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Suppose K(x) measurable and 0 < K(z) < 1 for x € (—o0,0).
Suppose f(u) convex for w €[0,1], f(0) = 0, f(u) > 0 for u € (0,1),
and flu)=1— )1 —u)+ 01 —u)"® as u-—>1 for some
6 >0. (Example: f(u)=u?,p=1.) )

Theorem : The equation (*)o(x) = K& [f[e&)]dE has a
solution ¢(x) satisfying 0<¢(x)<1 for xz ¢ €~oo, o) if and only if

e[l — K(x)]dx < o where « is the largest real root of a =
f'(L)(1—e ). Furthermore, if ¢ is any such solution of (*), then
the limits ¢(+ o) exist and satisfy

el el 7 o)~ K@y leilds

In 1960 M. L. Slater and H. S. Wilf [2] studied the linear in-

z+1
tegral equation p(x) = S K(&)p(&)de, — oo < & < oo, with p(+ o0) = 1,
and obtained the following results. Under the assumptions 1° K(x)
measurable, 2° 0 < K(x) =1, 83° K(«) increasing for sufficiently large
%, and 4° lim,_. K(x) = 1, a solution @ of the equation exists satisfy-
ing @(+ o) =1 if and only if S [1— K(x)]dx < . (We use the nota-

£ (foo??

tion to mean ‘‘the integral from any finite limit to infinity.’’)
If in addition 5°

lim fl' K+ 1) — K(&)|de =0,

z-+—o00

then @(— o) exists.
The purpose of this paper is to extend the above results in two

directions ; namely to generalize the equation and to remove some of

the restrictions on K(x).
Accordingly, we consider throughout the paper the equation

p@) = | K& flp@) e

with the requirement that the solution ¢ satisfy 0 < p(x) <1 for
all . The functions f(u) = u?, p =1, were the prototypes for the
analysis and the results which we summarize below are valid for at
least these functions, However, for each theorem of the paper a
wider class of functions {f} is specified in order to clarify the logical
structure of the result. The weakening of the restrictions on K(x)
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is easily stated. Assumptions 3°, 4°, and 5° are dropped completely
and without replacement,

In § II we consider the question of existence of the limits (2= ).
Theorem 1 and its corollary establish that under conditions 1° and 2°
both of the limits exist. (The order argument used in § II was
already used to some extent in [2].)

Section III contains the proofs of two lemmas required for the
main existence theorem-Theorem 2 in § IV. This theorem provides
a necessary and sufficient condition for the existence of a solution of
the required type. The condition reduces in the linear case to that
obtained in [2]. The underlying assumptions on K are again only 1°
and 2°,

Section V contains an extension of an integral relation proved in
[2] (Theorem 3), and § VI gives a brief discussion of the actual range
of validity of the results (Theorem 4),

II Existence of @(d=oo),
THEOREM 1. Suppose K(x) measurable and 0 < K(x) =1 a.e. for

—o0 L & < oo, and suppose p{(x) satisfies 0 < p(x) = 1 and the linear
equation

(1) o) = | K@p(e)ds

for all x. Then both @(+ o) and @(—co) exist and satisfy

(2) @(+oo);<p(—°o) - Slg)(g)u—K(g)]dg.

Proof. Define
G(x) = SOK(x +1—yp +1—~yydy.
z+1
G@) = | K@p@@ + 1 - 9as
is absolutely continuous over any finite interval, and, by using equa-
tion (1), one can verify that G'(z) = @(x)[1 — K(z)]a.e. Thus G(z) is
increasing so that G(4 ) exist, are finite, and

(3) w0 > G+ 00) = G(—=) = |”_p@)l - K@)lds .

We first prove o(+ o) exists. Set M = lim sup,.. o(x), m = lim
inf, ... @(x), and suppose M > m. Set
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k = lim sup g““[¢xg)gds.
Almost everywhere,

?'(®) = p(@)[1 — K(#)] — p(x + D[1 — K(x + )] + p(z + 1) — p(2) ,

so that since
m>g@u—mm, k<M—m.

