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The unitary equivalence for normal operators is general-
ized for a large class of spectral operators on Banach spaces.
This generalization which is called quasi-similarity coincides
with the semi-similarity introduced by Feldzamen in the
particular case of Hilbert spaces and for it the Weyr charac-
teristic forms a complete set of invariants,

The spectral representation theorem for normal operators asserts
that every Hilbert space admits a spectral representation relative to
an arbitrary bounded normal operator defined in it. This means that
every normal operator on a Hilbert space can be represented, through
a unitary transformation (similarity), as the “multiplication” operator
on an appropriate direct sum of L,-spaces (e.g. see [4] X-5). An
immediate consequence of this result consists in the possibility of
dividing the normal operators into classes of unitarily equivalent
operators.

The case of spectral operators on Hilbert spaces is more compli-
cated and it was studied by Feldzamen in his laborious paper [5]. He
has defined the Weyr and Segre characteristics for spectral operators
of finite multiplicity and shown that they are similarity invariants but
not a complete set of invariants. By introducing a generalization of
the similarity called semi-similarity (roughly, it is a decomposition of
the identity, by means of projections in the respective resolutions of
the identity, into similar parts) he has obtained an equivalence relation
for spectral operators of finite multiplicity on Hilbert spaces for which
the Weyr (or Segre) characteristic provides a complete set of invariants.

The purpose of this paper is to construct a quasi-similarity theory
for spectral operators on Banach spaces which coincides with the usual
similarity for normal operators or with Feldzamen’s semi-similarity in
the case of the spectral operators of finite multiplicity on Hilbert
spaces. One of the basic properties of quasi-similarity is the fact
that for it as well as for semi-similarity, the Weyr characteristic is
a complete set of invariants. The multiplicity of the projections in
the resolution of the identity (defined by Bade in [2]) is also an
invariant of quasi-similarity.

A beginning in this direction was done by Bade [2] Theorem 9.2
who has shown that a spectral operator of scalar type on a separable
Banach space whose resolution of the identity contains no projections
of infinite uniform multiplicity, can be represented, through a densely

197



198 L. TZAFRIRI

defined closed linear map with densely defined inverse, as the “multi-
plication” operator on a suitable direct sum of L -spaces. It should
be mentioned that our results will be proved under the same re-
strictions concerning the underlying space and the multiplicity of the

projections.

2. Quasi-similarity. The similarity equivalence in the sense of
the afore-mentioned theorem of Bade consists in essence in the ex-
istence of a densely defined closed linear map having a densely defined
inverse (instead of a unitary transformation in the Hilbert case).
Since such a similarity seems to be insufficient in order to insure the
existence of a large set of natural invariants we should add some
supplementary conditions which, of course, are satisfied by the map
defined in Bade’s theorem.

In this section A4, and A, will be two bounded linear spectral
operators of finite type on the separable Banach spaces X, and X,
whose resolutions of the identity are E,(-) and E,( - ) respectively.

Since in most cases we are dealing in fact only with spectral
operators for which there are no projections of infinite uniform
multiplicity in their resolutions of the identity, it follows from [10]
Theorem 4 that separability is only a slight restriction equivalent
with the countable chain condition (for details concerning the multi-
plicity theory for Boolean algebras of projections on Banach spaces

see [2]).

DEFINITION 1. We shall say that A4, is quasi-similar to A4, if
there exists a densely defined closed linear map v: X, — X, with
densely defined inverse (D(7) and D(r~') will denote the respective
domains of = and ') such that:

(i) AT = Aw; yeD(z™)

(ii) For every Borel set 6 on the complex plane there is a
constant M(0) such that

(2.1) B0yl = M) lyl; ye D).

Let us remark that in view of (i) and (ii), 4,D(z) & D(z) and
also E\(0)D(r) & D(c) for every Borel set o.

LEMMA 2. If A, is quasi-similar to A,, then there is a constant
M such that

@2 | <|FVE@YY | S My B - esssup | £O0)]

for every bounded Borel function f and ye D(t™).
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Proof. Let us denote
2.3) F o)y = tE(0)ry; ye D(r™), 6 ¢ Borel sets.

Then F'(6) is a bounded idempotent operator densely defined on Xj.
Thus F(0) can be extended in a unique way on the whole space X,
such that it will be a bounded projection. Evidently, F(-) forms a
Boolean algebra of projections and E,(0) < E,(9) if and only if F(0) <
F(o) for every pair of Borel sets 6 and 0. Consequently, FI(-) is a
Boolean algebra of projections, o-complete as an abstract Boolean
algebra and by [1] Theorem 2.2 it is bounded, i.e. there exists a
constant M, such that

(2.4) [[F@yl| = |rE@) Y| = M, |lyl; y € D(z™"); o € Borel sets.

