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In this paper a class of convolution transforms:

L.1) fla) = Sf Gz — pt)dt

whose kernels G(t) satisfy

1.2) G(t) = —1—,§i°° [E(s)]-" - ettds
2rt —joo

where

1.3) E(s)= ’ﬁ;(1 —slap) or E@s)= kﬁ; (1 — s/ax) exp (sRea;")

will be treated. Investigation of properties will be carried
for the subclass defined by the restriction on a, as follows:
(a) For some 7,0 < ¥ < 7/2

min |#r —arga;| < ¥ where ap+0.
2

n=0,1,

(b) For some 0 < ¢ <1

and integer ! |arui] = ¢ 'law] for all k=k, .

It should be mentioned that the restriction (a) on the argument
of a, is much weaker than those used in other subclasses of convolu-
tion transforms defined by (1.1), (1.2) and (1.3) that were investigated
before.

1. I. Hirschman and D.V. Widder [4] treated a class of trans-
forms for which arg a, tend to either 0 or ». J. Dauns and D.V.

o

Widder [1] and the author [2] studied the case E(s) = II (1 — s%/a%)

k=1

for which |arga,| < + < 7/4, that is: The sequence of roots contains
pairs of a, and —a,. A milder way of coupling was introduced by
the author [3]. The question that arises is: Can we relax the re-
striction on the argument of the a,’s and still have the transforms
and their inversion formulae? Of course it was shown [1, p. 442]
that in some simple cases the analogous inversion formula to that of
Hirschman and Widder does not hold. Examples can be given to show
that in some cases (1.2) does not converge. Here a restriction on the
growth of the roots is given (b) which assures us of the convergence
of (1.2) and helps us to prove that

485
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(1.4) Lig P,(D)f (x) = ,ﬁ (1 — ai'D)f(x) = p(x) a.e.
where

D

il

4
de
We shall assume for convenience that |a,| < |a.,| and also that
E(s) = f[ (1 — s/a,) since treating E(s) = ﬁ (1 — s/a,) exp (s Rea;?)
k=1 k=1

would mean only shifting the argument ¢ of G(¢) by the number
S Rea;’.

It should be noted that the harder part of the proof is an estimate
of E(s) (§2) and an estimate on |G,(t)| = | P.(D)G(t)| (in §4) the re-
sults achieved for the later had not been published for the nonvoid
intersection of our class and the class of variation diminishing trans-
forms.

2. An estimate for E(s).

THEOREM 2.1. Suppose that E(s) = ﬁ 1 — s/a,) and the sequence
k=1

{a,} satisfies conditions (a) and (b) and let 0 <7 < 7w/2 — +, then
there exist A(n) > 0 and B(n) > 0 such that
(2.1) |E(re’)| =z (A(n) + B(n)r®)'"*
Jor any n and r uniformly for 4+ n=<0=<mw— —7n and
T+ +9=60=2r— —7.

Proof. Without loss of generality we may assume |a,| < |@)].
We define ¢, = arg a, and have

11— re?a, e =1 — 2" cos (0 — @) + -
& = ! Pr —_—

la; [a,|?
>1-2-" cos +L:[1— 1+itan2 —1]
| 7 la[* < 2 77)
1 -t r r? 1
2.2 [1+—tan2> — 2" cosn + T cost (1 L tane ]
(2.2) + ( 3 /i o] 77+mk|2 os’n(1l + 5 anr;)
-é— " - si zngl ta1n277 +1 Tzzsinzv.
|| 2 1+Etan277 2 |a,|

Therefore
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. . —l—tan277
Ha—rwmﬂz-5r——
e 1+ —tany
2
+ (Y= Am) + B
2 ) Taf - lap

To complete the proof it is enough to show that there exists a
constant ¢ > 0 independent of 7 and @ (in its specified angle) such that:

2

(1 — 7e’/a,)

n+1

=c¢c>0.

