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We develop a theory of representations of a locally trivial
C" groupoid, Z, on a C* fiber bundle, F (with fiber Y, Lie
group (7, and base space M = the set of units of Z).

A covariant functor, A, is defined, sending ¥ into a locally
trivial C” groupoid A(F )= the groupcid of admissible maps
between fibers of F, with a natural C” structure. A C” bundle
map : E— FE’ is sent into a C" isomerphism A(h): A(E)—
A(E'). Properties of the functor 4 are studied.

A C7 representation of Z on E is defined as a C” homo-
morphism p: Z— A(E). Let Z.. be the group of elements in
Z with e as the left and right unit, We obtain the important
result that a C" hememorphism o.: Z,.—A(E.) has an (essentially)
unique extension to a C* representation of Z on a C" fiber
bundle £’, where E' is determined by Z and p.. This leads
to interesting applications in differential geometry, The rep-
resentations of L%, the (locally trivial C~) groupoid of invertible
k-jets of C~ maps of a C* manifold, M, into itself, provide
(but are not the same as) natural fiber bundles of order £ in
the sense of Nijenhuis,

The correspondence obtained in 4,93 and 4.94 between transitive
C" representations of Z and closed subgroups of Z,, is related to the
clagsification of geometric objects for Z = L* and to the classification
of covering spaces for Z — the fundamental groupoid.

In §5 we diseuss some examples-the universal covering groupoid
of Z, and the fundamental groupoid.

Locally trivial € groupoids are as defined in |2], except that we
deal only with sets in the usual sense, and our groupoids are always
transitive, i.e. groupoids in the sense of Brandt. We find it useful
to introduce the notion of a C” coordinate groupoid in §2, and show
that locally trivial C groupoids arise from C* ccordinate groupoids like
fiber bundles arise from coordinate bundles,

In §1 we give a definition for a groupoid which is somewhat
more elaborate than the usual one, but it introduces the notation used
throughout the paper and it includes some essential properties of
groupoids.

1. A groupoid, Z over M (in the sense of Brandt), consists of
the following:
1.1. A set, Z, with a distinguished subset, M, called the set of
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units in Z.

1.2, A map I X r:Z—M x M, mapping Z onto M x M, We
introduce the following notation: Z,, = (I X #)7'(q, p) and Z, =
(I xry{B) for B& M x M. The subscripts on &@,¢ 7 mean that
I x #(@,,) = (g, p) = (left unit of @, right unit of @,,). We require
that [ x »(g) = (q, ¢) for ge M, and will sometimes write 1,, for gq.

1.3. A law of composition, (-): D—Z, where D= (I X r x I X
Py M x 4x M)Y< Z x Z, and 4 is the diagonal in M x M, satisfying
the following conditions:

131, 7,0, 7,

1.32, (associative law) A, «(¥,,0@,,) = (4,0¥, )o@,

1.33. (units and inverse) For @,,¢ Z, @, = @,,01,, = 1,00,,, and
there exists an element (@,)'e Z,, such that @,0(0,)" =1, and
(D) 100y, = 1.

1.4. DerFINITION. A function 0: 7 — Z’ (where 7’ is also a
groupoid) is called a homomorphism if and only if

141, o(M) < M’ = units of Z’. We will write g for the re-
striction 0|, M— M’,

1.42. The following diagram commutes

7zt 7

ilx'r

MxM-—M x M
Xp

U=

=Y

1.43. From 1.42 o x o(D) < D’. We require that

D8 pr

&) l(o)

Z— 7
0

commute,

We establish the following notation.

1.45. TUnless otherwise indicated, the # in C" may be any integer
=1, or o, or @ (for the analytic case), but is fixed throughout the
discussion.

A Cr coordinate bundle, F consists of a Lie group G (the group
of E) acting effectively on a C” manifold Y (the fiber of E), so that
the evaluation map G x ¥ — Y is a C” map, and a projection z: F— M
sending the total space of E (also called E) onto the C" manifold M
(the base space of E), and an indexed set of coordinate functions
$;: V; x Y — Ey =n"(V,;) as in {9, pp. 7 and 8], with the transition
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functions g¢,;: VNV, — G required to be C” maps. Then a canonical
C™ manifold structure is defined for the total space E, using the C~
structures of M and Y and the coordinate functions, so that = and
the coordinate functions are C” maps. C” fiber bundles are then
defined in terms of C* coordinate bundles, as in [9, Ch, I]. We use
E and E’ to denote C* fiber bundles with group G, fiber Y, base
space M, and total spaces K and E’' respectively.

