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If a group G is the direct product of two of its subgroups,
A and B, then every element of G is uniquely expressible in
the form ab,ac A,be B. In 1942, G. Hajos, in order to solve
a geometric problem posed by Minkowski, introduced the notion
of the direct product of subsets. He said that the group G
is the direct product of two of its subsets, A and B, if each
element of G is uniquely expressible in the form ab,ac A,
be B, and showed that under certain circumstances one of the
sets is a group.

While Hajos’s work grew out of a question concerning the
partition of Euclidean n-dimensional space into congruent
cubes, the present paper grew out of a question concerning
partitions into congruent ‘“crosses’’ and is concerned primarily
with the existence of factorizations of the semigroup of
integers modulo 7 into subsets A and B, of which A is
prescibed as {1,2, ---, k} or {&1, 2, ---, &=k}, The first three
sections are algebraic and geometric, while the last two
sections are number-theoretic.

Let A and B be subsets of a groupoid G. We will denote by
AB the set {ablac A,be B}. If each element of AB is uniquely
expressible in the form ab,ac A, be B, then we say that AB has the
factoring (A, B) or briefly, AB = (4, B). For instance, if G is a
group, A is a subgroup of G, and B is a set of representatives of
the right cosets of A in G, then G = (4, B). The case when G is a
finite abelian group and A and B are subsets of G,G = (4, B), was
examined in the classic paper of Hajos [3], later simplified by Szele
[13] and Rédei [10].

When AB = (A, B), there is no duplication among the elements
ab,ac A, be B. The opposite situation, when AB is “small” and there
is therefore a great deal of duplication, has also been studied. See
for instance Kemperman |[6], [7].

For the most part the groupoid G that will concern us is S, the
multiplicative semigroup of the integers modulo n. We will be
interested in factorizations S, — {0} = (4, B), where A is prescribed.
Such factorizations, as we will show in § 2, are intimately connected
with the existence of tessellations of Euclidean space by translates
of certain finite collections of cubes. Before restricting the groupoid
to S,, we develop in §1 some results that hold more generally.

1. Algebraic preliminaries, If G is a groupoid and X is a
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subset of G such that X = (4, B), we will say that B tiles X or that
B is a complement of 4 (in X). For any subset T of G a set of the
form Tg,ge G is a right translate of T and a set of the form
9T, g€ G is a left translate of T.

Note that if G is a group and G = (4, B), then G = (Azx, yB) for
any « and y in G. Thus if B tiles G, so does yB. For this reason
we will assume when G = (A4, B) and G is a group that both 4 and
B contain the identity element of G.

Note also that if G is a group and G = (4, B) and B = (C, D),
then G = (AC, D).

THEOREM 1.1. Let G be a groupoid and G = (A, B), where B 1is
finite and has B elements. If T C G has more than (k — 1)8 elements,
then there is a right translate of A whose intersection with T has
at least k elements.

Proof. T is contained in the union of the & sets Ab,, Ab,, - -, Ab;.
If the cardinality of each set T'N Ab;,7 =1,2,-.-, 8, were at most
k — 1, then T would have at most (k — 1)58 elements, contradicting
the hypothesis on 7.

COROLLARY 1.2. Let G be a group and G = (A, B), where B 1is
finite and has B elements. If T C G has more than (k — 1)8 elements,
then there is a right translate of T whose intersection with A has
at least k elements.

Proof. The identity AN To'=(Aaxn T)x™", together with Theorem
1.1 yields the corollary.

Corollary 1.2 can be extended to finite quasigroups, as the follow-
ing theorem shows.

THEOREM 1.3. Let G be a finite quasigroup and G = (4, B),
where B has B elements. If T C G has more than (kK — 1)B elements,
then there 1is a right translate of T whose intersection with A has
at least k elements.

Proof. Consider the set of ordered couplets

Y ={9,a0)|9eG,acAnTy}.

If each Tg contains at most k¥ — 1 elements of A, then Y has at
most |G| (k — 1) elements.

On the other hand, each element of G is uniquely expressible in
the form ab,ac A,be B, Now let T contain 7 elements and A contain
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« elements. Since G is a quasigroup, there are precisely = different
elements g in G, such that ae Tg. Thus the cardinality of Y is
precisely ar and we have at < |G| (k — 1) or at < |G| (k — 1). Using
the equation a8 = | G | we conclude that at < aB(k — 1) or ¢ < B(k — 1),
contradicting the hypothesis on 7.

We sketch an example that shows that the assumption in Theorem
1.3 that G is finite cannot be removed. The quasigroup G is defined
on the set of positive integers N. We let B={1,2}, T = {1, 2, 3},
and A be the set of even positive integers. Define tol and t02 in
such a way that To1N To2 = ¢ and each of T o1 and T -2 contains
three elements of which at most one is even. Define tox for te T
and xe N — {1,2} in such a way that T o.x has three elements of
which at most one is even for each xe N — {1, 2}, and such that left
translation by ¢ is a bijection of N for each te 7. Define o1 and
202 for xe N — T in such a way that N is the disjoint union of
Aol and Ac2,201 # 202, and right translation of N by 1 or by 2 is
a bijection of N. Then extend o to a quasigroup G on N in any
manner whatsoever., We have G =(4,B),t=|T|=3,8=|B| =2,
and ¢ > (2 — 1)8. However no right translate of T meets A in two
or more elements.

If B is a subset of a group G, then the existence of a factoriza-
tion G = (4, B) is closely related to the existence of a certain type
of function on G, as we now show. Let Y be a set with the same
cardinality as B. A function f: G—Y such that f|gB:gB—7Y is a
one-to-one correspondence for each ge G is a B-coloring of G.

