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H. S. Wall, J. S, MacNerney and T, H. Hildebrandt have
shown interdependencies between the equations

F@=I1"0+dgp) and Ffl@=1+ S fdg s
this paper extends and consolidates some of their results, Let

S be a linearly ordered set, R be a normed ring, and OA°® and
OM?® be classes of functions G from S X S to R for which

)

S"i[1+G<I>1—H,<1+G>1=0,

=0

G(I) — S G

I

and

respectively, We show the following. If G has bounded vari-
ation, Ge OA° if and only if GeOM"°. For some rings, the

existence of bG(I ) and ,T]°[1 + G(I)] imply that G € 0A° and

a
OM?®°, respectively. This is used to prove a product integral
solution of integral equations such as

F@ =fa)+ <RL>§”<fG + Hf),

where f is a function from S to R and G and H are func-
tions from S X S to E. Then these results are used (a) to
show that each nonsingular m X m matrix of complex numbers
has » distinct nth roots, (b) to show that, with some restric-
tions, >\ A; exists if and only if J[;.,(1+ A:) exists and
(¢) to find solutions of integrals equations such as

f@) = f@) + Szf"dg .

In his recent paper, Integral Equations and Semigroups [7], J. S.
MacNerney develops some of the interdependencies between additive and
multiplicative integration processes for rings, defines two classes OA and
OM of functions V and W such that the integral-like formulas

Via, b) = Sb(W— 1) and Wb =L+ V)

are mutually reciprocal, shows a one-to-one correspondence between the
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classes OA and OM and shows that this leads to an integral-equation
theory of Cauchy-right and Cauchy-left integrals which extends earlier
results of H. S. Wall [9], T. H. Hildebrandt [4] and MacNerney [5] [6].
In several recent papers, W. D. L. Appling [1] [2] has based several
proofs on the following theorem: “If G is a real-valued function of

subintervals of [a,b] such that SbG(I ) exists, then

(1.1) SM iG(I) - SIG(J)‘ —0.

In this paper we extend this theorem to matrices and to some types
of rings, prove a similar theorem for product integrals in which

(1.2) Sw [[1 + (D] — T 1 + G(J)]] ~0

and use these concepts to extend and consolidate some of the theorems
of MacNerney [7] and Hildebrandt [4].

We denote by OA° and OM" the classes of functions G satisfying
equations 1.1 and 1.2, respectively; MacNerney’s class OA is a proper
subclass of OA° and OM is closely related to the class OM°. Using
MacNerney’s theorems, we prove that, if G has bounded variation,
GeOA" if and only if Ge OM®. The defining properties of the classes
OA" and OM° are used in the proofs of theorems which give solutions
and reciprocal relations for integral equations of the form

f@ = hia) + (BRD)| [7-HT) + GD)-f1,

where the range of each function is a subset of a ring N. Then these
theorems are used

(1) to prove that each nonsingular m X m matrix of complex
numbers has n distinet nth roots;

(2) to prove that, with suitable restrictions, >\, 4, exists if
and only if J[=, (1 + A;) exists; and

(3) to find the solutions of integral equations such as

y(@) = y(@) + | WG + v°F) .

2. Definitions. Most of the definitions used in this paper are
the same as those used by MacNerney [7]; where a new definition is
used, the symbol “°” is added (OA to OA% to indicate a changed, yet
similar, definition. Occasionally a phrase or a symbol defined by Mac-
Nerney will be used without repeating his definition and will be in-
dicated by [7, p. ---].

0 is a linear ordering [7, p. 149] of a nondegenerate set S. N is
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a ring which has a multiplicative identity element denoted by 1 and
has a norm |-| with respect to which N is complete and |1| = 1.
Lower case letters will be used for functions from S to a subset of
N; from S X S to N by capital letters.

If G is a funection from S x S to N and {a,b} € S X S, the sum (product)
integral of G exists on {a, b} means there is an element J of N such that
if ¢ is a positive number there is an 0-subdivision D of {a, b} [7, p. 150]
for which | 3%, G(x;_y, ;) — J | < ¢ (|11 G(x;_y, ;) — J | < ¢), provided
{;}7_, is a refinement of D [7, p. 150]. 7, G(x;_;, x;) means

G(x,, x1)G(xu %) G (25, Xg) ++ G(xn—ly x,) .

b
The symbols SG and ,[[*G will be used to represent the sum and
product integrals, respectively.

OA° denotes the set of functions G from S X S to N such that if
{a,b}e S x S and {a, 2, y, b} is an 0-subdivision of {a, b} then SyG exists
b Y z
and S H = 0, where H(z,y) = 'G(w,y) - S GI.

OM"® denotes the set of functions G from S X S to N such that if
{a,b}e S x S and {a, x,y, b} is an 0-subdivision of {@,b}, then ,JI*(1 + G)
b
exists and S K =0, where K(x,y) = |1+ G(z,y) — J[YA + G)|.

OB® denotes set of functions G from S X S to N such that if
{a,b}€ S X S there is a number M such that, for each 0-subdivision
{x}r, of {a, b}, S |Gy, x) | < M.

OP° denotes the set of functions G from S x S to N such that if
{a,b8}e S X S there is a number M such that, for each 0-subdivision
{w;}rey of {a, b}, | TI-, [1 + G(x;_y, )] | < M for 0 < p < q =<n. Note
that OB° is a proper subset of OP°,

The function G from S X S to N is bounded means if {a,b}e S x S
there is a number M such that if {a,x,y, b} is an 0-subdivision of {a, b}
then |G(z, )| < M.

Occasionally, statements such as “the funetion f(x)G(x, )’ will be
used as a substitute for the statement “the function H from S x S to
N such that for {z,y}e S X S, H(z, y) = f(x)G(z, y)’. Similarly, df =
df(x, y) = fly) — f(x). Where no misunderstanding is likely, f;, df; and
G; will be used as shortened notations for f(x;), f(x;) — f(x;_,) and
G(x;_,, x;), respectively.

