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The Nδrlund summability was first applied to the theory
of Fourier series by Έ. Hille and J. D. Tamarkin. Many
other mathematicians have since worked in this field. Recently
T. Singh has proved a nice theorem concerning the Nδrlund
summability of Fourier series. In Part I, we shall give a
generalization.

Absolute Nδrlund summability was defined by L. McFadden
and he proved a theorem concerning the absolute Nδrlund
summability of the Fourier series of functions of the Lipschitz
class which was generalized by S. N. Lai. We shall give
another generalization of McFadden's theorem in Part II.

PART I.

l Let Σ Γ = o ^ be a given series and (sn) be the sequence of its
partial sums. Let (pn) be a sequence of real numbers and Pn =
Po + Pi + + Pn- We suppose that Pn Φ 0 for all n. The series
Σ an is called to be summable (N, pn) to s when lim^*, tn exists and
is equal to s, where

1 n 1 n

^n — -Tβ- 2_i Pn-kSk = ~β~ 2-i PkSn~k

tn is called the nt\ι (N, pn) mean or wth Norlund mean.

In the special case in which pn = (n + a ~~ \ — Aΐ~ι(a > 0), the

Norlund mean reduces to the (C, a) mean. Another special case that

pn = l/(n + 1), is called the Harmonic mean.
The condition for the regularity of summability (AT, pn), is

pn/Pn->0 and Σ | p * | = O(|PW | ) as ^ — oo .
k=0

If (pn) is a positive sequence, then the second condition is satisfied.
It is also easy to see that, if (pn) is an increasing sequence, then a
(C, 1) summable sequence is summable (N, pn).

We shall define p(t) on the interval (0, oo) such that p(n) = pn

for n = 0,1, 2, and that p(t) is continuous on (0, oo) and is linear

in each interval (k, k + l)(k = 0,1, 2, •). We put P(t) = 1 p(u)du,

then, P(n) = (l/2)p0 + Pi + + P»-i + (l/2)pw = P w as n — <̂  when
p w -^ oo and pJPn —• 0.

T. Singh [4] has proved the following theorems:
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THEOREM SI. If (pn) is a positive sequence such that pn j and
Pn —* oo and further if

( 1 ) Φ(t) = ΓI φx{u) I du = o(p(l/t)/P(l/t)) as t — 0 ,
Jo

/̂ e Fourier series of f is summable (N, pn) to f(x) at the point
x, where φx(u) = f(x + u) + f(x - u) - 2f(x).

THEOREM S2. If (pn) satisfies the conditions of Theorem SI and

( 2 ) Ψ(t) = Γ| τMι*) I ̂  - o{p{l/t)/P{l/t)) as t - 0 ,
Jo

/&e conjugate Fourier series of f is summable (AT, pn) to

7Γ Jo 2 tanu/2

α£ the point x when the last integral exists, where

ψx{u) = f(x + u) — f(x — u) .

We shall prove that we can replace the condition pn j by the
more general one

( 3 ) [\ \p\u) I du = O(Pn) a s n ^ o o .

If (pn) is monotone, then the condition (3) is equivalent to

(4) npn = O(Pn),

since

up'{u)du = [u^(u)]Γ - I p(u)du = ^p(tι) - P Λ + 0(1) .

If (pn) is decreasing, then (4) is satisfied automatically. In general,
condition (3) implies (4).

If the condition (4) is satisfied, then (1) implies

as t-+Q.

2. Our first theorem is as follows.

THEOREM 1. // (pn) is a positive sequence such that Pn-+oqy

(3) holds, and condition (1) is satisfied, then the Fourier series of f
is summable (N, pn) to f(x) at the point x.
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Proof. We write φx(u) = φ(u) and by tn(x) we denote the nth
Nbrlund mean of the Fourier series of / at the point x, then

^ sin l/2)t

o Ji/J 2τr

By (5),

We write

: sin (n - k + l/2)t

Σ Pk sin (n - k + l/2)ί
A = Γl/i]

= L;(O + L;'(

then we have, by Abel's lemma,

Therefore

\ L :

J

i
t hit

P. Ji/» si
cp(ί)

sinί/2

where

~ Pn

= 4-Wl + J2) ,

Jl/Λ ί

+ r
Jl/« f

f- Wψlu:mt
Jl/» ί

+ r
Jl/»

l/Λ

o(l)Γ
Jl/Λ
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and

\<Pit)\ P(n)dt

ί l/n

Γ

z A{\'
Ul/»

|
ift

Jl/»

Un f

a ί i i du +
ί8

o(npn)

= o{Pn) .

