodules.

Suppose that G is an L-modiUe and that G (g) Lo — 09 then G
contains only torsion elements.

Suppose that G is L-module, and q is a prime in L. Then G
contains q-torsion, if and only if, G*Lq Φ 0. Hence, if G and H
contain q-torsion, G*HΦ 0, because G contains a cyclic submodule
isomorphic to Lq and Lq*H —> G*H is injective.

Let g e G, and (g) be the cyclic submodule generated by g. From
the exact sequence

G/(g)*G > (g) <g> G > G ® G ,

and the fact that G/(g)*G is a torsion module, (g) can not be isomorphic
to L if G — 0. Hence, if G (g) G = 0, then G contains only torsion
elements. In particular, if G ® G = 0 and G Φ 0, then G*G Φ Q.

(1.7) Let X be locally compact, U and V open subsets of X such
that 7 c U, and V is compact. Suppose that X is homology locally
connected up through dimension n in terms of the Borel-Moore homology
theory with compact supports and coefficients in L, lcn (respectively;
X is lcs

n over L). Then the images of the homomorphisms

Hi HP(V;L) > HP(U; L)

j* : HP(X, X-V L) > HP(X9 X - ϋ; L)

are finitely generated, for all p ^ n in terms of the Borel-Moore
homology theory with compact supports (respectively; in terms of the
singular homology) o

Proof. This argument has been communicated to the author by
C. N. Lee. Both the Borel-Moore homology with compact supports and
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the singular homology theory satisfy the Mayer-Vietoris sequence in
terms of open subsets. The absolute case for singular homology then
becomes an exact copy of the absolute case for the Borel-Moore ho-
mology theory which is proved in [2; 6.8]. The relative case now
follows from exactness and a little diagram chasing.

2* The family .Sf *. Each field Lpe^f(p = 0, or q) is a vector
space over the rationale or the integers modulo a prime. This is
determined, of course, by the characteristic of each Lp. Denote the
corresponding collection of fields isomorphic to the integers modulo a
prime and possibly the rationals by Jίf *. Clearly, Lp is a L* module.

Let %{L) denote the characteristic of L. In general we have
three cases:

1. χ(L) = m, m Φ 0.
2. χ(L) = 0, χ(Lp) = 0, for all Lp e &.
3. χ(L) = 0, χ(Lp) Φ 0, for some Lp e j£f.

The structure of jSf * for these three cases are respectively:
1. Zm — S^*:, and L is additively a vector space over Zm.
2. Zo = jSf*, and L is additively a vector space over Zo.
3. Zo and all Zm for which there exists an LpeJ?f for which

χ(Lp) = mΦ0.
It is the presence of the third case which causes the difficulties

in the main theorems.
The first observation to be made is that dim^ X ^ dimz X9 for any

L-module G. Also, if G is free over L, then dim^ X = dimz X. This
is a direct consequence of 1.2. Hence, dimz X — dimz* X, and, in fact
for Cases 1 and 2, dimz X = dim z Z, for all L% ε£f*.

The next proposition is also an easy consequence of the universal
coefficient Theorems 1.1 and 1.2.

(2.1) PROPOSITION. A space X is a w-cm, w-shm or an w-hm over
L (respectively; orientable) where L is a field of characteristic m, if
and only if, X is an n-cm, w-shm or an w-hm over Zm, (respectively;
orientable).

3* A dimension lemma* This section is concerned with the
determination of dimz X when one knows dimz?) X or dimz^ X for all
Lp e mSf, or all L* e £f *. Define dim^ X = maxz € ^ {dimz/x}. This
will be called the field dimension of X. Clearly, d im^*X= dim^, X,
where dim^ X is defined analogously.

(3.1) LEMMA. Let X be locally compact. Then dimz X ^
(dim^,* X) + 1. Furthermore, the strict inequality holds for Cases 1
and 2 of 12.
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Proof. By the remarks in §2, dimz X — dimz* X — dimz X —
dim 2.* X for Cases 1 and 2β

Suppose now that n = dim^* X < dimz X. (We are necessarily in
Case 3). Then Hc

n+k (U; Lp) = 0, for all Lp e Sf? all open [ / c l , and
all k > 0. By 1.2, ^ + f c (Z7; L) (g) Lp = 0 and Hr

n+k+1(U; L)*LP = 0,
for all L . e ^ . Hence by 1.6, Hΰ

n^k+1(U; L) = 0, for all A; > 0, and
all open subsets U, UaX. But if Hc

n+1(U; L) = 0, for all U, then
dimz X g ^. Therefore, there exists some open subset U such that
Hc

n+1(U; L) Φ 0. This implies that He

n+1(U; L) is a torsion module. (In
fact, H?+1(V; L) is a torsion module, possibly trivial, for all open
subsets V of X.) We observe that if dimz X > dim^* X = n, dimz X =
n + 1. Hence, there exists an Lq e Sf such that dim^* X — dimz X
and there exists an open subset V such that iί c"

+ 1(F; L) has nontrivial
g-torsion. Note also that if dimZp X < dimZo X for all Lp e J*f, Lp Φ Lo,
then dimz X = dimZo X = dim^,* X.

Actually the lemma is stronger than we need. We shall only use
in Theorem 1 the fact that dimz X < co if dim^* X < co. However,
it can be used to simplify and/or extend several arguments in dimen-
sion theory. The following is a sample of such a situation.

COROLLARY. (Bockstein, and Fary [4].) Let X he a locally com-
pact Hausdorff space such that dimz X = n < oo, Then dimz X

k — kn
or k(n — 1) + 1. The latter case holds, if and only if, dim^*X<dim zX.

Proof. If dimz X = dim^ X, then dimz X
k = kn = dinw* Xk. (It

is known that dimz X x Γ g dimz X + dimz Y, see [1, p. 15]. There
are other published proofs of this fact that seem to be incomplete;
however, they can be completed if one assumes dimz X x Y < co.
Now, d i m ^ Xk ^ k dim^* X follows from repeated use of the Kunneth
theorem and dimz X

k = k dimz X from the fact that dimz X^ ^ dim^*Xfc).
If dimz X

k Φ kn, then dim z X > dim^* X. Then there exists some
"prime" q e L such that dimz* X = dim< *̂ X = n — 1.

In particular we can find an open subset Ua X such that H^( U; L)
contains g-torsion. Thus, for k — 1, the theorem is proved. We
proceed by induction. Assume H£{n~1)+1(Ur; L) has g-torsion, for all
r < k. Then

H:{n~1)+1(Ur) L)*H?(U; L) Φ 0 , by 1.6.

Hence, by the Kunneth theorem Hr

c

[n-1)+ι+n~\Ur x U; L) Φ 0. Setting
r = k - 1, we obtain Hkin-1)+1(Uk; L) Φ 0. Since dim^* Xk = k(n - 1),
dimz X

k = k(n - 1) + 1.
It is easily shown that the latter case cannot hold if X is clc over

L, the point being dimz X = dim^* when X is clc.
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4* The main results*

THEOREM 1. Let X be lcn (respectively; lcs

n) over L. Then X is
an n-hm (respectively; an n-shm) over L, if and only if, X is an
n-hm (respectively; an n-shm) over each L%ej^f*. Moreover, X is
orientable, if and only if, X is orientable over each L*ej?f*.

THEOREM 2. Let X be lcn (respectively; icL) over L, then X is
an n-cm, if and only if X is an n-hm (respectively; n-shm) over L.
Moreover X is an orientatable n-cm if and only if X is an orientable
n-hm (respectively; n-shm).

COROLLARY. Let X be lcn over L then X is an n-cm over L if
and only if X is an n-cm over every L* e,

Summarizing these results we have:
Under lcn over L, n-cmz<=)>n-cm^*<(=)>^

<=> n-hm^ <=> n-hm^*.
Under lcs

n over L, n-shmz< — > n-shm _^*<==>n-shm^.
Under Icto over L, n-cmz<(=)>n-cm^*<(=^>n-cm^ ( = ) ^ - h m z

*S=yn-shmL

Proof of Theorem 1. If X is an n-hm (respectively; an n-shm)
over L, the universal coefficient theorems immediately imply that X is
an n-hm (respectively; an n-shm) over each LpeSf, and over each

For the converse we shall not distinguish the two respective cases
as the arguments are identical. The homology groups are to be inter-
preted as the singular homology or the Borel-Moore homology with
compact supports as the case may be.

Assume that X is an n-hm (or an n-shm) over each L ^ G ^ 7 * .
Then as Lp is a vector space over L*, we can (universal coefficient
theorems) assume that X is an n-hm (or an n-shm) over each LveSf.

Next, we show that dimZί) X = n, for all p. Hence by § 3,
dimz X ^ n + 1. In fact, after we show that X is an n-hm (or
n-shm) over L, we may conclude that dimz X — n. These statements
follow from the lemma:

Let X be lcQ over the principal ideal domain L or have a countable
base for its topology (respectively: no assumptions if the singular
homology is used). If X is an n-hm (respectively: n-shm) then
dimz X = n.
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The proof of this general proposition depends upon the fact that
for finite dimensional spaces over L, dimz is a local property. That
is, one need only check the vanishing of the cohomology modules for
sufficiently small subsets of X. The hypothesis guarantees that the
( —l)st-homology modules for the Borel-Moore homology theory are 0
for open subsets of X. We now use Poincare duality, (Poincare duality
is proved for singular homology manifolds in [7]), and obtain that
Hc

n+k(U; L) = H_k(U; L) = 0, for all open subsets U within an orientable
part of X and all k > 0. This completes the proof of the lemma.

Let x G X, then Hk(X, X — x; Lβ) — 0, for all k Φ n. In particular,
Hk(X, X - x; L) (g) Lo = H^X, X - x; L)*Lq = 0, for all k Φ n, and
all q. Thus, for 1.6, Hk(X, X - x; L) = 0, for all k Φ n or n - 1.
Furthermore, for any open subset P e l , Hn(Xf P; L) is torsion free
since Hn+1(X, P; Lq) = 0, by Poincare duality. Let U be a connected
neighborhood of x (with compact closure) such that U is orientable
with respect to Lo. Let V be any connected open subset of U such
that Va U; let F denote the image of

(4.1) j * : Hn(X, X - U; L) > Hn(X, X - V; L) .

The module F is a finitely generated (by 1.7) torsion free L-module.
Since

j \ : Hn(X,X- U)L)®LQ >Hn(X,X- V; L) (g) Lo

= Hn(X, X - V; Lo)

is bijective and has image isomorphic to Lo, it follows that F must be
precisely isomorphic to L. Now tensor (4.1) by Lq and obtain the
commutative diagram

Hn(X, X - U; L) (g) Lq > F(g) Lq > 0

I
\(i* ® i)

\
Hn(X, X - V; L) (g) Lq

which is exact on the top row. Since F'(g) Lq = Lq,

Hn(X, X - U; L) ® Lq Φ 0 ,

and consequently Hn(X, X — U; Lq) ~ Lq. Therefore, U is an orientable
n-hm or w-shm over Lq, for all q. Note further that

Therefore it follows that H^^X, X — x; L) — 0, since it is the direct
limit of torsion free modules (such as H^^X, X — U; L)) and

We show now that j * : Hn(X, X- U;L)~-> Hn{X, X - V; L) is
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bijective with image, F, isomorphic to L, whence the orientation sheaf
is locally isomorphic to L in dimension n, (i.e. j * : Hn) X, X — U; L) —>
Hn(X, X— x; L) is bijective for all xe U).

First, Hn(X- V, X- U; L) is torsion free, and Hn(X- V, X- ϋ; Lp)^
Hi( U-V; Lp) = 0. Therefore by J . I and 1.6 Hn(X - V, X - U; L) = 0.
Exactness of the triple (X, X— V, X— U) implies that j * is injective.
A similar argument shows that Hn(X, X — V; L) is also isomorphic
to L. Now, Hn(X -V,X- U; Lq) = 0, for all Lq e ^f, implies
Hn^{X — V, X — U; L) is torsion free. Thus j * must also be surjective.

We have shown that X is an w-hm (or %-shm) over L. That X
is orientable over L if and only if it is orientable over each Lp e Sf
is clear from the above. In fact, orientability over Lo is equivalent
to orientability over L.

It is interesting to note that lcQ was used to make the ( —l)sί-Borel-
Moore homology groups vanish and to guarantee sufficiently many open
connected subsets of X. (These facts are implied by Condition 3 of 1.3
in the singular case). The lcn (and Idϋ) condition over L was used
to imply the finite generation of the image of j * in 4.1 (Added in proof:
lcn also guarantee the validity of change in^ rings.)

Proof of Theorem 2. Suppose X is an n-cm over L then Poincare
duality implies Hk{X, X — x; L) ^ Hn-k(x; L) = 0, for all integers
k Φ n. In dimension, n, Hn(X, X - V; L) ^ H!(V; L) = L, if V is
connected contained within an orientable part of X and V compact.
Furthermore, duality is functorial with respect to inclusion. Thus X
is an %-hm and orientable if and only if X is orientable as an %-cm.
[cf 2; 7.12 for a proof that essentially uses only the universal coefficient
theorem]. Note also that if X is an n-cm over L, then X is an n-cm
over Lp and L*, for all Lpejϊf, and Lpe£f*. This follows
trivially from the universal coefficient sequences. In particular, X
is an %-hm over all L p e j ^ * . In [8], I have shown that if X is Id
over L*, and is an n-hm over L*9 then X is an n-shm over L*.
(The point being that the relative Borel-Moore homology groups
H*(X, U; L*) are naturally equivalent to the Cech homology groups
(with compact carriers) which are naturally equivalent to the relative
singular homology groups i?ί(X, U; Lp). Therefore, if X is a cm over
L and is Icl over L (hence icL over every L*), then, by Theorem 1, X
is an %-shm over L.

On the other hand, if X is an n-hm and is lcn (or an w-shm and
is Un) over L, then Poincare duality (image HP(V; L) —> HP(U; L) is
isomorphic to image H?~P(V; L)—> Hn~p(U; L)) implies that X is an n-
cm over L. (The argument is that of [2; 7.12] with the observation
that lcn condition suffices instead of the full Ic^ because H^~v is 0 for
negative p.)
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Again orientability statements are clear.
Proof of the corollary. Trivially, if X is an n-cm over L then

X is an n-cm over every coefficient L-module. Conversely, if X is an
%-cm over L% then X is an %-hm over L*, by Theorem 2. By Theorem
1, if Xis, in addition, lcn over L, then X is an n-hm over L. Again
by Theorem 2, X is an %-cm over Lo

In [8] it was observed that Theorem 2 held for fields. In [6], the
"if" part (singular homology) of Theorem 2 for L — Z and X having
a countable basis is proved. Their argument, however, does not appear
to be amenable to the general case because of the reliance upon duality
between compact topological groups and discrete abelian groups.

In Theorem 1, the integer n was kept fixed, i.e. n was independent
of Lp, Lpe^. In order to free the theorem from this assumption a
strengthening of the other hypotheses is needed, although no examples
implying the contrary are known to me. An illustration of (possibly)
stronger hypotheses which would imply the constancy of the integer
n would be to assume that ίZ^X, X — x; L) is finitely generated for
some x e X, where nQ = dimZo X, or to assume that dimXo X — dim^* X.
(Cf. [1; I, 4.11]).

One could formulate these remarks as a question. Let X be clc
(respectively: icL) over L, and dimz X < co. Suppose X is nβ-cm
(respectively: an %-shm) over each Lp e Sf. Then, is X an %-cm
(respectively: an %-shm) over L, for some integer ni It seems likely
that the answer is always affirmative. (We have already seen that if
the characteristic of L satisfies 1 or 2 of § 2, the answer is affirmative.)
However, if the local connectedness assumptions over L were removed
it seems likely that the answer would be negative, (if not then it
would follow that every compact group acting effectively on a manifold
would necessarily be a Lie group).

Added in proof. If U is a module over L and both are principal
ideal domains then HP(X, X-U; U) has the interpretations depending
upon which ring, L or I/, is used for the ground ring. The inter-
pretations agree, that is the change of rings is valid, for the singular
homology as is well known, and for the Borel-Moore homology theory,
with compact carriers, if X is lcp over L, (due to Bredon). We have
implicitly used the validity of the change of rings in the proof of
Theorem 1. When U is a field, which is all that we need, the validity for
the Borel-Moore homology can easily established as follows. Let the
L'-modules

Homz, (Γσ(<έ?H(X; L) \ U® KL'\ U) and Horn,, (Γ0(^H(X; U) \ U), U)

determine presheafs. Apply the arguments of [2; 6.4 and 6.6] to both
presheafs. This implies that they both determine the sheaf-theoretic
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cohomology of £/, with closed supports, over L as dual spaces of both
homology theories. Hence the change of rings is valid. A recent
example of Bredon, which has also inspired these remarks, shows that
this change of rings is not valid without the lcp hypothesis. A complete
discussion of the change in rings will appear in a forthcoming book
of Bredon on sheaf theory.
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ON SUB-ALGEBRAS OF A C*-ALGEBRA

J. R. RlNGROSE

The following noncommutative extension of the Stone-
Weierstrass approximation theorem has been obtained by Glimm.

Theorem. Let S/ be a C*-algebra with identity I, and
let έ%? be a C*-sub-algebra containing I. Suppose that &
separates the pure state space of jyί Then g§ = J^Γ

In the present paper, we apply Glimm's theorem to obtain
the following noncommutative generalisation of another result
of Stone.

Let St/ be a C*-algebra with identity I and pure state
space ^ Let g$ be a C*-sub-algebra of j^f, and defne

= {/: / is a pure state of J^ and f(B) = 0 (Be ^ ) } ,
= {(g,h): g,he^ and g(B) = KB) (B e &)} ,

^ = {A: AGJ^9 /(A) = 0 (fe^O and g(A) = fc(A)

((c/, ft) e if)} .
Then &

We will refer to this as Theorem 2 in the sequel. Glimm's theorem
is to be found in [1] Stone's, in [3].

Once it is known that Sίf^ is a C*-sub-algebra of J ^ Theorem 2
is an almost immediate consequence of Glimm's theorem (see § 4). It is
clear that £(f& is a closed self-adjoint linear subspace of s^\ accordingly,
most of this paper is devoted to proving that ^ S is closed under
multiplication (see § 3).

We remark that, if J ^ is commutative, then & consists exactly
of all homomorphism from S^f on to the complex plane C; so in this
case, it is immediate from its definition that 3£% is a C*-sub-algebra.
However, this seems not to be obvious in the general case. Indeed,
for a general set Λ* of pure states of S>f and a general subset g7 of
.£? x ^ , the class

{A: A e J ^ /(A) = 0 (/ e ^K) and g(A) = h(A) ((</, h)eξ?)}

need not be a sub-algebra of Sf\ for example, let Sf consist of all
bounded linear operators on a Hubert space H9 let ~4r be void, and
let if consist of a single pair of vector states arising from orthogonal
unit vectors.

2* Notation. Throughout, J ^ i s a C*-algebra-by which we shall
mean a uniformly closed self-adjoint algebra of operators acting on a
(complex) Hubert space H. We shall always assume that Sf contains

Received September 30, 1964.
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the identity operator I on H. A state of S%? is a linear functional /
on j y such that /(A*A) ^ 0 ( A e j / ) and /(/) = 1. The set of all
states is convex and weak * compact the Krein-Milman theorem ensures
the existence of extreme points, and these are called pure states. The
pure state space of J ^ denoted by &* (or &(sf) if S%? has to be
specified), is the weak * closure of the set of all pure states.

Given a state / of J ^ there is a *-representation Φf of J ^ on a
Hubert space Hf, and a unit vector xf in Hf, such that Φf(S$f)xf is
dense in Hf, and

f(A) = <0/(A)αv, xf)

To within unitary equivalence, Φf is unique. Furthermore, φf is
irreducible if and only if / is a pure state (see, for example, [2] 245,
265, 266). We shall always use the symbols φf, Hf, xf in the sense
just described.

3* Some lemmas* Throughout this section we shall assume that
^ i s a C*-sub-algebra of J ^ and that Ie^?. We use the notations
introduced in the statement of Theorem 2 note that, since Ie £$y Λr

is empty and

= {A : A e J^and g(A) = h(A) ((g, h) e &)} .

For completeness, we give a proof of the following simple result.

LEMMA 1. (i) Let f e &>, Seszf and suppose that f(S*S) = 1.
Define g(A) = f(S*AS) (A e sf). Then ge^>.

(ii) Let / e ^ , xeHf, \\x\\ — 1, and define g(A) — ζψf(A)x9 a?>
(A e j&). Then g e &>.

Proof, (i) Clearly g is a state. Suppose first that / is a pure
state, and let x — φf(S)xf. Then for each A e

(1) <Φf(A)x, x) = <jfi,(S*AS)xf, xf> = f(S*AS) = g(A) .

With A — I we obtain \\x\\ — 1; and since / is a pure state, φf is
irreducible, so Φf(J^f)x is dense in Hf. This, with (1), implies that Φf

and Φg are unitarily equivalent. Thus Φg is irreducible, so g is pure.
Now suppose only that fe &. There is a net (ft) of pure states

which converges to / in the weak * topology. Since f{(S*S) —+f(S*S) =
1, we may suppose that /<(S*S) > 0 for each i. Let h, = [/i(S*S)]-1/2,
Si = kiS, and define gt(A) =fi(S*ASi) (Aej*). Then /.(S*^) - 1,
and the argument of the preceding paragraph shows that g{ is a pure
state. For each A e
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= g(A) .

Hence (g^) is a net of pure states which converges to g in the weak *
topology, so g e &.

(ii) Since Φf{Szf)xf is dense in Hf, we may choose Sn e jy (n =
1, 2, . . .) such that

\\Φf(S%)xf\\ = l 9 \\ΦASn)xf-x\\-+0.

Thus f(S*Sn) — 1, and by part (i) of this lemma, we may define gn in
&* by 9n(A) = f(S%ASn) (Ae Jtf). Then for each

gn(A) = iΦf{A)φf{Sn)xfi ΦASn)xf>-><φf(A)x, x) =

Thus flf G ^ β

LEMMA 2. Lβί Te<%%, S e ^ .

Proof. Let (/1? /2) e g7. We have to show that Λ(S* TS) - /2(S* TS).
Since S * S e ^ , we have f1(S*S)=f2(S*S); and after multiplying S
by a suitable scalar, we may clearly suppose that fί(S*S) is either
0 or 1.

If fi(S*S) = 0, then S is in the left kernel of fi (i = 1, 2), and

/1(S*ΓS)=/2(S*ΓiS) = 0.
If fi(S*S) = 1, define ^(A) - MS*AS) (Aejϊf). By Lemma 1

(i), ffie^. If ΰ e ^ , then S*5Se ^ , so A(S*BS) - f2(S*BS) that
is, #iCB) = #2CB). Hence (glf g2)€&, and since TG £(?&, it follows that
ft(Γ) = 9*(T) that is, US*TS) = /2(S*TS). This completes the proof.

LEMMA 3. Lei Te^% and R,Seέ^. Then R*TSe<%%.