Now, let f be a bounded Borel function and {f,} a sequence of
finitely valued functions converging uniformly to f on 0(4,) (the spectrum
of A, is the support of E.(-) and F(-)). Then
(2.5) limg Lo E(AN) Ty = S JNE (AN y; y e D(T)

n—oo Jo(4y) o(4y)

and

n—roo

(2.6) limz Sm LBy = SM FOF@y;  yeDE.
Since 7 is closed it follows that
(2.7) |7 ME@DE) = DE)

for every bounded Borel function f and by [3] p. 341

@8 ||clrovE@iey| = | [rooravy|

=4M,||y|| E, — ess sup Lf(k) byeD(™)

!

(we have used the fact that E/(6) = 0 if and only if F() = 0 for
some Borel set 9).

THEOREM 3. Let A =S, + N, A, =S, + N, be the respective
canontical decompositions of A, and A, (see [3] p.334). If A, is
quasi-similar to A, then:

(a) TE((0)r'y = E,0)y;ye D(c™); 6 € Borel sets.

(b) A, is quasi-similar to A,, t.e. quasi-similarity is a sym-
metric relation.

(c¢) S, and S, are quasi-similar.

(d) N, and N, are quasi-similar nilpotents of the same order.
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(e) f(S) and f(S,) are quasi-similar for every bounded Borel
Junction f.

Proof. We have observed in the proof of the previous lemma
that the family of projections F( - ) defined by (2.3) forms a bounded
Boolean algebra of projections. Moreover, it is o-complete as an
abstract Boolean algebra of projections. Obviously, it commutes with
A, and therefore with E,( - ).

Now, let us denote

(2.9) Ssy = tST'y; Nyy = tNc'y; ye D(r7) .
The definition of S; and N, is possible in view of (2.7) and it is easy
to see that N, is a nilpotent of the same order as N, and

S, = SxF(dx) )

Hence
AZZSZ+NZZS3+NS

and all these operators commute. Thus S; is a spectral operator and
o(S:) = 0(8S,;) = 0(A,). Consequently,

0(Ay/perx,) = 0(So/rirx,) S d; 0 € Borel sets ,

i.e. F(-) is a nonnecessarily countably additive “resolution of the

identity” for the spectral operator A,.
By [3] Theorem 4, for every closed set o

E0)X, ={ylyeX,, ngz(y) & 5}

where o,(y) denotes the spectrum of y with respect to A, (see 3]
p. 327). One can easily see that in order to prove the inclusion
E0)X, S {ylyeX,, 0,(y) & 0}, Dunford does not use the countable
additivity of the resolution of the identity. Thus

Fo)X. S {y|lye X, 0,12(y) < o}
and further F(6)X, & E.(0)X, which implies
(2.10) F(0) = Ey(0)

for every closed set 4.
Let 0 be a Borel set, ¢ its complement and d¢ its boundary.

Suppose that E,do)y = 0 for some Borel set ¢ and y e X,. Then, by
(2.10) we have F(do)y = 0 since do is a closed set. Hence,

y = E0)y + Ed)y = F(0)y + F(d")y
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and by (2.10)
E\0)y = E(0)F(0)y + E(0)F(d")y = F(d)y .
In conclusion we get
(2.11) E,(o)y = F(o)y .
Let 6 be a closed set and define
o,={¢|lp— N <v for some red}; 0 < v.

In view of the separability of X, one can find a sequence {y,} dense
in X,. By [1] Theorem 3.1, to every vy, there is a linear functional
y¥ e X, for which yiFE,(0)y, = 0; o c Borel sets and y}E,(o)y, = 0 for

some ¢ implies E,(0)y, = 0. Let us put
9.(Y) = YaEx0.)y,; 0 < v n=12 .-,

Evidently, g,(v) is an increasing function of v whose set D, of
discontinuities is at most countable. Therefore, the set D = U;., D,
is also at most countable. If y,¢ D, then

lim y; Ex0.)y, = Y2 EA0,)Yn ; n=12 .-

vy

and further y}E.(7,)y, = yrEy(0,)y,. Thus, it follows
Ey(5,,) = Exo,)

which implies E,(00,) = 0; ve D. Let us consider a decreasing sequence
{v;} such that v,— 0 when k — < and v, ¢ D. By (2.11) we have

(2'12) E2(gbk) = F(gvk) ’ k = 1! 2y ctt .

Observe that M., 0,, = 0 which implies
A E(0.) = B©); A Bdo,,) = E0) .

Now, using the fact that E,(-) and E,( -) are strongly countable
additive spectral measures and (2.12) we shall have

E\(0)c7'y = lim E\(0,,)t 'y ye D(t™)
k—oo
E,(0)y = lim Eyo,,)y = lim F(o,,)y = limtE\(0, )ty ; yeD(™).
k—oo k—oo k—oo

Then, since 7 is closed, we can conclude
Eo)y = tE\(0)t7'y = F(0)y ; yeD(c™)

and further
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(2.13) E,5) = F(5)

for every closed set ¢ in the complex plane and, consequently, for
every open set o.

