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PROJECTIONS IN =« AND #-SPACES

C. A. McCARTHY AND L. TZAFRIRI

This paper is devoted to the study of bounded Boolean
algebras of projections in the spaces L, and L., or more
generally the spaces &, and <., of Lindenstrauss and
Petczynski.

Our results in &4 show that such algebras of projections are in
every way analogous to algebras of projections in Hilbert space:
theorems concerning the common refinement of two (or more) com-
muting such algebras, or limits of scalar operators, are just as true
as in Hilbert space. It is also shown that every cyclic subspace is
a direct summand isomorphic to an L,-space and under the additional
assumption of finite multiplicity the Boolean algebra of projections is
isomorphic to a subalgebra of multiplications by characteristic functions
on some L, -space.

For <~.-spaces, we show that strongly o-complete bounded Boolean
algebras of projections are isomorphic to rather trivial algebras on ¢,
and under the additional assumption that the underlying space is a
?-space it is proved that such algebras of projections have a finite
number of elements.

1. Preliminaries. We will start by summarizing here some
notations, definitions and results which will be useful in what follows.
Most of the results in the subsequent sections are concerned with
Boolean algebras of projections. A Boolean algebra of projections &
will be called complete if for every family (E,) c & the projections
V E, and A E, exist in & and, moreover

(V E)X = clm {E,X)
(ANE)X=NEX.

A projection Fe & will be called countably decomposable if every
family of disjoint projections in & bounded by E is at most countable.
Bade [2, Lemma 3.1] proved that for every Eec & there is a family
of disjoint countably decomposable projections E; e & such that E =
V E;. For each xe X the projection C(z) = A{E|Eec &, Ex = x}
will be called the carrier projection of x. The cyclic subspace MN(x)
spanned by a vector x is clm{Ex|Ee &}. Bade introduced in [2]
the multiplicity function m(.) for a complete Boolean abgebra (B.A.)
of projections as follows: if Ke& is countably decomposable, the
multiplicity of E, m(EF), is the smallest cardinal of a set A of vectors
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such that
EX = clm {M(x) | x € A} .

A projection Eec & is said to have uniform multiplicity # (not neces-
sarily finite) if m(F') = n whenever 0 = F' < E.

Next, we shall introduct some definitions concerning the underly-
ing space X which mostly are due to J. Lindenstrauss and A.
Petczynski [16]. Two Banach spaces X and Y are isomorphic if there
exists an invertible operator from X onto Y. The distance between
two Banach spaces X and Y is defined as follows:

d(X, Y) =inf |[ T[] Tl

where the infimum is taken over all invertible operators T mapping
X onto Y (operator means bounded linear operator) if such operators
exist; d(X,Y) = o if X and Y are not isomorphic. d, which is not
a metric, is used instead of log d which is a metriec,

We will often deal L,(2, Y, 1) spaces, 1 < p < + oo i.e., the spaces
of measurable functions f on some measure space (2,2, ¢) with the
norm

ip
11, = (1,1 7@ )™, 120 < teo,
1flle = esssup | f(@) |, p=+oo;

and with the spaces C(K) of all continuous functions on a compact
Hausdorff topological space K. For an abstract set I”, I,(I") will denote
the Banach space of all functions f defined on I" for which

£l = (S1FOPF)" < 45 15p< +oo
1 f]le = sup [fM) | < 400 = +oo .

If I" is countable we denote [(I") by 1,;1 < p < 4+o0 and l.(I")
by l. or m. When I" consists of a finite number n of elements ,(I")
will be denoted by I*. An important subspace of [.(I") is ¢,(I") which
consists of those fel.(I") for which the set {v||f(7)| = ¢} is finite for
every ¢ > 0. When I is countable ¢,(I") will be denoted, as usual, by c,.

A subspace Y of a Banach space X is called complemented if
there is a bounded projection from X onto Y. A Banach space is
said to be a 7 space if it is complemented in every Banach space
containing it. The following definition is due to Lindenstrauss and
Petezynski [16].

