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ON BOUNDARY BEHAVIOR OF THE BERGMAN KERNEL
FUNCTION AND RELATED DOMAIN FUNCTIONALS

BrUCE L. CHALMERS

Bergman and Hormander have studied the boundary be-
havior of the Bergman kernel function for domains in C,
2 < n < oo, with strictly pseudo-convex boundaries. It is the
purpose of this paper to extend these results to a larger and
more general class of domains with so called strictly (p, g)-
pseudo-convex boundaries,

Let B be a bounded domain in the space C" of n complex variables,
say 2, =« + Y, k=1,2,---,n, where 2 < n < . (The euclidean
norm of a point z = (2, 2,, -+, 2,) will be denoted by

lzl= (2" + -+ + [z, )

and we let z2 = (z,,%,, --+,%,) and 0 = (0,0, .--,0).) The space H(B)

of all square-integrable holomorphic functions on B forms a Hilbert

space with the Bergman (reproducing) kernel function K(z, ) with

respect to the inner product (f, g) = S fgdw, where f, ge H(B) and
B

dw is the euclidean volume element of B. If {p,(2)};., is any complete

orthonormal system for H(B), then

(1) Kz 1) = S0 2.0

which converges uniformly in the interior of B x B. Then, if z* = z*(2)
is a biholomorphic map from B to B* < C*,
0(z*) o(t*)

(2) Ki(z, 1) = K, (2*(2), %) W (%)

b

and we say Kx(z, t) is a relative (pseudoconformal) invariant. Further-
more

(3) Ky(z,2) = sup{| f(2) [*: fe HB), || fI| = 1}
is a decreasing domain functional; i.e.,
(4) BcC A implies K, (z,2) < Ky(2,%) .

In [1] and [10] respectively Bergman and Hormander have in-
vestigated the behavior of K(B;z) = K;(z,z) near a point @ € 0B, the
boundary of B, where B is strictly pseudoconvex at @. In each case
sufficient conditions were attained for K(B;z) to become infinite of
order » +1 at Q€ dB (i.e., |z — Q|""K(B; 2) remains between two
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244 BRUCE L. CHALMERS

positive finite bounds as z nears Q) in a certain ‘‘nontangential’’ ap-
proach A. Both procedures use as ‘‘basic’’ domains the complex n-
dimensional hypersphere [|z| < 1] whose kernel function is known and
becomes infinite of order # + 1 at the boundary.

We here introduce an extension of the notion of strictly pseudo-
convex as follows:

DEFINITION. Let B be a domain in C*. Suppose that there exists
an analytic change of coordinates, one-to-one in a neighborhood 7 of
Q € 0B, so that, with respect to the new (normal) coordinates, @ = 0
and, in a neighborhood of 0, B = [2x, > 7},_,, + 7}F + o(ri,_y + r¥P)],
where p > 0,2<¢g=<mn, and 7%, = 3,7_. |2 *. Then B is said to be
strictly (p, 9)-pseudo-convex at Q. If also BcC7, then B is said to
be globally representable (with respect to normal coordinates) at Q.

Note that if B is strictly pseudo-convex at @ then B is strictly
(1, »)-pseudo-convex at Q.

As examples of domains in C* which are strictly (p, 2)-pseudo-convex
at the points of the circle [z, = 0, |z, | = 1] consider the Reinhardt
circular domains given by [| 2, | < R(|2,|*")], where |z,| < R,, R is de-
creasing and R’(0) # 0.

In §2 and §3 we prove the following extensions of theorems by
Hormander and Bergman respectively:

THEOREM A. In C" let B be a bounded strictly (p,q)-pseudo-
convex domain at Q. Suppose further that B is a domain of holomor-
phy. Then K(B;z) becomes infinite of order p(n —q + 1) + q in a
“nontangential’”’ (see §1) approach to Q.

THEOREM B. In C" let B be a bounded strictly (v, q)-pseudo-
convex globally representable domain at Q. Suppose further that
passing through Q s a “‘normal’’ (see §3) analytic hypersurface lying
entirely outside B. Then K(B; z) becomes infinite of order p(n —q + 1) + ¢
n a ‘“‘nontangential’’ approach to Q.

Since p is an arbitrary positive number, these theorems provide
sufficient conditions for the kernel function to become infinite of any
order » > 2. Setting p = 1 and ¢ = » in Theorem A yields Hormander’s
result, while taking » = 1 and ¢ = » = 2 in Theorem B gives Bergman’s
result.

The proofs of Theorems A and B will use as ‘‘basic’’ domains
the nonhomogeneous (if p % 1) domains R,(n,s) = [7_, + 72, < 1]
which we introduce in §1. There we will determine the kernel function of
these domains and show that it becomes infinite of order p(n — ¢ + 1) + ¢,
g =n — s + 2, at the points on the boundary given by »,._, = 0.
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Under the hypotheses of Theorem B, we will determine in §4 the
boundary behavior of other domain functionals related to the kernel
function K, such as the Bergman metric given by ds* = T**dz,dZ,, where
T = " log K/02,0%Z,, and the scalar (pseudoconformal) invariant I =
K/det (T*").

1. Determination of the Bergman kernel function and its
boundary behavior for the domains R, (%, ).

Notation. If f(x)e C*, then denote the k-th partial derivative
of f(x) with respect to x by [f(®)]..n-

THEOREM 1.1. For the kernel function of R = R, (n,s) we have

(1) K(R' z) = [[t”,(]‘ _ tﬁ)ﬁll(t,n—s/)]tp,sr)
’ a1 72, ’

where t = ri*(s—1)1—73) ", s =s—1,p =p—1, and ®’ = n + p's.

Proof. Themonomials 2™ = 2,™12,™ «++ 2,"", m = (My, My, +»+,M,) =0
form a complete set of orthogonal funections in H(R). Thus by (0.1)
K(z) = K(R;2) = DimsoCn | 2™ %, where ¢, = S |z Pdw. It is clear that
R admits the group G, of unitary transfomliations of the first s — 1
variables z,, .-+, 2,_, and the group G, of unitary transformations of
the last n—s+1 variables z,, -+, 2,. The Jacobian of a unitary trans-
formation has modulus one and so K(2) = K(vi,0,+-+,0, 7,0,
coe, 0) = im0 Do Cmporromgo-o Tiaky Tine and our problem has been
reduced to only a double sum. After a straightforward calculation
we find

Croe-omgon-o
_ rm,! m,!
(s+m,—D![p(s+m,—1)+1] - [p(s+m,—1)+m,+n—s+1]

Now
i afe@ +1) -« (¢ +m, — 1) (r2,)ms = R . where
=0 m! (1 — r)e
a=ps+m —1)+n—8+2.
Thus,
(2) K@)=——2 S (m+1)-e- (m+ ) pim + &) + 1]+
(1 — ri,)" " aso

cos [p(m 4 8 + 0 — SN
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Now if @ is a boundary point of R,(n,s) with r,_, = 0, then by
a unitary transformation in G, followed by a translation, we can effect
an analytic change of coordinates with respect to which @ = 0 and
the domain can be written as

(3) Riy(n,s) = [2x, > ri, + 7], qg=n—-s+2,

with kernel function (obtained from formulas (2) and (0.2)):

oo

1 72 m
4) K(R)(n,s);z) = am[—‘”‘——] ,
(4) (ol %) (2, — 1igy)) YT ’”Z:“" (22, — i)’

where the a, are given in (2).

Notation. We shall write lim%,, or sometimes simply lim“, to
indicate a limit is being taken as z— 0 in the set

(5) [O<B<lel]ifp<2,and[0<6<lxﬂ if p=2,

z z
and say z— 0 via an A-approach. (If for a strictly (p, ¢)-pseudo-
convex domain the z-coordinates are normal, such an approach to 0 is
nontangential in the usual sense.)

Thus from (4) we have

THEOREM 1.2. K(R.(n, s); z) becomes infinite of order p(n—q + 1) +q
at 0 in a ‘“nontangential’’ A-approach; in fact

() Hm'(20)" K (R)(n, $);2) = 7' [ps' + 1] -+ [ps' + ¢'] = L.

2. Poof of Theorem A. The following lemma is due to Hormander
(see [10], p. 146):

LEMMA 2.1. (Hormander) Let B be a bounded domain of holo-
morphy. Let QcoB and assume that for some mneighborhood U of @
there is an analytic function u, in B' = BN U such that |u,| <1
in B, | u2) | —1 when z— Q, and |u,z)| has an upper bound < 1 in
B n~U, for some neighborhood U, of @ with compact closure contained
in U. Then K(B;z)/K(B';z)—1,z2— Q.

LEMMA 2.2. R,(n,s) is a domain of holomorphy.

Proof. It follows easily from (1.1) that K(R,(n, s);z) becomes
infinite at every boundary point of R,(n,s). But it is well known
that a domain whose kernel function becomes infinite at every boundary
point is a domain of holomorphy (see e.g., {7], p. 357).
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LEMMA 2.3. If B is strictly (v, q)-pseudo-convex at Q, then, with
respect to local normal coordinates

(1) lim* (2%,)""*"K(B; z) < L .

Proof. B can be written locally in a neighborhood of @ = 0 as
B = [2%, > 7l + 77 + o(rie_y + 1ri))]. For ¢ > 0 let

R. =20, > r}, . + Ti’é’ + el + 1INl .

Then R: = R.N[|z]| < d] is included in B if ¢ is sufficiently small.
Since R. is obtained from R)(n,s) by the change of coordinates
Ze— A +ey%,k=1,---,qg—1,2,—1A+¢)y?2, l=q,---,n, R is
also a domain of holomorphy. Thus

MA (le)pquK(B; 2) < mzi (2xl)psl~}—qK(Rg; 2)
— Tim® (20)™" K (R.; 2) = (148 L,

by (0.4), Lemma 2.1 (taking wu,(2) = ¢ and U = [|z]| < d]), and (0.2)
together with Theorem 1.2, respectively.

Conclusion of proof of Theorem A. Let 0 < e < 1. Then, an-
alogously as in the proof of Lemma 2.3., B> = Bn|[|z| < d]cR_. if
0-is sufficiently small. Now since B is a domain of holomorphy we
can apply Lemma 2.1 with wu,(2) = e™ and U = [|z]| < ] to obtain

lim (22,)*"**K(B; z) = lim (2x,)""*"K(B’; ) = lim (2x,)""" " K(R_.; 2)
= (1 — eyl

using also (0.4) and (0.2) together with Theorem 1.2. Combining this
result with that of Lemma 2.3, we conclude that under the hypotheses
of Theorem A,

(2) lim* (2z)? """ K(B; z) = L .
3. Proof of Theorem B.

DEeFINITION 3.1. Suppose that B is a strictly (p, ¢)-pseudo-convex
globally representable domain at Q. Suppose % is an analytic hyper-
surface through @ which can be represented as h = [z, = 0] with re-
spect to normal coordinates for B and 2 N B = Q. Then we say that
through Q passes the ‘‘normal’’ analytic hypersurface % lying entirely
outside B.

LEMMA 3.2. Let B be a bounded domain whose closure intersects
the hyperplane [z, = 0] only at the origin. Then an arbitrary neigh-
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borhood of the origin includes the section B N [z, = 7] if ¥ is sufficient-
ly small.

Proof. Let P=sup,.y 7:,. Since the set of points [z, =0,b < 7, < P]
is closed, for each b > 0 there exists a number 7(b), 0 < 7(b) < b, such
that [|z, | =< t(b), b < 7,, < P] contains no point of B. Now if U is
any neighborhood of the origin, there is a v > 0 such that [|2,| < v,
7y, < V] C U. Then if ze B and b < v, we have that |z,| < 7(b) im-
plies 7,, < b, and so the section BN [z, = v]c U for |7| < 7(b).

LeEmMmA 3.3. Let B be a domain satisfying the hypotheses of
Theorem B. Then there exists a transformation

Wz, — 2! ’zk@_zkl___t(é._._—ﬂ)zl,k:&...,n
1 —az, 1— az

such that for a and B positive and sufficiently large, the domain
R* = W(R_.) includes B in its interior, where 0 < ¢ < 1.

Proof.
B = [2%, > 7}, + 7 + o(ri,y + 7¥P)] and

R_, =[2x, > (L—e)(r},_y + r¥?)]. Thus 3 a neighborhood % of 0 such
that BNypcC R_.N7n. Hence for |v]|<d, BNz, =v]CR_. N[z ="7]
if 0 is sufficiently small, by Lemma 3.2.

Now let R*, = W*(R_.), where W% z,«—z/(1 — az), 2z, «— 2., k =
2, ---,n. Then consider R*, N [r., = 0] = ~ ¢,, where ¢, is the circle

1 1
[EZIJF 2a — (1 — <) §2a—(1—e)]'

We can assume « is so large that ¢, N BN [7r, = 0] = 0. Then the
closed set M = BN [r, = 0] N[|2|= 6] lies entirely in the interior
of the section R*, N [7,, = 0]. Now the sections R*. N[z, = 7], ve M,
include hyperspheres with center (v, 0, ---, 0) and the radii of these
hyperspheres have a positive lower bound 7. If one applies to R=*,
the transformation Wi: z, < 2, 2, < 2, (1 + Bz), k = 2, ---, n, to obtain
the domain R* = W,(R*,), then the section R*, N [2, = 7] goes into a
domain including a hypersphere with center (v, 0, ---,0) and radius
= 7|1+ B7|. B can be chosen so large that » |1 + 8v| > P for |v| = ¢,
where P = sup,cs 7. Thus BN [z, =7v]C R N[z =] if |v|= 6.
On the other hand consider v€ R*. N [r.,, = 0] = ~ ¢,. Thus if
B >20x— (1 —¢), then |v+1/8|>1/8 and so |1+ Bv|> 1. Hence
RNz =7]DR*. N[z =v]. But for |[7v| <d we know R*, N[z =
Y]o2Bn{z =7]. Thus R¥ N[z =2 BnN{z =] for all .
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Conclusion of proof of Theorem B. Since R*) 5 B, we have
lim* (22,)>" " K(B; 2) = lim* (2x)*" " K(R*%; 2) = (1—¢)*'** 2L, This re-
sult together with Lemma 2.3 shows that (2.2) also holds for B under
the hypotheses of Theorem B.

4. Boundary behavior of other functionals on the domains
of Theorem B.

THEOREM 4.1. Under the hypotheses of Theorem B and using
normal coordinates, we have further, denoting lim* (2x)*F(B;z) by
O, F) and letting m = p(g — 1) and a = m + s,

(1) (@a+1L,K,))=—Los(a+1/2,K,)=0,2=k=q— 1
(a+p/29sz):07Q§k§n:

(2) (2,dsH) =a|dz]: if 0<p <2
@,ds) = a|da, [+ ¢S [da | if p =2,
k=s

(p,ds®) = cki_, |dz.* if » > 2, where
c=qp+m+1):---(p+a-1)/[(m+1)---(@—1)],
(3) (o, 1)
=g —Da[(m+1)---al’lglp+m+1)---(p+a—1]"7.

Proof (Sketch). One can show analogously as in Lemma 3.3 that
B includes in its interior the domain R*? = W(R.) where

Wiz e —2 2, — al+az) 4_ g ..
1raz, 1+ (@ + Bz’ ’

n,

for sufficiently large «’ and B’. Then if F(B;z) is any decreasing
functional of the domain B, e.g., K(B; z), we have

F(RY"; 2) =z F(B; 2) =z F(RY; 2) .

It is well known that the quantities ds* and I are rational functions
of decreasing domain functionals F', which can be determined from
the kernel function and its derivatives. But from our results in §1,
and using (0.2), we can calculate the kernel function and its derivatives
for the domains R¥* and R*). Thus we can calculate the decreasing
domain functionals F; and show that there exist »; such that
lim,, (A, F(RY%;2)) =lim,_, (\;, Fy(R*%; 2)) = I;, whence (\;, Fi(B; z)) = I,.
From these results (2) and (3) follow immediately. Although the de-
rivatives K,, are not themselves rational functions of monotone domain
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functionals, they can be approximated above and below by such
functions and the same method yields (1).

The author wishes to express his thanks to Professor S. Bergman
for his guidance and to Professor C. Loewner and M. Skwarczynski
for their pertinent criticism in the preparation of this paper.
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PEIRCE DECOMPOSITION IN SIMPLE LIE-ADMISSIBLE
POWER-ASSOCIATIVE RINGS

WiLLiAM E. COPPAGE

The main result is

THEOREM, If A is a simple Lie-admissible power-associative
ring with characteristic prime to six, and if A has an idem-
potent ¢ relative to which A has a Peirce decomposition such
that A, =0, then either ¢ is a unity element of A or A = B,
where B is a three-dimensional algebra having a basis {e, z, y}
such that e?=¢, ex=2x, ye=y, xy=—yr=¢ and ze=ey=u2=y*=0.

If A is a simple Lie-admissible power-associative ring then A be-
longs to a class of rings which includes associative rings, Lie rings,
commutative power-associative rings, Jordan rings, anti-flexible rings,
rings of type (v,d) and others. Lie rings do not have idempotent
elements, and simple (v, 6) rings with an idempotent ¢ = 1 have been
shown [2, 3, 4, 5, 6, 8] to be associative. Thus if A has an idem-
potent element ¢ == 1 then A belongs to a class which includes rings
of the associative, commutative power-associative, and antiflexible
types. Assuming that A has an idempotent e satisfying,

(1) (e,e,0) = (¢,x,¢) = (x,6,6) =0,
suffices to establish a Peirce decomposition,
A:A11+A10+A01‘|‘A00,

where A;; = {vx € A|ex = i, xe = ja} for ¢,5 = 0,1. This assumption
eliminates the possibility that A4 is commutative, for then 4,,= A4, =0,
so [2] A= A,PD A, and simplicity implies that A = A,, hence e is
a unity element for A.

The class of rings under consideration does contain members which
are not associative. Kosier [7] has given examples of simple Lie-
admissible power-associative finite-dimensional algebras, the so-called
anti-flexible algebras. These have the property that A = 4,, + A, in
every Peirce decomposition.

There are no rings with unity element, 1, which possess a Peirce
decomposition with respect to an idempotent e¢ = 1 in which A, = 0.
This is because 1 — ec A,,.

The algebra B of our theorem was introduced in [9]. It has the
property that B~ is a simple Lie algebra.

The associator, (z,y,2) = (vy)z — x(yz), and the commutator,
[z, y] = #y — yx, are functions which, defined on any ring, are linear

251
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in each variable and related by the identity,

(2) oy, 2] + [yz, 2] + [22, 9] = (@, 9,2) + (4,2, %) + (2, 2,9) .
A Lie-admissible ring satisfies,

(3) [xy — yz, 2] + [yz — 2y, %] + [0 — %2, 9] =0,

and a power-associative ring whose characteristic is prime to two
satisfies

(4) [y + yx, 2] + [yz + 2y, 2] + [22 + 22,9] = 0,
hence in the ring A the function

Hx,y,2) = (%,9,2) + (¥,2,%) + (2,2,9)
= oy, 2] + [yz, ] + [22, ¥]

is identically zero. Also, the fourth-power-associativity identities
@, %, 2) =0 and (x,x,2*) =0 may be linearized to yield functions
P(a, b, x,y) = >, (ab, 2, y) and Q(a, b, z,y) = X, (a, b, xy) which are
identically zero. The 3, here in both cases indicates a sum to be
taken over the twenty-four permutations of a, b, x and y.

We will use - as well as juxtaposition in denoting products, with
juxtaposition taking precedence. Thus a-bc = a(be).

LEMMA. Let A be a ring whose characteristic is prime to six
and in which the functions H, P and @ vanish identically. Suppose
A contains an idempotent e relative to which A has a Peirce decom-
position. If a,, denotes the component of an element a in the
module A,, then

(5) Y =0,

(6) Tl + Yuls € Ay

(7) whi € Ay

(8) Toli; = (Cillss)is + (Calfis)is € Ais + Ay
(9) Yii®i = ®ailis)i5 € Ajs

(10) Yii®u = (Y5%i) i + Y®i)s; € Aj + Ay
(11) Tl = (Yi)is € Ay

(12) Tilss = Yai®ii € Ai + Ay;

(13) Y €A+ Ay,

(14) Y € Ay + Ajy
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(15) [A%, A + A + A1 =0,
(16) [4:;4;, Al =0,
(17) [4::4;5, A} =0,
(18) [4;;4:, Al =0,

(19) Qi TiYs; = Piilii Qi = (L/2)((@iisYis)ii + (@5 i5)ii) »
(20) i %Y i = Cilije G = (L2)((05:055 Y + (V5@ 55)ia)

(21) (@@ Y g5 + Y5%53))ie = (@i Ysi)is + (YgaQai Tig)ai
and
(22) (@Y 50 + Y5i%i)0ii)is = (Yji @iaiz)is + (Fsj+ Y iQia)ai

Proof of the lemma. Identities (5), (6) and (7) arederived in [1]
using only the fact that the functions H, P and @ vanish identically.
All of the identities are obtained by relatively straightforward substi-
tution of elements into H, P and Q. Due to the excessive length of
many of the computations involved we leave the proofs to the reader.

Since our theorem hypothesizes that 4,, = 0 the multiplicative pro-
perties stated in (8) through (14) of the preceding lemma can be more
compactly exhibited in our case by the module multiplication table:

4, | A | A4,
All All AIO 0
(23)
A1o 0 ‘ An Au
Ay | Ay | Ay | Ay

We will henceforth make free use of the properties shown in this
table. Note also that (12) can be written

(24) [Aio; Au] = [Awy Au] =0,

and (15) can be written

(25) [AL, A, + Ayl = [4%, 4, + 4,]=0.

From (16) we have

(26) [An4y, A,] =0,

and (19) through (22) specialize to

(27) Oy Taolso = Dol Gy = (1/2)(@usbr0 Yso + Quiio* )

(28) Ay ToyYoo = CoYor* Ay = (1/2)(9501“11 Yoo + Yol xm) y
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(29) (@il T You) = @@ Yor + Yorlus* Tro
and

(30) (%Yo, + Yul10)Cy = Yor* A%y + Tio* YOy »
respectively.

We assume throughout that e is not a unity element for A. We
will show

(31) (Ay Auy Au) = (Auy A, Au) = (Any Am A) =0.

The submodule 4,, is a subring of A, and for 7 # j, two of the
associators in H(x,, ., ;) = (Tu1y Vi i) + Yy Wiy Tur) + (@55 @11, Y1) = 0,
are equal to zero, hence all three are equal to zero. Thus it suffices
to show that A, is associative.

We assert that the submodule I = (A, 4,,, 4.) + (4., 4,1, ADA,
is an ideal of A. We will use the fact that the function T(a, x, ¥, b) =
(ax, ¥, b) — (a, xy, b) + (a, z, yb) — a(x, ¥, b) — (a, z, y)b is identically
zero in any nonassociative ring. Thus 0 = T(@un, %, Yu, b:;), With
m+n=1+7 =2 implies that 4,,(4,,,4,,4,) S I, and with m +n =2,
%+ Jj =1, implies that (A4,, 4., 4,) 4;; =0, using the fact that
(A4,,A4,,4,;)=0. If m+n=1 and <¢+j5=2 then we get
A, (A, Ay AL =0, Thus (4,4, 4A0)A + A(AL, A Ay is in L
Furthermore,

(A, Ay ADALAS (A, Ay, Ay, Auy A) + (A, Ay ADACST,
so TJA=S I. Finally,

A.(All’ All? All)All g (A) (All! All! All)’ All)
+ A(Auy Aur Au)‘Au g I + IAu -EI y
and it follows that AISI. Hence I is an ideal of A. If A = I then
¢ is a unity element for A, which contradicts our assumption. There-
fore I = 0 and in particular (A4,, A,,, 4,) = 0, which proves (31).

We assert next that A2, = A% =0. First we prove that J = 43 +
A% A, is an ideal of A. We have

AmA;o & A10A11 =0 ’ A01Afo = A?oAm gAuAm =0

by using (25), and A, A} = ALA4, E A}, by (27). Thus ALA + AAL S J.
Moreover, (A}A)AS A4, =0, and, by using (31), A.(4%A4,) =
(A, A)A, S ALA,, S J. Letting a,, = u,w, in (29) we have

UiVio(C1Yor + Youio) = (UsoV10° Bi0)Yor + (You* Uro¥10) %o -

But yo, %00 = U0 Yo = 0 by using (25), so
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(uwvlo' xlo)ym = ulovlo(xmym =+ yoxxlo) € AioAn cJ
and therefore A%A,-A,=J. Finally, H(u,v,, X, ¥) = 0 implies
?/01(“10'”10 ° xlo) = (uw'uio * xlo)?/m € A?oAm ° A01 = J.

Thus J is an ideal of A.
Since A is simple either J=0 or J =A4. If J= A then A%, =A4,,
A,A,= A, and A, = 0. Thus we may write

e= }tj afyl’
But o
0 = H(2y, Zi0y Y10) = [, Yuo] + [21Y10, Tio] + [926%16, o]
Y0 + 2TY 1 T

and

0 = (1/4)P(210; %10y Y105 Yio)

= (%loy Y10y Y10) T 2LsY105 Tr0y Y10) T 2(@1Yi0s Y105 T10) + (Yo, oy L10)
T Yo — TioYio T 2(Tiel 0" C0)Yr0 — 280Ys0" TaYro + 2(T0ol10° Y10)Tuo
— 22,0Y10 Y1oro + YioTio* Tio — Y1oTo

1l

so using the fact that A% is in the center of the associative subring
A, we obtain 22y’ = —2(x,y,.):. It follows that

(@¥0) = (1/4)(@hyh)' = (1/4)atyl, =0

since «¥, = x,,-2% = 0. But then we have

t 3t+1
e= et = (Nuiur) =0,
=1

since every term in the multinomial expansion must contain, for some
4, a factor (z{¥y¥)* = 0. From this contradiction we conclude that
J =0, hence A% = 0. Then also A% = (4%)* = 0, where 4 is a ring
which is anti-isomorphic to A.

We may now replace (23) with the table,
All AlO AOI
All All AIO 0
Am 0 0 Au
Ay | An | Au 0

(32)

We will continue to make free use of these multiplicative properties
in the sequel. Of special interest are the identities,

(33) Yor*Zulio = — R LYo

and
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(34) YwRo* Lo = — L% Yo »

obtained by using the function H and (32).
We show next that the subring A, is itself a simple ring.
Let B, be any nonzero ideal of A, and consider the submodule,

L= Bu + Bqu + AmBu + Am‘BnAlo
=+ A01Bu'A10 + (Am'BuAm)Au =+ An(AmBu’Am) .

We will show that L is an ideal of A.
Bvidently, AB,, + BLAS L. Also B,A,,-A, S A,A, = 0; and by
(31), Au'BuAlo - AnBu'Aw;BuAlog L- By (24),

Alo‘Bqu = Bqu'AmgA%o =0.

Noting that B, A4, < A4,.B.,,-A,+B, =L by (29), and A,-B,A, & L
by the definition of L, we see that A-B, A, + B,A,,-AS L. More-
over, A-A,B, -+ A,B,,cA< L from the left-right symmetry of our
identities. Similarly, verification that the fourth and sixth terms in
in the definition of L yield elements of L when multiplied on the left
or right by an element of A implies the same result for the fifth and
seventh terms.

By (26); [Am‘BnAmy Au] S [A01A10y An] = 0. Since (Am'BnAw)AugL
by definition of L, it follows that A,(A,-B.A4,) <L also. Clearly,
A10(A01‘B11A10)gA10A11:Oy and by (34), (Am'BnAw)AmgAlvox‘BqugL-
Also (A,,-B,A)A, S 4,4, = 0, and by (30) and (33),

A01(A01 : BIIAIO) = Am(Bu + AlO ° A01B11) S L
+ A01(A10 'AmBu) & L + onBn‘onAw S L.

Thus A(Am'BnAm) + (on'BuAlo)AgL-
Since [A,-B, A, A.]S[AnA,, Ayl = 0 it suffices to show that
(A01'B11A10)A11'A and A'Au(Am'BnAlo) are in L. By (3l)y

(Am * BuAm)An ‘A= (A01 y BnAlo) M AuA S (Am * BuAlo)A S L

and A'An(Aol'BuAlo) = AAn'(Am'BuAlo) = A(Am'BuAlo) L. This com-
pletes the verification that L is an ideal of A.

Since A is simple and 0 = B, & L we must have L = A, hence
BnAw = A1o and AmBu - Am-

If bll e Bll then bu(auww)'ym _i— yﬂlbll.allxlo e Bll and

(0:1,01) @10 Yor + Yor(byy@) % € By,

by (29). Taking the difference of these two elements and using (31)
gives (Yo0)a %y — Youbiyau®y, € By, Since A, B, = A, it follows that
(A019 All) AIO) g Bll'

If the intersection of all proper ideals of A, is the zero ideal,
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then (4, 4., 4,,) = 0. Hence, by (31) and (33),

zm(an ° xwym) = 2pQy;* XYy = — ym(zmau * xm)
= —You(Zos* 011 %10) = Z0u(@1, %10 You) ;

Le., 20(a@y, %y Yo) = 0.

Since the set N,, of elements of A,, which annihilate A4, is an
ideal of A,,, and since 0 = 4,N,, # A, it follows that N,, = 0, hence
(4,, Ay, Ay) = 0. Thus 4,4, = (B,AWA, = B,(4,,4,) E B, and, by
using (29), A, A,, = (A,B.)A,< B, A,,- A, + B,, S B,,.. This implies that
the ideal L is given by L = B,, + B,,4,, + A,B,. Since A is simple,
B, = A, and A, is simple.

The other possibility is that A, contains a unique minimal ideal,
M,. If (A, A, 4,) = 0 we may proceed as above. Thus assume
that there exists a nonzero element b,, of the form (y,, a,;, ©,). Since
(4, A, Ay) S B,, for every nonzero ideal B, of A,, we see that
b,c M,. Moreover b, is in the center of A, by (26). Since M, is
minimal, M,, = b,A4,,. If b,c, = 0 then, since A, M, = A,, Auc, =
A, A bc, =0, Thus ¢,eN,=0; i.e., no nonzero element of A, an-
nihilates b,,. Hence b% = 0 and M,, = b3, 4,,. Then there exists b, € 4,
such that b, = b%d,,, or b,(e—b,d,) =0. It follows that e=1>0,d,e M,
hence M,, = A, is simple in this case also.

By (31), (33), and (26), 20T 1001 * A1) = (Zoy* T1oY0) By = — (Yo * Z0y10) Ay =
= You(R0i0 @) = — Yo @11 20:%10) = — Youli R @s0 = Zou(@i0° Youly); 1.4, 20y(T10,
Yo, @) = 0, or (A, Ay, A) EN,, = 0. Then (30) reduces to ¥y, @, =
Yor* @, 2,5, Which, in view of (26), implies that A,A4, is an ideal of A4,,.
If A,A4,, = 0 then (34) implies that A4,,4,, annihilates A4,,, hence 4,4, =
0. But then we easily see from (32) that both A, and A4, are ideals
of A, hence 4,, = A, = 0, which implies that ¢ is an unity element
for A = A,,. From this contradiction we conclude that 4,4, = A,,
hence by (26), A,, is commutative and therefore a field.

Let A, = @e. To prove that A, is one-dimensional over @, choose
0 =+« 2, € A,, such that z,4,, = A, = ®e. Suppose 2,2, = e¢. Then for
every ¥, € A, we have, by (33), ¥y, = — 2y ¥y = @2, for ac®. Also
A, = At is one-dimensional over @.

We now have A, = @e, A, = Oz and A4, = Oy. Since (34) gives
(xy + yx)x = 0 and 2y + yx € Pe, we must have vy + yx = 0. Without
loss of generality we may take xy = —yx = ¢, which completes the
proof of the theorem.

This paper is based on a portion of the authors doctoral disser-
tation written under the direction of Professor Erwin Kleinfeld, to
whom the greatest appreciation is expressed. Thanks are also due the
referee who indicated modifications in the original proof allowing for
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an extension to rings of the theorem originally proved only for finite-
dimensional algebras.
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COMPACTNESS OF MAPPINGS

EpwiN Dupa

A class of spaces that admit to a special kind of mapping
onto the nonnegative real numbers is considered and it is shown
that this particular type of space is invariant under compact
monotone mappings. It is also shown that if such a space
admits to a one to one (monotone) mapping onto a “nice”
subset of the plane then the mapping is a homeomorphism
(compact monotone mapping). If the one to one mapping
(monotone) is not a homeomorphism (compact monotone map-
ping) then its range necessarily separates FE2,

In [3] the author showed that if a locally connected generalized
continuum X with the property that the complement of each compact
set has only one nonconditionally compact component admits a one-to-
one mapping f onto E?, then f is a homeomorphism. This result was
then used in [4] to show that reflexive compact mappings of E*? onto
E* are compact mappings. This condition that the domain be all of
E* and the range be all of E*? are naturally unsatisfactory conditions.
In this paper we undertake to reduce these conditions by considering
spaces which admit to certain special kinds of mappings onto the
nonnegative real numbers. It is shown that these spaces include
numerous subsets of F? and also include spaces which are not subsets
of E?. In general a completely satisfactory reduction on the hypotheses
used for the main result in [4] is obtained.

2. Notation and definition. Throughout X and Y will be
metric spaces and mapping will mean continuous function. A locally
connected generalized continuum is a connected separable metric space
which is locally compact and locally connected. A mapping is monotone
f each point inverse is a continuum and a mapping is compact if the
inverse image of each compact set is also compact. A continuum X
is unicoherent if whenever X = A U B, where A and B are continua,
then so is AN B. The nonnegative real numbers will be represented
by [0, ) and [a, b] will be the real numbers interval from a to b or
a simple arc joining a to b depending on the context. The cyclic
element theory used is that of reference [10]. A topological ray is a
homeomorphic image of a ray in the real line. A set B in a metric
space is conditionally compact if its closure is a compact set. The
Euclidean plane will be represented by E:.

3. Preliminary results.

259
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THEOREM 1. Let X be a noncompact metric space which has the
representation X = \J:, A;, where A;,CintA;,,,1=1,2,3,.--- and
each A; is a locally connected unicoherent continuum which does not
separate X. Then there is a mapping g of X onto [0, =) and a
monotone increasing sequence of positive real numbers a;, (a;) — oo,
such that g7'[0, a;] ©s a locally comnected unicoherent continuum for
1=1,2,3,---.

Proof. For convenience of notation assume int 4, + ¢. Let B; =
A; N CUX — A,) for each positive integer ¢. Each B, is a continuum,
[5], the B; are pairwise disjoint and the union of any subcollection of
B; is a closed subset. By a modified version of Urysohn’s Lemma
there is a mapping f, of A, onto [0,1] with f(B) = 1, fi*f.(B,) = B..
Similarly there is a mapping f, of B, U A, — A, onto [1, 2] with

f2(Bl) = 1,f2_1f2(B1) = Bu fz(Bz) = 2: fz_lfz(Bz) = Bz .

In general there exists a mapping f, of B,_,U A4, — A,_, onto [n—1, n]
with f,(B,)) = n — 1, £ fu(B.—) = B,_, fu(B,) = n, [ fu(B,) = B,. Let
g be the mapping of X onto [0, =) which is defined in the following
manner. For xe€ A4;, set g(x) = f;(x) and note that ¢ is a mapping
with the required properties.

There is a partial converse to theorem one which is useful in
identifying some of the properties of spaces which admit to a special
kind of mapping onto [0, o).

THEOREM 2. Let X be a metric space which admits a mapping

g onto [0, o) for which there exists a strictly monotone increasing

sequence of positive real numbers a;, (a;) — o, such that g7'[0, a;] s

a locally connected unicoherent continuum and g~'[a;] s a continuum

for each positive integer t. Then X has the representation X =

2. A;, where A; C int A;.,, each A; in a locally connected unicoherent
continuum, and g~'[a;, ) is connected for v =1,2,3, ---.

Proof. Let A; = ¢g7'[0, a;] for each positive integer 7. Clearly
A, c int A,,, for each positive integer ¢ and since g~'[a;] is a continuum
it follows that ¢g~'[a;, o) is connected.

Another usuful version of theorems one and two is possible for
monotone mappings. First we establish a useful lemma of which there
are more general versions, i.e., Theorem 2 of [9].

LEMMA. Let X be a locally conmnected generalized continuum.
If g is a monotone mapping of X onto [0, ) then f is a compact
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mapping.

Proof. Let K be a compact subset of [0, ) with least upper
bound # and greatest lower bound I. There is a continuum K,
containing g¢g~'(u) U ¢7'(l). The closed interval ¢g(K,) contains K so
that ¢g~'g(K,) contains ¢g—'(K). By monotoneness of g, g~'¢g(K,) is a
continuum so that ¢~'(X) is compact.

THEOREM 3. Let X be a locally connected generalized continuum
and g a monotone mapping of X onto [0, ). If there exists a
sequence of positive real numbers a;, (a;) — oo, such that each g—'[0, a;]
18 embeddable in E* and no point inverse of g separates E* in some
embedding, then g0, a;] fails to separate E* for each positive integer 1.

Proof. Itis well known that if one embedding of a continuum in
E* fails to separate E*? then the same is true for all other embeddings.
Suppose then that ¢7'[0, a;] is a subset of E* under some embedding.
Let G be the decomposition of E? into the points not in ¢7'[0, a;] and
the continua g~[¢c], 0 <c¢ < a;. Since this decomposition is upper semi-
continuous it follows by a well-known theorem of R. L. Moore, [6],
that the decomposition space Y is a topological plane. Furthermore
the image of ¢7'[0, ;] under the natural mapping + of the decompo-
sition G is a simple arc. Since the arc +(¢7'[0, ,]) does not separate
Y and + is a monotone compact mapping, ¢~'[0, a,] does not separate E°*.

It will be useful for further discussion and statements of results
to refer to a locally connected generalized continuum which admits to
a mapping g of the type in Theorems 1, 2, or 3 as a g-unicoherent
space. To give some indication of a class of spaces which satisfy
the conditions of Theorem 1 recall that a locally connected continuum
each true cyclic element of which is homeomorphic to a 2-sphere is
called a cactoid. It is well known that a monotone image of a 2-sphere
is a cactoid and that any cactoid can be realized by a monotone mapping
defined on a 2-sphere. Moreover, any monotone image of a cactoid is
also a cactoid. The space obtained by removing a noncut point from
a cactoid satisfies the conditions of Theorem 1. (See Theorem 4.)

A Dbase set is a locally connected continuum which is homeomorphic
to a continuum in E*® every true cyclic element of which is a 2-cell.
A hemi-cactoid is a locally connected continuum which is the union of
a base set and disjoint sequence of cactoids each intersecting the base
set in a single point and subject to the condition that for any ¢ > 0
at most a finite number of the cactoids have diameter greater than e.
It is well known that any monotone image of a hemi-cactoid is also
a hemi-cactoid and any hemi-cactoid can be realized by a monotone
mapping defined on a 2-cell. The space obtained by removing a noncut
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point from a hemi-cactoid will satisfy the conditions of Theorem 1
provided the noncut point is not in an open 2-cell of a true cyelic
element which is a 2-cell. (See Theorem 4).

We generalize the notion of cactoid and hemi-cactoid by considering
a locally connected continuum X in which each true cyclic element is
either a 2-sphere or a closed 2-cell. Before establishing the main
theorem concerning such spaces consider the following remarks. For
a 2-sphere S and any point p€ S, S — p = Uz, 4;, where A4, is a closed
2-cell, A, c int 4,,,, and (S — p) — A, is connected for each positive
integer. For a closed 2-cell C and any point » on the boundary of
C, C—p=Uz A; where A; is a closed 2-cell, 4;c intA4,,,, and
(C — p) — A, is connected for each positive integer 1.

Much of the preceding discussion of known results can be found
in [10].

THEOREM 4. Let X be a locally comnected continuum every true
cyclic element of which vs a closed 2-cell or a 2-sphere. If p is a
noncut point, » not in an open 2-cell of a true cyclic element which
is a closed 2-cell, then X — p = Uz, A;, where A; is a umnicoherent
locally connected continuum, A;C int A,.,, and X — A, 1s connected
for each positive integer 1.

Proof. Suppose p is in a true cyclic element S which is a 2-sphere.
Let S — » = U, 4], where A; is a closed 2-cell, A!cint A!,,, and
(S — p) — A is connected for each positive integer 7. For each positive
integer 1, let A; be A! union all of the components of X — S whose
closure meets A;. This gives the required representation for X — p.

In the case where p is in a closed 2-cell which is a true cyclic
element, the argument is similar,

Suppose now that p is a noncut point which does not belong to
a true cyclic element. For ge X, g # p, there is a simple arc [q, p]
joining ¢ to ». Let K be true cyclic element which has a nondegenerate
intersection with [g, »]. The set K N [g, »] is a simple arc and hence has
a last point in the order ¢, p. Let H be the set of such points obtained
by considering all nondegenerate intersections of true cyclic elements
with [g¢, p] and let b be the least upper bound of H on [q, p], (take b =gq
if H=¢). If b=p, then H contains a sequence (p;) converging
to p and if b p, then choose (p;) to be any sequence on [b, ¢] converging
to p». It can be assumed that the sequence (p;) is monotonic increasing
in the order ¢, p. For each positive integer 7 define A; to be p;
union of all the components of X — p, except the one that contains
(p;, p]. For each positive integer A; is a unicoherent locally connected
continuum, A4, C int 4,,,, and X — A, is connected.
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In order to make the statements of some theorems somewhat
briefer, it is convenient to make the following definition. A space X is
said to be a D-cactoid if X is a locally connected generalized continuum
which is obtained by removing a noncut point p, p not in an open
two cell of a true cyclic element which is a 2-cell, from a locally
connected continuum each true cyclic element of which is a 2-sphere
or a 2-cell.

COROLLARY 1. Ewvery D-cactoid is a g-umicoherent space.

THEOREM 5. If f(X) =Y is a compact monotone mapping and
X 1is a D-cactoid then so is Y.

Proof. Let X’ be the locally connected continuum and p the non-
cut point for which X’ — p = X. The space Y, since f is a compact
mapping, is known to be a locally connected generalized continuum.
Denote by Y’ the one point compactification of Y and denote the
compactifying point by ¢,q¢ Y. There is a natural extension of f,
call it f’, which takes p onto q. Let K be a true cyclic element of
Y’ and note by the monotoneness of f’, f'~(K) is a continuum, There
is a true cyclic element C of X’ with f/(C)> K. The mapping f’/C
is monotone hence f'(C) is a cactoid or a hemi-cactoid. Clearly K is
a true cyclic element of f’(C) and as such is a 2-sphere or a 2-cell.
Thus the space Y’ — ¢ = Y is a D-cactoid.

4. Main theorem. In order to make use of a theorem in [11]
and portions of the proof of the theorem in [3] the following notation
is useful. Let f(X)=Y be a one to one mapping of one locally
compact separable metric space X onto another such space Y. Let
S be the set of points in X at which f is a local homeomorphism
and let T be its complement. From a result in [9] the set S is open,
T is closed, and f(S) is an open dense set in Y. The sets S and T
and the following theorem of [11] will be used in proving the main
theorems.

THEOREM A. Let X be a locally compact arcwise connected
separable metric space, let Y be a locally connected generalized
continuum. If f(X)=Y is a one to one continuous function which
18 not a homeomorphism, then there exists a topological ray R in X,
R closed in X, with f(R) a simple closed curve in Y. Moreover, if
r 18 the initial point of R, there is a subray R' of R such that
Sf(R'Ur) is a stmple arc and R’ C S.

THEOREM 6. Let X be a g-umicoherent space. If f(X)=Y is a
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one-to-one mapping, where Y C E* is locally compact, locally connected,
and Y =Ug.B;,, B;Cint B;;,(rel Y),+=1,2,3, - -+ and no B, separates
E? then f is a homeomorphism.

Proof. The proof is made by proving a series of statements which
determine the cyclic structure of the space X if f is supposed not to
be a homeomorphism and then reaching a contradiction. Let a; be a
sequence of positive real numbers for which ¢~'[0, a;] is a locally
connected unicoherent continuum and hence fg—'[0, ;] does not separate
E*? for any 4 or as in Theorem 3 each fg~'[c],0 < ¢ < o, fails to
separate E* so that each f9~'[0, a;] fails to separate E* for any sequence
a;, (@;) — 0.

We first show that every simple closed curve J in X bounds an
open two cell which is an open subset of X. To this end, let a, be
an element of the sequence a; for which ¢g(J) C [0, a,]. The continuum
fa7'0, a,] fails to separate E* and contains the simple closed curve f(J)
so it contains the open two cell bounded by f(J). Since f/g~'[0,a,] is
a homeomorphism onto its image, f~%(E) is an open two cell which is
open in X and is bounded by /J.

To show the space X has exactly one nonconditionally compact
cyclic element suppose first that all cyclic elements of X are compact.
By Theorem A there exists a ray R, R closed in X, such that f(R) is a
simple closed curve and a subray R c R and R'cS. That is, R’ c S
implies f is a local homeomorphism at each point of R’. The closed
ray R’ cannot be a subset of any compact cyclic element so that R’
contains a point p which separates X. Let X, be R union all the
components of X — R that map into the open two cell bounded by
f(R). There is an integer n such that B, D f(R) consequently f(X,)
is a closed two cell. A contradiction is obtained by nothing that p
locally separates X, but does not locally separate f(X,). Thus X has
at least one nonconditionally compact cyclic element. We show that
X has exactly one nonconditionally compact cyclic element by showing
that the complement of any compact set XK has at most one noncondi-
tionally compact component. For a compact set K there is an integer
# for which g(K) < [0, a,). The set g7'[0, a,] is a continuum containing
and ¢ '[a,, ) is connected in all of the cases being considered so
that X — K has at most one nonconditionally compact component.

That each nondegenerate compact cyclic element of X is topologically
a closed 2-cell and B= MN T, where M is the noncompact cyclic element
of X, is a topological line follow from the proofs of (iii) and (v) in [3].
Finally the proof can be completed by using the argument (vi) of [3].

CoROLLARY 1. Let X be a g-unicoherent space and f(X)=Y a
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one-to-one mapping, where Y C E?* is locally compact and locally
connected. If f is not a homeomorphism then Y separates E°*.

COROLLARY 2. Let X be a D-cactoid and f(X) =Y a one-to-one
mapping, where YC E* If Y is a D-cactoid, then f is a homeo-
morphism.

5. Applications. In [9] it was proved that any monotone map-
ping of a plane onto a plane is a compact mapping and in [4] this
result was generalized by proving that any reflexive compact mapping
of a plane onto a plane is a compact mapping. These results are
useful and interesting but suffer from the unnatural condition that
the mapping must be an onto mapping. It is the purpose of this
section to show that by virtue of the theorems in section four much
stronger results can be established. These results generalize corres-
ponding theorems of K. Borsuk [2] and K. A. Sitnikov [7].

THEOREM 8. If X s a D-cactoid and f: X— E* is monotone,
where f(X) is locally connected, locally compact, and f(X)= Uz, B,
B,c int B;.,, and E* — B; ts connected for 1 =1,2,8, ---, then f is
a compact mapping.

Proof. Let M be the decomposition space generated by f, = the
natural mapping of X onto M and % the unique one-to-one mapping
of M into E*®. The mapping 7w is compact and monotone so that M
is a D-coctoid. By Theorem 6 the mapping % is a homeomorphism.
Since f is the composition of two compact mappings, it is also compact.
See [1}], [8].

COROLLARY 1. Let X be a D-cactoid. If fiX)=1Y is a monotone
mapping, where Y C E* 18 locally compact, locally connected and Y
does not separate E* then [ is a compact mapping and Y is a D-coatoid.

COROLLARY 2. Let X be a D-cactoid. If f(X) =Y is a monotone
mapping which is not a compact mapping, where Y < E* 1s locally
compact and locally connected, then Y separates E°*.

