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EXTENSIONS OF OPIAL’S INEQUALITY

P. R. BEEsACK AND K. M. Das

In this paper certain inequalities involving integrals of
powers of a function and of its derivative are proved. The
prototype of such inequalities is Opial’s Inequality which states

X X

that 2\ |yy' | dx < X\ y'2dx whenever y is absolutely continu-
[ 0

ous on [0, X] with y(0) =0. The extensions dealt with here

are all integral inequalities of the form

a a

b b
[Lsturividos ko o riyimas,

measurable functions on I = [a, b], and ¥ is absolutely con-
tinuous on I with either y(a) = 0, or y(b) = 0, or both. In some
cases ¥ may be complex-valued, while in other cases y’ must
not change sign on I. The inequality (as stated) is obtained
in case pg > 0 and either p+q¢=1 or p + g <0, while the
opposite inequality is obtained in case p < 0,9=1,p+ ¢ <0,
or p>0,p+¢<0. In all cases, necessary and sufficient
conditions are obtained for equality to hold.

(or with < replaced by =), where r,s are nonnegative
9

1. In a recent paper [11], G.S. Yang proved the following
generalization of an inequality of Z. Opial [7]:

If y is absolutely continuous on [a, X] with y(a) = 0, and if
»,q =1, then

X X
(1) [lwriyisde s —Lx —ay {[1ypds.

o p+q a
Yang’s proof is actually valid for p 2 0,¢=>1. For p=¢=1,a =0,
(1) is Opial’s result. (See also Olech [6], Beesack [1], Levinson [4],
Mallows [5], and Pederson [8] for successively simpler proofs of Opial’s
inequality; as well as Redheffer [9] for other generalizations of this
inequality.) The case ¢ = 1, p a positive integer, was proved by Hua
[3], and the result for ¢ = 1, p = 0 is included in a generalization of
Calvert [2]; a short, direct proof of the latter case was also given by
Wong [10]. If ¢ = 1 the inequality (1) is sharp, but it is not sharp
for ¢ > 1.

2. The purpose of this paper is to obtain sharp generalizations of

(1), and to consider other values of the parameters p, ¢; the method
of proof is a modification of that of Yang [11]. To this end, we sup-
pose first that y 1is absolutely continuous on [a, X], where —co <
a < X < oo, and that y' does not change sign on (a, X), so that
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216 P. R. BEESACK AND K. M. DAS

(2) v = lvwidt, aszsX.

If r is nonnegative on (a, X) and the integrals exist, then it follows
from Holder’s inequality that

z , z i ) (p+g—1)](p+q) /(= , 1 (p+q)
(3) Sa]y|dt§<g Pl dt> <Sr|y]”+"dt>

a

if » + ¢ > 1, while

Sy © et g\ P TR e g\ PO
(4) lv'ldt = (| r dt 7|y [P+ dt

a

if either p + ¢ <0 or 0 < » + ¢ < 1. Taking the case p + q > 1, we
suppose first that p > 0,q > 0. Then,

@ p(p+9—1)/(p+q) /(= p/(p+q)
l Y ]p < (S r—[l(p+q—1))dt) (S r l y' ]p+q dt)

a

(5)

e = X.
x
Now, set 2(x) = S r|y Predt. So 2 = r|y [P+, and
[y’ |'1 — /r—-(ql(p+q)}(z’)q/(p+q) .

