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The purpose of this paper is to study, together with
applications, those aspects of the theory of Hilbert Space
which are pertinent to the theory of elliptic partial differential
equations. This involves the study of an unbounded operator
A from one Hilbert Space to another together with its adjoint
A*, its pseudo-inverse or generalized reciprocal A~!, and its
*.reciprocal A’ = A*"!, In order to carry out the results,
further properties of the operators A™' and A’ are developed
in this paper.

The concept of ellipticity of a partial differential operator
isintroduced via the properties of an operator in a suitably chosen
Hilbert Space. This Hilbert Space is the one defined by the
operator G, that is, the operator which maps a function into
itself and its first & derivatives. It is shown that elliptic
operators are those that behave in a topological sense the
same as closed and dense restrictions of the operator Gi.
Several other characterizations of elliptic operators and given
and their relation to each other is explained. This approach
yields existence theorems for strong solutions of elliptic partial
differential equations and provides methods for gaining strong
solutions from weak solutions.

The 577, spaces that arise from the so-called negative
norms and that have been used effectively by several authors
in the study of elliptic partial differential equations are
obtained by the use of the *-reciprocal of the operator Gi.

Simple examples which illustrate the above theory are
provided.

1. Preliminaries. We will mainly be interested in Hilbert Spaces.
We denote our Hilbert Spaces by 57, 57, 57", etc. When we write
o7 and &7, they may coincide. Inner products in each Hilbert Space
will be denoted as follows:

If we are concerned with an inner product in 57, and z,, 2, € 57,
we denote their inner product in S# by: (x, ®,)%. For xe 27, its
norm will be denoted by ||«||. If no ambiguity is present, we will
omit the subscripts 52 in both the inner product and the norm.

Suppose that A is a linear transformation from 57 to 5#’. Denote
the domain of A by =, the range of A by <#, and the null space
of A by /7.

The closure of a subclass <Z of 97 will be denoted by <. By
a closed subset of 57 will be meant one that is closed relative to
strong convergence.

113



114 EDWARD M. LANDESMAN

The orthogonal complement of <Z in S7 will be denoted by <.
P is certainly a subspace of 57,

We will use the term operator to denote a closed, dense, linear
transformation.,

2. The pseudo-inverse of an operator, its adjoint, and related
results. In this section we define the concept of the “pseudo-inverse”
of an operator which is of particular interest in this paper. We then
follow with some basic results which the “pseudo-inverse” shares. In
order to define the pseudo-inverse of an operator, it is convenient to
introduce the ordered pair definition of a linear transformation. We
begin as follows:

Consider a Hilbert-Space 5#’ and a Hilbert-Space 27" and let
F = %' x " be their Cartesian product. Clearly 5# is a Hilbert
Space with inner product being the sum of the inner products of S#’
and 5#"’. Let 57 = 57" x {0}, " = {0} x 57". 5% and 5% are
isomorphic replicas of 97’ and 57" respectively. Suppose & is a
closed linear subspace of ©#. Denote an element of &% & 5# by:
{z, y}, where xe 57" and yec 57"

If &vwnss" =0, then 7 defines a linear transformation from
27" into &#”. For, if {z,y,} and {z,y,} are elements of .2, then
{0, y, — ¥} € .57, i.e., ¥, = ¥,. We denote this linear transformation
by A. Furthermore, since . is closed, the transformation A is closed.

If 7v*Ns#s =0, then A is in fact dense. For, suppose not;
then there exists {x,, 0}e 57, x, 1L =2,, 2, = 0. Furthermore, {2,, 0} €
7%, But this contradicts the fact that .7+ N 2% = 0.

In a like manner, .&7* defines a linear transformation —A* from
S7" to &7’. Summarizing, we have the following: If

2.1 Y NeAH =0,
then .o defines a closed linear transformation A from 57’ to 57", If
(2.2) XN =0,

then A is dense and %' defines a dense linear transformation — A*
from 57" to 7.
Suppose that the relations (2.1) and (2.2) are satisfied. Let

2.3) M = N oA, K= N2
which correspond to the null spaces of A and A* respectively. Then
2.49) & = + &, = g+

where & 1 % and &* 1 4*. Moreover,
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(2.5) K=+ X =(A+F)+ (L ).