THEOREM 1.4. If B is finite and is contained in the center of
G, then a B-coloring is also a B~'-coloring.

Proof. Let f be a B-coloring. We show first that f is one-to-one
on each set gB~'. Let ¢, 9.€¢9B~*. Then g, = gbi’ and g, = gb;*
where b, b, B. Now, both g, and ¢, are in ¢,9,97'B. For we have

019970, = 9.(gb;") g7, = 9,997'b:7b, = 9,
and
0:9:97'b; = 9,9b:'97'b, = 9,b77b, = gb'b;'b, = 9b;"t = g, .

Since f is one-one on ¢,9,97'B, we see that f(g,) # f(g.). Hence f is
one-to-one on gB~%,

THEOREM 1.5. Let G be a group and B a subset of G. If f 1is
a B'-coloring of G, then there is a factorization G = (A, B).
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Proof. We may assume lec Y and define A = f~'(1). We show
that G = (A4, B). First of all, if

amBNaB+~ @ s

where a,, a,¢ A, we have yca,B N a,B, hence yB*>3a,, a,. This is a
contradiction, since f is a B~'-coloring, Thus the family [aB;ac A]
congists of disjoint sets. To show that this family covers G, consider
any yeG. Let xeyB™ and f(x) = 1. Then y¢caB.

THEOREM 1.6. If B is finite and is contained 1in the center of
the group G, then a factorization G = (A, B) induces a function f
that vs a B-coloring and a B~ '-coloring.

Proof. Let geG. Then ¢ is uniquely representable in the form
ab,ae A,be B. Define F: B—Y as some one-to-one correspondence,
Then define f: G— Y by f(ab) = F'(b). We show that f is a B-coloring,

We show first that for any ¢ge@,f|gB:gB—Y 1is one-one,
Indeed, assume that x, y € gB and f(x) = f(y). Then z = 2b and y =
14,0 where x,B and y,B are distinect members of the B-tiling. We also
have # = ¢gb, and y = gb,. Thus

gb, = 2,0 and gb, = y,b,
hence
x,bb7 = y,bb;t .
Since B is in contained in the center of G, we have
blx, = y,b05!
or
20, = by, = wiby

that is, ;BN y.B # @. This contradiction proves that f is a B-
coloring. Theorem 1.4 implies that it is therefore a B—'-coloring.

The relation between tiling and coloring provides a simple proof
of the following theorem.

THEOREM 1.7. Let G be a group and B a finite subset of the
center of G. Assume that for awny finite subset SCG there is a
subset X, S C X < G such that X 1is the disjoint union of left translates
of B. Then there is a factorization G = (A, B).

Proof. Note that we may assume that the X mentioned is finite,.
For each X mentioned in the statement of the theorem define



FACTORING BY SUBSETS 527

@5 X —7Y as in the proof of Theorem 1.6. For each Sc G define
@s: S—Y as the restriction of some ¢, to S where X S, Accord-
ing to [2] there is a function @:G—Y such that for each S G
there is X oS such that @,;|S = ©@|S. We assert that @ is a
B-coloring of G.

Let ¢gB be a translate of B. Then C = |J {xB|zBNgB =+ @}, is
a finite set and thus there is a set X DC such that @, |C = @|C.
The same argument used in the proof of Theorem 1.4 shows that
@ x| gB is one-one, hence ¢ |¢gB is one-one. Theorem 1.5 then shows
that there is a facterization G = (4, B).

THEOREM 1.8, Let G be a group and A and B subsets of G.

Then G = (A, B) if and only if AN gB™ has exactly one element for
each ge@.

Proof. Let G be a group and assume that A meets each member
of {xB~'|xeG} in one element. If xeG there is aexB~", hence
x=ab,acAbeB. If ¢ =ab, = ab,, then xB~'D{a,, a,}, hence a, =
a, and b, = b,.

Conversely, assume that G = (A, B). ThenforxeGx = ab,ac A,
beB hence acxzB. If a,a,exB™, then q, = 2bi* and a, = 2b;*
hence ab, = a,b,.

2. A relation between factorings in a ring. A factoring in
the multiplicative semigroup of one ring may under certain circum-
stances induce a factoring in the additive group of another ring, as
the next theorem shows. This theorem will be used in §3 and §4
to obtain tessellations of Euclidean space.

THEOREM 2.1. Let R and R* be rings and ¢:R— R* an onto
ring homomorphism. Then a direct factoring, R* — {0} = (4%, B¥),
wn the multiplicative semigroup of R* induces a direct factoring of
the additive group of R", R = (A, B), where n is the order of B*, B
is any subset of R such that ©|B is a one-to-one correspondence
between B and B*, and A is defined below.

Proof. We present the proof in the case that » is finite. Let
a} denote a typical element of A* and b} denote a typical element
B*. For each a} select a; € R such that @(a;) = af and for each b}
select b, € R such that @(b;)=0b}. Define BC R"as [(ry, +++,7,) |1 € R,
o, rb;) =0]. Define Ac R" as (0,0, .--,0) together with all
elements of the form (0,0, .--, a;, -+, 0) where a,€ R and all entries
are 0 except one. (Each elements a; thus appears as an entry in «
different elements of A; A is finite if and only if A* is finite.)
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We show that R" = (A, B), where the binary operation considered
is addition in R". Let (r,, ---,t,) be an arbitrary element of R".
If ot 7r;b) =0 then (ry, ---,7,)e B. Since (0, ---,0)c A, we have
(ry <o+, r)eA+ B, If @35 7rb;) =wu* +# 0, then there are o] ¢ A*
and b} € B* such that «* = ajb}. Consider x = (r;, ---,7,) — (0, -+ -,
@, *++,0) where a,; is entered in the j,ith coordinate. It is easy to
show that e B and thus we have (v, ---,7,)€ A + B.