The following special symbols will be used for sum or product
integrals of G whenever G is defined in terms of functions f and H
from S and S X S, respectively:
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W] AH ~ fo)HE, 1) ;
(B)| FH ~ f)H(z, v)

200 Hf ~ H@, )lf (@) + f0)];
(L)1 (L + FH) ~ L+ f@)H(z, 1) ; ete.

In Theorem 5.8, T, (1 + 4;) exists means lim, . []%~. (1 + 4;) and
[lim, e TT%, (1 + A)]1 exist.

3. GeOA® only if Ge OM®, In this section the properties of
functions belonging to OA° and to OM® are studied and some inter-
dependencies of the two sets are shown. The first theorem is an ex-
ample in which the OA° properties are used; the next two theorems
are used in the proofs of later theorems.

THEOREM 3.1. If {a,blec S x S and H, F,V, G, K, F, and G, are
 functions from S X S to N such that

(1) H,F,G and K are bounded,

(2) FV and VG are elements of OA°, and

(3) for each O-subdivision {a,x,y,b} of {a,b}, Fi(x,y) = SVFV and,
Y 2z
G,y) = |'ve,
b T b b
then S HFGK = S HFVGK = S HFG.K, provided one of the integrals
exist. ‘ ’ ’

Proof. Since F'V and VG are elements of OA4° then Sbl FV—F,|=0
b a
and \ |VG — G,| = 0 and, since H,F,G and K are bounded, it follows that
b a b
S H(F, — FV)GK = 0 and S HF(VG — G)K = 0. Therefore,

SbHFlGK - SbHFVGK + ng(Fl — FV)FK

CIS

HFVGK

I

o Q

I

HFG.K + SbHF(VG — G)K

HFGK.

Il

S
.
.

THEOREM 3.2. If {a,b}e S X S and F and G are functions from
S x S to N such that F and G are elements of OP°, there is a number
M such that if {x;}i—, is an 0-subdivision of {a, b}, then
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ML+ P, 2)] = T L+ G, )]
< Mzz: | F (2, @) — G2y, @) | &
=1

Proof. Since F € OP° and Ge OP° there is a number M such
that, for each 0-subdivision {x;}>, of {a, b} and 1 < p < q < n,

< M and

<M.

From the algebraic identity

110, — [T o = 33 (1T as)(b — a)( IT b))
it follows that for each 0-subdivision {x;}., of {a, b}
Ia+rF) -1

i [(F,— G)| M.

7

1:11

THEOREM 3.3. If {a,b}e S X S and G is a function from S X S
to N such that Ge OP° GeQA° and the function yGeOP”, then
JIPA+ G) =110 (1 + SG), provided either product integral exists.

Proof. From Theorem 3.2 there is a number M such that for
each 0-subdivision {z;}~, of {a, b}

il (1 + Si_G> — LI + Gz, )]

Since Sb G — SGI — 0, it follows that ,IT° (L + G) = .IT* (1 + SG) pro-
vided one of the product integrals exists.

I\

S G — G(o,_, xi)l .

Zi—1

THEOREM 3.4. If G is a function from S X S to N such that
G e OB, the following statements are equivalent:
(1) Ge OA°® and (2) Ge OM".

Proof. 1—2. Let V be the function from S X S to N such
that for each {x,y}e S x S, V(z,y) = gyG. By Lemma 3.1 [7, p. 152]
there is a function a in OA* [7, p. 150] such that the pair of func-
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tions «a, V satisfy the hypothesis of Theorem 3.1 [7, p. 153]; therefore,
for each element {x, 4y} of S x S, ., [1¥ (1 + V) exists and, by Theorem
3.3 above, JIY1 +V)=_11*A + G). For each 0-subdivision {x;}%,
of an element {a, b} of S x S

n

2 e I @A+ G) — [1 + Gy, 2)] |

=1

= S I+ V) = [+ Ve, @)l + 351G — Vi
= 3L 1A+ @) — [+ at@e, o)+ 216 — Vil

Since Ge OA® and ac OM® (by definition and also by our Theorem 4.2),
the last member can be made arbitrarily small; therefore

S:|(1+G)——H(1+G)1:0
and Ge OM®.

2— 1, Let W be the function from S X S to N such that for
each element {x, %} of S x S, W(x,y) =,I1"(1 + G). By Lemma 3.2
[7, p. 152] there is a function p#e OM* [7, p. 150] such that the
pair of functions g, W satisfy the hypothesis of Theorem 3.2 [7, p.

153]; hence, for each element {a,b} of S x S, Eb(W— 1) exists and
for each 0O-subdivision {x;}~, of {a, b},

3 |l o) — 11— {7 (e —1)

Ti—1

2 3 [ W@, 0) — 1] — Si_ (W — 1)] (Th. 3.2 [7])
=S I+ 6) —1- S:i_(W—— 1)l
z 5166z~ |7 W -1

= S T+ 6) — [+ Gl 2]

Since Ge OM° and (¢ — 1) OA® (by definition, also by our Theorem
4.1), it follows that

¢={w-v,

o-Je|-{

G—S(W—l)!:O,

and Ge OA".
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REMARK. OA° is not a subset of OB® and OB® is not a subset of
OA°. Let S be the set of real numbers. If 2 is the function from
S to S such that h(x) =1 for x rational and h(x) =0 for « irrational,
then the function H(x, y) = h(y) — h(x) is an element of OA°’ but is
not an element of OB°’. Let G be the function from S x S to S such
that

(1) if x <y then G(z,y) =y — = and

(2) if 2 >y, then G(x,y) =y — « if both x and y are rational,
otherwise G(x,y) =0. GeOB® and SG exists but SG does not exist
and Ge OA". ' 1

MacNerney’s Lemma 4.3 [7, p. 156], which is used in the proof
of Theorem 3.5, could have been stated as follows:

LeMMA 4.3°. If each of F and G is in OB [7, p. 155] and « is
a member of OA* {7, p. 150] such that |dF| < a and |dG| < a then,

for each {a, b} in S x S, (L)S FdG and (R)S FAG ewist and—if ¢ is
a member of S such that {e, a, b} is a subdwvision of {e, b}—

i(R)S:FdG — F(a)dG(, a)i - ,(L)S:FdG — F(a)dG(a, b)
< (L)Sba(e, Yot — ae, aa(a, b) .

