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In this paper, a class of singular integral transforms of
the Calderon-Zygmund type is constructed for the spaces
L&, ); ¥, is the p-adic or p-series field, 2 is additive Haar
measure, + > 1. The transforms have the form

Lfty) = tim | [l ey — i)

{m(x)<p—k)

where m is the modular function for the field and
g w(x)d(x) =0,
{m(z)=1}

The fundamental result is the existence of the 2,limit and
the M. Riesz inequality || Lf |- < A, || f||-. Several examples
of functions w defining transforms L are given. In particuiar,
subsets @ of ¥, such that ? N — @ = ¢ and 0 U — @ = ¥ ,\{0}
together with functions w satisfying w(—x)= —w(x) yield
transforms which are analogues of the classical Hilbert trans-
form. Multipliers for [, are also discussed. A preliminary
theorem of independent interest states that the 2Z,-Fourier
transform on certain O-dimensional locally compact Abelian
groups converges pointwise.

The construction of singular integrals is in §3; the main result
is (3.13). Section 2 contains preliminary results and § 4 gives examples
and calculations. Section 3 begins with a notational review for the
fields #,. Other notation is, generally, as in [5]. We also refer to
[5] for the required background material from abstract harmonie
analysis. For a locally compact Hausdorff space Y, €(Y) is the com-
plex-valued continuous functions on Y; €(Y) and €,(Y) denote, respec-
tively, continuous functions which are “small” outside of compact sets
and continuous functions with compact support. The symbol Z denotes
the integers, Z* the positive integers, and R the real numbers. The
characteristic function of a set A is denoted by &,; its complement by
A’. The Fourier transform of a function f on a locally compact Abelian
group G is denoted by f,]v” denotes the inverse Fourier transform,
defined on the character group X of G. For a given Haar measure
on G, we always assume that Haar measure on X is chosen so that

(F) =1, if Fe(X).

2. Three preliminary theorems. In this section, we single out
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three results ((2.1), (2.2), and (2.8)) which will be used frequently in
the constructions of § 3. The results are of some interest in themselves.

Let F be a nondiscrete locally compact field with additive Haar
measure A and modular function m; hence,

|, flaa)ine) = [m@] ™ | f@dr)

for fe &(F, ) and a € F\{0}, The measure ¢ = M/m is a multiplicative
Haar measure for F\{0}. For ¢ > 0,let V, = {xe F: m(x) < t}. The
family {V,}.s, is a neighborhood base at 0 for the topology of F’; see
[1], pp. 32-34. The equalities below are easily verified:

1

xvm(y) = Vm(”) and /m,(x) = \(V)

k’( Vm(:c)) .

(2.1) THEOREM. The function m™ &y, is in &,(F,\) 1f and only
if v > 1L, m7E is an B(F,\) iof and only if r <1,

Proof. Since pu(F) = oo (F' is not compact), at least one of m~'&;,
and m”1§Vi is not in £,(\). By the inversion invariance of g, both
are not in {,(A). The “only if” statements follow from the inequali-
ties m(z) < 1 and m(x) > 1 for x¢ V, and x ¢ V!, respectively.

Since -V, = U {V,w: m(x) < t}, we have

MVy) = sup (M Vi) m(x) < t} = MV)) sup {m(x); m(x) < t}:

thus, MV, £ M(V))t. Using this inequality and supposing » > 1, we
have

o

S L]T dMx) = 7r SFfv{(x) S

, L e OdtdN)
vi Lm(w)

1 t7+1

=r || @ @anmdt

F tr-‘rl

-1 =1
<7 Sl SMV)dE = (V) Slydt < oo

(Fubini’s theorem applies because (x, t) — &,(#) is product-measurable.)
The result for 0 < » < 1 follows from that for » > 1 by inversion
invariance; if r < 0, then m— is bounded on the compact set V,.
We will use the following theorem of Edwards and Hewitt |3]
on differentiation of indefinite integrals.

(2.2) THEOREM. Let G be a locally compact group with left
Haar measure n. Suppose that there is a sequence (U,)y, of Borel
subsets of G satisfying the following conditions:
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(i) Every meighborhood of e contains some U,,and U,,,C U,
for n=1,2,+..,
(ii) There is a constant C such that

0< MU UHY< ONMU),n=1,2, -,
Then the equality

. 1
1
(iii) lim O

[ fdr = f@)
) xUy
holds l.a.e. for each fe,,. (@) and a.e. for each fe& (G).

For the proof of (2.2), see [3]; we will apply it to certain 0-dimen-
sional, locally compact, Abelian groups. If such a group is first coun-
table, the conditions (2.2.1) and (2.2. ii) are met; in fact, the U,’s can
be taken as subgroups.

