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An integral inequality involving second order derivatives
is derived. A most important consequence of this inequality
is that the Dirichlet form

D, 1) = S S auDluDia = qlulids 2 0,
D

for functions g(x) which are positive and *"not too large” in
a sense which will be made precise later and for functions
w(x) with compact support contained in D. Some examples are
given and an application is made to an existence theorem for
a fourth order uniformly elliptic P.D.E,

An earlier paper by the author [1] contains some similar results
for inequalities involving first derivatives. The following definitions
and notations will be used throughout the paper. Let

x=(0§1,x2, "',Q?,,L)GR”.

Let D be an open domain in R" which may be unbounded. Let C=(D)
denote the set of infinitely differentiable complex valued functions on
D and let C3(D) denote the subset of C=(D) consisting of functions
with compact support contained in D. Let

n 1/2 2
lull, = (\ 31D+ qlulds) , where D = 2%
‘ D i=1 a,vz

and ¢ is either equal to 1 or to one of the positive functions to be
defined later. Let H,/(D) be the completion of {u e C=(D):||u]], < oo}
with respect to ||u ||, and let Iofq(D) be the completion of C(D) with
respect to [|#]|l,. The functions u in H(D) or IfIq(D) have strong L,
second derivatives which we will denote by the same symbol as for
the oridnary derivative. So that

lim S | D3 — D, |’de = 0
D

N—>00

where {u,} is any sequence of elements in C=(D) such that || v —wu,, ||,—0.
All coefficient functions considered will be real valued. The variable
functions % may be complex valued. There do not seem to be any
analogues of the basic results with complex valued coefficients.

THEOREM 1. Suppose that the boundary of D s smooth enough
39
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to apply Gauss’ Theorem. Let a; € C'(D) and (a;,) be symmetric
positive definite. Let f,, fy -+, fo€CYD), q, = (fi + D)f: and sup-
pose that >;0,9; =0, for every k=1,2,.--,n. Then, for any
w e CY(D),

SD % @i DuDiw — (fi + D)*(@aq) | u|* de
= Si) % [@iq:Dy | w P — (Dy(@ing:) + 20:,.9.1%) | % [*]v.ds

where v, s the k'* component of the normal and the integral on the
integral on the right is assumed to exist. FKEquality holds if and
only if D = qu and Du = fu, for every 1.

Proof. We shall require two integrations by parts.
S ;. (DLt + wDiu)dx
D

= _SD[a’ikqkau + uDk(a,-kqi)]Dk?,—l,
+ [@uq: D& + %D (a:,q9:)]Dudx
+ S.aiin("_‘Dku + uD,w)v,ds
b

= |, Diaug) |ul* — 2040:| Dy do
+ | JawaD, (1wl = Difang) [uPvids
and
—Sbaikqi fi(@Dw + uD,w)dx
= SD-Dk(aikqifk) |u *da — Sz}a“‘qif" |u Py ds .

4 a(Diw — qu)(Diw — q,%) — 2 Zaiinzk‘. |Dyu — fru> =0

s

Zk a, DD — (f; + D)anq, | v dx

D

= S >, — (fi + DYauq. |u® + ayq:(uDii + aDiu) — auq:q, | u [

D i,k

+ 2a,9(| Du|* — fruD,@w — fL,uDu + fijude
= | 5 - leufia. + £iDiaagy) + Di@nfia) + Diangy)]|uf

D i,k

+ [Di(@ix9:) — @i9:0e + 2D(@:xQ: f) + 205.9:f3] [ u [P
— 2au9; | Dyw |* + 204,9; | Dyu [*de
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+ 5 z;: [a0g:Dy | u P — Diy(ang:) | w|® — 2a:.9: /5 | u [*]v,ds

= SD % [aiq:(f% — @) — fiDi(auqr) + Dy fiq:)] | |*dx

+ Sb[. . .]ds
= SD % [—aug:D.fi — fiDi(@:iq:) + Dl fig:)] | v d
—+ Sb[- --]ds

= S.[aikqka % P — Dy(@ugs) | w|* — 2a,q:f | w|’v.ds ,

D

which was to be shown.
(1) We will reserve the notation ¢(x) for a positive function of
of the form ¢(x) = 35, (fi + D.)’aug;.

COROLLARY 1. Suppose that D is any open set. If a;(x) is uni-
formly bounded in D, then

SD 3, 0, DD — g |ufde 2 0,

for every ueIfI.,(D) and equality holds if and only if Du = qu and
Du = fiu almost everywhere, for each <.