COROLLARY 3. Let f:E*— E* be a monotone mapping, where
J(E? is locally compact and locally connected. If f(E*) satisfies the
conditions of Theorem 8 or E* — f(KE*) is connected or f(E*) = E*
then f is a compact mapping.
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ON PRIME DIVISORS OF THE BINOMIAL COEFFICIENT

E. F. EckLUND, JR.

A classical theorem discovered independently by J, Sylvester
and I, Schur states that in a set of & consecutive integers, each
of which is greater than k, there is a number having a prime
divisor greater than k. In giving an elementary proof, P,
Erdos expressed the theorem in the following form:

If » = 2k, then (Z) has a prime divisor p > k.
Recently, P, Erdos suggested a problem of a complementary
nature:

If » =2k, then (Z’) has a prime divisor p < Z
The problem is solved by the following
TueoreMm, If n = 2k, then (Z’ has a prime divisor

p < max %, %}, with the exception <;>

Throughout the paper, p denotes a prime. J. Rosser and L.
Schoenfeld [2] have obtained fairly precise estimates for 6(x) =

Siese 10g (p), and w(x) = 3, 1.

(1) —-w—<1—|——1——)<7£(a&) for & = 59 .
log x 2log x
3

2 ; ¢ (1 £ 1.
(2) (@) < log z \ - 210gac) or ¥ >
(3) n(x) < 125506 for v > 1.

log %

(4) f(x) < 1.01624% for x > 0.
(5) x — 2.056282) v < O(x) < » for 0 <o <108,

Using these results, we are able to prove the theorem,
First we establish the following lemmas.

LemmaA 1. If (2) has no prime divisors » < n/2, then

(6) (Z) < glm—ttn—k) < pEtm—sn—k)

LemMmA 2. For k = 59,

267
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(7) nn(n)—x(n—-k) < e(nllogn+k+klzlogn) .
LEMMA 3.
2(n+1)k—-1 (an
= < .
(8) 7= (k)

Proof of Lemma 1. <Z’) = Ila—t<rse® = Tlaci<or=a?. Hence

(Z’) é ea(n)—ﬂ(n—-k) § nx(n)—n(n—-k) .

Proof of Lemma 2. From (1) and (2), we have
nﬂ(n)—ﬂ(n—k) < n{nllogn[1+3l(210gn>]—(n~k)llcvg(n—-k)[1+1/(210g<n—k))]l
< qlnllosnli+3/210gn]—(n—I) [logn[1+1/2logn]}
< eln[1+3/2logn]—(n—k)[1+1/2l0gn])

< e(n//logn+k+k/2logn) .

Lemma 3 is proved by induction on » for all values of k.

The proof of the theorem is by contradiction. Three cases are
considered. The general case is a Sylvester-Schur type argument. The
other cases involve deducing contradictions from appropriate upper
and lower bounds on the inequalities, (6), of Lemma 1.

Proof of the theorem. Assume (2’) has no prime divisors

Smax{ﬂ,—n—}.
b= K2

b, (F) e ()

By sieving all multiples of 2,and 3, we have

7r(n)—7r(n~—lc)§% for k= 4.

Therefore from (6), we have (n/k)* < n*2. Thus the assumption is
false if 4 < k < n'*. By sieving all multiples of 2, 3, and 5, we have

ﬁ(n)—ﬁ(n—k)g—g— for k = 60 .

Thus from (6), we have (n/k)* < n*?, Hence the assumption is false
if 60 <k < n’?,
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2. WP <k<n/16. Let % =[n/2], and k = [%/2]; where [] denotes
the integral part of . If p >k and p divides (%), then p divides
( Z’) aNnd p = n/2. By assumption, there are no sucthrimes. There-
fore, (%) has no prime divisors p > 2k + 1. Thus <%><'ﬁ"”i'- @l 2h 1)
(see paper of M. Faulkner [1]). From (3), (4), and (8), we have

opk—1 - . ~
< FLYaENosVE) | L0kt |

V'k

Taking logarithms, we obtain

3.45k — 0.70 — _;_ log (k) < 2.52V7 + 1.02(2k + 1) ,

which is a contradiction for £ > 32. Therefore the assumption is false
if n¥* <k < n/l6 when k = 65.

3. m/16 <k < n/2. Consider n/16 < k = n/8. By (6), (7) and (8),
we have

Qik—1
— < e(’ﬂ/logn+k+k/210gn) .
V'Ek

Taking logarithms, we obtain

b

276k — 0.70 — L log (k) < — ™ 4k +—F
2 logn 2logn

which is false for £ = 1901. By (5), (6), and (8), we have
24]:——1
VE

Taking logarithms, we obtain

< e(k+z.om/ﬁ)

2.76k — 0.70 — % log (k) < k + 2.61/ 15k ;

which is false for £ =25. Thus the assumption is false if #/16 < k < n/8
when % = 25. By similar arguments, we show the assumption is false
is n/8 < k < n/4 when k = 32; and if n/4 < k < /2 when k > 105.

We have proved the theorem for &k = 4 with the exception of a
finite number of cases. The cases k = 1, 2, and 3, are easily resolved;
and the remaining cases have been checked with the aid of an IBM 1620
computer in the following manner:

The values which were checked are 4 < k < 60 with 2k < n < 7,
and 61 < k <105 with 2k < n < 4k.

For the i-th prime, p;, the exponent to which p, occurred in the
“numerator”, n(n — 1) «-- (n — k -+ 1), and in the “denominator”, k!,
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of (Z), a; and B; respectively, were determined; and the values of

p;, n, and k, were reported if the difference, a; — B;, was positive.
Cross-checking was done manually. The first ten primes proved suf-
ficient to verify the theorem in these cases.

This concludes the proof of the theorem.

In closing, I would like to thank Professor M. Faulkner for her
gracious assistance.
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A MODULAR TOPOLOGICAL LATTICE

DoN E. EDMONDSON

The purpose of this paper is to present a construction of
a compact connected topological lattice which is modular and
not distributive. As a special case there will result the ex-
ample which is a two dimensional subset of R?, not embed-
dable in R2,

The existence of such an example is related to structure questions
in topological lattices considered by Dyer and Shields [3], Anderson
[1], and others.

The first step is to present a general method for constructing a
class of modular lattices. Let D denote a distributive lattice which
is a chain, S a nonempty set, and L the S-fold product lattice of D.
That is L ={f|f:S—D} and f=<g¢g if and only if f(s) < g(s) for
every se S. It is known that (L, <) is a distributive lattice with its
operations v and A characterized by [f vV ¢](s) = f(s) V g(s) and

[f A gl(s) = f(s) A g(s)

for every seS. Define
M = {f € L | there exists € S such that s, teS — {r} implies

fs) = flr) and  f(s) = f(O)} .

For intuition about M and the arguments that follow, note that
M simply consists of all of the constant functions of L and the func-
tions of L which are essentially constant in the sense that they as-
sume but two values — the larger value at exactly one point.

If the order of L, <, is restricted to M, it will be established
through a sequence of lemmas that (M, <) is a modular lattice. Re-
call a lattice (M, \/, A) is modular if and only if for every a, b, c € M,
b < a implies that a A (b ¢) = bV (a A ¢).

LemMA 1. If fe M and f is not constant, there exists a unique
re S such that s, teS — {r} implies f(s) < f(r) and f(s) = f(?).

The proof of the lemma is immediate from the definition of M,
and consequently for fe M and not constant, define index f to be the
unique element described in Lemma 1.

LEMMA 2. (M, £) is a sub N-semilattice of (L, <).

It suffices to show that if f, ge M, then f A ge M. If fand g are

271
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constant then f A g is constant and therefore in M. If f is constant
and ¢ is not, let b = index g. Then s,te S — {b} implies

Lf A gl(s) = f(s) A\ 9(s) = f(s) A g(b) = [f A g](b)

and likewise [f A ¢1(s) = [f A g](t) and thus f A ge M. If f and ¢
g are both not constant, let ¢« = index f and b = index g. If a = b,
then s, t € S — {a} implies [ f A g](s) = [ Agl(a) and [f Agl(s) =[S Ag](®).
If a b, [f A gl@) = fla) A g(a), [ A gl(b) = f(b) A g(b), and for

xeS —{a, B} [f A gl@) = f(b) A g(a) = [f A gll@) ALS A gl®) .

Then since D is a chain, [f Ag](®) = [f Agl(a) or [fAglx) = [f Agl(b)
depending upon which is minimal and therefore f A ge M.

LEMMA 3. If a,b, ¢ are distinct elements of S and fe M, then
fla) A f(B) = f(b) A fle) = fle) A fla).

The facts of the lemma are an immediate consequence of the de-
finition and is stated as a lemma for convenient reference.

DEFINITION. For f, ge M define f ¥/ g: S — D by the following

(i) if f is constant or ¢ is constant, or if f and ¢ are both not
constant and index f = index g, then fV g=fV g,

(ii) if f and ¢ are both not constant and index f+index g, let
a = index f and b = index g, then

[f V gl@) = f(@) V g(x) for we{a, b}
[f V gl@) = [f(@) vV g(@] A [£(0) V g(b)] for weS —{a,b}.

LEMMA 4. If f, ge M, then
(1) fVgeMand fVg=fVy, and
(2) heM, f<h, g<himplies fV g < h.

In case (i) of the definition of fV ¢, easily fV ge M and the
other results are immediate from fV g = £V g. In case (ii) let a =
index f and b=index g, then since D is a chain [fVgl(x) =[f Vgl(a)
or [fVglx)=[fVg]b) for xeS—{a, b}. So in this case also fVge M
and £V g ¥V g. Also relative to this case, if he M, f<h, and g < b,
then f(x) V g(x) = [f V g](x) for « = a or o = b. But from Lemma 3,
xe S — {a, b} implies h(a) A k(b) < h(x) and thus for

xeS —{a, b} [[Vylx) = [ VIN)ALfV]0b) = h(a) AR(b) = h(x) .
Therefore fVV g < k.

LEMMA 5. Iff,9,heM,a,beS,a+b,[f\Vgl(x)=h(x) for x € {a, b}
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and [fVgl(x) < Me)ARD) = h(x) for xeS — {a, b}, then h = fV g.

From the hypothesis f\ g <% and therefore from Lemma 4
fVg=sh But ha)=[fVglle)=[f Vgl and O[S V g]().
Then from Lemma 3, for x = a and 2 = b

R(x) = Ma) A h(b) = [V gla) A LFV 9l(b) = [fV gl(@)
and h < fVg.
THEOREM 1. (M, <) is a modular lattice with operations V and A.

Lemmas 2 and 4 establish that (M, <) is a lattice with opera-
tions V and A, it remains to establish that it is modular. Let
frg,heM and f<g. It suffices to establish gA(fV h) Z fFV (gAR)
since in any lattice fV (9 A h) =g A (f V). The argument will be
a case argument.

If fV h=f\Vh, then

INEVR=gAN(FVRH=FVE@NRDZFVI(GA

since L is itself modular and g A ke M allows Lemma 4 to apply.

If h<g,then fVAR=Zgand g A (fVh)=FVh=fV(9ADh).
If f<h,then f<gAhand gA(fF VR =gANh=FfV(gANh).

If £ and % are not constant, a=index f, b=index ¢, a+#b, h#y,
and f £ h. Then f(b) < f(a) and h(a) < h(b). Further, f(a) < i(a) im-
plies <k and therefore h(a)<<f(a). Also A(b)=g(b) and A(a)<f(a) <
g(a) implies A < g and therefore i £ g implies g(b) < (b). Therefore
in this case h(a) < fla) < g(a) and f(b) < g(b) < h(b). Hence

g A(fV B)@) = g(a) A Lfla) V Ka)] = fla)
= fla) V [g(a) N Ma)] = [V (9 A B)](@) .
Likewise
[9 A (fV R)ID) = gb) =[f V(g A R)Ob) .
If xeS — {a, b}, then
g A (FV W) = g@) A [f@) V a)] A [f(b) V k()]
= g@) Af(@) AR(Db) = g(x) Ag(a) A\ fla) Ah(b)

= g(b) A g(a@) A fla) A\ I(b) = fla) N 9(b)
=[g AV W) ANg A (FV R)]O) .

But [V (@AW S[gA(FV W] and g A (fV h)e M, therefore
by Lemma 5 g A (fV k) = fV (g A k).
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COROLLARY. Ifcard S<3, M is a distributive lattice. If 3=card
S and 2 < card D, then M is a modular nondistributive lattice.

If card S < 8, then M = L and M is distributive. If 3 <card S
and 2 < card D, let s, s;, s; be three distinct elements of S and ¢<d
be two elements of D. Define f,, fi fi by fix) =d if v =s; and
f@) =c for x€ S — {s;}. Also define g and £ by g(s) =d for every
seS and k(s) = ¢ for every s€S. Then fiAfi=faiANfiNfi=Fk and
VA=AV =V fi=g and {f,, o, /5 9, K} is a modular five sub-
lattice of M. Therefore M is not distributive [2].

At this stage the algebraic nature of M has been established, in
the section that follows the topological nature of M will be studied.
It will be assumed in the following that D is topological chain, that
is D is a Hausdorff topological space with the operations VvV and A
continuous [3]. If L is considered with the product topology, it is as
usual a topological lattice and M may be considered as a topological
space in the relative topology that it inherits from L. In this con-
text, the following theorem results.

THEOREM 2. If D 1is a topological chain, then
(1) M is a closed subset of L,

(2) M is compact ©f D is compact, and

(3) M 1is connected tf D is connected.

Since with card S < 2, M = L, it suffices to consider 3 < card S
and to establish (1) and (3).

(1) L-—M is open for if f¢ M, then f is not constant and there
exist distinet a, b, ce S such that f(b) < f(a) and f(b) < f(c). Then
since D is a chain f(b) < f(a) A f(¢). If there exists z€ D such that
fy<z < flayN f(e), define W = {ge L |z < g(a), z < g(c), and g(b)<z}
and define W = {ge L| f(b) < g(a), f(b) < g(c), and g(b) < f(a) A f(c)}
if no such z exists. In either case, fe W, W is open, and W N M=g.

(8) If D is connected, consider the map T:D — M where for
each de D T(d) = k; and k, is the constant function generated by d.
Clearly T is continuous and K the set of all constant functions is a
connected subset of M. If feM — K, let ¢ = index f, m = max f,
and r = min f define the map H from [r, m]={xeD|r <x < m} into
M by H(x) = f, where f,(a) =« and f,(s) = r for s€ S — {a}. Again
H is continuous and since [r, m] is connected then the range of H is
a connected subset of M containing f and intersecting K. Therefore
M is connected.

-Note. It is clear that A will be continuous as an operation on
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M since it is continuous on L. Thus when D is a topological chain
M is a closed topological sub- A -semilattice of L. In order to study
the operation V relative to continuity, it is necessary to restrict S to
being finite, in view of the following lemma.

LEMMA 6. If D s a topological chain and 2 < card D and S is
nfinite, then N/ 1s mot continuous.

Let ¢ < d in D and define k: S— D by k(s) = ¢ for every seS.
Then kVk=Fk. Let reS and define W, = {fe M| f(r) < d}; then
W, is an open subset of M containing k. Let U be any open set of
M containing k&, then there exist s, s,, ---, s, distinct elements of S
and U, U, -+, U, open sets of D such that if W={fe M| f(s;) e U,
for i =1,2,.--,n}, ke W D. Now ke W implies

ce N{U;1i=1,2 ++-,n}.

Since S is infinite there exist a,be S —{s,, s,, -+, s,} such that a=£b.
Define & and g by h(a) = d and h(zx) =c if xS — {a}, and ¢g(b) = d
and g(x) = ¢ if e S — {b}. Therefore h,ge W and h VV g¢ W, since
h ¥V g is the constant function defined by d. Therefore UV Uz W,
and V is not continuous.

DEFINITION. For S finite and 2 < card S, denote max

f=max{f(s)[seS}, I(f)={seS|f(s)=max f}.
Then define f—: S— D by

(1) if I(f) is not a unit set, f~(s)=max f for every s¢ S, and
(2) if I(f) is a unit set, f~(s) = max f for se I(f), and

S(s) =max{f(t)|teS — I(f)} for seS— If).

LEMMA 7. If S is finite and 2 < card S, then

(1) felL implies f~M and fe M if and only if f=f-,
(2) f=f~r—=/f" and f=<g vmplies f~ =g,

(3) figeM vmplies f\V g=(fV 9.

The lemma is a straight forward catalog of the properties follow-
ing from the definition directly.

LeMMmA 8. If S is finite, 2 < card S and D is a topological chain,
then the function J: L — M defined by J(f) = f~ is a retraction of
L onto M.
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From Lemma 7 it suffices to show that .J is continuous. This is
done by letting U be an open set in D and re S, defining W =
{fe M| f(rye U} and showing that J (W) is open. It is shown to be
open by case argument. Let ge L and g~ ¢ W. If I(g) is not a unit
set, then ¢~ is constant and max ge U. Define V, ={feL| f(s)eU
for every se S}. Since S is finite, V, is open and contains g. Fur-
ther he V, implies h~(r)e U. If I(g) = {r}, let b be an element of
S — {r}. Define V,={feL|f(r)eU,, and f(s)e U, for seS — {r}}
where U, =Un{zxeD|z<a} and U,={xeD|x <z} if there exist
ze D such that ¢g=(b) < 2z < g~(r), and if there does not exist such an
element 2z, U =UNn{xeD|g () <z and U,={reD|xz < g (1)}
Then ge V,, V, is open and fe V, implies f~(r)e U. The other case
is handled in a similar fashion.

THEOREM 3. If D is a topological chain and S 1is finite, then
(M, £) is a modular topological lattice which ts nondistributive if
card S > 2 and card D > 1.

If card § =1, M = L and therefore (M, <) is a topological dis-
tributive lattice. If card S = 2, then Lemma 7 and 8 establish that
V is continuous since it is the composition of continuous maps. There-
fore (M, <) is a topological lattice since A is continuous for every S.
Theorem 1 establishes the modularity of M while its corollary the
nondistributive nature of M when 3 < card S and 2 < card D.

DEFINITION. Let n be a positive integer and 3 < n, then let M,
denote the lattice constructed as the M above in the case where S=
{1,2,---,m}and D ={rxeR|0 < x < 1} with its usual order and the
operations of D being xVy = max {z, ¥y} and Ay = min {z, y}. When
S is the set of positive integers and D as previously described let
M., denote the lattice M constructed. Then the following results are
immediate.

THEOREM 4. For each posttive integer n =3, M, is a compact
connected topological lattrce which is modular and nmot distributive.

COROLLARY 1. M, is a compact connected topological lattice, mo-
dular and not distributive, which is a two dimensional subset of R*
that cannot be embedded im R*.

COROLLARY 2. M., is a compact connected topological semilattice,
which is a modular lattice, and not a topological lattice.
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A NOTE ON A THEOREM OF HILL

PHILLIP GRIFFITH

Recently Hill has shown the existence of an abelian p-
group with the property that each infinite subgroup can be
embedded in a direct summand of the same cardinality but
the group is not a direct sum of countable groups. Megibben
has since observed that this phenomenon occurs in a larger class
of abelian groups. In this note we show that such pathology
is present in modules for a rather wide class of rings. In
fact, the lack of such phenomena for a particular class of
modules serves as a characterization for left perfect rings,
Our results also yield some facts concerning pure injective
modules,

All rings in this paper are associative with identity and all mod-
ules are unital.

2. A characterization of left perfect rings. Bass [1] calls a ring
R left perfect if each left R-module has a projective cover (projective
cover is the dual of injective envelope). Among several other charac-
terizations of left perfect rings, Bass proves that R is left perfect if
and only if R has the descending chain condition on principal right
ideals. Hence, assuming that R is not left perfect, we can obtain a
strictly decreasing sequence of principal right ideals of the form

aRD>aa,RD -+ Da,++-a,RD +-- .

We set P= 11, .,Re,, where Re, = R for each », and we denote by
S the submodule of finitely nonzero sequences in P. We shall use the
notation 37, re;, for m < n, to denote a vector in P whose ith co-
ordinate is zero for 7 > n and ¢ < m and whose ith coordinate is r;e;
for m < i < n. We define elements
™ =3 (ay - a0, € P for m=1,2,.-..
izm

Let A be the submodule of P generated by S and the elements ¢™
for m = 1,2, -..., With this notation established, we prove the fol-
lowing lemma.

LevMmA 2.1. Let R be a ring that is not left perfect and let A
and S be defined as above. Then A is free and S is not a direct
summand of A.

Proof. First we note that if » < m, then
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m—1
(*) ™ =3 (o0 @) + (@ + 00 Qpy)e™

izn
and in particular
¢ =a,(e, + ¢y for =12 -..,

Now suppose that A = S@ B. Then ¢™ = s, + b, where s,cS and
b, # 0e B. From property (x) above, we have that, for n > 1,

¢t = Sin + (al e an——l)c(m Where $1n € S *
Therefore

s+ b =c"=s,+ (- a,,)c"
=81 + (@ +++ @pi)(s, + D)
= S, + (al e a/n—-l)sn + (al e a/n—l)bn°

Hence s, = s, + (a, -+ a,_))s, and b, = (a, ++- a,_,)b, for each n > 1.
Therefore ¢V = s, + (a, ++- a,_,)b, for n = 2,3, ..., Since s, has only
finitely many nonzero coordinates, it follows that there is a positive
integer » such that a,.--a,=a, - a,a,,y. But this implies that
a ++a,R=a,---a,.,R which is a contradiction. Thus S is not a
summand of A.

To show that A is free, let y, = ¢, + ¢**" for n =1,2, --.. Since
¢™ = a,y, by property (x) above, it follows that A4 is generated by
{¥.}n<w- Suppose that ry, + --+ + r,y, = 0 where ;€ R. Then

e e - eee f Y = —pie, — 18, — ce e — 10, .

Since the first coordinate of the left hand side is zero, it follows that
r, = 0. A repetition of the preceding argument shows that », = r, =
«++ =7, = 0. This implies that A is free with {y,}..., for a basis.

We observe from [1] that a left R-module is torsionless if and
only if it can be embedded as a submodule of a direct product of
copies of R. We shall call a left R-module G ¥,-separable provided G
is flat, torsionless and that each countably generated submodule of G
is contained in a countably generated direct summand of G (this de-
finition parallels the definition given by L. Fuchs [4] in the context
of Y,-free groups). We now prove the main result of this section.
The proof is modeled after that of Hill’s [5].

THEOREM 2.2. A ring R s left perfect if and only if each
W.-separable left R-module is a direct sum of countably generated
modules.



A NOTE ON A THEOREM OF HILL 281

Proof. If R is left perfect, then by Theorem 3.2 [2] any flat
left module is projective. Since an R,-separable left module is flat,
it follows from Kaplansky’s theorem [6] that each Y,-separable left
R-module is a direct sum of countably generated modules.

Now suppose that R is not left perfect. This implies by Theorem
P [1] that R has a strictly decreasing sequence

aRD>aa,RD <+ Da,»++a,RD -+

of principal right ideals. Set P* = I1,.,Re, where Re, = R for each
a < 2 (2 denotes the first uncountable ordinal). We construct a left
submodule G of P* such that G = U.<, G. where {G,}.<, is a monotone
increasing chain defined as follows: G, = 0, G, = Re, and suppose that
G, has been defined for each a < 8 such that the following conditions
hold:

(i) If ais a limit ordinal, @ < 8, G, = U,<. G,.

(ii) If « — 1 and a — 2 exist, G, = G._, P Re,_,.

(ili) If a — 1 exists and is a limit, there is a monotone increasing
sequence o,.(n) of ordinals less than & — 1 such that o,(n) — 2 is de-
fined for each % and such that o.(n) converges to &« — 1. Then ¢/™ =
Siizm (@ * o @))€, for m =1,2, .- and G, is generated by G,_, and
{Cg’m}n<w'

(iv) If o+, denotes the natural projection of P* onto /7, ,Re; and
if v+ 1<a<p, then 0,,,(G.) = Gs,.

(v) G, is not a direct summand of G,., if « is a limit ordinal.

(vi) G, is flat for a < B.

If B is a limit ordinal we set G; = J..s G, and if both 8 — 1 and
B — 2 exist we set Gy = G4_, P Re,_,. It is straightforward in either of
the above two cases to show that (i)-(vi) hold for the collection [G,].<s.
Now suppose that 8 — 1 is a limit ordinal. Define o,(n) and ¢/ so
that (iii) is satisfied and define G, to be the submodule generated by
Gy, and {c{},<.. Suppose that v + 1 < B and consider p,.,(G;). To
show that (iv) is satisfied, it clearly suffices to show that p,.,(¢c/™) € G, ...
But this is a direct consequence of the fact that ¢/™ = 3. (a, « - )5 5
and that o,(2) > v + 1 for all 4 larger than some integer 7, To see
that (v) holds, let 4, be the set of ordinals {o;(1), g4(2), ---} and let
I; be the ordinals less than 8 that are not in 4,. Let B=G, N II 1 Res,
A=G;N H/iﬂRe;_ and let S denote the finite sequences in HI,B Re,. It
is routine to show that G; = B@ A and that G,_, = B S. We ob-
serve that (up to isomorphism) our A and S here are the same as the
A and S, respectively, in Lemma 2.1. It follows that G,_, is not a
direct summand of G,. We also see that G,_, is flat since B is neces-
sarily flat and since A is free. Thus the collection [G,].c; satisfies
(i)-(vi) and hence we obtain G = J.<,G. where {G,}.., satisfies (i)-(vi).
Note that G is torsionless since G is a submodule of P*. G is flat
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from (vi) since a direct limit of flat modules is flat. Property (v)
implies that G is not a direct sum of countably generated modules.
Finally, property (iv) guarantees that p,.,, when restricted to G, is a
projection of G onto G,.,. Thus G is ¥,-separable.

From the above proof, we obtain the following corollary.

COROLLARY 2.3. A ring R 1s left perfect 1f and only if each
W.-separable left R-module is projective.

3. Some remarks on pure injective modules over artinian
rings. An interesting consequence of our Lemma 2.1 is that the direct
sum of Y, copies of a ring R (as a left R-module) is not a direct
summand of the corresponding direct product of ¥, copies of R if R
is not left perfect. In this section we wish to consider in part the
question of when the direct sum of infinitely many copies of R (as a
left R-module) is a direct summand of the corresponding direct product
of copies of R. More generally, we consider the problem of determin-
ing when projective modules are pure injective modules in the sense
of Warfield [7]. For commutative Noetherian rings we obtain a com-
plete answer to both of the above questions. A submodule A of a
left R-module B is called a pure submodule provided, for any right
module M, the natural homomorphism M Q A— M Q B is injective.
A module @ is called pure injective, if for every module B and pure
submodule A4, each homomorphism of A into @ extends to a homomor-
phism of B into Q. Hence, if a pure injective module @ is a pure
submodule of a module B, then @ is a direct summand of B. Our
main theorems of this section follow the next lemma.

LEMMA 3.1. If R s a left artintan ring, then any pure sub-
module of a left projective R-module is a direct summand.

Proof. Suppose that A is a pure submodule of a left projective
module P and suppose that M is an arbitrary right R-module. From
the exact sequence

0 = Tor® (M, P)— Tor? (M, P/A) - MQRA— MR P,

we obtain that Tor? (M, P/A) = 0 since the homomorphism MQQA— MK P
is injective. Hence P/A is a flat left R-module. By Theorem P [1],
P/A is projective and thus A is a direct summand of P.

In what follows, >, A; will denote the finitely nonzero vectors in
the direct product I7A,.
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THEOREM 3.2. If R is a commutative artinian ring, then each
projective R-module 1s pure injective. Moreover, +f R is a commuta-
tive Noetherian ring and if each projective R-module is pure injective,
then R 1s artinian.

Proof. First suppose that R is a commutative artinian ring. It
suffices to show that each free R-module is pure projective. By Pro-
position 9 [7], R is pure injective as a module over itself. Let F' =
>« R be an arbitrary free R-module and let P denote the direct pro-
duct P = II,R containing F. It is elementary to see that F' is a pure
submodule of P and that P is pure injective since R is pure injective.
By Theorem 3.4 [2], P is also a projective R-module. Hence, by
Lemma 3.1, F'is a direct summand of P and therefore is pure injective.

Now suppose that R is a commutative Noetherian ring for which
each projective module is pure injective. Let S and A be as in Lemma
2.1. Note that S = >\, R and that S & A & /I R. Therefore S is
pure in A and is therefore a direct summand of A. Hence Lemma
2.1 yields that R is a perfect ring. Since R is also Noetherian, we
have that R is artinian.

COROLLARY 3.3. If R is a commutative artinian ring, then the
direct sum >, R 1s a direct summand of the direct product Il ,.R for
each cardinal number a. Moreover, if R is a commutative Noetherian
ring and vf D, B is a direct summand of Iy R, then R 1is artinian.

We conclude our consideration of pure injective modules with an
answer to the converse problem answered in Theorem 3.2, that is, we
classify those rings for which every pure injective R-module is pro-
jective. Our solution here needs no initial assumptions on the ring.

THEOREM 3.4. A ring R has the property that each pure injective
left R-module is projective if and only if R is semi-simple and ar-
tintan.

Proof. The sufficiency is clear. Hence suppose that R has the
property that each pure injective left R-module is projective. Since
each injective left module is pure injective, it follows that each in-
jective left R-module is also projective. By Theorem 5.3 [3] of Faith
and Walker, we have that R is quasi-Frobenius. Since each left R-
module can be embedded as a pure submodule of a pure injective
left R-module by Corollary 6 [7], we have that any left R-module is
isomorphic to a pure submodule of a projective module. Since a quasi-
Frobenius ring is left artinian, it follows by Lemma 3.1 that each
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left R-module is projective. It is well-known that such a ring is a
semi-simple artinian ring.
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ON FINITE GROUPS WITH INDEPENDENT
CYCLIC SYLOW SUBGROUPS

MARCEL HERZOG

The purpose of this paper is to classify all perfect groups
with cyclic Sylow p-subgroups which satisfy the condition
(TI) two different Sylow p-subgroups of G contain only
the unit element in common
and such that

o(G) < o(P)?

where P is a Sylow p-subgroup of G.
The main result of this paper is the following

THEOREM 1, Let G be a perfect finite group with a cyclic
Sylow p-subgroup P of order p° and assume that the Sylow
p-subgroups of G satisfy the (TI) condition, Assume, further-
more, that

o(G) < p?e,
Then one of the following statements holds,
(I) a=1, G= PSL(, p), where p > 3 is a prime,
(II) a=1, G=PSL2,p—1), where p=2"+41>5 is a
Fermat prime.
II) a=1, G = SL2, p), where p > 3 is a prime,
IV) a=2, p=38, G= PSL(Z,8).

Ten years ago E. Artin raised the following problem: what are
the simple finite groups G of order g which are divisible by a prime
p > g**? This question was answered by R. Brauer and W. F.
Reynolds in [1]. They found that the only groups satisfying the
above conditions are PSL(2, p), where p > 3 is a prime, and PSL(2,
p—1) where p >3 is a Fermat prime, p = 2™ + 1. In particular,
the Sylow p-subgroups of these groups are of order p and therefore
they are cyclic and satisfy the (TI) condition. Theorem 1 thus
generalizes these results.

As a matter of fact we will prove a more general statement than
Theorem 1.

THEOREM 1*. Let G be a finite group with a cyclic Sylow p-
subgroup P of order p* and assume that the Sylow p-subgroups of
G satisfy the (TI) condition. Assume, furthermore, that

o(G) < p™
and no homomorphic image of G is isomorphic to Ny P)/ W, where

285
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W s the normal complement of P in CuP). Then one of the fol-
lowing statements holds.

(1) a=1, G= PSL(Z, p), where p > 3 is a prime.

(IIY* a=1, G=PSL2,p —1), where p=2"+1>5 is «a
Fermat prime.

(IIH* a =1, G = SL(2, p), where p > 3 is a prime.

(IV)* a=2, p=3, G= PSL((2,8).

(V)Y a=1, G=PGL(2, ), where p >3 is a prime.

(VI)* a =1, G = PSL(2, p) x M, where p >3 is a prime and
o(M) = 2.

Since G = G’ implies the last condition of Theorem 1*, Theorem
1 follows immediately from Theorem 1*. In this paper the group
N (P)/W will be referred to as the p-metacyclic group of order g¢p°.

Theorem 1* follows from the following more general result:

THEOREM 2. Let G be a finite group with a cyclic Sylow p-sub-
group P of order p* > 1 and assume that the Sylow p-subgroups of
G satisfy the (TI) condition. Suppose that no homomorphic image
of G is isomorphic to the p-metacyclic group of order p°q. Then

o(G) = quwp (1 + np®)

where wp® = o(Cx(P)), ¢ =[Nyz(P):Ce(P)] >1 and n is a positive
integer.

Furthermore, let G, be the minimal normal subgroup of G for
which G/G, 1s solvable, and let M be the maximal normal subgroup
of G, of order prime to p. Denote G,/M by G*. Then one of the
following statements holds.

(A) n=(hwp*+ h + v+ v)/(v+1)
where h and v are positive integers and v + 1| h(p® — 1).

B) a=1, n =1, G* = PSL(Z2, p) where p > 3 is a prime.

©C) a=1 n=(p-3)/2, G*=PSL(Z2,p — 1) where p =2+ 1>5
18 a Fermat prime.

D) a=2, p=3, n=(p*— 3)/2, GF = PSL(2,8).

Theorem 2 immediately yields

COROLLARY. Let G satisfy the assumptions of Theorem 2 and
suppose that n < (p* + 3)/2. Then G* is of type (B), (C) or (D).

In §2 some basic properties of groups with a Sylow subgroup
satisfying the TI-property are derived. Section 3 contains the proof
of Theorem 2, from which Theorem 1* is deduced in §4.

We use the standard notation C,(T), N(T), o(T), T* and {T),



INDEPENDENT CYCLIC SYLOW SUBGROUPS 287

where T is a subset of the group G, to denote respectively: the
centralizer, normalizer, number of elements, the nonunit elements and
the group generated by T. We will say that Ng(T)/Cs(T) acts
frobeniusly on 7 if 67 =6 for e T*% and ne Ny(T) implies that
neCy(T). An element of G is called a p’-element, where p is a prime
number, if p does not divide its order. The principal character and
the commutator subgroup of G will be denoted by 1, and G’ respec-
tively. Finally, if ¢ and b are integers, then (a,b) denotes their
greatest common divisor and « | b means: a divides b.

2. TIP-groups. A finite group will be called a TIP-group if
its Sylow p-subgroups are nontrivial and satisfy the TI-property.
This section deals with properties of TIP-groups in general, followed
by a study of TIP-groups with a cyclic Sylow p-subgroup.

ProrosiTiON 2.1. Let G be a TIP-group with a Sylow p-subgroup
P of order p°. Then the following statements hold.

(a) Co(PYy=Wx P
where o( W) = w and (w, p) = 1.

(b) 0o(G) = quwp(1 + np*)
where ¢ = [Ng(P) : Ce(P)] and n is a monnegative integer.

(c¢) Any normal subgroup L of G of order divisible exactly by
" > 1 is a TIP-group of order q,w,p*(1 + np®).

(d) If H is a normal subgroups of G of order prime to p, then
G/H is a TIP-group.

Proof. Let C = Cy(P), N = Ny(P).

(a) Since P is a normal Hall-subgroup of C, it has a comple-
ment W and (w, p) = 1. Since elements of W commute with elements
of P, C =W x P.

(b) Consider the conjugates {P;} of P, other than P. If oeP
and P; = P,, where P, = P°, 7e(@G, then P! = P, 7ot € NgP)
and o€ Ny(P°), 6e PN P* = {1}, Thus P acts by conjugation fixed
point free on {P;} and therefore o{P;} = mp® for some nonnegative
integer n. Hence [G: N] =1 + np® and o(G) = quwp (1 + np*).

(¢)—(d) The proof of Lemma 1 in [6] obviously holds also for
general TIP-groups, with p == 2. Thus any subgroup of G of order
divisible by p is a TIP-group and (d) holds. Let o(L) = q,2,p*(1 -+ n,p").
Since L and G have the same number of Sylow p-subgroups 1 + n,p* =
1 + np* proving (c).

PROPOSITION 2.2, Let G be a TIP-group with a cyclic Sylow
p-subgroup P of order p°. Then in addition to properties (a)—(d)
of Proposition 2.1, and using the same notation, the following state-
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ments hold.
(e) Co(P) = C4(0) and Ng(P) = Ny(oD)
for all oe P%,
(f) q divides p — 1.
(g) o(G/H) = qwp*(1 + ©p*)
and there exists a nmonnegative itnteger z such that

n==z-+n-+ z2np®.

If 2=0 then HC W.
(h) If K is a normal subgroup of G and K does mot contain

P then
Ng(P) = Cx(P) .

(i) If also o(K N P) > 1, then G can be mapped homomorphically
on the p-metacyclic group of order p°q.

Proof. (e) Let g¢ P*; then by Lemma 2.1.b in[3] C;(0) N Ng(P) =
CyP). It follows from the TI-property that C,(¢) < Ni«(P) and
Ng({o>) © Ng(P). Thus Cy(0) = C4(P) and since P is cyclic Ny(<oD) =
Ng(P).

(f) By Lemma 2.1.d of [3] N/C acts frobeniusly on P and P
is cyclic. Therefore ¢ = [N : C] divides p — 1.

(g) The proof of Proposition 2 in [1] holds, with the obvious
changes, also in the present case. It is clear from the proof in [1]
that if 2z = 0 then H < Cy(P).

(h) Suppose that KN NZ C and let ce KN N — C. Since N/C
acts frobeniusly on P, it follows that the elements op~'c~'p, pc P,
are distinct and belong to PN K. Thus P is contained in K, a con-
tradiction. Consequently KN Nc C and KN N = K N C, as required.

(i) Let p* be the exact power of p dividing o(K). Then
1 < p* < p® and by Proposition 2.1.c and (h) o(K) = wep*(1 + np*),
where w,p* = o(Cx(P N K)) = o(Nx(P N K)). By the Burnside Theorem
K has a characteristic subgroup T of order w. (1 + np®). T is normal
in G and G = NT. Consequently WT is a normal subgroup of G and
G/WT is isomorphic to the p-metacyclic group of order p%q.

3. Proof of Theorem 2. If either p =2 or ¢ =1, then
Cs(P) = N (P) and by the Burnside Theorem P has a normal comple-
ment in G, in contradiction to our assumption. Thus p > 2 and ¢ > 1.

If P is normal in G and C4P) = W x P, then W is normal in
G, again a contradiction. Thus P is not normal in G and the first
statement of Theorem 2 follows from Proposition 2.1.b.

It follows from Proposition 3 in [1] and Proposition 2.2.i that
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Pc G, Indeed, if PZ G, then either ¢ =1 or a > 1 and G contains
a normal subgroup U such that 1 < o(UN P) < p*. In both cases the
above mentioned propositions yield a contradiction to our assumptions.

The definition of G, forces it to be its own commutator subgroup
and the same is true for G*. Moreover, G* does not have nontrivial
normal subgroups of order prime to p.

From now on we will assume that (A) is not satisfied and will
show that then one of the statements (B), (C), or (D) holds.

Let o(Gy) = quw,p*(1 + np*), o(G*) = qw*p*(L + n*p*). Since G* =
(G*), n* == 0. By Proposition 2.2.g there exists a nonnegative integer
z such that

n =2z + n* -+ zn*p*.
If 20, let h = (z + 1)n*, v = 2. Then:
n=v+ h/(v+1)+ vhp*/(v + 1)

in contradiction to our assumptions. Thus z = 0 and #n* = n.

Consequently, it suffices to show that if G satisfies the assumptions
of Theorem 2 and in addition, G = ', G has no nontrivial normal
subgroup of order prime to p» and n does not satisfy (A), then G is
isomorphic to one of the simple groups described in (B), (C), and (D).

We will use the following notation: N = Ny (P), C = Cx(P) =
W x P where o(W) = w and (w, p) = 1.

Let B be the principal p-block of G. Then by Proposition 2.1 of
[3] B contains ¢ = (p* — 1)/q exceptional characters X, of degree u,,

A=1,.--,t and ¢ nonexceptional characters X, of degree =, 7 =
1,.---,q. If o€ P* and 7 is a p’-element of C,;(o) = C then:

Xi(om) = — & 3, {4(0) for x =1, ---,¢
(1) e

X,(om) = ¢; forj=1,.--,q
where R is a set of coset representativesof Cin N, {{;|x =1, ---, ¢}

is a set of representatives of the ¢ transitivity classes of characters
of P under conjugation by N (see [3], Lemma 2.2), and ¢; = + 1 for
j=0,1,----,q. It follows also by Corollary 2.1 of [3] that the
following relations hold:

r; = & (mod p%) for 1 =1,---,¢q

(2) tx, = &, (mod p°)

and

(3) S e = 0.

=0
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We are now ready to state

LEMMA 3.1.
(4) te; | (p* — 1)1 + np®) Jor 3 =0,---,q.

Proof. If o€ P%* then C = C4(0o) and it is well-known that the

expression
o(@)- X,(0)
o(C)-x;
is an algebraic integer for all j. It follows, from Proposition 2.1 and
(1), that for j =1, ---, ¢
quwp*(l + np®)[wp°;
is an algebraic integer and consequently
tw; [tg(1 + np®) = (p* — 1)L + np?) .

For j = 0, it follows from (1), Proposition 2.1 and Lemma 2.2 of [3]
that

S o(@)X;(0) _ qwp(l + mpe,
= o(C)w, wP X,

is an algebraic integer and therefore ¢z, | (p* — 1)(1 + np?).
Since the block B contains 1, as a nonexceptional character, we
may assume that X, = 1,. We have then

LemMA 3.2. For 7=0,2,8,---,q

__{1+np“ if ¢ =1
T -1 i g =—1

where T; = x; for j =2,--+,q and T, = ix,.

Proof. We will show first that if
up® + €| (p* — 1)1 + np?) , e==x1
then either n satisfies statement (A) or one of the following relations
holds:
up® +e=1 or np*+1 if e=1
up* +e=p*—1 or (p*— 1)(np*+ 1) if e=—1.

To do so, it suffices to show that if » does not satisfy (A) then the
only solutions of
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(5) (vp* + D(wp" — 1) = (p* — DA + np*)

in nonnegative integers v and w are: v = 0, wp® — 1 = (p* — 1)1 + np*)
and v =n, w = 1.

Suppose that » = 0 and w > 1. Then »p* + 1 <1 + np*, v < n.
By multiplying out equation (5), adding 1 to both sides and dividing
by p* we get

(6) wep* +w —v=np*—n+1.
Now by (6):

(vp* + D(n — wv) = vp*n — v(wvp®) + N — WY
=vpn + vw — V2 — vnp® +vn — v + n — wv
=m—-2v)(v+1).

Since n > v, the left hand side of the equation is positive and so we
may put & = n — wv, where & is a positive integer. Solving for n we
get a contradiction to the assumption that n does not satisfy (A).
Thus either v = 0 or w = 1 and the above assertion follows.

Now we have seen that for 7 =0,2,3, ---, q

Z; = ¢; (mod p%) and %, | (p* — 1)1 + np°) .

Since X, is the only character of G of degree 1, it follows that for
j = 072?3? ...?q

_ 1+ np° if ¢;=1
Xx, =
Tolpr—1 or (p*— D + npY) if e;=—1.

Thus it suffices to show that for j =10,2,3, .-+, ¢
Z; # (p* — 1)1 + np) .
Indeed, if the equality holds, then by (3):

0= Zq] ew; = 14 (¢ — DA + np®) — (p* — DA + np)/t = — np*

a contradiction. The proof of Lemma 3.2 is complete.

We will proceed with the proof of Theorem 2. It follows from
(3) that at least one of the ¢js, 7 =0,1, ..+, q, is negative. If ¢, =
—1,let X=>V¢_X;and if ¢, = — 1 for some 7 =2 let X = X,. In
either case, by Lemma 3.2 X is a character of G of degree p* — 1
and by (1) and Lemma 2.2 of [3]

X(om) = —1
for o0 € P*, mwe W, where C = P x W. Denote the restriction of X to
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C also by X; then X is a character of P X W and therefore for
peP and me W we have:

(7) X(om) = 2; Yi(T)pi(0)
where +;, ¢ =1, .-+, » are distinct irreducible characters of W and
@i, © =1, ---, 7 are characters of P. Let e P} mwe W; as X(ox) =

— 1, it follows from (7) and from the linear independence of the
irreducible characters of W, that the principal character appears
among the +;, say 4, = 1, and

g)l(o-) = - 1, @2(0) = = ¢r(0.) =0.

Suppose that » > 1. Then ¢, vanishes on P*# and therefore p* divides
@y(1), in contradiction to (7) and the fact that X(1) = p* — 1. Thus
r=1 and

X(om) = p.(0) for all pe P, e W.

In particular X(7) = ¢,(1) = X(1) for all we W. Let V denote the
kernel of X; then V is a normal subgroup G and W< V. Suppose
that W = {1}. Then it follows from the assumption that G has no
nontrivial subgroups of order prime to » and from Proposition 2.2.i
that PC V, in contradiction to the fact that X(¢) = — 1 for ¢ € PA,
Consequently W = {1}, P contains the centralizer of each of its nonunit
elements and by Theorem 2 of [2] G is either of type (B), or of type
C, or G = PSL(2, p* — 1), where a > 1 and p* — 1 = 2. In view of
Lemma 3.1 of [3], the only solution of the above equation with a > 1
is: p=3,a=2and b =3. Thusifa >1, G= PSL(2,8). Since the
groups of types (B), (C) and (D) satisfy the conditions of Theorem 2,
the proof is complete.

4. Proof of Theorem 1*. It follows from Theorem 2 that one
of the statements (B), (C) and (D) holds. Statement (A) could not
occur, since then

n = (p* + 3)/2, o(G) = 2p°(p* + 3)p*/2 > p*

a contradiction.

In cases (C) and (D) o(G*) > p*/2 and therefore G = G*, yielding
statements (II)* or (IV)*. In case (B), o(G*) = (p* — »*)/2 and there-
fore either [G: G, =2, G, = G*, or G = G,, o(M) =1lor 2. If [G:G,] =
2, then o(M) = 1, G is isomorphic to a subgroup of the automorphism
group of PSL(2, p) and by [5, Lemma 2] G = PGL(2, p), yielding (V)*.
If G =G, and o(M) =1, then G = PSL(2, p), p >3, and (I)* holds.
Finally, if G = G, and o(M) = 2, then it follows from a theorem of
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Schur [4, p. 120] that G is either isomorphic to SL(2, p) and (ILI)*
holds, or it is isomorphic to PSL(2, p) x M and (VI)* holds. Since
the groups mentioned in Theorem 1* satisfy the conditions of that
theorem, the proof is complete.
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EXTENSIONS OF PSEUDO-VALUATIONS

JAMES A. HuCKkABA

Let w be a pseudo-valuation defined on a commutative
ring R and let S be an overring of E. This paper investigates
conditions needed to imply that w can be extended to S. These
conditions are given in terms of a particular sequence of ideals
{A;}2, in R which is called the best filtration for w. The
main theorem states that if w is a pseudo-valuation on R with
best filtration {A;} and each A; is a contracted ideal with re-
spect to S, then w can be extended to S, The converse of
this result is then proved.

By using our main theorem and some recent results by Gilmer
[1], we show in several important cases that if S is an overring of
R and w is any pseudo-valuation on R possessing a best filtration,
then w can be extended to S. In particular, if R is a Priifer domain
with quotient field K and if S is an overring of R such that SN K = R,
then w can be extended from R to S.

We begin in §1 by defining and developing properties of a best
filtration and determining classes of pseudo-valuations which have
best filtrations. The main results and applications are then proved
in §2.