If fis a function in 8,(R), then the functions f, = f&_,,. converge
p01ntW1se and in the &, norm to f. Thus the £, Fourier transforms
7. converge in the £, norm to 7. It is an open question whether f,
always converges pointwise a.e. [For a discussion see [9], p. 85. The
analogous question for the circle group has recently been answered
affirmatively by L. Carleson.] The following theorem asserts that
for certain locally compact groups [not R!] the analogous question has
an affirmative answer. We recall that every neighborhood of the unit
¢ in a 0O-dimensional, locally compact group contains a compact open
subgroup; ([5] Th. (7.7), p. 62). For a subset @ of the character group
X of a locally compact group G, A(G, @) denotes the annihilator of @
in G. Throughout this paper, convolution (x) is taken with respect
to Haar measure.

(2.3) THEOREM. Let G be a locally compact Abelian group with
first countable and 0-dimensional character group X, and let{®,}:_, be
a basis at ec X comsisting of compact open subgroups such that
@,.,C@,. Suppose M and p are normalized Haar measures for G
and X, respectively. If fe& ) and f, = f&,40,, then

o =lmf  ae.

Proof. The subgroups A(G, @,) of G are compact as the groups
@, are both compact and open (see [5], p. 369); we have

Euioop ) = | Eao (@T@AN) .

If yed,, then y(z) =1 for all xe A(G, @,); and so the value of the
above integral is MA(G, @,)). If y¢ @,, then ¥ | ya.0. 1S & non trivial
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character of the compact group A(G, @,). A Haar measure on this
group is simply \ restricted to it, and so in this case the integral is
zero ([5], (23.19), p. 363). Thus we have proved that

(1) é\A(Gy@n)(X) = MA(G, (])n))fwn(X) .

Using the identity (p*4)” = @7~ (valid for ¢ € &,(X, ¢) and + € 8,(X, 1))
and the inversion formulas, it is easy to see that (¢f)" = §+f whenever
g € 8,(G) is such that § € 8,(X). Taking g = £,4,0,) and using (1), we obtain

fn = (5A(G,¢n)f)A = EA(G,%>*fA = MA(G, @n))fwn*f .

By Plancherel’s theorem, we have ||&ig0,|l2= [Euao,|l% thus,
MA(G, 0,)) = [MAG, 2. )1PM@,). Hence we have MA(G, @,)) = 1/1(2,),
and it follows that

1
1@,)

Pl = 2| 7.

The sets {2,}7, satisfy (2.2.1) and (2.2. ii) for X, and the function f is
in €, ,..(X) as it is in 2,(X). Thus, by (2.2), we have lim,_.7.(x) = £
for almost all yey.

We will apply (2.3) when G = (¥, +).

3. Hilbert transforms for £, (p-adic field) and /', (p-series
field). As a set, ¥, (2, or I',) is all doubly infinite sequences
x = (x,)p .. of integers such that 0 < x, < p — 1 for each » and such
that #, = 0 for almost all negative n. (The flelds 2, and 7, differ in
the definition of multiplication and addition; see [5], § 10 and [7], § 26.)
The mapping

(3.1) € — X, (%) = exp (io(xy))
where
3.2) ox) = 277:.02 wjpf—l on 2, and o(x) = 2rxp~' on [,

j=—o00

is a topological isomorphism of ¥, onto its character group. (The
character group of 2, is computed in [5], pp. 400-402, but the func-
tion ¢ is not used there. Minor modifications show the role of ¢ as
described above. With modifications in that computation, the result
for I", can also be obtained. The result is also in [4] and in [6].)
We will usually identify the character group of ¥, with ¥,; thus, %,
will be written as y. For a nonzero xze¥,, s(x) denotes the unique
integer such that z,, # 0 and %, = 0 if # < s(x). We use the nota-
tions

(3'3) Ak = {x: S(x) 2 k}; Ak = {x: S(m) = k}; WUy = (akn)z——‘—w ’
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ke Z. The family {4,}7-_.. of compact open subgroups of ¥, forms a
neighborhood base at 0. The multiplicative identity of ¥, is u = u,.
We also record the following identities:

(3.4) m(x) = p~°@ and V,.) = 4y
A7t = A 24y = dyrgars ®dy = Apiginy; 8@ = —5(2);
(3.5)
s(xy) = s(x) + s(y) .
(3'6) A(g]‘py Ak) = A—~lc+1 .

(We note that the function m is a valuation for ¥, and that s is a
logrithmie valuation. We will not use any valuation theory in this
paper.)

Normalization of Haar measure » on ¥, so that the companion
Haar measure on the character group (= ¥,) is the same requires
(by the proof of (2.3) and (3.6)) that AA,) = [M4)]™. Since MA,)
= p\(4,), we must have M\(4) = p~2. It is then immediate that
Md,) = p~t¥® for all integers n. With these notational preliminaries,
we can give the definition of singular integrals.