Proof. This follows from Lemma 2 since

4 J?*ΓS = (R + iS)*Γ(i2 + S) - (iί - S)*T(i? - S)

- i(R + iS)*T(R + iS) + (Λ - iS)*T(R - iS) .

LEMMA 4. Let fe&* and let M be a closed subspace of Hf which
is invariant under Φf(έ%?). Then M is a invariant under

Proof. Suppose that the lemma is false. Then we may choose
Te<2έf^ and xeM such that Φf(T)xίM. Let y = (I - E)φf(T)x,

where E is the projection from Hf on to M. Given t in [0, 2ττ), define
yt = x + exp (it)y, zt = kyt, where
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Thus zt G Hf, \\zt\\ — 1, and by Lemma 1 (ii) we may define gt e &> by

gt{A) = <j>f{A)zt, zty (A e J^). Since Φf{&) leaves both M and HfQM
invariant, it follows that for each B e &,

gt(B) = kXΦf(B)(x + euy), x + e%>

, x)

which is independent of ί. Hence, for each s, t in [0, 2τr), we have
(α., flr*)e g7. Since Γ G &?*, it follows that grs(Γ) - gt(T) so ^(Γ) is
independent of te[0, 2π). However,

gt(T) = k\φf(T)(x + e

= p + qeu + re"

where p, q,r are independent of t and

Thus ^ί(Γ) is not independent of te[0,2π), and we have obtained a
contradiction. This proves the lemma.

LEMMA 5. <%% is a C*-sub-algebra of Sf.

Proof. Suppose that (g,h)e&. Let Mg be the closed subspace
of Hg which is generated by φg{^?)%g. It follows from Lemma 4 that
Mg is invariant under φg(<%%). When Te £g%, we shall write φg(T) \ Mg

for the operator (from Mg into Mg) obtained by restricting φg(T) to Mg.
Similar notations will be used with h in place of g.

Given Te£^ and R,Se<^, we have (Lemma 3) R*TSe£έ&.
Since {gyh)eW, it follows that g(R*TS) = h(R*TS), or equivalents
that

( 2 ) <Φa(T)φa(S)xa, φg(R)x9y = iφh{T)φh(S)xhJ φh(R)xh} .

By taking T — 7, we deduce the existence of a unitary operator Z7
from Mg on to ΛfΛ such that

(3) Uφg(S)xβ = φh(S)xh (S

Equation (2) then implies that

<φg(T)v9 w> = iφh{T)Uv, Uw> (Te

for all v, we φg(^?)xg, hence for all v, we Mg. The last equation is
equivalent to

( 4 ) φβ(T)\Mβ= U*[φh(T)\Mh]U (T

Now suppose that Tu T2e<3£%. Given (g,h)eξ?, construct U as
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above. Since φo{T^ leaves Mg invariant (i = 1, 2), so does ^(I^Tg), and

^(2\T2) I M, - [0,(70 I Mg][φg(T2) I j|f,]

similar considerations apply with h in place of g. From (4), with
T = T19 T2, we deduce that

M9 = U^h(TxT2) Mh]U.

Since xg e Mg and Uxg = a?A, the last equation implies that

that is, g{TxT2) = h(T1T^. This holds whenever (g,h)e%', so
1 i JL 2 t ; <^zΓgg<

We have now shown that ^ ^ admits multiplication since £έf^ is
clearly a closed self-adjoint linear subspace of s/9 the lemma is proved.

4* Proof of Theorem 2* We shall use the notations introduced
in the statement of Theorem 2. It is immediate from the definition
of Sίfa that & c ^g^.

We first consider the case in which I e ^ , so that the theory
developed in § 3 applies to show that 3^f^ is a (7*-algebra. We remark
that each element / of the pure state space & {3(?&) can be extended
to an element /of ^ ( J ^ ) . For there is a net (/J of pure states of
Sίf^, converging to / in the weak * topology. Each f{ can be extended
to a pure state Ji of J^(see, for example, [2] 304). Since &(s/) is
compact, the net (ft) has at least one weak * limit point f e^(s^),
and / is an extension of /.

Suppose that & Φ 3ίf&. Then by Glimm's theorem there exist
distinct g,he^(3!f&) such that g(B) = h(B) (Be &). We may extend
g, h to elements, g, h respectively of & (Jϊf). Clearly {g, h) e g7. Thus,
by the definition of 3έ%, g{T) = h{T) whenever Te£^^) that is,
g = h, contrary to hypothesis. This proves Theorem 2 for the case in
which IG &.

If I e &, let ^ = & + CI be the C*-algebra generated by I,
& (C denotes the complex field). With an obvious modification of the
notation introduced in Theorem 2, it is clear that ^ ^ ( ^ ) is empty and
that £T(^ί) = i f ( ^ ) . Thus ^έf^^^ί?^^ since le &19 the first part
of this proof shows that ^ = <&f%l9 so β£% c ^ .

Now let / be the pure state of ^ defined by f(Xl + B) = λ
(λe C, S G ̂ ) , and let ^ be any extension of / to a pure state of
Clearly geΛ^(^). Hence g(βe%) = (0), and
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that is, ^f^ c &. The reverse inclusion has already been noted, so
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SOME TOPOLOGICAL PROPERTIES OF CERTAIN SPACES
OF DIFFERENTIABLE HOMEOMORPHISMS

OF DISKS AND SPHERES

JACK M. ROBERTSON

L e t D n = { x ε E n : \ x \ ^ 1}, a n d Sn = {x e E n + ί : | x \ = 1}.
We denote by Hn the space of C°° homeomorphisms of Dn onto
itself leaving a neighborhood of the boundary fixed. Let Kn

be the space of C°° orientation preserving homeomorphisms of
Sn onto itself. It is not required that maps in the two spaces
have differentiable inverses. In both space the Ck topology
is used.

The purpose of this paper is to establish the following
two theorems:

THEOREM 1. Hn is contractίble to a point for any n.
THEOREM 2. Kn is arcwise connected for any n.

NOTATION. f(x) = (fλ(x19 , xJ, , fn (xlf , xn)) where x =
(xl9 •••,»»), or simply f(x) will denote mappings of En into En. The
shorter form will be used where the meaning is clear.

The topological analog of Theorem 1 is established by a mapping
described by Alexander (1923) [1], Smale (1959) [4] proved the cor-
responding result for n — 2 in the space of diffeomorphisms on Dn

leaving a neighborhood of the boundary fixed. Kneser (1926) [3]
proved that the space of all orientation preserving homeomorphisms of
S2 onto S2 has the rotation group as a deformation retract, while
Smale gave the corresponding result for the space of orientation
preserving diffeomorphisms on S2 in the paper referred to above.
Fisher's work (1960) [2] gives the analog of Theorem 2 in the topo-
logical case for n = 3.

II* Proof of Theorem 1* Let m(v) be a mapping on I (the
unit interval [0, 1]) with the following properties:

(a) m(v) e C°°;

(b) m'{v) > 0 on (o, | - )

(c) m(v) = 1 on (A , l ]

(d) m(v) = e~{1'r) on (θ, —)

Received September 16, 1964. The work in this paper was partially supported
by Summer Fellowships for Graduate Teaching Assistants in the summers of 1963
and 1964. This paper represents the major results of a thesis submitted to the
University of Utah for the Ph.D. degree in August 1964.
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(e) m(0) = 0.
ΛT Λ * , , ,v f 1 — (1 — e-{1't)+1) (1 - m(v)) t Φ 0,
Now define k(v, t) =\ , , * Λv 7 im(v) ί = 0,
on / x /. We see that:

(a') fcty, έ ) e C M o n J x /;
(b') k{v, t) is monotonic in v for each ί e I;

(c') k(v, t) = 1 for v ^ — for all t e /;
4

(d') fc(v, 1) = 1 for all vel;
(e') A?(v, 0) = m(v);

(f) 0 ^ A?(v, ί) ^ 1 on / x /.

The mapping

( 1 ) x->k(\x\2, t)x

is in Hn for each ί. At t — 1 the mapping is the identity, while at
t — 0 the mapping has all partial derivatives of all orders zero at the
origin.

The mapping given by Alexander was defined as follows:

[tf(—λ , tΦ 0 (/ extended to be the identity outside Dn) ,
ft(x) = j \t J

[x, t = 0.

In the Ck topology the mapping of Hn x I—• Hn defined by (/, t)—+ft

(the Alexander map) will not be continuous for k ^ 1. In general,
lim ft Φ /0 because at the origin the derivatives of ft do not converge

t-»0

to the derivatives of the identity mapping. However, by composing
the Alexander mapping with (1), we obtain the mapping required in
Theorem 1. Thus define

h:Hn x I-+Hn

by

h(f, t) = kft

where

= k(\ft(x)\\t)ft{x).

In particular h(f, 1) = / for all fe Hn1 while h(f, 0) is the mapping
given by (1). Because of the form of map (1) at the origin, all
derivatives of all orders of kft approach zero there and the problem
mentioned above is removed. The argument that h is continuous is
tedious but straightforward.
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III* Local straightening of mappings in En. The proof of
Theorem 2 requires some local straightening procedures for maps in
En which we now give. For this purpose let L be the space of C°°
orientation preserving homeomorphisms mapping Ur = {xeEn:\x\ ^ r}
into En9 leaving the origin fixed and topologized by the Ck topology.
We will use J(f)P to represent the Jacobian matrix of / evaluated at
p G Ur, and | J(f)P | the corresponding determinant.

LEMMA 1. Suppose fe L with J(f)p — (α i5 ), P the origin and
(an) nonsingular. Then there is a path fte L from f to g, where
g agrees with f in a neighborhood of the boundary of Ur and is the
linear map with Jacobian (α^ ) in a neighborhood of the origin. Also
for all t, ft agrees with f in a neighborhood of the boundary of Ur.

Proof. Let σ(v) be a mapping on [0, oo) with the following pro-
perties:

(a) φ)eC";
(b) σ(v) = 1 on [0, a)9 a > 0;
(c) σ(v) — 0 for v ^ 1;
(d) σ'(v) g 0 for ^e[0 , oo).

We see that | σ'(v) \ < M for some M. Let c < r be chosen so that
for xe Uc,

(i) < s, ε> 0; i - 1, • , n; j - 1, 2, •••,«.
OXj

Then for xe Uc,
(ii) I a^x, + + ainxn — f{(x19 , xn) \ < nεc for i = 1, 2, , n.

N o w define

tσ ( X ι + ' * ; +x" ) (a^ + - - + alnxn\ c2 /

+ tσ ( g? + + s ' ) ( α a + + αBMa
c 2

At t — 0, Λ = /; at t — 1, ft is linear with Jacobian (αi3 ) inside a
neighborhood of the origin; for all ί, ft agrees with / outside Ue.
The element in the (i,j)th position of J(ft) differs from ai3- by at
most
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t_ σ, / g ? + ••• +xl\ ( + . . . + ainxn - Uxu , xn))
2 V c 2 /c

tσ(χl+ -+χl)( _
V c2 / dXj

On Ue, I Xj I S c so that the expression is bounded by ε + (2/c) Mn ε c +
ε = (2 + 2Mn)ε. Hence by choosing ε sufficiently small, | J(ft) | will
remain positive on Uc for all t so that /* will be a homeomorphism on
Z7r. Continuity of the path ft in L is immediate from the definition

of Λ.

LEMMA 2. Let f(xlf -, χn) = {aίlx1 -\ f- alnxn, a22x2 H h a2nxn, ,
α % t ι # J e L with an « αw % > 0. T%βw ίfeere is α ^αί/^ / t e L s^cfe ίfcαt
a^t^b, ft(x19 . . . , aΛ) = /(a?!, , a?J at t = α, /t(a?i, •••,»») = (α n£i, ,
αftΛa;ft) iw α neighborhood of the origin at t — b, and ft(xlf

 m ,xn) —
f(xly -,xn) in a neighborhood of the boundary of Ur for each t.

Proof. We construct the path in n — 1 arcs as follows. Choose
a positive c1 less than r. Let kx > 1 be sufficiently large so that
whenever

r 2 4- P r 2 4_ . . . 4- L V 2 < /̂ 2

we have | aj< | < ε, i = 2, 3, , n
Now define

/ /y.2 4 _ L 2 /y 2 4 _ . . . 4 -

a
\aί2X2 + β + &2nXn)i 2̂2*̂ 2 + + &2>nfin) ' * ' f ^nn^n)

Then ft=f when t = 0 and ft at t = 1 is the mapping

(an^1 ? α22ίr2 + + a2nxn, , αnwa?w)

in a neighborhood of the origin. For each t, ft— f outside

Ύ* I L ̂ '/y 2 I « . # I Z^^/V*2 /*2

so that ft~f outside UOl. Also J(/ t) in the (1,1) position differs
from an by

2aJi / T ,/^i 2 + ^ a ; 2

2 + . . . +
1/ \J

'c2x2 \J - ϊ - J (α12a?2

This expression is zero outside the ellipsoid x\ + k\x\ + . . . + k\x\ = cj.
Inside this, | x1 \ < cx so if | ai3 \ < Mu j = 2, , n, and M is a bound
on the derivative of σ(v), the expression is at most 1 (2/c2) M(n — 1)
M1 ε. This expression is small whenever ε is small (nothing that ε
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can be chosen independent of c^. Thus by choosing ε small, | J(ft) \
will remain positive inside the ellipsoid and ft will be a homeomorphism
for each t.

Thus we assume / e L and for c{ > 0 with | x | ^ ct < r the map-
ping is given by

(anxlf , di^i^Xi^, (luXi + aifi+ίxi+1 + + dinxn,

aί+ui+1xi+1 + + di+Unxn9 , dnnxn).

Let hi > 1 be sufficiently large so t h a t whenever x\ + + x\ +
fe2

+1 + + k\xl ̂  cj, it follows t h a t \Xj\<e, i = i + 1, , w.
Define for xe Ur

1 + +

For the proper choice of ε, we can repeat the argument given above.

LEMMA 3. Suppose f(x19 , xn) — {a1xu , anxn) e L, α* > 0 /or
αZί i . Tfcere is α pαίfe ft in L from f to a mapping which is the
identity in a neighborhood of the origin, and ft — f for all t in a
neighborhood of the boundary of Ur.

Proof. First, if a > 0 let p(x) be a function on ( - oo, oo) with:
(a) p(x)eC~;
(b) p'(x) > 0 on ( - oo, CXD);

(c) p(x) = x in a neighborhood of the origin;
(d) p(x) = ax outside (— s + a, s — a), a > 0.

We again construct the arc in segments. Choose s1 < r and define

where σ is defined in Lemma 1 and Pife) satisfies properties (a) — (d)
above for s — slβ At ί = 0, /4 = /; at t — 1 in a neighborhood of the
origin ft is the mapping (xlfa2x2, -*-,anxn). Also for all tel, ft—f
outside the cylinder x\ + + x\ ^ si, — s1 ^ xλ ^ su J(ft) in the
(1,1) position is
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«, + to ( * + • • ; + * ) Pί'{Xl),

which is positive for all t on the cylinder given above. Hence ft is
a homeomorphism for each t.

Now there is an s2 with 0 < s2 < sx so that on the cylinder
a?? + X3 + β + #n 5£ sj, — s2 <; cc2 ^ s2 the mapping is given by
(x1a2x2, ** ,anxn). On this cylinder define

Here £>2(#2) satisfies conditions (a)-(d) given above with s = s2. Repeat-
ing the process we complete the desired path.

IV* Proof of Theorem 2* The proof now consists of fitting
together properly the mappings already constructed.

Let feKn. Then there is a point p on Sn so that / has non-
singular Jacobian at that point. Let (0ly Px) be a coordinate neighbor-
hood where 01 = Sn — p1(p1 antipodal to p) and Px an associated
stereographic projection. Now there is a path eu te J, in the rotation
group on Sn so that e0 is the identity map, ej = g leaves p fixed and
Pi{eif)PΓλ = P1QPΓ1 has a triangular Jacobian with positive diagonal
elements at the origin. Let C be a closed disk on Sn so that for
some r > 0, ί7r c Pi(C). Applying Lemmas 1 — 3 there is a path
(PiflfPf1)*, £ e /, in the space of mappings on ?7r from P^Pr1 to a
mapping which is the identity in a neighborhood of the origin.
Furthermore, for all t, (P1gPr1)t agrees with P.gPr1 for all x e
except on an interior set of Ur. Define gt e Kn by

= r i j i h P i on C

\g outside C.

Then g0 — g and gλ is the identity in a neighborhood of p.
Next let C1 and C2 be two closed sets covering Sn where CΊ is a

circular disk on Sn with p the center of the disk, and so that d is in
an open set left point wise fixed by glm We further assume p&C2.
Let (02, P2) be a coordinate neighborhood with C2 c 02 = Sn — p and
P2 an associated stereographic projection. Then except for a trivial
dilation P2^iP2~

1 is an element of the space Hn. By Theorem 1 there
is a path (P2giPf1)t from P&JPr1 to the identity map on P2(C2). We
now define ht e K'n by
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ntP* on c2

[g1 outside C2.

The path from / to the identity map is now complete and Theorem 2
is established.

The spaces Hn and Kn are intermediate spaces to the topological
spaces of Alexander and Kneser, and the diffeomorphism spaces treated
by Smale. It is interesting to note that methods used in this paper
are related to methods used in the larger nondifferentiable spaces and
the smaller differomorphism spaces. Alexander's mapping is altered to
give Theorem 1, while Theorem 2 parallels Smale's work.
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SOME RESULTS IN THE LOCATION OF
ZEROS OF POLYNOMIALS

ZALMAN RUBINSTEIN

Three out of the four theorems proved in this paper deal
with the location of the zeros of a polynomial P(z) whose
zeros zit i — 1, 2, , n satisfy the conditions \zι\ ^ 1, and
Σ?=i s? = 0 for p = 1, 2, , I. One of those estimates is

Pf'{z) P'(z)
P'{z) P(z)

l + l
I I + l — 1)

for \z I > 1.
The fourth result is of a different nature. It refines, in

particular, a theorem due to Enestrδm and Kakeya. It is
shown that no zero of the polynomial h(z) — Σ/c=o ̂ kZk lies in
the disk

z — + 1 '* + D
where β = max|Z|=i | h'(z) l/max^^i | h(z) |, and max|2|=i | h(z) \ =
\Ke*°)\.

We generalize and strengthen certain well-known results due to
Biernacki [1], Dieudonne [3 ? 5], and Kakeya [8].

We use repeatedly a recent result due to Walsh which is a gener-
alized form of an earlier theorem of his [10]. It concerns the case
in which all the zeros of a polynomial lie within a certain distance of
their centroid.

THEOREM 1. Let h(z) = ^l=obkz
k(bk complex),

max I h'(z) |
β=

max I h(z) \
11

max,β|=11 h(z) \ - \ h(eiθ) |, and let Cβ be the disc | z - βe~iθ/(β + 1) | <
II(β + 1), then no zero of h lies in Cβ.

Proof. Consider the function F(z) = e-ίφh(zeίθ)/m, where h(eίθ) =
meiφ. Then F satisfies the conditions, | F(z) | < 1 in 1 z ] < 1, F(l) = 1.
Let xn—> 1 as n-* oo, 0 < xn < 1, and let a = l im^^ [(1 - | F(xn) |)/(1 - xn)]m

Then a ^ \F'(l)\. It follows readily (see [2] p. 57) that

lim [(1 - I F{xn) |)/(1 - xn)] = F'(l) = ei[θ^hr{eiθ)jm = | h\eίθ) \/m .

Received June 3, 1964. This research was sponsored by the Air Force Office of
Scientific Research.
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We apply now the following result due to Julia [2]: If a function /
is regular in the unit disc and \f(z) | < 1 for | z \ < 1, and there exists
a sequence of number zu , zn, such that limκ^«, zn = 1, limTC^ f(zn) =
1, l i π w [(1 - I f(z%) |)/(1 -\zn\)] = a then

(1) ll^mi^a^ll f α r l . K l .

In (1), set f(z) = F(z), a = | h'(eiθ) \/m. If F(z0) = 0 and | z 0 1 < 1, then
(1 — I z01

2)/| 1 — z01
2 ^ a, which is equivalent to e~ίθz0 g C α . Since oc ̂  β,

it follows t h a t C β c C f f ; hence e~ίθzoίCβ, which concludes the proof.

COROLLARY 1. Leth(z)=Σi=0bkz
k

fbk>0.
no zero is in the disc

Σ kbk

z — —
Σ Φ + l)δ*

1% particular, if bk is a strictly increasing sequence, then all the
zeros of h(z) lie in the complement of Cβ with respect to the unit
disc. This makes more precise the theorem of Enestrom and Kakeya
[8].

In a recent paper, Tchakaloff [9] (see also [7]) has proved that if
all the zeros of the polynomials

( 2 ) Pk(z) = a{k)zn + + a(

Q

k)(a{

n

k) > 0, k = 1, , m)

lie in the unit disc and if Ak > 0(k — 1, , m), then all the zeros of
the polynomial ΣΓ=i AkPk(z) lie in the disc | z \ ̂  1/sin (π/2n), and that
this is the best possible result. We prove a more precise result in
the case where there is more information about the zeros of Pk(z).

THEOREM 2. Let the polynomials Pk(z)(k = 1, , m) of the form
(2) have all their zeros zik(i = 1, , n; k — 1, , m) in the unit
disc and let Ak > 0(k = 1, , m). Suppose that Σ?=i3& = ° for

p = 1, , l(k — 1, , m). TΛew αίϊ the zeros of the polynomial
ΣE=i4feί*(sO ίίe m tfee disc | z \ S. (sinπ/2^)"1/(Z+1). For values of the
form n=(lJrl)r, the exact bound does not exceed (sin (ττ(

Proof. Without loss of generality we may assume that a{

u

k) = 1.
By a recent result due to Walsh [11] the polynomials Pk satisfy the
equality Pk(z) = (z — φk(z))n, where | <pk(z) \ < \ z \~ι for [ z | > 1. Let
ζ be a point outside the unit disc a t which the circle \z\ — \ζ\~ι
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s u b t e n d s a n a n g l e Ψ. On t h e circle \z\ — \Z\~ι t h e r e e x i s t s a point
α, s u c h t h a t 0 ^ a r g ((ζ — φk)/(ζ — a)) ̂  Ψ, a n d

(3) Σ4Λ(C) = (C-α)\

One deduces from equation (3) that

ζ — (X

0 if ¥ < Z- .
n

For Ψ — π/n, sin (π/2n) = | ζ | ~ u + 1 ) . This proves the first part of the
theorem. The example A, = A2 = 1, m = 2, P^g;) = (zι+1 + /^)r, P2(«) =
(zι+1 + /^)r, where ^ = i exp (iπ/2n), proves the second part of the
theorem, since in this case the polynomial P^z) + P2(z) has the zero

z —
—1/(2 + 1)

Dieudonne has proved [3], (for a different proof see [4]), that if the
polynomial P has all its zeros in the closed unit disc, then

( 4 ) P'(z) _ P"{z)
P{z) P\z)

for z I > 1 .