1. Filtrations. All rings are commutative, associative, and have
identity. If S is an overring of R, we assume that S and R have
the same identity. A pseudo-valuation on the ring R is a mapping
w from R into the extended real number system such that:

(1) w(0) = e, w() =0,

(ii) w(r — y) = min {w(x), w(y)},

(iil) w(zy) = w(x) + w(y), for each z,yc R.

w is called a homogeneous pseudo-valuation in case:

(iv) w(x®) = 2w(x) for each xe R.

w is called a valuation in case:
(v) w(zy) = wx) + w(y) for each 2, yc R.
Pseudo-valuations were first introduced by Rees [3]. Rees proved in
[3] that (iv) is equivalent to the condition that w(z") = nw(xz) for
each positive integer » and for each xze R. These functions arise
quite naturally in ring theory. If A is a proper ideal of R, define
v(x) =n if e A~ x¢ A" and v,(x) = « if xe A" for all n. Then
v, is a pseudo-valuation. We say that v, is associated with the ideal
A. A sequence of ideals {4;}, of R such that 4, = R, 4;.,C 4,, and
AA;C Ay for all © and j is called a filtration on R. Notice that
the nonnegative integral powers of an ideal 4 of R forms a filtration,
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where A° is defined to be R. Also note that any filtration {4} deter-
mines a pseudo-valuation in exactly the same manner that the powers
of an ideal A determines v,. For an arbitrary pseudo-valuation w on
R and a subset T of R, define w(T) = inf {w(t): te T}.

DEFINITION 1. If w is a pseudo-valuation on R, define

A, =R

A; = {ze R: w(x) > w4, )},
if w(d;_) < .

A=A, if wd;) = .

(1.1)

Each member of the sequence {4,} is an ideal of R. The sequence
defined by (1.1) has the property that 4,0 A4, D A4,D---. A,,, is not
necessarily a proper subset of A;, as will be shown in Examples 1
and 2. Also note that for a given pseudo-valuation w, {x € R: w(x) =
w}c N A;. The following example shows that there exists pseudo-
valuations such that the sequence defined by (1.1) is not a filtration.

ExAMPLE 1. Let % be an ideal of a ring R in which A’ 29+
for all . Define a sequence of ideals {B;} as follows: B, = R, B, = %,
B,=9%, B, =B, =%, and B, = A4+ = 5). Then {B;} is a filtration
in R and determines some pseudo-valuation w, where w(z) = n if
xeeB,,x¢B,.;and w(x) = « if e N B,. Now use Definition 1 to define
A; with respect to w. We obtain 4, = B;(¢ =0,1,2,3) and A4; =
B;.,(i =4,5,.--). But {4;} is not a filtration, since (A4,)*Z A..

DEFINITION 2. Let w be a pseudo-valuation on R and let {4} be
defined by (1.1). If {A4;} is a filtration in R such that z € N A; if and
only if w(x) = o, then {4,} is called a best filtration for w. Let B(R)
denote the class of all pseudo-valuations on R which have a best
filtration.

Example 1 then implies that there are pseudo-valuations which
do not have best filtrations. It is clear from the definition that if w
has a best filtration, then it is unique. From now on we will talk
about the best filtration for w.

ExAMPLE 2. Let w be a pseudo-valuation on R and let {4} be
the sequence defined by (1.1). It is possible for {A;} to be a filtration
in R, yet not be the best filtration for w. Let v be a real valued
nondiscrete valuation on a field K and consider v as a pseudo-valuation
on its valuation ring R,. Since the value group of v has no smallest
positive element, v(4,) = 0. Then A, = {xe R:v(x) > v(4) = 0} = A,.
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By induction, we see that A; = A, for each ¢ = 1. Hence the sequence
{A;} is such that A, 2 A, = A, = ---. Therefore v¢ B(R). However,
it is clear that {4;} is a filtration.

We will be interested only when the sequence defined by (1.1) is
a filtration. This always happens in one important case.

REMARK 1. If » is a valuation on a ring R and if {4;} is the
sequence of ideals defined by (1.1), then {4,} is a filtration in R.

Proof. It is clear that A4, > A,., for each 1. Hence, to complete
the proof we need to show that A;A;C A4;.; for all nonnegative
integers ¢ and j. We fix 7 and use induction on 7. Clearly A,4; C A, ;.
Assume that A;_A;C A, ;_,forv > 1. Letxe A,;A;, then z = 37, a;b,
where a, € A4; and b, € A;. We may assume without loss of generality
that w(a) + »(b) = min}_, (v(a;) + »(b,)). Then wv(x) = v(a,) + v(b).
Casel: If v(4;_,) < oo, thenv(a,) > v(A4;_),and thus v(x) > v(4;_.)+ v(4;) =
v(A;_A;) =Zv(4;.;_). By Definition 1, x € A4,.;. Case 2: If v(4,_,)) = o,
then »(x) = oo, which implies that x ¢ A;,;. Therefore A,A;C A,,;.

LEmMA 1. Let we B(R) and let {A;} be the best filtration for w.
Then:

(1) A; = A, if and only if w(4,) = co.

(2) Let xcA; and x¢ A;.,. Then yec A, and ye A, if and
only if w(@) = w(y). In fact, w(x) = w(A,).

(3) If ye A, and z¢ A;, then w(y) > w(z).

(4) If w(x) < oo, then there exists an integer i such that x € A,
and x & A,

Proof. (1) Suppose A; = A,.,. By induction we see that A, = A,.,
for each positive integer ¢. If w(A4;) < oo, then there is an element
x € A, such that w(z) < . But # € N A; which implies that w(z) = o,
a contradiction. Conversely, if w(A4,) = -, then A, = A,,, by definition
of the best filtration.

(2) First note that xe A;, x ¢ 4;,, implies that w(x)=w(4,;). If
yeA;, y¢eA,., then clearly w(z) = w(y). Conversely, assume w(x) =
w(y). If i =0, then w(y) < w(A,) and hence y is in A4,, but not in
A,. If ¢>0, then w(4;_) < w(4,). If equality holds, then A; = A4,,,,
which implies that € 4;.,. Therefore w(4,_,) < w(4;), which implies
that ye 4;. Also y¢ A,,,, for if so, then w(y) > w(4,).

(3) and (4) are clear.

The converse of the above result is also true.
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LEMMA 2. Let w be a pseudo-valuation on R and let {B;} be a
Siltration in R satisfying properties (1)-(4). Then {B;} is the best
Siltration for w.

Proof. Clearly xe N B; if and only if w(z) = c-. Suppose that
w(B;_;) < . By properties (2) and (3) B; = {x € R: w(x) = w(B,)}.
Thus B; c{x e R: w(x) > w(B;_))}. On the other hand, suppose that
w(x) > w(B;_). If w®) = c, then x ¢ N B, and hence xzeB,. If
w(x) < co, choose k such that ze B, and x¢ B,,,. Suppose that
k<1—1, then B,D B,_,, so w() = w(B,) < w(B,_,), a contradiction.
So we must have k >17 —1 and hence xeB;,. Therefore B, =
{re R: w(x) > w(B;_)}.

By (1), if w(B;_,) = =, then B;,_, = B,.

We assume from now on that all pseudo-valuations w which are
considered have the property that there exists at least one x such
that 0 < w(x) < oo.

LemMMA 3. (a) If w is a homogeneous pseudo-valuation on R and
if {A;} is the sequence of ideals defined by (1.1), then w(A;) < o for
each 1.

(b) If w is a pseudo-valuation on a ring R and if {4;} is the
sequence of ideals defined by (1.1) such that each A; is finitely
generated, then w(A;_ ) < o implies that w(4;) > w(4,;_).

Proof. (a) Suppose, to the contrary, that ¢ is the smallest positive
integer such that w(4;) = «. Since w is nontrivial, ¢ = 2. Choose
xcA, ,,x¢A,, Then 0 < w(x) < c, and w(x?) > w(x) = w(4,_,), Sso
x*e A;. But, w(4;,) < w(@* = 2w(x) < o, contradicting the assumption
that w(4,) = .

(b) Let a, --+,a, be a basis for A;. Choose a, such that w(a,) =
min {w(a,), + + -, w(a,)}. Then w(4;) =w(a;). Sincea, € A;, w(a,) > w(A;_,)
and therefore w(4;) > w(4,_,).

The following theorem shows that there are many pseudo-valuations
with best filtrations.

THEOREM 1. (1) Any pseudo-valuation associated with an ideal
is in B(R). More generally, any pseudo-valuation determined by a
JSiltration {B;}, where B, = B;,, itmplies that B; = B,,, for each positive
integer k, is in B(R).

(2) If the sequence {A;} of ideals defined by (1.1) is a filtration
and if lim;.., w(4;) = oo, then we B(R). Both of these conditions are
satisfied if w is a valuation on R and R is noetherian.
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(8) A pseudo-valuation w on R such that the range of w 1is
equal to the set of all multiples of some positive real number t > 0
18 in B(R). This includes all integrally valued homogeneous pseudo-
valuations w such that there is an x € R for which w(x) = 1.

(4) All integrally valued pseudo-valuations and pseudo-valuations
on a noetherian ring such that (1.1) forms a filtrations are in B(R).

Proof. (1) Clear.

(2) Let w and {4,} satisfy the hypothesis of the first statement
of (2). Clearly w(x) =  implies that x € N 4;. Let v € N 4;, then
w(x) = w(4,_,) for each 7. Since lim; ., w(4;) = oo, w(x) = oo.

We will now prove the second statement of (2). Let v be a
valuation on a noetherian ring RE. By Remark 1, the sequence of
ideals {A4;} defined by (1.1) is a filtration in R. We need to show that
lim;_.., v(4;) = co. Consider a basis {y,, ---, y,} for the ideal A4,. Let
v(y) = min {v(y,), -+, v(¥,)}. Then y, is an element of R with the
property that v(y,) = ¢ is a minimal positive element in the range of
v. Assume that lim,.. v(4,) =t < . By Lemma 3 (b), v(4;) > v(4;_)
for each ¢. Thus we can choose a sequence {x,;} € R so that v(z;) = a;
where (t—¢) < a, <a,< ---, and each a; <{¢. Let B be the ideal
generated by {z;}. Since R is noetherian there exists a positive integer
n so that {x, ---,2,} is a basis of B. Let » > n, then 2,€ B and so
x, =S, a0, a; € B Thenv(z,) = min {v(a,), - -+, v(@,2,)}. Let v(e;x;)
be this minimum. Casel: If v(a;) # 0, then v(x,) = v(@;) + a; =€+ a; = ¢,
which is a contradiction. Case 2: If v(«;) = 0, then v(x,) = a, > a; =
v(x;) = v(a;x;). By properties of a valuation, v(a,x;) = v(a,x,) for some
E<m,k=+j. Since v(x;) = v(x,), v(a,) = 0. Hence, v(x,) = v(a,) + a, = t,
a contradiction. This proves that lim,.,. v(4;) = co.

(8) Define B, = R and inductively, B; = {x € R: w(x) = i-t}. The
sequence {B;} satisfies the hypothesis of Lemma 2 and is a best filtration
for w.

(4) The first part is clear, For the second part use the same
technique as in (2).

2. The main results. The following notation will be used in
this section. Let S be an overring of B. If 4 is an ideal of R, then
the extension of A to S, A-S, will be denoted by A°. If B is an ideal
of S, then the contraction of B to R, BN R, will be denoted by B°.

THEOREM 2. Suppose that S is an overring of R, w,€ B(R), and
{A;} is the best filtration for w, If each A; is a contracted ideal
with respect to S, then w, can be extended to S.

Proof. Define B; = A; for each ¢. Then {B;} is a filtration on S.
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Define a mapping w on S as follows: w(x) = w,(4;) if x¢B;, 2¢ B,
and w(x) = « if z € N B,., We will show that w is a pseudo-valuation
on S which extends w, to S. Property (i) of the definition of pseudo-
valuation is obviously satisfied. Suppose that xe B;, ¢ B;., and y e B;,
y ¢ B;,,. Without loss of generality, assume that ¢ < 5. Thenx — y ¢ B,
and hence, w(x — y) = wy(4;) = min {w,(4,), w(4;)} = min {w(x), w(y)}.
Similarly if either xeB;, for all ¢ or yeB; for all j, then
w(x — y) = min {w(x), w(y)}. This proves property (ii).

Finally, we wish to show w(xy) = w(x) + w(y). Again let x¢ B,,
x¢B;., and ye B;,y¢ B,,,. Then xye B,B;C B,,;, so that

w(xy) = wo(Ai+j) .

If w4 + wi4;) < w(A;.;), then w(zy) = w(z) + w(y). On the other
hand, if w4, + w(A4;) > w,(4,,;), there are two cases to consider.
Case 1: Suppose there is a positive integer ¢ such that

Wo(A:) + wo(4;) = wo(Aiijie)

but w.(4;) + wy(4;) > w(A;+j4:my). Then A;A;C A;.;.,, and hence
B.B;C B;,;.,. Since xye B;B; C B;yj., w(wy) = w(x) + w(y). Case 2:
Suppose that wy(4;) + wy(A4;) > we(Air ;) forallt. Then wy(4:A4;) > w,(A4,)
for all k, which implies that 4,4, < 4, for all k. Hence,

vy e AsA; C (N 4 CNie= (4D = N By .

Therefore w(zy) = ~ and w(zry) = w(x) + w(y). When either x € N B,
or y € N B, clearly w(zy) = w(x) + w(y) =. This proves property
(iii), showing that w is a pseudo-valuation on S.

It is easy to see that w extends w,. Take zeR. IfzeA;,z¢ 4,.,
then by Lemma 1, w,(z) = w,(A;). Clearly z¢ B;,. Suppose ze B,.,,
since z is also in R, ze A,,,** = A,,, a contradiction. Therefore z ¢ B,,,,
and hence w(z) = w,(4;). If z e N A;, then z € N B; which implies that
wy(2) = w(R) = oo.

A subring R of a ring S is said to have property C with respect
to Sin case each ideal of R is a contraction of an ideal in S. In [1],
Gilmer shows that in several cases, if S is an overring of R which
is integrally dependent on R, then R has property C with respect to
S. Using Gilmer’s theory we obtain several applications of Theorem
2, which are listed in the corollaries below. A Priifer domain is a
domain R with identity in which each finitely generated ideal is in-
vertible, or equivalently, in which R, is a valuation ring for each
prime ideal P in R. An ideal A of a ring R is called a wvaluation
ideal in case there exists a valuation ring R, containing R and an
ideal B of R, such that BN R = A.
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COROLLARY 1. Suppose that R is a Prifer domain with quotient
field K and that R is a subdomain of R,.. If R.N K = R, then every
w € B(R) can be extended to R,.

Proof. By [1; p. 563, Corollary 2], R has property C with respect
to R,. Then each ideal in a best filtration for w is a contracted ideal
with respect to R,. By Theorem 2, w can be extended to R,.

COROLLARY 2. Let R be a domain, let w <€ B(R), suppose that R,
1s integral over R, and let {A;} be the best filtration for w. If each
A, is an intersection of valuation ideals of R, then w can be extended
to R,.

Proof. Apply [1; p. 564, Th. 2] and Theorem 2.

It is known that if R is an integrally closed domain, A is a
complete ideal in R if and only if A is the intersection of valuation
ideals. Now let R be an integrally closed domain with quotient field
K, L a finite algebraic extension of K, and R’ the integral closure
of R in L. By [1; p. 569, Th. 6] and Theorem 2, we have:

COROLLARY 3. If R’ has an integral basis over R and if w ¢ B(R),
then w can be extended to R’'.

THEOREM 3. Suppose that R s a subring of the ring S and
suppose that w, is a pseudo-valuation on R which has an extension
to a pseudo-valuation w on S. If « belongs to the set of extended
reals, then the ideals A, = {x € R: w,(x) > «} and B, = {x € R: wy(x) = a}
are contractions of ideals of S.

Proof. A, is the contraction of A, = {xe S: w(x) > a} and B, is
the contraction of B, = {x € S: w(x) = a}.

The converse of Theorem 2 is also true.

THEOREM 4. Let S be an overring of R, let w,c B(R), and let
{4;} be the best filtration for w, If w, can be extended to S, then
each A, is a contracted ideal with respect to S.

Proof. Apply Theorem 3.
COROLLARY 4. Suppose w,c B(R) can be extended to some w on
R,, where R, is a valuation ring. Then each ideal in the best

filtration of w, is a valuation ideal.

REMARK 2. Let R be a domain with quotient field K and w, a



302 JAMES A. HUCKABA

nonnegative pseudo-valuation on R. (Nonnegative pseudo-valuations
were the most important types of pseudo-valuations studied in [2]
and [3]). w, can always be extended to a nonnegative pseudo-valuation
w on a subring R’, where RC R’ K, in the following way. Let M
be the set of ye R such that wyy) < = and wyzy) = w(x) + w,(y)
for all xe R. Then M is a multiplicative subset of R not containing
zero. Hence we can form the quotient ring of R with respect to
M, R,;. A function w’ can be defined on R, by w'(x/y) = wy(x) — w,(y).
w' is not necessarily nonnegative. However, if R’ = {ze R,: w'(z) = 0}
and w is the restriction of w' to R’, then R’ is a ring and w is an
extension of w, to R’. R’ is called the natural domain of w, This
type of extension was discussed and used in [2].

I would like to express my gratitude to the referee for his many
suggestions on this manuscript. In particular, I would like to thank
him for his suggested statement and proof of Theorem 3.
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SEMIVARIETIES AND SUBFUNCTORS OF THE
IDENTITY FUNCTOR

S. A. Huq

We study certain subcategories called semivarieties and
obtain Kaplanasky’s theorem on the decomposition of Abelian
groups into a divisible group and a reduced group under the
frame-work of category theory; We also investigate the con-
nection of these epicoreflective subcategories with varieties,

Semivarieties are subcategories of a category with cartain axioms;
such subcategories play an important role in Abelian categories and
a description of these by means of coreflection, appears in the general
context in the work of Mitchell [8, §5, §6, III]. Broader classes
than these have also been studied by Amitsur [1], Carreau [2], under
the title of HI — RI properties of radicals and their classes. Our
aim in this note is to give a categorical proof of Kaplanasky’s Theorem
3 [6, §5] and while so doing we generalize the concepts of varieties
and variety functors of Frohlich [4] under abstract frame work utiliz-
ing Maranda’s [9] concept of a radical.

%z is a category equipped with the following axioms:

1. % has a null object.

II. Every morphism a in %°, admits a factorization a = yp,
where v is a normal epimorphism and g is a monomorphism; we are

//'

are the unnamed objects. \a'ﬁ/

III. Every family of objects has a direct and a free product.

IV. The subobjects and factor objects of any objects form a set.

It is immediate that = admits null morphisms. The image of a
morphism in %, defined in axiom II and some time written as (v, L, y)

writing the composition in the precise way 8 where the dots
N

in the factorization -i»Lﬁ»-, is uniquely determined to within equi-
e

AN
N

valence. Every familyaof subobjects of an object A in % has a
union and as such every morphism has a kernel. Dual consideration
holds for factor objects and cokernel. A map admitting null subobject
as the kernel is a monomorphism and a sequence

a

0—sA-2sB- L, c—0

is exact if and only if « is a monomorphism, 2 is a normal epimor-
phism and the subobject (A4, ) serves as the kernel of 8. For details
on the notation used and results mentioned in this section the reader
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is referred to [7], [10]. In view of axiom II, one can check that
every retraction is a normal epimorphism as such a monomorphism
which is a retraction is invertible, [7] and further the composition of
two normal epimorphisms is again normal. Also if 2 is a normal
monomorphism admitting cokernel v, then g is the kernel of v and
dual result holds for the normal epimorphism v, admitting kernel p.

2. Subfunctors of I. We shall consider covariant functors from
& — &, and such subfunctors of the identity functor I.

DEFINITION. A subfunctor (F, y) of I will be called a normal
subfunctor if for each Ae &, the natural map y,: F(4)— A is a
normal monomorphism; and (F, y) is called injective if g, is a core-
traction.

A subfunctor (F, ) of % is said to be a radical subfunctor,
(dually coradical subfunctor) in the sense of Maranda [9] if for any
A, (F(A), rt,) has cokernel (¢, C) then 1, ~ w[w = w,; always stands
for the null morphism of H(A, B)], so that F(e): F(A) — F(C) is the
null normal epimorphism ®y.,,, (dually for the inclusion y,: F(A) —
A; F(p,) : FF(A) — F(A) is an equivalence).

3. Semivarieties and cosemivarieties. A semivariety <% is a
full subcategory of &, satisfying the following axioms:

I. f:A-— B is a monomorphism and Be B=> A¢c B.

II. If (A));.; is an indexed set of objects of <7, then their direct
product [[A4;¢e <Z.

ExampLES. (i) All varieties [4].

(ii) Torsion free groups (respectively Abelian groups) form a
semivariety of all groups (respectively of Abelian groups)

(iii) Reduced groups form a semivariety of all Abelian groups.

(iv) Nilpotent free rings (i.e., a ring in which * = 0=>a = 0)
in the category of rings.

ProposiTiON 8.1. (1) If (V, p) is a subfunctor of I, then the
objects A for which (V(A), p,) ~ (0, w) form a semivariety <z .

(2) If <& is a semivariely then every object A has a minimal
normal subobject (V ,(A), pt.-(A)) whose cokernel lies in <Z. These
(V.(4), p.(4)) determine a normal radical subfunctor (Vz, ) of 1.

(3) If V~V, then &% = &y. Conversely & = <7, implies
V is a subfunctor of V.; but if (V,p) is normal and a radical
subfunctor then & = F, >V ~ V.

Proof. (1) Let <&, = {A]|(V(4), ¢,) ~ (0, w)} and all their mor-
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phisms. Since (V, p¢) is a subfunctor of I,0€ .2#,. Thus <%, is a
full subcategory.

Next if AL B is a monomorphism, then V(f): V(A) — V(B) is a
monomorphism., Thus Be <%, = V(B) ~ 0 and as such 1,,, = @ which
implies A e .<#,,.

Next if (A,);.; is a family of objects of .<7,, then we have a com-
mutative diagram

[14; — 4,

ﬂﬂAi ‘[\ I ‘uAi

VIIA) 5> V(4)

where the top horizontal is the natural projection for each 7 which
is a normal epimorphism. Now A4;e.Z, = (V(4), 1t.,) ~ (0, w) that is
Una T = @, 1.e., Up,, = @ 80 1,(z,,) = @ giving J[A; € .

(2) Suppose &% is a semivariety. We consider all normal sub-
objects (V;(4), pi(4)) of A whose cokernel (g;, C)) lies in .<#. Then
& : A—C,; determine a unique mape: A — [[C; such that em; =¢;
(where J[C; il C;, stands for the direct product). Now [[C;e &Z. We
denote by (V.(A), #-(A)) the kernel of e; then this determines a
normal subfunctor (V_, ¢) of I. We note (V_(A), ¢ (A)) is also the
kernel of the epimorphism vy, in the image (v, C, ¢) of . Then (V_(4),
¢.5(A)) is minimal normal subobject (in the sense of partial ordering
of subobjects, see [7]) whose cokernel lies in <# is obvious from the
construction. Evidently V., has the radical property.

(3) Suppose <Z is a semivariety and V ~ V,, then .<#, consists
of all objects A for which (V(A4), pt,) ~ (0, w). Now <Z consists of
all objects A whose cokernel is (1,, 4); thus <& = <Z,.

Now suppose <# = <#,. If for any object A, V(A)#—A»A and
VQ(A)QA admit the cokernels (¢*, D*) and (¢, C) respectively then
Ce# = <#y, ie., (V(O), t) ~ (0, w) so p,e = w, therefore there
exists a monomorphism X\, : V(A) — V .(4) such that ., = p,. That
this » is a functor monomorphism is easy to check., If further V is
normal and a radical subfunctor, then for the cokernel (e*, D*),
Ly ~ o, ie.,, D¥*e &, = <. Thus (¢*, D*) < (¢, C), le., &* ~e¢g,
giving (V, ) ~ (V, tt).

Dual to the concept of a semivariety is that of a cosemivariety.

DEerFINITION. A full subecategory .&# of C is called a cosemsi-
variety if
I. f:A—Q a normal' epimorphism Ae &, = Qe &,

1 This is required since axiom II, is not self dual.
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II. (4));c; is a family of objects of &, then their free product
T1*A; e &,

EXAMPLES. (i) All covarieties. In particular in the category
of Abelian groups, torsion groups from a covariety.

(ii) Divisible groups form a cosemivariety of all Abelian groups.
Mirror image of Proposition 3.1. will be

ProOPOSITION 3.1%. (1) If F is subfunctor of the identity functor
I of &, then the collection of all objects A for whjch (F(A), pr,) ~
(4,1,) from a cosemivariety & *.

(2) If & isa cosemivariety, then every object A has a maximal
subobject (F7(A), p"(A)e & . This (F7,p”") is a coradical sub-
functor of 1.

(8) F~F =% =77 Conversely & = & © implies I~
is o subfunctor of F; further if F is a coradical subfunctor then
F =F "S>F~F7,

We exhibit the proof for (1), leaving the second and third part
for the reader to dualize their counter parts in Proposition 3.1 in the

same way.
Let &7 ={A|(F(4), 1) ~ (4,1} and all their morphisms; the

null object is obviously e & *.
Next if A-> B is a normal epimorphism and Ae & ¥, then we
have a commutative diagram

A-2.B

] e

F(A) Yoo F(B)

in which g, is an equivalence. Now g,a is a normal epimorphism as
observed in §1. Let 6 be its kernel. Then iF(a) = w, i.e., F(a) =
p.0 (g, is normal and therefore cokernal of 8). Now pafiy, =
F(a)p, = paa. Thus fpip; =1, ie., p, is a retraction and hence in-
vertible, i.e., Be & 7.

Next suppose (A4;);.; be a family of objects of = belonging to
&, then we have for each 7, a commutative diagram

A2 104,

Ha; T I Hrrrag

F(A) 3 F174)

where 7; are the natural monomorphisms associated with the free
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product. Now p,, is invertible, let g, be its inverse. Then
viF(T)  A;— F(I1*A;) determines a unique ) : [[*A4; — F(J[*A;) such
that 7,0 = p Fl(z)).

Now z:(Mtpea;) = PO F(T)Pnea; = PaillaTs = Tie

Thus My, = 1 showing that p,.,, is a retraction and hence in-
vertibe, i.e., [T*4;e & 7.

"Thus if (F, ¢) is any subfunctor of I, determining a semivariety
. and a cosemivariety & ¥, then we have a functor transformation

1)

For F—2—F, , and

for any object A, we have a commutative diagram

A
/N'F/ T \#ﬁp

F~"(A) }p Fon(A)

N2

F(A)

where gt is a normal monomorphism.

It is clear from our construction that if & 1is a cosemivariety
determining a normal radical subfunctor (F'*, £”) of I, then for any
A€z the cokernel of p,: F”(A)— Ae <>, and by Proposition 3.1
F* ~ F_,=, and we collect these informations in the following.

ProrosiTioN 3.2. If & s a cosemivariety, such that the functor
(F7, u7) determined by it is a normal radical subfunctor, then for
any object A, we have the exact sequence

&

C 0

0— F7(4) 25 4
where F7(A)e F and Ce Fps.

We are content to leave the reader to mirror the images of the
above observations.

If & is the category of Abelian groups, and & is the cosemi-
variety of torsion groups (or divisible groups) then if to each group
A, we assign the torsion subgroup F“(A4) (or the miximal divisible
subgroup F'“(A)), then A/F“(A) lies in the semivariety of torsion
free groups (or reduced groups).

ProrosiTioN 3.3. If .o is an Abelian category im which a co-
semivariety & determines a radical which 1s injective, then every
object A 1is the direct sum of an object in F and Fp=, and as



308 S. A. HUQ

such the identity functor splits having components in the cosemi-
variety and the semivariety.

Proof. Wehave an exact sequence 0 — F(A4) A Alpm 4y — 0
in which the natural injection is a coretraction. Thus there exists a
0:A— F " (A) such that o = 1. So the theorem is obvious from
Theorem 2.68 [5]. Thus for the category of abelian groups, if F'*
is the functor determined by the cosemivariety of divisible groups,
then we have Theorem 3. [6, §5].

It is easy to see that the variety functors (covariety functors or
torsion radicals) [[4], [9]] are indeed radical functors (coradical func-
tors) and a coradical subfunctor (F, ¢) determines a cotriple [(F)7,
¢, F'} in the sense of Eilenberg and Moore [3] where F'u is the equi-
valence F* — F' which appears in the definition of coradical subfunctor
given by Fu, = F(u,) for any object A of &, and this is cogenerated
by the adjoint F of the inclusion of the associated cosemivariety
&7 = . "into &, where F' can be considered as well a functor from
¢ — ¢ dropping the inclusion completely.

We notice if V , the normal radical functor associated with the
semivariety <Z is a variety functor, then <% is a variety; converse
association holds, i.e, the normal radical functor associated with a
variety will be a variety functor (11) in categories with the additional
axiom.

(v) If a is a monomorphism and S s a normal epimorphisms
such that aB admits imags vy, then a normal = p is normal.

Added in proof. While this work was in press, the author was
given to understand by P. Lecouturier that certain generalization of
Frohlich’s work (a weaker version of Proposition 3.1) has also been
obtained by him in more restricted class of categories (in which every
epimorphism is normal, etc). However he does not obtain the charac-
terization of semivarieties by normal radical functors.
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FINITE GROUPS WITH SMALL CHARACTER
DEGREES AND LARGE PRIME DIVISORS 1II

I. M. Isaacs AND D. S. PASSMAN

In a previous paper one of the authors considered groups
G with r. b, n (representation bound ») and n < p* for some prime
p. Here we continue this study. We first offer a new proof
of the fact that if n = p — 1 then G has a normal Sylow p-
subgroup. Next we show that if n = p*'2 then p2} | G/0,(G)|.
Finally we consider » =2p —1 and with the help of the
modular theory we obtain a fairly precise description of the
structure of ¢. In particular we show that its composition
factors are either p-solvable or isomorphic to PSL(2, p), PSL(2,
p — 1) for p a Fermat prime or PSL(2, p + 1) for p a Mersenne
prime,

Now the irreducible characters of PSL(2, p) have degrees (see [10]
p. 128) 1,p,p = 1, (p £ 1)/2 for p odd and those of PSL(2, 2%) have
degrees (see [10] p. 134) 1, 2%, 2* = 1. Thus for p > 2 the linear groups
of the preceding paragraph do in fact have r.b. (2p — 1).

The notation here is standard. In addition, if ¥ is a character
of G we let det y denote the linear character which is the determinant
of the representation associated with y. Also #,(G) denotes the number
of Sylow p-subgroups of G.

LeMMA 1. Let G be a group with r.bm. and let N # G be a
subgroup. Suppose G = Uiz, No;N is the (N, N)-double coset decom-
position of G with x,=1. Set a,=|Nax,N|/|N|=[N: Nn N=l.
Then n = (a, + a, +--- + a,)/t.

Proof. Let 0 = (1,)° be the character of the permutation repre-
sentation of G on the cosets of N. Then (1) =[G:N], [0,1:] =1
and ||¢|®* =14 ¢. Since [0, 1;] =1 we can write

0:16+61X1+ b +bSXS

where the y; are distinet nonprinecipal irreducible characters of G.
Thus since G has r.b.n we have
1+nt=14+n(0|P—-1) =1+ nd+ --- + 1)
=1 +nb 4+ - +b)=1+by1)+ -+ + b,2Q1)
=01) =1+ (a,+a,+ --- + a)
and the result follows.
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LEMMA 2. Let G be a group with r.b.n.
(i) Let N G be a subgroup. Then

n=min{{N: NN N*]|xeG — N}.

(ii) Let w be a set of primes and let H be a maximal w-subgroup
of G. Then either H/AG or n Zmin{[H: HN H*] |2 € G — N(H)}.

Proof. (i) follows immediately from Lemma 1. Now let H be as
in (ii) and suppose H is not normal in G. Set N = N(H) # G. Since
H is a maximal m-subgroup it follows that H = O, (N). Thusif 2 G
then H* = O(N*®) so HN N = HN H*® and

[N:NNN¢ =[H:HnN* = [H: Hn H*] .

Thus the result follows from (i).

Applying Lemma 2(ii) with 7 = {p} and H a Sylow p-subgroup of
G yields

THEOREM 3. Let pbe a prime and let G be a group with r.b.(p — 1).
Then n,(G) = 1.

This result was originally proved in [7] (Theorem E) in a much
more complicated way.

LEMMA 4. Let G have r.b.(p* — 1) and let Q, and Q, be p-subgroups
of G with {Q,, Q> mot a p-group. Then n,(C(Q)NCK)) =1. If
Surther the Sylow p-subgroups of G are abelian, then

7n,(N(Q,) N N(Q,)) = 1

Proof. Set W =<@Q,, Q,>. Since W is not a p-group we see that
n,(W) > 1. We assume now that n,(C) > 1 where C = C(Q,) N C(Q,) =
C(W) and derive a contradiction. Set Z = W N C so that Z is central
in W and C and let W= W/Z,C = C/Z. Since Z is central we have
easily n, (W) > 1, n,(C) >1 and (WC)/Z= W x C. By Theorem 3
both W and C have irreducible characters of degree > p and hence
W x C has an irreducible character of degree > p®. This is a contra-
diction since G has r.b.(p* — 1) and this property is inherited by
subgroups and quotient groups. If the Sylow p-subgroups of G are
abelian then any p-group normalizing @; centralizes it. Thus the
second result follows from the first.

THEOREM 5. Let p be a prime and let G be a group with r.b.p*:.
Then p*t | G/O,(G) |.
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Proof. If p =2 then G has r.b.2 and the result follows from
Theorem C of [7]. Thus we can assume that p = 8 and clearly also
that 0,(G) = <1). Since p* — p — 1 = [p**] for p = 3, Proposition 1.3
of [6] implies that a Sylow p-subgroup P of G is abelian. We assume
that | P| = p* and derive a contradiction. Set n = p*2

Let N = N(P) so that N = (G. By Lemma 2(i) there exists
weG— N with n Z[N: NN N”]=[P: PN P”]. Set Q =PnN P so
since p* > n and w¢ N we see that [P:Q] = p and hence Q # {1).
Let M = N(Q). Since PA N, P* A\ N* we have Q A (NN N¥). Also
QA Pand PZ N*. Hence MNN22<{P, NN N*) so INNNNM] =
n/p = p'.

We now make the following crucial observation. If [M: M N M*] <
p? for some x ¢ M then @ and Q° commute elementwise and x ¢ MNM.
To see this suppose that Q and Q° do not commute. Then since the
Sylow p-subgroups of G are abelian, <@, @°> is not a p-group. By
Lemma 4, n,(MNM*)=1 so if U=0,(MNM") then U is also a
Sylow p-subgroup of M N M°. Now p*}f[M:MnN M*] and Q & M®
clearly so QU is a Sylow p-subgroup of M. Since N,(QU) =2 <Q,
MnN M*y we have [M: N,(QU)] < p and hence by Sylow’s theorem
QU A M and n,(M) =1. This is a contradiction since Q@ = PN P¥
and P,P*< M. Thus @ and §° commute and since @ #* Q° and
[P: Q] = p it follows that QQ° = P*' is a Sylow p-subgroup of G.
Thus @, Q¥ and Q¥ are all contained in P. By Burnside’s lemma these
three groups are conjugate in N. Thus Q¥ = Q*, Q** = Q* for some
h,ke N. This yields yh~'e M, xyk—*e M so

v = (xyk~)kh~'(yh") e MNM .

Since @ # <1)> we have M + G. Let G = Ui-, Mz, M be the (M, M)-
double coset decomposition of G with x, = 1. Set a;, = |Mx,M|/| M|
and suppose that there are precisely = such 7 = 0 with a; < p? and s
with a; = p*. Then by Lemma 1, p** = n = (r + p%)/(r + s). Clearly
r %= 0 here so

Pz (r + p)/(r + s) > (L + 7/s) .

If s = 0 then by the preceding paragraph @ commutes with all its
conjugates. This implies that <{Q%|xeG)> is a nontrivial normal p-
subgroup of G, a contradiction. Thus s> 1. Also if a;, < p* then
Mx,M < MNM by the above. Since we have seen that [N: NN M] <
p* we have r < p'* — 1 since the double coset M itself is not counted.
Thus »/s < p'* — 1 and

a contradiction and the result follows.
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We now turn to the main result of this paper.

THEOREM 6. Let p be a prime and let G be a nonabelian simple
group with r.b.(2p — 1). Then p > 2 and we have one of the following.

(i) G is a p'-group.

(ii) G = PSL(2, p) for p > 3.

(iiliy G = PSL(2,p — 1) for p a Fermat prime, p > 3.

(iv) G = PSL(Z2,p + 1) for p a Mersenne prime.

Proof. Since groups with r.b.3 are solvable (Corollary 6.5 of [8])
we have p > 2. By Theorem 5 since p** = 2p — 1 for p > 2 we have
P’k |G|. If pt|G| then G satisfies (i) above. Thus we can assume
now that G has a Sylow p-subgroup P of order p. Let B,(p) denote
the principal p-block of G. We will use freely the structure of B,(p)
and its associated tree as described in [1] and [2]. Since B,(p) contains
a nonprincipal irreducible character y and x(1) < 2p, Lemma 1 of [3]
implies that P is self centralizing. Let N = N(P) and let ¢ = | N/P|
so that e|(p» — 1). By Burnside’s transfer theorem ¢ > 1. We assume
now that G 2 PSL(2, p) and G 2% PSL(2,p — 1) for p a Fermat prime.

Step 1. Let 0 denote an exceptional character in B,(p). Then
the tree of B,(p) must be one of the following.

(1) e=2 1go ¢ 1
»+2 p+
(2) e=2 1o 1 4
2p—1 2p—2
(3) e=3 w0
p—1 2p—3 p-—1
= 0
(4) e=4 [ w» 0 » n
p—1 2p—4 2p—1 p+1
(5) e=4 1go e g A
2p—1\2p—4 p—1
\Xs
p+1
(6) e=25 1go ng (Z )gz ;(oa .
2p——1\2p——5 2p—1 p+1
\14
o
p+1
Here the degree of the character is written below the character
designation.

Since G is nonabelian and simple it follows that every nonprincipal
irreducible representation of G is faithful. Thus by Theorem 2 of [5]
the degrees of the nonprincipal ordinary irreducible characters of G are
all = »p — 1 and by Theorem 1 of [4] the degrees of the nonprincipal
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irreducible Brauer characters of G are = 2(p — 1)/3. Now G has
r.b.(2p — 1) and the degrees of the ordinary irreducible characters
of B.(p) satisfy x(1) = =1(p) if x is nonexceptional and 6(1) = +e(p).
This yields easily (1) =p—-1,p+ 1,20 —1 or y =1; and 6(1) =
2p —e,p+eor (1) =e if e=p — 1.

Suppose first that p = 3. Since ¢|{(p — 1) we have ¢ = 2 and the
tree is a line with three vertices. Now the center degree is maximal
and the principal character must occur so we have clearly

X1 X2

[ ° ,

lgo

This is either tree (1) or tree (2) according to which of y, of ¥, we
consider exceptional.

Now assume that p = 5. Let yeB/(p) with y(1) =p» —1 and
suppose that y is modular reducible. We can denote this latter fact
graphically by

where r and s are degrees of modular constituents. Since r + s <
» — 1 we cannot have both 7,s = 2(p — 1)/3. This implies that one
of the modular constituents is the principal character and the other
has degree p — 2.

Now let yeB(p) with x(1) = p + 1 and suppose ¥ is modular
reducible. Say we have

Here by the alternating nature of the tree y, .= 1; so r,s=
2(p — 1)/3. Since r + s < p + 1 this yields dp —1)/3<p+1sop =
50r 7. In fact either p =5, r=s=3o0r p=T7,r=s=4. We con-
sider these in turn. Let p = 5. Since ¢|(p — 1) we have ¢ = 2 or 4.
Certainly ¢ + 2 here since B,(p) contains e 4 1 ordinary irreducible
characters including 1, and hence e¢ = 4. Thus the degrees of the
nonprincipal ordinary irreducible characters of B,(p) are 4,6 or 9 and
the nonprincipal Brauer characters have degrees = 3. The former fact
implies that y, and y, are modular reducible so the tree having five
vertices is a straight line. This yields easily

X3

Xt X X2
1G0 o o o o
4 6 9 6

and we obtain tree (4). Now let p = 7 sothat ¢ = 2,3 or 6. Clearly
neither y, nor y, can be modular irreducible so the tree has at least
five vertices and hence ¢ = 6, Thus the degrees of the nonprincipal
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ordinary irreducible characters of B,(p) are 6,8 or 13 and the non-
principal Brauer characters have degrees = 4. This latter fact implies
that neither y, nor ¥, can have degree 6 and hence y,(1) = y,(1) = 18.
Now at least one of y, or y,, say ., is not adjacent to 1,. Hence all
characters adjacent to y, have degree p + 1 and as we have seen these
are either modular irreducible or have constituents of degree 4. This
shows that all modular constituents of y, have degree divisible by 4,
a contradiction since yx,(1) = 13. Thus this case does not occur. It
now clearly suffices to assume for the remainder of this step that all
¥ € B,(p) with x(1) = p + 1 are modular irreducible.

Let @ denote an exceptional character of B,(p) and we consider
the possible branches leaving the vertex associated with 6. Suppose
first that 6(1) = +e(p). The above implies easily that we can only
have

16

X
o .
p+1

0D 0D

Now the first branch must occur precisely once and let the second
branch occur a times. Since the tree has ¢ edges we have

l+a=c¢
1+ap+1)=16Q1).

Now ¢ =2 so @ =1 and hence (1) > p. Thus 6(1) = p + ¢ and we
obtain @ = 1, ¢ = 2 and this is tree (1).

Now let 6(1) = —e(p) so that 0(1) = 2p — e. Using the above
information and the alternating nature of the tree we see easily that
the only possible branches leaving the vertex associated with 6 are

0 X
o o
p—1 p—1
0
o g olg
p—2 p—1
0 X X
o o o
p—2 2p—1 p+1
0 X x
o o o
p—3 2p!1\\p+1
1¢
0
o g o] 1G .

2p—2 2p-—1

If the last branch occurs then since 2p — e = (1) = 2p — 2 we have
e =2 and this is tree (2). Thus we can assume that only the first



FINITE GROUPS WITH SMALL CHARACTER DEGREES II 317

four branches occur say with multiplicities a, b, ¢, d respectively. Since
there are precisely ¢ edges in the tree we have

a+2b+2c+3d=c¢e
ap—1) +dp—-2)+tep—2)+dp—3)=01)=2p—ce.

Adding these two and dividing by p yields
a+b+ct+d=2.

In addition the vertex of 1, occurs precisely once sob + d = 1. Thus
a + ¢ =1 and there are four possibilities which are easily seen to be
trees (3), (4), (5) and (6).

Step 2. Let N = N(P). We consider the restriction of the ordi-
nary irreducible characters of G to N.

Now N = PE is a Frobenius group of order pe with E = (x>
cyclic of order e. N has precisely e linear characters, namely those
of N/P = E, and the remaining irreducible characters have degree e.
Let 4 denote any sum of irreducible characters of N of degree e.
Clearly 4, = 4(1)/e-p, where p, is the regular character of E. This
yields easily

A(x) = 0
1 1 if e is odd
(H) detd(x):{ Helso
[(=1)/®/* if ¢ is even .
If ¢ is even let 6 denote the linear character of N given by 6(z) = —1.

Let + be an ordinary irreducible character of G with + ¢ B,(p).
Since P is self centralizing it follows that B,(p) is the unique p-block
of positive defect and hence + belongs to a block of defect 0. Thus
p|(1). Since G has r.b.(2p — 1) this yields (1) = p and clearly
drp = Op. Thus 4y =\ + 4 where A is linear and 4(1) = p — 1. Now
G is simple so the linear character det + must be principal and hence
1 = det y(x) = N(x) det 4(x). This yields by the above

1, + 4 if ¢ is odd
(2) vy =41y + 4 if e is even and (p — 1)/e is even
0+ 4 if e is even and (p — 1)/e is odd .

Now let y e B(p) and let m(y) denote the number of linear chara-
ters counting multiplicities which occur in y,. Obviously m(y) is the
multiplicity of 1, in y,. Suppose first that y;, ¥, are nonexceptional
ordinary irreducible characters of B,(p) which are adjacent in the tree.
Then y; + y; = @ is a projective character and since @, = @(1)/p-p0p
we have easily

m(y:) + m(y;) = [0 + 1O/ .
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Now suppose that y; is adjacent to the vertex of the exceptional charac-
ters {4,}. Clearly m(4,) = m(0,) for all », s so since y; + D& 0, = @
we have with ¢ = 6,

m(x:) + (0 — Dfe-m(0) = [x:(1) + (p — L)/e-06(1)]/p.

Using the above two equations, the fact that the tree of B,(p) is
connected and the obvious fact that m(l;) = 1 we obtain easily for
irreducible yx

E—1 if y(1) =kp — 1
(3) m(y) = 1k if y)=kp=xe
E+1 if y(W=Fkp +1.

There is of course additional information available, for example the
fact that det y(x) = 1 and the position of y in the tree, which further
limits the structure of y,.
Step 3. If tree (1) occurs in step 1, then p is a Mersenne prime
and G = PSL(2,p + 1).
By assumption ¢ = 2 and the tree of B,(p) has the form
lg 0; ¢ X

<]

(o]
p+2 p+1

1G°

where 0; represents the (p — 1)/2 exceptional characters with 4 = 4,.
Let {v;|7 =1,2, -+, k} denote the set of irreducible characters of G
not in B.(p).

Let a denote the unique nonprincipal linear character of N. By
(1) and (2) we have

Yiv =Ly + 45, Pi@) =1 for p=1 (4)

(4) _ ' _ =
Yiv =&+ 45, @) = =1 for p=3 (4).

By (8), 6,y =\ + 4; and since the 6, are all algebraically conjugate A
is the same for all 7, Thus det#,(x) = 1 and equation (1) yield

Oy =0 + 4, , O0(x) = —1 for p=1 (4)

(5) _ _
Oy =1, +4,, 6,(x)=1 for p =3 (4).

Now %y = aly + ba + 4 with a + b =2 by (3) and since z is a p'-
element a — b = y(x) = {(z) = 6(x) — 1. Thus (5) yields

v =2a+4, yx)y= -2 forp=1(4)

6
(6) Iv=1ly+a—+ 4, xx)=0 for p=3 (4).

Equations (4), (5) and (6) and Frobenius reciprocity now yield
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p—1)/2
(lN)"=la+Zk«1fj, a"=2x+(2‘f 0, for p=1 (4)
( 7 ) ' (p—1)/2 '

k
(1N)G:1G+x+§1‘,0€, aG=X+§1;¢j for p=3 (4).

Thus since (1,)°(1) = a°(1) = [G: N] and | N| = 2p we obtain easily

|G| =p® +5p+2), k=(+5)2 forp=1(4)

(8) IGl=pp+1(®+2), k=m+1)/2 for p=3 (4).

Now using |C(x) | = 3 n(x)n(x), where 7 runs over all ordinary irre-
ducible characters of @G, along with equations (4), (5), (6) and (8) we
have

[Cx)|=p+ T for p=1(4)

(9) [Cw)|=p+1 for p=3 (4).

Since (p + 7) ¥ (»* + 5p + 2) the case p =1 (4) is eliminated. Thus
p =3 (4).

