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This is a continuation of an earlier paper ‘‘Fractional
Powers of Operators’ published in this Journal concerning
fractional powers A% ac C, of closed linear operators A in
Banach spaces X such that the resolvent (1 + A)™' exists for
all 2 > 0 and /(1 + A)™* is uniformly bounded. Various integral
representations of fractional powers and relationship between
fractional powers and interpolation spaces, due to Lions and
others, of X and domain D(A®) are investigated.

In §1 we define the space DJ(A),0< 0 < ,1<p= o or p=
o —, as the set of all xe X such that

N(AQ 4+ Ay e LX)

where m is an integer greater than ¢ and L?(X) is the L* space
of X-valued functions with respect to the measure dix/A over
(0, o).

In §2 we give a new definition of fractional power A* for Re
a > 0 and prove the coincidence with the definition given in [2].
Convexity of || A*x|| is shown to be an immediate consequence of the
definition. The main result of the section is Theorem 2.6 which says
that if 0 <Rea < o,xeDy is equivalent to A*xe D7~™*, In par-
ticular, we have Df** C D(A*) C DE*, For the application of fractional
powers it is important to know whether the domain D(A4*) coincides
with D} for some p. We see, as a consequence of Theorem 2,6,
that if we have D(A*) = D} for an «, it holds for all Re a > 0.
An example and a counterexample are given. At the end of the sec-
tion we prove an integral representation of fractional powers.

Section 3 is devoted to the proof of the coincidence of D7 with
the interpolation space S(p, a/m, X; p, a/m — 1, D(A™)) due to Lions-
Peetre [4]. We also give a direct proof of the fact that D7(A%) =
Dgo(A).

In §4 we discuss the case in which —A is the infinitesimal
generator of a bounded strongly continuous semi-group 7,. A new
space Cy, is introduced in terms of T,r and its coincidence with DS
is shown. Since CZ,, o # integer, coincides with C° of [2], this
solves a question of [2] whether C° = D° or not affirmatively. The
coincidence of C7,, with S(p, a/m, X; p, o/m — 1, D(A™)) has been shown
by Lions-Peetre [4]. Further, another integral representation of frac-
tional powers is obtained.
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90 HIKOSABURO KOMATSU

Finally, § 5 deals with the case in which — A is the infinitesimal
generator of a bounded analytic semi-group 7,. Analogous results to
§ 4 are obtained in terms of APT,x.

1. Spaces DZ. Throughout this paper we assume that A is a
closed linear operator with a dense domain D(A) in a Banach space X
and satisfies

(1.1) [[ AN+ A7 = M, 0 <N < oo,

We defined fractional powers in [2] for operators A which may not
have dense domains. It was shown, however, that if Re a > 0, A% is
an operator in D(A) and it is determined by a restriction A4, which
has a dense domain in D(A). Thus our requirement on domain D(A)
is not restrictive as far as we consider exponent « with positive real
part., As a consequence we have

(L2) MM+ e —a, Ao, m =12

for all xe X. As in [2] L stands for a bound of A(A + 4)™ =1 —
MA + A

(1.3) AN + A~ = L, 0 <A< oo,

We will frequently make use of spaces of X-valued functions f(\)
defined on (0, ). By L?(X) we denote the space of all X-valued
measurable functions f(A) such that

11 = (|10 rann) " < 0 it 159 < o0

Ay zogggmllf(%)ll < oo if p= oo,

(1.4)

We admit as an index p = o« —, L= (X) represents the subspace of
all functions f(\)e L=(X) which converge to zero as A»— 0 and as
N — oo, Since dA/An is a Haar measure of the multiplicative group
(0, =), an integral kernel K()\/y) with S | K(\) |[dA/N < o defines a
0

bounded integral operator in L?(X),1 < p =< oo,

DerFINITION 1.1. Let 0 < ¢ < m, where ¢ is a real number and
m an integer, and p be as above. We denote by D7, = D7, (A) the
space of all x e X such that V(AN + A) )™z e L*(X) with the norm

(1.5) 12 ]or, =112z + [MARN + A7)0 20

Dz, and DZ_, coincide with D° and Dg of [2], respectively.
It is easy to see that D, is a Banach space. Since (A(M + 4)™)"
is uniformly bounded, only the behavior near infinity of (A(» + A)™)"z
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decides whether x belongs to Dy, or not.

ProposiTiON 1.2. If integers m and n are greater than o, the
spaces DZ,, and D7, are identical and have equivalent norms,

p,m

Proof. It is enough to show that DZ, = Dg,., when m > o.
Because of (1.3) every « € DgZ,, belongs to DJ,.,. Since

'ddT(V(A(k + A7) = mamT (AN + A7)
we have
A
(L) N(AN -+ A7) = mae (Al + Ay adpp

This shows

VA + A7)l S —— V(AR + A7) 2 2 -

DEFINITION 1.3, We define Df, 0 > 0,1 < p < o, as the space
D7, with the least integer m greater than o. We use ¢3(x) to denote
the second term of (1.5), so that D7 is a Banach space with the norm

@]l + g5 ().

