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Let M, and M, be two Riemannian spaces' with Riemannian
metrics d, and d; respectively whose sectional curvature is
positive constant, We consider the product of the two
Riemannian spaces M, X M,, then the Riemannian space
M; X M, has nonnegative sectional curvature with respect to
the Riemannian metric d; X d; but not strictly positive
sectional curvature,

We can construct a Riemannian metric on M; X M, which
approaches the Riemannian metric d; X d: as closely as we
wish and which has strictly positive sectional curvature,

Now, our results can be stated as follows. We consider two
manifolds M(H, — E,, q.), My(H, — E,, q,) such that each of them has
only one chart where H,, E, are the south hemisphere and the equator,
respectively, of a k-dimensional sphere (k = 2) and E,, H, are also
the south hemisphere and the equator, respectively, of an n-dimensional
sphere (n = 2), and q,, ¢, are special mappings. We also consider on
M, and M, particular Riemannian metrics d,, d,, respectively, with
positive constant sectional curvature. We obtain a special 1-parameter
family of Riemannian metries F(¢) on M, x M, such that F(0) =d, x d,.
We have proved that vPe M, x M, the derivative of the sectional
curvature with respect to the parameter ¢ for ¢ =0 and for any
plane of (M, x M,),, is strictly positive.

1. Let M, be a manifold which consists of one chart (H, — E,, q,),
where H,, E, are the south hemisphere and the equator, respectively,
of a k-dimensional sphere S¥(k = 2) and the inverse mapping of ¢, is
defined as follows

qt = {x1: 2u, cee b = 2u,
L+wd+ v+’ 1+ w4 e +ul’

g+ = u%‘}‘"“*‘ui'—l}
T+ul+ e +up)’

q, maps the open set H, — E, onto the open ball %? + ... + 4l < 1.,
On the manifold M,, we take the following Riemannian metric

1 A Riemannian space is a Riemannian manifold covered with one chart ([5], p.
314).
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4
dlzdszz{dn:... =d,, = y
(L.1) 1 A W)

d“=0ifﬁ£;¢j},

whose sectional curvature is positive constant.

Let M, be another manifold which consists of one chart (H,— E,, q,),
where H,, E, are the south hemisphere and the equator, respectively, of
an n-dimensional sphere S*(n = 2) and the inverse mapping of ¢, is
defined by

gt = {061 — 261y e,
1+ubes + oo0 + Uis
i 2uk+n Pt = u?c-l—! + e+ u?c#»n — 1}
L4 udey + ooe +udy, L+ ud, + o0 +uls,

¢, maps the open set H, — FE, onto the open ball wi,, + --- + u2,, <O.
On the manifold M,, we also take the following Riemannian metric

d, =dS; = {dk—H i1 = *00 = Ayrpprn

(1.2) 4

S @ ubn e ubs)t

diy = 0 if msj},

whose sectional curvature is positive constant.
Consider the product of the two manifolds M, x M,. Then M, x M,
is a manifold with one chart {(H, — E)) X (H, — E,), ¢, X ¢,}.

We define a 1l-parameter family of Riemannian metrics on the
manifold M, x M, defined by

41 + tf)

L+ w4+ eee - u)p’
(1.3) AS*(t) = <Grsr1k41 = *** = Jitniin
_ 4(1 + tp)

(L + Uiy + oor + Uisy

g11: o :gkk:

)2vgu:0if?/¢.7y

Where _b < t < by g) - g)(uly Sty ulc): f = f(ulﬁ—ly ttty ulc+'ﬂ)'
The Riemannian metric dS2(0) coincides with the product Rieman-
nian metric dS? x dS? of the two manifolds M, and M,.

2. We shall calculate the components R,;;, of the Riemannian
curvature tensor when the index i = 1, because the other cases are
similar to these.

If h = 1, there exist the following distinguished cases in which
R,;;, do not vanish identically.
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n,

lemj = 2, Ty k: R1k+j1k+jyj = 1, tt
k,

R ,i#=lLi=2 - k1=2---,
Rijipi,J =2, k1 =1, m,

Riiiriind =1, l=2 .-k,
Rit#7#4,0=2 o k+nj=2 - k+nl=2 k+n.

