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STABILITY OF LINEAR DIFFERENTIAL EQUATIONS
WITH PERIODIC COEFFICIENTS
IN HILBERT SPACE

GERT ALMKVIST

In this paper we study the stability of the solutions of
the differential equation

(1) w'(t) = A(®) - u(®)

for { = 0 in a separable Hilbert space. It is assumed that
A(t) is periodic with period one and satisfies the following
symmetry condition: There exists a continuous constant in-
vertible operator @ such that

A*=—Q - A®) - Q™ forall t=0.

We use a perturbation technique. Let A(t) = Ac({)+ B(t) where
Ay(t) is compact and antihermitian for all {. We denote by
Us(t) the solution operator of u/(t) = Ad®)u(t). It is shown
that (1) is stable if B({) satisfies a certain smallness con-
dition involving the distribution of the eigenvalues of U)(1)
and the action of B(f) on the eigenvectors of Uy(l). The
results can be applied to the second order equation

y'+Cly=0
where C(¢) is selfadjoint for all £,

Throughout this paper we consider the differential equation (1)
where % is a function from the positive reals, R+, into a separable
Hilbert space X with norm ||2]|| = (x, )’.. A is a function from R+
into B(X), the algebra of continuous linear operators on X. We
assume that A(t) is Bochner integrable on every finite subinterval of
R*, Then for a given initial value %(0), there exists a unique solution
of (1) (see [4, p. 521]).

Further we always assume that A(f) is periodic. It is no restrie-
tion to assume that the period is one, that is A(t + 1) = A(¢) for all
teR*.

The equation (1) is said to be stable if for every initial value
#(0), there exists a constant M, such that ||u(t)|| = M for all te R+,
It is convenient to study the equation

(2) uiy = A®Uy, U0 =1I

in B(X). Using the principle of uniform boundedness it is easily seen
that (1) is stable if and only if the solution of (2) is bounded.
Received June 20, 1964,
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384 GERT ALMKVIST
Let O(4) =lima(||I+ adAl]]—1)
&40

denote the Gateau differential of A. When X is a Hilbert space @(4)
can be calculated by the formula @(4) =“sup Re(Azx, x)

zll=1
PropoSITION 1. If S1¢(A(t))dt <0, then (1) is stable.
0

Proof. Let n be the greatest integer <¢. Then using [1, Th. 4]
we get

t 1 t—n
HU®) || < exp So@(A(S))ds = exp <n§o¢(A(s))ds) - exp SO $(A(s))ds
< exp | [0(46)| ds
which ends the proof.
From now on we assume that A(%) satisfies the following symmetry
condition:

There exists a constant continuous operator @ such that Q' is
continuous and

(S) A)* = — QA()Q™ forall t=0.
Here A* denotes the adjoint of A.

ProrosiTioN 2. Condition (S) is equivalent to
Uiy = QU(t)'Q™ forall t=0.

Proof. We have U*(0)QU(0) = Q because U(0) = I. But
%—(U(t)*QU(t)) = U@)*A*®)QU() + UR®)*QRAR)UR) =0
if and only if

A*(1)Q + QA() =0.

Let o(U) be the spectrum of U. From Proposition 2 it follows
that o(U*(t)) = QU (t)Q") = o(U~'(t) that is Aeo(U(t)) implies
Ate o(U(b)).

ProposiTioON 3. If @ is positive definite, then (1) is stable.

Proof. @ has a positive definite square root S, that is Q = S
Moreover S—* exists and is continuous. From Proposition 2 we get
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U = SU-S

and after some calculations (SUS-)* = (SUS-"), that is SUS is
unitary and hence || U(t)|| < || S]| - || S~]| for all ¢ = 0.

The uniqueness of the solution of (2) implies that
Un + t) = UR)UQ)" forn=1,2, ---
Hence (1) is stable if and only if there exists a constant M such that
Now* || =M forn=1,2,---

Sinee {| U(1)*|| = (»(U(1)))*, where v is the spectral radius, it follows
that o(U(1))c{n; | M| =1} is necessary for the stability of (1). When
(S) is satisfied o(U(1))is symmetric about the unit circle and hence
o(UQ))c{n; || = 1} is necessary.

Now we study the stability of (1) with a perturbation method,
due to G. Borg [3] in the finite dimensional case. In order to state
the next theorem we introduce some notations. Let the equation be

(3) w'(t) = (Ayt) + B(t))u(t)
We assume that

(a) Ayt) and B(t) are periodic with period one.
(b) Ayt) is compact and antihermitian (Ay(¢)* = — A.(t)) for all .

Let further Uy\(t) be the unique solution of Uj(t) = At)UL?),
Uy0)= I. Suppose that

(e¢) Uyl) has only simple eigenvalues, \,, all == 1.
(d) Aft) + B(t) satisfies condition (S).

Let further e, be the eigenvector with norm one of Uy(l) cor-
responding to the eigenvalue \,. Put

b = | I BOUite. | at
K= So exp [zgz O(B(s))ds ]dt
., ::2'111;{]7\.,,— Ml

THEOREM. If (a), (b), (c), (d) and

(e) K-S}clpgbi(l?vk—?\ml"”'k)—2<l
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and

(f) S birs? < oo

n=1

are satisfied, then (3) is stable.

REMARK 1. The theorem is true if K and b, are replaced by

K’ = exp {2 max Slw(B(s))ds} . b= So | Bt)Ust)e, || dt .

0sts1 Jt

It is easily seen that K < K’ but b, <b,.

REMARK 2, If X is finite dimensional, then condition (f) is auto-
matically fulfilled.

REMARK 3. K- >\ bir;? <1 implies both (e) and (f).

Proof of the theorem. The rather lengthy proof is divided in
eight parts.

(i) U(t) is unitary for all t.

A calculation shows that Uy(t)~* = V(¢)* where V is the unique solution
of V'=—A¥®)V, V(0)=I. But since — A} = A, it follows that
Z]o(t)"1 = Uyt)*.

(i) U(1) — I is compact.

We have U(l) —I= SlA"(t) U,t)dt. The integral is compact because
0

it is the limit of compact operators of the form 7., Ay (%;) Us(t:) 4t:.

From (i) and (ii) we conclude that {e,};i is an orthonormal set and

indeed a basis because U(1l) — I is compact and 1 is not an eigenvalue

of U, 1). Further limx, = 1. Since Uy¢) is unitary

NU@ | =1 Uf)|] =1 for all t and |X\,]|=1.
Put W(t) = U{t) — Uy(t). Further it is convenient to write

Ul =U, U()="U, and W(1) = W. Let C, be the circumference
of a circle with center ), and radius 7,.

(iii) Ry, = OI— U)* exists tf v e Ur C,.

Put R = (I — Uy)~*. For a \ such that R} and (I — WR)™
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exist, we have
R, = R}(I — WE))™
It is clear that R} exists whenever A e U7 C, and if || WRY|| < 1 it

follows that R, exists. Since {e,} is an orthonormal basis it follows
that

| WR2P < 31| WRe, |F

But
I WERRenll = M = N |7 - || We, ||
since
B, = (x — N)7es .
One verifies that W(t) satisfies the equation
W'(t) = (A(t) + B(t)) W(t) + B(t) U(t)

which has the solution
W= W) = | U0 UeB6) Us)ds
Then we get
| We.ll = [ HTWTE)11 - 1| BO)Uio)ea | ds.
From Theorem 4 in [1] we find
1T U6 1| < exp | o(Ait) + Byt .

But @(A,(t) + B(t)) = @(B(t)) since A,(t) is antihermitian. We finally
get

1 Weul < {{ exp| | oB®a2 ] | B@ Uitsre, 1 ds}
= [ exp (2] oBtnatas - | 1| B Uss)e. rds = K - 3 .
From condition (¢) we conclude that
S WRe, | < K- S8 —h

< K- sup BB — M| =)t <1
n=1
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and hence || WR}|| < 1 for all xe Uy C.. Thus we have shown that
R, exists if v e Ur C;.

(iv) U — I is compact.

From (iii) it follows that > || We, || = K3 b < o since (e) implies
that 37°b% < . Hence W belongs to the Schmidt class, cf. [5], and
is compact. Further U— I = (U,— I) + W is compact since U, — I
is compact (ii).

Put Dn:{)"; [k—)"nl<’rn}'
(v) U has exactly one eigenvalue, «,, in D, and «, 18 stmple.

Since U — I is compact and 1¢ D, it follows that there is only a finite
number of eigenvalues of U in D,.

Now it is convenient to introduce a parameter g in the equation.
Thus we study U’ = (4o(t) + ¢B@t))U, UQO) =1 where 0 = <1, A
simple calculation shows that R,(#) is a continuous function of .
Hence the projection

Eu() = @xiy* | Bi(war

is also continuous in [0, 1]. Further we can find a partition
0=ﬂ1<ﬂ2< "'<#k=1

such that

| Eu(ttsr) — En(pe) | < (M)~ forv=1,2--+,k,

where M = max || E,(¢)||l. According to a well known lemma (see [6,
OsSHs1

p. 424)) it follows that dim E,(x,+,)X = dim E,(¢,)X if both sides are
finite. This is the case here because U(y) — I is compact for 0 = =1
and D, contains only a finite number of eigenvalues. Now dim £,(0)X =
1 and hence, dim £,(1)X = 1 by induction. Thus there is exactly one
point a,€ o(U) in D, and this «, must be simple.

(vi) |a,|=1.

Assume that |a,| > 1. Then it follows that &;'eD,. But due
to (S) we find that &;'€ o(U) and there will be two points belonging
to o(U) in D,. This is impossible.

Assume now that |a,| < 1. If &;'eD., we can apply the same
argument as above. If &;'¢ D, it is easily seen that @,'¢o(U). In
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fact we show that if ¢ UrD, and x #= 1 it follows that ¢ a(U).
We need only consider N with [A]| > 1. Let D, be the circle closest
to A. Then it is clear that {x — N\, | = ||\, — N | — 7| for all » and
we get

K3 || WEe, P S KS BN =M ? S K BN — Ml — ) < 1
1 1 n=

due to (e). Hence R, exists.

Now we have proved that o(U) consists of simple eigenvalues on
the unit cirele with limit point 1. In the finite dimensional case it
follows immediately that (3) is stable (see Boman [2]). In the infinite
dimensional case we have to use condition (f).

Put E,0)=F, and E,(1)=F,. If F,e,+0 we put ¢, = F,e,
and if F,e, = 0 we choose ¢, as an arbitrary eigenvector of U cor-
responding to a,. We have K¢, = ¢, and Ugp, = a, p,.

(vi) Sl pn — eall* < oo,
(F, — E,)e, = (i)~ So (R, — RY)e,d\ .
A calculation shows that
R, — R = R(I — WRY)WR; .
Thus

[ (Fn — E,)e. || = (2m)~ Sa R - 1 (T — WR)™|| - || WRie, || - |dN]
= (2m)7rysup (1 — || WR} () - K, r;2nr,
€0,

= const - b,7;*t.
Here we used the fact that || R}|| = r;* for all Aec,. Then
i | (F, — E,)e,||* < const. i biryt < oo due to (f).
1 1
It follows that F,e, = 0 only for a finite number of % and hence
Sile.— el <.
We define a linear operator P by the relation Pr = >\ ¢,p, where
r=>rce and 37 |c,|° <o, We recall that an operator T is called

injective if Tx = 0 implies = 0.

(viii) I — P is compact and P is injective. Hence P~ is continuous.
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ST = PP = Sle, — @y < oo due to (vii) .

Thus I — P belongs to the Schmidt class and is compact (see [5]).
Assume now that Pr = > c,p, = 0. We apply the projection F, and
get

szl‘J C.P, = o, = =0
and ¢, = 0 for every k. Hence x = 0 and P is injective.

Now we end the proof of the theorem. We have to estimate
|| Uz || for an arbitrary xe X. Put y = P~'z and assume that y =
Siae,. We get ¢ =Py=3rae, and

Ure = UrPy = i a, U, = f_‘, 0.q'p, = Pf‘_, a,xle, .
Further
1Tl < 1 PIl - (S laas = | Pl - {5 |, 1"
=[Pl llyll SIPI-NIP - =],

which implies that || U*|| < || P|| || P~*|| for every n and the proof is
finished.

REMARK 4. If C = (K-35 bir;h)? < 27, then || U || < (1 — 20),

Proof. From the proof of (iii) it follows that || WR}|| = C for
all xe Yr C,.. Further we get

H(Fo — Ee, |l =1 — O KPb,r < 1

for all n since
1 - C)K i Brt=C1-C*<1.
Hence F,e, + 0 and ¢, = F,e, for all n. Then
11— Pl = Sile. — el < €1 =)

and
IP||£14+CA-C)=(@1-0)".
Further
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WPi=ld-—UI-P)* =0 - |[I-Pl)" =1 —-0O(1A-20)".
Finally ,
Nl =lpi-iPril=1—20".

An interesting application of the theorem 1is the second order
equation

y' + Ctly=0
in a Hilbert space Y, where C(f) is selfadjoint. Put X = Y@ Y and
(Y
U = (y’) Then we get

This equation satisfies the symmetry condition (S) with @ — (_g g)

Acknowledgements. 1 am very grateful to Professor G. Borg who
proposed this problem and whose encouragement has been of great
value to me.
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A TRANSPLANTATION THEOREM FOR
ULTRASPHERICAL COEFFICIENTS

RICHARD ASKEY AND STEPHEN WAINGER

Let f(0) be integrable on (0, ) and define
Ay = Sg S cosnbde, b, = nt/? Sﬂ S (6)P,(cos 0)(sin 8)1/2d8H
0 (1]
where P,(x) is the Legendre polynomial of degree n. Then

(1) c= > lalMn+ 1?3 [balfn + D)* = C
n=0 n=0
for 1< p< oo, ~1<a< p—1, where C and ¢ depend on p
and « but not on f. From this we obtain a form of the
Marcinkiewicz multiplier theorem for Legendre coeflicients.
Also an analogue of the Hardy-Littlewood theorem on Fourier
coefficients of monotone coefficients is obtained. In fact, any
norm theorem for Fourier functions can be transplanted by
(1) to a corresponding theorem for Legendre coefficients,
Actually, the main theorem of this paper deals with ultra-
spherical coeflicients and (1) is just a typical special case,
which is stated as above for simplicity.

Let P} (x) be defined by (1 — 2rx 4+ r*)~* = 37, PM«a)r™ for » > 0.
The functions P)}(cos §) are orthogonal on (0, 7) with respect to the
measure (sin )**d6 and

Tn + 290U2T0 + 12) _ s
nl(n + NI (NT(2N) "

(1) § [PX(cos 6)](sin 8)d6 =

Observe that tX = An'~* 4+ O(n~*) where A will denote a constant whose
numerical value is of no interest to us. For simplicity we set pX(d) =
taP)(cos f)(sin #)*. The functions {p}(8)}:., form a complete orthonormal
sequence of functions on (0, ) which for A=1 reduce to {4 sin (n+ 1)6};.
Also lim,_, @}(0) = A cosnf so the functions @}(d) are generalizations
of the trigonometric functions which are used in classical Fourier
series. For uniformity we define @%(6) = (2/w)"* cos nf. Later we shall
state an asymptotic formula for () which shows another close con-
nection with trigonometric functions. In essence it says that ¢}(6)
looks like cos [(n + N\)0 — m(X\/2)]. All of the facts about ¢} that are
quoted without reference are in [15]. Since @3(f) are a bounded
orthonormal sequence we may consider their Fourier coefficients. Let
fe LY 0, ) and define

Received October 5, 1964, The first author was supported in part by N.S.F.
grant 3483. The second author was supported in part by N.S.F. grant 1685.
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394 RICHARD ASKEY AND STEPHEN WAINGER

nﬂwmmw

Let ||a,ll, = [Z0]@,|?]¥". Then using M. Riesz’s inequality [12] for
by = Sewn ti/(m — k), L. [|bu]l, < As | @]l 1 < p < oo, and Hilbert’s
inequality, i.e. if ¢, = Za,/(n + k) then ||¢c, ||, £ 4sll@nllp, 1 <D < oo,
it is easy to show that ||al||, < A,||a.|| and conversely ||al ||, < 4,]||ak]l,,
1< p< . It is this inequality that we generalize to all » > 0. For
some of the applications we actually want a slight generalization of
the above. Instead of considering the I norm we work in a weighted
I” norm,
[ 1/p

(2) 100l =[5 10a P + 1]
These applications will be given in the last section.

Our main theorem is as follows.

THEOREM 1. Let fe LY0,n) and define a) as above. Then if
l| @, llp,« 28 defined by (2) we have

(3) A = lazllse/ll @hllpe = A
Jorall ,p=z0and 1<p< oo, —1<a<p—1L

It will be sufficient to prove the inequalities (3) when g <A< £+ 1,
We first give in detail the proof when g =0 and 0 <X\ < 1. The
formulas that we use in this case are all in the literature and are
reasonably well known. Also this proof is easier to follow than the
proof of the general case. Then we will sketch the proof for general
My, # <A< p+ 1. For simplicity we set a) = a, and use cosnf
instead of @)(6).

Let £,(6) = Zr0a,r*cosnf. Since f,(8) — f(0) almost everywhere
and boundedly in L' we have

a? = lim S FA(0)pNO)do = lim &2 S £.(6)P(cos 6)(sin 6)*d6
r—1 0 r—1l 0

= lim S ayrit? S P>(cos 6) cos k6 (sin 6)*d6 .
0

r—1 k=0
We break the sum up into three parts, 0 < k = [n/2], [#/2] < k < 2n
and 20 < k. What we need in each of these intervals is a good
estimate for t3\ P} cos 6) cos k6 (sin 6)*d6 = G(k, n).

0
Consider first the case k = 2n. We use the following well-known
representation for P)(cos #) in terms of cos j6.

(4) PMcos 6) = 3 a,a,_; cos (n — 25)8
7=0
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where a; = (j)\/7! = A7* + 0(3*). Then
Gll, n) = 3ty it} S (sin 6)*
Jx [cos (B — n + 27)0 + cos (k + » — 27)0]d6 .

Since SI (sin 6)* cos r8d@ = O(r—-*) and k = 2n we see that
0

n—1
|Gl m) | < A0 — Gy =k
Jj=1
= O((n/k)*™) = O(k™) .
For the theorem that we want the last estimate O(k™) is sufficient.
Observe however that we actually have a better estimate. Because
of this it is possible to change Theorem 1 to get similar theorems
where the Fourier coefficients are defined by S F(6)P)(cos 0)(sin 6)*n*db
0
for various values of «. A possible transplantation then goes to
S F(O)P)**(cos O)(sin )**Pn—tdf, Or the (sin@)* can be omitted from
0

both of these integrals. We mention these facts only because in the
dual case different transplantation theorems have been considered by
. Muckenhoupt and Stein [11] and by the authors [3]. The reason that
both types of theorems are true is best seen in the proof of the present
theorem, which is essentially easier than either of the theorems in [11]
or [3].

Next consider G(k, n) for k < [»/2], This time we need a formula
of Szego. For 0 <A <1

(sin 8)**~*P2(cos 0)

() _2 Tm+2) 3o .
TN T+ 1 +1) 2 finsin(n + 25 + 1)f

where f, =1 and

== M2=N--G =N m+1) - @+7) .
” J! (m+XN+1) e (m+ N+ 7)

See [15, p. 96]. A simple estimate shows that
Sin =003 n + D~*nY) .

Then
Gk,n) =0 2‘, nr A M Y (sin )
x [sin (1 + 2 — k + 1)8 + sin (n + 2§ + k + 1)0]da]
= 0[S un + a7+
= 0= + 0( S5 + §)n*) = 0@ .
J=1
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As usual in results of this nature the region where & and n
overlap is harder to handle. This is because a Hilbert transform of
some sort always seems to arise. This time we not only have the
usual Hilbert transform but we also get a strange variant of it. The
transformation we encounter is

2n n

1
b, = — a, lo .
n k= g.|'n,———k—i-7x+1|

In §2 we prove the following lemma, which we will use in the follow-
ing argument,

LeMMA 1. If {a,}el™, 1< p< o, —1<a<p—1, and

b:_l-_ 2n n

1
n k=[2n/2]ak °8 Imn—k+x+1]

then ||b,|ls. = Aol a,llsa-

For reference we state a form of the asymptotic formula for
P)(cos §) which we will use, [15, p. 195].
For 0<a<l, I/n=0 < 7/2

AT
I+ 2 !_A cos {(n + N)f — —2—}
T(n+x+1)| (sin 6)*

B cos {(n +r+ 10—+ l)—”—}
(n + A\ + 1)(sin )+

P}Mcos 6) =

(6)

+

+ O(rn~*(sin 6)“*—2)} .
where A and B depend upon )\ but not on 7.

From this we have

taP)Mcos 6)(sin 6)* = A cos {(n + \)8 —2127-:-}

(7) Bcos{(n+x+1)a(x+1)-”-}

+ popr + O((n6)™® + O(n™) ,

where 1/n < 6 < /2 and the O terms are uniform in » and 4. Also
we shall use the fact that t3P}(cosd)(sin §)* are uniformly bounded
functions, [15, 7. 33, 6]. Instead of considering

tr §R P)(cos 8)(sin §)* cos kfd8
0

. “IZ . » 3 . .
we may consider since the integrand is either even or odd with

0
respect to 6 = /2. Using (7) we get
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th Sm P)(cos 8)(sin 8)* cos k0do
0

=t S P)(cos 0)(sin 6)* cos k6do + O( 1 )

/2

=A S cos {(n + A\)0 —-5} cos k8do

1/n

ez COS {(n + A+ DI - N+ 1)%} cos kfdo

+B Slln n sin 6
/2
off,. ]+ o5)-

The last two terms are O(1/n) and the first is A’/(n — k + \) + O(1/n).
We need to consider the second term. Using the addition theorem

for cos § we get B/n S " [{cos (n — k + 1)6}/sin 6]d6 + three more terms

which are similar but easier to handle. Since 1/sinfd — 1/ is a
bounded function for 0 < # < 7/2 we may instead consider

J____lism cos(n —k+ )+ 1)0d0.
n Jin 7

Assume first that £k < n + 1+ A. Then changing variables by
(m—k+ N+ 1)§ =y, we find

B S‘ cos ydy + B g"“"““ cos ydy

(n—k+A+1)/n Y n Ji Y

n
The second term is O(1/n) by an integration by parts. The first term is

1 1
_B;S - Gy o(i S y dy)
n (n—k+A+1)/n Y N Jn—k+A+1)/n

=%logn—k?—x+1 +O<'n1_)'

If >n+ N+ 1 we get instead that

Jz"f_logk—nﬁx—l +0<71z'>'

Using all of the estimates, we have

a=0[La]+a 5 %

il m—k 4+ N
B n
el |
n k=rznma" 8 |m —k+ N+ 1|
+ O[i E‘, | @y, |] + lim i a,r* Ak, n)
n k=i=n/2] r—1 k=2n
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where Ak, n) = O(k™).

To show the I”* boundedness of these sums we need two forms
of Hardy’s inequality and M. Riesz’s inequality for the discrete
Hilbert transform as well as Lemma 1. The relevant forms of Hardy’s
inequality are in [6], p. 255, #346 (a), (b), part (@). The continuous
analogue of the I”"* boundedness of the discrete Hilbert transform is
in [5].

Using these inequalities we see that the first and fourth terms
are bounded by Hardy’s inequality., By dominated convergence we
may let »— 1 in the fifth term and it is bounded in !** by Hardy’s
inequality. The second term is just the discrete Hilbert transform
plus two terms like the first and last terms, Thus it is bounded in
[*=, The third term is handled by Lemma 1.

In actual fact the second and third terms given above are not
exactly right since the terms in which k¥ and » have opposite parity
are zero. The notation to include this is too cumbersome to be worth
including and this point causes no trouble.

To show that ||a,||. =< A||a}||.. observe that (formally)

@ = 76) cos kot = 3. a3t |" Pi(cos ) cos kt(sin 0)*d .
0 2=0 0

We have the same G(k, n) that we analysed above and so no more
work need be done on it. However there is the problem of Abel sum-
mability of ultraspherical expansions. Estimates for the Poisson kernel
which allows us to prove the dominated L' convergence of the Abel
means are in [11, §4]. The argument that is needed to prove this is
well known.

We now consider the general case of Theorem 1 with g <A < £+ 1,
“The proof proceeds along the same general lines but the formulas for
P} that we need are considerably more complicated. To take the place
of (4) we need the following result of Gegenbauer [4].

If 0 <a< B then

(8) P(cos 6) = 3, a;Pgy;(cos 6)
7=0

where

a.=L@n—2j+al'G+B—-—a)n—35+8)
’ rere—ailln—j+a+1)

Instead of (5) we need a result that follows from (8) and is given in
[2]. If (B—1)/2< a< B then

(9) (sin 6)* P*(cos 6) = 5:"% B;P5,,,(cos ) (sin 6)**



TRANSPLANTATION THEOREM FOR ULTRASPHERICAL COEFFICIENTS 399

where

g, = LB (n+ 2 n+ 2]+ HIn+2a)(n+j+ B (j+ B—a)
! r—al(@jnl(n+j+a+ D0+ 25+ 26) ’

Observe that B; is positive if @ < 8. This result also holds for @ > 8
but then the coefficients are no longer positive and changes must be
made for a =8+ 1, 8+ 2, ---, since the right hand side is then a
finite sum. A simple computation shows that

10) a; ~ (n— 25 + a)jf—tnf-et
and
(A1) B, ~ (0 + 2 Pn=GP= = + P~ (n - ) Pemegpet
fora< B, Fora>Fanda=pL+1 86+ 2, --, we have
B3] ~ (n o+ gysmemieijpect.
By a; ~b; we mean 0 < ¢ =a;/b; £C < .
If in (9) we let n = 0 and use (1) we have

(12) . Y (sin 6)*PE(cos 6)do | = O(5=2) .

Next we need something to take the place of coszcosy =
[cos (x + y) + cos(x — ¥)]/2 and sinx cosy = [sin (x + y) + sin (x — y)]/2.
For the first we use a formula of Dougall which is given in [9] and
reduces to it for x— 0. If x> 0 then

%) Po) PAo) _ & o o gy P2

PND) PiD)  e-ftm (1)

where c,(k, m, n) = 0 and >, c\(k, m,n) = 1. We define ¢,(k, m,n) = 0
if t<|n—m| or k>n+ m and then we may sum on all non-
negative %. The numbers ¢, are known [9], but we shall not need
them in our argument.

For the second formula above we use the following substitute
which again reduces to it for x— 0. If A > 0 then

Piti@) Pax) _ " Pi(z)
4 Py (1) Pr(1) k=|n§n(-sz(k’ m, m) Pr(1)

where dy, =2 0if n = m — 1. Thisis found in [1]. From (14) it follows
that S, dy(k, m,n) =1 where d\(k,m,n) =0if k<|n—m|—2or
k > n + m. Finally recall that

(15) PA1) ~ niht
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These results are sufficient to allow us to estimate S‘ Pr(0)pi(6)d6 for
0

p<x < p+1and k=n/2 or n <k/2. To estimate this integral

for k/2 < n <2k we use the following asymptotic formulas due to

Szega.

LEMMA 2. Let p >0, ¢ not an integer. Then

I'(n 4+ 2p)

Pi(cos ) = —7% sinmp T

+ 0 — (m+ )=
«| %t Lm+ pIom — p+ 1) c°s[(” m+ ()0 = (m ”)2] R
a0 I'(n + m + g+ Lym! (2 sin §)™** ?

where
| R, | = O[(sin 8)—P—#n+—"-1]

and the O holds uniformly for 0 < 6 < 7.
For 0 =1,2,3, ..+ we have

LEMMA 3.

P¥(cos §) = 2 "Z_:’o(__l)m(m +: - 1)<n + 2y — 1)

p—m+1
cos [(n +m + p)f — (m + ;1)—725]
[(2sin 6)(m + )]

The same estimates hold for an error term in Lemma 3 as in
Lemma 2 if one stops before m = ¢ — 1. These two lemmas are in
[14, p. 49 and p. 59]. In fact we do not need the full force of either
of these Lemmas but they are relatively inaccessible and not as well
known as they should be.

Now to complete the proof of Theorem 1. Let g<ia< p+1
and f,.(0) = ;. air*pt(f). Then by dominated convergence and the
boundedness of the Abel means of an ultraspherical expansion we
have

a = lim [ £.0)220)0 = lim 507" tO)220)0 .
=17 Jo 717 =0 0

As above we need to estimate g: P (0)ph(6)d6 = G(k, n) for three cases,

k=n/2, n/2<k<2n, and 2n0§ k. Consider the third case first.
Using (8) and (13) we have
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Gk, n) = )¢t S Py (cos 8) Pcos 8)(sin 0) +d6
0

{n/2] T
= S o, S P(cos 6)PE,,(cos 6) (sin 8)+d8
7= 0

= S it PrOPLLW 500, B0 — 2)[PHOT
= =0

J

o

. S P} (cos 0)(sin §)*~+(sin )**d8 .
0

Then using (10), (12), (15), and recalling that ec.(l,k,n —27) =0
unless k —n+27<l<k+n—27and sol ~ k.

For simplification of printing we use 7, k, § in the following argu-
ments instead of n+1,k+ 1,7+ 1, ete. This leads to some infinite
terms which clearly aren’t infinite and they are to be interpreted in
the obvious way.

[n/2]
|Gk, n) | = 2, () (k) ~*(n — 25 + W)@ () (n — 27)* (k)
=0
= A(n/B)NEk)™ = A(R)™ .
Next we consider G(k, n) for k < n/2. Using (9) and (14) we have

o

Gk, n) = S, 8348, S Py (cos 6) P (cos 6)(sin 6)%—+2d0
0

j=0
= 3 8B PEDPLD) 3 du(, ky 1 + 2)[PE(D)]

j=0 =0

: S Pu+(cos 6)(sin 6)*~(sin 6)*+°d0 .
This time d,(l,k,n + 27) =0 unless »/2 + 7 =1 < 2n + 47 (actually

it is zero for many values in this range also but that doesn’t matter)
and so ! ~n + 27 and thus using (11), (12), and (15) we obtain

|G, ) | = % ()= (k)—*(k)™'8; S: Piii(cos 0)(sin )*—*+3dg,
= ; ()= (E) ()Y (m - F)~>H(F+ S: Pii(cos 0)(sin 0)—*+2d0
= (’n)l\(]c)ﬂ-]g (_7‘)“"'}‘(% + j)—"—“(n + j)_z+z(“+1)_2+)\_3,‘

= ] 3 Gy o+ 5 0]
< ME)H(n) "+ + (n)" A < [k/n]Mn)t .

For the terms with %/2 < n < 2k we use Lemmas 2 and 3. As
in the case # =10, 0 <\ < 1 we first reduce the integral to

| PhO)pt0)d0 + O~
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and then terms of the same type as previously appear. The proof is
then finished by the same appeal to Hardy’s inequality, M. Riesz’s
inequality, and Lemma 1,

Theorem 1 then follows by a repeated application of the inequalities
just proven.

2. A lemma. We now give a proof of Lemma 1. Recall that

1 & n
bnz—- al .
n e mm g Im+x+1—Fk|
We define 4; = 3%-(n ;. Then
1 & n 1 n
b, = — A, — A, )1 =g lOg ——————
nk=anI;]+1( k ) Og|n+7\,+1——k|+'naimog

n
non+1
2

= _]; 5S A [log L — log __n___._]

W e n+ N+ 1—Fk| n+ N — k|
1 Azn

o k) + o[ £2)

n

=+

A,,Iogl n+x—kk|+Rn

1
N ¥=[w/2] n4+rN+1-—

where R, is a bounded sequence in " if {a,}€l™*. But

il P il R
1 1
= 0 .
+k—n—7»+ (F—mn—2\)?
So we have '
=L $ A 1 3 4, +R

nem n+rn—=Fk -';b_k=[znll2] (k—mn— N

The second term is a bounded sequence in " by [6, p. 198, # 274].
We write the first term as

—A,
LA o =y s A

nieem n+N—Fk Smmant+rn—k  efaln nlk—n)

But A,/(k — )\) is in I”* and so we have that {b,} is an [** sequence
by Hardy’s inequality and M. Riesz’s inequality for the discrete Hilbert
transform.

A similar proof also shows that
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noa, n
C, = Zk log — 7
k%“m k gin‘—lc+a|

is a bounded operator for «« not an integer. If « is an integer the
transformations are bounded if the term when the logarithm is un-
defined is dropped.

A similar theorem is also true in the continuous case where an
integration by parts takes the place of our summation by parts.

3. Applications, Our first application is an analogue of a theorem
of Hardy and Littlewood concerning the Fourier coefficients of even
functions, monotonically decreasing in (0,7), [16, p. 130]. Their
theorem is

THEOREM A. If f(0) is a decreasing integrable function on (0, )
and if a, are the Fourier cosine coefficients of f, then

- y»
DIEARCEY
s finite if and only if
[[7150) pooeeas]”
18 finite, 1< p< o, —1l<a<p—1.
From this and Theorem 1 we obtain

THEOREM 2. Let f(6) be decreasing and integrable on (0, w) and
a, = t*S F(0)PXcos 6)(sin 0)*d6, 0 <. Then [zm (0 + 1)&] is
finite +f and only if [g [f(ﬁ)]”ﬁ”—z—“dﬁ] 18 finite, 1 < p < oo,
—1l<a<p-—1.

Another application is the analogue of the Marcinkiewicz Multiplier
theorem. In the case of Fourier coefficients it is due to Sunouchi [13]
for {a,}€!” and to Igari [10] for {a,}cl™".

Tuporem B. Let £(8)e L0, 1), a, = SO £(6) cos n8dod, |#(8)] = C,
[ laol=c, n=01,--

Then if b, = g"t(o)f(e) cosnbdd and {a,} € 1P*, 1<p< oo, —l<a<p—1,
0
we have {b,} €™ and ||b,|ls. = Al @, 5.0

From this we get a form of the Marcinkiewicz theorem for ultra-
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spherical coefficients.

TrEOREM 3. Let f(6)e LY0, ), a, =t} S F(6)PMcos 6)(sin 6)*d6,
A>0,|t0) =C,

[ Jaeisc, =01,

Then if b, =t} S” t(0) f(6)P)cos 0)(sin 6)*d6 and if {a,} e l™*, 1<p< o,
0
—l1<a<p-—1then {b,}el” and [|b,|,« = Al a5

For p =2 Hirschman has already obtained a form of the
Marcinkiewicz theorem. If we let

1 0=6=1/r

(6) ={0 1r<b =

then we get the projection theorem of Hirschman [8] but only for
ultraspherical coefficients. Hirschman proves his result for Jacobi
coefficients and presumably Theorem 1 is also true for Jacobi poly-
nomials. However this is still open.
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TWO NOTES ON REGRESSIVE ISOLS

JOSEPH BARBACK

This paper deals with regressive functions and regressive
isols, It was proven by J. C. E. Dekker in [2] that the collection
Agr of all regressive isols is not closed under addition. In the
first note of this paper we shall given another proof of this
fact by considering a new relation, denoted by *, between
infinite regressive isols. Let 4 and B denote infinite regressive
isols. The main results established in the first note are:

(1) A=s*B=—= A X B, yet not conversely.

(2) A+ Bedp== A ¥ B, yet not conversely.

(8) There exist infinite regressive isols which are not X related,
(4) Ag is not-closed under addition.

In addition, the following result is stated.

(5) A+ Bedzr=—=min(A, B)< A + B, yet not conversely.

In the second note we consider the <* relation between
regressive isols, A natural question concerning this relation
is whether A <* B, where A and B are regressive isols, is a
necessary or a sufficient condition for the sum A 4+ B to be
regressive, In the second note we show that this condition is
neither necessary nor sufficient.

We shall assume that the reader is familiar with the
notations, terminology and main results of [1] and [2].

Preliminaries. Let ¢ ={0,1,2,3, ---} be the set of nonnegative
integers (numbers). A one-to-one function ¢, from ¢ into ¢ is regressive
if there is a partial recursive function p(x) such that ot & dp and
p(ty) = t, (VR)[p(t,+) = ¢,]. The function p is a regressing function
of t, if p has the following additional properties: o0p < dp and
(vo)[x e dp — @En)[p**(x) = p"(x)]]. It is known (ef. [1]) that every
regressive function has a regressing function. A set is regressive if
it is finite or the range of a regressive function. A set is retraceable
if it is finite or the range of a strictly increasing regressive function.
Let p be a regressing function of ¢,, then the funetion p* is defined
by: dp* = op and p*(x) = (un)[p*+(x) = p*(x)]. It follows that p* is
a partial recursive function and (vn)[p*(t.) = n].

Let s, and ¢, be two one-to-one functions from ¢ into &. Then
s, =*t,, if there is a partial recursive function f such that

(1) ps S 0f and (VR)[f(s,) = t.].

Also, s, and ¢, are said to be recursively equivalent (denoted s, ~ t,)

Received October 5, 1964. Most of the results contained in this paper were ob-
tained while the author was a student of Professor J. C. E. Dekker at Rutgers
University. Research on this paper was supported under NSF Grant GP-266.

A07



408 JOSEPH BARBACK

if there is a one-to-one partial recursive function f such that (1) holds,
Let ¢ and 7 be two sets. Then o <* 7, if either ¢ is finite and card.
o < card, 7z, or o is infinite and there is a partial recursive function
Jf such that o0 & df, f is one-to-one on ¢ and f(o) =7. Let S and T
be two isols., Then S =* T, if there are sets 0 € S and 7z e T such that
o =*7. The following propositions will be useful:

(a) Retraceable sets are either recursive or immune,

(b) Every function recursively equivalent to a regressive function
is regressive,

(¢) Every set recursively equivalent to a regressive set is re-
gressive.

(d) Let o0 = ps, and 7 = pt, where s, and ¢, are one-to-one re-
gressive functions, Then ¢ <*7 if and only if s, <*¢,, and 0 = 7 if
and only if s, =~ ¢,.

(e) Let s, and ¢, be one-to-one functions from ¢ into e, Then
s, =~t, if and only if s, <*¢, and ¢, =

Proposition (a) is proven in [3]. Propositions (b) and (c), and the
second part of (d) are proven [1]. Both (e) and the first part of (d)
are given in [2].

Two sets a and B are said to be separated (denoted « | B) if there
are disjoint r.e. sets a* and #* such that a £ a* and S < B*. Two
functions a, and b, are said to be separated (denoted a, |b,) if their
ranges are separated sets. We will use the familiar primitive recursive
functions j, k and ! defined by

@y =2+ @+ y+y+ 12,
I(k(n), Un)) = n .

The function 5 maps & one-to-one onto &.

Note 1. The ¥ relation.

DEFINITION 1. Let a, and b, be any two one-to-one functions from
¢ into &, Then a, ¥ b, if there is a partial recursive function p(x)
such that

(vn)[a, € dp and p(a,) =b,) V (b.€dp and p(b.) = a,)] .

The following proposition can be readily proven using the definitions
of the concepts involved. Its proof will be omitted.

PROPOSITION 1.1. Let a, and b, be any two one-to-one functions
from ¢ into &. Then

(a) an\*/bn=°bn\*/a'n’

(b) a@,=*b,=—0a,Ib,,
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a, % b,
(e) a,=a,, b, =b,,r =—a,Eb,.
a, | b, a,|b,,

DEFINITION 2. Let A and B be any two infinite regressive isols.
Then A X B if there are regressive functions a, and b, such that

oa,c A, o0b,eB, a,lb, and a,*5b,.

RERARK. In view of Proposition (d) and part (¢) of Proposition
1.1, we see that if A and B are infinite regressive isols, then A ¥ B
means that a,* b, for every pair a, and b, of separated, regressive
functions ranging over sets in A and B respectively.

THEOREM 1.1. Let A and B be infinite regressive isols. Then

A<*B—AXB.

Proof. Let a, and b, be any two (one-to-one) regressive functions
ranging over sets in A and B respectively and such that a, <*b,. Set
a, = 2a, and b, = 2b, + 1. Then a, = a,, b, = b, and a!|b,. Taking
into account Propositions (b), (¢) and (d) it follows that a, and b’ are
separated, regressive functions which range over sets in A and B re-
spectively. In addition, a, <* b, implies a, <*b]. By Proposition 1.1
(b) this means a, ¥ b;, and therefore 4% B.

THEOREM 1.2. For all infinite regressive isols A and B,

A+ Bedy,— A B.

Proof. Let A and B denote two infinite regressive isols whose
sum is also regressive. Let a, and b, be regressive functions with
a=pa,cA, B=pb,cBand «|B. Then a+ ScA+ B and a+ 8
is & regressive set. Let ¢, be a regressive function ranging over the
set & + B and let p(z) be a regressing function of ¢,. Set

0 = {z|(x = a, and p*(b,) < p*(a,) V (@ = b, and p*(a,) < p*(b,))} .

We note that 6 £ o + 8 and that for each number %, exactly one of
the numbers @, and b, belongs to 6. Let the function f with domain
0 be defined by

if 2z=a,,

bﬂr’
fl@) =

a, if x=290,.

It is easily seen that if f has a partial recursive extension then a, % b,.
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Since a, and b, are separated functions this fact would also imply that
A ¥ B. Hence to complete the proof it suffices to show that f has a
partial recursive extension. For this purpose, assume that x € 4. Since
a and B are separated sets we can determine whether xea or xep.
First suppose that x € «. Taking into account that a, and ¢, are re-
gressive functions, we can find the numbers % and v such that x =
a, = ¢,. The number a, belongs to ¢ and therefore

bue(cm Cyy “'101)_-_1) = {pr(x) I 1 é r év} .

The members of the set on the right side can be effectively obtained
from x, since p is a partial recursive function. In addition, using once
again the separability of the sets @ and B, and the regressiveness of
the function b, it follows that we can find the number b,. This gives
the value of f(). In a similar fashion one can determine the value of
Sf(x) in the event x € 8. From these remarks we can conclude that f
will have a partial recursive extension. This completes the proof.

REMARK., We shall state without proof, two additional facts
which can be established in the proof of Theorem 1.2. These are

(a) demin (4, B) ,
(b) dl(@+pB)—96.
Since @ + Be€ A + B, these facts imply that
(*) min(4,B) = A+ B.

In the proof of Theorem 1.2, A and B were assumed to be infinite re-
gressive isols. However, it is easily seen that the relation denoted by
() is also true in the event either A or B is finite, for in this case
min (A, B) assumes one of the values (4, B). From these remarks one
has the following

THEOREM. For all regressive isols A and B,
A+ Bed,=—min(4,B)< A+ B.

The statement obtained by reversing the implication in the above
theorem is false, for in the second note it is shown that there are
two infinite regressive isols which are comparable relative to the <*
relation, hence their minimum assumes one of these two values, and
yet whose sum is not regressive. According to Theorem 1.1, this also
means that reversing the implication in Theorem 1.2 yields a false
statement as well.

