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TORSIONFREE INJECTIVE MODULES

Mark L. TEPLY

The usual torsion theory for modules over an integral do-
main has the following well-known property:

(A) Any direct sum of torsionfree injective modules is
injective,

This property does not always hold for torsion theories
over a more general ring . The main theorem of this paper
determines nine necessary and sufficient conditions for (A) to
hold in the setting of more general torsion theories. In the
cage that every module is considered to be torsionfree, then
the conditions in the main theorem reduce to well-known con-
ditions for the ring R to be left Noetherian., If a hereditary
torsion theory satisfies (A), then its associated torsion filter
possesses a cofinal subset of finitely generated left ideals. As
applications of the main theorem, the torsionfree covers of
Enochs are generalized to more general notions of torsion over
more general rings, and then it is shown that the class of R-
modules for which the torsionfree quotient with respect to the
Goldie torsion theory is injective forms a torsion theory if and
only if property (A) holds for the Goldie torsion theory of
R-modules,

In this paper all rings R are assumed to possess a unit element
1, and all R-modules are left unitary modules.

Before proceeding, we review from [3] the definition and properties
of a torsion theory for R-modules: A torsion theory (7, & ) consists
of a pair of classes of R-modules satisfying the following axioms:

(1) g n& =0.

(2) If T—-A—0 is exact and Te 7, then Ae 7.

(8) If 0-~A— F is exact and Fe &, then Aec &,

(4) For each R-module X there exists an exact sequence 0—

T—X—F—0 with Te 9 and Fe #.

7 is called the torsion class, and & 1is called the torsionfree
class. The torsion class .7~ is closed under homomorphic images,
direct sums, and extensions, i.e., 0—A4—X-—-B-—0 exact and
A,Be 7 imply Xe. 7. The torsionfree class .&# 1is closed under
submodules, direct products, and extensions.

A torsion theory (.7, &) is called hereditary if it has the follow-
ing property: If 0 — A — T exact and Te. 7, then Ae 7. A torsion
theory is hereditary if and only if & is closed under injective enve-
lopes, i.e., Fe & implies E(F)ec . With each hereditary torsion
theory, there is an associated topologizing and idempotent filter of
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left ideals: F(9") = {L|L is a left ideal of R, R/Le.}. We shall
consistently use F(Z7) to denote the filter associated with .. For
a hereditary torsion theory, (7, %), Rxe .o if and only if Iz =0
for some I'c F(77). .7 (M) denotes the torsion submodule of M e ,_.

1. Any direct sum of torsionfree injectives is injective. For
brevity in the sequel, we call a homomorphism ¢: 4A—&P ... F. a
finite homomorphism (FH) if ¢(4) has nonzero coordinates in only
finitely many {F.}uc..

Now we prove a technical lemma:

LemMa 1.1. Let (7, % ) be a hereditary torsion theory. Let
Ry lLcLcLc-.-- be a countable infinite ascending chain of
left ideals of R, let I = Uz, I, let {F,}..., be a collection of torsion-
free injectives, and let ¢:1— P Siacw F, be a homomorphism such
that ¢ |1, is (FFH) 1. If there exists I, such that I/l € 7, then ¢
can be extended to a homomorphism fi1 BR— D Duew F. and f is (FH).

Proof. Consider the diagram:

®) st | f
O I

Since ¢ | I, is (F'H), there exists f making (B) commute. Since both
¢ and f|1 extend ¢ |, then I,Sker(p — f|I). Hence ¢ — f|I
induces a homomorphism 6: 1/, — @ >ew F.. Since I/I,e¢. 7 and
D SuewFoe 5, then § =0 and ¢ = f| .

Given a hereditary torsion theory (7, &), we call a left ideal
of B an . -ideal if it is the order ideal of a generator of a torsion-
free cyclic R-module, i.e., L is a & -ideal if and only if Le{K|R/
Ke %7} if and only if ® € R — L implies (L :z) ¢ F(77). Given a set
of & -ideals we can determine the filter F(F) to be {I/I is a left
ideal of R; ISJ and J is & -ideal—=J = R}. Conversely, given
F(Z7) we can determine the .& -ideals to be

RU{I|(I:meF (7 ) reR}.