Furthermore, each of the functions
F(x)dG(z,y) , F)dGx,y), dG(z,y)F(»)
and dG(x, YF(y) is an element of OA° and of OM°.

Indication of proof. MacNerney gives a proof for
l(L)SdeG — F(a)dG(a, b)] < (L)Sba(e, Ya — afe, aya(a, b) .

The definition of the function « (as well as our Theorem 4.1) assures that
the function afe, x)a(x, y) is an element of OA’ therefore F(x)dG(x, y)
and F(y)dG(xz,y) are elements of OA° and, since the integration by
parts theorem (Lemma 4.1, [7, p. 156]) applies, dG(x, y)F'(x) and
dG(z, y)F(y) are element of OA°. It follows from Theorem 3.4 that
each of these four functions is an element of OM°.

THEOREM 3.5. If each of fi, f2 fo and f, is a function from S
to N and df;e OB® for 1=1,2,3,4, the function G is an element
of OB® and OA® and H is the fumction

H(x, y) = [fi(®) + LG, Y fo@) + Fu)]
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then He OA° and He OM°.

Proof. Let V be the function V(z,y) = rG. From Lemma 4.3°
it follows that each of the functions fi(x) V(x,y), f(¥) V(x,y), V(z,y)f(x)
and V(x, y)f(y) is an element of OA°. Since fi(x)V(x, ) and G are ele-
ments of OA° and

>

D

I AOVC ) = £V @ v)
=27 2OV, ) — 2@6@Y) + £@6(@,9) ~ £@) V)

D1 Jwg—y

=3[ £OVC, ) — f@)6@ )| — 5 1@ 6@ ) - V)|

it follows that fi(x)G(x, y)e OA°. Similarly, the other three composite
functions of f; and G are elements of OA°’. He OA° because 0A° is
closed with respect to addition. Since H e OB, it follows from Theorem
3.4 that He OM°. '

REMARK. If H is the funection

where, for 1 =1,2,3, ---, n, G; is an element of OB’ and OA°® and each
of the functions F;, and H, is composed of products and sums of fune-
tions f from S to N for which df € OB’ then, by using Theorems 3.1
and 3.5, it follows that He OA° and He OM°.

4. OA’, OM° and a special ring. In this section it is shown
that if suitable restrictions are placed on the ring N, then the ex-

b
istence of the sum integral | G implies that Ge OA°® and the existence

of the product integral ,JT° (f + G) implies that Ge OM°.

Let R be a ring which has K subsets R, R,, ---, R such that
R=UE R, and R has a norm |-| with respect to which R is com-
plete and |1| =1 and, if A and B are elements of the same subset
R, of R, then |A+ B|=|A|+ |B|. The field of complex numbers
with the norm of (a, b) defined as |a| + |b| satisfies these conditions.

THEOREM 4.1. If G is a function from S X S to R such that
gyG exists for each element {x,y} of S X S, then Ge OA°.

Proof. If the theorem is false and H(x,y) = SyG — G(z,y) for
each element {x, y} of S X S, then there is an element {a, b} of S x S,
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a positive number ¢ and an 0-subdivision D = {«;}7-, of {a, b} such that
S| H(ziy, x;) | > ¢ and if {y;}5., is a refinement of D, then

.6 — 2605, v)| < c2K .

The following definitions are used to define a refinement D’ of D
which will lead to a contradiction. For each integer k,1 <k < K, let
A, be the set of integers such that pe A4, only if H(x, ,, ,) € R,.
Since >, | H(z; i, ;)| > ¢, there is an element A of {4,}%, such that
Sviea | H(m;_y, )| > ¢/K. TFor each integer 7,1 <7 < m, let D, be a
subdivision of {x; ,, #;} and k; be an element of R such that

(1) if ie A, then D, = {x;_,, 2;} and k; = H(z,_,, x;); and

(2) if ¢¢ A, then D, is an O-subdivision of {x;_,, #;} such that

Zq

k, :S G — S, G(@s_s, @5) and |k,| < o/(2-2K). Let D’ = UE,D;;

then 5’_ 1is a refinement of D and

.6 3(ze)
(1.6 -5e)
k;

2 k| — > (K

1€EA 1A

S:G o %“ G(@;_s, xj)l =

°M

I
s

%

[
s

T

> k,, — c/(2'-2K) ;
1€EA 1€A

hence ¢/K > }!Zied. H(z;_y, )] = Sliea | H;| > ¢/K. This contradiction
proves that S |H| =0 and that Ge OA".

THEOREM 4.2. If G is a function from S X S to R such that
for {a,ble S x S there is a number M such that, for each 0-sub-
division {a,x,y,b} of {a,b}, . JI"(1 + G) and [II* (X + G)]™* exist and
are bounded by M — 1, then Ge OM".

Proof. For each element {x,y} of S X S let F(x,y) =1+ G(x,y)
and H(x,y) =, J1*A + @) — [1 + G(x,y)]. If the theorem is false, there
is an element {a, b}€ S X S, a positive number ¢ and an 0-subdivision

= {x;}2, of {a, b} such that >)7.| H(x;_,, «;)| > ¢ and, if {y;}5_, is a
refinement of D and 1 = ¢ = n, then

T F = 11 P50 09| < e/4M*K)

f[ F(y;_i, v

=44

<M1

and
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11 F — Tli=; F(yia, y5) | < 1/2M7)
where y;_, = «; for 7 = q,.