Finally, we shall use the regularity of the spectral measure E,(-).
Let » be a Borel set; for every ye X, there is a sequence of closed
sets {0,} and a sequence of open sets {s,} such that 6, &EnSo0o,;n=
1,2, --- and

lim Ey (o, — d,)y = 0.

n—oo

By (2.13)
lim F(o, — 6,)y =0

and therefore F(7) = E,(y) which proves the first part of the theorem.
The part (b) follows from the fact that

e E@)re|] = [ EO0)r || = K[«] ; v e D(7)

where K is a bound for the resolution of the identity of A..
Furthermore, the part (e) follows from (2.5), (2.6) and part (a) of
this theorem. Then (¢) and (d) are trivial consequences.

COROLLARY 4. The spectrum and its fine structure are quasi-
similarity invariants (for spectral operators of finite type).

Proof. By the previous theorem FE/(-) and E,(-) have the same
support, therefore o(A)) = 0(4,). Let us point out that Foguel [6]
Theorem 1, p. 56, has proved that a spectral operator of finite type
has no residual spectrum and a point ) belongs to its point spectrum
if and only if E({\}) = 0. Then, the last statement follows from the
fact that in our case E\({\}) ## 0 whenever E,({\}) = 0.

The concept of multiplicity as used in what follows was introd-
uced by Bade in [2]. For convenience we shall summarize here some
notations and results concerning the theory of multiplicity for Boolean
algebras of projections on Banach spaces.

Let B be a Boolean algebra of projections and remark that it
may be considered as a spectral measure FE(-) on its own Stone space
2. The cyclic subspace M(x) generated by a vector « is clm {Ex | E € B}.
For each x the projection C(x) = A{E|Ex = x} will be called the carrier
projection of x. If the underlying space is separable then every
complete Boolean algebra of projections is countably decomposable,
i.e., every family of disjoint projections in B is at most countable,.
In this case the multiplicity of E e will be defined as the smallest
cardinal power of a set A of vectors such that EX = elm {IR(x) | x € A}.
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We say Ee®B has uniform multiplicity = if the multiplicity of Fe®
is equal to » whenever 0 =« F < E.

In order to prove the invariance of the multiplicity under quasi-
similarity we should use the notion of independence of vectors with
respect to a Boolean algebra of projections which was introduced by
Feldzamen in [5]. A finite family of nonzero vectors {x,,---,x,} will
be called independent if there is a family of vectors {z,, ---, 2,} such
that

(a) Mx,) S Ni(z;)

(b) C(z) =1 }

(¢) z S F(@)E(dw)z; = 0 implies S_ﬂ(w)E(dw) -0

for e =1,2, ..., m.
Finally, let us remark that in our case when the underlying space
is separable the multiplicity of a projection cannot be greater than ..

1=1,2,---,m.

TaEOREM 5. The multiplicity s a quasi-similarity invariant
1.e. the multiplicity of KE(0) is equal to the multiplicity of Ey(0)
Jor every Borel set 6 im the complex plane.

Proof. First, assume that the identity in X, has finite uniform
multiplicity » and consider all the finite families of independent (with
respect to the Boolean algebra E,(-)) vectors {y, ---, u,};

ye D) S X, A Cly) = 0; i=1p.
For such a family denote w;, =t 'y;4 =1, ---,p. Obviously,

C(x;)x = t'C(y,)rx; © € D(7) which implies A7, C(x;) = 0. Assume that

»

zgmMEWMm:o

=1

for some bounded Borel functions f,; 7 =1,-.-,%. Then, by applying
= and using Theorem 3 part (e) we get

3

5| A0E@Yy. = 0
and by {5] Lemma 2

|70 By = 0; i=1p.
Thus, by Theorem 3 part (e) we have

&xMEmmmizo; i=1,-p
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and then, by [5] Theorem 8, the family {x,, ---, z,} will be independent
(with respect to the Boolean algebra of projections E.(-)). In view
of [5] Theorem 6 this is possible only if » < n.

Let {y, ---,¥,} be a family of independent vectors; y; € D(c™"),
E(0) = N2, C(y;) =2 0; i =1, ---, p for which p is maximal. By [2]
Lemma 4.1, for every ye D(zr~') there exists a maximal projection
E,(0o) such that

E(0)B6)y € V THE()v.)
and
(2.14) i\i/l W E(00)y:) N WL — E(0))E(d)y) = {0} .
In view of the definition of quasi-similarity and Theorem 3

Yo = (I — Ey0)Ey(0)y € D(z™)

and if y, # 0 then A?=0 C(y;)) = C(y,) =0 and by (2.14) {?/o: Yiy o0y ?/p}
will be an independent family of vectors from D(z—!) which contradicts
the maximality of p. Hence y, = 0 and consequently

E(6)y = E{0)E(5)y € V DUE()y)

for every ye D(z™"). Since D(z7!) is dense it will follow that the
multiplicity of E,(d,) is at most »n. By [2] Theorem 3.4 there is a
set 0, & 0, such that the multiplicity of FE,(0,) is uniform and equal
to that of E,0,). By applying the first part of the proof to the
sub-space E,(6,)X, we will be able to find a Borel set 6, = 6, such that
E\(0,) = 0 and its multiplicity is not greater than that of FE,(@,).
Since the multiplicity of FE.(0,) must be equal to n the multiplicity
of E,6, will be exactly #.

