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In this paper we give an integral generalization of Witt's
theorem for quadratic forms. If J and K are sublattices of
a unimodular lattice L, we investigate conditions under which
an isometry from J to K will extend to an isometry of L.

Let L be a free Z-module (that is a lattice) of finite rank and
Φ:LxL—*Z a unimodular symmetric bilinear form on L. We
denote Φ(a, β) by a β, so that a β = β -a. A bijective linear
mapping <p:J—>K, where J and K are sublattices of L, is called an
isometry if φ(a) φ(β) = a β for a, β eJ. Witt's theorem concerns
the extension of such an isometry to an isometry of L (onto L).
The set of isometries of L form the orthogonal group O(L, Z) of L.

Vectors a and β in L are called orthogonal if a /3 = 0; α2

denotes α α, the norm of α. Any nonzero vector ae L may be
written as a = dβ with βe L, deZ maximal. If d = 1, a is called
primitive; d is the divisor of α. It is clear that an isometry φ of
L must leave invariant the divisors of all vectors; that is, a and
φ{a) have the same divisor.

A sublattice U of L is called primitive if all the vectors of U
which are "primitive in U" are also "primitive in L". In particular
the basis vectors of U must be primitive (in L). In considering the
extension of an isometry φ:J—>K to an isometry of L, it clearly
suffices to consider the case where J and K are primitive sublattices.

A primitive vector aeL is called characteristic if a β = β2

(mod 2) for all β e L. Again it is clear that an isometry must map
a characteristic vector into a characteristic vector.

Let r(L) and s(L) denote the rank and signature of L. Then we
shall prove the following.

THEOREM. Let φ:J—>K be an isometry between the primitive
sublattices J and K of L, where

(1) r(L) - I 8(L) I ̂  2(r(J) + 1) .

Then φ extends to an isometry of L if and only if:
a a characteristic vector *=> φ{θί) a characteristic vector {for each

a in J).

This result is a generalization of Wall [1]; in fact we shall use
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similar arguments and many of the results contained in Wall's paper.

1* Let ζμu a2, , amy denote the lattice spanned by the vectors
(Xlf ct2, * , am. If L is the orthogonal direct sum of the sublattices
U and V we write L = U © V. In this case we say U (or V) splits
L. U1 will denote the orthogonal complement of U.

We show first how to reduce the proof to the case where
s(L) = 0. Let s(L) — s. We consider the case s > 0 (s < 0 is similar).
Enlarge the lattice L to

where ζ? = - 1 , 1 ^ i ^ s, so that s(L') = 0. Let

/' = JΓθ<ζ1>Θ θ < O

and

Jr and K' are primitive sublattices of I/. Furthermore if L satisfies

(1)

r(U) - s{Π) = r(L) + s ^ 2(r(J') + 1) .

Also, extending φ to J' by ^(ζi) = ζi9 we see immediately that aeJ'
is characteristic if and only if φ(a) e Kf is characteristic. (Notice
that if aeL' is characteristic, all the coefficients of the ζ* in a must
be odd.) If, therefore, we establish the theorem when the signature
is zero, we know φ extends to an isometry of U. Restricting back
to L will establish the general result.

From now on we assume s(L) = 0. Let H denote a hyperbolic
plane of the form <λ, μy where λ2 = μ2 — 0 and X- μ = 1; and let I
denote a sublattice of the form <f, py = ζζy φ <̂f — py where ζ2 =
ξ p — 1 and /92 — 0. Then it is well known that any unimodular
lattice of zero signature is either an orthogonal direct sum of iJ's
(if improper) or an orthogonal direct sum of J's (if proper); see
Wall [1, Th. 5]. We might also mention that if L is improper there
are no primitive characteristic vectors.

Before proving the theorem we give an example to show the
necessity of the restriction (1) we have placed on the ranks of L
and J.

