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This paper is concerned with two types of stability in
transformation groups. The first is a generalization of
Lyapunow stability. In the past this notion has been discussed
in a setting where the phase group was either the integers
or the one-parameter group of reals. In this paper it is
defined for replete subsets of a more general phase group in
a transformation group. Some connections between this type
of stability and almost periodicity are given. In particular, it
is shown that a type of uniform Lyapunov stability will
imply Bohr almost periodicity. The second type of stability
in this paper is a limit stability, This gives a condition which
is necessary and sufficient for the limit set to be a minimal
set. Finally, these two types of stability are combined to
provide a sufficient condition for a limit set to be the closure
of a Bohr almost periodic orbit.

Throughout this paper X will be assumed to be a uniform space.
It will be implicity assumed that the Hausdorff topology of X is the
one induced by the uniformity. 7T will denote a topological group
and the triple (X, T, =) will be called a transformation group provided
X and T are as above and 7: X x T — X such that if e is the identity
of T then:

(1) 7 (x,e) =« for allzin X,

(2) 7m(mw (x,t),t)== (x, ¢t ¢,) for all x in X and ¢, ¢, in T,

(3) m is continuous. Henceforth we shall write n (x, t) = «t;
and if AcC T then x4 = {xt: te A}.

DeriNiTION 1. A subset A4 of T is called {leftH{right} syndetic
[6] in T provided there exists a compact set K < T such that {AK = T}
{KA = T}. It is clear that if A is left syndetic in T then A~' is
right syndetic in T.

DEFINITION 2. A point x € X is called S-Lyapunov stable (Sc T)
with respect to a set Bc X provided that for each index a of X

there exists an index B of X such that if ye BN 28 then ytec xta
for all ¢ in S.

THEOREM 1. If S is left syndetic in T and Cl (xT) ( = closure
xT) is compact then a mnecessary and sufficient condition that xe X

be T-Lyapunov stable with respect to xT is that x be S-Lyapunov stable
with respect to xT.
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Proof. The necessity is clear. To prove the sufficiency let «,
an index of X, be given. Since S is left syndetic there exists a compact
set K < T such that SK = T. Since both Cl (¢7) and K are compact the
mapping 7: Cl(¢T) X K— Cl(xT) is uniformly continuous. Hence there
exists an index B of X such that if peCl(2T) and ge«T such that
gepB then qke(pk) a for all ke K. The assumption that « is
S-Lyapunov stable with respect to zT implies that there exists an index
v of X such that if ycay (N «T then yse (xs) S forallseS. LetteT
and y e 2y 2T be given. There exists an s€ S and ke K such that
sk = t. Thus yse (xs)8 which implies that y(sk) e (z(sk)) « or yt € xta.
Since t is arbitrary the theorem is proved.

Simple examples show that in one sense this is about as strong
an inheritance theorem that one can prove. For example, if Cl(2T)
is not compact then S being syndetic in T and x being S-Lyapunov
stable is not sufficient for z to be T-Lyapunov stable.

We now consider some connections between S-Lyapunov stability
and almost periodicity. To do this we need the following lemma which
provides a characterization of repleteness.

DEFINITION 3. A subset M of T is said to be replete [6] in T
provided M contains some bilateral translate of each compact subset

of T.

LEMMA 1. In order that a subset S of T be replete it is
sufficient that S interseg each translate of each left syndetic subset
of T and if T is commutative this condition is also mecessary.

Proof. In order to show that this condition is sufficient we
assume that S is not replete in 7. That is, there exists a compact
set K T such that for all ¢,¢,eT we have ¢, Kt,&S. Let A
(t, t) = t, Kt, — Sand A = J A(ty, t5), ((t, t:) € T T). It follows that
A = T-S. Clearly we can assume that ec K. We now show that
A is left syndetic. Since eec K it follows that T—Sc AK~'. Let
se S be given. If sSK(NA = @ then sKec S since A = T — S, which
is impossible. Therefore sK{1A + ©. Hence there exists a ke K
and ac A such that sk = a. Therefore s = ak™ and sc AK~' which,
since s was arbitrary, implies that Sc AK™'. Therefore AK*=T
and A is left syndetic in 7. However Ae¢)S = @ and this contradie-
tion proves the sufficiency.

To show that this condition is also necessary if T is commutative
we assume that S is replete and that there exists a syndetic set
AcCT and a t'€ T such that YAMNS = @. Let K be a compact set
which contains the identity and has the property that AK = T. Since
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S is replete there exists a t,€ T such that K*¢,cS. (Repleteness
reduces to this property when 7 is commutative.) Since ec K™ it
follows that ¢ e€S. Also, AK = T which implies that 4K = T.
Hence there exists an a € A and k € K such that t'ak = ¢,. This implies
that o = ¢,k~'. Hence t'a € S and t’A[) S @ which is a contradiction.

