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EXTENSIONS OF OPIAL’S INEQUALITY

P. R. BEEsack AND K. M. Das

In this paper certain inequalities involving integrals of
powers of a function and of its derivative are proved. The
prototype of such inequa}l{ities is Opial’s Inequality which states

X
that 2\ |yy' |dx < X\ y'2dx whenever y is absolutely continu-

0 0
ous on [0, X] with y(0) = 0. The extensions dealt with here
are all integral inequalities of the form

b
Sb SIylpiy/quwéK(p,q)S rly |7 da

a

(or with < replaced by =), where 7, s are nonnegative
?

measurable functions on I =[a,b], and y is absolutely con-
tinuous on I with either y(a) = 0, or y(b) = 0, or both. In some
cases y may be complex-valued, while in other cases y’ must
not change sign on I. The inequality (as stated) is obtained
in case pg > 0 and either p+qg=1 or p 4+ g < 0, while the
opposite inequality is obtained in case p < 0,¢=1,p+¢ <0,
or p>0,p+¢q<0. In all cases, necessary and sufficient
conditions are obtained for equality to hold.

1. In a recent paper [11], G.S. Yang proved the following
generalization of an inequality of Z. Opial [7]:

If y is absolutely continuwous on [a, X] with y(a) =0, and if
»,q =1, then

X X
(1) Clvriyirde = —2x - ay {[1y1eoda.

P p+gq P
Yang’s proof is actually valid for p 20,¢=1. For p=¢=1,a =0,
(1) is Opial’s result. (See also Olech [6], Beesack [1], Levinson [4],
Mallows [5], and Pederson [8] for successively simpler proofs of Opial’s
inequality; as well as Redheffer [9] for other generalizations of this
inequality.) The case ¢ = 1, p a positive integer, was proved by Hua
[3], and the result for ¢ = 1, p = 0 is included in a generalization of
Calvert [2]; a short, direct proof of the latter case was also given by
Wong [10]. If ¢ = 1 the inequality (1) is sharp, but it is not sharp
for ¢ > 1.

2. The purpose of this paper is to obtain sharp generalizations of

(1), and to consider other values of the parameters p, ¢; the method
of proof is a modification of that of Yang [11]. To this end, we sup-
pose first that y 1is absolutely continuous on [a, X], where —oo <
a < X < o, and that y' does not change sign on (a, X), so that
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216 P. R. BEESACK AND K. M. DAS

(2) v@ | =[lveld, esasx.

If r is nonnegative on (a, X) and the integrals exist, then it follows
from Holder’s inequality that

(p+e—=1)/(p+q) /(= , 1/(p+q)
( 3 ) S ] ?/ | dt < (S —{/(p %q—-l))dt) (Sar , Y |p+q dt)

if p+ ¢ > 1, while
—{1/(p+q¢—1)} (P+e—1)(p+a) z T 1/(p+q)
(4) W|dt> dt r|y [P+ dt

if either p + ¢ <0 or 0 < p + ¢ < 1. Taking the case p + ¢ > 1, we
suppose first that p > 0,q > 0. Then,

p(p+e—1)/(p+q) »l/(p+q)
[y lr < (S —(1<p+q—1))dt) (S r [ y [r+q dt)

ez X.

(5)

Now, set 2(a) = |7 ¥/ [ dt. So 2 = |y’ ", and
|y' i'l — ,r~(41/(p+t1))(z')q/(p+q) .

Thus, ¢f s is nonnegative on (a, X),

s ] Y lp I yr iq < sr—{ql(pw))(Sm

a

7.—(1/(p+q~1))dt)p(p+q—-1)l(p+q>zpl(zz+q)(z')q/(p+q) .

