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This paper is concerned with upper semicontinuous decom-
positions of the 3-sphere which have the property that the
closure of the sum of the nondegenerate elements projects
onto a set which is 0-dimensional in the decomposition space.
It is shown that such a decomposition is definable by cubes
with handles if it is point-like, This fact is then used to
obtain some properties of point-like decompositions of the 3-
sphere which imply that the decomposition space is a topological
3-sphere. It is also shown that decompositions of the 3-sphere
which are definable by cubes with one hole must be point-
like if the decomposition space is a 3-sphere,

In this paper we consider upper semicontinuous decompositions
of S% the Euclidean 3-sphere. In particular, we shall restrict ourselves
to those decompositions G of S® which have the property that the
union of the nondegenerate elements of G projects onto a set whose
closure is 0-dimensional in the decomposition space of G. We shall
refer to such decompositions as 0-dimensional decompositions of S°.
Numerous examples of such decompositions appear in the literature.
(One should note that some of the examples and results to which we
refer are in E° Euclidean 3-space, but the corresponding examples and
results for S® will be obvious in each case.)

In §3, a technique of McMillan [10] is used to show that point-
like 0-dimensional decompositions of S* are definable by cubes with
handles. Armentrout [2] has shown this in the case where the
decomposition space is homeomorphic with S°. The proof of this
theorem shows that compact proper subsets of S* with point-like
components are definable by cubes with handles.

In §4 we give some properties of point-like 0-dimensional decom-
positions of S° which imply that the decomposition space is home-
omorphic with S°, These properties were suggested by Bing in §7
of [6].

It is not known whether monotone 0-dimensional decompositions
of S* which yield S® must have point-like elements. Partial results
in this direction have been obtained by Armentrout [2], Bean [5], and
Martin [9]. Bing, in §4 of [6], has presented an example of a
decomposition of S* which yields S* even though it is not a point-like
decomposition, but this example is not 0-dimensional. In §5 we show
that a 0-dimensional decomposition of S°® that yields S* must have
point-like elements if it is definable by cubes with one hole.
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2. Definitions and notation. Let G be an upper semicontinuous
decomposition of S° the 3-sphere. We denote the decomposition space
of G by S°/G, the union of the nondegenerate elements of G by H,,
and the projection map from S* onto S%/G by P.

The decomposition G is said to be monotone if each element of
G is a continuum. If cl P(H,;) is 0-dimensional in S*G, then G is a
0-dimensional decomposition of S°. If each element of G has a
complement in S* which is homeomorphic with E® Euclidean 3-space,
then G is a point-like decomposition of S°.

The sequence M,, M,, M,, --- is a defining sequence for G if and
only if M, M,, M, --- is a sequence of compact 3-manifolds with
boundary in S° such that (1) for each positive integer ¢, M;,, C
Int M;, and (2) ¢ is a nondegenerate element of G if and only if ¢ is
a nondegenerate component of [\, M;. Here, as in the remainder
of the paper, subsets of S® which are manifolds will be assumed to
be polyhedral subsets of S It is well known that if G is a
0-dimensional decomposition of S? a defining sequence exists for G.
If a defining sequence M,, M,, M,, --- exists for G such that for each
positive integer 4, each component of M, is a cube with handles, G
is said to be definable by cubes with handles. If a defining sequence
M, M,, M,, --- exists for G such that for each positive integer ¢,
each component of M, is a cube with one hole, G is said to be defina-
ble by cubes with one hole.

3. Some consequences of a result of McMillan. The following
lemma is a special case of Lemma 1 of [11]. Its proof follows from
the very useful technique used by McMillan to prove Theorem 1 of
[10].

LeMMA 1. (MeMillan). In S3, let M’ be a compact polyhedral
3-manifold with boundary such that BdM' is connected, and let M
be a compact polyhedral 3-manifold with boundary such that
Mc Int M', and each loop in M can be shrunk to a point in Int M’.
Then there is a cube with handles C such that M IntC c Cc Int M'.

LeMMA 2. If G is a point-like 0-dimensional decomposition of S,
then there is a defining sequence M,, M,, M, --- for G such that for

each positive integer 1, each component of M, has a connected
boundary.

Proof. Let M/ ,M;,M;, --- be a defining sequence for G, let n be
a positive integer, and let K be a component of M,. Let g be a
component of (2, M/ which lies in K and let U be an open subset
of K containing ¢ such that ¢l Un BdK = @. Since g is point-like,
there is a 3-cell C such that gcInt Cc C — U. There is an integer
J such that L, the component of M} containing g, lies in Int C. Since
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C separates no points of BdK in K, L separates no points of BdK in K.