DeriNiTION 4. T is said to be almost periodic at x [6] provided
that for each index a of X there exists a left syndetic set A — T such
that 24 C za.

DEFINITION 5. T is said to be Bohr almost periodic at xe X
(x is Bohr almost periodic) provided that corresponding to each index
a of X there exists a left syndetic set A in T such that xtd C st
for all te T.

It is clear that if T is commutative and « is both almost periodie
and T-Lyapunov stable with respect to x7 then 2 is Bohr almost
periodic. However, it is possible to weaken these conditions and still
obtain Bohr almost periodicity. Throughout the rest of this paper it
will be assumed that T is commutative.

THEOREM 2. Let S be a replete subset of T. If xeX 4s S-
Lyapunov stable with respect to T and x is almost periodic then x
18 Bohr almost periodic.

Proof. Let a, an index of X, be given and let B be a symmetric
index of X such that 52ca. Let S be a replete subset of T such
that @« is S-Lyapunov stable with respect to 7. Then there exists
an index v of X such that if yeaxyMN«T then yte (xt)8 for all ¢ in
S. Let 6 be a symmetric index of X such that 62>c+vy. Since z is
almost periodic under T there exists a syndetic set Ac T such that
cAcx. Let t'eT and ac A be given. We will now show that
z(t'a) € xt'a which will complete the proof. Since 7 is continuous
there exists an index ¢ of X such that if y € o then ya € zad. Let n be
an index of X with the property that  C 6 0. Once again there exists
a syndetic set BC T such that aBcCay since « is almost periodic.
Since S is a replete subset of T, S~ is also replete in 7. Also, since
Bt'' is syndetic it follows from Lemma 1 that B'*N S %= @. That
is, there exists an s¢ S and ¢, € B such that ¢ = s~! which implies
that ¢, € vy thus ¢, e xc. Hence wxt,acxad. The fact that zaecxd
implies that zt,a € ay. Since t't7! = s€ S it follows that

atat'tt e (xt'tt)B
or
x(t'a) € x(t'tTHB
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However since «t, € xy it follows that xt,€d. Therefore
wt,(t'E7) € (wt'tr B

or «at’ € (at’t7')B. Since £ is symmetric and A*C « it follows that
xt'a € xt'a which completes the proof.

In [6, 6.34] the P-limit set of © for PC T and ze X is defined
by P, = Cl(xtP)(te T). In this same reference it is stated that if
P is a replete semi-group in T then P, is closed and invariant and if
Cl (xP) is compact then P, == ¢. Using this notion it is possible to
give another set of conditions which are sufficient for x to be Bohr
almost periodic. This theorem generalizes a theorem of A, A. Markov
[7, p. 390].

DEFINITION 6. The orbit of a point € X is said to be (uniformly)
S-Lyapunov stable with respect to a set B C X provided that for each
index a of X there exists an index 8 of X such that if yexzT and
ze B with y e z8 then ytezita for all ¢ in S.

THEOREM 3. Let S be a replete semi-group in T. If the orbit
of x 18 S-Lyapunov stable with respect to T and Cl (xS~") is compact
then x 1is Bohr almost periodic.

Proof. If we can show under these hypotheses that x is almost
periodic under 7 then by using Theorem 2 we can deduce that = is
Bohr almost periodic.

Let S be a replete semi-group of 7, let the orbit of x be
S-Lyapunov stable with respect to 7 and let Cl(xS™') be compact.
It is clear that S~ is also a replete semi-group of 7. Therefore, by
the above remarks it follows that S;! is nonempty. Since S;! is closed
it is compact. It follows from [6,4.06] that there exists a yeS;!
such that y is almost periodic. It follows from [6, 4.07] that Cl(yT)
is a compact minimal set. If xe Cl(yT) then x is almost periodic and
the theorem is proved.

Assume x¢ Cl(yT). Then there exists an index « of X with the
property that x ¢ (Cl(yT))a. Let 8 be an index of X with the property
that 6> c «. Since the orbit of x is S-Lyapunov stable with respect
to 2T there exists an index v of X with the property that if peqy
and p, ¢ € xzT then pteqtB for all teS. Let 6 be a symmetric index
of X with the property that 6*c . Since ye S;* — T and S;'= [Nier
Cl (ztS™) we have yeS;'< Cl(#S™'). Hence there exists an s, €8
such that xsi'eyd. Since 7 is continuous there exists an index ¢ of
X such that if peyo then ps, e ys,8. There exists an s e S such that
vsteyoyo. Thus ws™'s,eysB. Also wseyd which implies that
xsyte sy, Thus xsils, € ws™'s;8. These two statements imply that
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v =uxsils;ewsSPC (Cl(xT))

which is a contradiction. It follows that ze€ Cl(yT) and the theorem
is proved.