If we assume the existence of the following integrals, then applying
Holder’s inequality again, with indices (» + q)/p and (p + q)/q, we
obtain

[Cslurlviras < KX, v, ([ wrowda)™™
6
" = K(X, »p, Q)Su7‘|y'|”"dx,

since z(a) = 0 and (p + q)/g > 0. Here,
K(X, p, q)

( 7 ) — (_i_)q/(P+q){SXs(p+q)lpzr'—(0/l>)<gm’r__u/(p+q_1)}dt>17+q—ldx}p,(p+q) .
p+a a a

Similarly, if p < 0 and ¢ < 0, then (5) again follows from (2) and
(4). As above, since (p + q)/p > 1 and (p + q)/q¢ > 1 again, we obtain
inequality (6). This proves the main part of

THEOREM 1. Let p,q be real numbers such that pg >0, and
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either p +q > 1, or p + ¢ <0, and let r, s be nonnegative, measurable
Sunctions on (a, X) such that Xr‘”“’“"“dx < oo, and the constant
K(X, p,q) defined by (7) is ﬁm";fe, where — o <a< X< oo, Ify
18 absolutely continuous on [a, X], y(a) = 0, and y' does not change
sign on (a, X), then

(8) Sjslylp ly' |7 dx < K(X, p, Q)Sj'rly’ e dg

Equality holds in (8) if and only if either ¢ > 0 and y = 0, or

a

) p(l—q)/¢
(9) s = klr(q~1)/(p+q—1)<g ,,.—-(1/(p+q—-1)}dt> ,

and
y =k, Sxy.w/w =gt

for some constants k(=0), k, real.

It only remains to prove the assertion concerning (9). Now, equality
holds in (8) only if it holds in (8)—or (4)— and in Holder’s inequality
leading to (6); that is, only if both

r [ y’ lpf!—q = Ap—Weta-Dl gp yl — k21,.—(1/(p+q—-1)} ,

and

zp/qz' = Bgrt/pp—(a/p) (Sx

a

p+g—1
/,-—(ll(p+q—1))dt> .

The first of these conditions is equivalent to the second of equations
(9) since y(a) = 0. Using this condition and the definition of z, the
second reduces to

R(p»xrq)(t—q)/q = (Cg'?? q)/p(R')(;v% LACESIE] , <R = qu,.~{1/(p+q—~1))dt> ,

a

which is equivalent to the first of equations (9). Finally, if s is given
by (9), it is easy to verify that the corresponding value of K, in (7)
is

k

—1 (SXW.M-(I/(p—-:—q—lndt)m,
p+ g Ne

and hence is finite. Similarly, choosing y as in (9),

Sj?“ |y’

completing the proof of the theorem.

x
PAg oy — ’kzln-‘q S p—itpte=D} g < oo,

a
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COROLLARY 1. If pg > 0,p+q>1, (8) holds even if y is complex-
valued. Equality holds if and only if s and y are given by (9) with
k, =0, k, complex.

Proof. The inequality (8) follows as above but in place of (2)
we have

v = |lvwia, asesX.
Equality holds in (8) only if, in addition to

z p+g—1
]yrl — Af,.—lll(pﬂ—l)}, zPlagh — Bs(p+q)lp,,-~(q/p1<g ,,.-(l/(p+q—1)}dt> ,

1

we also have
POIRCIES
thus only if

Yy(x) = (AV’V‘*““”*“"“’dt)e“"“ ,

va

which, in view of the condition on |%'|, leads to #(x) = 0 and, there-
fore, only if
xf—(ll(P+q~1)}dt — kz SZT—(ll(p+q_1))dt .

a

Yy = Ae® S
The rest follows as before.
REMARK 1. If pg > 0 and p + ¢ = 1, then in place of (5) we have
wr=ae([rivie),

where M(x) = ess. SUD;.p,, 77'(t) and r is a positive, measurable func-
tion on (@, X). Therefore, if

R(X,p,q) = ¢ {SXMs”PrW/Mx}T' < oo,
then

X N X
(10) |slulivirde < RaX,p,0 | rivldo,

As in the corollary above, equality holds in (10) if and only if y = 0,
or
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r=-const. >0 and ¥y = k(st””dty ,

a

k complex.
We only state the next theorem, since its proof is the same as
that of Theorem 1, with [a, x] replaced by [x, b] throughout.