Finally we show that the representation of elements of R™ in
the form a + b,ac A, be B, is unique. Assume that

(1”1,---,“)—}—(0,-'-,&“~--,0):(7‘{,---,7”;)—1~(0,---,ai',---,O),

where a; is in the jth coordinate and a, is in the j’th coordinate, and
(ry <+, 7, and (#}, ---,7,) are in A, From the above equation it
follows that a}bF = a}b}, hence ¢; = a; and j =j. It follows also
that (r;, -++,7,) = (v}, --+, 7,) and the proof is complete.

Theorem 2.1 will concern us most when R is the ring of integers,
m is an integer, R* = R/(m) and @ is the natural homomorphism.
Theorem 2.1 shows how a factoring S, — [0] = (4%, B¥), where A*
has « elements and B* has % elements, induces a direct factoring of
the n-dimensional lattice B", R" = (4, B), where A has na + 1 elements,
and B is a subgroup of the additive group of R".

This will enable us to tile the lattice R" by translates of certain
finite subsets of R", or equivalently, to tessellate Euclidean space E™
by translates of certain finite collections of unit cubes in E”.

3. Tiling the lattice R™ by crosses and semicrosses. A (k, n)-
cross is a translate of the set of 2kn + 1 elements of R™ consisting
of the origin and the 2nk elements (0, .-+, =7, -+-,0) where 1 <j =k
and 7 appears in any one of the n coordinates. A (k, n)-semicross is
defined similarly except only j (not —7) appears as a coordinate. The
center of a (k,n)-cross is the translate of (0,0,.--,0). A (k,n)-
semicross has kn + 1 elements. The wvertex of a (k, n)-semicross is
the translate of (0,0, ---,0). As Theorem 2.1 shows, if S,...1 — {0} =
(%1, ---, =k], B), then there is a tiling of R" by (k, n)-crosses whose
centers form a subgroup, L, of the additive group of R” and R"/L
i isomorphic to the cyclic group of order 2kn + 1. Such a tiling we
call cyclic. A similar remark holds for tilings by semicrosses. It is
no loss of generality to consider only tilings in which one center (or
vertex) is at the origin,

We now introduce several functions that record the existence or
nonexistence of certain tilings. If there is a tiling of R™ by (&, n)-
crosses, we shall set g(k, n) = 1; if there is none, we set g(k, n) = 0.
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If there is a cyclic tiling by (k, n)-crosses, we set c¢(k, n) = 1, other-
wise, ¢(k,n) = 0. Similarly we define the functions g* and c¢* for
semicrosses. If e¢(k,n) =1, then g(k,n)=1. For n =1 or 2 any
tiling by (k, »)-crosses or (k, »)-semicrosses is cyclic. We have g(k, 1) =
¢(k,1) =1 for all & and g*(k,1) =c¢*(k,1) =1 for all k. It is a
simple matter to verify that ¢(1,2) =¢(1,2) =1 and g(k,2) = 0 for
all £ =2, while g*(k,2) = ¢*(k,2) =1 for all k. The functions ¢
and c¢* are examined in §4 and §5. In this section we discuss the
geometric functions g and g*. The first theorem relates g to g*.

THEOREM 3.1. If g(k,n) =1, then g*(k, 2n) = 1.

Proof. Let C = {(¢y, €5y -+, ¢,)} be the set of centers of a tiling
of R, by (k, n)-crosses. Consider the set S of (k, n)-semicrosses in
R,, whose vertices are at

{(dh "'ydny dl — Gy "'ydn - cn)} ’

where (d,, ---,d,) e R, is arbitrary and (¢, -+, ¢,) € C. We show that
S partitions R,,.

To show that S covers R,, consider a typical point (x, «--, 2,,)
in R,,. Then the point

(xl = Xpg1y By — Lppgy * 00y Ty — xZn)

is in R,. Hence for a suitable (¢, ++-,¢,)eC,axe{0,1,2, ..+, %k}, and
1€[1, n] we have

Ly — Lpt1 = C1y o — Lpqz = Cgy **°,

xi—_xn-i—i:Ci_aorci+ay"°yxn—x2n:cn'

If 2, —2,.; =c¢; —«, then 2, ; = x;, — ¢; + « and thus (x;, «--, @,,) is
in the semicross whose vertex is at

(xls ey Ty Xy — Cpy 200, Xy — Cyy "'yxn_cn)-

On the other hand, if ©; — %,,;, = ¢; + &, thenz,; = (x; — ¢;) — @ and
(2, ++ -, y,) is in the semicross whose vertex is at

(xly Loy o0y Xy — Ay Tiggy *2 0y Ly &y — Cy Ly — Cyy 00, Ty — & — Cyy
Tisg — Citgy ** %y Tn — Cy) .

Thus S covers R,,.

We next show that the elements of S are disjoint. If the semi-
cross whose vertex is at (@, +++,2,, % — ¢, +++, &, — ¢,) meets the
semicross whose vertex is at (yi, *++, Yn, ¥ — Ci, *+*, Yo — Cr), then
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(xly"°ymmx1“cl9"',xn“c%)_ih(oy"'yay"'90)

(3.1) ’ ,
:(yly"'9ynyy1_cly"'yyn_cn)+(0:"'yB: ""O)y

where « is in the 4th coordinate and 8 is in the jth, 0 < a, B < k;
hence

(3-2) (Cly RN Fia i °",C7L) = (C{, C;, "'509' iB! "'nyrL)

where the ambiguous signs in (8.2) are positive if 1 <% or j < n,
and negative if ¢ > % or j > n. Since the (k, n)-crosses in n-space
are disgjoint, ¢, = ¢}, +++,¢, =¢,, 1 =7, = F. From (3.1) it then fol-
lows that «;, = y;,,7=1,2, --.,n. Thus distinet semi-crosses in R,,
are disjoint. The proof is complete.