Thus we get / = o(l) and then we have proved the theorem.

3. THEOREM 2. If (pn) is a positive sequence satisfying the
conditions in Theorem 1 and

ψ(t) = ΓI ψ.(u) \ du = o(p(l/t)/P(l/t)) as t — 0 ,
Jo

then the conjugate Fourier series of f is summable (N, pn) to

- l l i m Γ
π «-«* iun

dt
2 tanί/2

when the last limit exists.

Proof. Let ψx(t) = ψ(t) and ίn(») be the nth (N, pn) mean of
the conjugate Fourier series of /, then

r
πJi/»2tanί/2

2πPn Jo sinί/2 Vί

= - iLΓ-M-fΣ (cos i ί - cos (k + l»)dί
Jo sinί/2 VίroV 2 V 2/ //

Applying the method of proof of Theorem 1 to above integrals, we
obtain the theorem.
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PART Π.

4* Let (tn) be the sequence of Norlund means of the series
Σ α % . If Σl*»""*»-i l< °°, then the series Σ α % is called to be
summable \N,pn\ or absolutely summable (N, pn).

L. McFadden [6] proved the following theorem.

THEOREM M. Let (pn) be a nonnegative, decreasing and convex
sequence tending to zero such that ^Pljn2 < oo. If fe Lipα(0 < a < 1)
and

then the Fourier series of f is \ N, pn \ summable.

This was generalized in the following form by S. L. Lai [3]:

THEOREM L. Let (pn) be a nonnegative, decreasing and convex
sequence tending to zero such that Σ Pljn2 < °o. If the continuity
modulus co(t) = ω(t; f) of f satisfies the conditions

( 7 )
»-i n

and

8) Σ ω{1/n) <

then the Fourier series of f is \ N, pn \ summable.

We shall prove the following theorem:

THEOREM 3. Let 2 ^ p > 1, 1/p + 1/q = 1 and let (pn) be a

positive, decreasing and convex sequence tending to zero. If

( 9 ) Σ PnKP~2 < oo

and

where o)(δ) is the continuity modulus of /, and further if

± 1 ^ A
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(or more specially, if u~sω(u) [ as u] for a positive δ < 1), then
the Fourier series of f is \ N, pn | summάble.

If (pn) decreases monotonically then (9) is equivalent to

oo oo

ίι(χ) = ΈiPn cos nx and ζ2(x) = Σ P% sin nχ

belong to ZΛ
From (9) we have

/ w \l/p

and then

f, ω(l/t̂ ) f ω(l/n) A f, ω(l/n) .

Therefore, under the condition (9), the condition (10) is stronger
than (11). If p decreases from 2, then (9) becomes weaker but (10)
becomes stronger.

In the case p — 1, we have the following.

THEOREM 4. Let (pn) be a decreasing and convex sequence tending
to zero, such that

no\ v P* ^

and

(13) i 4
Pk

If f has the continuity modulus ω(δ) such that

(14) ±

then the Fourier series of f is summable \N,pn\.

It is known ([7], Chap. V, § 1) that if (pn) is a decreasing and
convex sequence tending to zero, then ξ^x) is integrable and that if
(pn) is decreasing and satisfies the condition (12), then ξ2(x) is inte-
grable. We have also
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P. = Σ f t = Σ (Pk/k)k ^ An ,

and then we have ΣωO-ln)ln < °°> ί β., (11) holds also in this case.

5. For the proof of Theorem 3, we use the following lemmas.

LEMMA 1. ([5]) // (pn) is a positive and decreasing sequence,
then

Σ,pke^-k)t ^AP(l/t)
k=a

for any a and b > a and for any integer n.

LEMMA 2. ([6]) If (pn) is a positive and decreasing sequence
and ζ(t) = Σjk=oPkβikt, then

I ξ(x + 2t) - ξ(x) I ̂  A— P(—) for all x in (t, π) .

LEMMA 3. ([2] and [1]) // λ(ί) is a positive increasing function
on (1, oo) and feLp (1 < p ^ 2), then

ί2λ(l/ί)

where p2

m — a2

m + b2

m, am and bm being the mth Fourier coefficients of
f and 1/p + 1/q = 1.

6. We shall now prove Theorem 3. By the definition, we have

- p p tV<*>{Σ(P»f. - p.Pt) coa (n - k)t\dt
π PnPn^i Jo b=o J

where ί>_1 = P_x = 0, and then
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π \ tn - ί.-! I g -1— 1 (V(*)(Σ Pk cos (n - k)t
P w _ l I JO \fc = 0

dt

(15) +

Pk COS (Λ -

[%><«)(£Λ cos (n - k)t)dt

?>(*)(Σ P* COS (w - fc

cos (n - k)t)dt
/Pnhln \Λ=0

following McFadden [6]. We shall begin to estimate In.