For a function h: E— E’ we assume h(E,) = E;, that h, = h|E,
is bijective, and that %, and &;' are both C" maps. C” admissible
maps and C” bundle maps are as defined in [9], replacing the topological
requirements by the appropriate C* requirements. We do not always
require that » be admissible, or even a C™ map, in this paper.

Given a C" fiber bundle E, we form the set of maps

1.5 P(E)={0,: Y — E,|qe M and @, is an admissible map} ,

and will regard P(E) as the associated principal bundle of E.
Consider the set of maps

16 A(E) = {0, E,— E,[(q, p) e M x M
) and @,, is an admissible map} .

Then A(E) has a natural groupoid structure over M, with I x »(@,,) =
(g, p) and the composition defined as the composition of maps.

2. The study of locally trivial C” groupoids is simplified by
consideration of C" coordinate groupoids. A C” coordinate groupoid
(Z, %,) over M, consists of the following:

2.1. A groupoid, Z (over M), and a C” manifold structure for M.

2.2, A distinguished point ee M and a Lie group structure for
the group Z,,.

2.3. A set of functions %, = {a: Ui— Zy, .} U, is open in M
and loa = identity map, satisfying

2.31. Uaez Ua - M.

2.32. For o and fe ¥, the map

9op: Us NUpg— Z,.;  gap(q) = (2(9))"-B(q) ,

is a C” map.

Given a C" coordinate groupoid (Z,2,) we obtain a canonical C”
fiber bundle structure for Z.

For  and e X, the map

2.4 CaB: UO( X Zee X UﬂﬁZUwXUﬁ

is defined by C.e(q, @, p) = a(q)o@o(B(p))~".
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2.5. THEOREM. A C7 coordinate groupoid, (Z,%,)) may be re-
garded as a C” coordinate bundle over M X M, with projection
L xriZ—Mx M, fiber Z,, and group Z, X Z,, acting on Z,, by
left and right composition, t.e. (@, UV = @- I ¥ and coordinate
Junctions C,p as given in 2.4,

Proof. For v and de X, we obtain

Cysld, @, p) = Cop(q, 9ury(@)- P (gas(p)) ™", D)

for qe U, NU, and pe UsN Us. By 2.32, the transition functions
are C" maps.

A canonical C” structure for Z is obtained via the C,; coordinate
functions from the C” structures of Z,, and M., With this C” structure
Z becomes a (LT) locally trivial C” groupoid in the sense of Ehresman
{1 and 2], as we show in the next theorem.

2.6. THEOREM. Using the canonical C" structure for Z (as
determined from X,) the composition (-): D—Z and inverse (—1): Z—Z
are C” maps. The function (q, p) — o(q)-(B(p))~, for a,BeX, is a
C" local section in I X ri Z— M x M.

Proof. The result that () and (—1) are C” maps follows from
the corresponding properties of the Lie group Z,,, using the C,; maps.

Conversely, given a LTC" groupoid Z over M and a point e€ M,
we obtain a C" coordinate groupoid (Z, X,). We define

2.7, X, = the set of local C" sections in Il: Zy.,— M, regarding
Zyv. 88 a closed submanifold in Z. Z,, has a natural Lie group
structure (see [5]). Then X, satisfies 2.31 by the locally trivial
condition on Z and satisfies 2.32 by the C” condition on composition
and inverse, Accordingly (Z, Y,) forms a C" coordinate groupoid, and
the canonical C” structure for Z obtained via the C,, maps is the
same as the original C™ structure for Z.

If Z' is a subgroupoid of Z with the same set of units, and Z’
is also a C" submanifold of Z, then Z’ is a locally trivial C" groupoid.

We establish the following notation.