We give a short proof of (4), which at the same time yields a stronger
inequality in the case where the centroid of the zeros of P is at the
origin.

THEOREM 3. // all the zeros z{(i — 1, , n) of the polynomial
P(z) lie in the closed unit disc and if ΣΓ=i^? = 0(fc = 1, , I), then
for I z I > 1 the following sharp estimate holds

( 5 )
P"(z) P'(z) _ 1 _
P'(z) P(z) z

l + l

Inequality (5) holds also for I = 0, in which case the second condition
imposed on the z{ is to be omitted.

Proof. By a recent result due to Walsh [12], there exists a
function φ(z), | φ(z) \ < \z \~ι, such that for | z | > 1

( 6 ) 11P'(z) =

P(Z) Z - φ{z)

An estimate due to Goluzin [6], applied to φ yields the inequality

- 1



1394 ZALMAN RUBINSTEIN

for I z I > 1. Since by (6)

(8) P"(Z) __ P\z) _ 1 _ φ(z) ~ Zφ'jz)
P\Z) P(Z) Z z(z-φ(z))

is follows, using (7), that

1 Γ \Φ)\
\z I V\z I -P'(z) P(z) z

It remains to prove the inequality

,
φ(z) I I z r - 1 i z | -

a? i to* 1 - x2 < I + 1
i ; α - a; α2' - 1 α - a; ~ aι+1 - 1

for all 0 ^ a; ^ α~z, and a > 1.

If we denote the left hand side of (9) by /(a?), then f{a~ι) =
(ϊ + l )/ (α m — 1), and /'(a?) ^ 0 provided the function g(x) — an+1 — a +
iα*(#2 — 2αα; + 1) is nonnegative. Since g\x) ^ 0 it is enough to show
that h(a) = g(arι) is nonnegative. Indeed one verifies that h(l) = 0
and fe'(α) > 0 for all a > 1.

The particular case P(») = 2n — 1, i = n — 1, shows that the bound
(5) cannot, in general, be improved.

The result due to Dieudonne follows from (7) and (8).

Finally, we discuss a problem raised by Biernacki [1], which was
also treated by Dieudonne [5], namely that of determining a region
containing all but, possibly, one zero of the polynomial aP(z) + P'{z)
for all complex α. Each of the above authors has proved that if all
the zeros of P lie in the unit disc, then the concentric disc of radius
21/2 is the smallest concentric disc that has the above mentioned proporty
Assuming additional information about the zeros of P, we obtain a
smaller disc for all but possibly I + 1 zeros of the polynomial zιP(z) +
aP'{z).

THEOREM 4. If all the zeros z{(i — 1, •••, n) of the polynomial
P(z) lie in the closed unit disc and if Σ?=1Zt = 0(fc = 1, •••, ί), then
for all complex a at least n — 1 zeros of the polynomial zιP(z) + aPr(z)
lie in the disc \z\^ 21/(2(ί+1)).

Proof. Proceeding as in the proof of Theorem 3, we have

P'(z) zι _ n
P(z) a z — φ(z)
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satisfied by any zero of the polynomial zιP + aPr which exceeds 1 in
modulus. Set g(z) = z~ιφ(l/z), w = zι+1 and h(w) = g(z). Then | g{z) \ < 1
if I z I < 1 and

(10) g(z) = - i - + an
zL+

(11) h(w) = — + an .
w

If for some a the polynomial zιP + aP' has at most n — 2 zeros in
the disc \z\^ 21/(2(Z+1)), then equation (10) has at least I + 2 roots in
the disc \z\ < 2~1/(2(ί+1)), and hence equation (11) has at least two roots
in the disc | w | < 2~1/2. This was proved to be impossible in [5]

Theorem 4 is sharp for all I and n of the form n — 2k(l + 1), k —
1, 2, •••. The upper limit is attained by the zeros of the polynomial

P(z) = (z2l+2 - 2ll2zι+1 + i)»ιw+») .
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ON SIMPLE ALGEBRAS OBTAINED FROM
HOMOGENEOUS GENERAL LIE

TRIPLE SYSTEMS

ARTHUR A. SAGLE

We continue the investigation of the simple anti-commuta-
tive algebras obtained from a homogeneous general L.t.s. In
particular we consider the algebra which satisfies

(1) J(x, y, z)w = J(w, x, yz) + J(w, y, zx) + J(w, z, xy) .

The usual process of analyzing a nonassociative algebra is to
decompose it relative to elements whose right and left multi-
plications are diagonalizable linear transformations e.g.
idempotents or Cartan subalgebras. In this paper we show
that such a process yields only Lie algebras and indicates the
difficulty in finding any non-Lie multiplication table for a
simple anticommutative algebra satisfying (1).

A general Lie triple system [2] is an extension of a Lie triple
system used in differential geometry and Jordan algebras. A general
L.t.s. may be regarded as an anti-commutative algebra A with a
trilinear operation [x, y, z] so that the mappings D(x, y) : z—+ [x, y, z]
are derivations of A which generate a Lie algebra, I{A), under com-
mutation satisfying certain natural identities. A homogeneous general
L.t.s. is a general L.t.s. for which the operation [x, y, z] is a homo-
geneous expression in the products of x, y and z\ that is, using anti-
commutativity, [x, y, z] — axy z + βyz x + ΊZX y for some fixed
a, β, Ί in the base field. From [1] we see that if A is a homogeneous
general L.t.s. over a field of characteristic zero which is either an
irreducible general L.t.s. or /(A)-irreducible or a simple algebra, then
A is a Lie or Malcev algebra or satisfies

(1) J(x, y, z)w = J(w, x, yz) + J(w, y, zx) + J(w, z, xy)

where J(x, y, z) = xy z + yz- x + zx- y. The main result of this paper
is the following theorem.

THEOREM. If A is a simple finite dimensional anti-commutative
algebra over a field F of characteristic zero which satisfies (1) and
if A contains a nonzero element u so that right multiplication by
uy Ru, is a diagonalizable linear transformation, then A is a Lie
algebra.

Received August 3, 1964. Sponsored in part by NSF Grant GP-1453.
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2* Proof of theorem* For any anti-commutative algebra we
have the identity

wJ(x, y, z) — xJ{y, z, w) + yJ{z, w, x) — zJ(w, x, y)

= J(w, x, yz) + J(w, y, zx) + J(w, z, xy)

+ J(wx, y, z) + J(wy, z, x) + J(wz, x, y) .

But using (1) we also have

wJ(x, y, z) — xJ(y, z, w) + yJ(z, w, x) — zJ(w, x, y)

= —2[J(w, x, yz) + J(w, y, zx) + J(w, z, xy)

+ J(wx, y, z) + J(wy, z, x) + J(wz, x, y)] .

Thus using the two preceding identities we have

J(w, xy, z) + J{w, yz, x) + J{w, zx, y)

— J(wx, y9 z) + J(wy, z, x) + J(wz, x, y) .

Now let u Φ 0 be an element of A so that Ru: x —> xu is a diagonali-
zable linear transformation. Then Ru Φ 0, for this implies that the
one dimensional subspace uF is an ideal of A and therefore equals A.
Thus A2 = 0, a contradiction to the simplicity of A. Since Ru acts
diagonally in A we may write

where

Aλ = {x e A : a?(ββ - XI) = 0} .

We shall now prove

( 3 ) AaAβ c Aα +β .

For let xe Aa,ye Aβ, then from (1)

J(u, x, y)Ru = J(w, w, »2/) + J(w, », yu)
= βJ(u, x, y) — aJ{u, y, x)

= (a + β)J(u, x, y) .

Thus J{u, x, y) e Aa+β and therefore

xy(Ru — (a + β)I) — xy u + yu* x + ux ye Aa+β .

From this xy(Ru — (cc + /5)/)2 = 0 and setting xy = ^ e i o 0 Σ«^o Aβ

we see by the diagonal action of Ru that xy e Aa+β. In particular (3)
shows AQ is a subalgebra of A.

Next we shall show
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(4) J(Aa, Aβ, Ay) = 0 or a + β + 7 = 0

for any characteristic roots a,β,y of Ru. Let xe Aa, ye Aβ, ze Ay,
then from (3) J(x, y, z) e Aa+β+y and therefore

(a + β + 7)c7(a?, y, 2) = «7"(α, V, z)Ru

= J(u, x, yz) + J(u, y, zx) + J(u, z, xy)

= —αx #2 + (α + /S + 7)ίc 2/2 + (β + 7)2/2 x

— βy-zx + (a + β + j)y-zx + (a -]- y)zx 2/

— yz xy + (a + β + 7)2 #2/ + ( α + Z 5 ) ^ «

= 0 .

and this equation proves (4).
from (1) and (3) we have

J (Λ.Q, A.Q, J±Q)J±Q d J (A.Q, J±Qf Λ.Q)

and for a Φ 0 we have from (1), (3) and (4),

J(AQ, AQ, AQ)Aa c J(Aa9 Ao, AQ)

- 0 .

Thus J(A0, Ao, A0)A c J(A0, Ao, AQ) and therefore J(A0, Ao, Ao) is an
ideal of A whicn is contained in Ao Φ A. Since A is a simple algebra
this yields

( 5 ) J(A0, A , Ao) = 0 .

Next we shall prove that if a is a nonzero characteristic root so that
— a is also a characteristic root, then

( 6 ) J(Aβ > A_β> Ao) = 0 .

For using (1), (3) and (5) we obtain

and for any β Φ 0 we also obtain

C I ( β ,

+ J(Aβ, A_α, AoAα)

+ J(Aβ, Ao, AαA_α)

c J(Aβ, Aα, A_α) + J(Aβ, Ao, Ao)

= 0 ,

also using (4). Thus as in the proof of (5), J(Aa, A_a, Ao) is an ideal of
A which must be zero. Adopting the usual convention that if a is a
characteristic root but — a is not, then A_a = 0 we see that (6) holds
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for any characteristic root a.
Next let

then if β Φ 0 we see from (3) that BAβ czB. If β = 0, then from
(6) we obtain (AaA_a)A0 c .AαA_α and therefore BA0 c 5 . Thus B is
an ideal of A and therefore £ = 0 or B = A. If B = 0, then i?u = 0,
a contradiction. Therefore we have

(7) A = Σ AβA_β Θ Σ Λ,.

Now from (4) and (6) we have for any characteristic roots β and a Φ 0,
J(Aaf A_a, Aβ) — 0 and therefore

(8) J ( A a , A _ a 9 A ) = 0 ( a Φ O ) .

We shall use (7) and (8) together with the following lemma to prove
A is a Lie algebra.

LEMMA. Let N = {xeA: J(x, A, A) = 0}, then
(i) J(a, b, A) — 0 implies ah e N;
(ii) JV is α^ icίeαi of A which is a Lie algebra.

Proof. Clearly (ii) follows from (i). So let α, be A be such that
J(a, b, A) — 0 and let w, ^G ̂ 4. Then from (1) and (2) we have

0 = wJ(a, b, z)

( 9 ) = J(w, ah, z) + J(w, bz, a) + J(wf za, b)

= J(wα, 6, z) + J(w&, «, α), using (2) .

Now interchanging z and w in this last equation we obtain 0 —
J(za, b, w) + J(zb, w, a) = J(w, bz, a) + J(w, za, b) and using this in
(9) yields J(ab9 w, z) = 0; that is, ah e N.

To show that A is a Lie algebra, suppose it is not. Then from
the lemma N = 0 and from (8) AaA_a c N = 0. Thus from (7) A =
Σα^o Aa and therefore Ao = 0; this contradicts 0 ^ % G i 0 .
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ON SMALL MAPS OF MANIFOLDS

HANS SAMELSON

A result announced by R. F. Brown in 1963, and completed
by Brown and Fadell, generalizing classical results of H. Hopf
for differentiate manifolds, is the following:

THEOREM: Let M be a compact connected topological
manifold; then

(a) M admits arbitrarily small maps with a single fixed
point;

(b) If the Euler characteristic χM of M is zero, then M
admits arbitrarily small maps without fixed points (and
conversely). Here a map is small if it is close to the identity
map. We propose to give a short proof of this theorem.

We will use the recent result of Jβ Kister (also Mazur and Stallings)
that any microbundle over a complex is a bundle [4] We note that
according to [2] the result (b) holds also for manifolds with boundary.

2* Characteristic class* We consider the tangent microbundle

τM:M >M x M >; here d is the diagonal map, and p1 the first
projection (cf. [5]). Attached to τM is the Thorn class u, a well-defined
element of Hn(M x M, M x M - d(M)) (here n = dim M); the coef-
ficients used are the integers Z, if M is orientable, and twisted integers,
determined by the orientations of the horizontal factor M at the points
of M x M, in the nonorientable case. (Cf. [6] for details in the
orientable case.) We write u for the image of u in the absolute group
Hn(M x M); the Euler class eM is the image of u in Hn(M) under
the diagonal mapd* (twisted coefficients in the nonorientable case).
Furthermore, M has a fundamental cycle μ (again twisted coefficients
for nonorientable Af)β It is a well-known fact that the value ζeM, μ}
of eM on μ equals the Euler-Poincare characteristic χM of M.

[Since this is not easy to find in the literature, we sketch a proof:
First assume M orientable. Let {x^ be a basis for H*(M) modulo
torsion, and let {a%} be the basis of H*(M) modulo torsion, dual to {x{}
under < , >; put r{ = dim aim Define {%]} by bx[ = ai9 where b is the
Poincare duality operator bx = x Π μ; then {α J} is again a basis for
H*(M) modulo torsion. Finally let {af^ be dual to {xrj} under < , >.
One verifies that d*μ — Σai x α modulo torsion (use (x x y, d*μy —
ζx U yf μy)* Now u satisfies the relation (x, α> = ( — l)n~r(u, bx x α>
for xeHr(M) (cf. [6]). Therefore we have (eMj μ> = <u, d*μ} =

Received September 8, 1964. This work was supported by NSF Grant GP-2510.
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ζu, Σa, x αj> = Σ{-l)%x'u α{> = Σ(-l)r* = χM. For nonorientable M
let Af be the orientable double covering, and use the facts that the
Thorn class is preserved under the covering map, that the fundamental
cycle of M maps onto twice the (twisted) fundamental cycle of M,
and that %£ = 2χM (as one can see, e.g., from the Smith sequence).]

In particular, if χM = 0, then also the Euler class eM vanishes.
Furthermore, in all this discussion we may, by Kister's result, replace
the tangent microbundle by an actual bundle (in the local product
sense) whose fibre is Rn with a well-defined origin and which therefore
has a well-defined 0-section. We denote this bundle by τM.

3* Proof of theorem* We begin with part (b); thus assume
χM = 0. Embed M in a number space Rfc with k^2n + l, and let
V be a (closed) polyhedral neighborhood of M that retracts onto M,
via the map r. We consider the bundle r*τM, induced from the bundle
fM (see end of §2) by r. By naturality the Euler class of r*τM

vanishes. Therefore, if K is any polyhedron of dimension ^ n contained
in V, the restriction of r*τM to K admits a nonvanishing section (i.e.,
one that does not meet the 0-section of r*τM); to prove this one uses
the interpretation of the Euler class as obstruction. Let S^ be a
finite, open covering of M9 of dimension n, such that (a) the nerve
N^ can be realized in V and (b) an associated barycentric map
/: M-^N^ (cf. [3], p. 69) is homotopic to the identity 1* of M in
V; this exists of course. Let s be a non vanishing section of r*τM \ N^
Applying the covering homotopy theorem to the map so/ of M into
the bundle formed by the complement of the 0-section of r*τM and to
the homotopy between / and 1 ,̂ one gets a nonvanishing section of
r*τu I M, i.e. of τM. This section amounts of course to a fixed-point-
free map of M into itself. Again according to Kister, τM can be
assumed to lie in any preassigned neighborhood of the diagonal of
M x M, which means that the map can be constructed as close to the
identity as one pleases.

The converse is classical (Lefschetz fixed point theorem).

4* Proof of theorem continued* We come to part (a). As
before we imbed M in a Euclidean space Rfc, and r is a retraction of
some neighborhood of M onto M. Let A be a coordinate system in
M (i.e., an open subset homeomorphic to Rn), and let B, respectively
C, be the subsets of A corresponding to the set of points in Rn of
norm <1, respectively <J. There exists a polyhedral neighborhood
W of M - B in R\ whose r-image lies in M ~ C. Since Hn(M - C)
(twisted coefficients if needed) vanishes (M — C being a manifold with
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nonempty boundary), the characteristic class of r * τ M | W is zero. By
the same argument as before, the bundle τM \ M — B has a nonvanishing
section, which can be interpreted as a map / of M — B into M,
without fixed points. We may assume that the /-image of the bounday
of M — B lies in A (by taking τM small enough), and it is then clear,
using A ρ& Rn, how to extend / to a map of M into itself whose only
fixed point is the point of A corresponding to the origin of Rn.

If / is homotopic to the identity map of M (as it will be if it is
small enough: apply r to the linear homotopy in Rk), then the index
of the fixed point is χM: the index equals ± the intersection number
of the graph of / in M x M and the diagonal, and it is well known
that this is χM under the present circumstances. In fact, this last
remark yields another version of the proof of (a): if χM — 0, one can
extend / over B without any fixed point.
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I ε(z) I -CLOSENESS OF APPROXIMATION

ANNETTE SINCLAIR

For a given function F(Q) defined for QeS, the connec-
tion between these questions is investigated: (1) For arbitrary
ε > 0 (or possibly {©»}, where ε* corresponds to a compoment Si
of S), does there exist a function / of a specified class J ^
such that mvqes \ F(Q) - f(Q) | < e on S (or e< on S<)?5 (2)
Given an admissible function ε(Q), does there exist a function
fe ^r such that | F(Q) - f(Q) | g | ε(Q) | on S? A continuous
function ε(Q) defined on S is admissible if for each zero Qβ
there is a positive integer Wβ such that e(Q)KQ — Qβ)nβ is
bounded from zero in a deleted neighborhood of Qβ. A typical
result is: Corresponding to any F(z) analytic on a closed
bounded set S and to any admissible ε(z)9 there exists a ra-
tional function r(z) with its poles on a certain preassigned
set such that | F(z) - r(z) | g | ε(z) | on S.

When the sup-topology is used in approximating a given function
F defined on a set S by a function / in a certain class t_^r, it is re-
quired that, for arbitrary ε > 0, there exists f£J^" such that

sup I F(X) - f(X) | < ε for Xe S .

In this paper the connection is investigated between existence of such
an approximating function and existence of an approximating g e j ^ ~ when
for any admissible function ε(X) it is required | F(X) — g(X) \ ̂  | e(X) \
when Xe S.

The latter formulation has the advantage of automatically specify-
ing that, at any zero Xo of ε(X) on S, g(X0) — F{XQ) and at multiple
zeros corresponding derivatives of F and g agree, provided F has
derivatives at these points. One interesting application, in case F is
continuous and is well-behaved near zeros, is that in which

\F(X)-f(X)\^p\F(X)\

is required, where p denotes a preassigned per cent.
Approximation in the real case in which a neighborhood Nξvς2 of

F consists of those / such that ξt(x) ^ F(x) — fix) ^ ξ2{x) has been
suggested by P.C. Hammer.1 If [ | 2(B) — !i(&)]/2 is an "admissible"
ε(x), the problem reduces to the | ε(x) \ -closeness of approximation

Received March 11, 1964 and in revised form August 10, 1964. This work was
supported in part by a National Science Foundation Science Faculty Fellowship,
64016. This paper was written while the author was on sabbatical leave of absence
at Stanford University.
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considered in this paper. For ξx(x) ^ F(x) — f(x) g ξ2(x) if and only if

^ F(x) - Mx) + ξ2(x)]/2

This paper is perhaps of most interest in connection with approxima-
tion in the complex plane. However, as the Weierstrass-factor Theorem,
Mittag-Leffler Theorem, and Runge Theorem [2] upon which the results
depend, hold also on the open Riemann surface, the theorems are stated
in abstract form for the open Riemann surface: then certain specializa-
tions to the complex plane are given in the corollaries.

As is customary, "open" Riemann surface denotes a noncompact
Riemann surface [1]. A point on a Riemann surface is denoted by Q,
a point in the complex plane, in particular, by z, and a point on the
real axis by x. For the sake of clarity the notation f(Q) is frequently
used to denote the function / .

When it is specified a function has poles coinciding with those
of another function, it is to be understood that they have identical
principal parts; likewise, if a function has zeros coinciding with those
of a second function, the order of the respective zeros is the same.

For reference we state:

HYPOTHESIS H. Suppose that S is a closed set on the open Rie-
mann surface ΪR, Let JB* consist of precisely one point of each of
those components of 9ΐ — S whose closure is compact.

Theorem 1 includes the case that S is compact with no interior points.
For example, if 3ΐ is the finite complex plane, S may be a bounded
closed interval on the real axis; in fact, S may be any closed bounded
set with or without interior points.

THEOREM 1. Assume Hypothesis H and suppose a function e(Q)
(^0) defined on S. Let R be an open set (which may be 9ΐ) such
that SaR(z?fϊ and suppose <9* is a collection of functions mero-
morphic on R, analytic on R — B*. Then these approximation re-
quirements (1) and (2) are equivalent.

(1) Corresponding to any function M(Q) analytic on S° (the
interior of S) and continuous on S, there exists keS^ such that

M(Q) - k(Q) I ̂  I e(Q) | when QeS.
(2) Corresponding to any function m(Q) meromorphic on S° and

continuous on S except at poles, there exists f—h + k, where k e &* and
h is meromorphic on 3ΐ with its only poles coinciding with those of m
on S, such that \ m(Q) — f(Q) \ ̂  | e(Q) \ on S.

Proof. Clearly, (2) includes (1). We proceed to prove (1) implies (2).
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The set of points at which m has poles on S is an isolated set
on 9ΐ. Hence, according to the Mittag-Leffler partial fractions theorem
[2, p. 591; 7] there exists a function h meromorphic on 3ΐ whose only
poles coincide with those of m on S and have the same principal
parts. (We note that, if m has only a finite number of poles on S
and if 9ΐ is the finite complex plane, then h may be required to be a
rational function.)

The function m — h is analytic on S° and continuous on S. Hence,
by the conclusion in (1), there is a function keS^9 such that

I [m(Q) - h(Q)] - k(Q) \ ^ \ ε(Q) \

when Q e S, that is,

I m(Q) - [h(Q) + k(Q)] I ̂  I ε(Q) \

on S.
Thus, h -j- k, which is meromorphic on R and analytic on R — B*

except for poles on S coinciding with those of m, is a function / as
required.

COROLLARY 1.1. The theorem is true if in
(1) M(Q) is assumed analytic on S and in
(2) m(Q) is assumed meromorphic on S.

COROLLARY 1.2. For 3ΐ the finite complex plane and S a com-
pact set on 3ΐ, the theorem is true if in

(1) k is required to be a rational function and in
(2) / is required to he a rational function.