THEOREM 3.2. If k> 2n — 2, and n = 2, then g(k, n) = 0,

Proof. Assume that we have a tiling of R™ by (k, n)-crosses:
R® = (A, B) where A is the set of centers of the crosses. Let

T={4,70-01<i<k+1,1<j<k+1}.

The cardinality of T, (k + 1)), is greater than the cardinality of a
(k, m)-cross, 2kn + 1, since the inequality

(k + 1) > 2kn + 1

is equivalent, for & > 0, to the inequality & > 2n — 2.

By Theorem 1.1 at least two centers of the tiling can be assumed
to be in a translate of 7. But the crosses that have those two cen-
ters would intersect. From this contradiction the theorem follows.

THEOREM 3.3. There is no tiling of R*® by (3, 3)-crosses, that s,
9(3,3) =0,

Proof. A (8, 8)-cross has 19 elements. Let T consist of the 20
points: [(4,7,0)|1 £¢<5,1 <7 <4}, If there were a tiling of R?
by (8, 3)-crosses, then there would be, by Theorem 1.1, such a tiling
having at least two centers in 7. Since the crosses are disjoint, we
may assume that two centers are either

I. (1,1,0) and (5, 4, 0); or

II. (1,1,0) and (5, 3, 0); or

III: (1,1,0) and (5, 2, 0).

We show that I and II connot occur. The points (2, 2, 0), (3, 2, 0),
(4, 2,0) would lie in three crosses whose centers are not on the xy-
plane. At least two of these three crosses would have their centers
on the same side of the xy-plane and hence would intersect.
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The remaining case, III, can be disposed of by considering the
crosses that would contain the points (2, 3, 0), (2, 4, 0), (3, 3, 0), (3, 4, 0),
(4,3,0), and (4, 4, 0).

THEOREM 3.4. There is no tiling of R® by (4, 3)-crosses, that is,
9(4,3) = 0.

Proof. A (4, 3)-cross has 25 elements., Let T consist of the 26
points: {(¢,7,0)|1 < 4,5 <5 and (6, 3, 0)}.

If there were a tiling by (4, 3)-crosses, there would be one that
has at least two of its centers in 7. Since at most one of the centers
can be of the form (4,7,0),1 < 4,5 <5, one of the centers would be
at (6,3,0). The other center we may then assume is at (1,1, 0) or
(1,2,0). In the first case, the points (2,2, 0), (38,2, 0), (4,2, 0) could
not be covered. In the second case, consider the four points (2, 1, 0),
3,1,0), 4,1,0), (5,1,0). At most one of these four points is covered
by a cross whose center is in the xy-plane. Thus at least three of
the four points are covered by crosses whose centers are not in the
zy-plane. At least two of these three crosses have their centers on
the same side of the wxy-plane and would therefore intersect.

The factoring G,; = ({1, +2}, {1, 8, 4}) shows that ¢(2,8) =1,
hence ¢(2,3) =1. Thus ¢gk,3) =1 for k=1 and 2; for k=3,
g(k, 3) = 0.

It is of interest to note that in any tiling of R? by (1, 8)-crosses
or by (2, 3)-crosses, the centers form a lattice. We outline a proof
for this in the case of (1, 3)-crosses. Kach (1, 8)-cross has seven
elements., Let T consist of these eight elements: {(7,7,0)]0 <7 <
2,0<7=1U{,2,0)|]7=0,1}. By Theorem 1.1 we may assume
two of the centers of the tiling are in T and, by symmetry, either
{(0, 0, 0), (1, 2,0)} or {(2,0,0), (0, 2, 0)}; the latter is not part of any
tiling, so consider the former. For the tiling to cover (0,1, 1) either
the (1, 3)-cross with center (—1,1,1) or the (1, 8)-cross with center
(0,1,2) is present. Consider the case (—1,1,1), hence the “initial
configuration” (0,0,0),(1,2,0) and (—1,1,1). Then the (1, 3)-
crosses with centers (0,1, —2), (2,1, —1), (1,1,2), (0,3,1), (0,2,3),
3,2,1), (2,8,2), (2,4,0), (1,5,1), (—1,2, =1), (0,4, —-1), (1,3, —2),
(-3,0,2), (—3,1,0), (—=2,8,0),(—2,2,2) are present in the tiling.
Thus the translations of the initial configuration by the vectors V, =
1,2,0,V,=(—1,1,1) and V,= (0,1, —2) are also present in the
tiling. We next show that the translation of the initial configuration
by —(Vi+ V. + V;) = (0, —4, 1) is also present. For, starting from
the initial configuration, we see that (0,1, —2), (2,1, —1), (1, —1, —1),
(-2,0, -1), (—2,0,-1), (-1,-2,0, (-1, -1, -2), (0,-3,-1),
0, -1,2), 1, -2,1), (0, —4,1), (-1, -2,0), (-2, —1,1), (0, —1, 2),
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(—1,0,3) and (—1, —3,2) are present. Thus the set of centers
contains the set a, V, + a,V, + @, V, where a,, a,, a, are arbitrary integers,
Since the determinant of the matrix consisting of these three vectors
is 7, the set of centers coincides with the lattice generated by the
three vectors. The point (z,y,2) is in the lattice if and only if
x + 3y — 2z = 0 (mod 7); this corresponds to the factoring G, = ({1, —1};
1,3, —2}.

We should point out that there are tilings of R® by (1, 3)-semi-
crosses which are not a lattice and that there is a tiling in which
the centers form a lattice L, such that R’/L = Z, x Z,.