The following definitions are used to define a refinement D’ of D
which will lead to a contradiction. For each integer k,1 <k < K, let
A, be the set of integers such that i€ A, only if

(I FYH(®@; sy ), I1° F)

‘is an element of R,. Since >\, | H(x;_,, ;)| > ¢, there is an element
A of {AJE, such that >\, | H(x;_,, x;)| > ¢/K. For each integer ¢,
1 <7 =mn, let D, be a subdivision of {x;-,, 2;} and &k, be an element
of R such that

(1) if 7€ A, then D, = {z,_,, x;} and k; = H(x;_,, ;); and

(2) if 1¢ A, then D, is an 0O-subdivision {z;}}, of {x,_,, #;} such
that k; = ,, 117 F — 115 F(zi, 25) and |k; | < ¢/(2'4M'K).

Let D' = U D; = {y;}?~,;; then D’ is a refinement of D and

fAIK) > | T Flys ) — 11 F|

= |0 [0 Fs 9] I (117 )|

D

= |2 1 I Bk, jgﬂ HDj Fyi_s, v)
(Identity, Th 3.2)

1 T F,

=i+l D;

v

S| = 5 LI F k-

A BIES SIS

hence

2 | k:1/2M7) > c/2M°K)

> |3 Q= Pk, 11 11 F,
1€EA =1+1 Dj

=

S5 1 Py, 1 F|

1€EA

— 2 [IIF F e[ ki |-
1€4

n

0 0F—. I'F

J=1i+1 Dj

> | 3, (1% Py, JT° F)
— MiGZA | &; | (1/20M°) .

Therefore
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A/ 35 kil > | 25 G Pk 1T )

= % [ 1Tt F)ke(,,  J1° )|
(See def. of A,, A and k,.)
= (U 3 | (I )7

X | QI By 110 F) |+] Gy TP )7
= (/M) 25 1k

This contradiction proves that Sb] H| =0 and that Ge OM".

5. Integral equations; special uses. In this section several
theorems are proved showing that product integrals can be used in
solving integral equations. Then these theorems are used to show
that a nonsingular m X m matrix of complex numbers has n distinct
nth roots and that, with some restrictions, >\, A, exists if and only if

2.1+ A, exists. The first four theorems show interdependencies
between equations containing sum integrals and equations containing
product integrals. Since the proofs of these theorems are similar ex-
cept for minor algebraic manipulations, the proof for Theorem 5.1 is
given and the other proofs are omitted. We are indebted to the re-
feree for the proof of the following lemma whieh is used in the proofs
of the next four theorems.

LEMMA. Suppose the functions F, G and H are elements of OB°
such that F € QA" and J1* (1 + H),, JI"1 + G) and

®R)|', I (L + &)-F-II* A + )
exist for {x,y}e S x S. If {a,b}e S x S, then

Si IF(OE, y) — (RR)S;,H‘ 1+&-F-II"A+H)=0.

Proof. Let {a,b} be in S x S, M be a positive number, and V and
W be functions such that if {a,z,y,b} is an O-subdivision of {a,b} then
LIPA+ @< M, I1"A+ H)| < M,
vy =|F,

and

Wee, ) = BRI (L + 6)-F-I1' (L + H) .
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Since F' is in OA° it is clear that if {a, z, ¥, b} is an 0-subdivision of
{a, b} then

W@, y) = @R[ (L +6)-V- 1" + H)
and that the assertion of the lemma is equivalent to this:

§:|V—W|=o.

Since H is in OB’ there exists a function 8 such that if {a, x, y, b}
is an 0-subdivision of {a, b} then B(x, y) is the least number @ such that,
for each 0-subdivision {¢,}; of {x, y}, 33 | H{t»_1, tn) | = Q. If {a,,y,z,b}
is an 0-subdivision of {a, b} then B(z, ) + A(y, 2) < B(x, z); hence noting
that if {¢,}7 is an O-subdivision of {x, y} then

PP (CRRATIED AR

one readily finds that |1 —,J[*(1 + H)|= M gyﬁ’. Similarly there is

a funetion a such that if {a, x, y, b} is an 0-subdivision of {a, b} then
a(x, y) is the least number @ such that, for each O-subdivision {¢,}2

of {&, 4}, St 1G(tst,) | =Q, and [1— ,II*(1 + G)| = nga.
Suppose that ¢ > 0; let

aft+ Mg+ mla+@r+a|vi}=e,
and % be a positive integer such that
S:a< nd S:B <nd, and SZIVI <nd.
Now, let [a, b] denote the subset of S to which % belongs only in
case {a,u,b} is an 0-subdivision of {a, b}, and let A be the collection

to which X belongs only in case either

(1) there is a positive integer 4 less than n# such that X is the
subset of [a@, b] to which « belongs only in case

i—vfasmfa<@fa,
or (2) X is the subset of [a, b] to which % belongs only in case

m-Dfasm|asm|a.
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Note that A is a finite collection of mutually exclusive subsets of [a, b]
filling up [a, b] such that

(1) if X and Y are members of A, then either {u, v} is in 0 for
each % in X and each » in Y, or {v, %} is in 0 for each » in X and
each v in Y, and

(2) if {e, u, v, b} is an 0-subdivision of {a, b} and there is a member

of A to which both % and v belong then S”a < d.

Let B be the collection obtained in this way by considering Su,é’, and
C the corresponding collection obtained by considering Sul V. "Let D
be the collection to which T belongs only in case there exists a member
X of A, a member Y of B, and a member Z of C such that T is the
set to which u belongs only in ease u belongs to X, to Y, and to Z.
Now, D is a finite collection of mutually exclusive subsets of [a, b]
filling up [a, b] such that

(1) if X and Y are members of D, then either {«, v} is in 0 for
each # in X and each v in Y, or {v,u} is in 0 for each % in X and
v in Y, and

(2) if {a,u,v,b} is an O-subdivision of {a@, b} and there is a mem-
ber of D to which both % and v belong then

S”a<d, §”5<d, and S”(V(<d.