THEOREM 1.3. There extist infinite regressive tsols A and B which
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are not X related.

Proof. Let {p;} be an enumeration of partial recursive functions
of one variable such that:

(a) every partial recursive function of one variable ocecurs at
least once in {p;},

(b) p(1)#*3 and »,3)#1.
We shall define two functions «, and b, such that the recursive

equivalence types, A = Req pa, and B = Req pb, satisfy the conditions
of the Theorem.

Put a, =1 and b, = 3. We note that (b) implies
(1) DPo(@) # b, and py(b) # a, .

Let £t = 1 and suppose that a,, -+, a,_, and b, -- ;, b.., have already
been defined. We define a, and b, by setting

a, = J(@_s, ;) ,
bt = j(bt—n 'Ut) ’

where the numbers u, and v, will be defined in such a manner that
(2) p(a,) #= b, and p,b,) # a,.
The definition of w, and v,. Set

7 = {4 |3(@,, w) € dn,} ,
C={v|J(®;-, v) € 0ps} .

We consider three cases:

Case I. 7' +# ¢. Let w be the smallest number belonging to 7.
Then p,j(a,_,, ) is undefined,

Subcase I.1. There exists a number v such that
D:J(bs—s, V) # J(@esy W) -
Set
= U,
v = (L)[D:5(0r—s, V) # J(Gey, W] .
Subcase 1.2, For all numbers v,

D:3(bey, ¥) = J(Qy, W) ©

Consider the number j(a,_,, # + 1). Since j maps &* one-to-one onto ¢,
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it follows that j(a,_;, # + 1) # j(a,_,, w). Hence for all numbers v,
ptj(bt—ly /U) 7= j(a’t—u w + 1) .
Clearly there exist numbers v’ such that 7(b,_,, v') #= p(a,_y, # + 1).

Set
U, =u-+1,
v, = (L) G(be—r, V) # PJ(Q—ry w + )] .

Case II. {'+ ¢. Here we proceed in a fashion similar to Case I.
The details are omitted.

Case IIl, 7= = ¢, i.e.,, n=( =g, i.e,
(vw)lj(@;-,, w) €0] and (V)5 (bs—s, v) € 5] ’

where 6 = 6p,. The numbers in the following four lists:

L1. j(a't—n 0), j(at—n 1), ---
L2, DJ(be1y 0), DJ(breyy 1), ¢ -+
L3. j(bt—ls O)’ j(bt—u 1): o
L4, P:J(@esy 0)y DT(@osy 1), ==+

are therefore all defined. Since the function j(x, %) is one-to-one, all
numbers in L1 are distinet and all numbers in L3 are distinet.

Subcase II1.1. L1 contains a number which does not oceur in L2,
Set

Uy = (#u)(vv)[j(a't—u u) = ptj(b-—u 7))] .
Since all of the numbers in L3 are distinct, it follows that
@AV[F By, V) # D (@, U] ©

Set
v, = (#'U)[j(bt—n V) # P J{(Ayy Uy)] .

Subcase II1.,2. Every number of L1 occurs at least once in L2,
Since L1 contains infinitely many numbers this implies that L2 contains
infinitely many numbers. Hence, not only

(vw)@v)[5(a;—s, w) # 9,3 (b, V)],
but also
(Vu)@3 infinitely many v)[j(@.—,, ) # 2,5(b;—s, V)] .

This must be true in particular for v = 0. Thus there exists an infinite



TWO NOTES ON REGRESSIVE ISOLS 413

sequence g, vV, ¥, +++ of distinct numbers such that

(vm)Jj(@,—, 0) # p,5(b,—s, V)] .

Let
n* = (un)[§(b.-s, v.) #* 0.5(@;—y, 0)] .
Define
U, = 0 1}
’Ut = vna .

This completes the definition of the numbers %, and v,, and hence also
of the functions a, and b,. It is readily verified that the numbers a,
and b, have been so defined as to satisfy (2), that is

p.(a,) # b, and p,b,) * a,.
Combining this fact with (1) gives
(3) (vn)lp.(a,) # b, and p.(b,) * a,].
Let
a=pa, and B =pb,.

We claim:

(a) a, and b, are strictly increasing regressive functions and «
and B are retraceable sets,

(b) alp,

(¢) a, and b, are not ¥ related,

(d) «a and B are immune sets.

Re (a): It follows from the definition of the function j(x, y) that
x < j(x,y) for x > 0, Moreover, we have

Ay > 0 and (vn)(au)[an+1 = j(a'm u)] ’
bO > O and (vn)(g’l}) [bn+1 = j(b'ru ’U)] .

Hence
O < a, < a,<-+- and b, <b, < by < ~+-,
and therefore a, and b, are strictly increasing functions. Set

o, if z2=aqa,,

9@ = k), if z+#a,.

Clearly g(x) is a recursive function and it can be readily shown that
q(x) is a regressing function of @,. By replacing a, by b, in the de-
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finition of ¢(r) yields a regressing function of b,. Hence, a, and b,
are each strictly increasing regressive functions and therefore & and 8
are retraceable sets.

Re (b): As a consequence of the definition of the functions a, and
b,, we have

ac{z|lz=1V @)k () = 1]},
Bci{z]z =38V @An)k () = 3]}.

The sets appearing on the right sides are clearly r.e. Also, since
kB) =0, k1) = 0 and k(0) = 0, they are disjoint. Hence a|f.

Re (c): Suppose that statement (¢) were false; this would then
mean a,-* b,. Hence there would be a partial recursive function p(x)
such that

(4) (vn)[p(a.) = b,) V (@(0,) = a,)] .

Assume that the index of p in our enumeration is 7, i.e., p(x) = p;().
In view of (4), we would have

pi(a;) = b;- or p;(b;) = a; .

However, according to (3) this statement must be false. This con-
tradiction establishes the desired conclusion that a, and b, are not &,
related.

Re (d): By part (a), each of the sets @ and B is retraceable and
hence is either recursive or immune. If one of these sets is recursive
then the strictly increasing function ranging over the set would be a
recursive function. Thus, if @ were a recursive set then a, would be
a recursive function. In this event, we would have that

b, =* m, since b, is a regressive function,
n =*a,, since a, is a regressive function,

and, by the transitivity of the =<* relation, also that b, <*a,. By

Proposition 1.1 (b), this means that a, b,, which is not possible

according to part (¢). Therefore @ must be an immune set. In a similar

way it can be shown that S is also an immune set. This verifies (d).
To complete the proof, let

A=Reqa and B =ReqpB.

By statements (a) and (d) it follows that A and B are infinite regressive
isols. In addition, combining statements (a) and (¢) with the Remark



TWO NOTES ON REGRESSIVE ISOLS 415

following Definition 2 implies that A and B are not %, related. Hence
A and B satisfy the requirements of the Theorem.

REMARK A. In [2, Theorem T2] it is shown that both the collection
A, of all regressive isols and the collection 1, of all cosimple regres-
sive isols are not closed under addition. We note that the first of
these results can be obtained by combining Theorems 1.2 and 1.3.

REMARK B. It is readily seen from Definitions 1 and 2, that the
J, relation for infinite regressive isols is both reflexive and symmetrie.
The following Corollary to Theorem 1.3 shows that * is a not a transi-
tive relation.

COROLLARY. There exist infinite regressive isols A, B and W
with A W, BZ W, while A and B are not & related.

Proof. Let A and B be any two infinite regressive isols which
are not ¥ related. Set W = min (4, B). Then W is an infinite regressive
isol with

W=<*A and W=*B.

Hence, by Theorem 1.1
W&*A and W& B.

According to our choice of A and B, the proof is complete.

Note 2. The main results of this note will establish the fact that
A <* B (where A, Be /) represents neither a necessary condition nor
a sufficient condition for the sum A + B to belong to A4, In the
following discussion we will use the notion of the degree of unsolvability
of a regressive isol. This concept is studied in [2]. If A is a regres-
sive isol, then 4, will denote its degree of unsolvability.

THEOREM 2.1. There exist regressive isols A and B with A =<* B,
yet whose sum A + B 1s mot regressive.

Proof. Let P and @ denote two (infinite) regressive isols with
different degrees of unsolvability, i.e., 4, # 4o. Set

A = min (P, Q) .
Then A is an infinite regressive isol such that
A=*P and A<*Q.

To complete the proof we need only show that at least one of the two
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isols A + P and 4 + @ is not regressive. To prove this fact, let us
suppose otherwise, namely that both A + P and A 4+ @ are regressive
isols. Then according to [2, Proposition 17(d)], it follows that

d,=4p, and 4,= 4, ,

and therefore 4, = 4,. This last equality contradicts our choice of P
and Q. Hence, either A + P or A + Q is not regressive. If we define
B to be Pif A+ Pe 4, and to be @ otherwise, then A and B will
satisfy the requirements of the Theorem.

REMARK. It is proven in [2] that there are cosimple regressive
isols with different degrees of unsolvability. Moreover, the minimum
of two cosimple regressive isols is again a cosimple regressive isol.
Thus, as a consequence of the previous proof, we see that the following
result is also true.

THEOREM. There exist cosimple regressive isols A and B with
A <* B yet whose sum A + B 1s mot regressive.

THEOREM 2.2. There exist regressive isols S and T which are
incomparable relative to the <* relation and whose sum 18 regressive.

Proof. This shall be a constructive type of proof and we shall
use a technique introduced in the proof of [4, Theorem 95]. The proof
will progress in four steps.

Step I. In this step we shall define a particular function a, from
¢ into &, and show that it is strictly increasing and regressive.

Let p;(x) denote a function of the two variables ¢ and x such that
every one-to-one partial recursive function and no other function appears
in the sequence {p;}. For any numbers ¢, -, t,, t; max* {p;(&), «*-,
p;(t,)} is defined to be O if none of the m + 1 numbers p;(ty), * -, D:i(tn)
is defined; and is defined to be the maximum of those numbers
p:i(to), * -+, v;(t,) which are defined; if at least one of them is defined.

The function a, is defined by,

Ay = 1 ’
Oy = J(@y, Ups) , Where
Uy, =0, if either k =4n + 1l or k= 4n + 3,
Up+y = (#y)[j(ak! y) >maX* {pn(a’o)y Ty pn(an)}]s if either k=4n or k:4n+2'
It is readily seen that a, is an everywhere defined function from ¢ into

é. Moreover, just as the function a, in the proof of Theorem 1.3 was
shown to be strictly increasing and regressive, it can be shown that
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a, is also strictly increasing and regressive.

Step II. Let the four sets o, 0, 6, and 0, denote the ranges of
the funections a,,, @1, @4nie and a,,., respectively. Since each of the
functions 4n, 4n + 1, 4n + 2 and 4n + 3 is strictly increasing and
recursive, it follows that each of the functions a,,, @+, @,4, and a,,.;
is regressive. Hence the four sets é,, 4,, 6, and 0, are each regressive,
We shall now prove:

(a) not [4, = dy],

(b) mnot [d, = 4],

(e¢) a, ranges over an immune set.

Re (a): To prove statement (a), let us suppose that it is false.
Then, by the enumeration in Step I, there would be a number ¢ such
that

0, op; and p,(d,) = 3, .
One consequence of this fact is

( 1 ) (pi(ao)y pi(a«)y ] pi(“u‘)) c 31 .

By the definition of the function a,, it follows that a,., would exceed
each of the numbers p;(a,), (@), ---, pi(a;). Since a, is strictly in-
creasing, the same would be true for a,;., with 7 = 1. Hence from
(1) we can conclude that

(pi(ao)y pi(a'4); M) pi(“u‘)) o (au Agy *° a4(i—-1)+1) .

However, the set on the left side has exactly 4 + 1 members while the
set on the right side has only ¢ members. This contradicts the fact
that p; is a one-to-one function. This means that statement (a) must
be true.

Re (b): We can prove statement (b) in a way similar to the one
used to prove (a). Assuming that statement (b) is false implies that
there is a number 7 such that

0,C 0p;, and pi(52) = 0,
and
(2) (Di(@), Di(Ag), ++*y Di(@yis2)) S 05 .

The definition of the function a, implies that a,,; will exceed each of
the numbers ,(a,), p:(@), * + +, D:(@4+2), and since a,, is strictly increasing,
the same will be true for a,;., with j = 4. Hence from (2) we can
conclude that
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(0:(@2), Di(s), *++, Di(@yira)) T (A, Gy ===y Cys_pyrs) -

Yet the set on the left side has exactly 4 + 1 members while the set
on the right side has exactly ¢ members. This contradicts the fact that
»; is a one-to-one function, Therefore (b) must be a true statement.

Re (¢): Since a, is a strictly increasing regressive function it
ranges over an infinite retraceable set. We know that this set will
be either recursive or immune. But it is easily seen that if a, ranges
over an infinite recursive set then each of the sets 6, and 6, will also
be infinite and recursive. According to statement (a), this is not

possible. Hence @, ranges over an immune set. This verifies (¢) and
also completes Step II.

Step III. Let
0=0,+0, and 7=20,+ 0,.

We shall now prove:
(d) o and t are infinite regressive sets,
(e) o]z,
(f) not [o =*7],
(g) not [zt =*a].
For this purpose, let

@) (4n , if z=2n,
xr) =
g 14%—{—3, if x=2n+1,
h(w):{4n+1’ %f x=2n,
mn+2, if z=2n+1.
Then
(3) 00y =0 and PQu, =7T.

We also note that the functions g and h are each recursive and strictly

increasing. In addition, their ranges are disjoint and the union of their
ranges is €.

Re (d): Since both g and h are strictly increasing, recursive
functions and a, is a regressive function it readily follows that both
a,. and a,, are regressive function, By (3), this means that o and
7 are infinite regressive sets.

Re (¢): From the two facts, a, is a regressive function, and the
ranges of the recursive functions g and & are disjoint, one can easily
show that the two functions a,.,, and a,, are separated. This means
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that ¢ and - are separated sets.

Re (f): Suppose that statement (f) were false, namely assume
that ¢ <* . According to Proposition (d), this implies that @, <* Gpm.

Comparing the definitions of g(xz) and h(x), we can conclude from this
fact that

Clearly,

and hence by Proposition (e),
a4n = a4n+1 °
According to Proposition (d), this implies that o, ~ o, which is not

possible in view of part (a). Therefore statement (f) is true.

Re (g): To verify (g) we can proceed as in the previous case.
Suppose that statement (g) is false. This will imply that a,,, =* a,.,),
and this fact gives

a4'/L -2 é’r a4n =3 .
Clearly,

a4n+-3

A

and hence
a4n +2 = a’4n'f' .

This means that ¢, =~ 0, which Is not possible in view of part (b). This
contradiction establishes (g) and also completes Step III.

Step I'V. Let
S=Reqo and T = Reqr~.

Both ¢ and t are infinite subsets of the immune set oa,, and therefore
are themselves immune sets. Also, by part (d), ¢ and ¢ are regressive.
Hence

(1) S and T are infinite regressive isols.

Combining [2, Proposition P 10] and statement (f) and (g), implies
that

(i1) S and T are incomparable relative to the <* relation.

In view of (i) and (ii), in order to complete the proof it remains
onily to show that
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(i) S+ Tedg.

Since ¢ and 7 are separated sets, it follows that ¢ + ¢S + T.
Moreover, o + 7 is a regressive set since 0 + 7 = pa,. Hence S+ T
is a regressive isol. This verifies (iii) and completes the proof.
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SOLUTION OF AN INVARIANT SUBSPACE PROBLEM
OF K. T. SMITH AND P. R. HALMOS

ALLEN R. BERNSTEIN AND ABRAHAM ROBINSON

The following theorem is proved.

Let T be a bounded linear operator on an infinite-dimen-
sional Hilbert space H over the complex numbers and let
p®) + 0 be a polynomial with complex coefficients such that
p(T) is completely continuous (compact), Then T Ileaves
invariant at least one closed linear subspace of H other than
H or {0}.

For p(z) = #* this settles a problem raised by P, R. Halmos
and K. T, Smith.

The proof is within the framework of Nonstandard Analysis.
That is to say, we associate with the Hilbert space H (which,
ruling out trivial cases, may be supposed separable) a larger
space, *H, which has the same formal properties within a
language L. L is a higher order language but *H still exists
if we interpret the sentences of L in the sense of Henkin.
The system of natural numbers which is associated with *H
is a nonstandard model of arithmetic, i.e., it contains elements
other than the standard natural numbers. The problem is
solved by reducing it to the consideration of invariant sub-
spaces in a subspace of *H the number of whose dimensions
is a nonstandard positive integer.

1. Introduction. We shall prove:

MAIN THEOREM 1.1, Let T be a bounded linear operator on an
infinite-dimensional Hilbert space H over the complex numbers and
let p(z) = 0 be a polynomial with complex coefficients such that p(T)
18 completely continuous (compact). Then T leaves invariant at least
one closed subspace of H other than H or {0}.

For p(z) = #° this settles Problem No. 9 raised by Halmos in [2]
and there credited to K. T. Smith. For this case, a first proof was
given by one of us (A.R.) while the other (A.R.B.) provided an alter-
native proof which extends to the case considered in 1.1. The argument
given below combines the two proofs, both of which are based on
Nonstandard Analysis. The Nonstandard Analysis of Hilbert space
was developed previously by A.R. as far as the spectral analysis of
completely continuous self-adjoint operators (compare [7]) while A.R.B.
has disposed of the spectral theorem for bounded self-adjoint operators
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by the same method. The general theory will be sketched here only
as far as it is required for the proof of our main theorem.

Some of our arguments are adapted from the proofs of the theorem
for p(z) = 2, i.e., when T is itself completely continuous, which are
due to von Neumann and Aronszajn for Hilbert space, as above, and
to Aronszajn and K. T. Smith for general Banach spaces [1].

The particular version of Nonstandard Analysis which is convenient
here relies on a higher order predicate language, L, which includes
symbols for all complex numbers, all sets and relations of such numbers,
all sets of such sets and relations, all relations of relations, ete.
Quantification with respect to variables of all these types is permitted.
Within this framework, a sequence of complex numbers, y =s,, © =
1,2,8, .-+, is given by a many-one relation S(n, ¥) when % varies over
the set of positive integers, P. The separable Hilbert space, H, may
then be represented as a set of such sequences (i.e., as [,) while a
particular operator on H is identified with a relation of relations.

Let K be the set of sentences formulated in L which hold in the
field of complex numbers, C. K includes sentences about, or involving,
the sets of real numbers and of natural numbers, since these may be
regarded as subsets of the complex numbers which are named in L.
It also includes sentences about Hilbert space as represented above,

Nonstandard Analysis is based on the fact that, in addition to C,
K possesses other models, which are proper extensions of C. We single
out any one of them, *C, calling it the nonstandard model, as opposed
to the standard model, C. However, *C is a model of K only if the
notions of set, relations, ete. are interpreted in *C in the sense of the
higher order model theory of Henkin [3]. That is to say, the sets of
sets, relations, ete., which are taken into account in the interpretation
of a sentence in *C may (and will) be proper subsets of the corresponding
sets over *C in the absolute sense. The sets, relations, ete. which are
taken into account in the interpretation in *C will be called admissible.

The basic properties and notions of Nonstandard Analysis which
are expounded in [4] and [5] are applicable here. Thus, an individual
of *C (which will still be called a complex number) may or may not
be an element of C, i.e., a complex number in the ordinary sense or
standard number, briefly an S-number. Every finite complex number
a is infinitely close to a unique standard complex number, . That is
to say, if |a| is smaller than some real S-number, then there exists
a complex S-number, ‘a, the standard part of a, such that |a — ‘a|
is smaller than all positive S-numbers. A number which is infinitely
close to 0 is infinitely small or infinitesimal. In particular, 0 is the
only S-number which is infinitesimal. A complex number a which is
not finite, i.e., which is such that |a! is greater than any S-number,
is infinite. There exist elements of *C which are infinite,
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Every set, relation, ete. in C possesses a natural extension to *C.
This is simply the set, relation, ---, in *C which is denoted by the
same symbol in L., At our convenience, we may, or may not, denote
it by the same symbol also in our notation (which is not necessarily
part of L). Thus, we shall denote the extension of the set of positive
integers, P, to *C by *P but if ¢ = {a,} is a sequence of complex
numbers in C then we shall denote its extension to *C still by o = {a,}.
According to the definition of an infinite number which was given
above, the infinite positive integers in *C are just the elements of
*P— P,

The following results are basic (for the proofs see [5] and [6]).

THEOREM 1.2, The sequence {a,} in C converges to a limit a
(a an S-number) 1f and only if the extension of {a,} tn *C satisfies
the condition that |a — a,| 1s infinitestmal for all infinite n.

THEOREM 1.3. Let {a,} be an admissible sequence in *C such
that a, s infinitesimal for all finite n. Then there exists an infinite
positive integer w (i.e., w € *P — P) such that a, is infinitesimal for
all n smaller than .

{a,} is called admissible in *C if the relation representing {a,}
belongs to the set of relations which are admissible in the sense ex-
plained above. Admissible operators, ete., are defined in a similar way.
1.3. shows that the sequence {@,} which is defined by a, = 0 for finite
n and by a, = 1 for infinite n is not admissible in *C.

2. Nonstandard Hilbert space. The selected representation of
the Hilbert space H consists of all sequences {s,} of complex numbers
such that || o | = 3. |8, |* converges. The corresponding space *H
over *C consists of all admissible sequences {s,} in *C such that
ol = w8, |* converges, i.e.,, such that it satisfies the formal
(classical) definition of convergence in L.

Among the points of *H are the extensions of points of H (as
sequences). We identify the points of H with their extension in *H
and may then regard H as a subset (though not an admissible subset)
of *H.

A point ¢ of *H is called norm-finite if ||o || is a finite real
number in the sense explained in section 1. ¢ is near-standard if
|lo — ¢°]] is infinitesimal for some ‘¢ € H. If such a % exists then it
is determined uniquely by ¢. It is called the standard part of o.

Applying 1.2. to the partial sums of any point ¢ = {s,} in H, we
obtain:
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THEOREM 2.1. For any o = {s,} in H and any infinite positive
integer w, the sum >, |8, |° is infinitesimal.

Next, we sketch the proof of:

THEOREM 2.2. A point ¢ = {s,} in *H is near-standard if and
only ©f it is norm-finite and if at the same time >,o, s, |* ts infini-
tesimal for all infinite w.

Suppose that ||o — % || is infinitesimal for some % in H. Then
oll=llc—‘c+%|[sllo—"0l|+|l%0||<1+ || so that ¢ is
norm-finite., Also, let %o = {s.}, then >\7_,| s, |* is infinitesimal for infinite
o, by 2.1, Also, 3.8, — 8,
exceed ||o —0|’. But

o

* is infinitesimal since this sum cannot

°

Stals((Sis—ar) + (1)),

showing that the conditions of 2.2 are necessary.

Supposing that they are satisfied, || ¢ || is finite, hence | s, | is finite
for any n and s, possesses a standard part, %,. Consider the sequence
{>s,} in C. It can be shown that >, |’s, |* converges in C and hence,
represents a point ¢’ in H and *H. Thus, if ¢’ = {s}} then s, =",
for finite # but not necessarily for infinite n. Since, for all finite k,

k|8, — 8hP= k|8, — %, |* is infinitesimal, it follows from 1.3
that >, |s, — s, |* is still infinitesimal for some infinite k, k¥ = @ — 1,
say. On the other hand, >, 1s,|* is infinitesimal by assumption, and
Siw | 8% |* i1s infinitesimal, by 2.1. The inequality

o w=—1
le —o' [P =218 — s, "= 218, — 8.
n=1 n=1

((Erer) + (B10))

then shows that ||o — ¢’|| is infinitesimal, ¢ is near-standard with
standard part %c = o’ ‘

The following theorem is proved in [7] for general topological
spaces but under somewhat different conditions,

THEOREM 2.3. Let A be a compact set of points in H. Then
all points of *A (i.e., of the set which corresponds to A in *H) are
near-standard.

Indeed, suppose that A is compact but that ce *4 is not near-
standard. Then there exists a standard positive » such that || — || > »
for all e H. This is trivial if ¢ is not norm-finite. If ¢ is norm-
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finite, then by 2.2, there exists an infinite positive integer ® such
that >, s, > 2r* for some standard positive number 7. For any

n=w

Tt ={t,} in H, >7.,|t,|* is infinitesimal. Hence

V2 (5 )"
z (S0 = (16 >

lo =zl =(Z1s —t

On the other hand, since A is compact it possesses an r-net, i.e.,
for some finite number of points in A, 7, +++, 7., and for all ¢ in A,
[|& — ;|| < r for some %, 1<i<m. But, for the specified ¢, :--, 7,
this is a property of H which can be formulated as a sentence of K,
It follows that for all points & of *A also ||& — z;|| < r for some
1, 1=1=<m. This contradiction proves the theorem.

3. Operators in nonstandard Hilbert space. An operator from
H into H may be regarded as a relation between elements of H, i.e.,
between sequences of elements of C (which are themselves relations).
The corresponding operator in *H, which is denoted by the same
symbol in L, will be denoted here also by 7. This cannot give rise
to any confusion. For if ¢ = To in H then 7 = To also in *H since
7 = To can be expressed by a sentence of K.

In particular, let T be a bounded linear operator defined on all
of H. For the assumed representation of H by sequences, T has a
matrix representation, T = (a;i),7,k=1,2,3, ---. The coefficients of
this matrix satisfy the conditions:

|a’jk{2<c<> j:1a2737"°

Ms

3.1.

=
)
-

8

Ia’jk|2<oo k:172v37"'

j =1

(S
1

In *H these subscripts of (a;;,) vary also over the infinite positive
integers. By 3.1 and 2.1., 7., |a;|* is infinitesimal for infinite o,
provided j is finite. This is not necessarily true for infinite j as
shown by the matrix for the identity operator.

THEOREM 3.2. Let T be a completely continuous (compact)
linear operator on H. Then T maps every mnorm-finite point in
*H on a near-standard point.

Proof. If ¢ is norm-finite then ||o|| < r for some positive S-number
7. The sphere B = {¢|||¢é]] < r} is bounded in H and is mapped by T
on a set whose closure, A, is compact. If the corresponding sets in
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*H are *B and *A respectively then *B contains ¢ (since ¢ satisfies
the defining condition of B) and so *A contains To. But *A contains
only near-standard points, by 2.3, so T'¢ is near-standard, proving 3.2.

In a somewhat different setting [7] the converse of 3.2 is also true.

THEOREM 3.3. If T = (a;,) %8s a completely continuous linear
operator on H, then a;, is infinitesimal for all infinite k (7 finite
or tnfinite).

Proof, For finite j, this follows from the fact that >\, |a; * is
then infinitesimal, For infinite j, define 0 = {s,} by s, =0 for n = k
and by s, =1. Then ||o|| =1, so t = {¢;} = To must be near-standard,
by 3.2, where t; = 37, @;,8, = a;. But then ¢; = a;, must be infini-
tesimal for infinite j, by 2.2.

An operator T = (a;,) will be called almost superdiagonal if a;, = 0
for j>k+1,k=1,2,3,--+, This definition depends on the specified
basis of H.

THEOREM 8.4, Let T be a bounded linear operator on H which
ts almost superdiagonal. Let

3.5. pR)=c¢c+ecz+ e +ec,g"e, #F0m=1

be a polynomial with standard complex coefficients such that p(T)
28 completely continuous. Then there exists an infinite positive
integer w such that ... ts infinitesimal.

Proof. Put Q = (b;,) = p(T). We show by direct computation
that, for any h = 1,

3.6. Drsmn = ConOptr1,8@hro,h1@hognrz *** Tty hrmey »

By 8.8, by is infinitesimal for all infinite k. Sinee ¢, is not
infinitesimal, one of the remaining factors on the right hand side of
3.6 must be infinitesimal, e.g, @y ;.5.4-5 0 <J<m. Setting w =k + 7,
we obtain the theorem.

4. Projection operators. Let E be any admissible closed linear
subspace of *H within the nonstandard model under consideration.
The corresponding projection operator, which reduces to the identity on
E, will be denoted by P;. Given E, we define a subset °E of H as
follows, For any 0 H,o¢ °FE if and only if ||o — ¢’|| is infinitesimal
for some o’c E. Since, by a familiar property of projection operaters,
"o —0'|| = || — Pgoll, it follows that o€ °E if and only if |jo — P,0 |
is infinitesimal. In that case, 0 = °(P,0). More generally, if 7 is a
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near-standard element of £ then °ce °FE,

The tools developed so far suffice to establish the following theorem,
4.1, as well as the subsequent theorems, 4.2 ond 4.3.

THEOREM 4.1. Given FE as above, the set °E 1s a closed linear
subspace of H.

Proof. Let o, 0, be elements of °E. There exist elements 7, 7,
of E such that ||o, —7,! and | 0o, — 7,|| are infinitesimal, Then
T, + 7, belongs to £ and

(o, + 0) —(C.+ )i S oy — 7| + [|o, — T2 |

so that the left hand side of this inequality also is infinitesimal.
Hence, o, + o, belongs to °E. Again for 0€°FE and )\ standard
complex, there exists 7€ E such that || — 7 || is infinitesimal. Then
A e FE and [|[ve — M|l = [N] {0 — 7| is infinitesimal and so Ao e °E.
This shows that °E is linear in the algebraic sense.

Now let ¢, — o, where the o, are defined for standard natural n
and belong to °E, and o belongs to H. In order to prove that °FE is
closed we have to show that ¢ belongs to °E. By assumption, the
distances || o, — Py0,| are infinitesimal for all me N. Hence, by
Theorem 1.3 there exists an infinite natural number ® such that
ljo, — Pgo,|| is infinitesimal for all n < w. The sequence of points
{0.} in °E S H extends, in *H, to a sequence of points defined for
all ne *N. Moreover, by 1.2 above, the fact that ¢, — o in H implies
that ||o, — ¢|| is infinitesimal for all infinite n. Henece, for all infinite
n less than w, ||¢ — Pgo, ||, which does not exceed

ljo —o,il + |0, — Pgo, ||,

also must be infinitesimal. But P o,€ E and so o€ °E, as required.
This completes the proof of 4.1,

Let w be an infinite natural number. The closed linear subspace
of *H which consists of all points ¢ = {s,} such that s, =0 for n» > w
will be denoted by H,. The corresponding projection operator, which
will be denoted by P maps any o = {s,} in *H into the point ¢’ = {s;},
where s, =s, for n < w and s, =0 for » > w. For any point o€ H,
lo — Po|| = Cleewsi | 8. 1)Y? is infinitesimal, by 2.1.

For any bounded linear operator T on H let T' = PTP, and let
T, be the restriction of T’ to H,. Then ||T'|| < ||P|*|IT|| || T
and so || T, = (I Tl

THEOREM 4.2, Let E be an admissible closed linear subspace
of H, which is tnvariant for T, t.e., T.ES E. Then °E 1is
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wmvariant for T, T°E < °E.

Proof., Let oce€°E, then we have to show that Toc®°FE, By
assumption, there exists a 7€ E such that ||o — 7|| is infinitesimal,
Then T.ze E, ie., PTtc E. Thus, in order to show that 7o is
infinitely close to E, we only have to establish that the quantity ;
a = || To — PTz|| is infinitesimal. Now

@ =|To — PTz|| = || To — PTo + PT(¢ — 7)||
=||To — PTao|| + | PI|[|T]{lo — <]l

and || T|| is a standard real number, while ||P|| =1 and ||jo — 7| is
infinitesimal. At the same time To is a point of H and so the
difference To — PTo is infinitesimal, as shown above., It follows that
a is infinitesimal, and this is sufficient for the proof of 4.2.

The number of dimensions of H, as defined within the language L
is w, d(H,) = w. In this sense, H, is “finite-dimensional”, Similarly,
with every admissible closed linear subspace E of H,, there is associ-
ated a natural number d(F) in *C, which may be finite or infinite,
and which has the properties of a dimension to the extent to which
these can be expressed as sentences of K.

THEOREM 4.3. Let E and E, be two admissible closed linear
subspaces of H, such that EC E, and d(E)=d(E)+ 1. Then °E <
°F, and any two points of °E, are linearly dependent modulo °E,

Proof. Since E < E,, it is trivial that ° £ < °E,. Now suppose
that °FE, contains two points ¢, and o, which are linearly independent
modulo °E., Then o, and o, are infinitely close to points 7,, 7, of E,,
respectively. Since the dimension of E, exceeds that of E only by
one, there must be a representation

4.4, To =N, + T

or vice versa, where € F and ) is an element of *C, Now if \
were infinitesimal (including » = 0) 7, would be infinitely close to E,
and so ¢, would be infinitely close to £ and would belong to °E. This
is contrary to the assumption that o, and o, are linearly independent
modulo °E. If \ were infinite, then the relation

T, = N7, — N7

(in which \~! is infinitesimal and Mt belongs to E) would show that
o, belongs to °E., Note that both 7, and 7. are norm-finite since they
are infinitely close to the standard points ¢, and o,, respectively.

We conclude that ) possesses a standard part, °x, and that )\ = 0.



SOLUTION OF AN INVARIANT SUBSPACE PROBLEM 429
Also, 7 = 7, — \7, is infinitely close to ¢ = 0, — °\o,, since

T =0l =llt. =\, — (02 — °Nay) ||
st — o+ INIlz— ol + [M=°N g, ]]

so that ||z — o|| is infinitesimal. It follows that o belongs to °E and
that o, and o, are linearly dependent modulo °E. This contradiction
proves the theorem.

5. Proof of the main theorem. We are now ready to prove
1.1. To begin with, we work in the standard model, i.e., in an
ordinary Hilbert space H over the complex numbers, C. Our method,
like that of [1] is based on the fact that in a finite-dimensional
space, of dimension p say, any linear operator possesses a chain of
invariant subspaces

5.1. E,SECEgc..-CE

where d(E;) =7, 0 <5 < p, so that E, = {0}.

The proof of 1.1. is trivial [1] unless for every ¢ # 0 in H, the
set A= {o,To,T%,---,T"g,---} is linearly independent algebraically
and generates the entire space. Assuming from now on that this is
the case, we choose ¢ such that ||¢|| = 1, and we replace A by an
equivalent orthonormal set B = {o = %, %y, 75, * * * W, * - -} by the Gram-
Schmidt method. Then {o, Ta,---, T*'g} and {n,, N,, * -+ 9,} are linearly
dependent upon each other, We deduce without difficulty that T is
almost superdiagonal with respect to the basis B. Representing any
7€ H by the sequence {¢,}, where ¢, = (7, 7,), we may then identify H
with the sequence space considered in the preceding sections. Thus, if
T = (a;;) in this representation, then a;, = 0for j >k +1,k=1,2,3,-..
and, passing to *C and *H, there exists an infinite positive integer w
such that a,.,., is infinitesimal, by 3.4. ® will be kept fixed from
now on, and for it we consider the space H, and the operators P and
T' = PTP introduced in Section 4 above.

Let &= {x;} be any norm-finite element of *H, Consider the
difference

(TP—-TYe=I—-PTP:=(={z,}.

We obtain by direct computation that z,,, = @u,i,0%., and z, =0 for
n#w+1. Hence ||{|| =|Q+nnllléll, so that { is infinitesimal,
Using the equivalence relation 7, ~ 7, for points of *H such that
||z, — 7, || is infinitesimal, we have shown that TP& ~ T'§, where the
points on both sides of this equivalence are norm-finite, We then
prove by induction that:
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5.2, T"P:~ (T'y¢ for norm-finite & +=1,28,.--.

The case » = 1 has just been disposed of. Suppose 5.2 proved for
r—1,r=2, Then

T*PE ~ T(Tr)r—ls — TP(T')'"”E ~ TI(TI)T—IE — (T')"S

where we have made use of the first equivalence for (T)"—*£ in place of
é. Applying 5.2 to the monomials of p(7T), and taking into account
that P& ~ & for &€ H,, we obtain

5.3. p(T)é ~ p(T')é for norm-finite £ in H, .

Let T, be the restriction of T’ to H,, as in Section 4. Since H,
is “finite” more precisely w-dimensional in the sense of Nonstandard
Analysis, there exists a chain of subspaces as in 5.1 with ¢ = w, such
that T,E; S E;,7=0,1,2,..+,w. The E; are also linear subspaces of
*H, They are finite-dimensional, hence closed, in the sense of Non-
standard Analysis, i.e., they satisfy the formal condition of closedness
as expressed within the language L. Let P; be the projection operator
from *H onto E;,7=0,1,2, -+, ®, so that P, = P,

Suppose p(z) is given by 8.5. For any &+ 0 in H, p(T)é must be
different from 0 otherwise &, T¢, .-+, T would be linearly dependent,
contrary to assumption, Choose & in H with ||é|| = 1. Since & ~ PS¢,
2(T)e ~ p(T)PE, so p(T)P¢ is not infinitesimal and by 5.3, p(T)PS
and hence p(T’')¢ is not infinitesimal. Thus, ||p(T')&]] > r for some
standard positive . Consider the expressions

5.4. ;= ||p(TE — p(T)P£|,§=0,1,2, -+, @,
and note that r; < |[p(T')||||¢ — P;¢|l. We have 7, =||p(T")| so
ro> 7. Also [|§ — P&l =||& — P¢|| is infinitesimal, hence 7, < 7/2.

It follows that there exists a smallest positive integer N with may be
finite or infinite, such that », < 7/2 but »,_, = r/2.

With every E;, we associate the closed linear subspace °E; of H
which was defined in Section 4. Now °E,_, cannot coincide with H,
more particularly, it cannot include &. For if it did, then ||§ — P,_§ ||
would be infinitesimal, so 7,_,, which is bounded by || p(T") || || € — Pi_.&||
would be infinitesimal, contrary to the choice of .

On the other hand °E, cannot reduce to {0}. Consider the point
7= p(T")P,,. 7neE, since P\ée E, and E, is invariant under p(T,)
and, equivalently, under p(T’). Also, since P\f€ H,,

7 =p(T"P§ ~ (TP,

where the right-hand side is near-standard, by 3.2, since P,¢ is norm-
finite and p(7T) is completely continuous. It follows that 7 possesses
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a standard part, °», and that °» belongs to °E,. Again, °» = 0 would
imply that » is infinitesimal. Hence, by 5.4

rZ (Tl — (TP > r — 2

where { is infinitesimal. Hence r, > /2, contrary to the choice of .
We conclude that °E, contains a point different from 0, i.e., °7.

Both °E,_, and °E, are invariant for 7, by 4.2. If neither were
a proper invariant subspace of H for T we should have °E,_, = {0},
°FE, = H. But this contradicts 4.3, proving 1.1.
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INVARIANT SUBSPACES OF POLYNOMIALLY
COMPACT OPERATORS

P. R. HaLmos

This paper is a comment on the solution of an invariant
subspace preblem by A. R. Bernstein and A. Robinson [2].
The theorem they prove can be stated as follows: if A is an
operator on a Hilbert space H of dimension greater than 1,
and if p is a nonzero polynomial such that p(A) is compact,
then there exists a nontrivial subspace of H invariant under
A, (*“Operator’’ means bounded linear transformation; ‘‘Hilbert
space’’ means complete complex inner product space; ‘‘compact’’
means completely continuous; ‘‘subspace’’ means closed linear
manifold; ‘‘nontrivial”’, for subspaces, means distinct from {0}
and from H.) The Bernstein-Robinson proof has two aspects:
it is an ingenious adaptation of the proof by N. Aronszajn
and K. T. Smith of the corresponding theorem for compact
operators [1], and it makes strong use of metamathematical
concepts such as nonstandard models of higher order predicate
languages. The purpose of this paper is to show that by appro-
priate small modifications the Bernstein-Robinson proof can be
converted (and shortened) into one that- is expressible in the
standard framework of classical analysis.

A quick glance at the problem is sufficient to show that there is
no loss of generality in assuming the existence of a unit vector ¢ such
that the vectors e, Ae, A%, --- are linearly independent and have H
for their (closed linear) span. (This comment appears in both [1] and
[2].) The Gram-Schmidt orthogonalization process applied to the se-
quence {e, Ae, A’e, -- -} yields an orthonormal basis {e,, ¢., €,, -+ -} with the
property that the span of {e, -+, A" '¢} is the same as the span of
{es, +++, e,} for each positive integer n. It follows that if a,,, = (Ae,, ¢,),
then a,, =0 unless m <% + 1; in other words, in the matrix of 4
all entries more than one step below the main diagonal must vanish.
The matrix entries of the kth power of A are given by a', = (A*e,, e,).
A straightforward induction argument, based on matrix multiplication,
yields the result that alf) = 0 unless m <n + k, and

(k) J—
Qs yn = H!giéka’n+j: ntg—1e

(With the usual understanding about an empty product having the value
1, the result is true for k¥ = 0 also.) This result for powers has an
implication for polynomials. If the degree of » (the only polynomial

Received October 10, 1964. Research supported in part by a grant from the
National Science Foundation.
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needed) is k (= 1), and if the matrix entries of p(A) are given by
a'l’ = (p(A)e,, e..), then al?), . is a constant multiple (by the leading coeffi-
cient of p) of ai¥, .. Since || p(A)e,||— 0 as n— <= (because of the com-
pactness of p(A4)), there exists an increasing sequence {k(n)} of positive
integers (in fact a sequence with no gaps of length greater than the
degree of p) such that the corresponding subdiagonal terms @, .1, tend
to 0 as n tends to <». (This very useful conclusion is one of the analytic
tools used in [2], where it is described in terms of “infinite positive
integers”.)

If H, is the span of {e, +--, ..}, then {H,} is an increasing se-
quence of finite-dimensional subspaces of H whose span is H. If P, is the
projection with range H,, then P, — 1 (the identity operator) strongly.
Since, for each n, the operator P,AP, leaves H, invariant, it follows that,
for each n, there exists a chain of subspaces invariant under P,AP,,

=HPcH C --- c H¥* =H,,

with dim H” =14, 1=0,1, .-+, k(n). (The consideration of such
chains is essential in both [1] and [2].)

1f {f,} and {g,} are sequences of vectors in H, it is convenient to
write f, ~ ¢, to mean that ||f, — ¢.||—0 as n— o>, Assertion: if
{f.} is a bounded sequence of vectors in H, then

(1) AP, f, ~ P,AP,f, .

(Intuitively: H, is approximately invariant under A.) The proof is a
straightforward computation, based on the fact that P,f = 3™ (f, e,)e;
whenever fe H. Since AP,f, — P,AP,f, = S % (fo, €i) Siitim+1@ii€i,
since the largest j here is k(n) and the smallest 4 is k(n) + 1, and
since a;; = 0 unless ¢ =<7 + 1, it follows that ||AP,f, — P,AP,f.|| =
Nl | @rinyt1,tm e

The conclusion (1) ecan be generalized to higher exponents:

(2) AkPnan(PnAPn)kfnv k=112’3y"';

the proof is by induction on % and is omitted. For k = 0, (2) says
that || P.f, — f.||— 0, which is a stringent condition on the bounded
sequence {f,}; if that condition is satisfied, then (2) implies that

(3) p(AP,f, ~ p(P,AP,)f, .

