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This paper considers three transforms of a complex series
Ya,: namely, (1) Aitken’s &*-transform 3b,, (2) Lubkin’s W-
transform 3¢,, and (3) a closely related transform Xd, which
the author calls the Wl-transform and for which Y7 d, =
Setter. If aw-y #0, set r, = a./a,-. If, moreover, 2a,
converges, define T, = (a, + @p+1 + ***)/as—; and let MR(Za,)
be the class of all series converging more rapidly to the sum
S = Za, than Ya,. Some of the results proven in this paper
are as follows:

(1) Ifb,/a,— 0,then the three conditions (i) 36, ¢ MR(Xa,),
(ii) Xe,e MR(Xa,), and (iii) ¥d.€ MR(2a,) are equivalent,

(2) Xb,e MR(Xa,) if and only if 4T, — 0.

(8) If |ra] = o <1 for all sufficiently large %, then the
three conditions (i) Xb, ¢ MR(3a,), (ii) 4r, — 0, and (iii) b./a,—
0 are equivalent,

Samuel Lubkin has given several sufficient conditions for
2b,e MR(Za,) in case Xa, is a real series. The third result above
contains a generalization of one of his results to the complex plane
while relaxing some of his hypothesis.

The following results on complex products are also proven:

(4) If the sequence {l/a, — l/a,_;} is bounded, then the product
IIr (1 + a,) diverges.

(5) Suppose that |r»,| < 0 <1 for all sufficiently large » and
a, # —1 for all n. Then a necessary and sufficient condition for the
o*-transform to accelerate the convergence of the infinite product
I (1 + a,) is that 47, — 0.

The notations and definitions set forth in Tucker [2] will be used
in this paper. In vparticular, S, =a,+ a, + -+ + a,, Xa, = > a,,
and S = Ya, if Ya, is convergent. Given a second series Ya, we use
the notation S, =a,+ --- + a,, v, = a,/a,_, for a,_, = 0, S'=23a/, and
T, = (S — S,_)/a,_, for a,_, #+ 0. Likewise, given a “transform se-
quence” {a,}, a, complex, we set S,, = S, + @11, 1, for n =0, a,=
Sep = @y + a,&,, and a,, = S,, — Sam_y for n =1,

The transform sequences associated with the 62, W, and W1 trans-
forms are defined respectively as follows:

(1) a,=11~-r),nz=1l,

(ii) a, = —ajasa, =1 —r,_)/1 —2r, + r,_7,), n = 2,

(i) @, =1 —7r, )/ =2, + 1,7,0), 0 =L

Whenever division by zero occurs in (i), we set «, = 0. We do
likewise for (ii) and (iii). As in Tucker [2], we retain the notation
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{8,} for the f*transform sequence, and if “*” denotes any relation,
the notation “*.” means that * holds for all sufficiently large n and
“*:” means that * holds for infinitely many positive integers #.

In what follows, the author is generally interested in the interrela-
tionships between the conditions (1) 2b, ¢ MR(Za,), (2) Ze¢, € MR(Xa,),
3) Xd,e MR(Za,), (4) b,/a,—0, (5) 4T,—0, (6) 4r,—0, () |r.]| =.
B for some B, and (8) 0 < B <. |1 — r,| for some B. Also, the no-
tation 2b,, Je¢, and Id, specified in the first paragraph for the respec-
tive 6%, W and W1 transforms will not be used in what follows,
Instead, the appropriate 3a;, or Ya,, notation will be employed.

The following two theorems, the second in particular, are helpful
when investigating acceleration.

THEOREM 1. Suppose that Za, is a complexr series, {b,} is a
complex sequence, and Xa, 13 a series with partial sums S, =. S, +
by:i. Then Za, e MR(3a,) if and only if b,., ~ S — S,—0.

Proof. If either condition holds, then
§S-8,=.8-8,+b,sy#.0,

so that b,.,/(S—8,) + (S—8,)/(S—S,) =.1. Thus (S—8,)/(S—8,)—0
and S— S,—0, if and only if, b,.,/(S—S,)—1 and S — S, — 0; but
this is equivalent to b,,, ~ S — S, — 0.