Let us denote
E(4) = V {Ey0) | E(0) has uniform multiplicity =} .

Obviously, #,(4,) has uniform multiplicity » and if E,(4,) = I, then,
by repeating the arguments already used in the first part of the
proof, one shall find a set o, such that E,(o,) has multiplicity % and
E0,) = 1— E(4,). Further, by [2] Theorem 3.4 there is a set 0, & 0,
such that FE,(o,) has uniform multiplicity n. Hence E,(4,) = I and the
identity on X, would have uniform multiplicity .

Assume that E\(») has infinite uniform multiplicity for some Borel
set 7 (as we have already remarked, it must be equal to W,). If
E,(n) has not infinite uniform multiplicity then, by [2] Theorem 3.4,
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one can find a projection 0 = E,(n,) < E,(y) having finite uniform
multiplicity. By the previous part of the proof E\(n,) will also have
finite multiplicity which contradicts the uniformity of the multiplicity
of E\(7).

In order to prove the general assertion of the theorem, let us
consider the decomposition of the identity (given by [2] Theorem 3.4)
I=V.c.cn, Ei(0,) into disjoint projections such that if E(o,) 0, E\(0,)
has uniform multiplicity n. It follows that I =V ,.,<x, Ex0,) is the
similar decomposition of the identity on X, (since this decomposition
is unique). In conclusion the multiplicity of E\(6) is equal to that of
E,6) for every Borel set ¢ since

E@©)= V E(0)E(0,); Ey0) = V Ez(s)Ez(an)
1Sn=Rp 1=n=¥Rp
and E\(0)E(0,) and E,0)E,0,) have the same uniform multiplicity;
1=n=W..

Let A be a spectral operator whose resolution of the identity is
E(-). By Foguel [6], the opeartor A has a unique decomposition

A= S(Eﬁe NE(N) + ig(sgm NEAN) + N

where N is the generalized nilpotent part and B = Re A = X(Eﬂe N E(dN)
and J = Jm A = {(JmA)E(dN) are called the real, respective, imaginary

part of A (this decomposition is similar to that of a normal operator into
a sum of two commutative self-adjoint operators). Using these concepts
we shall give the following necessary and sufficient condition for
quasi-similarity.

THEOREM 6. The condition (ii) of Definition 1 can be replaced by
(iii) TRty = Ry; tJt7'y = Juy ; yeD(T™)

where R, and J; denote the real, respective, imaginary parts of A;;
1=1,2,

Proof. The implication (ii) = (iii) was proved in Theorem 3 part
(e). In order to prove the converse implication let us observe that
from (iii) it follows that

<[pon DE@ Y = Spo», NE@NY;  yeD(E)

for every polynomial p(\, X).



206 L. TZAFRIRI

By the Stone-Weierstrass theorem, since 7 is closed we get im-
mediately

o B@y = [rVE@YY ;5 yeDE)

for every function % continuous on a compact set 4 containing the
spectra of A, and A,.

Let 0 =4 be a closed set. By Urysohn’s lemma (e.g. see [4]
I-5-2) there exists, for each m =1, a continuous function u, with
0=u,N) 2L 4, (M) =1 for eo and u,(\) =0 when

min [N — ¢ | ,z_i.

u€o m
Obviously, {u,(\)} converges to the characteristic function y,(A) of
the set 0. Hence, by [4] IV-10-10, since ¢ is closed we have

tE\(0)c 7y = Ey0)y ; yeD(z™)

for every closed set o. If 6 is a general Borel set, one can find a
sequence of closed set {o,} which increases to 6. In view of the
strong additivity of both resolutions of the identity we shall obtain

TE(0)c 'y = E0)y ; yeD(z™)

which implies (ii).

COROLLARY 7. Let A, and A, be two spectral operators with real
spectrum. Then they are quasi-similar if and only if there exists
a densely defined closed linear map t: P,— P, with densely defined
wnverse such that tAt'y = Ay; ye D(T™).

3. The Weyr characteristic. In this section we shall deal only
with spectral operators whose resolutions of the identity contain
no projections of imfinite uniform multiplicity. This restriction is
necessary in order to define the Weyr characteristic (after E. Weyr
[11]). In fact, the Weyr characteristic was defined by Feldzamen
in [5] for nilpotent operators commuting with Boolean algebras of
projections of finite uniform multiplicity but his definition and the
related results can be obtained without difficulties for nilpotent oper-
ators commuting with Boolean algebras of projections which contain
no projections of uniform multiplicity.