DerFINITION 1. A Banach space X is called an & ; space, 1 <
P = +oo;1 =N < +oo; provided that for every finite-dimensional
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subspace Y of X there is a finite-dimensional subspace Z > Y such
that d(Z,1*) <\ where » = dim Z. A Banach space X is called an
&, space 1 < p < oo if it is an &7 ; space for some N\ < oo.

It is known that every L,(2, 2, 1) and in particular [,(/") and [,
are &7, spaces for every N > 1 but there exist &, spaces which are
not isomorphic to L,(z) spaces for 1 < p < +oo;p 2 while &4
spaces coincide with the class of spaces isomorphic with Hilbert spaces.
Furthermore, it was proved by A. Lazar and J. Lindenstrauss [14]
that every Banach space X whose dual X* is isometric to a space
L(2,%, 1) is an &, space for every A > 1. In particular every
C(K) space is an F.-space. It is not yet known whether a comple-
mented subspace of an &£ or &“.-space is of the same type.

Finally, we will make use of a result of J. Lindenstrauss and A.
Petcezynski [16, Corollary 8 of Th. 6.1]. Stated in the form we need
it is:

THEOREM 2. Let X be a complemented subspace of an _&5-space
(resp. 2.) and & a bounded B.A. projections. Then there exists a
constant M, (resp. M,) such that for every finite family of disjoint
projections E,e &€, k=1, .., m,

S Bl = M (3 Bl 5 zeX.
(resp. (kii]l E,c)mH < Mzgliyi || B ll; weX) .

2. Commuting B. A. of projections. A Dbasic problem in
Dunford’s theory of spectral operators (see [7]) is to find conditions,
which being fulfilled, insure that the sum and the product of two
commuting spectral operators are also spectral. N. Dunford [7, Th.
19] and S. R. Foguel [9, Th. 7] have proved that if the B.A. of
projections generated by the resolutions of the identity of two com-
muting spectral operators on a weakly complete Banach space is
bounded, then the sum and the product of these operators are spectral.
Therefore, it is important to determine conditions under which the
B.A. of projections generated by two bounded commuting B.A. of
projections is bounded. One of us has proved in [19] that it suffices
that the underlying space be a subspace of an L,(%, 2, y) space;
2<p< 4+ and W. Littman, C. McCarthy and N. Riviere [17, Th.
6.2 and Th. 6.8] have proved the same for 1 < » < 2.

The following theorem completes these results.

THEOREM 3. Let X be a complemented subspace of an ,-space;
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1<p< +00,% and F two bounded commuting B.A. of projections
(|E|| £ L, for Eec & and ||F|| £ L, for Feg). Then, the B.A. of
projections generated by & and F is bounded.

Proof. For 1 < p < +oo, J. Lindenstrauss and A. Petczynski
[16], Th. 7.1] have shown that X is isomorphic to a complemented
subspace of an L,(2, Y, ) space. Thus, the proof follows from the
results mentioned above. In the case p =1 we will give a direct
proof. Let us remark that it suffices to prove the existence of a
bound for the norm of every expression V., E,F, which is independent
of » and the particular projections E,e & and F,c%. With no loss
of generality we can assume that E,;1 < k < n are disjoint projec-
tions and >'r_, E, = I. Then, by Theorem 2.

z"“ E.Fx
k=1

=SS IEFel = L3 | Ball S LM o), weX.

Finally, when p = 400 same arguments show that

S EF ( = E(z; Ekam>H
k=1 Jj=1 k=1
éMzmaxHEjFJ’wH§M2L1L2”x” ’ reX

which completes the theorem.
Theorem 3 can be improved as follows:

THEOREM 4. Let X be a complemented subspace of an <4 or
Z, space and {&£,} a sequence of bounded commuting B.A. of pro-
jections such that ||E|| < L, for Ec &,;n=1,2,.... Suppose the
wnfintte product [[o-; L, converges to L. Then, the B.A. of projec-
tions generated by £, is bounded.