THEOREM 2. Let p,q be real mumbers satisfying the same condi-
tions as in Theorem 1, and let r, s be nonnegative measurable functions

b

on (X,b), where —oo < X< bx< o, such that S TNy < oo,
X

and

K(X, p,9)

(11) — < q )ql(pﬂ){gbs(p+q)/p,,.—-(qlp)<sb,r——(1/(p+q—1)}dt)PH—ldx}pl(pH)
p+q x .

1s finite. If y is absolutely continuous on [X,b], y(b) =0, (and ¥
does not change sign on (X, d) in case q < 0), then

(12 [slul 1y irds < KX, p o) 7 |w poode.

Equality holds in (12) vf and only +f either q > 0 and y = 0, or
b

z

»(1—q)/q
s = ka,,.(q—l)l(pﬂ—-l)( /,-—-(1/(1»+q—1))dt) ,

and
b
Yy = k4g ptpre-Didg¢ ,

Jor some constants ky(=0), k, real.

REMARK 2. As above, if pqg > 0 and p + ¢ > 1, then (12) holds
even if y is complex-valued. AAlso, if p+q=1,r is a positive,
measurable function on (X, b), M(x) = ess. SUD,c.,,; * '(t) and

K(X,p,q) = q"{Sb Msl“’r‘“'“”dx}p < oo,
X
then
b ~ b
(13) [slylivirds < RX, 0,0 rivids,

where y is again complex-valued. Equality holds if and only if » =
~/(% q
const. >0 and y = k(g s””dt) .
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COROLLARY 2. Let pq > 0 with p + q > 1, and let r,s be non-
negative, measurable functions on (a, b), where — o < a < b < o, such

b
thatg p—MHr+r-Uldey < oo, and

a

149 (K(p, 9) =) (X, p,9) = KX, p,q) < 0,
where K,, K, are defined by (7), (11) respectively, and X(a < X <b)
1s the (unique) solution of equation (14). If y 1is complex-valued,
absolutely continuous on [a, b], with y(a) = y(b) = 0, then

b b
(15) |slyllvirde < Ko, |1y pdo .

Moreover, equality holds if and only if either y = 0, or

z p(l—0)/g
alﬁ,.(q—l)/(wq—l)(g ,,.—(1/(p+q—1))dt> , el < X,
a
§= b p{l—q)g
az,,.(q——l)/(pﬂ—l)(g 7.~(1/(p+q~1))dt> , X<xzZbh,
x
and
s i1 1
BIS Pt [(p+q— )}dt , a é @ é X y
a
y =

3
BZS ptie+a=Did¢ , X § x é b ,
z

where «a,, a, are mnonnegative constants, and B, B, are complex
constants such that

x b
—{1/(p+g—1)} — —{1/(p+q—1)}
B\ r dt = 5,\ r dt .
a X

Proof. The conclusion follows from Corollary 1 and Theorem 2
since, on choosing X to be the unique solution of equation (14), we
have

b X b
leyl"ly’l“dw = Saswl”ly'iqu + SXSI?/|”|?/'1"dx
x b
< KX, 2,0 | rlw 1 de + KX, 9,0 |\ rly P do
b
= K@, o) | rlypds.

Moreover, equality holds in (15) if and only if it holds in both (8)
and (12).

REMARK 3. As before, if pg >0 and p + ¢ =1, then for r a
positive, measurable function on (a, b),
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(16) [slurivide < Rw, o | rivide,

where
(K(p, ) =) K(X, p,q) = KX, D, q) .