Now, it follows from equation (1) that ¢ cannot have a proper maxi-
mum at the left hand endpoint of an interval of length one; that is,
it is impossible that for any =, o(x) > @(y) for all y satisfying x <
y<ax+ 1. We shall use this fact (which we shall refer to as the
“‘proper maximum property’’) to show that given any positive e <
(M — m)/2 and X arbitrarily large, there exist triples z, ¥, z satisfying
X<ax<y<g and z—2 =1, for which o(x) = p(2) = M — ¢, and
P(y) = m + &,

Choose @, > X so that @(x,) = M — ¢ and let ¥ be the first point
greater than «, at which @(y) = m + . Now let « be the largest
point less than y at which o(x) = M —e. y — x < 1; otherwise the
proper maximum property would be violated. Finally let z be the
first point greater than y at which @(z) = M —e. z — 2 =1 for the
same reason,

Given &€ > 0, choose X = X(¢) so that for all

xzx,k+e>Eﬂ¢@ma

Now choose «,y, 2z as described in the preceding paragraph using
X = X(¢). Then

ko> |19/ dg

\

[[o@as| + || ore|

2(M — m — 2¢). Hence
2(M — m), contradicting k= M — m .

Il

k

v

Thus M = m = ¢(+ ), and incidentally, &k = 0.

The proof that o(— ) exists is similar to the preceding proof.
Define M, m, and k as above but with respect to —co. Then as in the
previous case, k¥ < M — m. To find the appropriate triples to complete
the proof, we proceed slightly differently, Given X choose y < X — 1
such that o(y) = m + e. Then take  to be the first point less than
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y at which p(z) = M — ¢ and z to be the first point greater than y
at which @(z) = M — e, (The existence of such a z is guaranteed by
the proper maximum property.) The remainder of the proof is iden-
tical to the corresponding part of the preceding proof.

G(% ) can be evaluated in terms of @(z= o), yielding the integral
formula obtained in [2]. For, using equation (1) and an interchange
of the order of integration, we obtain

| Geds = | oo+ 1 - ) vy

Hence
(£o0) 5
and so

r o[l — Klde = P(+ ) ; P(— o) .

COROLLARY. Suppose f(u) is continuous and satisfies 0 < f(u) =
u for ue(0,1], suppose K(x) is measurable and satisfies 0 < K(x) =1
for —oo < & < oo, and suppose p(x) satisfies 0 < p(x) = 1 and the equa-
tion

(1) plo) = | K@ lp(@Nds

over the same range of x. Then both p(+4 ) and p(— ) exist.
Proof. Apply Theorem 1 to Kf[p]/p in place of K,
III. The main lemmas.

LEMMA 1. Suppose Xe(—co, ), a = 1, and p(x) measurable,
0= p(x) < oo, for @ = X. Then the linear integral inequality
(+) @) = ) + a pueras
has a solution p(x) with 0 = p(x) < o for x = X if and only if
(5) 2O

where o = a(a) is the largest real root of & = a(l — e7%). (Note that
a>0i4fa>1and a =0 if a =1.) Furthermore, if a finite non-
negative solution of (*) ewists, then there is also such a solution of



ON THE EQUATION 159

(*) with the inequality replaced by equality which has the addition-
al property that lim,.. [p(x) — p(x)] = 0.

Proof. Let p(x) be a finite nonnegative solution of (*). Let F(x)
be any increasing continuously differentiable function defined for
=X —1, Then for x = X

L plo + 1 y)[Fe) - Fa — y)ldy

= F'@ | po + 1= )iy + p@)[Fa —~ 1) — Fa)]

= p) [ LD 4 Fo — 1) - Fo)| - £0F@)

If a > 1, set F(z) = (¢** — 1)/, where « is defined above, and if a = 1
set F(z) = x, the limiting value as « approaches zero. The expression
in square brackets vanishes, and we have

) L[ pa+1-9F@ - Fe— iy = L0070
dx Jo a

Thus, since p(x) = 0, we find
[ @ @ds = of po + 1 - 9IFE) — Fo — w)ldy,

thereby establishing necessity.
To prove sufficiency we first define

Y(u) = ae 0=u=xs1,
=0 u>1,

and show that the solution v(u) of the egquation
(7) v(w) = (1) + S:u(v)v(u — w)dv

is unique, nonnegative, and bounded. KEquation (7) is an example of
a renewal equation, and uniqueness and nonnegativity follow from
the general theory of such equations. (See for example Doetsch [1],
Volume III, page 145, Theorem I.) Boundedness, which is essential
here, can be shown by noting that if vy is unbounded then there is a
# > 1 such that if v < # then v(u) < v(%). But

V(@) = S;lu(v)v(ﬁ — v,

and since Slv(v)dv =1 (a consequence of a = a(a)),
0
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[ @ — v)(@ — vydo =0,

contradicting the positivity of ().
We now proceed with the proof of sufficiency and show that

(8) @) = pufa) + | v + werrdu

is a solution of (*). Actually we show that p(x) satisfies (*) with
equality. To do this we must verify that

(9) [pwepn(e + wdn = o] me)ds .
The right hand side of (9) can be rewritten as
S:ae“““e““p(x + u)du = S:o”/(u)e““y(x + w)du ,
and substituting (8) this becomes
S:v(u)e“wo(m + w)du + S?S?v(v)v(u)e“(““)po(x + u + v)dudv .