4. Characters and factoring of S, — {0}. By a character on a
groupoid G we shall mean a homomorphism y: G — R from G into the
multiplicative semigroup of a ring R, If Z, is the additive group of
integers mod m, p is prime and m is a positive integer, then an onto
homomorphism h: G,— Z, we shall call a (p, m)-homomorphism; note
that m divides p — 1.

THEOREM 4.1. Let G be a finite groupoid, G = (A, B), and
x: G— R be a character from G into the ring R. Then

(3 1@)-(Z20) = 3 20) -

Proof.
a%a X(g) - a€4,bEB X(ab) - aeAZb‘JEB X(a)X(b) - ag;i X(a). IJ%BX(b) )

In particular y: S, — R, given by y(s) = s", where r is a fixed
positive integer, is a character. We have therefore (3)%, af)(3 3., b)) =
e i"(mod ab + 1), In a similar vein, note that (TT%. al)(I15-,0%) =
(n — 1)! (mod n), hence if » is prime, the product is = —1(mod n).

COROLLARY 4.2, If G is a finite quasigroup, G = (A, B), B has
an identity element but no zero diwisors, y:G— R is mot constant
with the value 1, then either >,e. (@) = 0 or 3,es () = 0.

Proof. Select ¢,€G, x(9,) # 1. Then >,eax(9) = XseaX(9:9) =
x(90) Xsea x(9); hence (1 — %(9o)) >,eq%(9) = 0. Since R has no zero-
divisors, >,eqsx(9) = 0, and either >,e, x(a) = 0 or >,z x(b) = 0.

COROLLARY 4.3. Let G = (A, B) where G is the group of residue
classes modulo an odd prime p. Then in at least one of A and B
the number of quadratic residues equals the number of nonquadratic
residues,
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Proof. Let R be the ring of integers and %:G-— R be the
Legendre symbol modulo p. We have 3 c,x(9) = 0. The corollary
follows from Theorem 4.1.

Corollary 4.2 applied to the character y: G, — R,, where y(g) = g,
yields the information that either >\, a;, = 0 or > 7, b, = 0, an asser-
tion that would also follow by considering the product > ™, a; D7, b;.
This implies that if kn + 1 is prime and » > 1, then in a eyclic tiling
of R* by (k, n)-semicrosses, the point (1,1, ..-,1) is the vertex of
one of the semicrosses.

THEOREM 4.4. If n is odd and 8n + 1 is prime, then c(4, n) = 0.

Proof. The integers 1,2,4, —1, —2, —4 are quadratic residues
mod p = 8% + 1. Thus the number of quadratic residues in {1, +2,
+3, 4} is not equal to the number of quadratic nonresidues there,
Hence the number of quadratic residues in a complement equals the
number of nonquadratic residues there; thus = is even and we have

a contradiction,
As examples, we have ¢(4, n) = 0 for n = 5,9, 11, 17.

THEOREM 4.5. If 8n + 1 = 0 (med 3) but 8n + 1 = 0 (mod 9), then
c(4,n) = 0.

Proof. Assume that S;,., = ({+1, ---, =4}, B). Define y: Ry,.; —
Ry, by y(s) =s*. Let m = 8n + 1. From our observation it follows
that

21+ 2+ 3+ A =1" 42 4 .ev + (m — 1)¥mod m) .
Thus the equation

60z = m(m — 12;(27"’ —1) (mod m)

is solvable. Thus (60, m) is a divisor of
m(m — 1)2m — 1)/6 = 8n + 1)(8n)(16% + 1)/6 .

Since 8» = —1(mod 3), we have 16n + 1 = —1(mod 3). Thus 3 is a
divisor of (8n + 1)/3, that is, 82 + 1 = 0(mod 9), a contradiction.

Theorem 4.5 implies that ¢(4, n) = 0 for n = 9t — 2 and n = 9¢ -+ 4,
in particular when » = 4, 7, 13, 16.

Let A be a set of m distinct positive integers less than the prime p.
Let G be the group of residue classes modulo p (in which we may consider
A to be imbedded). It may be that there is a subgroup BcC G, such
that A constitutes a set of representatives of all the cosets of B. Then
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we would have G, =(4,B). If B has n elements and A has m
elements, then mn = p — 1. Moreover there would be a (p, m)-homo-
morphism, h: G, — Z,, where Z, is the cyclic group on m elements,
which we most conveniently take to be {0,1, ..., m — 1} with addition
modulo m. The kernel of % is B and k| A is a one-one correspondence
between A and Z,. Conversely, if there is a (p, m)-homomorphism #%
such that 7| A is a one-one correspondence between A and Z,, then
we have G = (A4, kernel h).

As a special case let us consider A =4, =1{1,2,3, ..., m}. A
bijection

®:{132’ "'ym}*)Zm

is a weak isomorphism if whenever z,y, and 2y are in {1,2, .., m}
then @(zy) = @ (@) + @¥).

THEOREM 4.6. Let A, =1{1,2,8,---,m} and @:A,— Z, be a
weak isomorphism. If there exists a (p, m)-homomorphism, h, such

that h(p;) = @(p;) for the primes in A, then there is a direct factori-
zation, G, = (4., kernel h).

Proof. Since @(p;) = h(p;), it follows that @ (x) = h(x) for all
xeA,. By the preceding observations, we have the factorization
G, = (A,, kernel h),

THEOREM 4.7 (Kummer-Mills). Let @: A, — Z, be a weak 1iso-
morphism. If m is odd, then @ ts extendable to a (p, m)-homomor-
phism for an infinity of primes p. ILf m is even, then @ is extend-
able to a (p, m)-homomorphism if and only tf & satisfies these
conditions:

(i) If m = 2¢,t odd, and if p;|t, p;, = Ll(mod 4), then (p,) s
even; and if p;p;|t, p; = p;(mod 4), then @(p;) — @ (p,) is even.