Proof. Assume that X is a complemented subspace of an &4-space.
One can easily see that it is enough to prove the existence of a bound
for the norm of every expression

VA{EyEy, - By |1t =7 1lsk=mn}

the bound independent of 7 and the choice of E,; € &,. Again, with
no loss of generality we can suppose that E,, ---, E,. are disjoint
projections whose sum is I. Then by Theorem 2

|12 By, - - Byl = 20| By, - - Eu2]
sLy--- LY [[Byell = LM ||| ; weX.

A similar argument may be used when X is a complemented subspace
of an _&Z.-space.
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COROLLARY 5. Let {S,} be a sequence of commuting spectral
operators of scalar type on an L(Q,2%, pt) space converging weakly
to an operator S. If the resolutions of the identity for S, satisfy
|E. ()il =Lysn=1,2--- and lim, L, = 1, then S is scalar. Fur-
thermore, if S is the strong limit of {S.,}, E(-) its resolution of the
identity and [1o., L, converges then

E(6)x = lim E,(6)x

for every Borel set 6 im the complex plane for which
E (boundary o) x = 0.

Proof. First, observe that we can assume with no loss of gener-
ality that [[z_, L, < oo since every sequence converging to 1 contains
a subsequence whose infinite product is convergent. Let B be the
B.A. of projections generated by &, which is bounded due to Theorem
4. Obviously S belongs to the algebra of operators generated by B
in the weak operator topology. Since the underlying space is weakly
complete, it follows from Bade [1, Th. 4.5] that S belongs also the
algebra of operators generated by B in the uniform operator topology,
and then by a result of Dunford [7] it is a spectral operator of scalar
type. The second assertion follows from Foguel [11].

3. Structure of cyclic subspaces of an “-space. Throughout
this section X will denote a complemented subspace of an _<5-space,
[|+]| its norm and & a complete B.A. of projections on X. It is well-
known that & can be considered as the range of a spectral measure
E(.) defined on the Borel sets of a compact Hausdorff topological space
A.

LEMMA 6. Let
|@| = sup X || E@)z[[;  weX

where the supremum is taken over all finite partitions of A into
disjoint Borel sets 0, +++,0,. Then |-| is a norm on X, equivalent
to ||-|] and such that:

(@) |E| <1 for Ec&Z,

(b) | E(-)x| s @ o-additive finite positive Borel measure on A
for every xe X,

@ [[rE@s| = {7011 Bava|
whenever at least one of the integrals exists.

Proof. Using Theorem 2 we have
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lzll = |2 < M| ||
so [-|] is an equivalent norm. Furthermore, for every partition
0y, +++,0, and E(o)e & we have
2 E@)E@) || = XAl EO: N o) + [ E@; N o)z [}

where ¢’ = 4 — o, Thus | E(o)x| < | 2| and (a) is proved. The finite
additivity of | E(-)x| is evident and o-additivity follows from the fact
that if 0, 20,2---20,D:-- and N3..0, = @ then

|E(o-n)xl é Ml lIE(Gn)wIH '_)0 as Nn—oo .,

The last assertion (c) can be proved easily for simply functions as
follows:

n

= | X Elo,) Z a; (o)

j=1

n

=2, |a;E(o)u| = Z‘l le; || E(oy)e] .

Jj=1
THEOREM 7. Ewvery cyclic subspace (with respect to &) IN(x);
xe X is complemented. Moreover, there exists a projection P of X

onto M(x) which commutes with & and has norm 1 with respect to

I+l

Proof. First, assume that x,c X has carrier projection C(x,) = I.
According to Bade [2, Th. 4.5] for every x ¢ IM(x,) there is a Borel
function f (not necessarily bounded) such that

r = S FOVE@N)2,
and x, belongs to the domain of the unbounded operator
[rooE@y .
In view of Lemma 6 part (c¢) define
0@ = [F0) 1 B@w, 5 weBa) .

