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The existence of a solution of a nonlinear perturbation
of an elliptic convolution equation of Wiener-Hopf type in
a bounded region G of R is proved. More explicitly, let A
be an elliptic convolution operator on G of order «,« > 0; A;
the principal part of A in a local coordinate system and A (x4, &)
be the symbol of A; with a factorization with respect to &, of
the form: Az, &) = Af(x9, £)A7(xi, &) forzl =0, Af, A7 are
homogeneous of orders 0, « in ¢ respectively; the first admitting
an analytic continuation in Im &, > 0, the second in Im &, < 0,
Let T:, k=0, ---,{a] —1 be bounded linear operators from
HY(G) into LXG) where Hf(G), k= 0 are the Sobolev-Slobo
detskii spaces of generalized functions,

The purpose of the paper is to prove the solvability of:
Aus + 22U = flx, Toths, + -+, Trag—1%+) on G Ut in H*(&) for
large | 2| and on a ray argz = 6 sach that A; + 22 =0 for
|1+ 12} # 0 and for all 7, fz,&, - -,%-1) has at most a
linear growth in (&, -+, {.—;) and is continuous in all the
variables,

Linear elliptic convolution equations in a bounded region for arbi-
trary « and with symbols having the above type of factorization (» = 0)
have been considered recently by Visik-Eskin [3]. Those equations
are similar to integral equations since no boundary conditions are
required.

The notation and terminology are those of Visik-Eskin and are
given in § 1, The theorems are proved in §2.

1. Let s be an arbitrary real number and H*(R") be the Sobolev-
Slobodetskii space of (generalized) functions f such that:

Il = @+ 1ep 1@ < 4o

where f(¢) is the Fourier transform of f.

We denote by H®(R"), the space consisting of functions defined on
R: = {x: 2z, > 0} and which are the restrictions to R} of functions in
H*(R"). Let If be an extension of f to R", then:

| AF1F = ”f”li“’(R'f‘,_) = inf |

The infimum is taken over all extensions If of f.
The Hf = {f.; fi(®) = f(2) if x, >0, f € L¥(R"), f1(x) =0 if x, < 0}
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and similarly for IQI“.

We denote by H, the space of functions f, with f, in I:T;f and
fr€e H(R%) on R~.

ISI;* is the subsp%ce of H*(R") consisting of functions with supports

in cl (R*). Hi, H,  H denote respectively the spaces which are the
Fourier i1~nages of Hi, H*(R"), H}. 5

Let f(&) be a smooth decreasing (i.e., |f(&)| < M|é&, |~ for large
|€,| and for some & > 0) function. The operator [+ is defined as:

I+ 76) = 27@) + iemvp. | Fe, 706 — n)-dn,

where & = (&, ++-, &.0)-

For any f, then the above relation is understood as the result of
the closure of the operator [[* defined on the set of smooth and
decreasing functions.

II*+ is a bounded mapping from H, into HY if 0<s < 1/2 and is
a bounded mapping from H, into H: if s = 1/2.
Set: &_ =&, — 1| & |; (6_ — 1)* is analytic for any s if Im &, < 0 and:

FIE = 1T (6= — 9)°TLFE) |lo

where If is any extension of f to R" (Cf. [3], p. 93 relation (8.1)).
Let G be a bounded open set of R" with a smooth boundary. H*G)
denotes the restriction to G of functions in H*(R") with the norm:

[ [ls = inf || v || zszm; v=uonG.

By H:(G), we denote the space of functions f defined on all of
R*, equal to 0 on R"/cl(G) and coinciding in ¢l G with functions in
H(G).

DEFINITION 1. A(£) is in 0, if and only if:
(i) A(¢) is a homogeneous function of order « in &.
(ii) A is continuous for & == 0.

DEFINITION 2. A.(£) is in 0} if and only if:

(i) A.() is in O,.