Note that & is closed under homomorphic images if and only if the
following property holds: [ is an & -ideal and I< K implies K is
an F-ideal.

We now come to our main theorem:

THEOREM 1.2. Let (7, %) be a hereditary torsion theory.
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Then the following are equivalent:

(1) Any direct sum of torsionfree injective modules is injective.

(2) Any direct sum of countably many torsionfree injective
modules is injective.

(8) R has acc on F -ideals.

(4) IfLLcLcI,C ---is a strictly increasing countably infinite
chain of left ideals of R, then there exists an integer r such that
Uz Ll e o .

(5) If 9 (RclLcLcl,c ---1is a strictly increasing countably
infinite chain of left ideals of R, then there exists an integer r such
that (U, L)/ € 7.

(6) Every torsionfree injective module is the direct sum of
indecomposable modules.

(7) There exists a cardinal number ¢ such that every injective
element of F 1s a direct sum of modules each of which is generated
by ¢ elements.

(8) There exists a cardinal number d such that every injective
element of S 1s a direct sum of injective envelopes of modules
each of which is generated by d elements.

(9) There exists a cardinal number ¢ such that each injective
module in F 1is contained in a direct sum of modules each of
which is generated by ¢ elements.

REMARK. In case 7~ = {0}, then every left ideal of R is an
& -ideal. Hence as a special case of Theorem 1.2 we get the following
for 7~ = {0}:

(1) = (2) = (3) is [5] Theorem 0.1 (Bass, Cartan, Eilenberg, Papp).

(1) = (6) is [5] Theorem 0.3 (Matlis, Papp).

(6) = (1) is [5] Corollary 1.3 (Papp).

(1) = (7) is [5] Theorem 1.1.

(1) = (8) is [5] Corollary 1.2,

1) = (9) is [5] Theorem 3.1.

Proof of Theorem 1.2. (1) = (2): Trivial.

2)=@3): Let [,cL,cI,c ---be a countably infinite strictly
ascending chain of & -ideals. Then I, = (0:«,) for some Rx;e &,
and hence E(Rx;)e & . Set I = Uz, I; and F = @ X\, E(Rx;). Note
that Ix; = 0 for all 4. Define f:I— F via f(y) = (yx;) for all yel.
By (2) there exists ze F' such that f(y) = yz for all yel. But z is
nonzero in only finitely many coordinants of F, and hence f(I) is
nonzero in only finitely many coordinants of F. This contradicts
Iz; # 0 by the definition of f. Thus R must have acc on & -ideals.

3)=(4): Let I,cl,cIl,cC --- be an infinite ascending chain.
Define K; by K,/I,= 7 (R/I;), Then R/K; = (R/L)/(K;/L)e &# , and
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KSKEK,S---. By (3) there exists an integer 7 such that
= Thus wLeUr K, = K,. Hence [Uzn, L)/, <
K,/I.e 7.

(4) = (5): Trivial.

(5) = (1): Let I be a left ideal, {F,}..w & set of torsionfree in-
jectives, and ¢ :I— B D, F.. It is sufficient to show that ¢ can
be extended to a homomorphism from R to D D...w F.. Since
P Suew Foe s, then ¢| 7 (I) =0, so we can extend to I+ 7 (R)
by defining the extension map to be 0 on . (R). Furthermore, any
extension of ¢ to R, say f:R— D Deew F, has the property that
f19(R) =0. Thus we may assume .7 (R) & 1.

If I/.9 (R) is finitely generated, then ¢ is (FH) and hence we
can extend ¢ as desired. If I/ (R) is not finitely generated, then
choose ;€ [ (1 =1,2,8, ---) such that 7 (R)c 9 (R) + (z,| € 9 (R) +
@, | Ceees Set J, =9 R)+ Ui (@, sy -+, . If I=J, then
we are done by (5) and Lemma 1.1, If I J,, we proceed by (trans-
finite) induction.

Suppose S is not a limit ordinal.