ProposiTiON 1.4, If o > 0, p(pe + A)~* maps D/ continuously into
Dg+, Futhermore, if p < oo —, we have for every x e DS
1.7 plp + Ay'e—x (D7) as p— oo,
Proof. Let xe Dg. Since
[INVTHAN + A7) (e + A)7w ||
= plIMN + AT TAQ + A7 HTIVARN + A7) ||
= pML || N(A(L + A" ||,
¢y + A)~*z belongs to D,
Let p £ 0 —, If xe D(A), then
(AN + A"l + A) 7'
= (A( + A"z — (A( + A )™ + A Aw
converges to (A(n + A)™)"x uniformly in X, On the other hand,
(AN + A"y + A)™ is uniformly bounded. Thus it follows that
(AN + Ay )™ u(pe + A)~'x converges to (A(\ + A)™)™x uniformly in ) for

every v € X. Since ||V (AN+A) )" u(p+A)y e || S M || N(AN+A)H™ |,
this implies (1.7).
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THEOREM 1.5. DCDfifo>7 or if o=7 and p=q. The
injection is continuous. If q < co—, D7 is dense in D],

Proof. First we prove that DS, p < o, is continuously contained
in Dg_,
Let ®e DZ. Applying Holder’s inequality to (1.6), we obtain

A0+ Ayl S g | A+ A

where p’ — p/(p — 1). Hence xe DZ. Considering the integral over
the interval (z¢, \), we have similarly

IN(AN + A )ma ] < L2 o Adpe + Ayyma ||

b i
Mm—0 A
(- L) e A i),

The second term tends to zero as st — oo uniformly in N > 2 and so
does the first term as \ — oo, Therefore, xc DZ_.

Since M(A(W + Ay Y x e LX) N L>~(X), it is in any LX) with
P =gq< oo,

If 7 <o,DZ is contained in D for any ¢. Hence every D; is
contained in D/,

Let ¢ < ««—. Repeated application of Proposition 1.4 shows that
D™ is dense in D} for positive integer m. Since D? contains some
D™, it is dense in Dy,

2. Fractional powers. If xe D7, the integral

@ —_ F(m) * a—1 —INMm
2.1) Ay = Sox (AOn + A) " wda

converges absolutely for 0 < Rea = ¢ and represents a continuous
operator from D7 into X. Moreover, AZx is analytic in «a for
0 <Rea <o.

A%x does not depend on m., In faet, substitution of (1.6} into
(2.1) gives

@ I'(m)m © m— —1ymt1 “\ a—m—1
Aty = A A Tled by ax
v = | A 7y radp]

= I'(m + 1) ® g
1’(06>l“(m+1~a)§0/°‘ (A(pe + Ay ymHadye

This shows that A% depends only on z and not on D7 to which »
belongs,
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Obviously we have
(2.2) Ax(pe(pe + Ay )™ = (e + AyH™H A, x e DY

Since the left-hand side and (u(g + A)~")™** are continuous in X, and
(pe(pe + A+ is one-to-one, it follows that A% is closable in X, In
view of Theorem 1.5 the smallest closed extension does not depend on
g.

DEFINITION 2.1. The fractional power A* for Re a > 0 is the
smallest closed extension of A% for a o = Rea.

ProposIiTION 2.2. If a is an integer m > 0, A* coincides with
the power A™.
To prove the proposition we prepare a lemma.

LEmMMmA 2.3. If m is an integer m > 0,

(2.3) Aﬁx::thnanNx”*b4O,+-A)*)”“xdx.
0

N—oo

Proof. By (1.6) we have
mSNN"“i(A(x + Ay )ty = N™(AN + A)H"x .

If xe D(A™), N™(A(N 4+ A)™)™x = (N(N + A)™")"A™x tends to A™x as
N — o by (1.2). Conversely if N"(A(N + A)™)"x = A~(N(N + A)™)x
converges to an element y, x€ D(A™) and y = A™x. For A™ is closed
(see Taylor [5]) and (N(N + A)™)™x converges to .

Proof of Proposition 2.2. If xeDf, o > m, integral (2.3) con-
verges absolutely. Therefore it follows from Lemma 2.3 that z € D(A™)
and A*x = A™x, Thus A™ is an extension of A*. Conversely if
we D(A™), then p(p + A)y~'we D(A™*")c Dr** and we have

Ar(p(pe + Ay = (p(pe + A)yTHA™
— A™x as p— oo,

Since p(pt + A)y"'x — =, it follows that x e D(A%) and A°z = A™x,

The fractional power A* defined above coincides with A% defined
in [2]. In fact, if m = 1, integeral (2.1) is the same as integral (4.2)
of [2] for » = 0. Thus

(2.4) A = A%
holds for 0 < Re < 1 if xe D(A). If xeD(4A™), m = 1, both sides of
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(2.4) are analytic for 0 < Rea < m, so that (2.4) holds there. Since
D" c D(A™")c D by Lemma 2.3 and (1.2), both A* and A% are the
smallest closed extension of their restrictions to D(A™), m > Rea.
Thus we have A* = A% for all Rea > 0.