Return now to the unit vector e. Since P,e = ¢ for each =, it

follows that p(P,AP,)e ~ p(A)e. Since p(A)e = 0 (because the vectors
e, Ae, A’e, --- are linearly independent), it follows that

¢ = lim, |[p(P,AP,)e || = || p(A)e|| > 0.

Consider, for each 7, the numbers
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| p(P,AP,)e — p(P,AP,)P,"¢ ]| ,
| p(P,AP,)e — p(P,AP,)P, ¢ ,

| p(P,AP,)e — p(P,AP,)P*™e ]| ,

where P,” is the projection with range H.”’. Since P,” is the zero
projection, the first of these numbers tends to €. Since, on the other
hand, P**" = P,, the last of these numbers is always 0. In view of
these facts it is possible to choose for each n (with possibly a finite
number of exceptions) a positive integer i(n), 1 < i(n) < k(n), such
that

(4) | p(P,AP,)e — p(P,AP,)Pyim=Y¢ | = % ,
and
(5) | p(P,AP,)e — p(P,AP,)PS™e || < % ;

the simplest way to do it is to let i¢(n) be the smallest positive integer
for which these inequalities are true. (The construction of this particu-
lar “infinite positive integer” 4 is the second major analytic insight
in [2].)

Since both {P{i™-V} and {P,**} are bounded sequences of operators,
there exists an increasing sequence {n;} of positive integers such that
both {P,;""7"} and {P,i""} are weakly convergent. Write, for typo-
graphical convenience, Q7 = P,;i"/~" and Qf = P,"". Let M~ be the
set of all those vectors f in H for which Q;f— f (strongly), and,
similarly, let M+ be the set of those vectors f for which Q}f—f
(strongly). The purpose of what follows is to prove that both M-
and M* are subspaces of H, that both are invariant under A, and
that at least one of them is nontrivial.

Since linear combinations are continuous, it follows that M~ is a
linear manifold. To prove that M~ is closed, suppose that g is in the
closure of M~; it is to be proved that ge M-, i.e., that Q;g—g.
Given a positive number 9, find f in M~ so that ||f— g|| < /3, and
then find j, so that ||Q;f — fI| < 6/3 whenever j = j,. It follows that
if j = jo, then ||Q79—g|| = ||Q79 — Qifll + |Q;f = FlI+If—gll <.
This proves that M~ is closed; the proof for M+ is the same.

To prove that M~ is invariant under A, suppose that fe M~, so
that Q;f— f, and infer, first, that AQ;f— Af, just because A is
bounded, and, second, that Q7AQ;f ~ Q7Af, because Q; is uniformly
bounded. Then reason as follows: Q7Af~ Q7AQ;f = Q;P, AP, Qi f
(because Q; < P,)) = P, JAP, Q5 f (because the range of Q7 is invariant
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under P, AP, )~ APMQ;f (by (1)) = AQ;f— Af. This proves that
M- is invariant; the proof for M~ is the same.

The next step is to prove that M~ = H; this is done by proving
that e does not belong to M~-. For this purpose observe first that
the operators p(P,AP,) are uniformly bounded. (Observe that

(P,AP) || = || P,AP,|I" = [| A[l*

and use the polynomial whose coefficients are the absolute values of
the coefficients of »p.) Now use (4):

% < p(P,,AP, )| - e — Qjel; .
Since || p(P, AP, )1 s bounded from above, its reciprocal is bounded
away from zero, and, consequently, |le — Q;e|| is bounded away from
zero, which makes the convergence Q;e¢ — e impossible.

The corresponding step for M+ says that M+ == {0}; the proof is
quite different. The choice of the sequence {n;} implies that the se-
quence {Q;e} is weakly convergent; the compactness of p(A) implies,
therefore, that the sequence {p(A)Qje} is strongly convergent to, say,
f. The proof that follows consists of two parts:. (i) f= 0, (i) fe M+.
Part (i): p(A)Q;e~p(P,,jAP,,j)Qje (by (8)), which is within &/2 of
(P, AP, )e (by (5)), whose norm tends to ¢; it follows that || p(4)Qje !
cannot tend to 0, and hence that f= 0. Part (ii): Q;f ~ Q;p(A)Q}e
(since @ is uniformly bounded) ~ Q;p(P, AP, )Qie (by (3), and, again,
uniform boundedness) = p(PnJAP,,j)Q;-‘e (because the range of QF is
invariant under p(P,,AP,)) ~ p(A)Qje (by (3)) — f (by definition).

If M+ + H, all is well; it remains to be proved that if M+ = H,
then M- {0}. If M+ = H, then Q,f— f for all f, and, a fortiori,
Q7 f — f weakly. At the same time the sequence {Q;} is known to
be weakly convergent to, say, Q. The operators Q; and Q; are
projections such that Q; = @7 and such that Q; — Q7 has rank 1. It
follows that, for each j, there exists a unit vector f; such that
QT — Q7)) = (f, fi)f; for all f. Observe now that @Q;e cannot tend
weakly to e, for, if it did, then it would tend strongly to e¢ (an
elementary property of projections), and that was proved to be not so.
This implies that Qe + e, or, equivalently, that (1 — @ )e = 0. Can
the numbers | (e, f;)| be arbitrarily small? Since |((@; — Q7)e, 9)| =
(e, fi)|-llg|l for all g, an affirmative answer would imply that
((L —Q)e, g) = 0 for all g, so that (1 — @ )e = 0—a contradiction. The
fact so obtained (that the numbers | (e, f;)| are bounded away from
zero) makes it possible to prove that M~ = {0}; it turns out that if
g1 (1—@)e, then ge M~. Indeed, since (e, f;)(f;,9) — (1 —Q)e, g) =
0, it follows that (f;, g) — 0, and hence that (f, f;)(f;, g) — 0 for all
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f. This implies that (1 —Q7)f, 9) =0 for all f, and hence that
(1 — Q)9 = 0. In other words, @79 — g weakly, and therefore strongly
(the same property of projections that was alluded to above); from
this it follows, finally, that ge M.

I am grateful to Professor Robinson for a prepublication copy of
[2] and for a kind letter helping me over some metamathematical
difficulties.
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NEW INFINITE CLASSES OF PERIODIC
JACOBI-PERRON ALGORITHMS

LEON BERNSTEIN

The question whether a system of n — 1 real algebraic
numbers (n = 2,3, ---) chosen from an algebraic field of degree
not higher than 7, yields periodicity by Jacobi’s Algorithm is
still as open and challenging as hundred years ago. The
present paper gives an affirmative answer to this problem in
the following case: let K(w) be an algebraic number field
generated by w = (D* — d : m)'/*, where m, n, d, D are natural
numbers satisfying the conditions m = 1,n=3,d|D,1=d =<
D/2(n — 1), Then n» — 1 numbers can be chosen from K(w),
so that their Jacobi Algorithm becomes purely periodic. The
length of the period equals %2 (or n, if d = m = 1). This is
the longest period of a periodic Jacobi Algorithm ever known,
In three corollaries the following special cases are investigated

w = (D* — dr)/» , r=20,1,--,n)

w=<Dn__er)l/n’ (1.:0’1,...’%_2)

w = (D* — pd/m)/* . (n = p*, p a prime,
©w=1,2,---, m as before)

In all these three cases the Algorithm of Jacobi remains purely
periodic with length equal to n2.

The main tools in proving these results are the poly-
nomials

fs(w’D__ 1) = i(’n’—‘s_._ 1 + ,L)ws—i(D___ 1)7' ’
0 T
Fs(w,D)=ZS‘<n—S;1+,l’>ws—iDi, (s:]ﬂ...yn..l)
0
of which each is an inverse function of the other.

This paper reveals new infinite classes of Periodic Jacobi Algorithms,
adding more and wider specific cases to already existing results explored
by the author in his previous works. For any given real number o
Euclid’s Algorithm, namely

1
am’

1

a(u+1)

a® = po + cee,a® = bW + , (’U:O, 1,--9)

where 5™ = [a] is the greatest integer not exceeding a®, leads up
to Ordinary Continued Fractions. This Algorithm was generalized by
Jacobi [1], and its theory masterfully developed by Perron [2] for any
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number of # — 1 real numbers (n = 3) in the following way.

Let @ (k=1,2,:--,m — 1) be any set of n — 1 real numbers;
from this set (infinitely many) new sets a{” (v =0,1, --+;) of n —1
real numbers each are being formed by the recursion formula

1
a’th =

(1) o

;e = (@ — bas
(2):0,1, e k:2’3, ...’n__l)

where again by = [a"] is the greatest integer not exceeding a’. For
n = 2 Jacobi-Perron’s Algorithm (henceforth denoted by JAPAL) is
Euclid’s Algorithm, namely a{**" = 1: (a;” — b;”). The JAPAL is called
periodie, if there exist two nonnegative integers t, m such that

(2) a™™ =af , k=12,--c,n—Liv=¢tt+1 ")
whereby the ¢ lines

a®, al, «--, al), (v=0,1--+,t —1)

are called the preperiod of the JAPAL, ¢ its length, and the m lines

a®, a, -, a, w=tt+1 -, m+t—1)

are called the period of the JAPAL, m its length. the sum m + ¢t
is called the length of the JAPAL. For ¢ = 0 the JAPAL is called
purely periodic. Whether or not there exist, for any » > 2, remarkable
classes of sets of » — 1 real numbers whose JAPAL becomes periodic,
could not be decided by Perron.

In eight previous papers {3] I succeeded to prove that the JAPAL
becomes periodic for certain sets of m — 1 Algebraic Irrationals of
degree 7. Some specific results announced in my papers are the
following:

Let D, d, m, n be natural numbers such that

n=3; m=1l; d|/D; D=dC (C a positive constant)
and let w denote one of the following irrationals—
w= D"+ dy; D"+ d:m)""; (D*+ d*D)*"; (D*—d)**,
then the JAPAL of the n — 1 numbers
w, W, eee, W

becomes periodic with the lengths 2n — 1; 2n — 1; 2n — 1; n* + (n — 1)°
respectively. Trying to enlarge the family of infinite algebraic fields
K(w) containing sets of %2 — 1 numbers whose JAPAL becomes periodic,
I naturally asked for the periodicity of (D* — d:m):», (D* — d*)t»
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k=0,1,.--,m), (D*—d*D)** (k=0,1, ---,7n — 2) and succeeded to
establish it. The results are announced in this paper. My previous
results thus become a special case of (D" — d:m)“* (m = 1); but here
I use much more refined methods to prove periodicity.

II. Statement of the main theorem. In order to state the
main result of this paper it is advisable to introduce the following
new notations:

DEFINITION 1. A matrix of #n rows and #n — 1 columns of the form
AU A?, ct An—Zy An—l
O’ O’ * 0, 1

(3) 0,0 ---, 0, 1

0, 09 %y O$ 1

will be called a fugue. The first row of the fugue will be called its
accumulator, and the numbers ‘

Au Az, Tty An—-L

the first, second, «--, n — 1st element of the fugue’s accumulator.

DEFINITION 2. The meaning of a combined sigma-sign is given by
the formula
t—1/n

t—1 n
(4) 24 =c20,+ 2,0,
=0 =

i=u/c

We are now able to state

THE MAIN THEOREM. Let m,n,d, D be natural numbers satisfy-
ing the following conditions

m=zl; n=3; dlD; 12d=D:2n—-1.
Let us further denote
w= (D" —d:m):",

(%) So(w, D — 1)=§:’,<n-—1;8+i>w”(l)—l)", (s=1,-+-,n—1

=0

then the JAPAL of the n — 1 numbers

Lt For n =2 we get Euclid’'s Algorithm leading up to the periodic Continued
fractions of a quadratic irrational. We shall demonstrate the validity of the Main
Theorem in this case, too.
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fl(w9D - 1)5f2(w5D - 1)3 ”'yf'n—-l(wsD - 1)

is purely periodic and its primitive length is n’. The period consists
of n fugues. The n — 1 elements of the accumulator of the first
fugue have the form

n—1—k-+1
7

(6) Ak=—1+§;o< )D"*i(D—l)*’;(k:l,---,n—l).

The accumulator of the sth fugue (s =2, --.,7n — 1) has the form:
the first n — s elements have the form

k (n—l—k—{-i

(6b) A=-1+3% )D"—i(D—l)"; k=1,--,n—3)

7
the following s — 1 elements have the form
t—1/n—s+t [s—1—t+1 n R
A, .. = -1 —1) . | Dot
(6c) i * i=%‘n:d (=1 ( ) )(s —t+ 7,)
t=1,2,+.-,8—1).

The n — 1 elements of the accumulator of the wnth fugue have the
form

t—1
(t=1’27"'yn—1)

n—1 t-1 (n—1—t+2\[ n i
(6d) A,,_,,H=—1+(—1)‘( : )+(m:d)%(—1)’( ; )( )D .

In the case of m = d =1 the primitive length of the period is =.
The period consists here of one fugue, and the elements of its aec-
cumulator have the form (6).

In the quadratic case (n = 2) we have, according to the Main
Theorem, as can be easily calculated by the reader,

w=D*—d:my*; 2d<D; d|D,
filw,D—-1)=w+D—1;

the accumulator of the first fugue has the form
A =2D-1);
the accumulator of the second fugue has the form
A =2(mD:d — 1) ;

therefore we have the development in a periodic continued fraction:

(6e) (D*—@d:m)**+D—-1=[2D —1),1,2(mD:d —1),1].
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Illustration for (6e): D = 12; d = 3; m = 10,
V43,7 11 = [22, 1, 78, 1] .

Two conclusions which follow direetly from the Main Theorem are
the following corollaries:

COROLLARY 1, Let m,d, D be natural numbers satisfying the
following conditions:

n=zd; diD; 1=d=D:2n—-1),

and let denote
w = (D" — dry, (r=0,1,,m)
3 n — 1 — 8 + ’&- , .
(5a) flw, D —d)y=d* 3 ; )ws"(D —d);
i=o0

(s=1,--,m—1)
then the JAPAL of the n — 1 numbers

ﬁ(wyD _d)yf2(wyD_d)y "'yfn—l(w!D - d)

18 purely periodic and tts primitive length is n’. (the case d = 1 s
excluded). The period consists of n fugues. The n — 1 elements of
the accumulator of the first fugue have the form:

e (n—1—k+1
(7) Ak=—1+d"’2< .

1=0

; )D"“i(D—d)"; (k=1,---,n—=1)

the elements of the accumulator of the sth fugue (s =2,3, «++,n — 1)
have the form: the first n — s elements have the form—
n—1—k+1

(7a) m=—uw4i( .
izo 1

)D"‘*’(D—d)i; (k=1,:++,n—3)

the following s — 1 elements have the form:

t—1/n—s+t fs—1—t+1 n D\ st
A s+t — _“1 _1 K — .
@y A= ’( ; )(s—t+i)<d>

(t=1,2,"',3——1)

the n — 1 elements of the accumulator of the nth fugue have_ the
form:

AHH=—1+«4%";ﬂ

t—1 —1 — b n—8+t—1
(7 o é('l)'(n i 7 %)<t ! ¢)<%> '



44 LEON BERNSTEIN

COROLLARY 2. Let n,d, D be natural numbers satisfying the
following conditions:
nwn=23; d|D; 2dmn—1)=D Ld", (r=20,.-+,n—2)
and let denote

w = (D" — &'D)» (r=01 -, n—2)
s (n—1—s+14
f,(w,D—-d):d"Z(n . s“)ws-iw—d)*; (s=1,2,-+-,m—1).
2

=0

(5b)

Then the JAPAL of the n — 1 numbers
fl(wyD - d)ny(wy D — d)y "'1fn—1(w,D - 1)

ts purely periodic and its primitive length is n°. The period consists
of n fugues. The n — 1 elements of the accumulator of the first
Sugue have the form:

C1—kdy .
(8) Ak=—1+d—kﬁ(” , +7’)D’°—‘(D—d)*; (k=1,2,++,n—1).
2

1=0

The n — 1 elements of the accumulator of the sth fugue have the
form: (s =2,8,++-,mn — 1) the first n — s elements have the form—

(8a) A,=—1+d*3

1=0

—1—-k+1 . .
k (n % . %)Dk—t(D_d)z ’ (k:1,2,- * '7’"'_8) .

The following s — 1 elements have the form

t—1jn—s+t fs—t—1-+1 n D\r—et~i
A=—1 —1) D ,
(8b) ‘ + 'i=0/d§"_l"':D( ) ( % )(s —t 4+ 1,)< d )
(t=1’2’ e, 8 — 1)

The n — 1 elements of the accumulator of the mth fugue have the

Jorm:
_ t=1/n—s+t A5 — 1—tL+1 n D\ r—stt—i
L

i=0/dn—7T:p s—t+1

®c) n—1
+('—1)t( t )- (t':lyzr'“yn—l)

It is obvious that all the elements of the accumulators (6) to (8a)
are integers. We shall prove that the elements of the accumulators
(8b), (8c) are integers, too. To this end we have to prove that

(dn-‘r : D)(D : d)n—s~t—-i
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are integers. Denoting w —s-+¢—t¢t=1u%, we have 1= u=n—1;
further

(dn——r : D)(D : d)u — Du—l . du—n+r .
Since d| D, we have to prove u — n -+ r = u — 1. But
u—n+rsu—m+n—2=u—2,
III. Awuxiliary functions-notations and identities. The es-

sential tools used here to prove the Main Theorem and its Corollaries
are the following functions:

fmmD—D=§xn—s;1+qwﬂD—D%

(9)

(s=1,+--,n—1), flw,D-1)=1.

s (n—1—s+13\ .
. O A
(s=1, "'yn_l)y FO('LU,D):]..
t—1/n—s+t [s—t—141
gn—s,t(er) = Z (-'1)1( . Fn—s-l—t—i(w’ D) ’

(11) 1=0/m:d A

(8=2,8,+,m;t=12,--,8—1)

For any polynomial P(w, D) in w, D with integers ¢; as coefficients,
namely

(12)  P(w,D) =3 caw D' ; (s=1,+--,m—1), P(w,D)=1;
1=0

the following abbreviations will be used
(12a) P(w,D) =P, ; (s=1,-+,m—1; P=1).
(12b) P(D,D)= P, ; (s=1,--,m—1; P=1).

P(D,D)— P(w,D) _ P,—P, _ up .
(20 P(D,0)~PwD) BB

(s=1,---,m—1; WP, = 0),

@

-
-

The following identities are essential for the proof of the Main Theorem
and its corollaries:

(13) fa(D—l,D—1)=<:>(D—1)s; (6—-0,1,:-s,m—1).

Proof of (13). We have from (9):
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=0

=(D_1)sg‘)<’n—1%—s+’b)=(p_1):(/}:).

ﬂD—LD—n=§%""1;s+ﬂw—nmw—¢f

(13a) Fs=<:)ps; (s=0,1,---,m—1)

Proof of (18a). This is completely analogous to proof of (13).
(14) “)Fs:Fs—-l; (S=1a2a'°'$n—1)'

Proof of (14). We have from (10)—

1 —2 3 .
F,=Z(n i+%>w1"’D‘=w+('n—l)D;

F =D+ (n—-1)D=uD,;
FI_FIZW_D.
We thus have to prove

F,—F,=(w—D)F,_,.

We have
— s —_— 1 — y
Y P L
1=0 7 s
=1 (n— 841 o
(w—D)F,_,=(w—D)>, ( i )w,—MD
i=0
_ (n — s + i)w’“‘D" _ si ('n — s + i)ws_i_le
=0 7 1=0 2
g—1 —_ y s _ . 1
B (n :S + %)wa—iDi . 2 (n S + 1 )w‘—i_Di
1=0 1 = i — 1

e e
i=1 2 —1 s—1
fm—s—14 i | —1

_ w«+z(” s+ ”)wM’Dt + (” ] )D‘—(n>D“

(2

s
s —s—1 ) .
= (n $ . + z)w"“*’D' — (n)D” .
% s

(15) .ﬂziodﬂn”lzs+7m4; =01, n—1).

1=0
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Proof of (15). If we arrange the expression on the right hand of
the equation

s [(m—1—8+1
fi=3 (_1),( . )F
1=0 2
s Mm—1—s+4\s=ifm—1—84+2+7 .
=2, (—1) . > ) w*==iD’
=0 7 =0 J
in descending powers of w, we get

s i —s—1 ] —s—1 AV
= Su (") (T
=0 j=0 J =
Now the identity holds:

(n—s—l+j>(n—s—1+i>_ m—s—14+H(n—s—1+ )
j i—j ) (—s=DGE—7ln—s—1+j)
. m=s—=1+3)! _ (m—s—1+ )l
T m—s =G -5 dl(n—s— DIjlE — )]

()

In view of this identity we get

J%( 1):< )Di—j
) (D — 1)
(16) u)f’.:g{__l)i(n—l;—s-i- i)Fg_l—-i‘ (s=1,2, +-+,m—1).

Proof of (16). We have from (15):
-1 (m—1—s+ 1 n—1
f: = Z (_1)1( i )Fs—i + (__1):( s ) ’
~ -l (fn—1—s+ 1 -1
L | L P
1=0 2 S
In view of these two formulas and according to (14), we ‘get

Fo_ s=1 -1 AP
mﬁ:H:z( 1)( : s+"°)(F,_,.-F,,_,.):(D—w)

1=

=5 <—1)*‘(” B %)F :

=0
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an W, — Wf = f (8=1,2,---,m—1),

Proof of (17). We have, on the basis of (16)
(Df:___ (l)fa—l
a1 fm—1—s+ 1
=5 (—1)=( : )F

-5 (—D‘(” T ")F_

=

=1

8—1 fn—1—s -+ ;
=F,+ 3 (—1)‘< : z)F._l_i

m—8-+ 1
- s-—1 g‘u’( 1)( i+ 1 )Fa—Z—i

_ az—z (—1)"(n — s+ ?:)F,_z_.

=0

o Een( ) (1 e

s—2 n—s+i1+1
=Fa—1‘_i§’( ( i+ 1 )F._z_.

—F._1+Z( 1)<n~s+z)
+

8—1—1¢

=5 (- 1)( - ’)F._l_,.-f,_l.

(l)g'n—s,t = E (_1)'

t—1/n—s+t=1 _(s —t—1419
(18) i=0/m:d 3

)Fn—rﬂ—l—i
(8=2,8,-+2,m;t=1,2,-+-,8—1).

Proof of (18). This follows directly from (16), if we interprete
Dy ot 88 (Tuese — Gnovss) - (D — w). (It will be shown later that this
interpretation is in accordance with the general notation of “P,,

(19) Damsr = Cface = Onternr - =12+-,n—-1).
Proof of (19). We have from (16), (18):
Domes = Vs
=g B (T R

i=1
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et (s — 144
- ‘zz‘]l (_—1)1( ’I; )Fn——a-—l—i

n—s—1 s—1+1
= ’ZL Fn—s + ( 1)i+1< ) N—3g—1—1%

=0 1+ 1
nos- —141
Z‘ ( )Fn-—-a—l—i
o s-—l+i)+(s—1+i
B g 1 i+1 i
. n—g—1 qyist s + i)F .
- Fﬂ—s + % ( 1) (?: + 1 n—8s—1—1

m n—s (s —1+ %
= TFn—-s + ; (—1)1'( 'l: )Fn—-c-—-i
In—s (s —14+1
.0 '( ?; )Fn—a-—i = gn—(s+1),1 °

1 (1 —
¢ )g'n,—c,t+1 - )gn—-s.t - gn—(s+l);t+1 °

I
M
T
e

(20)

Proof of (20). We have from (18):

1 (1)
¢ )gn—~s,t+1 — Gn_s

ns —t—2+1
! ZH (“1){(8 i )Fn—ﬁ-z—i

i=0/m:d

—1/n—s-+t- s—t—1+41
— TS ( . )F

i=0/m:d

[s—t—2+1
—Z‘— PN (—1)*( : )F,._,+,_,-

s—t—14+12

(—1>='( )F

Fn—s+t—1—i

n—-sz-l-t—l( ;(S—t—jl']'";)

t—2+1
>Fu-—a+t—-i

_m ¢ . “_ls—t——2+’[:)F )
—d—z( 1) ( ’l/ . 1 n—g+t—1

=2 +ee,m—1it=1,..

o

.,8s—1),
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_n—s+t.— i_ls—'t’—2+’l: )
1‘;‘-1 ( 1) ( ’i -1 Fn—s+z—-z
t (s —t—1+7¢
= ZFoit —’;‘—;(—w( : )F,,_.+,_,~
wervt (s —t—1414
+ Zl (—1)t( . )Fu—a-i—t-i
t=t+1 ?
t/n—s+t [(s—t—1+14
= . ZI (—1)'( . )Fn-—-u+t-—i = Ga—ta+1)st+1 o
i=0/m:d ?
t—1—g
(202) DGnmsit = Ve = 2 Fnterni—i -

Proof of (20a). We have from (20)

t—1~

q
1 &3 —_ (1 (1
( )gn—-ht - )gu—a,q - E ( )gn—-s,t-—i - )gn—nt—i—l)

t=l—gq

—_— (1)
= 3 Yateriiimi

=

(20Db) Do — Yoes = ln—fg_l . t=1,2,¢+e,m—1).

d

Proof of (20b). From (18) we derive:

t-1 n—t—1+1
, (—1>‘( . )F ,

= —t =144
=2 L.
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(200) gn—a,a—lg -g—:n;‘:,x—l + 1 = Gn—ts+1)s » (S = 2, 37 ct n— 1) .

Proof of (20e). We have from (18) and the definition of w

On_s,s-1 — gn—sya—l + 1 — 1 — (l)g .
D—w D—w e
o wn—l + wn-—2D + cee + Dn-—-l )
- - Py = O n—ss—-1
D™ —w
F’n—-l —_ (l)g
D* — (D" —d:m) et

m 1
= _Fﬂ—l - )gn—a,x—-l

d
8~2{n—
—mp T yE,
A i=0m:d
3—1{n—1
= F,. + (—1F s
d i=i/m:d
3—~1/n-1 .
= . Z (-_1)1Fn—-1—i = On—ts+1)ss o
i=0/m:d
20d Goyn—y — Joyny + 1 = fu,.
(20d) (m : d)(D — w) Fact

Proof of (20d). We have from previous proofs and formulas

1 — F . go,n—l — Jo,n—1 — (l)gn—nm-—l
(m : d)(D — w) " (md)(D — w) m:d
n—-2 ) n—2 .
=L N (CO)F =S () F;
m <i=0/m:d =0
therefore
Jon—1 = Jons + 1 =F  — ESt —1) .
(m . d)(D . w) n—1 g:‘l)( ) Fn—2—|
n~1 R

= S (- Fpis = fus -

(172) Of, = 0fy = "3 fius lsgss—1).

Proof of (17a). We have from (17)

L (1) 3—q—1 3—q—1

( )fa - fq = 2{) ((L) a—i (l)fa—i—l) = 2:) fs-—l—-i .
= 1=
-1 n—38s—g—1

t
(20e) “g,_pe — Ufe = igogn—(ﬁ-l)t—i + 2 faeermio (L=g=n—3).

1=

Proof of (20e). This follows immediately combining (17a), (19), (20a).
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IV. Inequalities, In this chapter we shall establish magnitude
relations between the auxiliary functions f,, F,, g,_.... We first note
that

@) D-1<w<D; D—1<w<D, (k=12 -, n—1)

(21) follows directly from the definition of w. From (21) and the
definition of f, and F, follows further

@2) fD-1,D-1)< f,<F,<F,; f,.<f.<PF,.
(s=1,2, -+, m—1)

(23) (1+555) <165 for2m—1<D.

Proof of (23). Since D = 2d(n — 1), d = 1, we have D = 2(n — 1),
D—-1=22n—1)—1>2(n—2). Therefore

(1 + D 1— 1 >"—2 < (1 + 2(n1— 2)')”—2 - «1 + z(nl__ 2) )2“‘-2))”

< €47 =1,64872--- < 1,65,
(24) Fi£Fu,(D-1,D-1). (¢=0,1,:-,n—-2).

Proof of (24). We have to pfove, folldwing (132):

n X n it1
(JD§Q+JW_D '

(i) s 2550,

D_1>t+1(; 1 )¢
“‘n-i\*‘D—1>-

We prove a fortiorti, since (¢ + 1): (n — 1) is an increasing function,

-1 i+ 1/ 10
D—1=>" .1,65 1 :
= 2 >'n—i\ +D—1>

but

D—1g2aw—n—1;mn—n~1>L%ﬁ%i.

Fa<Fa+t-

24
(242) (s=0,¢,n—2;t=1,:cc,2—-1;1=s+t=n-—1)

Proof of (24a). It follows from (22), (24)
F3<F‘a<Fs+1(D—1yD—1)<F:+17
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so that
F3<Fs+1<Fs¥2< "'<F3+t.

fs <.fs+t .

24b
(24b) s=0,+,n—2;t=1, - c,n—1;1=s+t=n-1).

Proof of (24b). It follows from (22), (24)
fs<ﬁ<F’s<Fs+1(D—11D~l)zfs+1(D-—1)D_1)<fs+1°

(25) zpwﬁziF%“

Proof of (25). We have to prove
25 (6 + Yw—=i Di < % S Dy
=0 =0

and prove a fortior:

2“22(7; + Dw D < 2(nD— 1) nzil—-lwn——l—-iDi
o =
1 n—1 . X
<< = n—1—i )1
=z 2w Dt .

We thus have to prove

S5 + Dt < LoD S gy
=0 1=0

which is always true, since ¢t +1=n—1, 0 < (n — L)w"Y/D,

(26) W <F,_,. (s=1,2 -+, m—1).
Proof of (26). We have from (15)
Of, = Fol

w-ni2ffn —s+ 25 — 2 n—s+2t—1

- Fs— T . F,__ r
= (( 2 — 1 ) : ( 2i ) ? )

n—2 .
- e(s 1) , (¢ =0, when s is odd, =1 otherwise)

so that Wf, < F,_,, if we can prove that the expression under the
sigma sign is not negative. We shall therefore prove
n—s+ 2t — 2 n—s+2r—1
. F,__g.; . Fs-—zi—l ’
2, — 1 2%

or
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n—s+2i—1F

Fs—Zi > 3 8—21—~1 9
27

and prove a fortiort

n 2 n—8s+2i—1 n 2
Fa—i . D___ls 21% - . Do 24 =1
* >(s—2z>( ) 2t (3—21,——1>

'n,—s+212—1F

> . 8—2i—1 ®
2?, 2i—1

We thus have to prove

( n )(D — 1) > n—s+ 2 —1 De-ti-t

s — 21 2

or
D — 1)-% > (n—s+ 2 —1)(s — 29) D=2t
( ) - 2tn — s+ 21 + 1)

or

D_lzn—s+2’i—1_3—2’i/1 1 '—2'.—1.
( )—n—s+27}+1 27 \+D—-1>

But from D = 2d(n — 1) we have

—3 n—8+21—1 8—2¢/( 1 s—2i-1
D—-1>"—"°.165 . 1 X
3 T s+ o+l 2 \+D—1>

(27) (l)gn—c.t < (m . d)Fn—s+t—1 4 (S = 21 37 R} n; t = 1’ 2! M} § — 1) .
Proof of (27). We have from (18) for t =2r 4+ 1
(l)gn—s;t = (m . d)Fﬁ—l+t—1

L ffs—t+ 2t —2 s—t+21—1
—(m: d) ;(( )Fn—n+t—2i - ( . )Fn~—:+t-—2i—1)

2t —1 2t
n—stor ((8 — ¢ + 20 — 2 s—t+2i—1 \
. Z . Fn-—s+t—2i - . Fn—:+t—21‘—1 .
i=2r+ 1 2t — 1 27

We shall now prove that the expressions under both the sigma signs
are nonnegative, so that Vg, .. < (m:d)F,_,.,.,., We have to prove

s§—t+ 21— 2 s—t+21—1
( 2?:_ 1 )Fn—c+t—-2i>< 21: )Fn—u+t—2i—1’
or

3 n—g+t—2i—1 ¢
21

Fn—a+t—2i >
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We shall prove a fortior:

n
F o . D — 1 n—8+1—21
n—s+t—2 > (8 _ t + 2[»)( )
> s —t+21—1 / n )Dn-—c+t—2i-—l
= 2 \s—t+2i+1
> 5 — t +.2?I — 1 Fn—a+t-—2|'—1 .
27

We have to prove

( n )(D _ 1)n—c+t—-2£ > s—t+21—1 ( n )Dn—l+t—2i—1 ,

s—t+2 2 s—t+2+1
or
s—t+21—1 n—84+t—21 1 )"“’“—2"—1
_ . (1 ’
D-lz "3 o+1 2 (+D—l

which follows immediately from 2(n — 1) — 1 < D — 1 and the upper
and lower bounds of s, ¢, as at the end of the previous proof.

For t = 2r + 2 we have

(l)gn—ht = (m : d)Fn-—a+t—1

r ([s—t+2t—2 s—t+21—1
—(m . d) Z (( . )Fn—a+t—2i - ( . Fn-l-l-t—'zi—i
=1 2?, -_ 1 2@

s e ]

n—stzr+l (8 — 1 + 20 — 2 s—t+2:—1
— o . — A
i=%-“+3 (( 2,5 _ 1 ) n—8+t—21 ] ( 2?; )Fn—.ﬁ-t—zz—l) ’

so that in order to prove (27) in this case of { = 2r + 2 we have only
to add the proof of

s—2 s—1
:d Fn—a— Fn-—a-—xg .
o )(t—l) ( t ) °

Since m = 1, we prove a fortiors

1/s—2 s—1
— F, .= F
d(t-— l) n—s ——( t ) n—s—1 9

or
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We prove a fortiori

I LT =

or

-1 b2tk

which follows immediately from D — 1 = 2d(n — 1) — 1 > d(n — 2)-1,65,
(28) g'n—s,t<(m:d)Fn—a+t- (322,3,"',%;t=1,2,"',8—1),

Proof of (28). This is completely analogous to proof of (27).
(29) [f&]=_1+f8' (821,2,"',774—1).

Proof of (29). We have to prove
A —-1+f<fi; @ fi<h.
To prove (A) we have to show that

fo—f,<1, or, dividing by D —w >0,
wf, < (m:d)F,_, .

From (25), (26) we have
Of, S Foy < Foy < (m:d)F,, .

(B) follows from (22). Thus (29) is proved.
(30) [g‘n—-s-t]= ’_1+-g—n—a,t . (822’ e, N t= 1: ',",3—1)

Proof of (30). We have to prove
(A) _1 + .‘-jn—s.t < On—sst 5 (B) On—srt < gn—a,t .
To prove (A) we have to show

gn—a.t — On_s,t < 1 y or, leiding by D - w,
NG,y < (m:A)F,_, .

But from (27) we have
NGype <M :AFy proy S(M:A)F, , < (m:d)F,_,.
To prove (B) we have to show, after dividing by D — w
Vg >0,
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But for s < n
Vst Z Vst = Vustet = Gueorn,e > 0
and for s =n
Do, Z V0,e — Vo = (M d)fio, >0,

(that the expressions g,_,,; are positive entities will become clear|later,
while carrying out the JAPAL for the f;).

(31) ;—i—;{{—<1 (G<i<nm—T =10, m—2).
i Ji

Proof of (31). It was shown that the denominator 1s positive.
We therefore have to prove, after dividing by D — w

Of; = 9f; >0,
which follows directly from (17a).

(32) ;,,_D-—:%%<l' (G=0,1,++,8—2 s5=23, -+, n—1).
Proof of (32). We have to show
D—-wfi<fi—Ffi+1, or, dividing by D — w
i+ <(m:d)F,,.
But
fitY<firt+Fiu<F, 3+ F,,<2F,,<(m:d)F,,.

(33) 1< f*}f:j‘:f—:“l1<z. G=1,+,m—1).

Proof of (33). We have to prove, since the left hand inequality
was proved in (31)

fin—F+1<2(fi — F) + 2,
or carrying over and dividing m by D — w
2.0f, — Of, < (m:d)F,_, .
But
20 = fis 20 S 2F . < ZLF,,.
Gnst — Jnsyp + 1 <1

(34) fq_f—‘q-i‘l
(s=2,3,---,’n; t=1,2,"',8—1; q=1,2,---,’n—s).
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Proof of (34). We have to prove
Ineat = Gnman 1< fo = Fu+ 1,
or, dividing by D — w,
Vpee — Ve >0,
which follows directly from (20e).

—_—0a 2) -
(35) Ons.t gn—s,t i i <1. (1 éj < t_lé s—1=Zn-1)
Gn—si — Jn—s.i

Proof of (35). We have to prove
On—sst = Tnesst T 1 < Gegsj — Tnesrs + 1,
or, after carrying over and dividing by D — w
Vst = Vueai > 0,
which follows directly from (20a).

(36) 1< fn—-a—.fn-s_"l <2. (s=2,3,.o.,’n).
Gn—s,1 — Gn—sn1 + 1

Proof of (36). We have to prove
(A) One—s1 — gn—s.l + 1< fn—c - J?'IL-—S + 1 ’
(B) fn—-c - fn-—-c + 1 < 2(91;-—3.1 - —g-n-s.l) + 2.
To prove (A) we have to show, after carrying over and dividing by
D—w
(l)gn—hl - (l)fn—s > 0 ’
But from (19) we have
u)gn—nl - (l)fn—n = Jn—(s+101 s for s<n,.
For n = s we have
Doy — Vg = (m:d)fo > 1.
To prove (B) we have to show, after carrying over and dividing
by D — w
2'(1)gn-—s.1 - u)fn—c < (m . d)Fn-l .
But
2.(1)gﬂ—ﬂsl - (l)fﬂv's é 2.(1)g'ﬂ—lyl < 2Fn-—s é 2Fw—2 < (m : d)Fn-l .
(D — w)fr—l
_ <1l.
(37) Oneeit — Junesit + 1
r=1,2++,m—8;8=2,38,-+o,m—1;t=12 -0,85—1),

2 While carrying out the JAPAL in the following chapter, it will become clear
that the numerator and denominator are positive entities.
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Proof of (37). We have to prove
D —w)fros < ot = s T 1,
or, after carrying over and dividing by D — w
s + o < (m:d)F,

or a fortiors

(l)gn—-a.t + fr—l < Fn—-s+t—1 + Fr-—l < 2F'n—-2 < (m : d)Fn-l .

— Faen T 1
1 < gn—syt gn—s,t
(38) On—sit+1 ™ Tn—sit+1 + 1

(s=2,3,---,n t=1,2.--,8—2),

Proof of (38). We have to prove

<2.

(A) Gn—s.t — gn—s:t + 1 > Gnesyt+1 — g-n—-a,H—l + 1 ’
(B) On—sit — gn—s,t + 1 < 2(g’lb—-81t+l - gn—-a,t—i—l) + 2 .

To prove (A) we have to show, after carrying over and dividing
by D —w

(1 (1)
)gn—s,H-l - Gn—sit > 0 g

which follows from

(1 (1 e
)gn—s,t+1 - )gn—s,t T Gn—(s+15t+1 > 0

for s <= n — 1. For s = n the proof is exactly as before.

To prove (B) ‘'we have to show, after carrying over and dividing
by D —w

2'(1)gn—3yt+1 - (L)Qn——s,t < (m . d)Fn—l ’
which follows from

LD — e
2 On—s,t+1 Gn—s,¢ é 2 st +1

< 2F’n-—a+t = 2Fn—2 = (m . d)Fn—-l .

V. The JAPAL of the f,, f; +++, fauir We shall now carry out
the JAPAL of the numbers £, f;, «+-, f._, and thus complete the proof

of the Main Theorem. To this end I shall introduce still a few more
new conceptions.

DEFINITION 4. The set of n — 1 numbers ¢ (¢ =1, -+, n — 1;

v=20,1, .-.) shall be called the vth generator of the JAPAL, the
number a{* its tth element; the set of # — 1 numbers

b = [0i"]
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(7, v as before) shall be called the vth genus of the JAPAL, b its
¢th element, The key to the final proof of the Main Theorem now

rests with the

LeMMA. Let the n — 1 elements of the vth generator fulfill the
following conditions:

(4) @ = P(w,D); P(w,D)=w+eD; Pyfw,D)=Pw,D)=1;

(B) [e”] = —1 + Pyw, D).
(t1=1,2,.--,m — 1; ¢; a nonnegative integer)
Pt+k_‘:c+k+1 <1
P,—P +1
t=1,n—2; k=1 -e,n—2;t+k=n-—-1)
D — w)(MP,_, — WP,
0< { (= 1;
< P, — B, + 1 <
(q=2y3)"'yt; t=2y3a"'9’n—l)

©) 0<

(39)

P_,—P_ +1
1 t—1 L t—1 2. t:l’...,/n_]_.

Then the n genera

btk prth ... itk k=01, —1)

Jorm a fugue, and the elementé of the v + nth generator, namely
the af**™ (1=1,2,---,n — 1) have the form

aptmn = Wp,. — wp, . t=1.+,0—-2)
(40) i — Py =Py 1
* D—w

Proof of the lemma. In view of (39) (A), (B) and following
formula (1) the elements of the v + 1st generator have the form

ap+ = P,-;:;Hfll , (=1, e, m—2);
(402) ' '
apm = — 1
P,—P +1

Since the elements of the v + 1lst generator fulfill the conditions (39)
(C), the elements of the » + 1st genus have the form

(40b) b =0; (1=12--,n—2 b=1.

On the basis of (40a), (40b) and reminding from (39) that P, — P, =
D —w) =D — w)(*P, — “P) we obtain, following (1), for the n — 1
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elements of the v + 2nd generator

aprt = Bo = Bt L, (G=1,2n—3)
2 2
vo = (D = w)(*P, — P
40c :"_+):( allt ,
(409) ot P,—P+1
a“’_*'lz)IPI—I:)I_’_l.
" Pg'_‘Pg_"l

Now the elements a***» (1 =1,2, .-+, » — 1) again satisfy conditions
(39) (C), and therefore the elements of the v -+ 2nd genus have the
form

(40d) bt =0; (1=1,---,m—2) b =1.