Case 1. 1I/J,_, is finitely generated. Set I, = I. By induction
hypothesis there exists (FH)fs_,: B— @ Daew F.such that f,_, | J;_, =
o |Js. Since I/J,_, is finitely generated, it follows that ¢ | [ is (F'H),
and hence we can extend ¢ as desired.

Case 2. I/J,_, is not finitely generated. Choose z,,e€l (¢ =1, 2,
3, ---)such that J,_, CJo_, + (%5, ]| TSy + @y, Xpy | S --+ . Set Jy =
Jon + Ui (®s1, @pay =+ +y &, | . By (5), the induction hypothesis, and
Lemma 1.1, it follows that ¢|J, is (FH).

If £ is a limit ordinal, then let J;, = >..;J,. Suppose ¢|J; is
not (F'H). Then there exists a sequence {v;} such that

(1) m<Bwv1

(il) 7 < j implies v; < 7v;

(iii) ¢(J;;) has nonzero coordinates in at least ¢ of the {Fl}..y.

If U J;,cJ; (properly), then there exists o < 8 such that

7. J;,&J,. Hence ¢|J,is not (FH), a contradiction to our induction
hypothesis. Hence Uz, J;, = J;. So using (5) and Lemma 1.1, it
follows that ¢|J, is (F'H), a contradiction to our assumption. Thus
¢|Js is (FH) as desired.

By induction it follows that ¢| I is (¥FH), and hence ¢ can be
extended as desired.

(1) = (6): Any torsionfree injective R-module M has the follow-
ing property whenever (1) holds:

(C) Every union of an ascending chain of direct summands of M is
a direct summand of M.
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To see this, we argue by transfinite induction: Let {M,}.,., be an
ascending chain of direct summands of M whose union is N. Choose
2,€ N. Then x,¢ M, for some acl. But M, is a summand of M,
and hence M, is injective. It follows that E(Rx)< M,. Suppose v
is not a limit ordinal, and suppose that E(Rz;) =N have been con-
structed for B < v such that 3., , E(Rx;) is direct. From (1) it
follows that >\, , E(Rx;) is injective and hence is a summand of N.
Write N = X, E(Rx;) K, and choose z,¢ K. Then z,¢ M, for
some «, so again E(Rx,) S M,< N; moreover, >,,., E(Rx;) is direct.

If v is a limit ordinal, consider 3., E(Rx;), where 3., E(Rx;)
is direct for any o < v. If ze E(Rx;) N Diser, pes BH(Rx;5), then

ve B(Rw) N 3, E(Rx,)
eF

where F' is a finite subset of I such that /¢ F implies that 8 < 7.
Then 2 = 0, and hence X;., E(Rx;) is direct. By (1), D D, E(Rx;)
must be an injective submodule of N, and hence E(Rx,) can be con-
structed in the complementary summand of & >;., F(Rx;) as before.

By transfinite induction it follows that N = @ >, .; E(Rx,) for
some ordinal 8. Then by (1) N is injective and hence a summand
of M.

Using property (C), the proof of (1) = (6) is an easy modification
of [8] Theorem 1.

(6) = (1): This follows by an easy modification of the proof of
[8] Theorem 2.

{6) = (7) = (1): Since .&# is closed under products and submodules,
this follows by an easy modification of the proof of [5] Theorem 1.1.

(7) = (8): Trivial.

(8) = (7): By (8), each injective module in & 1is a direet sum
of injective envelopes of homomorphic images of modules

) O RIL,

where I, is an & -ideal and |w| = d. Since there is only a set of
& -ideals, then there is only a set of modules of the form (*). Since
each module of the form (*) has only a set of submodules, then there
is only a set of nonisomorphic homomorphic images of modules of the
form (*). Let {K;| 8 e .<#} denote this set of isomorphism classes of
homomorphic images. Then each E(K;) is generated by ¢ = 3. | E(K}) |
elements.

(7) = (9): This follows by an easy modification of the proof of
[5] Theorem 3.3.

COROLLARY 1.3. Let (7, %) be a hereditary torsion theory.
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If R/ (R) is a left Noetherian ring, then any direct sum of
torsionfree injective modules 1s injective.