Consequently we may employ all results of [2]. In particular,
fractional powers satisfy additivity

(2.5) At = A“AP | Rea >0,Res >0
in the sense of product of operators and multiplicativity
(2.6) (A*)f = A°F 0<a<m/w,Re >0,

where @ is the minimum number such that the resolvent set of —A
contains the sector

largyv | < 7w — .
Such an operator is said to be of type (w, M(6)) if
sup || MM + A7 = M(@) .
largAl=0
Any operator with a dense domain which satisfies (1.1) is of type
(w, M(0)) with 0 = 0w <.

Some properties of fractional powers, however, are derived more
easily through definition (2.1).

ProposiTiON 2.4. If 0 < Rea < o, there is a constant C(«, g, p)
such that

(2.7) A%z ]| = Cla, o, p)gz (@)™ || @ || =Rl 2 e D7 .

Proof. Holder’s inequality gives

(44 F(m) ol a—1 —1\m
Azl = l [@I(m — a) IB AHHAG + Ayyrerl] ax

+ e @A + aye o |

F(?’n) I, N Rea NRea—-a .
= ' o) (m — «) w Rea |l + e Rea)p)” q,,(x)] .

Taking the minimum of the right-hand side when N varies 0 < N < oo,
we obtain (2.7).

ProposiTION 2.5, If 2+ > 0, then
(2.8) D;(A) = Di (¢ + A)
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with equivalent norms,

Proof. Let xe DZ,.(A) with m > g. Since
AL + e+ A" || < C A"\ + g2+ A) ™™ [[F™
1O+ 2 Ay fn=sim =12, m — 1,
At + A0+ 2+ Ay
=N(p" A+ mpm A+ e AT+ e+ AT

belongs to L?(X). The converse is proved in the same way.

THEOREM 2.6. Let 0 < Rea <o. Then xcDf if and only if
xe D(A%) and A%x e DR,

Proof. Let wxeDZ and m > 0. Clearly xe D(A%). To estimate
the integral
Ku——Reu(A(h + A)-—l)’mAaw

_ D(m)=Re (= o N
- T(I(m — a) 50# (A(y + A)7)"(Ape + Ay radye

we split it into two parts. First,

|

nme | e A, o+ A+ Ay yradp|

= e | el || (AG, + A) s |
= L™Rea) "\ [| (AL + Ay )"w || e L7 .,

|

neme e AG + A+ A7) ad
= Lo e | (Al + Ay | d g

also belongs to L? because Rea — o < 0.
Conversely, let A*x e Dg~", If nis an integer greater than Re «,
we have

H An——a(x + A)—-n” é C HAn()\‘ + A)—-n “ (n—Rea)[n H ()\' + A)-—nHRezzln
g Clk—-Rea

Thus it follows from (2.5) that

MAHAN 4 A7) = A A0+ A7 HTAK + A7)mAe ||
S O [ (A(h + A))mAse|| e Le .

This completes the proof.
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As a corollary we see that if ¢ is not an integer, DZ and DZ_
coincide with D° and Dg of [2], respectively.

THEOREM 2.7. If the domain D(A®%) contains (is contained in)
DX for an Rea > 0, then D(A*) contains (is contained in) DE* for
all Rea > 0.

Proof. By virtue of Theorem 6.4 of [2] and Proposition 2.5 we
have D(A*) = D((¢t + A)*) and DF*(A) = DX=*(pe 4+ A), £ > 0, Reax > 0,
so that we may assume that A has a bounded inverse without loss
of generality. The theorem is obvious if we show that Af, —o <
ReS < Rea, is a one-to-one mapping from D(A*) and D}* onto
D(A*=F) and D2*—®F respectively.

Since D(A*) = R(A), Rea >0 (]2], Theorem 6.4), and since
Af-* = APA~* ([2], Theorem 7.3), the statemant concerning D(A®) is
immediate,

Let ReBs < 0. Then wxe Df*"%*f if and only if xeD(AP) and
APz e DF= Since A®f is a bounded inverse of A—Ff, we have x ¢ DJe*—RF
if and only if « is in the image of DF* by Af, If ReB = 0, choose
a number v so that Ref < v < Rea. If ze D}F*%f » belongs to
D(A~F). Thus there is an element y such that z = APy, By the
former part we have A~z = APYye D}ex—®F+y. Thus y belongs to
D, On the other hand, if ye DF*, then ye D(AP) and we have
A~ = APvy e DFee—RE+y where © = APy, Then it follows from the
former part that « belongs to DJea%ef,

Theorem 6.5 of [2] is obtained as a corollary.