We shall start by reproducing briefly (in our more general context)
some definitions and results from [5] which concern the Weyr char-
acteristic.

Let B be a countably decomposable complete Boolean algebra of
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projections on a Banach space X containing no projections of infinite
uniform multiplicity. It is well known that 8 can be considered as a
spectral measure E(-) on its own support space 2. A Borel set ¢ of
2 will be called negligible if E(3) = 0.

Let us consider a nilpotent operator @ commuting with 9.

A family of vectors {x,|ae A} will be called a k™ index system
over o, for an integer k and nonnegligible set 4, if

(a) Qx,=0; acd
(3.1) (b) C@Q*'z,) = E(); acA
(¢) {Qz,|91=0,1, -,k —1, e A} is independent.

By [2] Theorem 3.4 every nonnegligible set ¢ contains a non-
negligible subset ¢ such that E(o) has finite uniform multiplicity.
Then {E(0)Qz,|7 =0,1,---,k — 1, aec A} is an independent family
of vectors from E(c)X and hence, by [5] Theorem 6, it is finite.

Repeating the proof of [5] Theorem 16 we can show that for
each integer k& and nonnegligible Borel set é & 2, two maximal k**
index systems over 6 have the same cardinality.

The Weyr characteristic of Q with respect to B, written
7 (Q, 0, k), will be defined as the cardinality of a wmaximal k"
system over 6 if 0 is nonnegligible and zero whenever it s negligible.

Another result of Feldzamen which can be easily adapted in our
case asserts that if ¢ is the disjoint union of a countable family {o,}
of nonnegligible sets, then

(3.2) 77 (Q, 9, k) = min {277(Q, 0,, k)}

for each k.

This theorem together with [2] Theorem 3.4 will be our basic
tools. They will allow us to pass from the finite uniform multiplicity
case to the general case by using Feldzamen’s results from [5] with-
out modifications.

THEOREM 8. The Weyr characteristic is a quasi-similarity in-
variant, i.e., if A, and A, are quasi-similar spectral operators, then

(3'3) W(Nl, 5: k) = %A(Nm 5: k)
for each tnteger k and Borel set 6 on the complex plane.
Proof. In view of the previous remark and Theorem 5 it is

enough to prove (8.3) for sets 6 for which E,(6) and E,(d) have the
same finite uniform multiplicity #. In order to simplify the notations
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we shall assume that both resolutions of the identity of A, and A4,
are Boolean algebras of projections of finite uniform multiplicity 7.

For every nonnegligible set 6 and integer © we shall consider the
family of all k* index systems over ¢ (with respect to N, and E(-))
which contain only vectors from D(z) where ¢ is the map defining the
quasi-similarity between A, and A,. By repeating the proof of [5]
Theorem 16 one can show that two such maximal systems (composed
from vectors of D(z)) have the same cardinality. Hence, we can
define the Weyr characteristic with respect to D(z) as the cardinality
of a maximal £™ index system containing only vectors from D(r).
It will be denoted by 97 (N, 0, k). In the same way one can define
(for N, and E,(-)) the Weyr characteristic with respect to D(c™)
which will be denoted by 97 4(N,, ¢, k). Evidently,

(3'4) C//O(Nzy 5: k) é ny/(Nm 8; k) ’ /L = 1; 2 .

for every Borel set 6 and integer k. Let us also remark that if
{®, -+, 2. e A, x,e D(r)} is a maximal k™ index system over §
with respect to D(z) then, by Theorem 3 part (e) {rz,, ---,72,} is a
k™ index system over 6 with respect to D(r™) i.e. (N, 0d, k) <
# (N, 6, k) and by means of symmetry the reverse is also true.
Consequently,

(3.5) W ANy, 0, k) = Ny, 0, k)

for every Borel set ¢ and integer k.

Let 6, be a set of uniform characteristic for N, i.e. % (N, 0,, k) =
¥ (N, 1, k) for £k =0,1,.--,n and every nonnegligible set »cd,.
We shall prove that there exists a nonnegligible set ¢ < §, such that

P AN, 0, k) =n .

M=

(3.6)

k=1

I

First, let us observe that by [5] Corollary 20 and (3.4)
S AN 7, ) =

for every nonnegligible set 7 & d,. Hence, we can define

(3.7) ! = max 3, %N, 7, k) .

