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The Norlund summability was first applied to the theory
of Fourier series by E. Hille and J. D. Tamarkin. Many
other mathematicians have since worked in this field. Recently
T. Singh has proved a nice theorem concerning the Norlund
summability of Fourier series. In Part I, we shall give a
generalization,

Absolute Norlund summability was defined by L. McFadden
and he proved a theorem concerning the absolute Norlund
summability of the Fourier series of functions of the Lipschitz
class which was generalized by S. N, Lal. We shall give
another generalization of McFadden’s theorem in Part II.

PART 1.

1. Let X2 ,a, be a given series and (s,) be the sequence of its
partial sums. Let (p.) be a sequence of real numbers and P, =
Do+ o+ -+ +p,. We suppose that P, = 0 for all n. The series
S a, is called to be summable (N, p,) to s when lim,_. ¢, exists and
is equal to s, where

1
P,

n 1 n
Z Po—Sk = Z PrSp—t -
k=0 P, =0

t, =

t, is called the nth (N, p,) mean or nth Norlund mean.
In the special case in which p, = (n + Z‘ - 1) = A« > 0), the
Norlund mean reduces to the (C, @) mean. Another special case that

p. = 1/(n + 1), is called the Harmonic mean.
The condition for the regularity of summability (N, p,), is

p./P,—0 and 3[p,|=0(P,]) as m— co

If (p.) is a positive sequence, then the second condition is satisfied.
It is also easy to see that, if (p,) is an increasing sequence, then a
(C, 1) summable sequence is summable (N, p,).
We shall define p(t) on the interval (0, <) such that p(n) = p,
for n =10,1,2,..- and that p(t) is continuous on (0, <) and is linear
t
in each interval (k,k + 1)k =0,1,2, --.). We put P(¢t) = Sp(u)du,,
0
then, P(n) = (1/2)p, + 9, + +++ + Doy + (1/2)p, = P, as n — o when
P,— o and pn/Pn'—’O-
T. Singh [4] has proved the following theorems:
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THEOREM S1. If (p,) is a positive sequence such that p,| and
P, — < and further if

(1) 2() = || pu(w) | du = o(p(1/t)/P(1/1) as t—0,

then the Fourier series of f is summable (N, p,) to f(x) at the point
x, where p.(u) = f(€ + w) + fl& — w) — 2f(x).

THEOREM S2. If (p,) satisfies the conditions of Theorem Sl and
(2) U(t) = | y.(u) | du = o(p(L/)/P(L/t) as t—0,

then the conjugate Fourier series of f is summable (N, p,) to

__1_5”_%%_)_0;%
w Jo 2 tan u/2

at the point x when the last integral exists, where

Va(u) = fl@ +u) — flo —u).

We shall prove that we can replace the condition p,] by the
more general one

(3) gnu\p’(u)]du=O(P") as m— oo .
If (p,) is monotone, then the condition (3) is equivalent to
(4) np, = O(P,) ,
since
[ @dn = fup)l: - | "pwdn = npn) — P, + 0Q) .
If (p,) is decreasing, then (4) is satisfied automatically. In general,
condition (3) implies (4).
If the condition (4) is satisfied, then (1) implies
(5) &ty = o(t) as t— 0.
2. OQur first theorem is as follows.
THEOREM 1. If (p,) is a positive sequence such that P, — o=,

() holds, and condition (1) is satisfied, them the Fourier series of f
is summable (N, p,) to f(x) at the point x.
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Proof. We write ¢, (u) = () and by ¢,(x) we denote the nth
Norlund mean of the Fourier series of f at the point x, then

T o) (¢
@) = F@) = | <O (S oy sin (b + 12yt )t
__1 S 2t 1, (t)dt
2rP, Jo2sint/2
_ 1 1/n T _ 1
B 2zP, (So + Sl/n) - EE(I i J) )
By (5),
12 A0S e
= an 190 dt = o) .
We write

| L,(t)| = ‘gpk sin(n — k + 1/2)t’

[1/2] l

= ,‘2:,0 P +
= L,(t) + L,/®) ,

_E[:,n”pksin(n -k + 1/2)tl

then we have, by Abel’s lemma,

L) < A{2RID o 20 o 2Ty au

t t
Therefore
_ 11 o)
1= l P, Sx/n sin ¢/2 L"(t)dtl
A ft° le® ], S |o@) | 71
< 1P Lr@yd 2 LL(tdt
—Pn{glln t n()t+1ln t Li® }
= -j,‘ﬁ*—(J + ),
where