ProposITION 2.8, For every Rea > 0

(2.9) D D(A*)C DB~ ,

Proof. It is enough to prove it only in the case a = 1. The
former inclusion is clear from Lemma 2.3. The latter follows from
(1.2), for

MAN + Ay e =20 + A1 — AW+ A)HAr—0

for xe D(A) as N — oo,

ProposiTION 2.9, If there is a complex number Rea > 0 such
that D(A*) = DJe=, then D(Af) = DF* for all Re 8 > 0. In particular,
D{A*) coinsides with D(A?) if Rea = Re 8. Furthermore, if 4 has
a bounded inverse, A" is bounded for all real ¢, where A* is defined
in {2].
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Proof. We need to prove only the last statement. Because of
[2], Corollary 7.4 we have

At = Ai+itg-r

Since D(A'*+#*) = D(A) = R(A™), A* is defined everywhere and closed,
so that it is bounded.

We proved in [2] that the operator A of § 14, Example 6 has
unbounded purely imaginary powers A*. The above proposition shows
that D(A®) cannot be the same as D} for any p.

However, there are also operators A for which D(A*) coincides
with DJe,

Let X be L*(S, B, m), where B is a Borel field over a set S and
m a measure on B, and let A(s) be a measurable function on S such
that

larg A(s) | = w, a.e.s
for an 0 < w < w. Define
Ax(s) = A(s)x(s)

for all x(s)e X such that A(s)z(s)e X, Then it is easy to see that A
is an operator of type (w, M(6)) if p < oo —, where L=~ denotes the
closure of D(A) in L=. For this operator A we have D(A) = D}, so
that D(A*) = DF= for all Rea > 0.

In fact, we have

(A(n + A))a(s) = Als)a(s)/(n + A(s))" .

Therefore,
[LIMAO -+ 4y a(s) [dn

J— * p—1 i A(s)‘l ?
= SO by dxgs N AGY AG)Y x(s)‘ dm(s)
—_ ? “ p—1 A(S) l?p

= L | 2(s) | dm(s)g0 Y T AG) A | an

~ [ Az]*.

Any normal operator A of type (w, M(6)) can be represented as
an operator of the above type. Therefore, it satisfies D(A*) = Dfe*
for Rea > 0. T. Kato [1] proved that this holds also for any maximal
accretive operator A (see J.-L. Lions [3]).

Now let us complete the definition of fractional powers.

THEOREM 2.10. Let 0 <Rea <m. If thereis a sequence N;— o
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such that

— = r(m) Ni a—1 —1\m
Y =w 111_1510 F—_——(a)l"(m — a)So AN AN + Ay D™ xdh

exists, then x € D(A%) and y = Az,
Conversely, if xe D(A®), then

amp — o 1 [‘(m) v a—1 —1\m
(2.10) Ax_4gﬂfav%;?5&x (A(n + Ay wdn

possibly except for the case im which Im a =0 and Re a is an

integer.

Proof. The former statement is obtained by modifying the proof
of [2], Proposition 4.6. Since (¢(¢ + A)~")"x € DF*, we have

AY(p(pe + A2 = CS:xa—l(AO\l + A)—l)m(#(# + A)Y)rad
= (#(/‘ + A)—l)m w-llﬂ CS:Vj)\,“—l(A(N + A)*‘)“ocd)\,

= (et + A7)y .

By virtue of (1, 2), it follows that x e D(A*) and y = A%x.

The proof of the latter statement may be reduced to the case in
which 0 < Rea < 1and m = 1. Suppose that 2 ¢ D(A%) and an integer
m > Rea. Substituting (1.6), we have

Sﬁwma+mﬂwm
A
0

=m S:Vx""”"dxs LA + Ay Haedy

= L i - g o—1 —1ym+1
om— aSo (1 Nm—a)” (A(pe + Ay Hladpe .

Since x e D(A*)C DE= it follows that

(72 weia + ayyvadg =0 as N— o

0

Thus the limit (2.10), if it exists, does not depend on m > Re «.
Next, let Rea > 1 and m = 2, Since x e D(A*) belongs to D(A4),

integration by parts yields

YV%MN+AWWMN

a—lg

N Na-l
ATHAN + Ayt Axdy, —
m—1

0 m— 1

(AN + Ay )y"Ag .
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The second term tends to zero as N — oo because Awx e D(A*Y) C DEe1,
Therefore, we obtain (2.10) if we can prove it when both « and m
are reduced by one.