If D has only one member, let ¢ be the 0-subdivision {a, b} of
{a, b}. Otherwise, let N be an integer such that D has only N+ 1
members, {X,}¥ be a simple ordering of D such that if u, is in X,
(p=20, -+, N) then {a, %, -+, Uy, b} is an O-subdivision of {a, b}, and
{t,}¥ be an 0O-subdivision of {a, b} such that ¢, is in X, (p=0,--+, N).
Let {r,}i be a refinement of .

Suppose, temporarily, that p is a positive integer less than m + 1,
and let {s;}¢ be an 0-subdivision of {r,_,, r,} such that

W(rss 1) = 3 15 (L + @) Vs, 59+ J17 (L + H)| < djm.
Denote
V(rsosy 1) = 5, TI% (L + G)- Viso, 5, 1T (1 + H)
by U, so that
U] = | S { Vs 50 =TI + 6)- Vs, 80+, JT7 (L + H)|

= 3 V(s )|
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x {1~ v+ H)| + 1~ JI*@ + G)| LI (1 + H)])
= 31V 50 | {78 + 302 7a} .

If there exists a member of D to which each of 7,_, and 7, belongs,
then

k r r
U S 31V s) | {M)” 6+ 2]” o
1 Tp—1 Tp—1
=dul” g+ 1" of.
Tp—1 Tp—1

Otherwise, there exist members X and Y of D and a positive integer
J in [0, m] such that s; is in X for 0 =<¢<j and s; is in Y for
J =<1 < m, whence

U1 = S Veews) 1 {M]” 6+ 207 of

+ i | Vsi_1, 83) | {]:;iipﬁ + M2§2pa}
J 5 y
< d{MS::_lB + Mg*a} + S_| Vi (Md + Md) .

Therefore, in either case,
I V(’r?~1y 7'1)) - W('rp—n "':n)l
< d{l/m + MS”” 8+ MS a+ (M + M?)S”’ | V|} .
r ”r Tp—1

p~1 p—1 4

From the considerations of the preceding paragraph it follows that
SVt 77) = Wy 1) |
< d{l + MS:,S + MSboz (M MZ)SZI V|} —c,
and the proof is complete.

THEOREM 5.1. Suppose

(1) aeS8, fand b are functions from S to N such that f(a) =
h(a) and dhe OB?,

(2) G,H,A and B are functions from S X S to N such that
(1—H)™* exists and is B,B is bounded, (dh)Be OA°, and for {x,y}€ Sx S
A(x,y) =[1 + G(z, »)][1 — H(z,y)]™ and A —1c OB’ and

(3) h s aconstant function or J1¥ A exists for each {x,y}e SxS.
The following statements are equivalent:

(1) f(w)H(x,y) + f(x)G(x, y) e OA° and
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@ = h(z) + R (FH + £6)

for each element {a, x} of S x S; and
(2) if {a,x,y} is an O-subdiviston of {a,y}€S X S, then

@ 17O A= AC, 1 =0

and
F@ = £@) I A+ ®)| [@n)B 11 4] .

Furthermore, if f=' exists and ts bounded, then (A — 1)e OM°.

Proof. We will consider the statements concerning OA° and OM°
after the other parts of the theorem have been proved.
1—-2. If {a,y}eS x §,{a, x,y} and {x;}7-, are 0-subdivisions of
{@, ¥} and of {x, y}, respectively, and 1 < 7 < n, then
F(@) = Fli) = Ma) — Wa) + (RL)|" (FH + £6)

hence
(5-11) Ji= fii +dh; + fH; + fi-—lGi + ¢
where dh; = h(x;) — h(x;_,) and

¢ = (RL)|

C(FH 4 £6) — (FHL+ £
hence,
fi = dhz(l — Hi)_l +fi—1(1 + Gl)(l _ H‘i)—-l + Cq,(l . Hi)_l

= fiA; + (dh; + ¢;)B; .

By iteration, using ¢ = 1,2, ---, n in order, we obtain
(512)  fo=AI1A+ S dhB 1T A+ >¢B; 11 4.
3=1 1=1 J=1+1 =1 j=i+1

Since the product integral ,[[* A exists, dhe OB°, B is bounded,
(A—1)eOP° and >7,|c;| can be made arbitrarily small, it follows

that (R) Sy(dh)BxH”A exists and that
f@) = £@). 11 A+ B[ @B 11 4.

Equation 5.12 shows that if % is a constant function, the requirement
that ,J]Y A exists is not needed.
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2—1. If {a,2}eS x S, {x;}?, is an O-subdivision of {a, «#} and
1=<7=mn, then

f@) = f@) . T A+ ®)|" @B 4

t—1
i—1

=fia(1 + G)A — H)™ + fidi + dlB; + ¢,

where
di =, 17" A — A(w;_,, )
and
€ = Szi [(dr)B 1% A] — dh;B; .

Ti—1

Hence,
f«;(l - Hi) = fi——l(l + G«:)

+ fiedi(1 — H;) + dh; + e(1 — H)) ,

and
; — fioo = fiH; i—lGi

(5.13) fi—fin=fH + f

+ fisdi(L — H;) + dh; + e(1 — H;) .

Since >\, |fi_d;| and, by using the lemma, >\’ |e;| can be made
arbitrarily small, it follows that

£@) = h(z) + RD)| (FH + £6) .

To prove the statements concerning the sets OM° and OA°, we
combine equations 5.11 and 5.13 and obtain

¢; = fidi(1 — H;) +e(l — H)).

