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The semigroup S of the title is the free semigroup F on
four generators factored by the congruence generated by the
set of relations {w2 = wB \w eF}. The following lemma is
proved by examining the elements of a given congruence class
of F:

LEMMA. If x,yeS and x2 = y2, then either xy = x2 or
yx = x2.

From the Lemma it then easily follows that the (disjoint)
subsemigroups {y e S \ y2 = x2} of S are locally finite.

This note answers in the negative a question raised by Shevrin
in [2].

THEOREM. There exists a semigroup S with disjoint locally finite
subsemigroups Se such that S = U Se and S is not locally finite.

Let F be the free semigroup with identity on four generators.
Let ~ denote the smallest congruence on F containing the set
{(x2, x3) \xeF}. That is, for w, wf e F, w ~ wr if and only if a finite
sequence of "transitions", of either of the types ab2c—*a¥c or a¥c—>
ab2c, transforms w into w'.

The equivalence classes of F with respect to ~ are taken as
the elements of S, and multiplication in S is defined in the natural
way.

There is given in [1] a sequence on four symbols in which no
block of length k is immediately repeated, for any k. Thus the left
initial segments of this sequence give elements of F containing no
squares. Since no transition of the form ab2c—>ab3c or ab*c-+ab2c can
be applied to an element of F containing no squares, the equivalence
classes containing these elements consist of precisely one element each;
thus the semigroup S is infinite, and hence not locally finite.

In what follows, the symbols a,alfa2, refer to transformations
(on elements of F) of the form

ab —> ayb , w h e r e a ~ ay , a n d a,b, y e F.

The symbols β, βl9 β2, refer to transformations of the type

axb —* ab , where a ~ ax , and α, 6, x e F.

Note that ab2c —• aWc is an a, and abzc —> ab2c is a βc
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LEMMA 1. // w,w' e F, and ivβa = wf, then there are al9 βλ such
that waλβx — w'.

Proof. Let

w = axb , wβ = ab , where a ~ ax .

Let

wβ = AB , wβa = AyB , where A ~ Ay .

There are two cases:

(i) A is contained in a. That is,

a = Aa' and w' = wba = aβa = Aa'ba = ^4^/α'6.

Here let

wax = axbax = Aafxbax = Ayafxb .

Now since

.4.2/α' ^ Aα' = a — ax = Aa'x — Aτ/α'#,

we may let

wa1β1 — Ayatxbβ1 — Aya!b — w'.

(ii) A is not contained in a. That is,

& = bxb2, A = α&i, A ~ A^/,

and

wr = wβa = aba = abxb2a = Ab2a = Ayb2 = abλyb2

Since

axbλ ~ abx = A ~ Ay = abλy ~ axbxy ,

we may let

waλ — axbax — axbλb2aλ = axbλyb.z,

and

wa1β1 — axbλyb2βλ — abλyb2 — wf.

LEMMA 2. If w, w' e F, WΊ{12 7m = w', where each T* is either
an a or a β, then there are au , α:n, A, , βk such that waλ

/3Λ = w'.

This follows immediately from Lemma 1 by induction.
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LEMMA 3. The word aba contains a left initial segment which
is equivalent to a.

Proof. Let ab = AB, aba = AyB, where A ~ Ay. Again there
are two cases:

(i) A is contained in a. That is, a = Aa\ aba = Aa'ba •=• Ayafb.

Since A ~ Ay, the left initial segment Ay a! of aba is equivalent to a.

(ii) A is not contained in a. That is, b = bj)2, A = abλ, aba =
abj)2a = ab{yb2.

Here, a itself is a left initial segment of aba, and is certainly equiva-
lent to a.

LEMMA 4. // x, y e F and x2 ~ y2, then either y ~ xa for some
ae F, or x ~ yb for some be F.

Proof. By Lemma 2, there are ai and βό such that xxaλ -
tf«/3i βn = yy- Let w = xxaλ am = yyβ'1 βϊ1. By Lemma 3,
w contains a left initial segment A equivalent to x. Similarly, since
each β^1 is an a, w also contains a left initial segment B equivalent
to y. Depending on which segment contains the other, either B — Aa
for some α, or A = Bb for some 6. In the first case, y — B = Aa — xa;
in the second, x ~ A = Bb ~ yb.