First, w will denote a bounded )\-measurable function on 4,
satisfying

(3.7) S w(@)d\a) = 0

40
w is extended to all of ¥, by letting w(x)(x* = au_,,y € 4,) if = = 0,
and w(0) = 1. The kernels +» which define the transforms are defined

by

(3.8) Vi) = 2D
m(x)

we let +, = Yy, ke Z. (The function m on ¥, is a precise analogue
of the function . — |2 | on RB. The real number analogue of 4, is the
two-element set {— 1, 1}; and, the condition (8.7) for w is like demand-
ing that w(l) + w(— 1) = 0, if w were a function on {— 1,1}. Such
a function defines the classical Hilbert transform.)

If » > 1, the convolution fx, is in €, for all fe&,; and, if
fe&, it is defined a.e. and is in &, forall » > 1. (y,€&,r > 1, by
(2.1).) In either case, we let

(3.9) Lif = freir = apaxf .

We will show that, under an additional restriction on w, the linear
operators L, carry 2,.¥,) boundedly into £.(¥%,) for every » > 1; and,
furthermore, that the sequence of operators (L,);., converges to a
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bounded operator L from £, into £,. The properties of the 8, Fourier
transform (Plancherel’s theorem; inversion) make the ¥, case easy, and
we begin with it.

(3.10) THEOREM. Suppose that w(x) = w(®y, &y *++, &,); 1.6., that
w(x) depends only on a finite number of the coordinates of x. Then
for every feQy(¥,), the functions L, f, k =1,2, -+, are in L(¥,) and
converge in the &, norm to a function Lf. The mapping L so defined
18 & bounded linear operator from 2, (¥,) to By(¥,). The linear oper-
ators L, are uniformly bounded: there is a constant A,, independent
of f, such that

(1) Li.fll: = Al f I,
for £ =1,2,.... We also have
(ii) WLl < A fls .

Proof. Letting «,, = ¥,&,, for n= —1,-2,-38,.-. and k =
1,2,8,---, we have lim,,_ .., = 7, both pointwise and in the &,
norm. The functions +,,, are in ¥,(\), so that

Palt) = | w(@lm@)] exp (— io(@y)dr@) .

By the invariance of the multiplicative Haar integral, we can write
this, for y = 0, as

where S = 4,0 N Auisyy @nd the missing integrands are as in the
previous expression. (When we use multiplicative invariance in this
way, we make strong use of field properties of ¥,. We have used
(3.5) in obtaining the set S.) Theorem (2.3) applied to the functions
e, (take @, = 4,., and use (3.6)) gives the equality lim,__.,.(¥) =

Pi(y) a.e.; thus, J,(y) = S0~ IL a.e. The equality

j

quj(y“loc)[m(oc)]~1 exp (—io(@))dM®) = L w(y* ) exp (—io(vu;))dMx)

and (3.7) show that g =0 for § > 0. For any y = 0, there are k’s
such that & + s(y) — 1> 0; hence,

(1) o) =lm§u@) = 5 | w@olmE] exp (—io@)dn)

j=—c0

exisis a.e. A calculation like that given above shows that +,,,(0) = 0
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for all n and #%.

We will show that the convergence of 4., to +, and of +, to @
are actually everywhere and that the sequences (v7,) and (¢, — ¥rs,.)
are uniformly bounded. The hypothesis on w implies that the range of
w is finite; say w(+y,) = {a, a,, -+, ay}, with o’s distinet. Each y = 0
defines a partition I1(y) = {m,(y)}iL, of 4,, where

mh(y) = {we 4 wy*'x) = a,) .

Since II(y) is determined by the first ¢ + 1 coordinates of y, there are
at most (p — 1)p? distinet partitions; call them {/I;}. For a given y = 0,
we have

(2) Fioon(y) =

min(0sk- $(y)—1) [
—~

}}i a, S exp (— io(ujx))d:v] .
Th(Y)

J=n+8(y) h=1

Each of the sets {y = 0; II(y) = II;} has infinite measure. Therefore
each of these sets contains a point y for which +,,.(y) converges in
n for all k > 0. If I1(z) = II(y), then ,(z) = lim,_,_wv,,,(2) must also
exist; it differs from +,(y) by the sum of a finite series. Thus, ,.(%)
converges to +,(y) for all y. It follows also that +,(y) converges
to o(y) for all y. Letting n— — o in (2), we see that | ,(y)| has a
bound depending only on /I(y). Therefore, since there are only finitely
many 1(y)’s, (| v+(¥) |)i= is uniformly bounded, say by M. The bound

]mln(O’n+s(ZI)—1) H
< O

(3) 19y — Vi) | = |

j=—oo h=1

a, S exp (—to(u;x))de | <M
Tp(Y)

also holds.