09y k=1

If I =n the proof is finished; thus we can assume that I < » and
choose a nonnegligible set 0 & 0§, such that

(3.8) k}; SN, 0, k) =1.
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Suppose that m; m < n is the maximum integer for which
%(NU O-y m) :’4—_ 0’

and let {27 |z2re D(c), e A,} be a maximal m™ index system over ¢
with respect to D(z) for which C(z") = E (o) for each a«ec A4,. Since
{NzrlaeA,} is a (m — 1)*® index system over ¢ with respect to D(z)
(see, e.g., Theorem 3 and [5] Theorem 17 (a)) there is a maximal
(m — 1) index system over o with respect to D(r) -containing
{Nzr|aecA,}, say {zr'|zr'e D(7),ac A,_} with C(z*') = E\(0) for
each ac A, _,. Continuing so, we shall get a family of vectors
{628 e D(t),ac A, k=1,---, m}, whose cardinality is /. This family,
which will be called a complete index system over ¢ with respect to
D(7) is independent (the proof of [5] Theorem 19 for general complete
index systems over ¢ can be immediately adapted in our case). Let
us remark that the set E,(0)D(c) cannot be contained in

\/{m(zfi)iQEAky k= 13 "'am}

otherwise the multiplicity of E.(o) will be equal to I < n. Thus,
there is a vector ze D(7), C(z) = E(0) # 0; 0, & 0 such that the
family {z,2:|aec A, k=1,---,m} is independent. Let j be such
that N7z = 0; N/~'2 == 0 and suppose that the family

{NiZ,ZZ[CYEAk,kZI,°°'._7.,’L.:O,1,"‘,j——l}

is independent. Then the vectors {z,z)laec A;} form a 7" index
system over o, with respect to D(c) and therefore

%(l\rly o, .7.) > %;(Nu g, .7) .
Since 27(N,, 0, k) = 77N, , 0,k); k =1, --+, m we have

(3.9) z S AN, 0, k) > 1

which contradicts the maximality of [. Hence the set
{Niz,zz |lace A, k=1,--+,7,1=0,1, .-, 7 — 1}

is not independent. From this point we can follow the arguments
used in the proof of [5] Theorem 21 where, instead of obtaining a
contradiction to the uniformity of the Weyr characteristic we shall
contradict the maximality of [. Thus [ = » and (3.6) holds for the
set ¢ which satisfies (3.8).

Let us assume that there is a set 0 and an integer %, for which
(3.3) does not hold. With no loss of generality we can suppose that

% (N, 0, k) < 977 (Ny, 0, ko)
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By [5] Theorem 18 there is a partitioning of 9,6 = Ji-, 0, as a
disjoint finite union of sets of uniform characteristic %7 (N, -, ).
By [5] Theorem 17 (c)

7 (N, 6, k) = min 977 (N, d;, ko) ; t=1,2.

1=jss

Thus, there is a set 6, = ¢ having uniform characteristic 27" (N, -, ),
for which

(3.10) W (N, 0, ko) < 977 (Ny, 0, ko)

But, by the previous part of the proof (3.6) there exists a set ¢ C g,
such that

%;(Nn g, k) =n

M

k

and further, by (3.4) and [5] Theorem 21

1

(3'11) %(Nm g, ]‘J) = ?//”(Nl, g, .ZC) ; k= 1, e, M
On the other hand, using (3.5), (3.4) and |5] Corollary 20 we have

n=3F N0, ) =37 (N, 0,k =n

=
i.e.
(3.12) W Ny 0, k) =% (N, 0,k); E=1,.--,n.
In conclusion, by (3.5), (3.11) and (3.12) we shall get
% (N, 0, k) = 7 (N, 0, k)
and further, in view of the uniformity of ¢, and [{5] Theorem 17 (b)
W (N, 05, ko) = 277 (Nyy 04, ko)
which contradicts (3.10).

LEMMA 9. Let B be a countably decomposable complete Boolean
algebra of projections having finite wniform multiplicity n and
{#, »++, 2.} a set of k; 1 =k <n independent wvectors such that
Ca,)=IL;v=1,---, k. Then, there are n — k vectors ,,, ---, 2,
such that

(3.13) ngmmy

Proof. Let us consider all the independent families of vectors
{xlv oy Tty Yury o0y yp} for which A?:kfl C(yz) = 0. By [5] Theorem 6
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we have p < n; hence we can find such a system {x,, -+ -, @, Y101, ***, ¥y}
with p maximal. Let us denote E, = A’_... C(y,) and

M = clm {(PE2), W(Ey,) | 1=i =k k+1=Z5<p!.

If there is z,e X such that Ex,¢ 0 then by [2] Lemma 4.7 one can
find a maximal projection K, €3 such that K Ex,c M and

MM — E)Ezx) = {0},

Evidently, v,., = I — E)Ex, 0 and 0+ Cy,.,) =< E, i.e. in the
family {Ew,, -+, E@y, EYyiy -+, By, Ey,.} the lower bound of the
carrier projections is different from zero and by [5] Theorem 8 this
family will be independent. This fact contradicts the maximality of
p, thus E,X = M and further p = n since E, has multiplicity #.

Let B, be the set of all the projections 0= EFe®B for which
there are vectors z,., -+, 2, such that

EX = clm {IR(Ex), -+, W(Fx), V(Ez..), -+, M(Ez,)} .
By the previous part of the proof ¥, is not void. Let us put
F=V{E Ec®}

and consider families of disjoint projections in B each member of
which is bounded by a projection F<¢®,, and order these families by
inclusion. By Zorn’s lemma there exists a maximal family which
must be countable since B is countably decomposable. Obviously, the
union of this maximal family is F i.e.