LEMMA 5. In this lemma, " = " will denote equality in S. Let
e be an idempotent element of S: e — e2. Let Se = {x e S \ x2 = e}.
Then Se is a locally finite subsemigroup of S.

Proof. First, we note that ze Se implies ez = ze = e. For ez =
z2z = z2 = e, and similarly ze = e. Now let x, yeSe, that is, x2 =
y2 = e. By Lemma 4, either y = xa or x = yb. In the first case, we
obtain xy — x2a = x3a = x2y = ey = e. In the second case, we obtain
similarly that yx — e. Thus x, y e Se implies xy — e or yx — e. In
either case, (xy)2 = e, that is, xy e Se. Thus Se is a semigroup.

Now let xu , xne Se, and let {x1, « ,xw)> denote the subsemi-
group of Se generated by xλ, •••, xn. If n — 1, then <X)> is clearly
finite; so suppose n > 1. Then every element of ζxλ, , xny may be
expressed as a product of not more than n of the x/s. For any product
z of more than n x^s must contain some x{ twice: z — axfiXiC, where
a,b, c e Se. Since either xjo = 6 or bx{ = e, it follows that xj)xτ = e
and z — aec = ec = e = xxxιt This shows that ζxu , xny is finite,
and hence that Se is locally finite.
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The theorem follows immediately from Lemma 5, since clearly
e Φ e! implies that Se and Se, are disjoint, and

S= USe.

REFERENCES

1. R. A. Dean, A sequence without repeats on x, x~ι

f y, y~λ, Amer. Math. Monthly 72
(1965), 383-385 (Math. Rev. 31, No. 3500).
2. L. N. Shevrin, On locally finite semigroups, Doklady Akad. Nauk SSSR 162 (1965),
770-773 = Soviet Math. Dokl. 6 (1965), 769.

Received December 19, 1966. Partially supported by Canadian NRC grant no.
A-3983.

SIMON FRASER UNIVERSITY



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. SAMELSON

Stanford University
Stanford, California

J. P. JANS

University of Washington
Seattle, Washington 98105

J. DUGUNDJI

University of Southern California
Los Angeles, California 90007

RICHARD ARENS

University of California
Los Angeles, California 90024

E. F. BECKENBACH

ASSOCIATE EDITORS
B. H. NEUMANN F. WOLF K. YOSIDA

SUPPORTING INSTITUTIONS
UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA
NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY
UNIVERSITY OF OREGON
OSAKA UNIVERSITY
UNIVERSITY OF SOUTHERN CALIFORNIA

STANFORD UNIVERSITY
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

* * *

AMERICAN MATHEMATICAL SOCIETY
CHEVRON RESEARCH CORPORATION
TRW SYSTEMS
NAVAL ORDNANCE TEST STATION

Printed in Japan by International Academic Printing Co., Ltd., Tokyo, Japan



Pacific Journal of Mathematics
Vol. 22, No. 1 January, 1967

Charles A. Akemann, Some mapping properties of the group algebras of a
compact group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

A. V. Boyd, Note on a paper by Uppuluri . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Thomas Craig Brown, A semigroup union of disjoint locally finite

subsemigroups which is not locally finite . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
Richard Thomas Bumby and Everett C. Dade, Remark on a problem of

Niven and Zuckerman . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
James Calvert, An integral inequality with applications to the Dirichlet

problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
Jack Gary Ceder and Terrance Laverne Pearson, On products of maximally

resolvable spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
William Guignard Faris, The product formula for semigroups defined by

Friedrichs extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
Robert S. Freeman, Closed operators and their adjoints associated with

elliptic differential operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
Thomas Lee Hayden, The extension of bilinear functionals . . . . . . . . . . . . . . . . 99
Gloria Conyers Hewitt, Limits in certain classes of abstract algebras . . . . . . 109
Tilla Weinstein, The dilatation of some standard mappings . . . . . . . . . . . . . . . . 117
Mitsuru Nakai, On Evans’ kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
Ernest Levane Roetman, On the biharmonic wave equation . . . . . . . . . . . . . . . 139
Malcolm Jay Sherman, Operators and inner functions . . . . . . . . . . . . . . . . . . . . 159
Walter Laws Smith, On the weak law of large numbers and the generalized

elementary renewal theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
A. J. Ward, On H-equivalence of uniformities: The Isbell-Smith

problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

Pacific
JournalofM

athem
atics

1967
Vol.22,N

o.1


	
	
	