27, 0:Z— 7" will be called a C" homomorphism, if and only
if Z and Z’ are locally trivial C” groupoids and o is a homomorphism
as in (1.4), and p is also a C” map. p will be called a C" 4somorphism
if and only if p is a bijective C” homomorphism, and p: M — M’ is
the identity map. As a consequence of (4.1), p is a C” isomorphism
implies p~" is also a C” isomorphism.

3. We obtain a natural C” coordinate groupoid structure for
A(FE) (defined in 1.6), making A(F) a LTC" groupoid.
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3.1. ConsTrUCTION. The Lie group structure for A, (E) is
obtained via the isomorphism I. G— A,(E) induced by an admissible
map 1: Y — KE,. Y, is defined as the set of maps {¢ X i} where
¢:V x Y — E, is a coordinate function for E, 4: Y — E, is an ad-
missible map, and ¢ X 4: U — A(F)y.., is given by (¢ X 1)(q) =
$(q, 27( ).

3.2. REMARKS. A may be regarded as a convariant functor
sending” a C’ fiber bundle E into LTC” groupoid A(E), and sending a
C” bundle map k: E— E’ into a C" isomorphism A(h): A(E) — A(E’);
A(h)(@,,) = h,0o®@,,0h;'. We summarize some properties of the functor
A below.

3.21, If K = FE", except that the group G’ of E"” is a Lie
subgroup of G, then the identity map h: E” — E defines the inclusion
A(h): A(E") < A(E) of A(E") as a LTC" subgroupoid of A(E).

3.22. Suppose f: M'— M is a C” map, and f*(E) is the pullback
of Fover M', fx fi M'x M'— M x M defines a pullback (f x f)*A(E)
which is then a LTC" groupoid over M’. There is a natural C”
isomorphism A(f*(K)) = (f X f)*(A(E)). In particular, if N is a
submanifold of M, the inclusion h: Ey S E defines the inclusion
A(h): A(Ey) = A(E).

Given a locally trivial C™ groupoid, Z, and a Lie group isomorphism
I.G— Z,, we obtain a C” principal G bundle, Z, by the following.

3.4. CONSTRUCTION. For ac X, (as in 2.7), we define a X I: U, X
G— Zy . by axI(q, @) = a(q)-I(®#). Let Z, denote the C" fiber
bundle with projection I, total space Z, = Z,.., group G acting on G
by left composition, and coordinate functions a x I.

The following theorem is easily verified.

3.5. THEOREM. Left composition by @,€Z 1is an admissible
map L(®,,): (Z,), — (Z;),, and L:Z — A(Z,) is a C" isomorphism.

It is interesting to note that the principal bundles obtained for
different choices of the isomorphism, I, may not be fiber bundle
equivalent (see 4.41).

3.51. THEOREM. Suppose the admissible map 1: Y — E, induces
the tsomorphism I.G— A, (E). Then there is a natural C* bundle
map (right composition by 1) R;: A(E)— P(E).

4. A homomorphism 0: Z— Z' induces a locally trivial C” structure
in Z’ under certain conditions, This idea is made precise in the
following theorem.
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4.1, THEOREM. Let Z and Z' be two groupoids with the same
set of units, M. Suppose Z is an LTC" groupoid and that Z is a
Lie group. If p: Z — Z' is a homomorphism satisfying

411, 0: M — M 1is the identity map

412, 0\, Z,,— Z!, is a Lie group homomorphism then there
18 a unique LTC™ groupoid structure for Z' such that o 1is a C”
homomorphism.,

Proof. We define 2 = {& = poajxecl, (as in 2.7)}. Since
Gap(q) = 00g.p(q), We see that Y, satisfies 3.42. Conversely, if Z’
has an LTC" structure and % is a C” map, then 2} is a set of local
C" sections in I: Z},, — M.

4.13. COROLLARY. Let Z and Z' be LTC" groupoids over M,
and 0. Z—Z" o C° homomorphism such that p = identity map.
kerh = {@e Z: p(@) = 1,,e Z'} is a closed mormal subgroup in Z,.
There are unique LTC™ groupoid structures on Z/ker o and o(Z),
such that the canonical maps w, o and i are C7 homomorphisms;

Z—" Zjker h - WZ) —— 7" .