(ii) A.(&,¢&,) has an analytic continuation with respect to &, in
the half-plane Im ¢, > 0 for each &',

Similar definition for 0;:

DEFINITION 3. A is in E, if and only if:
(i) A4 is in 0,.
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(ii) A@) =0 for & # 0.
(iii) A(&) has, for & = 0, continuous first order derivatives, bounded
if |&]=1, &+0.

DEFINITION 4. A(x, £, &,) is in D? if and only if:

(i) Az, &) is infinitely differentiable with respect to « and &
§+0.

(ii) Az, &) is in 0, for x in R

¢ 5 . % . ot

(iil) a(x) = Za?)-k—A(x, 0, —1) = (—1)*exp( MM)W Az, 0,1)
xin R0 k| < o5k =(ky o, k).

DEFINITION 5. Let A be a bounded linear operator from H; into
H**(R"). Then any bounded linear operator T from H}_, into H*~*(R%),
(or from HY into H*—**'(R")) is called a right (left) smoothing operator
with respect to A.

T is a smoothing operator with respect to A if it is both a left
ane right smoothing operator.

Let A(¢) be in 0, for &« > 0. For u, in Hf, s >0, with support
in ¢l (R"), set: Au, = F(A(&)i,(€)) where F~' is the inverse Fourier
transform. It is well defined in the sense of generalized functions.
A is a bounded linear operator from H} into H*—%(R").

Let A(z, &) be an element of E, for each # in ¢l G and A(z, &) be
infinitely differentiable with respect to 2 and &. Since G is a bounded
set of R", we may assume that G is contained in a cube of side 2p
centered at 0. We extend A(z, &) with respect to = to all of R" by
setting A(x, &) =0 if |x|=p —¢ for ¢ > 0. We get a finite funec-
tion, homogeneous of order a with respect to &.

We take the expansion into Fourier series of A(z, £):

Aw, ) = 3 ) exp [(inka)/pl L) ; k= (ko k)
where:

Lo = o ||

exp [(—iwkx)/plA(e, &)dx
Yo@) =1 for [2| = p — & o(®) =0 for [x| = p; yo(x) e C(R"). We
have: | L. (&) < C|&|*(L + | k])~* for arbitrary positive M. Let u, be
in H:(G), we define:
(L.1) Au. = 3 y(@)lexp (skam)/p)| L,

where L,u, = L,u, is defined as before since I,(¢) is independent of x.
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Denote by P+, the restriction operator of functions defined on R*
to G. We consider an elliptic convolution equation of order «, on G
of the form:

(1.2) P+Au+ = Z P+@JA1#]’LL+ + T’M+

T is a smoothing operator. The ¢; is a finite partition of unity cor-
responding to a covering N; of ¢l G with diam (V;) sufficiently small.
The +; are in C7(R™) with ¢;4; = ¢; and supp (v;) & N;.

Suppose A e D¢, then the operator ¢,Aq+; taken in local coordinates
may be written as:

PAY; = ;A + T;

where A; is a convolution operator of the form (1.1) and T; is a
smoothing operator (Cf. [3] Appendix 2).

2. The main result of the paper is the following theorem:

THEOREM 1. Let A be an elliptic convolution operator on G, of
order a >0, and of the form (1.2). Suppose that:

(i) 4@, &eE,nD.

(ii) A, &) has for i = 0 a factorization of the form:

Ajad, &) = Af(ai, &) A7, £)

where A €0;f; A7 €0; for all #'e N; N G.

(iii) There exists a ray argh = 0 such that A @, &) + 1A= #0
Jor [&]+ N 0,27eN;NG.

Let f(x, Loy +++, L) be a function measurable in x on G, continu-
ous tn all the other variables. Suppose there exists a positive con-
stant M such that:

{a]—1
£, G -y G | S ML+ 5161

Let T; k=0, .-+, [a] — 1 be bounded, linear operators from HEG)
into LXG). Then for |N| =N, > 0;arg \ = @; there exists a solution
w in HXG) of:

PHA + Nyuy = f(@, Tothey =+, Tragathy) on G.