(i) If m = 4s and p;|s, then O(p;) s even.

Moreover if there is one extension, then there are imfinitely many.

The necessity of hypotheses (i) and (ii) follows directly from the
quadratic reciprocity theorem. Kummer disposed of prime m in 1859
and Mills of composite m in 1963 [9]. Their result is more general than
Theorem 4.7.

A weak isomorphism @: A, — Z, satisfying the pertinent hypo-
thesis in Theorem 4.7 we will call an M-function. In particular if m
is of the form 2p", where p is a prime of the form 4¢ + 3, then any
weak isomorphism is an M-function. Furthermore, if m + 1 is prime
Gn+ 18 a group isomorphic to Z, and there exists an M-function
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@:A— Z,. The following is a consequence of these observations.

COROLLARY 4.8. If m + 1 is prime, then c*(m,n) =1 for an
nfinitude of n such that mn + 1 is prime.

THEOREM 5.4 shows that if 2m + 1 is prime, then ¢*(m, 4m + 4) = 1.

COROLLARY 4.9. If m is odd and there exists a weak tsomor-
phism @: A, — Z,, then c*(m,n) =1 for an infinitude of n such
that mn + 1 1s prime.

THEOREM 4.10. If h:G,— Z, is a homomorphism such that h|A,,
18 a one-to-one correspondence between A, and Z,, then there is an
M-function on A,,.

Proof. Define @(x) = h(x) for each xc A,,. Then ¢ is a weak
isomorphism from A, to Z,. Since ¢ has an extension &, it is an
M-function,

THEOREM 4.11. Let p be a prime, m a divisor of p — 1, and g
a primitive root modulo p. Let i(x) denote the index of x relative
to the base g. If (1), 4(2), --, 1(m) are incongruent modulo m, then
there is a factorization G = (4,, B) where B ts a subgroup of G.
Conversely, if B is a subgroup of G and G = (A,, B), then (1), +(2),
«oo,i(m) are incongruent modulo m.

Proof. Observe that « is an mth power in G if and only if
m |i(x). If B consists of the mth powers, then xB = yB if and only
if 7(x) = 7(y)(mod m). Hence if i(1), ---, 7(m) are incongruent modulo
m,G = (4., B).

Conversely, if B is a subgroup of G such that G = (4,,, B), then,
since there is at most one subgroup of G of each order, B is the
group of mth powers. Hence (1), -+, i(m) are incongruent modulo
m.

For instance, consider ¢*(6,n). Define @:{1,2,3,4,5,6}—1{0,1,
2,3,4,5) by (1) =0,22) =1, @B8) =3 and @) =5. Clearly &
satisfies the hypothesis of Theorem 4.7 and we conclude that ¢*(6, n) =
1 for an infinite set of n. Moreover, if » is even, h: Gy — Z,, a
homomorphism of the type described in Theorem 4.7, can be used to
show that ¢(6,#/2) = 1. For if n is even, —1 is a quadratic residue
modulo 6n + 1. Since (—1)®) = —1, we deduce that —1 is a sixth
power modulo 6n + 1, hence —1¢e kernel . Thus the kernel of &
has a factorization ({1, —1}, B) and we conclude that ¢(6, n/2) = 1.

Inspection of a table of indices shows that the primes p less than
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2000 for which a homomorphism G,— Z; exists that is one-one on
{1,2,3,4,5,6} are: 7,13, 103, 487, 547, 832, 967, 1063, 1663. Only in
the case p = 13 is » = (p — 1)/6 even. Computations by E. Lehmer
show that the next prime for which » is even is 7477. Thus
¢(6, 623) = 1.

Theorem 4.7 shows that ¢*(7,n) = 1 for an infinity of n. In
particular ¢*(7, 94)=1 and, as above, ¢(7,47)=1. Similarly, ¢*(3, 46)=
1=¢(3, 23).

Under certain circumstances, if S,,., — {0} = ({1, 2, ---, k}, B) and
kn + 1 is prime, and 1€ B, then B must be a group. The next
theorem is thus related to Theorem 4.6. Moreover, as Theorem 3 of
Sands [12] implies, if ¢*(k,n) =1, (k,n) = 1,k is a power of a prime,
and kn + 1 is prime, then there is a charactor y:G,,.,— Z, that is
one-one on [1,2, ... k|,

THEOREM 4.11. If n and wk + 1 are prime and G, = ({1, 2, - -+,
k}, B), then B is a group.

Proof. It was proved by Sands [11] that if G is a cyclic group,
G = (4, B) and the order of B is prime, then either A or B is periodic,
that is, there is an element g e G, g = 1, such that g4 = A or gB = B.
Therefore, if G,,. = ({1,2, ---, k}, B) and the order of B is prime,
then either {1, 2, ..., k} or B is periodic. If ¢{1,2,.--,k}={1,2,--- K},
we have g =¢-1€{1,2, ---, &k}, from which it is easy to see that
g{l,2, --- K}z {1,2, ---,k}. Thus B is periodic, gB = B for some
9€ Gy, g # 1. Since 1e B, B contains the group H generated by g
and is the union of cosets of H. Thus the order of H, being a divisor
of the prime n, equals %, and therefore H = B. This ends the proof.

5. Miscellanecus results on ¢k, #) and ¢*(k, n). In this section
we examine ¢(k, n) and c¢*(k, n) for small £ and also special values of
k and . This table, based partly on theory and partly on computa-
tions, deseribes the behavior of c(k, n) for 2< k <5 and 2 < n < 20.