From Theorem 1, we see that the class of all sequences {¢,} such
that Ya, € MR(Xa,), where S|, = S, + ¢,+,, 1S completely determined
by one such sequence {b,}; the required condition being that ¢, ~ b,.
Similarly, we now show that if Ya,, € MR(Ya,), then Ya,, € MR(Za,),
if and only if 8, ~ «,.

THEOREM 2. Suppose that Xa,, € MR(Za,). Then Xa,;, € MR(Za,)
if and only if B, ~ «,.

Proof. From Theorem 1, a,.&,..~ S — S,— 0. Hence, from
Theorem 1, Xa,, € MR(Za,) if and only if @,,,8,+. ~ S — S,, and this
is equivalent to @,.,8,+1 ~ @p1.®uys, that is, B,y ~ @, .

Lemma 3. If 1 —r )1 — 7)) =0, then a;,ja, =1/1 — r,.,) —
1/(1 - Irn) = Irn+l/(1 - Tn—%—l) - /rn/(l - /r'n) = (rn-H - ,r'n)/(l - Tn)(l - /rn-H)'

Proof. Since r, =1 and »,,, + 1, we have 4, = 1/(1 — r,) and
5n+1 = 1/(1 - /rn+1)° Thusy aﬁfn/an = (an =+ an+l6n+1_ anan)/a’n =1 + Tn+15n+1 - Bn =
Tu +l/(1 - Tn-%-l) + 1 - 1/(1—" ’rn) - ’rn+1/(1 - /rn+1) _/rn/(l - ,rn) = [’rn-l-l(l _rn) -
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P (=7 ) /A=) A =7,0) = o — 1)/ A=1)L~7,1) = /A — 7,.) —
1/(1 - /rn)'

We now establish a relationship between the &é°-transform and
the W1-transform.

THEOREM 4. Suppose that a,,/a,— 0. Then Za,,c MR(Za,) if
and only 1f Za,.,€ MR(Za,), where a, =.(1—7r, ) A — 27,4, + 7,7 0s0)-

Proof. Suppose that Xa;, € MR(Za,). From Lemma 3,

1- 27'n+1 + Pl = (1 - ,r'n)(l - T'n+1) - (/rm.+1 - ’rn)
= (1 - 7'”)(1 - 7‘71,+1) * [1 - (/r'n-H - ’r'lb)/(l - 7'”)(1 - ,rn+1)]
= (1 - ’rn)(l - 'rn+1)(1 - a&n/a’n) . 0.

Hencey an/gn = (1’—7',”)(1—7',,,+1)/(1—2’I"n+1+’l”n1”n+1) . 1/(1 - a&n/an) - 1'
From Theorem 2, Xa,, € MR(Za,).
Suppose that Za,, ¢ MR(Za,). Then 7, .1, so that

an/an = 1/(1 - a’ﬁn/an) - 1
and, from Theorem 2, Xa,, e MR(Za,).

The same type of relationship is now established between the 6%
transform and the W-transform.

THEOREM 5. Suppose that a;,/a,— 0. Then Za,,c€ MR(Za,) if
and only if Xa.,€ MR(Za,), where &, =.(1L — r,_ )L — 27, 4+ 7._7).

Proof. Suppose that Za,, € MR(Za,). As in the proof of Theorem 4,
1-2r,+7r,rn=.(1—7,_)1 — 7)1 — @np/®n_] #.0.
Hence, _
/6, =.1—r,_)1—r)A—=-2r,+7, 7)) =.1/1— Gs0np/Cn_y) — 1.

From Theorem 2, Xa,,c MR(Za,).
Suppese that Ya,,c MR(Za,). Then r, =.1, and thus

@0, =. /(L — @snp/@n_s) = 1.

From Theorem 2, Ya;, € MR(Za,).
The next theorem helps to establish the significance of the quan-
tities T, when dealing with acceleration in general.

THEOREM 6. 2Xa,,c€ MR(%a,),a,~ T,/r,, and «,~1+ T,., are
equivalent.
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Proof. From Theorem 1, Ja,, € MR(Za,) if and only if a,..a,., ~
S — S, —0; and this is equivalent to @,.; ~ (S — S,)/@pr1 = Tris/Tnsse
Moreover, «, ~ T,/r, is equivalent to &, ~1+ T,,, since T,/r, =
1+ T,..

We now establish a useful algebraic expression for (S — S;._))/
(S — S,_) in terms of 4T,.