+ S” mp(l/t)dt 4 S‘T 2@ Z)(l/t) DA/ 44
Y n tz tz

= o(P) + o) 2D qt + o(1)§f/n-___p(;/ D gt
= o(P,)
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and

II/\

Af[[ 1201 2@y, , [ L2O] 2 g,

1z

+ S "PWdtS lp(u)ldu}
< {S i@(t){ 120 | p1/tyde + pn[ o) ]lm}
+p, S (”(t) 28O gy 4 [ o) S !p(u)ldu] .
1.5

@(t) dtS | p'(w) | du + Sk @t(zt) |?’ (tlz/ t) g

< AJ, + o(np,) + o(np,) + O(S1 | o' (w) | du>
+ o(&u | () | du> + o(jlu |9/ (w)] du)
=o(P,) .

Thus we get J = o(1) and then we have proved the theorem.

3. THEOREM 2. If (p,) is a positive sequence satisfying the
conditions in Theorem 1 and

7(t) = | 1.0 du = o(p(L/8)/ PL/1) as t—0,

then the comjugate Fourier series of f ts summable (N, p,) to

~1 tim S _ ¥ g
T n-w Jia 2 tan ¢/2

when the last limit exists.

Proof. Let +,(t) = v(t) and %,(x) be the nth (N, p,) mean of
the conjugate Fourier series of f, then

oy (L7 A(t)
bal®) < §1/n 2tant/2 dt

= gepr ) wgran(ee gt~ ook r )0

272'1Pn S:/n s1n(22 (Z P €08 (k + ) )dt

Applying the method of proof of Theorem 1 to above integrals, we
obtain the theorem.



NORLUND SUMMABILITY OF FOURIER SERIES 293
Parrt I1.

4. Let (t,) be the sequence of Norlund means of the series
Sa,. If 3|t, —t.,| < o, then the series >,a, is called to be
summable | N, p, | or absolutely summable (N, p,).

L. McFadden [6] proved the following theorem.

THEOREM M. Let (p,) be a monnegative, decreasing and convex
sequence tending to zero such that 3\ P}n*< . If feLipa(0<a<1)
and

(6) S <,

fryey] ,na+1/zP
then the Fourier series of f is | N, p,| summable.

This was generalized in the following form by S. L. Lal [3]:

THEOREM L. Let (p,) be a monnegative, decreasing and convex
sequence tending to zero such that >, P:n* < . If the continuity
modulus w(t) = w(t; f) of f satisfies the conditions.

(7) i;l“’(z/na)<oo(p<3<1)
and

e w(l/n) -
(8) nz;‘x n'*P, S

then the Fourier series of f is |N, p,| summable.
We shall prove the following theorem:

THEOREM 3. Let 2=p>1, 1/p+1/g=1 and let (p,) be a
positive, decreasing and convex sequence tending to zero. If

(9) S pnt < oo
and

o @(l/n)
(10) wz=ll npP, <

where w(0) ts the continuity modulus of f, and further if

1 < A
m?(w(1/m))*™" — (nw(l/n))*~

oo
m=mn
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(or more specially, if uww)| as ul for a positive 6 < 1), then
the Fourier series of f is | N, p,| summable.

If (p,) decreases monotonically then (9) is equivalent to
E(x) = 2 p.cosne and &(x) = 2 P, sin nx

belong to L~.
From (9) we have

II

i 57: kl—2/p o J2lo—1

k=1

1
§ <k2”|1p p-a) (kz:k(z—p)qlpqu g Anllp
and then
- w(l/n) & o(l/n) & w(l/n) -
(1D n§=l = Y A (R =4 2'1 n'“P, <o

Therefore, under the condition (9), the condition (10) is stronger
than (11). If p decreases from 2, then (9) becomes weaker but (10)
becomes stronger.

In the case p = 1, we have the following,

THEOREM 4. Let (p,) be a decreasing and convex sequence tending
to zero, such that

(12) L <
and

oS 1 A
13 = =.
(13) 2B =P,

If f has the continuity modulus w(d) such that

& w(l/n) -
(14) S <

then the Fourier series of f is summable | N, p,|.

It is known ([7], Chap. V, §1) that if (p,) is a decreasing and
convex sequence tending to zero, then &,(x) is integrable and that if
(p,) is decreasing and satisfies the condition (12), then &,(z) is inte-
grable. We have also
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P, =3p = 3 0/k)k < An,
and then we have 3 w(l/n)/n < «, i.e., (11) holds also in this case.

5. For the proof of Theorem 3, we use the following lemmas.

LEmMmA 1. ([5]) If (p.) is a positive and decreasing sequence,
then

b
i(n—k)t
D i’
k=a

= APQ)t)

for any a and b > a and for any integer n.