4,14, COROLLARY. Let 0:Z — Z' and 0':Z —Z" be C" homo-
morphisms such that p and 0’ are the identity maps. Suppose the
restrictions of o and o to Z, (denoted by p, and 0, respectively)
commute with a Lie group homomorphism p: Z),— Z}], i.e. p)op, =
o.. Then 0 has a unique extension to a C” homomorphism o Z'—
Z" such that o"op = p'.

Proof. ¥),e Z’ may be written as the composition 0(@,,)o4,,00(I,,).
We define o"(¥7},) = 0'(®,,)0 0./(A,,)o 0'(I",,) and note that the result is
independent of the particular choice of @, and I°,,. Then " has the
desired properties.

We next consider representations of LTC” groupoids, as defined
below.

4.2, DEFINITION. A C7 representation of Z on FE is defined to
be a C” homomorphism p: Z— A(E), such that 0: M — M is the
identity map.

There are two notions of equivalence which are of interest in
connection with groupoid representations, One of these, called weak

equivalence involves maps between fiber bundles which may not be
admissible.
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4.3. DEeFINITION. Given h: E — E’ (see 1.45) we define A(h)(®,,) =
h,0®,,0h,", for @,,€ A(E). h is called weakly admissible if and only
if A(h) sends A(KE) into A(E").

We remark that if 2 is weakly admissible then

4,31, A(h): A(F)— A(E') is a groupoid isomorphism.

432, h,;: E,— E] is admissible implies that %, is admissible for
all pe M.

Bundle maps are related to groupoid isomorphism in the following
theorem.

4.4. THEOREM. If h, E,— E! is admissible (resp. weakly ad-
missible) and A(h,) extends to a C7 isomorphism H: A(E)— A(E'),
then h, has a unique extension to a C* bundle map (resp. C™ weakly
admissible map) h: E— E’ such that A(h) = H.

Proof. We define h, = H(®,)oh,o®;' for some @, e (AL)),, and
note that 7, is independent of the choice of @,,.

As an application of 4.4 we obtain the following corollary, relating
to the construction in 3.4. (Assume G is isomorphic to Z,..)

4.41, COROLLARY. The set of C™ principal G bundles Z, obtained
vig 3.4 mod C” bundle equivalence is im one to one correspondence
with the cosets in Aut Z, /Ext (Z, Z,,)eInt Z,,, where Aut Z,, is the
set of Lie group automorphisms of Z,,, Int Z,, is the group of inner
automorphisms in Aut Z,,, and Ext(Z, Z,,) is the group of automor-
phisms in Aut Z,, that extend to C" automorphisms of Z, leaving M
pointwise fixed.

Proof. For Je Aut Z,,, there is a C” bundie equivalence &: Z, —
Zy, if and only if there exists @ ¢ Z,, such that A(Jo L,) e Ext (Z, Z,,),
where L, is left composition by @. A(JoL,) = SeJ, where S sends
I'eZ,, into J(O)'(J(@))™", so Selnt Z,,.

Let p and o be C” representations of Z on E and E’ respectively.
h: E— E' is an equivalence (resp. weak equivalence) for o and o if
and only if 4 is admissible (resp. weakly admissible) and A(h)op = o',

4.5, THEOREM. An equivalence, h, for o and 0 as above is a
C” bundle map.

Proof. We apply Theorem 4.1 to show that A(h) is a C" isomor-
phism, then theorem 4.4 shows that h is a C” bundle map.

The representation p is said to be equivalent to o', written o = o,
if and only if there is an equivalence h: E— E’ for p and p'. p is
said to be weakly equivalent to o, written o ~ o', if and only if
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there is a weak equivalence for p and ©’. The relations = and ~
are equivalence relations in the usual sense,

In the special case M = {e¢}, a groupoid Z over M is just a group.
The definitions for groupoid representations and equivalences then
yield a theory of group representations, as illustrated below.