Using compactness of (=, M/, one obtains a finite collection
L, ---, L, of mutually exclusive defining elements whose interiors
cover (N, M}) N K and so that no L, separates points of BdK in K.
It follows easily that |J%., L; separates no points of BdK in K. By
suitable relabeling, we suppose then, that if 7 is a positive integer and
K is a component of M;, KN M/, does not separate points of BdK
in K. We construct disjoint arcs in K-M/,, connecting the boundary
components of K and “drill-out” these arcs to replace K by a compact
3-manifold with connected boundary. Doing this for each component
of each M], we obtain a defining sequence M,, M,, M,, --- as required
by the conclusion of the lemma.,

THEOREM 1. If G is a point-like 0-dimensional decomposition of
S?, then G is definable by cubes with handles.

Proof. Using Lemma 2, there is a defining sequence M,, M,, M/, ---
for G such that each component of each M/ has a connected boundary.
Let n be a positive integer and N a component of M,. Since G is
point-like, there is no loss of generality in supposing that each loop
in M,,,N N can be shrunk to a point in Int N. From Lemma 1,
there is a cube with handles, C, such that (M,,, N N)cIntCcCcC
Int N. Hence, there is a sequence M, M,, M, --- of compact 3-
manifolds with boundary such that (1) for each positive integer 7,
M., cInt M;c M, cInt M!, and (2) each component of M; is a cube
with handles. The sequence M,, M, M, --- is a defining sequence
for G and so G is definable by cubes with handles.

The proof of the next theorem follows from the proof of Theorem 1.

THEOREM 2. If M is a closed subset of S*® such that each com-
ponent of M is point-like, then there exists a sequence M,, M,, M, -+
of compact 3-manifolds with boundary such that (1) for each positive
integer t, M;., CInt M,, (2) each component of M, is a cube with
handles, and (3) M = N, M;.

The concept of equivalent decompositions of S® was introduced
in [4] and the following theorem follows immediately from Theorem
1 of this paper and Theorem 8 of [4].

THEOREM 3. If G is a point-like 0-dimensional decomposition of
S?, then G 1s equivalent to a point-like 0-dimensional decomposition
of S*® each of whose mnondegenerate elements is a l-dimensional
continuum,
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In the remaining two sections, we shall utilize some of the above
results to investigate certain properties of 0-dimensional decompositions
of S?,

4. Properties of point-like 0-dimensional decompositions of S°.
In this section we give two properties, each of which is both necessary
and sufficient to imply S®/G is homeomorphic to S:.

A space X will be said to have the Dehn’s Lemma property if
and only if the following condition holds: If D is a disk and f is a
mapping of D into X such that on some neighborhood of f(BdD), f—
is a function, and U is neighborhood of the set of singular points of
S(D), then there is a disk D’ in f(D) U U such that BdD’ = f(BdD).

A space X will be said to have the map separation property if
and only if the following condition holds: If Dis a disk and f,, ---, f.
are maps of D into X such that (1) for each 4, on some neighborhood
of fu(BdD),f:* is a function, (2) if 7 = 7, £:(BdD) N f{(D) = @, and
(3) U is a neighborhood of fy(D)U --- U f.(D), then there exist maps
fl, «+«, f} of D into X such that (1) for each 4, f/|BdD = f; | BdD, (2)
SID)U---UfuD)c U, and ) if @ = 7, fi(D) N fi(D) = @.

It is a well known (and useful) fact that S*® has the Dehn’s
Lemma property and the map separation property.

THEOREM 4. If G is a point-like 0-dimensional decomposition of
S?, then S*/G is homeomorphic with S* if and only tf S°/G has the
Dehn’s Lemma property.

Proof. The “if” portion of the theorem is the only part that
requires proof., Let U be an open set containing cl H; and ¢ > 0.
We shall construct a homeomorphism #%,:S®— S* such that if
2e8S*— U, h(x) =2 and if ge@G, diam h.(g) <e. It will follow
from Theorem 3 of [2] that S°/G is homeomorphic with S°.