To prove (2.10) in the case 0 < Rea <1 and m = 1 we assume
for a moment that A has a bounded inverse. Then D(A®) is identical
with the range of A~%, which may be represented by the absolulely
convergent integral:

Aoy — SIDTL r A0 + A)wdn
T 0

{[2], Proposition 5.1). Employing the resolvent equation and (1.6), we
get

1) SNN’"IA(L + A)ytA-ady

ey (1 — «) Jo
_ (sin o )TNV_Id/\r e ML A A — e+ A wdp
T 0 0 A—H
= (B2 Y esan"umen - | A + A)yaay
T 0 0 b

It is enough to show that this converges strongly to the identity,
or more weakly that it simply converges, because if it converges, the
limit must be A*A—*x = x.
First of all, we have
A
0

I, — SNv%d,\S 1 — ;z)“‘d,uSAA(v + Aywdy
0 I

- SN AW + Ay-zdy Sfx“—ld,\S:Iu““(N — )y
Changing variables by ) = vl, # = vm and integrating by parts with
respect to v, we obtain
I, = Sjl““ldlgzm—“(l — m)ydma
- S:VA(D + A)wdy Ny SZm—“(Nu‘l — m)-tdm

=ex — SIA(Nn + A)*lxn““"ldnglm"“(n"l — m)ydm .

1
Since = | m~*(n~* — m)*dm is absolutely integrable in # and since

Q
A(Nn + A7z =2 — Nn(Nn + A)~'x tends to zero as N-— co, the
second term converges to zero as N — oo,
Next we write
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SNxa‘lde:;r“(x — p)—ideA(u + Ayzdy
0 w
_ gNA(v + A)yzdy g”v—ldxrp—a(p — Mg
0 0 v
+ S“’ AW + A)ywdy SNN“’IOZXS”#““(# — N
N 0 v
— Iz ‘l— Is .
Changing variables as above, we have
N 1 oo
I, = S AW + A)“Zxdvg l“—ldlg m=(m — l~dm
0 0 1
=¢N(N+ A "'c—cx as N— o,
Finally,
I, = S”m*"dmsl 1e=(m, — l)‘ldlSMA(v + A)ydy
1 0 N
tends to zero as N — co because SMNA(u + Ay*zdy = mN(mN + A)~'w —
N

N(N + A) 'z tends to zero and m~ Sll“‘l(m— l)~'dl is absolutely in-
0
tegrable,

Next suppose that A has not necessarily a bounded inverse. We
have, for ¢ > 0,

(A% — (g + A)y)(p + A)™x

- E%’E(S:v—% + S:<M~1A — (v— g+ A)JOu - A) N+ A)edy

because the integral is absolutely convergent and the equality holds
for all x € D(A) which is dense in X, This shows together with the
above that

At -+ Ay=w = (1 + A (p + Ay
(S:v—lA + S:(N‘HA — =+ 4))

O+ A+ Ayad

.. sinrwa
4- s-lim
N—oo

— I’ 1 (1) a—1 —~1 —a
= §- —_—_— _1_ +

3. Interpolation spaces. Let X and Y be Banach spaces con-
tained in a Hausdorff vector space Z. Lions and Peetre [4] defined
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the mean space S(p, 0, X;p,0 —1,Y), 1=p=<0,0<0<1, of X
and Y as the space of the means

3.1) v = S:u(x)dx/x ,

where u(\) is a Z-valued function such that
(3.2) Mu(n) e LX) and A~'u(h) e L2(Y) .
S(p, 0, X;p,0 — 1,Y) is a Banach space with the norm

(3.3) % lsp.0.x.p0-1.1)

= inf { max (/1M [, [0 [2m); @ = [ u0dAN}

Theorem 3.1. S(p, 0, X;p,60 —1, D(A™),0< 0 <1, 1=p= o,
coincides with Di™(A).

Proof. By virtue of Proposition 2.5, we may assume that A has
a bounded inverse without loss of generality, In particular, D(A™)
is normed by || A™x||. Further, if we change the variable by \ =
2™, condition (3.2) becomes

(3.4) A™u(n) € L(X) and AP A™u(N) e L(X) .
Suppose € D? and define
u(N) = eAN"A™(\ + A)ym,
where ¢ = I'(2m)/(I"(m))’. Then
Nu(h) = e(Mn + AT N(AN + Ay )me e LA(X)
and
N AM(N) = e (AN + AT e e LX) .

Thus u(\) satisfies (3.4) with ¢ = m@. Moreover, it follows from
Lemma 2.3 that

IANHAG + A)TmA

Sm IS MS
0 0

(L'(m))y*

=x.

Therefore, x belongs to S(p, a/m, X; p, 6/m — 1, D(A™)) .
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Conversely, let e S(p, o/m, X; »,0/m — 1, D(A™) so that z is
represented by integral (3.1) with an integrand satisfying (3.4). Then

N (A + Az = (A + A)‘l)”x”gjy‘”p”u(x)dp/y
+ O+ Ao e Aradp

Since both (A(N + A)™)™ and (MM + A)™™ are uniformly bounded,
A(A(N + A)™)™x belongs to L»(X), that is, e Df.

