Pacific Journal of
Mathematics

PEIRCE DECOMPOSITION IN SIMPLE LIE-ADMISSIBLE

POWER-ASSOCIATIVE RINGS

WILLIAM EUGENE COPPAGE




PACIFIC JOURNAL OF MATHEMATICS
Vol. 29, No. 2, 1969

PEIRCE DECOMPOSITION IN SIMPLE LIE-ADMISSIBLE
POWER-ASSOCIATIVE RINGS

WiLLIAM E. COPPAGE

The main result is

THEOREM, If A is a simple Lie-admissible power-associative
ring with characteristic prime to six, and if A has an idem-
potent ¢ relative to which A has a Peirce decomposition such
that A,=0, then either ¢ is a unity element of A or A = B,
where B is a three-dimensional algebra having a basis {e, x, ¥}
such that e?=e, ex=1x, ye=y, xy=—yr=c and ze=ey=u*=y*=0,

If A is a simple Lie-admissible power-associative ring then A be-
longs to a class of rings which includes associative rings, Lie rings,
commutative power-associative rings, Jordan rings, anti-flexible rings,
rings of type (v,d) and others. Lie rings do not have idempotent
elements, and simple (v, d) rings with an idempotent ¢ = 1 have been
shown [2, 3, 4, 5, 6, 8] to be associative. Thus if A has an idem-
potent element ¢ == 1 then A belongs to a class which includes rings
of the associative, commutative power-associative, and antiflexible
types. Assuming that A has an idempotent e satisfying,

(1) (eyeyx):(eyx’e):(x:e,e):o!
suffices to establish a Peirce decomposition,
A:A11+A10+A01+A00y

where A;; = {xre Ajex = 1, we = jx} for 7,5 = 0,1. This assumption
eliminates the possibility that A is commutative, for then 4,,= A, =0,
so [2] A= A, D A, and simplicity implies that A = A,,, hence e is
a unity element for A.

The class of rings under consideration does contain members which
are not associative. Kosier [7] has given examples of simple Lie-
admissible power-associative finite-dimensional algebras, the so-called
anti-flexible algebras. These have the property that 4 = A, + A4, in
every Peirce decomposition.

There are no rings with unity element, 1, which possess a Peirce
decomposition with respect to an idempotent ¢ + 1 in which A, = 0.
This is because 1 — ec A,,.

The algebra B of our theorem was introduced in [9]. It has the
property that B is a simple Lie algebra.

The associator, (z,v,?2) = (vy)2z — 2(yz), and the commutator,
[z, y] = ®y — yx, are functions which, defined on any ring, are linear
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in each variable and related by the identity,

(2)  [oy, 2] + [yz, ] + [22, 9] = (%, 9,2) + (¥, 2, 2) + (2,2, 9) .
A Lie-admissible ring satisfies,

(3) [2y — yw, 2] + [yz — 2y, 0] + [20 — @z,9] =0,

and a power-associative ring whose characteristic is prime to two
satisfies

(4) [y + yx, 2] + [yz + 2y, 2] + [22 + 22,9] =0,
hence in the ring A the function

H(:XJ, Y, Z) = (.’B, Y, z) + (yy %y ﬁ?) + (Z, €T, Z/)
= [»y, 2] + [yz, 2] + [2z, ¥]

is identically zero. Also, the fourth-power-associativity identities
@, %, 2) =0 and (x,z,2*) =0 may be linearized to yield functions
Pa, b, x,y) = >, (ab, z,y) and Q(a, b, z,y) = >, (a, b, y) which are
identically zero. The >} here in both cases indicates a sum to be
taken over the twenty-four permutations of a, b, x and y.

We will use - as well as juxtaposition in denoting products, with
juxtaposition taking precedence. Thus a-bc = a(bc).