H. J. Landau [51 proved: If on the complex plane, S is a closed
bounded set with no interior and if there exist cutting sets of S whose
closures have arbitrarily small measure, then any function continuous
on S may be uniformly approximated on S by a rational function
whose poles lie in B* (j c o It follows from Corollary 1.2 that, if m
is continuous on such a set S except for a finite number of poles,
m(z) can be uniformly approximated by a rational function whose poles
lie in B* U °° and at the poles of m on S.

By the Carleman approximation theorem [3; 4] if w(x) is continuous
on the real axis, then corresponding to any {ε ,̂ there exists an entire
function / such that | w(x) — f(x) | < ei when i — 1 < \x\ ^ ί, i —
1, 2, •••. Hence, Theorem 1 implies that, if ιv(x) is continuous on the
finite real axis except for a finite or a denumerable number of poles

limit point at co? then w(x) can be approximated in the above
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sense by a meromorphic function / whose poles lie on the real axis
and coincide with those of w. According to an extension by the
author [8, Theorem 3] of the Carleman Theorem, if S consists
of the union of closed circular disks S{ tangent externally on the real
axis and extending to infinity and if w is analytic at interior points
of S, continuous on S, then, corresponding to any {εj, there exists
an entire function / such that | w(z) = f(z) | < ε̂  on Si9 i = 1, 2, .
By Theorem 1, w may be allowed poles on S° provided the approxima-
ting function / is allowed coincident poles.

An analogue of the type of generalization given in Theorem 1 for
a Q-set has previously been used by the author [8; 9].

A sequential limit point of a set S is a limit point of a set of
points chosen one from each component of S. A set S in the extended
complex plane whose components Su S29 , are compact and whose
set of sequential limit points Bc^(S) is called a Q-set [9]. We
require, in addition, that a Q-set on an open Riemann surface 3ΐ be
a closed set, that is, 9ΐ contains no sequential limit point of S. When
in the complex domain 9ΐ is chosen as the extended plane minus B,
the set of sequential limit points of S, a Q-set is closed.

A function ε(Q) defined for Q e S is admissible on S if
(1) It is continuous on S;
(2) Corresponding to each of its zeros Qβ on S, there is a positive

integer nβ such that e(Q)/(Q — Qβ)
m& is bounded from zero in a neigh-

borhood NQ (Z S. The smallest positive integer nβ satisfying the condi-
tion in (2) is called the order of the zero of ε(Q) at Qβ.

THEOREM 2. Assume Hypothesis H with S — U Sn9 where the Sn are
compact and disjoint. Let R be an open set such that Sci2c3ΐ. Suppose
M is any function which is analytic on S°, continuous on S. Then (1)
below implies (2); also, if S is a Q-set or a compact set, (2) implies (1), and
if K is any isolated interior subset of S, f(z)=M(z) can be required on K.

(1) Corresponding to any {ej (ε if S is compact), there exists
f analytic on R — B*, meromorphic on R, such that \ M(Q) — f(Q) \ ^εn

when QeSft,w = l,2, ••• (or ε when Qe S).
(2) Corresponding to any ε(Q) which is admissible on S, there

exists F analytic on R — B* and meromorphic on R such that

I M(Q) - F(Q) I ^ I ε(Q) 1

on S. Iff in (1) can be required to be a rational function and if S
is compact, then F can be required to be a rational fuction.

Proof. We first show (1) implies (2). Admissibility requirement
(2) for ε(Q) implies the zeros of ε on S are isolated. Hence, by the
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Weierstrass-factor Theorem [2, p. 591] there exists g analytic on 3ΐ
whose only zeros are the zeros Qβ of ε(Q) and are of the respective
orders nβ. Let εn = inf | ε(Q)/g(Q) | for Q on Sn (or ε = inf | ε(Q)/g(Q) \
for Q on S). Now, by Theorem 1 with ε(Q) = εn on Sn (or ε on S)
and (1) above, there exists a function k meromorphic on R, analytic
in R - 5* except at zeros of g on S, such that | M(Q)/g(Q) - A (Q) | ^ en

(or e o n S ) where defined. Then on each Sn (or S)

I M(Q) - g(Q)k(Q) I ^ | g(Q) \ en

(or I g(Q) \ ε). Now #•&, which has removable singularities at the Qβ,
satisfies the requirements for F.

Next we consider the converse, giving the proof for the case S is
a Q-set. Since {εn} defines an admissible ε(Q), (1) is a special case of
(2). We are to verify also that interpolation conditions can be assigned.
The Weierstrass-f actor theorem yields existence of a function g analy-
tic on 3ΐ such that g has zeros on K of the same orders as the inter-
polation conditions. For εn(Q) — εn[g(Q)J max | g{Q) |] when Q e Sn, and
ε(Q) defined by εn(Q) on Sn9 ε(Q) is admissible on S. By hypothesis
(2), there is F analytic on R — B*, meromorphic on R, such that

I M(Q) - F(Q) I ^ I ε(Q) |

on S. Since | ε(Q) \ ̂  εn on Sn and ε(Q) vanishes on K, F satisfies the
interpolation conditions, in addition to the requirements for / in the
conclusion of (1).

COROLLARY 2.1. If M is analytic on the closed bounded set S in
the finite complex plane, then, corresponding to any admissible ε(z),
there exists a rational function r having its poles on B* such that
I M(z) — r{z) I <Ξ I ε(z) \ when ze S.

Proof. This follows from the Walsh formulation of the Runge
Theorem [10, p. 15] and Theorem 2 with n — 1 and R — 3ΐ defined as
the finite complex plane.

The next corollary is obtained by applying a result of Mergelyan
[6; 10, p. 367].

COROLLARY 2.2. If in the complex plane M is continuous on the
closed bounded set S, analytic on S°, and if S does not separate the
plane, then, corresponding to any admissible ε(z), there exists a
polynomial p(z) such that \ M(z) — p(z) \ ̂  | ε(z) \ on S.

COROLLARY 2.3. Suppose S is a Q-set ( = U S J and ε(z) is admis-
sible on S c 3ΐ, the extended plane minus the set of sequential limit
points of S. Then, if M is analytic on S, there exists a function



1410 ANNETTE SINCLAIR

/ analytic on 3ΐ — £*, meromorphic on 3ΐ, such that \ M(z) —f(z) | ^ | e(z) |
everywhere M is defined on S.

If M is meromorphic on S, there exists f analytic on R — B*f

except at poles of M on S, and meromorphic on R such that
1 M{z) — f(z)\ S I ε(z) I everywhere M is defined on S.

Proof. The first part is an immediate consequence of Theorem 2
and a previous theorem of the author [9, Theorem 3], The latter part
then follows from Corollary 1.1.

For e(Q) continuous on S, in order that (2) of Theorem 2 hold,
the admissibility restriction (2) on ε is necessary at any interior zero*
of ε at which M is analytic. For, if | M{Q) - F(Q) \ S \ e(Q) | on S9

then, at a zero Qβ of ε, M(Qβ) = F(Qβ). If (as is the case if M is
analytic at Qβ and F(Q) Ξ£ M(Q)) M(Q) - F(Q) = (Q - Qβ)

nβg(Q), where,
in some neighborhood NQ a S, g is bounded from zero, then

I M(Q) - F(Q) I ^ I 6(Q) I

on S implies | (Q - Qβ)
nβj'e(Q) \ \ g(Q) | ^ 1 on NQβ, where defined. The

last inequality is possible only if the first factor is bounded on NQ ,
that is, ε(Q)/(Q — Qβ)

nβ is bounded from zero on NQ . At an interior
point of S, M is necessarily analytic if Hypothesis (1) of Theorem 2 is
satisfied; hence, if the conclusion of Theorem 2 is to hold, continuous
ε(Q) must satisfy admissibility requirement (2) at any interior zero of ε.

An example is next given to illustrate an application of Theorem
2 for the case n = 1. Let R = 3ΐ = {z/1 z \ < co}; M(z) = z sin 1/z for
z Φ 0, ΛΓ(0) = 0; e(z) = (z - lf(z - 3/4)(« - i)g(z), where g is any func-
tion continuous and nonvanishing on S; S = {x/0 S % S 1} U *=i7, where
the jj are nonintersecting closed disks with centers at the zeros of
ε(z). Now, by a Walsh approximation theorem [10, p. 47], M(z) can
be uniformly approximated by a polynomial, that is, (1) in Theorem 2
is satisfied with f(z) a polynomial in z. Hence, Theorem 2 implies
that for any admissible e(z), in particular as defined above, there is a
polynomial F(z) such that | M(z) — F(z) \ ̂  | ε(z) \ on S.

The next theorem yields degree of convergence in the O(ε%(Q))-sense
by setting S = S1 — S2= , also other special results as stated in
the corollaries.

Corresponding to given {εj, {en(Q)} with eΛ(Q), defined on Sn and
nonvanishing on dSn, n = l,2, , will be called εw-admissible on S = U Sn

if there exists g(Q) analytic on 3ΐ such that, for each n, εn(Q) — g(Q)Φn(Q)
and ε , ^ inf | φn(Q) |, n = 1,2, •••, for Q G S % .

THEOREM 3. Assume Hypothesis H, with S = UΓ=i Sn9 where the
Sn are compact, but not necessarily disjoint. Let &n be a collection
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of functions each meromorphic on an open set Rn and analytic on
Rn — B*, where SndRnc:<3t. {Rn may be 9ΐ.) Suppose a certain
sequence of positive constants {εj assigned. Then (1) below implies (2).

(1) Corresponding to any {mn}, with mn analytic on SI, continu-
ous on Sn, and such that mn(Q) — m5(Q) on Sn Π Sj (if this is not
the null set), there exists fn,fn£<9*n, and M (independent of n) such
that I mn(Q) - fn(Q) I < Mεn on Sn.

(2) Corresponding to any εn-admissible {sn(Q)}(en(Q) = g(Q)Φn(Q))
and to {mn} defined as in (1), there exists h meromorphic on 9ΐ whose
only poles lie on B* or coincide with those of mn(Q)/g(Q) on S and
there exists fn e S^n such that

I mn(Q) - g(Q)[h(Q) + fn(Q)] \^M,\ en(Q) \

on Sn, n — 1, 2, . If in (1) the fn can be chosen as the same func-
tion for all n, the same is true for the fn in (2)β If, in (1), M is
independent of {mn(Q)}, then, in (2), M1 = M.

Proof. By the Mittag-Leffler theorem there exists h meromorphic
on 3Ϊ whose only poles coincide with those of mjg on Sft, % = 1,2, .
Now (mn(z)lg(z)) — h(z) is analytic on SI, continuous on Sn. Hence,
by hypothesis (1), there exists fn e S^n such that on Sn

I [mn(Q)l9(Q) - HQ)] - fn(Q) I < Mxen ^ M, \ Φn(Q) \ .

This yields the required result.
If in both (1) and (2) the mn are assumed analytic on Sn, the

theorem remains true.

COROLLARY 3.1. Let m be analytic on the bounded closed set S
which does not separate the complex plane. Suppose {en} is a certain
sequence of positive constants such that there exist polynomials {pn(z)}
of respective degrees n and some M such that \ m(z) — pn(z) < Men

on S. Then, for en-admissible {en(z)} with en(z) — PN(z)φn(z), where
PN(z) is a polynomial of [degree N, there exist polynomials PN+n(z)
of degrees N + n such that \ m(z) — Pn+N(z) \ ̂  M1 \ en(z) | on S.

Proof. In the theorem set S — Sx = S2 = « and m(z) — mx(z) —
m2(z) = •••, and let 6^n denote the set of all polynomials of degree n.
Since, by the hypothesis, (1) is satisfied, the conclusion of the theorem
yields the result when it is noted that h can be chosen as an appro-
priate rational function.

EXAMPLE. If m(z) is analytic on S, \ z \ ̂  1, m is analytic in a
larger region Dp: \ z \ < p [10, p. 79]. Fix R, 1 < R < p, and set εn =
1/Rn. Let Φ be any function which is continuous and nonvanishing on
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S and let PN(z) be a polynomial of degree N, nonvanishing on dS.
Then K can be chosen so that, for εn(z) defined as KPN(z)Φ(z)/(zn + Rn),
and Φn(z) = Kφ(z)/(zn + Rn), {sn(z}} is ε^-admissible on S. There are
known to be polynomials pn of respective degrees n such that, for
some M, \ m(z) — pn(z) \ < M/Rn on S [10, p. 79], whence, by Corollary
3βl, there exist polynomials qn+N of degrees n + N such that

I m(z) - qn+N(z) I S M, \ en(z)

on S, for some Mx independent of n.
The polynomials pn+N in Corollary 3.1 cannot be required to be of

degree less than n + N. For m analytic on S defined as in the Ex-
ample, choose PN(z) as a polynomial whose only zeros coincide with
those of m(z) on S, and define en(z) = (K/Rn)PN(z), 1 < R < p. Sup-
pose there exist polynomials pk(z) of degree k such that

\m(z)-pk(z)\^M1K\Pn(z) I/R-

on S. Without loss of generality it can be supposed the zeros of pk

coincide with those of m on S [10, p. 310]. Now N = mjPN is analy-

tic on S, except for removable singularities, and

I N(z) - pκ(z)lpN(z) I S MJRn

on S. Since Pk(z)/pAz) is a polynomial of degree k — N, this would
yield a degree of convergence stronger than maximal convergence if
k - N <n [10, p. 79].

The result stated in Corollary 2.3, which is a direct consequence
of Theorem 2, is essentially that of Corollary 3.2.

COROLLARY 3.2. Suppose m(z) is analytic on S — U Snf a Q-set
with components Sn, and let B denote its set of sequential limit
points. Let 9t be the extended complex plane minus B and define
B* as in Hypothesis H. Then, corresponding to any ε{z) = g(z)Φ(z)
with g analytic on 3ΐ and φ bounded from zero on each Sn, there
exists f analytic on 3ΐ~B*, meromorphic on 3ΐ, such that

I m(z) - f(z) I <£ I e(z) I on S .

Proof. In the theorem, let Rn = 3ϊ, S? = &[ = S^ = be the
set of functions analytic on 3ΐ-i?*, meromorphic on 9ΐ, and define
mn(z) = m(z) on Snf εn(z) = ε(z) on SΛ, ̂ n(«) = Φ(z) on S n , επ = inf | φn(z) \

for z e Sn. We note {εn(z)} is ε^-admissible. By a theorem of the author
[9], M (1) of the theorem is satisfied, with n = 1 and /^z) = /2(z) = ,
whence the theorem implies (2), yielding the required result.
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COROLLARY 3.3. Let S = (J~=i Snf where the Sn are closed cir-
cular disks of radii one-half tangent externally along the positive
real axis and ordered by increasing distance from the origin. Sup-
pose m is analytic on each S°n, continuous on S. Then, for ε(z) =
g{z)Φ(z), where g is an entire function (nonvanishing on OS) and φ
is bounded from zero on each Sn, there exists an entire function F
such that I m(z) — F(z) | ^ | ε(z) | on S.

Proof. Let R — 3ΐ be the finite complex plane, B* the null set,
and Sf — &[ — SΊ — the class of entire functions. Define mn(z) =
m{z) on Sn, n = 1, 2, •••, and set en(z) = e(z) on Sn. Then define
ΦΛZ) ~ Φ(z) o n Sn and εn = inf | Φn{z) \ for ze Sn. By a previous result
[8, Theorem 3], corresponding to any {εn}, there exists f(z) — ft(z) —
f2(z) = . . , fe £f, such that | m(z) - f(z) \ < εn on Sn. Then (2) of
the theorem with F(z) = g(z)[h(z) + f(z)] yields the required result.
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ISOMETRIC IMMERSIONS OF MANIFOLDS
OF NONNEGATIVE CONSTANT

SECTIONAL CURVATURE

EDSEL STIEL

Let Md denote a C°° Riemannian manifold which is d-
dimensional and complete. Our first result states that an iso-
metric immersion of a flat Md into (d + &)-dimensional Euclidean
space, k < d, is ^-cylindrical if the relative nullity of the immer-
sion has constant value n. This result was obtained by O'Neill
with the additional hypothesis of vanishing relative curvature.
We next consider the case in which Md and Md+k, k < d, are
manifolds of the same constant positive sectional curvature.
In this case we show that an isometric immersion of Md into
Md+k is totally geodesic if the relative curvature of the im-
mersion is zero on a certain subset of Md.

Let Md and Md+k be C°° Riemannian manifolds of the same con-
stant sectional curvature C, Ma being assumed complete and k < d.
Let ψ: Md —> Md+k be an isometric immersion. The character of such
immersions has been studied in [4] and [5] in terms of what Chern
and Kuiper call the index of relative nullity of ψ [2]. This func-
tion, v, assigns to each meM the dimension of ^ " ( m ) , the subspace
of vectors x in the tangent space Mm such that Tx — 0. The linear
difference operators Tx act on Mψ{m) and contain the same informa-
tion as the classical second fundamental form operators Sz where z is
a tangent vector to M orthogonal to dψ(Mm) [1]. In fact Tx is char-
acterized by its skew-symmetry and the equation Tx(z) — dψ{Sz{x)).
Our first theorem concerns the case in which Md is flat and Md+k —
Rd+k, d + k dimensional Euclidean space. It states that when v is
constant on Md the immersion ψ is 'cylindrical'. We next investigate
the corresponding situation for C > 0.

We use essentially the notation in [4]. In particular we identify
Md with ψ(Ma) when it seems safe to do so. Let N denote the bundle

of normal fc-frames of M relative to ψ; that is

N = {(m, E)\me M and E is a k-ίrame (orthonormal set of k

vectors) of Mψ{m) orthogonal to dψ{Mm)} .

The Riemannian connection of Md+k induces a natural connection on
N. The curvature form of this connection is called the relative
curvature of ψ. We say that ψ: Md —> Rd+k is n-cylindrical provided
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the author was a Research Assistant at UCLA.
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M and ψ can be expressed as Riemannian products Ma — Bd~n x Rn

and ψ — ψ x 1 where ψ is an isometric immersion of Bd~n in Rd+k~n

and 1 is the identity map of Rn. We can now state our first theorem
precisely. This result was obtained by O'Neill as Theorem 2 of [4] but
with an additional hypothesis, namely, the assumption of zero relative
curvature. We shall use a similar assumption in our Theorem 3.

THEOREM 1. Let Md be a complete, flat, C°° Riemannian mani-
fold. An isometric immersion ψ: Md —* Rd+k is n-cylindrical if the
relative nullity has constant value n.

We summarize some results applicable to an isometric immersion
between two manifolds of constant curvature C. Let ^V^m) be the
orthogonal complement of ^~(m) in Mm. From [5] we have: If n
denotes the minimum value of v, then n ^ d — k and G, the open
subset of Md on which v = n, is foliated by complete totally geodesic
subspaces (the leaves of Λ^) which are also totally geodesic relative
to ψ. Also there exists for any meG an xe<yV"L{m) such that Tx

is injective on ^A^L(m). The two cases of interest to us are:

Case 1. G = Md (i.e., v is constant), Md+k = Rd+k (C = 0) and

a = oo (see below).

Case 2. C> 0 and 0 < a < τr/4τ/C~.

The parameter a appears in the following lemma. Let 7: ( —α, a)—> L
be a unit speed geodesic in a leaf L of ^K in G. Then there exists
a frame field E — {Ely , Ed+k) on a neighborhood or 7 in G such
that:

1. The geodesic 7 is an integral curve of Eλ;
2. Each integral curve of Et is a geodesic of M;
3. The vector fields Eu , En are contained in <yK, En+1, , Ed

in ^K1, and Ed+1, •• ,£Γ

d + A ; are contained in the orthogonal comple-
ment of f(Mm) in Mψ{m);

4. The frame E is parallel on 7. The construction for this
lemma is contained in Lemma 1 of [5], except we use the additional
fact that the leaves of Λ" are Rn planes in Case 1 for a = 00. We
pull the connection form φ of the frame bundle of Md+k down to G
by way of the frame field E. Using the following index convention,

1 rg α, b ^ n n + 1 ^ q, r, s ^ d

l ^ i , j ^ d ; d + l^a,β^d + k,

we get
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(connection forms of M),

τia — Φia°dE (Codazzi forms),

Θaβ — Φaβ°dE (normal connection forms).

A set of linear operators on <yi<rL dependent on the frame field E can
be defined by

PEa(Es) — Σrφra(Es)Er .

From the second structural equation and the properties of the frame
field E one can show that the matrix P(t) of JP r u ) satisfies the dif-
ferential equation P' — —P2 — CI on ( — a, a) where I denotes the
(d — n) x (d — n) identity matrix. See Lemma 3 of [5]. Our proof
of Theorem 1 hinges on the central result from [4] which states that
if for all m e Md and x e ^/~(m) we have that Px = 0 then the immer-
sion is n-cylindrical. Theorem 1 can now be easily proved with the
help of the following lemma which is applicable in both Case 1 and
Case 2.

LEMMA 1. Let me L. If xe Λr{m) and y e ^V±(m) then TPχ{y) =
TyoPx on

Proof. Since L is complete there exists a geodesic τ : ( — α,α)—>L
with τ(0) = m and a frame field E as defined above in a neighborhood
of 7. From TEi(Ej) = Σaτaj(Ei)Ea and the definition of ^K we get
that τaa = 0. Using this fact with the Codazzi equation for τaa we
have

0 = dτaa = - Σ ^ A τίa - Σβτaβ A θβa = Σqφaq A τqa .

This implies that

Σa,qφqa(Es)τaq(Er)Ea = Σa>qφqa(Er)τaq(Es)Ea

or that

TEr(PEa(Es)) = TEs(PEa(Er)) .

Hence for x e <yt^{m) and y, z e ^^^{m) we have

Ty(Px(z)) = TZ(PM) - TPχ{y){z),

the last equality above following from the symmetry of the second
fundamental form operators.

2* Proof of Theorem 1* We shall show that Px = 0 for x e ^
m e Md. We may assume x is a unit vector and 7 is a unit speed com-
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plete geodesic of the leaf through m with τ'(0) — x. By a previous
remark we may pick ye ^V^m) such that Ty is injective on ^VL(m).
Then Λ^L + Ty(^ί^x) is invariant under both Ty and TPχ{y). Hence
the 2(d - n) x 2(d - n) matrix of Ty \ (^ί^L + Ty{<yK*x)) can be re-
presented by a (d — n) x (d — n) matrix A in the upper right hand
corner, — A* in the lower left hand corner and zeros elsewhere. If
B is the analogous block for TPχ{y) then Q = —ABι will be the matrix
of TyθTPχ{y)\^/K'λ-. The difference operators Ty and TPχ{y) commute
on Mm since M is flat and hence we have ABι — BA\ By Lemma 1,
P. = 2V1 o TPχ{y) I ̂ rL and hence P(0) = ( A " 1 ) ^ . Let

Since Q is symmetric so is R and therefore P(0) has the same (real)
eigenvalues as R. These eigenvalues satisfy \[ = — λ | on the real
line (since P satisfies this equation by a result stated above) and
hence each λfc = 0. Thus R — 0 and this implies P(0) = 0 which is
the desired result.