A review of the definitions of ¢;, d; and e; shows that if ¢ and d are
defined as functions, then le ¢| = 0 if and only if (L)g | fd| = 0; also,
g |d| =0 if f~' exists and is bounded.

REMARK. If N is the field of complex numbers, then
TA=1Qe+6){1A-H)" =110+ G/ (L — Hy)
and

JIPA =117 + G)LIT" (A — H) ;

for the special case where
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(RL)| (7H + £6) = D[ F
qrA= 0 (1+ LF) o (1- 2 F).

THEOREM 5.2. Suppose

(1) acS, fand h are functions from S to N such that f(a) =
h(a) and dhe OB°, and

(2) G,H,A and B are functions from S X S to N such that
(1 — H)™* exists and is B, B is bounded, B(dh) € OA°, for {z,y}e S X S
A(y, ) =[1 — H(x, )71 + G(x, y)] and A — 1€ OB° and

(8) his a constant function or ,[] A exists for each {x,y}e SXS.
The following statements are equivalent:

(1) H(, 9)f() + G, y)f(x)e OA’ and

@ = h) + RD)| (HS + Gf)

for each element {a,x} of S X S; and
(2) af {a, x, y} is an 0-subdivision of {a,y}€ S X S, then

@' | a - ac, nro|=o
and
W) = (I fta) + B)| TGIT B@n)]
Furthermore, if f-* ewists and is bounded, then (A — 1)e OM".

THEOREM 5.3. Suppose

(1) acS, fand h are functions from S to N such that f(a) =
h(a) and dhe OB® and

(2) G,H,A and B are functions from S X S to N such that
(1 — H)* exists, By,x) =[1—H(z,y)]™, 1—H)'dhc OA°, (B— 1) OB",
(B—1)ecOM’,GeOB,GeOM° and A =1+ G. The following state-
ments are equivalent:

(1) H(z,y)f(y) + f(x)G(x, y) € OA® and for each element {a, x} €
S xS

@ = k@) + RL)| @ + 765 and

(2) if {a, 2, y} is an 0-subdivision of {a,y}€ S X S, then
fy) = GII* B)f(x)(.IT" 4)
+ ER)|'[(II* BYL — H)@n(IL* A)] .
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THEOREM 5.4. Suppose

(1) aeS, fand h are functions from S to N such that fla) =
ha) and dhe OB® and

(2) G,H,A and B are functions from S X S to N such that
(1 — H)™* exists and is B, (B—1)e0B’, (B— 1) OM* dhBe0OA",
GeOB, GeOM® and A(y,z) =1+ G(x,y)e S x S. The following
statements are equivalent:

(1) fWH(x,y) + G(x, y)f(x) e OA® and for each element {a, x}e
Sx8

F@) = hz) + (RL)SZ( fH+Gf): and

(2) if {a, z,y} is an 0-subdivision of {a,y}e S X S, then
f() = (II* Af(=)I1" B)
+ (BR)| [I* A\@n)B(IL* B)] -

REMARK. The integrals (R)Sx G, (L)rfa, (R)S”Gf, (L)S”’Gf, (M)Sfo
and (M )S Gf are special cases of the integrals (RL)‘ ( fI:I + fG) and
(RL)S (Hf + Gf) used in Theorems 5.1 and 5.2. Hildebrandt [4, p.

354] defines a modified Riemann-Stieltjes integral as follows [g(x) has
bounded variation and g.x) denotes the continuous part of g(x)}: «If

' fdg, exists as an R — S integral, then for any closed interval (e, d)
of (a,b) we define

[[7@g@ = (' s@ia e + F@lge + 0) — o(@)]
+ 2, f@lg(@ + 0) — g(z — 0)]
+ f(d)lg@d) — g(d — 0)] 7

This integral also simplifies to a special case of (RL)Y( fH + fG) be-
cause the right member can be simplified as follows: ’

E — 5| f(@)g(@) = 12(R)| fd.

+ 1/2(L)ijdgc + mng F(@)g(x) — g(x — 0)]
+ 2, f@)lg(@ + 0) — g(x)]

= 1/2(R)| fda.

+ 120 fdg. + (®)| sdg, +(1)] 7dg.
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= RD)[ 129, + 9) + fa(L[2g. + 9.)]
= BL)|'(/H + £6) ,

where g, and g, are the functions of the “left breaks” and the “right
breaks”, respectively.

THEOREM 5.5. IfacS,fand h are functions from S to N and f
exists and is bounded, H and G are functions from S X S to N such
that H and f(x)G(x, y) are elements of OA° and, for each {a,x}€ S X S,

S”H T h() = (L)S”fG, then for {a,x}e S x S

x
a

@2+ @|ra=\a,
provided two of the integrals exist.

Proof. Since H and f(x)G(x,y) are elements of OA°, for each
x€ S and for each O-subdivision {x;}’-, of {a, x} there is a sequence
{e;}r-, of element of N such that

H(x;_;, 2;) + M) — h(x;_y) = f(@:_)G(w;_y, @) + ¢
and
@) H(x;_y, ) + 7 (w2)dh; = Ga;_y, ) + @iy, 3)e; .

Since f~! is bounded and since 37, |¢;| can be made arbitrarily small,
it follows that for each {a,2}e S x S

@8+ @|ran=1c,
provided two of the integrals exist.

THEOREM 5.6. Suppose {a,b}e S X S, F and G are functions from
S x S to N such that

LFei=o, [iei=o,

FeOB,GeOB, II'A + F) and ,JI1° (1 + G) exist and G(x, v), G(p, q),
F(x,y) and F(p,q) commute for all elements {x, y} and {p,q} of S X S;
then

(1) JII'A+ F)II'A + G) = ,II"[1 + (F + G)];

(2) LII’A + @)]*=.II"A + nG), for n a positive integer; and

(3) JdJI'A—6) =[II"A + &I, provided JI° (1 — G) exists,
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Proof of (1). If {x;}7- is an O-subdivision of {a, b} then

;

n

@+ F)ILQ+6)— L+ (# + G

-

1+ Fi+ G + F.G) — IL[L + (F; + G
< M* 3| FiG| (Th. 3.2).