We shall write
P ny(r) ng(r) o
k:InIH T <k:];[+1. ) > ) (k:n]ilr)ﬂ. ) ) ’ <k:n];([r)+l. ) >
= Ii(r) - Ir) - Ii(r) .
Choose n,(r) as the largest integer satisfying
k< n(r), la,| < r/2cosy .

If n,(r) <n + 1 then I(r) = 1; otherwise

ny{r)

2 ny(r) 2
L) =| T (= re"fa)] = I (1— 2r cosp + 7 )gl.

k=nti fa| la*

We choose n,(r) as n,(r)=min{l{:l=n+1, k>1 implise
|a,| > 4r cos »} and therefore have

Ig(w)gkﬁrm(l——z " cosy -+ 722>g I (1—2[T|cosv).

=nal la| [a k=natr)+1 ay
Using condition (b) and the definition of n.,(r) we obtain
Y 1 l
L(r) = H0<l — Eq") =e(q) >0 for 0<g<1.
We shall estimate I(r) by (2.2) as follows

n(r) 2 2 1n?2
Lr = 1 (_}_ tan®y) L7 sin 77)

k=ny(r)+1 2 1 +%tan277 Iak}Z 2

1 tanzv ng(r)—ny{r)—1
(2 1+ %tan2 77>

v
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(if n(r) <m + 1 then instead of mn,(r) — n,(r) — 1 we should write
n,(r) — n —1). We can estimate n,(r) — n,(r) — 1 from above as fol-
lows; we shall find the smallest m satisfying ¢=™ > 4r cos p/r(2 cos )~ =
8 cos*y which we call m,, by (b) m, : I > n,(r) — n,(r).

Combining these results

I @ —rea)| = L) - L)L)

k=n+1
i L) [,
" 1+ —tan'y

COROLLARY 2.1.a. Under assumptions (a) and (b) the kernel
Sunction G(t) satisfies

(3.2) E(s)~* = §°_° o~ G()dt
G(t) € C=(— oo, 00) and

joo

s*e’lds
~ieo JI(8)

(3.3) GM(t) = 2;{ S

REMARK 2.1.b. In Theorem 2.1 it is shown that if (a) and (b)
are satisfied then for 0 <7 < 72 — 4

(3.4) | E(re”)| = C(q, 1)

for
pp-gleg-s-nulpdo-2l< sy )
and C(q,n) does not depend on r or the smallest |a,|.

3. Asymptotic estimate of G(tf). Define o, and «, by:

a, = max {Rea,, —co|Rea, < 0} and

(3.1) a, = min {Re a,, o |Re a;, > 0} .

THEOREM 3.1. Suppose E(s) = i[l(l — sfa,), the sequence {a,} sat-

1sfies conditions (a) and (b) and let G(t) be defined by (1.2), then:
(i) o, = —oco implies

G(w)(t) — 0(6”) t — oo
for all ¢, c < o.
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(ii) @, > —oo tmplies

L
GM(t) = 35 Pi(t) exp (aut) + o(e”) t— o0
=1
where Rea,,, = a, 1 <1 < L(ay;) # ey for 1 +#7 and if a, # apq

1=1=<L then Rea, # «,) Py(t) are polynomials of degree p, where
o + 1 is the multiplicity of a,,, v {a,} and ¢ < a,.
(ili) a, = oo Tmplies

G™(t) = o(e”*) for all ¢,c > 0. t— —oo

(iv) a, < co 1mplies
L+M
G™(t) = lZ P,(t) exp (a,)t) + o(e™) t— —oo
=L+1

where Rea,,, =a, for L+ 1=1< L+ M, P(t) are as in (b) and
Cc > Q&

Proof. The proof follows the well established method of Hirschman

and Widder [5, p. 108]. In order to use this method it is enough to
show that

| E(o + 7)[7" = 0(|z|7") |7 — oo

uniformly for —A4 < 0 < A for every finite A. By Theorem 2.1 we
have for |7]|/|c| > tan (¢ + 1) and therefore for || > Atan (¢ + %)
(where 7 > 04 + n» < m/2 and + is defined in condition (a))

|E(o + it) | < (A(n) + B(n)|o + it ") < B(n)~"2| |~ .