3* Positive curvature case* For completeness we include Corol-
lary 1 of [5] as

THEOREM 2. Let Ma and Md+k be C°° manifolds with the same
constant positive curvature C, Ma being assumed complete. Let ψ:
Ma —> Ma+k be an isometric immersion with 2k rg d. Then ψ is
totally geodesic.

As above let n denote the minimum value of v and let G consist
of the m e Md for which v(m) = n.

THEOREM 3. Let Md and Md+k be C°° manifolds with the same
constant positive curvature C, Md being assumed complete. Let ψ:
Md —> Ma+h be an isometric immersion with k < d. Then ψ is totally
geodesic if the relative curvature of ψ is zero on G.

Proof. The proof is by contradiction. If ψ is not totally geodesic
then n < d. Let L be a leaf in G and let me L. We first show that
for any xe ^/K*{m), Px is a symmetric operator and is independent of
the frame field used in its definition. Let ye<yy~L(m) such that Ty

is injective on ̂ V*L. Using a geodesic 7: (—β, a)—*L with 7'(0) = x
and Lemma 1 we have as in the proof of Theorem 1 that P(0) =
(A"1)*!?*. Since the relative curvature of ψ is zero we get from the
Ricci equation of the immersion that the Codazzi forms satisfy the
relation 2Yrαί Λ τiβ — 0. From this we conclude that Ty and TPχiy)
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commute on {df{Mm))L or AΈ = B*A. This equation implies that
P(0) is symmetric. From the first structural equation we have that

[Er, Es] = IUn{Es) - φsά

which together with the symmetry of Px implies [Er, Es] e ^yK1; thus
is integrable. For x e Λ^, Px is actually a second fundamental

form operator of the leaf through Λ^L and thus Px is independent
of the choice of frame field used in its definition.

From the completeness of L it follows that we can find a unit
speed geodesic 7 in L defined on the real line. Since M is of constant
positive curvature, 7 is a compact immersion and P r is a periodic
function on the real line. Let λ be one of the d — n real eigenvalue
functions determined by the symmetric operator Py,. We may assume
λ attains a maximum at m — 7(0). Let £ be a frame field as above.
Then λ must satisfy λ'(0) = -λ2(0) - C = 0 since P satisfies P' =
— P2 — CI on an interval containing 0β This implies λ(0) is not real,
which is the desired contradiction. Hence n ^ d or ψ is totally geodesic
on M.

As a Corollary we get a result of O'NeilΓs from [3]. Let Sd+1(C)
denote the sphere of curvature C

COROLLARY 1. Let Md and Md+1 he C°° manifolds with the same
constant positive curvature C, Md being assumed complete. Then any
isometric immersion ψ: Md-^ Md+1 is totally geodesic. In particular
if Md+1 = Sd+1(C) then any such immersion is an imbedding onto a
great sphere.

Proof. The vanishing of the relative curvature of ψ is trivial in
the hypersurface caseβ In case Md+1 — Sd'{1(C) we have that ψ(M) —
Sd(C)dSd+1(C). Letting Sd(C) denote the universal covering manifold
of Md and π the natural projection, we have that ψoπ is a local iso-
metry onto ψ(M). Hence ψoπ and therefore ψ is injective. Thus i/r
is an imbedding onto Sd(C).
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INVARIANT SPLITTING IN JORDAN AND
ALTERNATIVE ALGEBRAS

EARL J. TAFT

Let A be a finite-dimensional Jordan or alternative algebra
over a field F of characteristic 0. Let N denote the radical
of A. Then A possesses maximal semisimple subalgebras
isomorphic to A/N, [5], [6], any two of which are strictly
conjugate, [2], [9]. If G is a finite group of automorphisms
and antiautomorphisms of A9 then A possesses G-invariant
maximal semisimple subalgebras, [10], We investigate here
the uniqueness question for such G-invariant maximal semi-
simple subalgebras. The result is that the strict conjugacy
can be chosen to commute pointwise with G and to be in the
enveloping associative algebra generated by the right and left
multiplications in A.

Similar results have been obtained for associative algebras, [11],
and Lie algebras, [12]. However, in the associative case, the conjugacy
can be obtained in terms of ad joints of G-symmetric elements, i.e.,
elements left fixed by the automorphisms in G and sent into their
negatives by the antiautomorphisms in G. In the Lie algebra case,
one needs only to consider automorphisms, and the conjugacy is obtained
in terms of adjoints of fixed points of G. In each case, the conjugacy
is in the enveloping associative algebra of A. In both the Jordan and
alternative cases, the automorphisms which occur would commute
pointwise with G if the elements of A which occur in their formulation
in terms of right and left multiplications were to be fixed points of G.
However, we have not obtained the conjugacies in this form, and it
seems to be an open question whether or not it is always possible to
do so.

If G is assumed fully reducible, instead of finite, then A will also
possess G-invariant maximal semisimple subalgebras. This is noted in
the Jordan case in [4] when G contains only automorphisms, and the
same proof can be extended to cover the alternative case, even if G
also contains antiautomorphisms. We have answered the uniqueness
question for the similar situation in the associative and Lie cases, [13].
For the Jordan and alternative case, the problem seems more complicated.
We note here that it is easily answered if N2 = 0, with the strict
conjugacy commuting pointwise with G. However, the general question
remains open.

Received July 15, 1964. Research supported by the National Science Foundation
under grant NSF-GP1239 and by the Research Council of Rutgers, The State
University.
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2Φ Preliminaries* If ae A, we let Ra and La stand for right
and left multiplication by a, i.e., xRa — xa, xLa = ax. The following
two lemmas are easily proved by straightforward calculation.

LEMMA 1. Let g be an automorphism of A. Then g~xRag — Rag

and g~xLag = Lag.

LEMMA 2. Let g be an antiautomorphism of A. Then g~λRag=
Lag, Q^LaQ = Rag.

A derivation of A will be called inner if it is in the enveloping
Lie algebra generated by the right and left multiplications in A, [7].
We will have occasion to use the following types of inner derivations.
If A is Jordan, and x, se A, then [Rx, R$] — RXRS — RSRX is an inner
derivation of A which, for x e N, will be a nilpotent element of the
radical of the enveloping associative algebra generated by multiplications
in A by elements of A, [1], [2], [8]. If A is alternative, and s, xe A,
then Ds>x = [Rs, Rx] + [Ls, Rx] + [Ls, Lx] is an inner derivation of A
which, for xe N, will be a nilpotent element of the radical of the
enveloping associative algebra generated by the left and right multi-
plications of A, [7], [9].

LEMMA 3. // A is alternative, a, be A, then [Ra, Lb] — [La, Rb],
and Dafb = -Db,a.

Proof. x[Ra, Lb] = b(xa) — (bx)a — —(6, x, a), where (6, x, a) —
(bx)a — b(xa) is the associator of δ, x, and a. Also x[La, Rb] = (ax)b —
a(xb) — (α, x, 6). The first part of Lemma 3 follows from the skew-
symmetry of the associator function. Hence

Dbta = [Rb, Ra] + [Lb, Ra] + [Lb, La]

= —[Ra, Rb] — [Ra, Lb] — [La, Lb]

= — [Ra, Rb] — [La, Rb] — [La, Lb] = —Da>b .

LEMMA 4. Let A be Jordan, and g an automorphism of A. Then

g~\Ra, Rb]g = [Rag, Rbg\.

This is immediate from Lemma 1.

LEMMA 5. Let A be alternative, and g an automorphism or
antiautomorphism of A. Then g^D^g = Dag,bg.

Proof. This is clear from Lemma 1 if g is an automorphism. Let
g be an antiautomorphism. Then, using Lemma 2, g^D^g — [Lag, Lbg] +
[Rag, Lbg] + [Rag, Rbg] = Dag>bg by Lemma 3.
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If D is a nilpotent derivation of A, then exp D = I + D +
(D2/2l) + is an automorphism of A. We assume familiarity with
the Campbell-Hausdorff formula, [3], (exp A) (exp A) = exp A> where
D3 is in the Lie algebra generated by A and D2.

3* The Jordan case*

THEOREM 1. Let A be a finite-dimensional Jordan algebra over
a field F of characteristic 0. Let G be a finite group of automor-
phisms of A. Let S be a G-invariant maximal semisimple subalgebra
of A. Let T be a G-invariant semisimple subalgebra of A. Then
there exists an automorphism U — exp D of A such that

(1) U maps T into S,
(2) D {and hence U) commutes pointwise with G,
(3) D is a nilpotent inner derivation of A ivhich is in the

radical of the enveloping associative algebra of A.

Proof. Let N denote the radical of A. Let s and n denote the
projections of the vector space A — S 0 N onto S and N respectively.
Then s and n are linear mappings such that

( i i) n(tίb2) = s{tλ)n{U) + n(tλ)s{t2) + n{tx)n{U)

(iii) s(tg) = s(t)g, n{tg) = n{t)g

for t19 t29teT,ge G.

(i) and (ii) follow since N is an ideal, (iii) follows from the in-
var iance of T, S and N under G.

Now set N, = N, AT, = NU + ANl,. By [5], the N{ form a
nonincreasing sequence of ideals terminating in 0. Now Tλ— T S A —
S + Nx. Suppose that we have found automorphisms Uo = exp 0,
U1 — exp A , , C7"*_i = exp(A-i) of A satisfying (2) and (3) of Theorem
1 such that T, = TUOUX U^ fi S + N{. Then we will show that
there exists an automorphism Ui of A satisfying (2) and (3) of Theorem
1 such that T.U, £ S + Ni+1. Hence if Nk = 0, then U= U.U^" U^
will be the desired automorphism by the Campbell-Hausdorff formula.

Now T{ is a G-invariant semisimple subalgebra of A, so that (i),
(ii), (iii) hold for t19 t2, t e Tί9 Consider the space Ni \ Ni+1. We consider
this as a TVmodule by defining t*n — n t = ns(t) for ne Nif te T{.
Then by (ii), we have

(iv) n(tίb2) = nit,) t2 + t1 n{t2).
(iv) says that the map t —> n{t) is a derivation of T{ into the module
Ni I Ni+1. Hence, by [2], there exist elements x19 , xp in Ni9119 , ίp e T4

such that

(v) w(ί) = £ ((£,- ί) tj - ^ (ίί,-)) for t e T, i.e.,
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n(t) =

Using (i), we have

(vi) n(t) = β(t) Σ [Λ.,, β.(«-)] (mod JVi+1) for teT,
j=ι J J

Let g e G. Then

by Lemma 4. Hence

β(ί) Σ lR.Jβ, Rs«j)g\

( ) ^ = n(ί) (mod JV4+1) .

It follows that if we set A = -
where m is the order of G, then

(vii) w(fc) = -s(t)Di(moάNi+1) for ί e Γ<.
Now Di clearly satisfies (3) of the Theorem, since the x3g e N»

To see that Dt satisfies (2) of the Theorem, we fix a value of j . Then
Σ,e* [R*jβf R,(t3)a\ = Σ f fe^ ί/"1^^, R.it3)]g clearly commutes pointwise
with G. Hence so does Di9 which is a linear combination of such
mappings.

Finally, set [/< = exp A If t e Ti9 then tU{ = t + W{ + (t/2)D? +
. . . = s(t) + w(t) + β(t)A + w(t)A + (^/2)JD,2 + .

Now w(ί) G iVί, so that n(t)Di e Ni+1. Also, since the xl9 , xp e Nir

we have that (ί/2)A2 + e iV<+1. Therefore

t Ϊ7* Ξ s(t) + n{t) + s(ί)A (mod Ni+1)

ΞEs(t)(modNi+1) by (vii).

Hence TtUiS S + JV<+1 This completes the proof of the Theorem.

COROLLARY 1. Let A be a finite-dimensional Jordan algebra
over a field of characteristic 0. Let G be a finite group of automor-
phisms of A. Let S and T be G-invariant maximal semisimple
subalgebras of A. Then S and T are strictly conjugate via an
automorphism of A of the type described in Theorem 1.

COROLLARY 2. Let A and G be as in Corollary 1. Let T be any
G-invariant semisimple subalgebra of A. Then T is contained in a
G-invariant maximal semisimple subalgebra of A.

Corollary 1 is an immediate consequence of Theorem 1. Corollary
2 follows from the existence of a G-invariant maximal semisimple
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-subalgebra S of A. For then if U is an automorphism of A which
maps T into S, and which commutes with G pointwise, it follows that
SU"1 is a Gr-invariant maximal semisimple subalgebra of A which
contains T.

4* The alternative case*

THEOREM 2. Let A be a finite-dimensional alternative algebra
over a field F of characteristic 0. Let G be a finite group of auto-
morphisms and antiautomorphism of A. Let S be a G-invariant
maximal semisimple subalgebra of A. Let T be a semisimple
•subalgebra of A. Then there exists an automorphism U — exp D of
A such that

(1) U maps T into S,
(2) D (and hence U) commutes pointwise with G,
(3) D is a nilpotent inner derivation of A which is in the

radical of the enveloping associative algebra of A.

Proof. The proof is similar to Theorem 1. We define s and n as
in Theorem 1, but use Nt — Nι instead. We consider N* I Ni+1 as a
two-sided TΓmodule by t n = s(t)n and n t — ns(t). Then (i), (ii),
(iii) and (iv) are valid. Hence, by [9], there exist elements xlf , xp e Nι

and t19 , tp 6 Tt such that

(v) n(t) = ί Σ A ^ for t e T,

where A ^ is the inner derivation [Rtj, RXj] + [LtjJ RXj] + [L^, L-Xj] of
T* into its two-sided module Nι \ Ni+1. As in Theorem 1, we obtain

(vi) n(t) = s(ί) ΣIλ (ψ> β J(mod2V ί + 1) for *e Γ* ,

where A u ^ is the inner derivation [JKSU ,,>, RXj] + [Lβ(f ,,„ JB l̂ + [L s ( ί j ), LXj]
of A.

Now let geG. Then by Lemma 5, we have g~\Ds{tj)tX)g = Aίψ*,*^.
Hence, for any geG, s(t) Σ5=iD s i t j ) g,X j g = s(t)g-\^UDs{tj),Xj)g =
β(ίflf"1)(Σ?=i A(^),βJ)flf

 Ξ ^(ί)(modiVί+1) by (iii) and (v).
Now set A = — (1/m) Σses(Σ?=i DaUj)gtXjg)9 where m is the order

of G. Then we have
(vii) n{t) = -s(ί)A(modiV ί + 1) for t e Tt.
D{ satisfies (3) of the Theorem since the x& e N. To see that Ό{

satisfies (2) of the Theorem, we fix a value of j . Then Σ^e^ Ds{tj)g,Xjg =
Σige&Q^Dsu^.xjQ commutes pointwise with G. Hence so does Dίf which
is a linear combination of such mappings.

Now we set i7, = expA, and get that T.U, S S + Nt+1 as in
Theorem 1. Finally, we put U = U0Ur Uk__u where iSΓfc = 0, and
use the Campbell-Hausdorff formula to complete the proof of the
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Theorem.
As in the Jordan case, we have the following two corollaries of

Theorem 2.

COROLLARY 1. Let A be a finite-dimensional alternative algebra
over a field of characteristic 0. Let G be a finite group of automor-
phisms and antiautomorphisms of A. Let S and T be G-invariant
maximal semisimple subalgebras of A. Then S and T are strictly
conjugate via an automorphism of A of the type described in Theorem 2.

COROLLARY 2. Let A and G be an in Corollary 1. Let T be any
G-invariant semisimple subalgebra of A. Then T is contained in a
G-invariant maximal semisimple subalgebra of A.

5* The fully reducible case* Let A be a finite-dimensional
Jordan or alternative algebra over a field of characteristic zero. If G
is a fully reducible group of automorphisms and antiautomorphisms of
A, then it follows from [4] that G will leave invariant a maximal
semisimple subalgebra of A. The analogue of Corollaries 1 has not
been answered as yet for this case. However, if N2 — 0, then any
automorphism of the form described in the proofs of Theorems 1 and
2 which carries a G-invariant maximal semisimple subalgebra T onto
another one, S, is unique, and hence will commute pointwise with G.

For let Ux — exp D19 U2 = exp A be of this form and both map T
onto S. Then A2 = A2 = 0, so that U1 = I + Dlf U2 = I + D2. If
teT, then t^ = t + tDxe S and tU2 = t + tD2e S. Hence their
difference tD1 — tD2e Sf]N = 0, since A and A have range in N.
Hence A — A on T. Also A and A are both 0 on N since N2 — 0.
Hence A = A since A == T + N.

Now let ge G. Then g^Uβ = I + g-'D.g will map T onto S and
g^DiQ is a derivation of square zero having range in N. Hence, by
the above, g^Ό^g — Du that is, Du and hence Uu commutes pointwise
with G.
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ON A CONJECTURE OF R. J. KOCH

L. E. WARD, JR. 1

Dedicated to Professor Alexander Doniphan Wallace
on the occasion of his sixtieth birthday

R. J. Koch proved that if X is a compact, continuously
partially ordered space and if W is an open subset of X which
has no local minima, then each point of W is the supremum
of an order arc which meets X— W. More recently he
extended this result to quasi ordered spaces in which the sets
E(x) = {y: x ^ y ^ x) are assumed to be totally disconnected
and W is a chain. He conjectured that the latter hypothesis
is superfluous, and we show here that Koch's conjecture is
correct.

As a corollary it follows that if X is a compact, continu-
ously quasi ordered space with zero (i.e., a unique minimal
element), if each set E{x) is totally disconnected, and if each
set L(x) = {y: y ^ x} is connected, then X is arcwise connected.

We begin by recalling a few definitions (see [1], [2], [3] and
[4]). We say that X — (X, Γ) is a continuously quasi ordered space
provided X is a Hausdorff space, Γ is a quasi order (= reflexive,
transitive relation) on X and the graph of Γ is a closed subset of
X x X. We identify Γ with its graph and regard the symbols x g
y, and x Γ y and (x, y) e Γ as synonyms.

A chain of a quasi ordered space X is a subset C of X such that
a g b or b gΞ a holds for each a and b in C We also define

L(a, Γ) = {xe X: (x, a)eΓ} ,

M(a, Γ) = {x e X: (a, x) e Γ} ,

E(a, Γ) = L(a, Γ) n M(a, Γ) ,

for each ae X. It is also convenient to define

I(α, 6, Γ) = M(a, Γ) n L(δ, Γ) ,

the closed "interval" from a to b. Where there is no ambiguity we
shall write (L(a) (resp., M(a), E(a), I(a, &)) for L(a, Γ), (resp., ikf(α, Γ),
£7(α, Γ), I(α, &, Γ)). It is well known [3] that if X is a continuously
quasi ordered space then the sets L(α), ikf(α), E(a) and I(α, 6) are
closed and, if X is compact, then X contains a minimal element, that
is, an element m such that L(m) — E{m) is empty.

1 Received September 2, 1964. Presented to the American Mathematical Society,
November 14. 1964. This research was supported by a grant from the National
Science Foundation.
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A subset Y of the quasi ordered space (X, Γ) is said to have no
local Γ-minima if, for each x e Y and each neighborhood U of x, the
set

Yf]Ur\ L(x, Γ) - E(x, Γ)

is nonempty. This definition is due to Koch [2].
In case the relation Γ is a partial order, it is known that a con-

nected chain joining two distinct points is an arc. (Here we use the
term arc to describe a continuum with precisely two non-cutpoints.)
An arc which is also a chain is termed an order arc.

The following two lemmas will be of later use.

LEMMA 1. Let X be a compact, continuously quasi ordered space,
let a and b he members of X, and let K be a closed subset of X such
that I(a, b) (Ί K = 0. Then there exist open sets U and V such that
ae U, be V and for each a1 e U and br e V it follows that I(a', bf) D
K=0.

Proof. Suppose, on the contrary, that for all neighborhoods U
and V of a and b9 respectively, there exists ar e U and 6'e V such
that I(a' V) Π Kφ 0. Then

r n (ϋx K) n (Kx Ϋ)ΦO.

These sets form a family of nonempty closed sets with the finite
intersection property and hence their intersection is nonempty:

Γ n ({a} x K)Π(Kx {b}) Φ 0 ,

that is to say, I(a, b) Π K Φ 0, contrary to the hypothesis.

LEMMA 2. If R is an open subset of the compact, continuously
quasi ordered space X, then the set

F = {(α, ί > ) e l x X: I(a, b) - R Φ 0}

is closed.

Proof. If (a, b)$F then I(a, b) Π (X - R) = 0. By Lemma 1,

there are open sets U and V with ae U and be V such that for each
a'eU and Ve V it follows that I(a', 6') c R, and hence (U x V) Π
F — 0. Therefore, F is closed.

2* Koch's theorem for quasi ordered spaces* The crux of
our proof is embodied in the following theorem.

THEOREM. Let X = (X, Γ) be a compact, continuously quasi
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ordered space and let W be an open subset of X. If

(i) E(x, Γ) is totally disconnected for each xe X,
(ii) W has no local Γ-minima, then X admits a minimal quasi

order which has a closed graph and satisfies (i) and (ii). Moreover,
this minimal quasi order is a partial order.

Proof. Let {Γa} be a maximal nest of quasi orders on X such
that each Γa has a closed graph and satisfies (i) and (ii), and let Γ —
Π {Γa}. Clearly (X, Γ) is a continuously quasi ordered space and
E(x, Γ) is totally disconnected. We will show that W has no local
/^-minima.

Let xe W and let U be a neighborhood of x; since W is open
and E(x, Γ) is totally disconnected, we may assume that U a W and
that E(x, Γ) (Ί U is closed. Since X is normal there exist open sets
V and R such that

E(x,Γ) n Ud Va V(Z U ,

X- UdRdRciX- V.

For each a, the compact set L(x, Γa) Π V has a /^-minimal element
which we denote xa. And since "FT has no local /Vminima there exists

ya e (X - R) ΓΊ L(xa, Γa) - E(xa, Γa) .

It follows that

ya e L(x, Γa) - R U V

so that the sets L(x, Γa) — R U V are compact, nonempty and nested.
Consequently there exists

yeL(x,Γ)-R)j V

and it is clear that y£E(x9 Γ). That is, W has no local Γ-minima.
Now suppose that Γ is not a partial order; then there exists a

nondegenerate set E(x9 Γ). Since E(x, Γ) is compact and totally
disconnected, there exist nonempty, closed and disjoint sets A and B
whose union is E(x, Γ). Since X is normal there exist disjoint open
sets P and Q such that A c P and B c Q. Let

F = {(α, 6): /(α, 6) - P U Q ̂  0} .

By Lemma 2, ί7 is a closed subset of X x X and hence

A = Γ - ((Px Q) - F)

is also closed. Since P and Q are disjoint, Δ is a reflexive relation
on X.
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We claim that Δ is a quasi order. For suppose p Δ q and q Δ r
but (p, r)e(X x X) - Δ. Now (p, r)eΓ so that (p, r)e(P x Q) - F
and hence qe P or qeQ. lί qe P then, since r e Q and (q, r)e Δ we
infer that (q, r)eF and thus I(q, r) - P U Q Φ 0. But J(?, r) c J(p, r)
and hence I(p, r) — P [j Q Φ 0, contrary to the fact that (p, r)e(P x
Q) — F. A similar contradiction ensues if q e Q, and thus J is a quasi
order.