By Theorem 1, G is definable by cubes with handles. Hence,
there exist disjoint cubes with handles C,, ---, C, such that cl
H.cUrIntC,cUr.C;cU. Let W, -.-, W, be pairwise disjoint
neighborhoods of C,, ---, C, respectively such that {7, W, < U. Since
C, is a cube with (possibly 0) handles, there is a homeomorphism #,
of S® onto S?® such that h(x) = ¢ for xeS® — W, and hy(C,) can be
written as the union of a finite number of cubes such that (1) each
cube has diameter less than ¢/2, (2) no three cubes have a point in
common, and (3) the intersection of any two cubes is empty or a disk
on the boundary of each. The homeomorphism %, can be thought of
as pulling C, towards a 1-dimensional spine of C,. Let D, D,, ---, D,
be the inverse images under h, of the disks obtained by intersecting
the various cubes making up A(C,). We note that if a continuum in
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C, intersects at most one D,, then its image under %, has diameter
less than ¢. For each 7 =1, ..., k,let D! be a subdisk of D, such
that D! cInt D; and D;Nel H;, = Int D! nel H;,. Let D be a disk in
S?suchthat B DN (U, C)) = @ and Ui, D, = DN (U C)) = DN C..
Denote the punctured disk el (D — UL, D!y by D’. Now P, = P|D
is a map of D into S?G and P is a homeomorphism on a neighbor-
hood of P,(Bd D). The singular set of P(D) is contained in P, (UL,
Int D}). Let V be an open set in S?/G containing the singular set of
Py(D) and such that P-%(V)c (Int C,) — D’. By hypothesis there exists
a disk F in P(D)U V bounded by P,(Bd D). Let E, ---, E, be the
subdisks of E bounded by P,Bd D)), .-, P,(Bd D) respectively, and
let U, ---, U, be open sets whose closures lie in P(Int C,) such that
for eachi =1, .-+, k, E,Cc U,andif 1 = j,clU;Necl U; = @. By the
proof of Theorem 2.1 of [12], each Bd D/ can be shrunk to a point
in P~%(U;). Each map can be “glued” to the annulus cl (D, — D/) to
obtain a map from D, into D;U P~U;) with no singularities on
D, — P Ycl U;,). We now apply Dehn’s Lemma in S® to these maps
to obtain disjoint disks F), ---, F, such that (1) for each ¢, Bd D, =
Bd F;, (2) Int F;cIntC,, and (3) if g G, g intersects no more than
one of the disks F), ---, F,. Let h! be a homeomorphism of S® onto
itself fixed on S*-Int C, such that for each 7, h/(F;) = D,. Let h, =hh!.
Note that if geG and ¢gc C,, diam h(g) <e. Let h, ---,h, be
homeomorphisms such as h, for the sets C,, .-+, C,. We define #,:
S®— S® by hx) = hihy + -+ h,(x).

ReEMARK. If G is the upper semicontinuous decomposition of S*
whose only nondegenerate element is a polyhedral 2-sphere, then S*/G
has the Dehn’s Lemma property but S*/G is not homeomorphic with S3.

The essential ideas of the proof of the following theorem are so
like those of the proof of Theorem 4 that we shall not include the
proof here.

THEOREM 5. If G is a point-like 0-dimensional decomposition of
S?, then S3G is homeomorphic with S* if and only if S*G has the
map separation property.

5. Decompositions of S® which yield S°. Let S, T be poly-
hedral solid tori such that ScInt T and let J be a polygonal center
curve of S. Following a definition of Schubert [13] which was used
in [7], we let N(S, T') be the min,{N(J N D): where D is a polyhedral
meridional disk of T and N(J N D) is the number of points in J N D}.

THEOREM 6. If G is definable by cubes with one hole and S*/G
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©s homeomorphic to S%, then G is point-like.

Proof. Let M, M, ---, be the defining sequence for G and let
T, be a component of some M,. By hypothesis, 7, is a cube with
one hole, Let g be a component of (), M; contained in T,, We
first show that there is a defining stage M,.,. such that each loop
in the component of M,,, containing g can be shrunk to a point in T,.

For 1=1,2,8, ---, let T; be the component of M,,; that contains
g. Then each T; is a cube with one hole, T,,,cInt T;,, and N, T = ¢.
Suppose that there is a positive integer s such that each T, 7 = s,
is a solid torus. If the center curve of each T,,, cannot be shrunk
to a point in T, then g has nontrivial Cech cohomology, and it follows
from Corollary 2 of [8] that S®G is not homeomorphic to S? con-
tradicting our hypothesis. Hence there is an m such that the center
curve of 7, can be shrunk to a point in T, and hence each loop in
T, can be shrunk to a point in T,

Suppose then that infinitely many of the T, are not solid tori.
We may suppose for convenience that each T; is not a solid torus,
By [1], each T/ = S® — Int T; is a solid torus. We now have three
cases.