LemmA 7. If Xa, is a convergent series and n s a positive i1-
teger such that T,,, — T, = —1, then

(S = Ssa-)/(S = 8ard) = (Tass — To)/A + Tors — T,) .

Proof. From d —r)1+7T,,)=1+T,,,— T,+0,T,,,* —1
and r, #1. Thus S—-8S,..=a,1+ T,,) = 0. We then have
(S - S&(n—-l))/(S - Sn—-l) = (S - S'ﬂ—l - anan)/(s - Sn—-l)
= 1 - a’nan/(s - Sn—l)
S—S._.. 1-r T. 1.
— 1 — T'n/(l + Tn+1) i
1-7,/0+T,.) T,
=1- 1/(1 =+ Tn+1 - Tn) = (Tn+1 - T’IL)/(]' + Tn+1 - T’n) .

We now establish necessary and sufficient conditions for the 6% .
rocess to accelerate the convergence of a convergent series Sa,.
n

THEOREM 8. ZXa,;,€ MR(Za,) if and only if T,., — T, — 0.

1st Proof. From Theorem 6, Xa,, ¢ MR(Xa,) if and only if 4, ~
1+ T,., and this is equivalent to 1 + T,,)1 — »,) — 1, since 4§, =.
1/q - »,). Finally, 1+ T,,)@ — r,)—1 if and only if T,,, — T,—0,
gince T,,, — T,=.0 +T,,)01 —r,) — 1.

2nd Proof. If T,,,— T,—0, then T,., — T, . — 1. Thus, from
Lemma 7, (S — S;,-)/(S — 8S,-) = (Tpsy — T,)/Q + Thyy — T,)—0.
Conversely, suppose that (S — S;._,)/(S — S,_) — 0. Thena, .0 and
r, #.1, since 6, =.0. We must have 1 + T,., — T, #.0, since other-
wise & - » )T, /r))=.1+ T, — T,=:0, and S— S,_, =:0; a con-
tradiction. From Lemma 7, (T,., — T,)/ A + Toe. — T,) =.(S — S;1._))/
(S—S,.)—0, and thus T,,, — T,— 0.

The preceding theorem immediately yields the corollary, also proven
in Tucker [2], that the convergence of {T,} imples Xa,, € MR(Xa,).
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LEMMA 9. If Xa, is a convergent series and w is a positive in-
teger such that a,_.a,0,., # 0, then

Vot1 — Tw = (Tn+2 - Tn+1)(1 - 7',,,)(1 - Tn—H)
- (T'n.+2 - T7l+1)(1 - ,r'n) + (Tn+l - Tn)(]- - rn—{*l) .
Proof. We have

A—-r)+T)=1—r,+Tpsy — r,Tons
= 1 + Tn+1 - /r'n,(l + Tn+1) = 1 + Tn+1 - Tn y

so that
T —T,=Q—r)1+T,)—1.
Similarly,
Thio— Torr= 1 =71 )X+ Tppo) — 1.
Thus,

(Trsz — Toi )X — 7)1 = rpp) = (T = Toi)(d — 17,)

+ (Lo = T = 710)) = (Tpve — T )1 — 7)1 — 7041)
-1 =) =7 )@ + Thio) — 1]
+ @ = r )@ = r)A + Tor) — 1]

= (Toie — T, )X — 7)1 = 1,0) + L — 1)
=1 =r)1 = 7)1+ Ths) = (1 — 7,41)
Q=7 )L=7, )1+ T ) =A=7) A =7 )[(Trsa— Tr)
=L+ Thor) + A+ T + Tty = 70 = Toss — T

LeEmMMmA 10. If Ya, s a convergent series and n is a positive
wnteger such that (L—r, )1 —7,.)a,.,#0, then /0, = (Toro—Thsy) —
(T'n+2 - Tn+1)/(1 - 7'n*1-1) + (Tn+1. - Tn)/(l - /rn)'

Proof. We have a,_a,a,., = 0, and

aén/an = (/"n+1 - Tn)/(]- - Tn)(]' - ’rn'H)

according to Lemma 3. We now apply Lemma 9.

LemmaA 11, If a;,€ MR(Za,) and 0 < BZ.|1—1r,| for some
number B, then a;,/a, — 0.