F=VF
and F,e B, since it is bounded by a projection E ¢¥B,. Thus there
exist vectors z), ---,2”; v=1,2, ... such that

F.X = clm {M(F,x), - -+, WY @,), DU(F,z2L), -« -, DUF20)} 5
yv=12, .-

If we denote
j=k+1,--,n

then it is easy to see that
FX = clm {%(Fxl)y Tty EIR(F_Y"X;k)y 9)2(sz+1)! Y ED%(FZ,J}

i.e. Fe®,
If F = I, then by applying the first part of the proof on the
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subspace (I — F') X we shall find a projection ¢ = F,e B; F, <1 — F,
which constitutes a contradiction since F, < F.

LemMA 10. If 9#°(N, 0,k) = %7 (N, 0, k) for each integer k and
Borel set 6 then the multiplicities of E.(0) and E,0) are equal for
every Borel set 6.

Proof. First, let us consider a set » such that both FE,(») and
E,(ny) have (finite) uniform multiplicity. By [5] Theorem 18 » may
be decomposed as a union

S
n=U;
J=1

of a disjoint finite family of sets each of them having uniform
characteristic (with respect to the Weyr characteristics o7 (v, -, -)
and 27 (N, -, -)). In order to simplify the notation we shall denote
both multiplicity funetions by m(-). Then, by [5] Theorem 21

m<E1(771)) - kgf c7/(1\[1/El(?]_,-).k'ly 777'5 k) = Z %A(le 7]]’) k) = Li:“l %A(Nm 773‘1 k)

k=1

= sz W(Nwﬂzwj)xzy 75, k) = m(E(,) ; Jj=1 -5,

and further, by [2] Lemma 3.3 m(E\(7)) = m(Ey(n)).
For every set 0, let

5(2)
n

C:

0y 6=
1 %

Cs

0 =
1

I

n

Il

be the decompositions of 6 as a union of disjoint countable family of
sets given by [2] Theorem 3.4 (for the Boolean algebras of projections
E(-) and E.(-), respectively). Then a set 0, N ¥ either is negligible
or it has uniform multiplicity with respect to both multiplicity
functions. Hence, by the first part of the proof m(E, (05" N (6%)) =
m(EL(0 1) 0)) which implies m(E,(0)) = m(E.(0)).

LEMMA 11. Assume that E(-) and E-) have the same finite
uniform multiplicity n and %% (N, 0,k) = % (N, 0, k) for each
integer k and Borel set 6. Then A, and A, are quasi-similar.

Proof. By Lemma 10 E(-) and E,(-) have the same support 4.
First, let us suppose that A is a set of uniform characteristic with
respect to 277 (N, -, -) and therefore to o7 (N,, -, +) too. Let m be the
maximum integer for which the Weyr characteristics are not zero and
{etlate XyaeAy; k=1,---,m} and {y. yhe XyacAyk=1,---,m}
complete index systems over A for N, respectively N, (see [5] after
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Theorem 18). In view of our hypotheses and [5] Theorem 21 both
these systems have n vectors. By [5] Theorem 19 and our Lemma 9

Xl = \/{EIR(Q:Z); aeAk; k= 17 "'ym}
X, =V{Myd;aeAy k=1, m}.
The principal property of these complete index systems consists in
the fact that
x> 1

) (yEhkE>1
0 ; k=1’

Nyt = ;
Y=o k=1

acAk=1,---m

(3.14) Nk =

and thus, we can arrange them as follows:

ar, apt = Nar, ar—? = N2ap, ««., ot = NP—ar
(3.15) smopr—t = Nam ar—? = Nigr, ««., ab = Nr—ar

...........................................

and in the same way for the second complete index system. Let
{x,, +++,x,} and {y, -++, y,} be the new order of those complete index
systems given by the previous arrangements. Then

Xo=V0@); X=VNe).

For every set of # Borel functigns {fi, »++, fu} for which u;
belongs to the domain of the operator S F:(N)E(d)) and y,; to that of
i FOVE(N): i = 1, -+, 1 let us put

n

(3.16) =3 FvEB@Ie = 3 B

=1 1=

By [2] Theorem 5.2 the operator 7: X, — X, and its inverse are closed
densely defined. Further, it follows directly from the definition that
TE(0)~™'y = E,(0)y; o € Borel sets and y ¢ D(z~!) which imply

(TE0)Ty =M. oyl yeD(@T)

where M, is a bound of the resolution of the identity of 4,. In
view of (3.14) and (3.15) we have

TNy = Ny t=1,-,m.
and consequently tN,c~'y = N,y; ye D(z™). Since
Sty = Sy y e D(T7)

we can conclude that
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TATYY = Ay yeD(z™)

and the proof is complete in the case when 4 has uniform character-
istic. In the general case we can finish the proof by using [5]
Theorem 18.