THEOREM 3.2. Let A be an operator of type (w, M(0)). Then
Di(A*) = Dg*(4) , 0<a<rm/w,o>0.

Proof. It is sufficient to prove it in the case 0 < a < 1, because
otherwise we have A = (4%)Y* with 0 < 1/a < 1 (see (2.6)). In view
of Theorem 2.6 we may also assume that o is sufficiently small.

By [2] Proposition 10,2 we have

: oo g+l -a—ao
NA(N 4 A7)ty = S0 ”“S AT o A(z + A)“adr/c .
T oNE + 2AT* cos T + T

Since the kernel

()\,—lfa)l—ﬂ

’ 0 g 1 s
1 + 2(,\,“11'“) cos T + (7\,_11"")2 < <

defines a bounded integral operator in L*?(X), Dy*(A) is contained in
Dg(A).
If @« =1/m with an odd integer m, we have conversely
Dg(AY™)y c Dgi™(A) .

In fact, let e DZ(AY™). Since
NAN" + Ayt = A TT (A4 + Ay

where ¢; are roots of (—¢)™ = —1 with ¢, = 1, and since
Al/m(eih + Al/m)——l’ 1=2, - +, M,

are uniformly bounded, MA(\™ + A)~'x ¢ L?(X). Changing the variable
by W =A™, we get A"A(\ + A)~'w e L*(X).

In a general case choose an odd number m such that 0 < 1/m < a.
Since AY™ = (A*)Y“™  we have

Dz7(A) © DI(A%) © Deom(A¥™) < Do (A) .
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Another less computational proof will be obtained from the Lions-
Peetre theory and Proposition 2.8.

4. Infinitesimal generators of bounded semi-groups. Through-
out this section we assume that T,,¢{=0, is a bounded strongly
continuous semi-group of operators in X and — A is its infinitesimal
generator:

(4.1) T, =exp(—t4), ||T.)=M.
A is an operator of type (w/2, M(6)).
DeFINITION 4.1. Let 0 < 0 < m, where ¢ is a real number and

m an integer, and let 1'< p = . We denote by Cg, = C7,.(4) the
set of all elements x € X such that

4.2) t=—°(l — TY)mxe L(X) .
As is easily seen, C7, is a Banach space with the norm
Waflog , =@l + {[t7°(L = T)"® |22z -

Since (I — T,)™ is uniformly bounded, condition (4.2) is equivalent to
that ¢°(I — T,)™x belongs to L?(X) near the origin. In particular,
we have

(4.3) Crm(A) =Coo(pt + A), 1> 0.

Cg,, and CZ_,, coincide with C° and Cg of [2], respectively, and
CZ,, consists of all elements # such that T, is (weakly) uniformly
Holder continuous with exponent o.

ProposiTioN 4.2, If 2zeCg,, then 2 belongs to D(4*) for all
0 <Rea < o, and

w8 A= 1 —rt“”—‘(I — T)"edt, 0<Rea<a,

asm 0

where

Ko = |0 = emat
0

Proof. If 0 < Rea < o, the right-hand side of (4.4) converges
absolutely and represents an analytic function of «.
If xe D(A), then we have by [2] Proposition 11.4

rt“““(I — T)mudt
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= 3~y | e — Tt
= I'(— ) kz_": (— 1 (mkeA*s, O0<Rea<1.

The coefficient of A*x does not depend on A. Taking A = 1, we see
that it is equal to K,,,.

Next let 0 <Re @ <min (¢, 1) and € C;,,. Then integral (4.4) with
x replaced by p(pe + A)y~'w, 1 > 0, exists and converges to the integral
(4.4) as pt— . Thus A*pu(p + A)~'x converges to the integral (4.4).
Since A* is closed and p(px + A)~'x —a as p— oo, it follows that
xe D(A®) and (4.4) holds.

In the general case the assertion is obtained by [2], Proposition
8.4 or by repeating an argument as above.

Lions and Peetre [4] gave another proof when « is an integer.

THEOREM 4.3. C7, coincides with D7 with equivalent norms.

Proof. First we note that

(4.5) - Tyx =Alx, re X,
where
(4.6) L :S‘Tsxds .

Obviously we have
4.7) WLll=M, t>0.
Let xe¢CZ,. Then (A + A)~"x, N > 0, belongs to C7ir since

[ = To™(n + A" ||
st I TAN + A ([ — Ty ).

Hence we have by Proposition 4.2
(A(n + A))ms = cS:t""H(I — Ty + A)"
- CEZM (A(n + A)=)yrt==I([ — T,y wdt
+ cm(x + A)-mpm=(T — Tymdt |
where ¢ = K;%,.. Therefore,
NI AG + A l] = eLrdme| Ve | @ = Ty ae

+ cMm(zva—mS;ta—mt—a (I = Ty || dift .
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This shows that ze DZ,,.
Conversely, let € D;,. Since
(A(n + A)~rIre = (v + A~ — TY™AN + A",
it follows that I/"x e DZix. Thus by Proposition 2.2 we get

(I— T)"s = A"Ir g = crm—l(A(x + Aty
= cSngmm—l(A(x + A)y"edn
+ CSO: (I — Ty \™(n + A)"(A(n + A~ zdx

where ¢ =I"(2m)/(I"(m))’. By the same computation as above we con-
clude that zeCZ,,.