Poof. From Theorem 8, T,., — T,— 0. Using Lemma 10 and
0<B<.|1—r,l it is obvious that a,,/a, — 0.

THEOREM 12. Suppose that Xa;,c MR(Xa,) and 0<B Z.|1—7r,]|.
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Then 2Xa,,c MR(Za,), where a, =.(1 — r,+)/1 — 2r,., + 7,741 OF
a,=.(1—7r,_)/A - 2r, +r._7r,).

Proof. From Lemma 11, a,,/a,— 0. We now apply Theorem 4,
if a, =. (1 — 7,41)/A—27,4,+7,7,:,); or Theorem 5, if a, =.1—7r,_)/
1 —2r, + r,_r).

THEOREM 13. If Sa;,€ MR(Za,) and |7,| <. B for some number
B, then r,., — r, — 0.

Proof. From Theorem 8, Lemma 9, and |7r,| <. B, it is obvious
that Totr — Ty — O-

The following theorem gives simple necessary and sufficient con-
ditions for the ¢*-transform to accelerate convergence in the complex
plane under the fairly general condition that | r,| <. o < 1. In addition,
it generalizes the result on acceleration contained in Theorem 2 of
Lubkin [1].

THEOREM 14. Suppose that |r,| <.0 <1 for some mumber p.
Then a mecessary and sufficient condition that Za,, € MR(Za,) is that

Tatr — Ta —0.

Proof. Since |r,| <.p0 < 1, Ya, converges. The necessity follows
from Theorem 13. For the sufficiency, let ¢ > 0. Since 7,,,—7,—0,
| P4ir — 7. | =.¢6. Consequently,

[ Totr = Tl = | (Tnss = 70) + Tass(Pasa — 70) + Toss?io(Tss — 74)
F oot Pagr o Pae) P — 7)) + oo [ S0 P — 7]
F Pt [ [ Tse = Tu| + oo+ [ Tagy oot ot | | P — 70
+oeee S e+ 28 | oo FRE | Thiy ot T
+ e S e[+ 204800+ o0 kO 4 o] =¢/(1 = 0.

Hence T,,, — T, — 0, and thus, from Theorem 8, Xa,, ¢ MR(Za,).

The preceding theorem yields a simple proof of acceleration in a
punctured disk in the complex place for certain power series as is
now seen.

COROLLARY 15. Suppose that |r,| <.p0 <1 for some number p,
Ya;, € MR(Za,) and a, = a,z" for every n. Then Za;,c MR(Xa;), for
each complex number z satisfying 0 < |z| < 1/p.

Proof. From Theorem 14, 7,,, — r,— 0. Let z be any complex
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number such that 0 < (2] < 1/o. Then |7,| =.|r.2]|=Z.0]2]| <1 and
Phor — Th = Vpyi® — T2 =. 2(1ps1 — Tw) — 0. Thus Xaj, € MR(Za,), ac-
cording to Theorem 14.

COROLLARY 16. Suppose that |r,| <.p <1 for some number o,
Purr — ¥, —0 and a, = a,2" for every n. Then 2aj,c MR(Za,), for
each complex number z satisfying 0 < |z| < 1/p.

Proof. From Theorem 14, Sa,,c MR(Xa,). We now apply Corol-
lary 15.

LEMMA 17, IfF0<AZ.|1— 17, Z.B, then asfa, =. (Tpe — 7))/
a1-r,)1~-r,.), and a;,/a,—0 if and only if r,., — r,— 0.

Proof. Since 0<A<Z.|1—7,|<.B,0<A . |QA—r)A—7,0)] .
B?, Hence from Lemma 3, a,,/a, =. ("4 — 7.)/Q — )L — 7r,;,). Thus
from 0 <AL, |A—-—2r)A —7,0)| =. B a;,/a,— 0 if and only if

Pua1 — T,—0.
LEmMA 18, If |r, | =.0< 1, then
UsafOp = (Poiy — 7)/(L = 7, )L = 7,14)
and a;,/a,—0 if and only if v, , — 7, — 0.

Proof. From |r,|<.0<1,0<1l—-p<.|1—17,]=.2. We now
apply Lemma 17,

THEOREM 19. Suppose that |r,| <.p0 < 1. Then a;,€ MR(Za,) if
and only if a,,/a, — 0.