Set S=C(x) so that |[S|=p+ 1 and [G:S]=p{ + 2). We
consider (15)¢. Since this character is rational and the 6, are algebrai-
cally conjugate we have

—1)/2

( ) k
L =1c+a > 0 +by+ X

T
Set ¢ = 3¥¢;. By considering degrees we have
pp+2)=1+a@+2)p—-1/2+bp+1)+cp
and evaluating at z yields
0< (1)) =1+ alp—1/2—c

by (4), (5), (6) and the fact that xeS. Certainly e < 2. Also b <
x(1)/2 = (p + 1)/2 by Frobenius reciprocity and the fact that y(x) = 0.
Thus a = 0 yields a contradiction. If a =1 then =0 (p) so b=10
and ¢ = (p + 3)/2> 1 + a(p — 1)/2 again a contradiction. Thusa = 2
and we have easily

—1)/2

(10) L) =1,+2 5 6 +7

1
s0 (15)°(x) = p by (5) and (6). By definition of induced character and
the fact that S = C(x) this implies that S contains precisely p distinet
conjugates of x. Since | S| = p + 1 this shows that S is an elementary
abelian 2-group and therefore that S is a Sylow 2-subgroup of G and
p is a Mersenne prime. By Burnside’s lemma the nonidentity elements
of S are all conjugate in N(S) so N(S) > S.
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Set H= N(S) > S. Then (1,)° is a national constituent of (15)¢
and (1,)°1) < p(p + 2)/3. Thus by (10) we have easily

(11) 1n) =1+ 1.

Therefore G is a doubly transitive permutation group on the set £
where H = G.. for some point «~ €. By (10) ys contains 1g with
multiplicity one so (11) implies that S has two orbits on 2. Hence
since |S| =|2]| — 1, S is in fact a regular normal subgroup of G..
Now | H| = p(p + 1) so if P is a Sylow p-subgroup of H, then since
P is self centralizing and | P| = |S| — 1 we see that G is sharply 3-
transitive.

With the structure of H as given above we can clearly identify
Q with GF(p + 1) U {e} in such a way that S is the set of translations

{(z j_ T)ire GF(p + 1)} and P is the set {(:z>’se GF(p +1),s # 0}.

Let Ze G with Z = (0 «)(1) ---. Then % has order 2 and normalizes
P=G@G., so ¥ acts in a dihedral manner on P. If & = ( ffz)) then
for all seGF(p + 1), s =0

(fz)(ffz)) - (ffz))(sfz)

S0 f(s2) = s7'f(2). Setting z =1 yields f(s) = s7'. Thus % = <l7z>
and since G = {H, %> we have clearly G S PSL(2,p + 1). By (8) we
have in fact G = PSL(2,p + 1) and this step follows.

Step 4. Completion of the proof.

We now consider the remaining trees in turn. Let {y,|j =
1,2, .--, k} denote the set of ordinary irreducible characters of G not
in B,(p).

Suppose first that we have tree (2). If »p = 3 this is the same
as tree (1) so we assume that p > 3. From

e x  C 6
o o
2p—1 2p—2

1go

and (3) and det y(x) =1 we have yy = 1, + 4. Let a be the unique
nonprincipal linear character of N so that we have by (3) 6,y =
aly + ba + 4; with @ + b = 2. Since z is a p’-element a — b = 6,(x) =
) =x(x) —1=0s0 0,y =1y + a + 4, Now by (2) all the v, occur
in either (1) or a“ depending on the parity of (p — 1)/2. Since
(1y)°(1) = a®(1), the above and Frobenius reciprocity imply that the -,
occur in af and hence

(p—=1)/2

1) =1+ x + Zl, 0; .
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Since |N| = 2p this yields |G| = 2p(»*+ 1). Now 6,1)||G| so
(p — D (p*+ 1) and this is easily seen to be a contradiction for p > 3.
Now consider tree (3)

lg x1 €] [ [ x2
o]

]

o .
p—1 2p—3 p—1

100

By (3), %y = 4; and y;(x) = 0 for + = 1,2. This implies that () =

—1, L(x) =0 s0 f,(x) = — 1. Now by (3), 0,y = aly + ba + ca® + 4,
where a is a nonprincipal linear character and a + b + ¢ = 2. Since
0.(x) = —1 we have easily 6,, = a + a* + 4. Applying Frobenius

reciprocity to the above and (2) we have

k (p—1)/38
L) =1+ 29y, a'= 5 6
and this yields easily
|Gl =p@—-1)2p—3), k=(@2p—-5)3.

Using | C(z) | = 3 7(x)n(x) along with the above and (2) we obtain | C(x) | =
» — 1. Now clearly x is a real element so |C*(x)| = 2(p — 1) where
C*(x) ={geG|xz* =« or z7'}. Since 2(p — 1) does not divide |G| as
given above, it follows that this tree does not occur.

Suppose tree (4) or (5) occurred. Since y,(1) = p — Land det y,(x) =
1, (1) and (3) imply that (p — 1)/4 is even. Hence by (2), ;v =
1y + 4;. Now there are four linear characters of N and at most two
occur in 6, so choose a # 1, such that « does not occur in 4,. Thus
a can occur only in ¥,y or ¥,y with multiplicity at most two. Hence

[G: N| = a®(1) = 2),(1) + 27,(1) = 6p .

Now choose £ so that & occurs in 6,. Then
(p—1)/4
[G: N] = p°1) =z 2 6:(1) = 2p — H(p — 1)/4 .

Since (p — 1)/4 isevenand (p — 1)/4 = 2 we have (p — 1)/4 = 4,p = 17
and
6p = a’(1) = B°(1) =z 4(2p — 4,

a contradiction.

Finally consider tree (6). By (1), (2) and (3) we have easily
Yy =1y + 4, fow = 1y 4, and +;y =1, + 4, Now since e =5 and
m(#) = 2 we can choose a linear character a of N with « = 1, and such
that « does not ocecur in #,. Hence by the above and the fact that
m(ys) = m(y,) = 2 we have a® = ay, + by, with a,b < 2. Thus since

[G:N] = a’(l) = ays(1) + by1l) = (@ + d)(p + D
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and [G: N] =1 (p) we have [G: N] = p + 1. Now choose 8 so that
B occurs in 8,. Then

p+1=[G:N]=pgQ) = ”";"’5041) = @p—5)p—1)5,

a contradiction since 5|(p — 1) implies that p = 11. This therefore
completes the proof of the theorem.

Finally we consider the remaining groups with r.b.(2p — 1).

THEOREM 7. Let p be a prime and let G be a group with r.b.(2p — 1).
Then we have one of the following.

(i) G has a normal abelian Sylow p-subgroup.

(ii) G s solvable and has p-length 1.

(iii) G/Z(G) = PSL(2, p) or PGL(2, p) for » > 3.

(iv) G/Z(G) = PSL(2,p — 1) for p a Fermat prime, p > 3.

(v) G/Z(G) = PSL(2,p + 1) for p a Mersenne prime.

(vi) G/Z(G) = Sym (4) for p = 2,

Proof. If p = 2 then G has r.b.3. Thus by Corollary 6.5 of [8],
G satisfies (ii) or (vi) above. Now let p > 2. Since 2p — 1 < p*%,
Theorem 5 implies that p* } |G/0,(G)|. With this additional fact it is
easy to see that the proof of the main theorem of [6] applies also to
groups with r.b.(2p — 1) with p > 2 yielding the same conclusion.
(The p > 2 assumption is used crucially in the last paragraph of the
proof of Proposition 3.1 of [6].) Thus either G satisfies (i) or (ii)
above or G = P, X G, where P, is an abelian p-group and »*}|G,|.
Clearly G, has r.b.(2p — 1) and if G, satisfies any of the above then
so does G. Therefore it suffices to assume that G = G, or equivalently
that p*}|G|. We assume now that G does not satisfy (i). This of
course implies that »||G].

Let K = 0,(G) and let H/K be a minimal normal subgroup of G/K.
Then p | | H/K | and since p* t | G/K | this implies that H/K is the unique
minimal normal subgroup. Now H/K is a product of isomorphic simple
groups and p*} | H/K| so H/K is simple. If |H/K| = p then G is
p-solvable of p-length 1. Thus since G does not have a normal Sylow
p-subgroup, Proposition 2.3 of [6] implies that G is solvable and G
satisfies (ii). Hence it suffices to assume that H = H/K is a nonabelian
simple group. It is convenient to first consider the possibility » = 5.

Since H is the unique minimal normal subgroup of G = G/K we
have Cz(H) = {1)> and thus G S Aut H. Suppose T is a subgroup of
H with 1 < [H: T] < 2p. Since H is simple and p||H| we cannot
have [H: T] < p. Thus p < [H: T] < 2p and T is maximal in H and
hence self normalizing. If T were abelian it would follow easily that
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T is a T.I set and then H is a simple Frobenius group, a contradiction.
Thus T is nonabelian,

Let 4 be an irreducible character of K and let y be an irreducible
constituent of v?. If e = [yx, ¥]x then x(1) = ety(1) where ¢ = [H: T]
and 7 is the inertial group of + in H. Suppose T < H and set T =
T/K. Since y(1) < 2p we have ¢ < 2p and thus by the remarks of the
preceding paragraph ¢t > p and 7T is nonabelian. Thus we have 2p >
1(L) = etyr(1) = epyr(l) so e = (1) = 1. Now there exists an irreducible
character y of T with 7” = y and 7, = ey = 4. Since T is nonabelian
we can choose a nonlinear irreducible character 8 of T containing K
in its kernel. Thus since 7 is linear, 7, = »8 is also an irreducible
character of 7. Let y, be an irreducible constituent of zZ. Then
By = 17, occurs in ¥, and therefore [¥,x, v] = B(1) > 1. The above
reasoning applied to ¥, now yields a contradiction. Thus H = T and
H fixes all irreducible characters of K. By Brauer’s lemma, H fixes
all conjugacy classes of K. Let P be a Sylow p-subgroup of H. Then
P fixes each class of K and since K is a p'-group, P centralizes K.
Thus if C = C,(K) then KC > K and since H/K is simple we have
H=KC. Now C/(CNK)=Hand ZC)2CNn K so Z(C) = Cn K.

Let D denote the last term in the derived series of C. Then
clearly D=D', D/ZD)=H and Z=ZD)=DNK. Thus Z is a
homomorphic image of the Schur multiplier of H. By Theorem 6,
H = PSL(2, p), PSL(2,p — 1) for p a Fermat prime or PSL(2,p + 1)
for p a Mersenne prime. We have by assumption p > 5. Also for p = 5,
PSL(2, p) = PSL(2,p — 1) and we will view this group as PSL(2, p).
By [10] (Satz IX, p. 119) either Z = (1> or H = PSL(2, p), D = SL(2,
p) and | Z]| = 2.

We show now that K is central. Suppose first that Z = (1> so
that H= D x K. Let y be a fixed irreducible character of D with
x(1) = p and let N be an irreducible character of K. Then A is an
irreducible character of H so 2p > (A1) = pa(l) and A(1) = 1. Thus
K is abelian and central in H. If K is not central in G, then some
linear character A of K is not fixed by G. This implies easily that
if @ is a constituent of (y1)° then (1) = 2x(1) = 2p, a contradiction,
Thus K is central in G in this case. Now let Z == (1> so that |Z| =2
and D = SL(2, p). We have an epimorphism D x K -—- DK = H where
the kernel is the third subgroup W of order 2 in the group generated
by the copies of Z in D and K. Let )\ be an irreducible character of
K. Since Z is central in K and | Z| = 2 it is easy to see from the
character table of SL(2, p) ([10], p. 128) that there exists an irreducible
character ¥ of D with (1) = p and with W in the kernel of yA, an
irreducible character of D x K. Thus y\ is a character of H. The
preceding argument now shows first that K is abelian and then that
K is central. We have therefore shown that G/Z(G) = G and it remains
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to identify G.

Now G < Aut H and H is a 2-dimensional projective group so the
possibilities for G are given by Satz 1 of [9]. Suppose first that
H = PSL(2, p). Then either G = PSL(2, p) or G = PGL(2, p) and we
have (iii). Note the fact that PGL(2, p) has r.b.(2p — 1) can be seen
from the character table on page 136 of [10]. We consider the
remaining two cases. Thus H = PSL(2,s) with 2" = s =p + 1 and
G/H is isomorphic to a subgroup of the Galois group of GF(2")/GF(2),
a cyclic group of order n. Suppose G > H and let t € G correspond to
a nontrivial field automorphism z — x’. Then in the notation of page
134 of [10], but replacing upper case by lower case letters, we have
t~'at = a’ # a. Since s> 4 by our assumption for p = 5 it follows easily
that a’ = o' so &’ is not conjugate to @ in H. From the character table
of H we now see easily that ¢ moves some irreducible character of H of
degree s+ 1 and thus G has an irreducible character of degree at least
2(s +1) = 2p, a contradiction. Hence G = H and G satisfies (iv) or (v).
This completes the proof of the theorem for p = 5.

Finally let p = 3. Since H is a nonabelian simple group with
r.b.2p — 1), H = PSL(2,4) = PSL(2,5) by Theorem 6. Certainly G
is not 5-solvable and G has r.b.(2-5 — 1). Thus by the prime 5 case
already proved, G/Z(G) = PSL(2,5) or PGL(2,5). Since the latter
group has an irreducible character of degree 6 > 2p — 1 we have
G/Z(G) = PSL(2,5) = PSL(2,p + 1) and G satisfies (v). Thus the
result follows.
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A GREEN’S FUNCTION APPROACH TO
PERTURBATIONS OF PERIODIC
SOLUTIONS

CARL KALLINA

Consider the nonlinear differential system
(1.1) y=At)y + eqt, ¥, ¢)

where %, q are column #n-vectors, g is continuous in (¢, y, ¢)
and has continuous second partial derivatives with respect to
y, e for all values of £,0=y < R for some R>0 and 0 <c=¢
for some ¢,>0, Further assume A(t) is an nX#n matrix such
that AcC!, and both A and ¢ are periodic in ¢ with period
T. Associated with system (1.1) are the general homogeneous
and nonhomogeneous equations

1.2) y =A@y
1.3) y=A®)-y + ft)

where f(t) is an arbitrary n-vector function periodic in ¢ of
period 7. In this paper we consider the classical problem of
proving the existence of T-periodic solutions ¥ = y(t) of (1.1)
when the homogeneous system (1.2) has nontrivial T-periodic
solutions,

In his book “Oscillations in Nonlinear Systems” [5], J. K. Hale treats
this problem in Chapter 11 as an extension of the general method de-
veloped in Chapter 6 for the case when A(f) is a constant matrix A.
Among other treatments of this problem is the work of D. C. Lewis
[6] utilizing a generalized Green’s matrix. It is the aim of the pre-
sent paper to incorporate certain ideas from [6] into the general
method employed in [5] in Chapter 6. We feel that the approach
presented here brings into sharper focus the generality of the methods
employed in [5] and also has certain computational advantages which
will be mentioned in the body of the paper. The present paper has
many points of contact with a recent paper of S. Bancroft, J. K. Hale,
and D. Sweet [2]. See also [1], [7] and [8].

2. We must first consider the general nonhomogeneous equation
(1.3). We will state a necessary and sufficient condition for the ex-
istence of T-periodic solutions of (1.3) when (1.2) has nontrivial T-
periodic solutions. Following [6] we then construct a generalized
‘Green’s function in order to find an explicit periodic solution of (1.3).

Let S={f:f(@t) = f(t + T); feC; and f(t) is a real valued n-vector
for all ¢}, Then S is a Banach space if we define the norm V(f) to
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be V(f)=sup{|| f(¢)]]; 0 <t < T}. Further let X(¢) be any real funda-
mental matrix solution of (1.2), and let n—k be the rank of the nxn
matrix L = X(0) — X(T). Then there exist % linearly independent
column vectors b, b,, ++-,b, such that L.-b;=0 for+t=1,2,---,k.
Let B denote the % X k matrix (b, b, -+-,5,). Then the columns
@(t), Puft), «++, p,(t) of the matrix @(t) defined by @(t) = X(¢)-B form
a set of & linearly independent solutions of (1.2) which are T-periodic.
By assumption k£ > 0, and of course the columns of @(t) span the
space S, of all T-periodic solutions of (1.2). Explicitly we have

S, ={feS: f(t) = 0@{)-a = >, a;-p;(t) for all a = (a,, a,, -+, a,) € R*} .

Let A’ denote the transpose of an rxs matrix A. Let N(4) and
R(A) denote the nullity and range of A, respectively. Consider the
n X n matrix L' = X'(0) — X'(T). Since dim N(L') = dim N(L), we
can find %k linearly independent column vectors u,, %, - - -, u, such that
Lu,=u,-L=0for1=1,2 ..., k. Let U denote the ¥ X n matrix
with rows uj, u}, -+, u,. We define an n x k matrix ¥(¢) to be

re) =[U-X(T)- X)) .

Then ¥'(t) = U-X(T)-X7X(t). Clearly, ¥(¢t) has rank k and each of its
columns is a solution of the differential equation

(2.1) Z=—A@M)-Z

which is adjoint to (1.2).

Let +r,(£), 4y(2), - - -, ¥,(t) denote the k linearly independent columns
of ¥'(t). These functions span the space S, of all T-periodic solutions
of the adjoint equation (2.1). In fact, since ¥'(0) = ¥(T) and Z(¢) is
a matrix solution of (2.1) we see that ¥(s) =¥(s+ T) for 0 s T.
If (2.1) had [ linearly independent periodie solutions with [ > k then
the original system (1.2), which is adjoint to (2.1), would also have
at least ! linearly independent T-periodic solutions, contrary to as-
sumption. Explicitly, we have

S, ={feS: f(t) =¥ (t)-a = 3 a;-9(t) for all a = (a;, a5, - -+, ;) € R*} .

It is easy to see that S becomes a real Euclidean space when an
inner product (f, g) is defined for f,gec S by

T n T
@2 (ho) = 4| <, a@xat = 31| Ao vt
where {a, b> = >\~ a;-b; denotes the usual inner product for a, be R".

Without loss of generality we may assume that both {p,(¢)} and {y.(¢)}
are  orthonormal bases for their respective subspaces S, and S,; i.e.,
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(Pis P5) = (Yiy ¥g) = 095 for 1 < 4,5 < k.
By P and @ we denote the orthogonal projections of S onto S,
and S,, respectively. Explicitly we have

(2.3) PiS—S.,  Pf) =3 (£ 9)-p:d)
(2.4) QS—S, QAW =3 (F) () -

For convenience we summarize certain well-known general properties
of projections in Euclidean space.

(i) feS, =>Pf=fand fe8S,=) Qf = f.

(ii) P?*f = Pf and @ = Qf for all fe 8.

(iii) Pf=0<=> (fip)=0"for i =1,2,---k.

(iv) QF=0<=>(f,¥y:)=0fori=1,2,---k.
Let us consider the condition Qf = 0. By (iv) we have Qf = 0{=>

0= (/9 = (o f) = = | <t®), A0

for 2=1,2,.--, k. In matrix notation these % equations can be
written as

(2.5) 0= STW’(t) Sf(t)dt = STU-X(T)-X"l(t)- ftyde .
Again using matrix notation we note explicitly that for fe S we have

(2.6) QO = ¥ O T(0)-Fe)ds .

LEMMA 1. The differential system (1.3) with feS has a T-
periodic solution if and only if Qf = 0.

Proof., It is well known that the unique solution y(¢) of (1.3)
satisfying ¥(0) = y, is given by

t
(2.7) y(@) = X(©)-X7(0)-y, + SOX(t)-X“l(S) -fls)ds .
Let 8 = X~'(0)-y,. The solution y(t) is T-periodic if and only if y(0)=
y(T), and from (2.7) this is equivalent to the statement that the
matrix equation

(2.8) L8 = S:X(T)-X—l(s)- f(s)ds

can be solved for B. Suppose first that such a vector 8 has been
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found. The matrix U was defined in such a way that U-L=0. Mul-
tiplying (2.8) by U and making use of (2.5) we see that Qf = 0.

Conversely suppose Qf = 0. It follows from (2.5) that for each
column u; of the matrix U’ we have

Cu || X(T)-X05)- 005 » = 0.
Thus for each vector x e N(L’) we have
<x, g: X(T)- X-(s)- f(s)ds> ~0.

From the compatibility theorem of linear algebra this guarantees the
existence of some solution of (2.8).

For an arbitrary linear equation L-8 = v, it is known that one
can find a nonsingular n X % matrix M, called a pseudoinverse of L,
such that L-M-L = L and for each v<€ R(L) we have L-(M-v) = 1.
Pseudo inverses are constructed from the given matrix L by means
of elementary row operations (see [3], [4]). The following corollary
is an immediate consequence of this observation.

COROLLARY.T If feS and Qf =0, then (2.8) has a solution of
the form B = S P(s)-f(s)ds, where P(s) = M-X(T)-X-'(s) and M is a
nonsingular pseudo inverse of L.

LemMA 2. Consider (1.3) and suppose f€S and Qf = 0. Then
there exists an m X m matriz G(t, s) which is independent of the
function f and continuous in t and s except at t = s where it has a
finite jump, and such that

T
(i) The function y(t) = S G(t, s)-f(s)ds ts a T-periodic solution
[1]

of (1.3) and moreover is the only T-periodic solution satisfying
Py, = 0.

(ii) The columns of ¥(s) are orthogonal to the rows of G(t, s)
for each t;1.e.,

2.9) S:Gax 8" W(s)ds = 0 .

Proof. Since Qf = 0, (2.8) has a solution B of the form indicat-
ed in the preceding corollary. Substituting 8 into (2.7) we get the
equation

u(t) = || XO-1P@) + X)) 75)ds + || X0 Pe)-fo)ds

or
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T
y(t) = || K(t, 9)-f(s)ds
(2.10) K(t, s) = X(t)-[P(s) + X(s)] 0<s=st
= X(t)- P(s) t<s< T
for the unique T-periodic solution of (1.3) satisfying %(0) = y,. Thus
any T-periodic solution of (1.3) will be in the form

2.11) () = B(t)-¢ + S:K(t, s)-f(s)ds

for a suitable choice of c¢ec R,

It is easy to see that at most one T-periodic solution y, of (1.3)
can satisfy Py, = 0. For if y*e S is another solution with Py* = 0,
then ¥ = ¥y, — y* € S and solves (1.2). Thus y¢ S, and so Py =y. On
the other hand we have Py = Py, — Py* = 0, which implies ¥, = »*.

To verify (i), we first observe that the condition Py = 0 is equi-
valent to the equation

(2.12) STQ)’(t)-y(t)dt —0.

We want to find ¢e R* such that both (2.11) and (2.12) are satisfied.
For this it is necessary and sufficient that

0= .% S:@’(t) - O(t)-edt + _;_ SOT (.D’(t)-DOTK(t, 5)- f(s)ds]dt :

Since {g;(¢)} forms an orthonormal basis,

1 r 14 —
_T_SO @'(t)-Ot)dt = I(k x k)

and from O(f) = X(t)-B we find

(2.13) ¢ = —% g:B’-H:X’(T)-K(t, s)dt]-f(s)ds .

Thus the vector ¢ is completely determined by an equation of the form
(2.14) ¢ = ST;/(s) F(s)ds

where &“(s) for a given K(t,s) is a continuous k x# matrix function
of s, independent of f, given explicitly by (2.13). Substituting (2.14)
into (2.11) and introducing the function

(2.15) G*(t, s) = O(t)- < (s) + K(t, 5)

we find the T-periodic solution of (1.3) satisfying Py, = 0 to be
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2.16) i) = S:G*a, 5)-f(s)ds .

From (2.5), however, we see that for any % X k£ matrix function R(t)
the solution #,(t) in (2.16) can also be written as

(2.17) u®) = | [6°(t, 9) — RO-T©)]-f(e)ds -
Choosing in particular the matrix
(T .
R(t) = 7SOG (t, 5)- W(s)ds

and recalling that {y,(¢)} forms an orthonormal basis, we see that (2.9)
is satisfied for

(2.18) G(t, s) = G*(t,s) — R(t)-¥'(s) .
Finally, it is clear that G(¢, s) has the specified smoothness properties.

COROLLARY. Let feS and Qf =0. The unique solution y.t) of
(1.3) with Py, = 0 satisfies the inequality

(2.18) V(y) = K-V(f)
for K= T-sup{||G(t,s)|:0s,t < T}.

LEMMA 3. The matriz G(t, s) given above is uniquely determin-
ed by its properties specified in the statement of Lemma 2.

Proof. Let g(s) be any element of S. Set f(s) = g(s) — Qg(s).
Then Qf = Qg — Q%9 = 0 and so we may apply Lemma 1. From (2.6)
and (2.9), however, we find that
(2.19) ST G(t, 5)- f(s)ds = ST G(t, 5)- g(s)ds

0 1]
and so the unique solution ¥,(¢) satisfying Py, = 0 is given by

ult) = S:G(t, 5)-g(s)ds .

If G,(t,s) were a second matrix with the properties given in
Lemma 2, then the same argument shows that

u(®) = || Gu(t, 9)-g(s)ds

as well. From
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[ 16, 9) = G2, 9)1-g(eds = 0
0
it follows immediately that G.(¢, s) = G(¢, s).

REMARKS. The subspaces S, and S, were introduced by Hale in
[5]. The proofs of Lemma 1,2 and 3 are modeled on the treatment
in [6]. A discussion of these ideas employing the Moore-Penrose
notion of generalized inverse can be found in [7]. It turns out that
the estimate (2.18) is the essential information required for the itera-
tion scheme which we construct in the next section. We note, how-
ever, that the existence of the function G(t, s) has been established by
constructive methods which in principle make it possible to write out
explicitly every T-periodic solution of (1.3) for arbitrary feS.

3. In this section we indicate how the above analysis can be
applied to the question of the existence of periodic solutions of (1.1)
for ¢ = 0. Our treatment is a modification of the analysis in Chap-
ters 6 and 11 of [5], and the reader is referred there for details and
further results.

Let a*(t) be any T-periodic solution of (1.2). For some a € R* we
have Pa*(t) = a*(t) = @(¢t)-a. For given constants b, d with 0<b<d<R
and a*(t) € S, we define S,C S as ’

S, = {feS: Pf(t) = a*(t); V(f) = d} .

THEOREM 1. Given a constant b,0<b=<R, there exists an >0
such that corresponding to each k-vector function a*(t)e S, with
a*(t) = O(t)-a and V(a*) < b and to each € with |e| < ¢, there is a
unique function y*(t) = y*(, a,e) e S, which has a continuous first
derivative with respect to t, satisfies y*(t, a, 0) = a*(t) and

3.1) y* = A@)-y* + e-[q@t, y*, ©) — Qa(¢, y*, 9)] .

Finally, the function y*(t) may be obtained by the iteration pro-
cedure in (3.4) below.

Proof. Since the function G(t, s) constructed in Lemma 2 is in-
dependent of fe S, it makes sense to define an operator &# for y =
y(t,a,¢) in S, as

(3.2) w=Fy=a*t) + e-STG(t, s)-q(s, y(s, a, €), €)ds .
0
As in the proof of Lemma 3 we see that the function Z(¢) defined by

a(t) = e[ G(t, 9)-a(s, 465, a, ©), 9)ds



332 CARL KALLINA

satisfies Z = A(t)-Z + ¢-[q(t, ¥, &) — Qq(t, ¥, €)] and also PZ = 0. Thus
we get Pw(t) = Pa*(t) + PZ(t) = a*(1).

Without difficulty one can show that & is a contraction map in
S, for 0 < |e| < e, and ¢, sufficiently small. Thus % has a unique
fixed point y*(t) = y*(¢, a, €) given by

@3 g =a'®) + e | Gt 5)als, 476, 0, 9), s .

Again from (2.6) and (2.9) we see that y*(f) is a solution of (3.1).
The contraction mapping principle states that the solution %*(f) can
be obtained as the limit of a sequence {y*(¢)} defined by

wl®) = a*(t) = 0(t)
B4 ) = FY) = @) + < || Glt, 9)-9(6, 16), )ds

From (3.4) we conclude ¥(¢, a,0) = a*(¢). To prove uniqueness, let
Y, = y.(t, ¢) be another solution of (3.1) in S, for |¢| < e,. Let us de-
fine w(t) = y,(t) — a*(#). Then w is a T-periodic solution of

w = A(t)‘w + 5‘[Q(t: Yy, 8) - QQ(t, Yy, 8)]

satisfying Pw = 0. It follows now from (2.6) and Lemma 2 that v,
is a fixed point of .#, which can only mean that y, = y*.

REMARK. Consider the special case when A(f) is a constant matrix
of the form diag (0, B), where B is an (n — k) X (n — k) matrix such
that X = B-X has no T-periodic solution X(¢). Thus (1.2) has pre-
cisely % linearly independent constant solutions, and so we may choose
an orthonormal basis of S, to be the first & unit n-vectors in R". Then
@(t) is the % x k matrix whose only nonzero terms are & 1’s along the
diagonal. Clearly we may choose the same basis for S,, and so ?'(t)=
@(t). Thus Pf = Qf for all fe S and the spaces S, and S, coincide.
This is the case treated in Chapter 6 of [5].

THEOREM 2. Let y*(t) =y*(t, a, €) be the solution of (3.1) defined
for all ae R* and ¢ such that 0 < |e| < ¢, and V(@*) =TV (@()-a) < b.
If there exists an ¢, < €, and a continuous function a=a(e) for |e| < &,
such that

(3.5) QQ(t) y*(tx (1(5), g),e) =0

then y*(t, a(e), ) is a T-periodic solution of (1.1) for |e| < e,. Con-
versely, suppose (1.1) has a T-periodic solution y = y(t,e) for |e| =
& < &, continuous in € with V(Py) < R. Then for some continuous
Sunction a(e) satisfying (3.5) we have Y(t, €) = y*(t, a(e), &) for |e| =&,
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In this semse we say that the existence of a continuwous function a(g)
satisfying (3.5) 1s a mecessary and suficient condition for the exis-
tence of a periodic solution of (1.1).

Proof. The sufficiency of the condition is obvious. Conversely,
given 7 = §(t, ¢) define a(e)’ = (¥, ), &, ®2), *++, (¥, ). Then for
a*(t, €) = O(t)-a(c) we have Py(t, €) = a*(t, ¢). Clearly a(¢) is continuous
and by assumption V(Py) = VP®#H(-,¢)) = V(a*(-,¢)) < BR. Thus for
some b,d with 0 <b<d< R we have V(a*(-,¢)) = b< R for 0 =
le| < e, Since 7 is a solution of (1.1) we obviously have

(I - QY — A@t)-F — e-q(t, 7, )] = 0
Qy — At)7 — -a(t, 7,€)] = 0.

Since 7 is assumed known we can regard it as a solution of an equa-
tion of the form (1.3). From Lemma 1 this implies Qq(¢, %(t, €), €)=0.
Thus the above equations reduce to

(3.6) ¥ = A7+ e-[at, 7, &) — Qa(t, 7, €)]
(3.7) Qq(t, 7,¢) = 0

for 0 < |e| <¢,. From Theorem 1, however, the function y*(t, a(e), €)
is the only T-periodic solution of (3.6) satisfying

Py*(t, ale), €)) = a*(t, ¢)

for |e| < e, Since ¢, <¢, from (3.6) we conclude %(¢, &) =y*(¢, a(¢), €)

for |e] £ ¢, and from (3.7) we see that a(e) satisfies (3.5).

REMARK. Condition (3.5) is most easily verified, of course, when
the implicit function theorem can be applied in the manner of Chapter
6 of [5]. If this fails, then one can use (3.4) to find approximate de-
termining equations for (1.1) involving the successive approximations
Yo, Y', - ¥*, as done in Chapter 7 of [5]. One advantage of the pre-
sent methods is that these higher order equations can be explicitly
written out, due to the constructive method used to define the kernel
G(t, s) of the integral operator .#.
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ANALYTIC TWO-DIMENSIONAL SUBCENTER MANIFOLDS
FOR SYSTEMS WITH AN INTEGRAL

AL KELLEY

For a real analytic system of ordinary differential equa-
tions with an integral H

H=3iz*+ 9> + Fl) + Gz, 9, 2)

x =2+ X, 9,2

y=—2x+ Y, 9,2

z2=Bz+ Z(x,y,?)
where v and y are scalars; z is an m-vector; X, Y, Z are
power series with no constant or linear terms; B is a constant
matrix with eigenvalues g, ---, ¢ and 247'z; + integer (j =
1, ---, m); the existence of a unique, local, real analytic, two-
dimensional, invariant subcenter manifold

M*=A{z,y,2 x|+ 1yl <6, z=wk,y}

is proved, where w is a real analytic function with no con-
stant or linear terms in its expansion about the origin. The
manifold M* is composed of a nested, one-parameter (0 = 0)
family of periodic orbits, and as o — 0 the corresponding
periodic orbit goes to the origin and its period goes to 27 | 21|,

In this paper we extend the result of C. L. Siegel [7] to analytic
systems of ordinary differential equations with an integral (see (1)
below). C. L. Siegel proved Theorem 1 below with the additional
restrictions that system (1) is Hamiltonian and that the matrix B in
(1) is a diagonal matrix. The removal of these two restrictions is a
technical improvement; our emphasis is on the invariant manifold
aspect of the theory (see Theorem 2 below). As far as proving the
existence of a local, nested, one-parameter family of periodic orbits
is concerned, the theorem proved by C. L. Siegel [7] is equivalent to
a result of Liapounov [5] proved before the turn of the century.
However, in addition C. L. Siegel proved that the invariant, two-
dimensional manifold comprising the nested, one-parameter family of
periodic orbits is an analytic manifold, and that by means of an
analytic change of variables, the differential equations on the invariant
manifold have a very simple form. Using the proof method of
Liapounov, one is able to conclude only that the invariant manifold
of periodic orbits is continuous. (See A. Kelley [3] for a C' version
of these ideas.) For real analytic systems with an integral we prove
in § 4 below that the invariant manifold is directly computable from
the differential equations, and hence unique and real analytic. Since

335
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our manifold is imbedded in the center manifold (see A. Kelley [4]),
we call it a subcenter manifold.

The convergence proof in Theorem 1 below is based on techniques
developed in C. L. Siegel [7], J. Moser [6], and A. Kelley [1], [2].

2. Notation. Let z= (2, ---,2,) be a complex vector and let
g be a nonnegative integer. We define I(z) to be the class of
functions {F'} which satisfy (i), (ii), (iii) below.

(i) F = F(z) is a complex scalar valued function, vector valued
function, or matrix valued function (dim F unspecified) defined for z
in some neighborhood of z = 0.

(ii) F has a convergent power series expansion in z (components
of z) about the point z = 0; the coefficients in the expansion are
either scalars, vectors, or matrices (as the case may be); there are
no terms of degree less than ¢ in the expansion of F.

(iii) For some K > 0 the components of F' are majorized by

K@+ - +2,)[L — K@z, + +++ +2,)]" .

The constant K depends on F.

Primes in this paper either designate majorants or designate
variables and functions in a complex setting as contrasted to a real
setting. Given F(z) € I'(z) there exists F'(z) such that

F(z) < F'(2)

where the symbol € means F' and F” belong to the same I'" class,
dim F = dim F’, and F' is majorized componentwise by F' in the
sense of Cauchy.

The norm | - | is the euclidean norm on vectors and the operator
norm on matrices, If F = F(z) is a vector valued function of the
vector z, then F', represents the usual Jacobian matrix of partial

derivatives.
If Fel®(x,y) where © and y are scalar variables, then [F],,

represents the coefficient of the z°y® term in the expansion of F.
Let Fel™(x,y) be a vector valued, real analytic function of the
scalar variables  and y, and let

F(xy y) - Z::,ﬁ=0sz,ﬁxay's .
In § 4 below we will use the notation
Fn = [F]n = (Fn,m Fn—l,u ""Fo,n) .

Thus F', is a vector in R(»+hdimF,
Throughout this paper R = R(p,q) is used to designate an
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anylytic function, although occassionally (as above) the notation
z¢ R" is used to indicate that z is an n-vector. The distinction will
always be clear from the context.

3. Analytic changes of variables. Consider the complex analytic
system of ordinary differential equations with an integral H

H(x, 9, 2) = iney + F(z) + Gz, vy, 2)
% = iae + X, vy, ?)
¥y = —izy + Y(x,vy,?)
2= Bz + Z(x, ¥y, ?)

@)

where x and y are complex variables; z is a complex m-vector
variable; M is a nonzero complex number; (in the most interesting
case ) is real, see (19) below for the real counterpart to system (1));
B is a constant matrix in Jordan canonical form; B = B° + B!,

B = diag (tt), *++, Mn)
B' = subdiag (6, -+ -, 6,,—1)

with d; =0 or J,0 > 0 sufficiently small (to be specified below);
X, Y Zel*,y,2); dim X = dimx, etc.; F is a quadratic form in
the components of z (F' = 0 is allowed); G e I*(x, ¥y, 2) (which implies
that He I™(z,y,?)); H is an integral for system (1).

THEOREM 1. If ix7'p; + integer (j =1, ---, m), then for system
(1) there exists a change of wvariables (not unique)

x=p+ P(p, q)
(2) ¥Yy=4q+ Q9
z=7r+ R(p,q)

such that
P = M1 + a(pg)p + P(p, q,7)
3) g = —in1 + a(pg)q + Q(p, q, )
7 = Br + ﬁ(p, q,7)

P,Q,R=0 when r =0,

where a = a(pg) is a function of the producNt ;. a(w) € I'(w) (which
implies a(pg) € I(p, q)); P,Q,Rel™(p,q); P,Q, Rel*(p,q,r).

Proof. First we construct a formal change of variables (2) such
that
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» =1 + a(pg)) + P(p, q,7)

¢ = —iv1 + @) + A, ¢, 7)

# = Br + R(p,q,7)
P,Q,R=0 when r =10,

(4)

where a and @ are formal power series in the product pg with no
constant terms. Then we will use the fact that H is an integral
for system (1) to prove that @ = ¢ as formal power series. Finally,
convergence will be proved using the Cauchy method of majorants.

If such a change of variables (2) exists, then from (1), (2), (4)
we obtain

P=—ixap+ NP+ X(p—+P,g+Q, 7+ R) — P(p,q, 1)
6) Q=1iNdg—iNQ+ Y(p+Pg+Qr-+R) —Qp,aq,r1
R=BR+ Zp+ P,q+ Q,r+ R) — R(p, q,7)

where P = P(p, q), etc. Taking the (Nierivative on the left side of (5)
implicity and using the condition P, @, B = 0 when r = 0, we obtain

P, — qP, — P
= —ap — apP, + P, — V"' X(p + P,q + @, R)
pr - qu + Q

(6) =aq— apQ, + @qQ, — IN"'Y(p + P,q + Q, R)
pj— R; — (1—(?- R; + iR,
op oq
.
= —iN9, R, — ap-2 R, + 8¢-2R; — iN'Zip + P,q + Q, R)
op oq
(.7: 1! ""m)

where 0, = 0. From (6) the coefficients of P,Q, R,a,d can be com-
puted recursively. Let

P(ps Q) :a;‘ﬁzzpu’ﬂpaqﬂ ’
etc. From (6) we have

S =B — 1P, ;pq° = —305,0°"q° + - -+
(7) Sa — B+ 1)Qup°q" = 38,0 "q"H + -
Z(C( - /8 + 7:7\'—1#]')12,1',01,ﬁ = (-7 = 1y *t Y m) .

If we equate corresponding coefficients on the left and right side of
(6) (equivalently (7)), we obtain
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(@ — B —1)P,;
=[—ap — apP, + @qP, — N "'X(p + P,q + Q, R)]..s
(@— B +1)Q.;

8 )
®) = [@q — apQ, + @qQ, — IN"'Y(p + P, q + Q, R)l.,s

(@— B+ NYHR; 05
= [_ih—laj—-le—l - U«P—a—RJ‘ + dqiRJ’ — N Zi(p+P,q+Q, R)]
op oq @

Clearly, the expressions on the right side of (8) involve only the
coefficients of P, @, R of order less than a + £ and the coefficient of
R, ---,R;_, of order less than or equal to « + 8. When a =8 + 1,
then agz, must be chosen so that the right side of the first equation
in (8) vanishes. Similarly when 8 = a + 1, then &,, must be chosen
so that the right side of the second equation in (8) vanishes. By
hypothesis \~'y; + integer (j =1, -+, m). Therefore

a—B+iK“1#J¢O (j:]_’...,m)

and all the coefficients of R can be computed recursively from (8).
All the coefficients of P and @ can be computed recursively, except
Py, and Q, .., (@, 8=1,2 ...) which can be chosen arbitrarily.
Let

P(p, ) = 3Py’

Q(p! Q) - (%Qa,a+lpaqa+l
by any given convergent power series (for example P, Q = 0), and
define
Pﬂ+1,ﬂ = ﬁﬁ+1,ﬁ
Qa,a+l — Qa,a+l (ay 18 = 1’ 21 b ') .
Now, from (8) and (9) the coefficients of P, @, R, a, @ can be computed
recursively.

Next we want to show that o and @ are equal as formal power
series. Since H is an integral for (1),

©

H(p,q) = H(p + P,q + Q, R)

is a (formal) integral for system (3) restricted to the manifold given
by » = 0; namely for the system

D =axn1 + a)p

¢ = —in1+ d)q .
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Therefore, operating only in the sense of formal power series, we
obtain

d

il = BNl + 9)p — HiMl + @)g =0,

or equivalently

(10) pﬁp - qﬁq = —_apﬁp + 6qﬁq .
Let
Hp,q) = 3 H.:p9" .
atfz2

Equating coefficients in (10), we have
(11) (@ — B He.; = [—apH, + GqH,].; .

Since a = a(pg) and @ = @(pg) are power series in the product pg, it
follows from (11) by induction that H,, = 0 for all @ == 8. There-
fore H is a (formal) power series in the product pg, and this implies

pH, = ¢4, .
Hence from (10)
(a — @)pH,=0.
Since
pH, = ixpg + ---
is a nontrivial power series, we conclude that as formal power series
a(pq) = a(pyg) .
Equation (6) can now be written

pPp“qPq—P: —ap_a'{ppp—qpq} “‘l)"_lX('p"}'P:q_'_QyR)
pRp — 9Q, + @ = aq — a{pQ, — ¢Q;} — N Y(p + P,q + Q, R)
pR, — qR, + IN'B'R
= —iN'B'R — o{pR, — qR,} — i« "Z(p + P,q + Q, R) .
Let X', Y, Z', P, Q’, a’ be the smallest majorants of

(12)

VX, iNY, ivZ, P, Q, a
respectively. Thus
X” Y,) Z,erz(x? y’ z); p,! Q’e]"z(p, Q) .

The power series o’ must still be shown to be convergent. Define
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P'(p,q) = (@ — B + dup) | Pas | °¢°

(13) Q®,9) = (la — B+ 0u) | Qu,s | p°¢°
Ri(p,q) = Ji(la — B + 0up) | Bjep | °¢°  (7=1,-+-,m)
R = (R}, ---, R})

where 0,; is the Kronecker delta. Clearly
PLP; @KQ; RLR.

Choose K > 0 such that for all nonnegative integers a and B (except
as noted)

la — B —1(la—B|+ 0,4 = K (¢ —B—-1+0)
(14) la— B +1]7(la— B+ dw) =K (@ —B+1=+0)
fa — B+ vy (la—B|+d0 ) <K (j=1,:-+,m).
From (12), (18), (14) it follows that
P' < K[dP' + X0+ P',q + Q,R)] + P’
Q < K[@Q + Y'(»+ P,q+Q,R)] + Q'
R < K[[\*'|BR +aR + Z'(p + P, q + Q, R)]
adpLadP +X'(p+ P,q¢+Q,R).

(15)

Since P’, @', R’, o’ all have real, nonnegative coeflicients, it is sufficient
to prove convergence when p = ¢ = {. Let

P, ) = CP"(Q); Q0 = LQQ); R, = CR"Q);
P, 0 = CP"Q); Q0 =LQQ); ¢/ = a’Q) .

From (15) we have

P" L K[&"P" + [ X'(C + (P, + (Q", LR")] + P”

Q' < K[a"Q" + 'YL + LP", &+ LQ", LR + Q7

R" K K[|\ B'R" + o"R" + ' Z'({ + LP", L + LQ", LR")]
a” L a’P" + O XN(C 4 (P, L+ LQT, LR .

(16)

Define formal power series P* = P*({), P*(0) = 0, etc., by the func-
tional equations

P* = K[a*P* + (7 X'(C + CP*, { + £Q*, (R*)] + P”

Q* = K[a*Q* + 'Y + LP*, £ + CQ*, CR*)] + Q"

R* = K[|N'| BR* + a*R* + (7' Z'(C + (P*, § + LQ*, (R¥)]
a* = a*P* + U X'(C + CP*, { + LQ*, LR¥) .

Comparing (17) with (16) it follows that

amn
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P"<P*;Q"KQ*; R"<KR*;d"<a*.
But the convergence of P*, Q* R*,a* in (17) follows from the
implicit function theorem provided ¢ in B' is chosen sufficiently
small to insure that
K|N'B'|<1.

Thus from

P*, Q*, R*, a* e I'({)
we conclude that

P,Q,R,acl™p,q) .
To show that

P,Q,Rel(p,q,r)

write equation (5) as

P=—ap+ P+ X(p-+P,qg+Q,r+R)

—P{iv1 + a)p + P} — P{—in1 + a)g + @}
Q=1inaqg —iNQ+ Y(» + P,g+Q, 7+ R)

— Q{1 + a)p + P} — Q{—iM1 + a)g + @}
R=BR+ Zp+ P,q+Q,r+R)

—R,{iML + @)p + P} — R{—iM1 + a)g + Q} .

18)

Since P,Q,R,a are known analytic functions of (p,q), we can
regard (18) as an equation in the variables p,q,r, P, Q, B and use
the implicit function Theorem to solve for P = P(p, q, r), ete. Clearly

P,Q,E=0 when r=0.

This completes the proof of Theorem 1.

4. Real analytic invariant manifolds. For real analytic systems
of equations with an integral, we want to show the existence of
real analytic invariant manifolds. Theorem 1 will be the prime tool
for this program.

Consider the real analytic system of ordinary differential equa-
tions with an integral H

H(z,y,2) = %sz + ) + F@) + G@, 9, 2)

T =M+ X(2,9,2)
?) = =\ + Y(ZE, Y, Z)
2 =Bz + Z(x, y, ?)

19)
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where x and y are real scalar variables; z is a real m-vector variable;
A\ is a nonzero real number; B is a real, constant matrix with eigen-
values pt,, -+, tt; X,Y,ZeI*(x,y,z) are real analytic; dim X =
dimz, ete.; F is a real quadratic form in the components of z;
Gel¥(x,y,z) is real analytic; H is a real analytic integral for (1).

THEOREM 2. If in~'p; = integer (j =1, «++, m), then for system
(19) there exists a wunique, local, real analytic, two-dimensional,
invariant manifold

M = {(x,y,2) |||+ |y| < d, 2= w,y)}

where w € I'(x, y) 1s real analytic and is directly computable (thus
1t 1s not mecessary to reduce the differential equations to a normal
form such as (38) below in order to compute M?); moreover, the
manifold M* is composed of a nested, one-parameter (0 = 0) family
of periodic orbits, and as p— 0 the corresponding periodic orbit
goes to the origin and its period goes to 2z | A1,

Proof. The second part of this theorem is relatively easy to
prove. Suppose the real analytic function w which defines M? is
known. Then

A, y) = %sz + 1) + Fw(,v) + G, 3, w(, )

is a real analytic integral for (1) restricted to M*. Introduce
x = p( + b)cos
y=p@1 + b)sing
into the equation
A, y) = Tre*
2
to obtain

(20) b+%w+p%ﬂﬁ+®=o

where
F = F(g, 0, b) = F(w(o(1 + b) cos 6, p(1 + b) sin 6))
G = G(9,0,b) = G(o(1 + b)cos b, +--) .
We observe that o—\~(F 4+ G) is well defined for p = 0. From (20)

by means of the implicit function theorem we can solve for b = b(d, p)
with b having period 27 in 6 and b(4, 0) = 0, so that
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x = p(1 + b4, p)) cos 6
¥ = ol + b(6, p)) sin 6
z = w(o(l + b4, p)) cos 8, p(1 + b(4, p)) sin 6)

is a representation of the one-parameter (o0 = 0) family of nested
periodic orbits which comprise M”.