Let fe&,(\). By the bound (3) and the dominated convergence
theorem, the sequence (J,.f);=. converges in &, to +,f. Hence
P f(= (F4,nf)”) converges in €, to ($:.F)". But 4%/ also converges
uniformly to «r.xf; hence, (4, 7= J*xf a.e. In particular, we have
proved that L,fe, for all ke Z*. Applying dominated convergence
and taking inverse Fourier transforms again, we see that

k-0
exists in €, and that (Lf)"= ¢f. We have

ILf |l = |9 ] lls = sup @) 1171l -

Taking A4, = Sup,ev, | p(®) |, we get (i) and (ii). The linearity of € is
an immediate consequence of the linearity of each L.
To prove the analogue of (3.10) for » = 2, we require some pre-

1 The equality (Lf‘):go}‘ means that ¢ is an Srmultiplier for 2. We will see
later (3.14) that it is also an &, -multiplier if 1 <r < 2.
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liminaries on equimeasurable functions and a 0-dimensional covering
lemma.

(3.11) PRELIMINARIES ON EQUIMEASURABILITY. For an extended
real-valued p-measurable function f on a measure space (X, /7, p),
we let f* denote a decreasing function on ]0, o[ that is equimeasurable
with f. Such a function has the properties

(i) | e = \rrans | g = [,

for B p-measurable and M\ Lebesgue measure. For fe L.(X)(r = 1),
we define, as in [3],

(ii) B(s) = % SZf“(t)dt, §>0.

The function B, is continuous, is constant on ]0, s for some s, = 0,
and is strictly decreasing on [s,, co[. Let y, = lim,+., B(s), and define

B7 on |0, ==| as the inverse of 5, on g, v|, as 0 on ly,, |, and s, at
%,. We have

(iii) B (Bs(s)) = s for all s > 0 and BA(67(y)) < for all y < y,;
(iv) lim B,(s) = lim 87(y) = 0 and lim 8’(y) = oo .

Y40
The properties of 57 and B, of course depend only on the proper-
ties of f*;i.e., that it is a decreasing function in £;(]0, «[), and not
on f. For X = ]0, |, the facts are contained in [3].
The following lemma is a 0-dimensional analogue of Lemma 1 of
[31, p. 91,

(3.12) CoVERING LEMMA. Let G be a locally compact Abelian
group having a metghborhood basis of the tdentity of the form
{H)o _.., where the H,’s are compact open subgroups of G satisfying
H,.cH,andUr_.H,=G. Let k,=[H,_,; H,]. For feQ(\(r=1,x
Haar wmeasure) and t >0, there are a subset P, of Z* X Z and a
mapping (M, n) — %,,, of P, into G such that {x,,.H,: (m,n)ec P}
1s pairwise disjoint and the following inequalities hold:

. 1
(i) 'S Sxm SO = th ((m, w) € P)
(ii) >\’(-Dt) é Bf(t) < OO) ?’Uhe,re Dt - U xmmHn
(iii) Sy st a.e.in D]

(iv) (D) gSD Fdn .
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If k, < C(C constant, nec Z), then
(v) tMD) =\ fir = CMD) .
Dy

Proof. By (3.11.1v), we have B,(s) <t for all sufficiently large
s. If there are n’s such that B/\(H,)) =t, let N be the largest
integer such that 8,(MHy)) < t. If 8,(MH,) <t for all n,let N = 0.
A countable number of disjoint cosets of H, cover G, say Un—1Vm,v Hx.
For each of these cosets, we have

1 1
MHy) Svm,NHNfdk = M Hy)

SZ”’N’f*«u)du = B(Hy) < t.

Write H, = U 2,y Hy.,, where the cosets in the union are disjoint.
For each v,,y, we have

kEx+1
VponHy = U Vo, w?sx 1y,
j=1

and the family {v,.,,v2;,v+1Hy.1} is pairwise disjoint. Relabel those sets in
{Vn,v2i,x11Hy+1} for which the average of f over the set is less than ¢ as

(Vo w1 H v eatmest

1

Jan < t.
MH y11) S”m’]\'—i—1”1\’+1

There are finitely many remaining cosets v, %;,y+1Hy:1 (use Holder’s
inequality to prove this, if » > 1), and these we label as

N1
E NI & R el

If ey., =0, then the family {x, . Hy .20 is void., If ey, >0,
suppose that «,, y Hy. Cv,vHy. We have

fd7\' = S,U fd>h < X(HN)t = k[\”rl)\’(HA”rl)t y

Sxmyf\"+1H1\'+1 I,8NHN

so that

t= MHy | N < byt
T, N+1H N1
We inductively define nonnegative integers ¢, and sets {v,,.}n_. and
{mntmey (n = N + 1, N 4+ 2, +++) such that the families {z,, . H,}:m, and
{V,n H, }ooy are disjoint for each n», each of these families is pairwise
disjoint for each %, and the following relations hold:

2

( 1 ) ijm,an = < vam-l—lHn—(-l) U < U l xm,n+1Hn+l>5 77/:N,N+1,' *ey

m=1
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(2) N(Ilifn)gvm,wfdx<t form =1,2, -+-andn =N, N + 1, ..-;
1
< C == s 00

and n =N-+1, N+ 2, ...,

(If e, = 0, (3) holds vacuously.) The inductive step differs only in
notation from the construction above giving the sets {,,y+.} and
{Vm, 1 satisfying (1)—@3) for n = N + 1.