Proof. From Lemma 18, a;,/a, —0 if and only if »,,, — r, — 0.
From Theorem 14, Xa;, € MR(3a,) if and only if »,., — 7, — 0. Con-
sequently, 2a,, € MR(Za,) if and only if «,,/a,— 0.

THEOREM 20. If |r,|<.0<1 and a,,/a,—0, then Xa,, e MR(Za,),
where &,= .(1—7'7,+1)/(1—27'”+1+7'n7'n+1) ora,= '(1 _7'”_1)/(1_27',,—!“7'”_17'”).

Proof. From Theorem 19, XYa,, e MR(Xa,). From Theorem 4,
Zaan € MR(Ean) if a, =. (1 - 7'”4_1)/(1 - 27‘n+1 + TnTn+1)' If

a, =. (1 - Irn—-l)/(l - 27‘11 + Tn—l,rn) ’
we may apply Theorem 5 to obtain Xa,, € MR(Za,).
THEOREM 21, If

[r,| <.0<1 and 7,4 —17r,—0,
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then 2Xa.,€ MR(Xa,), where «,=.(1 — 7, )1 — 2r, ., + 7, 70s) OF
a% = (1 - /rn-—l)/(l - 27‘% + /rn—l,rn)'

Proof. From Lemma 18, a;,/a,— 0. We now apply Theorem 20.

In Tucker [2] it was proven in Theorem 3.7 that if «a,/a,— 0,
|7, <.0,<1/2 and |7, ] <.p, < 1, then Ya] converges more rapidly
than Xa,. Furthermore, it was shown there in Counterexample 3.8
that the replacement of “1/2” by any larger number produced in in-
valid result. We now turn to our next theorem which shows that
“1/2” may be replaced by “1” under the additional hypothesis that
dr, — 0.

THEOREM 22. If
ayja,—0,|r,|<.0,<L|r|=.0.<1

and Adr,— 0, then Xa, converges more rapidly than Xa,.

Proof. From Theorems 8 and 14, 4T,-—0. Also |1+ T, | <.
1/1 — p;). Thus,

S = Sil _ daal (Turl] _ L] 14T
S= 8. Tad ITr Tad @+ AT = 7))

—0

Our final two theorems are on infinite products.

THEOREM 23. If the sequence {l/a, — l/a,_.} is bounded, then the
complex product TI7 (1 + a,) diverges.

Proof. Assume that II7 (1 + a,) converges. Then a,— 0 and
there is an m = 0 such that for & = 0, the quantities

S.=0+ a,)A + apsy) ooo L+ apuqp)

satisfy the limiting relation S}, — S’ for some S" + 0. We may assume
that. m = 0 so that S, = II? (1 + ;) for n = 0. Since the sequence
Q- r)e,} ={/a, — t/a,_;} is bounded and @, — 0, we have r, — 1.
Let af=8S/=1+a)and a, =8, - S,_, =171 +a) — 7" (1+a)=
M1 +eae)llA+a,)—1]=@a, 07 (1 + a,;) for n =1. Then 1/a,,, —
Yo\, =[Y[a, 1+ a)]—1/a, ]/ (L+a) =[(1/a,,~1/a,) =17, (1+a,))/
m:*( + «). Hence, since »,—1, a,—0, {1/a, — 1/a,_} is bounded
and T 1+ a,) = S # 0, we see that {1/a)., — 1/a}} is bounded. From
Tucker [2], Ya, diverges, i.e., II{° (1 + a,) diverges.

THEOREM 24. Suppose that |r,|<.0 <1 and a,+ —1 for all n.
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Then a mecessary and sufficient condition for the o°-transform to
accelerate the convergence of the infinite product IIy (1 + a,) is that
dr, — 0,

Proof. Set S, =1I!(1+a;) for n =0,a, =S, and a, =8, — S,_,
for n = 1. Since |r,| <.p < 1, we successively obtain the convergence
of Yla,|, Iy + |a;]) and I (1 + a;) = 8" = Za, = 0. Also, a,—0
and 7, =.7,+ a, yield |7, ]| <.0 = (0 + 1)/2 < 1 and the equivalence
of the conditions 4r,—0 and 4r,—0. From Tucker [2], Ya;, ¢ MR(Za,)
if and only if 47, — 0. Hence, Sa}, € MR(Za,) if and only if 4r,—0.
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