EXAMPLE. Let

L - H, 0 H2 0 . 0 Hn

where Hi = <λ4, μ{y, 1 <; i ^ n. Take
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J = <λx, , λn-1, Xn + uvμn>

and

K = <λn , λn-1, uXn + vμ%>

where w and t; are integers (Φ ±1) such that (w, v) = 1. We shall
show that the isometry φ:J-»K defined by

2

9>(λ + uvμ%) = uXn

does not extend to an isometry of L. For if it did, (2) and the
conditions \ φ(μn) = φ(\) φ(ĵ n) = λ i jt£Λ = O , l ^ ΐ ^ w — 1, would
force

and

+ u(l — vx)Xn + t;(l — ny)μn

for some integers a?!,'- , xn_u x, y as yet undetermined. But φ{μnf =
/£i = 0 implies that xy = 0; while 9?(λn) 9>(/ίw) = 1 implies OT + yu = 1.
These two conditions are incompatible with our choice u, v Φ ± 1 .
Thus we need, at least, r(L) > 2r(J),

We shall now proceed with the proof of the theorem. There
will be three stages in the proof.

( i ) First we establish the result when L is improper. In this
case there are no characteristic vectors to consider.

(ii) Secondly, we consider L proper, but with J and K con-
taining no characteristic vectors.

(iii) Finally, we treat the general proper case.

NOTATION. The following notation will be used for an isometry.

Let

L - <α l f α,, , tfm>Θ U = <A, A, , βm>Θ U

where a^ as- = β4 J3i9 1 ^ i , j ^ m. Then

θ: <ά l f αa, , αw> ~-> </31T A, , ,δTO>

is the isometry of L defined by θ(a^ = βi9l^i g m, with 0 restricted
to ?7 being the identity map.

Many of the isometries will be used repeatedly. We will label
them θu #2, as they are defined so that we may refer back to them.
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2 Throughout this section we let L be of the form

where each <(Xif μ{y is a hyperbolic plane. The following lemma
follows immediately from Wall [1, Th. 1].

LEMMA 1. Let r(L) ^ 4. For each primitive vector aeL there
exists an isometry ψ e o{L, Z) such that

ψ(a) = X, + -la2/*, .

As a first step in the proof of the theorem we show there exists
an isometry ψ e o{Lf Z) such that ψ(J) = ζal9 , amy, where

( «

We use induction on m. The case m = 1 is Lemma 1. Assume
now alf a2, , ah have been constructed using an isometry ψλ; that
is ψί(J) ~ <<̂ i, , och, β, 7, •)>. Adding to β linear combinations of
<*i! •••>#* (if necessary) we may assume /? has the form

£ = Σ M* + Σ («Λ* + 6*Λ) .

By applying Lemma 1 on £?= <λA+1, μh+1> 0 φ <Xn, μn> to the
component of β in 1? ( r ^ ) ^ 4 by (1)), we may assume

β = Σ

If (α, 6) = 1 we may obtain ah+1 by using Lemma 1 on the component
άXk+1 + bμh+1 in E. Otherwise we proceed as follows. We may
assume β primitive, so that (bu , bh9 α, 6) = 1. Apply the isometry
(writing k for h + 2);

«2> θ 0 OA,
λi - ctμk, μt + μky 0 <λ2 - aί2μk, μ2> 0 0 <λA -

0 <λfc - λt + c ^ + α12<«2 + + alhμh + c^ fc, ^fc>

Then, we see, θ^a^ = cti for 1 ^ i ^ A, and ^^/δ) = /2 + 6^^. Applying
Lemma 1 to the component of θ^β) in E, namely αλA+1 + bμh+1 + bxμk,
we can transform it back to the form of (4), but now with

(62, b3, •••, bh, α, b) = 1 .
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Repeating this process, this time in <\x, μϊ}1, we may obtain a new
β this time with (63, , bh, α, b) = 1. Ultimately, we obtain a β with
(α, b) = 1, so that we may finish by using lemma 1 as before.