Case I. Suppose there is an m such that N(T)_,, T.) = 0. This
implies that there is a meridional disk D of T/, such that DN T, = &.
Then there is a cube K in 7T, such that T, _,cInt K. It then
follows that each loop in 7,.(=8°— Int 77,) can be shrunk to a point
in T,

We now show that the remaining two cases cannot occur.

Case II. Suppose that there is a positive integer s such that
N(T%, T;.,) =1 for j = s. Since P(Nz, M;) is 0-dimensional there is
a positive integer ¢ and a cube K such that P(T,.,)cInt Kc Kc P
(Int T,). Let D.., be a meridional disk of 7T),,. Using Dehn’s Lemma
we may adjust P(D..,) in P(Int T..) so that it is polyhedral, and it
follows that P(T.,, is a solid torus with the adjusted P(D.,.,) as a
meridional disk. Let J be a longitudinal simple closed curve of T,,
such that J< Bd T%,, and J intersects Bd D,., at just one point. Let
A be an annulus with boundary components A4, and A,. By [13],
N(T:, T.,) = 1. Hence there is a mapping f of A into T,., such that
f1A4; is a homeomorphism, f(4,) =J, and f(4,) C T;. Now P(f(4,)
can be shrunk to a point missing K since it is contained in S® — K;
hence P(f(A4;)) can be shrunk to a point in P(7%,,). But this implies
that the longitudinal simple closed curve P(J) of P(T/.,) can be shrunk
to a point in P(T/,;). Hence Case II cannot occur.
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Case III. Now assume there is a positive integer s such that
N(T5, Ty,) > 1 for j =s. Since each T is knotted in S*%, we may
use an argument similar to that used in [7] to conclude that Case
III cannot occur.

These three cases now imply that there is a defining stage M, ...
such that each loop in the component of M,., containing g can be
shrunk to a point in T,. Since T, N (N, M;) is compact, there is a
defining stage M,(p = n+m) such that each loop in 7, N M, can be
shrunk to a point in 7,. By Lemma 1 there is a cube with handles
C such that T,Nn M,cIntCc CcInt T,. It then follows that G is
definable by cubes with handles. By Bean’s result [5], G is a point-
like decomposition, and the proof of Theorem 6 is complete.

COROLLARY. Let f be a mapping of S* onto S® and let H = cl
{z:2eS* and f(z) 18 nondegenerate}). If H 1is a 0-dimensional
set which s definable by cubes with one hole, then for each x e S3
S® — f~'(x) is homeomorphic to E*.

Proof. Let G ={fXx):2¢8S%. It is not hard to show that G
is an upper semicontinuous decomposition of S*® and that S3¥/G is
homeomorphic to S% Since H is definable by cubes with one hole, it
follows that G is definable by cubes with one hole. By Theorem 6,
G is a point-like decomposition of S? hence if z ¢ S® then S® — f—'(x)
is homeomorphic to E°®.

REFERENCES

1. J. W. Alexander, On the subdivision of 3-space by a polyhedron, Proc. Nat. Acad.
Seci. U.S.A. 10 (1924), 6-8.

2. S. Armentrout, Decompositions of E3 with a compact O-dimensional set of non-
degenerate elements, Trans. Amer. Math. Soc. 123 (1966), 165-177.

3. , “Monotone decompositions of FE3,’’ Topology Seminar Wisconsin, 1965,
Princeton University Press, 1966.

4. S. Armentrout, L. L. Lininger and D. V. Meyer, “Equivalent decompositions of
E?®”, Topology Seminar Wisconsin, 1965, Princeton University Press, 1966.

5. R. J. Bean, Decompositions of E3 which yield E3, Pacific J. Math. 20 (1967), 411-
413,

6. R. H. Bing, “Decompositions of E3,” Topology of 3-manifolds and related topics,
Prentice-Hall, 1962.

7. J. M. Kister and D.R. McMillan, Jr., Locally Euclidean factors of E* which cannot
be imbedded in E3, Ann. of Math. 76 (1962), 541-546.

8. K. W. Kwun and F. Raymond, Almost acyclic maps of manifolds, Amer. J. Math.
86 (1964), 638-650.

9. J. Martin, ““Sewings of crumpled cubes which do not yield S3,”” Topology Seminar
Wisconsin, 1965, Princeton University Press, 1966,

10. D. R. McMillan, Jr., Cartesian products of contractible open manifolds, Bull. Amer.
Math. Soc. 67 (1961), 510-514.




518 H. W. LAMBERT AND R. B. SHER

11.
327-3317.