Thus, 2f s 1s nmonnegative on (a, X),

x

s I Y Ip I yl ‘q < s,,.—(ql(p+q)}(g ,r—(l/(p+q~1))dt)p(p+q—-1)/(p+q)zpl(p+q)(zi)ql<p+q) .

a

If we assume the existence of the following integrals, then applying

Holder’s inequality again, with indices (p + ¢)/» and (p + q)/q, we
obtain

x A q/(p+q)
|sluP 1y irde < KX, p, o) | wiwda)
(6) : -
= K(X, »,q) Sa r|y |PHda

since z(a) = 0 and (p + ¢)/g > 0. Here,
K\(X, p,9)

(7) — ( 3_ )q/(pﬂ){SXS(p+q)/p,,.~(q/p)<gz,,.—[l/(p+q~1>)dty”“ldx}p“pw) .
p q a a

Similarly, if »p < 0 and ¢ < 0, then (5) again follows from (2) and
(4). As above, since (p + q)/p > 1 and (p + q)/g > 1 again, we obtain
inequality (6). This proves the main part of

THEOREM 1. Let p,q be real numbers such that pg >0, and
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either p + q > 1, or p + q¢ <0, and let r, s be nonnegative, measurable
functions on (a, X) such that SXr"‘““"*”dx < oo, and the constant
K(X, p,q) defined by (7) ts ﬁm'ate, where — o < a< X< oo, Ify
18 absolutely continuous on [a, X], y(a) = 0, and y' does not change
stgn on (a, X), then

X X
(8) [sturivids = KX, 9,0 vy pds.
Equality holds in (8) if and only if either ¢ > 0 and y = 0, or
z »(l—q)/q
(9) s = kl,,.(q—l)/(p+q~1)<g ,r-(1/(p—‘rq—1))dt> ,

a

and
y =k, Sx7.~<1/(m =Uid¢

for some constants k(=0), k, real.

It only remains to prove the assertion concerning (9). Now, equality
holds in (8) only if it holds in (8)—or (4)— and in Holder’s inequality
leading to (6); that is, only if both

r I y' {p+q = Ap-U@ta-ib o gp y' — szr—-{l/<p+q—1)} ,

and

zplqz' = Bsgrtipp—(a/p) (Sx,,.—-(ll(p‘ﬂ—l)}dt)pﬂ_l .
The first of these conditions is equivalent to the second of equations
(9) since y(a) = 0. Using this condition and the definition of z, the
second reduces to

Rrtot-ols — Csm—%q)/p(Rf)(ﬂ%'q‘)(q—-l>/q , (R = Sx,r-—{l/(p»rq»«lJ}dt) ,
which is equivalent to the first of equations (9). Finally, if s is given

by (9), it is easy to verify that the corresponding value of K, in (7)
is

q X rlq
kl <S ,,.~(ll(1a \»q—1>>dt> ,
P+ gNe

and hence is finite. Similarly, choosing ¥ as in (9),

X p.¢
S r i y' iqu dx = ’ kz !:n—i q S p—Upra—=1} ] < oo,
a

a

completing the proof of the theorem.
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COROLLARY 1. If pg >0, p+ q>1, (8) holds even if y is complex-
valued. Equality holds if and only if s and y are given by (9) with
k., =0, k, complex.

Proof. The inequality (8) follows as above but in place of (2)
we have

v = |lv@ia, ase<X.
Equality holds in (8) only if, in addition to

@ P+g—1
Iyrl — A,r—(ll(m-q—l)), 2Pleg! = Bs(p-i-q)/p,,--(q/p)(S ,,-~(1/<p+q—l))dt> ,

a

we also have
v@ | = |1y at;
thus only if

Y(x) = (AV’Y'"“/”’*“’“I”dt>ew“‘) ,

which, in view of the condition on |¥’|, leads to 6’(x) = 0 and, there-
fore, only if

Y= Ae"”‘g

x/,-—(ll(p+q~1).‘dt — kz SxT—(ll(p+q_1)}dt .
a

The rest follows as before.
REMARK 1. If pg > 0 and p + ¢ = 1, then in place of (5) we have
wr=me([rivia),

where M(x) = ess. SUD,.[.,,; 7 '(t) and r is a positive, measurable func-
tion on (@, X). Therefore, if

K(X,p,q) = ¢ {SXMS”"T‘”“”dx}p < oo,
then

X ~ X
(10 sivPlyide s RX,pa) | rivide.