It now suffices to prove the theorem with / = ζau , amy. We
shall prove the theorem by induction on r(J). When r(J) = 1, the
result follows from Wall (our Lemma 1). For the general case we
may assume K has the form (ccu , ccm~u α>, with φ: J~* K being
the mapping defined by φ(oc^ = a{ for 1 Ξ> ϊ ^ m — 1, and

w—1

(5) 9̂ (<̂ w) — ̂  — Σ (̂ Λ* + y*μi) + ^̂ m + ^μ m

(It suffices to consider nXm + vμm by Lemma 1). It remains to find
an isometry ψ e o(L, Z) such that ψ(ai) = a{ for 1 ^ i g m - 1, and

We show first that we may take u = 1. Using Lemma 1, we
may assume w divides v. Now α: — ΣKϊ1 W is primitive (since ϋΓ
is a primitive lattice), so that

( 6 ) ( t t ,s»~i, •• ,«2,«i) = 1

where

( 7 )

— α ; T O _ 1 α l T O _ 1

We apply the isometry θx again, but with & replaced by m - 1
and k( = h + 2) by ra + 1. As before ^(α^) = ^ for H i ^ m - 1,
but now

^(α) = a + z^m+1.

Using Lemma 1 on uXm + vμm + zxμm+1 in <λw, ^O T>0<λm + 1, /im+1>, we
may replace a by a new α in which w divides zx. By repeating this
argument, now in <λlf ^w^1, we can get a new u again, this time
also dividing z2. Eventually, from (6), we may reduce u to 1.

Finally, we reduce the xlf ",xm^ in (5), in turn to zero. Apply
the isometry

φ <λm - α Λi + a?!^! + a ^ f t + + tfiα^ μn_γ 4- ̂ c ^

Then we have θ%{a>) — α4 for 1 g i <£ m — 1, and
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so that the coefficient of λx is now zero. By repeating this process
all the coefficients of λx, , λm_x may be reduced to zero. But then,
using the conditions a{ a = a{ am for 1 <̂  i <L m — 1, and α2 = α^, we
find that we have succeeded in mapping a into am, while leaving aif

1 <; i <; m — 1, invariant. This completes the proof of the theorem
when L is improper.

3* For the rest of this paper L will be considered to be a
proper lattice with zero signature. Thus we have

where ξl = ζ^ ρ{ = 1 and $ = 0 for 1 <* i <* n. By (1) we must
have n ^ 2. A primitive vector a: = Σ?=i (α*f ί + &;ft) *s characteristic
if and only if α; = 0 (mod 2) and 5 ^ 1 (mod 2) for each ΐ. (We see
this by applying the condition a β = /32 (mod 2) with /S ranging
through the basis vectors ζiy pj.

LEMMA 2. A primitive vector ae L may be embedded in a
binary sublattice B which splits L. If a is characteristic then B
is proper and BL is improper. If a is not characteristic, then B
is proper if a2 is odd, and B is improper if a2 is even.

Proof. From Wall [1, p. 333], if a2 = 2α + 1 (and hence a is not
characteristic), we can map a into ξt + apγ. Thus an isometric image
of a is contained in (gί9 pλy. Apply the inverse isometry to L. This
will embed a in the inverse image of <f l f p^m If a is not charac-
teristic and a2 = 2a, then we may map a into

β = ( a - l ) p , + ξι + ξ2m

Then β ρ2 = 1. Put ζ = β - aρ2, so that ζ2 = 0 and ζ ρ2 = 1.
Then βe H = <(ζ, ρ2y, a binary sublattice splitting L. Thus α may
similarly be embedded in an improper binary sublattice which splits L.