It is obvious that @ is a linear functional on IM(x,) and

0@ = {17011 B@v, | = | [FoB@N,

=lxl;

i.e., |#| 1. By Hahn-Banach theorem it can be extended to a bounded
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linear functional on X, denoted zF, which satisfies |zy| < 1. We
remark that 2} is a Bade functional (see Bade [1, Th. 3.1]), in fact
it satisfies:

(i) afE(o)x, =|E(0)x,| =0 for E(o)e &,

(ii) if for any E(o)e &, x} E(0)x, = 0, then E(o)x, = 0.

Now suppose zcX. Since the measure z}E(-)x is absolutely
continuous with respect to the measure 7 E(-)x, (due to the fact that
the carrier projection of x, is I), there exists a function h € L,(x E(-),)
such that

2 E(0)e = S WOV B(dN)z, = S h\) | BdN), |

for every Borel set o. Since Sh(x)E(dx)xo exists in view of Lemma
6 part (c) one can write

= Sh(x)E(dx)xo + [x _ Sh(x)E(dx)xo] .
Set M(z¥) = clm {E*z} | Ec =} and notice that
Sh(x)E(dx)xo e M(z,)
and
¢ — Sh(x)E(dx)xo e M(z)*
since for every E(o)c & we have
[E’*(a)wg“][x — Sh(k)E(dx)xo] = 52 E(0)e — Sah(x)xg"E(o)xo —0.

Thus
X = Nz © Wz

which proves the existence of a projection P of X onto IM(x,) com-
muting with €. Using again Lemma 6 part (a) and (¢) we have

] Sh(x)E(dh)xo

- S[h(m | B\, | = tot. var. z*E(-)o
< tot. var. | E(-)x| < ||

ie., |P| = 1.

If x, has carrier projection C(x,) # I then, the first part of the
proof insures the existence of a projection @ of C(x,)X onto D(x,)
and, hence QC(z,) will be a projection of X onto IM(x,) having all
wanted properties.
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REMARK., I — P has norm at most 2 and may have |.|-norm as
great as 2. For instance, consider the two-dimensional space I3, & =
{0, I}, 2, = (1, 0) and af = (1,1). Then the projection I — P has norm
exactly 2.

COROLLARY 8. The second commutant (£ °)° of & coincides with
the algebra (L) generated by & in the uniform operator topology.

Proof. Let Te(¥°)°. Since every cyclic subspace IM(x) admits
a projection Pe &° it follows that TIN(x) S M(x); x € X and further
TYZ Y for every subspace Y of X which is invariant under E.
Hence, by a well-known result to Bade [1, Th. 4.3] T e (&).

REMARK. This is not true in general. J. Dieudonné [6] has
constructed an example of a B.A. of projections § of finite uniform
multiplicity (n = 2) for which (%) is a proper subalgebra of (°)°.

COROLLARY 9. If A 1is a scalar operator im o separable comple-
mented subspace of an F-space, every operator T which commutes
with every operator commuting with A ts a Borel function of A.

Proof. If the underlying space is separable the resolution of the
identity for A is a complete B.A. of projections and the proof follows
from Corollary 8.

THEOREM 10. For every cyclic subspace M(x); x € X there exists
o positive finite Borel measure space (A,B, 1) such that M(x) is
1somorphic to L(4,B, ). Moreover, the image of the restriction of
% to M(x) under this isomorphism is the B.A. of projections con-
sisting of multiplications by characteristic functions in L4, B, ).

Proof. As we have already mentioned, for every x ¢ I(x,) there
is an Borel function f such that

x:memm.
By Lemma 6 part (c) it follows that fe L4, B, | E(-)x,]) and

2l = | [FoaB@vn| = (170011 B@va,

which implies that the correspondence x « f is an isometry between
M(x,) with the norm |-| and L,(4, B, | E(-)x,}). Thus M(x,) with the
original norm [|-|| is isomorphic to L,(4, B, | E(-)x,). The last assertion
is obvious.
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From Theorems 7 and 10 immediately follows:

COROLLARY 11. Assume & is a countably decomposable B.A. of
projections having finite uniform multiplicity N. Then there exist
N wvectors z,€¢ X, k=1, ..., N, such that

X =N@)D -+ D DN(xy) .