If in the double integral we set w + v = w and v = z and integrate
first with respect to ¢ we obtain

Swdw e p(x + w)ng(z)’y(w — 2)dz .

0 0

Thus, after renaming variables, the right side of (9) becomes
deue“po(x -+ u) {v(u) + S:u(v)v(u — v)d/v} ,

and the required equality is a consequence of (7).
To prove the last statement of the lemma we show now that

lim Swv(u)yo(x + w)etdu = 0.
Z—00 0
This follows from the boundedness of v(u) and the fact that
g%%@m<m.

LEMMA 2. Suppose a >1 and a = a(a) is the largest real root
of a =a(l —e™®). Then forall B< a S e p(x)de < oo, where p(x)
18 any monnegative finite-valued solution of (*) with the parameter a.

proof. From (6)
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A [ [[#e+ 1= )t~ enay] =0

1

Hence for some nonnegative A, S e 4+ 1 — )l — e )dy < Ae™*7,
0

and

ea-pr = ("o e S wE +1—p)d — ev)dy
o —

I

I
S P — g=v)y §j63<5+1—y>#<§ + 1 — y)dé
c

v

S e u(&)ds, where C = S e PUN( — e~ V) dy .

0

IV. Existence of solutions.

THEOREM 2. Suppose K(x) measurable and 0 < K(z) =1 a.e. in
—oo < @& < oo, Suppose f(u) convex for 0 =u =1, f(0)=0, 1) =1,
fw) >0 for 0<u<l, f/L)< o, and fu)=1— L1 —u) +
o — w)*®as u—1 for some 6 > 0. Then the equation

10) p(@) = | K@ ()

has a solution p(x), —oo < & < oo, satisfying 0 < px) =1, if and
only if

[Cee — Kigpaz < o=,

where o = a(f’'(1)) is the largest real root of a = f'(L)(1 — e7*). If
i) > 1, then 1 — p(x) = O(e™P*) as & — oo for all B < a = a(f'(1)).

Sufficiency. Define

po) = L pule) = | K@ Tpu)lds

Then, since f(x) is increasing, 0 < @,.(%) < @,(x) for all z and n = 0.
Thus lim,_. ¢,(x) = p(x) exists and @(x) satisfies equation (10) by the
dominated convergence theorem., We must show that p(x) is positive.
Fornz=1

Pu(#) = Puni@) = | K@OLAa) — Spds
= /O] loni®) — pue)lde

Thus
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+1

1= @@ = 1= o) + O] L — wu(@)ds
1) =71 - K@ - 0|71 - eua.
Since
[Foe [ — K@Mz do < =,
since £'(1) = 1, and since

lim S”“(l —K)dz=0,

there is by Lemma 1 a nonnegative function g(x) satisfying

z+1 P
@z

12 e =1 - K@ - O] p@ds and limpie) = 0.

Now

41

L= g@ = |11 - K@ = p)

and by induction using (11) and (12) we see that 1 — ¢, (x) < ()
and consequently 1 — p(®) < ¢(x). Thus lim,..p(x) = 1, and if p(x)
= 0 for some «, there must be a largest » at which ¢ vanishes. But
this clearly contradicts the fact that ¢ is a solution of (10).

Necessity. Suppose that o(x) is a solution of the required type. By
the corollary to Theorem 1, p(+ o) exists. Now, in fact, p(+ =) =
Iub o(z), for if not there would exist an Z such that for all z > 7,
(%) > p{x), which would contradict the fact that p(x) satisfies (10).
In particular this means that @(+ <) > 0. If f(#) = u, then p(x)/p(+ =)
is a solution whose limit at infinity is one. If f(u) = u, then flu) < «
for 0 <u < 1, and from (10) we see that since @{(+ ) = 0, it mus®
be equal to one. Thus we may always assume @(+ o) = 1.
Writing f(u) =1 — f/(1)(1 — w) + R(u) we have

1— @ = |1t~ K@IL - /O ~ gl
~ | "K@RIp@WE + O] @ - pende.

If flu) = u, then R(u) =0 and f'(1) = 1 so that the use of Lemma
1 with p(x) =1 — p(x) allows one to conclude that

Smdx S:+l[1 — K(9lp(8)ds < oo .
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Then, since p(+ ) = 1, we obtain the desired result that
|1~ Kienag < o .
If f(u) = u, then f’(1) > 1. We first show that if § > 0, then
[etit — p@nds < oo .