As in the corollary above, equality holds in (10) if and only if y = 0,
or
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r=const. >0 and y = k(Sms‘“’th ,

k complex.
We only state the next theorem, since its proof is the same as
that of Theorem 1, with [a, ] replaced by [z, b] throughout.

THEOREM 2. Let p,q be real mumbers satisfying the same condi-

tions as in Theorem 1, and let r, s be nonnegative measurable functions
b
on (X,b), where —oo < X < b= o, such that S pUrre-tdy < oo,

X
and

Ki(X, p, q)
(11) — < i )ql(pH){Sbs(p+q)lp,r—(qlp)<gb,,-—(il(p+q—1)}dt>1‘+q—ldx}pl(p+q)
P +q x z

18 finite. If y is absolutely continuous on |[X,b], y(d) =0, (and ¥’
does not change sign on (X, d) in case q < 0), then

b b
(12 |slullvirde < KX, p,0) riv e .
Equality holds in (12) +f and only if either q > 0 and y = 0, or

. . [ p(l—a)/g
s = ka,,.(q—— Hip+g— )(S 7“““"“*1”dt> ,

z
and
b
Y = k4g pitliora-} gt ,
x

for some comstants k,(=0), k, real.

REMARK 2. As above, if pg > 0 and p + ¢ > 1, then (12) holds
even if y is complex-valued. AAlso, if p+qg=1,r is a positive,
measurable function on (X, b), M(x) = ess. SUp,e,,; 7 '(t) and

R(X,p,q) = q”{SbMS’“’r*“”“dx}p < oo,
X
then
b - b
(13) [slyrivids=RX,p,0( rivida,

where y is again complex-valued. Equality holds if and only if » =
~ b
const. >0 and y = k(S s‘“’dt)q .

x
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COROLLARY 2. Let pg >0 with p +q > 1, and let r,s be non-
negative, measurable functions on (a, b), where — o < a < b < oo, such

b
thatg p-rte-Lide < 0o, and

a

(149 (K(p, 9) =) Ki(X,, p,9) = KX, p,9) < o,

where K,, K, are defined by (7), (11) respectively, and X(a < X <b)
1s the (unique) solution of equation (14). If y 1is complex-valued,
absolutely continuous on [a, b], with y(a) = y(b) = 0, then

b b
(15) |slulivlrde < Ko, @ |71y pdo.

Moreover, equality holds if and only if either y =0, or

z p(1—0)/q
al,,.<q—1)/(p+q—1)<g ,,.—(1/(p+q—1))dt> , a << X,
a
§= b p(1—a)lg
az,,.(q~1)/(r+q—1)(g 7”“‘1/("+"“1”dt> , X<zx2z£b,
z
and
’ 11 + 1
BlS Pt [(p+q— )}dt s a g @ é X ,
a
y =

b
/5’28 pitp+e=D} ¢ , X <z < b ,
z

where a,, a, are nonnegative constants, and B, B, are complex
constants such that

X b
:81 S ptpre-DidE — 1328 plete=Uige
3 X

Proof. The conclusion follows from Corollary 1 and Theorem 2
since, on choosing X to be the unique solution of equation (14), we

have
b X b
Suslyl"W'l"dw = Sasiylply’i“dx + SXSIyi”ly’I"dx
X b
S KX, 0,0 | 7y Pode + KX p,0) | riyids
b
= K(p, q)garly’ |Prede .

Moreover, equality holds in (15) if and only if it holds in both (8)
and (12).

REMARK 3. As before, if p¢g >0 and p + ¢ =1, then for r a
positive, measurable function on (a, b),
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(16) [sturivide < R, r1vids,

where
(K(p, 9) =) K(X, p, q) = KX, D, q) .