Furthermore, there is a positive finite Borel measure space (4, B, 1)
such that X ts isomorphic to Ly(4, B, p) and under this isomorphism
every Ee& corresponds to a multiplication by a characteristic
function in L(4,B, p).

THEOREM 12. A complemented subspace X of an F-space 1is
wsomorphic to an L,(V)-space if and only if there exists on X a
complete B.A. of projections § having multiplicity 1.

Proof. If X is isomorphic to an L, (v)-space then the image under
this isomorphism of the B.A. of projections in L,(v) consisting of
multiplications by characteristic functions will be a complete B.A. of
projection in X having multiplicity 1.

Conversely, assume that $ is a complete B.A. of projections on

X having multiplicity 1 and let |-| be again the equivalent norm
whose existence is insured by Lemma 6. By Bade [2, Lemma 3.1],
I= y F (gr)

where F(o,) are disjoint countably decomposable projections belong to
%. Further, by Bade [2, Th. 3.4],

Flo)X = M(x;), @, eF(o)X.

Then for every x¢ X we have x = 3, F(0,)x where at most countably
many of the vectors F'(o,)x are different from zero. Observe that

Fo)o = | £,0)F@vs,

for some Borel function f, e L,(4,B, | F(:)x,|) (see Theorem 10). Now
define

S =) heor.

Since I = V, F(o,), f is defined everywhere in 4. For any Borel set
0 for which 3}, | F(0)x,| converges let us put

23) = 3| F@), | = 51 F6 N 0)) |
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otherwise, ¥(9) = +co. Then
o= S1F@ = 3| f00FE|
= 3, FO @z | = {701y, weX,

since v(0) = | F(0)x,| for 6 C o, and the infinite sum 3, |[F(o,)z| is in
fact countable. It follows that the correspondence x«—f is an isometry
from X with the norm |-| and L,(4,%,v). Thus X is isomorphic to
L(4,%B,v).

Grothendieck [12] has proved that if a projection in an L,-space
is contractive, i.e., it has norm =<1, then its range is isometric to an
L.-space. The following result is a necessary and sufficient condition
for the range to be isomorphic to an L,-space.

COROLLARY 13. Let P be a projection in X. Then PX s 4so-
morphic to an Li-space if aud only ¢f P can be imbedded in a complete
B.A. of projections in X with respect to which P has multiplicity 1.

Proof. This corollary follows immediately from the preceding
theorem when applied to PX.

4. Structure of cyclic subspaces of an “%-space. Throughout
this section X will denote a complemented subspace of an _Z,-space;
l|-]] its norm and & a B.A. of projections in X. As in the previous
section & will be considered as the range of a spectral measure E(-)
defined on the Borel sets of a compact Hausdorff topological space 4.

THEOERM 14. For every og-complete B.A. of projections & in X
and xe X the vector valued measure E(-)x is atomic, i.e., if I is the
set of all points N, in A for which E({\,}) + 0 then for every Borel
set 6 we have

Bow = 5, Biv)e

where at most countably many of the wvectors E({\M}Dx are different
from zero.