As it is known, R,;;, is given by ([12], p. 18)

Rl'jz: 1< azglj -+ 99 — azgia’ _ 0’9, )

2 o0, o, 0% ; ou,0u, Ou;0u;

wllolial- Tl

where {5}, {fl}, {Zpl}’ {1'3} are the Christoffel symbols of the second
kind.
From the above formula by virtue of (1.3) we obtain

_ 16+ tf) 3 Bz”(afY'~
21) R, = — I=2 ek
(2.1) 1515 A + 1+ tp A* i3\ Juyy, ’

_ 2 :0°P op &, 0P
Biyijiis = —(AB)Z {A @-{ + 2Aul~@—61— 2Aiz=:2uiau,-

o°f of S of }
B %L 4 2Bu,,, — 2B i
(2.2) - 0 5 - ukﬂaukw %uH W+s

C -

1+ tHAs (1 + tp)B*

2.3) Rin=0,7#0L7=2 -l 1=2 -k,

of 99
£ Uty OUy i =2,k 1l=1,v, 1,
1+ tp)A®
2 { 0% 2u, op |, 2u, 8?}
Risin+in B ou,ou, A ou, + A ou,
(2.5) 99 99

ou, ou .
g O g e, L =2,k
N (1 + tp)B* ’

2.6 R.y=0,1#7#1,1=2,-+,k+m,
.) .7':2,-.o’k""n,l:z,.‘.’k_i_n,

(2'4) Riiik—H =

where
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(2.7) A:1+uf+"'+u/i, B:1+u’i+l+".+ui+n'

If the functions @ and f are chosen such that they satisfy the
systems of partial differential equations

2
0P 2w O 2u; 0P _
2.8) ou;0U ; A du; A ou;
’L'ij,?:—_——l,"',k,jzl,"',k,

’

&*f 2w, Of | 2w of _
2.9 o, 0U, B ou, B ou,
h#l,h=k+1,--- k+n,l=k+1,---k+n,

’

respectively and if me|l, ---, k] and

1elk+ 1, - k+nl,i=jelk+1, -+, k+ n]

orif melk+1,---,k+n} and v€[1,---, k],2%75€[l, .-, k], then
we have
of of op op
(2.10) Ripn; = £ ou; 8% . or R, = ou; ou; .
1+ tf)A? (1 + tp)B*

We consider one partial differential equation of the system (2.8),
for example,

%@ 2u, 0P 2u, Op
+
0U,0U, * A ou, A ou,

M

or
2.11) o0’ n olog A op n dlog A op —9.
) 0u,0U, ou,  0u, ou,  ou,
From the first of (2.7), we conclude that
(2.12) 6210gA:_5‘10gA dlog A
) 0ulau2 auq auz )

Equation (2.11), by virtue of (2.12), takes the form
2
o'p n dlog A dp n dlog A dp

OU,0U, ou, 0u, ou, 0w,
o*log A dlog A dlog A
-+ =0,
ou,0U, ? o, 0U, 7

or
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0 {a<p dlog A } dlog A op dlog A }__0
ou, 6u2+ U Pyt ou, 13u2+ U, Pp=r

from which we obtain

(2.13) 0p 1 dlog A o —

Y=o,
oU, o0, A

where v is an arbitrary function of u,, - --, u,.
Equation (2.13) is a linear differential equation whose general
solution is

(2.14) o = %(z + Svdu2> ,

where z is an arbitrary function of wu,, us, «--, %,.
Relation (2.14), by virtue of the first of (2.7), takes the form

(2.15) o = o s sy -2y W) F Ty, -, W)
1 =+ uf—i— cee 4+ ui

?

where z = ay, Svduz = ar and « is an arbitrary real constant.

In order for the function ¢ to satisfy the rest of partial differential
equations of the system (2.8), as it is easily proved that it must have
the form

2.16 = 2 + o+ Py)
- 4 1+t oor +

where ¢, - -+, @, are arbitrary functions of «,, ---, u,, respectively.
Similarly, in order for the function f to satisfy the system of
partial differential equations (2.9), it must have the form

2.17 —a Sieris)) + 200 + frrn(Wirn)
( ) 4 14 sy + o0 + Ui

’

where fi.i, **+, fis. are arbitrary functions of w,.,, +--, %,+,. respec-
tively.
From (2.1), (2.2), (2.4) and (2.10), we obtain