In view of (40c), (40d) and (1) the elements of the v + 3rd generator
have the form

a;v-rs):PiI-;a_gH—si_‘:l , t=12,---,n — 4)
s — 43

avto = D = w(OP, — OP)

‘ P,— P11

40

(40¢) oo — (D — w)(®P, — WP)
" P,—P+1 ’
a(v_-¢-13)=P2”‘I:)2+1.
" P3 - P3 + 1

Continuing these considerations one arrives quite easily and by induec-
tion at the conclusion that the v + tth generator takes the form

Pi+t—Pi+t+1

a§u+t)= Pt_Pt_{_l , (z:l,---,n—t——l)
@n  app,=L=pICH =R G=1,mt—1)
app = P = Pt 1
pP,—-P +1
and that the n — 1 elements of the » + tth genus have the form
(40g) bt =0; (1=1,-+-,m—2) bt =1,

Following the formulas (40f), (40g) and (1) we obtain that the n — 1
elements of the v + n — 1st generator have the form

o+l — D — w)(P, — P, )

(40h) Pn—l - Pn—l + 1 ’
a;”_t"‘” — Pn—z _ Pn—z + 1

Pn—l_pn—1+1 ’

G=1, -, 1 —2)
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and that, on ground of (39) (C) the elements of the v + n — 1st
genus have the form

0)  BEI=0; (=1,2-,m—2) bpo=1,
Thus the 7 genera
b{**?, byt P, e v, BIH (G=01,.--,m-1)

indeed form a fugue as was stated in the lemma. Now we have from
(40h)

(403) aetn=t = D —w)(P, —YP) _ D—w

P'n—l_Pn—-1+1 Pn—l_Pn—l+1,

so that on the basis of (40h), (40i), (40j) we receive for the n — 1
elements of the v + nth generator

aEtm = WP, — WP, (i=1,2+,n—2)
(40k) a(v+1n) _— Pn—-l + Pn-—l + 1 .
i D—w

By this the lemma is completely proved.

We are now able to prove the main Theorem quite easily in the
following steps:
(1) Let be

(41) Py(w, D) = fiw, D) = a;" . t=12---,n—-1).

Following (29), (31), (32), (33) the functions f; (¢ =1, «-+, n — 1) indeed
fulfill the conditions (39) (A), (B), (C). Therefore, following the lemma,
we get for the »n + 1st generator, which is the first generator of the
second fugue of the JAPAL

am = Wf,. — Of, =12 2,0 —2)
a(n_)1 —_ fu—l - j:n—l -+ 1
n ,D-—-w ’

so that on the ground of
fn—-l _ f-n—l + 1 — 1 — mfn—1

D—w D—w
n—2
=m:d)F,_, — ;::l.) (—1)F,_,_;
0/n—1 .
= 3 (=1)F, i = Gusn
i=0/m:d

and on the basis of (17) we have for the n — 1 elements of the first
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generator of the second fugue of the JAPAL

(413) ai” = fi > ('L =1,2,..+,n~— 2) a’:’ﬂl = Gnez1 »
(2) Let
(41b) Pi(wy D):f,; (i: 1’ 2, "'7n_2) Pn-—l(wyD):gn—z,l-

Following the formulas (29) to (37) the functions of (41b) fulfill the
conditions (39), and therefore the elements of the first generator of
the third fugue have the form

(42) @ = (1)ﬂ+1 - (l)fz' ’ (7' = 1! 2,-00,m — 3)
o1 = Tnon + 1
U= Oy — Wfurey o= Temm e T2
D—w

Following the formulas (17), (19), (20c) we get for the functions (42)
a™ = fi; (=12 +-+,m—3)

(2m) _ . (am) __
Qp—2 = Gn-3,1 5 Qpy = Gn3,2 »

(422)

In the same way we get from (42a) that the » — 1 elements of the

first generator of the fourth fugue have the form

a’(;3ﬂ)= i ,’;:1121"'7%—4 asf)= n—d1 »

(43) J ( ) 3 = Gn—ts1
O = Guoszs  Cntl = s -

Continuing this process of the JAPAL we get from (43) that the

elements of the first generator of the sth fugue have the form (s =

2’ 3’ ccy n)

(44) ag(s_l)”) = fi ’ (7' = 11 27 e, M — S)
AT = G - t=12--+-,8—1).

From (44) we finally deduce, for n = s, that the elements of the first
generator of the mth fugue have the form

(45) a,é"'—“”’ = Go; (t —_ ]_’ 2,000, — 1) .

But we have from (11)

o1 (n—2+1
In—nn1 = Go1 = Z (_‘1)1< . )Fl—i
i=0/m:d (2
=m:dF,—(n—-1)F,=m:d)F,—(n—-1),
so that
Joi — Gos = (m:d)(F, — F) = (m:d)(D — w) .

With this and on the basis of the lemma, we get from (45) that the
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elements of the first generator of the n + 1st fugue have the form

ai™ = (Vgo,i4: — Vo) (m 2 d) ; (t=1,---,n—2)
(46) a®) = Yomms = Jomy + 1
(m:d)yD — w)
Now aceording to (20b), (20d) we have
(46a) a™ = f;; (t=1,2,-++,2—2) a™ = fu..

From (41) and (46a) we have
(47) a];nz) = a’ém ’ (1: = 1, 2, e, M — 1)

so that the » — 1 elements of the first generator of the first fugue
are identical with the n — 1 elements of the first generator of the
n + 1st fugue. Thus (47) shows that the JAPAL of the f; (=
1,2, ..., n — 1) is purely periodic with the length #* (n fugues), as
stated by the Main Theorem.

Now since
—_1— '
(48) -=Z(n SH)D* ‘D — (=1, n—1)
_ t— 1/n-—s+r s—t+1
gn—s.t = ( 1)1( ) n—g+it—i
—O/m d
—1/n—s+t s—1t 41 n
48 —_ 1 2 Dn-—c+t—i ,
( a) t——O/m d ( ) ( )(S — 1 + 'Ir)

§=2,8,--,m; t=12 .-,8—1),

and since we have for the elements of the various genera of the JAPAL
either

—'1—‘_.}-.1 or _1+_g-n—s;t

the pattern of the accumulators of the n fugues of the JAPAL as
indicated in the formulas (6) to (6d) becomes immediately obvious. If
m=d =1 we have

0/n—1

. ”—1 .
Gn—21 = «;E—:—o (=V)F, ;= g(', (—1)1Fn—1—i = foi.

We therefore get from (41a) that in this case the elements of the
first generator of the second fugue have the form
a'gn)'—‘fiy (’521,2,"',%"-1)

so that here
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(48b) @ =a?, ¢t=12--,m—1)

as stated in the Main Theorem, which, through this final remark, is
completely proved.

Proof of Corollary 1. We make the following substitutions in
w= (D" —d:m)"*: Let T,t be natural numbers such that ¢|T,

t = 1, let denote

(49) D=T:t; d=1; m=t"*. (k=0,1,---,m).

Following the conditions of the Main Theorem, we have here
1st£T:2n—1).

Further w takes the form

(49a) w=W:t; W= (T" — tF):»,

The functions f,, F,, g._.,. take the form

f,:t*“i(n_lt—s—*ﬂ:

1=0

)Wﬂw—nw =1,y n—1)
T

s (n—1— ;
(49b) F, = t-s}_:(” st

i=o 7

u—1/n—s+u S — U — 1 -+ 7:
(—1)’(

)W”W: s=1,---,m—1)

Jn—su =

?: )Fn—a+u-i
(=28 ,n;u=12..-;8s—1).

i=0/¢n—k

If we substitute again in (492), (49Db)
(49¢) D for T; d for ¢ w for W,
we get from the Main Theorem, that the JAPAL of the » — 1 numbers

n—1—s+14

. >ws—i(D . d)z , w = (Dn — dk)l:n
?

=3
(3=1,2, .--’n—l; k:o’l’ "’,'n)
takes the form as indieated in Corollary 1.

Proof of Corollary 2. Here we make the following substitutions
in w. Let T,t¢ be natural numbers, ¢|T; let
(50) D=T:t; d=1; m=1¢t—":T. (r=0,1,--,m—2) .

The reader should note that the condition that m is a natural
number is necessary only for the purpose that the elements of the
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accumulators in (6c), (6d) be integers, For the proof of the Main
Theorem we made use only of the fact that m = 1. The elements of -
the accumulators in (6¢), (6d) may be integers even if m is not an
integer, as was proved at the end of Chapter II. Froml <m = ¢t»: T,
we derive

(50a) T < o ,
and from 1 < D:2d(n — 1) and (50a)
(50Db) 2Amn—1) < T <t ; t=(2n — 1))se—r-n

From ¢|T and (50a) we derive the condition of (50), namely r =
0,1,.--,m—2, For r=nn— 2 we have T = t*, w takes the form

(50¢) w=W:t; W= (T»—-tT). (r=0,---,0—2).
If we again substitute
(50d) Dfor T; dfort; wfor W

and follow the proof of Corollary 1, the proof of Corollary 2 will be
completed,

COROLLARY 3. Let d, D, u, m be natural numbers and p a prime
number such that

(51) dlD; uymz1l; dp=D:2(p*—-1),
and let denote

w= (D™ — pd:m)*™,
52) fw,D—1) =3 (“ TR ")w’-iw — 1y,

=

s=1,¢ee,n—1).
Then the JAPAL of the n — 1 numbers

fl(w1D - 1)1f2(w9-D - 1)’ "'yf(pu_n (wy-D— 1)

©s purely periodic and its primitive length is p™. The period
consists of p* fugues, each fugue being a matrix of p* rows and
p* — 1 columms., The accumulators of the fugues have the form as
those in the Main Theorem, namely (6) to (6d), where d s sub-
stituted by pd and n by p*.

Proof of Corollary 3. All we have to prove is to show that all
those integers which appear in the accumulators and are multiples of
d are also multiples of p. This concerns all the numbers
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(_wf—lft+v( p* )D%WJ’
% s—t+1

(/I;Zoyl’""t_l; t:172v""8~1; 322737"'1pu)

(52a)

where the decisive point is the relation
(52b) l1<s—t+1=p —1.

But since, as is well known,

(52¢) P

it follows from (52c¢) in view of (52b) that the numbers in (52a) are
all multiples of p.

We leave it to the reader to prove the interesting fact, that each
element of all the accumulators (6) to (6d) appearing in the Main
Theorem are multiples of p, if » = p* (p prime, v =1,2, --+)

V1. IHustrations. (1) To illustrate the Main Theorem let us
take n = 5. Then the Main Theorem would sound:
Let d, D, m be natural numbers such that

d|lD; m=1l; 1=d<D:8.
Let
w=(D*—d:m)",

f,=§_:.)(4—i+i>w“‘(D—l)i- (5=1,2,34).

=

Then the JAPAL of the 4 numbers

w+4D—1); w+3wD-—1) +6D—1);
w® + 20D — 1) + 3w(D — 1)* + 4D — 1) ;
w* 4+ w(D — 1) + w¥(D — 1)* + w(D — 1 + (D — 1)}

is purely periodic and its primitive length is 25. The period consists
of five fugues, and the accumulators of these fugues have the form:

First fugue

5D—1); 5D —-1)@2D—-1); 5D —1)2D*—2D+1);
5D(D — 1)(D* — D + 1) ;

Second fugue
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5D—1); 5D—1@D—1); 5D —1)@D'—2D+1);
mD? 2 .
5D<——d——2D +2D—1),

Third fugue

5D—1; 5D —1@D—1); 5D(2'"2D3 —402+3D—1>;

5D( (0—2)+20—1)

Fourth fugue
5D —1); 5(2";172 — 3D + 1) ; 5(2mD (D —2)) +15D —5,

51)( (D* — 2D + 2) — 1) ;

Fifth fugue
5(";_17 - ) ; 5(mTD(2D —8) +1); mTD((zD* — 4D +93) —1);

E%Q(D“—zD"—}-zD—-'l).
In the case of n =5, m =d =1, the JAPAL of the 4 numbers
s (4 — )
fo= 2( o @)w,_,w —1); (5=1,2,8,4) w= (D — 1
izo 7

is purely periodic and its primitive length is 5. It consists of one
fugue, the accumulator of which has the form
5D —1); 5D — 1)(2D —1); 5D —1)2D*—-2D + 1) ;
5D(D —1)D*—~D +1).

To illustrate Corollary 3 we shall take p = 2; w = 2, Then Corol-
lary 3 would sound:

Let d, D be natural numbers such that d|D, d < D:12 and let
w = (D* — 2d); then the JAPAL of the three numbers

w+ 3D —1); w* + 2w — 1) + 3(D — 1)*;
w* + w(D — 1) + wD — 1)* + (D — 1)

is purely periodic and its primitive length is 16, The period consists
of four fugues, the accumulators of which have the form
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First fugue
4D —-1); 2D — 1)(3D — 1) ; 20 —1)@2D*—~ D+ 1);

Second fugue
mD? .
4D —1); 2D —1)BD—1); 2(-.d__—317 +2D——1>;

Third fugue
4D —1); E%D_Z—SDJrz; m_fi(zp—3)+2(2p—1);

Fourth fugue

mD mD mD
T - . — — 4 . —_— - - 2.
2< 2) : 3D )+ 2 ; 2D 3D 4+ 2) —- 2
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PERMANENT OF THE DIRECT PRODUCT
OF MATRICES

RICHARD A. BRUALDI

Let A and B be nonnegative matrices of orders m and n
respectively, In this paper we derive some properties of the
permanent of the direct product A X B of A with B, Specifi-
cally we prove that

per (A X B) = (per (A))(per (B))™

with equality if and only if A or B has at most one nonzero
term in its permanent expansion. We also show that every
term in the permanent expansion of A X B is expressible as
the product of n terms in the permanent expansion of A and
m terms in the permanent expansion of B, and conversely.
This implies that a minimal positive number K,,,, exists such
that
per (A X B) £ Ka,»(per (A))"(per (B))™

for all nonnegative matrices A and B of orders m and n res-
pectively, A conjecture is given for the value of K,,,.

Definitions. Let A = [a;;] be a matrix of order m with entries
from a field F. The permanent of A is defined by

per (A) = 3@y @y, =+ Qi

where the summation extends over all permutations (3,4, +--, ¢,) of
the integers 1,2, «-., m. The set of elements

a‘lily a’ziz’ M) amim

where (3,9, ++*,%,) is a permutation of 1,2, ---, m is called a per-
mutation array of A, while their product

Ay Qyip *** A

mzm

is a permutation product of A. The permanent of A is then the
sum of all the permutation products of A. The term rank p(A)
of the matrix A is defined to be the maximal order of a minor of A
with a nonzero term in its determinant expansion. By a theorem of
Konig [3] it is also equal to the minimal number of lines (rows and
columns) which collectively contain all the nonzero entries of 4. Ob-
viously o(4) = m if and only if A has a nonzero permutation product.
A good discussion of these concepts is given by H.J. Ryser in [3].

If B is another matrix of order » with entries from the field F,

Received October 23, 1964.
471
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then the direct product (or Kronecker product) of A with B is defined
by

a.B a,B ---a,B
AxB— a,m.B azg.B oo az,,:B
a,,:lB am;B ves a,,,.,,LB
It is a matrix of order mn. The submatrix of A X B given by
[a:;B] l=4,5=m

is called the (¢, 7)-block of A X B or sometimes simply a block of AX B,
Direct products are discussed by C.C. MacDuffee in [2]. We mention
those properties which will be of use to us. First it is readily verified
that an associative law is satisfied, so that 4, X 4, X .-+ X A; can be
defined unambiguously. If C and D are matrices of orders m and n
respectively, then

(1.1) (A x B)(C x D)= AC x BD.

Thus if PAP, = A, where P and P, are permutation matrices of order
m and if QBQ, = B, where Q and @, are permutation matrices of order
n, then

(1.2) (P x QA %X B)Y(P, X @) = 4, X B, .

This says that permutations of the rows and columns of A and B
induce permutations of the rows and columns of A X B.

It follows by inspection that a permutation matrix P of order mn
exists such

1.9) ‘ PAXBP=Bx A,

where P7 denotes the transpose of P. That is, the rows and columns
of A X B can be stmultaneously permuted to give B X A, From this
we immediately obtain

1.4) per (A X B) = per (B X A).
A formula for the determinant of A X B is given by
(1.5) det (A X B) = (det (A))"(det (B))™ .

The definition of the determinant is very similar to that of the perma-
nent, the only difference being that in the determinant we assign a
certain sign to the permutation products. It is therefore natural to
ask whether (1.5) has a counterpart for the permanent. It is this
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question that we consider for nonnegative matrices A and B. A non-
negative matrixz is one whose entries are nonnegative real numbers,
Such matrices are discussed by Gantmacher in [1].

This paper is taken from a portion of the author’s doctoral dis-
sertation submitted to Syracuse University in June, 1964 and written
under the supervision of Professor H.J. Ryser. The author wishes to
take this opportunity to express his sincere appreciation to Professor
Ryser for his excellent guidance. The dissertation was written during
a period in which the author held a summer fellowship of the National
Science Foundation and a fellowship of the National Aeronautics and
Space Administration.

2. Preliminary theorems. A well-known theorem due to Fro-
benius and Konig asserts (in our terminology) that all permutation
products of A are zero if and only if A contains an s by ¢ submatrix
of O’s with s + ¢t =m + 1, m being the order of A. We divide the
opposite situation where A has at least one nonzero permutation pro-
duct into two cases.

THEOREM 2.1. Let A be a matrix of order m with entries from
a field F. Then A has precisely one monzero permutation product
tf and only if by permutations of its rows and columns it may be
brought to the triangular form:

all
a, 0

@2.1) _

* e
Cnm

where Q y +++ Qpn = 0. In (2.1.), 0 denotes all zeros while * denotes
arbitrary elements.

Proof. We need only prove the necessity. Thus suppose A has
precisely one nonzero permutation product., If m = 2, the result is
readily verified. We may regard A as the incidence matrix of a collec-
tion of subsets S, S,, ---, S,, of the elements x,, 2,, -+, z,. Here z;
is a member of S; if and only if a,; # 0. The fact that 4 has pre-
cisely one nonzero permutation product means the subsets S,, S,, -+, S,
have exactly one system of distinct representatives. If all of the
subsets S,, S,, +--, S, contained two or more elements, then by [3,
Thm. 1.2, p. 48] there would be at least two systems of distinct
representatives, Hence one of the subsets S, S,, -+, S,, must contain
only one element. Therefore by permuting the rows and columns of
A we may assume A has the form



474 RICHARD A. BRUALDI

(0[]0 0-+-0

*
%

Al
L* J
where a,, # 0 and * denotes arbitrary elements. Now A! can have only

one nonzero permutation product otherwise A would have more than
one. Applying induction to A', we obtain desired result.

COROLLARY 2.2, Let A be a (0,1)-matrixz of order m. Then
per (4) = 1 if and only if the row and columns of A can be permuted
to yield a triangular matriz with 1’s on the main diagonal and 0’s
above the main diagonal.

THEOREM 2.3. Let A be a matrix of order m with entries from
an arbitrary field F. Then A has more than one monzero permuta-
tion product tf and only if the rows and columns of A can be
permuted to give a configuration of the form:

— B

Ay Ay

(2.2)

a’r+1.r+1

w aMM4

where 2 < r < m and each a;; designated above ts mot zero. All
entries not designated are arbitrary.

Proof.! Suppose A has more than one nonzero permutation pro-
duct. By permuting rows and columns we may assume to begin with
that the elements on the main diagonal of A are nonzero. The con-
clusion now follows by using the well-known fact that if @ is a permutation
matrix then there exists another permutation matrix P such that P’QP
is the direct sum of full cycle permutation matrices.

THEOREM 2.4. Let A and B be nonnegative matrices of order n.
Then

2.3) per (AB) = per (A) per (B) .

1 The author is indebted to the referee for improving the exposition here.
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Strict inequality occurs in (2.3) +f and only if there exists an integer
© with 1 <4 < n having the property that +f A, denotes the matrix
A with column i deleted and B, denotes the mairix B with row %
deleted, then

(2.4) per (A4;B;) > 0.

Proof. Every permutation product of AB is the sum of n* terms,
each of which consists of the product of n elements of 4 and » elements
of B. Consider a term

(2.5) Uy bis, o

of per (A) per (B). Here (4, +--,%,) and (J, -+-,J.) are permutations
of the integers 1, -..,n. The expression (2.5) is a term in the per-
mutation product of AB arising from the elements of AB in positions
1,7), -+, 1,3,). From this and the fact that A and B are nonnega-
tive matrices, (2.3) follows.

Striet inequality occurs in (2.3) if and only if some permutation
product of AB contains a nonzero term of the form
(2.6) a’lilbilil e Oy bs s
where (j, *++,J.) is 2 permutation of the integers 1, --., » and where
l1<4,=n for s=1,---,n, but (¢, ---,¢,) is not a permutation of
of 1, ---,n. Thus there exists at least one integer k& between 1 and
n such that ¢; is different from &k for j = 1, ---, n. Let A, be the matrix
obtained by crossing out column %k of A and B, the matrix obtained
by crossing out row %k of B. Then a nonzero term of the form (2.6)
oceurs if and only if per (A.B,) > 0. This establishes the theorem.

3. Main theorems. We now prove the main result of this
paper.

THEOREM 3.1. Let A and B be nonnegative matrices of orders
m and n respectively. Then

(8.1) per (A X B) = (per (4))"(per (B))"™ .

Equality occurs in (3.1) if and only if A or B has at most one non-
zero permutation product.

Proof. We have

Ax B=(Ax IL)I. x B),
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where I, and I, are identity matrices of orders m and % respectively.
Hence by Theorem 2.4,

3.2) per (A X B) = per (A x I,)per (I, X B).
But
per (I, x B) = (per (B))" ,
since I,, X B is the direct sum of B taken m times. Also
per (A x I,) = per (I, X 4) = (per (4))"

by (1.4). This establishes (3.1).

We now investigate the ecircumstance of equality in (3.1). We
remark that equality occurs in (3.1) is and only if equality occurs in
(8.2). Necessary and sufficient conditions that equality occur in (3.2)
are given in Theorem 2.4. In proving that equality occurs under the
conditions stated in the theorem we may assume by (1.4) that A has
at most one nonzero permutation product. If all permutation products
of A are zero, then per (4) = 0 and the term rank p(4) of A satisfies
o(4) < m. It then follows by an easy application of Konig’s Theorem
that

P(A X B) = p(A)n < mn .

Therefore per (A x B) = 0, and equality occurs in (3.1). It A has
precisely one nonzero permutation produect, then according to Theorem
2.1 the rows and columns of 4 can be permuted to give the triangular
matrix

(3.3)

where per (4) = @y, +-- @,, #* 0. Since permutations of the rows and
columns of A induce in a natural way permutations of the rows and
columns of A x B, we may assume A has the form (3.3). From this
it follows equality occurs in (3.1).

Conversely, suppose both 4 and B have at least two nonzero
permutations products. Since permutations of the rows and columns
of A and B give rise to permutations of the rows and columns of
A x B, we may assume by Theorem 2.3 that
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( all a’12 h
* Qg
aQ a
(3.4) A — rl rr
Q1,41
L L
and
(b by ]
b * 23—1,3
(3.5) B — 81 88 .
bs+1,s+1
(. bnn/

Here 2<r<m and 2 <s <n. Each a;; and b,, designated is not
zero while all other entries not designated are arbitrary. Consider the
matrices A X I, and I, x B, Cross out column one of A X I, to
obtain the matrix (A x I,), and cross out row one of I, X B to obtain
the matrix (I,, X B),. The matrix (4 x I,),(I, X B), is of order mn
and we consider it to be partitioned into m’ blocks (submatrices) of
size n by » in the natural way. Just as in the direct product we
shall speak of the (%, j)-block of (A x I,)(I, X B),, 1 <14,j <m. In
each of the (k, k)-blocks, k=1, «--, r — 1 select the last » — 1 main
diagonal elements; in the (r, r)-block select the elements in positions
a,2),---,(s~1,8, (s+1,s+ 1), +--, (n, n); in each of the (5,5 + 1)-
blocks, j =1, -+, r — 1 seleet the first main diagonal element; in the
(r, 1)-block select the element in position (s, 1); and finally in each the
(¢, 4)-blocks, 7 = » -+ 1, ---, n select all of the main diagonal elements.
It can be verified that each of the elements selected is different from
zero and that the collection form a permutation array of (4 x I,)(I, X B)..
Hence their product is a nonzero permutation product of (4 x I,),(I,. X B),
and

per (4 X I,),(I, x B);) > 0.
By Theorem 2.4 strict inequality occurs in (3.2) and thus in (3.1). This
concludes the proof of the theorem.

COROLLARY 3.2. Suppose both A and B have nonzero permanents.



478 RICHARD A. BRUALDI

Then equality occurs in (3.1) if and only if by permuting rows and
columns A or B can be brought to triangular form with monzero
elements on the main diagonal and zeros above the main diagonal.

Proof. This is a direct consequence of Theorems 2.1 and 3.1.

COROLLARY 3.3. If A and B are matrices of 0’s and 1’s, then
equality occurs in (3.1) 7f and only if per (A) = 0 or 1 or per (B) =
0or 1.

Theorem 3.1 may be generalized to include the direct product of
any finite number matrices in the following way.

THEOREM 3.4, Let A, A,, ---, A, be nonnegative matrices of orders
My, My, +++, M, respectively, and let

e, =

1

=

o

m; (i=l,2,---,’n).

.,
S

Then
(8.6) per(4, X A, X -+ X A,) = (per (4,))(per (4,))* - - - (per (4,))°" .

Equality occurs in (3.6) if and only if per (4;) =0 for some 7=
,2,---,n or (n—1) of the mairices A, A,, --+, A, have exactly
one nonzero permutation product.

Proof. Inequality (3.6) follows from Theorem 3.1 and an obvious
induction on n. Suppose per (4;) = 0 for some 1 =1,2, ---, n. Using
the fact that the direect product operation is associative and (1.4.), we
may assume that per (4,) =0. Then by Theorem 3.1 we obtain
per (4, x A, x +-+ A,) = 0 and equality occurs in (3.6). Suppose n — 1
of the matrices 4,, 4,, ---, A, have precisely one nonzero permutation
product. By associativity and (1.4) we may assume A4,, 4,, ---, A,_, do.
Then A, X A, X -+ X A,_, also has exactly one nonzero permutation
product. Applying Theorem 3.1 we obtain equality in (3.6).

Conversely suppose 4,, 4,, -+, 4, all have nonzero permanents and
at least two have more than one nonzero permutation product. By
associativity, (1.3), and (1.4) we may assume A, and 4, do. Then’by
theorem 3.1 we have

per (A, X A, X ++- X A,)
= (per (4, x A,))™ ™n(per (A; X +++ X A,))™m
> (per (A,))" per (A4,)* (per (4s X -+ X 4,))™™
Z (per (A,)* (per (4))* - - - (per (4,)) .
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This establishes the theorem.

Inequality (3.1) and the more general (3.6) containing many in-
equalities obtained by specializing the matrices concerned. For instance
if in (3.1) we let A = J,, the matrix of 1’s of order m, and B = J,,
the matrix of 1’s of order n, we obtain

(3.7) (mn)! = (mH*(n)™ .

Equality occurs in (3.7) if and only if m =1 or » = 1.
The following theorem is basic.

THEOREM 3.5. Let A and B be matrices of orders m and n
respectively with entries from a field F. Then every permutation
product of A X B is expressible (in general, mot umiquely) as the
product of m permutation products of A and m permutation pro-
ducts of B. Conversely, the product of m permutation products
of A and m permutation products of B is a permutation product of
A X B,

Proof. Consider an arbitrary permutation product of A x B and
a permutation array which gives rise to this product. Suppose this
permutation array contains c;; entries from the (7, j)-block of A X B,
1<14,7 <m. Form the matrix .

C:[Cij] ('I;yj=1y21"'rm)'

C is a matrix of order m whose entries are nonnegative integers.
Since A and B are square matrices, we have

icﬁzn (=12, +--,m),
j=1

and
icij:n (j=1’27"',m)~

i=1
Then by [3, Th. 5.2, p. 56] we have
C=¢P,+ cPy+ -+ + ¢,P,

where ¢,, ¢, + -+, ¢, are positive integers with ¢, + ¢, + -+ ¢, = n and
where P,, P,, ---, P, are distinct permutation matrices of order m. Each
permutation matrix P, corresponds in a natural way to a permutation
array of A. Let this array be denoted by

Qi 1)y Qog i)y *° %5 Aoy (m)

where o,(1), 6,.(2), ---,0,(m) is a permutation of 1,2, ..., m. Then
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the mn a’s that appear in the given permutation product of A x B
can be arranged as:

<. [
(G100 0,2) *** Bmoym)® * * * (RrgyyPoyzr * * * Comorym))®

Since there exists a permutation matrix P such that P7(A4 X B)P =
B x A, it follows that the specified permutation array of A x B is
also a permutation array of B X A. Therefore in a similar manner
the b’s in the given permutation product of A X B can be expressed
as the product of m permutation products of B.

Conversely, it is easy to verify that the product of n permutation
products of A is a permutation product of 4 x I, and the product of
m permutation products of B is a permutation product of I, x B,
The matrix product

AxI)I,x B =AxB

yields the desired permutation product of 4 x B.

COROLLARY 3.6. There exists a minimal positive real number
K.,.., depending only on m and n, such that

per (A X B) £ K,,, (per (4))" (per (B)"
Sfor any two nmonnegative matrices A and B of orders m and n res-

pectively.

Proof. By the theorem all of the distinct terms in per (A X B)
appear at least once in the product (per (4))" (per (B))™. Since there are
in total (mn)! terms in per (A x B), we have

per (A x B) = (mn)! (per (4))" (per (B))"

for all nonnegative matrices A and B of orders m and » respectively.
This shows the existence of the constant K,,,,.
The constant K, is given by the equation

3.8 Ky = lub, 2L A XD)
(3.8) g u (per (A))(per (B))™

where the least upper bound is taken over all nonnegative matrices
A and B of orders m and 7 respectively with nonzero permanents.
The ratio

per (A X B)
(per (A4))" (per(B))"
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is homogeneous in the sense that if a row or column of A or B is
multiplied by a positive real number then the ratio is unchanged. This
allows one to assume A and B are row stochastic (the sum of the
elements of each row is one) in determining K,,,. Also by continuity
considerations only positive matrices A and B need be considered.
Hence we may replace the l.u.b. in (3.8) by the lL.u.b. over all posi-
tive row stochastic matrices A and B of orders m and % respectively.
If in (3.8) we let A = J,, the matrix of 1’s of order m, and B =.,,
the matrix of 1’s or order », we obtain

!
3.9 K, = __(__7?_@___ .
3.9 T (m )M
We congjecture here that (38.9) is actually an equality and therefore
that

per (4 x B) = — L (per (4))" (per (B))”
(mh"(n )™

for all nonnegative matrices A and B of orders m and w respectively.

There is limited evidence to suggest that this is true. For instance

it can be verified for m = n = 2, i.e. K,.= 3/2.

To conclude this section we give the following interpretation of
Theorem 3.5. Let S|, S,,---,S,, be m subsets of the elements a,,a.,- -, @,
and T, T,, --+, T, be n subsets of the elements b,b,, ---,b,. Form
the incidence matrices A = [a.;] and B = [b,,] of orders m and n res-
pectively. Here ¢,; =1 if a; is a member of S; and 0 otherwise.
Similarly for B. For ¢=1,2, ..., mandj=1,2, .-, ndefine S; x T}
to be a subset of all the ordered pairs

(a'r,bs) ('7’:1,2,"',m;S:].,z,"°,’)?/).

We have (a,, b,) is a member of S; x T; if and only if @, is a member
of S; and b, is a member of 7T,. The incidence matrix of this collec-
tion of subsets is 4 X B. Theorem 3.5 applied to this situation says
that if we have a system of distinet representatives (SDR) of the

collection of subsets
(3‘10) SLX TJ' (7::1323“'am;j‘:lyzv"'?fl’)’

then the first components of the members of this SDR can be arranged
into % SDR’s of the collection S|, S,, --+, S,, and the second components
can be arranged into m SDR’s of the collection T\, T, ---, T,. Con-
versely, n» SDR’s of S,, S,, ---,S,, and m SDR’s of T, T., ---, T, can
be paired up in at least one way to form an SDR of the collection of

subsets in (3.10).
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PSEUDOCOMPACTNESS AND UNIFORM CONTINUITY
IN TOPOLOGICAL GROUPS

W. W. CoMFORT AND KENNETH A. RosS

This work contains a number of theorems about pseudo-
compact groups. Our first and most useful theorem allows us
to decide whether or not a given (totally bounded) group is
pseudocompact on the basis of how the group sits in its Weil
completion. A corollary, which permits us to answer a question
posed by Irving Glicksberg (Trans. Amer. Math., Soc. 90 (1959),
369-382) is: The product of any set of pseudocompact groups
is pseudocompact, Following James Kister (Proc. Amer, Math.
Soc. 13 (1962), 37-40) we say that a topological group G has
property U provided that each continuous function mapping
G into the real line is uniformly continuous. We prove that
each pseudocompact group has property U.

Sections 2 and 3 are devoted to solving the following
two problems: (a) In order that a group have property U, is
it sufficient that each bounded continuous real-valued function
on it be uniformly continuous? (b) Must a nondiscrete group
with property U be pseudocompact? Theorem 2.8 answers (a)
affirmatively. Question (b), the genesis of this paper, was posed
by Kister (loc. cit.). For a large class of groups the question
has an affirmative answer (see 3.1); but in 3.2 we offer an
example (a Lindel6f space) showing that in general the answer
is negative,

Much of the content of this paper is summarized by
Theorem 4.1, in which we list a number of properties equivalent
to pseudocompactness for topological groups. We conclude
with an example of a metrizable, non totally bounded Abelian
group cn which each uniformly continuous real-valued function
is bounded,

Conventions and definitions. All topological groups considered
here are assumed to be Hausdorff. The algebraic structure of the
groups we consider is virtually immaterial; in particular, our groups
are permitted to be non-Abelian.

A topological group G is said to be totally bounded if, for each
neighborhood U of the identity, a finite number of translates of U
covers G. It has been shown in [10] by Weil that each totally bounded
group is a dense topological subgroup of a compact group and that this
compactification is unique to within a topological isomorphism leaving
G fixed pointwise. We refer to this compactification of G as the Weil

Received July 12, 1964. The authors were supported in part by the National
Science Foundation, under contract NSF-GP 2200,
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completion of G, and we reserve the symbol G to denote it.

Kister’s property U was defined in the summary above. In the
same vein, we say that a topological group has property BU if each
bounded continuous real-valued function on G is uniformly continuous.
The uniform structure on G referred to implicitly in the definitions of
properties U and BU should be taken to be either the left uniform
structure, defined as in 4.11 of [7], or the right uniform structure.
It often happens that these structures do not coincide, and in this case
there is a left uniformly continuous real-valued function on G which
is not right uniformly continuous. Nevertheless it is easy to see that
every [bounded] continuous real-valued function on G is left uniformly
continuous if and only if every [bounded] continuous real-valued function
on G is right uniformly continuous. Hence the definitions of properties
U and BU are unambiguous.

Our topological vocabulary is that of the Gillman-Jerison text [5].
The following definition, which is useful in § 2, is in consonance with
4J of [5]: A topological space is a P-space provided that each of its

Gs subsets is open.

1. Pseudocompact groups. The Weil completion of a topological
group plays a fundamental role in many of the arguments which follow.
QOur first result shows that each pseudocompact group admits such a

completion,
THEOREM 1.1. Each pseudocompact group s totally bounded.

Proof. If the topological group G is not totally bounded, then
there is a neighborhood U of the identity e in G and a sequence {z,}
of points in G for which

2. ey 2, U

n<k

for all k. We choose a symmetric neighborhood V of e for which
V*c U, and we select for each positive integer %k a nonnegative
continuous function f, on G such that

fk(xk) - k and fk = O Oﬁ ka-

Using the local finiteness of the sequence {x,V?}, it is easy to check
that the real-valued function f defined on G by the relation

f@) = 3, i)

is continuous. Since f is unbounded, the group G is not pseudocompact.
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Discusston. Although pseudocompact groups have not (so far as
we can determine) been in their own right an object of detailed study,
various authors have considered an example in one connection or another,
If {X.}seu is 2 set of separable metric spaces — which we here take
to be topological groups — then the set

Y={xellX,:x, is the identity in X, for all
but countably many a in A}

is an example of what Corson in [3] calls a X-space. Corson shows
in his Theorem 2 that each continuous real-valued function on Y admits
a continuous extension to [7X,. It follows that if each X, is compact,
then Y is pseudocompact and /71X, is the Stone-Cech compactification
of Y. This and other interesting results were obtained (also in the
product-space context) by Glicksberg in [6]. Kister examined in [8]
the case in which each X, is a compact topological group.

Like every pseudocompact space, the X-space Y defined above meets
each nonempty G; subset of its Stone-Cech compactification. The
appropriate group-theoretic analogue of this topological characterization
of pseudocompactness is given in the following theorem. The reader
will notice instantly that this theorem yields information about the
Stone-Cech compactification of a pseudocompact group; we shall incorpo-
rate this observation into Theorem 4.1.

The Baire sets in a topological space X are those subsets of X
belonging to the smallest o-algebra containing all zero-sets in X.

THEOREM 1.2. Let G be a totally bounded group and let

" ={N:N is a closed, normal subgroup of G and
N is a G, set in G} .

Then the following assertions are equivalent:

(a) G 1is pseudocompact;

(b) each translate of each element of _4~ meets G;

(e) each nonempty Baire subset of G meets G;

(d) each nonempty Gs subset of G meets G;

(e) each continuous real-valued function on G admits a continuous
extension to G.

Proof. (a)=(b). If (b) fails, then x, NN G = @ for some z, in
G and some N in _#. Since N is clearly not open, the quotient group
G/N is infinite. Like any compact, first countable group, G/N is
metrizable. Choosing an unbounded real-valued continuous funection f
on G/N\{z,N} and defining g on G\»,N by the relation

9(x) = f(@N),
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we see that g is unbounded and continuous. The restriction of g to
G is unbounded, and hence (a) fails.

(b) = (¢). This implication follows trivially from the following fact,
a special case of Lemma 2.4 of [9]: If E is a Baire subset of G, then
E = EN for some N in ¢/

(¢) = (d). Since G is completely regular, each nonempty G; subset
of G contains a nonempty zero-set of G.

(d) = (b). This is clear,

(b) = (e). Let f be a real-valued continuous function on G, and
let <&Z be a countable base for the topology on the line. For each B
in < there is clearly an open subset U, of G for which

[ B)Y=UnaG.
By 1.6 and 2.4 of [9], there is an element N, of _#~ for which
ClaUB - NB'ClaUB .

Setting N = Nze.s N5, We clearly have Ne _4~ and ¢lzUy = N-clz Uy
for each B in <#

We next prove:

(*) If 2,€G, €@, and z'z, € N, then f(x,) = f(,).

If (%) fails, we can find neighborhoods B, and B, of f(x,) and f(x.)
respectively such that B, e <2 B,€ <%, and ¢lB, N ¢lB, = @. Since fis
continuous on G, we have

clef'(B) Nelef™(B) = @,
i.e.,
clo(Us, NG) Necle(Up,NG) = D .
Now x,€ N-clo(Up, N G); hence
#,€ Neclo(Uz N G) € N-clzg(Usp) = ¢la(Us)

so that @, € cls(Up N G). Of course x.€cly(Us, N G), and this contra-
diction completes the proof of (*).

With (*) and hypothesis (b) at our disposal, it is easy to define an
extension f of f: given x, in G, we choose any x in 2, NN G and set
Fl@y) = f (). . )

To check the continuity of f at an arbitrary point z, in G, we
choose ¢ > 0. We will produce a neighborhood U of the identity in
G with the property that | F(2,) — F(¥,) | < & whenever y,€ 2,U. Indeed,
choose x € 2, NN G and let V be a neighborhood of the identity in G

such that
| f(x) — f(y)| < ¢ whenever ye2VNG.
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Now let U be any neighborhood of the identity in G for which U*c V.
It is easy to see (directly, or by 8.7 of [7]) that there isan M in _s~
such that Mc UN N. Now for any point y, in 2,U there is (again by
hypothesis (b)) a point z in (xx;'y,M) N G. Since z € zx; 'y, N © Ny,N =
¥,N, we have f(y,) = f(z). And since zezx;'yMCc UM 2U*c 2V,
it follows that |f(x) — Ff(y)| =|f(@x) — f(2)| <e. Hence U is as
desired and f is continuous at x,.

(e) = (a). Since every continuous real-valued function with domain
G is bounded, this implication is obvious.

1.3. Discussion. If (G,, v ) is a compact group and _+~ denotes
the family of subgroups of G, defined as in the hypothesis of Theorem
1.2, then the collection of translates of elements of _#~ clearly consti-
tutes a base for a P-space topology & on G,. Since any G; set in G,
that contains the identity must contain a member of _#; &° is the
smallest P-space topology containing &7, In fact,

<? ={U: U is a countable intersection of . -open subsets of G} .

Using these observations and 1.2, we have the following fact: A (dense)
subgroup G of G, is pseudocompact if and only if G is S”-dense in G,.

Gillman and Jerison present in 9.15 of [5] an example (due to
Novak-Terasaka) of a pseudocompact space X for which X x X is not
pseudocompact. In the positive direction, a number of authors (see
especially [6] and [4]) have given various conditions on a family of
pseudocompact spaces sufficient to ensure that the product be pseudo-
compact,

THEOREM 1.4. The product of any set of pseudocompact groups
ts pseudocompact,

Proof. Let the set A index the family {G.}.e. of pseudocompact
groups, and let
G=11 G..
w€A
The uniqueness aspect of Weil’s theorem assures us that the compact
group [Tees G is (homeomorphic with) G. According to_l.z, then, we
need only show that each nonempty G; subset of I].e.G. hits G.
Let U be such a set, say U = 3= U, where each U, is a basic
set of the form
U,=1I Uwe;

®EA

here each U,, is open in G,, and for each n we have U,, = G, for
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all but finitely many « in A. Let

s

Va = Un,a .

1

n

Then V, is a nonempty G; set in G,, and thus by 1.2 there is a point
%, in V,N G,. Evidently the point of G whose a coordinate is z,
lies in UNG.

In what follows we will consider at length Kister’s question “Must
a nondiscrete group with property U be pseudocompact?’ We now
quickly handle the converse question.

THEOREM 1.5. Ewvery pseudocompact group has property U.

Proof. If f is a continuous real-valued function on the pseudo-
compact group G, then by 1.1 and (a) = (e) of 1.2, f admits a continuous
extension f on G. Since f is uniformly continuous on G, it follows
that f is uniformly continuous on G. '

2. Property BU implies property U. This theorem is proved
in 2.8. Our key lemma is 2.2,

LEmMA 2.1, If the topological group G is not a P-space, then
some mnonempty Gs subset H of G has no interior. The set H may
be chosen to be a closed subgroup.

Proof. There is a sequence {V,} of neighborhoods of e for which
e¢int Ny, V.. Selecting a sequence {U,} of symmetric neighborhoods
of e such that Ux,c U,NV, and defining H = N, U,, we see
(directly, or from 5.6 of [7]) that the G; set H is a closed subgroup
of G. Being a subgroup that is not open, H has no interior.