Equality holds in (16) if and only if either y = 0, or

c(>0), a2 < X, %(stl'f'dt)q , e <X,
Ir(x) = { and y = : \
W>0), X<w=b, v(|smat),  Xswsb,
where
"/1<§X81/"dt>q = 'yz<§b Sllpdt>q .
@ X
ExXAMPLES

1. Setting » = s =1 in (8) or (10), we obtain as an improvement
of (1),

qq/(p+

) furivids <2

v X p‘X ! p«qu

T X | lyds

if p¢ >0,» +q =1. It may be remarked that (17) is also true if
p = 0. Equality holds in (17) in case p + ¢ > 1 if and only if either
p=0,o0relse y=0,orelse g=1and y=A@x —a); if p+qg=1,
equality holds if and only if y = A(x — a). In case ¢ = 1, (17) reduces
to the results of Hua, Yang, Calvert and Wong, while Opial’s original
inequality is obtained for p = ¢ = 1. (Note that if p < 0 and ¢ < 0,
K(X, p,q) = o0.)

2. Taking ¢q =1,s =1 in (15), we obtain

’ 1 X P b
(18) S {’ypy’l dx § p n 1 <S /,-—(I/P)dx> S r i ,yl ‘p.(.]_ dw ,

if p =0, and y is complex-valued, absolutely continuous on [a, b] with
y(a) = y(b) = 0. Here, X is the unique solution of

b
r=Undg, S =My < oo .

X a

X b
S p=Un gy — §
a

Equality holds in (18) if and only if y = A ptmgt for a s X
b a
and y = B\ r“7d¢ for X <2 <b. In case p =1, (18) reduces to a

result of Beesack [2].
3. Taking r=1,s = (x — @)*"?/% in Theorem 1,
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19 ["@—artoniypiypde s L X -yl (yeda.
* p+4q o

Equality holds if and only if either ¢ > 0 and ¥y = 0, or ¥y = Az — a).
As a special case of (19), let y = u'*,p =q¢= —1,a0 = 0. Then

Sx—fc—i—dm < X Sxi%f—!zdw unless u = Ax®.
o || o |u'|

4, Taking r = (x — a)??+e-0/»+0 g = 1 in Theorem 1,

[lurivids
(20)

< < q )l—p(X — q)?/rt Sx(x — @)PFHDIEED | o P4 g
D+ q o
Equality holds if and only if either ¢ >0 and ¥y =0, or y = A(x — a)/?+9,
As a special case of (20), let y =4, p=¢q¢ = —1,a =0. Then
SX dx _]:_X1l2 SXx—-mI%ldx

Twl 2% N

unless u = Ax .
X b
3. To obtain lower bounds for S slyl?|y'|*da (or S slylP|ly |“dx>

consider first the case when p + ¢ > 1. If , in addition, 1; < 0, (3) yields

(21) I y ]" > (Szrr—'“/(P‘W"“’dt)p(p+q—l)l(p+q)(er l y' |p+q dt)pl(p+q) )

a

If s is non-negative on (a, X), then

s ‘ Y Ip I y' Iq g sr—(q/(pw))(Sx,,.—(ll(p+q—l)}dt zpl(p+q)(zl)ql(p+q) ,
a

>p(p+q«1>l(p+q)
where z(x) = gx'r |y |+ dt.
Thus, Holder’s inequality with indices (p + q)/p» and (p + q)/g—note
that the latter lies between 0 and 1—gives

X X
(22) [sluPly sz KX p,9) [ 719 pdo,

where K, (X, p, q) is defined by (7).

Similarly, if » > 0 and p + ¢ < 0, then (4) yields (21). Again, if
s is non-negative on (a, X), Holder’s inequality with indices (p + q)/p
and (p + q)/g—note that 0 < (p + q)/qg < 1 still holds—leads to (22).
Equality holds in (22) if and only if it holds in (3)—or (4)—and in
Holder’s inequality leading to (22); that is, if and only if s,y are
given by (9). This proves

THEOREM 3. Let p, q be real numbers such that either »p <0 and
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p+qg>1l,orp>0and p+ q<0. Letr,s be nonnegative measurable
X
functions on (a, X) such that \ r T =Ydy < o, and the constant

K(X, p,q) defined by (7) s ﬁngte, where —o S a < X< oo, Ify
18 absolutely continuous on [a, X], y(a) = 0, and y' does not change
sign on (a, X), then (22) holds. There is equality in (22) tf and only
s and y are as defined in (9).