LEMMA. Let A be a ring whose characteristic is prime to six
and in which the functions H, P and Q vanish identically. Suppose
A contains an idempotent e relative to which A has a Peirce decom-
position. If a,, denotes the component of an element a in the
module A,,, then

(5) vy =0,

(6) Tl + Yalhss € Ay

(7) v € Ay

(8) Cilfss = (@allss)is + @alfig)is € Ais + Ass
(9) Yii®s = (a¥is)i5 € Ajs

(10) Y5:®u = Wii) s + Wila)s; € A + Ay,
(11) Tl = (Y5sa)is € Ays

12) TiYi; = Y% € A + Ayj

(13) Y5 € As + Ay s

(14) @Y € Au + Ayy
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(15) [A5, Au+ Au+ 411 =0,

(16) [A4i;4;, A1 =0,

(17) [4:4;5, Al =0,

(18) [4;;4: Al =0,

(19) Qi s ¥is = Tiiig @i = (12)(@a®ii*Yishas + (@iilfiss* Tis)is)
(20) @i B3 ji = Tias O = (L/2)((C50iY50)i + Y5 53)is)
(21) (@3 55 + Yiii))ss = (@i Yioda + YiiliaTis)ii
and

(22) ((®:3¥Y5: + Y5:2:)0) i = (Yji* @aiiz)si + (T Y5iQa)is

Proof of the lemma. Identities (5), (6) and (7) arederived in [1]
using only the fact that the functions H, P and @ vanish identically.
All of the identities are obtained by relatively straightforward substi-
tution of elements into H, P and Q. Due to the excessive length of
many of the computations involved we leave the proofs to the reader.

Since our theorem hypothesizes that A, = 0 the multiplicative pro-
perties stated in (8) through (14) of the preceding lemma can be more
compactly exhibited in our case by the module multiplication table:

4, | A | 4
All All ALO O
(23)
A1o 0 , An An
AOl AOl All All

We will henceforth make free use of the properties shown in this
table. Note also that (12) can be written

(24) [Ai0 Ai] = [An, Au] = 0,

and (15) can be written

(25) [AL, A, + Ay = [43, 4, + A,]=0.

From (16) we have

(26) [40,4,, A] =0,

and (19) through (22) specialize to

(27 Uiy * B0 = Bulro* O = (1/2)(A0s0° Yso + @0t )

(28) @y Yo = Tolor O = (1/2)( X011 Yor + Youlay* Tor) 5
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(29) A (TYor + Youi) = CuZio* Yoo + Yol * Lo
and

(30) (%16Yo, + Yoli0)hy = Yor* Cp®1 + X1o* YOy
respectively.

We assume throughout that ¢ is not a unity element for A. We
will show

(31) (A, Auy Au) = (Auy A, Au) = (Auy Ally A) =0.

The submodule 4,, is a subring of A, and for 7 # j, two of the
associators in H(x, Yy, @) = (Fu, Yusy Cis) + Yo, Cijy T0) + (A3, Tuyy Yi) = 0,
are equal to zero, hence all three are equal to zero. Thus it suffices
to show that A4, is associative.

We assert that the submodule I = (4., 4,,, 4.) + (4., 4., A)A,
is an ideal of A. We will use the fact that the function T(a, z, ¥, b) =
(azx, ¥, b) — (a, xy, b) + (a, z, yb) — a(x, ¥, b) — (a, z, y)b is identically
zero in any nonassociative ring. Thus 0 = T(@un, i, Yu, bi;), With
m+n=1+7 =2 implies that 4,,(4,,,4,.,4,,) S I, and with m +n =2,
1+ 7 =1, implies that (A4,, 4., 4,)A;; =0, using the fact that
(A4,A,4;)=0. If m+n=1 and 7+ 35 =2 then we get
A,..(A,A,A)=0. Thus (4,A4,4)A+ AA,,A,A) is in I,
Furthermore,

(A, Ay ADALAS (A, Ay Ay, Ay A) + (A, Ay ANDACST,
so JAS I. Finally,

A'(Auy Auv Au)Au S (A, (Auy Any Au)a Au)
+ A(A“, A1u Au)'Au EI + IAu gI )
and it follows that AISI. Hence I is an ideal of A. If A = I then
¢ is a unity element for A, which contradicts our assumption. There-
fore I = 0 and in particular (A4,, 4., 4,,)) = 0, which proves (31).