Proof. First, notice that by Bade [1, Lemma 2.6] the restriction
of & to M(x) is a complete countably decomposable B.A. of projections
so at most countably many of the vectors E({\,})x are different from
zero. If {\,} is the sequence of all A, for which E({\,})x # 0 then

E(H {M})x - 2 E(\De
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Now in order to prove the theorem observe that it is enough to show
that E(Us-, (MDe = . Set E(4,) = I — E(Ur-. {M\.}) and assume that
E(A)x == 0. Let x¥ be the Bade functional for E(4,)x whose existence
has been proved in [1, Th. 3.1]. Obviously, the measure E(-)E(4,)x
is nonatomic and consequently the positive measure p(-) = x5 E(-)E(4,)x
is nonatomic and its support is 4,. By a well-known result (see for
instance Halmos [13, Exercise 2 p. 174]), 4, can be decomposed for
each 7 into disjoint sets 4™k =1, ..., 2" such that

HAP) = 27l AR U A = A

By Theorem 2, for each n» there exists at least one k(n) for which

| E(4,)w || =

el (4, =48 .

Let 0, = Uran+1 4i; then 4,00, D0, +-- and pu(o,) < 27"p(4,) and con-
sequently ¢#(N3-,0,) = 0. This implies, in view of the properties of
Bade functionals that E(N;.,0.)z = 0. But denoting by M the bound
of |E|l, Ec &, we have

i || = || Ed)x || = || E(4,)E(0,)x|| = M|| E(0,-)x|l ;

but by the c-additivity of the vector valued measure E(-)x,
0 =|B(A}, .)o]| = 371 Bl 2 0.
which provides a contradiction.
COROLLARY 15. Let S be a spectral operator of scalar type on
X and {\};veI the set of its eigenvalues. Then
Sz = S\ NE D ; zeX
rel

where at most countably many of the wvectors E({\}Dx are different
from zero for every xe€ X,

Proof. It suffices to apply the preceding theorem to the resolution
of the identity for S, taking into account that by Foguel [10, Th.
1], E{n}) # 0 if and only if A is an eigenvalue of S.

A particular <“.-space is ¢,. In this space one can consider the
natural B.A. of projections generated by the following projections

E(n)(xls Loy o2 *y Ly, "') = (07 "'yovxnoy "') H n = 1y27 ctc .
Obviously, this is a complete B.A. of projections bounded by 1 and



540 C. A. McCARTHY AND L. TZAFRIRI

having multiplicity 1, i.e.,
¢, = M(u)

where u can be, for example, the sequence (1,1/2, -, 1/n, +--).
We shall now that this is essentially the general case.

THEOREM 16. FEwery cyclic subspace M(x); x € X is either finite-
dimensional or isomorphic to c¢,. Moreover, under this isomorphism
the restriction of & to M(x) corresponds to the above mentioned
natural B.A. of projections in c,.

Proof. Let z,e X and @ = S FONE(@N)@, € M(w). Using Theorem
15 we have
E({(Mhz = fFME(ND2, 3 el

and again denote by {\,} the sequence of all \,,vel’, for which
E({(MNz, = 0. Then

2 = 5 FO) B
which implies that
lim £(\,) (| Bz || = 0 .

Now define
o = (fW) || ENDzo ]y o) SO I EQNDZ ], -2) e s x e D)

(if this sequence is finite for every f one can see that IN(x,) is finite
dimensional). In view of Theorem 2 we have

@]l = M sup || EQvmDe |l = My sup [ fN) ][] E({D])

and if M denotes the bound of || E|| for Fe &
Ml|z| = | E@vD |l = SO [ EQDo ]| -
Thus

- 5Up | (v | | Bz, | < [l 1| < Mysup | £0u) ] 1| EQbanl

and 7 is an isomorphism from M (w,) into ¢, under which the restriction
of ¥ to M(x,) corresponds to the natural B.A. of projections in ¢,.
To complete the proof we have to show that 7 is onto ¢,, We consider
a sequence (a,, ++-,a,, *--)€¢, and prove that
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B(hD2,
2T B |

is a convergent series. Indeed

“E({M})I;g.p %—H%]H =la,), »=k=<gq,

and then by Theorem 2

S E({\D, . .
g " INEAND, || H*szg,?‘glaﬂ 0 as »p .

If y is the sum of this series, evidently y ¢ M (x,) and cy=(a, ++-,a,,-*)

which completes the proof.