In particular, C;, does not depend on m. We denote C7, with
the least m > o by CZ. Because of Theorem 2.6, CZ coincides with
C° of [2] if ¢ is not an integer.

THEOREM 4.4, Let 0 <Rea < m. If there is a sequence ¢;,— 0
such that

(4.8) y = w-lim

Joeo

rra—l(z — T)medt
€3

arm

exists, then xe D(A*) and y = A%z,
Conversely, if xe D(A®), then

g0 arm Y€

(4.9) Az = s-lim K1 rra—l(l — T)medt .

Proof. The former part is proved in the same way as Theorem
2.10.

To prove the latter part, let us assume for a moment that T,
satisfies

Tl = Me™™, ¢>0,

for a ¢ > 0. Then A® is the inverse of A~= which can be represented
by the absolutely convergent integral

(4.10) Aoy = —L-Sws“—lTsxds
() Jo
(2], Theorem 7.3 and Proposition 11.1).
Now it is enough to prove that

1 Soo —a—1(T __ m S oa—1
mKa,mF(a) et I - TH™di .S T, xds
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converges strongly as ¢— 0, because the limit must coincide with
A*A—cx = x,
We have

L=y

tey(] — T)"‘dtS 1T wds

o

=3 (- 1)k+1(;:)k“§k fai(T — T,)dt Sms“‘lTsmds .
k=1 3 [1}
Now
5 g dtg s51T, wds
ke
- S t""‘ldtr(s — )= T, xds
ke t
= r Té,ocdsgs tme (s — t)*'dt
ke
=1 X (s — key*T,uds/s .
ake)
Furthermore,

i‘,(—l)"“(;;‘)kag t““‘ldtS s T ads
k=1

= 1S s* ' T.xds ,
ag®Jo

so that we obtain

m

I r (s — ke)*T,xds/s .
ke

Since T,x-— x as s— 0, it follows that

Z (— 1)"(2”)5 "(s ~ ey T,ads/s

et i=
_1&
=235 (1@ |6 — b Tuadss
_al_ ﬁ; 1)"(,’C")Skm(s — k)*ds/sx as e — 0,
On the other hand, the Taylor expansion up to order m gives

fels) = Z (=D @)(s — ko)

T S WA
=0 m!
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where 0 < &' < k. Hence we have

_}_r fe(s) Tyxds/s
ae®)me

_ (¢ —-1)--- (¢ —m + 1) Zm“ (— 1)k ()™ Sm(s — k)™ T, xds/s .
m! k=0 "

Since (s — k’)*™s~! is absolutely integrable, this converges to a con-
stant times « as ¢ — 0.

To prove (4.9) in the general case, it is sufficient to show that
(4.11) (A" — (2 + A ) (e + A~

= T = Ty = (A= e T+ Ayt

n>0reX,

and that the integral converges absolutely.
By Theorem 2.6, (4.5) and a similar decomposition of I — e*T,

we have
I —=T)"I— e™T)x=0t),2xcC3, m+n>0.
Since (¢t + A)y—x e D(A*)c CE*, it follows that

{I=T)" - I~ e™T)"w
=™ - DT — T+ v + I — e T)" 'Jx

—_ O(tmin(}{ea,m——l)Jrl) .

This shows that integral (4.11) is absolutely convergent. (4.11) is valid
for all @€ D(A) which is dense in X. Therefore, (4.11) holds for all
xe X.

5. Infinitesimal generators of bounded analytic semi-groups.
Let T, be a semi-group of operators analytic in a sector |argt| <
7/2 — w, 0 £ w < /2, and uniformly bounded in each smaller sector
largt| =7/2 — w — ¢, >0. We call such a semi-group a bounded
analytic semi-group. ,

It is known that the negative of an operator A generates a
bounded analytic semi-group if and only if A is of type (w, M()) for
some 0 = w < /2. A bounded strongly continuous semi-group 7, has
a bounded analytic extension if there is a complex number Rea > 0
such that

(5.1) AT || = Ct=™, ¢ > 0,

with a constant C independent of ¢, Conversely, if T, is bounded analytic,
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(5.1) holds for all Rea > 0 (|2], Theorems 12,1 and 12.2),
We assume throughout this section that — A is the infinitesimal
generator of a bounded analytic semi-group T,.