Observe that when 57 is decomposed as in (2.5), &% + & com-
pletely determines the operator A and .94 * + & * completely determines
its adjoint A*,

Rearranging (2.5), we have
(2.6) H =+ X =(AS ) (AL + D).

The linear subspace . * + & defines an operator A~ from o7
to &7’ called the pseudo-inverse or generalized reciprocal of A. The
linear subspace .o + < * defines the operator — A’ from £#7 to 57"
The operator A’ is the pseudo-inverse of the adjoint, A** of A. We
call A’ the *-reciprocal of A. We observe that 4 and A’ both take
57" into 57" while A* and A~ both take 57" into 5#’. Summarizing,
we have the following:

ProposiTiON 2.1, The domain =, of A~!is the direct sum of
A, and #;. The range of A~ is the intersection of &, and 77 .

PrOPOSITION 2.2. A~ is closed and dense in o~ and 4 - is
closed. Moreover, (A-))~* = A, Furthermore, if A possesses an inverse,

then A-! is the inverse of A.

ProposiTION 2,3, The operator A’ is the adjoint of the pseudo-
inverse of A and is also the pseudo-inverse of its adjoint, that is,

(2.7 A = (A™* = (A%,
The operators A and A’ have the same null spaces. Moreover
(2.8) Ay =A4.

ProposiTION 2.4, Let A be an operator from 57’ to 57". Then
A, A*, and A’ are operators. The products A*A4, A~'A’ are nonnegative,
self-adjoint operators, are pseudo-inverses of each other, and have the
same null space as A. Similarly, the products AA*, A’A~* are non-
negative, self-adjoint operators, are pseudo-inverses of each other, and
have the same null space as A*.

The preceding representation has been suggested by M. R. Hestenes,
and the propositions above can be found in the reference [3]. For
additional work using these concepts, the reference [1] may be

consulted.
The Closed Graph Theorem immediately leads us to the following

results:
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THEOREM 2.1. Let A be an operator from =7 to o7 Then the
range B, of A is closed if and only if A~ is bounded.

THEOREM 2.2. Suppose A and B are operators from 27 to 7.
Suppose F, S Dy and N;S A% Suppose further that A~' is
bounded. Then C = BA™ is bounded and ||Bx| =|/C]|| Ax]|] on
,.

3. Theorems about an operator A and its *-reciprocal A’. In
this section we are concerned with theorems which connect an operator
A and its *-reciprocal A’. Some of the theorems will be results which
relate different norms to each other, i.e., theorems regarding the
equivalence of topologies. We also characterize the domain of the
operator A’ in terms of the operator A.

We begin with the following lemma, which is a “generalized”
Schwarz inequality similar to that used by P. Lax in [5] and M.
Schechter in [6]. This will prove useful later on.

Let A be an operator from 57 to 57. We have &, < 5. Now,

Dy = B P Fi S 7. Denote o, N A3 by &4 the carrier of
A,

LemMmA 3.1, Let xe &2,y =, and either x or y in N\ =
A, Then

(3.1) (%, y) = (Az, A’y)
and
(3.2) [, 9)| = |[Az ||| Ay .

The relation (3.1) follows immediately by observing that
(%, y) = (A7'Az, y) = (A, A'y) .

Equation (3.1) can be used to define the domain of the operator A’ as

those vectors y for which there is a vector ze <&, such that (z, y) =
(Az, ) for all z in &,.

Equation (3.2) follows directly from equation (3.1) by use of the
Schwarz inequality.

The following theorem is a characterization of the domain of A’,

THEOREM 3.1. Let A be an operator from 57 to 57”'. Then the

domain of A’ is the set S of vectors y for which there is a positive
constant k such that

(3.3) (@, )| = k|l Ax||
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Jor all x in the carrier €, of A.

In order to prove this, let ¥ be in <,, and consider the relation
@, 9) | = [(Ax, Ay)| = || Az || || Ay ] .
It follows that
(3.4) |@,y)| = k|l Ax|| where k= |Ay].
Therefore y ¢ S and
(3.5) . S 8.

Suppose, conversely, that yeS. Consider the linear functional
l(x) = (x, y) for all 2z in &,. We have

(3.6) @) | =@ )| =kl Az

for every x e &, and some constant k£ > 0. By (3.6), l(z) is bounded
on &,. Let x = A2 where z¢ &,~1. Then from (3.6) we have

(3.7) (A2, y) | = k2] .