Let ¥ =C" and G = U(n) = the ©n x » unitary matrices. Then
the fiber bundle, E over {e}, may be regarded as an n-dimensional
Hilbert space, and a C” representation of Z on E as a unitary repre-
sentation. If &’ is another C” fiber bundie over {¢}, with group U(n)
and fiber C", then h: £ — E’ is admissible if and only if & is a unitary
map of K onto K’ (regarding K and E’ as Hilbert spaces). Hence a
representation equivalence is a unitary equivalence in the usual sense,
We note that an antilinear map is weakly admissible, so a represen-
tation of Z on E is weakly equivalent to its dual.

Accordingly, the group G of the bundle plays an important role
in the representation theory, in determining the nature of the repre-
sentations allowed, and in the equivalence of the representations.

Returning to the general case, let p and o’ be C” representations
of Z on E and E’ respectively. The restrictions of p and o to Z,,
(denoted by o, and o, respectively) define representations on E, and
E! respectively. The following result shows that p is essentially
determined by p,.

4.6, THEOREM. o~ o if and only iof p,~p.. p=p0 if and
only if 0, = 0.

Proof. A representation equivalence #4,: K,— E,] for o, and p]
extends to a representation equivalence for o and o’ as follows., A(#%,)
extends to the C” isomorphism H: A(F)— A(E’) by 4.14, and H
defines an extension %2 of A, by 4.4, having the desired properties.
The proof for weak equivalence is similar.

Next, we see that any C" representation p,: 7, — A(E,) extends
in a natural way to a C" represenfation p:Z — A(E’), where FE’ is
constructed from Z and p,.

Suppose FE, is a fiber bundle over {¢}, with group G and fiber Y,
and that p, is a C" representation of Z,, on E,. We define

E’ = {ZMXe X Ee}/N 3

where (@,,, v) ~ (¥,,, w) if and only if 0 (¥ 0@, )v=w. Regarding
Zyx. @S a principal Z,, bundle, E’ is simply the associated bundle.
The projection 7 is given by 7{(@,,, v) = ¢. Themap K, — E/; v—1,,, v,
identifies E, with F/. The following result is easily verified.
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4,7. THEOREM. The map 0,0 W ,)(9,., V) = ¥, D,,v), is «a
C" representation of Z on E’', and the restriction 0, = 0|, 1s
equivalent to p,.

4,71, REMARK, If o is another extension of p, to a C" repre-
sentation of Z on K", then by 4.6 0" = ¢/, and by 4.5 E’ and E”
are equivalent as C” fiber bundles.

We next present an example relating groupoid representations to
the notion of “natural fiber bundles of order £” introduced by Nijenhuis.

4.72. EXAMPLE. Let P*= P*M) be the bundle of k-frames on
a C~ manifold, M, as defined in [4]. Then there is a natural map
{left composition) L: L* — A(P*), where L* = the groupoid of invertible
k-jets of C= maps of M into itself. We give L the unique LTC"
structure such that L= is a C” isomorphism. Then L is a C" repre-
sentation of L* on P* Let o be a C" representation of L* on FE.
The subgroupoid p(L*) & A(FE) defines a reduction of the group of E.
If we assume the group of E has been reduced so that p(L*) = A(K)
and ignore the LTC" structure on L*, then p may be regarded as a
natural fiber bundle of order k as defined by Nijenhuis in [7]. The
author feels that in view of the results obtained in this paper and
the motivation given in [7] for defining “natural bundles”, that a
natural fiber bundle of order k should be defined as a C” representation
of L*,

Next, we examine equivalences and weak equivalences of repre-
sentations from another point of view.

4.8. DEFINITION. We define G~ = {€: Y — Y | @ is bijective, and
@ and @' are C” maps, and OGO = G}.

The following conclusions are easily verified.

481, G= G, @e G defines an automorphism of G by I'eG—
Gol o0,

4,82, h: E— E’is weakly admissible if and only if ¥;'0k,0¢,e G
for admissible maps ¥, and ¢,, for all p in M.

Let p.:Z,— A(E,) be a C” homomorphism, and i: Y— E, be a
weakly admissible map (i.e. ¢ induces a C" isomorphism I: G — A(E)),
I(@) =i 'o@ot, and 7 and ¢~' are C" maps). We define

4.81. {0} ={["ep, |1 admissible}

482, ol ={I"op,|7 is weakly admissible}.