Equality holds in (16) if and only if either y = 0, or

c(>0), a2 <X, m(Sﬂas‘“’dt)" , a<r<X,
,r(x) = { and y = : ,
c(>0), X <2 <0, 72(& 81,,,dt) . X<w<b,
where
YI(Sszlpdt)I = 72<Sb sl/pdt>q .
@ X
EXAMPLES

1. Setting » = s =1 in (8) or (10), we obtain as an improvement
of (1),

qq/(p+q)

) | lurivivds s £

(X—- a)? S [y |77 da

if p¢g > 0,9 +q=1. It may be remarked that (17) is also true if
p = 0. Equality holds in (17) in case p + ¢ > 1 if and only if either
p=0,orelse y=0,orelse g=1and y=A@x —a); if p+qg=1,
equality holds if and only if ¥y = A(x — a). In case ¢ = 1, (17) reduces
to the results of Hua, Yang, Calvert and Wong, while Opial’s original
inequality is obtained for p = ¢ = 1. (Note that if p < 0 and ¢ < 0,
K(X,p,q) = o.)
2. Taking ¢ = 1,s =1 in (15), we obtain

(18) [lwide = 2 ([“romas) [y poao
e - p + 1 a a ’

if p =0, and y is complex-valued, absolutely continuous on [a, b] with
y(a) = y(b) = 0. Here, X is the unique solution of

X b b

S /,.—-(llp)dx — S 7-—-(1/P)dx’ S ,r-(l/ﬂ)dx < oo .

a X a
Equality holds in (18) if and only if y = AS =gt fora < < X
and y = BS —uindt for X <o <b. In case p = 1, (18) reduces to a

result of Beesack [2].
3. Taking r=1,s = (x — a)**~?/ in Theorem 1,
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19) |"@—apeonjypiyirdes L (X —apn [ |y pds,
¢ P +4q “

Equality holds if and only if either ¢ > 0 and ¥ = 0, or ¥ = A(z — a).
As a special case of (19), let y = u',p =q = —1,a =0. Then

Sx—afi—dm < X SX-—lu,—lz-da: unless u = Ax®.
ou'| o |u'|

4, Taking r = (x — aq)??+-/»+0 g = 1 in Theorem 1,

[luriyds
(20)
(

<

q 1—p X
n ) (X — a)pl(p-i-q) S (.’l) _ a)p(p+q—1)/(p+qJ ly' |p+q dx .
prq a

Equality holds if and only if either ¢ >0 and ¥y =0, or y = A(x — a)/?*9,
As a special case of (20), let y = 4'*,p =q¢ = —1,a = 0. Then
[ da o Ly "2 luly,

— <
olu'| 2 o |u'p?

unless v = Ax .
3. To obtain lower bounds for | s [y|”|y'|*d (or 's ly 1P|y |"dao>
consider first the case when p + ¢ > 1. If, in addition, 1; < 0, (3) yields
z p(p+g—1)/(p+q) /(% ?2/(p+q)
(21) I Y Ip g (S /,-“(1/(P+‘I—'1))dt> (S r I y' Ip+q dt) .

If s is non-negative on (a, X), then

z p(p+9—1)/(p+q)
s l Y lp I yl |q z Sr—(QI(p+q))(S ,r—-(ll(p+q—l))dt)

a

zpl(p+q)(zl)q/(p+q) ,

where z(x) = Szr |y |P*e dt.
Thus, Holder’s inequality with indices (p + q)/» and (p + q)/g—note
that the latter lies between 0 and 1—gives

X X
(22) [sluPividez KX, p,0 [ rivpds,

where K,(X, p, q) is defined by (7).

Similarly, if p > 0 and p + ¢ < 0, then (4) yields (21). Again, if
s is non-negative on (a, X), Holder’s inequality with indices (p + ¢q)/p
and (p + q)/g—note that 0 < (p + q)/g < 1 still holds—leads to (22).
Equality holds in (22) if and only if it holds in (8)—or (4)—and in
Holder’s inequality leading to (22); that is, if and only if s,y are
given by (9). This proves

THEOREM 3. Let p, q be real numbers such that either »p <0 and
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p+qg>l,orp>0and p+ q<0. Letr, s be nonnegative measurable
X
functions on (a, X) such that \ r~#*+Ydx < o, and the constant

K.(X, p,q) defined by (7) is ﬁn%te, where —o < a < XZ o, Ify
1s absolutely continuous on [a, X], y(a) = 0, and y' does not change
sign on (a, X), then (22) holds. There is equality in (22) if and only

s and y are as defined in (9).