Finally, we consider the case where a is characteristic with
norm 86. Take a splitting of L of the form

where f2 = -if = 1. The vector β = (26 + l)f + (26 - 1)57 is charac-
teristic with norm 86. Therefore a may be mapped by an isometry
into β e <£> 0 <#>, and the result follows as before. This completes
the proof of the lemma.
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We will now consider the case where J and K do not contain
characteristic vectors. We obtain an embedding of an isometric image
of J as close as possible to that obtained in §2. Suppose we have
already obtained ψ{J) = tau , ah, βu , βky where au , ah are
of the form given in (3) and thus embedded in a sublattice

which splits L. Assuming that k ^ 3, we now show how to obtain
ah+ι (and as a special case al9 to start the construction).

At least one of the three vectors β19 β3, βt + β3 must have even
norm. We may therefore assume, changing the basis of ψ(J) if
necessary, that β\ and β\ are even. Write

β t = σi + 'diτi , l ^ i ^ k ,

where TteLi is primitive and σieLh. It is possible that the τi9

while not characteristic vectors in L, may be characteristic vectors
in Li. However, replacing βt by a linear combination of βt and β2

if necessary, we may assume τί at least is not characteristic in Lλ

L.
(We may achieve this by eliminating a suitable basis vector p between
τ1 and r2). There are two cases to consider.

Case 1. τ\ even. Then by Lemma 2, τι may be embedded in an
improper binary sublattice Hx of Li. Since k 2> 2, we have from (1)
that the rank of (Lh 0 i^) 1 is at least 4. Therefore, there exists
another hyperbolic plane H2 such that

But now ζμu •••,«*, A> £ £* © -Hi © #2 . and we may transform /Sx

into the form αfe+1 using the results already established for improper
lattices in §2.

Case 2. τ\ = 2α + 1 odd. Then since /3? is even, dfrf is also
even. As in the proof of Lemma 2, τx may be embedded in a
sublattice / = <£, /o> with ^ = f + ap. Again, from (1), we know the
rank of (LhφI)L is at least 4, so that we may write L in the form

where H — <λ, μy is a hyperbolic plane. Adding a linear combination
of al9 , ah to βl9 we may assume βx has the form

where (bu , bhy dx) = 1. The next step is to apply isometries to
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I that leave au " ,ah invariant, but change & into a
form as above with dλ — 1. As in § 2, we may use θλ on LA 0 if
and Lemma 2 to achieve this. Applying θx on Lfe 0 iϊ, we transform
β± into A + bxμ, so that d ^ becomes d1τι + ί̂ μ = d'τ' (say), where
c£' = (du δx). If now τ'2 is even we use case 1. Otherwise, as in
Lemma 2, we transform τ' into ζ + a'p, and repeat the argument,
this time introducing b2μ by working in ^λ^ μ^1. Ultimately, since
we may reduce dx to 1, we must get a form with τ\ even, so that
we can use Case 1.

In this manner we may apply a succession of isometries to /
until we obtain ψ( J) = ζau , αm_2, β, γ> where aly , am_2 are
embedded in an improper sublattice Lm_2 of L. Furthermore, we may
assume β2 is even. Write β — σ -\- dτ where r e Z/̂ _2 is primitive,
and σ e Lm_2. By adding a linear combination of «!,•••, «m_2 to 8̂, we
may assume

m-2

( 8 ) /S = X δ^i + ώr

and since J is primitive, we have (6lf , 6W_2, d) — 1. τ may or may
not be a characteristic vector in Li_2. We show first how to reduce
d to unity. By Lemma 2 τ may be embedded in a binary lattice i?.
Again by (1), the rank of ( L ^ φ δ ) 1 is at least 4, so that we may
write

where H — <(λ, μ> is a hyperbolic plane. Using #! on Lm_2 0 if and
Lemma 2, we reduce d to 1 as before. Then τ2 is even.