16f7\7:2$ "'yk:
A4

218)  Ryu0) = — 34—6 Rl;i(0) = —
, , 0% 0
Riersinss(0) = 0, Rlpss10s5(0) = TZ%W{A’Z“% + 2A“l‘a§7

b
U; UL+ 5 WU+ 5 el Ui+ }

j:]_’...,fn
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(2.20) Rijint1(0) = Rijj(0) =0, 5 =2,-0-,l=1,.-0,m,
(2.21) R1k+jk+jl(0) = Ritrji+0(0) = 0, j=1L.nl=1 .-, n,

where R};; denotes the derivative of R,;;, with respect to the parameter
t.
From (1.1), (1.2) and (1.3), we obtain the following formulas

9u(0) = -+ = 9(0) = d,y,

Gii1611(0) = <+ = Grrniia(0) = dirnirn
91.(0) = « -+ = g1.(0) = fd,,,

Gir1541(0) = + 2+ = Ghinisn(0) = Pdiiniin -

Relations (2.18) and (2.19) by means of (2.7) and (2.22) take the
form

(2.22)

(2.23) .lelj = —dfu R;jlj(o) = _fdfl ’ j = 2, M) k ’
, d.d bk d
Ruvesiers0) = 0, Rlprsipes0) = Dl [ 29 2+ 2Au”
(2.24)  _ 2Aiuiﬁ— + BZ—-—@?‘L + 2Buy. of _ ZBi'”'kH }
= ou, OUL 5 Uit 7] Ui
ji=1,---,k.

3. Let P be any point of M, x M,. Then the k + n vectors
0/ou,, « -, 0/0Uy, 0/0U;.1, * *+, 0/0U,+, form an orthonormal basis of the
tangent space (M, x M,)p.

As it is known, the sectional curvature of the plane spanned by
o/ou,, 0jou;,J = 2, -+, k, is given by

K,=— - = jo2 ..k,
gugjj

which implies

(3.1) KI',(O) — Riilj(o)gn(o)gﬁ(o) — leli(o){gﬁ(o)gﬁ(o) + gn(o)g;j(o)}
94(0)g35(0)

Relation (3.1), by virtue of (2.22) and (2.23), takes the form

3.2) K;(0)=—f.
Similarly, calculating Kj.,,.;(0), we obtain
3.3 Kiii4500) = — .

Formulas (3.2) and (3.3), by means of (2.16) and (2.17), take the
form
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K/ (0) = — afk+1(uk+1) + co o 4 fern(Wita)
’ Lt s+ v+ Ul

K’ (0) = — a@l(ul) + -0+ pu(us) ,
e s0) )= il

,

respectively. In order for K/;(0), Ki.,:+;(0) to be positive, we must
have @ < 0, fi ;(Uyr;) > 0,5 =1, -, n, p(u;) >0,9=1, .-+, k, which
means the real number & must be negative and the functions f;. ;(4;. ;)
and @,(uw;) must be positive when the corresponding variable takes
values in the interval(—1, 1).

The sectional curvature of the plane spanned by d/ou,, 0/ou,.; is
given by

Koy = — Bwsivees =1 o k=1, m,

Iubp+ir+i

which, by virtue of (2.22) and either (2.24) or similar to (2.24), takes
the form

1

2 k
Klis(0) = — {Az_a.ﬂ + 240,02 _ o4 4,92
ous 0

3.4) 8 U, = ou,
+ B9 9By, -9 _ 2B u,,ﬂ-ﬂ-} .
0y ; U j Lt Uy

In order for Kj,.;(0) to be positive and because the functions ¢ and
f are independent, it must be

2 k )
3.5) Az%—kZAul—gsD——ZAZui;@ <0, l=1,-k,
l

u/l i1 ui

B9 L 2py, 9
(3.6) 0UL+ 5 oy, i) Wi+

Inequalities (3.5) and (3.6), by virtue of (2.16) and (2.17), become

2 k
U alP 24502 22 - HXpi} <0, I=1,-k,
A du} = duy =

2B Llees _9p3iu,, Mt _ 32— B3 fiudf <0,
B aui . ; = duys =

j:lyo-.,n’

which imply
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k
A2-——d2¢l—2Aiui————d¢i —2(2_A)Z¢)z>01 l‘—“l,‘n,k,
duj = du, =
(3.7) B Lfivi 232 uk+igfk+i — 22— B) i‘{f"” >0,

2
W+ 5 ki

j:l,...’n.