4. @G,(t) and properties. Define G,(t) by

(4.1) E,(s)" = Sf G, (t)dt
where
(4.2) E.(s) :k:fjﬂa — slay) .

By Theorem 2.1 and Corollary 2.1.a we have G, (t) € C*(—co, —0)
and for m =0,1,2, ---

1 Sioo s'n.est
. () = —— ds .
(4.3) GO = 5w ™

The asymptotic estimates of Theorem 3.1 for G,(t) that satisfies
condition (a) and (b) will be useful; however the following new esti-
mate will be essential for the proof of the inversion formula.
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THEOREM 4.1. Let conditions (a) and (b) hold and |a,| < |G|,
then

(Gul®)] = M| @ exp (— % 08 | Qs )

(4.4) 1
+ M, |a,..| exp (" 0 COS Y | @y yal I) .

Proof. We shall divide the proof of (4.4) into two cases

(I) [am+2|§4|am+1[/008’1//‘

(1) @] = 4] @p1sl/cOS .

To show (4.4) in Case I we write d,, = 1/2cos v |a,..,| and since
Ay < |Qpsy| COS 4 Wwe have
Sdm+ico est ds . 1 B—dm-kioo 6st ds '
do=ioo m(s)

1
(4.5) Gn(t) = 7270 Vdpmio B (3)

2rt

Using the first integral we have
(4.6) 1G.(1)] < zledmtr \E,(d, + i7)|~dc .
T —o0

To estimate G,(t) we have to estimate E,(d, + i7)

\Bold,, + 17)| = TT—2 @i — d — i7| » TT |1 = S=t T

1| @] k=m+3 a,
= Iy(7) - Iy(7)
| @si |72 | s — Ay — 2T
= Retpri — du) [Cnil™ + (7 — IMGpii) | Qsi| ™

(4‘7) g COSZ 'I)b\ + (Tz — 2T Im Amrs + (Im am-i—i)z) Ia’m-l-i |_2

1 cot® 4
8 1+ %cot%&

T Gpri|

+ ([1 + %cot2 1//‘]—11'2 —2tIma,;

(1 4+ 0ot ¥ ) (I €ps)) | Gms | Z AH) + BONE |

where A(yr) = 1/8 cos®* 4 and

By) = —EL .
1+ —8—cot2q/r
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Using (4.7) and since |[@,1z| = |@pmet]

I(7) = {A(¥)" + 2A()B() | @psa |78 + B() [@pas [T
= k(1 + 2% Qpid )

To estimate I(z) we recall from Remark 2.1.b that when d,, + it = re®
and Yy +7n=<0=2/r or 3m2Z0=<2mr—+ —7, that is when
7| = d,tan(y + ), I(t) = ¢ > 0.

When |7| < d, tan (v + ) we choose n, = m + 3 such that |a, | =
2d,,(1 + tan (v + 7)) and therefore

I(c) 2 { joA(«/f)}% . 11 (1 _ Au( +tan(y + 77)))

=nitl (@

= A@)mmor T (1 - %q>

and since by condition (b) #, — m — 8 is bounded regardless of m

L(z) = ¢,
Therefore (4.6) and (4.7) yield

Gu®)] < Cootn | [L + @

< M]la,.. | exp (—;- COS VY | Q] t> .

This estimation though correct for all ¢ is valuable only for ¢ < 0;
for ¢t = 0 we obtain the result taking the second integral of (4.5) into
consideration.

In the Case II, |@u.2| > 4| @, |/cOS 4, therefore

IRe apis| < |tss] < %-IReamﬂl .