The solution is unique tf f satisfies a Lipschitz condition in

(CO) ct ety C[a]—-l)'

To prove the theorem, we shall do as in [2]. First, following
Visik-Agranovich [4], we establish an a priort estimate and show the
existence and the uniqueness of a solution of a linear elliptic convolution
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equation depending on a large parameter in a bounded region. Then
we use the Leray-Schauder fixed point theorem to prove Theorem 1.
We have:

THEOREM 2. Let A be an elliptic convolution operator, of order
a > 0, of the form (1.2). Suppose that all the hypotheses of Theorem 1
are satisfied. Let fc L¥G); then there exists a wunique solution wu,
in HXG) of:

PHA + 2 Yuy=fon Gy [N =2 >0 argax =0 .
Moreover:
Hws fla + IN*Nwsrllo = M| Fllo

where M is tndependent of \, u,.

Proof of Theorem 1. Let v be an element of H#(G)and 0 < ¢ £ 1.
Consider the linear elliptic convolution equation:

P+(Au+ =+ )“au+) = f(xy tT(ﬂ), ] tT[a]—llU) .

With the hypotheses of the theorem, f(x, tTw, «--, tT(,y_v) is in
L¥G). It follows from Theorem 2 that there exists a unique solution
. in HXG) of the problem,

Let .27 (t) be the nonlinear mapping from [0, 1] x HXG) into HX(G)
defined by .97 (¢)v = u, where %, is the unique solution of the above
problem,

The theorem is proved if we can show that .o~ (1) has a fixed
point.

ProposITION 1. .o7(¢) is a completely continuous mapping from
[0, 1] x HXG) into HXG).

Proof. (i) .&7(t) is continuous. Suppose that ¢,— ¢ ¢, ¢t in
[0,1] v,— v in HY(G). Set: w, = . (t,)v,. Then from Theorem 2,
we get:

H Uy — u’”a = M||f(', tnTovm ) tnT[a]~lvn)
- f('y tTOv, i ')tT[a]—lv) ”0 .
It follows from Lemmas 3.1 and 3.2 of [1] that u, — % in HXG).
(ii) o7 (¢) is compact. Suppose that ||v,||l. < M. Then from the

weak compactness of the unit ball in a Hilbert space and from the
generalized Sobolev imbedding theorem, we get:

v,; — v weakly in H{(G) and strongly in H{*(G); 0 <¢,a —e=0.
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Applying the argument of the first part, we get the compactness
of &7 (t).

ProrosiTION 2. I — .97 (0) is a homeomorphism of HZXG) into it-
self. If v = o7 (t)v, for 0 < ¢ < 1; then: ||v]|l. < M where M is inde-
pendent of ¢.

Proof. The first assertion is trivial.
Suppose that v = 7 (t)v. It follows from Theorem 2 that:

HvHa + [)‘la ”,U”() = M”f('y tTo'U, ct ey tTfa]—lv) HO

= M{1 + || [|tar—1} -
It is well-known that:

vl = 12M || v ]la + Cllv]lo .

Taking |\ | sufficiently large, we have: ||v||. < M,. 57 (t) satisfies
the hypotheses of the Leray-Schauder fixed point theorem (the uniform
continutiy condition as in [2] is not necessary). So .97 (1) has a fixed
point, i.e. .7 (Du, = u,.

The uniqueness of the solution in the case f(x, o, « -, {(-1) Satis-
fies a Lipschitz condition in ({y, ++-, {m-.) follows trivially from the

estimate of Theorem 2. We shall not reproduce it.

Proof of Theorem 2. As usual, we consider first the case of the
positive half-space R" with the convolution operator A having a con-
stant symbol.