We shall proceed to prove the converse of Theorem 8, i.e., we
will show that the Weyr characteristic forms a complete set of in-
variants for quasi-similarity.

THEOREM 12. If the respective Weyr characteristics for A, and
A, are equal, t.e.
(8.17) 27 (N, 6, k) = 57 (N,, 6, k)
for each integer k and Borel set o, then A, and A, are quasi-similar,

Proof. As before, let 4 be the support of E.(-) and E.(-). By
[2] Theorem 3.4 there is a unique decomposition of A (for E(-)),

(3.18) A=15,

1

1Cs

into disjoint Borel sets such that if 6, is not negligible, E,(6,) has
uniform multiplicity #». By Lemma 10, E,6,) has also uniform mul-
tiplicity ». In view of Lemma 11, let

Tht El(an)Xl — E2<8n)X2 N n = 17 27 £t
be the map defined in (3.16). Let us denote
D(t) = {x ! xe Xl; El(an)x € D(T'ﬂ) ;
n=12 ... and Zm] 7, E(0,)x; converges}
and

T = i 7. H(0,)x .

Obviously, ¢ is a one-to-one densely defined map from X, into X,
with densely defined inverse. Let x,eD(7), p =1,2, --- and

lima, = ; limea, =y .
poo p—reo
Then,
lim E\(0,)x, = E\(0,)x; lim Eyo,)cw, = E0,)y ; n=12 .-

p-roo p—roo

and further, lim, .. 7,E\(d,)», = E(d,)y. Since 7, is closed,
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El(an)x € D(Tn) and TnEl(an)x = E2(6n)y ’ n = 1, 2y e

which insures the convergence of S>> 7,F.(6,)x =y. Using the
definition of  we will obtain 7z = y i.e. 7 is a closed map. Finally,
the fact that 7 defines a quasi-similarity between A, and A, follows
immediately from Lemma 11,

COROLLARY 13. Quasi-similarity ts an equivalence relation for
spectral operators whose resolutions of the identity contain no
projections of infinite uniform multiplicity.

Using the previous results and [5] Theorem 30 we have,

COROLLARY 14, For spectral operators of finite multiplicity on
Hilbert spaces, quasi-similarity coincides with Feldzamen’s semi-
similarity (see [5]).

From this corollary and [5] Theorem 27 (or [7] Theorem 3.1) we
shall get

COROLLARY 15. For normal operators of finite multiplicity on
Hilbert spaces, quasi-similarity coincides with unitary equivalence.

COROLLARY 16, Let S, and S, be two scalar operators whose
resolutions of the identity E.(-) and E,(-) respectively, contain no
projections of infinite uniform multiplicity. Then S, and S, are
quast-similar if and only if the multiplicities of FE.(0) and E,(0)
coincide for each Borel set o.

Proof. It is enough to observe that for scalar operators 2#7°(0, é, 1)
is equal with the maximal number of independent vectors whose
carrier is FE(0) while 9#7(0,0, k) = 0 for £ > 1. Then, the proof can
be finished by Theorems 8 and 12, Lemma 9, |{5] Theorems 18 and
21, and [2] Theorem 3.4.

COROLLARY 17. Let S, and S, be two self-adjoint operators on
Hilbert spaces whose resolutions of the identity contain mo projections
of infinite uniform wmultiplicity. Then S, and S, are unitarily
equivalent if and only if there exists a densely defined closed linear
map T: X, — X, with densely defined inverse such that TS T'y =
S:y. y € D(z7Y).

Proof. It follows from Corollaries 7 and 15.
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Finally, Bade’s basic result [2] Theorem 9.2 can be reproduced
as follows.

THEOREM 18. Let X be a separable Banach space and S be a
scalar type operator in X. Suppose that the resolution of the identity
E(-) of S contains no projections of infinite uniform multiplicity.
Then S is quasi-similar to the “multiplication” operator on a surtable
direct sum of L,-spaces.

Following [5] we can introduce another characteristic, the Segre
Characteristic, written .57(0, k). It is defined to be the difference
w6, k) — 9770,k + 1) for each integer & and Borel set 6. One can
easily see that .&7(d, k) completely determine the values of 277°(9, k).
Hence the Segre characteristic (after C. Segre [9]) forms a second
complete set of tmvariants of quasi-stmilarity.

Added in proof. An open question concerning the definition of
quasi-similarity is whether condition (ii) in Definition 1 is redundant.
We are indebted to Charles A. McCarthy for the following example
showing that this condition is not superfluos.

Consider the l,-space of all doubly-infinite sequences {a,};=_.. with

Fe ol @,f < + oo and define

ofa.) = {0.27); N{a,} = {a...} .

Obviously, = is a densely defined closed linear map with densely
defined inverse and N is a normal bounded operator satisfying tNc~'=
2N. But N and 2N are not quasi-similar because they do not have
the same spectrum (see Corollary 4).
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