Therefore, by the definition of the adjoint of A, we get
(3.8) (A7'z,y) = (¢, A'y) .

Hence y is in <7,, and

(3.9) SS D .

Combining (3.5) and (3.9), we arrive at the theorem.

The following corollary is a variation of a theorem which appears
in the reference [5]. The theorem, as it appears in [5], is a Differ-
entiability Theorem which aids in the determination of regularity of
solutions of elliptic partial differential equations. We will use these
results in § 7 to get strong solutions of elliptic differential equations
from weak solutions.

COROLLARY. Let A be an operator from 57 to S7'. Suppose
< is a subspace of the domain =, of A’ such that the closure of
A’ restricted to & is A'. If x is an element of 57 satisfying

[ (%, y) | = constant || A’y ||

for every ye &. Then xe =,

The proof follows immediately, since the linear functional I(y) =
(x, ¥) can be extended boundedly over all of <,,. By Theorem 3.1,
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xr e I,.
QOur next result is a lemma that relates the norm of A’ to the

norm of A,
Suppose A is an operator from o7 to £7’. We have o, & 57~

and o, < 5~. Let ye 5#. Then we have the following:
LemmA 3.2. If sup|(x, y)]|/|| Az || s finite where the supremum

18 taken over all x = 0 in &4, then y is in =, and

[ (%, )|

(3.10) Ay = SUp =

where the supremum is taken over all x + 0 in &,.

It follows from Theorem 3.1 that y is in &,.. To obtain (3.10),
write © = A2, where ze¢ &,-1. Then

(@)l _ 1A%y _ Ay
[ Az |] 2]l 1]

(3.11)

Taking the supremum over all x e &,, (3.10) follows from (3.11).
REMARK. Lemma 3.1 follows immediately from (3.10).

In the coming sections the formula (3.10) for || A’y || will be very
useful in defining negative norms in the theory of partial differential
equations. We continue with

THEOREM 3.2. Suppose A is an operator from 57 to 57 and
B is an operator from Sz to S#’. Suppose further that 2, S D,
and there is a constant M > 0 such that

(8.12) 0<|[[Bz|l = M| Ax||
for all x + 0 in =,. Then o S =, and
(3.13) Ay | = M| Byl
for all y + 0 in .
Proof. From (3.1) we have
(3.14) | (@, v)| = |(Bx, By)| = || Bz||[| Byl .
Combining this result with (3.12), it follows that
(3.15) (@, )| = M| Az || [| By ||
where v e &, y€ 25. Using Theorem 3.1 with k = M| B'y||, we



ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 119

have 25, & =,.. Furthermore, dividing both sides of '(3.15) by || Az ||
yields

| (=, ¥) | '
3.16 =M| B
( ) | Az | = M| Byl

for all x = 0 in &, ye Z5. Taking the supremum over all xe &,
in (3.16) and using Lemma 3.2, we have

Ay |l = M| Byl

for y € &3 and the theorem is established.

REMARK. The above théorem is also valid if the null spaces .47
and .43 are equal.

We are immediately led to the following

THEOREM 3.3. Suppose A is an operator from 57 to 57, B is
an operator from 57 to 57". Suppose further that <, = 2, and
that there exists positive constants m, M such that

(3.17) m||Az|| = || B || = M || Az ||
Jor v #0,ve 2, = . Then Dy = =, and
(3.18) m || Byl =AY = MI[ Byl
for y #0,ye 2, = Dy

Proof. This follows immediately from Theorem 3.2 and symmetry.

REMARK. The above theorem states that if 4 and B are non-
degenerate operators from 57 to 57~ and from 27 to 57" respectively,
then if A and B generate the same topology, A’ and B’ generate the
same topology.

THEOREM 3.4. Let A and B be operators from 57 to 57 and
7" respectively. Suppose that &7 S <, N  and let A, and B, be
the respective closures of A and B restricted to. &r. If there ewxist
positive constants m, M such that

(3.19) ml||Az|| = |[[Bx|l = M || Ax ||
for v #0 in . Then &, = Ds.