Denote by P, the subset of Z+ x Z defined by the condition that
(m, n) e P, if an element x,,, appears in the above construction. Note
that it is possible that P, = @,i.e., ey = €y, = ++- = 0. If this is
the case, let D, = ©; otherwise, let D, = Ur2,,.H,. We have seen
that {«,.,.H,}.", is pairwise disjoint for every =, and it is also clear
that (x,.., »H,) N (@, H,) = @ if » % n. Thus the family

(@, H 2 (0, n) € Py}

is pairwise disjoint.
The function f is in 8,(G), and therefore also in ¥,,,,. Clearly
G is o-compact, so that “l.a.e.” and “a.e.” coincide. Hence, by (2.2)

we have lim%mx(Hn)“lg fdx = f(x) for almost all . If e D], then

xHy
for every w < N x is in some w,,,,H,; thus, zH, =v,,.H,. By (2),

the inequality x(Hn)"IS fdn < ¢ holds for m=N,N+1,-.+; and
i,
(iii) is established.

If P,=D,= ¢, the remaining assertions of the lemma are trivial.
For P, = @ and F' a finite subset of P,, we have

x

¢ < [h(LFme,anﬂ'l S fin < x(u.)ﬂ g:@.) FE(t)dt

%"xm niln &
= BSMe, 1)

Taking the inverse A7 in this inequality (see (8.11.iii)) gives
oMz, H ) = 87() for all finite subsets ¥ of P;; (ii) follows.
The inequalities in (i), (iv), and (v) follow from those in (3).

We now prove the main theorem of the paper.

(3.13) THEOREM. Let w be as in (3.10); i.e.,S wdhn = 0, and w(x)
4

depends on only finitely many of the cooaﬂdinateso of x. Suppose that
r>1. For every fel.(¥,), the functions L,f (ke Z*) are in L. (F,).
The linear operators L, from L. (¥F),) to B(¥,) are uniformly bounded:
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there is a constant A,., independent of f and of k, such that

for k=12, ..., For every fe.(¥,), the sequence (L, [f)z.. converges
wn the &, norm to a function Lf. The inequality
(i1) WLE = A fl,

holds for all feQ,7,).

Proof. The function w is bounded and m™¢, (ke Z) is in all &,
spaces (s > 1). It follows that L,fe@, if fe&,r >1; and that
L,fef, for all s > 1, if fe&,.

We give the proof in three steps. In some portions of the proof
we will include the case » = 1.

Step 1. Suppose for now that 1< r <2, and let ke Z* and
fel) be fixed. For ¢t >0, define @, = {xec¥,: | L, f(x)| > t}.

The heart of the proof lies in estimating the measure of @,,
Following Calderén and Zygmund [3], we will prove that there are
constants ¢, and ¢,, independent of k£ and ¢, such that

(1) Me) =S| (L + efe)
where
_ (f@) if f@) <t
7wy = {t if f@) >t

The subgroups 4, (rne Z) of ¥, satisfy the conditions of the H,’s in
(3.12), Since &k, =[4,,:4,] =p for all neZ, we may take C =»p
in (3.12. v).

Let

M)

1 S fan if wew,,, + 4, D,
h(x) — T, 4
Lf(x) if e Dy,

and set g(x) = f(x) — h(x); thus, f(x) = h(z) + g(zx) for all xc ¥, and
g(x) = 0 for xe D]. Define

t t
0., = qx: = 2 = o2 Y
o= {1 Lh@) | > L} and 0, = {o:] Lug(o) | >L)

We obtain (1) by estimating \(®,.) and M@, .). The function &
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is bounded on D, by tp (3.12.i) and on D] by ¢(8.12.iii). Since the
set D, has finite measure and & = f on D;, it follows that # is in ;.
Hence ¢ is in &,. Furthermore, we have

S h*dn < sup | k() | Z‘TS hrdx .
¥p =€¥p Yp
Thus & €8, and the inequalities

MO, )t_zgg | Loh d < g | Lk Pfdn < A;g N
4 0,1 v, v

?

yield the estimate )\ (®@,,) < 4A§t‘25 h*dx. Finally, we have

Yp

S%hzdx = SDth%lx + g frn < pn(D,) +SW (F1)dn .

i

t »
Thus we get our estimate for \(®,,):

(2) MO = S| (1F1dn + BuD)

¥p

where ¢, and b are constants independent of %, ¢, and f.
To estimate \(®,,), we write