If τ is not characteristic in Li_2 we may use the argument of
case 1 above to transform β into am_γ. Suppose therefore τ is char-
acteristic in I/i_2. But we know β is not characteristic in L. In (8),
with d — 1, it therefore follows that at least one of the coefficients
bi must be odd. For if they were all even, β would be characteristic
in L. Say bs is odd. We apply an isometry of type θί to

<λs, μ8y Θ <λ.+ι, μ8+1y 0 . 0 <λm_2, μm_2y 0 H .

Then β^ati) = a{ for 1 ^ i ^ m - 2, and ^(β) = β + bsμ. Then τ
becomes r + δsλ which is no longer characteristic in Li_2 Therefore
/3 may always be transformed into the form am^ as before.

It therefore suffices to consider the case J — ζau , am_u γ>.
We treat K = φ(J) in a similar manner. Since the norms of the
vectors φicίx), , g^m-i) are even, and they are not characteristic
vectors, they may be embedded in an improper sublattice Z4_x which
splits L. Adding hyperbolic planes to Lm_γ and Lf

m_γ (they exist
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since the rank of L}

m_x is at least 4) and applying our theorem,
already established for the improper case, we may assume φ(a^ = α^
for 1 ^ i ^ m - 1, Thus it suffices to consider K of the form
ζau , αm_i, δy. There are now two cases depending on whether
72 = δ2 is odd or even.

Case 1. τ2 = δ2 odd. Using Lemma 2 and al9 , am^ to elimi-
nate the coefficients of Xlf , λw_ly 7 may be written as

( 9) 7 = Σ1 Wi + d(ζ' + ap')
t = l

where (^, , wm_i, d) = 1. L may be split thus

We show first how to reduce d to unity. Apply the isometry

θ,: <X, μ,y 0 <λ2, ft> φ • φ <λ»-i, μw-i> θ <£, ί>> —

<λi - cxio, ^! + iθ> 0 <λ2 - aι2p, μ2y 0 - φ <λw_x - αlm_1/o, μm^y

0 <f - λx + c1//1 + α12^2 + + alm_xμm^ + c^o, ^> .

We may easily check that #3(0;) = at for 1 ^ i ^ m — 1. Furthermore
#3(7) = 7 + uφ. Mapping d(ζ' + α^') + uxio back into <£', /t?'> we may
restore 7 to the form (9), but now with d dividing ux Now repeating
this process in <χ, μ^1, we may obtain a new 7 with d also dividing
M2 Since (u19 , V i > d) = 1 we ultimately reach a form with d — 1.

Using again Lemma 2, we may arrange for δ to have the form

(10) 8 = Σ 1 (&Λ, + y*i"*) + /(f' + ^ ' )

We may assume δ — ΣίΓi1 a w is primitive (since if is primitive) and
therefore, using the notation of (7)

Applying 03, we find ^3(δ) — δ + ztp. By the usual chain of arguments
we may assume / = 1 in (10).

Finally we apply isometries that reduce xu , α;m_1 in turn to
sero. Define

#4<X, ^ > 0 <λ2, μ2y 0 . . . 0 <λm_,, ^ w - 1 >

0 <λ2 - Xtfrtf/, μ2y 0 0 <λm_i -

0 < r - α ^ i + XiWt + xta12μ2 +

Then ^ ( a ^ = a< for 1 ^ i ^ m - 1, and
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We have thus reduced the coefficient of λx to zero. Proceeding in
this manner we may reduce all the coefficients of λ^ , λm_i to zero.
Using the conditions a{ 7 = at δ and τ2 = δ2, we find we have mapped
δ into 7, and hence ίΓ into J, by an isometry of L. This completes
the proof in this case.