THEOREM 2.2. If the topological group G has property BU,
then G is totally bounded or G is a P-space.

Proof. Suppose the coneclusion fails. Since G is not a P-space,
there is a sequence {U,} of neighborhoods of e for which int ;.. U, = @.
Since G is not totally bounded, there is, just as in the proof of 1.1,
a neighborhood V' of ¢ and a sequence {x,} of points in G such that
the sequence {x,V} is locally finite and pairwise disjoint.

For each integer k there is a continuous function f;, on G for
which fi(x,) =1, f, = 0 off (VN U,), and 0 < f, = 1. The function
f =71 fr is bounded and continuous on G, and hence is (left)
uniformly continuous. Thus there is a neighborhood W of ¢ for which-
| f(x) — f(y)| <1 whenever 2~'ye W. We may take Wc V. Since
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int W= @, we cannot have W< (7= U,. Thus there is an integer
m and a point p for which pe W\U,. Now z;'(z,p)c W, so that
1~ fx.p) | =|flx,) — f@,p)| <1 and we have f(x,p) # 0. Thus
z.pe U x(V N U,). Since z,VNa, V= whenever k +# m, we must
have x,pex,. (VN U,). But then pe U,, a contradiction completing
the proof.

Our next result, used in the proof of 2.4, is given here in considerable
generality because of its application in connection with Example 3.2.

THEOREM 2.3. Let the topological group G be a P-space. Then
the following are equivalent:

(a) G has property U,

(b) G has property BU;

(e) the characteristic function of every open-and-closed subset
of G 1is uniformly continuous.

Proof. Only the implication (¢) = (a) requires proof. Given a
continuous real-valued function f on G, we note that for each rational
pair (a,b), with a < b, the set f~'([a, b]) is closed; being a G; set in
G, this set is also open. Since the characteristic funetion +r;—1, 4, is
left uniformly continuous, there is a neighborhood U,, of e such that
vy e U,, implies | vyr-1 4.(%) — V100 0(¥) | < 1. That is, a7y € U,,,
implies  that xe f~'([e,b]) if and only if yef'(a,b]). Let U=
N{U,,:a,b rational and a < b}; then U is a neighborhood of e since
G is a P-space. To establish the left uniform continuity of f it will
clearly suffice to show that f(x) = f(y) whenever z~'y ¢ U. Suppose then
that z='y € U and that f(x) = p. For appropriate sequences {a,} and
{b:} of rational numbers, we have {p} = N:|a, b.]. Then x e f~([a,, b.])
for all k. Since 27'ye U,,,,, for all k, we have ye N,/ '([a;, b)) =

F7({p}) and f(y) = p = f(2).

COROLLARY 2.4, If the topological group G has property BU
and 1s not totally bounded, then G has property U.

Proof. By Theorem 2.2, G is a P-space. The result now follows
from 2.3.

Corollary 2.4 gives an affirmative answer to problem (a) of the
introduction for groups which are not totally bounded. The trick which
handles the totally bounded situation consists, roughly speaking, in
reducing to the metrizable case (where the proof is easy).

LEemmaA 2.5, If a topological group G 1is metrizable and has
property BU, then G is compact or discrete.
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Proof, This is immediate from Atsuji’s Theorem 1 in [1]. For
a direct proof (by contradiction), assume otherwise and note that by
Theorem 2.2, G must be totally bounded. Since G is not compact, G
is not complete. Hence there is a nonconvergent Cauchy sequence {x,}
in G. By Tietze’s theorem the function mapping x, to (—1)* can be
extended to a real-valued continuous function bounded on G, and this
bounded function is obviously not uniformly continuous.

LEMMA 2.6. If G is a topological group with property BU, and
if H is a closed normal subgroup of G, then G/H has property BU.

Proof. Let f be a bounded continuous real-valued function on
G/H, and let € > 0. Denoting by 7 the natural projection of G onto
G/H, we note that for is left uniformly continuous on G. Hence there
is a neighborhood V of e for which

| fom(x) — fom(y)| < ¢ whenever z-'ye V.

Of course n(V) is a neighborhood of H in G/H. Now suppose that
(xH)yH)en(V). Then a~'yH = vH for some ve V, so that z~'yh =
v for some he H. Then x~*(yh)e V and therefore

| f(eH) — f(yH) | = |fon(x) — for(y)]
= [foa(x) — fom(yh)| < e.

That is, f is left uniformly continuous.

THEOREM 2.7. Let G be a totally bounded group with property
BU. Then G is pseudocompact.

Proof. If G is not pseudocompact, then according to 1.2 there
is a point p in G and a closed normal subgroup N of G such that
G N pN = @ and G/N is metrizable, Since pN¢ GN/N and GN/N is
the continuous image of GN under the natural projection, GN/N is a
dense proper subgroup of G/N. Since a discrete subgroup of a topological
group is closed (see 5.10 of [7]), it follows that GN/N is a nondiscrete,
noncompact metrizable group.

It is clear that any group, one of whose dense subgroups has
property BU, must itself have property BU. In particular the group

b

GN, in which G is dense, has property BU. Hence GN/N has property

BU by 2.6, and GN/N does not have property BU by 2.5. This
contradiction completes the proof.

THEOREM 2.8. A topological group has property BU if and
only if it has property U.
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Proof. Use 2.4 and 2.7.

3. Kister’s question. We first give a partial affirmative answer
to the question posed by Kister in [8].

THEOREM 3.1. If the topological group G has property BU and
ts mot a P-space, then G is pseudocompact.

Proof. The group G is totally bounded by 2.2, and hence is
pseudocompact by 2.7.

ExXAMPLE 3.2. We now give an example of a nondiscrete topo-
logical Abelian group that is a P-space and has property U. Such a
group is clearly not pseudocompact: every pseudocompact P-space is
finite. Hence this example shows that Kister’s question mentioned in
the summary has a negative answer.

Let A be an index set of cardinality Y, and let G consist of all
elements ¢ in [J.e4 {1, —1}. such that x, = 1 for all but finitely many
coordinates «. Let 2 be the first uncountable ordinal and well-order A
according to the order—type 2: A = {a:a < 2}, For ac A, let

H,={&eG:a23=1for all < a}.

We decree that the subgroups H, and each of their translates be open
and thereby obtain a basis for a topology under which G is a topological
group. Clearly G is a P-space and G is not discrete.

We shall show that G has property U. By Theorem 2.3 we need
show only that the characteristic function -, of an open-and-closed
set W is uniformly continuous. For @c A4, let W, = U {«H,:2H,c W}.
Evidently {W.,}.<, is a nondecreasing family of open-and-closed sets,
and Ugaco Woe= W. Since oy (¢) = 4y (y) whenever a7'ye H,, the
characteristic funetion of each W, is uniformly continuous. Hence it
suffices to show that W = W, for some «.

Assume that W= W, for all a, and let

Ve=U{&H,:2H,N W= @ and 2H, N (G\W) # @} .

It is easy to see that each V, is nonvoid and that V, DV, whenever
a < v < 2. It suffices now to prove that N,., V, is nonvoid, since
any element in this intersection belongs to the closures of both W and
G\W, contrary to the supposition that W is open-and-closed.

We prove that N,., V, is nonvoid. For x in G and & in A, we define
N(z, o) to be the number of elements in the finite set {8ecd:B8 <«
and zg = —1}. For ac A, we define

n, = inf N(z, @) and J, = {xe V,: Nz, a) = n,} .

ZEV 4
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Clearly @ = J,cC V, for all . The integer-valued transfinite sequence
{N,}u<o IS nondecreasing because for o < v we have
n, = inf N(z, @) = inf N(z,v) = inf N(z,v) =n,.
€V g ZEV o ::EV.Y
It follows that the sequence {n,}s<o is eventually constant. There is,
then, an integer 7, and an a, in A for which n, = n, whenever a = «,.

We next show that {J.}ez., is a nonincreasing family of sets. Suppose
that o, < a < v and zeJ,. Then zeJ,c V,c V,. Since also

N, < Nz, a) = Nz,7) =1y, =1 = N, ,

we see that zeJ,. Now let Y consist of all elements y of G such
that yg =1 for all 8= a,. Then Y is a countable set. Assume now
that N.<o V. = @, so that NeaseJo = @. Then for each y in Y there
is an a, = a, such that y¢J,,. Selecting 7, in A larger than each «,,
we find that Y NJ,, = @. Now choose 2 in J,. Then z also belongs
to J., so that N(z,v,) = N(z, &) = n,. Hence z3 =1 for a, £ 8 < 7.
Define w so that wg =25 for 8 < v, and ws =1 for 8= 7, Clearly
w belongs to Y. Since zeJ, c V,, we have wezH, c V,. Also
N(w, v,) = Nz, 7) = m, so that weJ,. That is, w belongs to Y N J,,
contrary to the relation Y NJ, = @. Thus N, V. # @, and we
conclude that G has property U.

REMARK. It may be interesting to note that the group discussed
above is Lindelof (and hence normal). To see this, assume that % is
a cover of G by basic open sets, and that % admits no countable
subcover. For ac A, let %/, consist of all elements of % which are
translates of some Hp where 8 < a. Since each %/, is countable, no
%, i1s a cover for G. Let U, = U %,. Then {U,}.<, is 2 nondecreasing
sequence of proper subsets of G, and each U, is a union of cosets of
H, Let V,=G\U,. As in Example 3.2 above, we have N, V. #
@: hence % does not cover G. '

One may wonder whether Example 3.2 is typical of topological
groups that are P-spaces: Do all topological groups that are P-spaces
satisfy property U? The next theorem and the examples following it
make Example 3.2 appear atypical.

THEOREM 3.3. Let G be a nondiscrete topological group. If G
admits a base 57 at the identity consisting of open subgroups such
that card (G/K) = card 57 for some K in 57, then G does not have

property U.

Proof, We may clearly suppose that Hc K for all H in 57, By
the cardinality hypothesis, there exists a subset {x;}ze of G, indexed
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by &#, such that {£;K}, e is a family of distinet cosets of K. Let
W= UHE% xgzH. Clearly W is open, and W is closed because

QW =(6\U 2,K)U U @aK\waH) .
HEZ HEF

Therefore +r, is continuous; we next show that +r, is not left uniformly
continuous. Indeed, suppose that there exists an H,< 57 such that
x~'y € Hyimplies x € W if and only if y € W. Since G is nondiscrete, there
exists an H in 97 such that H < H, and H = H,. If y is chosen so that
yeaxgH\vgH, then ye 2, K\o,H C G\W. Since z3'y € H,, we also have
xz€ G\W. This contradicts the fact that x,cx,Hc W.

ExAMPLES 3.4. Let /¢t be a cardinal number less than the first
strongly inaccessible cardinal'. Let G be the algebraic group {1, —1}* =
Tl«es {1, —1}., where the index set A is ordered according to the least
ordinal having cardinality p¢. Let the subgroups

H, ={&xeG:z3=1 for all B < a}

and all their translates be a basis for a topology on G.

If v denotes the smallest cardinal number which is the cardinal
number of some cofinal subset of A, then evidently v is the minimal
cardinality of a base at the identity of G. If g is chosen so that
v > W, then the nondiscrete topology imposed upon G is clearly a
P-space topology, and under the condition v > W, we can show that
G does not have property U.

To do this, suppose first that 2 < v whenever £ < v. Then (from
12.4-12.6 of [5]) there is a set {v,}.e; of cardinal numbers such that
card A4 < v, v, < v for each \ in 4, and supy, = v. Since there is then
a cofinal set {«,: v € 4} in A indexed by 4, contrary to the minimality
of v, we conclude that 2« = v for some £ < v. Now let 5# be a basis
of open subgroups at the identity for which card 5# = v, and choose
Be A so that Hye 97 and card{ec A:a < 8} = £. Then

card (G/IH) =z 2= v,

so that G does not have property U by 3.3.

4. Related concepts. Much of our earlier work is summarized
in the following theorem. The symbol BG denotes the Stone-Cech
compactification of the (completely regular) space G; it is, to within
a homeomorphism leaving G fixed pointwise, the only compactification

1 A cardinal number is said to be strongly inaccessible if it is an uncountable
cardinal whose set of predecessors is closed under the standard operations of cardinal
arithmetic. Itis not known whether any strongly inaccessible cardinal number exists.
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of G to which each bounded continuous real-valued function on G admits
a continuous extension. The amusing suggestion that G might induce
a topological group structure on AG is not original with us: The
appearance of this phenomenon was explicitly pointed out in [6] by
Glicksberg in connection with the Corson X-space mentioned earlier,

The implication (b)= (g) of 4.1 below was given in [6], and
Glicksberg asked whether or not the implication (a) = (g) is valid. Our
proof of its validity does not depend upon the results of [6].

If the identity in a topological group G admits a neighborhood U
which is bounded (in the sense that for each nonempty open subset V'
of G there is a finite set F' such that Uc FV), then G is said to be
locally bounded.

We remark finally that additional conditions equivalent to those
listed below may be obtained by replacing the expression “G has property
U” when it appears by the expression “G has property BU.”

THEOREM 4.1. For a topological group G, conditions (a) through
(g) are equivalent, and each implies (h). If in addition G s
nondiscrete, then all eight conditions are equivalent.

(a) G 1is pseudocompact;

(b) G x G is pseudocompact;

(&) G is pseudocompact and has property U,

(@) G is totally bounded and has property U;

(e) G is totally bounded and BG = G;

) BG admits a topological group structure relative to which
the inclusion mapping of G into BG s a topological isomorphism;

(g) every continuous real-valued function on G is almost periodic;

(h) G s locally bounded and hdas property U.

Proof. Theorem 1.4 gives the implication (a) = (b), and the converse
follows from the fact that the continuous image of a pseudocompact
space is pseudocompact. The implications (a) = (¢), (¢) = (d), and (d) =
(a) are 1.5, 1.1, and 2.7 respectively, while the implication (a) = (e)
follows from 1.1 and the implication (a) = (e) of 1.2. That (e) = (f)
is obvious, and the implication (f) = (d) follows from 2.8.

We have shown so far that the first six conditions listed are
equivalent,

To deduce (g), suppose that (a) and (e) hold and let f be any
continuous real-valued function on G. Being bounded, f admits a
continuous real-valued extension to AG. A routine computation, based
on the fact that every continuous real-valued function on the compact
group SBG is almost periodic on BG, shows that f is almost periodic
on G.

To see that (g) implies (a), let f be any continuous real-valued
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function on G and let F be a finite subset of G with the property
that for each  in G there exists y in F such that | f(2z) — flyz){ < 1
whenever z€ G. Then for each x in G we have

[ f@)| = [ flze) | < Tg}lf(y)l +1.

Since the implication (d) = (h) is obvious, we may complete the
proof by supposing that G is nondiserete and deducing (d) from (h).
If (h) holds but (d) fails, then G is a P-space by 2.2. Let U be a
bounded neighborhood of e¢ and let {x,} be an infinite set of distinct
points in U. For each pair (m, n) of distinct positive integers there
is a neighborhood V,,, of the identity such that z,¢ x,V,.,. Choosing
a symmetric neighborhood V of the identity such that

o \
Vie N Vo,
(m,n)

we see easily that no set of the form xV can contain more than one of the
points x,. Thus there exists no finite subset ¥ of G for which Uc FV.

In the discussion and example which follow we will say that a
uniform space on which each real-valued uniformly continuous function
is bounded has property UB. Clearly any totally bounded uniform
space has property UB, and Atsuji gives in [1] an example of a connected
metric space that is not totally bounded but which has property UB.
Further metric examples are given in exercises 15.D and 15.L of [5].
Although Atsuji in Theorem 7 of [2] characterizes uniform spaces with
property UB by means of a chainability condition, the following question
has not so far as we can determine been treated in the literature:
Must a topological group with property UB be totally bounded? We
now answer this question in the negative.

ExAMPLE 4.2. Let T denote the eircle group and let G be the
algebraic group 7% = [I7., T.. Defining

d(x,y) = sgpixk — Uil

for each pair of points x,y in G, we obtain a metric topology on G
under which G is a topological group. To see that G has property
UB, let f be a uniformly continuous real-valued function on G and
find ¢ > 0 such that | f(x) — f(y)| < 1 whenever d(x,y) < . Choose
an integer m so that, given any point ¢ in T, there is a sequence 1 =
t° ¢, e, t"=1¢ in T such that [t/*' — ¢/ | < /2 for 0=Z7<m — 1.
We will show that |f(x)| =< |f(e)| + m for all x in G. For a fixed «
in G, select for each integer k > 0 a sequence 1 =z}, z}, «--, 2P = 2,
in T such that |z{** — x{| < §/2. The finite sequence 2°, x*, ---, 2™ in
G has the property that
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d(@*, 2f) < 8/2<d for 0Zj=m—1.

Hence | f(x"*') — f(x?)| <1 for 0 < 5 <m — 1, so that | f(x) — fle)| =
m. Thus G has property UB.

To see that G is not totally bounded, let W be the open set
{xeG:d(x,e) < 1/2}. Regarding G as the usual compact topological
group T™ with its Haar measure, we see that the G; set W has Haar
measure 0. It follows that no finite number of translates of W can
cover G.
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Let A be an associative algebra and A, the family of all
equivalence classes of irreducible representations of A of
dimension exactly n. Topologizing A, as in a paper about
to appear in the Transactions of the American Mathematical
Society, we show that for each 7, 4 gives rise to a fiber
bundle having A, as its base space and the » X n total
matrix algebra as its fiber,

Throughout this note A will be an arbitrary fixed associative
algebra over the complex field C. By a representation of A we
understand a homomorphism T of A into the algebra of all linear
endomorphisms of some complex linear space H(T), the space of T.
We write dim (T') for the dimension of H(T). Irreducibility and
equivalence of representations are understood in the purely algebraic
sense. If T is a representation, r-T will be the direct sum of r
copies of T. Let A" the family of all equivalence classes of finite-
dimensional irreducible representations of A4; and put

AW = {Te A |dim (T) <}, A, = {Te AV |dim (T) = n} .

We shall usually not distinguish between representations and the
equivalence classes to which they belong.

Let T be a finite-dimensional representation of A. If for each a
in A 7(a) is the matrix of 7T, with respect to some fixed ordered
basis of H(T), then 7:a—t(a) is a matriz representation of A
equivalent to T. '

By A* we mean the space of all complex linear functionals on A,
and by Ker (p) the kernel of @. If Te AY, we put

O(T) = {pe A*|Ker (T) < Ker (p)} .

An element ¢ of A* is assoctated with T if e @(T). One element
of @(T) is of course the character ¥* of T(y%(a) = Trace(T,) for a
in A). Anelement T of A is uniquely determined by the knowledge
of one nonzero functional in @(T) ([2], Proposition 2).

As in [2] we equip A" with the functional topology as follows:
If Te A» and & c A", T belongs to the functional closure of &
if O(T)C (Uses ?(S))~ where — denotes closure in the topology of
pointwise convergence on A.

Our main object in this note is to prove the following fact about

Received November 11, 1964,
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the functional topology relativized to ffﬂ:

THEOREM 1. Flix a positive integer m; and let T be any element
of A,. Then there exists a neighborhood U of T in fin, and @
Sunction T assigning to each S in U a matriz representation ty of

A equivalent to S, such that for each a in A the matriz-valued
function

S —15(a) (Se U)

18 continuous on U.

This asserts (see §4) that, for each %, A gives rise to a fiber bundle
with base space A, whose fiber is the n x n total matrix algebra.

2. Preliminary results. The following Proposition 1 coincides
with Proposition 7 of [2] (which was stated in [2] without proof).
Proposition 1 is not required for what follows it; but its proof is
related to later proofs.

ProrosSITION 1. Let m be a positive integer; and suppose that
{T%} is a met of elements of A™ converging to each of the p inequi-
valent elements V*:, ««+, V? of A™, Then

(1) ﬁ: (dim (V*)): < n? .

Proof. Let m,=dim(V?),q¢= 2., m? Each @(V*) has dimension
m?, and by the Extended Burnside Theorem ([1], Theorem 27.8) the
(V) (s=1,-.+,p) are linearly independent subspaces of A*. Thus
there are ¢ linearly independent functionals ¢,, -+ +, ¢, each of which is
associated with some V*. By the definition of the functional topology
we can replace {T‘“} by a subnet, and choose for each r =1, ---, ¢
and each 7 a functional ¢! in @(T"), such that

(2) @:"—i—?@,(?’:l,"',Q).
Since the ¢, -++, @, are independent, (2) implies that for some 7 the

@i, +++, @i are independent. Since dim (@(T*")) < n?, it follows that
g = n*. This proves (1).

REMARK. If A is a Banach algebra we have shown elsewhere ([2],
Proposition 13) that a stronger inequality than (1) holds, namely

(3) édim(V’)gn.
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Probably (3) holds for arbitrary A, but we have not been able to
prove it.

COROLLARY 1. A, is Hausdorff for each n.

For each ¢ in A* let us define S? to be the natural representation
of A acting in A4/J, where J is the left ideal of A consisting of those
a such that op(ba) = 0 for all b in A.

LEmMMA 1. Let {p]} be a net of elements of A, converging
pointwise to an element @ of A% and suppose the S° S% are all
finite-dimensional. Then

(4) dim (S¥) < lim inf dim (%) .

Further, if ¢ 1s a matrix representation of A equivalent to S°, there
exists for each i a matrix representation o' of A equivalent to S¢
such that

(5) lim (0%(a)); = (0(@))

for all @ in A and all 7,k =1, ---, dim (S%).

Proof. Let w be the natural map of A onto A/J, where J =
{ac A|lp(ba) =0 for all b in A}; and put m = dim (S¥). Every
element of (A/J)* is of the form

(@) — p(ba)  (ac A)

for some b in A. Hence there are elements a,, ---, @, b, -+, 0, of 4
satisfying

(6) @(bjak)zajk(jyk:]-y"'vm)'
Since @; — @, (6) implies that
( 7) det {(@i(bja/k))j,k=1,-n;m} #=0 ’

and hence dim (S¢) = m, for all large 4. This proves (4).

Now the a,, b; could have been chosen to satisfy not only (6) but
also

(8) (@) = p(b,zay)

(xeA;7, k=1, ---, m); assume this done. By (7), for each large %
there are unique complex numbers ¢i.(7,k =1, .-+, m) such that the
elements &% = 31 ¢i.b, satisfy
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(9) @i(bjak):ajk (j’k:19'°',m)°
By (6) and (9)
(10) lim ¢, = 85 .

In view of (4) and (9), there are elements aj.,, -+-, @}, bjsy ==+, b,
of A (where p; = dim (§¥)), such that

(1) Pibjai) = o,

for all large ¢ and all 5,k =1, .-, p;; (here we agree that a}=a;
for j=1,.--,m). Now, if j,k=1, ---, p, and x € 4, define

(6* (@)1 = pi(bjxai) .

From (8), (10), and (11), we verify that ¢° is a matrix representation
equivalent to S% and that (5) holds. This completes the proof.
The following corollary was stated without proof as Proposition 8

of [2].

COROLLARY 2. For each positive integer n, the map T—y"(Te A,)
18 a homeomorphism of A, into A* (the latter having the topology of
pointwise convergence on A),

Proof. Obviously ¥ — T is continuous. To prove that T— y” is
continuous, we shall suppose that T, {T’} are elements of A, and that
P; ——Z—Yx’” pointwise on A, where for each ¢ ¢; is associated with T

and we shall prove that x’i—i—»xr pointwise on A. Clearly this is

sufficient,

By [2], Proposition 1, S = n-T and S* = r,- T¢, where r; < n.
By (4) r, = n for all large 7. Hence by (5) ¥%(a) = 1/n Trace (S%) =
lim; 1/n Trace (S¢9) = lim; ¥ (a) for all @ in A. So ¥ — %7, and the
corollary is proved.

If M is any finite-dimensional complex linear space, the family
& of all linear subspaces of M of fixed dimension r (r < dim (M))
has a natural compact topology. Indeed, if G is the unitary group on
M (with respect to some fixed inner product), and G, is the subgroup
of G which leaves stable some fixed L in &, then & 1is in one-to-
one correspondence with G/G,, and the (compact) topology of & which
makes this correspondence a homeomorphism is independent of the
inner product and of L.

If p is any positive integer, M, will be the » X p total matrix
algebra over the complexes. Fix a positive integer n; and let &7 be
the family of all those subalgebras A of M . which contain 1 and are



ALGEBRAS AND FIBER BUNDLES 501

isomorphic with M,. For each 4 in & let A’ be the commuting
algebra of A in M ,:

A'={aeM.|ab = ba for all b in A}.
It is well known that 4’e & and that A” = A whenever Ac_ &,

LEMMA 2. The map A— A’ is continuous on & to & (with
the topology discussed above).

Proof. If not, then, by the compactness of the space .~ of all
n'*-dimensional subspaces of M ,, one can find a net {4} of elements
of &7 such that A;— A, A.— B, where Ac &%, Be _#, A’ + B. Choose
an element b of B which is not in A’, and let a be any element of
A. Then for each 7 we can choose an a, in A; and b, in A! so that
a;—a, b,—b. Since a;b; = b,a;, passing to the limit we obtain ab = ba,
whence be A’, a contradiction.

LEMMA 3. Let A be in &, and let e be a minimal nonzero
idempotent in A. Then there is a meighborhood U of A in &2, and
a continuous function w on U to M , such that

(i) w(4) =e¢e, and

(ii) for each B in U w(B) is a minimal nonzero idempotent
wn B.

Proof. Choose an element a of A4 whose spectrum in A is
{1,2, --.,n}, and such that the spectral idempotent (in A) corre-
sponding to the eigenvalue 1 of a is precisely e; that is,

12) e=((n—-)H"'C—-a)83—a):+-+(n—a).

Introducing a Hilbert space inner product into M , in an arbitrary
manner and projecting, we can construct a continuous function a on
& to M, such that a(A) =a and a(B)e B for each B in &, Let
o(B) be the spectrum of «(B) (considered as an element either of B
or of M ;). Since a is continuous, o(B) is continuous as a function
of B. Thus there is a neighborhood U of A in &%, and n» continuous
complex functions A, ---, A, on U such that

(i) 7\'T(A‘)'_‘:/r (T:Iy cee, M),

(ii) for each B in U the \(B), -+, N, (B) are all distinet, and

(iii) o(B) = {\(B), +++, \,(B)} for each B in U. Now, for B in
U, put

w(B) = jf;Iz(M(B) — M(B)'(M(B)-1 — a(B))) .

Clearly w is continuous on U, w(B) € B for each B in U, and w(4) =e.



502 J. M. G. FELL

Since w(B) is the spectral idempotent corresponding to the eigenvalue
M(B) of a(B) (which has multiplicity 1), w(B) is a minimal idempotent
of B for each B in U,

Lemma 4, If Ae. &7, there is a meighborhood U of A in .&7,
and a continuous function w on U to M ,, such that, for each B in
U, w(B) is a minimal idempotent of the commuting algebra of B.

Proof. This follows immediately from Lemmas 2 and 3.

3. Proof of Theorem 1. We have seen ([2], Proposition 1) that
S* = n.T. Thus, putting m = n°, we may choose elements a,, -+, a,,
b, -+, b, of A as in the proof of Lemma 1 so that

xr(bia’k) = 5jk(j9 k= l’« Tty m) .

Since S — ¥° is continuous on A, (Corollary 2), there is a neighbor-
hood U’ of T in A, such that det 5(b;a:)) 5, = 0 for S in U’'. Thus,
as in the proof of Lemma 1, for each S in U’ we find unique complex
numbers ¢;(S) such that the elements 5,(S) = 3\, ¢;,(S)b, satisfy

(13) X5(b;(S)ay) = 0
(5,k=1,---,m;Se U’). We now set
(05(2) 1 = X5(b;(S)xay)

(j,k=1,---,m;Se U'; xc A), and verify as in the proof of Lemma 1
that, for S in U’, oy is a matrix representation of A equivalent to
n-S. Since S— ¥® is continuous (Corollary 2), the ¢,,(S) are continu-
ous in S on U’, and so

(14) S — og(x) is continuous on U’

for each x in A4,

Since g5 = n-S, Burnside’s Theorem asserts that the range os(4)
of oy belongs to <. Further, it follows from (14) that S gs(4) is
continuous on U’ (in the topology of n’*-dimensional subspaces discussed
in §2). Thus, by Lemma 4, there is a neighborhood U"” of T contained
in U’, and a function w on U"” to M, such that, for each S in U"”, w(S)
is a minimal idempotent of the commuting algebra of os(4).

We now consider M,, is acting on C™ (the space of complex m-
tuples). Let v, ---,v, be a basis of C™ such that v,---,v, is a basis
of range (w(T)). By the continuity of w there will be a neighborhood
U of T contained in U"” such that

(15) w(S)vly ttty W(S)’Um Vnt1y **°y U
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is a basis of C™ for each S in U (the first n vectors of (15) being, of
course, a basis of range (w(S))). Now for each S in U and z in A
let pg(x) be the matrix of og(x) with respect to the ordered basis
(15), and let t4(x) be the » X  matrix consisting of the first n rows
and columns of pg(x). Since w(S) is a minimal idempotent of the
commuting algebra of gs(A), o5 restricted to range (w(S)) is an irre-
ducible subrepresentation of oy and so is equivalent to S. Thus, for
each S in U, ry is a matrix representation of A equivalent to S.
Further, since S — w(S) is continuous on U, the basis (15) varies
continuously with S on U; and therefore by (14) we conclude that
S—7s(x) is continuous on U for each » in A. This completes the proof
of Theorem 1.

4. Fiber bundles associated with A. Fix a positive integer =,
and let G, be the group of all algebraic automorphisms of the total
matrix algebra M,. We are going to describe to within equivalence
a fiber bundle B, with base space A,, fiber M,, and group G,. To do
so, it is sufficient to specify an open covering of ff,,, and to define on
the overlap of any two sets in the covering the G,-valued “coordinate
transformation functions” ([3], §§2, 3). As our open covering we take
the set of all the U= U, (Te A,) of Theorem 1. If T, T’ e A,, the
coordinate transformation function Iz, on U, N U, will assign to
each S in U, N U;. the following automorphism of ,:

Irr(S) (@) — " (@) (@ac A).

(Here 7™ is the ¢ of Theorem 1). The property I'pr» = Iprrolrp
(on U, N Uy N Uyp.) obviously holds; and the continuity of the maps
S—z{%(a) and S — 7" (a) assures us that Iy, is continuous. Thus
we have defined a fiber bundle of the required kind; its equivalence
class clearly depends only on A,

Thus, if the algebra A has a large supply of finite-dimensional
irreducible representations, the structure of the fiber bundles B,(n =
1,2, ..-) constitutes a significant feature of the structure of A. We
hope in a later paper to discuss the structure of these bundles for
certain special kinds of algebras associated with locally compact groups
having “large” compact subgroups.
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A THEOREM OF LITTLEWOOD AND LACUNARY SERIES
FOR COMPACT GROUPS
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Let G be a compact group and f< L¥G). We prove that
given p < co there exists a unitary transformation U of L¥G)
into L¥G), which commutes with left translations and such
that Ufe L?. The proof is based on techniques developed by
S. Helgason for a similar question. The result stated above,
which is an extension of a theorem of Littlewood for the unit
circle is then applied to the study of lacunary Fourier series.

The following two results concerning Fourier series of functions
defined on the unit circle were proved by Littlewood [5]:

I. Suppose that for any choice of complex numbers «,, with
ja, | =1, > a,a,.e is the Fourier series of an integrable function
(or a Fourier-Stieltjes series) then T, |a,|” < o,

II. Let Si|a," < <. Then given p < <o there exist complex
numbers a,, with |«,| = 1, such that 3 «,a,e™* is the Fourier series
of a function in L*,

Helgason [3] has generalized I to Fourier series on compact groups.
Let G be a compact group with normalized Haar measure dx. If
fe LYG) then f is uniquely represented by a Fourier series

fl@) ~ YZG‘JFdVTT(Ava(x))

where Tr denotes the usual trace, I” is the set of equivalence classes
of irreducible unitary representations of G, D, is a representative of
the class v, d, is the degree of v, and A4, is the linear transformation

given by
4,= | @D,z .
Helgason has proved

I'. Suppose that, for any choice of unitary transformations U,
on the Hilbert space of dimenston dy, >yerdyTr(U,A,Dy(x)) is the
Fourier series of an integrable function (or a Fourier-Stieltjes series)

then

Received April 1, 1965. This research was supported in part by Air Force Office
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505



506 ALESSANDRO FIGA-TALAMANCA AND DANIEL RIDER

2 Ay Tr(4,47) < oo .

YEr

In view of the Schur-Peter-Wey!l formula

|, | fe) Fdz = 34, Tr(4,43) ,

Helgason’s result is an extension of I.
In this paper, using Helgason’s techniques, we propose to extend
II to compaet groups in the same sense. That is we prove

II'. Let 3.d,Tr(4,Ay) < . Given p < o there exist unitary
transformations U, such that >, d,Tr(U,A,Dx)) is the Fourier series
of a function in L7,

This is accomplished as in [3] by proving and exploiting the
‘“‘lacunarity’’ of a certain subset of the space of irreducible unitary
representations of the product group [l;es U(d;) where U(d;) is the
group of unitary transformations of the Hilbert space of dimension d;
and S is an arbitrary index set. In the last section we discuss in general
lacunary properties of subsets of the space of irreducible representations
of a compact group.

2. The main result. For a positive integer n let U(n) be the
group of unitary transformations of the Hilbert space of dimension =,
The normalized Haar measure on U(n) will be denote by dV.

LEMMA 1, Let A be an n X n matrixz. Then for s=1,2,3, .-
25 B(s) *\]s
(1) | Tr(AV) [#dV = — [Tr(AA*)]
Uln) n
where B(s) is a constant depending only on s.
Proof. Sinece dV is left and right invariant it is sufficient to prove
the lemma when A is diagonal. Letting e, e, --+, e, be a basis for

the Hilbert space on which 4 and V act and a; = {4e,, e,), v; = Ve, ;>
we have

371y igsyPigs

(2) S | THAV) AV = 3 0,8, 4., -+ G, &
U(n)

. S 1},;1?7,-2"'1) ,17 dV,
Uln)

where the sum extends over all ¢, %, --+, %, such that 1 <14; < m.
Each integral in the sum is of the form
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(3) S VT e TV

umn)
Now each such integral is zero unless j, =k, ++-, 5, = k,. Forlet W
be a diagonal unitary matrix with elements @, of modulus one on the
main diagonal. Then by the invariance of dV, (3) becomes

S 1< Ve, e>ie;, VeSidV
U

(n) 1=1

= g [T W Ve, e>e, WVeS5dV
Uin) i=1

= Hats | 1<Ve, ey, VedaV .
=1 Un) i=

Thus if the integral is not zero, [[7,afi % = 1, for all choices of the

@;. Clearly this is possible only if j, = k,, -+, 7, = k,. Thus the sum

(2) is equal to

(4) SlayFageelagf| o e o,V
We shall see that for each integer s

(5) [ lopay =22 (5=1,2,-)

where B(s) depends only ons. It then fillows from Holder’s inequality

that the integrals in (4) are bounded by B(s)/n* so that (4) is majorized
by

BO) 510, oo 10, = B2 [1r(aany,
" n

and the lemma will be proved.

It is sufficient to calculate (5) for ¢ = 1. Let Uf(n — 1) be the
subgroup {T e U(n): Te, = e}. The space U(n)/U(n — 1) of left cosets
{(V=VU(n —1): Ve Un)} can be identified with the unit sphere %,

in a complex n-dimensional Hilbert space. Since », is constant on these
cosets

| wlav={ [<Ve,e>pa?=| w0, a7
Uim I [y {24 oot |2y, 12=1
where dV is the unique normalized measure on X, invariant with
respect to U(n) and
Ve, = we, + +++ + wye, .

If we identify ¥, with the real (2n — 1) dimensional sphere S*~!
in real 2n-dimensional space and dV with dw, the normalized invariant
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measure on S*™~!, then
(6) [, orav=1, . @ +acydw.
Uln) zyteeetag, =1
By Minkowski’s inequality and the invariance of dw (6) is bounded by

s 28 — 98 Q(S2n——2) ! 28 2\n—1 -
2 Ss2n_1 X3 dw - 2 —.Q-—(—‘g—r_l)— S—l xl (1 —_ xl) (1 —_— xi) ll'a’ci:t1

2ﬂ(m+1)/2 . .
where 2(S™) = ——~———— is the Euclidean surface area of the real

F(m + 1)
2
m-dimensional unit sphere. Thus the integral in (6) is bounded by
1 1
r —)n—=
F(n ~ l) Sl I'(n + ) - o
2

which proves (5).

COROLLARY 2. Let J be the canonical representation U— U of
Un) and J, , be the tensor product of J, s times and J, the conjugate
representation, t times. J, , decomposes into at most B(s +t) irreé-
ducible components. If s+t then mone of the components is the

tdentity representation.

Proof. If yr is the character of the representation T, then
Yoy (V) = UV AV = (Tr(V))(Tr(V))’. Thus by the lemma

[, 120 (V) 4V S Bs + 1),

which proves the first statement,
The number of times the identity representation occurs in J,,, is

[ o nav={ (@ @)y =0
Uln) ! Uln)

if s % t by the statement following (3).

LeMMA 3. Let G = [lies Uld;) be a product of wnmitary groups
Ud;). Let F(V) be a function on G of the form

F(V) = ,GZSdi Tr(A; V)

where A; is a d; X d; matrix and V; is the projection of V on U(d,).
Then
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| 1FV eV = B[ 1 By pav)
where dV 1is the normalized Haar measure on G.
Proof. It suffices to prove the lemma when
F(V) = $d.TrAV) .
Then
(1) | 1Fv)av

== 4, Tr(A4, V)4, TrA, Vo) - -+ d,

k%
Dd;) X X Uldy) 2

(4, V., )V

128

where the sum extends over all ¢, ---, ¢, such that 1 <¢; < N. By
the corollary the only terms in the sum which do not vanish are those
of the form

(8) a4 Tr(A Vi) [P oo - di | Tr(4, Vo) AV .

SU(di)X"-XU(dn)

By Holder’s inequality (8) is majorized by
RN T TV AT A R SR AT AT
Uld;) Uldgy)

which by Lemma 1 is majorized by

@, -+ d3,B(s) Tr(;h,Az‘;) Tr(;«llisA;*s) .

iy ig

Hence the left side of (7) is bounded by

B@)| Sarradan| = Be || 1av)rav],

where the equality follows from the Peter-Weyl formula.

Now let G be an arbitrary compact group and I” be the set of
equivalence classes of irreducible representations of G. Let d, be the
degree of the class v. Then G = [l,er U(d,) is a compact group which
can be thought of as the group of unitary transformations of L*G) into
L}G@) which commute with left translations. That is, if ¥V is such a
transformation then V corresponds to the element {V.} € G such that

Vf(x) ~ %pdv Tr( VvAva(x))

whenever f(x) ~ S,er Tr(4,Dy(x)) € L G).
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THEOREM 4. Let fe L¥(G) and p < oo, then for almost every
Ve@, Vie L7(G).

Proof. Let Vf(x) = f(V,z) = >, d,Tr(V,A,Dy(x)). Then AV,z)
can be considered as a funetion on G X G. For fixed x € G we have
by Lemma 2 that

[ 177, 2 rav = B[ 177,01V | = Be[ g arraan|

= Bo)| | |fe) rda ],

so that

G

Saga\f(V, %) [ded V = SG AV, ) [#d Vdz
= B)| | | ) s ] .

Therefore if fe L*G), then for almost every Ve G, Ll Vi) [P*de < .

Letting s > p/2 we obtain the theorem.
We remark for later use that for some V

WVl =l VAl = 2B(s) i1 flls .
Indeed the set of V for which

[, Vi@ de > 286 | | 7@ de ]

cannot be of measure one.
We will also use the following

REMARK 5. Let fe C(G) be a continuous function such that for
all self adjoint Ve @, Vfe C(G), then f(x)~ >, d,Tr(A,D(x)) with
>id,Tr(lA,]) < = (| Ay] is the absolute value of the matrix A4,). In-
deed letting f(x) = f(x") we can write f=(f+ )2+ i(f— f))2i =
fi + ife. If fi(z) ~ 2 d'YTT(A‘Ya Dy(x)) (¢=1,2) then Af = A,..
Therefore there exists a self adjoint V = {V,} e G such that A4, ,V, =
|4,,;1. Thus >,d,Tr(| 4,,:| D/(x)) is continuous so that applying a
method of summation as in [4, 8.3] we obtain that the partial sums of
S, Tr(| A, ;1) = >.d,Tr(| 4,,;| D,(e)) are bounded. Thus >, d,Tr(|4,|) =
S Tr(| Ay ) + 34, Tr(| Ay]) < oo

We shall call a series > d,Tr(A,D,(x)) satisfying >, d,Tr(| 4,]) < o
an absolutely convergent series. The space of such functions will be
denoted by A(G). It is easy to see that A(G) consists of functions of
the type f*g with f, g€ L*(G). The space A(G) = L*(G)* LXG) has been



A THEOREM OF LITTLEWOOD AND LACUNARY SERIES 511
studied in [1].

3. Lacunary Fourier series. Given a compact group G we shall
say that a subset E< I of the set of irreducible unitary representation
of G is a Stidon set if it satisfies the following property:

A, > d,Tr(|4,]) < o= whenever Serd,Tr(A,D,(2)) is the Fourier
series of a continuous function (¢f. [6, 5.7]).

A set Ec " will be called a set of type A(p) (or K e A(p)) for
p > 1 if it satisfies

B. If e d,Tr(A,Dy(x)) is the Fourter sertes of an integrable
function then it s the Fourier series of a function in L® (cf. [8].

If B is a space of functions on G and E < I” we will denote by
B, those functions in B with a series of the form >,e; d,Tr(A,D,(x)).
It is seen as in [8, 1.4] that Ec A(p) if, for some » < p, L, = Lj.
Clearly A(p,) & A(p.) if p, = p..

If ¢ = I1;es U(d;) then S can be thought of as the set of irreducible
representations of G consisting of the projections of G onto the U{d,).
Lemma 2 shows that Se A(p) for every p < <. It is a simple matter
to prove that S is also a Sidon set. Indeed, if f(V) = %diToﬂ(Ai V)

is a continuous function belonging to C4(G) and if U = {lUi}e G then

UAV) = %diTT(Ai U,V,) = left translation of f by U,

is also continuous. It suffices to pick the U, so that AU, =] A,;|
to obtain that S,esd,Tr(| 4;]) < ==.

We shall now establish a characterization of sets of type 4A(p) which
will imply that every Sidon set is a /(p) set for every »p < . For a
group G denote by .<Z, = SZ(G) the algebra of operators on L*(G)
generated in the weak operator topology by the operators {R,:y¢c G}
where R,f(x) = flzy). We shall use the fact [2, Th. 6] that <2, is
(isometric and isomorphic to) the dual space of a Banach space A” of
continuous functions on G. A* = A(G) the space of functions with ab-
solutely convergent Fourier series [1].