DEFINITION 5.1. Let 0 <o <Rep and 1< p = . We denote
by BZs = BZg(A) the set of all xe X such that

(5.2) t%fAPTx ¢ LP(X).
B;; is a Banach space with the norm

l@llag , = 1@ + | %P AP T |2,

ProposITION 5.2. Let 0 < Rea < o. Then every e B, belongs
to D(A*) and

(5.3) Ang = ;rtﬁ—a—lABTtmt ,
1]

where the integral converges absolutely.

Proof. Since APT.x is of order t°~Ff as ¢t-—0 and of order
t~FeB+e a5 ¢ — oo in the sense of L?(X), the integral converges absolutely

for 0 < Rea < 0.
To prove (5.3), first let xe D(AP). Then it follows from [2],

Proposition 11,1 and Theorem 7.3 that

_J__S“ts—«~1AﬁTtwdt
' — ayl

= s-lim —————1———rt5“°“le"" T, APxdt
g=0 F(B — C() 0
= s-lim(e + A)**A%y

g0
= s-leirrol APF*(e + A)y*FA% ,
Because of [2], Propositions 6.2 and 6.3, A% + A)*# converges
strongly to the identity on E(A) as eé— 0. Since A*X is contained
in R(A) ([2], Proposition 4.3), (5.3) holds for all e D(AP). In the
general case (5.8) is proved by approximating x € BZ, by (p(pe + A)~)™x,
m > Re B, which belongs to D(A4F).

THEOREM 5.3. By cotncides with Dg. In particular, BJs does
not depend on B.

Proof. Let zeBfs. If m is an integer greater than Re g, x
belongs to BZ,, for



FRACTIONAL POWERS OF OPERATORS, II INTERPOLATION SPACES 109
" A"T,x = t"PA™PT,, - tF°APT,
and t"fA™*T,, is uniformly bounded. Since
tm= AT (N + A"z = (AL + Ay )™t AT

(v + A"z belongs to Bgir. Hence it follows from Proposition 5.2
that

AP0+ A" = ¢ S:thmTt(x + A)yadtft
= o(A(n + A)—l)mgzmt"‘Am T,xdt/t
+ e+ A)-”‘S:At”’AmTtxdt/t ,
where ¢ = I'(m)~*. The rest of the proof is the same as that of
Theorem 4.3.

Conversely, assume that x € Dg,, = D?,,. Since T, t > 0, belongs
to any Dg,, we have by (2.1)

APT, = cS‘:xB—l(A(x + AT wd
— T, S:/tv’-l(A(x + A))mady
+ cAmT,S;th—l(x Ay (AN + A radn
where ¢ = I'Qm)/(["(B)I"(2m — B)). Arguing as before, we get x ¢ BZ,.
THEOREM 5.4 Let 0 <Rea <RepB. If

. 1 °
5.4 y = w-lim ~——S tP——rAPT xdt
(5.4 -0 I'(B — a) Jey ¢

exists, then xe D(A%) and y = A*x, If xc D(A"), then

(5.5) A%p = slim —— L S”ts—a—lABTtxdt :
en T'(B — a)

Proof. The former part is proved in the same way as Theorem 2.10.
Let us prove the latter assuming that g — A generates a bounded
analytic semi-group for a ¢t >0. D(A%) is the same as the range R(4~)
in this case, and we have APT,A~%x = AP~=T,x by the additivity of
fractional powers. So it is sufficient to prove the following:

(5.6) = s~lim%rt5—lABTtxdt, zeX,

g0 g
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when Re 8 > 0.
First we note that if Rea > 0, then

(5.7) t*A*Tyx— 0 as t—0 or as ¢t —

for each x € X, because (5.7) holds for v € D(A) and ¢*A*T, is uniformly

bounded.
Let B be equal to an integer m. Since d/dtAPT,x = — AP Ty,

we have, by integrating by parts,
rtm—lA’"T,xdt
— AT 4 (m — l)rtm—ﬁA"‘—thmdt .

(5.7) shows that the first term tends to zero as e— 0 if m > 1. When
m =1, we have

SNATtxdt =T —2xas e—0,

Thus (5.6) holds if B is an integer.
If B is not an integer, take an integer m > Re 8. We have

AT = APF"A"Tw

1 S“ B
== — )™ FA"T xd t>0,
& ) t(s ) ads, >0,

by [2], Proposition 11.1. Therefore,

1 rtﬂ—lAﬁ T,wdt

T(B) e
= iy )AL
T T® pf; ) STAMT“MU S:z-ﬂ~1(g .

The first term tends to # as ¢— 0. The second term converges to
zero, because

Saa—"‘da Slrﬁ—l(o — )Pt
1 0
is absolutely convergent and (co)"A™T.,x tends to zero as ¢ — 0.

The proof in the general case is obtained from the absolutely
convergent integral representation:
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(A" — (1 + A + Az

"‘.__l'___. wﬁ—a—l B __ p—ut 8 e
_p(lg_a)got (AP — e#(u + A)P)T, (1 + A)~"wdt .

The absolute convergence follows from [2], Propositions 6.2 and 6.3.
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