Since Δ c Γ it is obvious that each set E(x, Δ) is totally discon-
nected. Now suppose ze W and that 0 is a neighborhood of z, 0c TΓ.
If ze W- Q then

L(z, Δ) = L(z, Γ)

and hence there exists

7/eO n L(z, Δ) - E(z, Δ) .

And if zeQ, the fact that W has no local Γ-minima insures the
existence of

yeOΠ Q ΓΊ L(z, Γ) - E(z, Γ) .

But i / ί P implies ye L(z, Δ), so that in any event W has no local Δ~
minima.

Finally we note that Δ contradicts the minimality of Γ, for if
ae A and be B then (α, b)e Γ — Δ. Therefore Γ is a partial order.

COROLLARY 1. Let X be a compact, continuously quasi ordered
space and let W be an open subset of X. If conditions (i) and (ii)
of the theorem are satisfied, then each point of W is the supremum
of an order arc which meets X — W.

Proof. By the preceeding theorem we may assume that the quasi
order is a partial order. Thus Koch's theorem for partially ordered
spaces applies.

An element 0 of the quasi ordered space X is a zero of X provided

0 = .E(0) = Π {L(x): xeX} .

COROLLARY 2. If X is a compact, continuously quasi ordered
space with zero, if each set E(x) is totally disconnected and if each
set L(x) is connected, then X is arcwise connected.

Proof. Let W = X — {0}; the connectedness of the sets L(x)
guarantees that W has no local minima and therefore each point of
W lies in arc containing 0.

Following Koch we say that a subset C of the quasi ordered space
X is biconnected if C is connected and if each of the sets E(x) Π C is
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connected.

COROLLARY 3. Let X be a compact, continuously quasi ordered
space and suppose there exists a e X such that

E(a)= n {L(x):xeX} .

If X — E(a) has no local minima then each element of X can be
joined to E(a) by a biconnected chain.

Proof. Let Z denote the compact, continuously partially ordered
space which is obtained when E(x) is identified with a point, for each
xe X. Let Φ(X) = Z be the canonical quotient map and let

be the monotone-light factorization of φ. It is easy to see that Y
inherits a quasi order from Z which has a closed graph and is such
that E(y) is totally disconnected, for each yeY. Moreover, Y-
m(i?(a)) has no local minima and hence, by the theorem, there are
order arcs joining points of Y to m(E(a)). Since m is monotone, the
corollary follows at once.
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DEVELOPMENT OF THE MAPPING
FUNCTION AT A CORNER

Neil M. Wigley

Let D be a domain in the plane which is partially bounded
by two curves A. and Γ2 which meet at the origin and form
there an interior angle πτ > 0. Let N be an integer ^ 2 and
let a be a real number such that 0 < a < 1. Suppose that for
ί — 1,2, Γi admits a parametrization x = Xi(t), y = Vi(t), 0 ̂  t ^ 1,
where Xi and yι have Nth. derivatives which are uniformly a
Holder continuous, and | Xi(t) \ + | y[(t) \ > 0. Let F(z) map the
upper half plane conf ormally onto D in such a way that F(0) =
0. Then if τ is irrational F(z) has an asymptotic expansion in
powers of z and zτ

9 with error term o(zNτ~*). If τ = p/<7, a
reduced fraction, then F(^) has an asymptotic expansion in
powers of z,zτ, and zp logz, with error term o(zNτ~2). In both
cases ε is an arbitrarily small positive number. Furthermore
expansions for derivatives of F{z) of order ^ N may be ob-
tained by differentiating formally.

The behavior of such conformal maps at corners was first investi-
gated by Lichtenstein [9]. Let F~\z) be the function inverse to F(z)
which maps D onto the upper half plane. Lichtenstein showed that
if Γ1 and Γ2 are analytic then

(1.1) §-F~^) = z^Φ)
dz

where φ(z) is continuous in D and φ(0) Φ 0. This result was later
generalized in two ways. One was to weaken the requirements on
Γ1 and Γ2. It follows from the work of Kellogg [4] and Warschawski
[10] that with very modest conditions imposed on Γ1 and Γ2 one has

where again φ(z) is continuous in D and φ(0) Φ 0. In particular this
follows if one assumes that Γ1 and Γ2 have continuously turning tan-
gents in a neighborhood of the origin (though weaker conditions will
suffice).

The other generalization of Lichtenstein5s theorem was an improve-
ment of the result (1.1), maintaining the analyticity requirement. For
the case τ = 1 Lewy [8] showed that F(z) has an asymptotic expansion

Received August 9, 1964. This work was performed under the auspices of the
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in powers of z and log 2. Later Lehman [6] showed that expansions
of the kind mentioned in the first paragraph are valid for all angles
πτ > 0, provided Γ1 and Γ2 are analytic. Thus in this paper we
dovetail the results of the two developments. Furthermore we shall
indicate some applications to the behavior at corners of solutions of
elliptic partial differential equations; see [3], [5], [7], [8], [11] and [12].

2* Principal results. Let N be an integer ^ 2 and let a be a
real number such that 0 < a < 1. Assume that for i = 1, 2, /\ admits
a parametrization x = Xi(t), y = yt(t) where x{{t) and y^t) are uniformly
QN+a f o r o ^ ί ^ 1/ and assume that there exists a δ > 0 such that
<(t) I + I yl(t) I ̂  δ for 0 ^ t ^ 1. Let .F(z) map the upper half plane

conformally onto D. Then (?(#) Ξ F(zllτ) maps the sector 0 < arg 2 < πτ
onto D and we have the following theorems.

THEOREM 1. // τ is irrational then there exists a polynomial
P{z, zτ) such that as z —> 0, 0 ^ arg z ^ π,

F(z) = zτP(z, zτ) + o(zNτ~ε)

where ε is an arbitrarily small positive number and P(0,0) ̂ 0 . If τ —
p/q, a reduced fraction, then there exists a polynomial P(z, zT, zp log z)
such that as z —> 0, 0 ^ arg z ^ π,

F(z) = ^rP(^, z\ zp log ») + o(zNτ~ε)

where ε is an arbitrarily small positive number and P(0, 0, 0) Φ 0.
Furthermore expansions for derivatives of order ^ N may be obtained
by differentiating formally.

THEOREM 2. // τ is irrational then there exists a polynomial
P(z, zllτ) such that as ^ 0 , 0 ^ arg z ^ πτ,

G(z) = zP(zf zιlτ) + o{zN~ε)

where ε is an arbitrarily small positive number and P(0,0) Φ 0. Ifτ =
p/q, a reduced fraction, then there exists a polynomial P(z, zllτ, zq log z}
such that as z—*0,0^ argz g πτf

G(z) = zP(z, z1/τ, zq log z) + o(zN~ε)

where ε is an arbitrarily small positive number and P(0, 0, 0) Φ 0.
Furthermore expansions for derivatives of order 5g N may be ob-
tained by differentiating formally.

1 This means there exists a constant K such that for 0 ̂  s < t S 1 and 0 ̂  n ^ iSΓ

— _ Ĵ L
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From Theorems 1 and 2 one can obtain an asymptotic expansion
for the inverse function F~ι{z) which maps D onto the upper half
plane. The method is an iterative one, starting with F(z) = o(zτ~ε)
and increasing the exponent of the error term; see, for instance,
Wasow [11], pp. 49-50.

THEOREM 3. If τ is irrational then there exists a polynomial
P(z, zίlτ) such that as z —> 0, ze D (J Λ U Γ2,

F~\z) = zllτP(z, zllτ) + o(zN~1+llτ~ε)

where ε is an arbitrarily small positive number and P(0,0) Φ 0. If τ —
p/q, a reduced fraction, then there exists a polynomial P(z, zιίτ, zq log z)
such that as z—> 0, ze D U ΛU Γ2,

F~\z) = zllτP(z, zll% zq log z) + o(zN-1+llτ-ε)

where ε is an arbitrarily small positive number and P(0, 0, 0) Φ 0.
Furthermore expansions for derivatives of order g N may be ob-
tained by differentiating formally,

Since G~\z) = (F(z))τ, we have, by the binomial theorem.

THEOREM 4. If τ is irrational there exists a polynomial P(z? zllτ)
such that as z—>0,zeD{jΓilJ Γ2i

G-\z) - zP(z, z1/Γ) + o(zN~ε)

where ε is an arbitrarily small positive number and P(0,0) Φ 0. If τ ~
p/q, a reduced fraction, then there exists a polynomial P(z, zljτ, zq log z)
such that as z—>Q,zeD\jΓ1\jΓ2,

G~\z) = zP(z, zllT, zq log z) + o(zN~ε)

where ε is an arbitrarily small positive number and P(0, 0, 0) Φ 0.
Furthermore expansions for derivatives of order ^ N may be ob-
tained by differentiating formally.

3* Applications to partial differential equations* The expan-
sions of Theorems 2 and 4 have immediate applications to a previous
paper of the author [12]. In particular §4 and 5 of [12] need only
be modified suitably to obtain the following theorems.

Let U(x, y) be a solution in D of the partial differential equation

dx2 dy2

where K and F are (N — l)-times continuously differentiate in
J5 U Λ U Λ U {0}, U is twice continuously diff erentiable in D, and Ux
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and Uy are α-Holder continuous in every compact subset of
We also assume that for i — 1,2,U satisfies on F{ a boundary condition

1 dn

where δ4 = 0 or 1, d/dn represents the outgoing normal derivative, and
Ai and B{ are (N — l)-times continuously differentiable as functions of
arc length, defined on Γ4 (J {0}, and A^O) Φ 0, if δ4 = 0. Finally, we
assume that as 2 - » 0 , z e f l u Λ U F2,

U(z) = o(zr)

where μ > max ( — 1, —1/τ) if S2 = δ2 and μ > max ( — 1 , — l/2r) if δt Φ δ2.

Then

THEOREM 5. If δλ = δ2 = 0 then as z -* 0, z e D u Λ u Λ,

Z7(s) = log zP, + log zP 2 + P 3 + o(zN~1~ε)

where Plf P2 and P3 are polynomials in z, z, zllτ and zllτ if τ is ir-
rational and in z, z, zllτ, z1/τ, zq log z and zq log z if τ — p/q; and ε is
an arbitrarily small positive number. If S1(0)^42(0) = S2(0)A1(0), P1

and P2 vanish identically. Furthermore expansions for derivatives
of U(z) of order S N — 2 may be obtained by differentiating formally.

THEOREM 6. If δx — 0 and δ2 = 1 (or δλ = 1 and d2 = 0) then as
z —> 0, z e D U Λ U Γ2,

U(z) - P + o ( 2 — )

where P is a polynomial in z, z, zll2τ and ? / 2 r if τ is irrational; P
is a polynomial in z, z, zll2τ, zll2τ, zq log z and zq log z if τ — p/q and
q is odd; P is a polynomial in z,z,zll2τ,zll2τ,zql2\ogz and zq'2\ogz if
a — p/q and q is even; and ε is an arbitrarily small positive number.
Furthermore expansions for derivatives of U(z) of order ^ N — 2 may
be obtained by differentiating formally.

THEOREM 7. // δ, = δ2 = 1 then as z -> 0, z e D u Λ U F2f

U(z) - log zP, + log 2P2 + P3 + o(2^"ε)

where Ply P2 and P3 are polynomials in z, z, zιlτ and z1/τ if τ is ir-
rational and in z, z, 21/r, 21/τ, zq\ogz and zq\ogz if τ — p/q; and ε is
an arbitrarily small positive number. If U(z) is bounded at the
origin then Pλ and P2 vanish identically. Furthermore derivatives
of U(z) of order <£ N — 1 may be obtained by differentiating formally.
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4* Some Lemmas* Later we shall need some properties of func-
tions which are Holder continuous in a set, but whose Holder constants
diverge in a certain way near a boundary point of the set. Let S be
a subset of the plane which does not contain the origin, but of which
the origin is a cluster point. Let μ and β be real numbers, 0 :g β < 1,
and let M be a nonnegative integer. Let f(x, y) be a real or complex
valued function such that f(x, y) e CM+β for (x9 y) e S9 and suppose that
f or 0 ^ n S M

as z—> 0, ze S9 where Dn ranges over all nth order partial derivatives,
and

(ii) there exists a constant K such that

S U p \DlM-D*f{Q[ , , , n + β _ μ < v

where the supremum is taken over all derivatives -Dw, and over all
points z, ζ e S such that 0 < | 2 — ζ| < S | £ |, <5 | ζ |; S is assumed to be
some positive number < 1. The totality of such functions we designate
by W%+β(S). If S is the sector δx ^ arg£ ^ δ29 0 < \z\ < |^0 |, we write
Wr

i?
+β([δ1, S2]). We omit the dependence on z0 because we are only con-

cerned with properties (i) and (ii) in some neighborhood of the origin.
If S is a segment 0 < x < A we write W^+β; properties (i) and (ii)
should then be modified properly for a function of one variable. We
observe that if β = 0 property (ii) follows from property (i) and the
c o n d i t i o n \z — ζ\ < o \ z \ 9 δ \ ζ \ o

We now list some properties of the l^F-spaces. We state them for
the complex case, though with suitable modifications the properties
hold for the real case0 Thus we assume 0 < \z — ζ\ < δ\z\, δ\ζ\, and
z,ζeS.

1. 1 - 3 < I z/ζ \<l + δ.
2 . Let μ ^ - 1 . If (d/θx)f(z), (d dy)f(z) e W£(S) then f(z) differs

by a constant from a function in Wμ+ί(S). The proof is contained in
Bourbaki [2].

3. If (d/dx)f(z), ψ/dy)f(z) G WH(S) then / differs by a constant from
a function in Wg+1(S), 0 ^ β < 1. The proof follows from property 2
above and the mean value theorem for functions of two variables.

4. There exists a constant K depending only on μ9 β and δ such
that

Here we assume that S is so chosen that zμ]~β and zβ are single valued
functions.

5. Let f(z) = zμ, and assume zμ is single valued for zeS. Then
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for all integers M^O and any β such that O g / S ^ l,/(s) 6 W%+β(S).
6. Let M and N be integers ^ 0, let a and β satisfy 0 < a, β < 1,

and let μ and v be real numbers. Let/(s) e W*+a(S) and #(2) G W?+β(S).
Let α' = min (a, β), M' = min (ikΓ, JV) and μ' = min (μ, v). Then

and

g(z) e

f(z)g(z) e

Proof. The first statement follows from the fact that W$'+a'(S) 2
Wΐ+a(S) IΊ Wξ+β(S), and because the W-spaces are linear. For the
second statement we observe first that f(z)g(z) e CM'+a'(S). Then

f{z)g(z) = O(zr)O(z>) =

and

\f(z)g(z) - f{Qg{Q \S\f{z)\\ g(z) - g(ζ) \ + | g(ζ) \ \f(z) - /(ζ) |

I z - ζ | β + K2

-α /1 z - ζ Γ

ζ | α

since

and

\β~a' \ z - ζ\«'

- ζ 1 z \a~a' 12 - ζ Γ .

The proof then follows easily from induction.
We now state three lemmas. The analogous theorems for the real

case follow without difficulty.

LEMMA 1. Let μ > 0 and let f(z) e W/?+a(S). Suppose also that
\f(z) I Ξ> Si I z |μ, ze S, for some d± > 0. Let S' be the range of S and
suppose g(z) e W?+β(S). Then

h(z) = g(f(z)) G Wfϊ;+aβ(S)

where Mf = min (Af, N).

Proof. It is clear that h(z) =

\h(z) - h(ζ)\ = \g(f(z)) - g(f(ζ))\

£ K, max (\f(z)

Next, f or \z - ζ | < δ \ z |, δ \ ζ |

^ K2 max

\z-ζ\aβ

\ z - ζ \aβ
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provided \f(z) — /(ζ) | ^ δ \f(z) |, δ |/(ζ) |. In the contrary case, however,
suppose \f{z) I ̂  |/(ζ) | and \f(z) - /(ζ) \>δ\f(z)\. Then

I 9(f(z)) - g(f{Q) g(f(z)) -

g if5 max (\f(z) \\

! z | - /(ζ) |

g KQ max
^ KΊ

and thus h{z) e W
Writing / = φ + iφ, φ, ψ real, we have

}-Hz) = gφ(f(z))φx(z)
Θx

Now by definition gφ e WZr^S'), and thus gφ(f(z)) e Wf^iaβ(S) as
well as φx, ψx e W%lι+a(S), and thus, by Proposition 6,

fh(z) e ̂  r^^(S) .
dx

The lemma follows by similar arguments.

LEMMA 2. Lei f(z) map S onto a set S' in such a way that f(z)
is conformal on the interior of S, and suppose f(z) e Wft+a(S), μ > 0.
Assume also that \f'{z) \ ̂  δλ \ z \μ~\ ze S, for some δλ > 0. Let g(ζ) be
the function inverse to f(z) which maps the interior of S' into S,
and assume that g(ζ) e CM+a(S') (this is the case if S and Sf have
sufficiently smooth boundaries).

Then

flf(C) e W?,i"(S') .

Proof. Let z0 be fixed. Then for | z \ sufficiently small we have

\f{z)\S\f(zo)\. Thus

l/(zo) I - 1/(2) I = I/(so) I - 1/(2) 11 ^ I/W - f(z) I

= f'(w)dw

S20

w
lμ-1 dw \^ -\z

where the path of integration is taken to be a union of paths arg w -
const, and | w \ = const. Thus

\f(z)\ ̂ K3 + K2\z\^K2\

Since \f(z) \ ̂  K, \ z |μ we have
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\g'(ζ)\ = \f'(z)\-1£δτ1\z\1-μ£

By Propositions 2 and 3 we have g(Q e W}

Next,

\g'(Q-g'(Q\ _ I/'fe) -/'(*i) I

where z lies between zλ and z2. Since 1 — δ ̂  | zjz2 | ^ 1 + δ we have

1 g (Cl) g (Q2) 1 <. Jζ_ \χ |l-μ-α-(μ-l)α < j^" Γ |(l/μ)-l-α

I ζ t - ζ2 I" = 8 1

Thus flf(2) e PFί/ΐα(S') The proof follows by induction.

LEMMA 3. Let f(z) e Wr^+a(S) αwd let P(z) be a polynomial of
degree < μ with P(0) = 1. Let y be a positive real number. Then
there exists a function f±(z) e W*+a(S) and a polynomial Px{z) of
degree < μ such that

(P(z)

Proof. The proof follows easily from the binomial theorem.

In obtaining the asymptotic expansions we shall come across certain
integrals which were studied in [8], [5], and [12]. To estimate these
integrals we use the following lemmas. The first was proved in [8]
and [5]. The second is a generalization of a theorem in [8], [5], and
[12] and will be proved in § 9. The integrals are Lebesgue integrals
extended over positive values of t. The variable z lies on the logari-
thmic Riemann surface with branch point at the origin. The kernel
of the integrands is the function log (ί — z) which we define in the
following way. For fixed t we make cuts along the Riemann surface
from te2πik to ^e2πik, k = 0, ± 1 , ±2, . . The logarithm is uniquely
defined, except for z lying on these cuts, as the analytic continuation
of the logarithm which is real for 0 < | z | < ί, arg z — 0.

LEMMA 4. Let A be a positive number, μ a real number > —1,
and n a nonnegative integer. For 0 < arg z < 2π, let

f(z) = t V(log t)n log (t - z)dt .
Jo

Then there exists a polynomial P(log z) and a power series p{z) which
converges for \ z \ < A, such that
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f(z) = z^Pilog z) + p(z) .

If μ is an integer the polynomial P is of degree n + 1; otherwise
it is of degree n.

LEMMA 5. Let μ be a real number > — 1 which is not an integer,
and let β(t) e Wf[~1+a for 0 < t g A. For 0 < arg z < π, let

g(z) = \Aβ{t)\og(t-z)dt .
Jo

Then there exists a polynomial q(z) of degree < μ + 1 such that

φ(z) Ξ g(z) - q(z) e W»tf((0, π)) .

A similar result obtains for — π < arg z < 0, with the same poly-
nomial q(z).

5. Preliminary results. It follows from Warschawski [10] that
F~\z), which maps D onto the upper half plane, satisfies the relation

(5.1) F~\z) = zιlτφ(z)

where φ(z) is continuous in D u Λ u Λ U {0} and φ(0) Φ 0. We shall
show in this section that F~\z) e W^a(D UΛU Γ2).

It follows easily from the Cauchy integral theorem that

F-\z) 6 ^r

+*(Lλ, πτ - λ])

where λ is a small positive number: one simply examines the integral

FHz) f
dzn 2πiJ(ζ- z)n+1

taken over a circle about z of radius δ\z\, bearing in mind that
F~\z) = 0(zllτ) as 2 - > 0 , 2 e D u Λ U Λ . Thus it will suffice to show
that F~\z) e W?,ta(Df) and F~\z) e W^D") where D' = DΠ{z:argz^
πτ — 2λ} and D" — D Π {z: arg z g 2λ}β Because of the symmetry be-
tween Λ and Γ2 we need only show that F~\z) e W?ιΐa(D').

Next, if we have V(z) = ImF-\z) e W^a(Df), then, by Wars-
chawski's result above and the Cauchy-Riemann equations, we have
ReF'\z) e W$ΐa(D'), and thus F~\z) e W^a(D'). Thus we shall show
V(z) e W?,ΐa(D').

Now we make a transformation which has the effect of straighten-
ing out JΓ2. Let y = β(x) be a parametrization of Γ2 (if τ = 1/2 or
3/2 this is impossible; but a small rotation about the origin would
take care of this difficulty). Then it can be shown that β(x) e CN+a

for 0 g x S A, where A is a small positive number; furthermore, by
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the hypotheses of § 2, for 0 fg n S N, 0 ^ x19 x2 ^ x0

sup

We make the transformation ζ = x, η = y — β(x)9 and set v(ξfrj) —
V(x9 y). Then v is defined (at least) for 0 < ζ2 + rf < Aί9 -ζ tan δ ^
57 < 0, provided Ax and δ are chosen small enough. The points (ζ, rj)
are images of a subset of the points (x, y) such that (πτ — δjα? ^ y S
β(x), where δλ is a small positive number. Since β{x) — 0{x), we find
that δ2 ^ y/a? ^ l/δ2 for some δ2 > 0, and thus, since

for some δz > 0. Since V(x, y) — O(zllτ), we have v(ξ, η) — O(ζ1/Γ), where
ζ = £ + iη.

We now state a lemma which is a special case of a theorem of
Agmon, Douglis and Nirenberg ([1], pp. 657-660). Let 0 < R < 1 and
let S be the semicircle ξ2 + rf < R, rj <* 0. For ζ e S let cί̂  denote the
distance from ζ to the circular part of the boundary of S.