Continuing in this manner, it is not difficult to prove the asser-
tion concerning the periods of these periodic orbits. See [3] for the
details.

For a more complete analysis of the differential equations (19)
restricted to M*, one can show the existence of a real analytic change
of variables

x=p+ P(p,q)
¥Yy=q+ Q9
z =7+ R(p, q)

such that on M* (given by z = R(p, q))

P =ML+ a(p® + ¢))q
g =—M1+ a(® + ¢»))p

where P, Q, R, acI™(p, q) are real analytic; a is a real power series
in the quadratic form p* + ¢®. In this formulation the periodicity of
the solutions of (21) is obvious (the circles p* + ¢* = 0* in the
(p, @)-plane are orbits) and the assertion concerning the periods of
these solutions is immediate. The details of this analysis are given
in §5 below.

(1)

We now prove the first part of Theorem 2. Primes for the rest
of this section will denote variables and functions in a complex
setting as opposed to unprimed variables and functions in a real
setting. Introduce the change of variables

R
x—V_z_(m + )
R S

(22) Yy = 1/?( z — 1)
z = Bz

so that system (19) transforms to
H'(@, y', ) =iy + F'(Z) + G, v, )
& =’ + X', v, 7)
Yy = -y + Y@, ¥, 7)
z" — Blz’ _|_ Z’(f(/", yl, zl)

(23)
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where

H'(', 9, 7) = H(—=(iz' + ¥'), —-( & — 1Y), EZ’>;

n(ly

B’ = B~*BB is in Jordan canonical form; X', Y’ , Z' are related to
X,Y,Z in the usual way. Theorem 1 asserts the existence of an
invariant manifold

Mrl — {(.’I/", yl, z/) l x! — pl + Pr(pr’ q/)y
y =¢ +Q®,q), 7 =FR(@,q)
where P’,Q', R e I'*(p’, ¢'). But the change of variables

(24

o =9 + P, q)
¥ =q¢+Q®, )
can be inverted to give
p=pEhy) =
¢ =q@,y) =y + -
so that
(25) M” =A{@,y,2)| ||+ [y']<d,2 =w(E,y)}
where
w'@,y) = R, ), @, y)),

which implies w’' e I™*(«’, y’). With the representation given by (24)
it is not clear that M'* is unique, but with the representation (25)
we can easily show uniqueness for M’. Since the manifold is
invariant,
u’)l — Blwl + Zl(x” yl, wl) ,

equivalently
(26) INgw,, — INy'w,, — B'w'

=Z', ¥, w) —w, X', ¢y, w) — w, Y&, ¢, w) .

Expanding w’ as a power series and equating coefficients in (26), we
have

(Ma — B)I — BYw:, s

(27) :
- [Zl(xl’ ?/,, wl) . wz/Xl(m” yl, wl) — w;’ Yl(x!’ yI’ W’)]a,ﬁ

where I is the identity matrix. Since by hypothesis ¢x~'y; = integer
(j=1,.--,m) where p,, ---, p,, are the eigenvalues of B’, it follows
that
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det (tMa — B)I — B') = 0.

Since the right side of (27) depends only on the coefficients of w’
having order less than a + B, we conclude that w’ is uniquely
determined by (27) and that the manifold M’ is unique. Define

(28) w(e, y) = Buw(Z(—iv - 1), =@ + i)
Then

(29) w = Bw + Z(x,y, w) ,
equivalently

Ayw, — Aew, — Bw

(30)
= Z(xy Y, w) - ’LUZ.X(.’E, Y, w) — W, Y(xs Y, w) .

The function w given by (28) satisfies (30). Suppose w™* e I'(z, y) is
another solution to (30). Then w* determines a function w*’ € I'*(x', ¥')

given by
1 .., n 1 ,>

(Fstiw + 1), (o — ).
But since w* satisfies (80), it also satisfies (29). Then from (31) we
conclude that w*’ satisfies (26), hence w* = w’ and because (28) and
(81) are inverse relations to each other, w* = w. Therefore we con-
clude that (30) has a unique solution belonging to the class I'(x, ¥).

It remains to be shown that w is a real analytic function. If
we expand the left side of (30) in a power series, we obtain

(31) w*’(ac’, y/) — E—lw*

AMyw, — vew, — Bw
(32) = S haw, 2 7Y — SINBW,, Ty T — 3 Bw,, say°
= Z{X(a + l)wa+l,ﬁ—-1 - )\;(,8 + l)wa—l,ﬁ+l - Bwa,ﬁ}xayﬁ .
For any power series
f = Zfa,ﬂxayﬁ
define
= [f]n = [Zfa,ﬁxayﬂ]n = (fn,o; fn—l,u vy fO,n)

for all nonnegative integers n. Thus if f is a vector, then dim f, =
(n + 1)dim f. If f and f’ are two power series related by

£ = @) = (5l + 1), (=0’ = i)

f@, ) = 16, 0) = £ (S=in = ), =@ + i),
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then for each nonnegative integer # there exists a matrix L,,
det L, # 0, such that

Jo=Lufue

Clearly the matrix L, depends only on dim f; other than this L, is
independent of f.
Now, from (32) we obtain

(33) Myw, — vaw, — Bw], = B,w, (n=23,--+)
where
B, = super-diag (—)\I, — 2\, «+-, —n\l)
+ diag (—B, —B, --+, —B)

+ sub-diag (nA1, (n — 1AL, -+, \]) .

with I = identity matrix, dim I = dim B. In a similar fashion we
obtain

[ina'w),, — vy'w,, — B'w'], = B,w, n=2,3, )
where
B, =diag (nAN] —B',i(n — 2\ — B, i(n — 4N —B’, - -+, —in\NI — B’) .
Since det (¢kAI — B’) == 0 for any integer k, it follows that
det B, = 0 n=2,8,.-+).
A straight forward calculation shows that

0 0 . 0 . 0
w2 —awr L = a2 — oy
yax oy ’ ox’ wy oy’

and from this fact along with (28) we conclude
Myw, — Aew, — Bw = B{ixa'w!, — ivy'w!, — B'w)
(34) [Ayw, — Aaw, — Bw], = L;'[B{ixe'w), — ivy'w!, — B'w'}].,
B,w, = L;*B,B,w, = L;'B,B,L,w, ,
where
B, =diag (B, B, ---, B).
Since (34) can be shown valid for all w, ¢ R»*1im» it follows that

B, = L;'B,B,L,

35 o
(35) det B, = det B, -det B, = 0.
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From (30) and (33) we obtain

(36) Bw, = [Z(z, y, w) — w.X(%,y, w) — w,Y(z, y, w)],
(n:2,37"')-

Finally, from (35) and (36) we conclude the coefficients of w are
determined recursively from (30), or equivalently (36), and since
B, (n=2,8,...) is a real matrix, B;* is also real and w e I'*(x, ¥) is
real analytic. Thus we have shown that the function w which
defines the manifold

M ={@,v,2) ] + |y] <9, z = w(x, y)}

is uniquely and recursively determined from (30), (35), (36) as a real
power series. The fact that wel™,y) is guaranteed by the
existence of the real analytic integral H. This completes the proof
of Theorem 2.

5. Real analytic changes of variables, In this section for a
real analytic system of equations we construct a real analytic change
of variables.

THEOREM 3. If iA7'y; + integer (3 =1, -+, m) then for system
(19) there exists a real analytic change of variables (not unique)

x=p + P(p, q)
(37) =q+ Q(p, 9
z =7+ R(p,q)

such that
p=ML+ a®@ + ¢))qg + Pp,q,7)
q - _)"(1 + a(pz + qz))p + Q(py qy 7')

# = Br + R(p, q, )
P,Q,BR=0 when r =0,

(34)

where a = a(p* + ¢ 1s a real analytic function of the quadratic
form p* + ¢* with no constant term in its expansion about the
origin; P,Q,ReI™(p,q) are real analytic; P,Q,Rel™(p,q,r) are
real analytic.

Proof. By means of the change of variables (22) we obtain
system (23). From Theorem 1 we can find a change of variables
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o =o' + P, q)
(39) y=q+ Q)
2 =1+ R©®,q)

such that
P =Ml + @ + P, g, 1)
(40) ¢ = —iM1l + o' (@) + Q' 9, 7)
7 =B¢ —l—R’(p q,r)
ﬁ Q =0 when ¥ =0

’

where o/ = a'(p'q’) is a convergent power series in the product p'q
with no constant term; P’,Q, R el*(v,q¢); P,Q,Re™w,q,).
In the construction of the change of variables (39) one must restrict
the choice of power series P’, Q' (see (8) and (9)) to be transforma-
tions via (22) of real power series. We will make this condition
explicit in (43) below. Define

p= 1/——(14) +q')
(41) 1/"2_( ' — Q')
r = Br' .

Then from (22), (39), (41) we obtain the change of variables (37)
where

a@ + ¢) = o(—10" + ¢)

1
P(p, @) = —=iP'(=(—ip ~ 0), —=(p + i9))
- + 5@ (5l — 0, A + i)
Lp(
Ap,9) = ——5F < Ve 1/2(10+'u1))

1 ./ 1
——ﬁ-@Q (1/—2 —ip — q), ]/7(2’) —+ 7«(1)>
R(p, q) = BR(2(~ip — 0), = + i0)) .

In particular we require P, § given by
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P(p, q) —71-2=?f”<71—2=( —ip — q), 1/—(10 + wq))

%@’ ]71—? —ip — q), 1/2(10 + zq))
(43) A 1 5/ 1
Qp, q) = 7—2:P (1/—————2-(*'&10 q), _17—(20 + @Q))
1 .4/ 1 . 1 .
-1/—74@ (—177(—%10 - q), 17—5(10 + zq))

to be real analytic functions of (p,q). The functions P,Q, R are
given by formulas similar to those for P, @, R in (42).

It remains to show that a,P,Q, R, P,Q, R are real analytic
functions. From (19), (37), (38) we obtain

qP, — pP, — Q@ = —aq — a{gP, — pP} + V' X(p + P,q + Q, R)
(44) ¢Q, — pQ, + P=ap — a{qQ, — pQ,} + »'Y(» + P,q¢ + Q, R)
qR, — pR, — N"'BR = —a{qR, — pR,} + N"'Z(p + P,q + Q, R) .

Following a procedure analogous to the computation of w in (30) we
can compute the coefficients of a, P, Q, R recursively from (44). Since
X, Y, Z are real analytic and \ is a real, nonzero scalar, it follows
that «, P,Q, R are real analytic. This completes the proof of
Theorem 3.
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INITIAL SEGMENTS OF ONE-ONE DEGREES

A. H. LACHLAN

Let 0 be the one-one degree consisting of the infinite
recursive sets whose complements are also infinite, In this
paper are studied initial segments of the one-one degrees =0,
A characterization is stated of the order types of those initial
segments with greatest member which are at the same time
initial segments of the many-one degrees, It is shown that
any finite initial segment with greatest member is a lattice,
and that any finite recursively enumerable initial segment
with greatest member is a distributive lattice,

According to the usual definition of one-one reducibility a set of
natural numbers A is one-one reducible to a set of natural numbers
B written A <, B if there is a one-one recursive function o such that
©07'(B) = A. The relation of one-one equivalence =, defined by

A= B<=[AZ,B and B <, 4]

is an equivalence relation, and the equivalence classes into which it
partitions the sets of natural numbers are called one-one degrees. The
natural ordering of these degrees induced by <, is denoted by <. In
this paper we shall be wholly concerned with the one-one degrees =0.
Notice that if A4 has one-one degree =0 then neither A nor its com-
plement is immune. In this context it is convenient to adopt a new
definition of one-one reducibility: we say that A is one-one reducible
to a set of natural numbers B, again written A <, B, if there exists
a one-one partial recursive (p.r.) function p such that dom o (the do-
main of o) and A U domp are both recursive, and such that po~'(B)=
ANdomp. On sets whose one-one degrees in the old sense are =0
the new definition of <, is the same as the old. Also, for any set
A there is a set B whose one-one degree in the old sense is =0, and
such that A =, B in the new sense. Thus adopting this new defini-
tion leaves the one-one degrees =0 unchanged, and suppresses the
remaining one-one degrees.

We adopt the usual definition of many-one reducibility save that
@, N (the set of all natural numbers) are both by convention in the
zero many-one degree consisting of all recursive sets.

The only notations likely to be unfamiliar consist in writing
A B for the set {2¢|xe A} U{2x+1|xe B}, A’ for the complement
of 4, and rng o for the range of p.

1. Common initial segments of the many-one and one-one
degrees. In [3] we obtained a characterization of the isomorphism

351
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types of the initial segments of the many-one degrees. We can sharpen
the construction in §2 of [3] to obtain:

THEOREM 1. An upper semilattice L is isomorphic to a common
initial segment of the many-one and one-one degrees with greatest
member +0 if and only if there are sequences {D;> of finite dis-
tributive lattices of cardinality >1, and x> of maps, such that for
each 1, Y; is an upper semilattice homomorphism of D; into D,., pre-
serving 0 and 1, and such that L is isomorphic to the direct limit
of the sequence

Xo X1 Xi—1 i
D, D, cce Dz al

(By saying that y; “preserves 0 and 1” we mean that y; maps the
least element, greatest element respectively, of D, into the least ele-
ment, greatest element respectively, of D,.,.)

Clearly if we consider only finite initial segments then the condi-
tion of the theorem reduces to: L is a finite distributive lattice of
cardinality >1. By an argument not unlike Friedberg’s maximal set
construction one can establish:

THEOREM 2. If L s a finite distributive lattice then there is a
common recursively enumerable (r.e.) initial segment of the many-
one and one-one degrees isomorphic to L.

It follows from Theorem 1 that the elementary theory of the
partial ordering of one-one degrees is undecidable (for details see [1],
§ 3). From Theorem 2 the same is true of the partial ordering of the
r.e. one-one degrees, but for this one has to use the fact that the
sets of first order sentences true of no distributive lattice, and true
of some finite distributive lattice respectively, are recursively inse-
parable. (Unfortunately, we know no reference for this result.)

2. Finite initial segments of the one-one degrees. In this
section we shall show that every finite initial segment of the one-one
degrees is a lattice of a certain kind.

The disjoint union a@ b of a pair of one-one degrees a, b is
defined to be the one-one degree of AP B where A, B are any re-
presentatives of a, b respectively. The reader will easily verify that
a @ b depends only on a,b and that the operation ¢ is associative
on one-one degrees. For each one-one degree a and natural number
n, let na be 0 if n = 0, and be
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a@a@.-.@a

n times

otherwise. A one-one degree a is called a cylinder just if 2a = a;
notice that a is a cylinder just if all its representatives are cylinders
in the sense of Myhill [5].

A one-one degree a is called decomposable if there exist one-one
degrees b, ¢ both <a such that a = b c; otherwise a is called inde-
composable.

A finite sequence {a, a. ---, a,} of one-one degrees is called a ca-
nonical decomposition of a one-one degree a if a=a,Pa,P---Pa,
where each q; is indecomposable and where deleting any of a,, a,, -++, a,
in the last equation destroys the equality. We shall first show that
when canonical decompositions exist they are unique. To this end we
prove:

Lemma 1. If
aPa P - - Da,,=bDbD - Db,

with m, n both =1 then there exist one-one degrees {a; ;| t<<m,j<n}
such that

a;=a;,,Pa,, D - Pa;,.,1<m;
b; =a,;Da,;D: - DPa,.;j<n.

Proof. For i < m let A; be a representative of a;, for 7 < n let
B; be a representative of b;. Let

A={mx +1ijxecd; and << m},
B={nx+jlxzeB; and j < mn}

then A, B have one-one degrees
a,Da, - Da,._,, byb,D---Db,_,

respectively. By hypothesis these are equal and without loss of ge-
nerality we may suppose that A, B are one-one equivalent in the old
sense. By a result of Myhill ([4], § 5) there is a recursive permuta-
tion o mapping A onto B. For 7 < m, j < n define

A ;={x|p(me +1) =jmodn and xzcAj}.

Letting a;; be the one-one degree of A;; the lemma follows by in-
spection.

THEOREM 3. If a one-one degree has a canonical decomposition
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then its camonical decomposition is unique to within a permutation.

Proof. Let a,a,P---Pa,_.,bPbP---b,_, be two canoni-
cal decompositions of the same one-one degree. Applying Lemma 1
and using the notation above, since a; is indecomposable, there exists
a(i) such that a; = a;,;. Similarly there exists 5(¢) such that b, =
s, As © runs through the numbers <m, a(¢) must run through
all numbers <n; for suppose «(7) is never zero then

aPa,P---DPa,..=bPb.D---Db,_,

which contradicts the definition of canonical decomposition. Similarly
B(7) runs through all numbers <m. Hence m = % and «, 8 are both
permutations of the numbers <m. We claim that a;, = b,,;, and b,=
a;;) for each ¢+ < m. It is clear that a; < b, and b, < a;;, for each
1 < m. For reductio ad absurdum suppose that our claim is false then
the set

S={a;la; < b,;, and 7 < m}U{b;[b; < as;, and 1< m}

is nonempty, and without loss of generality we may suppose that
a;, < b, and that a, is a maximal member of S. By choice of & we
have

a, < by = Gpaty = basarny = Apapaiy = **

But Ba is a permutation and so one of the suffixes of a in the chain
of equalities is equal to k. This contradiction completes the proof of
the theorem,

Let a, b be one-one degrees then b/a is defined to be sup {n | na<b};

b/a may take any of the values 0,1,2, .-+, o, Notice that for any
indecomposable a, (b @ c¢)/a = (b/a) + (c/a) where it is understood that
X+ o0 = oo 4 g = oo, If ais not a cylinder then a, 2a, 3a, --- is a

strictly increasing sequence of one-one degrees whence a/a=1. If a
is a cylinder then b/a is zero or c, and if a < b and a is a cylinder
then b &P a = b.

Notice that if a one-one degree a has only finitely many predeces-
sors then some sequence of the degrees <a must constitute a canoni-
cal decomposition of a; for example if a is indecomposable then it is
its own canonical decomposition.

LEMMA 2. Let a, b be one-one degrees such that a has only finite-
ly many prodecessors. Let a,Pa, D --- P a, be the canonical decom-

position of a. Then a < b if and only if a/a; for all © < m.

Proof. The “only if” part is immediate. For the “if” part we
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proceed by induction on m. Since the result is immediate for m = 0
we may suppose that m > 0. Let a* = a,Pa, P --- a,_, and suppose
that a/a; < b/a; for all « < m. It follows from our induction hypo-
thesis that a* < b since it is easy to see that a, P a, P - P a,._, is
the canonical decomposition of a*. Without loss of generality we
assume that a, is minimal among a,, a,, ---, a,.

Let B be a representative of b. It is convenient to introduce a
map ¥ from the r.e. sets onto the one-one degrees <b. If W is
finite let (W) = 0, if W is an infinite r.e. set let @ be any one-one
recursive function whose range is W and let ¥ (W) be the one-one
degree of {z| w(x)e B}. It is easy to see that ¥ (W) does not depend
upon the choice of w, that ¥ is order preserving, and that

T(W):wo@w1®°"®we—1

if and only if W is the union of disjoint r.e. sets W, W,, ---, W,_,
such that ¥(W,) = w; for each 7 < e¢. Since a* < b there exist dis-
joint r.e. sets A, A, ---, A,._, such that ¥(A4,) = a; for each 7 < m.
There are two cases to consider:

Case 1. a/a, is finite. Then a, is not a cylinder because of the
remarks that precede this lemma. Let a*/a, = k so that b/a,, = a/a,, =
k + 1. It easily follows that there are disjoint r.e. sets C,, C,, ---,
C, such that ¥(C;) = a, for each j < k. Effectively enumerate the
r.e. sets 4, A4,---,4,_,C, C, ---,C, simultaneously stage by stage
letting A; and C; be the finite sets enumerated up to stage s for each
i< m and j < k. We then define

Fi={x|@s)redi and (V);(Vr)cl@eCill}, 1<m;
G, ={el@sleeC; and (Vilicn(V7),[we 451}, J=k.

Also, for each 1<<m let F; be the r.e. set 4,—F;, and for each j<k
let G} be the r.e. set C; — G;. Observe that Fi* = G,UG, U --- UG,
foralli<mand G} € F,U F,U --- U F,_, for all § <Fk. Also, it can
be seen that F,, F,, -+, F,,_,, Gy, Gy, + -+, G, constitute a decomposition
of AL UAU---UA,,UC,UC,U---UC, into disjoint r.e. sets.

For each 7 < m, a; is indecomposable. This implies that either
Y(F) = a; or U'(F}) = a; for each ¢ < m and that either ¥(G;) = a,
or ¥(G}) = a, for each 7 < k. Define P,Q by

P={i|li<m and ¥(F)=a;},
QR={ilt<m and i¢P}.

Now if ¢ € Q then ¥(F) = a;. But F; is the union of the disjoint r.e.
sets F* NG, -+, Ff NG, so that for each 7€ @ there exists a(i) <k
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such that W(Fl* N Ga(i)) = a;.
Consider the set

D=a@U{j|j<k and ¥(G}) =a,},

and let & be a map from «a(Q) into @ such that aB(j) =7 for all
jea(Q). For each je D we define

o _ [GF i U@ = a.,
77 |F; N G; otherwise .
This is a sound definition because if ¥(G}) # a, then je a(Q) and so
B(7) is defined.
We first claim that ¥(D;) = a,, for all je D. For, if ¥(G}) #a,
then £(j) is defined and ¥(G,) = a,. Since ¥ is order preserving it
follows that

az;, = V(Fi;NGy) =¥(G) =a,,

and because a,, is minimal we deduce that a;; =a,. It follows that
Y(F%;,NG,) =¥D;) = a,. This proves our first claim.

Next we use this to deduce that j¢ D for some j < k. For,
otherwise (¢ + 1)a, =¥ (D, U --- UD,) £ ¥(4, U --- U A,_) = a*, be-
cause D,, D,, -+, D, are disjoint r.e. subset of 4, U --- U 4,_,. But
a*/a, = k and so this is impossible.

Now let 5 be a fixed number <k which does not belong to D and
for each ¢ < m define

F,if 1eP
E, ={F:NG,, if 1e@Q,
Gj if 7; = m.
Then K, E,, ---, E,, are disjoint r.e. sets and ¥(E,)=a,; for all 1<m.

Since ¥(&E,U --- U E,)=a it follows that a < b which completes this
case.

Case 2. aj/a,= . Then a, is cylinder, otherwise a would have
an infinite number of predecessors. Suppose a, < a*, then by the
remarks preceding the lemma we have a = a* P a,, = a* which con-
tradicts a, P a, P - - - P a,, being a canonical decomposition of a. Thus
a*/a, = 0. Now, taking & = 0, proceed just as in the last case.

Before turning to the next theorem, we note that any finite upper
semilattice is in fact a lattice as long as it has a least element. For,
if least upper bounds exist then greatest lower bounds exist by the
definition:
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bNec=sup{x|x=<b and x=¢}.

THEOREM 4. Let a be a one-one degree which has only a finite
number of predecessors then the predecessors of a form a lattice.

Proof. In view of the observation that precedes the theorem, we
have only to show that the predecessors of a form an upper semilat-
tice. Let b, c be any one-one degrees <a and suppose that a has
only a finite number of predecessors. Let a,, a,, - - -, @, be an enumera-
tion of all the indecomposable one-one degrees <a arranged so that
for any 7, J

p=1>7 =1 implies a; £ a; .

To show that b U c exists we shall define an increasing sequence
e, e, -+, e, of one-one degrees <a and simultaneously we shall show
that forall 7, 1<i<yp,andalld < a

(1) b<d and c<d.—e, =<d
and

(2) e;Ja; = max (b/a;, c/a;) .
Define

a, if one of b/a,, c/a, is

max (b/a,, c/a,)a, otherwise

then e, < a and (1), (2) are certainly satisfied for ¢=1. Suppose that
e; has been defined for 1 <7 <%k where k < p so that (1), (2) are
satisfied for 1 <¢ =<k, If

e,/a,s, = max (b/ay., c/a,,,) ,

then set e,., = e,, in which case (1), (2) are clearly satisfied for 7 =
k+1. Otherwise let 7, s be the numbers on the left, right respective-
ly of the last inequality with the proviso that if a,,, is a cylinder
then s = 1. Set e,., = e, P (s — 7)a;.,. Any degree appearing in the
canonical decomposition of e,., is clearly one of a,, a,, --+, a;.,. Hence
by Lemma 2, e,,, < a. Suppose that b <d and ¢ < d then from (1)
for ¢ = k we know that e, < d which implies that d/a; = e,/a; for
1 <4<k But since we are assuming e,., # e, we can deduce that
a,,, is different from all of a,, a,, -, a, and does not exceed any of
them. Thus

dla; =z e,/a; = e,y/a; , 125k,
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Also
dla,,, = s = e, /a,., .

Any degree which appears in the canonical decomposition of e,., is
one of a,, a,, +-+, a,,,. Hence e,,, < d by Lemma 2. It is immediate
that (2) is satisfied for ¢« = k& -+ 1. This completes the induction step.
It is clear that e, is the least upper bound of b,c. For b < e, and
¢ < e, by (2) and Lemma 2, and e, is the least among the common upper

bounds of b, ¢ from (1). This completes the proof of the theorem.

The next theorem gives a necessary condition for a finite lattice
to be an initial segment of one-one degrees.

THEOREM 5. Let a be a one-one degree with only a finite number
of predecessors then there exist finite separated distributive lattices
L, L, and an order preserving map ¥ of L, onto the one-one degrees
<a satisfying the following four conditions in which =, @ denote
the partial order and least element of L, respectively.

(1) L, is an initial segment of L, containing at least @ and
(L) 1s a distributive lattice,

(i) if zNy=Q then T Uy)=¥(x) 1f and only if ye L, and
Ty = ¥(w),

i) of e,N, =y Ny = @ and Tlx,) = Ty, for i =1,2 then
T(x,Uwxy) = Ty, Uy,

_ (iv) for any xe€ L, and y < ¥ (x) there exists y & x such that
V(y) = y.

Proof. We proceed by induction on the number of predecessors
of a. When a = ( the theorem is obvious. Suppose that b > 0 has
only a finite number of predecessors and assume the result for a<(b.
Assume in addition that for any a < b we can choose L, L,, ¥ such
that ¥'(L,) consists of the cylinders <a, and if x, N2z, = & then
w(xl U, = w(xl) @ w(%z)

Case 1. Suppose that b has just one maximal predecessor b,. Let
LY LP, ¥T® be the finite separated distributive lattices and map whose
existence is predicted by the theorem, and satisfying the additional
conditions, when a = b,. Let L, = L U {b} where be¢ L{", and let

I = L U {b} if b is a cylinder
" |L® otherwise.
Let xSy in L, if and only if y=5b or x,y are both in L{" and s Sy
in L. Let ¥(b) = b and otherwise let ¥ agree with ¥, It is easy
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to check (i) — (iv) and the additional conditions for a = b.

Case 2. Suppose that b has at least two maximal predecessors
b, b,. Using the technique of Lemma 2 it is easy to show that there
exist ¢, < b, and ¢, < b, such that b = ¢, Pe,. For 1 =1,2 let L?,
L, T be the finite separated distributive lattices and the map pre-
dicted by the theorem, and satisfying the additional conditions, when
a=c;. For j=1,2 let L; be the direct union of L{’, L, Then for
j=1,2, L; is a finite separated distributive lattice, and L, is an in-
itial segment of L,. For any pair (x, ¥) in L, define

V(w,y) =T"@) D T(y) .

It is again easy to check (i)-(iv) and the additional conditions for
a = b. This completes the proof of the theorem.

We conjecture that the converse of Theorem 5 is true in the fol-
lowing sense. Let P be any partially ordered set such that there
exist finite separated distributive lattice L,, L, and an order preserv-
ing map ¥ of L, onto P such that (i)-(iv) are satisfied. We conjecture
that there exists a one-one degree p such that the lattice of one-one
degree <p is isomorphic to P, and that under the isomorphism ¥(L,)
maps into the set of cylinders <p, and that for any x,, «, disjoint in L,
the image of ¥'(x, U x,) under the isomorphism is the disjoint union of the
images of ¥'(x), ¥(x,). In the next section we shall prove a particular
case of this conjecture. Although it is by no means obvious this con-
jecture is consistent with the earlier results of this section, e.g., it
follows from the conditions imposed upon P that P is a lattice. This can
be shown by a suitable modification of the proof of the earlier results.

There are a number of observations which are almost immediate
from what has been proved above. First notice that if a,, @, both
have only a finite number of predecessors then a, @ a, has only a
finite number of predecessors and so from Theorem 4, a, U a, and
a, N a, exist in the partial ordering of one-one degrees. Next, if a,,
a,, - -+, a, are distinct one-one degrees minimal >0, then

aUa,U---Ua,=a,Pa,H---Da,

and the one-one degrees <a, P a,P --- P a, form a Boolean algebra
of order 2*. This shows that neither of the two nondistributive lat-
tices of order five can be isomorphic to initial segments of the one-
one degrees. One can also show rather easily that many other non-
distributive lattices of small order cannot be isomorphic to initial
segments of the one-one degrees, e.g., the lattices depicted in the
usual way:
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Fig. 1 Fig. 2 Fig. 3

As an example take the second of these and suppose for reductio and
absurdum that the initial segment whose greatest member is a is iso-
morphic to this lattice. Let L, L,, ¥ be the separated distributive
lattices and the map given by Theorem 5 and let the additional con-
ditions of the proof of Theorem 5 be satisfied. Let a,, a,, a, be maximal
below a, and let b be minimal above 0. Let a,, a, be elements of L, such
that ¥'(a;) = a; for ¢ =1,2, Since L, is separated there exist b,, b,
such that b, S a;, for ¢ = 1,2 and such that b, Ub, = a, U a, while
b,Nb, = @. Clearly, ¥'(b,) < a; for 1 =1,2. Also,

w(al U az) = Z-”‘(()1 U bz)

is = both a, and a, since ¥ is order preserving. Thus (b, U b, = a.
From (iv) there exists a. & b, U b, such that ¥(a,) = a,. Now for ¢ =
1,2 ¥(a; N b;) is < both a, and ¥(b;,) and hence is either 0 or b. But
¥(a) = ¥(a, N b)P¥(a;Nb,), whence a; = b&P b. Similarly, a,=bP b,
contradiction.

3. Not every initial segment is distributive. In this section
we verify one particular consequence of our conjecture and in so doing
we construct an initial segment of one-one degrees which is isomorphic
to the lattice:

Fig. 4

Let M be a maximal r.e. set. Let .97, 2 (M), & (M) denote the
classes of all r.e. sets, all r.e. subsets of M, all recursive subsets of
M respectively. For our construction we shall require the following:

LEMMA 3. There exists a class _# of r.e. sets, FX(M)S #Z &
(M), such that if W is a finite union of members of _#Z then
We # and M — W is infinite, and such that if We o5 (M)— #
then some member of _# complements W relative to M.
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Since this is easy we omit its proof; notice that the property we
require of _# is simply that .2 (M) — _# should be the intersection
with 22" (M) of a nonprincipal ultrafilter over M which contains no
member of &#(M). It is clear that there exists an increasing sequence
M, M, --- of members of _# such that every member of _#Z is
&M, for some ¢. Choose a strictly increasing sequence m,, m,, +-+ of
members of M such that for all ¢, m;,e M — M,. Since M — M, is
infinite for each ¢, the sequence m, m, --- can be found. Let M* =
{m;| 7 = 0}, then M* N M, is finite for each 7. For j=0,1 let R; =
{2 +jle =0} and S; ={2x + j|x € M}. Let P, P, be infinite disjoint
sets both =SM'. Let a be the one-one degree of the set

A=2rx +jleeM* and j=1}U{2x+j|zeP; and j<=1}.

We shall show that the degrees <a with their natural ordering do
form a lattice of order eight isomorphic to the one depicted above.
We shall again use the map ¥ introduced in Lemma 2. If W is finite
then ¥(W) = 0, while if W is an infinite r.e. set we let w be any
one-one recursive function whose range is W and (W) is defined to
be the one-one degree of {x| w(x) e A}. We shall use the properties of
¥ which were stated above without proof. Let a; be ¥'(R;) for j =
0,1 and let m=%(S, = ¥(S,); it is apparent that ¥'(S,) = ¥(S,) when
one considers the map: 2x goes to 2x-+1, restricted to S,. It is clear
that a = a, P a,, that m < a; for j = 0,1. Thus all of 0, m, m P m,
a, a,a,Pm,a Pm,a are <a. It now suffices to show that these
are the only one-one degrees <a and that they are all different. Let
b be any one-one degree <a then there exists some r.e. set B such
that ¥(B) = b. Now

¥Y(B)=¥%BNR)D¥BNR),

thus to prove that the degrees listed are the only ones <a it is suf-
ficient for j = 0,1 to show that ¥(BN R;) is one of a;, m,0. Now
¥ does not distinguish between r.e. sets whose symmetric difference
is finite, hence because M is maximal we may suppose that BNR; &
S; or (BNR;)US;=R;. We now consider three cases which exhaust
all the possibilities. Let _#; = {{2x + j|ze X} | Xe #}.

Case 1. BN R;e _#;. Then BN R; N A is finite, and so
YBNR,)=0.

Case 2. BN R;€ 9 (S;)— _#;. Then there exists W in _#; such
that (BN R,)UW = S;. Since % is separated there exist disjoint
r.e. sets T, U included in B N R;, W respectively such that TU U = S,.
Now ¥(S,) = ¥(T)P ¥(U). But ¥(W) = 0, whence ¥(U) = 0. Thus
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U(T)=%(S;)=m. Since TS BN R; S S;, we also have (BN R,;)=m.

Case 3. (BN R;)US; = R;. Then since .9 is separated there
exist recursive sets T, U included in B N R;, S; respectively such that
TUuU-=R,;. Since ¥ (M)< _», we have Uec _; whence ¥(U)=0.
Thus #(T) = ¥(R;) = a;. Therefore ¥ (BN R;) = a;.

This completes the proof that each one-one degree <a is one of
the eight listed. We now turn to the task of showing that all eight
are distinct. It is easy to show that no cylinder >0 can be represent-
ed by an immune or coimmune set. But A N S; is immune since other-
wise AN S; would have an infinite recursive subset which is impos-
sible. Hence m = ¥'(S,) is represented by an immune set, whence
m@ m = m. Suppose for reductio ad absurdum that a, < a, then
there exists a one-one partial recursive function o such that dom o S R,,
rng 0 & R,, such that dom p and RE,N (A U dom p) are both recursive,
and such that for all # in dom p

(3) reA=p@xecA.

It is easy to see that R, N (dom o)’ N A is finite since A is immune.
Therefore (dom p)’ cannot contain all but a finite number of members
of R, — S,, therefore dom p does contain all but a finite number of
members of R, — S,. Now p(R, — S,) is clearly cohesive and so either
SN ok, — S,) is finite or (B, — S,) N p(R, — S,) is finite,

Case 1. S, N p(R, — S,) is finite. Define the one-one partial re-
cursive function o by

o) =y=p2x) =2y + 1.

Then o(M') N M is finite. Write & ~ y if either ©x = y, or © can be
obtained by iterating ¢ on y, or ¥ can be obtained by iterating o on
2. Since o is one-one, ~ is an equivalence relation on N. Consider
the equivalence classes intersecting M’; none of them can have infinite
intersection with M’ because this would mean that M’ had an infinite r.e.
subset. Thus there are an infinite number of equivalence classes in-
tersecting M’. Since o(M') N M is finite and M is maximal, M'—a(M’)
is also finite. Hence only a finite number of equivalence classes inter-
sect both M and M’. Since P,, P, are disjoint it follows from (3) that
o(x) # « for infinitely many « in M’. Hence there exist infinitely
many equivalence classes =M’ of cardinality >1. We now have a
contradiction, because we can construct two disjoint r.e. sets each of
which intersects all the finite equivalence classes of cardinality >1,
and hence each of which has infinite intersection with M.
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Case 2. (R, — S,) N (R, — S,) is finite. By Theorem 3 of [2] it
follows that R, — (R, — S,) is r.e. and hence there exists a recursive
set T 2 p(R, — S,) such that T — S, is finite. Now TN S, being re-
cursive is in _#; and so has only a finite intersection with A. Hence
Oo(R, — S;) has only a finite intersection with A. This contradicts (3),
because p is one-one and R, — S, has infinite intersection with A.

We have now shown that a, £ a,; similarly a, £ a,. It only re-
mains to show that a;/m =1 for j = 0,1. Suppose for reductio ad
absurdum that a;/m = 1, then a; = m @ m, because we have shown
above that the only one-one degrees <a; are 0 and m. Since a; =
¥(R;) = m P m there exist disjoint recursive sets 7, U whose union
is R; such that ¥(T) = ¥(U) = m. One of T, U has only finite inter-
section with R; — S;. Thus we may suppose T < S;, whence T e .,
which means that TN A is finite. Therefore ¥(7T) = 0, again a con-
tradiction. Using the results of §2 it now follows easily that the
initial segment of one-one degrees <a is isomorphic to the nondis-
tributive lattice depicted above.

The use of Theorem 3 of [2] may be eliminated if we construct
AN(ER, — S), AN (R, — S, with the immediate intention that a,, a,
should be incomparable and both >m.

4. Recursively enumerable initial segments. In this section
we prove a theorem about r.e. one-one degrees and deduce that all
r.e. finite initial segments are distributive. The theorem we shall
prove is of the same genre as Theorem 3 of [2] quoted above.

THEOREM 6. Let a, b be indecomposable r.e. one-one degrees such
that b < a, then a =a @ b.

Proof. Let A be a representative of a. Let ¥ be the map of
the r.e. sets onto the one-one degrees <a defined in the last section.
It is clear that ¥(W) = ¥(W U A) for every r.e. set W. Let {p;} be
a recursive enumeration of all p.r. functions of one argument. Let
{p.,} be an s.r.e. double sequence of finite functions such that for
each ¢, 9,, S 9,, & +-- and lim, ¢, , = ¢,. Let B be an infinite r.e.
set such that B2 A and ¥'(B) = b. Let S be a one-one recursive
function enumerating B. We shall effectively enumerate in steps
0,1,2, --- disjoint r.e. sets B°, B! whose union is B. For 7 = 0,1 let
BJ be the finite set of numbers enumerated in B; before step s. While
enumerating B’, B we simultaneously enumerate A. Let A, be the
finite set of numbers enumerated in A before step s. Let P be the
set of all pairs (e, ) of natural numbers with 7 < 1. We will order
P according to
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(,7) <(fik)=[e<Sf-V-e=f and j<K].
In order to describe step s we need two auxiliary functions:
vi(e) = sup {z |@ = ¢ V (¥)y<.ly € Bi —: @...(¥)
is defined -&- @,,(y) e B -&-ye A, = p,,(y) € A,]},
o) =sup[v(y|r=<s & (y,k)=(e,;5) & (y,k)eP}

each defined only for (e,j) in P. The construction can now be stated
very easily. In step s let (e,j) be the least pair in P such that
B(s) < ¢i(e). Enumerate B(s) in B’

To prove the theorem notice that

b=UB) =UB)D¥B.

Since b is indecomposable, for either 7 =0 or j = 1 we have ¥'(B)<
¥(B'~7). Thus there exists a partial recursive one-one function ¢, such
that B/ — dom ¢,, B’ — (AU dom ¢,) are both r.e., such that dom ¢, & B,
rmg o, & B/, and

(4) yeA=olyecA

for all ¥ in dom @,. Now A N B~/ is obviously infinite and r.e., thus
we may suppose that B’-dom ¢, & A’. Further, if B~/ — A has an
infinite recursive subset, we may suppose that B‘=dom ¢,. However,
if B/ — A is immune, we may suppose that B was chosen so that
B — A is since ¥'(B*9) = b. Thus in any case we may suppose that
Bi — dom ¢, is finite, By a suitable adjustment of ¢, we can make
dom @, = B’ unless ¥'(B’) = ¥(B*?). However, if ¥(B’) = ¥(B'), b
is a cylinder and the theorem is immediate. Thus we shall suppose
that dom ¢, = B’. Clearly, lim,v,(e, j} = <« whence lim,d,(e, j) = o.
Let (e, 7) now be the least pair in P such that lim, é.(e, j) =, then
lim,7.(e,7) = = and ¥ (B?) < ¥(B*7) = b. For each pair (f, k) in P
which is <(e, 7), lim,0 .(f, k) is finite because 0,(f, k) is increasing
with s. Let

m=sup{0.(f,k)[e=0 & (f,k)eP & (fik)<(e)}.

At any step s where B(s) = m, we can have B(s) enumerated in B'~¢
only if d,(e, 7)<B(s). But d.(e, 5) increases with s and lim,d,(e, j) = =,
therefore B~/ is recursive. Now

a=¥(N)=¥B")Sv(B7)).

But a is indecomposable and ¥'(B-?) = b < a, whence ¥ (B 7)) = a.
The last equation is now a = b a which proves the theorem.
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THEOREM 7. Let a be an r.e. one-one degree which has only a
finite number of predecessors them the one-ome degrees <a form a
distributive latiice.

Proof. Let b, c, a* be one-one degrees <a such that one of b/a*,
c/a* is finite. Then min (b/a*, ¢c/a*)a* is < both b and ¢. Hence

(5) b N c¢/a* = min (b/a*, c/a*) .

It is clear that we can relax the condition that one of b/a*, c/a* be
finite. Now let a* be a maximal indecomposable degree <a*. Then
in the proof of Theorem 4 we may choose a, = a* and so from the
construction of b U ¢ in that proof

(6) b U c/a* = max (b/a*, c/a*) .

It is clear that (6) also holds when «* is a cylinder.
Now let x,y,z be any r.e. one-one degrees <a, to prove the
theorem it is sufficient to prove

xUuynz=sxnzunz.
From Lemma 2 it is therefore sufficient to show that
{xUp)nzla* < {(xN2)U@ENz}a*

for every indecomposable degree a* < a. From Theorem 6 any such
a* is either a maximal indecomposable degree <a or is a cylinder,
thus (5) and (6) are applicable. Using (5) and (6) this reduces to
showing that

min (max (x/a*, y/a*), z/a*) < max (min (x/a*, z/a*) ,

min (y/a*, z/a*)).

However, it is easy to verify that equality obtains in the last line
using only the definitions of max and min. This completes the proof
of the theorem.

5. Conclusion. Above we have hardly touched upon the general
question of characterizing arbitrary initial segments of the one-one
degrees. A certain amount of information can be obtained by study-
ing the map ¥ introducted in the proof of Lemma 2. However, there
is a serious obstacle to a complete solution of the problem. Suppose
that we are considering the one-one degrees <a where a is a cylinder.
If there is a noncylinder b < a then from the work of Young in [7]
there exists a collection of one-one degrees <a, and in the same many-
one degree as b, which has the order type of the rationals. Thus it



366 A. H. LACHLAN

seems that the approach to initial segments via finite substructures
which has been suceessful for the many-one degrees in [3], is doomed
to failure in the case of one-one degrees.

Our final comment concerns the relation between the notion of
one-one degree used in this paper and the usual notion. Let a be the
one-one degree of a simple set such that the order types of the initial
segments of one-one degrees <a, under our definition and the usual
definition, are 6 and #* respectively. From Theorem 1 of [6] it is
easy to see that

0*=0@{(0 — {1 (0* D w)} D 0*,

where ¢ — {1} is the order type obtained from & by deleting its grea-
test member, where @@ and ° denote ordinal sum, and product respec-
tively, where @ is the order type of the natural numbers, and where
w* is the converse of .
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The general question concerning the structure of subspaces
of a symmetry class of tensors in which every nonzero element
has an irreducible representation as a sum of decomposable (or
pure) elements of a given length is as yet largely unanswered.
This problem relates to the problem of characterizing the linear
transformations on such a symmetry class which map the set
of tensors of ‘“‘irreducible length>’ k into itself; i.e., preserves
the rank k of the tensors. Another related problem is: “Is
it possible to obtain algebraic relations involving the com-
ponents of a tensor which imply it has rank (‘“Irreducible
length”’) k, for any positive integer k7

This paper is concerned mostly with the third question for the
(Z})-dimensional Grassmann Product Space AU, where U is an #-

dimensional vector space over a field F. It includes some discussion
of the first question for F algebraically closed ﬁld r=2.

A vector in A"U is said to have rank k if it can be expressed
as the sum of &, and not less than k, nonzero pure r-vectors in A"U.
We denote the set of such vectors by Cy(U). The nonzero pure pro-
ducts in A”U have rank one.

The results obtained in this paper are as follows: (i) the rank
of a vector in AU is unchanged if we extend U, (ii) in the Gras-
smann Algebra AU + AU+ -+ + ATU + ---, multiplication of a
Grassmann product by a nonzero vector in U either annihilates it or
preserves its rank, (iii) we can associate with each vector z in Cy(U)
a unique subspace U(z) in U, (iv) if ze Cy(U) and dim U(z) is 7k,
then z has rank &, (®)2, Ay, + -+« + 2, A ¥y, € CHU) if and only if
{®,, ¥, + -, %, ¥,} is independent. Finally, we discuss the rank two sub-
spaces in AU when dim U = 4. If F is algebraically closed, these
subspaces are of dimension one. Otherwise, they can be different,
as the examples show.

In this paper, Q(k, ¢, n) will denote the totality of strictly in-
creasing sequences of %k integers chosen from ¢,t-+1, ---,n; Sk, t, n)
the totality of sequences of k integers chosen from ¢, ¢+ 1, .-+, n.

Let x,---,2, be a basis of U. For w = (1, +-+, 1,) € Q(r, 1, n),
we denote the product »; A --+ A2, by x..

Let p be an r-linear alternating function from =/ E— F, F=
{]_’ cen, n}'

We will need the following known result.

THEOREM 1. (See [2], p. 289-312.) Let

367
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z =3 p(w)x,, (@eQ(r,1,n)).

Then z 1s a pure vector if and only if

r

(1) Z (—1)ﬂp(ar.7/l)p(.70y "'7j/4—17jﬁ+1y "'yjr) =0

#=o

for all aeS(r —1,1,n) and all (3, +--,7,) €S + 1,1, n).

Furthermore, there are (n — r) independent equations in the
system of equations (1).

The following lemma will be useful.

LemMMA 2. Let z =), p(w)x,, (weQ(r,1,n); 2ze Cy(U)). Let s, m
be integers, 0 <s<r, 0 m < n, and let

z’:Zp(ly "',S,a)xl/\ e A A\ Xy, (QEQ(M—S,S+1,WL)).
Then 2 € Cy(U), for some 1,01 < k.

Proof. We pro& first the case k = 1.
Let w = (4, ---,1%,)€Q(r,1,n). We set

p,(iu ctty 7/7') = p(ily M) /Lr)

if 4,=1,.++,4,=s, and s+1=14,, < -+ <1, <m. Otherwise,
P'(ty, +-+,%,)=0. Then 2’ = >, p'(w)x,;(w € Qr, 1, n)). It is easy to show
that the system of equations (1) holds for the p’s; (there are 3 cases
to check; viz., 1, > m or j, > m for some ¢; not all of the integers
1,..-,8 are present in %, ---, 4,_, or not all of the integers 1, ---,s
are present in j,, ---,J,; and, thirdly, all the integers 1,.-.,s are
present in 4,, +++,%,_, and in j,, +--, 7, with 7, <m (t=1, ---,r — 1)
and j, <m (1 =0, ---,7)). Thus, by Theorem 1, 2z’ € C:(U) or is zero.