(3) M) = MDy) + M@, N D),
and consider M@,,, N D;). For each x e ¥,, the functions

Y — 9P — y)g(xm,n+4n>(y)

converge dominately to the £.-function y — g(y)y.(x — ¥)&p,(y) as the
finite set F expands to P,. We thus obtain

(4) L@ =S| | swwte - avw)

t +4,

for all xe ¥,. Consider a term of this series for x e D;. If (m,n) is
such that (%,,.+ 4.)N &+ 4,) =@, then « —y is in 4}, for all
Y € X,,n + 4,. For these (m, n), we can replace +r, by + in (4). Thus,

using the equality S gdn = 0 (valid for all (m,n) by the defini-

T, Ty

tion of g), we can write

| st — i)
(5) motha
- g I — y) — P& — w,,)1dy

Tty
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Since v — %,.,, ¢ 4.(x € D)), we have s(z—y) = s(x—2,,,) for y € ®,,,, +4,;
hence,

(6) [ ¥(@ — 1Y) — Y& — w,) | = | BE=Y) = wlw = @)
m(m - xm,n)

If w(z) = w(x,, 2y, -+, 2, )(x € 4,) and M is a bound for w, let v = 2MEA;+1-
The function v satisfies

V() - -
(A) SAOde(x) < oo
(B) fw@) — wy)| = 7> —y),allz,yed;
©) 0 < supv(4;) = infv(4;,),5€Z?

Still supposing that y e x,,, + 4,, we use (B) and (C) to write

Jw@ —y) — W@ — 2y,0) | = (@ — 9)* — (@ = Tp,0)")
’Y(u—s(x~mm,n)(mm,n - y))
é 7((&7 - xmm)—‘lun—-l) .

Using this estimate in (6) and the resulting inequality in (5), we obtain

Sx » IY)yr(x — y)dx(y);
(7) mon+in

= @ = @) ) S | 9(y) | AMy)
me — ,,,)

Tmyn

for all xeD; and (m,n) such that (x + 4,) N ®,,. + 4,) = @. If
xeD, and (x + 4,) N (@, + 4,) # @, then n is larger than % and
& — ®,,, is in 4,. This implies that  — ye 4, and . (x — y) = 0 for
Yy €ewn,,, + 4,; therefore, (7) is trivial in this case. Using (7) in (4)
and integrating over D) gives

|, | Luo@) | dra) = 33| HEBoa DU [T gty dy i

D} ’m(ﬂ: - wm;n)

=2 Smm,nwy - [L %dﬁc][gxwwlgw) | dy]

n

= [Sdoy(x)[m(x)]—ldx][gpj 9(y) | dy] = athl glan,

2) We single out these properties of the trivial function y because they are all
that is needed in the subsequent analysis. The hypothesis w(@) = w(ws, - -+, Xq) is not
used in any portion of the proof except to guarantee the results of (8.10) for the
gz function A and to establish the conditions (A), (B) and (C) for the y defined here.
Hence the results of this theorem can be proved by starting with any bounded w
for which the essential condition (8.7) is satisfied, for which the results of (3.10)
can be proved, and for which there is a function y satisfying (A), (B), and (C).
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where o is a constant depending only on w. Since
g hdn = g fdn
Dy Dy
and |g| < f + h, the inequalities
| lglan = 2| sin < 200D
Dy Dy
hold; hence, we have

Linw) < g | Log() | dn@) < 2aptu(D,) .

Spim’m DiNne, o

The inequality MD; N @,,,) < 4apn(D,) follows; and this combined with
(3) yields the estimate A\ (@,,,) < a.\M(D,), a, independent of ¢, k&, and f.
This final estimate and (2) yield

MO) < MO,) + MO, < g—g (£l + e(D,) ;

(
¥p
(1) follows from (3. 12.ii).
Step II. Using the measure estimate (1) and the equality

Sw \Lof | dn = oﬂgmx(cﬁt)t”*ldt r>1),

the proof of (i) for 1 < » < 2 is essentially as in [3], pp. 97-99. The
case r > 2 is obtained by a duality argument from the result for
r < 2; this, too, is in [3]. We omit these details.

Step III. It remains to show that the sequence (L, f)s, converges
in the &,-norm, for every fe 8,.. We begin by showing that the family
T ={r:7(x) = D108 ,@)}, where the a,’s are complex numbers and
the ;s are compact and open is dense in &, and that each Lt con-
verges. The family & obtained by demanding that the 6,’s be mea-
surable of finite measure is dense in £,, so it suffices to show that &
is dense in &, If @ is an-measurable of finite measure and § > 0, then
there is a compact open set 0 satisfying

(8) MO'N@) < and MONP) <.