LEMMA 6. Let u(ξ,rf) be a solution of a uniformly elliptic partial
differential equation

Lu = auζξ + 2buξv + cuvn + duξ + euv + fu = 0 ,

whose coefficients are CN~2+a in S with uniform a-Holder constants.
Let u(ξ,0) = 0 for -R<ξ<R. If ueC2+a(S) then ueCN+«(S), and
there exists a constant K, independent of u and R, such that

where

\u\N+a ^ p
ζes

- sun dy
— sup aζ

*\ζ-ζ\<dξdζ

k=o ζes

the suprema are taken over all kth and Nth order derivatives of u.

Since V(x, y) is harmonic, we have

Lv = vξξ + (1 + β\ξY)vηv - 2β\ξ)vξη - β"(ξ)vv - 0

for 0 < ξ2 + η2 < Au ~f tan δ ^ η g 0. Also
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V(ξ, 0) = V(X, β(x)) = 0 .

We now apply the lemma to v and the semicircles

where 0 < ξ0 < (1/2)AX; these semicircles are tangent to the rays η — 0,
and η = — ξ tanδ. In each semicircle we have, for some 1^ > 0,

sup I v{Q I ̂  ULΊ I ζ | 1 / Γ .

In the semicircle (ζ — f 0)
2 + yf g ((l/2)£0 sin §)2, ̂ 0 , we have dζ Ξ>

(l/2)fo sin δ. Thus for (f - ί0)
2 + rf ^ ((l/2)f0 sin δ)2, ^ ^ 0, we have

ζ* I ΰ^(O I ̂  (fo(l + Y sin S))* I ΰ

sinδ

for 0 g k g iV. Thus v(ζ) e W^([~diy 0]) where δ4 is small. By the mean
value theorem v(ζ) e W?,71+«([-δ4, 0]). To estimate | D ^ ( Q - DNv{ζ,) \
we use the lemma again; the details are similar to those above. Thus
we can conclude that v(ζ) e W^a([-δ4f 0]). Since

3 " ί2 + ^ "" S3 '

it follows, by easy calculations, that for some small positive λ,

V(z) e Wξ^dπτ - λ, πτ}) .

Thus we conclude that F~\z) e W?,?a(D U Λ U Λ) .

6* A preliminary transformation* From now on for the sake
of definiteness we will assume that Γλ is tangent to the positive x-
axis at the origin and that Γ2 is tangent to the ray arg z — πτ at
the origin.

We set H(z) = (F(z))llτ. Then H(z) maps the upper half plane
conformally onto a domain D' which is the image of D under the
transformation z—>zllτ. Dr is partially bounded by curves Γ[ and Γ'2
which have horizontal tangents at the origin. From the binomial
theorem it is clear that theorem 1 is equivalent to an asymptotic ex-
pansion

H(z) = zP(z9 zτ) + o(z{N-1)τ-*) (a irrational)

H(z) = zP(z9 z\ zp log z) + o(z{N-1)τ~ε) (a = p/q)

as z —> 0, 0 ^ arg z ^ π9 where ε > 0 can be chosen arbitrarily small
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and the polynomial P has a nonvanishing constant term; furthermore
we must show that we can differentiate (6.1) N times. Since Theo-
rems 2, 3 and 4 follow directly from Theorem 1, we need only prove
(6.1).

By Lemma 1, and since F~\z) e W^a{D (J Λ U Γ2), we have

H-\z) = F~\zτ) e Wf+a\D' (J Γ[ U Γ'2) .

By Lemma 2, H(z) e T7^+α2([0, π]).

7. An integral representation* We will now construct an in-
tegral representation for H(z) based on the equations for Γ1 and Γ2.
Let F(z) — ξ + vη. Then we have

V = Σ 1 cjn + φi(ξ)
n=l

where φ1 e Wjr+a; this is merely the Taylor series for Γ19 and is valid
for 0 ^ ξ ^ ξ0.

We will now adopt the convention of dropping subscripts on coef-
ficients whose value is unimportant; then we have

η = Σ cξ* + φi(ξ) .
n=l

With w = H{z) — u + iv, we have

and by Lemma 3, φ2 e W§ϊ?. It is readily seen that ReaΦ 0. Then
we have, by separating real and imaginary parts,

(7.1) u = α^ 1/Γ(1 + cξ + cξ2 + . + cf^-2 + φ.ά(ξ))

(7.2) i; = ξllτ(c + cf + cί2 + + cξN~2 + <p4(£))

with cp3, φ, e W$ϊ?. Next,

^^ = αϊf (1 + cf + cf2 + + cξN-2 + 9>β(f))

with φ5 G W#iα . As a[ Φ 0, we have, by the inverse function theorem,

(7.3) ξ = uΓ(c + cuτ + c^2r + + cu(ΛΓ-2)r + φβ(uτ))

where φ6, considered as a function of uτ, belongs to Wgίf. Thus by
Lemma 1, φΊ(v) = φβ(uτ) e W^t°f)τ. Substituting (7.3) in the right side
of (7.2), we obtain
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N-2 \ 1 / Γ
/N-2

V = U[ Σ CWτ + φΊ{u)
(7 4)

/JV-2 /JV-2

x Σ cwiΓ( Σ
0 \fc=0

We set

φa(u) = φ,{ξ) = £>4(

It is easily checked that ζ(u) e W*+α2 as a function of u, and thus
φ8(u) e W&tf)τ. Thus, expanding the right side of (7.4), it follows
that

v = u(c + cuτ + + cu{N-1)τ + φ9(u))

with <p9 6 W (lt^ τ. Finally, (dv/du) \u=0 = 0, and thus

(7.5) v = ^(<mT + cu2τ + + cιι{N-l)τ

This equation is valid for v and u defined on the segment y = 0,
0 ^ x ^ A, provided A is chosen small enough.

If 0 < τ < 1/2 or 3/2 < τ ^ 2 we can repeat the same argument
on Γ2: note that we never used the fact that Γλ has a horizontal
tangent, but only that Γ[ (and Γ[) has a horizontal tangent at the
origin. If 1/2 < τ < 3/2, we replace ζ by \ξ\; and for 0 < τ g 2, we
replace u by | u |.

Finally, if τ — 1/2 or 3/2 we begin with the equation

+ φlo(V)Σ
TO—1

and carry through with the roles of ζ and ^ reversed. Thus we have,
for -A ^ x ^ 0, i/ = 0,

(7.6) v = u(cuT + cu2τ + . . . + cu{N"l)τ + φn(u))

with φ n G T7 ( ltί r .
We now consider the Green's function for the upper half plane

(7.7) G(ί, z)=- τ?~ {log \t - z I + log I ί - I ]} ,
2τr

where t = xt + i2/t. It is easily seen that (θ/dyt)G(xt9 z) = 0. We apply
Green's theorem to the functions G(ί, «) and %(t) = i2e H{t) on the
semi-circle 0 < 11 \ < A, yt > 0, and obtain

u(z) = j A G(ί, z)—u(t)dt + [ {uGnt - Gunt)dst
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where st represents arc length and nt the outward normal. By (7.7)
we have

J^> o (uGnt - Gun)dst = p(z) + p(z)
\t\=A

where p(z) is a power series which converges for \z\ < A. Also, for

G(t, z) = - j - { l o g 11 - z I + log 11 - z |}

= lo

= - -^-{log (*-«) + log (t - 5)} .

Here we define log (t — ̂ ) as the analytic continuation of the logarithm
which is real for 0 < | z \ < t, arg z — 0. The congruence holds modulo
2πί; however, each of the logarithms on the right side has imaginary
part > — π and <π. Thus we may replace the congruence by equality.
With these observations in mind, we obtain

(7.8)

x {log (ί - s) + log (t - z)}dt + p(z) + p(«) .

Since u(z) — Re H(z) and p(z) has real coefficients, we replace (7.8) by
the equation of which it is the real part, namely

H{z) = - — \A —u(t) log (ί - js)dί + p(z) + const. ,
π j-άdyt

where the constant takes care of the nonuniqueness of the conjugate
harmonic function of u(z). We now drop this constant, changing p(z)
if necessary, and use (7.5) and (7.6), together with

d ,,v _ d

θyt ~ dxt

to obtain

(7.9)

Here

H(z) = — Γ ut(t, 0){ Σ,1 cujτ + φ{u)\ log (ί - z)dt

+ — ί^ t(ί, 0) j Σ,1 ̂ i τ + Ψ(u)\ log (t - z)dt
π Jo lj=i J
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φ(μ) = -—(uφn(u)) G W{V-i)f
du

and

ψ(u) = (uφ9(u)) G W^fJ^f .
dll

Furthermore, (7.9) is valid for 0 ^ arg z ^ π, 0 < | z \ < A.

8* Obtaining the asymptotic expansions. We have, for —A ^
t < 0, H(t) G W1

N+a2 and thus u(t) G Wf+a\ Hence

(oι(iWnτ a T/17'ΛΓ+α3

\(Λ/\ί/j) tr vv nτ

Ut G T ; F o Λ Γ " ' 1 + α 2

and thus

(8.1) utit, i

as a function of ί, —A S t < 0. Similarly

(8.2) utit, 0)1 Σ 1 c^Γ + ψ(^)l G TFf-
W=i J

for 0 < t S A. Thus by Lemma 5, if τ Φ 1, 2,

= α£ + bz2 + γi^;)

where %±(̂ ) e ^ + ^ ( ( 0 , π)). As ίf(^) has α-Hόlder continuous ΛΓth
derivatives for 0 ^ arg z ^ TΓ, we must have χ^s) e T7i+ίΛ3([0, TΓ]).

If τ = 1 or 2 Lemma 5 will not apply. However, if ε is any
small positive number we can replace the Wf~1+(χ3 of (8.1) and (8.2)
with Wfsc^

a\ and thus we can always write

(8.3) H(z) = az + hz2 + χx{z)

where Z l(s) e WZΐ'lQQ, π]).
We now prove Theorem 1 by induction. In the future we shall

use the symbol a to represent any number between 0 and 1, and ε to
represent an arbitrarily small positive number such that nτ — ε is not an
integer for 0 ^ n g N. In particular we write χ^z) e ΐ^ί+ΐf ε([0, π\).

First let a be irrational. Assume that for some m, with 0 < m <
N—l, that

H(z) = 2Pmfe 2Γ) + χm(2)

where Pm(z, zτ) is a polynomial in its arguments such that Pm(0, 0) ̂  0
and χm(2;) e Wf+i«^([09 π]). That this is the case for m = 1 follows
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from the fact that the constant a of (8.3) is not equal to zero; this
follows from (5.1) and the definition of H(z).

Then by the inductive hypothesis we have, for — A ^ t < 0,

w(t,0) = t( Σ Ckitk+lτ + φ*(t)
\k + lτ<mτ

with φ12(t) G Wm^-e and c00 Φ 0. A similar equation holds for 0 < t ^ A.
Then

with φΓ3 e WS+JH, and

w8(ί, 0) = Σ c(k + l + lτ)tk+lτ + ζp14(ί)
/c + ir<mτ

with φu e WξΓ-ϊ" Also, since φ(u) e W*N%τ as a function of %,
φ{u{t)) e TΓ^il* as a function of ί. Thus, cross-multiplying, collect-
ing terms, and using Lemmas Γ, 2 and 3, we obtain

Mt, 0)j Σ 1 cu*τ + φ{n)\ = Σ c^fc+ίr + Ψu(t) + ^ ( t )
U=l J k + lτ<mτ

with cp14(t) G W -̂'iT -̂e and φ15 e ΐ ^ ^ Ί i t ^ . By the inductive hypothesis
m + 1 fg JY — 1 and we may write φ16 = φu + φ i 5 6 W^l\^s. Clearly
a similar equation holds for 0 < t g A, and, applying Lemmas 4 and 5
we obtain

with χm+i(2) e VT(?i+i)r+i-e((0,7r)). As i ί has continuous ΛΓth derivatives,
χm+1 e W?mtΓ"1)τ+1^ε([0, π]). By Warschawski's results c10 ̂  0. Finally,
setting m = N - 2, and χ ^ s ) = o(^(ΛΓ-1)rH 1" 2 ε), we have, with 2ε re-
placed by ε,

H(z) = zP^iz, zT) + o(z<»-1)τ+1-')

as 2; —> 0, 0 ^ arg 2; ̂  π, and, for 0 ^ n S N

as 2 —• 0, 0 ^ arg 2 ̂  ττβ

Now let τ — p/q, a reduced fraction. For 0 < m < N — 1 we as-
sume that

ίf(s) = 2PW(2, z\ zp log 2) + χm(z)

with χm(2) G TΓίi?_.([O> TΓ]), and Pm(0, 0, 0) Φ 0. Then, for - A rg ί ^ 0,
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U(t, 0) = t "Σ Ctί+kτ(tp log t)1 + φί7(t)

ut(t, o) = Σ ctj+kτ(tp log ty + ^18(ί)

%»r = tnτ|^ι cJi + fcr^P 1 ( ) g QI + ^ φ }

where ^1 7, <p19 e W*+

mU and ^ 1 8 e W»T-±+°. Thus

w*(ί, 0)j Σ ' ^ i r + φ(u(t))\ = Σ cίi+*Γ(log ty + 9>20(t)

where i ^ 0,1 g ί; g g, 0 g ί g j/p, j + &τ < (m + l)τ and cp20 e ^ 7 ^ .
A similar equation obtains for 0 < t ^ Ao Applying Lemmas 4 and 5
we obtain

H{z) = Σ ^ ^ i + 1 + ' τ ( l o g ^ + χw+1(«)

with χm + i e T7 (^ ) r + 1_e([0, π]). Terms of the form tj+kτ(logt)\ with
k < q, contribute terms of the form zj+1+kτ(log z)1' with V ^ ί < i + 1.
With k ~ q, however, higher powers of the logarithm appear, and we
must then show j + 1 + kτ ^ V + 1, where V ^ ϊ + 1. But then

i + 1 + kτ = j + 1 + p

^ pi+ l + p^p(l + l)+ 1^1 + 2^ V + l .

Thus we can write

H(z) = zP^iz, z\ zp log z) + χn+ι(z) ,

and, for m = iV — 2 and 0 ^ n ^ N9

ψ ψ z% zP log «)) + o(s<™+1-*-β)

as £ —> 0, 0 ^ arg 2; ̂  τrβ

9* Proof of Lemma 5* Suppose that q(z) exists and φ(z) =
g(z) - q{z) e " ^ ( ( 0 , π]). Then it follows that <p(z) e Wfci1+a((0, π\).
Hence we need only show that there exists a polynomial q(z) such
that

φw{z) ^ g<»\z) - φN\z) e T7;^41((0, TΓ]) .

We break the proof into three parts, numbered I, II and III.

I. First we assume 0 < arg z ^ S. We have

N - 1)! -P
(t(t — Z)N

W e w r i t e , w i t h r = \z\,
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S A fs-r/2 fa + r/2 ΓA

= \ + + = £
0 JO Jίc-r/2 Jα+r/2Throughout the proof we shall use constants CΊ, C2, C3, , which are

independent of 2; to simplify notation we shall use one symbol C to
denote all such constants. Ix is bounded in absolute value by

where we have used | β(t) | ^
For I2 we expand β(t) in a Taylor series about the point x and

get

' ,
-r/2 (ί

where τ lies between a? and t.
The integral term Jk arising from the fcth term of (9.1) can be

written in the form

S r/2 fk

-ws( ί — %
-ws(ί — %y)

i, (t - iy)N

= Σ Cjβ^(x)(iyr-'[{^- - iy) - (--J -iy)

and thus, since | β{k){x) | g CV~\

fe ί

The last integral on the right side of (9.1) we write in the form

r/2 £){]ΪΓ-1)(~ i η,\fN-l

-rft (t - i

{t-iy)N (t + iy)N

where 0 < τu — τ2 < t. We write the term in brackets in two parts,
and get

0.2)
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^ ' f a + x) _ β'N-1](τ2 + χ)\
+ iy)N (ί + iy)

The first integral is equal to

(•r/2

Jo (ί - i

(ί2 + 2/2)y

We make the change of variables t = sy to obtain

2 i I

o (S

(s2 + 1 ) ^

where σ < r/2; this is bounded in absolute value by

C Σ — I r/2 ± α; |"- w + 1 tie g Cr>-N^ .
*=i Jo (s2 + 1)^

The second integral on the right side of (9.2) is bounded absolutely

by

2ί \a I x ± r/2 \«

To handle /3 we observe that

(ί^p^SV + k

Let m be the integer such that μ < m < μ + 1 and assume m ^ N.
We have

(9.3)

Jcc + r/2 7c=m-iV

We set

If m < JV we set q^z) = 0, and the last sum of (9.3) begins with
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k = 0. In any event, q(z) will be taken such that q{N)(z) = qx{z)\ its
exact form is given in [12].

Thus to prove that φ{N)(z) = g{N)(z) - qx{z) e W^N+1((0, δ)), we need
only estimate the last two terms on the right side of (9.3). We have

m—N

yJLJ.

k=0

(ft

VII

4

c

- N
U

m—N

fe=O

— :1) L Λ I 2 β(+\+-N-h J+
Jo

*a;4-r/2

0 ~

and

Jx+r/2 k=m~N+l

A:=m-iVΓ+l a +r/2

where we assume cos δ > 1/2. Thus φ{N)(z) e Wμ_ΛΓ+1((0, δ)).

II. For δ ^ arg z g TΓ, observe that <p(2) is analytic for | z \ > 0.
That ^ ) e TF"μ+1 follows from [12]. By Cauchy's theorem

where the integral is taken around a circle with z as center and radius
l, where δλ is a small positive number. Then

^ C(2π δ, I z |)(| 21 (1 ± δ,))^1

III. We will now show that

φ φ h + 1 ^ ~ α I Z - ζ |α ,

for |js — ζ | < * δ | 2 | , δ | ζ | . First, this inequality follows immediately
from (9.4) for δ ^ arg z, arg ζ ^ π. Thus we will restrict ourselves
to the range 0 < arg z, arg ζ ^ δ. We have

dt

A;!
-c,J ίc+r/2

vΛ/C/
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Σ
aj-f-r/2 k = m—N

I1 + P + P + P .

Then

5 z-r/2

Since | ζ — z \ g δ 121 and | ζ | ^ (1 + δ) | z |, we have

fc—1

- * μ-α Σ

Hence

Σ
i k = l

JO

x-r/2

Similarly, we can assume the sum in 73 begins with fc = 1, and
we obtain

m—N fa + r/2

— ς i 2-1 I ̂  I \ c

/ c - l J O

g C I z - ζ I"

kdt

Likewise

k>0

/ 1

(cosS + —
v 2

- J V - k

= C I z |c-*+i-« I z - ζ I" .

Finally we must evaluate I 2 . We write

β(t)=

where

and
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Then we have

P = - Σ 2

fc! J.-r/«l (t - 2)* (t -

N-2

k=0

With

k

i=o

we have, for k ^ N — 2,

X \ I p (ίί/)(ί — Z) \Z — X) — yθ (s/ l^ — C) \Q — X) 3\Cίu
Jx-rl2

k

x
j-N + l

- βw(ξ)(ζ - f)*-' ((» + 1 - ζ) - (x - 1 - ζ) )}

To the term in brackets we add and subtract

Then the jth bracketed term becomes

(z-x)>-'l<[x + τ-z) -{*-Ί-

Thus to evaluate Jk, k 5Ξ ΛΓ — 2, it suffices to evaluate each term of
(9.5).
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Since | ζ - £ | = | η \ S I ζ I S I z \ (1 + δ), and

> r(cos<5 — δ — — )
~ V 2/

1457

2 V2

the second term of (9.5) is bounded absolutely by

To evaluate the first term of (9.5), consider the function

f(p, q) - (iq)k~j([x + y - p - iq
j-N + l

— [x — — — p — %q
Li

j-N+1

and its first partial derivatives, Λ(ί>,g) =fP(p,q), and f2(p,q) =fq(p9q).
Then we must evaluate

By the mean value theorem we have, for some λ with 0 < λ < 1,

- x), y + λ(37 - j/))

λ(f - a?), 3/

Then using previously mentioned inequalities for | ζ — ζ |, |aj ± r/2 — ζ | ,
etc., it follows easily that for k ^ N — 2

Thus to finish the proof we must evaluate

-r/2 (t-iy)N

a;_£_r/2 (£ — iΎ])N

We will assume x ^ ί were # < ς another similar argument would
prevail. Then

_*) — ^ ( ^ > ^ +
(N _ dt

(9.6) , g + 1 )
•I* (t — iη)N

(ίί
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By definition, for ί ^ 0,

(-σ)'dσ = c ί " - f f + 1 ^ ~ ι .

and thus the third integral on the right side of (9.6) is bounded abso-
lutely by

C I z |"-*+1 ("" t + Γ /V1dt ^ C I z |"- f f + 11 x + ξ I f—V 1

Jr/2 \ 2 /

^ C I z - ζ \" I z l"-™-" .

We handle the second integral of (9.6) in the same fashion.
Thus we have left to evaluate

r/2 fψ(ξ, ξ + t) _ ψ(x, x + t)\fa
-r/21 ( ί - igy)^ (ί - iy)^ /

(( 1)

I (t - iηf (ί + iη)"
, X + t) , -, w ψ{x, x - t)

s>
(N - 2)1 I (ί - ΐ ^

(< — iy)N (t +

where we have recalled the definition of ψ.
We write

P'-vtf + s) = P"~»(ξ) + Ktf, s)s°

βl*-V(ξ - s) = β"-»(ξ) + K2(ξ, S)S°

β^ix + s) = β"-»(x) + KJix, s)sa

&"-»{x - s) = β^ix) + Kix, s)sa

where | K^s) \£C\z l'-™-". Also

(9.8) sa I Ei(ί , s) - £ , ( * , β) I ̂  C I « l " - ^ 1 - " I z - ζ

and

s" I ̂ ( f , s) - K3(x, s)\£C\z |"-^+1-« s" .

Similar inequalities hold for s" | Kz — K4 \.
Next, (9.7) becomes



DEVELOPMENT OF THE MAPPING FUNCTION AT A CORNER

V^ S ) I DIN—1)//= \ I -L -L
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dt\
3 JJo (N - 2)!

(9.9)

(t - vηY (t + vη)N

(t - iy)N iy)N ds

o Jo (N- 1)! l(ί - i^)^

_ Z~2(g, s)sa _ K,{x,s)sa , iΓ 4 (x,φ α

iη)N (t-iy)»
s)sc'\ds #

ivYi

Notice that

o jo (N - 2)! \(t - i^)^ (ί + i^)^
•/2 /JV-1

( iV- l ) ! \ ( t - iη)N

& /(JV—1)!

x

dt

- (ί + ^ ) - 1 - * ( - i )

Thus the first term of (9.9) is bounded absolutely by terms of the form

lVr/2 - i^/ Vr/2 + iη

r/2 - iy r/2 + iy+ iy) i

LVr/2 - iίy/ Vr/2 - iy) J

ΐ Im \( iy .
L\r/2 — ̂ 2

The second term is bounded by C \ z \^-N+1-a \ % - ζ |«. The first, using

the mean value theorem, is bounded by

(9.10) C I z \^N+ί \y-η Im
(r/2 - iσ)k

where σ lies between y and η. But then σ ^ Cr, \ r/2 — iσ | ^ r/2,
and hence (9.10) is g

C I z \^-N+1 \y z -

Thus we are left with the second term of (9.9). By symmetry
we need only consider
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(9.11) =

By (9.8), for any ε > 0 we have

x(ζ, s) - Ks(x, s) I ^ ClC{

l(ί - i-ηγ (t - %yγ

- sy-^iKM, s) - Kz(x, s))(t - irj)~

t 8)( .