Case 2. 72 = δ2 even. Write 7 = σ + dτ where τ e Li_! is primi-
tive and σ e Lm_lβ We first show that we may take d — 1. We use
a combination of the previous methods. We may assume 7 has the
form (compare (8))

7 = *Σ w<μ« + rfr

< = 1

where ( x̂, •• ,^m_1, d) = 1. If τ is characteristic in Li_u we may
embed r in a proper binary lattice B such that

Applying the isometry #x on Lm_i φ iϊi, as before, we may assume d
divides uιm If τ is not characteristic in L^l9 we embed τ in a binary
lattice £ so that L splits thus

Applying ^3 on I/m_! φ <f, |0>, as before, we may assume d divides uL.
Proceeding in this manner we reduce d to unity. Then τ2 is even
and may be embedded in a hyperbolic plane H (after another isometry
if τ is characteristic in Li^), so that, in fact, 7 takes the form am

given in (3).
By similar reasoning δ may be written

m—1

δ = Σ (Xi\ + Vtμt) + dτ ,
i=l

d reduced to unity, and τ embedded in H. Finally we reduce the
coefficients xlf , xm^ to zero by applying θ2, exactly as at the end
of §2.

This completes the proof of the theorem when J and K contain
no characteristic vectors.

4* It remains for us to consider the case where J and K contain
characteristic vectors. As in §3, L has the form
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where £5 = ^ . ^ = 1 and p\ = 0, 1 <. i ^ n.
We may choose a basis for J that contains only one characteristic

vector; for example, eliminate the coefficients of ρλ in all but one of
the basis vectors. Applying the results of the previous section, it
therefore suffices to consider the special case where

J = <au , am_2, β, τ> and K = <αlf , am_2, β, <5>

with the at as in (3), δ — φ(y) is characteristic, and with β either
#m-i (if β2 is even) or of the form given in (9) with d = 1. There
are therefore two cases to consider depending on whether the norm
of β is even or odd.

Case 1. β2 even; so that β = αm_i and J = <αx, , αm - 1, τ>. 7
may be assumed to have the form

7 - Σ W * + d(2£ + (2β - l)|0)
t = l

(after using the α4 to eliminate the coefficients of the \i9 and Lemma
2 to simplify the component of 7 in Li_-). L may now be written

where U is an orthogonal sum of hyperbolic planes. By the usual argu-
ment we may reduce d to unity. Similarly, we can transform δ into

δ - S i^i + »<i"<) + 2ί + (2/ - l)^ .

It therefore remains to transform δ into a form where the
coefficients of λ< are zero. Since <5 is characteristic

χ{ = δ- μt = μ\ Ξ 0 (mod 2), 1 <; i <; m - 1 .

Now apply the isometry

Θ / Λ /*• n n n\ £D . . . £D» / \ <

\ Z / \ Z

0 ( ί - -i-xΛi + —XiWi + —x,a12μ2 +
\ Z Z Z

Then Θh(μι) — a{ for 1 ^ i ^ m — 1, and
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+ (Vm-l + »A.-iK-i + 2f + (2/' -

We have thus reduced the coefficient of λx to zero. Proceeding in
this manner, we may reduce all the coefficients of the λ* in turn to
zero. Finally, since a{ y = a{ δ and y2 = δ2, the coefficients of δ
now match those in 7, so that we have mapped δ into 7, and so K
into /. This completes the proof in this case.

Case 2. β2 odd. Then β may be chosen as

Using au •• ,α w _ 2 and β to eliminate the coefficients of Xlf

and ί, we may write 7 as

7 - Σ W ; + ttp + d(2ί' + (2e -

L is now split into the form

where H = <λ, μy and Z7 is an improper lattice (see Lemma 2). We
now reduce the coefficient d to unity. Isometries on Lm__2φ<(f,
of the type

0,: <X, K> 0 <λ2, ^ 2 > φ ... 0 <λm_2, ^w_2> © <£, ̂ >>
Θ <λ, μy -* <λx - C^, /*! + ^> θ <λ2 - ^12 ,̂ /̂ 2> θ

0<λm_2 - αlw_2μ, ^ w _ 2 >0<ί - δ1^, py

0 <λ - λi + c ^ + α12i«2 + + alm_2μm_2 + δ̂ o + c^, μy

leave α^ , αm_2 and β invariant. 7 is transformed into 7 + i^μ,
so that with the usual argument we may assume d divides ulu We
may transform 7 in this manner into a form where (u, d) = 1.