F. Anderson has pointed out (oral communication) that the proof
of (2) = (3), which is a modification of an argument of Bass, can be
easily modified to give the following result:

COROLLARY 1.4, Let I be a class of injective R-modules. If any
direct sum of modules in I is injective, then R has acc on the
annihilators of modules im I. Let J be a class of R-modules with
the property that MeJ implies EM)eJ. If any direct sum of
wngective modules in J is injective, then R has acc on the annihila-
tors of modules in J.

A filter F(.97) of left ideals for a hereditary torsion theory (.7,
) is said to have a cofinal subset of finitely generated left ideals
if, for each Ie F(7), there exists a finitely generated left ideal J = I
such that Je F(.97).

THEOREM 1.5. Let (&, ) be a hereditary torsion theory. If
the direct sum of torsionfree injectives 1s imjective, then F(7) has
a cofinal subset of finitely generated left ideals.

Proof. Let Ie F(.") with I not finitely generated. By trans-
finite induction we shall construct a strictly increasing chain {I, },.y
of left ideals contained in I, each of which possesses of finitely generated
left ideal J, such that I,/J,c .7 .

Choose x,e€l (1 =1,2,---) such that (z,| C (@, | C (@, &,
Xy ee-. Set L=Ur @y, ++-,2,|. By Theorem 1.2 (4) there
exists J, = (%, -+, %, | such that I/J, e . If I, = I, we are done.
If not, construct as follows:

Suppose « is not a limit ordinal. We can consider two cases:

Case 1. I/I,_, is not finitely generated. Choose ;€ 1(: =1,2,---)
such that I, C I, + (#n] Cliy + (Rayy Xae | C -+ . Set

Ia = LJI(;UHU ) xan | + Itx-—l-
n=

By Theorem 1.2 (4) there exists K = (2, + -+, %, | for some m such that

I/JK +1_, e . By the induction hypothesis there exists a finitely

generated left ideal J,_, such that I,,/J €. . Then observe that
,I“,—,l +I{, —

et T2 =[]+ (KNI
A [+ ( )

is a homomorphic image of I, ,/J ¢.9 . Hence

a—1
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L’:l:i,_ K c.v .
Joo + K

So from the exact sequence

0_%Ia_1+K_> L., L. _

Ja—«l + K Ja——1 ”;’ K Ia—l + K
it follows that I,/J _, + Ke.o . Set J,=J,,+ K. Since J, is
finitely generated as a left ideal, we have the desired I, and J,.

Case 2. 1I/I,, is finitely generated, say by {y; + I,_,|* =1, 2,3,
--+,N}. Set I,=1 and J,=J.;, + (Y1, Yo, =+, Yy |. Then J, has
the properties: J, is finitely generated and I,/J,€.7 .

Suppose « is a limit ordinal. Then let I, = >,..1,. Define K,
by K,/I, = 7 (R/I,). Then {K,} is a set of & -ideals. Let v, be
the first ordinal < « (if it exists) such that I, ZK,. Let 7, be the
first limit ordinal < « such that I,, £ K, . Proceeding inductively we
obtain a chain K,Cc K, c K,,C ---. By Theorem 1.2 (8) E has acc
on & -ideals, and hence the chain must stop, say at K; (8 = v, for
some m.) It follows that I, K,; and hence I,/I,€.9, since &
closed under submodules. By induction hypothesis there exists J;
such that J, is finitely generated and I,/J,€.9". Thus the exact

sequence

00— I’G -——».Z“’_——y Ia

Js Js I;

implies I,/J,e. .7 . Setting J, = J;, we have our construction for the
limit ordinal case.

By induction it follows that I = I, for some ordinal 8. Thus the
exact sequence

0 I/, — R/, — RIT—0

implies R/J;e. 2", and hence J,e F(.97).

To see that the converse of Theorem 1.5 does not hold, we give
the following example: Let I be a non-Noetherian ringand R = K+ I
(ring direct sum). As in [6] we can construct (9, & ) via 9 =
{M|IM = 0} where I = Nzer~ L. Then F(.27) has a cofinal subset
of finitely generated left ideals (we can always use I which is generated
by the unit element of I), but the direct sum of torsionfree injectives
will not always be injective.