To prove our result for ¢t <0 we use the method of Theorem 3.1
and obtain

a t k,, + 300 st
4.8 Go(t) = @y, " g’” e'ds
(4.8) & T anr) | Vemein En(s)

when Rea, ., < 0 and

ko tico Hst

when Rea,., > 0; where k, = 1/2|a,,..| cos .
Using (4.8) and (4.9) we obtain
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(4.10) 1Gu(t) < [@nsy| » Tt ekmtr (B (ke + i7)]'dr
E,m—H(am-H) -
0 co 1
> | %mss |} > — 2 )
Bustonn)| 2 (1= |22 2 11 (1 - o)

Considerations already used in this theorem show that
| Epiolbm +17)[ =2 C > 0.,
Since |@pii| < |@mss| and |Re ays, — knl = 1/2k, > |a,..| we have

1 - Fw+ 1z

Q1

2 (A(¥) + B(¥)T* [Ga|7°)

'll_M

Qpto

Recalling that

Eo(ky + 17) = Epyo(kn + 97) - (1 _ knt it Xl _k, + it )

Aty otz

the proof of Case II for ¢ < 0 follows immediately. The proof when
t = 0 is similar taking —#%, instead of k,.

THEOREM 4.2. If conditions (a) and (b) are satisfied and |a,| <
[@pr1], then

(4.4) |GL(®)] = 3 Ni |l exp (- % 08 ¥ |yt ) -

Proof. Since (1 — a;'D)G,.(t) = G,+.(t) we have
G:n(t) = _am+1Gm+1(t) + |am+1||Gm(t)| .

Using Theorem 4.1 for both m and m + 1 we obtain
|G()| S |Cnil|Gur®) ] + | Cia[| Gu(P) |
= M, |G |* €Xp (“‘ % COS Y | Gy pil ‘)
1
+ M| Qi1 Gz | €XP (“ ?COS Y | G 4ol I)
1
M |G| €30 (— 3008 ¥ |t )

MG € (= 3008 o @t )

which yields (4.4) easily.
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REMARK 4.l.a. If in Theorems 4.1 and 4.2 the restriction, |a,.,| <
L]a,| for some L > 1, is added the proofs become obviously shorter
and involve only the first term (in each theorem).

REMARK 4.1.b. It can be proved that if conditions (a) and (b)
are satisfied and the multiplicity of a,., and a,., in {a,} is one then:

(a) |G(t)| = M|ayy,| exp (— |Rea,.,]|t])
and
(b) |GL(t)| = K|ans|"exp (— [Rea,.,|[t])
+ N{@pi1]|@niz| €XP (— R @yis || E])

These results are better than those of Theorem 4.1 and 4.2 but
the proof I have uses those theorems. Since Theorems 4.1 and 4.2
are sufficient for the inversion result, I will not prove here these
generalizations,

-

5. Inversion theorems. The results we shall obtain will cor-
respond to the following two different situations: (1) Both «, and
«, are finite. (2) Either a, or «, is non finite. (a; and «, were
defined in § 3).

THEOREM 5.1. Suppose:

(1) Conditions (a) and (b) are satisfied.

(2) The constants a;, and «, are finite, “:<p(v)d01 = Kel2=9t for
t=0and Hocp’(v)dv\ = Ke!1+3) for t =0 for some ¢ >0, and ¢(t) e L,
(A, B) for aZl A, B satisfying —oo < A < B < o,

3) At a point @ S:@(x +y) — p@)|dy = o(h) h—0. Then

(5.1) lim P,(D)f (%) = p(@) .

Proof. By Theorem 3.1 and assumption 2 we derive the uniform

convergence in an interval a < x <b of Sw G™(x — t)p(t)dt and

therefore
a R DT v

(5.2) f@ =" 6@ - vt
dx” —o

and

PADIf@) = | Gulw — tip(t)dt .
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o0

To complete the proof we remember that S G.(t)dt = 1 and therefore

—o00

PADIF @) = 9(@)] = || Gulo — Blplt) — pla)lat]

_ '{S“ + S”” + S;W}G;n(x — t)a(t)dtl =1+ 1+

—oo z—d z+4d

where «(t) is given by a(t) = St [p(v) — p(x)]dv. Using (3) one can

choose ¢ so that for (x — ¢) £ 0 |a(t)| < e]x — t| and therefore

L s e jeue -l — tlat = <] GL@)v]av

z

—d
= sziNilamHiz : SaveXp(‘—%cos’wlamHl”)dv

=1 0

3 1 1
< ¢2 3 Nifo |auui] exp(— 2-cos ¥ (@il 0) - 2 - (o8 )

+ 4 (cos ’1/[)—2} .