COROLLARY 3. If p< 0 and p + q > 1, (22) holds even if y is
complex-valued. Equality holds if and only if s and y are given by
(9) with k, = 0, k, complex.

The proof of this is essentially the same as that of Corollary 1.

REMARK 4. If p < 0 and p + ¢ = 1, then in place of (21) we have
ez ae({riyia)
where M(x) = eSS SUD,.(,..; 7(f) and r is a positive, measurable func-
tion on (a, X).
Thus, if
R(X,p,q) = q"{SXMS"”r““’“”dw}p < oo,
then
X ~ X
@3) [slyllvide z RaX,p,0 | iyl de.
As in the corollary above, equality holds in (23) if and only if

r =const. >0 and y = k(gzs‘“’dty ,

k complex.
Replacing [a, ] by [z, b] throughout Theorem 3, we obtain

THEOREM 4. Let p, q be real numbers satisfying the same condi-
tions as in Theorem 3, and let r, s be non-negative measurable func-

tions on (X, b), where — oo < X < b < oo, such that ' pUUrreNdy < oo,
X
and K,(X, p, q) defined by (11) is finite. If y is absolutely continuous
on [X,b], yd) = 0, (and ¥y’ does mot change sign on (X, d) im case
p > 0), then
b b
(24) [slyriyide =z KX, p,0) | rlyids.

Equality holds in (24) +f and only if
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b
s = ksr(q—l)/(p+q—1)(8

z

p(l—g)/q
,,~~€1I(p+q—1))dt> , and
(25) ,

Y = k4s pititere=Uig¢ ,

for some constants k(=0), k, real.

REMARK 5. If p <0 and p + q > 1, then (24) holds even if y is
complex-valued. Also, if p <0, p+ ¢ =1 and r is a positive, measurable
function on (X, b), and

~ ~ [ 2NN
M(x) = ess sup r7'(t), K, (X, p, @) = q“S Msl“’r““’“”dao} < oo,
tefz,b] X

then
b ~ b
(26) Loty ivde = RaX, p,0) | r|v|dz,

where y is again complex-valued. Equality holds if and only if
N b q
r = const. > 0 and y = k(g s””dt) .

Ed

COROLLARY 4. Let p<Oand p +q>1. Let r,s be nonnegative,
b
measurable functions on (a,b), — oo < a <b =< oo, such that | r~H@+i-tidy

18 finite. Let y be complex-valued, absolutely continwous on [a, b]
with y(a) = y() = 0. Then,

@) [slul vz K@ o | riyids,

where K(p, q) is defined by (14). Moreover, equality holds if and
only if s and y are defined as in theorem 2.

The proof is immediate in view of Theorems 3 and 4, Corollary 3
and Remark 5.

REMARK 6. Again if p < 0 and p + ¢ = 1, then for r(x) positive,
measurable on (a, b),

(28) [slurividezRw o rivide,

where K(p, q) is defined as in Remark 3. Further, equality holds in
(28) if and only if » and y are defined as in Remark 3.

Our next result is an extension of Theorem 3 to the case when
0<p+g<1land g >1. (Note that in Theorem 3 the restriction
g > 1 is implicit since p + ¢ > 1 and »p < 0 imply ¢ > 1.)
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THEOREM 5. Let p<0,¢g>1and 0<p+ q<1. Letr,s be non-
negative, measurable functions on (a, X) such that XT*"""’”“”dx
and SXS*““"—“’dm are finitte. If y is complex-valued, abgolutely con-
tinuous on e, X1, y(@) = 0, then

~ X
(29) [slupividoz R0 | vy,
where
/e = q ! SX =D g ) SX —pra—01 g Y T
60 R(X,p,0) = (L) ({ srevaz) ([ r dz)

Equality holds in (29) if and only if s and y are as defined by (9)
with k, complex.