To prove (8), let " and .7~ be compact and open sets, respectively,
such that Ycdc 9, M@ N.9) <, and M¥' N @) <. For each
€, there is an n, such that « + 4, 7. A finite union, say 6,
of the sets = + 4, covers I:1 C 6 c .7 . 'The set O is clearly com-
pact and open. We have MO’ ' N@) < N2P'NP)<d and MO NOD) =
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MTZ N @) < 6; thus (8) holds. For a given \-measurable set @ of
finite measure and a positive ¢, select a compact open set such that
(8) holds with ¢ = (1/2)e". Then we have ||&, — & l, < e, For a func-
tion { = >\, a;é,, in &, select compact open sets @; (j =1,2, ««+,J)
such that [[&, — &,ll» <e&/lJ|a;|. Letting v = 37,05, we have
1 — 71, < e Hence, T is dense in &,.

If © is compact and open, dominated convergence shows that

lim 3 Yila — 9IMy) = | e — D)
Ajﬂs (22

jo—oo

for every k. Using the equality

Jo—o

lim S vl — )r) = 0,
]

and tranglating, we can thus write

(9) L) = lim | $(-)zg(~vle + )~ E@My
There is an integer =, and finitely many disjoint cosets {x; + 4, }!~,
with union 6. If ye4,, then y + €@ if and only if xe®. Thus,
(9) shows that L,&(x) = L,&(x), for k = n, It follows easily that
for every v <X there is an integer n,(c) such that L,z = L, r, when-
ever k = mn, Thus L,r converges to a function Lz both pointwise
and in the &, norm. Finally, let fe %, and suppose ¢ > 0. Select
e X such that || f — 7|, < (24,)7'c. We have

WLef — Loflle < | Lyt — Lot i, + &,
and so ||L,f — L,fll, <e for k,n = n(r). Let Lf=Ilim, L,f. The
k—oco

inequality (ii) is immediate.

(8.14) THEOREM. The function @ = lim,_.. 3, is an &, ~multiplier
SJor L (1 <»r < 2).

Proof. We first show that &, and &, (1 < r < 2) Fourier trans-
forms agree on £,NL,. Thus, suppose that A€ €, N Q, and let A" and
h denote its g, and &, transforms, respectively. The functions %, =
h&, (n= -1, -2,...) are in &, and lim,__., h, =h a.e. (2.3). Thus,
we have

S W—ﬁvdxzs limlﬁ“'wﬁn}7‘dx§limg B — Fjmdyh = 0
vy ¥p

U'p n——o0 n—o—oa

and so, h” = h a.e. We can now drop the » on A, without fear of
ambiguity.
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Let fe&,. Since the functions +,, (see the proof of (3.10)) con-
verge boundedly to +,, we obtain
(1) lirP ” "ﬁlcmf - "pkaHa-’ = 0
as in the &, case. We now know (3.13) that +,*f is in £, so the
Hausdorff-Young inequality implies

(2) m | (g, % )" — (e )" |l =

n——oco

Since (¥4, % £)™ = Fnf (¥4, € ), (1) and (2) give the equality (v, * )" =

P F. The functions (v, * f )~ converge in &, to (Lf) by the Hausdorff-
Young inequality; and, the functions +,f converge in the 2. norm to
of because &, converges boundedly to o.

4. Examples. We give some examples of w’s defining L’s.

(4.1) @-Kernels. Suppose @ C ¥, satisfies @ U —@ = ¥, \{0} and
dN —@ = @. Let w be a bounded M-measurable function on 4, such
that w(—x) = —w(x) for all xe 4,; the condition (3.7) is immediate
for such a w. By additive inversion invariance, we can write

(i) L) = | ¥@lf @ +9) - fu - @)@,

where @, = @ N A4,. If there is a ¢ € Z* such that every w(x) depends
on only the first ¢ + 1 coordinates of x, then the hypothesis of Theo-
rem (3.13) is satisfied for w. We call the corresponding kernel - a
@-kernel. If L, is generated by a @-kernel, the functions L,f as
given in (i) converge in the £, norm to a function Lf (f €&, (r > 1)).
In particular, we can let w(x) = sgn, (x) (=1lif xe @ and —1if x € —?).
If there is a ¢ such that a knowledge of %, - - -, z, determines whether
2 is in @ or —@, then (sgn,)m™ is a @ kernel and

(ii) Lf(y) = }}_,IE' _ Sm Sy +2) — fly — ) dN(x).

m(x)

The limit in (ii) giving the transform L is a precise analogue of the
limit defining the classical Hilbert transform for R; and, Theorem
(3.13) is an analogue of corresponding results for R. The set @ cor-
responds to the positive real numbers and the sets @, to the sets
1A/k), o[ (ke Z7).

For a @-kernel 4, the multiplier @ can be written as

(iii) oY) = hm lim (— 2@)8 y Jr(x) sin (—o(xy))da.