THEOREM 17. Ewvery cyclic subspace M(x); x € X is complemented.
Moreover, there exists a projection P of X onto J(x) which commutes
with £ .

Proof. We shall keep the notation introduced in the proof of
Theorem 16. Obviously, M(E({\.})x,) is an one-dimensional subspace
of E({n,})X. Hence it is complemented, i.e., there exists a subspace
M, of E({\,)X such that

E({)’n})X = 9;)’a(E'({)“n})'/'vo) @ m, , T = 1’ 2’ M)

and the projection of E({\,})X onto IM(E({\,.})x,) has norm one. Then
for every e X we have a decomposition

E((vDe = e EQvB® + Y., m=1,2, -0,
where y, ¢ I, and
L [ | EQaDn |l < [| E@wDell,  n=1,2, .-
Consequently,
lim |, | || B0, | = 0
and by arguments already used in the proof of the previous theorem

we see that 3, a,E({\})w, is a convergent series. It follows that
> Y. also converges and

» = Z a, BN D, + ; Yo

Thus
X = D(x,) M
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where M = G, P M,), is the direct sum of these spaces in the
c-sense. Since E({(A, )M = M, S M, M(x,) and M are invariant under
every projection F e %, which completes the proof.

REMARK. Sobezyk [20] has proved that a Banach space Y which
is isomorphic to ¢, is complemented in every separable Banach space
containing it. This implies that a cyclic subspace M(x), xe X, is
complemented in X provided the carrier projection of «, C(x), has
separable range. But even in this case we do not know if the cor-
responding projection whose existence is insured by Sobezyk’s result
commutes with & .

Using the same arguments as in §3 we are able to prove the
following three corollaries.

COROLLARY 18. The second commutant (&°)° of & coincides with
the algebra A(ZE') generated by & in the uniform operator topology.

COROLLARY 19. If A is a scalar operator im a separable comple-
mented subspace of an SZ.-space, every operator T which commutes
with every operator commuting with A is a Borel function of A.

COROLLARY 20. Assume & 1s a complete countably decomposable
B.A. of projections having finite uniform wmultiplicity N. Then,
there exist N vectors x, e X; k=1, -+, N such that

X=Ma)P --- D N(xy) .

Furthermore, X is isomorphic to ¢, and under this isomorphism every
E e & corresponds to a natural projection in c,.

THEOREM 21. A complemented subspace X of an L-space is
isomorphic to c(I") for a suitable set I' if and only if there exists
on X a complete B.A. of projections § having multtplicity omne.

Proof. For any oc ' and f(-)ecc{l’) define the projections
F(o)f(-) = g(-) where g(v) = f(7) whenever v e o otherwise g(v) = 0.
Obviously F'(-) form a complete B.A. of projections and || F(0)|| =1
for every subset o I'. If o is a countable subset of I', F(o) is
countably decomposable and has multiplicity one. That proves that
if X is isomorphic to ¢,(I") it admits a complete B.A. of projections
having multiplicity one. Conversely, suppose ¥ is a complete B.A.
of projections in X having multiplicity one and let \,,vel’, be the
atoms of ¥ whose existence and properties were discussed in Theorem
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14, Evidently, F'({\}), v €', is countably decomposable and therefore,
by Bade [2, Th. 3.4], there exists x, € X such that [|«,|| =1 and

F(M)X = M)
Moreover, for any ¢ X we have
F({\De = a,z,
since M(x,) is an one-dimensional subspace. Then

T = 2; F({nDe = Z %y

which implies that {,},., is an unconditional basis for X. Thus, by
J. Linderstrauss and A. Pelczynski [16, Corollary 2 of Th. 6.1], X
is isomorphic to ¢(I”) for a suitable set /”. One can easily see that
I"=r.

COROLLARY 22. Let P be a projection in X. Then PX 1is tso-
morphic to a c(I") space if and only if P can be imbedded in a
complete B.A. of projections in X with respect to which it has
multiplicity one.