LEMMA 1. Let A(%) be an element of E,, (@ > 0). Suppose that:
A@E) = A (5)A_(8) with A.(€) in 0F, A_(£) in 0;. Let P+ be the restric-
tion operator of fumctions im R™ to R and A be the convolution
operator with symbol A(§). Suppose there exists a ray argk =0
such that: A@E) + A # 0 for |&] + |N| % 0. If f is in HYRZ), then
there exists a unmique solution w im HF of:

PHA +NYu, =fon R%; [N =X >0,
Moreover:
w2 + N llus T = MALFIS
where M is independent of \, ., f.
Proof. Set A(, \) = A(£) + 1. It is homogeneous of order @ in

(§, \). Since A(£) is in E,, we have the following factorization with
respect to &,, which is unique up to a constant multiplier:
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AE) = A.(HA_©)

(Cf. Theorem 1.2 of [3], p. 95). The same proof with &, =&, + 7|¢&|
replaced by & =&, + ¢(|M] + [€]) and & replaced by:

gL =&, — (N + €D
gives:
AEN) = A(ENAE N .

Moreover:

If A.(¢) is in 0f, then A.(£, \) is also in O, (is homogeneous of
order 0 in (£,\)). Similarly for A_(&, \).

Let If(x) be an extension of f to R". Consider:

Wo(8) = (A& ) T FEAE W) .
For | 1] = 0, #. (&) has an analytic continuation in Imé&, > 0 and:
J13.@, 6 +imrazas =,
C is independent of > 0. So: #.(5)e Hr. (Cf. [3], p. 91).
We get:
fwo|[F = 1TI* (62 — i)“~ﬁ+(5) o o
= G- = 9ALE M) I LAEAE M), -
Since A (&, \) is homogeneous of order 0 in (5, M), we have:
AEN) = AGUE+ D MAET+ M)

Let ¢ = Min | A (5, \)]| for |&]| + |n]| =1,argn = 0. Then ¢ >0
and is independent of \.
So:
e lld = e 12 = ) T LFEHALE M)l
= CHIFEAZE M) e
We may write:

AEN) = (L&l + INDTAG/UET+ IND, MAEL+ IND) .

Let C = Min [A_(§, V)] for [&|+ x| =1,arghn=06. Then C >0
and is independent of .
We obtain:

lus llE < CHFE 1l = CIFIIT

A similar argument gives:
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Nullf = CINTILINT .
So:
up|F + N urlls = CIFIT -

C is independent of X, f, u,.

A direct verification shows that u, is a solution of the equation.
It remains to show that the solution is unique. Let v, be an element
of H. Suppose that v, is also a solution of the equation. Then as
in [3], ¥.(&), its Fourier transform is given by an expression of the

same form as #%.(¢) with i;”(&) replaced by Z/J”/(E). l.f being an extension
of f to R".

Set I,f =If — I.f. Then Lfe Hy, so LfeHy. LASA_(&\)
is analytic in Im &, < 0 for | x| # 0 and moreover:

S \LRE, &, + in) [P | A, &, + i7) [ de'ds, < C

where C is independent of 7 < 0. N
Hence L, 7(6)(A_(¢, M) is in H: (Cf. [3], p. 91), so:

T+ LAOAE_EA)™) =0,

Therefore: A, (£, N)(#.(€) — 7,(8)) = 0.
But A.(& \) = 0 for |[\| =0, we get %, = ¥.. Q.E.D.
Set:

Ay = kgw VJro(x) exp [(thme)/p] L+
A= 3\ @) exp [(ih)/p]Luru
where L., 4, are as in §1,
LeMMA 2. Let A, A, be as above and +(x) be in CP(R") with

(@) =0 for |z — x| > 0;|4(x)| £ K where K is tndependent of o.
Then:

[ (Ar — Adu ||i. = Cofully + CO) {|u iz

Jor all w im H}, s = 0.
Proof. Cf. Lemma 4.7 of [3], p. 119,

Proof of Theorem 2 (continued). (1) First, we establish an a-
priort estimate of the solutions.
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Consider:
Pro;Ayjuy + MNPHpuy) = PHp;f) — Tuy

where T is a smoothing operator with respect to ¢;Av;.