The isomorphism between .27, and the dual space of A’ is given
by T— @r where @i(f) = Tf(e). This correspondence is well defined
because every T e &%, maps each element of A" into a continuous
funection, indeed an element of A’. We also have that &% consists
exactly of those bounded operators on L7 which commute with left
translations,

Now if Te .52, p > 2, then Te &2 and || T||s, < M || T|| -, where

M is a constant depending only on p. For if fe L* then by Theorem
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3 there exists a unitary transformation U commuting with right trans-
lations (and therefore with elements of <) such that Ufe L. We
can also choose U such that || Uf||, < 2B(s) || fll. where B(s) is the
constant appearing in Lemma 1 and s > p/2 (cf. the remarks following
the proof of Theorem 4).

We then have that TUfe L* and U*TUf = TU*Uf = Tfe L?. Also
WA= UTUfI, £ 1 TUfl. = 1 TUf |, S | Tlle, | UF N = 11 Tl 2,

M||f|l. where M = 2B(s). Therefore || Tl|s, =< M| Tll=,. This im-

plies that A* £ A” and ||||,, = M]|||[.. It is now a simple matter to
prove:

THEOREM 6. Let E = I" be a set of irreductble unitary represen-
tations of G and p > 2. The following are equivalent:
(a) FE is a set of type A(p).
(b) If Te og there exists S e <z, such that Tf = Sf for all fe L&,
(e) If fe Az then fec A*= A(G).
(d) Ewvery closed subspace of L% which is invariant under left
translations is the range of a projection P belonging to %, which
is self-adjoint in the semse that P, = P for each vel.

Proof. Let Ee A(p). Then L% = L% so that by the open
mapping theorem there exists B such that || f]||, < B|| f|l. for fe Li.
As L% is invariant under right and left translations there exists a
projection P, of L* onto L% which commutes with right and left
translations, If Te ZZ, let S= TP, then ||Sf|, =||T||||Pefll, =
W T B||Pefil.: = BI| T|| || fll>. Thus Se %, and (a) implies (b).

Now assume (b) holds. 1f fe L% then by Theorem 3 there exists
Ue 2 such that Ufe L*; clearly Ufe Li. Let Se %, be such that
Sg = U*g for all ge Li; then SUf = U*Uf = fe L?. Hence L; = Lj
so that (b) implies (a).

We now show that (a) and (b) imply (d). Indeed if (a) holds the
projection P, of L* onto L% is bounded in L”. Suppose the Y & L% is
invariant under left translations, let Py be the projection (belonging
to &) of L* onto the left invariant subspace of L’ generated by Y.
By (b) there exists Se.<Z, with S = Py on L;. Then P,S = Py so
that Py e .

Suppose (d) holds and let U be a unitary self adjoint element of
“#,. Then U? = I so that P = (U + I)/2 is a projection which commutes
with left translations. Let Y be the subspace of L% generated by
PL: N L% Then Y is invariant under left translations so that by (d)
there is a self-adjoint projection of L” onto Y commuting with left
translations. Clearly this projection is PP, so that PP,e <2,. Hence
UP; = (2P — )Py ¢ &Z,. Therefore UP,f is continuous for every fe A’.
In particular if f(x) ~ Sherd,Tr(A,Dy(x)) € Ay then UP f= Uf is
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continuous. Therefore by Remark 4, 43 & A(G).

Finally since 4 & A® with || fi| , < M || f]|, (c) implies that 4, = A3,
so that, by the closed graph theorem, || f|l. = B|| fll,, for each fc Az%.
Each T e &2 defines therefore a continuous linear functional on A% by
Tf(e). The Hahn-Banach extension of this functional determines, in
view of the duality between A” and .22, an element S€ .22 such that
Sf(x) = (SL,f)e) = (TL,f)(e) = Tf(x) for fe A%; therefore S= T on
L%. Thus (e) implies (b) and the theorem is proved.

REMARK 7. It suffices for condition (d) to be true that every
closed left invariant subspace of L% is the range of a projection. In-
deed the argument used in [7, Th. 1] will show that such a projection
can be chosen to be left invariant (and therefore belonging to 7).

THEOREM 8. E = I' is a Sidon set if and only if for each T e <&,
there exists a finitte measure ¢ on G such that Tf = fxpu for each
fe Li.

Proof. One applies the same duality argument used in the proof
of Theorem 6 (cf. also [6, 5.7.3]. Assume first that F is a Sidon set.
Then given T e &7, define a linear functional F on C, by F(f) =
Tf(e). Then F is well defined, since fe Cy = fe A; by the closed graph
theorem F' is continuous and has a Hahn-Banach extension to all of,
C(G). That is, by the Riesz representation theorem there exists a bounded

measure y satisfying
F(f) = § Fadp@) for all feC,.
q

Since T commutes with left translations Tjf = fxpu for all feCj.
Conversely let E satisfy the hypothesis of the theorem, to prove that
E is a Sidon set, let fe€Cy and let T be an unitary element of 2.
By hypothesis there exists a measure ¢ such that Tf = fxp. Hence
Tfe C(G) and by Remark 5, fe A,

COROLLARY 9. Ewery Sidon set is a A(p) set for every p.

Proof. If p is a bounded measure and R,.f = fx, then R, € &,
for every p. Therefore, by Theorem 8 if F is a Sidon set condition

(b) of Theorem 6 holds.

ReMARk 10. In [4, 9.2] a sufficient condition for a set ES I to
be a Sidon set is given. This condition includes the requirements that
the degrees of the representations of X be bounded. The fact that for
Ilies Uld;), S is a Sidon set shows that this requirement is not necessary.
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TWO INEQUALITIES IN NONNEGATIVE
SYMMETRIC MATRICES

DAvID LONDON

Marcus and Newman have made the following conjecture:
Let A = (a;;) be a n X n nonnegative symmetric matrix. Then

S(4) S(A*) = nS(4Y)

where

S(A4) = Z aij .
3,7=1
After reducing the conjecture to a standard maximum problem
of linear programming we prove that it holds for n <3, A
counter example shows that for n = 4 the conjecture is wrong,
We also consider the following conjecture: Let A = (a:;) be
a 7 X n nonnegative symmetric matrix. Then

n
S(4A™) = 3 sT, m=1,2 -,
1=1
where
kd .
S¢=Zai;, 1=1,-,m.
i=1

The validity of this conjecture is established in two cases:
(1) m up to 5 and any n, (2) n up to 3 and any m. The
general case remains open. We conclude this paper with two
generalizations of the second theorem.

NoraTION., Let A = (a;;) be a n X » real matrix., A is called
nonnegative if «,;=20,4,7=1,+--,n. The quadratic form corre-
sponding to a symmetric A is denoted by A(x, x), that is

Az, 2) = (Az, o) = z @0, .
Eer
Here (Ax, x) denotes, as usually, the scalar product of the real vectors
x and Axz. Denote e= (1, ---,1) and Ade = (s, ++-,s,) = s = s(4).
s; = 8,(A) is thus the sum of the elements of the +th row of A.
s = s(A) is the row sums vector of A. A is generalized stochastic if
A is nonnegative and if s(4) = ce, where ¢ is a scalar. Further

Received October 8, 1964. This paper represents part of a thesis submitted to
the Senate of the Technion-Israel Institute of Technology in partial fulfillment of
the requirements for the degree of Doctor of Science.
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notations are:
S(4) = 3 a; = A, 0,
=1

S@ =z, o= ),

A = (),

sm = sM(4) = (4" = Sal, ¢ m=1,2 .-
5™ = s(4) = 5(4") .

1. The conjecture of Marcus and Newman.

1.1. The conjecture and its connection with linear program-
ming. In [4, p. 634] the following conjecture is introduced: Let
A = (a;;) be a n X n nonnegative symmetric matrix. Then

1.1) S(4) S(4*) = nS(4Y) .
Using the notation introduced before, we have
S(4) = > s,
(1.2) S(AY) = 38 = A'e, €) = (de, Ae) = 3 8t ,

S(A) = 3 59 = A'(e, €) = (de, A%e) = 3 587 .

1=1

Hence, (1.1) can be written in the form

(1.3) nﬁj 8;8% — i s; i s=0,

=1 i=1
If the sets s = (s, + -+, 8,) and 8® = (89, + -+, s?) are similarly ordered,
that is if (s; — 8;)(s® — s) = 0 for every 1 < 4, 7 < n, then according
to an inequality of Tchebychef {2, p. 43] the inequality (1.3) holds.
However, the following example shows that for nonnegative symmetric
matrices A, s(4) and s®(4) need not be similarly ordered. Let

6 2 0

A=12 1 0

0 0 4
Then s(4) = (8,8,4) and s®(4) = (54, 19,16). s(A) and s*(A4) are
therefore not similarly ordered.

Denote

n n
2 = 2 — G
i=1 =1
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We have
n’ .
(1°4) a’ii::si-ziaii’ 71:1,"',%,
=
n
(1.5) P = 21““'35 , t=1,,m.
=

From (1.2), (1.4) and (1.5) follows

nS(A4%) — S(4) S(4*) =n Z, siMs; — Z s; Z s

=1

=r s Fon oo - Fa)] - Fade
=nfs—Sads—n 3 aus - s
= 3 s)el =) —n 3 agls - s
Hence,
nS(4%) — S(A) S(A?)
(1.6)

= 3 G+ s)s—sf —n 3 auls— s

Using (1.6) we obtain.a representation of the conjecture (1.1) by
concepts of linear programming (see e.g. Gale [1]). Consider the
following maximum problem: Let s, ---,s, be nonnegative numbers.
Find numbers a;; = a;;,,7 # 5;4,5 = 1, - -+, », which satisfy the set of
linear inequalities

a’ii:a‘iigoyiij; i,jzl,---,’n,
(1.7) »
lelaij_—<-siy t=1 0,1,
7=

and which maximize the linear function
(1.8) >, (8 — 8;)° .
154<)

The problem (1.7), (1.8) is a maximum standard problem of linear
programming. A set of numbers a;; which satisfies the inequalities
(1.7) is a feasible solution of the problem. A feasible solution which
maximizes (1.8) is an optimal solution. The dual of the problem (1.7),
(1.8) is the following minimum standard problem: Find numbers
Yy, +*+, ¥, which satisfy the set of inequalities

(17’) yi;o’i:]‘"“yny
' Vit Uz (s — s, i G i=1, e m,
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and which minimize the function

(1.8 ; 8:Y; »
It is obvious that the problem (1.7), (1.8) and its dual have optimal
solutions. ‘

From (1.6) it follows that the conjecture (1.1) can be represented
in the following equivalent form: Let &;;,%+3;4,5=1, -+, m, be an
optimal solution of the maximum standard problem (1.7), (1.8). Then

n

(1.9) ﬁ:u ai(s; — 8 = i > (8 + 8i)(s: — 85)° .
15i<j N 1si<j .
1.2. Proof for n < 3. In this section we establish the validity
of the conjecture for n = 3.

THEOREM 1. Let A be a n X n nonnegative symmetric matrix.
Then for n <3 the inequality (1.1) holds. The equality sign holds
wn (1.1) if and only if A or A® is a generalized stochastic matrix.

Proof. For n = 1 the inequality (1.1) holds trivially. For n =
2,3 we use the representation of (1.1) by (1.9).
For n = 2 it is sufficient to prove that if

(1.10) 0 <a,<min(s,s),
then
(1.11) a(8, — 8)° = -21-(81 + 8)(s; — 8)° .

(1.10) implies

1.12) a, <8 TS

and from (1.12) follows (1.11). Equality holds in (1.1) if and only if
it holds in (1.11), and there it holds if and only if s, = s,, that is if
A is a generalized stochastic matrix. As by (1.8) we clearly have
equality in (1.1) if A* is generalized stochastic, it follows that there
are not nonnegative symmetric 2 X 2 matrices such that A® but not
A is generalized stochastic. We remark that it is easily seen that for
n =2, s and s® are similarly ordered sets. (1.1) thus follows also
from the inequality of Tchebychef.!

mreferee suggests, the proof for n = 2 can be done directly by the methods
in [4]). Using the notations in [4], we have

285(A%) — S(A)S(A2) = unwa(ly — 42)X(A:1+ A2) and L+ 2=tr(4)=0.

The author wishes to thank the referee for this remark.
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We prove now the theorem for n = 3. Without loss of generality
we may assume that
(1.13) 0<s =8 =s,.

The assumption 0 < s, does not restrict the generality. If s,=0 then
A is of the form

0 00
A=|0 B
0
Hence, using the validity of (1.1) for » = 2, we obtain
S(4) S(4%) = 25(4Y) .
At first we treat the case
(1.14) 0<s <8 <s,;.
Denote
Uy = Qg = Xy Ay = Oy = T, By = Oy = Ty«
The corresponding maximum problem is: Maximize
(1.15) M(x,, %, T3) = X,(8, — 85)° + Xo(S; — 8)° + Ta(8; — 8)°,
where #; = 0, 1 = 1, 2, 3, satisfy the system of inequalities
j(l) Ty + Xy =8

(1.16) 1(2) X+ =8,
\(3) xl + xZ é 83 .

The dual of the problem (1.15), (1.16) is the following problem: Minimize
(1.15,) y131 + yzs‘z + y383 9

where y; = 0, ©1 =1, 2, 3, satisfy the system of inequalities

jyz + Yy = (8, — 8)
Y+ Ys = (8, — 85)°
Yo+ Y = (5. — 8)° .

(1.16")

Let %, %, %; be an optimal solution of (1.15), (1.16) and %, 7., 7.
o~ ~
an optimal solution of the dual problem. Let (1.16), (1.16") denote
respectively the inequalities (1.16), (1.16) after substituting %), %,, 7,
and %,, ¥., ¥, respectively.
According to our assumption (1.14) we have
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(6 — ) >0,i%4;1,7=1,23,

A~
and it follows therefore from (1.16") that at most one of the numbers
Y., ¥, ¥: 1s equal to zero. From the equilibrium theorem [1, p. 19]

follows that in (f.\l'g) equality holds at least in two of the inequalities.

In (ﬁg') at least one strict inequality holds. For if three equalities
hold then by solving the system of equations we get %, < 0, and so
the solution is not feasible. Using again the equilibrium theorem we
obtain that at least one of the numbers is equal to zero. As (1.14)
holds, it follows that precisely one of those numbers is equal to zero.
Summing up: In (ﬁ/ﬁ) the sign of equality holds at least twice and
precisely one of the numbers Z,, %,, &, vanishes.

We now consider all the sets «,, x,, ; for which the just obtained
conditions hold. For every such set we decide whether it is a feasible
solution (f.s) or whether it is not a feasible solution (n.f.s). For this
decision we have to distinguish between the two following cases

(1.17) 8 + 8, é 83,
(1.18) $;+8=8;.

The result is given in the following table.

e Squations 2 @ s @i | das
), @ 0 81— 8 sz n.f.s n.f.s
1, 2 82 — 81 0 8 fs f.s
D), @ sz 8 0 f.s n.f.s
@), 3 0 83 8; — 83 n.f.s n.f.s
1, 3 ss 0 s n.f.s n.f.s
1), 3 83 — 81 81 0 n.f.s f.s
@), 3 0 s 2 n.f.s n.f.s
(2), 3) 83 0 S2 — 83 n.f.s n.f.s
(2), 3) S2 83 — 82 0 n.f.s f.s

For any row of this table containing a f.s, the limit case s, 4+ s, = s,
is to be associated with this f.s.
When (1.17) holds, the optimal solution is one of the following

feasible solutions

(xly Zg, x:&) = (82 — 8y, 07 sl) y
(xly x2y x:i) = (32, sly O) .
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As
M(s, — 8, 0,8) = (8. — 8)(8. — 83)° + 8,(8, — 8)°
< 85(8, — 85)° + 8y(s, — 85)° = M (s, 5, 0)
it follows that
(1.19) (&, &, T5) = (84, 8, 0)

This optimal solution is unique.
When (1.18) holds, the optimal solution is one of the following

feasible solutions
(xn Loy xs) = (32 — 8, 0: 31) ’
(xly Loy xS) = (83 - 81’ 81’ 0) y
(xu sy %) = (32; 83 — 8y, 0).

As

(1.20) M(s; — 8y, 8, 0) — M(s,, 85 — 8, 0) = (85 — 8, — 8)(8, — 8)F
+ (8 + 8 — 85, —8)=0 '

and

M(s; — 81,8, 0) = (55 — 8)(S; — 85)° + 8,(8, — 85)°
> (8, — 8)(S: — 85)° + 8i(s; — 8)* = M(s, — s, 0,8),

it follows that
(1.21) (&, B, T) = (83 — 81,8, 0) .

As equality in (1.20) holds only if s, + s, = s;, it follows that the
optimal solution (1.21) is unique. We remark that the optimal solution
can also be determined by the simplex method [1, ch. 4].

According to (1.9), (1.19) and (1.21) we have to prove that

3
(1:22) M55, 0) = (5 — 8° + 5,6, — 80 < = 3 (& + 85 — 8,

£y
when (1.17) holds, and that

M(S3 — 84, 8y, 0)
(1.23) = (33 - 31)(32 - 33)2 + 31(31 - 33)2 < % i‘ (si + Si)(si - SJ):

1g1<]

when (1.18) holds.
Denote

(1.24) s,i=a, s=a+p8, ss=a+8+7.
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The assumption (1.14) implies
(1.25) a, B,y >0,

Assuming the validity of (1.17), we prove now that (1.22) holds.
(1.17) gives
(1.26) asy.

Denote

L= 3 (6+8)(6— 8 — 3M(5, 8, 0)
= (s, —J— 8)%(8; + 85) + (8, — 85)°(sy — 28,) + (8: — 8)%(ss — 2s)) .
By the notation of (1.24) I, takes the form
(1.27) L=FRa+pB+7vYr—a—-B+B+MVB+7—a).
From (1.25), (1.26) and (1.27) follows
I > BQRa+ B) + Y2y —2a) > 0.

(1.22) is thus established.
Assuming the validity of (1.18), we prove that (1.23) holds. (1.18)
gives

(1.28) a=.

Denote
L= lsizq (8 + 8)(s: — 8 — 3M(s, — s,, 8,, 0)

= (8 — 8:)%(8; + S2) + (8, — 8)°(38, + 8, — 28;) + (8, — 85)*(ss — 28) .
By the notation of (1.24) I, takes the form
(1.29) I(a,8,7)=FQCa+B) +7@a~B—-27)+ B+7B+7—0a).
We distinguish between the following two cases
(1.30) B+rza,
(1.31) B+rv<a,

At first assume that (1.30) holds. From (1.25), (1.28), (1.29) and (1.30)
we obtain

LzpR2u+ B8 +7v2a—L—2V+YB+v—a)
=FRax+ B +va—7v)>0.

(1.23) is thus established when (1.30) holds. Assume now that (1.31)
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holds. Write L(a, 8, v) in the following form

(1.32) Lo, B, =aB =7+ B+ (B+ 7 =B +27).

L(a, B, 7) is linear in «. Let 3, be any constant positive numbers.
As

La,v,v)=6v*>0,

we may assume that

(1.33) B—=7>0.
Using the validity of (1.23) when (1.30) holds, we obtain
(1.34) LB +B8,71m>0.

From (1.32) and (1.33) it follows that
(1'35) lim Ig(af, 6, "/) = o0 ,

G+
As IL(a, B,7) is linear in «, it follows from (1.34) and (1.35) that
La, 8,7) > 0 when (1.31) holds. (1.23) is thus established also when
(1.31) holds.

The proof of the theorem is completed in the case when (1.14)
holds. We proved that in this case (1.1) holds strictly. From continuity
considerations it follows that the theorem without the equality statement
holds also if only (1.13) is assumed. (We have already mentioned that
(1.13) can be considered as the general case). Hence, to complete our
proof in the general case (1.13), we have to assume that (1.14) is
invalidated and to check for possible cases of equality in (1.1). If
(1.14) does not hold, there are three possibilities:

(1) 8 = 8 = 8,
(2) s1 < s:’. = 83 y
@) s, =s8<s;.
If (1) holds then the sign of equality in (1.1) holds for every A.
In this case A is a generalized stochastic matrix.

In cases (2) and (3) we consider the corresponding maximum problems.
The maximum problem corresponding to (2) is: Maximize

M(xu X, xs) = (31 - 83)2(% + xa) )
where ;= 0, ¢ = 1, 2, 3, satisfy the three inequalities

T, + X = 8
T+ B =8
o, +w, =5,
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It is obvious that every feasible solution for which %, + z, = s, is an
optimal solution. So there are infinitely many optimal solutions. If
in this case the sign of equality holds in (1.1), then

58 — 8 = —§—(s1 — 8)(s + 8,

and therefore
s, = 2s;.

As the last equality contradiets (1.13), we conclude that in the case
(2) strict inequality holds in (1.1).
The maximum problem corresponding to (3) is: Maximize

M (x,, @, 25) = (T, + T)(8, — 85)°,

where z;, = 0,¢ = 1, 2, 3, satisfy the three inequalities

T+ Xy =S
T+ X =S,
T+ T S8

In order to determine optimal solutions of the problem, we have
to distinguish between the following two cases

®3): 28, =s,,
(3)ir 28, > 8.

If (3); holds then the only optimal solution is

(:’El! g?v iﬁ:&) = (81; Sl) O) .
If (3);; holds then every feasible solution for which x, + ¢, = s, is an
optimal solution. In this case there are infinitely many optimal solutions.
If the sign of equality in (1.1) holds in the case (3); then

25,05, — 8)' = 2(s, + 8)(5, — 8,

and therefore
(1.36) 281 = 33 .
If the sign of equality in (1.1) holds in the case (38),, then

58 — 8, = -j—(sl + 88 — &),

and (1.36) is obtained again. As (1.36) contradicts (3),,, it follows
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that in this case equality in (1.1) is excluded. Hence, in case (3)
equality in (1.1) holds if and only if

8, = S,, 83 = 28, (¥, T», ¥) = (s, 8,0),

that is only for the matrix

0 0 s
(1.37) A=]0 0 s
s, s, 0

A® is a generalized stochastic matrix (while A is not stochastic). It
follows from (1.3) that if A or A® is a generalized stochastic matrix
then equality in (1.1) holds. Hence, it follows that equality in (1.1)
holds if and only if A or A* is a generalized stochastic matrix. This
completes the proof of the theorem.

REMARK 1. The following example proves that the assumption
of symmetry in Theorem 1 is essential, Let

1 21
A=|1 1 2
011
A is a positive nonsymmetric matrix. As

S(4) = 10, S(4Y = 32, S(4%) = 100,

(1.1) does not hold.

It is obvious that (1.1) does not hold in general for real symmetric
matrices with (some) negative elements. However, going over to the
absolute values and denoting | A| = (| @;;|), one may think that for all
n X n, n =3, symmetric matrices

(1.1) S(ADS(A ) =nS(|A%)

holds. The following counter example shows that this is wrong. Let

1 -2 1
A= -2 0 2
1 2 -1

As
StAp =12, S(A)=36, S(4°) =128,
(1.1) does not hold.
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REMARK 2. Let A be a 3 X 3 nonnegative symmetric matrix.
Let », 7, 7; be an orthonormal system of characteristic vectors of A
corresponding respectively to the characteristic values a,, a,, a;. Let
R be the orthogonal matrix with the columns r,, 7., 7. As A = RDRT,
where D is the diagonal matrix {a,, a,, a;} and R” is the transposed
of R, we have

S(A4™) = (47¢, ¢) = (D"RTe, Re) = 3, ar[S(r)F .
Hence, (1.1) for n = 3 is transformed to
(1.38) S alSE)T 5 aISeIF < 8 5 alSe T .

(1.38) is a necessary condition for a system of 3 orthonormal vectors
7, 7, s and three real numbers «,, a,, @, to be respectively a system
of characteristic vectors and values of a 3 X 3 nonnegative symmetric
matrix. It would be interesting to find similar necessary (or sufficient)
conditions concerning % X 7 nonnegative symmetric matrices.

REMARK 3. From the considerations concerning the equality sign
in the proof of Theorem 1 we conclude: Let A be a 3 X 3 nonnegative
symmetric matrix satisfying (1.13). A is not generalized stochastic
while A* is generalized stochastic if and only if A is of the form
(1.837). In a recent paper [3] we characterize the matrices of this
type for every n.

1.3. Counter example for # = 4. In this section we bring a
counter example which shows that for # = 4 the conjecture of Marcus
and Newman does not hold. Let

Ffa 0 ~ -~ 07 [ 0 —eeeem 07
00 01 0
IS N l
139 A=A@=| 1 1 1o . B, n=4.
1 ) 1 1 1 ;
L0 - 01 !
Lo1-10] |o i

A (o) is a n X n symmetric matrix depending on the real parameter «.
For a =z 0 A,(a) is nonnegative. B,_;isa (n — 1) X (n — 1) nonnegative
symmetric matrix. B’_, is generalized stochastic (while B,_, is not
generalized stochastic). As
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SBi.)=(m—2e, SBL)=@{n-—1Dmn-2),
SB,-) =2n—2), SB,)=2n~—2)7,
we obtain

n S(A3) — S(4,) S(42) = n[2(n — 2)* + o]
—[2(n — 2) + af[(n — L)in — 2) + ]
= [a* — (n — 2)][(n — Da — 2(n — 2)] = f.(a) .

The zeros of the polynomial f,(a) are

_2(n — 2)

a,=-1Vn—-2, a
n—1

and therefore f,(a) < 0 for

2(n — 2)

- <a<vVn-—2.
n—1

(1.40)

Hence, for every « satisfying (1.40) the inequality (1.1) does not hold.

REMARK. Consider the following generalization of conjecture (1.1):
Let A be a n X n nonnegative symmetric matrix. Then

(1.41) S(A) S(A™) < n S(A™+) | m=1,2 ---.

For odd m (1.41) holds for every symmetric A [4, Th. 4]. For even
m and n = 4 a straightforward computation proves that (1.41) does
not hold for the matrices (1.39), for a satisfying (1.40). For m =2
and n = 3 the validity of (1.41) is established in Theorem 1. For even
m > 2 and n = 3 the problem remains open.

2. Upper bound for the sum of the elements of a power of
a matrix.

2.1. A conjecture. In this section we state a conjecture which
yields an upper bound for the sum of the elements of a power of a
nonnegative symmetric matrix.

We first define a class of matrices: Lets = (s, +++,s,) be a vector
for whaich the condition

(2.1) 0<s, <s, < vee <o,

holds. Denote by S7,(s) the class of all n X n nonnegative symmetric
matrices for which s(A) = s.

By a straightforward computation, using (1.2), (1.4) and (1.5), we
obtain
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(2.2) S(A) = 388 — 3 aulsi — 5)°
1=1 151<J
From (2.2) it follows that for every Aec .o7(s) the inequality
2.3) S(AY) £ 3 s
1=1

holds. Equality in (2.3) holds if and only if A is the diagonal matrix
in 7 (s).

The following conjecture generalizes (2.3): For every Ae ¥7,(s)
the imequality

2.4) S(A™) = X7, m=3,4, -

holds. Egquality in (2.4) holds if and only if A is the diagonal matrix
m (8).

REMARK 1. For m =1, 2 (2.4) holds with equality sign for every
Ae 7,(s). This is the reason why we did not include m = 1,2 in
our formulation of the conjecture.

‘ REMARK 2. In the definition of the class .97(s) we assumed that
s(A) satisfies (2.1). If we ommit this assumption only the equality
statement of the conjecture is to be changed.

2.2. Proof for particular cases. In this section we prove some
particular cases of the conjecture. The general case remains open.

THEOREM 2. In the following two cases
1 m=38,45 and n=12---
2 m=238,4,---and n=1,2,8

the inequality

(2.4) S(4™) < 3yer

holds for every Ae v,(s). The equality sign in these two cases holds
only for the diagonal matrix in SZ,(s).

Proof. Let A= (a;;)€ 57(s). Assume that there exists an 7,
1 =<1 < n, for which a,; > 0. Define
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Qy; ——m—m Ay

o like ! §

1 N ! !

| Nt !
(2.5) Ay =|ay,~-—-a,; +e—-—a;,, — ¢

! N !

1 T N 1

! ! ~ !

1 ] N
»anl—'—"—ani'—e——ann-*-s__l

Here ¢ is a nonnegative parameter. For small cA(e) € 7, (s). We have

aS(AOL | _ [ d4"@T % spara0)arte
de e=0 S[ de ]e=0 . Ic§=:<') S[A*A'(0)4 ]
= 3 (W04, Ae) = 5 (A(0)3"0(A), 30(4)

= 3 [sm(A) — sr (W] (4) — sP(A)].

)
-

Hence,

(2.6) is—[;:(i)] = mif [sim—+=1(A) — sim=*=V(A)][si(A) — s(A4)] .
g=0 k=1
Let us first bring the proof for the case (1). Let A = A(m) = (@),

m = 3,4, 5, be an optimal matrix of the maximum problem

Max S(4A™) .

A€, (8)
For a fixed m, m = 3,4,5, we use induction on n. For n» =1 the
theorem holds trivially. Suppose that the theorem holds for n — 1
(and the~same fixed m). We prove shortly that the optimal n x »
matrix A has the following structure

- 0
1
!
§
2.7) A= Am) = B |
1
0
| 0 ————0s, |

Bisa (mn —1) X (n — 1) nonnegative symmetric matrix and s(B) =
(84, =+, S,_,). Suppose that we have already proved that A has the
structure (2.7). By the induction assumption

S(B" <3 sr



530 DAVID LONDON

and equality holds only if B is diagonal. Hence,
2.8) S(A") = S(B™) + s < 87 .
i=1

Equality in (2.8) holds if and only if A is a diagonal matrix.

It remains to prove that A has the structure (2.7). Assume that
A has not the above structure. There exists at least one 4, 1 <3 <n—1,
for which &,; > 0. For this ¢ the matrix A(e) is defined according to
(2.5). As A is an optimal matrix of the above defined maximum
problem, and as for a small enough & > 0 A(e) € 7(s), the inequality

(2.9) Sd[;l:(e)]

JIA

0

g=0

must hold. From (2.6) and (2.9) we obtain
@10) 3 [s(d) — st(A)[si—+-0(A) — st A)] £ 0.
k=1

We now consider separately the cases m = 3,4,5. By a suitable
choice of 7 we obtain a contradiction to (2.10).

m = 3. For this case the theorem has already been - proved by
the representation (2.2). We give here an independent proof. Choose
any 4,1 <4 <% — 1, for which @,; > 0. According to our assumption
there exists such an 4. By (2.10) we obtain for this 4

(2.11) [s:(A) — s, (A = (s: — 8, 0.
(2.11) contradicts (2.1).

m=4. Let 7,1t =<mn—1, be the smallest index for which
@, > 0. According to our assumption there exists such an ¢. By
(2.10) we obtain for this ¢

(2.12) (s, — 8)[sP(A) — sP(A)] 0.
We have
As = s®(4) .

By (2.1) and by our choice of ¢ we obtain

(2.13) sPA) = 3 @48,

i

(2.14) s2(A) = 3 Ass; Z 85,
=1

Hence,
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(2.15) sP(4) = s2(4) .

Equality in (2.15) implies equality in (2.13) and (2.14). Equality in
(2.13) holds if and only if

~

Gy =" =03, =0, T, = s;
Equality in (2.14) holds if and only if
Cppivr = * 0 = Bpa = 0,8, = 3,
Hence,
(2.16) Gin =0y = 8, = 8,

(2.16) contradicts (2.1) and therefore (2.15) holds strictly. (2.1) and
the striet inequality in (2.15) contradict (2.12),

m = 5, From the set of all the indices 4,1 <4 < n, for which
@, > 0 choose that ¢ for which s(A4) attains its minimum value.
According to our assumption there exists an 4,1 £ ¢ < n, for which
d@,; > 0. As we saw in the proof for m = 4, there exists an 4,1 <
% < n, which satisfies @,; > 0 and for which striet inequality holds in
(2.15). It follows that the ¢ chosen now satisfies 7+ < mn. By (2.10)
we obtain for this ¢

(2.17) 2(s, — s)sP(A) — sP(A)] + [s(A) — sPAF 0.
We have

s®(A) = A%e = As®(A) = As(A) .
By (2.1) and by our choice of 7 we obtain

(2.18) () = 3, Gs? 2 P (B,
2.19) s = 35 @s; < s (A, .

As @,; = 0, it follows that @} = 0. As d@ # 0 and as 7 < n, it follows
that the strict inequality sign in (2.19) is justified. (2.18) and (2.19)
imply

(2.20) sP(A) < s9(4) .

(2.1) and (2.20) contradict (2.17). The proof of the case (1) is thus
completed.

We bring now the proof for the case (2). We give first the proof
for n = 3. Let A = A(m), m = 3,4, ---, be an optimal matrix of the
problem
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Max S(4™).

A€ srg(s)

Assume that A(m), for a fixed m from m = 3,4, ---, has not the
structure (2.7). There are then two possibilities:

(2.21) @, + 0,
(2.22) Gy =0,8,%0.

If (2.21) holds then, according to (2.10), it is sufficient to prove that
for every natural k the inequality

(2.23) stV(4) < si(4)
holds, while if (2.22) holds it is sufficient to prove that
(2.24) s(A) < s(A) .

Assume that (2.21) holds. As
(2.25) s(4) = Zsl Gysp(A) = 3 @k, i=1,2,8; k=23,
=1 J=1
it follows that

(2.26) s(4) < min {sss{k-ﬁ(]x), s, max sg.k—n(z)} ,
J

(2.27) st(4) = max {slsg"'”(;l), 8; min sg-""’(;l)} .
J

We prove (2.23) by induction on k. For k£ =1 (2.23) holds by (2.1).
Assume that

st(4) < si(4) .

From this induction assumption follows that at least\ one of the two
following equations holds:

(2.28) s{*-9(A) = min s¥(4) ,
M

(2.29) si*V(A) = max s}~(4) .
M

The minimum and the maximum are strict. As (2.28) or (2.29) holds,
it follows from (2.26) and (2.27) that

(2.23) si(A) < si(4) .

To obtain (2.23) we have to show that equality cannot hold in (2.23").
Assume that (2.28) holds. Equality in (2.23") implies

si(A) = s;s+(A)
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From the last equation, using (2.25) and the fact that the minimum
in (2.28) is strict, we obtain

(2.30) Upo =0y =0, Gy =8, =03 = 8, .

(2.30) contradicts (2.1). Assume that (2.29) holds. Similar to our last
conclusion it follows now that equality in (2.23’) implies

(2.31) Gy, =0,=0,8;=3s, A "=a¢"=0,
As from @, # 0 follows @y = 0, we obtain

(2.32) G =0.

If @, # 0, using (2.31) and (2.32), we obtain

(2.33)

aEFn=+0, k — 1 even,
Ak #0, k — 1 odd.

(2.33) follows easily, e.g. from the directed graph corresponding to A.
(2.33) contradicts (2.31) and therefore @3, = 0. We obtained

(2.34) Gy =033 =0, Gy =0y, =8, = 85

(2.34) contradicts (2.1). So (2.23) holds and the proof for this case is
completed,

Assume that (2.22) holds. We prove (2.24) by induction on k.
Assume that

(2.35) s{=0(A) < s{-(A4) .
From (2.22), (2.25) and (2.35) follows
si(A) < ss+(4)

(2.36) si9(A) = ss(4) .
Hence,
(2.24") siP(A) < si(d) .

To obtain (2.24) we have to show that equality cannot hold in (2.24').
Equality in (2.24") implies equality in (2.36) and this implies @; = 0.
So we have

(2-37) a:31 = 633 = Oy d’zz =8 = dza =8s,.

(2.37) contradicts (2.1). So (2.24) holds and the proof for n =3 is
completed. )
For » = 2 it is sufficient to prove that for every natural &

si(d) < s(4) .
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This inequality can be easily proved by induction., Theorem 2 is thus
established.

REMARK. It is easy to prove that if A is a nonnegative matrix
with row sums s, +++,8,;8, =8 =< -+ < s,, then

s78(4) < S(A™) < s2—S(4) m=1,2

where the two bounds are sharp. As for Ae ¥ (s)

s < 37S(4)

=1
and as the bound s*'S(A) is sharp, it follows that the assumption of
symmetry in Theorem 2 is essential.

2.3. Generalizations. Theorem 2 can be generalized to a larger
class of matrices and also to a statement on minors of matrices.

Let A = (a;;) be a » X n matrix, perhaps with complex elements.
Denote | A| = (Ja;;]). The row sums vector of | A], s(]A|), is denoted
by [s] = [s](4). The ¢th component of [s] is denoted by [s;] = [s;](4).

We bring now the first generalization of Theorem 2: In the
following two cases

1 m=3,4,5 and n=12, .-

@2 m=3,4,-+- and n=1,2,3
the inequality

(2.38) S(4") = 3 [sd”

holds for every complex A such that |A|e ([s]). The equality
sign in these two cases holds if and only +f A is diagonal.

Proof. We have

S(|A™|) = Si; . ; o Qige, Oy *** Qe 1d
(2.39) : 1_ prrnfm—
= Z Z I Qip, Qg *** A _i |=S8S(A") .
$,9=1 kqroocs k=1

As | Al e o7 ([s]) it follows from Theorem 2 that
(2.40) SUAM = S sl

(2.39) and (2.40) imply (2.38). The equality statement follows from
the equality statement in Theorem 2.
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REMARK 1. For Ae . (s) (2.38) reduces to (2.4"). For m =1
(2.38) holds with equality sign for every A. For m = 2 (2.38) holds,
but the equality statement stated above does not fit this case.

REMARK 2. The only essential assumption about A is that |A| is
symmetric, |A|e . 97([s]) includes the additional assumption that the
components of [s] are positive and distinct. This assumption is needed
only to obtain the equality statement,

The second generalization deals with minors of matrices. We
introduce now several concepts and notations,

Let p and % be natural numbers, 1 < p < n. Denote

QPnz{(ilr"'7ip)11§7;1<7;2< e <7:p§’ﬂ}

(%, -+, 1, are natural numbers).

Let ¢ = (4, *++,%,) and j= (4, +++,7,) be elements of Q,,, and
let A be a n X n matrix. The minor of A formed from the rows
(¢, +--, %,) and the columns (j,, +--, J,) is denoted by

A( .u ’ .p> — A ’l, .
Jiy ** %y dp < J >
The pth compound matriz of A is denoted by C,(4). C,(4) is a

(;’;) X (g) matrix with elements A(;’)

Let us now define the class of matrices | 7 ([s])|. A matriz A
belongs to the class | 7, ([s])| if and only vf A is symmetric and | A|
belongs to 7,([s]). Note that the definition includes the demand that
all the components of [s](4), Ae v, ([s])|, are positive and distinct.
Note also that a matrix belonging to | 97([s])| can be complex.

In [6, formula 12] Schneider obtained the following result: Let
A be a n X n matriz and p a natural number, 1 < p =n. Then

(2.41) 5

JEQpn

AR Sl oo clogli = Gy ey i)

In {5] Ostrowski obtained the following equality statement: If
[s:]- =+ +[s:,] # O then the equality sign in (2.41) holds if and only
tf in every column of the submatrix of A formed from the p rows
By, o, Up, there exists at most one mnonzero element. From this
statement follows: If Ae| v (s])!| and of p =2 then the equality
sign in (2.41) holds for every i€ Q,, if and only if A is a diagonal
matrix,

We bring now the second generalization of Theorem 2: Let p and
n be natural numbers, L < p = n. In the following two cases

1) m=3,4,5 and =12, .-

2 m=3,4,--- and n=1,2,3
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the tnequality

(2.42) i,jeZ'Qpn Am(.:)‘ = ie%m (Lss- -oe Lo D"

holds for every A belonging to | 7,([s])|. The equality sign in these
two cases holds if and only if A is diagonal.

Proof. As A is symmetric, the compound matrix C,(4) is also
symmetric, Applying (2.38) to C,(A) (see Remark 2 after (2.38)), we

obtain
S{[C(D]™ [} = S[| Co(4™) [] = ; je% A"‘C)l
(2.43) 1 ”:
_<_= ieén (iez(l;m A<j> )

(2.42) follows from (2.41) and (2.43). For p = 1 the equality statement
follows from the equality statement corresponding to (2.38). Equality
in (2.42) for p = 2 implies equality in (2.41) for every +¢€Q,,. As
Ac| (s8] ], it follows from the equality statement corresponding to
(2.41) that A is diagonal. It is obvious that if A is diagonal then
equality holds in (2.42).

REMARK 1. For p=1 and Ae ¥(s) (2.42) reduces to (2.4').
(2.42), including the equality statement, holds for » = 2 also for
m=1,2,

REMARK 2. If the conjecture (2.4) stated at the beginning of
this chapter holds true, then the two generalizations given in this
section hold also for all m and =,

The author wishes to thank Professor B, Schwarz for his guidance
and help in the preparation of this paper.
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INFINITE PRODUCTS OF SUBSTOCHASTIC MATRICES

N. J. PULLMAN

This paper is about two types of infinite products of sub-
stochastic matrices {4;} namely: the left product defined by
the sequence of left partial products A,, A, A, AsA4:A;, ---;
and the right product defined by the sequence of right partial
products A;, A A., A AA,, ..

The basic theorem is that if the 4, are each « by o then:

a. There is a nonempty set £ of substochastic sequences
each of which (except possibly the zero sequence, 0) is the
componentwise limit of a sequence of rows, one from each left
partial product;

b. Any sequence {o,} of rows, one from each left partial
product, can be approximated by a sequence of convex com-
binations {¢c,} of points of E (that is, {0, —c,} converges
componentwise to the zero sequence), and c. £ = {0} if and only
if every sequence of rows, one from each left partial product,
converges to 0.

Similar conclusions follow immediately for the right product
of o by oo doubly substochastic matrices.

The asymptotic behaviour of the right product of a special
class of {A4,} is also considered.

The finite case (that is, when all the A, are r by r) for stochastic
A, is treated independently for convenience, even though the result
in this case (Theorem 1) is actually a direct consequence of the basic
Theorem 1’. Its conclusion is that there is an m by r stochastic matrix
A with 1 £ m £ r and permutation matrices @, such that

a. if m < r then for some stochastic » — m by m matrices C,:

, A
lim A, Ayyeee Ay — Q"(C,,A)} =0

and b. if m = r then
lim{4,4,_, -+ A, — Q,A} =0

Some results on fixed points are obtained in the finite case which
carry over, in restricted form, to the infinite case.

A real matrix is said to be stochastic if none of its entries is
negative and each of its row sums is 1. Two types of infinite products
which arise naturally from a given sequence {4,} of stochastic matrices
are those whose nth partial products are R, = A,4,--- 4, and L, =
AA,_ --- A respectively. We’ll call the sequence {R,} the right
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product and the sequence {L,} the left product of the A,.