12. T. M. Price, A necessary condition that a cellular upper semicontinuous decom-
position of E* yield E*, Trans. Amer. Math. Soc. 122 (1966), 427-435.

13. H. Schubert, Knoten und Vollringe, Acta Math. 90 (1953), 131-286.

, A criterion for cellularity in a manifold, Ann. of Math. 79 (1964),

Received July 25, 1966.

THE UNIVERSITY OF IOWA
THE UNIVERSITY OF GEORGIA



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. ROYDEN J. DUGUNDJI
Stanford University Department of Mathematics
Stanford, California Rice University

Houston, Texas 77001

J. P. JANs RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. Yosipa

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY
CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO
UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY TRW SYSTEMS

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, double spaced with large margins. Underline Greek
letters in red, German in green, and script in blue. The first paragraph or two must be capable
of being used separately as a synopsis of the entire paper. It should not contain references
to the bibliography. Manuscripts may be sent to any one of the four editors. All other com-
munications to the editors should be addressed to the managing editor, Richard Arens, University
of California, Los Angeles, California 90024.

Each author of each article receives 50 reprints free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price
per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual
faculty members of supporting institutions and to individual members of the American Mathe-
matical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17,
Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners of publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 24, No. 3 July, 1968

Duane W. Bailey, On symmetry in certain group algebras................. 413
Lawrence Peter Belluce and Surender Kumar Jain, Prime rings with a

one-sided ideal satisfying a polynomial identity ..................... 421
L. Carlitz, A note on certain biorthogonal polynomials ................... 425
Charles O. Christenson and Richard Paul Osborne, Pointlike subsets of a

MAnifold . ..... .. ... .. 431
Russell James Egbert, Products and quotients of probabilistic metric

SPACES .« . v v v ettt e e e e e e 437
Moses Glasner, Richard Emanuel Katz and Mitsuru Nakai, Bisection into

small annuli . ... ... 457
Karl Edwin Gustafson, A note on left multiplication of semigroup

OMETALOTS . . oo oottt ettt e e ettt et e e 463
I. Martin (Irving) Isaacs and Donald Steven Passman, A characterization of

groups in terms of the degrees of their characters. Il ................. 467
Howard Wilson Lambert and Richard Benjamin Sher, Point-like

0-dimensional decompositions of S>. ... ... .. .. i 511
Oscar Tivis Nelson, Subdirect decompositions of lattices of width two . . . . .. 519
Ralph Tyrrell Rockafellar, Integrals which are convex functionals. . ........ 525

James McLean Sloss, Reflection laws of systems of second order elliptic
differential equations in two independent variables wj
COCIICIENES ..\ oot

Bui An Ton, Nonlinear elliptic convolution equations of
inaboundedregion ..........................0....

Daniel Eliot Wulbert, Some complemented function space

Zvi Ziegler, On the characterization of measures of the co
generalized convexity cone ........................



http://dx.doi.org/10.2140/pjm.1968.24.413
http://dx.doi.org/10.2140/pjm.1968.24.421
http://dx.doi.org/10.2140/pjm.1968.24.421
http://dx.doi.org/10.2140/pjm.1968.24.425
http://dx.doi.org/10.2140/pjm.1968.24.431
http://dx.doi.org/10.2140/pjm.1968.24.431
http://dx.doi.org/10.2140/pjm.1968.24.437
http://dx.doi.org/10.2140/pjm.1968.24.437
http://dx.doi.org/10.2140/pjm.1968.24.457
http://dx.doi.org/10.2140/pjm.1968.24.457
http://dx.doi.org/10.2140/pjm.1968.24.463
http://dx.doi.org/10.2140/pjm.1968.24.463
http://dx.doi.org/10.2140/pjm.1968.24.467
http://dx.doi.org/10.2140/pjm.1968.24.467
http://dx.doi.org/10.2140/pjm.1968.24.519
http://dx.doi.org/10.2140/pjm.1968.24.525
http://dx.doi.org/10.2140/pjm.1968.24.541
http://dx.doi.org/10.2140/pjm.1968.24.541
http://dx.doi.org/10.2140/pjm.1968.24.541
http://dx.doi.org/10.2140/pjm.1968.24.577
http://dx.doi.org/10.2140/pjm.1968.24.577
http://dx.doi.org/10.2140/pjm.1968.24.589
http://dx.doi.org/10.2140/pjm.1968.24.603
http://dx.doi.org/10.2140/pjm.1968.24.603

	
	
	