COROLLARY 3. If p<0 and p+ q > 1, (22) holds even if y is
complex-valued. Equality holds if and only if s and y are given by
(9) with k, = 0, k, complex.

The proof of this is essentially the same as that of Corollary 1.

REMARK 4. If p < 0 and » + q¢ = 1, then in place of (21) we have
ez we([rivia),
where M(x) = eSS SUD;.(,..; 7() and r is a positive, measurable func-
tion on (a, X).
Thus, if
R(X,p,q) = q”{SXMS””T“”””dx}p < oo,
then
X - x
23) sty ivirde = (X, 2,9 | riy | de.
As in the corollary above, equality holds in (23) if and only if

r=const. >0 and y = k(st””th ,

k complex.
Replacing [a, ] by [z, b] throughout Theorem 3, we obtain

THEOREM 4. Let p, q be real numbers satisfying the same condi-
tions as in Theorem 3, and let r, s be non-negative measurable func-
b

tions on (X, b), where —co < X < b < oo, such that \ r~**Ydg < oo,
X

and K (X, p, q) defined by (11) is finite. If y is absolutely continuous
on [X,b],yd) =0, (and ¥ does mot change sign on (X, b) in case
p > 0), then

b b
(24) [stypiypdez KX, p, | riyds,

X X

Equality holds in (24) if and only +f
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b

s = k3¢(q—1)/(p+q—-1)<8
(25) b ’
Yy = k4S pltitera=Uid¢ ,

p(1—q)/q
,r—-(l/(p+q—-1)}dt> , and

for some constants k=0), k, real.

REMARK 5. If p <0 and p + ¢ > 1, then (24) holds even if y is
complex-valued. Also, if p <0, p+¢=1and r is a positive, measurable
function on (X, b), and

A~ ~ [ 2PN
M(x) = ess[ sup r7(t), KX, p, q) = qu Ms”pr—”“’)dx} < oo,
telx,b] X

then
b . b
(26) [Lsiyllyivds = BaX, p,0) | 719/ da,

where y is again complex-valued. Equality holds if and only if
)N b
r = const. > 0 and y = k(g s””dt)q.

z

COROLLARY 4. Let p<Oand p + q>1. Let r,s be nonnegative,
b
measurable functions on (a,b), — oo < a <b=< oo, such that \ r~He+i-idy

is finite. Let y be complex-valued, absolutely continuous on [a, b]
with y(a) = y() = 0. Then,

@7 lslul vz K0 |riy s,

where K(p, q) is defined by (14). Moreover, equality holds if and
only if s and y are defined as in theorem 2.

The proof is immediate in view of Theorems 3 and 4, Corollary 3
and Remark 5.

REMARK 6. Again if »p < 0 and p + ¢ = 1, then for r(x) positive,
measurable on (a, b),

(28) Sbs ly ||y |*de = K(p, @) Sbr ly' | da

where K(p, q) is defined as in Remark 3. Further, equality holds in
(28) if and only if » and y are defined as in Remark 3.

Our next result is an extension of Theorem 3 to the case when
0<p+g<1land g >1. (Note that in Theorem 3 the restriction
g > 1 is implicit since p + ¢ > 1 and » < 0 imply ¢ > 1.)
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THEOREM 5. Let p<0,¢g>1and 0<p+ q<1. Letr,s be non-
negative, measurable functions on (a, X) such that X’r““"””*l”dx
and SXS*“/“"”’dx are finite. If y is complex-valued, ab;olutely con-
tinuous on [a, X1, y(@) = 0, then

(29) rs ly|? |y |2 de = K(X, p, q) SXT v e da
where

/e = q ! SX —11/(g—1)) 1 SX —(1/(p+g—1)} pre=t
(30) KX, 7,0 (p + q) ([ srromae) ™ ((*mmre-mag)

Equality holds in (29) if and only if s and y are as defined by (9)
with k, complex.