Proof. Since p/q < 0,
|ylplqg(rly'[dt>mq, az=X.

Therefore,

(1) veeiyide z — ({71 1dz) """

From Holder’s inequality with indices ¢ and its conjugate, it follows
that

x x (a=Da /(X /g
[yl o1 ds = ([Tsmeas) ™ ([Tstyle 1 1 as)”

and also with indices p» + ¢ and its conjugate, that
X x (p+g—1)[(p+a) /(X 1tp+a)
‘ | y' | d.’l) g (S r—(ll(zz+q——1)1dm) (S r l y' |p+q dx>

In view of the above inequalities, (29) follows from (31).
Again, equality holds in (29) if and only if

= [Iwide, asoes = siypiyp,
and

Agr—e+a=D) — o | g pa s

’

that is, if and only if

x
ly’; — azr“““”“"l” , !yl — azg ,r——(ll(ib+0—lﬂdt ,
a



226 P. R. BEESACK AND K. M. DAS

and

z

»{l1—q)lq
s = k3,r(q—1)/(p+q—1)(5 ,,.~41/(p+q—-1))dt) ;

a

thus, as in Corollary 1, if and only if s and y are as defined by (9)
with %k, complex,

REMARK 7. If p<0,0<p+qg<1and q =1, s(x) positive and
measurable on (a, X), then in place of (29) the following holds:

@ slyrividaz ;W;(r,,_umdx) [l e,

where M* = M*(X) = esS SUD,ero,x1 S (®). Equality holds in (32) if
X
and only if s = const. > 0 and y = k* |\ r~"/7dt, k* complex.
Replacing [a, x] by [z, b] throughou{;z Theorem 5, we obtain

THEOREM 6. Let p, q be real numbers satisfying the same con-
ditions as in Theorem 5. Let r,s nonnegalive, measurable functions

b b

on (X, b) such that | r~e+e-bdy and \ s~ Vdx are finite. If y
X pe

18 complex-valued, absolutely continuous on | X, b], y(b) = 0, then

b N b
(33) [sturividez R, p,0 | rivrods,
where
7 — a Y Sb - g ) Sb —ire— g )
K(X,»,9q) <p n q) ( K dx> ( T dx) .

Equality holds in (83) if and only if s and y are defined by (25)
with k, complex.
As a direct consequence of Theorem 5 and 6 we have

COROLLARY 5. Let p,q be real numbers satisfying the same
conditions as in Theorem 5. Let r,s be nonnegative measurable

b b
Sfunctions on (a, b) such that \ r~"*+-2dx and S s~V qre finite. If
y is complex-valued, absolutely continuous on [a,b] with y(a) = y(b) = 0,
then,

b A~ b
(34) [[slulivirds = R, 0| iy ds,
where K(p, q) = K(X, p, q) = KX, p, q), with X the unique solution

(a < X <b) of the latter equation. Moreover equality holds in (34)
if and only if s and y are defined as in corollary 1.
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REMARK 8. Let p<0,0< p+ g <1 and q = 1; s(x) positive and
measurable on (X, b). Then, for complex-valued, absolutely continuous
y on [X, b] such that y(b) = 0,

~ x—1

b M b pCod
P 4 > —1/p ! |p+1
(35) leyl ly[dxz—-p+1<SXr dx>§X7~|y| de ,

where M* = M*(X) = ess SUD, e (x5 STHE).