00 —>—00
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If w = sgn,, then

sin(—o(@y)) 4,

(iv) Py) = }cim lim (—2’5)&) n4 m(x)

—co fi—r—oo

The limit in (iv) is like the limit

S’” sin(zy) do —
1k @x

limlim (—2¢)7? —isgny ,

k—oco m—oo
which is a multiplier for the classical Hilbert transform. See, e.g.,
[9], pp. 119-120.

(4.2) A calculation. There are many sets @ satisfying the condi-
tions in (4.1). We now consider one of these in more detail. Suppose
that p is odd and define

@:{x:lgxm)gf’gl};

then

'—@:{m:pzléxs(x)ép_l}°

(Another natural @ is {x: x,,, is odd}.) Letting w = sgn,, we know
that the limit (4.1.ii) exists for fe2,. We compute Lf for f = &,m™;
the result is given in (4), infra. Let

%:@ﬁdj:{xedjzlngg p;l}.
Using (4.1.1) then translating, we can write

B =2 T
s

(1)

j=—o0

If s(y) > j, then we have s(@ + y) = s(x — y) = s(x) = J for all x e 4,.
In particular, © + ¥ is in 4, if and only if x — y € 4]; and hence the
first expression for L,f(y) in (1) shows that the j® term of the sum
is zero. If s(y) < j, we have s(y + z) = s(y — x) = s(y) for all ze 4,,
and again the 5 term of the sum is zero. Thus, if k& > s(y), we
have

Lf(y) = L.f(y)

(2) = |9 EA(')(@/ + @) do — En(y + x) d
b [ st(y) m(y + %) v S"s(y) m(y + x) x] )

If s(y) = 0, then the equality &,(y + «) = &4(y — @) = 0 holds for all
x € 4,4, and hence Lf(y) = 0 for y € 4,. For the following calculations,



346 KEITH PHILLIPS

we suppose that y is fixed, put s(y) = S, and define

Zg; ={wedgas@ +y) =8+ J};
Eg ,={xedgs(x +y)>8S+ 5} (7=0,1,2,...).
We have

S Ey +2) 4

15 m{y + @) SZS * SES = PMZ) SE

N

Tt ]
1 Zg+1 Byt

=p'p —2) + p " (p — 1) + <S o Sz_l + SE_)'

Zg+2

= p"M4y) -

p_
p_

If s(x + ) > —1(x + y € 4,), then S = 0; the other integrals in the
E_
last line above are p~*p — 1). We thus obtain

S Eny +2) 40

(3) 45 m(y + x)

PP — 2) + (=8 = (» — 1)].

It remains to calculate the first integral on the right side of (2).

If ye 75, then y + x is 45 for all xe. 95 In this case, we have
En(y + o) 1

_0__—d = S>\, _7— — _— m-le — 1 .

Ssm(y ) = Pp°MTs) 5P »—1)

If ye — 7, then there exists an xe .9, such that s(x + y) > S.
Computing as above, we have

4 —8—-1
78 m(y + m) Zs Eg p — 1 7==1 Zg+3

2
= (=3 + (=S -1 - D).

Using the two above equalities and (3) in (2) gives
j—ps“"z’((p —1)=(»—2)+(S+ (p— 1)) ifyeo
(=05 ((p—3) = (p—2) + (=S = 1)(p — D))éy(y) ifye—0.

This in turn can be written

(4) Lf(y) = f)p " (=1 — s(y)(p — 1)) sgn, (¥) .

Lfy) =

(4.3) Kernels from additive characters. For a character y, of
¥, we have

() |, 10 = p@dz - | wis.
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If yed, then yx,|, is a nontrivial character of the group 4, and
Xy 1, = 1. Hence SAxy(x)dx =0, glmy(x)dx = M4,), and S L(®)de =
) 4 4
— (). Thusg Img y,(®)dz = 0; and setting
4y

wy(@) = Img y,(x), yed,, xed,

we obtain a w satisfying the hypothesis of (3.13). Note that w,(x) =
sin (—o(xy)).

If ye 4;, then y,|, and x,|, are nontrivial character of 4, and
4,, respectively. It follows from (i) that the function y,|,, defines a
generating function w. In this case, each of the functions x — Re y,(®)
and x— Img y,(x) (x € 4,) is also a generating function.

(4.4) Kernel’s from characters of 4,. If 7 is a nontrivial charac-
ter of the multiplicative group 4,, then S t(x)dM(z) = 0. Continuity
4o

requires that z(u + 4,) = 1 for some ¢ > 0. We can write any « € 4,
in the form x = a'(u + 2”), where «'e 4, @, = 0 if k£ = ¢, and 2" € 4,.
Hence, 7(x) is determined by the 1lst ¢ coordinates of x, and so ¢
generates a singular integral for which the results of (3.13) are valid.

Both the author and Professor Mitchell Taibleson have extended
the results of this paper in several directions. These extensions will
be published in due time.
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