The proof follows immediately from (3.19) and the properties of
closure.
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4. Hilbert Spaces associated with the operators A and A’ and
related theorems. In this section we study the Hilbert Spaces 5~
and 57, which are the Hilbert Spaces associated with the operators
A and A’ respectively. We then formulate some general theorems
which relate the spaces to each other. For simplicity we assume that
the null space 7 of the operator A is zero. We proceed as follows:

Let A be an operator that takes 22 into £’ and complete the
domain <7, of A with respect to the norm

(4.1) @l = | Az ||

for every = in the domain <, of A. Designate the Hilbert Space
obtained by S#5.

Consider the Hilbert Space <2, which is the closure of the range
of A, the norm being the natural norm in 5#’. Designate the Hilbert
Space <7, by 57~. With (4.1) as norm in <, the operator A is a
norm-preserving map of <, onto <Z,. Define A to be the linear
extension of A to a unitary operator on S#; onto .

In a like manner, complete &, with respect to the norm

(4.2) 2 [ly = [[A'z]]

for every « in the domain <, of A’. Designate this Hilbert Space
by £#.. Alternatively, we can complete <7, with respect to the norm
sup (z, ¥)\|| Ay || where the supremum is over all y in &, because of

(3.10) | A% || = sup (&Y

vea || Ay ||
Let A’ be the unitary operator which maps 57, onto ZZ,. Since
P, = Ay, the operator A’ maps 57, onto 57~. We can now give
meaning to the “inner product” of an element in 57, and an element
in 87,. For, if x is in 57, y is in 57, define their “inner product”
as follows:

(4.3) (o, ¥y = (Az, Ay) .

Clearly, this is well defined and satisfies the requirements for an
“inner product”. We observe that if xe &, ye &,, then {z,y> =
(z, ), the ordinary inner product in 57. We immediately obtain the
following theorems which are similar to those obtained by P. Lax in

[5].

THEOREM 4.1. (Generalized Schwarz Inequality.) If xe 27,
Y € 54, then

(4.4) Ko, i = llellallylle .
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To prove this we use (4.3) and the ordinary Schwarz Inequality:

<z, )| = [(Aw, Ay)| = || A [| Ay ||
=[lellllylle .

The following theorem is a Representation Theorem and can be
used in order to obtain existence theory in Elliptic Partial Differential

Equations.

THEOREM 4.2. (Representation Theorem.) FEvery bounded linear
functional l(y) over 575 can be represented as

(4.5) Uy) =<z, ¥

where x € 57,.

Proof. Since £#;, is a Hilbert Space, we have by the Riesz-
Representation Theorem that

(4'6) l(y) = (zv y)%m

where z¢ 27,. By the way we have constructed £, we can choose
xe 575 such that Ax = A’2. Then

(2, Y)se, = (A'2, A'y) = (A, A'y) = <z, ¥ .

Therefore l(y) = {x, y> where x e 27 and the theorem is complete.

5. An example. In this section we present an example that
will serve to illustrate some of the definitions and theorems from
preceding sections. Part of the example appears in the reference [3].

Let 57 be the class of all real valued Lebesgue square integrable
functions «(¢,, t,) on the square 0 < ¢, =7, 0=t <x. Then 5~ is a
Hilbert Space over the real numbers with inner product given by

5.1 @, ) = || att, Lu(t, tadnds, .

Suppose that .o~ is now the subclass of 5 having the following
properties:

(1) (¢, t,) is absolutely continuous in ¢, on 0 =< ¢, < & for almost
all t, on 0 = ¢, = & and is absolutely continuous in ¢, on 0 t, <7
for almost all ¢, on 0 < ¢, < 7.

(ii) The partial derivatives «, and x, which exist almost every-

where are in 57,
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Let A be the gradient operator written Ax = grad # whose domain
=, consists of those # in .9 such that «(0,?¢,) = «(x, ) = 0 for
almost all ¢, on 0 =< ¢, = 7 and x(¢,, 0) = x(¢, #) = 0 for almost all ¢,
on 0 <t =<m Then A is a closed, dense operator from 2S# to S~
where 57’ is the Hilbert Space defined by the Cartesian product
o x5#. The adjoint A* of A is given by

A*y = —divergence y

where divergence y is the closure of the divergence operator defined
on all those ¥ in 5#” of class C’. Since the ranges of A and A* are
closed, A and A* are reciprocally bounded, i.e., A~* and A’ are bounded.
Observe that the operator