Finally, if y is complex-valued, absolutely continuous on [a, b] such
that y(a) = y(b) = 0, and if s is positive and continuous on (a, b), then
(32) and (35) yield

(36) [slyrivide = m@de}Sr P

where M = M*(X) and X is the unique solution (¢ < X < b) of the
A~ X x

equation M*(X )( g r"““”dm)p =M *(X)(S r‘“””dwY. Equality holds in

(36) if and only if s = const. >0 and

o=l [

according as ¢ £ 2 < X(X £z <))

Examples can be constructed for special cases of » and s as
before. However, we content ourselves with noting that if s(x) =1,
(32) reduces to the following inequality of Calvert’s paper [2, p. 75],

1 1 1

X X p—1{X
Pl [ oo, 0<p<t o Lados
a p a @ q p

4., Let u be a given function and let
Y = ude+a (p +q % 0) .

If p and ¢ are such that ¢/(p + q) > 0, then it is obvious that y is
absolutely continuous on an interval if and only if « is, and that y
vanishes at a point if and only if » does. A simple computation gives

by = (SE) e and Jy e = (L) g e,

p+ p+aq
that is,
3
ol (P @Y o fora = (PEQY e
iy o= (S52) Twire and Jy e = (ELE) jurriwre,

where p = —P,p + q = Q.
In view of (37) and Theorem 1 we have
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THEOREM 7. Let P,Q be real numbers such that either P < 0,

R>1land P+Q>00r P>0and P+Q<0. Letr,s be nonnegative,
p.q
measurable functions on (a, X) such that S s~ie-Ndy < co. Let the

a

constant
(38)

{(P+@)[Q}—P (X z Q-1 PlQ
KX, P, Q) = ( Q > {S ,,.—(QIP)S(P+Q)/P(S s—(ll(Q—l))dt) dac}
P+Q a a

be finite. If u s absolutely continuous on [a, X], u(a) = 0, and u'
does mot change sign on (a, X), then

(39) SXs |w|? |w[¢de = K*(X, P, Q) SX'r W P40 dg
Equality holds in (38) if and only if

2
r = kl*s(P+Q——1)I(Q—1)(S g—it@=nlqg¢ s and

a

)P—lP/(P-!-QH

’

w= k;‘(gxs—“’@-‘”dt

a

>QI(P+Q)

for some constants k}(=0), kF real.
Theorems 3 and 7 lead to

COROLLARY 6. Let p,q be real numbers as in Theorem 3. Let
r, s be nonnegative measurable functions on (a,X) such that K(X,p,q),
K*(X, p, q) defined by (7), (38) respectively are finite. If y is abso-
lutely continuous on [a, X], y(@) = 0, and y' does not change sign on
(a, X), then

SXS |y || do = max (K, K¥) SXr |y [+ da
Moreover, equality holds if and only if s and y are defined by (9) or

E
r = k;ks(IH»q—-l)/(q—l)(S S—-(II(Q—-I)}dt

a

x q/(p+9)
Yy = k;(S 8“““"‘”’dt> ,

a

p—{p/(p+q)}
) , and

(40)

for some constants k}(=0), & real.

Proof. The inequality is immediate in view of (22) and (39) and
the fact that ¢ > 1 is implicit if p < 0. Again, a straight-forward
computation shows that (9) holds if and only if (40) holds. Thus,
equality holds in (22) if and only if it holds in (39). Also, then K, =
K*. This completes the proof.
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REMARK 9. If r =s=1, K* are meaningful constants when
p + q > 0and g > 0 respectively. Therefore, in Corollary 6 if r =s =1
and p <0,p + ¢ > 1,

(X —ap, Kr= €° (X —ay.

R R

It is easy to verify that lnx/(1 — x7') is an increasing function of «
for « > 1. Thus,

1 Ing >
11 1—
q P+ q

In(» +q),

whence
qp—(pl(p+q)} < (p + q)p—(plq) .