If the functions fi:; = firi(Weis), P; = @i(u;) are chosen to have
the form

(3.8) fk‘f’j:ui—(»j”%‘_zl?’j:l,"',ny¢£:u3+Lyi:19°"yky

then the inequalities (3.7) take the form
2—-A>0, 2—-B>0,
which, by virtue of (2.7), become
1—wui— - —ui >0, 1—ufy — vor — %, >0,

which are valid on the open balls %+ -« +u2 <1,ul., + -+ +

ui., < 1, respectively.
Relations (2.16) and (2.17), by means of (3.8), take the form

(3.9) f:auli+1+-.-+ui+n+l/2, q):auf+...+u3‘+1/2.
ui+1+"'+ui+n+l uf+.,,+ui_{_l

The second of (2.24) or similar to that and (3.4), by means of (3.9),
become

2a
A+ w4+ ove - ul) A+ upe, + -0+ Ul
{1___?/(/%_....-—«%2 +1“—u?};+1“""'—*ui+n}
1+ u+ ooo +ul I+ ufp + oo0 + Ui ’
1_uf_...-———ui 1—‘ui+1—"'—"ui+n}
1_{_@{/%.’...-—{—%; 1+ui+1+"‘+u§c+n '
l:l,.--’k,j:]_,.--’n.

R;szk—w(o) =

Kl,k+j(0) - - %{

Using the fact that o < 0, then following inequalities are obtained
from the above relations:

(3.10) Riojuii0 <0, Koi(0 >0, L=1,cesk5=1, 0,0,

which are valid on the open balls %+ -+ +ul <1, ui ., + -« +

Uy, < 1.
Let &(&', ---, &™) and 2(z', ---, 2**") be any two vectors of the

tangent space (M, x M,),. The sectional curvature of the plane
spanned by & and z is given by ([11], p. 12)
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K= Ryi;2"2°6°¢!
(Gn19:; — 91i9:a)2*2 5 ’
or
A
3.11 K==L,
(3.11) B
where

(8.12) A, = Ryi;2"28°¢,  Bi = (ui; — 9ai9:)2" 056,
From (3.11), the following is obtained:

() = AOBO 4050,

From (3.12), by virtue of (2.3), (2.6), (2.20), (2.21), (2.22), (2.23),
(2.24) and similar formulas to (2.23) and (2.24), we obtain

A1(O) = Cdfx - Ddi+lk+1 ’
A0) = — fCd}, — pDd} 4 + T,

(3-15) BI(O) = - Cd%l - Dd?ﬁ»l E+1 T Edudk+1 k+1 oy
(3.16) B/(0) = — 2fCd}, — 2¢Dd}ry 10y — (f + 9V EAAisip41

(3.13)

(3.14)

where
k k4+n E+n k
(3.17) C=2 2 a;, D=3 > a, E=33 d,;,
=55 =T i< Thee ==
k =
(3.18) T =33 Riuijuri0)ss, Qjm = (7™ — 2mEY) .

I=1 j=1

Relation (3.13), by means of (3.14), takes the form
&'(0) = TBi0) + CGdi\ + DJdi,, .,

3.19) B0) ,
where
(3.20) G = B/(0) - fB(0), J = B/(0) — »B\(0).

Formulas (3.20), by virtue of (3.15), and (3.16), become
321) G=L-Q@2p-f)Ddir14sn, J=N-—Q2f-pCdi,
where

L= — pEd,d; 4+, — fCAL,

(3.22) \
N = — fEd,diiipr1 — <Pde+1k+1 .
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Relation (3.19), by means of (3.21), takes the form

3.23) K'(0) = LBO) + CLdh + DN@ivs, — (f + @)CDE oo
BX(0) ‘

From (3.15) and (3.22), by means of (3.17), and because the
functions f and ¢ are negative, we conclude

(3.24) B(0)<0, L>0, N>=0.

The first of (3.18), by virtue of the first inequality of (3.10),
implies

(3.25) T=0.

Formula (3.23), by means of (3.17), (3.24), (3.25) and f < 0, p < 0,
implies

K'(0) >0,

because it is not possible that simultaneously C = D = T = 0 for the
two vectors ¢ and =z.
Hence, we have the following theorem.

THEOREM. Let M, and M, be two special Riemannian spaces
with constant positive sectional curvature defined in §1. If we
consider a special l-parameter family of Riemannian metrics F(t)
on M, x M, defined by (1.3), where the functions f, ¢ have the form
(3.9), then the derivative of the sectional curvature with respect to
the parameter t for t =0 and for any plane of (M, X M,), and
vPec M, X M, is strictly positive.