. 0° 0°
A*A = —Laplacian = —-[—- —--] = —4.
placian e o

In order to derive integral representations for A—' and A’, consider
the functions

(5.2) Tpnlty, &) = 2 sin mt, sin ni,
T

where m, n =1,2,3, ---. These functions form a complete orthonormal
system in 57 and are eigenfunctions of 4*4 = —4. If xz is in 57,
then

(5.3) T = i‘, Qpn®m, Where a,, = (&, Tn,)

m,n=1

and convergence is in the mean of order two. The vectors ¥,., in 57
whose components are

y:rm = —TL'T/—?’)ZZ?—:’}’?_ cos mt, sin nt, ,
(5.4) yfnn = '—‘_‘7"2—:&":'— sin mt, cos nt.,
TV m "

form a complete orthonormal system in the range .2, of A. Therefore
every vector y in 57’ can be written as
m 1

(5.5) ’.1/ = ?/o + % bmnym'n,

where b,,, = (¥, Ym,) and ¥, is in 2*; i.e., A*y, = 0.
We have
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S - - bmn
Z maQmaYmn ’ A ly = Z Lonn
m,n=1 ym=1 7\1
Ax = Zl imn Yon s A*y: Z_lx b z,.,
(5.6) . mn !m
A*A%' = Z=1 )\"innamnx'mn ’ AA*y = zil >\'?rrmbmnymn
- - am"b - o bmn
@rye= 3 g, a9y = 5 ey,

Consider the following function

G(sly 82) tl! t2)
(5.7) 4 ¢ 1

——— _ gin ms, sin ns, sin mt, sin nt,
Tt min=t (m + n )

which converges uniformly and absolutely. This is the Green’s function
for the negative of the Laplacian. When plausible, we use the condensed
notation s = (s, s,),t = (t, &) and (s, t) = (sy, S, £, t). We observe
that

(5.8) G(s, 1) = G(t,s); G, (s, 1) = Gy(t, 9)

for 7 = 1,2, whenever the derivatives exist. The derivatives are
given by the formulas

4 & . . .
G, (s, t) = ————— cos ms, sin ns, sin mt, sin nt,
(51) = 2o 5 s cos ms,sin ms.sin m, sin nt,
(5.9) 4 =
G, (s, t)= > — ™ ____ sin ms, cos ns, sin mt, sin nt,

T mim=t (mz + %2)

where the sums are taken in the mean of order two on the interval
0<s =n,0=¢t;=m1i=12 Define

Kl(s> t) = Gsl(sy t) = th(ty S)

(56.10) Ky(s, t) = G,(s,t) = Go(t, s)

If y = (y, ¥.) € &7, then by (5.2), (5.6), and (5.10),
(5.11) amyt) = [ Ko, hus)ds + | Kufs, tods

for almost all ¢ on 0=t == Similarly, if y() = (¥.(¢), y.(t)) =
A’z e 57, then
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yi(t) = gﬂKl(t, s)x(s)ds ,
(5.12) ’
Yo(t) = SoKz(t, s)x(s)ds

for almost all ¢ on 0 = ¢ = &. Define

(5.13) Hiis, t) = py 1 Ymn(8)Yin(t)
myn=t Mm* + n?

where 4,7 = 1,2. From (5.4) and (5.13) we have

2
gl m cos ms,; sin 1s, cos mt, sin nt,

H%s, t) = -—%— > -(—%—)-2- sin ms, cos ns, cos mt, sin nt,

w2 mn=i (M 4w
(5.14) 4 = mn

H¥%s, t) = — > ﬁ)—? cos ms, sin ns, sin mt, cos nt,
w2 moe=1 (M + N

H= _ 4 & n’ . .

(S, t) = — —-('—2—_:——2-)? Sin mS; CoS S, S1n mtl COs ’ntg .

w2 mn=1 (M4 m

The H'(s, t) are the Green’s functions for the operator AA* given
by (5.6). We have for y(t) = (y.(t), y:(t)) € 57,

A4y ) = | B, ow)ds + | B, tu)ds
(5.15) . .
(A4 ) = | Hs, Owio)ds + | B, u(s)ds

We observe that the kernel functions K (s, t) and Ky(s, t) of the
operators A~' and A’ are related to the functions H'(s, t) as follows:

Gsi(sy t) = Ki(sy t) = —Hé;(s) t) - H?g(sv t)

1 . ;
(5.16) Gols, 1) = Eut, ) = —His, t) — Hs, 1)

for 1 =1, 2.
The one-dimensional analogue of the above example with A being
the differential operator d/dt follows similarly.