For the case that &# 1is also TTF class studied in [6] (i.e., F
is closed under homomorphic images) we obtain:

ProprosiTioN 1.6. Let (9, &) be a hereditary torsion theory
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such that . is closed under homomorphic images. Then the follow-
ing are equivalent:

(1) Any direct sum of torsionfree injectives is injective.

(2) R/ (R) is a left Noetherian ring.

In the case that a hereditary torsion theory has .9~ closed under
injective envelopes and .# closed under homomorphic images, rings
for which any direct sum of torsionfree injectives is injective take a
particulary nice form. This will be a consequence of Proposition 1.6
and the following proposition which is of interest in its own right:

ProposiTioN 1.7. If (9, &) is a hereditary torsion theory such
that .7~ is closed under injective envelopes and .&# is closed under
homomorphic images, then .o (M) is a direct summand of M~ Me 7.

Proof. Let Me .. If M is an essential extension of .7 (M),
then Me. 7 ; and hence M has . (M) as a trivial direct summand.
If M is not an essential extension of .97 (M), then there exists a
nonzero submodule N of M maximal in the property that N N .7 (M) =0.
Clearly N 9 (MYS M. M/N + 7 (M) is a homomorphic image of
M/ .7 (M) and hence is in # . But M/N is an essential extension of
F (M) + N/N = .9 (M)e.7, and hence M/Nec.7 . Since .7 closed
under homomorphic images, it follows that

M/IN+ 9 (M)e g N =40.
Therefore M = 7 (M) B N are desired.

COROLLARY 1.8. Let (9, ) be a hereditary torsion theory
such that # s closed under homomorphic images and .7~ 18 closed
under injective envelopes. Then the following are equivalent:

(1) Any direct sum of torsionfree injective modules s injective.

(2) R=97 R+ N (ring direct sum) where N is a left
Noetherian ring.

2. Torsionfree covers. In this seection all torsion theories con-
sidered will be hereditary.

To generalize the notion of torsionfree covers of [4], we need a
definition of ‘‘purity’’ for R-modules such that pure submodules have
the following property: If Fe.&# , then N is a pure submodule of
F if and only if F/Ne. & . So select any definition of purity for
which this property holds. Such definitions exist in the literature;
for example, see [7] Proposition 6.2.

ProprosiTION 2.1. Let F'e ¥ . Then:
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(1) N is pure in F if and only if F/Ne & .

(2) If ASGBS F, A pure in F, and B/A pure in F/A, then B is
pure in F.

(3) If F(27) has a cofinal subset of finitely generated left ideals,
then the union of a chain of pure submodules of F' is pure in F.

Proof.

(1) By definition of pure.

(2) Apply (1).

(3) By (1) it follows that N is pure in FFe & if and only if
the following property holds: If e F — N and Ie¢ F(9), then
Ix £ N. Suppose {F,}.. is a chain of pure submodules of F, but
Usew F, is not pure in F. Then there exists x € F — J,on F, and
Ie F(Z) such that It S .. F.. Since F(77) has a cofinal subset
of finitely generated left ideals, then there exists J = I'such that J e F(.9)
and J is finitely generated. But then Jx & {J... F. and J finitely
generated implies there exists Ge€ W such that Jz E F';, contradicting
the purity of F; in F.

We now define a torsionfree covering of an R-module M as an
R-module T(M)e & together with an epimorphism ~: T(M)— M
such that

(*) ker 4 contains no pure submodules of T(1)

(**) For each homomorphism ¢ : '— M with Fe & there exists

f:F—T(M) such that o f = ¢.

Using the fact that 7 closed under submodules implies & is
closed under injective envelopes, we have the following lemma by the
same methods of proof used by Enochs [4]:

LEMMA 2.2. Let Re. % . Then:
(1) If v: M — M satisfies (**) and NS M, then

v IYT(N) iy T(N) — N

satisfies (**).

(2) If M is injective, then + : M’ — M satisfies (**) if and only
if, for every homomorphism ¢:F — M with FFe & and F injective,
there exists f: F— M' such that of = .