Since 7 is characteristic we know γ £' = 1 (mod 2), and hence
that d is odd. Now apply the isometry

ΘΊ: <β, Λ> 0 <λ, μy -+<β- 2bμ, p

0 <λ - 2ζ + 2(1 + 6)/o + 2(2&

This leaves al9 •- ,am_2 and β invariant and transforms 7 into
7 + 2wμ. Since (2u, d) = 1, we may reduce d to 1 in 7.

As above we may also put δ — φ(y) into the form

δ = Σ,2 (αΛi + y&t) + vζ + wp + 2ξ' + (2/ -
l
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Since δ is characteristic, we have »< = yt == 0 (mod 2) for each i,
v = 0 (mod 2) and w = 1 (mod 2).

It now remains to reduce the coefficients xu •• ,#m_2> ^ to zero.
First apply the isometry

#8: <X, μιy 0 <λ2, ^2> φ ... 0 <λm_2, μm_2y © <f,

λm_2 - —Xyβ^ip', μm_2) φ (f - —xAp', p

aj1λ1 + —χxc^ + —x,anμ2 + -
Δ Δ Δ

+ —«iαim-2J"«-2 + — ^ 1 1 ^ + —tfCip', PΊ
Z Z 4 /

Then ^(αO = a4 for 1 ̂  i ^ m - 2, 8̂(/3) = /3, and in 08(δ) the coef-
ficient of λx is zero. Working now in <λi, z^^1 we reduce the coef-
cient of λ2 to zero. We may therefore assume

xL = x2 = = xm-2 — 0 .

The final step, the reduction of v to zero appears to be more
difficult. If v = 0 (mod 4) we may apply the isometry

#9: <ξ, P> θ <ί', /0>

' ~ y^ί + y^(l + b)p

where 2t = (1/4)^(1 + 26). (If v = 2 (mod 4) then t$Z). Then θ9

leaves aly , am_2 and /S invariant, while the coefficient of ξ in
Θ9(δ) is reduced to zero. From the various products δ a{ = y ait

1 <Li <Lm — 2, d - β = 7 - β and δ2 = τ2 we see that all the coefficients
of 5 (actually an isometric image of our original δ) now match those
of 7. Thus we have mapped δ into Ί and so K into J.

If, however, v = 2 (mod 4) we must modify the above argument.
We first change the basis of L so that G = <£', /0'>φ<λ, JM> becomes
G - <f!, ̂ !> φ <f8, ft> where f J = f* ft = 1 and pi = 0 for i = 1, 2.
Since the characteristic vector 2ξ' + (2/ — 1)^' in G can be mapped
into any other characteristic vector of G by an isometry, we may
assume δ has the form

δ = Σ,2 ViPi + vς + w^ + 2ξ1 + (2ex - l)ft + 2f2 + (2e2 - l)ft
i = l

where eL is chosen such that
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2ex + w - 1 ΞΞ 0 (mod 4) ,

(recall that w = 1 (mod 2) since δ is characteristic).
We now apply the isometry

- b)ξ + 6(1 + b)p + δfx + b(b - l)pu

ξ - b p - ^ + i l - b)Piy

6ί + 6(1 + b)p + (1 + 6)ίx + 6(6 - l)pl9

-ξ + (1 + δ)/9 + ft

Again aίf , αw_ 2 and β are left invariant by #10. But the coefficient
of f is changed from v to v' = v — vb + w — 2b ~ (2et — 1). But now

v' = 2 - 26 + w - 26 - 2e, + 1

Ξ 2βx - 1 + w = 0 (mod 4) .

After restoring G to the form <f', pry 0 <(λ, μ} we are in a position
to finish the proof by means of the isometry #9 as above.
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