A subset E of T is said to be P-extensive (P is a replete semi-
group not equal to T) [2, p. 1146] provided that pPMNE %= @ for all
pin P, A point xe€ X is said to be P-recurrent provided that for
each index a of X there exists a P-extensive set E such that 2F C za.
Using these concepts and the previous theorem we are able to give a
set of necessary and sufficient conditions in order for a point to be
Bohr almost periodic.

THEOREM 4. If S, is compact for some replete semigroup S of
T then the following statements are equivalent :

(1) « is Bohr almost periodic,

(2) =« is S-recurrent and the orbdit of x 1s S-Lyapunov stable
with respect to S,.

Proof. If x is Bohr almost periodic and a is any index of X then
there exists a syndetic set A T such that xtA < (#t)a for all ¢ in
T. It follows from Lemma 1 that A is P-extensive for each replete
semi-group of 7. Hence z is S-recurrent. From [1] it follows that
Cl(zT) = S, and hence Cl(zT) is compact. By [6, 4.37] it follows that
the orbit of x is 7-Lyapunov stable with respect to 7. It follows
in the same manner as in [7, p. 385] that the orbit of x is 7-Lyapunov
stable with respect to Cl(xt). Since S, =Cl(xT) the orbit of = is
T-Lyapunov stable with respect to S, which completes the proof of
this half of the theorem.

If 2 is S-recurrent then it follows that Cl(z7T) = S,. Hence
Cl(zT) is compact. Since the orbit of & is S-Lyapunov stable with
respect to S, it follows from Theorem 3 that x is Bohr almost periodic.

An alternate proof of this theorem can be given using the main
theorem in [3] and the theorem of Gottschalk [5] relating uniform
almost periodicity and equi-continuity.

We now introduce the concept of S-orbital stability which is
generalized from the notion of a final point being asymptotically stable
which was discussed by Friedlander [4].

DEFINITION 6. A point ye X is said to be S-orbitaly stable
(SO-stable) with respect to a set B X provided there exists an open
set U containing y such that if xe€ B U then S, = S,. When X is
a uniform space then the orbit of y is wuniformly SO-stable with
respect to B X provided there exists an index a of X such that if
2 € BMNyta then S, = S,.
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LeMmMA 2. IFf S is a replete semi-group and S, is compact and
nonempty then a mecessary and sufficient condition that S, be a
minimael set is that the orbit of y be uniformly SO-stable with
respect to S,.

Proof. If S, is a minimal set then it follows immediately that
the orbit of y is uniformly SO-stable with respect to S,.

Let the orbit of ¥ be uniformly SO-stable with respect to S, and
xeS,. There exists an index § of X such that if zeS,MNytd then
S,=S,. Since xe S, there exists a t'e¢ T such that zeyt’dé which
implies S, = S,,,. But, since S is a replete semi-group of T, S,, = S,
hence S, = S,. Therefore, S, Cl(xS)cCl(xT) implies S, = Cl(zT)
for all xe S,. Thus S, is a minimal set.

THEOREM 5. Let S be a replete semi-group in T and let S, be
compact and nonempty. If the orbit of y is uniformly SO-stable and
S-Lyapunov stable with respect to S, then S, is the closure of a Bohr
almost periodic orbit.

Proof. It follows from the previous lemma that S, is a minimal
set. By Theorem 4 it is sufficient to show that if xe.S, then the
orbit of x is S-Lyapunov stable with respect to S, = S,. Let d be an
index of X and £ be a symmetric index of X such that 82c . Since
the orbit of y is S-Lyapunov stable with respect to S, there exists
an index v of X such that if ze S, (yt') v then zte (yt't) 8 for all
teS. Let @ be a symmetric index of X with the property that
a*cry. Let ze S,N (xt)x. There exists a ¢ e T such that yt e (xt") «
which implies ytte (xt't)8 and =zte(ytt)8 for all teS. Hence
zt e (wt't)B* C (xt't)d for all te S. This implies that x is S-Lyapunov
stable with respect to S, and completes the proof of the theorem.

The question of necessary and sufficient conditions on ¥y in order
that S, be the closure of a Bohr almost periodic point is still an open
question, Theorem 5 shows that a necessary condition must be found
on ¥ which will imply that x ¢ S, is uniformly S-Lyapunov stable with
respect to S,.
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