(3) If & : M — M satisfies (**), N pure in M’, and N S ker +,
then 1 M'|N — M satisfies (**).

LEMMA 2.3. Suppose that any direct sum of torsionfree ingjectives
is injective, and let Re. &% . Then for every R-module M, there
exists a eprmorphism + : M’ — M satisfying (7).
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Proof. By Lemma 2.2 (1), we may assume M is injective; so by
Lemma 2.2 (2), we may assume Fe. ¥ is injective where ¢ : F— M,
{K,| a e w} donotes a set of representatives of the isomorphism classes
of injective hulls of cyclic R-modules in % . Since any direct sum
of torsionfree injectives is injective, it follows that F =@ ... K,
where <# is an appropriate index set. Let I(a) = Hom (K,, M), and
let K,, be a copy of K, for each o € I{ex). Define M' =P Duew Dioerta) Kao,
and define + : M’ — Mvia+ | K,, = 0. Then we can define f': F— M’
in the obvious way such that o f = ¢. Hence (**) is satisfied. Since
Re &, 4 is an epimorphism.

THEOREM 2.4, Let (7, 5 ) be a hereditary torsion theory with
the following properties:

(1) Re 7.

(2) Any direct sum of torsionfree injective modules is injective.
Then every R-module has a unique torsionfree covering.

Proof. Using the results developed in this section, the existence
part of the proof proceeds as in [4] Theorem 1. Uniqueness: Suppose
WM —M and " : M"— M are torsionfree covers of M. Then
there exists f: M’'— M"” with Ker f= K and +' = +"of. Clearly
K<kery'. Let xeM — K. If In= K for some Ie F(9), then
0 = f(Ix) = If(x). But then M”" ¢ &% and Iec F(o ) implies f(z) =0
and hence z e K, a contradiction. Thus Ix £ K, and hence K is pure
in M’. Since M’ is a torsionfree cover, then K = 0. Thus f is an
isomorphism and Card (M') < Card (M"). The rest of the proof follows
by a Zorn’s lemma argument as in [4] Theorem 2.

REMARKS. (i) The hypotheses of Theorem 2.4 are satisfled by
the usual torsion theory for modules over an integral domain.

(ii) Hypothesis (2) of Theorem 2.4 is satisfied for every heredi-
tary torsion theory of modules over a left Noetherian ring. Thus,
for R left Noetherian, Theorem 2.4 holds for the E(R)-torsion theory,
i.e., the smallest torsion theory for which E(R) is torsionfree (see [6]).
Also for left Noetherian rings with zero socle, Theorem 2.4 holds for
the simple torsion theory of Dickson, i.e., the smallest torsion theory
for which all simple modules are torsion (see [3]).

(iii) In order to insure that + is epic in Theorem 2.4, it is
necessary to impose a hypothesis such as (1). For if R has left dce,
then the simple torsion theory [3] satisfies all the hypotheses of
Theorem 2.4 except (1), but 0 is the only module which as a torsion-
free covering. Also the Goldie torsion theory, (&, &), i.e., the
torsion theory whose torsion class is generated by all factor modules
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B/A with B an essential extension of A (see [1]), for modules over a
ring R = 2(R) + S (ring direct sum) where S is semisimple with
minimum condition satisfies all the hypotheses of Theorem 2.4 except
(1), but the class of R-modules possessing a torsionfree cover coincides
with & .

(iv) For another generalization of Enoch’s work using Utumi’s
rings of quotients, see [2].

3. Goldie torsionfree injectives. The Goldie torsion theory,
(=7, &) is the torsion theory whose torsion class < is generated by
all factor R-modules B/A with B an essential extension of A (see [1]).
The torsion class <7 is closed under submodules and injective envelopes,
and hence .# is also closed under injective envelopes. In [1] Alin
and Dickson show (Theorem 3.1) that A/<r(A) is injective for all
R-modules A if and only if R = 2/(R) + S (ring direct sum) where
S is semisimple with minimum condition. In this section we propose
to study the class .&¥ = {A| A/<7(A) is injective} of modules over
an arbitrary ring with unit.