Proof. It is easy to obtain the inequality for functions in Cy(D)
by integrating around a sphere containing the support of . The re-
sult for we H,(D) can then be obtained by showing that

D D
which follows easily from Cauchy’s inequality.

COROLLARY 2. If (a;.) ts only positive semidefinite, the same in-
equality holds but the conditions for equality are not necessarily the
same. If a;, = 1, the conditions are

2 (Du—qu)=0 and Dwu = fu.
ExamPLE 1. Corollary 2 can be used to obtain inequalities when-
ever a solution u, of a plate problem
dduw —pu =0 in D

=01 on p
du =0
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is known. Here du = 3, Diu and ddu = 3;, D:Diu. Suppose that
w, >0 in D and let f, = (D,u,)/u,. We must show that

Z(fk+Dk)fk:Z'%§O~

% kU,
For this it suffices to show that >, Diu, <0. If 3,D%w = pu, =0
and v =0 on D, then v <0 by the maximum principle. Set v =
>': Diu,, then v satisfies the problem and hence >, Diu, <0 in D.
Calculate

DiDiw, _

Uy

%(f@ + D)(fe + D) = 2

ik
So

S S DuDii — plultde = 0, for uweCy(D).
D ik

In particular, for p = g, where \ is the first eigenvalue of the plate
problem and u, is the corresponding eigenfunction, the inequality be-
comes Rayleigh’s characterization of the first eigenvalue. In this case,
the conditions for equality become u = ku,.

EXAMPLE 2. Suppose n = 5, then

1=1

0D — T = 4 (T e
[, 3 Dupin — 2O (5 )z 0,
for every ueﬁq. To apply Corollary 1, let f, = (a/s)x,, where s =
» a2 then
afa — 2)

a
Q= ——at + —,
5 S

S =2t ®=2) <o if 2-n<a<0
k=1 8

(the other possibility leads to nothing of interest). Calculate,

g= —j;a(a — 20— @4 — n)lla — @ —n)] .

Then ¢ >0, if a <0,a —2 >0, and a =24 — n. If we choose a =
(4 — n)/2, then ¢ is maximal and equal to (n’(n — 4)%)/16.

It is unfortunate that the preceding example is only good for
dimensions larger than five. The following inequality, though unap-
pealing, does yield an example for every dimension.
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THEOREM 2. Let f,, fs, +++, fo € CYD) and suppose that

% Difi 16" + (Difi + Difi + fif)é&r = 0
for every wvector (¢, &, +++,&,). Then

| 5 DD — DiD.f: + 3£.D.D.Ss + £DLS,
+ 21Dufi + A7 FuDufi + (Duf) + (Def DS
+ (Duf)Df) + Fifil ul de
z |, S [2Re D(fw)Dit — £, Do
— (DuDif; + 2fDif: + fDuf:
+ fiDifi + Fif)l w*lvds .

Proof.
(2) Zk [Diw — Di(faw[Diw — D (fiw)] — D.f; | Dyu — fiu*
— (Dif: + Difi + fifi)(Du — faw) Dy — fiu) = 0

when expanded the first term in (2) contains the following two terms
which we integrate by parts:

—Dy(fi)Diw — Di(fu)Diw and  Dy(faw)D(filt) .

Notice that the order of summation has been changed in the first
term.

-—S Di(fu) D%t + Dy f.@) Diudz
D
- S DD fu)Dyi + DDy %) Dudz
D
. g‘[Dxfiu)Dm + D f:@)Dulv,ds
- S DD, f: + D:f:Dvie + Dy f:Dsu + f.D,Diu)D,
D
+ (#D.D;f; + D;f:D,;# + D, f;Dw + f;D.Dw)Du
— L Iouds
D
- S D.D.fD,|wl* + £.D;| Dew | + 2D.f; | Dyu |
+ D.f:DuD, i + D, f;DaD,udx
— S[. . ']deS
D
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(3)  =| —DDf) |uF + Dif) | Dl
+ D,f:DauD,u + D,f.D;iDudx
+ | [-2Re D(fw)D,& + D,Dfi |ul* + £ Do Fvids

and

[, = Dsa D fiwyda

= | S @IDs) 10l + FUDSHDE + TDW)

D ik

+ fif (D) (D,u)dw
= SD % D f)Dyf) % [P — D fuDif)] | [P + fifi(Dau)(D,w)dx

+ |, S D) luwids
(4) = |5~ fuDDS) [uf + fifu( D)D)z
+ |, S A fupwds.
The second term in (2) contains
(5) SDf,,D@-fi(uD,,a + @D,u)dw
= —| [DtIDs) + £DDf 0 de
+ | fiDufi uvds
The third term in (2) contains
[, S @ufe + Difi + fif ) fauDi + fraDads
= | S ADu+ D+ fifD | ul da
(6) = —| S DUSDuS+ £Difs + 1) |u e
+ |, SAAD S+ Dt + £ lufwids

Expanding (2) and making use of (3), (4), (5) and (6), one can
obtain the advertised result.