Since gbl FG| =0, it follows that
JIP A+ F) A+ G) =111+ (F+ G)].

Parts (2) and (3) are corollaries to part (1).

Theorems 5.7 and 5.8 are stated for matrices of complex numbers
but these proofs can be extended to other rings, provided a function
¢ exists having properties similar to those of the function g used in
these proofs.

THEOREM 5.7. If A is a nonsingular m X m matrix of complex
numbers and n 18 a positive integer, then A has n distinct nth
r00tS.

Proof. Since A is nonsingular, there is only a finite number of
values of z for which det|1 4+ 2(A — 1)| is zero; therefore, since
det |1 + 2(A — 1)]| is not zero for a complex number 2z near (0, 0) and
(1, 0), there is a continuous function g from the real numbers to the
complex numbers such that g¢(0) = (0,0), ¢(1) = (1, 0), dgc OB® and
det |1+ g(x)(A—1)| # 0. Let M(x) =1+ g(x)(A — 1); then M(0)=1,
M(1) = A, and M~ exists and is bounded on {0,1}. Let H(z,y) =
M= (@) [ M(y) — M(x)]; then M(x) = (L) oI1* (1 + M7dM) = (L) II* (1 + H),
HeOM°, He OB, S0| H*| =0, H(p, q) and H(r, t) commute for all num-
ber pairs (p, q) and (r,t). By Theorem 3.4, H € OA®; hence (1/n)H e OA°,
(1/n)H e OM® and (L) 17 [1 + (1/n)H] exists for 0 <2 < 1. For each
nth root a of the complex number (1, 0)

{a ' [ + A/m)H]}" = a* JI' (1 + H)
=M1l =A.

Since g is continuous, {II'[1 + (1/n)H]}* exists; therefore each distinet
nth root of the complex number (1,0) gives a distinet nth root of A.

THEOREM 5.8. If {4}z, s a sequence of m X m matrices of com-
plex nwmbers such that >, A} exists and, for 0 <1 =<7, 4;] < 1/4
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and A; and A; commute, then the following statements are equivalent:

(1) i A; exists and

(2) f[l 1 + A)) exists.

Proof. Let g be the function from the real numbers to the com-
plex numbers such that g(x) = (x, 0) and let {h;}, be the sequence of
functions such that for each positive integer ¢, 2,(x) = 1 + A,9(x). For each
integer ¢ and each number z, 0 <z <1, |4;9(x)| < 1/2, h,(0) = 1, h;(1) =
1+ A, k7' exists on {0, 1}, | ;7 (x)| < 2 and

hi(x) = hi(0)-(L) JJ1* (1 + h;'dh;)
= (L) II*[1 + (1 + Aig)"Asdg]
= (L) II" {1 + [4; — (1 + Aig)""Algldg}
= (L) II* (1 + Aidg)-(L) JI7 [1 — (1 + A;9)*Algdg] .
For each pair m,n of positive integers, with m < =, there are ele-
ments a(m, n) and B(m,n) of N such that

I+ 4) = 11 k()

= dI' (1+ 3 Adg) T [1— 3 (1 + Aig)~Aigdg |
= II' (L + Bdg){1 + a(m, m)] ,
where
B=3 4,
= II (1 + Bdg) + A(m, n)

and such that a(m, n) — 0 as m,n — o and, if J[*'(1 + Bdg) is uni-
formly bounded as m, n — o, then | B(m,n)| — 0as m,n— oo.

1—2., Since >, A; exists, JI'(1+ 3. A4;dg) is uniformly
bounded as m,n— o and |B(m,n)|— 0 as m,n— . Let m,n be
an integer pair and f be the function such that, for 0 =2 <1,
f(x) = (L), II°* (1 + Bdg), where B = >\?_,, A;; by Theorem 3.5 and 5.1,

ﬂm=1+uﬂjwmhww

n

II (1 + 4) = fQ1) + B(m, n)

r=m

—1+ (L)S:deg + B(m, ),

and
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L@+ 4y — 1) = || 7Bdg + s0m, n)
= | BI+1 S loas She [ dg | + 1 8m, )]

Since there are maximum values for f(z) and 3,|dg| on {0, 1} which
are independent of m and » and since |B(m, n)| and | >t 4;| = | B}
can be made arbitrarily small, it follows that |[]7%, (1 4+ A) — 1| —0
as m,n— o, Since the sequence {[1%, (1 + A4,)}>, is bounded,

lim IT (1 + 4;)

exists. Since for each integer 4
hi'(zx) = hi(0)-(L)  I1° (1 — hi'dhR;) ,

by repeating the above manipulations for 27" and for T, (1 + A)7%,
we can show that lim,_, J1%, (1 + A,)™" exists and then show that

lim ] (1 + 4)~ = llim fa+ A.;)] "

2—1. Since dge OB, JI'(1 + >ir,, A,dg) exists for each pair of
positive integers m, n. Since [z, (1 + 4;) and [JT2, (1 + 4,)]* exists
and since |a(m,n)| — 0 as m, n — o, it follows that {17, (1 + A}z,
and {II%, (1 + A4;)};=, are bounded and |B(m,n)|— 0 as m, n— oo,

If 2 41, there is a positive number ¢ such that if J is an integer
there are integers » = m > J such that 1/4 > | 32, A;| > e. Therefore,
there are positive integers m and » such that ¢/6 > |17, (1 + 4,) — 1],
¢/6 > |B(m,n)| and 1/4 > |31, A;| >e¢. Since JI'(1 + >, Aidg)
exists, there is an 0-subdivision {x;}%-, of {0, 1} of evenly spaced num-
bers such that if v = g(x,) — g(%,), B = >.%, 4; and

w=I' (L + Bdg) — [T {1 + Blo(a) — g( )]},
then
% =,]1'(L + Bdg) — (1 + Bv)”®
and ¢/6 > |u|. Hence,
¢/6 > iﬁn(1+Ai)—1

= | JJI' (1 + Bdg) + B(m,n) — 1]
= |1+ Bv)’ — 1| — |B(m,n)| — |u|.