C. Bessaga and A. Pelczynski [4] have proved that for K an
infinite compact metric space, C(K) is isomorphic to ¢, if and only if
K is homeomorphic to the space [a] of all ordinals <a with the order
topology for some ordinal « satisfying w < a < w® where @ denotes
the first infinite ordinal number. From this result and Theorem 21
immediately follows:

COROLLARY 23. There are no complete B.A. of projections having
multiplicity one in the space C(0,1) and C({w*]).

Using a theorem of Sobczyk mentioned previously we can conclude
that C(0, 1) contains an isometric image of ¢, which is complemented.
It follows that there are monfinite complete B.A. of projections in
C(0,1). We shall see now that this property does not hold in
complemented subspaces of an &Z-space which are .Z7-spaces or in
particular conjugate spaces.

THEOREM 24. A o-complete B.A. of projections in X has a finite
number of elements provided X is a F-space. Then any spectral
operator of scalar type in X can be written as a finite combination

S = Zp kiEi
=
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for some disjoint projections K, 1 < i < p whose sum 1s the identity
I.

Proof. Let & be a o-complete B.A. of proiections in X. Accord-
ing to Bade [1, Th. 2.7], ® can be imbedded in a complete B.A. of
projections in X, so with no loss of generality we may suppose that
® is complete. By Bade [2, Lemma 3.1],

I:vGr’
rer

where G, e ® are disjoint countably decomposable projections each of
then being the carrier projection of a vector 0+ xz,¢ X. Assume
{G,,} is an infinite subsequence of the projections G, and set

x = i I

=ion e, ||

Obviously P(x) contains the vectors {x, } which are linearly independent
i.e., M(x) is infinite dimensional. Hence by Theorems 16 and 17, M (x)
is a complemented subspace of X which is isomorphic to ¢, which
contradicts the fact that X is a .“’-space. Thus [ is a finite set and
I must be countably decomposable; consequently, there exists a vector
x,€ X whose carrier projections is C(x,) = I. By arguments already
used in this proof one can easily show that (x,) must be a finite
dimensional subspace. It follows that the family of the vectors
{Gx, | G € ®} contains a maximal linearly independent system

{Glxm Gyoy + + =y Gy} o

By taking all possible intersections of projections G;,1 <1 < s, we
can construct a new system of vectors (not necessarily linearly inde-
pendent)

{Ex,, By, » -, B2}
where 0 = E; 8,1 < j < p, are disjoint projections and
{Gz,| G € @} Cspan {Ex,, -« -, E2,} .
Then every Ge® yields

P
G, = Z{ a; B, ,

and further
GEx, = a;Eu, , t=1,---,p.
Now let us multiply both members by E;, — GE;. We have
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O:az(Ez_GE@)xg, ’i:l’...yp.

If a;#0 for some 14, (E; — GE)x, = 0 which implies a; =1 since
Ex, + 0 (the carrier projection of x, is I and E; =+ 0). Suppose
a == ---=a,=1 and Oy = - =a,=0. Then

Gz, = i‘, Ex,

and E; =GE,,i=1, --.,q. Since the carrier projection of x, is I
we obtain

G:iEi;

i.e., every Ge® is a partial sum of {%, ..+, )} which completes the
proof,

REMARK. Theorem 24 is a particular case of a result proved by
Dean [5] by quite different methods.

COROLLARY 27. FEwvery o-complete B.A. of projections in L..(t)
for some measure p (and in particuler in l.) has only a finite
number of elements and any spectral operator of scalar type in such
a space can be written as o finite combination

S: i)\:iEi.

Moreover, every scalar operator in L.(0,1) is similar to an operator
of the form Tf = fg, fe L.(0,1) where g is a simple function.

Proof. The first part follows from Theorem 24 since L.(y) is an
P-space. The second part is a consequence of a recent result of J.
Lindenstrauss [15] asserting that every complemented subspace of I.
(which is isomorphic to L..(0, 1)) is isomorphic to I..
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