The following is easily verified.

4,83. THEOREM. o, = 0, if and only if {o} = {0} and p, ~ 0,
if and only if [o.] = [ol].
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4.9. DgrFINITION. A C" representation p of Z on K is called
transitive if and only if

4.91. o(Z,) = A,(E)

4.92. G acts transitively on Y.

The classification of transitive C" representations of Z given by
4,93 and 4.94 applies to the theory of geometric objects for Z = L*
and is well known in that application (cf. {6]).

4.93. THEOREM. Suppose p and p' are tramsitive C” repre-
sentations of Z on K and E' respeciively. Let G, be the isotropy
group at ye Y. Then {(I7'ep) (G} = {H} ts a conjugacy class of
closed subgroups of Z,, independent of y. If {H}} is the corre-
sponding class of subgroups for ', then o ~ o' if and only if {H;} =
{H}.

Proof. {o,} is just the conjugacy class of I~'eop, under inner
automorphism of G, @oG, 007" =G, for all @eG™, so p~p
implies that {H;} = {H]} by 4.6 and 4.83. If {H,} = {H}}, choose
admissible maps ¢ and j so that H, = H]. Then F = J e plop;?el.G—
G is a C" isomorphism (assuming ker p, = I,,, otherwise replace Z by
Zfker p,), and F(G,) = G,. Then F induces a map F: Y —Y (via
the identification G/G, = Y), and joF'o¢™: E,— FE! is the desired
weak equivalence for p, and p,. Hence p ~ o’ by 4.6.

A subgroup H, obtained as in 4.93 contains no nontrivial normal
subgroup in Z,,, since G acts effectively on Y. Suppose H is a closed
subgroup of Z, containing no nontrivial normal subgroups of Z,..
Then define E = Z,/H (see 3.4) where J is a Lie group isomorphism
G— Z,. We then obtain the result.

4,94, THEOREM. The left composition L:Z— A(Z,/H) 1is «a
transitive C™ representation., The conjugacy class {H;} obtained for
L = p in 4.93 is the conjugacy class of H.

4,95, REMARKS. Taking H = 1,,, we see that the “left regular”
transitive C" representations L: Z — A(Z,;), obtained in 3.4 and 3.5,
for various choices of I, are all weakly equivalent.

5. For any C” manifold X, we define /I(X) = {0:[0,1]— X o
is continuous}/~, where o ~ ¢ if and only if ¢ is homotopic to ¢
with end points held fixed.

Assuming M is connected, /(M) = II is the fundamental grovupoid
for M, with the natural composition of curves and LTC" structure.
II,, is the (discrete) fundamental group at e, usually written z,(M, e),
and I: Il,,,— M is a universal covering of M,
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We obtain a universal covering groupoid, Z~, for a connected
LTC" groupoid, Z, over a connected C” manifold, M. Let Z~ =
,..,(Z)and M~ = II,,(M). Then M~ may be regarded as a subset
of Z~, and we obtain the following result.

5.1. THEOREM. There s a natural LTC" groupoid structure
for Z~, with lxr: Z~— M~ xX M~ defined by l xr(cg)=(loo/~,roag/~),
such that w Z~— Z; w(o)=o0(l), s a C" homomorphism and
w|Z5 25— Z4,, makes Z; the universal covering group of 4% (where
ec M~ is the identity curve at e, and Z’, is the connected component
of 1,, wn Z,,).

Proof. Let o and 7 be representative curves for ¢/~ and 7/~
in Z~., If roo ~lor, then we can find new representatives, & and
T, such that ro6 =107,6 ~0 and T ~ 7 (see [3, Ch. 3]. Then the
composition, goz, is defined by got(f) = d(t)oT(¢).

5.2. THEOREM. Let Z be a LTC" grouvoid over a connected C*
manifold M, and suppose that Z,, is discrete. Then there is @ unique
C" homomorphism

ol = II(M)— Z,

mapping Il onto the connected component of 1,, in Z.

Proof. Let o;, be the unique lift of o¢,€ll,, to Zy., starting
from 1,. Then define d(c,,) = o,(1), and extend o as a homomorphism
to all of 11,
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