LEMMA 2. ([6)) If (.) is a positive and decreasing sequence
and &(t) = 3., pie’™, then

|5 + 2t) — &(@)| < AiP(l) for all & in (&, 7).
x t

LEMMA 3. ([2] and [1]) If M) is a positive increasing function
on (1, <) and felL® (1 < p < 2), then

ni:‘z )\,(;n) (mgn p%)llq

At ([ 0 e ov)”

where P2, = al, + by, a, and b, being the mth Fourier coefficients of
f and 1/p + 1/g = 1.

6. We shall now prove Theorem 3. By the definition, we have

ot = = | pOf 3 (L=t — 2= )D,0)at

T =\ P, P,_,

— _1_-__ r & Pn—-k . Pn—k-—l

== Soq)(t){?;_‘.l ( 2 P ) cos kt}dt

_ l. z n—1 __P_k _ P, _ }

= n§0¢(t){k:0< 2 —_P,,_l)cos (n — k)ttdt

=1 1 §"¢(t){”§3’ (0.P, — p,P,) cos (n — k)t}dt
p PnPn__l 0 = k* n nd k

where p_, = P_, = 0, and then
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Tty — b < -1 |S:<p(t)<§0 Dy COS (1 — lc)t) dt‘
+ -Pilw-—l S:/n<p(t)<gnpk cos (n — k)t)dt'
. n P,%_l M:'"cp(t)@: P, cos (n — k)t)dt)
+ -Pi—-l E g)(t)<2 P, €os (n — k)t)olt
+ Ifgng cp(t)(Z P, cos (n — k)t)dt'

following McFadden [6]. We shall begin to estimate I,.

1
P,

I <

{‘ S”go(t)(i:, Dy COS kt> cos nt dt‘

+ l S (t)<§_‘, Dy sin lct) sin nt dt!}

_ Pi_l {' S:cp(t)&(t) cos nt dti

+ [ S:q)(t)éz(t) sin nt dt l}
=L+ L, .
Let

A, = S}p(t)&(t) cosntdt and E, = <Z [ A, |"> ,

m=mn

then

S5 (5 CE A"

2.1——1 4%—1.
=4
'=n21~1’n mZ”P£1

_ - in—1 1 >1/p Cd
- 47%1 n <m§2‘n Py?n'—]. Z::

"P

If we put Mn) =n'"P,, then \M(n){ = as =» increases. By Lemma 3,
we get
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7= Aﬂltz—{f{md | -2 |de>

! dit

- ASo £ P(L)t)

(', 1440 20 1 dw)”

where

dp-&) = @@ + i@ + ) — p(x — Hé(x — t)
=& + e + 1) — p@ — )] + e — Y[&i(x + ¢) — & — 1)]
=&+ Vdp + p(x — t)4,8, ,

and then
< AS:t“‘/;i—Ii(l/t)d |&@ + A |? dac)
* AS:W+}§(1/t)<S o ~ a1 dz) "
—

By (9) and (10), we have

w(t)dt

’ ! * 1/71/)
< AS __odt AS _oljw) 4
= A\ ey =4 ) w Py
> o(l/n)
<A 2O <4

and, by Lemma 2 and (11),

<A+ S'wd%(g o(@)? | E(w + 28) — &) [”d:)c) ’
=4 otm/z»P(l/t) (S ol ),,< < ))pdx)w

Ldt <S o(@)” >‘ »
P \): g7

“ |,
|

<A +S ol/w)' 1 /S a)(l/?)) d’t)) du
A+

' wo(lju)li\) v

S co(l/u) )l/q(gl upwzil%/cu)p/q Sl wgfv) ) »

A+A<Sl w(l/”)”dvg‘” du )””

v*r v wP@(l/u)"?

"0l )" < 4
L) g0)" <

1

I

§A+A<S

Thus we have proved that .7 = 32, |1,.| < . Similarly we can
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prove that >.=_ | I,.| < o, and therefore >\, I, < co.
Secondly, we shall estimate the sum >,7_,J,. Since 3.7, p,cos(k—n)x
is a nonnegative function, we have

\ %%5211»(’:2 P, cos (k — n)t)dt

o OA/m) (P | & Pu s k—m
nZ:‘I P,_, <n +k=zn:+1k—nsm n )