For 2=z 4+ +-+ +2,eCy(U),z,cC(U) (i=1,---,k), we apply
the above result to each term z;, noting that

=R+ 7)) =2 e 7

THEOREM 3. Let U C U be a subspace.
Then C(U') < CU).

Proof. Let x, ---, 2, be a basis of U’, and let =, ---, 2z, be an
extension of this basis to a basis of U. Let

Yo+ o0+ Y€ CUU), y;: € CH(U) .
Suppose ¥, + +-- + Yy, =2 + -++ + 2,€ C}(U), 2,€ Ci(U). Clearly
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1<k
To show I =k, let

z; = >, p¥(w)x,, we Q(r, 1, n), 151,

Since y, e Cr(U"),1 <1 <k, then
i‘ p(j)(w) — O
whenever w = (¢, +++, ¢,) and {¢, +--,¢,} £ {1, ---,s}. Hence

Z; = E p(j)((l))xw, wEe Q(Ty 1? 3) ’

is in C7/(U’) by Lemma 2, and since 2]+ «++ + 2, =2, + +++ + 2, =
Yiy =y Yny thelgk-

DEFINITION. For ze Ci(U), we define R,.(z) = k; i.e., R,: N"U—J
such that R,(z) = k if and only if ze Cy(U).

We will drop the index » when no confusion arises.

If xeU,ze AU such that z = 3 p(w)x,, w € Q(r, 1, n), where
X, -+, 2, is a basis of U, then we write x A z for the vector

S p(@r A x,, e Q(r,1,n) .

If z=a, A --- A 2, is a nonzero pure vector in A"U, then we
shall denote the r-dimensional space {x,, ---,2,> by U(z).

THEOREM 4. Let y =y, + -++ + 4, €Cy(U),y; € C;(U),1 < v < k.
(i) Suppose x A (y,+ - +y) =0,2eU. Then xe Uy,
1=1,---, k.
(ii) Suppose xc U,x¢ U(y,) + +-+ + U(yy). Then x N\ye Ci (U).
Proof. (i) Suppose on the contrary that x¢ U(y,). Then
k
ac/\ylzx/\<—géyi)¢0-

Thus, we can choose a basis «,, ---, 2, of U such that
=0, Y =Ty N\ 2o A Dpgy s

Then
k
(=20) = @ A <o A v+ Sp(L, W A X (@ Q= 1,2,m)

Hence (— 3\, 4;) = . + © A v, where v = >} p(1, @®)x, € A"'U. Taking
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s=1, m = n in Lemma 2, it is easy to see that since R(—>),) =
k—1, then ReANv)<k—1. But 2Av=—(y, + -+ + y,) which
implies R(x A v) = k. We have a contradiction. Therefore ¢ U(y,).
Similarly, x € U(y,),t =2, -+, k.

(i) Suppose that

TANY=2--++2ecC*™U),zecC™U), 1<:i<1.

Clearly I < k.
To show I = k, we choose a basis «,, -+, «, of U such that v =
x, and @, «--,x, is a basis of U(y,) + -+- + U(y,). Then

Yy = 2 p(w)xmy ((U € Q(?‘, 2! n)) .

Using (i) and the factthat s A (e Ay) =2, A (2, + --- +2) =0,
we can express each z;, =z, A S pP(w)x,); weQ(r,2,n), 1 <751
Now 25‘:1 p(j)(w) = Oy ((D = (7:17 ) ir)), unless

{/L.],---,'I:r}g{z, "’73}'

In the latter case, Y., »¥(w) = p(w). Therefore, z, 4+ -+ + 2z, =
2+ -+« + 2, =2 Ay where

7 = 3, pW(w)x, A x,, (@eQ(r,2,3s)) .
Hence y =z + .-+ + 2, where 2/ =, p¥(w)x,, (€ Q(r, 2, s)),
which implies R(y) = I, i.e., k< I.

THEOREM 5. Let y,cCi(U),z,€Ci(U), ¢+ =1,---,k) such that
Y+ oo F Yy =2+ o0 1+ 2
Then U(y) + -+ + Uly) = UR) + -+ + Uzy).

Proof. Suppose on the contrary that there exists a vector x¢
U(y, such that x¢ U(z) + -+ + U(z,). Since @ A (y, + -+ + ¥p) =
x A (2 + -+ +2), then

ReA@W+ - +y)=R@AN@+ - +2z)k-1.
But, by Theorem 4 (ii), R(z A (2, + --+ + #)) = k, which is a con-
tradiction.
DEFINITION. Let
2=2 4+ -+ +2,€CU), 2,€C(U), 1=1 .-, k.
Then we define U(z) to be the subspace U(z,) + --- + U(z,).

THEOREM 6. Let z,¢Ci(U), t=1,---,k, and let
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dim[U(z) + <+« + U] =7k .
Then R(z, + -+ + 2,) = k.
Proof. Suppose the Theorem is false. Let k be the smallest
integer for which it fails. Clearly k = 2. Let
2o+ etz =y, + - +y,€Ci(U),y; € C(U) .
Let z€ U(z). Then z¢ U(z,) + --- + U(z,). By the choice of
kyz, + +++ +2,€Ci_(U) .

Hence, by Theorem 4 (ii),
EN@t ) =A@+ s FR)=CA (Y s YD),

and I =% — 1. But we assumed [ < k. Therefore | = k& — 1.
By Theorem 5,

Uz Nz)+ - +UxANz)=Ux Ay)+ -+ + Ux A yiy) -

Hence <2) + U(z) + -+ + Uz) =<y + Uly,) + -+ + Uy,-).
Now let &’ € U(z)), independent of x. Then again

>4 U) + o + Uy =<&> + Ulyy) + +-+ + Uyiy) -
Taking intersections, we obtain
U + «-+ + U) = Uy) + -+ + Uyi) -
By a similar argument,

Vi=U®) + «++ + Uziz) + Uzigy) + <+ + Uz
= U(y1) + oo + UWiy) -

Hence Uy, + -+ + UWi) = N V; = {0}, which is impossible. The
result follows.

THEOREM 7. >, a; A y,€ CXU) if and only if ({2, ¥, * - T, Ys}
is independent.

Proof. If {x,y, -+, 2, vy, is dependent, it is easy to show that
R,z Ny) <s—1. It follows that the condition is necessary.
The converse follows easily from Theorem 6.

COROLLARY 8. Let f= >, Ay, ond dim<z, y, -+, 2, Y,
Ck,k<s. Then R(f) <k — 1.

We shall now direct our attention to the rank 2 subspaces of
NU.
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DEFINITION. A rank 2 subspace H in AU is a subspace whose
nonzero members are in CX(U).

In this paper, we shall restrict our considerations to the case
dim U =4. It is clear from Theorem 7 that CXU) is empty when
dim U < 4.

LemMMA 9. Let feCXU) and let {y,, - -+, y.} be any basis of U(f).
Then f has a representation f =y, AN uw+ v A w, where {u,v, w) =

{Yay Y3y Y-

Proof. Since fe A*<y,, -+, ¥,>, then
f =2 0@y, (@eQ2,1,4)), p(w)ecF,
=y N Qi 0@, 9y;) + > p(@)y. ; (e Q(2,2,4),

which is of the form y, A u + v A w. It follows from Theorem 7
and its corollary, and the fact that R(f) = 2 that

<uy v, w> = <y2, Y3y ’,I/4> .

THEOREM 10. Let dim U =4 and let H be a rank 2 subspace
an ANU. Then dim H = 1, provided F is algebraically closed.

Proof. Let f be a nonzero member of H. Then f has a re-
presentation f = x, A 2, + x; A x, in C3(U). By Theorem 7,

U= U(f):<001,"',.’134>.

If 77 is any other nonzero member of H, then U(f’) = {x,, ---, 2.
By Lemma 9, f' =, Au+ v A w,lu,v, w)=-<a,x,ry. Hence
dim v, w) N <{x;, 2> < 1. Without loss of generality, we shall assume
x; € (v, wy N <{x,, x,). Hence

fr=m, ANu+ x, Aw,lu, w)C{a,, 2z, 2, .
Let w = >, bxy w = S, dx; b;,d, e F. Then for

NeF,z=\f+ f =x A (A2, + b, + by + b2
+ 2, A v, + dox, + doy)

The condition that the vectors
xl! (sz + waZ + b3x3 + b4w4)’ x37 (7\'%4 + deZ + d4x4)

be independent; i.e., R(z) = 2, is equivalent to the condition that the
determinant
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1 0 0 0
Ox+Db, 0 b,
F()"fufz): 0 0 ? ; 0 be

0 d, 0XN-+4d,
nonzero. Now
F()\,, i fz) =N+ K(d4 + bz) + (bzd4 - dzb4) = g()") .

Since u, w' are independent, (b,d, — d,b,) # 0. Hence g(\) is a non-
trivial polynomial in X\, and hence, for some nonzero » in F, g(A) = 0;
i.e., I'(\, fi, ;) = 0. For such a A, R(z) <1. It follows that dim
H=1,

The above theorem is false when F is nonalgebraically closed.
For example, the vectors

f1:x1/\x2+x3/\x4
and
Lo=a A @+ x) + (X — x) A2,

in CXU), where U =<2, +++,2,, dim U = 4, F = Reals, generate a
2-dimensional rank 2 subspace in A2U.

It is interesting to note that if F' (nonalgebraically closed) has
an 1rreductble quadratic polynomial A()), and dim U = 4, then we
can construct 2 independent vectors f;, f; in CXU), which will generate
a 2-dimensional rank 2 subspace in AU, and such that I"(\, £, /) =
h(\) (see Theorem 10). The construction is as follows:

Let dim U =4, U =<, ---,z>. Let h(\) = N\ + ax + a, be ir-
reducible in F'. The companion matrix of A(\) is

0 1 A -1
—ay, —Q, ao)\:+a1

Now
100 O
det (M — B) = 00—l =h(\)#0.
001 0
0a, 0 X+a,

‘Taking this determinant to be I"(\, f,, f) corresponding to z = \f, + f3,
‘where f,, € C{U),ne F, we have

f1:x1/\x2+x3/\w4
fo =2 A (—x) + 25 A (@@, + a.xy) .
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The construction is complete. Thus, for example, if F = Rationals
and A(\) = A? — 2, then
=2, Nw + 2, A2,
and
fo=w A (=) + (=2 A\ 2, ,
and f., f; generate a 2-dimensional rank 2 subspace in A2U.

For the work in this paper, I am greatly indebted to Dr. R.
Westwick for his generous assistance.
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MULTIPLIER ALGEBRAS OF BIORTHOGONAL SYSTEMS

RAaYMOND J. MCGIVNEY AND WILLIAM RUCKLE

Let {e;, E;} be a total biorthogonal system in a linear
topological space X, The multiplier algebra of X with respect
to {e;, B} written M(X) is the set of all scalar sequences ()
such that for each xc X there is y € X with

Eiy) =t9Ex) .

The form of M (X) is determined when {e¢;, E;} is a norming
complete biorthogonal system in a Banach space or a basis in
a complete barreled space, It is shown that a sequence space
is the multiplier algebra for a basis in a Banach space if and
only if it is a y-perfect BK-algebra.

A biorthogonal system is a double sequence {e;, E;} with each e;
in a locally convex space X and each E; a continuous linear functional
on X (i.e., in X*) which satisfies the relationship

E(e;) = 0;; (Kronecker 6) 7,5 = 1,2, --- .

The biorthogonal system is total if {E;} is total on X; that is, E;(z) = 0
for each ¢ implies « = 0. If {¢;, E;} is a total biorthogonal system
then the space X can be identified with the space of all sequences
(E(z)) by means of the natural correspondence z to (E;(x)). Under
this correspondence e; becomes the ith coordinate vector, the sequence
which has a one in the 7th coordinate and 0’s elsewhere and E,; be-
comes the 4th coordinate functional, the functional whose value on
the sequence (zV, z®, ...) ig 2®, This identification will be assumed
whenever a total biorthogonal system is considered.

DEFINITION 1.1. Let {e;, E;} be a total biorthogonal system in a
locally convex space X. A scalar sequence

£ = (tD, 12, ...)

is a multiplier of X with respect to {e;, K} if for each ¥ € X there
is y e X for which

E(y) = t7Ex) i=1,2,---.

The set of all such ¢ is written M(X;e;, E;) or simply M(X) and called
the multiplier algebra of X (with respect to le;, E;)).

In other words M(X) is the set of all ¢ such that

tx e X whenever ze¢ X

375
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where X is now considered a sequence space and multiplication of
sequences is defined coordinatewise. It is now obvious that M (X) forms
a linear algebra of operators from X into X; namely the operators
which are diagonal with respect to {e;, E;}. Multiplication in this algebra
is defined coordinatewise. The purpose of this paper is to study the
properties of the space M(X) and the possible forms which it can
assume with varying hypotheses on X or on {e;, E;}. Results of this
type were obtained by Yamazaki in [11] and [12] for {e;} a basis in
a Banach space. The concept of imultiplier space is implicitly treated
in [4].

Throughout this paper it is immaterial whether the scalar field
considered consists of the real or complex numbers.

2. Sequence spaces: notation and basic facts. A set of scalar
sequences which is closed under coordinatewise addition and scalar
multiplication is a sequence space; if it is closed under coordinatewise
multiplication as well it will be called a sequence algebra. The ith
coordinate vector is written e;; the ith coordinate functional, E,. If
each FE; is continuous on a locally convex sequence space (algebra) X
and ¢;€ X for each ¢ then X is called a K-space (algebra). If in
addition X is an F-space (complete metric linear space) X will be
called an FK-space or FK-algebra as the case may be. If X is a
Banach space (algebra), X will be called a BK-space (algebra). Note
that in an FK-algebra X the functions  — ¢t and % — xt are con-
tinuous in z for fixed ¢ by the continuity of the coordinate functionals
and the closed graph theorem. This is enough to conclude that a
BK-algebra is a Banach algebra without identity. See p. 860 and 861
of [3].

The following are well known sequence spaces. For additional
discussion see Chapter IV of [2], [5] or p. 289 of [10]:

w sometimes called s is the set of all scalar sequences. Endowed
with the topology of coordinatewise convergence it is an F'K-algebra.

@ is the linear span of {¢;} in w, i.e., the space of all finitely
nonzero sequences.

{* is the set of all sequences ¢ such that

] =3 #7] < o

i=1

which is a BK-space with this norm.
m is the set of all sequences ¢ such that

[e]] = sup; [t7] < oo

which is a BK algebra with this norm.
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bs is the set of all sequences ¢ such that
el = Supnlgl_lt”’l < oo

which is a BK space with this norm.

¢s is the closed linear span of {e;} in bs; it consists of all sequences
t such that >}, ¢ converges.

bv is the set of all sequences ¢ such that

Ht”:limnltn{+§:‘|lti_ti+li< oo

which is a BK-algebra with this norm. See §3 of [4] or p. 3 of [11].
Yamazaki denoted bv by w.

NotaTioN 2.1. (a) Let ¢,uew be such that wutecs; the sum
S u¥t® is denoted by (u, t).
(b) For A w
A=, the a-dual of A is {t:utel',uc A}
A?, the B-dual of A is {t: uteecs,ue A}
A7, the v-dual of A is {t: utecbs,uc A}.
(¢) For A and BSw
AB = {uv:ue A, ve B}.
(d) For tew and AS w
t7'A = {ucw:tuec A}.
(e) For A w
As ={tep:|(t,u)| £ 1,uc A},
(f) For Acop
A ={tew:|(t,u)| = 1,uc A}
(g) For X aK-space, X’ is the space of all sequences (f(e;)) as
franges over X*. Note that for ¢t € X° with ¢ = f(e;), E;(t) =t = f(e;).

Gamma-perfect BK-spaces can be constructed by means of sequential
norms. A sequential norm (s.n.) is a function P from ® into R* which
is an extended norm and in addition satisfies the condition

P(x) = sup, P<ﬁ“ m“)ei>x cw.
If
0 < inf, P(e,) < sup, P(e,) < oo

P is a proper sequential norm (p.s.n.). For P a s.n, S, is the set of
all € w for which P(x) < « endowed with the topology determined
by Pe. The closed linear span of {e,, ¢,, ---} in S, is denoted by S%. The
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following proposition contains information about sequential norms which
was derived in [7] and [8] and which we shall use in §6.

PROPOSITION 2.2. (a) If P is a s.n. Sy is a v-perfect BK-space.
If X is a v-perfect BK-space there is an s.n. P such that X = S,.
(b) If P is a s.n. the function P’ given by

P'(a) = sup {sup,| 3,5y |: P(y) < 1

s @ s.n. and P”" =P, If P is a p.s.n. so is P’,
(¢) (S%) =Sz and (S%)° = Sp.
(d) An s.n. P is a p.s.n. if and only of 'S S, S m.

3. Preliminary results.

ProposiTiON 3.1. If {e;, E;} is a total biorthogonal system in X
(3-1) MX)=n{y"'X:yeS}

where S is any absorbing subset of X.

Proof. Let R denote the set on the right of (3-1). If te R and
xe X there is a > 0 such that axre S. Thus atxe X so that txe X
which implies t e M(X). If te M(X) then txe X for every € X so

in particular for every x¢€ S.
A complete biorthogonal system is a total biorthogonal system
{e;, E;} on X such that sp {¢;} (= @), the linear span of {e;} is dense in X.

ProprosITION 3.2. Let {e;, E;} be a complete biorthogonal system
n X.

(a) For each te M(X), the mapping x—tx is a closed linear
operator from X into X.

(b) The set M, (X) of all t € M(X) for which x — tx is continuous
18 a closed sub-algebra of ¥ (X) where ¥ (X) has any topology
containing the topology of simple convergence. Here <~ (X) denotes
the space of continuous operators from X into X.

Proof. (a) Obvious.
(b) Define E;®e; on &~ (X) by
E; @ ei(T) = E(Te,) .

Then E;Qe; is a continuous linear functional on &~ (X) given the
topology of simple convergence. Therefore

S = N{E:Qe](0): ¢+ 7}
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is closed in this topology and every topology containing it.
The following statement generalizes Theorem 1 of [11].

COROLLARY 3.3. If {e;, E;} is a complete biorthogonal system in
a Banach space X then there is a topology on M(X) which makes
it a BK algebra.

Proof. In this case M, (X) = M(X) since the mapping x — tx is
closed. Thus by 3.2 M(X) is a Banach algebra with the norm

[t]l = supf[[tz|[: (||l = 1} .
Each E; is continuous on M (X) since
E(T)=E;Qe(T,)
where T,(x) = tx; and E; Q e; is continuous on & (X).
ProprosiTiON 3.4. If {e;, E;} is a total biorthogonal system in a
linear topological space X then
M(X; e;, E) & M(Xo; e, E)

where X, 1s the closed linear span of {e;} in X.

Proof. If te M(X) then txeqp for x€p. Since @ is dense in
X, and t is continuous tx e X, for x € X, so that te M, (X,).

If {e;, E;} is a complete biorthogonal system on X, X* is isomorphic
to X’ under the correspondence of f in X* to (f(e;)) in X° and {e;, £}
is a total biorthogonal system on X°.

ProprosiTIiON 3.5. If {e;, E;} is a complete biorthogonal system
wn a locally convex space X then

Mc(Xy ) Ez) g M(XO’ ) E@) .

Proof. If te M, for fe X* let f(x) = f(tx),xe X. Then f,e X*
and f.(e;) = t¥f(e;) for each ¢ so that tye X’ for ye X°.

4. Multiplier algebras of a norming biorthogonal system in
a Banach space. A biorthogonal system {e;, E;} in a normed space
X is called norming if the topology of X is determined by a norm
of the type

lle|l = sup {| f(2)|: fe A}
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where A is a subset of the linear span of {E;} in X*. An equivalent
condition is that the above norm be given by

(4-1) @[l = sup {[(x, ) |: t e A}

where A is a subset of o.

If {e;, E;} is a complete biorthogonal system which is norming on
X and the norm of X is given by (4-1) it may be assumed that A4
consists of all sequences ¢ in ¢ for which

(4-2) (G o) =llzll weX.

Denote by X the space of all x e @ for which

(4-3) ol =sup{|(z,t)]:te A} < e .

The function defined in (4-3) is a norm since a,*'e"c A forn =1, 2, - ..

where «, is the norm of E, as a member of X*. With this norm X

is a BK-space in which X is the closed linear span of {e;].
ProprosITION 4.1. The space X° consists of all ye w for which

llyll" =sup{|(y, ¥) [: v € A%} < co .

The correspondence

(4-4) fto(fle))  feX*

1s an isometry from X* onto (X ||||). The correspondence

(4-5) g to (g(e))  ge(Xo)*

18 an isometry from (X3)* onto X, where X denotes the closed linear

span of {e;} im X°.

Proof. The correspondence in (4-4) is clearly well defined and
linear,
If feX* and we A° then ze¢ X and ||xz|] £ 1. Thus

I(f(e), x) | = [%l x?f(e;) |
= f@) =7l
so that
(SNl = 1A
If ye X’ define f on {p, |||} by
f@) = (y,2) .
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Then f is a bounded linear functional on {p, |||} for which
@l =llyllvep llell=1
because
A ={zeqjlzll=1}.
Since ¢ is dense in X, f can be continuously extended to X with
=yl .
For this extended f
(fle) =W, e)=w. 1=1,2,---.

Therefore, the correspondence in (4-4) is an isometry.
That (4-5) is an isometry from (X:)* onto X will follow from an
analogous argument if it is shown that

A= A,

When A has the form given by (4-2).
That A 2 A is clear, if z¢ A¢¢ then

[z, )| =1 xe A°
but A¢ is dense in the unit ball of X so that
lz,o) =1 weX [o]l=1.
Thus if
f(@) = (2, x) rzeX
we have |[f|| =<1 and
f(e) =z, =12, ...

so that z€ A. It is here that the assumption that {e¢;, £} is norming
was used,

THEOREM 4.2. If {e;, E;} is a morming complete biorthogonal
system in the Banach space X then M(X) is of the form

(4-6) Ur- n(442)”

where A 1s a coordinatewise bounded subset of ¢ which contains a
multiple of e; for each <.

Proof. Let A be given by (4-2) and let Z denote the sequence
space (4-6).
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By 3.4, 3.5 and the fact that M(Y) = M(Y) for ¥ a Banach
space we have

M(X) S M(X?) < M(X}) < M(X) S M(X)

so that M(X) and M(X) are equal. It will be shown that MZX) = Z.
Suppose t e M(X), then there is k£ such that

ltel| < kllzl  weX.
If se A and vc A

[(s2, 0) | = [(s, t2) | = ke
so that

tek(AA) S Z .
If ze Z and z¢ X, o/||@ || € A° so if » is such that ze n(4A4%)
[t 20) | = | (tw, 2) | = m[[@]]

for te A. Therefore zz e X.

Question. If {e;, E;} is a complete biorthogonal system in the
Banach space X and M(X) has the form (4-6) is {e;, E;} norming ?

5. Multiplier algebras of bases. A biorthogonal system {e;, E;}
in a linear topological space X is a (Schauder) basis for X if

(5-1) v =3 E(e; ocX.

It is an unconditional basis if the convergence in (5-1) is unconditional.
If X is a l.c.s. {¢;, E;} is an absolute basis if the convergence in (5-1)
is absolute, i.e., if

S | Bi(@) | ple) <

for each z e X and each continuous seminorm p on X. It is clear that
an absolute basis is unconditional.

The proofs of 5.1, 5.2, and 5.3 are omitted since these statements
are essentially known. See p. 205 of [10] and Propositions 4 and 5
of [1].

LEMMA 5.1. For {e;, E;} a complete biorthogonal system in a
barreled l.c.s. X vt ts always true that X' < X°.

LeMMA 5.2. For {e, E} a basis in a locally convex space
X, X' X°,
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PROPOSITION 5.3. For {e;, E;} a complete biorthogonal system in
a barreled locally convex space X the following are equivalent.

@) {e;, E;} is a basis for X.

b)) X°= X°,

(c) X°=Xr.

THEOREM 5.4. If {e;,, E;} is a basis of a complete barreled space
X then
M(X) = M(X) = (XX*)? = (XX").
Proof. Suppose te M(X),xcX and yc X?. Then ftxe X so that
txy € ¢s by 5.1 which implies ¢ e (XX?)2,

Let P denote the family of all continuous seminorms on X. Let
X be the linear space of all x ¢ @ such that

p'(x) = sup, p(i fv”)ei) < eo,pelP.
7=1

Since X is barreled, p’ restricted to X is continuous and since ¢ is
dense in X, p'(x) = p(x) for x€ X. Thus X is the closed linear span
of {e;} in the space X with the topology determined by the seminorms

{p': pe P}.
For t e (XX7) define

p,(x) = sup, p(Z t””x“”ei) .
=1

Since t e (XX, S, tPxYe:m = 1,2, ---} is a weakly bounded, thus
a strongly bounded subset of X so that

P(x) < oo ze X,
and p, is a continuous seminorm on X, If ze X,txe X and
p'(tx) = pi(x)
so that te M,(X). By 3.4, (XX') < M,(X). Thus
M(X) e MX) S (XX7) S (XX7) & M(X)

which establishes the result.

COROLLARY 5.5. If {e;, B} is an wunconditional basis of a com-
plete barreled space X then

M(X) = (XX%=.

Proof. Since {e;, E;} is an unconditional basis X* = X°, If t € (XX7)"
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and ue XX let u =2y with zeX,ye X" = X°= X Let v% =
sgn t%u'" then vye X¢ so that vue XX7. Hence, vutebs so that
utel'. Therefore, (XX7)' < (XX from which the conclusion follows.

THEOREM 5.6. Let {e;, E;} be an absolute basis of a sequentially
complete locally convex space X. If P is any family of continuous
seminorms which determines the topology of X then

M(X) = (AA%)*
where

A = {(p(e)): pe P} .

Proof. The hypotheses of this theorem imply that X = A*. Now
te M(X) if and only if tx ¢ X whenever x ¢ X which happens if and
only if txycl' whenever v ¢ A* = X and ye A. This will hold if and
only if ¢ e (44%".

ExXAMPLES. M(w)= M(p) = w; M(cs) = M(bv,) = bv; M(c,) = M(') =

Let X be the space of all real sequences x for which
pk(x):ZIxnlkn<O® k:132’°"-

Then X with the seminorms p,, p,, -++ is a nuclear F-space which is
equivalent to the space of all infinitely differentiable real functions
of period 27. See §5 of [6]. If A= (k"):k =1,2,...} it is clear that
X=4~ 1If xcA*, v =1rec AA* and if xe AA* x = y(k") for some
k& and ye A®. But

M

1I t, | R = nZ:]li t. | (k)"
so x€ A*, Thus M(X) = A~ = X°,

The following theorem is a version of Theorem 3 and Corollary
2 of [4]. For the definition of B,-complete see p. 162 of [9].

?
li

THEOREM 5.7. A complete biorthogonal system {e;, E;} in a space
X which is barreled and B, complete is a basis for X if and only
if M(X)2bv. It is an wunconditional basis for X if and only if
M(X)2m.

6. Gamma-perfect BK-algebras. A proper sequential norm P
which satisfies the inequality

(6-1) P(zy) = P(®)P(y)
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will be called an algebraic p.s.n. (a.p.s.n.).

THEOREM 6.1. The following statements are equivalent for a
sequence space M:

(a) M is a multiplier algebra for a basis in a Banach space;

(b) M is a v-perfect BK-algebra containing e;

(¢) M=S, for P an a.p.s.n. with P(e) < oo,

Proof. (a)=(b). If M is a multiplier algebra for a basis in a
Banach space X it is a BK-algebra containing ¢ by 3.3 and v-perfect
gince it is the v-dual of XX by 5.4.

(b) == (¢). Suppose M is a v-perfect BK-algebra containing e. By
2.2 (a) there is a sequential norm @ such that M = S,. It is routine
to verify that P given by

P(x) = sup {Q(zy): Qy) = 1}

is a s.n. equivalent to @ (i.e., S, = S,) which satisfies (6-1). It remaing
to show

(6_2) 0 < infn P(en) = sup, P(en) < oo,

Since Pf(e,) = P(e,e,) < P(e,)?, the left inequality of (6-2) is valid.
Since ee S,,0s2S% so that bv=8S,. That S, is ~v-perfect follows
form 2.2 (a). The identity map from bv into S, is continuous and
{e,:mn =1,2,---}is bounded in S,. Hence the right inequality in (6-2)
is true. Therefore, P is an a.p.s.n.

(¢)=(a). If P is an a.p.s.n. with P(e) < o, S, is a BK-algebra
with identity so M(S;) = S,. But since S; = (S%,)° and S, = (S})?,
M(S%) = M and {e;, E;} is a basis for S} (2.2).

The following theorem gives a means of constructing v-perfect
BK-algebras with identity which are distinet from bv and m. Let N
denote the sequence of positive integers and N, a subsequence of
the form

(6-3) N, = {k(1) < k2) < ---}.
THEOREM 6.2. (a) Let N, N,, ---, N, be a partition of N with

each N, given by (6-3). For each k let P, be an a.p.s.n. for which
P,(e) < . Define P by

P(x) = max {P,(«*®, a*® o)k =1,2, .- 7} .

Then P is an a.p.s.n. and S, 18 a v-perfect BK-algebra containing e.
(b) Let N, N,, --- be an infinite partition of N with each N,
given by (6-3). For each k let P, be an a.p.s.n. for which
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(6-4) sup, P(e) < o .
Define P by

P(x) = sup, {P(a*, a*®, - -+)} .

Then P is an a.p.s.n. and S, is a v-perfect BK-algebra containing e.

Proof. The proof of (a) is omitted since it is similar to but less
difficult than that of (b).

(b) It is straightforward to verify that P is a norm. That P is
a.s.n. follows from the equalities:

sup, P(ﬁ} rc”"@-)
1=1
= sup,, sup, {Pk< > x"“)ei)}
k

(i)sn

= Sup; {SuPn Pk( > wk(i)6i>}
k(i)Sn
= sup; {Pp(x"V, &+, « - )}
since each P, is an s.n. That S, is an algebra follows since

P(xy) = sup, {P,(x*“y**)}
=< sup, {Pu(x"?) Pu(y*?)}
< P(x)P(y) .

Therefore, S, is a v-perfect BK-algebra; it contains ¢ because of (6-4).
ExamMPLE. Let M be the set of all sequences x such that
P(x) = sup, {i |k kG | L Timy, | ot l} < oo

for N, N,, --- a partition of the integers with each N, given by (6-3).
Then M is a v-perfect BK-algebra containing ¢ but is neither m nor bv.
The sequence y with

W {1 for ¢ = k(1) for each k
Y77 1o otherwise

is in M but not in bv. The sequence z with

G {1 for ¢ = k(2§ — 1) foreach j < k and all k£
e 0 otherwise

is in m but not M.

Question. Are there <v-perfect BK-algebras other than those in
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the smallest class of BK-algebras which contain dv., and m and are
closed under the operations described in Theorem 6.2.?
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ON THE RATE OF DECAY OF SOLUTIONS OF
PARABOLIC DIFFERENTIAL EQUATIONS

J. K. OppsoN

In this paper upper and lower bounds are determined for
the rate of growth or decay of solutions of parabolic equations
for indefinitely increasing time, These bounds are obtained
from comparison functions which are constructed systematically
with the aid of elliptic extremal operators and in many cases
are the best possible for the class of problems which we con-
sider,

The behavior of solutions of parabolic equations for indefinitely
increasing time has been investigated by several authors in recent
years. We refer in particular to the papers [2], [3] and [9] and the
survey article [7]. Most of these articles have been concerned with
establishing the approach of solutions to a steady state condition
under various assumptions on the coefficients. In the present paper
we determine upper and lower bounds for the rate at which solutions
decay (or possibly grow) in a half cylinder as ¢ — «o. These results,
presented in Theorems 1 and 2, are obtained for a class of parabolic
equations, assuming only uniform parabolicity and boundedness of the
coefficients., The main tool is the maximum principle and the use of
comparison functions constructed with the aid of elliptic extremal
operators [15, 16]. By this device the estimates which we obtain
are often the best possible for the class of operators which we consider.

2. Notations and basic hypotheses. Let 2 be a bounded, open,
connected subset of E"(n = 1) with boundary I" and closure 2 = Q U I.
Let D denote the (n + 1)-dimensional half cylinder D = 2 x (0, o).

In this paper we shall be concerned with the linear differential
operator

2

i1 0%

K i

9
, ) — R(w, t) =
+ol@, ) — k@, 1) =

i 3
(2.1 L -k == (e, T
@1) 51 = o, Gi® Do

with real valued coefficients defined for all

(x,t) = (2, +++, 2,, t) € D and satisfying there the following hypothesis I:
(1) >riau(x,t) =1 for all (x,t)e D;
(2) There exists a constant «, 0 < a £ 1/n, such that

D a(x, 0)ES; = a >, & for all (x,f)e D and all real n-vectors

(gly %y En)'
(3) bz,t), ---,b,(2,1), c(z, t) are bounded in D;

389
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(4) There exist constants k,, k, such that 0 < k, < k(x, t) < k,in D.

We remark that any uniformly parabolic operator of the form
St Ay (0%)0x02;) + Sn, B; (0/ox;) + ¢ — (9/0t) with bounded coeffici-
ents can be normalized to the form (2.1) by dividing by >\~ A;.

Note that the conditions I(1) and I(2) imply that >\7;_, a5 <
[I—(n—1)a] 33, & in D for all real n-vectors (£, ---,¢&,) and that in
the case « = 1/n the principal part of the operator L reduces to
(1/n)4, where 4 denotes the n-dimensional Laplacian.

It is well known [4-7, 10, 14, 17-18] that under the hypotheses
I the operator (2.1) enjoys the maximum and boundary point principles.
Since we wish to permit possible discontinuities in our solutions u(z, t)
on the initial surface 2 x {0} we state these principles in the following
form: Suppose that u(wx,?) is a real valued function, differentiable
with respect to ¢ and twice differentiable with respect to x in D,
continuous on 2 x (0, «), and satisfying Lu — k(du/ot) =0 in D.
Suppose that 4 < 0on I" x (0, o) and that lim (, ,)_5,, %(%,t) < 0. Then
w(x,t) <0 in 2 x (0, ). If u(2’ t) =0 for some point (2°,%)ec D
then u(x,t) =0 for allzc 2,0 < t < ¢. If w2’ t,) = 0 for some point
(%, t,) e I" x (0, ) and if I" has the inner sphere property' at 2° then
either u(x,t) = 0 for allze 2,0 < t < ¢, or else there exists a positive
constant m such that w(xz, ) < —m|/x — 2°|] for all & within the
prescribed sphere along a fixed line segment from 2° and sufficiently
close to 2°. Here we define

Lol = (3.
With the aid of the maximum principle we establish the following

LEMMA 1. Suppose that hypotheses I hold. Let u(x,t) be a real
valued function, differentiable with respect tot and twice differentiable
with respect to x in D, continuous on 2 x (0, =), and satisfying
Ly — k(ou/ot) = 0 in D. Suppose that u <0 on I" X (0, =) and that
Tm . —zy0 %(x, t) < M. If u(2’, t,) = 0 for some point (2°, t,) € I" X (0, o)
and vf I' has the exterior sphere property' at x° then there exists a
positive constant C such that w(x,t) < Clla—a°|| for all © in 2 and
sufficitently close to a°.

Proof. Assume first that c(x, t) < 0. Without loss of generality
we may suppose that the axes have been translated so that the
exterior sphere prescribed at x° is centered at the origin and has radius
r, = ||2°]|]. Define r = ||| and 0* = ||z|]® + (¢ — t,)°. Consider now
the (» 4 1)-dimensional sphere B = {(x, t): 0* < 7}, which is exterior to

1 " has the inner (exterior) sphgre property at ° if there exists an open ball B
contained in 2 (the complement of ©2) such that Bn I" = {«°}.
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D at the point (2°, ¢,), and the concentric sphere B’ = {(x, t): 0> < (1, + €)%}
where ¢ > 0 is chosen to be suitably small.

Define 2’ to be the open subset of D enclosed by B’ for 0 < ¢t < &,, I
to be the closure of B’ N {I" x (0, t,)}, and S’ to be the subset of the
surface of B’ contained in D for 0 < t < ¢,.

In the closure of 2’ consider the function A(x,t) = e~ —e %,
where 0 is a constant to be chosen subsequently. Note that 2 > 0
in the closure of 2’ with the exception of the point (2°, ;) where we
have h(2°, t,) = 0.

In @’ we have

oh

Lh — k52 = ch + 206™"{1 — 2) S asww; + b — k(t — )

i,5=1

< 20e™*{A — 2da || 2° |}
< 0 if ¢ is chosen to be sufficiently large.

It is an easy consequence of the weak form of the maximum
principle mentioned earlier that u(x, t) < max {0, M} in D and hence
there exists a positive constant C such that v < Ch for (x,t)e S’.

If we now define w = — Ch we have Lw — k(Qw/ot) > 0 in 2’
while w <0 in S’ U I”. It follows from the weak maximum principle
that w < 0 in the closure of 2'. In particular we have wu(x,t) =
Cle~s — e} for x€ 2,r < r, + ¢, which immediately implies the re-
sult of the lemma. Note that the constant C is independent of ¢, in
this case.

For the more general case when c¢(z,t) < v,v > 0, we apply the
above result to the function v(x, t) = e 7"*oy(x, t) which satisfies the
inequality Lv — k(dv/ot) = 0 in D for an operator of type (2.1) with
c(z,t) 0. We obtain v(z,t) < Cle™ — ¢’} and thus u(w,t) <
Ce-,fzo/ko{e—aﬂo _ 6_”2}.

3. Extremal operators and the class &,. Let us denote by

&, the class of uniformly elliptic operators of the form
Ll n t 82
= a; (¢, ) ———
with real valued coefficients defined in D and satisfying there the
hypotheses I(1) and I(2). In recent papers [15, 16] Pucci has introduced
the maximizing and minitmizing operators, relative to the class <~,,
defined respectively by
M.[u)(z, t) = sup {L'u(z, i)}
Lle Ly

3.1)
m[u](x, t) = Llllelfg" {L'u(z, t)}

for any given function u(z, t) twice differentiable with respect to « in D.
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He has shown that these operators have the nonlinear representations

M Ju] = adu + (1 — na)C,(u)

3.2)
mlu] = adu + (1 — na)Cy(u)

where 4 denotes the n-dimensional Laplacian and Cy(u) < Cy(w) £ -+ <
C.(u) denote the ordered eigenvalues of the n x » Hessian matrix
(’LLU(%, t))-

For functions u(x, t) = R(r, t) which depend only upon ¢ and the
distance » = || 2 || from a fixed point (taken to be the origin) the re-
presentations (3.2) reduce to the simpler forms

R , (L—h) R

M, =h,
o[u] ort r or
(3.3)
mou] = b, I8 1 — h) OF
or* r or

where &k, =a and h,=1— (n — D) if (*R/0r*) < (1/r)(0R/or) while
h,=1— (n — 1a and h, = a if (B*R/or*) = (1/r)(0R/or).

From the definitions it is clear that for any function u(x, t), twice
differentiable with respect to 2 in D, and any L’¢ <, we have the
inequality m Ju](z, t) < L'u(x, t) < M, Ju](z, t) for each (x,t)e D. How-
ever, it may also be shown that there exist operators L!, L;c L, (with
coefficients determined by w) such that Liu(x, ) = m,Ju](z, ) and
Liw(x, t) = MJul(z, t) for all (z, t) e D, thereby justifying the termi-
nology.

We refer to the papers [8, 11-13, 16] for a more detailed develop-
ment of the theory of these extremal operators and their applications.
Their significance for our purposes in this paper rests on the fact
that they provide a systematic method for determining comparison
functions for our parabolic operator (2.1). The construction of these
functions is based upon the following lemma. Here J, denotes the
Bessel function of the first kind of order ¢ in the notation of [1], and

r={la] = (i o)

LEMMA 2. Let a,B,v,k be constants with 0 < a < 1/n, and
B> —1. If we set

y= B+1 1 and = §[1—(n—21)a]—'y7’§’
21 — (n — D] KT

where &, 1is the first positive zero of J.(&), then the function

r=#J {(&r[r)le ™ is a solution of the equation

B ou ou

Extvu—k—=—=0
7'8?+

M [u] + 5
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tn the (n + 1)-dimensional cylinder Q={(x, t): r < 15, t > 0} which is
positive in Q, decreasing with respect to v, and zero on the cylindrical
surface r = r,, If, instead, we set
(B +1) & — s

194

=T 1 and v=4%
# 2 Er:

then this function is a solution of the equation

ou
MfU)] + —— +7 — K — =
(2] r or ot

m Q which is positive in Q, decreasing with respect to r, and zero
on the surface r = r,.

4. The decay estimates. With the aid of the maximum principle
and the previous lemmas we can now establish our main results on
the decay rate of solutions associated with our parabolic operator (2.1).

To obtain an upper bound on the decay rate we suppose that the
set Q has diameter 27, and is contained in the sphere of radius 7,
centered at the point 2° e E”. The set D is then enclosed in the (n + 1)~
dimensional half eylinder Q@ = {(x, t): ||z — 2°|| < 7o, t > 0}.

THEOREM 1. Suppose that hypotheses I hold and that

inff‘, bx; — ) =8> —1 and supc(x,t) = 7.
D =1 D
Define

PECES NI K R T
- (n—Da] P

where &, 1s the first positive zero of J.(8) and £ =k, if
&Il — (n — Va] = v, while £ =k, of &1 — (n — Da] < v,
Suppose that u(x, t) is a real valued function, differentiable with
respect to t and twice differentiable with respect to x in D, continuous
on 2 x (0, o), and satisfying Lu — k(@u/ot) = 0 in D. If w(z,t) <0
“on I' x (0, o) and Timy, .50 w(®, t) < M then there exists a positive
constant C such that u(z,t) < Coe* in 2 x (0, o) where o denotes
the distance from x to the lateral surface of Q.

Proof. We need only consider the case M > 0 for otherwise the
result follows trivially from the weak maximum principle. Moreover
without loss of generality we may suppose that the axes have been
translated so that the axis of the cylinder @ is the t-axis.

Using the definition of the maximizing operator, the assumptions
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of the theorem, and Lemma 2 we note that the function V(r,t) =
r=*J (&r/r)e * satisfies the differential inequality

(be)
-k <mvy+ B2V oy (Y
ot r or ot

<MV]+ 85 B aV+ﬂ/ £2L =0
in D, where k is prescribed in the hypothesis of the theorem.

Let 0 < ¢ <1 be an arbitrary constant and denote by D, the half
cylinder D, = 2 X (g, o). Note that I" has the exterior sphere property
at any point x" € I” such that (2°, €) is a common boundary point of both
D, and Q. Theresult of Lemma 1 then implies that lim,_., {u(z, €)/V (r, &)}
is bounded above by a constant which may be chosen independent of «.
Moreover from the weak maximum principle we have u(x, €) bounded
above, by M if v < 0 and by Me/** if v+ > 0, for all xe 2. It follows
that there exists a positive constant a, independent of ¢, such that
w(x,e) —aV(r,e) <0 for all ze Q.

Combining these results we conclude that the function w(x,t) =
w(x, t) — aV(r, t) satisfies the differential inequality Lw — k(ow/ot) = 0
in D, and the inequality w < 0 on I" X [¢, ] and on 2 X {¢}. By the
weak maximum principle we have w < 0 in 2 x [e, ), i.e., there
exists a positive constant, a, such that

u(@, 1) < ar““J,,(M)e““ in 2 X [e, )
T

and since a is independent of ¢ the same result holds in 2 x (0, ).
This clearly implies the result of the theorem.

To obtain a lower bound for the decay rate we define r, to be
the maximum of the radii of all open spheres contained in £ and
suppose one such largest sphere is B, centred at the point ' e 2. The
set D then contains the (n + 1)-dimensional half cylinder Q, = B x (0,00) =
{(90, t): Hx_le <ryt> O}'

THEOREM 2. Suppose that hypotheses 1 hold and that
SUPg D bi(x; — @) = B, infy, ¢(x, t) = v. Define p = {(8 + 1)/2a} — 1
and A = %21@ , Where &, is the first positive zero of J.(&) and

1
K=k, if a& = vr: while K =k, 1f a& < yri.

Suppose that w(x, t) is a real valued function, differentiable with
respect to t and twice differentiable with respect to x in D, continuous on
2 % (0, o), and satisfying Lu — k(@u/ot) £0in D. Ifu=0o0nI X (0, ),
lim ., oorxio w(®, 1) = 0, and lim, o0 (@, £) > 0 then there exists a
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positive constant m such that w(x,t) = mpe * in B X [g, o) where p
denotes the distance from x to the boundary of B and ¢ > 0 is ar-
bitrarily small.

Proof. Again we may assume that the axes are translated so
that the sphere B is centred at the origin. Using the definition of
the minimizing operator, the assumptions of the theorem, and Lemma
2 we note that the function v(r,t) = r—#J.{(&r/r)}e* satisfies the
differential inequality

ov (Z' by, oV ov
— -z > =1 hihdl . k__
Lo — k= 2 mdol + =—Fr o = ko
2ma[v]+ﬁa—v+7— 8_7):0
r ot

in @,, where K is prescribed in the hypotheses of the theorem.

Let 0 < ¢ < 1 be an arbitrary constant. Note that u > 0 on B x {¢}
by the strong minimum principle and the condition lim, ;)0 w(x,t) > 0.
Moreover the boundary point principle implies that lim,_,5 {u(z, €)/v(r, €)}
is bounded below by a positive constant, since I" has the inner sphere
property at any point common to I” and 0B. It follows that there
exists a positive constant 6 such that u(x, €) — dv(r, &) = 0 for all z ¢ B.

Combining these results we conclude that the function w(z, t) =
u(x, t)y — ov(r, t) satisfies the differential inequality Lw — k(ow/ot) < 0
in B X (g, «) and the inequality w = 0 on 0B X [¢, o) and on B X [e].
By the weak minimum principle we have w = 0 in B X [e, =), i.e.,
there exists a positive constant § such that wu(z, &) = or—+J.{&r/r,)}e*
in B x [g, «). The result of the theorem now follows directly.

5. Concluding remarks. We emphasize that for the class of
operators of the form (2.1) with coefficients 5, =0,v=1, --., 7 and
the case that 2 is a sphere our Theorems 1 and 2 eannot be improved.
In fact from the discussion of the properties of the extremal operators
it follows that there exists an operator in this class for which our
comparison function V(r,?) (v(r, t)) is a solution in 2 x (0, ).

Finally let us note that Theorems 1 and 2 may be used to obtain
comparison theorems for more general nonhomogeneous parabolic
equations by the device of subtracting off a suitable approximate
solution of the equations.
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GEOMETRIES ON SURFACES

HELMUT SALZMANN

Among the topological geometries, two classes have so far
attracted special attention, namely the locally compact, 2-
dimensional projective and affine planes, Such a plane has a
pointset which is homeomorphic to the pointset of the real
arguesian plane, hence is a 2-dimensional manifold. In this
paper, all the 2-manifolds that can carry topological geometries
with connected lines will be determined.

THEOREM. Let M be a surface carrying a topological geometry
such that any two distinct points are on a unique line. Then either

(1) M is an open disk, and each line is open, i.e., homeomorphic
to the real line R, or

(2) M is a compact surface of characteristic 1, and each line
18 closed, t.e., homeomorphic to a circle, or

(3) M is a Moebius strip, and through each point there pass
closed lines and at least one open line.