6. The operators G, G, and negative norms. In order to
define ellipticity in terms of certain operators in Hilbert Space it is
convenient at this time to define a new operator which we denote by
G,. This operator has been introduced by M. R. Hestenes in his paper
[3]. We proceed as follows:

Let 2 be a bounded, connected, open set in Euclidean m-space
with boundary ¢2. Let a = (a, a,, ---, «,) where the «; are non-
negative integers and |a|=a, + a, + +++ + «a,. Define " to be



ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 125

the class of all Lebesgue square integrable complex-valued functions

yi(t) where ¢t = (&, +++,tn)€2;5 =1, -+, n; || £ k. The class <"
with
(6.1) W, 2)ep = | w7,

where j < n, |a| < k as its inner product forms a Hilbert Space over
the field of complex numbers. Henceforth, denote (y, z)=r by (¥, 2)

or, when clear, by (v, 2). Furthermore, by y,({!) we will mean all
Y.(t) such that |a| = k.

Define the operator

a&al
ati"lat;"z cen at‘:nm

« =

where again a = («a,, ---, @,,), «; are nonnegative integers and |a| =
a + -+ +a, For |a|=0, define D, = I, the identity operator.

We now define a closed subspace = of <* as follows: Let ¢
be the set of all #(¢t) of the form xi(¢) in &4 such that if we set
/(1) = x§(t), then xi(t) = D, xi(t).

The subspace <7 then consists of those functions and all their
derivatives up to order k& which are in .&7". Hence, a mapping is defined
from &5" to &4 which maps a function x,(f) into the set consisting
of x,(¢t) and all of its derivatives of order less than or equal to k.
We call this mapping G,. The range %, of G, is 2 and the domain
Gy, of G, is the projection of o on <4". By the way we have
defined G, it is clear that G, is a closed and dense linear transforma-
tion from &5 to <. The operator G, is one-to-one, i.e., the null
space of G, is zero. We note that G, = I, the identity mapping.

In recent years several authors have introduced the “negative
norms” in order to deal with problems in Elliptic Partial-Differential
Equations. See, for example, the references [5] and [6].

P. Lax and M. Schechter have used the following definition for
the “negative norms.” For xze C>,

(6.2) 2], = sup {&Y).
Y1l

where the supremum is taken over all y e C=. Here (x, y) denotes the
ordinary _¢Z-inner product and || ||, the Dirichlet norm

(6.3 ol = 3], 1w e

1<k

Observe that
(6.4) NGyl =yl .
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The interesting relation between the “negative norms” and the operator
@), is expressed in the following

THEOREM 6.1. ||Gix|| = || @ ]|_s.

The proof follows immediately from Lemma 3.2,

We denote the Hilbert Spaces which are the completions of the
C=-functions under the G, norm and G, norm by 254 and S~7,
respectively,

Using the relations that we have derived between 57 and 57, in
§4 for an arbitrary operator A, we observe that for A =G, and
A’ = G, the range of the operator G,, which is the subspace < of
4", is in one-to-one correspondence with the elements of 57 as well
as with the elements of £#2,. Similarly, the closure of the range of

%, which is also <77, is in one-to-one correspondence with the elements
of 57, as well as with the elements of &#7,. The norm of the elements
in 27 and in 57, is taken to be the ordinary Dirichlet norm.

Finally, we observe that the elements in 5% are in one-to-one
correspondence with the elements in 57,.

‘ 7. Another definition of ellipticity. We begin by defining the
concept of ellipticity as is done most often in the literature. We do
this for systems of equations.