A+§l “’1(31/”) pnégﬁ’(—ln/—")—ntAgA,

IIA
Ms

2,7

£
1

A

A

since 37, (sin kx/k) is uniformly bounded.
Thirdly,

P o(1/n) &
=1 = PP, , n kZ:OPk

Finally,

ki‘, D, cos (k — n)t + 2;;" :i P, cos (n — k)t

n

= {& + é(pk — Di+1)

sin(n — k + 1/2)t}

2 2sin ¢/2
S sinm—k+1/2¢ 1, }
’ {kz P s 12 g L
and then
1 "2 (3 .
L, < S P o - {
=P inzsim g\ @~ e sin( =kt 12)t)dt
D z gD(t) /'n—-l . 3 '
o gun 2 sin ¢/2 (2 Pesin(n — & + 1/2)t>dt

i Sty o NI

=L, + L+ LY,

as in McFadden [6]. Now
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o L; < - Dn — Dutr Sz C!)(t) dt
n§=:'1 - n2=|‘1 P, yn t?
& P —pwl”§w o(t)
<3, S fedt dt + A
- nz=:' PM_1 kZ'1 ikt ¢R *
gi (t)(t) ti Dun — Duty +A
k=1 J1/(k+1) a=k P
g

MUMW) S _ol/m)p,
=} Sll(k-H) 2 P/t papr A=A Z P 4

§Aiwmm+A§A,
k=1

n

s $ St {8 p( L
1&2:1 _-nzz“l PP, ,Ju» ¢ t

I Y R
nzzll PP, . kz=‘l Sll(lc+1) t P t>dt +4
o (P o) p(1\y & P
< _— _— JR 2
== Sl/(k-H) t P(t>dtngl'c PP, , +4
gYM”m+A<zw%m+A<A
and
oo oo 2 fd
L)< A P <4 <4
nz=‘1 - fnz=:'1 PP, , Z -

Collecting above estimations, we get >\, |¢, — t._.]| < co.

7. We shall now prove Theorem 4. We start from (15). First,

I, = Pi_l S:‘P(t)<go P COS (N — k)t)dt ‘
= 1 {1 S:qﬁ(t)&(t) cos nt dt’ + I S:go(t)$2(t) cos nt dt l }
=1,,+1L.,.
Hence
= gl pl g—__ &t + m/2n) || p(t + w/2n) — @(t — 7/2n) | dt
T 71:21 S;_ | p(t—m/2n) || &(t+7/2n) — E(t—m/2n) | dt
=7+ A,

where, since &, is integrable and | p(t + 7/2n) — @(t — w/2n) | < Aw(l/n),
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ﬂéAig-l%]JL)<w
n=1 n—1

by the condition (14) and, since"

4@ = 3 0 + Dp,- K@)

we get
A < ni:]l Pi_l S:/na)(x) |é(x + /n) — &(x) | de + A
<3 Pi_l S+ 1)Azp,gzlnw(x) | K¢ + 7/n) — K(o)| do + A
<3 Pi_l (S 0+ nap + S @+ D )

X Smw(x) | Kz + n/n) — K.(2)] do + A
= A+ A"+ A.
It is well known that
|Ki(z)| = Av® and | Ki(%)| = A/’
and then

I 1K@+ mim) — K@) | do s Zav T < Avjm,

| K(@ + 7/n) — K(2)| = A/na® in (v, 7).

Therefore,
, o 1 n . |y T
AzE S ey + | Jow K@+ wm - K@) d
= 1 (& N N A . 71
< 2 42 Pl il 2, Bl
SAZ SpBe e B grel) + B 0 Se(p))
& 1 > 1 1 « 1
=4 Z‘l P, {kz::'l T2 w(?>'kpk + k2=1 w(‘z (k(pr — Prsr) + pk+1)}
> 1 1 < 1
=Af 3P B
+ A g.l w(%){k(pk“pkﬂ)‘f‘pkﬂ}% ’nf}n_l

>+A§1 “’(‘i‘){ k(p. ;kpm) n plgzl}

IA IIA

S b

Mz TMs
= o

S e
N
= |-
NG

=
Ii
-

D A2p, = py — 2pv+1 + Pv+2 and K, is the sth Fejér kernel.
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by the condition (11) and the relation ([6], p. 183)
k(o — Do)/ P < Alk

Further,

j"
2

A

1 ¢ . (1
v+ 1)4*p, a)<—>
nP,_, y:zn“H( + D4 kz=“1 k

__1_> < (n + 2)(pn+1 _ pn+2) + I
w(k g% nP,_;

Ag,l %w(%) < oo,

A3
A3
k=1

IA

A

Thus we have proved that >,I,, < . The estimation of I,, is
similar to that of I,, and thus >, I, < co.
Now, 7. v, cos (k — n)x is a positive function and then

;:]1 J, = i _@g[ﬂg”"(i P, cos (k — n)t)dt

n=1 el 0 k=

W CLONF S SRCICLO NP
=1 n

n—1

Convergence of >.» . K, and >7_, L, is proved as in the proof of
Theorem 3. Thus we have established Theorem 4.