In ^ -=r—-\ \ φ(t)(Σ Pk cos kt) cos nt dt
P w _ i t ί J o Vfc^o /

φ(t)( Σ Pk sin fc£ ) sin %£ dί >
0 \fc = 0 / I J

9?(έ)f i(ί) cos nt dt

s r

Let

then

!

π / oβ \ l / g

?>(«)?!(«) cos nt dt and JS1, = ( Σ IΛ. I*) ,
0 \m~n /

l / p

l/ί>

If we put λ(w) = %1/?Pn, then \(n) J » as « increases. By Lemma 3,
we get
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J 1

S I

—

l/2>

where

Δt(φ'ζx) = φ(x + t)U«S + ί) - 9K« - WAX - ί)

= £,(& + t)[φ(x + t)- φ(x - t)] + φ(x - t)fa(x + t) -

= ξ,{x + t)Δtψ + φ(x - t)A£x ,

and then

By (9) and (10), we have

and, by Lemma 2 and (11),

JO t l 2 ί ) -

d t

xp

uίlq uω(l/u)llg\)i

- t)]

d x
*

Z A .

Thus we have proved that ^,il < °°. Similarly we can
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prove that ΣϊU I h* i < °°, and therefore Σ?=i /» < °°.
Secondly, we shall estimate the sumΣ?=iΛ. Since Σ*U2>* cos (&

is a nonnegative function, we have

Bin-

since Σ£=i
Thirdly,

Σ

is uniformly bounded.

^ A .

3.-i P.

Finally,

Pk cos (A; - »)< + -̂ 2- Σ -P* cos (» -
P * 0

^ + Σ
2 *=n

2 sin ί/2 i

^ ' sin(w - fe + l/2)t l p

feΌP* 2ϋnl72^ ¥ M-1

and then

1 o.

/» 2 sin ί/2 u=»

hin 2 sm ί

(ί>t — Pk+i) sin (w — A; + l/2)ί )dί

2 P B _ X

= L: + u: + L;" ,

as in McFadden [6]. Now
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?>» - Pn+l_[* CO(t) d t

1/w t2

299

Γ
= l Jl/(fc + l)

n

Σ

00 f ̂  &)(£) / 1 \\

— )dt + A

- + A

sj'
Jo

+
ω(l/n)

n
+A<A

and

Collecting above estimations, we get Σ?=i I *» — *n-i I < °°

7. We shall now prove Theorem 4. We start from (15). First,

J. =
τψ{t)(Σ p* cos (Λ - k)t)dt

cos «ί dt + \πφ(t)Ut) cos wί dt 11
Jo IJ

Hence

I ψ{t Ut + π/2n) - φ(t - π/2n)ξι(t - π/2n) \dt

I φ(t + π/2n) - <p(t - π/2n) \ dt

( τr/2 )̂ - ξtf-πfin) \ dt

— &~ \ <zr
— *-• 1 π^ «-χ 2 >

where, since ξt is integrable and | φ(t + ττ/2̂ ) — φ(t — π/2n) \ <; Aω{ljn),

I φ(t-π/2n) | | ί
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by the condition (14) and, since"

we get

Σ Σ

^ Σ +

x
π/n

ω(x) I K^x + π/n) — KJ&)\ dx + A

oo

do; + A

= ^i + ̂  ' + A .

It is well known that

I Kl(x) I ̂  Av2 and

and then

x ^ — Av2 — g
n v

+ π/n) - Kv(x) I ^ A/nx2 in (ττ/v, TΓ) .

Therefore,

Σ

^ A Σ + Σ -έ-ω(l) + Σ (υ + i)i2ί>, Σ ω(l

pk+1)\

- Pk+i)

+ p̂ +2 and Kv is the vth Fejer kernel.
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by the condition (11) and the relation ([6], p. 183)

k(pk - p*+i)/P* ^ A/k .

Further,

Σ
+

k

Thus we have proved that Σ i » , i < °° The estimation of InΛ is
similar to that of In>ί and thus Σ / n < oo.

Now, ΣΓ=^ PA; cos (A: — ̂ )α? is a positive function and then

COS (k - n)t)dt

Convergence of Σ?=i ^ a n d Σ5Γ-i Ln is proved as in the proof of
Theorem 3. Thus we have established Theorem 4.
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