From the above, we conclude that, if the parameter ¢ is positive
and small enough, then the corresponding Riemannian metric F(t)
defined by (1.3) on M, X M,, where the functions f and @ have the
form (3.9), has strictly positive sectional curvature.

I wish to express here my thanks to Professor S. Kobayashi for
many good ideas I obtained from conversations with him.

REFERENCES
1. M. Berger, Trois remarques sur les variétiés riemammiennes a courbure positive,
C. R. Acad. Sc. Paris 263 (1966), 76-78.
2. R. Bishop and R. Crittenden, Geometry of Manifolds, Academic Press, New York,
1964.
3. L. Eisenhart, Riemannian Geometry, Princeton University Press, 1949.
4. T. Frankel, Manifolds with positive curvature, Pacific J. Math. 11 (1961), 165-174.



STRICTLY POSITIVE SECTIONAL CURVATURE 391

5. H. Guggenheimer, Differential Geometry, McGraw-Hill Book Company, 1963.

6. N. Hicks, Notes on Differential Geometry, Math. Studies No. 3, Van Nostrand,
New York, 1965.

7. S. Kobayashi and K. Namizu, Foundations of Differential Geometry, Vol. 1, Inter-
science, New York, 1963.

8. S. Myers, Riemannian manifolds with positive mean curvature, Duke Math. J. 8
(1941), 401-404.

9. 8. Sternberg, Lectures on Differential Geometry, Prentice-Hall, Englewood Cliffs,
N. J., 1964.

10. Y. Tsukamoto, On Riemannian manifolds with positive curvature, Mem. Fac. Sci.
Kyushu Univ. 15 (1961), 90-96.

11. K. Yano, Differential geometry on complex and almost complex spaces, Pergamon
Press, New York, 1965.

12. K. Yano and S. Bochner, Curvature and Betti numbers, Ann. of Mat. Stud. 32,
Princeton University Press, 1953.

Received March 14, 1967.






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. ROYDEN J. DUGUNDJI
Stanford University Department of Mathematics
Stanford, California Rice University

Houston, Texas 77001

J. P. JANS RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. Yosipa

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY
CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO
UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY TRW SYSTEMS

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL WEAPONS CENTER

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, double spaced with large margins. Underline Greek
letters in red, German in green, and script in blue. The first paragraph or two must be capable
of being used separately as a synopsis of the entire paper. It should not contain references
to the bibliography. Manuscripts, in duplicate if possible, may be sent to any one of the four
editors. All other communications to the editors should be addressed to the managing editor,
Richard Arens, University of California, Los Angeles, California 90024.

Each author of each article receives 50 reprints free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price
per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual
faculty members of supporting institutions and to individual members of the American Mathe-
matical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17,
Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners of publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 25, No. 2 October, 1968

Martin Aigner, On the tetrahedral graph . ............................... 219
Gregory Frank Bachelis, Homomorphisms of annihilator Banach

algebras. ... ... . 229
Phillip Alan Griffith, Transitive and fully transitive primary abelian

BUTOUDS oo ettt e e e e e e 249
Benjamin Rigler Halpern, Fixed points for iterates . ...................... 255
James Edgar Keesling, Mappings and dimension in general metric

SPACES .« . o v v ettt e e e e e 277
Al (Allen Frederick) Kelley, Jr., Invariance for linear systems of ordinary

differential eqUAtiONS . ............c..o i, 289
Hayri Korezlioglu, Reproducing kernels in separable Hilbert spaces . . .. . .. 305
Gerson Louis Levin and Wolmer Vasconcelos, Homological dimensions and

Macaulay rings . ........ ..o e 315
Leo Sario and Mitsuru Nakai, Point norms in the construction of harmonic

JOVIS « o e 325
Barbara Osofsky, Noncommutative rings whose cyclic modules have cyclic

injective hulls . ... ... . o e 331
Newton Tenney Peck, Extreme points and dimension theory............... 341
Jack Segal, Quasi dimension type. Il. Types in 1-dimensional spaces . .. .... 353
Michael Schilder, Expected values of functionals with respg he

diStribution . . ...... ... i i
Grigorios Tsagas, A Riemannian space with strictly positi

CUTVATUTE . . oo ettt et e

John Alexander Williamson, Random walks and Riesz ker:




	
	
	