By using the binomial theorem and the above inequalities, we obtain



INTEGRAL EQUATIONS AND PRODUCT INTEGRALS 319

¢/2> (1 + Boy — 1|
= |1+ pBv + p(p — 1)(Bv)*/2!
+ p(p — 1)(p — 2)(Bv)’/3! + -++ + (Bv)" — 1|
=|B|—=[IBI|pv]||(p — 1v|/2!
+[BFlpv|l(®—Dw|{(p—20|B + -« +|B["|v|].

If0=j=0n|(®—Jv|=1; therefore,

11 /1y 1 1
c/2>]B|—|B[[—4—-?!+<Z>-§!~I—---]>—2—]B|.

Hence, ¢ > |B| = | >\-n 4;| > ¢; this contradiction proves that 2 — 1.

6. Solutions for integral equations. In this section we present
several examples to show how product integrals can be used in the
solution of several types of integral equations. In each example we
assume that all elements commute, that all the preceding theorems
hold when needed and that functions such as nf, f*, and f—' exist
for n a rational number. Lower case letters will be used for func-
tions from S to N and capitals for functions from S x S to N. All

integrals will be of the type (L)Sh fdg and (L), Il* (1 + fdg). Observe
that

f(@) = fla)(L) JII* A + fdf)
and that, under the conditions stated above,
Lf@)]* = [F(@]"(L) 1" A + nfdf)
= @I + ()| nr=ds .

ExAMPLE 1. (n + l)S:f"df =[O — [f(@)]"+.

Proof. [f@I* = [f@]*.II*[1 + (n + 1)f~dy]
= [F@I"* + (o + D fds .

EXAMPLE 2. S:g~2(gd f — fdg) = f(b)g~'(b) — f(a)g~(a) .

Proof. f(x)g7(2) = f(@) 1" A + f7df)g~(a) JI1* (1 — g~'dg)
= fl@)g™(a) JI* 1 + fdf — g~'dg)

= F@g@) + | fom(fdf — gdg) .
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EXAMPLE 3. Sb( fhdg + fdhg + dfhg) = fORb)ID) — fla)h(a)g(a) .

Proof. f(x)h(x)g(x) = fla)k(a)g(a) JI* (1 + f~'df + g~'dg + h~'dh)
= flh(@g(@ + | fho(f=df + g-dg + h='dn).

ExampLe 4. If y(x) = y(a) + Sx(yG + y"F) and n # 1, then
’_lj(x) = a]__Ix (1 + G){[y(a)]l—ﬂz + (1 . n)S:[H (1 . G)]l_nF}ll(l—-'n) .

Proof. y(x) = y(a) JI*(1 + G + y*'F)
=y(a) JI* 1 + y'F) 1" (1 + G)

@) JI° (L = Q)" = [y(@] I [ + (L — )y F]
= @ + @ —)| e - er-r.

ExampLE 5. If k is a constant and
y(@) = ¥@) + | + B + )G,

then
y(@) + o = 1T [1 + (F = BRG]
x {w@ + k1 = LI 1L+ (f - o616}

Proof.

y(@) + k = [y(a) + k] II7 [1 + (hy + f)G]
= [y(a) + k] II° [1 + (hy + RE)G] II [L + (f — Rk)G]
{ly(x) + k] II°[1 — (f — RE)G]}™
= [y(a) + k7 JI° [1 — (¥ + k)hG]

= [y(a) + k]~ "S:“H” [1+ (f — hE)GIAG .

ExamPLE 6. If flz)u(x) = fla) -}-Szf"G, then f(x) = ? Indication
of proof. flx)u(x) = fla) + S [f"u’]u~"G; the remainder of this proof
is similar to Example 4.

ExamprLe 7. If y(x) + (p + q)SzyG + pqy(g tyG)G = f(x), where
p and ¢ are constants, y(x) = ?
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Indication of proof. The given equation can be rewritten

[v@ + p{ w6 ]+ [[ve) + o] w6 o6 = s,

which is covered by Theorem 5.1 with y(¢) + pny treated as one
function. Then Theorem 5.1 is used a second time.

ExAmMpLE 8. If y(x) =¢ + Sz(y + p)*y + ¢)"*G, and ¢,p and ¢
are constants, y(x) = ? ’

Indication of proof.
M@+mm=w+mwmﬂ}+%@+mww+mWﬂ
=+o"+ | w+aora.
Similarly,
W@ + " =+ 0" + + | w + pyrc.

Substituting [y(¢) + ¢]'* in the preceding equation gives

@) + o1 = e + oy + L[ [ + o + L w + w6]e,
and this can be rewritten as a special case of Example 7,

{v@ + o1 — L[ @ + p6}

+ 2w+ o= L@+ vrecfe

=@+m”+§yw+wm.

ExamPLE 9. If %k is a constant and G, s and ¢ are functions such
that s(x) =k + S ¢G and c(x) = —S sG, then s*(z) + ¢*(x) = k.

Proof. Since s(z) = k,II° (1 + s~'¢G), then
() =k JI° (1 + 257%¢G) = k* + ercG

= — 2S:<S:S‘G>SG — - (S;;G) =k — () .
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REMARK. In the preceding examples the function G(x, y) was used
instead of the function dg because G(x, y) might be a more general fune-
tion such as

G(x, y) = flx)h(ylg(y) — 9(@)][p(x) + q(¥)] .
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