Proof. Since p/q < 0,
‘y[p/qz<§xly’[dt>wq, alxs X.

Therefore,

X X (p+a)/g
31 S plq 4 de q g aw .
(31) Jup iy ez —L({ 1y |do)

From Holder’s inequality with indices ¢ and its conjugate, it follows
that

X X (e—V)]e/ (X 1/q
S ! Y Ip/q | y' l dx < (g 3~lll(q—-1)}dx> (S s | Y Ip I y' |q dx) :

a

and also with indices p + ¢ and its conjugate, that

X X (p+g—-1)[(p+a) /(X 1(p+aq)
g [ ’_l/’ I d.’l) z (S r—-(ll(p+q—-1))dx> (S r ' y' lr+q dx>
va a a

In view of the above inequalities, (29) follows from (31).
Again, equality holds in (29) if and only if

wi={lv1de, s =siypiyp,
and

A21-~(1/(p+q—1)) =7r ] y’ ‘p+q :

that is, if and only if

@
iy" - a27-~(ll(p+q——lJ) , Iyl = azg p—ilUpta=1i gy ,
a
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and

z

p{1—-q)/q
s = k3r(q—1)/(p+q—l)(§ ,,.—-(1l<p+q——1))dt> ;

a

thus, as in Corollary 1, if and only if s and y are as defined by (9)
with %k, complex,

REMARK 7. If p<0,0<p+qg<1and q =1, s(x) positive and
measurable on (a, X), then in place of (29) the following holds:

x M*—l X p X
32 S 2y de > g ~(1/p)g] S s+ d
(32) Syl iy x_p+1<ar w) rlyprtde

where M* = M*(X) = €8S SUD,er,x1 S (®). Equality holds in (32) if
p.¢
and only if s = const. > 0 and y = k* \ r—/?d¢, k* complex.
Replacing [a, x] by [z, b] throughou‘: Theorem 5, we obtain

THEOREM 6. Let p,q be real numbers satisfying the same con-
ditions as in Theorem 5. Let r, s nonnegative, measurable functions

b b

on (X, b) such that | r-Wete=Udy qnd | s~ Vdx are finite. If y
X X

18 complex-valued, absolutely continuous on [X, b], y(b) = 0, then

b A~ b
(33) [slupividez RaX, 2,9 | rlvpde,
where
% — q Y Sb il ) Sb —tira= g ) T
K,(X, p,q) <p " q> ( K dx) < T dw) .

Equality holds in (33) if and only if s and y are defined by (25)
with k, complex.
As a direct consequence of Theorem 5 and 6 we have

COROLLARY 5. Let p,q be real mumbers satisfying the same
conditions as im Theorem 5. Let r,s be monnegative measurable

b b
Sunctions on (a, b) such that \ r~*+="dx and S s~ qre finite., If
y is complex-valued, absolutely continuous on [a,b] with y(a) = y(b) = 0,
then,

b A b
(34 [[stulivirds = R, 0 [ iy ds,
where K(p, q) = K(X, », q) = K(X, p, q), with X the unique solution

(a < X <b) of the latter equation. Moreover equality holds in (34)
if and only 1f s and y are defined as in corollary 1.
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REMARK 8. Let p<0,0< p+ ¢ <1 and ¢ = 1; s(x) positive and
measurable on (X, b). Then, for complex-valued, absolutely continuous
y on [X, b] such that y(b) = 0,

~ w—1

@) [ slyrividoz 2] o) | riveds,

where M* = M*(X) = ess SUD,erx,0 S ().