The right product is of interest in the theory of Markov chains
with possibly nonstationary transition probabilities because if A4, is the
matrix of probabilities a{? of transition from state ¢ at time n — 1 to
state j at time m» then the ijth entry »{? of R, is the probability of
transition to state j at time n from state ¢ at time 0.

The left product has a similar interpretation: I{} is the probability
of transition from state ¢ at time —m to state 5 at time 0.

We shall obtain theorems on the asymptotic behaviour of these
partial products and on their fixed points. For example if the A, are
o by o stochastic matrices we can show that there is a sequence of
rows, one from each L,, which converges componentwise.

The finite and infinite cases are treated separately for clarity.

DEFINITION. A permutation matrix is a matrix of zeroes and ones
which exactly one 1 in each row and each column.

THEOREM 1. If L,=A,A,_,+--+ A, and each A, is an r by r
stochastic matrix then there exists am m by r stochastic matriz A
with 1<m <r, r by r permutation mairices Q, and, 1f m<r,
stochastic r — m by m matrices C, such that:

A
L. - Q"(m)

lim||L, — Q,A]|=0 2f m=r.

lim

n—>oo

I:O if m<r and

Proof. Let S be the convex hull of the basis vectors
v, =(1,0,0,++-,0), v,=1(0,1,0,+++,0), ¢+, v,=(0,0,0, ---,1). Each
(S)L,, is a convex polytope (that is, the convex hull of p points), these
polytopes are nested (that is, (S)L.., & (S)L, for all ) and none of
them has more than r vertices (a point # of a polytope is a vertex if
it is on no open line segment contained in the polytope). It can be
shown that the intersection of such a family of convex polytopes is a
convex polytope of r or fewer vertices. Let K =[).z (S)L, and denote
its vertices by k,, -+, k,. Let A be the m by » matrix whose ¢th
row is k;,. Let »™ denote (v;)L,. For each » and each ¢ < m there
is a v such that k, = lim,...v’. We can assume that for each =
there are only m such v{? so chosen. If m < r extend the definition
of 4, so that {v{” :m < ¢t <7} is the set of v{® not already chosen.
Q, is the matrix (¢f?’) for which ¢{’ is 1 if ¢ = ¢, and is 0 otherwise.
If m <7 and t > m let k™ be the point of K closest to v’. Since K
is convex, k™ is a convex combination, 7., ¢i7k;, of the vertices K.
Therefore C, = (¢{7') is an » — m by m stochastic matrix and k™ =

A A
< A
(v,)(CnA) for each m <t <r. Consequently (v“)Q”(CnA) (vt)(c A)
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m < r and (v,)Q,4 = (v)A if m = r. Theorem 1 then follows from the
fact that lim, 2™ =k, ifl1 <¢=mandlim,_.v” — k™ =0if t > m,.

1 ‘t
k.
1

Notice that lim L, =

n—-r00

| if m = 1 because K then consists of the
k.
one vertex k..

DEFINITION. A sequence {P,} of r by » matrices is descending if
and only if (S)P,,, & (S)P, for all n sufficiently large. (S is as in the

proof of Theorem 1). As a first corollary to Theorem 1 we have:

A
m,Q,, A and C, (if m < r) such that lim,_.|| P, — Q"<C A) =0 if
m < r and lim, .|| P, — Q,A4]| =0 if m =r, for all des"cending se-

quences because each such sequence (with the first N terms omitted)
is the left product of some sequence of stochastic matrices. (All left
products of stochastic matrices are, of course, descending sequences.)
Another immediate corollary concerns doubly stochastic matrices (that
is, stochastic matrices whose transposes are also stochastic). We shall
state the corollary emphasizing the matrix entries for variety’s sake.

COROLLARY 2. If {A,} is a sequence of doubly stochastic r by r
matrices and R, = A/A, --- A, then there exists an m by r stochastic
matriz A with 1 < m < r and permutations q, of the r indices such
that for each 1 <5 < 7r:

(a) if 1=q.00) =m, lim, o (ry —a, ) =0and if m < r there
exist r — m by m stochastic matrices C, such that

(b) if m < q,(i) < r then: '

lim (r§ — :z ™ g ()kk;) = 0 .

Some examples of {4,} with descending right products are provided
by all those sequences of stochastic matrices {4,} which ecommute pair-
wise within a row permutation (i.e. 4,4, = Q,. 4, A4, for some per-
mutation matrix @,..). Because of their connection with Markov chains
we shall investigate descending right products further., We’ll impose
further conditions on the A, which are not too stringent but which
give additional information about the C, of Theorem 1. While doing
so we acquire some information on the fixed points of 4, and R,.

DEFINITION. B occurs frequently among the A, if and only if
B = A, for infinitely many #.

LemmA. If {A,} is a sequence of r by r stochastic matrices whose
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right partial products R, = A,A, -+ A, are a descending sequence and
B occurs frequently among the A, then, in the notation of Theorem
1 there is an m by m permutation matrix D such that AB = DA.

Proof. For some N, {Ry.,} is the left product of some sequence
of stochastic matrices A,. Let K be as in the proof of Theorem 1
applied to the A,. Then K= N,-» (S)R,. (K)BZ K because K =
N{S)R,_.,: B= A, and n > N}. Suppose € K. Then, for infinitely
many 7, there are «, € (S)R,_, for which » = (v,)B. A subsequence {z,_}
converges to some point y € S. Therefore (x, )B converges to (y)B and
hence z = (y)B. But y € K and hence K < (K)B. Thus K = (K)B and
hence B permutes the vertices of K (rows of A). Let D be the m by m
permutation matrix representing this row permutation then AB = DA.

B permutes all the vertices of K and fixes the barycentre, 1/m’ >/, k;,,
of each subset {k, k., ---, k; )} of m’ vertices of K (rows of A) which
it permutes. Therefore (x)B = x for all = in the convex hull of these
barycentres. There may be (left) fixed points of B outside the convex
hull of the barycentres.

Let us enumerate all the matrices occurring frequently among the
A, sothat 4, is the first such matrix and A4, is the pth such matrix
distinet from A e Let D, be the m by m permutation matrix
corresponding to A, (as in the lemma) and let D, =D, if 4, =4,
Applying the lemma to the first corollary to Theorem 1 we obtain:

THEOREM 2. If {A,} is a sequence of r by r stochastic matrices
each of which (except for finitely many n) occur frequently among
the A, and the n-th partial products R, = A,A, -+ A, are descending
then there exists an m by r stochastic matrix A (with 1 = m < 7),
permutation matrices @, and, if m <r, r —m by m stochastic matrices
C, such that given € > 0 there is an N for which:

DA .
) <e (fm<nr),

(a) an—QN(CND;A
(b) IR, —QsD:All<e (ifm=r),

for all » > N. D, is the permutation matriz which is the product
Dy, Dyiy -+ D, of D, defined tn the previous paragraph. Moreover
the barycentres of those sets of rows of A which are permuted by all
the D, s a (left) fized point for all A, (except perhaps the finitely
many n for which A, does mot occur frequently). In particular the
barycentre b = 1/m 3\ (@, +++, @;,) of the rows of A is such a (left)
Sized wvector.

Let F be the convex hull of the barycentres mentioned in Theorem
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2. F'is fixed (pointwise) by each of those A, which occur frequently.
If all the A, occur frequently then (z)R, = = for all » and all x ¢ F.

The fundamental theorems on the convergence of the powers of the
transition matrix and the ‘‘classification of states’’ of a finite Markov
chain with stationary transition probabilities (see for example [4] pp.
170-184) can be obtained from Theorem 1 by examination of the
position of K in S. In the interest of brevity we shall not do so here
but shall instead discuss two notions from the stationary case by way
of sample applications of Theorems 1 and 2.

In the notation of the proof of Theorem 1 let T be the set of all
% for which v, is not in the set of basis vectors spanning K. Following
the custom (see e.g. [2]) for the stationary case we’ll say that ¢ leads
to j (written 7 ~*j) if and only if »{ > 0 for some n. If the right
" product of the A, is descending then for each 3, lim,_. ¥ = 0 for all
j€ T and; each ¢ ¢ T leads to some j ¢ T by the first corollary to Theorem
1. In the stationary case (i.e. when A, = A, for all n):

T= La,ll{i:i~’j and 7 +"} .
2
This is precisely the definition of the set of tramsient (sometimes
called imessential) states in the stationary case.

The notion of regular chain (in the terminology used in [6]) can
be extended to the nonstationary case so as to obtain the same kind
of basic result. Suppose the right product of the A, is descending and
that there is a product P =4, A4, --- 4,, of frequently occuring A,
(in the notation of Theorem 2) which is positive (i.e. p;; > 0, all 1, j).
(The 7,, are not necessarily distinet nor in increasing order). Call such
{4,} regular sequences. It then follows that the right products R, of
regular sequences {A,} converge to a matrix all of whose rows are the
vector k. No component of %k is zero, (k)R, = k for all sufficiently
large n (for all n, if (S)R,., = (S)R, for all ») and k is the only vector
in S with this property. Although this is equivalent to the correspond-
ing result for the stationary case it is easy enough to obtain using
the first corollary to Theorem 1 and the lemma preceding Theorem 2:
All we need do is show that m = 1. To this end observe that according
to the lemma, P permutes the vertices of K so that, for some u:
(x)P™ = x for all xe K. If K had more than one vertex the line joining
two of them would meet the boundary of S in a point & which is fixed
by P*. (x)P* can have no zero components because P is positive but
2 has zero components because it’s in the boundary of S. This second
application may also be found in a slightly less general form as
Theorem 3 of [5].

DEFINITION. A real matrix is substochastic if and only if none of
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its entries is negative and 1 is an upper bound for its row sums.

Most of the foregoing results including Theorem 1 and its corollaries
can be extended to infinite as well as finite substochastic matrices. To
do so, consider the set S, of all substochastic sequences (i.e. the set
of all real sequences of nonnegative terms whose sum is at most 1).
S, is a compact, convex subset of the space of all real sequences under
the product topology. The « by «~ substochastic matrices are associative
and closed under matrix multiplication so that left and right product
is defined for every sequence of such matrices.

THEOREM 1'. If {L,} is the left product of a sequence of o by
substochastic matrices then there is a nonempty set, E, of substochastic
sequences with the following properties:

(a) For each ke E (except possibly the zero sequence) and each
n there is an integer 1,,, such that for all j:

lm Y ; =Fk;.

(b) For each sequence {1,} there is a comvex combination x*™

of elements of E such that for all j:

lim (7 — «f™) = 0.
n-—oo

(e) The zero sequence is the only element of E if and only if
for all sequences {¢,} and all j:

liml{"; =0.

Proof. For each subset F' of S, let co(F') be the set of convex
combinations of elements of F' and co(F) be the intersection of all
closed convex sets containing F. Let W, be the set consisting of 0
and all the rows of L,, let L, = ¢co(W,) and K = (,>: L.. K is convex
and compact and 0e K. Let E be the set of extremals of K (that is,
ke E if and only if ke K and k is an interior point of no line segment
in K) then K = co(F) by the Krein-Milman theorem. Part (a) of
Theorem 1’ is proven by contradiction. Suppose ke E and a neigh-
bourhood of % excludes 0 and all rows of L, for all » in an infinite
set 2. Then, for a finite set 4 and some ¢ > 0, W, is in the com-
plement of Z = Nje.{x€ S,:|2; — k;| < € for each ne Q.

Let T;={xeS,;:x;=2k;+¢, T;={&eS;:x;=k;—e¢ and
T;=T; U T;. Then

KeL =m(YTnw)

= ¢o ([%ch_o(T,- N W,,)) (see [3] V 2.5)
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= ¢o (H,IE((T? N W) U(T; N Wn)))

= ¢co <LejAco(c_o(Tj N W) uee(T; N Wn))>
(again by [3] V 2.5)

< eo (U col(T5 1 L) U (T5 1 L))

je4

S co <U co(T; N E,,,)) .
J€A

If U,=T;nL, is empty for some je 4, ne2 then U;, = ¢ for all
sufficiently large m because the U;, are nested for fixed j. Rather
than change notation, we can assume that U,, # ¢ for all ne 2 and
~all je 4. Thus k is a convex combination, 3;esNja%;,, Of elements
%, of co(U;,). Uj, is the unionof U, = Ty N L, and U;, = T; N L,.
Assuming first that U}, and Uj;, are nonempty for all ne 2 we have
0 < p;, < 1such that w;, = p;uf, + (1 — p;,)u;z, for some u}, € U}, and
some u;, € Uj,. By successive extraction of subsequences we obtain u],
uy, ¢; and \; such that

limuf, =uf, lim w7, =47, lim g5, = 5,

Mm—sco m-rco m—soo

limhjnm:)\.,-, 1%1&]%0, 127\,,20 and %)\:jzl.
m-—soo J

Therefore k = s Ns(ptuf + (1 — p;)uy)), and for all je 4: uf, uje K
and 4}, u; € T;. The extremality of k implies that & = w} or u; for
some 7 and hence that k€ T;. Consequently k¢ Z, a contradiction. If,
however, U;, or Uj, is ¢ for some (and hence all subsequent) n we
can use a similar argument using the w;, instead of the %}, and wj,.

If =0 we can therefore assert that each sufficiently small
neighbourhood of %k excludes 0 but contains an element of W, for all
sufficiently large n. These elements must be rows of the L,. There-
fore & is the componentwise limit of a sequence of rows, one from
each L,.

To prove part (b) let d be the metric on S, which induces the
product topology (see [1] II prop. 6, p.97). Let y,€ L, and z, be a
point of K closest to y, in the metrie. d(z,, v,) is a null sequence be-
cause the L, are nested. A sequence {x,} in co(E) can be found for
which d(zx,, v,) is a null sequence because co(E) is dense in co(E) (see
[3]1 V 2.4). Part (b) then follows if the ¢,th row of L, is used for y,.
Part (c) follows directly from parts (a) and (b). This completes the
proof of Theorem 1'.

The conclusion of Theorem 1’ is valid if {L,} is replaced by any
descending sequence {P,} of « by < substochastic matrices using the
previous definition of ‘‘descending’’ with S replaced by S,. Such se-
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quences too are, except for finitely many terms, the left product of
some sequence of substochastic matrices.

The statements about commutivity also carry over to the infinite
case,

Corollary 2 extends to:

CoROLLARY 2. If {R,} is the right product of o« by oo doubly
stochastic matrices then there is a nonempty set, E, of substochastic
sequences with the following properties:

(a) For each mon-zero ke E and each n there is an integer i,,;
such that for all j:

limr®  =k; and

(b) For each sequence {i,} there is a convex combination x‘“™

of elements of E such that for all j:

limr® —zf™” =0,
(¢) The zero sequence is the only element of E if and only if
Sor all {z,} and for all j:

lim r{7 =
A substochastic matrix is continuous on S, if and only if all of
its columns are null sequences. If a continuous B occurs frequently
among the A, and their right product is descending then (K)B = K.
Theorem 2 and the remarks following it concerning fixed points
also hold for « by c substochastic matrices A, provided each A4, is
continuous and K has only finitely many extremals.
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REFLECTION AND APPROXIMATION BY
INTERPOLATION ALONG THE
BOUNDARY FOR ANALYTIC FUNCTIONS

JAMES M. SLoss

Let there be given a function f(2) analytic in an open
connected set, not necessarily simply connected, which is
bounded by simple closed analytic curves such that the
function is continuous on the closure of the region and such
that the real part of the function satisfies boundary conditions
that are analytic in a neighborhood of the boundary. We
want to interpolate f(z) along the b\oundaries and find con-
ditions that make the interpolants converge maximally to f(z)
throughout the closure of the region, The boundary condition
on the real part of f(z) permits the analytic continuation of
f(@) across the boundary curves and ensures that we are
interpolating at points interior to the region of analyticity.
In our error estimates (Theorem 1) maximal convergence
depends in an essential way on how far we can reflect f(2)
and this in turn depends on the boundary values of the real
part of f(2) as well as on the geometry of the given region
and its analytic boundaries, In Theorems 2 and 3, a simply
connected region is considered. Special points of interpolation
are given, these depend only on the parametric representation
of the boundary curves and not a conformal map., These
points are the image points of the Chebyshev polynomials.

Finally an example is given for a multiply connected region.

As is well known [2] Runge’s beautiful theorem shows us that
there exist certain “equidistributed” points on the analytic curves such
that if we interpolate at these points the interpolants converge to the
function. However, the proof depends on knowing the conformal map
in order to know what the interpolation points are. Here we shall
give conditions that do not require knowledge of the conformal map
but for convergence depend on how far we can reflect. Along with
these, we shall give simple error estimates. Moreover, we shall show
that possible interpolation points are the images on the boundary of
roots of the Chebyshev polynomials.

The aspects of this paper which are novel are

(i) the use of reflection

(ii) interpolation at boundary points which are gotten directly
from the parametric representation of the boundary and do not depend
on a conformal map
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(iii) the use of the images of the roots of the Chebyshev poly-
nomials as possible interpolation points.

Notation, Let R be a connected set whose boundary is I". Let
I'=ryr*y..- JrI™ where the IV are bounded analytic contours in
the z = x + 1y plane given by Fi(z, y) = 0 with (F})* + (F})* = 0 along
Ii,j=1,2,.--,s, where the F7 are real-valued analytic functions of
2 and y. We assume further that the IV are pairwise disjoint. Let
I contain in its interior [™,I®, -.-,I'"* and contain in its exterior the
point at infinity. Let /7 contain in its interior ¢; 2 < j < s. As shown
in [3] there are “reflection” functions G;(z) defined on a neighborhood
DiyIiyDiof IV, Assume G(z) single-valved on D7 IV U D’ [3] shows.

(1) z=G,k) is IV,

(2) G,(z) is analytic on D’ U I¥ J Dé, where D’ is contained in
the connected R and D’ is contained in the complement of IV U D’ for
71=12,...,8,

(3) The transformation Z = G(z) is an involution; i.e. Z =2

(4) If z is in D7 then % is in D7 and if 2z is in D then 2 is in
D,

(5) G[D7] = D and G[D’] = D’. We assume the boundary of [,
that is not I, is a contour C’ and Gy(z) is eontinuous on D’ U CY,

THEOREM 1. (H 1) Let f(z) be an analytic single valued function
on R whose boundary is I' such that the real part of f(z) solves the
Dirichlet problem in R with real boundary values B;(z) on IV where
B;(2) are single-valued and continuous in D’ U YD UC? and analytic
in DIy iy Di. Let f(z) be continuous and single-valued on R U I".

H. 2) Let 2, z,{jz, ces, z,{jnﬁl, n;=0,1,2, ..., be opoints of
Ii,j=1,2,---,s. Let p}(2) be the polynomial in z of degree m,
that agrees with By(2) at 2., Zup, ** ) Znpm s O0d let pz;j(z) @2=j5=59)
be the polynomial in 1/(z — a;) that agrees with B;(z) for z — a; = 2} st
B oy R0 where a; U8 @ point inside ¢’

(H. 3) Let

n3+1

oL, = min [T |t —2z,]|
1 ton O1 k=1 1

n3+1

! = max z— z
#nl z on 'l I:cl;[l | ™k [

and
'nj+1

0, = min T[]
I toemed k=1

sl
71,_7‘1

¢, = max []
J zon ) k=1
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(H. 4) Let 11/6;, —0as n;—oo,j=1,2,-+-,5. Then for

1 1 1 1 1 1
== P ’ —— y . y d = {— y P——— 9 LR ..___.__,} .
# < n, = n, n, > and | p] = max Ny M Ny

(C. 1) R.(2)= Zj-qpi;j(z) converges uniformly to f(z) in RUTl
as | p1|— 0 and thus Re R,(2) converges uniformly to w(x,y) in R
and uniformly to B;(z) on I,
(C. 2) Moreover in RUI:
. L;M

1 i i 157
@) — Bu@) | = = % =5 4,107,

where L; = length of C7', M; = max | f(t)| and 0; = inf min|t—z].

t on 0J zonlJ tongl

Proof, In order to avoid notation that only confuses, we shall
prove the theorem for the case s = 2.

We first analytically continue f(z) into RU I U Dryry D Let
Fr@) = fIG,@)] for z in IV yDi. f¥(z) is defined and analytic for z
in Iy Di since £ = G,(z) is in D’ for z in Di and G,(2) is analytice
for z in I yDi. But f}(z) = f(z) for z on I/, thus on I/

f@) + f} @) = 2B;(@) .

Thus f(z) = 2B;(z) — f*(z) analytically continues f(z) into Iy D’
since f(z) is continuous up to and on /¥, Moreover, f(z) is continuous on
I'i y Di | €/ since G,4(2) and B;(z) are. Thus f*(z) = f,[G®)] analytically
continues f*(z) into I/ U D¢ since f}(z) is continuous up to and on [,
Let a,1(2) = (2 — 2w)(@ — 20) *+ (2 — Znasd)

(1 ty_t 1y (1 __1
Bl = <z — @y zfnx‘)(z — @, zfn) <z — Oy z:t'm+l) )
Then for z on I;
I | [ ani(®) — () dt
Pan(?) ot Jot t —z Qi)
L £ _fO Ban) = Ban® 4
2t Je2 £t — 2z Bnsi(t)

where p,.(2) is a rational function of z, p,.(2) = P.(z) + p%.. () in
which p.(z) is the polynomial in z of degree < n got by interpolating
f(z) along I at 2%, 2%, +--, 2L, and p%.,(2) is the polynomial of degree
m+1 in 1/(z —a,) got by interpolating f(z) along I™ so that
Phfa, + 2%;) = f(z%;). To see the latter let ¢ =1/(z — a,) and y =
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1/t — a;) then B,..(t) = b, (y) where b,.,(y) is a monic polynomial
in y of degree =<m + 1, thus we have

Busl®) = Burs(d) = bus(@) — buis(®) = (@ — 1) 5 as(o)y’

where a;(x) are polynomials in « of degree <m. But

T —y= 1 _ 1 = (t — 2)ay
2 —aQ, t—a,

thus

S J@)  Buwis(t) — Buii(2) dt
ot —z Bm+1(t)

is a polynomial of degree <m + 1 in 1/(z — a,). The error for z on
I’ is given by:

F@) — Donlz) = 1 S ft) a,..(z) dt — 1 S J@t)  Bnii(2) dt .

271 Jor t—2z a”+1(t) 2m1 Je? t—2 Bm+1(t)
Note that:

|@pii(®) | < ), |Xpss(t)| = 0) for z on I and ¢ on C* and:

11
z—"ag Zfﬂ_z——ag—zz, t'—'a2
1 1 t—a,— 2 2 —a,

t—a, zn

and thus

Bn+:(2) < ﬁ;".“. for z on I'* and ¢t on C.,

Bm+1(t)

From these it follows:

76) = pun(a) | S o{ 2l e 2L Sl gor  on

where L; is the length of C7,

M; =max|f(t)|, and 6; = inf min |t — 2|
t on 0J zonlJ tonct
which is the result.

We next consider the case when I" is a single analytic contour
and (C/ = C) we write I' in parametric form as z(¢) = x(d) + iy(0)
where —1 <0 =<1. Let |2(0,) —2(0)| = A|0o,— 0,|, let I" contain
the origin and
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THEOREM 2 (H. 1) Let f(z) be an analytic single-valued function
on R whose boundary is I" such that the real part of f(z) solves the
Dirichlet problem in R with real boundary values B(z) on I" where
B(z) is a single-valued analytic function on DU’ UD continuous
on TUDUC. Let f(2) be continuous and single-valued on R U I".

(H. 2) Let 27 = z(0}) where

U?ZCOS[(Z.’).—].)TZ'/(Z’}’L—{-Z)],j=1,2,'--,’n+1
(H. 3) 6= inf min |t — 2|

zonl ton0

H. 4 A<2.
Then

C D 2o = 3 fle ——2eD | where

W,+1(25)(2 — 27)

Wai:(2) = 112! (z — 22) and prime denotes differentiation, converges

uniformly to f(z) on RUI as n—
LM A n+1
— <z

€2 If@)-p@)| s 2 (L)

where M is a constant depending on f, L is length of I.

Proof. As in the proof of Theorem 1 we have for z on I”
£&) — pu@) | = L= Mmax | w,..() /57
27‘[ zon I’

But

[@,4,(2) | = [(z — 20) (2 — 23) -~ (2 — 234) |
S A (0 —0o)o —07) - (0 — 03y

where the o7 are the roots of the Chebyshev polynomial
T,.(o) = cos[(n + 1) arc cos o]
of degree n + 1. Thus since (¢ — a?)(¢ — 0}) -+ (0 — o,,) is monic
| @nii(2) | S AT, 44(0)/27
Thus

n+l
max | 0,.()| < A2 and [ £G) - pu)| = L ()

Next let I': z(s) = x(s) + 2y(s) where s is arc length 0 <s < L.

THEOREM 3. (H. 1) Same as Theorem 2.
(H. 2) Same as Theorem 2 but 2% = z(s?) where
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8= 2 cos [(2 — D/2(n + D] + -, 5 =1,2, -, m+ 1,

(H3) 0d=inf min|t —z].

zonl ton(
(H 4) L < 4o.
(C 1) Same as Theorem 2.
LM n+1
< M
€2 176 - p@| =28 (L)

where M 1s a constant depending on f.
Proof. As in the proof of theorem for z on I":
|76) = Pue)| S -2 M max | 0,,() /07 .

But since |z — 27| < |s — s?| where z = z(s) and 2? = z(s?) and since
[(8 —8M)(s —87) »+- (s — 8y,) | S L*+1/2+! see e.g. [1] we have

176) — pae) | = 2 (L)

ExamPLE. We shall now apply the ideas of this paper to a par-
ticular geometrical configuration. Let

I be a circle of radius 15 centered at the origin

I? be a circle of radius 1 centered at (—13, 0)

I® be an ellipse

xZ
aZ

yz
+—i)'2—=1, a=1.075, b=1.
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Let R be the interior of I less I™, I and the interiors of I™ and I,
Let f(z) be analytic on R and continuous on RU/MUl?UIl®. Moreover
let the real part of f(z) satisfy boundary conditions B,(z) on I, B,(2)
on I* and B,(z) on I™ where:

B,(z) is analytic on |z| = 15

By(2) is analytic on |z + 13| =1
and B,(z) is analytic in and on I*—{—.395 < < .395,y = 0} See
figure.

For example we might have Re f(z) = P.(x,y) on [* (k= 1,2, 3)
where P,(x,y) is a polynomial.

Then since:
Gi(z) = (15)%=
G,(z) = (z + 13)* — 13
2 2 VZE+ b —
(E. 1) Gg(Z) — Z(a -+ b) =+ 2abVv'z -+ b a a> b see [3]

ad— b

and z = Z = G,(2) on I", we have on I,

which are meromorphic functions that fulfill the requirements of
B,(2), By(2) and B,(2) (in the case of B,(z) we make a cut between the
foci +Va? — b)) .

Let

ro=15exp (k) and @) == 1E=T) 0 @ = T

and

n+1
pae) = 3, flr) —ats®)
k=t A7) — 74)
where the prime signifies differentiation. »,(z) is clearly the polynomial
of degree < n that interpolates f(z) at z=r, on I, k=1,---,n + 1.
Next let

S, = exp( mzir: T k)

and

Bm+1(z)=(z+113 —-Sl—xz—f'ig“si) "°(z+113 B sjﬂ)

and
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— & Bm+1(z)
a.(2) = 2 f(s, — 13)
& Bl.(s, — 13) (SL -~ +1 - )(s,,)z

¢.(2) is a polynomial of degree < m in 1/(z + 13) such that ¢,(s, — 13) =
f(s, —13) where s, — 13 ison /%, k=1,2,---,m + 1,
Finally let I be the length of the ellipse /™ and

o, =cos[(2k — Vm/2(j + ], k=1,2,---,5+ 1.
Then the ellipse /™ can be written
2(0) = x(0) + 1y(0) = a cos (2na/l) + ib sin 2no/l), =12 =0 £ 1/2

o is are length parameter shifted. Let

tﬁmwmud@m=%—3%_an(L~g

and

j+1 .
() = 2 £t Fal®)
Bt (4= = )@
r;(z) is clearly the polynomial in 1/z of degree <j such that »;(t,) =
f@t) k=1,2 --+,5 + 1 where ¢, is on I
Then the assertion is

Pa(2) + qn(2) + 75(2)
converges uniformly to f(z) on RUI"UI* U rI*® as

Lol .
n m g
For I'", we use Runge’s theorem. Since B,(z) is analytic on I™,
then f(z) can be continued across /™, i.e. f(z) is analytic for 15 <
|z| =15 + ¢ where ¢ is some positive number. Thus in the notation

of the theorem

n41
0, = min |[I (¢t — ;)| = min |¢** — 15*+|
|t|=16+8 k=1 Jt|=16+¢

= min 15" |z** — 1| = 15" min {¢[**' — 1}
lri=1+e/18 ITi=1+e/15
= 15"+Y{[1 + ¢/15]"+* — 1}
n+1

pn=max | [ (z — 7)) | = 15" n;ax [{*+t — 1] £ 2-15*
jz]=16 k=1 1¢1=1

and



REFLECTION AND APPROXIMATION BY INTERPOLATION 553

E 2) ul/dl < 2/{[1 + ¢/15]*** — 1} — 0 as n — oo,

For I, since B,(z) is analytic on /7, then f(z) can be continued
across /7, i.e. f(¢) is analytic for 1 —e = |2+ 13| =1 where ¢ is
some positive number. Thus if C* = {z: |z + 13| =1 — ¢} we have:

i m+1 1 _ 1 _ 1 m+1—
max | 6..(e)| = max | 1T (-5 — +)| = max|(55) " — 1
=m xl(i)wrl——ll =2
igi=t I\ g

and

o (t+113)"'+1__1l

ton 02
= min |(2)" - 1|z (25)7 -1

min | Bp.i(t) |
t on 02

From these we see that

max [ Bm+i(2) | 2

(E. 3) zo'n..l" é

min | B,4.(¢) | ( 1 )’"“ _1
" 1—¢

—0as m— o,

For I we note from the reflection function G(z) given by (E. 1) that
the interior of the ellipse /™ minus the line —¢ <z =<¢, ¢ = a* — b’
is reflected exterior to the given ellipse but interior to the ellipse e,

2 432
4+ L =1
A2 b2

a

where & = (a + b%)/c, b = 2 ab/e.

In the case of our ellipse we have a = 1,075, b =1 and ¢ = ,395,
@ = 5.46, b = 5.44, thus e, is contained in I™, and does not intersect
or contain points of /™ and thus f(z) can be extended to be analytic
in I* —{z| —.395 < & < .395, y = 0}.

The length of the ellipse /™ is given by:

1= 4a§"’21/1 S od 0
1]

where

k=c/a <1, In our case k = .368 and thus
l = 4a (1.516)

using a table for elliptic integrals. Let ¢® be the rectangular contour
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(-39 —eg2=.3B+ey=—¢), =35 +¢ —c=y=£e,
(-8B -85 +ey=¢, (= —.35—¢, —c<y=e

where € > 0 is arbitrarily small. Then consider

1 S (@) K;.,(2) dt .

21t Jod t — 2z Kjy(t)
But
YR A
| £50(2) | = kI;Il ('z" tk> kI;Il L2 .

g — g,l/2 l +1’+‘l€—a[
< k < kL. . o =are len th,
£ Il ——F— Tallz] <2> g

k=1 =1 | tk

where —1 <6 <1 since |[z] =1 for z on I, Also for ¢t on C*

t,>(a—c—77€)’+‘ﬁl 1

by —
|Eja(®) | = l H CTE T

tit

where 7 is some fixed constant. But since || < ¢ + ¢/2 for ¢ on ¢
we see that

c — 775 j+1 541 1
@ 2 (S5F) T D
Combining the above results gives
=k, . 0+51/— 2= | T, (6
A= | mien()] s (222 (5) "2 1 750))

where we have utilized the fact that the ¢, are the roots of the
Chebyshev polynomial T,,,(8) = ecox [(§ + 1) are cos6]. Thus

asa(_et T YLy

a—c— %8 4
But
l 1 a—c—e 1 .680 — 7e
-~ =1516 < = = = 1.60
a <% orev2 107 3% 11’ + 9

where g(¢) — 0 as € — 0. Thus for ¢ sufficiently small

E. 4 < 207

®. 4 f c+evV2

Utilizing (E. 2), (E. 3) and (E. 4) we have from Theorem 1 that
D.(2) + D) + r;(z) converges uniformly to f(z) in Ryryr*yrs
as (1/n) + (I/m) + (1/5) — 0.
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We remark finally that there would be no new difficulties if 7° had
contained in addition IM*UZI® Ul where I™* is the cirele |z — 107] = 4,
I® the cirele |z + 10%] = 4 and ™ is the circle |z — 12| = 2,

REFERENCES

1. T. M. Apostol, Caleulus, Vol. II, Blaisdell Pub. Co.

2. S. N. Mergelyan, Uniform approximations to fumnctions of a complex wvariable,
Trans. Ser. 1, Vol. 3, Series and Approximation, Amer. Math. Soc.

3. J. M. Sloss, Reflection of Biharmonic Functions Across Amnalytic Boundary Con-
ditions with Examples, Pacific. J. Math. 13 (1963), 1401-1415.






PACIFIC JOURNAL OF MATHEMATICS
Vol. 16, No. 3, 1966

VISUALIZING THE WORD PROBLEM, WITH AN
APPLICATION TO SIXTH GROUPS

C. M. WEINBAUM

The word problem in certain groups is studied in algebraic
terms with a geometric background. A relator is made to
correspond to a plane complex so that generators are associated
with 1-cells and defining relators are associated with 2-cells of
the complex. In the case of less-than-one-sixth groups, the
results obtained are essentially those found by Greendlinger.

Let & =%/ _+ where 4 is a normal subgroup of a free
group & with fixed free generators (understood to include inverses).
Let _4~ be the smallest normal subgroup containing a set <# of
cyclically reduced words (defining relators for ). Nonempty words in
" are relators for . Let <Z be closed under inverses and eyclic
permutations. Assume each free generator appears in at least one
defining relator.

In this paper we use complexes to study how relators depend upon
defining relators. A complex is determined by a finite set E of elements
(called edges), a partition of E into subsets (called boundaries), a par-
tition of F into pairs of edges, and a cyelic order for the edges in
each boundary; vertices and the property of connectedness can then be
defined. After a free generator is assigned to each edge (with inverse
free generators assigned to paired edges), the above-mentioned cyeclic
orders determine words (called values) for each boundary. More pre-
cisely, some word and all its cyclic permutations are the values of a
boundary.

It is shown that each relator is a value of one of the boundaries
of some spherical complex (a connected complex with Euler characteristic
2) whose other boundaries have defining relators for their values. The
converse is also proved:; if defining relators are the values of all but
one of the boundaries of a spherical complex, then a value of the re-
maining boundary is a relator. Thus the question of recognizing the
relators in & —the word problem in % —can be viewed as the question
of determining the words which can correspond to one boundary of a
spherical complex whose other boundaries correspond to defining relators.

These results are essentially a reformulation of the first two lemmas
in a paper by Van Kampen who approached the problem geometrically.
The proofs given here are combinatorial in nature.

In passing from a relator to a complex, we use a system (called a

Received October 12, 1964. The work was supported by grants from the National
Science Foundation, N.S.F.-GP-27 and N.S.F.-GP-1925.
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structure) which characterizes one construction of the relator from a
collection of defining relators. Structures help to define certain basic
relators.

The problem of recognizing relators is reduced to finding basie
relators by showing that each freely reduced relator contains a sub-
word which is a basic relator. When W is a cyclically reduced basic
relator, some subword of W is a subword of a defining relator. The
number of such subwords, contained disjointly in the cyclic word W,
is estimated via simple caleulations using a spherical complex associated
with W. The calculations are given in §8; they were suggested by
the proof of the Five Color Theorem in [1] Courant and Robbins.

This estimate is applied when W is in a group & which is a less-
than-one-sixth group or, briefly, a sixth group. A group ¥ is called
a sixth group if any subword common to 2 distinct defining relators
has a length which is less than one sixth of the length of both of the
defining relators. As a result, W is seen to contain a subword which
is more than one half of a defining relator.

Thus a nonempty cyclically reduced word is a relator in a sixth
group only if the word can be shortened by replacing one of its sub-
.words X by a shorter word Y~ where XY is a defining relator. This
solves the word problem for sixth groups. Other proofs have been
given by Tartakovskii and Greendlinger.

Our results are contained in the following

MAIN THEOREM. In a presented group, each freely reduced re-
lator contains a subword which is a certain kind of relator called a
basic relator.

If a cyclically reduced word W is a basic relator for a siwth
group, then either W is a defining relator or the cyclic word W con-
tains disjointly P, subwords which are greater than T-k/6 of a
defining relator (k=2, 3, 4) and the integers P, satisfy 3P,+2P,+ P,=6.
Thus W contains a subword which is more than 1/2 of a defining
relator.

2. Constructing relators, Let W= V., XV, and V= V.V, be words
in &, Here ‘““=” stands for ‘‘identically equal to’’. We write
W—V (delete X) and V — W (insert X). If also V— U (delete Y),
then W— U (delete X, Y). This leads to a definition of W— W’
(delete X, -+-, X,) and W' — W (insert X,, -+, X,) for n = 1.

A word W splits into one or more words W, ---, W, if the W;
can be put in a sequence W/, ..., W! so that 1 — W (insert W1, ---, W,)
where 1 denotes the empty word. An <Z-word of type t is any word
whieh splits into ¢ defining relators.

A product of a free generator and its inverse is a null word. 1f
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W, W’ are words such that either W= W’ or W— W’ (delete N, - -+, N})
where the N; are null words, then W paritially reduces to W’ and W’
is a partially reduced form of W. If, in addition, no subword of W’
is a null word, then W’ is the freely reduced form of W. A relator
of type t is a partially reduced .<Z-word of type ¢ (i.e. a partially re-
duced form of an .<Z-word of type t).

The first lemma shows that each relator can be constructed from
the empty word by insertions of defining relators, possibly followed by
deletions of null words.

LemMmA 2.1, FEach relator is a partially reduced <#-word. In
other words, each relator has at least one type.

Proof. The collection of <Z-words is closed under inverses and
products. If W is an <Z-word and x is a free generator, then it must
be shown that x Wa—' is a partially reduced form of some .Z-word W'.
Suppose 1 — W (insert R, -+, R,) where the R, are defining relators.
Let 2 be the first letter in a defining relator R = 2Y. Put W' =
x WYY 'z~ so that W’ partially reduces to x Wz—' and 1 — W' (insert
R, R, -+, R, B"). This completes the proof.

It can be shown if W” is a cyclic permutation of a word W which
splits into W,, «--, W,, then W’ splits into some cyclic permutations
Y,eee, Wi of W, ..., W,, respectively. Hence,

REMARK 2.1. The set of <Z-words of type ¢ is closed under cyeclic
permutations. The set of relators of type ¢ is closed under cyclic
permutations.

3. Structures for relators. We need terminology for permutations
of a finite set in order to define a structure., In this section, all sets
are finite; 0 denotes the empty set.

Let 4 be a cyclic permutation, acting on a set E. If E = 0, suppose
E={a, --,a, and either m =1 with a6 = a, or m = 2 with a,0 =
a:+,(1=71=<m—1) and a,0 = a,. Then 4 is represented by an array
H=a,---a, and by the m cyclic permutations of H. Any subword
of H is said to partially represent 4. If E = 0, then 6 is the empty
permutation, represented by the empty array 1.

A set of words in & is associated with 6 by assigning a free
generator to each element in E. If x;, is assigned to a;, then V =
z, -+, (@ word in &) is called the walue of H or a value of 4.
The values of § are the eyclic permutations of V., If E = 0, the empty
word is the only value of 6.

A cyclic permutation 6, corresponds to each subset B of E. If
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B = 0 and the elements of B form a subsequence b,, ++-, b, of @, *--,
a,, then 0, is represented by the array b,:--b,. If B=0, then 6,
is the empty permutation,

A permutation B, acting on a nonempty set E, determines a par-
tition of E into nonempty subsets E,, --., E,, called B-orbits: two
elements a, b are in the same B-orbit if af'=0b for some integer i.
The B-cycles are the restrictions of B to the sets E, --+, E,. The
length of a B-eycle is the number of elements in the corresponding
B-orbit. B is a reflection (pure reflection) if the length of each S-cycle
is at most 2 (exactly 2).

A structure S = (E, B, p, ) consists of a nonempty set E which
is acted on by a permutation B, a reflection p, and a cyclic permutation
6. S has carrier E, reduced carrier F={a:a€ E, ap = a}, map 0,
and reduced map 6p. It is required that there exist arrays H, H,,
representing 6, 6., respectively, such that

(I) There exist arrays H,, ---, H,, n =1, representing the 5-
cycles, such that 1— H (insert H,, -+-, H,).

(II) Either p is the identity and H, = H or there exist arrays
L,---,I,, k=1, representing the p-cycles of length 2, such that
H— H, (delete I, -+, I,).

S is said to be of type n. The members of F are fixed elements;
the members of £ — F are cancelled elements, :

If H, contains a subword I, of length 2, whose elements are a, b,
then S’ = (E, B, 0, 6) is also a structure where ac =b, bo =a and
0 = p except on the set {a,b}. Indeed, if H, is defined by H,— H,
(delete I), then H, represents the reduced map of S’. We say that S
contracts to S’ in one step.

S is an F-structure (s -structure) if a free generator is assigned
to each element in F in such a way that the values of the p-cycles
of length 2 are null words and the values of the S-cycles are words
in &2 (in _#7). When S is an <#Z-structure, of type n, with map ¢
and reduced map 8., then the values of § are <Z-words of type n and
the values of 6, are relators of type n.

THEOREM 3.1. FEach relator is a value of the reduced map of some
F-structure.

Proof. Use the definition of <#Z-structure and Lemma 2.1.

We now turn to some more definitions concerning a structure
S =(E B,p,0). S is called noncancelled if there exist fixed elements
in E. S is cancelled if E contains only cancelled elements. In the
latter case, p is a pure reflection.

If A is a nonempty subset of E, then A is the carrier of a sub-
structure T whenever A is closed under A and p. In this case, T =
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(4,7, 0,0,) where v, ¢ are the restrictions of B, o, respectively, to the
set A. T is a proper substructure if A = E. S is minimal if it has
no proper substructures; S is stmple if it has no proper cancelled sub-
structure.

THEOREM 3.2. Each relator is a value of the reduced map of some
simple F-structure.

Proof. Use previous theorem and next lemma.

LemMA 3.1. Each structure has the same reduced map as some
simple structure.