5]00000000 0 0 1L 0 0 0 0 0 0 O0 O
4100000000 0 01 0 0 0O0O0O0O0OO0
3100001010 6 6 0 0 0 0 0 06 O O0O
2011011011 0 ¢ 1 011 00O0O0O0

234567891011 12 13 14 15 16 17 18 19 20
Moreover c¢(k,5) = 0 for all £ > 1,

THEOREM 5.1. If the order of 2 modulo 4n + 1 s odd, then
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¢2,n) =0. If d4n + 1 s prime and the order of 2 moedulo 4n + 1
18 odd or twice an odd number, then c¢(2,n) = 0.

Proof. Assume that the order of 2 modulo 4n + 1 is ¢, an odd
number and that S,,.; = ({+1, =2}, B). We may assume that 1le B,
hence —1, +2¢ B. Since 2 = ab for some aec{+1, +2},be B, and
since b = —1, 2, we may assume 2*c B. Proceeding in this fashion
inductively, we obtain 2,2 2° ..., ¢ B, hence 2:¢ B, But 2! = 1¢ B,

Assume next that 4n + 1 is prime and that the order of 2 modulo
4n + 1 is 2s, where s is odd. Consider the subgroup G of S,.,
generated by 2. Since 2°= —1l(modd4n + 1){1,2, -1, -2} cG. If
Siwe = ({£1, £2}, B), then G = ({#1, &2}, BN G). Therefore the
order of G, 2s, is divisible by 4, contradicting the assumption that s
is odd.

Incidentally, for n» = 11, the order of 2 modulo 4n + 1 = 45 is
twice an even number namely 12, and ¢(2,11) = 0. If the modulus
is prime, however, we have the following companion of Theorem 5.1,

THEOREM 5.2. If 4n-+1 is prime and the order of 2 modulo 4n+1
1s twice an even number, then c(2,n) = 1.

Proof. Let the order of 2 be 4s. Then {2°, 2!, ..., 2% is a
subgroup of the group G.,.,, hence a factor of G,,,,. Now, 2% = —1,
so {1, +2} = {2°, 2%, 2! 2+, We therefore have the factorization

{20, 2 .ee, 243—1} — {il, iz}{ZO’ 22 ..., 2B

This concludes the proof.

COROLLARY 5.3. If 4n + 1 is prime, then ¢(2, n) = 1 if and only
if the order of 2 module 4n + 1 is twice an even number.

According to Bang’s theorem, for any m > 1 there is a prime p
such that 2" = 1(mod p) but 2 = 1(mod p), 1 < ¢ < m. Thus for any
integer m = 2 there is a prime p such that the order of 2 modulo »
is m. Combining this with Corollary 5.3, we see that there are an
infinite number of » such that ¢(2,n) = 0 and 4n + 1 is prime, and
an infinite number of n such that ¢(2,n) = 1 and 4n + 1 is prime.

THEOREM 5.4. If p is an odd prime, then c¢(p — 1)/2,p + 1) = 1.

Proof. Let 2k +1=p, an odd prime., Let BcS,: — {0} be
the set

{ptUfpr+1:2=0,1,.---, kE}U{py —1:y =1,2, -+, k}
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and let A = {+£1, £2, ..., £k}. We assert that S,. — {0} = (4, B).
To verify this assertion note that A has 2k elements, B has
2k + 2 elements, and that 2k)2k + 2) = @k + 1>~ 1= p*— 1. Thus
to show that S,.—{0}=(A4, B), it suffices to show that ab=a’b'(mod p?),
a,a’ ¢ A, b, b e B, implies that @« = @’ and b = ¥ (mod p*). Verification
of this is straightforward.
In particular

¢(2, 6) = ¢(3, 8) = ¢(b, 12) = ¢(6,14) = ¢(8,18) = ¢(9,20) =1,

Incidentally an alternative description of B in the preceding proof is
B={plU{p—-1:1=0,1,.--,p— 1}

THEOREM 5.5. If m = 2kn + 1 has a divisor d such that (d, k!)=1
and d > n, then c(k,n) = 0.

Proof. Assume that S,,—{0}=(4,B), where A={+1,4-2,... +k},
and consider the representation of d, d = ab(mod m). Since (d, a) = 1,
we have d|b, hence b = ¢d for some integer c.

From the assumption that d > n it follows that m/d = (2kn + 1)/d <
2k. Thus there are elements ¢,7e€A such that 7 4+ 5 = m/d. We
then have

ib + jb = —Zi-b = me = 0(mod m)

hence
b = —7b(mod m)

and (4, B) is not a factoring of S, — {0}.

On the basis of Theorem 5.5 we conclude that ¢(3,14) = 0 since
m =5 % 17, and 17 > 14; ¢(3,19) = 0 since m =5 x 23 and 23 > 19;
c(4,13) = 0 since m = 3 x 35 and 35 > 13; ¢(4, 18) = 0 since m = 5 x 29
and 29 > 18, Similarly ¢(5, n) = 0 for n = 14, 16, 17.

COROLLARY 5.6. If n = 8t + 2, then ¢(2,n) = 0.

THEOREM 5.7. If ¢(k,n) =1 and d is a divisor of m = 2kn + 1
such that (d, k) = 1, then c(k, @nk + 1 — d)/2kd) = 1.

Proof. Let ¢ = m/d and consider C = {d, 2d, ---, (¢ — 1)d} C S,.
Assume that S,, — {0} = (4, B), where A = {1, ..., +k}. For each
7,1 <7 < q— 1 there is a representation ab = jd(mod m), a € A, b e B,
Since (#,d) =1 we have d|b,b = dt for some integer t, and thus
at = j(mod q). Let B’ = {t|dte B}. Then (4, B) = S,_, — {0}.
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Thus ¢(2, 20) = 0 since ¢(2,8) = 0.