The proof follows immediately by combining statements 1.10 and
2.3, 6, 9, 10, 13 below. From 2.9 and 2.11 we get

COROLLARY. M 14s orientable tf and only if the space & of lines
18 @ Moebius strip, and M is nonorientable 1f and only if & is compact.

1. Let & be a family of subsets of a nontrivial topological space
M, and assume that each two distinet “points” p, ¢ ¢ M are joined by
a unique “line” L = pU qe®. The system E = (M, 8) is called [3] a
“plane” whenever £ can be provided with a topology (necessarily unique)
for which E becomes a topological geometry in the following sense:

(a) pU q depends continuously on (p, ¢), and

(b) the set ® of pairs of intersecting lines is open in £ x &, and
intersection is a continuous map from ® onto M.

Condition (b) is equivalent to

(V) If US M is open, then {(K, L); KN Le U}is openin & x L.

We shall be concerned with “flat” planes only, i.e., with those
planes in which the underlying space M is a 2-dimensional manifold
or “surface”. The line space € of a flat plane is also a surface, and
the incident point-line pairs or “flags” form a 3-dimensional closed
submanifold F of M x &; each line is closed in M and is locally
homeomorphic to the real line [3, 2.3].

If B is a connected open subset of M, then the system

397
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E,= (B, ={LNB~*2;Lecg)

is again a flat plane. This shows that, in general, the lines of a
geometry will not be connected sets; it is therefore reasonable to
determine only those flat planes that have connected lines, i.e. planes
satisfying

(c¢) every line is homeomorphic to the real line or to the circle.
Each line can then be provided with two opposite orientations, and
the space 8+ of oriented lines becomes a two-fold covering of €. The
lines homeomorphic to R will be called “open””, and the others compact
or “closed”.

LEmMMA 1.1. A compact disk D & M cannot contain any line.

Proof. A line K< D would have to be a closed line. Hence K
would separate some points ae D and be M, and then a Ubd would
intersect K twice.

DEFINITION 1.2. A set C & M is convex if L N C is connected for
every line L. If the boundary bd C consists of finitely many, resp. of
4 or 3 line segments, C will be called a polygon resp. a quadrangle
or a triangle.

LEMMA 1.3. Each point p € M has a neighborhood basis consisting
of quadrangles (triangles).

Proof. Let W be a neighborhood of p. Choose points a,, a, such
that péa, U a,, and let J, be a sufficiently small connected neighbor-
hood of p on a, U®». Then

U= {(xluaz)n(a’zﬂaq);xkeJk} S W

is a neighborhood of p homeomorphic to J, x J,, which is easily seen
to be a convex quadrangle.

COROLLARY 1.4. The space L} of oriented lines through p s
homeomorphic to a circle.

Convergence in M and in & are related by
LEmMMA 1.5. L,—— Lif and only if L = {z; V2, L, —

This follows immediately from the continuity of join and inter-
section, (a) and (b).

A set is termed “bounded” if it has compact closure.
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LEMMA 1.6. A set & of lines is bounded in L 1f and only if
there is a bounded set C = M intersecting every line Se .

Proof. Let S,e® and z,€S,NC. We may assume T, —— .
Choose a triangle with boundary T containing & in its interior; then
for each sufficiently large » there exists a point ¢,eS,N T. The ¢,
accumulate at some te T, and a subsequence of the S, converges to
t U«. For the converse note that M is a union of a countable family
of compact subsets.

LEMMA 1.7. Let K be a closed line, and B = M a bounded open
set containing K. Then B ={LelL; L S B} is an open meighborhood
of K in £ consisting of closed lines only.

Proof. Since bounded lines are closed, 8 cannot contain any open
line. If B were not a neighborhood of K, we would find a sequence
of lines L, — K with L, N B+ © and L,¢®. By (c) each line L,
would contain a point x, of the compact boundary bd B, in contradiction
to 1.5.

COROLLARY 1.8. The space & of closed lines is open in L.
LEMMA 1.9. A closed line K intersects every line L e &.

Proof. For a¢ K the map &« = (x— a U ) maps K into the set
g, of lines through a. Since &, is homeomorphic to a circle by 1.4,
and « is one-to-one, « is even a bijection.

COROLLARY 1.10. If M s a compact surjface, then (M,%) is a
projective plane, and M is homeomorphic to the real projective plane.

Proof. Any two different lines intersect by 1.9, and this is the
first assertion. The second statement follows now from [2].

ProrosiTion 1.11. If a geometry contains a closed line K, then
each point lies on a closed line.

Proof. Assume that each line through s is homeomorphic to R,
and let sU=z* denote the line s U« oriented from s to z. Then
(x+—sUaxt): K— & would be a homeomorphism from K onto a set of
oriented lines through s containing exactly one of any two lines of
opposite orientation. This contradicts 1.4.

2. From now on we shall assume for the sake of simplicity that
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M is a surface of finite connectivity, i.e., that M can be embedded in a
compact surface M by adding a finite number of “endpoints” e,, - - -, ¢,.

LEMMA 2.1. Let g: R— M represent an oriented open line L =
9(R). Then L has unique endpoints

ei(L) = limzﬁioo g(t)
in M.

Proof. Choose small disjoint open neighborhoods U, of e, in I1.
Since each line is closed in M, there exists an se R such that the
connected set {g(t); ¢ = s} is contained in |J;-, U, and hence in one of
the U,.

LEMMA 2.2, The oriented lines L having a given endpoint
et(L) = e form a closed subset of £*.

Proof. Let L,—— L with ¢*(L,) = e, and choose a small neighbor-

hood U of e in M. Then all the L, intersect the compact boundary
bdU<S M. Hence LNbd U = ¢ by 1.5, and e*(L) = e.

LEmMMA 2.3. For each ac M and each endpoint e there is an
oriented line LelL} with e*(L) = e.

Proof. Let b,——e in M, and a Ub, — L.

COROLLARY 2.4. Let (M, Q) be a flat plane with connected lines.
Then M is compact if and only if each line is closed.

ProrosiTiON 2.5. A surface M carrying a plane geometry with
connected lines has at most one endpoint.

Proof. &, ={Lelt; ¢ (L) = e, et(L) = ¢,} is closed in * by 2.2.
Assume 7 > 1, choose small disjoint neighborhoods U, of e, in M, and
let b, ——e, in U,. For ¢ = k the lines b;, U b,, meet the compact
complement C of -, U, and hence accumulate at a line in £,,. Since
£+ is connected, the boundary bd &;, # &, and there is a sequence of
closed lines K, converging to a line Le&,. For large n a line K,
will contain two arcs joining U, and U,; thus a line H intersecting
L at a point of C would meet some line K, twice, a contradiction.

ProPOSITION 2.6. A plane geometry on an orientable surface M
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has no compact lines.

Proof. A compact line K on an orientable surface M would have
a bounded neighborhood B & M which is homeomorphic to a cylinder.
By 1.7 the set B of all lines L & B is an open neighborhood of K in
8, and each L eB is closed. Moreover, it follows from 1.1 and 1.9 that
a line L & B decomposes the cylinder and intersects K. But then K
and L would have to intersect twice.

ProposiTiON 2.7. The complement of an open line L is homeo-
morphic to an open subset of RZ.

Proof. For a,be L consider
@—(@Uzx,bUx): M—L— (&, —{L}) x (& — {L}) .
ProrosiTION 2.8. If M is orientable, then any line L decomposes

M into two open half-planes, each of which is homeomorphic to an
open disk. Consequently I/ is homeomorphic to a 2-sphere.

Proof. Let L = aUb, and choose homeomorphisms
a: 8, —{L}—(0,1), B: &, —{L}—(0,1)
corresponding to the same orientation of M. For & = A« let
(&) =inf{B°>; ANB = @}.

Then ¢ is a monotonically increasing, left-continuous mapping. Accord-
ing to the orientation of M one of the half-planes defined by L will
be mapped by

z— ((@ U )% (b U 2)°)
onto the Jordan domain
D={&neR50<E<L0<n <),
COROLLARY 2.9. Let (M, R) be a flat plane with connected lines.
If M is orientable, then M is homeomorphic to R?, and & is a Moebius
strip.
For the last assertion see [1, § 3(6)] or [3, 2.14].

An argument completely analogous to the proof of 2.8 shows

COROLLARY 2.10. FEach point of a plane geometry on a non-
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ortentable surface is incident with a compact line.

THEOREM 2.11. The line space of a plane geometry (M, ) on a
nonorientable surface is a compact surface of characteristic 1; the
space of oriented lines is homeomorphic to a 2-sphere.

Proof. If H, K are closed lines through a, then £ — £, is homeo-
morphic to (H — {a}) X (K — {a}).

LEMMA 2.12. In a plane geometry (M,8) on a mnonorientable
surface the set of closed lines through a point a is connected.

Proof. Because of 2.5 we may assume that M has exactly one
endpoint e¢. Choose an open line L and two closed lines H and K
through ¢. We have to show that no open line through a is separated
from L by H, K. By 2.7 the Jordan curve theorem holds in M — L.
Hence the union H U K decomposes M — L into two connected subsets,
only one of which contains points of a small neighborhood U of e.
Therefore, a line G which is separated from L by H, K must be disjoint
from U and hence is compact.

THEOREM 2.13. An open nonorientable surface M carrying a plane
geometry with connected lines ts a Moebius strip.

Proof. The dual (8, M) of the geometry defined by the system
& of closed lines on M is a flat plane by 2.10, 1.8, 1.9, and 2.12,
The theorem follows now from 2.9 and 2.11.

Note that in general the lines of a topological geometry on a
Moebius strip need not be connected.

The author is indebted to James Dugundji for very stimulating
discussions and valuable comments.
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ARTINIAN, ALMOST ABELIAN GROUPS AND
THEIR GROUPS OF AUTOMORPHISMS

ANNEMARIE SCHLETTE

The principal results of this paper are several characteri-
zations of the class of artinian almost abelian groups. Several
corollaries of the main characterization are given, one of which
states that a torsion group G which has a finite group of auto-
morphisms is finite, and an abelian torsion group which has
a countable automorphism group is finite. In a concluding
section, the class of artinian almost abelian groups and the
class of finite groups are characterized by formal group-theore-
tical properties.

A group is called artinian, if the minimum condition is satisfied
by its subgroups. The structure of an abelian, artinian group is
completely determined. Every artinian group that is known so far
is an extension of an abelian, artinian group by a finite group. An
extension of an abelian group by a finite group is called almost abelian.
It is not known whether there exist further artinian groups. For this
reason it seems to be worth while to consider the structure of artinian
and almost abelian groups and we will give some characterizations of
them. We will prove the following

MAIN THEOREM. The following properties of the group G are
equivalent:
(1) G s artinian and almost abelian.
(2) (a) Ewvery abelian subnormal subgroup of G is artinian;
(b) Every infinite epimorphic image of G Dpossesses an
abelian subnormal subgroup, not 1;
(¢) G is a torsion group.
(3) (a) Every abelian subgroup of G is artinian;
(b) Every epimorphic tmage, not 1, of G possesses an almost
abelian normal subgroup, not 1,
(4) (@) G is a torsion group;
(b) Every torsion group of automorphisms of G is artinian
and almost abelian.
(5) (a) G is a torsion group;
(b) The central quotient group of G is artinian and almost
abelian;
(¢) Primary elementary abelian groups of automorphisms
of G are countable.

Sections 1 to 4 deal with preliminary lemmas, some of which may
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be of independent interest. We show, for instance, that the central
quotient group of G is artinian and almost abelian if, and only if, G
is almost abelian with artinian commutator subgroup G’ (Proposition
3.2). Section 5 is dedicated to the proof of the Main Theorem. A
simple application of the Main Theorem yields a characterization of
the artinian groups with finite central quotient group (Corollary 6.1)
and of the finite groups (Corollary 6.2), both by their automorphism
groups. The results of the Main Theorem and of its corollaries finally
are used to characterize the class of all artinian and almost abelian
groups on the one hand and the class of all finite groups on the other
hand by merely formal group theoretical properties. This is done in
§7 (Theorem 7.1 and Theorem 7.2).

NOTATIONS.
3G = center of the group G,
¢qU = centralizer of U in G,
;U = normalizer of U in G,
[G:U] = index of U in G,
fG = intersection of all subgroups U of G with finite [G: U],
{---} = subgroup generated by the enclosed elements,
oy = a'a¥ = a~'y'ay for elements z, ¥ in G,
XoY ={xoy with 2 in X,y in Y},
GG =G = G = commutator subgroup of G,
G+ = G o G,
G, = set of all p-elements in G for p a prime,
G* = set of all g* with g in G [if G is multiplicatively written],
pA = set of all pa with a in A [if A is additively written].

Il

I

DEFINITIONS. A factor of G is an epimorphic image of a subgroup
of G.

The socle of an abelian p-group is the set of its elements of order
p or 1,

The group G is called

artinian, if its subgroups satisfy the minimum condition;

almost abelian, if it possesses an abelian [characteristic] subgroup
of finite index;

soluble, if G =1 for almost all u;

locally finite, if every finitely generated subgroup of G is finite;

hyper (almost) abelian, if every epimorphic image, not 1, of GG
possesses an (almost) abelian normal subgroup, not 1.

oG hyperabelian
aaG ¢ = product of all {almost abelian} normal subgroups of G.
IiG@ locally finite
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An abelian group A is called divistble (radicable), if pA = A (A? = A)
for all primes p, and reduced, if it possesses no divisible (radicable)
subgroup # 0 (= 1).

1. Lemmas on abelian groups. In this chapter we consider
(additively written) abelian groups A. Any homomorphism ¢ of A
maps the element « in A upon zo.

LeMMA 1.1. A reduced abelian p-group A with finite A/pA 1ts
Sinite.

Proof. Since A/pA is finite, there exists a finitely generated
subgroup F' of A with A = F + pA. Since finitely generated, abelian
p-groups are finite, F is finite. Therefore there exists a positive

integer » with p"F = 0. Hence
p"A = p"F + p"'A = p(p"4)

is divisible. But A is reduced, so that p"A =0. From A = F + pA
we deduce

A=F +[pF + pAl =F + pA=-r =
=F+prA=F,

so that A is finite.

LEMMA 1.2. If A is an abelian, reduced, infinite p-group and
if B ts an abelian p-group = 0, then Hom (A, B) contains an uncount-
ably infinite, elementary abelian p-subgroup.

Proof. Since A is an abelian, reduced, infinite p-group, A/pA is
infinite, by Lemma 1.1. Since B # 0, it contains a subgroup Z of
order p. Now

Hom (A, Z) < Hom (4, B)

and
Hom (4, Z) = Hom (4/pA, Z) ,

which is an uncountably infinite, elementary abelian p-group, (cf. [5],
p. 206; E, and p. 208; Lemma 54.2).

LeMmaA 1.3. (a) If A and B are abelian, artinian groups, then
the torsion subgroup of Hom (A, B) is finite.

(b) Torsion groups of automorphisms of an abelian, artinian
group are finite.
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Proof. The abelian artinian group A is a direct sum
A=F&D

of a finite group F' and a divisible group D, (cf. [5], p. 65; Th. 19.2).
Hence there exists a positive integer n with nF = 0. Let X be the
subgroup of all # in B with nx = 0. Since B is abelian and artinian,
it is a consequence of ([5], p. 65; Th. 19.2) that X is finite.

If ¢ is a torsion element of order ¢ in Hom (A4, B), then

Do = (tD)o = D(io) = D0 =0
and
n(Ac) = nF @ nD)o = n(Do) =0,

so that Ac & X. Therefore the torsion subgroup of Hom (4, B) is
essentially the same as a group of homomorphisms of the finite group
A/D = F into the finite group X, which implies its finiteness. This
proves (a), and (b) is a consequence of (a) if we let 4 = B.

LemmA 1.4. If the abelian group A is the direct sum of in-
finitely many subgroups A, #+ 0, then A possesses an uncountably
infinite, elementary abelian 2-group of automorphisms.

The simple proof of this lemma may be left to the reader.
2. Stabilizing automorphism groups.

ProprosITION 2.1. Suppose B is a normal subgroup of the group
G and A is a subgroup of G with ASBN3G. Let ¥ =2X,A, B)
be the group of all automorphisms ¢ of G which fix every element
in G/A and in B. Then

3«4, B) = Hom (G/B, A) = Hom (G/BG’, A) .
Proof. If o is an automorphism in ¥, then ¢ — 1 is a single
valued mapping of G into A. If x and y are elements in G, then
(xy)o—l — xoyay—lx—l — xaya——lw—l — wa—lya—i ,

since y°~* belongs to AS3G. Therefore ¢ — 1 is a homomorphism of
G into A, whose kernel contains B. Thus

(a) If o is an element in X, then ¢ — 1 induces a homomorphism
o* of G/B into A with

(Bo)" = g



ARTINIAN, ALMOST ABELIAN GROUPS 407

Let a, B be two automorphisms in 3 and ¢ be any element in G.
Then
ga{i—-i — ga,i(g—»l)jgﬁg—l — (ga—l)ﬁgﬁ——l — ga—-lg,i—l ,
since g« belongs to A= B and every element in B is a fixed element
of 8. Therefore
(@B)* =a* + p*  for a,B8in 3,

so that ¢ — ¢* is a homomorphism of ¥ into Hom (G/B, 4). If ¢* =0
and g is an element in G, then

1= (Bo)" =g .

This implies g = g° for every g in G, so that ¢ = 1. Hence
(b) The mapping ¢ — ¢* is a monomorphism of ¥ into Hom (G/B, A).
For every v in Hom (G/B, A) define the mapping 6 of G into G by
the rule

¢’ = (Bg)’'g  for every g in G.

This is clearly a single valued mapping of G into itself.
If z,y are two elements in G, then

(xy)’ = (Bay)'wy = (Bx)' (By)xy = (Bx)x(By)y = 'y’

since (By)" belongs to A< 3G. Thus ¢ is an endomorphism of G. If
2’ =1, then (Bx)'w = 1, so that x belongs to B (since (Bx)" is in A S B).
This implies (Bx)” = B” = 1 so that # = 1. Hence ¢ is a monomorphism
of G into G. Because of B’ = 1 and (Byg)" € A it is clear that ¢ induces
the identity in both B and G/A. Now let g be any element in G
and let

&= (Bg7)yg .
Then
o’ = (Bx)w = [B(Bg™")'gl'(Bg™)'g = (Bg)[(Bg)|"g = ¢

since (Bg~')" belongs to A< B. This shows that 6 is an automorphism
of G which belongs to X. Finally

9! = (Bg)" for every g in G,

shows 6* = v and

(¢) o —o* is an isomorphism of ¥ onto Hom (G/B, A) .

The isomorphy of Hom (G/B, A) and Hom (G/BG’, A) is an im-
mediate consequence of the commutativity of A.
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LEMMA 2.2. If the group G possesses a characteristic subgroup
A such that the torsion groups of automorphisms of A and of G/A
are finite, then every torsion group I' of automorphisms of G 1is
almost abelian: The subgroup 4 of I' which fixes every element in
A and in G/A is abelian and has finite index in I,

Proof. Let I" be a torsion group of automorphisms of G. Denote by
I, resp. I'g;, the set of all those automorphisms in 7”, which induce
the identity in A and in G/A respectively. Since A is characteristic
in G, the sets I', and I, are both normal subgroups of I. Now
I/, resp. I'/T";,, is essentially the same as the group of automorphisms
of A resp. G/A, induced by I". Therefore it is (essentially) a torsion
group of automorphisms of A resp. G/A, and hence, by hypothesis,
finite. If 4 = I', N I';;,, then 4 is a normal subgroup of I" with finite
I’/4. By its definition, 4 is a subgroup of the stabilizer of the char-
acteristic subgroup A of G. As such it is known to be abelian, see
({71, p. 88; Satz 19). This proves Lemma 2.2.

3. Central quotient group and commutator subgroup. In this
chapter we aim at characterizing the groups with almost abelian, ar-
tinian central quotient group (Proposition 3.2).

LeMMA 3.1. If G is a group with abelian, radicable, not torsion-
free central quotient group G/3G, them G is abelian.

Proof. Suppose that G is not abelian. Then G/3G # 1 and since it
is not torsionfree there exists a subgroup W/3G in G/3G of order a prime
p. Now G' S 3G W, so that W is normal in G. Since G/3G is abe-
lian, it follows that WoG < 3G and that

w(wog) = (weg)w for every we W,geG.

Since w? also belongs to 3G, it is centralized by every element in G.
Therefore it follows from w? = w(wog) that

w? = (w")? = (w)” = (w(w°9)” = w(weg)”.
Hence

(wog)» =1 for every we W,geG.
By complete induction we get
w*” = w(wog) for every positive integer 7
and in particular

w” = wwog) = w,
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which shows
GG S GG = W.

Therefore the epimorphic image G/c, W of G/3G is an elementary abelian
p-group. Since elementary abelian p-groups =1 possess finite non-
trivial epimorphic images, G/c, W is equal to 1, because G/3G is radica-
ble. Hence ¢, W = G, implying W < 3G < W, a contradiction. There-
fore G is abelian.

DEFINITION. fG = intersection of all subgroups U of G with finite
index [G: U]. This is a well determined characteristic subgroup of G.

ProPOSITION 3.2. The following properties of the group G are
equivalent:

(1) G/3G is artinian and almost abelian.

(ii) If F is the uniquely determined characteristic subgroup of
G with 3G S F and F3G = {(G/3@®), then F is abelian, G/F is finite,
and Go F is artinian.

(iii) There exists an abelian normal subgroup A of G with finite
G/A and artinian Go A.

(iv) G is almost abelian and G is artinian.

Proof. (i) — (ii). Since G/3G is artinian and almost abelian, ap-
plication of ([1], pp. 3,4, 22(B)) on G/3G shows

(@) G/F = (G/3G)/I(G/3G) is finite and {(G/3G)= F/4G does not pos-
sess finite epimorphic images. F/3G is abelian because G/3G is almost
abelian. Hence F' < 3G S 3F < F and therefore

(b) F/3F is an abelian radicable torsion group. Apply Lemma
3.1 on F to see

(¢) F is abelian.

Let I' be the group of automorphisms which is induced in F' by
G. Then I" = G/c F is finite because F' S ¢ F' by (¢), and G/F is finite,
by (a). Every automorphism v in I" fixes every element in 3G. Hence
v — 1 is an endomorphism of the abelian group F whose kernel con-
tains 3G. Consequently F'i~' is an epimorphic image of the artinian
group F/3G and as such F'7~! is artinian. Since I" is finite and F' is
abelian,

Fr—t — H Frt

7er
is likewise artinian. From the definition of I,

GoF = 1
so that
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(d) GoF is artinian,

(il) — (iii). Let A = F.

(iii) — (iv). It is an immediate consequence of (iii) that G is al-
most abelian. Since A is normal in G, so is Go A. Denote by ¢ the
canonical epimorphism of G upon H = G/(GoA). Then B = A° is an
abelian normal subgroup of H with finite H/B, as G/A is finite. From
HoB = (GoA)y =1 we get B< 3H, so that H/3H is finite. This im-
plies the finiteness of H’, see ([6], p. 443; 15.1.13). But H' = G =
G' /(G- A), so that G’ is artinian as an extension of the artinian group
Go A by the finite group H'.

(iv) — (iii). Obvious.

(iii) — (1i). The group I" of automorphisms of A which are in-
duced in A by G is isomorphic to G/c;A and it is finite since A< ¢4
and G/A is finite. If v is an automorphism in I", then v — 1 is an
endomorphism of the abelian group A with A" & G- A. It follows
that A" is artinian and A~ = A/K(7), where K(v) denotes the kernel
of v, i.e., K(7v) = ¢,g if g induces v. Now

Amanrre]rK(“/) .
Therefore 4/(A N 4G) is isomorphic to a subgroup of the direct product
of the finitely many artinian groups A/K(7) and as such A/(A N 3G)=
A3G/3G is itself artinian. G/A3G is finite as an epimorphic image of
G/A. Finally G/3G is an extension of the abelian artinian group A3G/3G
by the finite group G/A43G. Hence G/3G is artinian and almost abelian.

4. Products of normal subgroups. In this section we shall
establish a few lemmas on products of normal subgroups, which are
needed later. In this context see also Corollary 6.4.

DEFINITION. YHaG = product of all hyperabelian normal subgroups
of G.
This is a well determined characteristic subgroup of G.

LEMMA 4.1. If every abelian subnormal subgroup of the torsion
group G is artinian, then

(a) YaG 1s artinian and soluble;

(b) YaG contains every hyperabelian subnormal subgroup of G;

(e) 1 is the only hyperabelian subnormal subgroup of G/HaG;

(d) ba(G/haG) = 1.

Proof. If S is a subnormal subgroup of G, then every abelian
subnormal subgroup of HaS is a subnormal subgroup of G and hence,
by hypothesis, artinian. Nontrivial epimorphic images of HaS possess
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by definition hyperabelian normal subgroups, not 1, and consequently
abelian subgroups, not 1; and HaS is a torsion group, as is G. Apply
(4], p. 345, Satz 6.1, equivalence of (1) and (2)) to haS to show that
(e) YaS is artinian and soluble for every subnormal subgroup S
of G. This implies (a) in the particular case S = G.
Since S is subnormal in G, there exists a finite chain of subgroups
S; of G with

S=3S,,S; normal in S;,,, S, =G.

If S is hyperabelian, then S = §aS,. By (e), §aS; is a soluble, hence
hyperabelian characteristic subgroup of the normal subgroup S; of
S;:.. Hence %aS; € HaS;.,, showing

S =1haS, S -+ & bha§, = haGz,

so that HaG contains every hyperabelian subnormal subgroup of G,

proving (b). Now let T' = S/haG be a hyperabelian subnormal sub-

group of G/HaG. Then S is as an extension of the, by (a), soluble

group HaG by the hyperabelian group 7 hyperabelian. Since S is sub-

normal in G, it follows from (b) that S & haG. Hence T =1, proving (c).
(d) is an immediate consequence of (c).

LEMMA 4.2. If N is a product of minimal normal subgroups
of the group G, then N is a direct product of minimal normal sub-
groups of G.

This is proven by the customary lattice theoretical arguments;
see for instance ([8], p. 208; Basis Theorem of Lattice Theory).

LemmA 4.3, If a minimal normal subgroup M of G is contain-
ed in a product N of finite normal subgroups of G, then M is finite.

Proof. Let t #1 be an element in M. Since ¢ belongs to the
product N of finite normal subgroups of G, there exists a finite number
n of finite normal subgroups F,; of G with F, = N and

Clearly F is a finite normal subgroup of G with ¢ in FF & N. Hence
1+Mn F and because of the minimality of M we have M=MNF < F,
so that M is finite.

LEMmA 4.4. If 1 is the only abelian normal subgroup of G, then
the following properties of the product N of finite normal subgroups
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of G are equivalent:

(i) N is finite.

(ii) N contains but a finite number of minimal normal sub-
groups of G.

(iii) The product P of all the minimal normal subgroups of G,
contained in N, is the direct product of finitely many minimal normal
subgroups of G.

Proof. Evidently, (ii) is a consequence of (i) and it follows from
Lemma 4.2 that P is a direct product of minimal normal subgroups
of G, therefore (iii) is a consequence of (ii).

Assume that (iii) holds. Then application of Lemma 4.3 shows
that

(") the normal subgroup P of G is finite .

Since P is finite, the group of automorphisms, induced in P by
G, which is essentially the same as G/c P, is finite, too. Since 3P =
PP is an abelian normal subgroup of G and since, by hypothesis,
1 is the only abelian normal subgroup of G, we get

(n) PN CGP =1 and G/CGP is finite .

If NNc¢;P 1, then there would exist a finite number of finite nor-
mal subgroups E, ---, B, of G with E; = N and

W=cPNIE +1.
i=1

It follows that W is a finite normal subgroup, not 1, of G. Hence
W contains a minimal normal subgroup V of G. Since

VEWSTHECSN,

this minimal normal subgroup V is part of P. Hence
l1cVEPNWEPNP=1,
by () which is a contradiction. Therefore

NnegP =1
which implies that
N = N/(N N ¢;P) = NcgPjeoP & G/cg P
is finite, by ().

Thus (i) is a consequence of (iii), proving Lemma 4.4.

5. Proof of the Main Theorem. The proof of the equivalence
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of (1), (2), and (3) was given in a course of lectures held by R. Baer
at New Mexico State University in the fall term 1967.

Proof of the equivalence of (1) and (2). Evidently (1) implies
(2.a) and (2.c). Furthermore every epimorphic image of an almost
abelian group is almost abelian, which implies (2.b).

Assume conversely the validity of conditions (2.a-c). Then Lemma
4.1 shows

(d) HaG is artinian and soluble,
and

(e) 1 is the only hyperabelian subnormal subgroup of G/§aG.
Combine (e) and (2.b) to get

(f) G/HaG is finite.

Therefore, by (d) and (f),

(g) G is artinian.

Since HaG is almost abelian by (d), cf. ([4], p. 345, Satz 6.1 and
its proof), there exists an abelian characteristic subgroup C of %aG
with finite HaG/C. Then C is an abelian characteristic subgroup of G
and G/C is finite, by (f). Thus

(h) @G is almost abelian
and we have proven the equivalence of (1) and (2).

Proof of the equivalence of (1) and (3). If G is artinian and al-
most abelian then every subgroup of G is artinian and every epimor-
phic image of G is almost abelian, proving that (3) is a consequence
of (1).

Assume the validity of (3.2) and (3.b). Then, by (3.a), every
cyclic subgroup of G is finite. Hence

(¢) G is a torsion group.

Lemma 4.1 shows

(d) 5HaG is artinian and soluble,
and

(e) 1 is the only abelian subnormal subgroup of H = G/haG.

If A is an abelian subgroup of H then there exists a subgroup
B of G with HaG & B and A = B/%aG. By (d), B is soluble and hence
hyperabelian and by (3.a) every abelian subgroup of B is artinian.
Hence, by Lemma 1.3. (b), every torsion group of automorphisms of
every abelian subgroup of B is finite. Because of (c) we may apply
([4], p. 345, Satz 6.1, equivalence of (1) and (4)) on B. This shows
that B is artinian. Hence A is artinian, too, proving

(f) Abelian subgroups of H are artinian.

Let F' be the product of all finite normal subgroups of H and let
P be the product of all minimal normal subgroups of H which are
contained in F. Application of Lemma 4.2 shows that P is a direct
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product of minimal normal subgroups X of H. Since H is a torsion
group by (¢), we may pick in every X an element ¢(X) of order a
prime. Then the subgroup S generated by these ¢(X) is a direct pro-
duct of the cyclic groups {e(X)}, each of order a prime. Thus S is
abelian and hence, by (f), artinian. Therefore and since the elements
of S are of squarefree order, S is finite, cf. ([5], p. 68; Exercise 19).
Hence

(g) P is a direct product of finitely many minimal normal sub-
groups of H. Because of (e) and (g) we may apply Lemma 4.4 to
show that

(h) F is finite.

Since H/c, F is essentially the same as the group of automorphisms
induced by H in F, it is finite, ag F is and, by (e), L=3F=F Nc,F.
Thus

(i) Hje,F is finite and 1 = F N ¢, F.

Assume by way of contradiction that H is infinite. Then F#H
because of (h), so that H/F' is an epimorphic image, not 1, of G. By
(8.b) there exists an almost abelian normal subgroup, not 1, of H/F.
Consequently there exists a normal subgroup V of H with

Fc V and almost abelian V/F .
Apply (i) to see that
(") VieeF' = VI(VNeyF) = VeyFleyF' S Hley F
is finite and
(") GF =(VNe,FY(Fne,F)y= F(VNce, FyF< V/F

is almost abelian.

Because of () ¢, F' possesses an abelian characteristic subgroup
C with finite ¢, F/C. As a characteristic subgroup of the normal sub-
group ¢, 5" of H the group C is normal in H. Hence C =1 by (e),
which shows that ¢, F' is finite. Hence V is a finite normal subgroup
of H, by ('), whence V& FC V, a contradiction, proving

(k) H = G/HaG is finite,
Combination of (d) and (k) shows that

(1) @G is artinian and almost abelian.

This completes the proof of the equivalence of (1) and (3) of the
Main Theorem.

Proof of the equivalence of (1), (4), and (5).

(1) — (4). Every artinian group is a torsion group, hence (4.a) is
valid. If G is furthermore almost abelian, then there exists an abelian
characteristic subgroup A of G with finite G/A. Since A is artinian
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as a subgroup of the artinian group G, its torsion groups of automor-
phisms are finite, by Lemma 1.3. Therefore Lemma 2.2 is applicable,
showing that every torsion group I" of automorphisms of G is almost
abelian. Define 4 as in Lemma 2.2.

The set S of all the elements of squarefree order in the artinian
abelian group A is a finite characteristic subgroup of A; cf. ([5], p.
68; Exercise 19). Let X be the set of all elements of squarefree order
in 4. If ¢ is an element of order # in 3 and if x is an element in G,
then 2°~! belongs to A and is therefore a fixed element of ¢. Thus
2° = (2 Y2 and, by complete induction,

z* = (z°Y)iaz for every integer i =0,
so that in particular

x=a" = (") .

This implies
(x> ) =1 for every « in G .

Hence z°~' is an element of squarefree order in A and belongs there-
fore to S. Thus

G'<S foralloin 3.

Every ¢ — 1, with ¢ in %, induces a single valued mapping of G/4
into S, as

1

(ax)* = ax'a* =2z for a in 4,2 in G,

since a° = a and xz°' both belong to the abelian group 4. If ¢’ and
o’ are two elements in Y, then ¢’ — 1 and ¢” — 1 induce the same
mapping of G/A into S if, and only if, ¢’ = ¢”. Since G/A and S
are finite there exists only a finite number of single valued mappings
of G/A into S. This implies that ¥ is finite. As 4 is an abelian tor-
sion group, application of ([5], p. 68; Exercise 19) shows that 4 is
artinian.

Since I'/4 is finite, I" is artinian and almost abelian. Hence (4)
is a consequence of (1).

(4) — (). Since G is a torsion group, so is G/3G; and G/3G is es-
sentially the same as the group of inner automorphisms of G, hence
it is artinian and almost abelian, by (4.b). So (5) is but a weak form
of (4).

(5) — (1). Because of (5.b) Proposition 3.2 is applicable, which
shows

(d) @ is artinian
and
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(e) There exists an abelian characteristic subgroup F' of G with
F 2 3G and finite G/F. Thus G is almost abelian.

By (5.a), F is a torsion group, so that it is locally finite, since
it is abelian. Hence G is an extension of the locally finite group F
by the finite group G/F', showing

(f) G is locally finite.

Since G/F' is finite there exists a finitely generated subgroup E
of G with G = FE. Because of (f), E is finite:

(g) There exists a finite subgroup £ of G with G = FE.

Consider an abelian direct factor A of G. Every group of auto-
morphisms of A and of every direct factor of A is isomorphic to a
group of automorphisms of G. If A would have infinitely many pri-
mary components, it would possess an uncountably infinite, elementary
abelian 2-group of automorphisms (Lemma 1.4), contradicting (5.c).
For each primary component A, of A we have, by ([5], p. 63; Th. 18.2),

A,=BR®C,

where B is radicable and C is reduced. As a radicable torsion group
B is the direct product of groups of type p=. If there were infinite-
ly many, B would admit an uncountably infinite, elementary abelian
2-group of automorphisms (Lemma 1.4) which again is impossible be-
cause of (5.c). Hence, by ([5], p. 65; Th. 19.2), B is artinian. If
C # 1, then there exists a subgroup Z of order p in C. By Proposi-
tion 2.1, Hom (C/Z, Z) is isomorphic to a group of automorphisms of
C. Now C/Z is reduced, as C is. If C were infinite, C/Z would be
infinite and, by Lemma 1.2, Hom (C/Z, Z) would contain an uncountably
infinite, elementary abelian p-subgroup, which would be isomorphic to
a group of automorphisms of C. This contradiction shows that C is
finite. Hence, by ([5], p. 65; Th. 19.2), we have

(h) Every abelian direct factor of G is artinian,

We derive from (d), (e), and (g) that G’E is artinian and almost
abelian. Therefore the set @ of primes which are orders of elements
in G'E is finite, see for instance ([3]; p. 13, Bemerkung 2.2, (A)).

Denote by F, the set of all w-elements in F' and by F, the set
of all elements in F' of order prime to every prime in w. Since F is
an abelian torsion group,

F=F,QF.,.

Both, F', and F',, are characteristic subgroups of the characteristic
subgroup F' of G, hence they are characteristic in G. By its definition,
F,G'E is a normal w-subgroup of . Furthermore

F,NF,GE=1,
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since the elements in these two groups have relatively prime order.
Thus, by (g2),

G=FE=F,FE=F,QFGE.

Application of (h) shows that F,, is artinian, implying the finiteness
of '. Therefore

(i) There exist only finitely many primes which are orders of
elements in G.

The product R of all the radicable subgroups of 3G is a radicable
characteristic subgroup of 3G and hence of F. As R is a torsion group
it is a product of groups of type Z(p=) for various primes p. Let R,
be maximal among the direct products of those Z(p~) in R, which
have a nontrivial intersection with G’E. Then clearly the elements
of squarefree order of R, lie in G'E. This implies that B, is artinian.
Moreover, R, is radicable as it is the direct product of radicable groups.
Therefore R, is a direct factor of R, cf. ([5], p. 62; Th. 18.1),

R:R1®R2,

where R,, as an epimorphic image of R is likewise radicable. Let x
be an element of prime order p in R, N G'E. Then x is contained in
a subgroup VS R, of type Z(p~) and z == 1 would imply VNG E=+1,
a contradiction to the maximality of R,. Therefore

RNGE=RNEFNGE)=1.

Hence, by ([5], p. 63), there exists a complement S of R, in F' which
contains F'N G'E. Thus

F=R®®S.
By (g) therefore
G = FE = R,SE = R,(SG'E)
and by Dedekind’s Modular Law
R.NSGE=RNFNSGE=RNSFNGCE)=R,NS=1.
Since R, is part of the center of G, it follows that
G =R,QSG'E

and application of (h) shows that R, is artinian. Since R, is likewise
artinian, R is artinian, and we have shown

(j) Radicable subgroups of 3G are artinian.

Let p be a prime with (3G), # 1. Then there exists a subgroup
Z of order p in 3G. Consider
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Hom (G/G’'EZF}, Z) = Hom (FG'E/G'EZF?, Z)
= Hom (F,G'E/G'EZF}, Z)
=~ Hom (F,/(GEZF:NF,), Z)=H .
By ([5], p. 206; E), H is an elementary abelian p-group and by Pro-
position 2.1 it is isomorphic to a group of automorphisms of G. Hence,

by (5.¢), H is countable and therefore—cf. ([5], p. 208; Lemma 54.2)
—the elementary abelian p-group

F,(G'EZF?» N F,) is finite .

This implies the finiteness of F,/F'?, since otherwise (GEZF? N F,)/F}?
would be infinite, but, by Dedekind’s Modular Law, this is equal to

FXG'EZN F,)|Fr = (G'EZn F)(GEZN Fy) ,

which is an artinian elementary abelian p-group and hence finite, cf.
([5], p. 65; Th. 19.2). Thus

(k) F,/F? is finite for every p with (3G), # 1.

Let S be the set of all elements x in F, with 2* in (3G),. Then
S/(3G), is the socle of F,/(3G), and

F.[(3G), = F/(F, N 3G) = F3G/3G

is artinian as a subgroup of the—by (5.b)—artinian group F/3G. Hence
its socle

S/(3G), is finite ,
cf. ([5], p. 65; Th. 19.2). By definition of S we have
S? = (3G), N F7 .
Now
(3G),/S” = (3G),/1(G), N F7l = F7(3G),/F7

is finite, because, in case (3G), # 1, it is a subgroup of F,/F?, which
is finite, by (k). Therefore, if (3G),/(3G)% were infinite, S?/(3G)? would
be infinite. But the mapping o, defined by the rule

o: 33, — (Mrxr for xe S

is an epimorphism of the finite group S/(3G), upon S?/(3G)5, implying
the finiteness of S?/(3G):. Hence

(1) ¢G),/(3G): is finite for all p.

Since (3G), is an abelian torsion group,

3G), = AQ B,
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where A is radicable and B is reduced. A is artinian, by (j). B/B® is
finite, by (1), and since B is reduced, B is finite, by Lemma 1.1. Hence

(m) (3G), is artinian for every p.

By (i), there exists only a finite number of primes which are orders
of elements in G. Hence 3G is the product of finitely many primary
components, each of which is artinian, by (m). This implies

(n) 3G is artinian.

Combination of (5.b), (e), and (n) shows that G is artinian and
almost abelian.

Thus (1) is a consequence of (5) which completes the proof of the
Main Theorem.

REMARK. (A) It is impossible to weaken condition (3.a) by re-
quiring only that abelian subnormal subgroups are artinian and that
G be a torsion group, since both this weaker condition and (3.b) are
satisfied by every direct product of any number of nonabelian, finite,
simple groups.

(B) The infinite cyclic group is an example of a torsionfree abelian
group whose group of automorphisms is finite. This shows that con-
ditions (4.a) and (5.a) are indispensable for the validity of the Main
Theorem.

(C) A direct product of infinitely many cyclic groups of order a
prime satisfies (5.a) and (5.b) showing the indispensability of condi-
tion (5.c).

6. Corollaries of the Main Theorem. The first two corollaries
of the equivalence of (1), (4), and (5) of the Main Theorem, one
characterizing the artinian groups with finite central quotient group,
the other characterizing the finite groups by means of their automor-
phism groups, which will be useful in § 7, may be found in [2]. We
will give a proof of Corollary 6.1, since it is a simple application of
the Main Theorem. It is a consequence of the equivalence of (1) and
(3) of the Main Theorem that the product of all almost abelian normal
subgroups of a group G is almost abelian and artinian, provided its
abelian subgroups are artinian (Corollary 6.4).

COROLLARY 6.1. The following properties of the group G are
equivalent:

(1) G is artintan with finite G/3G.

(2) G is a torsion group and every torston group of automor-
phisms of G s finite.
Cf. ([2], p. 521, theorem and proof of the equivalence of (i) and (ii)).

Proof. (1) —(2). Every artinian group is a torsion group. Since
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3G is an artinian characteristic subgroup of G we may, because of
Lemma 1.3, apply Lemma 2.2. Thus: If I" is a torsion group of auto-
morphisms of G and if 4 is the subgroup of I which fixes every ele-
ment in 3G and in G/3G, then 4 is abelian and has finite index in .
The group 4 is a torsion subgroup of the group 3 of all those auto-
morphisms of G which induce the identity in both 3G and G/3G. Ap-
plication of Proposition 2.1 yields

Y = Hom (G/3G, 3G) = Hom (G/G'3G, 3G) .

Since G is artinian, application of Lemma 1.3 shows that the torsion
subgroup of Hom (G/G'3G, 3G) is finite. Hence 4 is finite and I", as
an extension of the finite group I°/4 by the finite group 4, is finite,
too.

(2)— (). If G is a torsion group and if every torsion group of
automorphisms of G is finite, then the group of inner automorphisms
of G is finite, This is equivalent to the finiteness of G/3G. Applica-
tion of the Main Theorem (equivalence of (1) and (4)) shows that G
is artinian.

COROLLARY 6.2. The following properties of the group G are
equivalent:

(1) G is finite.

(2) G is a torsion group and the group of automorphisms of
G is finite.

For a proof see ([2], p. 529, Corollary).

COROLLARY 6.3. The following properties of the abelian group
A are equivalent:

(1) A is finite.

(2) A is a torsion group and the group of automorphisms of
A 1is countable.

Proof. Evidently, (2) is a consequence of (1). Assume conversely
that (2) holds. As an abelian torsion group, A is the direct product

A=BQ®C

of a reduced group B and a radicable group C, see ([5], p. 63), where
C is a product of groups of type Z(p~). The automorphism group of
a group of type Z(p>) is isomorphic to the group of p-adic integers,
prime to p, cf. ([5], p. 211; Exercise 5), which is uncountable. There-
fore C=1. Application of the Main Theorem, equivalence of (1) and
(5), shows that A is artinian. This implies the finiteness of B, cf.
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(5], p. 65; Th. 19.2). Hence A =B is finite.

DEFINITION. aaG = product of all almost abelian, normal subgroups
of G. This is a well determined characteristic subgroup of G.

COROLLARY 6.4. If every abelian subgroup of G is artinian, then

(a) aaG is artinian and almost abelian;

(b) aaG contains every almost hyperabelian subnormal subgroup
of G;

(c) Ewvery abelian subgroup of G/aaG is artinian;

(d) 1 is the only almost abelian subnormal subgroup of GlaaG;

(e) aa(Gjaa@) = 1.

Proof. Every epimorphic image of aaG is a product of almost
abelian normal subgroups, as aaG is. Consequently, every epimorphic
image H, not 1, of aaG possesses an almost abelian normal subgroup,
not 1, Therefore conditions (3.a,b) of the Main Theorem are satisfied
by aaG so that aaG is artinian and almost abelian, proving (a).

Assume that S is an almost hyperabelian, subnormal subgroup of
G. Then there exists a hyperabelian subgroup 7T of S with finite
S/T. By hypothesis, every abelian subgroup of 7' is artinian. Thus
it follows from ([4], p. 345, Satz 6.1) that T is artinian, soluble and
almost abelian. Consequently T possesses an abelian subgroup A of
finite index in T and A has finite index also in S as S/T is finite.
Hence S is almost abelian. Thus

(f) Every almost hyperabelian, subnormal subgroup of G is
almost abelian.

Since S is subnormal in G there exists a finite chain of subgroups
S; of G such that

S=3S,8; is normal in S;,,,S,=G.

Clearly S = aaS, and aaS; is a characteristic subgroup of the normal
subgroup S; of S;.,. Since, by (a), aaS; is artinian and almost abelian,
we have aaS; & aaS;;,, so that

S=aS, S .- & afS, = aG,

proving (b).

If X/aaG is an almost abelian subgroup of G/aaG, then the sub-
group X of G satisfies, by hypothesis and (a), conditions (3.a,b) of
the Main Theorem so that X is almost abelian and artinian. Hence
X/aaG is artinian, which proves (c¢). If X/aaG is furthermore subnor-
mal in G/aaG, then X is an almost abelian subnormal subgroup of G.
Hence X < aaG, by (b), which proves (d). It also proves (e), because
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of (c) and (a), if X is the well determined characteristic subgroup of
G with X/aaG = aa(G/aaG).

7. Classes of groups. We are going to give a characterization
of the class w(a) of all artinian and almost abelian groups and of the
class w(f) of all finite groups by formal group theoretical properties.

A group which belongs to the class w is called an w-group.

THEOREM 7.1. The class @ of groups is the class w(a) of all ar-
tinian and almost abelian groups if, and only if, @ satisfies the
following properties:

1. 1 is an w-group,

II. Subgroups of w-groups are w-groups,

III. Epimorphic images of w-groups are w-groups,

IV.a An extension of an w-group by an w-group is an w-group,

V.a If G is an w-group, then G is a torsion group and every
torsion group of automorphisms of G is an wW-group,

VI.a A torsion group ts an w-group tf all its torsion groups of
automorphisms are w-groups,

VII. Every w-group is countable,

VIII. Ewvery infinite w-group possesses an abelian subnormal sub-
group, not 1,

THEOREM 7.2. The class w of groups is the class w(f) of all
finite groups tf, and only if, w satisfies the following conditions:

I. 1 7s an w-group,

11. Subgroups of w-groups are w-groups,

III. Epimorphic images of w-groups are w-groups,

IV.f Direct products of finitely many w-groups are w-groups,

V.t  Ewvery group of automorphisms of an w-group 1is an -
group,

VI.f A torsion group is an w-group, if its automorphism group
8 an W-group,

VII. Every w-group is countable,

VIII. Ewvery infinite w-group possesses an abelian subnormal sub-
group, not 1.

Proof of the mecessity of conditions 1 to VIII. The class w(a) of
all artinian and almost abelian groups clearly satisfies I, II, III, VII
and VIII. That w(a) is extension inherited may be found in ([3], p.
14, Folgerung 2.6) and the validity of conditions V.a and VI.a is con-
tained in the Main Theorem, equivalence of (1) and (4).