REFERENCES

1. M. and 8. Izumi, On the Leindler’s theorem, Proc. Japan Acad. 42 (1966), 533-534.
2. L. Leindler, Uber Strulkturbedingungen fir Fourieschereiheo, Math. Zeitscar. 88
(1965), 418-431.

3. S. N. Lal, On the absolute Nirlund summability of Fourier series, Archiv der
Mathematik 15 (1964), 214-222.

4. T. Singh, Norlund summability of Fourier series and its conjugate series, Annali
di Mathematica Pura ed Applicato (Bologna) (4) 64 (1964), 123-132.

5. E. Hille and J. D. Tamarkin, On the summability of Fourier series, I, Trans.
Amer. Math. Soc. 34 (1932), 757-783; II, Ann. of Math. (2) 34 (1938), 329-348, 602-605;
1II, Math. Ann. 108 (1933), 525-577; IV, Proc. Nat. Acad. Sci. U.S.A. 17 (1931), 376-
380; V, Proe. Nat. Acad. Sci. U.S.A. 20 (1934), 369-372.

6. L. McFadden, Absolute Nirlund summability, Duke Math. J. 9 (1942), 168-207.

7. A. Zygmund, Trigonometric series, Cambridge, 1959.

Received September 12, 1966.






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. ROYDEN J. DucuUNDIJI
Stanford University Department of Mathematics
Stanford, California University of Southern California
Los Angeles, California 90007
J. P. JANs RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLr K. Yosipa

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY
CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO
UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY TRW SYSTEMS

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL WEAPONS CENTER

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, double spaced with large margins. Underline Greek
letters in red, German in green, and script in blue. The first paragraph or two must be capable
of being used separately as a synopsis of the entire paper. It should not contain references
to the bibliography. Manusecripts, in duplicate if possible, may be sent to any one of the four
editors. All other communications to the editors should be addressed to the managing editor,
Richard Arens, University of California, Los Angeles, California 90024,

Each author of each article receives 50 reprints free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price
per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual
faculty members of supporting institutions and to individual members of the American Mathe-
matical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 108 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17,
Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners of publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 26, No. 2 December, 1968

Seymour Bachmuth and Horace Yomishi Mochizuki, Kostrikin’s theorem on

Engel groups of prime power eXponent . ..............c.coeeeeeeunnn. 197
Paul Richard Beesack and Krishna M. Das, Extensions of Opial’s

MeqUAlity . ... 215
John H. E. Cohn, Some quartic Diophantine equations ................... 233
H. P. Dikshit, Absolute (C, 1) - (N, py) summability of a Fourier series and

[1S COMJUGALE SETIES . . e ettt e et e 245
Raouf Doss, On measures with small transforms ......................... 257
Charles L. Fefferman, L, spaces over finitely additive measures. . ......... 265
Le Baron O. Ferguson, Uniform approximation by polynomials with integral

coefficients. Il. ... ..... ... o i 273
Takashi Ito and Thomas 1. Seidman, Bounded generators of linear

SPACES . . v v et e et e e e e e e e e e 283
Masako Izumi and Shin-ichi Izumi, Norlund summability of Fourier

SOFICS . oo v v ettt et e 289
Donald Gordon James, On Witt’s theorem for unimodular quadratic

JOVIS « o 303
J. L. Kelley and Edwin Spanier, Euler characteristics .................... 317
Carl W. Kohls and Lawrence James Lardy, Some ring extensions with matrix

FEPITESENIALIONS . . oot e e et e e
Ray Mines, 111, A family of functors defined on generalize

BVOUDS « oottt et e e

Louise Arakelian Raphael, A characterization of integral
space of Borel measurable functions bounded with re
JUNCHION . .o

Charles Albert Ryavec, The addition of residue classes m

H. M. (Hari Mohan) Srivastava, Fractional integration an
formulae associated with the generalized Whittaker t

Edgar Lee Stout, The second Cousin problem with bounde

Donald Curtis Taylor, A generalized Fatou theorem for Ba
algebras. ......... ..o

Bui An Ton, Boundary value problems for elliptic convolu
Wiener-Hopf type in a bounded region. ............

Philip C. Tonne, Bounded series and Hausdorff matrices
CONVETrgent SEQUENCES . .. ... vuuuie e,



	
	
	