Thus the first term on the right side of (9.11) is bounded in absolute
value by

CC\C\-ε \z-ζ |α ( 1"ε ) I z \^-^-a \rl2dt\ V - 2 s α ε \t-iη \~N ds
Jo Jo

z-ζ|α(1-ε) I z I " - * * 1 -

= CC\C\-ε \ z - ζ a{1~ε)

Now let e->0.
Finally, to evaluate the second term on the right side of (9.11),

we observe that

(t - iη)N (t - iy)»
N /\T

< V I 11τ hΊι\

w \

where we have assumed that y ^ 7]. Then

\Φdt[\t - sy~2saK3(x, s)((t - iη)~* - (t - iy)-^)
Jo Jo

( r / 2 - ζ \a y*~* \t-iη\~N\t-iy \~Ndt^ Σ (
fc=i Jo

c I z - ζ |α Σ (Γ/V- fc-1+βi/*"β 11 - iy \~N

k = L Jo

With the change of variables t — τy, the A th integral becomes

S r/2y foe

0 Jo

since l^k^ N. This completes the evaluation of J ^ " 1 and the theorem
is proved.
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EMBEDDING A CIRCLE OF TREES IN THE PLANE

H. C. WISER

Concerning the embedding in the plane of homogeneous
proper subcontinua of a 2-manif old, it is shown here that there
is an embedding if the continuum is decomposable and the
manifold is orientable. The embedding is obtained by con-
structing an annulus on the manifold containing the continuum
in the nonorientable case an annulus or a Mδbius strip con-
taining the continuum may be found. Similar results are
obtained for continua on a 2-manifold which have a decompo-
sition into continua with zero 1-dimensional Betti numbers
such that the decomposition space is a finite planar graph.

This extends the results of [2] concerning the embedding in the
plane of homogeneous proper subcontinua of a 2-manifold. Definitions
and a summary of other results may be found in [2]

THEOREM 1. A decomposable homogeneous proper subcontίnuum
of an orientable 2-manifold can be embedded in the plane.

Proof. Let X be a decomposable proper subcontinuum of an
orientable 2-manifold M. By Theorem 11 of [2] there is a continuous
collection G of disjoint continua filling X such that the decomposition
space Xr is a simple closed curve and the elements of G are mutually
homeomorphic, homogeneous, and treelike. Consider the upper semi-
continuous decomposition of M whose nondegenerate elements are the
elements of G. By Theorem 1 of [1], the decomposition space Mf is
homeomorphic to M. Let A! be a closed annular neighborhood of the
simple closed curve X' on M'. Let / be the projection map from M
to M' and A be f~\Ar). Consider A' to be filled by a continuous
collection of simple closed curves {Ja}, ae [01], where J1 / 2 = X'\ Then
/ is one-to-one on A-X and f~\Ja) must be compact since Ja is com-
pact thus flf~\Ja) is a continuous one-to-one map of a compact set
for a Φ 1/2 and therefore a homeomorphism. For a closed subinterval
I of [01] not containing 1/2, f~1(Σaei Ja) is a closed annulus. If
p e A-f~\Jo + JΊ) then f(p) is in the interior of A! and thus p is
interior to A. The continuum A must then be a 2-manifold with
boundary consisting of f~\JQ) + f~\J^). Fit 2-cells CO and C1 to the
boundary curves of A to make a 2-manifold M1 without boundary.
Considering an upper semi-continuous decomposition of M1 with the
elements of G as the nondegenerate elements, we have M[ as merely

Received September 16, 1964. Research supported by NSF Grant GP-107.
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A' with 2-cells C'o and C[ fitted to Jo and Jx i.e., M[ is a 2-sphere.
Using Theorem 1 of [1] again, M1 must be homeomorphic to M[ and
A must be a closed annulus X is thus planar.

In the same manner we have the following results:

THEOREM 2. A decomposable homogeneous proper subcontinuum
of a nonorientable 2-manifold is contained in an open annulus or
open Mobius strip on the manifold.

THEOREM 3. If a subcontinuum of an orientable 2-manifold has
an upper semi-continuous decomposition into continua with zero mod
2 1-dimensional Betti numbers1 such that the decomposition space is
a finite planar graph then the continuum can be embedded in the
plane.

In view of Theorem 1, a nonplanar homogeneous subcontinuum of
an orientable 2-manifold would have to be in the class of nontreelike
indecomposable continua. No planar homogeneous continuum in this
class is known, although the pseudo-circle is a candidate. It would
be nice to eliminate the condition of orientability in Theorem 1.
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RING-LOGICS AND RESIDUE CLASS RINGS

A D I L YAQUB

Let (R, X, +) be a commutative ring with unit 1, and let
K = {plt p2, •} be a transformation group in R. (R, x , +)
is called a ring-logic, mod K essentially if the " + " of R is
equationally definable in terms of the "K-logic" (R, X, />i, /?2, )•
The Boolean theory results by choosing K to be the group
generated by x* = 1 — x (order 2, x** = x). The following
result is proved: Let n = pi pt be square-free, and let Rn

be the residue class ring, mod n. Let, ~, be any transitive
0 —> 1 permutation of RPi(i = 1, , t). Let, ~, be the induced
permutation of Rn defined by (xlt , cc*)~ = (ccf, , xΓ),
Xi e RPi{i — 1, •••,£), and let iΓ be the transformation group
in J?w generated by, ~. Then (i?w, X, +) is a ring-logic, mod
K. An extension of this theorem to the case where n is
arbitrary is also considered. The present proofs use the
Fermat-Euler Theorem as well as a generalized form of the
Chinese Residue Theorem.

The motivation for the study of ring-logics stems from the familiar
equational interdefinability of Boolean rings (R, x , + ) and Boolean
logics (^Boolean algebras) (R, | Ί , *) [5]. In a series of recent publi-
cations ([1]~[4]), Foster raised this equational interdefinability, as well
as the entire Boolean theory, to a more general level. In particular,
Foster showed [2; 3] that any p-ring with unit (and more generally,
any pk-τing with unit) is a ring-logic, modulo certain suitably chosen
groups. Furthermore, the author proved [6] that Rn, the residue class
ring, mod n, is a ring-logic, modulo the "natural group" (generated by
x~ — 1 + x). Our present object is to further extend these results
by considering certain transformation groups in Rn of rather general
nature, and with respect to which (Rn, x , + ) is a ring-logic (see
Theorem 5).

1* The ring of residues mod pk+ Let (Rpk, X, + ) be the residue
class ring, modpfe, where p is prime and k 2̂  1. Let G denote the
group of units in Rpk. Then, as is well known, the order of G is
φ(pk) — pk — pk-\ where φ(n) is the familiar Euler φ-ίunction ( = number
of positive integers which do not exceed n and which are relatively
prime to n). Let, ~, be a permutation of Rpk. We call, ~, a transitive
0—* 1 permutation if (i) (Γ = 1, and (ii) for any elements a, β in Rpk,
there exists an integer r such that oΓ* — β, where αΓr = ( -((αθ~)~ )~
(r-iterations).

Received July 6, 1964.
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We recall from [4] the characteristic function δ^x), defined as
follows: for any given μe Rpk, δμ(x) = 1 if x — μ and δβ(x) = 0 if
x Φ μ. Following [4], we also define: α x j ~^(pΓ x δ~)~, where,
~, is the inverse of the 0 —• 1 permutation, ~. One readily verifies
that α χ _ 0 = 0 x _ α = α. Hence, we have the following "normal
expansion formula" [4]:

(1.1) f(x,y, . . . ) =

In (1.1), α, /S, range independently over all the elements of Rpk
while x, y, are indeterminates over i2p&. Also, ^ω^κai denotes
ai x _ ̂ 2 x _ > where α ,̂ α2, are all the elements of R.

We now have the following

LEMMA 1. Let, ~, be any transitive permutation of Rpk, and let
K be the transformation group in Rpk generated by, ~. Then all the
elements of Rpk are equationally definable in terms of the K-Ίogic

(Rpk, x , 1 .

Proof. Since, ~, is a transitive permutation of Rpk, therefore,
Rpk = {0, (Γ, (Γ2, , (Γ**-1}. Similarly, we have, xx~x~2 aΓ^" 1 = 0,
for all x in Rpk. The last equation shows that 0 (and with it
0~, 0^2, , (Γ^"1) is expressible in terms of the iΓ-logic, and the lemma
is proved.

LEMMA 2. Let G = {1, ζ2, ζ8, , ζφ) be the group of units in the
residue class ring (Rpk, x , + ) . Let, ~, be a transitive 0 —• 1 permu-
tation of Rpk satisfying 1~ = ζ2, CΓ = ζ3, , ζ^-i = ζ^, δ^ί otherwise,
~, is entirely arbitrary. Let K be the transformation group in Rpk
generated by, ~. Tfce^ βαcfc characteristic function δμ,(x), μ e Rpk, is
equationally definable in terms of the K-logic (Rpk, x , ~).

Proof. Since, ~, is transitive, therefore, there exists an integer
r such that μ~r — 0. Now, one readily verifies that

~r+2x~r+3Sμ{x) = (x~r+1x

since, by the Fermat-Euler Theorem, apk-pk~ι = 1 for all a in G. This
proves the lemma.

T H E O R E M 3. Let K,~, be as in Lemma 2. Then the residue
class ring (Rpk, x , + ) is a ring-logic, mod K.

Proof. By (1.1), x + y = Σι2$eRpk if* + ί ) ( W Λ ) ) . By Lemma
1 and Lemma 2, each of a + β, δa(x), and δβ(y), is expressible in terms
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of the Z-logic. Hence, the " + " of Rpk is equationally definable in
terms of the i£-logic. Next, we show that (Rpk, x , + ) is fixed by
its if-logic. Suppose that (Rpk, x , +') is another ring with the same
class of elements Rpk and the same " x " as (Rpk, x , + ) and which
has the same logic as (Rpk, x , + ) . To prove that + ' = + . But this
follows, since, up to isomorphism, there is only one cyclic group of
order ph.

2. The general case* In attempting to generalize Theorem 3 to
the residue class ring (Rn, x , + ) , n arbitrary, we need the following
concept of independence, introduced by Foster [4].

DEFINITION. Let {U19 •••, Ut} be a finite set of algebras of the
same species S. We say that the algebras U19 , Ut are independent
or satisfy the Chinese Residue Theorem, if, corresponding to each set
{Ψi} of expressions of species S, there exists a single expression X such
that Ψi — X (mod £/*) (i — 1, , t). By an expression we mean some
composition of one or more indeterminate-symbols x, is terms of
the primitive operations of U19 •••, Ut; Ψi = X(mod Ui) means that
this is an identity of the algebra Uim

As usual, we shall use the same symbols to denote the operation
symbols of the algebras U19 , Ut when these algebras are of the
same species. We now have the following

LEMMA 4. Let p19

m ,pt be distinct primes. Let, ~, be any
transitive 0 —> 1 permutation of RpHy and let Kt be the transformation
group in Rvn generated by, ~, (i = 1, , *). Then the Eulogies
(RpH, x , ~)(i = 1, m

 9t) are independent.

Proof. Let n = pi1 pfr and let E = xx~x~2 x~n-\ Let
pfrrii = n. Since (pfr, n{) — 1, therefore, there exist integers ri9 s{

such that ViΠi — s^1 = 1. Now, one readily verifies that

fl(mod Rpki) ,

(0(mod Rpkj)

To prove the independence of the logics {RPH9 X , Λ ), let {Ψ^ be a set
of t expressions of species x , ~; i.e., primitive composition of indeter-
minate-symbols in terms of the operations x , ~. Define

X = ψl(ύl x ^ . . . x ^ ψtωt .

I t is r e a d i l y verified t h a t Ψi = X ( m o d RvH)(i — 1, . . . , t), s ince α x j =
0 x _ α = α. T h i s p r o v e s t h e l e m m a .
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We are now in a position to consider (Rn, x , + ) in regard to the
concept of ring-logic. Indeed, let n = pϊ1 ••• pft, where the Pi are
distinct primes (i — 1, , t), and let G{ = {1, ζ ί2, ζ<s, , ζ^J be the
group of units in the residue class ring {Rp*i, x , + ) . For each i,
define, ~, to be a transitive 0 —> 1 permutation of RPH satisfying 1~ =
ζ*2f CtΓ2 = ζi s, , (Ci.Pi-iΓ = Ci^, but otherwise, ~, is entirely arbitrary,
and let K{ be the transformation group in RPH generated by, ~. Now,
it is well known that the residue class ring Rn is isomorphic to the
direct product of RPH, , Rpkt\

Rn ^ RPii x x jβpji (direct product), w = pfi pt

feί .

Furthermore, it is easily seen that by defining (xί9 , xt)~ = (a?Γ, *» #Γ)>
(a?!, , xt) e Rn, we obtain a transitive 0 —•> 1 permutation of Rn. Let
i£ be the transformation group in Rn generated by the above permu-
tation, ~. We now have the following

THEOREM 5. The residue class ring (Rn, x, +), n arbitrary, is
a ring-logic, mod K, where K is the transformation group in Rn

above.

Proof. Let n — pi1 p**, where the Pi are distinct primes (i —
1, •••,*). By Theorem 3, each {RPH, x , + ) is a ring-logic, modίQ,
where K{ is as defined above (i — 1, •••, t). Hence, for each i, there
exists an expression Ψ{ such that

%i + Vi = Ψi(%i> VC, x , ~), fo r all xi9 Vi in RPH .

But, by Lemma 4, the i^-logics (RP

JH, X , Λ ) are independent (i — 1, , t),
and hence there exists a single expression X such that X ~Ψ i (mod Λpfc<)
(i = 1, , t). Now, let x = (α ,̂ , a?t), 7/ = (ylf , yt) be any elements
of Rn(=RpH x ••• x i?p^) Since the operations are component-wise
in this direct product, therefore,

X(x, y; x , ~) = X((^, , a?,), (^, , yt); x , ~)

= (Xfe, y±; x , 1 , , X(a?t, ^ x , 1 )

= (^1(^1, Vύ X , ^), , ^ t^t , I/*; X , ~))

= («i + ί/i, , a?t + I/O

— x + y .

Hence, the " + " of Rn is equationally definable in terms of the jK-logic
(jβn, x , ~). The proof that (JBn, x , + ) is fixed by its if-logic follows
as in the "fixed" part of the proof of Theorem 3, since again, up to
isomorphism, there is only one cyclic group of order n. This completes
the proof of the theorem.
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We shall now take a closer look at the case where n = ^ • pt is
square-free. In this case the group Gi of units in RPi{ — field) is
precisely the set of all nonzero elements of RPi(i = 1, •••,£), and the,
~, described above (see paragraph preceding Theorem 5) for Rp. is now
simply any transitive 0 —> 1 permutation of Rv.. Hence, we have the
following

COROLLARY 6. Let n = p1 pt be square-free, and let, ~, be
any transitive 0—>1 permutation of RPi(i = 1, •••, t). Let, ~ be the
induced permutation of Rn defined by (xlf , xt)~ = (a?Γ, , %ΐ),
x^RPi(i — 1, •••,*), and let K be the transformation group in Rn

generated by, ~. Then (Rn, x , + ) is a ring-logic, mod K.

Thus, if, in particular, we choose αΓ = 1 + x in the above Corollary,
we obtain the following (compare with [6]).

COROLLARY 7. Let n be square-free, and let N be the ''natural
group", generated by αΓ = 1 + x. Then (Rn, x , + ) is a ring-logic,
mod N.

Upon choosing, ~, in Theorem 5 in all of the various available
ways, we obtain the corresponding transformation groups K with
respect to which (Rn, x , + ) is a ring-logic.
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Correction to

CHAINS OF INFINITE ORDER AND THEIR
APPLICATION TO LEARNING THEORY

JOHN LAMPERTI AND PATRICK SUPPES

Volume 9 (1959), 739-754

Professor M. Iosifescu has pointed out to us an error in our paper
[1]. The difficulty lies in the positivity condition

(2.3) P{f0

o)(%) ^ S ^ 0 for every x ,

which is not strong enough when nQ > 1. Iosifescu has in fact given
an example of a second order Markov chain satisfying (2.3) with n0 = 0
for which lim^,*, p\n)(x) is not independent of x as asserted by Theorem
2.1.

The difficulty can be overcome by making the stronger assumption
that for some state j 0 , some positive integer nQ, and some sequence of
positive numbers δm,

(2.3') pT*ί(%) ^ δm for every x and m .

Here pίn^(x) is the joint probability (defined formally by (2.11) and
(2.12)) of executing the sequence xm after n steps, given x, and jfm
means a sequence of m repetitions of j 0 . Thus we are asserting that
the event, consisting of m consecutive visits to jQ starting after a
lapse of time n0, has positive probability uniformly in x (not in m).
If n0 = 1, (2.3') follows from (2.3) with δm = δm, and our error lay in
the tacit use of (2.3'), rather than (2.3), in proving Lemma 2.2 in our
paper. When (2.3') is assumed the argument given is valid. Lemma
2.1 does in fact follow from (2.3) and (2.5) as asserted, and so with
the new hypothesis the conclusions of § 2 are justified.

Let us consider the effect of this change on the application to
linear learning models. Assumption (ii) (b) of Theorem 4.1, which is
used to derive (2.3), is now seen to be inadequate for the conclusions
of the theorem. However the special case (4.5), when m0 = 0, yields
(2.3) with nQ = 1 and so the results are valid in this situation. Al-
though (2.3') could be adapted to yield greater generality, we take it
that essentially all cases of interest are actually covered by (4.5), and
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shall leave the matter so. A similar remark applies to Theorem 4.2.
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Correction to

NON-LINEAR DIFFERENTIAL EQUATIONS
ON CONES IN BANACH SPACES

CHARLES V. COFFMAN

Volume 14 (1964), 9-15

In [1] the proof of a main lemma, Lemma 3.1, contains an error.
The lemma itself is false without stronger hypotheses. The purpose
of this note is to state and prove a lemma which can be used in place
of Lemma 3.1 in the proofs of Theorem 4.1 and 5.1 in [1],

Let Y be a Banach space, let Γ be a closed linear manifolds in
Y* which is total for Y.1 Assume that I is some real interval. The
differential equation with which [1] is concerned is

( 1 ) dy/dt = f(t, y) ,

where / is a function from J x C - > Γ which is continuous with respect
to the weak .Γ-topology on Y; C is a subset of Y. The notation and
terminology used here will be the same as that employed in [1]; the
definition of a weak F-derivative, a weak Γ-solution of (1), etc., are
to be found in [1].

Let c^ be the space of weakly Γ-continuous functions on I with
values in C, furnished with the topology of uniform convergence (in
the weak Γ-topology) on compact subintervals of I. If C is compact
in the weak jΓ-topology, then Ascoli's theorem implies that a set of
equicontinuous functions in ^ is relatively compact in ^ . However
unless the topology on ^ satisfies the first axiom of countability one
cannot conclude from Ascoli's theorem, as is done in [1], that an
equicontinuous sequence of functions in & has a convergent sub-
sequence. ( ^ will satisfy the first axiom of countability, for example,

Received March 3, 1965.
1 In [1] a total manifold is defined but is incorrectly called a determining

manifold. The author wishes to thank the referee of this note for pointing out
this mistake as well as for correcting an omission in the original proof of the lemma
stated here.
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if C is bounded and Γ is separable in its norm topology.)
Let Y, Γ, C, I and <& be as above, the following Lemma can be

used in place of Lemma 3.1 of [1] in the proofs of Theorem 4.1 and 5.1.

LEMMA. Let {yn(t)} be a sequence of weakly Γ-continuous functions
defined on I with values in C. Let C be compact in the weak Γ-
topology. For each neighborhood V of 0 in Y, in the weak Γ-topology,
and for each compact subinterval Γ of /, let there exist an N =
N(V, Γ) such that for all n ^ N, yn(t) is a V-approximate weak Γ-
solution of (1) on Γ. Then, in c^, the sequence {yn(t)} has a cluster
point yQ(t) and yo(t) is a weak Γ-solution of (1) on I.

Proof. As is shown in the proof of Lemma 3.1 in [1], the sequence
{Vn(i)} i s equicontinuous in the weak .Γ-topology on Y, thus it follows
from Ascoli's theorem that the sequence {yn(t)} has a cluster point yQ(t)
in ^ . To complete the proof it will be shown that given γ e Γ , there
exists a subsequence {ynjc(t)} of the original sequence such that

(2) y(Vnk(t))^y(Vo(t)) as fc-oo

and

( 3) 7(/(ί, yφ))) - 7(/(ί, yo{t))) as k

uniformly on compact subintervals of I. To this end let {Ik} be an
expanding sequence of compact intervals whose union is /. Since f(t, y)
is uniformly continuous on Ik x C for each &, there is a neighborhood
Vk of 0 such that 17(/(ί, y'(t)) - /(ί, yo(t))) \ < (1/k) on Ik for any
function y\t) with y'(t) — y(t) e Vk on Ik. Let

i } , if vi = v.n

then for each k it is possible to choose an element {yn]it)} of the
original sequence such that ynjt) — yo(t) e V,[ on Ik. It easily follows
that a subsequence selected in this manner satisfies (2) and (3), and
the limits are uniform on compact subintervals of 7. Finally since the
hypothesis implies that

Ύ(DΓynk(t) - f(t, yφ))) - 0 , as k -> - ,

uniformly on compact subintervals of /, it follows from (2) and (3)
that

( 4 ) y i v o i t , ) - 2/o(*o)) = ( % ( / ( « , Vo(t))dt , t u t o e l .
J ί o

As 7 was arbitrary, (4) holds for each 7 e Γ, consequently DΓyQ(t)
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exists on I and yo(t) is a weak Γ-solution of (1) on I.
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A SUFFICIENT CONDITION THAT AN ARC IN
Sn BE CELLULAR

P. H. DOYLE

Volume 14 (1964), 501-503

In Corollary 1 add to the hypothesis: each subarc of A2 is p~
shrinkable.

Correction to

ON CONTINUITY OF MULTIPLICATION IN
A COMPLEMENTED ALGEBRA

P A R F E N Y P. SAWOROTNOW

Volume 14 (1964), 1399-1403

Page 1400, line 6 from the bottom: Should read \\RX\\ instead

o f |1 JK11-
Page 1401, line 15: Should read | λ — λ01 | yλox | < 1 instead of

| λ - λ o | | | i / λ o x | | < 1.
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A GENERALIZATION OF THE COSET DECOM-
POSITION OF A FINITE GROUP

BASIL GORDON

Volume 15 (1965), 503-509

Page 508, line 15: Change §2 to read §3.
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