COROLLARY 5.8. If m =2kn +1 has a divisor d such that
d, k) =1 and 2k does not divide (m/d) — 1, then c(k, n) = 0.

Thus ¢(2,19) = 1 since 4 does not divide (77/11) — 1,

COROLLARY 5.9. If ¢*(k,n) =1 and kn + 1 has a divisor d such
that (d, k!) =1, then c¢*(k, (nk + 1 — d)/kd) = 1.

COROLLARY 5.10. If ¢(2,n) =1, then every prime divisor of
dn + 1 is of the form 4t + 1.

Proof. Let p be a prime divisor of 4n + 1. Apply Corollary 5.8
to d = dn + 1)/p.

From Corollary 5.10 we conclude that the asymptotic density of
{n|e@,n) =1} is 0. Corollary 5.8 shows that ¢(2,91) = 0. For in
this case 5 is a divisor of 4n + 1 = 365 to which we may apply
Corollary 5.8 and conclude that if ¢(2,91) = 1 then ¢(2,18) = 1. But
¢(2,18) = 0.

COROLLARY 5.11. If ¢(3,n) = 1 and d is a divisor of m = 6n + 1,
then ¢(3, (6n + 1 — d)/6d) = 1 and 6 is a divisor of (m/d) — 1. Ewvery
prime divisor of 6m + 1 is of the form 6t + 1, (hence every divisor
18 of this form).

Corollary 5.11 implies that ¢(3,n) =0 for n = 4,9, and 14 and
that {n|¢(8, ») = 1} has density 0.

THEOREM 5.12. If S, —{0}=(4, B) and A’ ={a|ac A, (a, m) =1}
and B'=1{b|beB, (b,m) =1} then G, = (A', B"), where G, s the
group of residue classes relatively prime to m.

The proof is immediate.

COROLLARY 5.13. If S, — {0} = (A, B), then the number of ele-
ments in A relatively prime to m is a divisor of ¢p(m).

If m is composite, Corollary 5.13 may be informative. For instance,
it implies that ¢(5,#) = 0 when n = 8, 9, 14, 16, 17, 20. It also implies
that ¢4, n) = 0 for n = 3, 4, 6, 15, 19, 20 and ¢(3,n) = 0 for n =4, 9,
14, 19, 20.

Though the geometric Theorem 3.2 implies Theorem 5.16, it is of
interest to give an algebraic proof for it. The proof rests on Corollary
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5.15.

LEmMA 5.14. Let a,e, f and m be positive imtegers such that
ef >m. Then there exists an 1,1 <1 =<e—1, such that ai = 0(mod m)
orapairi,j,l1<i1=<e—1,1=<7, < f— 1suchthat ai = *=j(mod m).

Proof. Consider the ef numbers ai+7,1<1<e, 1 <5< f. Since
ef > m, there exist distinct pairs (i, 7,) and (%,, 7,) such that

at, + 7, = ai, + j(mod m) ,
hence
a(ty; — 1) = J, — J(mod m) .
If 4, = 4, we have
a |t — | = 0(mod m)
and 1 <[4, —1,| e — 1. If j, 7, we have
alt, — %] = & |j, — J; | (mod m)

and 1 < |4, — %), (/. — 5l =e— L

COROLLARY 5.15. (Thue) Let a,e, and m be positive integers
such that ¢ > m and (a, m) = 1. Then there is a pair t,7,1 < 1,
j <e—1 such that at = +j(mod m).

THEOREM 5.16. If k > 2n — 2 and n = 2, then c(k, n) = 0.

Proof. By Corollary 5.15 we see that if (¢, m) = 1 and ¢ > 1/'m,
then the equation ay = +a(mod m) has at least one solution such that
l1<rx<e—1land 1 <y=<e—1. Let us apply this to the case ¢ =
E+1,m = 2kn + 1. The inequality ¢ > V/m is equivalent to &t + 1 >
V' 2kn + 1, hence to the inequality %* + 2k 4+ 1 > 2kn + 1, which is
valid for &k > 2n — 2. Thus ay = (x1)x, proving the theorem,

THEOREM 5.17. If k =2n — 2,n = 3, and kn + 1 is prime, then
c*(k,n) = 0.

Proof. Assume that G,,.., = (1,2, .---,k}, {1, b, --+,0,.,}). Since
n(k + 1) > nk + 1, we conclude from Lemma 5.14 that for each b,
there are 4,17, <n—1 and j,,1=<j,<k such that b, =
+7, (mod kn + 1), If ¢,b, = j, (mod kn + 1), we would already have
the contradiction 7,b, = j!-(mod kn + 1). Hence ¢,b, = —J, (mod kn + 1).

In a similar manner we deduce that 1,4, -+, %,_, are distinct. For
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if 4, = 1,, we would have

by = —7,7, (mod kn + 1)
and

Jstb, = —3,9, (mod kn + 1) ;

hence
.10, = 7,1,b, (mod kn + 1) .

Cancelling 7,(=1,) yields j,b, = 7,b, (mod kn + 1).

We may therefore assume that b, = —j,/s,s=1,2, -, m — 1,
Since n = 3, there is an element &,. We examine only b, and b, to
obtain a contradiction.

If j,=mn, we would have kj, = kn. Thus there would exist
y and 2,1 <y,z2 <k such that yj, = —z(mod kn + 1); in fact, let
y = max {u|uj, < kn + 1}. Hence yb, = z (mod kn + 1), a contradiction.
Thus we may assume 5, < n — 1.

Now (25.)(—(7:/2)) = 7.(—3.). If 2§, < k, we would have a contra-
diction. Thus j, > k/2. We conclude that » — 1 = j, > k/2, hence
k<2n—1) =2n — 2. This establishes the theorem.
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