As before, let 2 be a bounded, connected, open set in Euclidean
m-space and denote its boundary by 02. For the present we will make
no assumptions on the boundary. Let ¢ = (¢, ---,t,) denote a point
in 2. Suppose « = («a,, +--, ,,) where the «; are nonnegative integers
and denote by |a| the sum || =a, + -+ + a,. Define

alalx

7.1 D,x = .
(7.1) v OtH0te2 « o« Of2m

Here and elsewhere, unless otherwise indicated, repeated indices will
be summed on. Consider the system

(7.2) Aw = pg? (£) Do (2) la| = k;

By the principal part of A°x will be meant
(7.3) Pox = pZi(t)Dai(t) ; la|=Fk.
A is said to be elliptic if at each point ¢t Q,

(7.4) ()& =0 la| =k
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holds for nonnull complex numbers » = (%', ---, ") and real numbers
&= (8,6, -+, &, only in case &£ = (0,0, ---, 0) where

§ =gnépr - S

An example of the above for a system of m elliptic differential
operators with one function x(¢) is the following

(7.5) Az = Gradient x = <8x ox ox > .

ot ' o, ot

Writing (7.5) out in terms of a system, we have

Alg — o0x Aty — ox . Amp— ox

7.6 - =7 = =7 " - .

(7.6) ot, ot, Ot

Here

(7.7) Pig = Aix =1+, m.

Now, the characteristic polynomials are &, ---, &, and the condition
(7.4) implies that & =& =.--=¢,=0, ie, £§=(0,---,0). We
observe here that when one function x(¢) is involved, it is unnecessary
to introduce the » = (%', < -+, 7").

We now wish to define ellipticity in a different way than it was
defined above. We then proceed to explain the relationship between
this definition and the other. The following definition is advantageous
in the sense that it deals with the properties of operators in Hilbert
Space. Cf. [3], page 1355. We begin as follows:

Let C be a bounded operator from < (k > 0) to a Hilbert Space
<~ Suppose that B, is a closed and dense “restriction” of G, in
&~ = " The product A, = CB, defines a dense linear transforma-
tion. We will say that A, is an elliptic operator of order k if A, is
closed.

An example of a “restriction” of G, is the following: Suppose B,
is defined to be G, operating on the closure of the subeclass of <",
whose elements are continuous and have xi(f) =0, |a| <k on the
boundary of 2. We will see at the end of this section how this
particular “restriction” is in fact one which is essential in order to
relate this definition of ellipticity to the classical one.

Another example of B, is the “restriction” of G, to all those
functions which can be extended to be periodic functions on a given
period-parallelogram. We will have occasion to use this in Theorem
7.3.

The next theorem characterizes elliptic operators and can be used
as an equivalent definition for them. Cf. [3], page 1356.
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THEOREM 7.1. If A, is a differential operator of order k such
that

(7.8) | B |l = hilll Aw |l + [ []] = b || Bu ||

for comstants hi, h, > 0. Then there exists a bounded operator C such
that A, = CB, and A, s closed. Conversely, if A, = CB, s closed,
then (7.8) is valid for every x in the domain D, of B,.

Proof. By (1.8), 25, & 2., and 45, S A47%,. The operator By’
is bounded, since G;' is. By Theorem 2.2, the operator A,B;*' is
bounded. Set C = A,B;*. Then CB, = A,B;'B, = A,. We now show
that A, = CB, is closed.

Let »,e =Z,,
(7.9) T, =, Az, =Y.
Then
(7.10) 2, — 2,||—0 and [[Axx, —,)||—0

as m,n— co. By (7.8),
(7.11) Bu(z, — ®,)— 0

as m,n — oo, Therefore B,x, converges to some element, say z, and
B, being closed, implies that

(7.12) B =z.

And so, A2 = CBx = C%, i.e., v€ =,,. Furthermore, Az, = CBx, =
Cz and from (7.9) we have

(7.13) y=Cz.

Therefore, A, is closed.
Conversely, suppose A, = CB, is closed. Consider the mapping of
the pairs {(x, B,x)} in the product-space

(7.14) I C: {(w, Bu)} —{(z, Aw)} .

The operator I @ C is a bounded, one-to-one mapping of the subspace
{(x, B,x)} onto the subspace {(x, A,x)}. Since A, and B, are closed,
{(z, A,2)} and {(x, B,x)} are complete metric spaces. By the Open-
Mapping Theorem, the inverse of I P C exists and is continuous, i.e.,
there exists a constant A, > 0 such that

(7.15) (I @ CY (=, Aw)} | = Ry [[{(w, Au)} ] .