We assert next that A2, = A% =0. First we prove that J= 43 +
A% A, is an ideal of A. We have

ALOAIO S AmAu =0 ’ A01Afo = A%oAm & AuAm =0

by using (25), and A, A% = ALA, S A}, by (27). Thus A} A+ AAL S J.
Moreover, (A}A,)A,S AA, =0, and, by using (31), A,(4%4,) =
(A, A)A S ALA,, = J. Letting a,, = u,w, in (29) we have

UigV1o(C1Yor + Yor®i0) = (Uso¥10° Tuo)Yor + (You* Ui¥10) %10 -

But Yor* UiV = UpoVi0° Yo = 0 bY USing (25), S0
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(umvm'xm)ym = ulovlo(xmym + ymxm) € A%oAn cJ
and therefore A%A,,-A,<J. Finally, H(u,vy, %y, ¥s) = 0 implies
yox(uwvw ° xlo) = (uw'vm ° xw)ym € A?oAm * A01 & J.

Thus J is an ideal of A.
Since A is simple either J=0 or J =A4. If J= A then A} = A4,
A A,= A, and A, = 0. Thus we may write

e= Zt. riyl .
But -
0 = H(2y, %10y Y1) = [, Yuo] + [20¥s0, Bia] + [916%105 Tuo]
LYo + 20,6Y100 Xy

and

0 = (1/4)P(@10, %10y Y10y Y1o)

= (®ls Y10y Y1o) T 2(X6Y 105 Ti0y Y10) + 2(C0eY105 Yr0s Tio) + (Yioy Troy L1o)
Y10 Yo — ThoYio T 2(Tul 10 T10)Yr0 — 2020Y10 Tir0 + 2(L1Y10" Y10) T
— 22:Y10* Yuoro + YioTio* T10 — YioTlo

1l

so using the fact that A2 is in the center of the associative subring
A, we obtain 22’ = —2(x,y,)°. It follows that
(X o¥0)t = (1/4)(37?07/?0)2 = (1/4)%'10?/?0 =0

since a%, = x,-2% = 0. But then we have

t . O\ Bt+t
e= et = (Sau) =0,
=1

since every term in the multinomial expansion must contain, for some
4, a factor (z{Py¥)* = 0. From this contradiction we conclude that
J =0, hence A% = 0. Then also A% = (4%)* = 0, where A is a ring
which is anti-isomorphic to A.

We may now replace (23) with the table,
All AlO ADl
All All A10 0
Am 0 0 A11
Ay | A | Ay | O

(32)

We will continue to make free use of these multiplicative properties
in the sequel. Of special interest are the identities,

(33) Yo1° R0 = — 2o T1oYor

and
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(34) YioRo1* Lo = — 210 Yo »

obtained by using the function H and (32).
We show next that the subring A, is itself a simple ring.
Let B,, be any nonzero ideal of A, and consider the submodule,

L= Bn + B11A10 + AmBu + on'BuAm
+ A01B11'A10 + (Am'BuAm)Au + An(AmBu'Alo) .

We will show that L is an ideal of A.
Evidently, AB,, + B,AS L. Also B,A,-A, S A,A, =0; and by
(31), Au'BuAlo = A11B11'A10gB11A10gL- By (24),

A1o'BuA10 = B11A10'A10 S A?o =0.
Noting that B,,A,,- A, < AyB,,-A,,+B, = L by (29), and A,-B,A, &L

by the definition of L, we see that A-B.A, + B,A,-AS L. More-
over, A-A,B,, -+ A,B,-A< L from the left-right symmetry of our
identities. Similarly, verification that the fourth and sixth terms in
in the definition of L yield elements of L when multiplied on the left
or right by an element of A implies the same result for the fifth and
seventh terms.

By (26)7 [Am‘BnAmyAn] & [AOLAloy An] = 0. Since (Am'BnAw)Au gL
by definition of L, it follows that A, (A, -B,4,) <L also. Clearly,
A10(A01'B11A1O)EA10A11:Oy and by (34)y (A01'BnAlo)AngmAm'BuAmgL-
Also (A4,,-B,A)A, S A4, = 0, and by (30) and (33),

A01(A01 'BuAlo) & Am(Bn + Alo' AmBn) & L
+ A01(A10 'A01B11) - L + AmBu 'A01A10 S L.