In [1] the first Goldie torsion derived functor of an R-module A,
which is denoted by Gold' (A4), is defined as follows:

Gold! (4) = Eff) / E(,@(i)) +4

From this formula it follows easily that for any R-module A4, A/ <7 (A)
is injective if and only if Gold' (4/<=(4)) = 0. [1] Theorem 1.2 shows
any exact sequence 0 — 4 — B— C— 0 induces 0 — <(4) — 2(B) —
2(C) — Gold' (4) — Gold* (B) — Gold* (C) — 0 exact.

ProrosITION 3.1. (1) ¥ ={A|A/=(A4) is injective} is a class
closed under homomorphic images, extensions, finite direct sums, and
injective envelopes.

(2) <~ is a torsion clags if and only if any direct sum of <-
torsionfree injectives is injective.

Proof. (1) These properties are easily verified using the results
of [1].

(2) By (1), & is a torsion class if and only if & is closed
under (arbitrary) direct sums. Suppose the direct sum of < -torsion-
free injectives is injective, and let {A,}..» be a set of elements of
<. Then A,/<7(A,) is injective, and so @D D..w 4./ =2 (4,) is injec-
tive by hypothesis. Thus Gold' (B .. 4./ Z(4.)) = 0, and hence
B Dew Ao/ Z(A,) € &©. Also

Gold' (6 a;,v (4A,) = Gold" (=(6d ;W 4,) =0,
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and hence P 3..» 2 (4,) e . But the exact sequence
0“—’@“% Q(Aa)—*@a% Aa'—"@a;y A/ 2(A)—0
induces the exact sequence

0 = Gold' (6p ZW 2(4A,))— Gold' (D %VAQ) — Gold" (P ;,V A/ =Z(4A) = 0.

Hence @@ >..w A, € & by exactness.

Conversely, if <~ is closed under direct sums, then the direct
sum of <r-torsionfree injectives, being both <-torsionfree and in
&2, is injective.

As in [1] we call Fe & <r-absolutely pure if AD Fand Ae &
imply A/Fe. & .

ProposITION 3.2. (1) If < is closed under products, so is <~.
(2) The following are equivalent:

(i) < is closed under submodules.

(ii) <~ is all R-modules.

(ili) R = «2(R) + S where S is semisimple with minimum con-
ditions.
(3) The following are equivalent for AS B, Be <~

(i) Ae .

(ii) A/=(A) is =r-absolutely pure.

(iiiy B/A + =7(B) is <r-absolutely pure.

Proof. (1) Let {A,|ac W} be a set of elements of <. Then:

(rA) + 7A,
TA,

=11 [Eﬁa) JABAD £ Le | = 11 Gold: (4,) = 0.

aeW

a

(2) This is easily verified using [1] Theorem 3.1.
(3) (i)==(ii) is immediate from [1] Proposition 1.4,
The exact sequence

0—A/2(A)— B/<(B)— B/A + =7(B)—0
induces the exact sequence

2(B|2(B)) —» Z(B/A + 2/(B)) — Gold' (4/ Z(4)) —
Gold! (B/=(B)) — Gold* (B/Z7(B) + A) — 0.

Since B e &, this sequence reduces to

0 — 2(BJ/A + 2(B)) — Gold' (4= (4)) — 0 — Gold" (B/=z(B) + A) — 0
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from which (ii) = (iii) follows by [1] Proposition 1.4.

PrOPOSITION 3.3. Let &~ be a torsion class. Then:

(1) V=Nrer (0:F)=Nres (0:EF)) and there exists Ge F
such that 0:G) = V.

(2) <~ is the smallest torsion class containing <7 and the in-
jeetive R-modules.

(3) The torsionfree class corresponding to .o~ is

{B|Gold' (C) # 0 for all nonzero CZ B} .

Proof. (1) Let {I,|]ac W} be a set of representatives of the
injective hulls of the cyclic elements of .# . Setting G = D Duew 1,
the claim can be easily verified.

(2) Clearly, & contains <7 and the injective modules. If
Ae ¢~, then it follows from the exact sequence 0— <(4)— A —
Aj<7(A)— 0 that A is in the torsion class generated by <7 and the
injectives.

(3) This is easily verified.
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