It has been shown in [3] (Appendix 2) that in a local coordinates
system, the operator ¢;Av; becomes: @;A;y; + T; where A; has for
symbol A;(x’, &) and T, is a smoothing operator.

So, we have:

Prp;Aj(yus) + MPHpuy) = PHp;f) + Tiu.

where T} is again a smoothing operator.

Let A;, be the convolution operator with symbol A;(x{, &) evaluted
at the point xj. We write:

Pro;A;(vjuy) + NPHpuy) = PH(p;f)
+ Tiuy + Pro;(Aj — A)yu* .

Applying Lemma 4.D.1 of [3] (p. 145), we have:
Pro;Aj(yjuy) = PTApuy) + Thu,

where T? is a smoothing operator.
Therefore:

(Ajo + Mpjuy = @;f + Tiuyr + @i(Aj0 — A)(Vrjuy) .

The symbols A;, satisfy the hypotheses of Lemma 1. Applying
Lemma 1; 2, we obtain:

lpius I3 + I llosus (I = M{llpsf 11T + [l s o
+ 12M [ [l + [[9r04 |l7 + [[@u |5}

where we have used the well-known inequality:
% llas = €l uslle + CE) [lusllo .

On the other hand: |[yu, || < M||usl|l,. Summing with respect to
Jj, we get:

s lla + I s o = ML o + 1/2M || s [
+ 0 |l uslla + K lws I}

Taking ¢ small and |\ | sufficiently large, we have:
s e + N Nwsllo = M| o -

So, if there exists a solution, then the solution is unique.
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(2) It remains to show the existence of a solution. From Lemma 1,
we know that P*(4;, + \*) has an inverse B;,. Let R;, be the operator
R;, expressed in the global system of coordinates of G. Consider:

Rf =3, PR f) .

R is a bounded linear mapping from L*G) into H{(G).
We show that: . Rf = P*(A + \)Rf = f + & f with || & || £ 1/2.
We have:

S Rf = 5 PHA + M9 Biaf) -
Applying Lemma 4.D.1. of [3], we may write:
Rf = 3, P A + N Rylwi f) + TRf

where T is a smoothing operator.
We express ¢;(A + )»“)aﬁ,—]?jo(w,- f) in local coordinates. We get:

Pi(Ajo + N Rio(; f) + 9i(A; — Aj)ri Ry f) + TiRo(v;f) -
Using Lemma 4.D.1 of [3] again, we obtain:

Pi(Ajo + N)VBjo(¥if) + pi(A; — Aj)¥iBil(¥if) + TiR(v;f)
= TiR;(¥v;f) + @;f + 9i(A; — A viRi(vif) = oif + & ;(vif) .

The T; are all smoothing operators.
Applying Lemma 1, we have:

TR ;005 ) 15 = Cll Bisolyif) lie = € [ Fllo + CINM T f Lo -

From Lemmas 1 and 2, we get:

lpi(A; — AV iR, ST = 0 || ¥iRio(v ) 1Ia
+ C©) | Vs Rio(ri ) i
< 8 11fllo + CO) I Bjolsf) llams
< 01l + 6C@) || Rio(di 1) la
+ COME) || Rio(¥0) lo
< {6 + CON 1 F1lo
+ N M CE) [ f Ll -

Taking ¢, 6 small, | x| large enough, we have:
1
| & i NIT = N 1A

We obtain:
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Rf=f+ TRf+§.é’5(n1rjf) =f+&F

where %%,. is the operator &’; expressed in the global coordinates system

of G. We obtain: |&fll. =14 fll, + 1/41|fll, for large |A
Hence || Z || < 1/2; therefore (I + &)~ exists. We define:

=R+ &)

The writer wishes to thank the referee for his remarks.
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