Therefore
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(7.16) Bzl = llzll + | Bl = Rl 2] + || A ] .
Furthermore,
(717 kx|l + | Aelll = klll2 ]| + [|CBw|]] = e || By ||

where h, = k(1 + || Cl)).
Combining (7.16) and (7.17), we obtain (7.8).
An immediate consequence of Theorem 7.1 is the following:

COROLLARY. If the null space of the elliptic operator A, is zero,
then A, and B, generate the same topology.

Proof. Since the null space of A, is zero, the first half of the
inequality (7.8) is equivalent to the statement

(7.18) | Bl = hy || Ao ]

for some constant %, greater than zero. Furthermore, since A, = CB,
where C is bounded, we have

(7.19) | Awe|l = [ CB || = hy|| B ||

where h, = ||C|| is greater than zero. Combining (7.18) and (7.19), we
obtain

(7.20) By ll = ks || Awe || = hshy || Bix]] .

The above corollary expresses the following important statement,
namely, that if A, is an elliptic operator of order k& whose null space
is zero, then || A,x|| and || B,z || are equivalent norms where B, is a
closed and dense restriction of G, and so the knowledge of G, relays
much about the nature of A,.

The following theorem illustrates the relationship between the
classical definition of ellipticity and the above definition. It is to be
found in the references [3] and [4]. For a proof of this theorem,
see [4] by M. R. Hestenes.

Consider the system

(7.21) Afa(t) = P'Bia(t) = pi?(¢)Daai(t)

where 6 =1,.--,¢;5 =1, .-+, m;|a| =< k. Suppose further that the
coefficients pg?(t) are continuous functions of ¢ on the closure of the
m-dimensional region 2. Then

THEOREM 7.2. Given a point te 2, suppose there is no monnull
set of real numbers & = (&, +++, &,) and mo nonnull set of complex
numbers n = (B, - -+, N") such that the relations
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P =0

whereo =1, -+, q;|a| =k holds, and & = &1 ... &m,  Suppose fur-
ther that B, is the restriction of G, defined on the closure of the
subclass of " which consists of those elements which are continuous
and have D,xi(t) =0, |a| < k on the boundary of 2. Then A, is
elliptic (in our sense) and conversely.

Theorem 7.2 states that ellipticity in the classical sense is equiv-
alent to ellipticity in this “new” sense if B, is restricted to those
functions whose derivatives up to order % vanish on the boundary of
Q.

An application of the definition of ellipticity is that of gaining
strong solutions from “weak solutions” in elliptic partial differential
equations. First we need

DEFINITION 7.1, If A is an elliptic operator, then « is said to be
a weak solution of Ax =y if

(7.22) @, A*u) = (y, u)

for every u in the domain <. of A*.

Normally, the set {u} is not the whole domain of A* but is such
that the closure of the restriction of A* to {u} is A* itself. In appli-
cations, there usually exists a set of functions of class C= of this type.

As an application of some of the preceding results we prove the
existence of strong solutions from weak solutions. We assume the
underlying domain is a period-parallelogram.

THEOREM 7.3. Let A, be an elliptic operator of order k whose
null space ts zero. If x is a weak solution of A,x = vy, then © is in
fact a strong solution of A,x =y.

Proof. Since A, is elliptic, A, = CB, where C is bounded and B,
is the restriction of G, to those functions which can be extended to
be periodic functions defined on the period-parallelogram. Clearly,
9‘% = gBk and 94',‘ = 93’1:‘

Let v = Afu. By (7.22),

(7.23) |(x, Afw) | = |(x,v)| = |(y, w)| = | (y, Av) | .
By the corollary to Theorem 7.1,
(7.24) | Biz|] = m || Az || = M || Biz ||

for constants m, M > 0. By Theorem 3.3, we have
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(7.25) [Awll=m||Bwl = M| Aw]l .
Using the Schwarz inequality, (7.23), and (7.25), we have:
(7.26) @, o) = llyl[[| Al =mlly|l|| Bl

for all v of the form v = Afu, that is, for all ve 2, = 2, ,. By
Theorem 3.1, v e Z;, that is, x is a strong solution of A,x = y.

As a more substantial application using the operators G, and G},
one can get existence and regularity theory for certain classes of
partial differential equations by using the methods of P. Lax [6].
For a treatment of this, see [5].
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