Proof. Consider a nonsimple structure S = (E, 8, 0, §) determined
by the expressions 1— H (insert H, ---, H,) and H— H, (delete
I, ---, I,) as in the definition of a structure. Suppose S, = (E,, B, 01, 91)
is the maximum cancelled proper substructure of S. Let H' denote
the array that results from deleting all the elements in E, from H.

A sequence Hj, ---, H!, remains after deleting from H,, -+, H, the
terms which represent the B,-cycles.

A sequence I}, ---, I! remains after deleting from I, ---, I, the
terms which represent the p,-cycles. Then the expressions 1— H’
(insert Hj, ---, H,) and H' — H, (delete I}, ---, I]) determine a simple
structure having ‘the same reduced map as S.

4. Complexes. A complex C = (E, 5, p) consists of a finite,
nonempty set E which is acted on by a permutation 8 and a pure re-
flection p. If « is the map B, followed by o (i.e. @ = Bp), then the
a-orbits, the elements in E, and the S-orbits are the wertices, edges,
and boundaries, respectively, of C. Whenever a free generator is
assigned to each edge, the values of the B-cycles are called the values
of the boundaries of C.

C is a disjoint union of 2 complexes (E;, 8;,, 0;) for 1 =1,2 if K
is a disjoint union of E,, E, and B, o; are the restrictions of 8, o,
respectively, to the set E; (¢ = 1,2). If this is never the case, C is
said to be connected.

Since E is a disjoint union of the p-orbits and each p-orbit contains
exactly 2 edges, the number of edges is always even. Whenever a is
an edge, ap is called the inverse of a. If v, 2¢, n denote the numbers
of vertices, edges and boundaries of C, then v — ¢ + n is the Euler
characteristic. A spherical complex is a connected complex with Euler
characteristic 2,

Note that when S, = (£, 8, 0, 6, is a cancelled structure, then
C,= (E, B, ) is a complex. Furthermore, S, is minimal if and only
if C, is connected.
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5. From structures to complexes. We now describe a transition
from a noncancelled structure S to a cancelled structure S;; with S,
there is associated a complex C..

Suppose S = (F, 8, p, §) is a noncancelled <Z-structure, of type
w=1, with H H,H,+--,H, as in §3. A cancelled s -structure
S, = (&, B, o, 0)), of type n + 1, is defined as follows.

Let H,=a,++--a,. Since S is noncancelled, H, is nonempty and
m = 1. Choose m new elements b, +++,b,; put E, = E U {b, -+, bn}.
6, is represented by HH,., where H,,, = b, +-+b,. Then HH,, —1
(delete J,, ++-, J,) where J; = a;b; (1 =1 < m). The B-eycles are re-
presented by H, ---, H,, H,.,. The B,-cycle represented by H,., is
called the distinguished B.-eycle of S,.

If p is the identity, then the p,-cycles are represented by
Jy ooy Ja. If p is not the identity, then we have H— H, (delete
I, --+, I,) where the I; represent the p-cycles of length 2. In this
case, HH,,,— 1 (delete I, ---, I, J,, +--,J,) and the I, J; represent
the p;-cycles,

A free generator is assigned to each b, so that the values of H,
and H,,, are inverse words. This insures that the values of the J;
are null words and the value of H,,, is a relator. The _s -structure
S, is now complete and C, = (&,, 5,, 0.).

With reference to the construction of S,, we have:

REMARK 5.1. If ab is a subword, of length 2, of some cyclic per-
mutation of H, and if ap, = ¢, bp, = d, then dc is a subword of some
cyelic permutation of H,,,. In other words, if a,b are distinct fixed
elements of S and af, = b where 6, is the reduced map of S, then
bp1:81 = ap,.

LemMA 5.1. If S is simple or minimal, then S, is minimal.

Proof. Since minimal implies simple for structures, we assume S
is simple., Suppose 2 nonempty proper subset A4, (of E,) is closed under
B, and p,. Then A, = E, — A, also has this property; A4, 4, are
carriers of substructures of S,. Thus all the elements b, are in the
same A;, say in A,. Therefore all the elements in A, are cancelled
elements in S. But then A, is the carrier of a proper cancelled sub-
structure of S, contary to the assumption that S is simple.

THEOREM 5.1. For each relator W there is a cancelled, minimal
A7 -structure S, = (E,, By, 01, 0,), of type t = 2 and a connected complex
C, = (E, B, p,) such that the B,-cycles can be represented by t arrays
whose values are W' and t — 1 defining relators.
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Proof. By Theorem 3.2 there is a simple .<Z-structure S, of type
n = 1, where W is one of the values of the reduced map of S. Ear-
lier we constructed a cancelled _ s -structure S, = (&, 8, 0, §,), of
type n + 1, whose f,-cycles satisfy the desired condition. By Lemma
5.1 S, is minimal; hence, C, = (E, 8, 0.) is connected.

6. Spherical complexes. The relationship between relators and
spherical complexes is given in Theorem 6.2 and in Theorem 6.4. Their
proofs depend on Theorem 6.1 and Theorem 6.3, which are converses.
Three preliminary lemmas are needed.

LEmMMA 6.1, Let H,, .-+, H, be arrays with disjoint sets of elements
satisfying 1— H (insert H,, «-+, H,) where H 13 an array and n = 2.
Suppose H has a subword I, of length 2, whose letters a,b are in
H,, H;, respectively, for 1 < j. Then 1— H (insert H, ---, H,_,, K,
H.,--,H;_,,H;.\, -+, H,) for some array K, having subword I,
such that 1— K (insert H;, H;).

Proof. Let H' be the array such that 1— H’ (insert H,, ---, H,
««+,H;) and H'— H (insert H;., .-+, H,). Then I is a subword of
H’. We also have 1— H’ (insert H,, «+-, H._,, H,, H;, Hy.,, + -+, H;_).
Let H;, = AaA, and H; = B,;bB,.

If I = ab, then B, is the émpty array and we put K = A,abB,A,..
If I = ba, then B, is the empty array and we put K = A4 ,B,bad,.

LeMMA 6.2. Let the array abe, ++- ¢, (r = 1) represent a S-cycle
p corresponding to a B-orbit B of a connected complex C = (E, B, p).
Assume apo =b. Then C has the same Euler characteristic as some
connected complex C' = (E', B, 0') having 2 fewer edges than C.

Proof. Put B'={e,, +++,¢,} and E' = E — {a,b}. Let ¢ be the
cyclic permutation represented by the array ¢, -+:¢,. Define o’ to be
the restriction of o to the set E’. Define 8 by putting 8’ = ¢/ on
B and = B on E' — B’. The connectedness of C’ follows from the
connectedness of C. Thus, it suffices to show that C has one more
vertex than C',

Since aBpo = bo = a, {a} is a vertex of C. ¢, is the only edge in
E’ having different images under S0 and S’0’. In fact, ¢80 =ap =b
and ¢80 = ¢,0’ = ¢,0. Furthermore b # ¢,0 since a # ¢, and ap =b.

Let d =¢0, a = Bp, &' = fp’. There is an a-orbit V' whose a-
cycle is represented by an array of the form c¢,bdD and V is a disjoint
union of {b} and an &’-orbit V' whose @’-cycle is represented by c¢,dD.
Thus C, C’ have the same vertices, except that {a} and V in C are
replaced by V' in C’. This completes the proof.
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LeMMA 6.3. Let C = (E, B, p) be a connected complex with n = 2
boundaries. Let A ={a, +-+,a,}, B=1{b, ++-,b,} be B-orbits whose
B-cycles p, v are represented by arrays a,---a, and b, +--b,, 7re-
spectively. Assume bo =a,. Then C has the same Euler characteristic
as some connected complex C' = (&, ', o) having n — 1 boundaries.

Proof. Let p be the cyclic permutation represented by the array
ay+-+ab, «--b,. Define B’ by putting B/ = ¢ on the set AU B and
B = B otherwise. Then C has one more boundary than C’ since 2
B-orbits A, B are replaced by one S'-orbit A U B. We must show that
C’ has one more vertex than C (i.e. that 8'p has one more orbit than Bp).

Only b, = b,8~" and a, have different images under Sp than under
B'o. In fact b,80 = b,0 = a, and b,5'0 = a,0; a.80 = a,0 and a,B5'p =
b0 = a,. Furthermore a,0 # a, since a, # b, and b,0 = a,.

Let ¢ = a,0, a = Bp, and &’ = B'p. There is an a-orbit V' whose
B-cycle is represented by an array of the form b,a,cD and V is a dis-
joint union of 2 a’-orbits V’, V" whose a'-cycles are represented by the
arrays a, and b,cD. Thus C, C’ have the same vertices, except that V'
is replaced by V' and V”. Therefore C' has one more vertex than C.

The connectedness of C’ follows from the connectedness of C.

THEOREM 6.1. Let S = (E, B, p,0) be a minimal, cancelled structure
of type n = 1. Then C = (E, B, p) is a spherical complex.

Proof. Use induction on the number 2¢ of edges of C. Suppose
2¢ = 2. Then E = {a, b} and ap = b, bo = a; hence C is connected.
If the B-orbits are {a} and {b} so that = = 2, then aBp =ap =10,
bBp =bp = a and {a, b} is the only vertex. Thusv—e+n=1—-14+2=2,
If {a, b} is the only S-orbit so that » = 1, then aBp = bp = a, bBp =
ap =b and {a}, {b} are the only vertices. Thus, v—e+n=2—-1+1=2,

Now assume that 2¢ = 4 and that the theorem holds for complexes
with fewer than 2¢ edges. Let H, H, ---, H, represent 6 and the
B-cycles and let I, = ab, L, ---, I, represent the p-cycles. Assume that

1— H (insert H,, --+, H,)
H—1 (delete I,, -+, 1) .

Suppose a is in H;, b is in H;.

Case 1. (i =J) Then I, is a subword of H,. Let B, be the
B-cycle represented by H;. It cannot happen that H; = I, since then
C, = (E, B, p,) is a subcomplex of C where E, = {a, b} and I, represents
the only p,-cycle. Also S is minimal so C is connected; hence C = C,.
This is contrary to 2¢ = 4. Therefore, some cyclic permutation of H,
is of the form abe, +-- ¢, (r =2 1).
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A minimal, cancelled structure S’ = (E’, &', 0/, ') is determined as
follows. Let H',H, ---,H, ,H! H,.,, +++, H, represent 6 and the
B'-cyeles, and I, -+, I, represent the p’-cycles, where

H — H' (delete I)
H,— H! (delete 1))

1— H' (insert H,, ---,H,_,,H},H;.,, -+-, H,)
H —1 (delete L, ---,1,).

The complexes C’ = (E’, B, ') and C have the same Euler charac-
teristic and C’ is connected by Lemma 6.2,

Case 2. (1 # j) Suppose ¢ < j (Treatment of 7 < ¢ is similar.) A
minimal, cancelled structure S’ = (&, &, p, 9) is determined as follows,
Let H,---,H, ,K,H;.,,--+,H; ,,H;,,, -+, H,) represent the &8’'-cycles
where K has the subword I, and

1 - H (insert HI: cty Hi—-l; Ky Hi‘l—ls Y -H:i—-lr -Hi-l-l’ ctty H’n)
1— K (insert H,, H)) .

This is possible by Lemma 6.3.

The complexes C' = (E, £, p) and C have the same Euler charac-
teristic and C’ is connected (by Lemma 6.1). In fact, some cyclic
permutation of K, H;, and H; are of the forms a, «<-a,b, -+- b,,a,--- a,,
and b, --- b,, respectively, where I, = a,b,, Now S’ and C’ can be
treated as in Case 1, since I, is a subword of K.

Thus, in either one or two steps, we can always find a new minimal,
cancelled structure whose associated connected complex has 2(e — 1)
edges such that the original and new complexes have the same Euler
characteristic. By the induction assumption, the new complex has
Euler characteristic 2; hence, so does the original complex. This com-
pletes the proof.

THEOREM 6.2. For each relator W there is some spherical com-
plex C with n = 2 boundaries such that a free generator is assigned
to each edge (with inverse free gemerators assigned to inverse edges),
W is a wvalue of one of the boundaries, and defining relators are
the values of the remaining boundaries.

Proof. Use Theorem 5.1 and Theorem 6.1.

THEOREM 6.3. Let C = (E,B,p) be a spherical complexr with
n = 1 boundaries. Then there exists some minimal, cancelled structure

S =(E, 5, 0,9).
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Proof. Use induction on n. We first prove the case n =1, Here
B itself is the only B-cycle. This case will be proved by induction on
the number 2¢ of edges. When 2¢ = 2, we have £ = p and we take
0 =pB.

Now assume n» = 1, 2¢ = 4 and the theorem holds for complexes
having one boundary and fewer than 2¢ edges. There must be a
vertex containing just one edge since, if not, we have 2¢ = 2v and
v —e-+1=2 (where v is the number of vertices). But this implies
e=v and v =1 + e which is impossible. If {a} is a vertex, let b = ap.
Then a8 =b since aBp = a. Thus B is represented by some array
H = ILH’ where I, = ab.

A connected complex C' = (&', 8, p') with 2¢ — 2 edges and 1
boundary is defined by E' = E — {ab} if we take 0o’ to be the restric-
tion of o to £’ and put 8’ = B8, with A = E’. Now apply the induction
assumption to C’. There exists a minimal, cancelled structure S’ =
(E', B, 0, 6. There exist an array X representing ¢’ = 8 and arrays
I, -+, I, representing the p’-cycles such that X — 1 (delete I3, ---, I').
But since H' is a cyclic permutation of X, there exist arrays I, ---, I,
representing the p’-cycles such that H’ — 1 (delete I, ---, L,).

Since H — H' (delete I,), we have that 6 = 8 is represented by an
array H satisfying H—1 (delete I,, L, --+, 1,). Thus S = (E, 5, p, 6)
is a cancelled structure which is minimal since C is connected.

Now suppose 7 = 2. Assume that the theorem holds for complexes
having fewer than n boundaries, We need only consider the case that
there exist two edges a, b, in different boundaries, such that ap = b.
For if an edge and its image under o are always in the same boundary,
then one boundary E, consists of the edges in some subcomplex which
must be the whole complex C, by the connectedness of C. But then
n=1.

Thus, we can choose two B-cycles p, v represented by arrays
a,+--a, and b, ---b,, respectively, such that a,0 =b,. Form a con-
nected complex C’' = (E, A, p), having n — 1 boundaries, as in Lemma
6.3. The induction assumption implies that there is a minimal, can-
celled structure S’ = (&, 8, 0,0). Here one of the F'-cycles p is
represented by the array a,:--a,b, --+b,. There exist arrays H, H,,

-+, H, , representing & and the n —1 f’-cycles such that 1— H
(insert H,, -++, H,_). Then a,---a,b, -+ b, is a cyclic permutation of
H;, for some ¢. Thus 1— H; (insert 4, B) or 1 — H; (insert B, A) for
some arrays A, B which are cyclic permutationsof @, ---a,and b, --- b,,
respectively. In either case, H splits into H, .-+, H, ,, A B, H,;,,

-+, H, , which represent the B-cycles. Thus S = (E, 5, p0,0) is a
cancelled structure which is minimal since C is connected.

THEOREM 6.4. Let C = (E, B, p) be a spherical complex with n = 2
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boundaries such that a free generator is assigned to each edge (with
inverse free generators asstgned to inverse edges). If all but one of
the boundaries have values which are defining relators, then each
value of the remaining boundary is o relator.

Proof. A minimal, cancelled structure S = (¥, 8, 0, §) exists by
Theorem 6.3. Suppose an array H represents §. Since H splits into
arrays representing the p-cycles, W splits into null words so that W
is a relator. Since H splits into arrays representing the B-cycles, W
splits into n — 1 defining relators and a word K (a value of the ‘‘re-
maining’’ B-cycle). Since W is a relator, K must be a relator.

7. Sides of nontrivial complexes. In this section each complex
C = (E, B, p) is nontrivial (i.e. has n = 3 boundaries). When C is also
spherical, we show that each A-cycle can be represented by an array
which is broken up into a product X, --- X, (¢ = 1) where each X, has
certain properties. The X, will be called sides. In order to define
gides, we classify the edges of C. Let @ be an edge.

If either apB =a or apBoB # a, then a is initial. If. either
aBp = a or afpBp # a, then a is final. Thus, if a is initial, final, or
neither, then ap is final, initial, or neither, respectively. Also, if a
is initial, then aB~' is final; if a is final, then aB is initial.

An array X =a, - a, (r = 1), which partially represents a S-cycle,
is a side if a, is the only initial edge in X and a, is the only final
edge in X, If X=a,.---a, is a side, then the array Y = b, --- b,
where a;0 =b; (1L =t =), is called the tnverse of X.

LeMMA 7.1, If X=a,---a, 13 a side, so 1s its tnverse Y =b,---b,.

Proof. It suffices to check that Y partially represents a B-cycle
when r = 2, ie. b,,8=0,forl1 <¢<r—1, Indeed, b;1.,8 =a;.,08=
a,808 = b,0808 = b;. The last equality holds since b; is not initial
forlgi=r— 1.

LEMMA 7.2, Let C = (E, B, p) be a connected complex with n = 3
boundaries. Then each boundary contains at least ome initial edge
and at least one final edge (possibly the same edge).

Proof. Suppose the array A =a,---a, 7 =1, represents a (5-
cyele so that {a, ---,a,} is a boundary. Let B=b,---b, be the
inverse of A, Suppose all the a; are not final. Then all the b; are not
initial.

When »r =2, b,.,8=">0; for 1L <i<r—1 as in the proof of the
previous lemma. b8 = a,08 = a,808 = b,0808 =b,. When r =1,
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a,8 = a, and b,8 =b,0808 =b,. In either case, E, = {a,, -+, a,, b, ++-,b,}
is closed under S and p. Hence C, = (E,, B, p,) is a subcomplex where
B, 0, are the restrictions of B, o to E,. C, must be the whole complex
by the connectedness of C. But C, has just two boundaries: {a,, ---,
a.} and {b, ---,b,}. This contradicts » = 3. Thus some q; is final and
then a8 is initial.

LeMMA 7.3. Let C = (E, 8, p) be a connected complex with n = 3
boundaries. Then each B-cycle can be represented by a product
X, -+ X, (t = 1) where each X; is a side. This representation is
unique to within a cyclic permutation of these sides.

Proof. Let p be a B-cycle. Choose an array M, representing g,
so that the first letter of M is an initial edge. (Then the last letter
of Mis a final edge.) Therefore M = X, --- X,, t = 1, where an edge
in M is initial (final) if and only if it is the first (last) letter in some
X;. The essential uniqueness of this representation follows from the
fact that each edge can be placed uniquely in one of four classes:
initial but not final, neither initial nor final, final but not initial and
both initial and final. This completes the proof.

Vertices containing exactly 2 edges are called nonessential; all
other vertices are essential. If the inverse arrays X = a,--- a, and
Y=b,---b, (r=2) are sides, then {a,, b;+,} are nonessential vertices
for 1 ¢ =< r — 1 since ;80 = a;+,0 = b;+, and ;4,80 = b0 = a;. The
next lemma shows that all nonessential vertices arise in this way.

LemMa 7.4. If {a, b} is a monessential vertex of a complex
C =(& B,p) and if a, = a,8, b, = b,8, then a,a, and bb, are subwords
of sides.

Proof. a,0 = a,80 = by b =b,80 =a,, We must show that a,
is not final and a, is not initial, Indeed, a,80 # a, since b, # a;
a,8080 = a,p0B80 = b,Bp = a,. Also, a,08 + a, since a,08 = b,8 = b, and
b0 = a, # b, = a,p0. Similarly, b, is not final and b, is not initial. This
completes the proof.

The relationships between essential vertices, final edges, and sides
can now be given.

LeMMA 7.5. Let C = (E, B, p) be a nontrival complex. An edge
18 1n an essential vertex if and only if the edge is final. An edge
is final if and only if it is the last letter in some side.

Proof. Let a be an edge. Suppose a is in an essential vertex V,
If V={a}, then aBpo=a and a is final. If V contains at least 3
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edges, then a,b = aBp and ¢ = bBp are distinct edges. Thus, aBpBp =
¢ # a; hence, a is final.

Now suppose @ is final, If afp = a, then {a} is a vertex, If
aBoBp # a, then b =aBp # a and ¢ = bBP # a. Also a # b and the
fact that S is a one-to-one map imply that b = aBo # bBp = ¢. There-
fore there is an essential vertex containing a, b, ¢ among its edges.
The second statement of Lemma 7.5 follows from the proof of Lemma 7.3.

THEOREM 7.1. Let C = (E, 3, p) be the connected complex associated
with a cancelled, minimal _y -structure S = (K, B, 0, 0), of type n = 3.
Assume that the values of the S-cycles are cyclically reduced words.
Let 2s, w denote the number of sides and the number of essential
vertices of C. Then there is mo wvertex containing just one edge,
2s = 3w, and w — s + n = 2,

Proof. If {a} were a vertex, then aSpo = a; hence a8 = ap. Let
b =apB. Then ab partially represents some S-cycle y. Since ap = b,
the value of ab is a null word which is a subword of a value of g,
This contradicts the assumption that the values of the S-cycles are
cyclically reduced words. Hence, there is no vertex {a}.

Therefore each essential vertex contains at least 3 edges. Using
Lemma 7.5 and' the resulting fact that there is a one-to-one corre-
spondence between final edges and sides, we get 2s = 3w.

We know that v — e + n =2 where v, 2¢ are the numbers of
vertices and edges of C. We show that v — ¢ = w — s by letting each
pair of inverse sides (of length m = 2) replace 2m edges and m — 1
nonessential vertices. In fact, if X=a,+--a,, Y=0b, -+-+b, are in-
verse sides (m = 2), then the letters in X, Y are the discarded edges
and {a;, b;+,} for 1 =7 < m — 1 are the discarded vertices. Thus each
step reduces both » and ¢ by m — 1. Lemma 7.4 assures us that each
nonessential vertex (if any) will be discarded in this process. After a
finite number of steps, we have discarded all edges which are not sides
and all nonessential vertices, Thus v —e=w —sand w —s+n = 2.

8. Calculations. Let S = (&, 8, o, 8) be a noncancelled, minimal
F-structure, of type n = 2, with reduced map #,. Assume that the
values of #, are cyclically reduced words. Let S, = (&, 8, 0., 0.) be
a cancelled, minimal _s -structure, of type n + 1, associated with S.
(Thus the values of the 8;-cycles are cyclically reduced words.) Suppose
that the distinguished B,-cycle has m sides in the complex C, = (&, 8,, 0,).

Consider a side X of a nondistinguished B,-cycle of C,. X will be
called a fized side whenever the inverse of X is a side of the distin-

guished B,-cycle. In such a case, the letters in X are all fixed elements
in K,
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Let Bj denote the number of nondistinguished boundaries having
k sides, ¢ sides of which are fixed; put B, = 3}, Bi. Then we have

(1)

ll

iMs M

B,,, 2s = m + ngk

m = >, B .

115isk

From Theorem 7.1 applied to C, we get 6w — 6s + 6(n + 1) = 12
and 4s = 6w. Therefore

(2) 6n —28=6.

1]

From (1) and (2) we get
gl(a—k)Bk; m+6+ 3 (k — 6)B,
and
(3) kzi;l(e—k)B,,ngre.

Now expand the left hand side of (3):

(1) 56-kB. =36 BB+ 5B+ 36— bB
+ 55,6~ WB;.
Further,
(5) 3,316 — B, S 2B+ Bi + 3, 3 i} .

This can be seen as follows:

When (%, k) is neither (2, 2) nor (2, 3), we have (6 — k) < 7.
When ¢ =k =2, (6 — k)B, = 2B; + iBi.

When ¢ =2, k=3, (6 — k)B. = B + +B:.

Now use (3), (4), and (5) to get:

S\ (5 — KB + 3, (6 — KB} + 3, Bl + 2B} + B!
k=1 k=1 =1
But

Therefore,
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4 5
(6) ;(S—k)B,‘c—i-kZl(G——k)B‘,’c+2B§+B§g€.
=1 =

9. Minimal relators. A minimal relator of type n is a value of
the reduced map of a minimal .ZZ-structure of type n (i.e. a minimal
structure, of type n, which is also an .&Z-structure). Similarly a non-
minimal relator corresponds to a nonminimal .£Z-structure.

We aim to show that each relator splits into minimal relators. We
prove this by showing that an analogous situation holds for the reduced
map of a structure S and the reduced maps 4,, ---, 8, of the minimal
substructures of S. This requires the following.

DEFINITION. Let 6,46, ---, 6, be cyclic permutations acting on sets
E E, .-, E, respectively, such that E=E U --+- U E, is a disjoint
union (r = 1). 0 splits into 6,, ---, 4, if the 4, can be put in a sequence
0, +++, 0. and if arrays H, H, ---, H,, representing 6,48, ---, 0;, re-
spectively, can be chosen so that 1— H (insert H,, ---, H,).

THEOREM 9.1. The reduced map of any structure S splits into
the reduced maps of the minimal substructures of S.

The proof of Theorem 9.1 requires a lemma,

LeEMMA 9.1. Suppose the structure S = (K, 8, o, §) contracts to the

structure S8' = (E, B, ¢, 0) in one step. If S satisfies Theorem 9.1,
so does S'.

Proof. By assumption there exist arrays H,, H, representing the
reduced maps of S, S’, respectively, such that H,— H, (delete I) for
some array I, of length 2, whose elements are a,b. ¢ = p except on
the set {a,d}; ao =b, bo =a. Let H,= XIY and H, = XY,

If S; = (&, 8., 0, 9;) are the minimal substructuresof S (L <7 = 7),
then there exist arrays M, ---, M, representing the reduced maps of

S,, -+, S,, respectively, such that 1— H, (insert M,, -+, M,). Suppose
ac E, be E,.

Case 1. (1 = 7) Since E; is closed under S and o, E; is the carrier
of a substructure S; of S’. The fact that S; is minimal implies that
each nonempty proper subset A (of E;) is not closed under both £ and
©; hence A is not closed under both 8 and ¢. Thus S; is a minimal
substructure of S’.

Let M, = PIQ. Then the possibly empty array M! = PQ represents
the reduced map of S!. Finally, 1 — H, (insert M,, ---, M,_,, M}, M,.,,
<o, M),
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Case 2. (i < j) By Lemma 6.1, there is an array K such that
1— HP (insert M,---, Mi~—1y Ky M+1y "ty Mj—n MJ'—H; "t Mr)v 1-K
(insert M,, M;), and K is of the form K = PIQ.

E;, E;, and hence E; U E; are closed under 8 and p. Then E; U E;
is closed under ¢ and is the carrier of a substructure S] of S’. Since
E,, E;, and each nonempty proper subset of either E; or E; are not
closed under both 8 and ¢, we have that S} is a minimal substructure
of S'.

The possibly empty array K’ = PQ represents the reduced map of
Si;1— H, (insert M,, -+, M,_,, K', M;,,, -+, M;_,, M;.,, -+, M,). This
completes the proof of Lemma 9.1.

Now Theorem 9.1 can be proved. Let S = (E, 8, p, 6) be a struc-
ture with k& p-cycles of length 2. If k¥ =0, then p is the identity,
the B-orbits are the carriers of the minimal substructures of S, and ¢
is the reduced map of S. Theorem 9.1 holds in this case since ¢ splits
into the B-cycles (by the definition of a structure).

If £ = 1, then there exist structures T, = (E, B, 00, 0), +++, T\ =
(E, B, pi, 0) where p, is the identity and o, = o, T, = S such that T}
contracts to T;,, in one step (0 =<7 =%k —1). Use Lemma 9.1 and the
faet that T, satisfies Theorem 9.1 to get that T, = S satisfies Theorem
9.1. This completes the proof.

Since each relator is a value of the reduced map of some 7-
structure, we have

COROLLARY 9.1. Fach relator splits into minimal relators.

The next 3 lemmas will be useful later.

LEMMA 9.2. A nonminimal relator, of type n = 2, splits into re-
lators having types smaller than n.

Proof. Observe that a relator of type 1 is necessarily minimal.
Use Theorem 9.1 and the fact that a nonminimal structure, of type
7 = 2, has minimal substructures whose types have sum n.

LeMMA 9.3. Let S= (K, B,p,0) be a structure. If the array
H=aec, ---¢,bD, r=1, represents 0 and if the fized elements a,b
satisfy aB = b, then {¢c,, «-+, ¢} is closed under B and p.

Proof. There exist arrays H,, ---, H, representing the A-cycles
M1y ***, M, respectively, such that 1— H (insert H,, ---, H,). Since
aB =b, ab is a subword of H; for some ¢, 1 < ¢ < n. Since ab is not
a subword of H, we have i < n. The set {c, ++-, c,} must be the
union of the B-orbits corresponding to some subsequence of p;4y, «--,
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t.. Hence, {¢, -+, ¢} is closed under 8.
Since a, b are fixed elements, we have that {c, -+, ¢} is closed
under p.

LeMMA 9.4, Let a,b be fized elements of a minimal structure
= (K, B, 0,0) with reduced map 6,. If aBS =b, then ad =b and
ad, = b.

Proof. If af # b, then there is an array ac, --- ¢,b, » = 1, which
partially represents §. Lemma 9.3 implies that {c,, -« -, ¢,} is the carrier
of a proper substructure of S. This is impossible since S is minimal.
Thus, ad = b. But then af, = b since a, b are fixed elements.

10. Asymmetric relators. Let W be an <Z-word with 1— W
(insert R, -+, R,) where the R, are defining relators. We always
consider just one mode of performing the insertions (if there is more
than one). Since each letter of W originates from a letter of one of
the R;, there is a one-to-one correspondence between the letters in W
and the letters in R, ---, E,.

Let X= XX, and Y = Y,wY, be any two of the R,. Suppose
that x, y correspond to the letters u, v in W; that u, v can cancel with
each other during free reduction of W; and that the words X, X,z and
4Y.,Y, are inverses. Then we say that u, v can cancel symmétrically
or that W is a symmetric <Z-word.

In this situation, either w, v are adjacent in W or u, v are separated
by a nonempty subword (of W) which freely reduces to 1. We indicate
this by saying that w, v can cancel either immediately or eventually;
W is either immediately or eventually symmetric. If no two letters
of W can cancel symmetrically during free reduction of W, then W is
an asymmetric <Z-word. Finally, an asymmetric (symmetric) relator
of type ¢t is a partially reduced asymmetric (symmetric) <Z-word of

type &.

LemMa 10.1. If a word W splits into t = 2 defining relators,
two of which are X, Y, then W splits into two words U, V such that

U splits into p = 1 defining relators, one of which is X,

V splits into ¢ = 1 defining relators, one of which is Y,

and p +q =1t.

Proof. Use induction on t. The lemma holds for ¢ =2 with
U= X, V=Y. Let t =3 and assume the lemma is true for smaller
t. Suppose 1— W (insert R, ---,R,) and X = R,, Y = R; for © < j.
Let W’ be the word such that 1— W’ (insert R, ---, R,_,) and W — W
(insert R,).
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If j=t, choose U= W', V=R, If j<t,then by the induction
assumption W' splits into two words U’, V'’ which split into o’ defining
relators and g’ defining relators among which are X and Y, respectively,
where ' + ¢ =¢ — 1. We can choose U, V so that either U = U’ and
V'— V (insert R,) or V=V’ and U’ — U (insert R,).

LemmA 10.2. An eventually symmetric SZ-word W, of type t = 2,
158 freely equal to some immediately symmetric Z-word W', of type t.

Proof. Suppose 1 — W (insert R,, ---, R,) where the R, are de-
fining relators. Let W contain the letters u, v which can eventually
cancel symmetrically during free reduction of W. Suppose that u,v
correspond to the letters z,y in R, = X2X,, R; = Y,yY,. Apply the
previous lemma with X = R,, Y = R, to find the words U, V. Then
U, V have cyclic permutations U’, V', respectively, such that the
product U’, V' is a cyclic permutation of W,

Let U = M/mM, and V' = N, = NxnN, where m, n correspond to
x, y, respectively, Since u, v can cancel in W, either N,M, or M.N,
freely reduces to 1. Thus W has a cyclic permutation mM,N,nN,M,
which partially reduces to either M,N, or N,M,.

Put W = M,M,mnN,N, which is an <#Z-word of typet. In fact,
M,Mm is a cyclic permutation of U and is an <Z-word of the same
type as U by Remark 2.1, Similarly, #N.N, and V are .#-words of
the same type. Thus W" is a product of <Z-words whose types have
sum ¢.

Either W partially reduces to M,M, or W” has a cyclic permu-
tation which partially reduces to N,M,. Thus W” has a cyclic permu-
tation W' which is freely equal to W.

LeMMA 10.8. Let W be a word which splits into t = 2 defining
relators R,, -+, R,. If two letters u, v in W can immediately cancel
symmetrically, then W also splits into t — 2 defining relators and
one or more null words.

Proof. Let R, = X,x2X, and R; = Y,yY, where «,y correspond to
u, v, respectively. By assumption, X, X2z and yY,Y, are inverses so
that X,2yY,Y. X, and X,Y,Y,y2X, freely reduce to 1.

The proof of Lemma 6.1 shows that W splits into t — 2 defining
relators and a word U. Either U= XzyY . X, (with Y, =1) or U=
X, YyxX, (with Y, = 1). In either case, U freely reduces to 1 so that
U splits into one or more null words. Thus, W splits into ¢ — 2 defining
relators and one or more null words.
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LEMMA 10.4. Suppose 1 — U (insert X, Y) where X, Y are re-
lators of types p,q = 0 with the understanding that a relator of type
0 is @ null word. Let U have a subword N whick is a null word
whose letters u, v correspond to a letter in X and a letter in 7Y,
respectively. Let V be defined by U— V (delete N). Then V is a
relator of type p + q.

Proof. If p =g =0, then X, Y and hence V are null words. If
p>0,¢g=0 then V=X, If p=0, ¢ >0, then either V=Y or V
is a eyeclic permutation of Y.

Finally, if p > 0, ¢ > 0, then X, Y are partially reduced forms of
#-words P, @ of types p, g, respectively. Then U is a partially re-
duced form of an <Z-word M, of type p + ¢, such that 1 — M (insert
P,Q). Thus U is a relator of type p + ¢; hence so is V.

LeEMMA 10.5. If a word W splits into null words and/or relators
having types whose sum is t = 1, then this is also true for each word
W' which 1s freely equal to W.

Proof. It suffices to check the cases when W’ is obtained from
W by a single insertion or deletion of a null word N, If W— W’
(insert N), then W’ satisfies the lemma.

Now suppose W— W’ (delete N). By assumption 1— W- (insert
W, ---, W,) where W,, ---, W, are null words and/or relators having
types whose sum is t. Let W, have type ¢, with ¢, =0 if W, is a
null word. The lemma holds when each W, is a null word since then
W' also splits into null words. Therefore, assume some W, is not a
null word so that ¢, + -+ + ¢, = ¢.

One possibility is that the letters in N correspond to letters in the
same W, so that W, — Wi (delete N) for some word W). If ¢, =0,
W is the empty word. If ¢, = 1, W} is either empty or a relator of
type t;. In any case, 1 — W’ (insert W,, ««-, W,_,, Wi, Wi, +++, W.).

The other possibility is that the letters in N correspond to letters
in two words W;, W, so that » = 2. Lemma 6.1 implies that W splits
into r — 2 W,’s, having types whose sum is ¢t — ¢; — ¢;, and a word U
which splits into W,, W;. Then W’ splits into the same » — 2 W,’s
and a word V such that U — V (delete N). By the previous lemma,
V is a relator of type ¢; + ¢;. This completes the proof.

LEMMA 10.6. A symmetric relator W, of type t = 2, splits into
null words andfor relators having types smaller than t.
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Proof. Let W be a partially reduced form of a symmetric .<Z-word
V of type t. By Lemma 10.2 V is freely equal to an immediately
symmetric <Z-word V' of type ¢. By Lemma 10.3 either ¢ = 2 and
V' splits into null words or ¢ = 3 and V' splits into null words and
relators having types whose sum is t — 2, (since a defining relator is
a relator of type 1). By Lemma 10.5, W splits into null words and/or
relators having types whose sum is ¢ — 2, This implies Lemma 10.6.

THEOREM 10.1. FEach relator splits imto wnull words and/or
asymmetric relators.

Proof. Let W be a relator of type t =1. Whent =1, W is a
defining relator which is an asymmetric relator. Use induction on t.
Let ¢ = 2 and assume the theorem for relators of type smaller than
t. Theorem 10.1 then follows from Lemma 10.6.

11. Proof of Main Theorem. In order to solve the word problem
in the presented group %, it suffices to be able to recognize the
asymmetric, minimal relators which we call basic relators.

THEOREM 11.1. FEach relator splits into null words and/or basic
relators.

Proof. Use Lemma 9.2, Lemma 10.6 and the fact that a relator
of type 1 (a defining relator) is a basic relator, This completes proof.

We now consider a basic relator in a sixth group. More specifically,
consider a cyclically reduced relator W which is a value of the reduced
map of a minimal, noncancelled .Z7-structure S = (£, 5, p, 8), of type
7 = 2. Then some cyclic permutation of W is the freely reduced form
of an “Z-word V of type n, where V is a value of 8. We assume
that V is an asymmetric <&#-ward so that W is an asymmetric relator.
The structure S characterizes one method of freely reducing V to a
word which is a eyclic permutation of W. As usual, let S, = (&, 5,,0,,0,)
be the cancelled _s~-structure associated with S; C, = (¥, 5,, 0.). Note
that C, has no vertex containing just one edge (by Theorem 7.1).

In this situation, consider the B of §8. The following lemma
implies that B} = B = B; = 0.

LEMMA 11.1. Let S =(E, B, p,0) be a moncancelled, minimal
structure with assoctated cancelled structure S, = (E,, B, 01, 0,). Let
C, = (E, B, p,) and assume that C, has mo vertex containing just one
edge. Suppose the product XY of monempty arrays partially re-
presents a nondistinguished B-cycle and X, Y are both sides in C..
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Then X, Y are not both fixed sides. Also, there is no nondistinguished
Bi-cycle which is represented by one fixed side.

Proof. Suppose X, Y are fixed sides. This assumption together
with the fact that XY partially represents a nondistinguished g,-cycle
imply that XY partially represents 6., the reduced map of S. Let a be
the last letter in X let b be the first letter in Y. Since Y is a side of
C,, b is an initial edge. Also, since {b} cannot be a vertex of C,, we
have bp,5,; # b.

Since a,b are fixed elements of S and aB = aB, =b, we have
afy = b by Lemma 9.4. By Remark 5.1 bp,8, = ap,. Hence b0,8,0,8, =
ap,0,8, = a3, = b, This contradicts the fact that b is an initial edge
of C,., Thus, both X and Y cannot be fixed sides.

Now let Z be a fixed side, representing a nondistinguished 5,-cycle.
If Z is of length = 2, let @, b be the last and first letters of Z, re-
spectively, so that a # b. We get a contradiction as before.

If Z is of length 1 and Z = a, then af =aB, =a and ap = a.
Hence, {a} is the carrier of a proper substructure of S, which is again
a contradiction. This completes the proof.

Let the arrays MX and YN represent nondistinguished A;-cycles
M, V. respectively. Assume that the values of MX, YN are the defining
relators R,, R,, respectively, and that X, Y are inverse sides.

If p¢ # v, then R,, R, are not inverses since V is asymmetric. Hence,
R, and R;? are distinct defining relators with a common subword (the
value of X). The less-than-one-sixth property implies that

(%) l(X)<%l(MX) and l(Y)<—é-l(YN).

It is also possible that ¢ =v. In this case R,, R, are cyclic per-
mutations of one another. Once again (*) will hold provided that B, R,
are not inverses. But this proviso holds.

Lemma 11.2. If T is a nonempty cyclically reduced word, then
no cyclic permutation of T is the word T,

Proof. Let U= T,T, be a cyclic permutation of T= T.T,. If
U= T, then T,= T, T,= T;; hence T, T, are empty words,
contradiction.

Thus, for C,, we also have B, =0 for 1<k <6. From (6) in
§ 8, we get 3B} + 2B} + B! = 6. This implies the Main Theorem with
P, =B, k=23,4.



578 C. M. WEINBAUM

REFERENCES

1. R. Courant, and H. Robbins, What is Mathematics?, New York, Oxford University
Press, 1941. :

2. M. Greendlinger, Dehn’s algorithm for the word problem, Comm. Pure Appl. Math.
13 (1960), 67-83.

3. V. A. Tartakovskii, Amer. Math. Soc. Translation No. 60. Translation of Three
Russian Papers: The sieve method in group theory, Mat, Sbornik N. S. 25 (67), (1949),
3-50. Application of the sieve method to the word problem for certain types of growps,
Mat. Sbornik N. S. 25 (67), (1949), 251-274. Solution of the word problem for groups
with a k-reduced basis k > 6, Izvestiya Akad. Nauk SSSR Ser. Mat. 13 (1949), 483-494.
4. E. R. Van Kampen, On some lemmas in the theory of groups, Amer. J. Math. 55
(1933), 268-273.

UNIVERSITY OF CALIFORNIA, LOS ANGELES






Pacific Journal of Mathematics

Vol. 16, No. 3 BadMonth, 1966

Gert Einar Torsten Almkvist, Stability of linear differential equations with

periodic coefficients in Hilbert space . .....................cccoou... 383
Richard Allen Askey and Stephen Wainger, A transplantation theorem for

ultraspherical coefficients . .......... ... i 393
Joseph Barback, Two notes on regressive isols . .......................... 407
Allen Richard Bernstein and Abraham Robinson, Solution of an invariant

subspace problem of K. T. Smith and P. R. Halmos ................... 421
P. R. Halmos, Invariant subspaces of polynomially compact operators . . . .. 433
Leon Bernstein, New infinite classes of periodic Jacobi-Perron

AlgoFitRIMS . . .. e 439
Richard Anthony Brualdi, Permanent of the direct product of matrices . . . .. 471
W. Wistar (William) Comfort and Kenneth Allen Ross, Pseudocompactness

and uniform continuity in topological groups . ....................... 483
James Michael Gardner Fell, Algebras and fiber bundles . ................. 497
Alessandro Figa-Talamanca and Daniel Rider, A theorem of Littlewood and

lacunary series for compact groups .............ccooeeeeeeneninnn.. 505
David London, Two inequalities in nonnegative symmetric matrices. .. ..... 515
Norman Jay Pullman, Infinite products of substochastic matrices . ......... 537

James McLean Sloss, Reflection and approximation by interpolation along
the boundary for analytic functions ................
Carl Weinbaum, Visualizing the word problem, with an ap
BEOUDS .o oottt e e




	 vol. 16, no. 3, 1966
	Masthead and Copyright
	Gert Einar Torsten Almkvist
	Richard Allen Askey and Stephen Wainger
	Joseph Barback
	Allen Richard Bernstein and Abraham Robinson
	P. R. Halmos
	Leon Bernstein
	Richard Anthony Brualdi