Finally, if y is complex-valued, absolutely continuous on [a, b] such
that y(a) = y(b) = 0, and if s is positive and continuous on (a, b), then
(32) and (35) yield

b , M—-l z i p(b A
(36) Saslyl”ly 'd@m@f ) |'r |y P de

where M = M*(X) and X is the unique solution (¢ < X < b) of the
N X x

equation M*(X)(E r*““’)dx)p = M*(X)(S r”“’”dm)p. Equality holds in

(36) if and only if 5 = const. > 0 and ‘

s (i) (s o))

according as a £ 2 S X(X <2 < b).

Examples can be constructed for special cases of » and s as
before. However, we content ourselves with noting that if s(x) = 1,
(82) reduces to the following inequality of Calvert’s paper [2, p. 75],

1 1 1

X X p—1{X
S|u"*1u’};——(g 'rl—q) Sr}u’]", 0<p<l and =+ =—=1.
a P a a q p

4. Let u be a given function and let
Y = e+ (p +q # 0) .

If p and ¢ are such that ¢/(p + ¢) > 0, then it is obvious that y is
absolutely continuous on an interval if and only if « is, and that y
vanishes at a point if and only if w does. A simple computation gives

Pyl = (L) jwp and |y = (=LY julr e,

p+4q »+4q
that is,
@7
? LT - P+QP+Q ! | P+ ! ip+g P+QQ P !
iy io= (S52) wire and jy e = (E5E) jur e,

where p = —P,p + q = Q.
In view of (37) and Theorem 1 we have
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THEOREM 7. Let P, Q be real numbers such that either P < 0,

Q>1land P+Q>00r P>0and P+Q<0. Letr,s be nonnegative,
X
measurable functions on (a, X) such that S s~H@Ndy < oo, Let the

a

constant
(38)

K*X,P,Q) = (P g Q>{(P+Q)/Q)_P{S:’¢—(QIP)S(P+Q)/P(Szs—-(ll(Q—-i))dt>Q_ldx}PIQ

be finite. If u s absolutely continuous on [a, X], u(a) = 0, and u’'
does mot change sign on (a, X), then

(39) sXs lu|?|uw [@de = KX(X, P, Q) SX,,. | P+ das
Equality holds in (38) if and only if

z
r = kl*s(P+Q-—l)l(Q-1)<S s—ite=nlqg¢

a

P—(P[(P+Q)}
) , and

" QUP+Q)

w = k;(g s‘“"Q“”’dt) ,

for some constants k}(=0), kF real.
Theorems 3 and 7 lead to

COROLLARY 6. Let p,q be real numbers as in Theorem 3. Let
r, s be nonnegative measurable functions on (a, X) such that K(X,p,q),
K*(X, p, q) defined by (7), (38) respectively are finite. If y is abso-
lutely continuous on [a, X], y(a) = 0, and ¥y’ does not change sign on
(a, X), then

SXS |y |? |y |*de = max (K, K*) er,- |y P da
Moreover, equality holds if and only if s and y are defined by (9) or

2 p—{p[(p+q)}
) , and

r = k;‘s(p+q—l)/(q—1)(§ s-—(ll(Q-—l))dt

a

z a/(p+q)
Y = k;(S s“"“’*“’dt) ,

a

(40)

for some constants k}(=0), £k real.

Proof. The inequality is immediate in view of (22) and (39) and
the fact that ¢ > 1 is implicit if »p < 0. Again, a straight-forward
computation shows that (9) holds if and only if (40) holds. Thus,
equality holds in (22) if and only if it holds in (39). Also, then K, =
K*. This completes the proof.
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REMARK 9. If »r =s =1, K* are meaningful constants when
p + q > 0and g > 0 respectively. Therefore, in Corollary 6 if r =s =1
and p <0,p + ¢ > 1,

- g’ _
»+ q(X -, Kr = (P + q)elo+i—s (X —ay.

It is easy to verify that Inx/(1 — ') is an increasing function of =z
for x > 1. Thus,

In(p + q),

1
>

1-= 1-—
q p+4q

whence
qp—(pl(pw)} < (p + q)p——(p/q) .