Consequently, in this case K* > K,.
Another example where K*> K, is when r = (x — q)?rre-bitr+o
s=(x — a2 p<0and p+ ¢q>1. Then,

1— (p+4q) ‘
K, = ( q ) p( q )pl e (X — g)ltrri+iu—osia |

»+4q g+ @+l -9
and
/e
K1* — q / p + q )p X — a)[p[(p+q))+(1—q)plq .
p+a\g+ @+l —q) (

Ifg=<2,qg+ (p+ 9@ —¢q) >0 and therefore, in view of
0<—p/lp+l@—-1)<1
and —In« convex if « > 0, we have
(q _|_ (p + q)(l — q))——-(p/(p+Q)(q-—l)l,q1+(p/(p+q)(q—1)} é D + q ,

whence

IA

(q + (pp++q)q(1 —q) >M (p i q)-m")( g+ (p +qq)(1 —q) )‘1 ’

that is,

v

<q + (pp++q;1(1 -q) )?"' <p 3— q )Mp < q+ +qq)(1 - q) )WH)
f2z¢g>p+g>1,

proving that K* = K, in this case.
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As above, in view of (837) and Theorem 3 we have

THEOREM 8. Let P,Q be real numbers such that PQ > 0, and
either @ > 1 or @ < 0. Let r,s be nonnegative, measurable functions

on (a, X) such that Vs‘”‘@“”dx < oo, and the constant K* defined by

(38) is finite. If y is absolutely continuous on [a, X], y(a) = 0, and
Yy’ does not change sign on (a, X), then '

(40) ng lu|? | [0 de < K* rfr | [P+ das

Equality holds in (40) if and only if r and w are as defined in
Theorem 1.

REMARK 10. If P and @ above satisfy
P>0,P+@Q@>1 and 0<Q<1,
then (37) and Theorem 5 yield

1) [slulrjwieds = R(X, P, @ S"r | [P+ das

where K, is defined by (30). Here u can be taken as complex-valued.
Equality holds if and only if it holds in (29), that is if and only if
s and u(=y) are as defined by (9) with k, complex.

If P> 0 and Q = 1, then (37) and (23) yield

(42) st | || do < KSXT | [P+ das

where s is a positive, measurable function on (¢, X) and

A 1 X P
43 RP) =+ 1(S M52 =010, M*(z) = ess sup s™(t) .

a tela,z)]

Equality holds in (42) if and only if s = const. >0 and u = k(er‘““’ ’dt),

k complex.
Combining Theorems 1 and 8 and Remark 10 we have

COROLLARY 7. Let p,q be real numbers such that pqg > 0. Let
r, s be nonnegative, measurable functions on (a, X) such that

X X
S ,,.-u/(p+q—1>;dw’S g—ita=1) g
a

a

(or M*(x) ©f p> 0,9 =1) ewist, and the constants K,, K*, K, and
K(p) are finite. If y 1s absolutely continuous on [a, X], y(a) = 0,
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and y' does not change sign on (a, X), then

X X

SMyV\yVMmgKS¢§yP“dx,

where K = min (K, K*)if a@) ¢ >1 or g <0, = min (K, K) if B)
0<g<landp+q>1, =min(K, K)if v) ¢ =1. Moreover, equality
holds if and only tf it holhs in both (8) and (40), (8) and (41), (8)
and (42) according as «), B),Y) is the case.

REMARK 11. If r=s=1 and ¢ > 1 (so p > 0) in Corollary 7, the
fact that In2/(1 — 2™') is an increasing function of x for z > 1 leads
to K* > K, and thus K = K,. Again, if r =s =1 and ¢ = 1 above,
K=K =K. Also,if r=s=1and 0<¢g<1<p+ q then

qql(p+q)

K, =
p+q

(X — a), K:(piqﬂx—mh

That K, > K, follows from the fact that for 0 < ¢ <1< p + g,

q In <1<_pt9__1n +
114 pR— ®+9,

whence

1 1
<1 —;>ln(fp +q) < <1 i q)lnq .
Similar results could be stated on [X, b] and [a, b].
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