For any fixed 0 |a@,..;]exp(—1/2co8 ¥ |a,+;]0) = o(1) m — oo, Using
(2) |a(t)] < Ke" for t =0 and |a(t)] < Ke+9" for ¢t <0 and
therefore

max(z+d,0) 3

L] < Koo 32N, | @] exp (% €08 ¥ || )
i=1

z4+8

+ éKNz | s | S‘”

max(z+3,0)

exp (— % COS Y | Qs t)e“z—s”dt .

Since lim xe=** = 0 for a > o we obtain I, = o(1)m — o and simi-

00

larly I, = o(lym — oo,

REMARK 5.1.a. Condition (2) can be replaced by a milder condi-
tion (2*) when there are only simple roots on Rez = a, and Rez = a,.
2*) |a(t)] £ Ky(t)e™ for t < 0 and |a(t)| < Ky(t)ex' for t = 0 where

oo

x(t) > 0 and S x(t)dt < oo, In the proof the only change is in show-

ing the uniform convergence (on a finite interval) of (5.2).

If for some G(t) @, = —oco then for G*(t), G*(t) = G(—t) a, =
and vice versa. We shall treat therefore such kernels for which
o, = —oo, For the inversion result we shall need the following lemma.

LEMMA. 5.2. If conditions (a) and (b) are satisfied and o, = — oo,
then G(t) = 0 for t = 0,
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Proof. Let [1 — sfa;]™ = Sw e*g,(t)dt, then since Rea; > 0

ae"’ t<0

MO:{O t>0

Define G%(t) = g, x g, * + -~ * g,(t), it is clear that G}(t) =0 for t >0
(by induction) and that

Gﬂ@_._LWm w[ﬁ( i)]ﬂk.

27T’L —i0o k=1 a

We have, for all m
G@:EGmwm—wm:YGmmm—mw

|G = 19:( ) []g2( )% v 5| gu(D)]

el Byk ook hy(t
I=I Rea; * * fin(2)
where
Re a, exp (Re a;t) t<0
hit = .
® % t>0

It is well known that |A, % .- % %,(t)] £ min Rea, (see [5, p. 138])
1<k=m

and that for m = m, min Rea, = a,. Therefore for m = m,
1<ksm

a;| = (cos y)~ [Re a;]) .

Since we have

60| S a - (cos 9y _1Gu(t = v)|dv
= a,(Cos )™ - STIGM(UH dv
using Theorem 4.1 we obtain for ¢ > 0
[G(0)] = au(eos ¥)™ - 2cos ¥)~{ Myexp (— 3cos ¥ [ausllt])
-+ Mzexp(— %coswiamﬂHtI)] .
Condition (b) implies for every ¢ == 0

(cos ¥)~™ exp (— % COS VY |Qpys]|t |> = o(1) m — co
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for ©=1,2,... ., Therefore G(t) = o(1) m — o for ¢ > 0 and being
independent of m G(t) = 0 for ¢t > 0. Since G(t) € C*(— o0, o0) G(t) = 0
for ¢t = 0 also.

THEOREM 5.3. Suppose:
(1) Conditions (a) and (b) are satisfied.
(2) a, = —oo, @(t) is defined for t = M and ¢(t) € L (M, R) for all

R < oo a?’bd St q)(t)dt é Ke(az—s)t.
M

(3) Conditions (3) of Theorem 5.1 is satisfied.
Then for x > M

(5.3) lim P,(D)f () = ¢(2) .

Proof. The proof is almost identical to that of Theorem 5.1,
but for the convergence of

S‘” G(@ — typ(t)dt and S” G — Op(t)dt
we have to use also Lemma 5.2 (remembering that G,(t) satisfies also
conditions (a) and (b) and «, = —co and therefore G,(t) = 0 for ¢t = 0).
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