Consequently, in this case K* > K.
Another example where K*> K, is when » = (x — q)rtrre-ie+o,
s=(x— a2 p<0and p+ q>1. Then,

1— (p+4q) :
K, = ( q ) p( q )” x - )P+ + =000

p+q g+ @+l -9
and
Kr=_9 ( p+4q )m X — q)rioror+a-ana
p+a\g+ @+ 9l —q) (

Ifg=<2,qg+ (p+ 9@ —¢q) >0 and therefore, in view of
0< —p/lp+@g—-1)<1
and —In« convex if « > 0, we have

(q + (p + q)(l —_ q))—-(p/(p+q)(q—1)l,q1+(nl(p+q)(q—1)l é » + q,

whence

A

(q + (pp++q)q(1 —q) )W <p —{11— q)—qu( g+ (p +qq)(1 —9q) )q ’

that is,

v

(p i q)ﬂ ( g+ (» +qq)(1 - q) YHM

if2=zq9g>p+q¢>1,

(q + (pp:q;l(l - q) >m

proving that K* = K, in this case.
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As above, in view of (37) and Theorem 3 we have

THEOREM 8. Let P, Q be real mumbers such that PQ >0, and
either @ > 1or Q < 0. Let r,s be nonnegative, measurable functions

on (a, X) such that ‘Xs‘”“?*”dx < oo, and the constant K* defined by

(38) is finite. If y is absolutely continuous on [a, X], y(a) = 0, and
Yy’ does not change sign on (a, X), then

(40) SXS || 4 0 do < K* SXr | 742 das

Equality holds in (40) if and only +f r and w are as defined in
Theorem 1.

REMARK 10. If P and @ above satisfy
P>0,P+@>1 and 0<Q<1,
then (37) and Theorem 5 yield

@ siuiriwieds < &(x, P,@) | riwimeds,

where K, is defined by (30). Here u can be taken as complex-valued.
Equality holds if and only if it holds in (29), that is if and only if
s and u(=y) are as defined by (9) with &, complex.

If P>0 and @ = 1, then (37) and (23) yield

X ~ X
(42) Ss|u|"|u’idx§KS'riu’l”+‘dx
where s is a positive, measurable function on (a, X) and

> _ 1 X o (P+1)/P po—(1/P) P * _ -1
43) K(P) = 1 1<LM s r dx) , M*(x) = esg[fgps @ .

Equality holds in (42) if and only if s = const. > 0 and u = k(S’w—WMdt),

k complex.
Combining Theorems 1 and 8 and Remark 10 we have

COROLLARY 7. Let p,q be real numbers such that pqg > 0. Let
r, s be nonnegative, measurable functions on (a, X) such that

x x
S ,r~(1l(p+q—1))dx, S s—Wa-Didy
a

a

(or M*(@) if p>0,q=1) exist, and the constants K,, K, K, and
K(p) are finite. If y is absolutely continuous on la, X], y(a) =0,
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and y' does not change sign on (a, X), then

X X

[stulriyide = & {\r iy pode,

where K = min (K, K*)if @) ¢>1 or ¢ <0, =min (K, K)) if B)
0<g<landp+qg>1 =min(K,K)if v)¢=1. Moreover, equality
holds if and only if it holhs im both (8) and (40), (8) and (41), (8)
and (42) according as «), B),Y) s the case.

REMARK 11, If r =s=1 and ¢ > 1 (s0o p > 0) in Corollary 7, the
fact that Ina/(1 — 2™') is an increasing function of x for x > 1 leads
to K* > K, and thus K = K,. Again, if r =s =1 and ¢ = 1 above,
K=K =K. Also,if r=s=1and 0<qg<1<p+ g then

qql(p+q)

K, =
»+aq
That K, > K, follows from the fact that for 0 < ¢ <1< p + q,

(X - a7, K:(piq)"(x*a)p.

? Img<l<—PT9 Inp+
g1 nd p— ®+9,

whence

1 1
<1 ?>1n(p +q) < (1 v q)lnq .
Similar results could be stated on [X, b] and [a, b].
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