Thus A(Am'BuAlo) + (on‘BnAlo)AgL-
Since [A,-B,A,, A lS[AnA,, A,] = 0 it suffices to show that
(Am'BuAm)Au'A and A'An(Am'Bqu) are in L. By (31)y

(Am * Bqu)Au ‘A= (A01 ° Bqu) ° AuA S (A01 * BuAlo)A S L

and A'Au(Am'BnAlo) = AAu'(Am'BuAlo) S A(Am'Bqu) S L. This com-
pletes the verification that L is an ideal of A.

Since A is simple and 0 = B, S L we must have L = 4, hence
B,A, = Aw and AyB, = on-

If b, € B, then b,(a,%,) Yo + Youbi-a, 2, € B, and

(buan)xlo Yo, + ?/01(b11a11) * Xy € Bn

by (29). Taking the difference of these two elements and using (31)
gives (¥ob)au %, — Yauby a2, € B,,. Since A,B,, = A, it follows that
(A017 A117 AIO) g Bll'

If the intersection of all proper ideals of A, is the zero ideal,
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then (4., 4., 4,,) = 0. Hence, by (31) and (33),

zm(afu * xmym) = 20y XYy = — ym(zman ° 9010)
= —You(2o1* @1 %10) = 20y (@1, %10° Your) 5

Le., 20(@y, %y Yor) = 0.

Since the set N,, of elements of 4, which annihilate A4, is an
ideal of A,;, and since 0 = 4, N,, # A, it follows that N,, = 0, hence
(4., Ay, Ayy) = 0. Thus 4,4, = (B,A4,)A4, = B,(4,4,) E B, and, by
using (29), A, A4,, = (4,.B.)AS B, A\y- Ay + B,, S B,,. This implies that
the ideal L is given by L = B,, + B, A,, - A,B,.. Since A is simple,
B, = A, and A,, is simple.

The other possibility is that A, contains a unique minimal ideal,
M,. If (A, 4., 4,) = 0 we may proceed as above. Thus assume
that there exists a nonzero element b,, of the form (¥, a,,, ©,,). Since
(4, Ay, Aw) E B,, for every nonzero ideal B,, of A,, we see that
b,c M,. Moreover b, is in the center of A, by (26). Since M, is
minimal, M,, = b,A,,. If b,c, = 0 then, since A, M, = A, Auc, =
A A be, =0, Thus ¢,e N,=0; i.e., no nonzero element of A, an-
nihilates b,,. Hence b% # 0 and M,, = b}, 4,,. Then there exists b, € 4,,
such that b, = b%d,,, or b,(e—b,d,)=0. It follows that ¢=1>5,d,,e M,
hence M,, = A,, is simple in this case also.

By (31): (33), and (26): 201(0310'1/01'6111):(201'9310’_?/01)(111: _(ym'zmxw)an:
~You(Bouio° A1) = — Yo @11 Z0:®0) = — Youlii R = Zou(@oo* Youlyy); 1,84, Z6:(2yo,
Yo, @) = 0, or (A, A, A) S N, = 0. Then (30) reduces to y,x,-a,, =
Yor* %10, Which, in view of (26), implies that 4,4, is an ideal of A4,,.
If A, A, = 0 then (34) implies that A, 4, annihilates A,,, hence 4,4, =
0. But then we easily see from (32) that both A, and A4, are ideals
of A, hence A, = A, = 0, which implies that ¢ is an unity element
for A = A,,. From this contradiction we conclude that A,4,, = 4.,
hence by (26), A,, is commutative and therefore a field.

Let A,, = ®e. To prove that A, is one-dimensional over @, choose
0 +# z,, € A, such that z,A4,, = A,, = ®e. Suppose 2,2, = ¢. Then for
every ¥y, € 4, we have, by (33), ¥y = — 2 ZuYu = &2, for ac @, Also
A, = At is one-dimensional over @.

We now have A, = @¢, A, = @x and 4, = Py. Since (34) gives
(xy + yx)x = 0 and zy + yx € Pe, we must have vy + yx = 0. Without
loss of generality we may take zy — —yx = e, which completes the
proof of the theorem.

This paper is based on a portion of the authors doctoral disser-
tation written under the direction of Professor Erwin Kleinfeld, to
whom the greatest appreciation is expressed. Thanks are also due the
referee who indicated modifications in the original proof allowing for
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an extension to rings of the theorem originally proved only for finite-
dimensional algebras.
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