Define
0@) = [ {1 — Ko + 1~ )flp(e + 1~ »)ly dy .

Now g(x) is absolutely continuous over any finite interval and since
for almost all @, ¢'(x) = —[p(x) — K(@)f[p(®)]] = 0, g(x) is decreasing.
Furthermore from (10)

[Ta@as =11 - o+ 1 - yway .
Thus for any ee (0, f’(1) — 1) and for sufficiently large =z, since
P(+0o0) =1, we have 1 — flp()] = (f'(1) — &)1 — p(x)), so that

o = L= Flgpe + 1~y dy

L
@) —e
< 9@
) —e

Hence by Lemma 2,
res"g(x) de < oo for all B < a=a(f'1)).

Since g(x) is decreasing,

9@ + 1)eb = rleﬁfg(f) de < A= A@PB),

@z

and so g(x) = O(¢™?") for all 8 < a@. On the other hand

1— o) = |t — K@flpnas

= S:{l — K@+ 1—y)flo@+1—ylidy
= 29(x) + 29(x + 1/2) = O(e™?)

so that if we now choose 8 so that B8(1 + &) > «, we have the required

result,
Since RE(p) by hypothesis is O{(1 — ¢)'*%}, the equation
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z+1 241

(13) w) = | T K@RIpENaE + 10| e,

has by Lemma 1 a nonnegative solution z«(x) for which lim, ., ¢(z) = 0.
(B(p) —0.) Now,

p@) = | K@R@)E + | - FOA — p@)ldz
Define +(x) = @(x), and for n = 0,

14) Pons@) = | K@ — £ — @)

Since R(p) = 0 (by the convexity of f), @(x) = 4r(x) = (), and we
see by induction using (14) that each (%) = 4, (x). Thus o(x) —
() is increasing with respect to n. Again,

(15) P(@) = yunle) = | KOR@ME + 70 | KENpE) — (610

Now, @(z) — 4ro(x) = 0 =< p(x), and by a second induction using (13)
and (15) we see that @(x) — ¥ (2) = p(x). Thus 4, |, ¥(x) (say) sat-
isfying o(z) = ¥(2) = p(2) — £(), and

(16) @) = | K@ - 0 - pe)e.

z

We rewrite (16) as

L—y(@) = |1~ KL — £ — 4(@)ds

+ L — e,
and note that since lim,_. p{x) = 0 there is an X = X(¢) such that
for 2= X,0=1— (z) =¢c. Thus
L= (@) 2 0= F@a 11— K@ + 7| L= @,
and so by Lemma 1,
o1 — Kigylde < oo

V. An integral relation. Suppose f(u) is as in Theorem 2 and
in addition f(u) == . Then @(+c) =1 and from equation (10) we
see that @(—) =0 or 1. Apply Theorem 1 with K replaced by
Kf(p)/p. Then equation (2) becomes
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Amelm) = 7 ) - K@rle@d:
If @(—c) =1, then p(x) = K(x)f[p(x)] for almost all x, and since
@ > 0, this means that =1 and K =1 a.e. This yields the follow-
ing relation,

THEOREM 3. Let f and K be as in Theorem 2 and wn addition
assume f(u) = u and K(z) #= 1 a.e. Then a solution ¢ of equation
(10) satisfies

an [ te() — K@Flpemas = 12.

VI. Concluding remarks. The hypotheses in Theorem 2 were
chosen to make, in some sense, a ‘‘clean’’ theorem, and as is usually
the case more is actually proved than is stated. Thus in proving
sufficiency, no use is made of the assumption R(u)= Ol — u)"*,
Furthermore very weak use is made of the convexity of f and, in
fact, the behavior of f(u) in the neighborhood of w =1 is all that is
significant in the following sense,

THEOREM 4. Let § be the class of increasing, nonnegative, con-
tinuous functions defined on the unit tnterval such that if fe,
then f(1) = 1. Suppose that for a certain f,€F equation (10) has a
nonnegative solution o, satisfying ¢, =1 and p(+ o) =1. Then if
some other f,eF coincides with f, in some mneighborhood of 1, equa-
tion (10) with f = f, has a nonnegative solution @, satisfying o, = 1
and @+ o) =1,

Proof. Suppose fi(u) = fo(u) for %, < u < 1. Thereis an X such
that for © = X, () = %, Set 4ry(x) = 0 for © < X and +(x) = p,(2)
for x = X. Then for —oco << & < + 0

(18) @) = | K@
Now for n = 0 define
Vo) = | K@AO1aE

Since f, is increasing, +r,. (%) = +,(x) for all » and « and in addition
(@) = 1. Thus () 1, @(x), a solution with f = f..
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