COROLLARY. Suppose that f; is a function of x; alone. Then
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SQ¥WMﬁ—Zwm+Mwm+uwm+mammm2
= 3 [27iD.fi + (DS D) + Fifil |wf do
>0, for every ueﬁq

where q is the coefficient of |u %
ExampLE 3. Let f; = a/x,. Then
Z}c D;fil& P+ (Difi + Difi + fifi)éiés

=3 - Zlal+ I+Z—%
2 3 xz

e i

— 25& az Z'Slz 2(12{52!2

Tk Q0

s@-oX|&rnl -nxn il

t

Let a =1+ ¢,¢>0. The right side will be negative when

1 |2
exlsrs > ses ol
2 '”xi 2 X

i

Take N; = (|6 5)/C:16: 1), then >;n; = 1 and the inequality becomes

€ 1 1
B W Pt
2 Z‘L“ x: zZ X3
It is always possible to choose an ¢ so that this inequality holds pro-
vided D is bounded and bounded away from the origin. For let
0<m=2i< M, then
1 1

PIPVERS

1 n
— and - = —.
T M Zi':c%"

m

Take ¢/2 < (m/nM) and the inequality holds.
Let us compute ¢ using the formula in the corollary.

. —6a + 8a® — 4a® + 2a? +Z —20® + a® ++ o

7 Xk xi

q

=3 (—4a® + 1f)a — 6a) +a¥a — 1) 1
7 @i ok 2k
= (a* — 6a® + 1la®* — Ga)Z—l— + a¥a — 1) 3] 1
T X iF il
1

Il

am—mwdm-&§%+wm—wz

it v}
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Taking a =1 + ¢

q=s(l+e)(l—s)(z—s)zi:;clﬁsz(lnte)zz 1

o
which is positive for ¢ < 1 or for ¢ > 2,

THEOREM 3. A fourth order existence theorem.
Let q(x) be a function of the special form (1) and let p(x) be a
continuously differentiable function such that 0 < p(x) < (1 — &)q(x),

where € > 0 and fixed. Let S g | flPde < o0,ge H, and let Au =

D
S Dia,Diw) — pu be a uniformly elliptic operator. That 1is, a
18 positive definite and there exist positive constants M and N\ such
that

lag@) | = M and N |&G1PS Ex ai(®)e

for any (£,&, ---,&,) and all x in D. Then the Dirichlet problem

Au = f wm D
. w=g .
> Du =3 Dig on D

has a unique weak solution.

Proof. We must show that there is a function u € H, such that
u — gef{q and (u, Ap) = (f, @), for every @ in Cy. Set u,=u — g
and consider the equivalent problem of finding uoelzofq such that
(w0, Ap) = (f, @) — (9, Ap). Let

B(u, v) = SD % a;, DDy — puvde

- S S uDNa, Do — pudide
D i,k
= (u, Av), for u,veCy7.
We will show that there exist ¢, ¢, > 0 such that

[Bw,v)| = C/llwl,llvll, and B(u,u) = C,llulfj.
B, u) = | SauDuDi — plufda
D i,k
> S S 4y DaD,i — q|u do + eg glultde .
D i,k D

By Corollary 1, both integrals are positive and hence
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(1 + %)B(us u) = S 2 auDuDi + g |u ] dw
D

v

przwqu[u;zdx
= const [[u |2 .

The positivity of B(u,w) implies that |B(u,v)|* < B(u, w)-B(v, v) so
that we need only show that B(u, w) < const ||« ||.

Blu, u) < MS S | DuD| + p|wl de
D 4,k

D 5k

= | S(Dal + 1 Daf) + plufde
< Mu| S Dal + plutde = Mo jull.
D i

Now extend B(u,v) to all of I-OLI by continuity. We can now apply
the Lax-Milgram Theorem which guarantees that any bounded linear

functional F(p) on I;Tq can be represented as B(u,, ) for some u,¢ I-}q.
Take F(p) = (f, ) — B(g, ). Then

ol = ([ 0 170d0) (| alprn)”
+edlellllgll, = const o], .

So B(u,, @) = (f, ) — B(g, ) as was to be shown. To obtain the
uniqueness result, let Au = 0, v € H,, then

0 = (u, Au) = B(u, w) = C, || u|]. Sou=0 a.e.
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