It is evident that the class w(f) of all finite groups satisfies I,
II, III, IV.f, V.f, VII and VIII and the validity of VI.f is contained
in Corollary 6.2.
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Proof of the sufficiency of conditions 1 to VIII.

(1) Every w-group is a torsion group (provided II, IV.f, V.f,
VII).

Proof. Assume, that G is an w-group, which is not a torsion
group. Then G contains an infinite cyclic subgroup Z, which is an
w-group, by II. It follows, from IV.f, that FF = Z® Z is an w-group.
If F = {a}® {b}, then automorphisms ¢’ and ¢” of F are defined by

o =abt, b =b

a’’ =a, b = a’h .

It is a consequence of V.f that Y = {0’, 6"} is an w-group, so that,
by II, its commutator subgroup X' is an w-group, too. By its defini-
tion, 2 is a free group of rank 2 and it is well known that X’ is a
free group of infinite rank. If 4 is a free set of generators of X’
and if 4 is a subset of 4 which is neither vacuous nor 4, then there
exists one and only one automorphism of order 2 of X', which leaves
every element in 4 fixed and maps every element 4 — 4 upon its in-
verse. The group of automorphisms generated by these involutions
is an w-group by V.f and it is uncountably infinite by construction.
This contradicts VIII and proves (1).
(2) Every finite group is an w-group (I, IV, V, VI).

Proof. 1 is an w-group, by I. Since 1 is the only group of
automorphisms of the cyclic group Z(2) of order 2 it follows from
either of the conditions VI, that Z(2) is an w-group. By either of the
conditions IV, every finite, elementary abelian 2-group is an w-group.
Every finite group is isomorphic to a group of automorphisms of a
suitably selected finite elementary abelian 2-group. Because of V
therefore every finite group is an w-group.

(3.2) Every abelian w-group is artinian (1I, V.a, VII).

(3.f) Every abelian w-group is finite (II, IV.f, V.f, VII).

Proof. (3.a) If A is an abelian w-group, then it is, by V.a, a
torsion group whose torsion groups of automorphisms are w-groups, and
hence, by VII, countable. Application of the Main Theorem, equiva-
lence of (1) and (5), shows that A is artinian.

8.f) If A is an abelian w-group, then it is, by (1), a torsion
group whose automorphism group is an w-group, by V.f, and hence
countable, by VII. Application of Corollary 6.3 shows that A is finite.

(4.2) Every artinian, almost abelian group is an w-group (I,
IV.a, V.a, Vl.a).

Proof. By (2) every finite group is an w-group. If A is artinian
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and abelian, then every torsion group of automorphisms of A is finite
(Lemma 1.3) and hence an w-group. VI.a shows that A is an w-group.
Every artinian and almost abelian group is an extension of an artinian
and abelian group by a finite group. Thus, by (2), it is an extension
of an w-group by an w-group and therefore, by IV.a, an w-group.

(5.2) If w satisfies the conditions II, III, V.a, VII, VIII, then
every w-group is artinian and almost abelian.

Proof. If G is an w-group, then every abelian subgroup A of G
is an w-group by II, and A is artinian, by (3.a). Therefore—if we
denote by aaG the product of all almost abelian, normal subgroups of
G—it follows from Corollary 6.4 that

(i) aaG is artinian and almost abelian, and

(ii) 1 is the only almost abelian, subnormal subgroup of G/aaG.

If G were not artinian and almost abelian, then, by (i), G # aaG
and, by (ii), G/aaG is infinite. Because of III, G/aaG is an w-group
and VIII shows the existence of an abelian subnormal subgroup, not
1, contradicting (ii). This contradiction shows that G is artinian and
almost abelian.

(5.f) If o satisfies the conditions II, III, IV.f, V.f, VII, VIII,
then every w-group is finite,

Proof. Let G be an w-group and denote by IfG the product of
all locally finite, normal subgroups of G. According to ([7], p. 135;
Satz 28 and p. 141; Satz 40*) we have

(i) UG is locally finite, and

(ii) 1 is the only locally finite subnormal subgroup of G/fG.
Because of III, G/fG is an w-group and it follows from (1) that G
and G/fG are torsion groups.

Application of VIII and (ii) shows G/liG = 1, so that G = ljG is
locally finite by (i). Every abelian subgroup of G is an w-group by
II, hence, by (3.a) every abelian subgroup of G is finite. Application
of the theorem of Kargapolov-P. Hall-Kulatilaka (see [6], p. 453;
15.4.3) yields the finiteness of G.

Combine (4.2) and (5.2) to get the sufficiency of the conditions in
Theorem 7.1; and combination of (3.f) and (5.f) shows the sufficiency
of the conditions of Theorem 7.2.

This completes the proof of the two theorems.

I am deeply indebted to Professor Reinhold Baer for his help and
advice when writing this paper.
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ADDITIONAL RESULTS ON MODULES
OVER POLYDISC ALGEBRAS

E. L. Stout

This paper deals with a class .57y of domains in Stein
manifolds and with certain algebras of holomorphic functions
naturally associated with them.

The class 27 consists of those relatively compact domains
4 in N-dimensional Stein manifolds such that for some neigh-
borhood 22 of 4 and some neighborhood W of U¥, the closure
of U¥ ={(zy, --+,2n) € C¥: |2, |, -+, |25 ]| <1}, the unit polydisc
in C?, there exists a proper holomorphic map @: 2 — W which
is nonsingular at every point of &-'(T%), T¥ the distinguished
boundary of U?%, and which has, in addition, the property that
4= 0-'(U”). The collection of all such maps ¢ is denoted by
2, UM), and if 4,4'e ZZy, _#{4,4) denotes the set
of all maps ¥: 4— 4 such that if 9@c_xz (4, U¥), then
OoWe_mUd,UY). For de 5% y let (M) ={feEU): fis
holomorphic in 4}, and let H=(4) = {f: f is holomorphic and
bounded in 4}. If 0 _#(4,4'), then 7 (4) is a module over
its subalgebra 0* 7 (4') = {fo@: fe . (4')}, and this paper
treats the structure of .7 (4) as a 0* 7 (4')-module, The
first section of the paper presents an example to show that
7 (4) need not be free over 0* %7 (4'), and the second section
shows that it is a finitely generated, projective 0* Q7 (4')-
module, The final section establishes certain conditions suffi-
cient for the freeness of .97 (4). Parallel results obtain for
H>(4) as a O H>(4')-module,

These results supplement results obtained in [7]. In that paper
some of these questions were treated for the special case that 4= U".
For example, it was shown there that if @e_#(4, U¥), then &7 (4)
is a free module over @* o7 (U"). We refer to this paper for some of
the elementary properties of the elements of .97; and of _Z (<, 4).

Given 4',4de 2¢;, and ¥ e _#(4; 4), the triple (4;¥ |4, 4) is an
analytic cover in the sense of [5] and consequently has a well defined
multiplicity »: M is that integer such that for all points 3¢ 4’ off a
variety, the set ¥~'(3) consists of A points.

If M is a complex manifold, & a sheaf on M, and 3 a point of
M, then .&4 denotes the stalk of . at 3 and 7, denotes the sheaf
of germs of functions holomorphic on M. We will usually write &
instead of («7y);. If K is a subset of M, <~(K) denotes the sections
of &, over K.

1. An example. If 4,4 ¢ 9 and ¥ e (4, 4), then [1] .7 (4')

427
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is a free module over ¥*.o7(4) whose rank is the multiplicity of ¥.
In higher dimensions the analogous result is not true as the following
example shows.

We will show that for N =4,5,6, ---, there exist 4, 4 ¢ %%
and ¥e_# (4, 4) such that .97 (4) admits no set of generators over
U* o7 (4) consisting of \ elements, A the multiplicity of Z. In our
example ¥ will be two-to-one and a local homeomorphism at each
point of 4. Denote by P,(C) and P,(R) respectively N-dimensional
complex and real projective space. In P,(C), N = 4, consider the
manifold V consisting of those points with homogeneous coordinates
(zo, *++,2y) such that 22+ --. +2% 0. In the case N = 2, this
manifold was considered in another connection by Forster [3]. The
manifold V is connected since it is the complement in P,(C) of a
variety, and, as Forster remarked, it is a Stein manifold. The space
Py(R) is contained in a natural way in V: Py(R) is the set of all
points which admit real homogeneous coordinates, and, moreover, Py(R)
is a deformation retract of V. This was the fact which made V
useful for Forster, and it is the essential point in the present example.
A deformation of V onto Py(R) can be given explicitly as follows [3].
If 3¢V, let (2, +--, zy) be homogeneous coordinates for 3 such that
2+ -+ +24>0. Given £€]0,1], define H,(3) to be the point with
homogeneous coordinates (x, + ity,, - - -, Xy + ttyy) if 2; = ; + t2y;. Thus,
V and Py(R) are of the same homotopy type and in particular they
have the same fundamental group, Z!. Consequently, if V denotes
the universal covering manifold of V and 7: V— V the natural
projection, then 7z is a local homeomorphism and each fiber 7~'(p)
consists of exactly two points. The manifold V admits a complex
structure with respect to which 7 is a holomorphic map, and when V
is endowed with this complex structure, it becomes a Stein manifold.
(For the fact that V is Stein, see [8]).

We set S = 7' (Py(R)), and we shall show that S is, topologically,
the N-sphere. Since 7 is a local homeomorphism, S is evidently an
N-dimensional manifold. A priori it is not clear that S is connected;
let S, be a component of S. Then 7 carries S, onto Py(R), and with
the projection %, S, is a covering space of Py(R). Let p,e Py(R) and
let s, €77 (p) N S,. Let it (Py(R), p)— (V, »,) and j: (S,, s,) — (Vs So)
be inclusion maps. We then have induced homomorphisms of the
fundamental groups

i*: 7, (Px(R), Do) "’~7T1( V, 0,
Jxt T(So, 80) — TV, 50),
/B V, 80) — TV, Do),

M1 S)s: TSo, 80) — TUPN(R), Do) -

L The integers mod 2.
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There is the commutativity relation 7, j, = 2, |S,),. Since V is the
universal covering space of V, 7, = 0, and since P,(R) is a deformation
retract of V, 4, is an isomorphism. Consequently (y]|S,), = 0. From
the uniqueness of covering spaces corresponding to a given subgroup
of the fundamental group (see, e.g. [6, Th. 6.6.16]) it follows that
S, is homeomorphic to the universal covering space of Py(R), i.e., to
the N-sphere and that 7|S, is two-to-one. Since 7 is two-to-one on
V, we have that S = S, and consequently that S is an N-sphere.

Next we show the existence of a 4 € _9%; which contains P,(R) and
which is contained in V. For this purpose, define a map @: V—C¥
by setting

_ 21 2%
@(5)_ 2 P IR 2
2+ e + Ry zo+"'+zN

if 3¢ V has homogeneous coordinates (z, :+-,2y). The @ so defined
is proper. If not, there is a sequence {{*};_, in C¥ which converges
to £®eC¥ such that for some choice of points 3, @'({™), 3, —
3 € Py(C)\V. Let 3 have homogeneous coordinates (2", ---, 2¥"). Then
X(z{")? = 0. We can choose homogeneous coordinates (z{*', ---, z¥') for
3. so that for fixed j, 0 <7 < N, 2P — 20, Let {© = (L, -+, LY.
Sinece @(3,) — £, we have, for 1 < j5 < N,

£ = lim (2 (@) + -+ @)
k—oo

and since 3,— 3, and 3, ¢ V, this implies that z{” — 0. From z{ — z{,
we conclude that 2" =0 for 1 <j < N. The fact that J(=")* =0
implies that z” = 0, so (", ---,2¥) = (0, ---, 0) which is impossible.
Thus @ is proper. A short calculation shows that with the exception
of the points in the variety

E={C, -, lpelC” { +-Ly=0},

every point of CV has exactly 27 preimages under @ so the multiplicity
of @ is 2¥. This remark also indicates that @ is regular at each point
of the sets 0*({({, -+, Cw): 1L | = -+ =|Cy]| = R}). If 3eV has real
homogeneous coordinates, the definition of @(3) shows that &(;) lies in
U", so if ¢ > 0, then the set

4. =0 H(z, +--,2y)€C”: |z;]<l+eforj=1,... N}

is an element of .9 with the desired property.

Let Py(R)Yc4CV, de %%, and let 4" = 7~ (4). The mapping 7:
V — V is a covering map and so is certainly an element of _# (<, 4).
Assume that .7 (4') is generated as a module over 1*.o7(4) by two
elements, F, and F,, so that if fe .o (4') then for some g, g,€ .57 (4)
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we have that f(3) = Fi(3)9.(0(3)) + F3)9:(0(3)). In particular, the func-
tions F, and F, must separate points on each of the fibers 77'(3),
3€ Py(R). Let S” be the standard N-sphere in R¥*' and denote by
&: 87— Py(R) the usual covering map which identifies antipodal points.
If z: S¥-— S is a homeomorphism such that & = no7, then the mapping
S¥ — C? given by 3-— (F(7(3)), Fi(z(3))) is continuous and separates
antipodal points. Since C? is, topologically, R*, and since we have
assumed N =4, we have obtained a contradiction to the Borsuk-Ulam
Theorem [6, Corollary 4.3.7]. Consequently, .97 (4’) is not generated by
two elements over 7*.97(d4). This argument shows, in fact, that any
set of generators for .7 (4’) must contain more than N/2 generators.

2., (L) as a module over ¥*.o7(4). Complementing the
previous example, we have the following result.

THEOREM 2.1. If 4',4e 2%y and Te # (L, 4), then &7 (4) and
H=(4") are finitely generated projective modules over ¥T* o7 (4) and
U*H=(4) respectively.

Proof. It is easy to see that .o/ (4') is finitely generated over
U* o7 (4) and that a similar result obtains concerning H<=(4'). Let
e #(d4,UY). Then 0¥ e_xz (4, U"), and consequently .o (4') is
finitely generated over (9-¥)*.o7(U”): We know by [7, Th. I. 4]
that for some B, ---, B, € &7 (4'), each fe .o/ (4) is of the form

= ZijjOQ"qf

for some choice of f; in &7 (UY). Since fo@ is in ¥ (4), this shows
that .7 (4') is finitely generated over ¥* o7 (4). The case of H=(J4)
can be treated in the same way. Somewhat more is required to show
that these modules are projective.

Since ¥ e _# (L, ), there is a neighborhood ' of 4" which is
mapped properly onto a neighborhood Q2 of 4 by ¥. We know [7,
Lemma 1. 2] that the direct image sheaf ¥ x 27, is locally free of rank
N, A the multiplicity of ¥ on 2. Let W be a relatively compact open
set which is a Stein manifold and which satisfies 2> W> W> 4. By
Cartan’s Theorem A and compactness, there exist

F, ..., F’qe]“(.Q, Uxe7,)

such that if 3¢ W, then the germs (F'j)8 generate (¥'x7,)]. Thus,
if H is the sheaf homomorphism ~7*— ¥, &7, given by H(f, :--,f,) =
Z,f,—(F’,—)a for all f;e 7 then

2 By a result of Forster and Ramspott [4, Satz 2], we can take ¢ = 2 + [N/2].
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(1) o Ly, o —s0

is exact over W,

We now need a lemma which is surely well known but for which
we are unable to provide a reference. (Remarks of the referee have
enabled us to abbreviate our discussion of this lemma).

LemmA 2.2. If y;i)y;—m is an exact sequence of locally
free sheaves over a complex manifold M, then ker H is locally free.

Proof. The sheaves .57 and .54 are locally free and the question
is local, so we can suppose &4 = 7, &% = ° Since ker H is
coherent, it suffices to prove that for each 3¢ M, the stalk (ker H);,
is a free ~-module. (See Lemma 1.2 of [7]). We have the exact
sequence

0—— ker H P o1 > 0

so we can invoke [2, I.2.5, Proposition 5 and II. 5.2, Corollary 2] to
conclude that (ker H)6 is a projective ¢7-module. Since projective
modules over local rings are free, we can conclude that (ker H), is free
as desired.

To continue with the proof of the theorem, we apply the lemma
to the sequence

(2) 0———>kerH-—>¢’q—I—{—>W*ﬁ9,———>O

over W obtained from (1), and we find that this is an exact sequence
of locally free sheaves. Consequently [4, Th. VIII C 7], the sequence
(2) splits, and in particular there is a sheaf isomorphism L of ¥ 7,
into <7 such that HoL is the identity on ¥, %, and Lo H is a
projection of ¢ onto the range of L. Apply this to the spaces of
sections over 4 and pull the resulting statement back to 4’ by way of
the map ¥. We find that there are exact sequences of ¥*7(4)-module
homomorphisms

0 — (I s @+ (D))
and
_ ) _
Y od) — o(d)— 0.

Here H'(f,o¥, -+ ,f,o¥) = 3, F,f; ¥ where F;e (4 corresponds to
the section F; of ¥,.7,, L'o H projects ¥*c7(d) onto the range of
L’, and H’-L’ is the identity on ~”(4’). This establishes & (') as a
finitely generated, projective ¥*”(4)-module.

To treat .7 (4') and H>=(4'), note that since L is a sheaf isomor-
phism, L’ extents to an isomorphism L” of <7(4) into (¥'*7(4))* and
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that H’ extends to a homomorphism H” of (¥'* £7(4))* to &~ (4).
The form of H shows that H"” carries (F*.97(4))? into .7 (4) and
T*H=(4))" into H=(4'). In fact H' carries (¥*.o7(4))* and (T*H=(4))*
onto 7 (4') and H>(d') respectively. As we noted at the beginning
of the proof, if fe.o7(4), then f= > B;f;¥ for some f;e.o7(4)
and some B, e «(4'). We have B; = H'(B,) for some B;c @*(4)) .
On (T* 7 (4)), H” acts as a ¥*. o7 (4)-module homomorphism, so we
have f= H"(S, B;f;>¥). The case that f lies in H=(4’) may be
treated in a similar way.

Also, L carries .97 (4') into (T* 7 (4))* and H>(4') into (T*H>=(4))%.
If fe 7 (4'), we write f =3, B,f;o¥ as above. Then L"f= 3 f;oL"B,;.
We have L"B;c (¥T*z ) c (T* 7 (4)*. Thus L"f is in (F*.o7(4))*
as asserted. The H* case follows in the same way.

The operator L”oH" acts on (F*.(4))* as a projection with
range the range of L” on .&7(4'). To see this, note first that the
range of L"-H"” is L"(s7(4'), for H” carries (¥*.o7(4))? onto
(). If fe.or(4), then since H” o L is the identity, we find that
L"oH"(L"f) = L"f, s0 L" - H"” is a projection. Since L” takes .7 (4)
isomorphically into (¥*.&7(4))?, we have proved that .7 (4') is a pro-
jective ¥* o7 (4)-module. In the same way, it follows that H=(4') is a
projective ¥*H>(4)-module, and the proof of the theorem is concluded.

3. Criteria for the freeness of % (d4') over ¥*.o7(4). There
are certain cases in which .97 (4’) is necessarily free over ¥*.o7(4).
To introduce some of these we need to consider products. Suppose
4,€ Oy, 4d.€ fy,, and let @, _7Z(4;, UY). If 2; is a neighborhood
of 4; which is mapped properly into the neighborhood W; of U"s,
7=1,2, then the map ¥: 0, x 2,— W, x W, given by

w(ﬁl, 32) = (@1(51)1 @2(52)) e W, x W,

is proper, and 4, X 4, = T-Y(U*+¥%), Moreover, ¥ is a local homeo-
morphism at each point of ¥—(T7'+¥), Thus 4, X 4,€ 5% w1y and
Ve #(4, X 4, U+, Similarly, if we are given 4; and 4, in 5%y,
and %%, respectively and if @;e _#(4}, 4;), 7 = 1,2, then the map
@, x @, from 4] X 4, to 4, x 4, defined by D, X 0,3, 3.) = (9.(3.), P=(32)
is an element of _#Z(4; X 4, 4, x 4,). If @; has multiplicity )\;, then
@, X @, has multiplicity \,\,.

THEOREM 3.1. If forj =1,2, 4;, 45€ Oy, 1f ©;€ # (45, 4;) is of
multiplicity N;, and iof o7 (4}) is free of rank \; over U* o7 (4;), then
(4] X A7) is free of rank A\, over (@, X @,) * 7 (4, X 4y).

Before giving the proof of this theorem, let us mention that by
Theorem 2.3 of [7], if @ e _#Z(U”, U”), then in an obvious extension
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of the above notation, ® = ¢, X -++ X @, where each ¢; e _#(U, U)
is a finite Blaschke product.

Proof. Let {F", ..., F''} be a free basis for .27 (4}) over 0F.57(4,)
and let {F\®, ---, F{Y} be one for .o/ (4;) over ®F.o7(4,). We assert
that the set {FPF®: 1=<j=<\,1ZEk=<N\} is a free basis for
(4, X 43) over (@, X @)* 7 (4, X 4,).

Define E\(3) for 3e 4, to be the set @74(®.(3)), and define E,(3) for
3€ 4, in an analogous way. In general E\(3) will consist of A\, points.
Since {F'{"} is a free basis for .7 (4)) over @f. o7 (4,), each fe 7 ()
has a unique expression in the form

f6) = FiVG) f(@.(3) + -+ + FIJG) [2(9.(3))

with f, «--, fi,€ .27 (4,). The functions f;- @, can be computed explic-
itly by Cramer’s rule: f;(@,(3)) = D;(3)D~'(3) where, for 3¢ 4’ such that
E,(3) consists of \, distinct points, say E.(3) = {3,, -, 31}, we have

D(3) = det (F}'(3u)hssnsi, »

and D,(3) is obtained from D(3) by replacing the j* column by the

column veetor (f(3.), - -+, f(32,))-
If we are given an element G e .7 (4, X 4}), then for fixed w e 4},

the preceding remarks may be applied to the element G(-, w) of &7 (4):

G, w) = 3, FYG) £4(@,0), )

where, for fixed w, f;(-, w) € .97 (4,). The expression for f; as a certain
quotient of determinants shows that f;(?.(3), w) is in fact an element
of &7 (4 x 4). Thus, for fixed 3, we can write

FA0.(3), w) = :z;F,@ng,k(s, O (w)) .

Again, we can compute the functions g;,, e~xplicitly: If Ey(w) =
{w,, +++, wy}, then g;.(3, @w)) = D3, @(w)) D(3, Oo(w))~ where, as
before,

D3, 0(w)) = det (F&(Wa)hzimss,

and D,(3, ®,(w)) is obtained by replacing the k™ column of D by the
column vector (f;(9,(3), w,), -+, f5(@.(3), w;,)). This representation for
9;,» shows that for fixed w, g;,.(3, @.(w)) is, as a function of 3, constant
on the set E.(3). Thus, we can write g;,.(3, @(w)) = h; . (D.(3), D.(w))
for some suitably chosen h;,e .97 (4, x 4,). We now have the repre-
sentation

G, w) = TFP@)F(w)h;,(D:(3), Do(w))
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for G. Thus, {FM'F®} is a set of generators for .97 (4] x 4;) over
(9, X @.,)* 7 (4, X 4,).

That FFPF® are free generators is now clear: If there were a
nontrivial relation

0 = SEPG)FE(w)h; o(0.(), OLw)) -

Then for some fixed choice of w we could regard this as a nontrivial
relation among the functions F{¥, ..., F{’. But since {F'{"} is a free
basis for .27 (4]), no such relation can exist, and the theorem is proved.

It is clear that a similar result obtains for products of more than
two elements of .27; and that an analogous theorem holds for bounded
functions.

We saw in [7] that if 4e 2%y and @ e _#Z (4, U"), then &7 (4) is
a free module over @*. o7 (U”"). The essential ingredient of this proof
is the fact that for some neighborhood 2 of 4 and some neighborhood
W of UY, the sheaf @.~, is a free sheaf over W. The relation
between the freeness of .97 (4) over @*.o7(U”) and the freeness of
the sheaf @,.7, is one which persists in more general settings.

THEOREM 3.2. If 4,4 € 5%, iof e _#Z (4, 4), and if (L) is
free of rank N, N the multiplicity of @, over @* .97 (4), then for some
neighborhood Q of 4 on which @ is defined, the sheaf @.c7, is free
over Ty

Before proving the theorem, a simple preliminary observation is
needed.

LemMmaA 38.3. If 4,4 e 5y, if @ #Z(L, 4), and 1f 7 (L) is free
over @*. &7 (4), then there exists a set of free generators for .57 (4')
which consists of functions holomorphic on a meighborhood of 4.

Proof. By hypothesis there exists an isomorphism
L: 0* o7 () — 7 (4);

it is of the form
L(flo@y "'yfqo@) = ZalFifjo@

for some fixed elements F, .--, F,e .97 (4"). The operator L is contin-
uous and so it has a continuous inverse L. If S: @* o7 (4)'— 7 (L)
is near L in the norm topology of <2(@*.97(4)?, 7 (4')),* then So L™

3 We use (X, Y) to denote the continuous linear operators from the Banach
space X to the Banach space Y.
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is near the identity of <~ (.7(4'), 7 (4')) and so is invertible. Thus,
if S is near L, S is also an isomorphism. Therefore if we choose
functions G,, ---, G, holomorphic on a neighborhood of 4’ so that G;
is uniformly near F; on 4’ and if we define

S: 0* s (4 — (L)

by S(fio@, -+, f,°o®) = 2G;f;>®, then S is a ¢*.o7(4)-module isomor-
phism, i.e., {G,, ---, G,} is a free basis for .o~ (4') over @*.5(4). That
the desired approximating functions exist is contained in [7, Corollary
1. 6].

Proof of Theorem 3.4. Let F,, -+, F; € <”(d") be a free basis for
57 (4" over @* o7 (4), and let 2 be a neighborhood of 4 such that
F,, ..., F, are all holomorphic in Q' = ¢—'(2). We have a homomorphism
G Oh— 0,7, defined by F (f,, ---, F) = I(F,),f; for all

(fy, =+, F)eET} 32 .

Here F; is the section of @,”, corresponding to F;, and (F)), is its
germ at 3. We shall show that & 1is a sheaf isomorphism at least
when we restrict attention to some, possibly smaller neighborhood of 4.

Consider a point 3€ 4. We shall show that the stalk map given
by .# 1is an isomorphism in the stalk over ;. Since @,~”, is locally
free of rank A, there is an isomorphism L: ¢}— (9,.27,);. Denote
by e, the element (0, --+,0,1,0, --+,0) (1 in the j* place) of ~%, and
let g;e(®.7,), be the image of e; under L. There is a neighborhood
W of 3 in which all the germs g; can be represented by sections of
@,.7,, call these sections ¢g;. Thus, g;e (@ '(W)). If VCc W is a
small neighborhood of 3, then on (¢~'(V))~, the functions g¢g; will admit
uniform approximation by functions G;e <°(d). We can choose the
approximating functions G, so that in the expression

G, = SFh o0 (e 7 (4))

the functions 4y’ lie in ~7(4). The G, give sections G, of @,¢”, which
lie in the range of #. Moreover, for any choice of G;, we obtain a
homomorphism L': &}—(9,.2,); by setting L'(e;) = (Gj)a If the
functions G, approximate the functions g, sufficiently well, the L’ so
obtained will be an isomorphism since L is. Fix a choice of the G,
so that L’ is an isomorphism.

Using L', we can see that # 1is onto (in the stalk over 3), for
the range of % contains {G,, ---, G;} and so it contains the module
generated by this set. Since L’ is onto, it follows that this module
is the whole of (9.2,);.

The fact that .# is one-to-one in the stalk over 3 follows from
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Cartan’s Theorem A. If & (f,:--,f) =0, (f,---,f;) e}, then &
the sheaf of relations among F,, ..., F, is nontrivial over 4. Thus
by Cartan’s Theorem A, there is a nontrivial section of .9 over 4,
i.e., there exist h,, -+, h; € £°(4) not all of which are the zero function,
such that Sh,;F; =0, i.e., SF;h;o® = 0. This is impossible since
{Fy, -+, F}} is a free basis for &7 (4") over @*.27(4).

Thus, for all 3¢ 4, # carries ¢} isomorphically onto (2*<7,);.
Consequently, the same assertion holds for all 3 in a neighborhood of
4, and the theorem is proved.

Note added in proof. My colleague S.J. Sidney has observed that
with a somewhat more careful use of the Borsuk-Ulam theorem, it is
possible to show that the example of Section I is valid in dimensions
two and three as well as in higher dimensions. Consider, in the
notation of that section, a 4e¢ 55, N= 2 with P (R)yc4c V, and
let 4/ = »'(4). Assume that F and G generate A(4’) as a module
over n*.97(4). If fis any element of .97 (4’), we can write f = f, + f,
S fo€ 7 (4') where f, is even in the sense that it is constant on the
fiber »7'(3), 3€ 4, and f, is odd in that if »'(3) = (3, 4’), then f(§) =
— fi(3"). To obtain such a decomposition, write £.,(3) = (f#) + fG")
where 77'(9(3)) = {3/, 3"}, and define f;, to be f— f,. It is clear that
f, is, in fact, even, and that f, is odd. It is easily verified that this
decomposition of f into a sum of even and odd parts is unique.

By hypothesis, if h e .97 (4'), we have h = fF + gG for some choice
of f,gen*.o7(4). The functions f and g are both even, and it follows
that if » = h, + h,, then

he:fF0+gGe
and
hy = fF, + 9G, .

By suitable choice of he .97 (4), we can arrange that the pair (%.(3),
ho(3)) be any point of C?, so it follows that the

F.G) G.G3)
Fy3) Go(3)

However, b is an odd function. Thus, continuing with the notation
of Section I, do& is a C-valued function on S¥ which is zero-free and
odd in that if p and ¢ are antipodal points in S?, then d-&(p) =
— bo&(q). Since C is topologically R* and since N = 2, the Borsuk-
Ulam theorem implies that such an odd function has a zero, and the
desired contradiction has been reached.

determinant d(3) = is zero for no choice of 3.
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A CHARACTERISTIC PROPERTY OF THE SPHERE

L. TAMASSY

It was proven by P, Funk that the only symmetrical star-
shaped body, all of whose intersections with planes through
its midpoint have surface area r, is the unit sphere, In this
paper the same conclusion is deduced from a materially weaker
hypothesis and an application of the result is given.

We consider the set IT of those planes through the midpoint of
a symmetrical body in the three-space, whose normals make an angle
<7 with a fixed plane I". 7 is an arbitrary positive constant.

THEOREM. The only symmetrical star-shaped body with smooth
boundary, which is intersected by elements of Il in figures of surface-
area T, is the unit sphere.

Star-shapeness means, that each closed ray from the midpoint out
meets the boundary of the body at most at one point.

The property expressed in the theorem obviously holds for the
unit sphere.

Let B be a symmetric starshaped body with smooth boundary and
center 0. Let % be a unit vector. We denote the plane through 0
and perpendicular to # by P(%), and the surface-area of the intersec-
tion of P(#) and of B by A(#): A(%) = Area (BN P(#)). Let 0 be the
origin of a cartesian coordinate system and I" the (y, z) plane.

We suppose A(n) = m for < (%, I')<7, and we start to prove the
uniqueness of B.

Let P be a point of the boundary B of B in the (x, %) plane e,
We denote the tangent plane to 0B in P by X,. Let a be a line in ¢
through 0 and ¢ a plane through a (see the figure). We draw the
normal n to & through P and we denote the intersection of # and o
by P; the intersection of 9B and PO by R; and the intersection of
%, and OR by Q. K denotes the foot of the normal from P to a. We
draw the perpendicular to n through P in the plane of 0 and n; let
V Dbe the point of intersection of this line and of @P. Finally we
denote

QP = ¢; P0 = »; PK = #; {{QPP = +; L PKP = 7; L POP = v

and the angles measured in the positive sense from an arbitrary
direction d to OP (resp. to a) by a(resp. 8). 7 and vy are regarded
positive if P lies in the positive halfspace of ¢, otherwise they are
negative. ¢ is positive if n separates @ and 0 (in the plane of =, 0),
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otherwise it is negative. 4 has the same sign as ¢, and r and # are
not negative. We note that @ and R are uniquely determined by
a, 8 and 7 for a given body B.

Let now o turn about a into ¢. Then 7 and v tend to zero and
R(y) moves in a curve in the plane of 0 and n having the tangent QP
at P. Thus we must have

(1) lim 9@ —0R _

v—0 Y
Since v — 0 follows from 7-— 0 and inversely, and since |7|=|v]|,
we get from (1)

lim 0@ — 0F

m p= =0.

Multiplying by 0Q + OR and emphasizing the dependence of Q and R
on &, 5,7, we get

(2) lim 0Q'(a, B, 7) — ORY(«, B, 7) =0.

N T

Let 0=a,<a, <+ <a,_, < a, =7 be a subdivision of the interval
(0, 7) of . We consider (2) for the different a1 = 1,2, ---,n), and
we put 4a; = L Q(a;_,, B, 7)0Q(e;, 8, 7). Now, multiplying by 4&;, sum-
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ming for ¢ form 1 to n, and then carrying out an appropriate limit
process, we obtain

(3) im S:Wda B S:(T(fdc‘r

T~

=0,

where the second integral of the numerator gives the surface-measure
of the intersection of B and ¢ and, thus, its value equals 7 according
to our condition, provided that |z| < 7. (In this case the normal of
o makes with I" a smaller angle than 7).

Furthermore

0Q = 0P+ PQ = r + ¢ + o(z)

where o denotes the small ordo, introduced by Landau.! According to
an elementary computation,

da = da + o(t)da

and

S”O-dea' = S:ﬁm + Zgﬂrqda + S”qzd& + S:('r2 + 2rq)o(7)da
0 0 0

(4)
+ SZ[zr + 2q + o(0)]o(c)da .

Substituting (4) into (3) and changing the order of the integration
and of the limit process in some terms we obtain

Szv"zda — g“@zd& .
lim ¢ 0 + 28 [

lim —ﬂ]da
70 T T

oL 0

(5) + g”[nm qi]da + S”limﬂiﬂ’ﬂ?ﬂ da

olLz—0 T 0 70 T

n grlim [2r + 29 + 0o(@)]o(®) 47 _ ¢ .

0 720 T

The first term vanishes since | r°da — Area (BNe)=m. The two last
terms vanish because of lim._, {oo(z-)/r} = 0.

We show that lim._, (¢*/r) = 0. From the triangle PQP, we have
q: rtgy = sin:8in (7/2 — 4 — v). Thus, q = rtgy sin+/cos (v + V),
and, because of [7| = |y



442 L. TAMASSY

<

T

tgy Htgv‘ sin? 4 -0
Y

= 7'2
cos’ (v + v)

<tQ_2
Y

if — 0 and, thus vy —0.

Now, we transform the only remaining term S”[lim,_,o (rq/7t)]da of
0

(5). An elementary computation shows that ¢ = v + o(z), where v =
VP. (The sign of v equals that of ¢.) So (5) gives

(6) S"[lim _"l’.]da —0.

oLrz—~0 T

Since @ is a function of «,B,7 and P a function of «, v is a
function of «,B,z. If @ L OP, then 8=a + (7/2) 0 < B < 7., and
then v = 7. We put v(a, @ &+ /2, T') = v}#(@). T being a fixed positive
value of 7 which satisfies the condition 7 < 7. The subscript “0”
denotes the perpendicularity of a and 0P, and the asterisk denotes
7 =T. Thus, v*: v = PP*: PP¥ = #tgT: rtg T and v* = v} (#/r).
Furthermore, v*:v = 7 tgT: 7 tgr. Hence v* = v(tg T/tg 7). Comparing
this to the previous expression of v* and taking in account the rela-
tion # = »|sin (¢ — B)|, we have

L 9T .
v = sin (@ — .
Vg thll( B)|

Substituting this into (6), and taking in account that » and v are
functions of the « alone, we get

S:r(a)vg‘(a)[lri_r?tif] _t_gl_T_ |sin (@ — B) [da = 0.

Performing the limit process and reducing by the constant 1/tg T, we
obtain

(7) S:r(a)vo’"(a) |sin (@ — B) |da = 0.

B must be shaped so that this equation is fulfilled for any 8 between
0 and .

We show that (7) can hold only for vi(a) = 0. Put r(a)vi(a) =
@(a). Then (7) has the form

(8) S"go(ansin(a—ﬂﬂda:o for all Be (0, 7).
0
Let us suppose for the moment that p(a) has a finite number of sign

changes between 0 and 7 and is not identically zero. Let these be
a, < a, <+ <a, Then
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(9)  {p@ % alsin (@ — @] + b sin (@ — £) lder = 0

for any a;, b;, B;, since (9) is a linear combination of (8) for some
special B8 which satisfy a; < B, <a; 0, (G =1,2,++-,r—1); B, = m.
We consider the functions

fil@) = —a,sin (@ — ;) — b, sin (@ — B,) — a,sin (¢ — @)
—b,sin(a¢ — By) — +++ — b, sin (@ — B,)

fia@) = +a,sin (@ — a,) — b, sin (¢ — B)) — a, sin (@ — a,)
— bysin(a¢ — B;) — -+ — b, sin(a — B,)

fol@) = +a,sin(a — @) + b, sin(@ — B) — a,sin (o — a,)
— bysin(@ — B;) — +-+ — b, sin(a — B,)

feo(@) = +a,sin (@ — a,) + b, sin (@ — B,) + a,sin (¢ — a,)
— bysin(@ — B;) — -+ — b, sin (@ — B,)

fi(a) = +a,sin (@ — a) + b, sin (@ — B) + a,sin (@ — a,)
+ b,sin(@ — By) + +++ + b, sin (¢ — B,) .
We denote by @(«) the sum under the integral sign in (9). Then

fila) = O(a) Bi.Sa=sa; By = 0)

fla)=0@) a=zasp, (1=1,2 7).
and
(10) fla) = file)
as well as
FiBs) = fi:(B)) (G=1,2-,7=1).

Each of the fi(a) and of the fi(@) has the form A sin « + B cos a.
Thus each of them has only one zero between 0 and 7 defined by
tga = B/A, and fi(a)esp. fi(a) changes sign at this point.

Making use of the 3n — 1 parameters a, b;, B; we can achieve

(1) Flay =0,

and

(12) sen i (o) = sgn Yt () .
do do

Then fi(a;) = 0 is a consequence of (10). Thus the a;(: =1,2, +--, 7)
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are all the zeros and sign changes of @(«) between 0 and 7. p(a) is
continuous, since both (&) and v¥(a) are so. Because of (12) and the
continuity of f(a), ®(a) and p(«) have the same sign over (0, 7), and
they do not vanish identically. This implies a contradiction to (9).
Therefore, () cannot have a finite number of sign changes. Hence,
the sign changes of @(a) have some accumulation points. Let us sup-
pose that these accumulation points are not everywhere dense. Since
@(a) is continuous, cutting out the accumulation points (each with a
suitable small neighborhood) changes the integral (8) by less than an
arbitrary small number. Performing the previous process on the re-
maining domain of « we arrive again at a contradiction. Hence, the
sing changes of @(a) must be everywhere dense. This is impossible
unless gp(a) vanishes identically :

(13) p(a) = r(@)vi(a) = 0.

If »(a) were zero for any «, then B would reduce to the point 0 by
the starshapeness and the symmetry of B, and we would have
Area (BNe) = 0 % n. Thus we get r(a) = 0, and from (13) v (a) = 0.
This means that ¢ is perpendicular to the tangent planes to 0B at
the points of 6B N e.

Until now we used A(7) for planes whose angle with ¢ is smaller
than 7. Then we have used A(%) only for those 7% for which (%, z) <7,
z being the coordinate axis perpendicular to e. The endpoints of these
vectors 7 fill a small circle C on the unit sphere around ‘“north pole”
(resp. around its south pole).

Now we want to show that ¥, L OP. Instead of ¢ we choose a
plane ¢ through 0P whose angle with ¢ is w(0 < w < T). Let us
perform the foregoing consideration for this ¢’ replacing 7 by a T’
such that 0 < T' < T — w. These considerations lead to ¥, 1¢'. But
from ¥, 1¢, ¢ it follows that ¥, is perpendicular to the intersection
of ¢ and ¢, ie., X,L0P. In this part of the proof we have used
A(%) again just for the % whose endpoints fill a circle C’ on the unit
sphere with a center inside C (because of w < T'), and with a radius
such that ¢’ < C (because of T' < T — w). Hence, we were able to
proove X, 0P; Pc B ¢, using A(n) merely for 7 belonging to C.

Let us consider a pencil of planes through the x axis. Let us
perform our whole proof for all the planes of the pencil. This leads
us to the result that 3,1 0P for each PeodB. But a continuous sur-
face with this property cannot be other than a sphere whose radius
must be 1 because of A(#,) = 7@, %, Le. During this last step of the
proof we used A(%) for all planes of the pencil in a small circular
neighborhood of the normal of the plane of the pencil on the unit sphere.
The union of these circles forms a small strip around the great circle
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in the (y, z) plane of the unit sphere, as stated in the theorem.

We show an immediate application of the theorem. In a Minkow-
skian geometry M, with indicatrix S, the surface area | F'| of a plane
figure F' is defined as the euclidean surface area A(F') of this figure
F, multiplied by an appropriate factor. This factor is = divided by
the euclidean surface-area of the intersection of the interior B of S
and of the plane ¢ through the midpoint 0 of S and parallel to F:

J— T 2
(14) | F'|= WX(F) .

The first factor on the right hand side of (14) is a function of
the plane position only: m/m(o). H. Busemann [2] investigated affine
measures where this factor is not deduced from a convex symmetric
body B but it is rather arbitrarily given. From the theorem of this
paper follows again an answer to the question treated by H. Busemann,
whether or not an arbitrary continuous m(c) can always be derived
from a symmetric star-shaped body B as surface area of its inter-
sections with planes through its midpoint.® Namely, taking a differen-
tiable function m(o) over the positions of planes in 3-space, (a) having
value @ on the planes, whose normals make an angle with the v,z
plane smaller than %, and (b) having values differing from 7 elsewhere,
we get a function which cannot be derived from any symmetrical
body in the above sense (i.e., so that m(c) = Area (B N ¢)). Namely
the body B ought to be a sphere because of (a), according to our
theorem; on the other hand it cannot be a sphere, since no sphere
satisfies (a) and (b) simultaneously. Thus this m(c) presents a sim-
ple and conecrete negative example. Negative examples for higher
dimensional spaces are any functions over the position of planes in #-
space that are differentiable extensions of the previous function.

I wish to thank Professor Heinrich Guggenheimer for valuable
conversations concerning this matter.
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SOME ASPECTS OF GOLDIE’S TORSION THEORY

Mark L. TEPLY

Goldie’s torsion class & is a class of left R-modules closed
under taking submodules, factor modules, extensions, arbitrary
direct sums, and injective envelopes, The corresponding Goldie
torsionfree class & is precisely the class of left R-modules
possessing zero singular submodule, It is shown that & is
closed under taking direct products if and onmly if nonzero
left ideals in &~ have nonzero socles, Another theorem gives
four conditions equivalent to the following: Any direct sum
of torsionfree injective modules is injective, One of these four
conditions is that the ring R is an essential extension of a
finite direct sum Z(R)YD L, PB L. P --+ P L., where each L;
is a uniform left ideal of B. It is natural to ask when R
actually equals this direct sum. A sufficient condition for this
to happen is given. Rings in which every torsionfree principal
left ideal is projective are studied. Particular attention is
paid to those rings whose Goldie torsion filters possess a cofinal
subset of finitely generated left ideals.

In this paper all rings R are associative with unit, and all modules
are unitary left R-modules.

Before proceeding, we review some results from [2]. The Goldie
torsion class is the smallest class of modules which is closed under
taking factor modules, extensions, and arbitrary direct sums, and
which contains all factor modules B/A, where A is an essential
submodule of B. Then the class & = {F ¢ ,.# |HomyG, F) = 0 for
all Ge ¢’} is a torsionfree class in the sense of |5]. Moreover, (27,
) is a torsion theory in the sense of [3], & N % = 0, and every
Me . has a (necessarily unique) maximal torsion submodule % (M)
such that M/&(M)e .. & is precisely the class of R-modules which
have zero singular submodule; moreover, & is closed under taking
submodules, direct products, extensions, and injective envelopes. In
particular, a left ideal I of R is in & if and only if I has zero
singular submodule when considered as a left R-module. In case R
is an integral domain, then & coincides with class of modules which
are torsion in the usual sense.

Associated with % there is a filter of left ideals F(%) =
{L|R/LeZ}. In [1] J.S. Alin shows Le F(<) if and only if there
exists L’ essential in R such that L & L’ and (L: ) is essential in R
for all xc L’. In particular, every essential left ideal of R is in F(Z).
Asin [14], F(¥) is said to have a cofinal subset of finitely generated
left ideals if, given L e F(<), there exists I < L such that I is finitely

447
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generated and ¢ F(¥).

When we say a module G is “torsion,” then we mean G € &; when
we say a module F' is torsionfree, we mean Fe &,

An R-module M will be called uniform if, for any pair L, N of
nonzero submodules of M, L NN % 0. A left ideal of R is called
uniform if it is uniform as a left R-module.

1. Products of Goldie torsion modules. In [9] J. P. Jans
investigated classes of modules which are closed under submodules,
homomorphic images, extensions, and direct products. Such classes
are called torsion-torsionfree classes (TTF classes). It is clear that
the Goldie torsion class will be a TTF class if and only if & is closed
under direct products. R. S. Pierce has pointed out ([9], Th. 2.1)
that & is closed under products if and only if I = N,cp) L€ F(Z).
In that case I is a two-sided idempotent ideal of B. In studying the
simple torsion class .~“of S. E. Dickson [5], J. S. Alin has shown [1]
that if .¢“ is closed under direct products, then & N .5~ is closed under
direct products. If nonzero modules have nonzero socles, then &7 =
=+, and hence Alin’s results shows & is closed under direct products.
This motivates the main result of this section (Th. 1.3).

Since the ideal I = N,.r.») L plays a key role in examining Goldie
torsion classes closed under direct products, we begin this section by
examining I,

ProposITION 1.1. Let I = Nicrisy L. Then Ie Z.

Proof. By Zorn’s lemma, there is a left ideal J maximal with
respect to J N Z(I) = 0. Then J + Z(I) is essential in B. Since &
is closed under extensions, then the exact sequence

o-J+ed B, R __,
J J T+ )

yields R/Je &, i.e., Je F(Z'). Thus by the definition of I, J 212
< (I), and hence < (I) = 0.

LemMMA 1.2. Let I = Nier L, and suppose & is closed under
direct products. Then:

(1) If J vs a left ideal of R and J S I, then I =JP K for
some left ideal K.

(2) If I+#0, then I =6 >,,.uS. where S, is simple and A
18 an index set.

Proof. Let J <= I be a left ideal of B. There exists a left ideal
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K of R maximal with respect to the properties KNJ =0 and K< I.
Then K@ J is essential in I and hence I/Kp Je <. By [9] Th. 2.1,
Ie F(<); so the exact sequence

0—-IlJOK—R/JPLK—R/I—0

yields R/J P Ke &, i.e.,, JP Ke F(Z). It follows from the defini-
tion of I that J@ K 2 I, and hence I = J P K.
(2) follows from (1) and [4], Theorem 15.3.

THEOREM 1.3. The following are equivalent:

(1) & s closed under direct products.

(2) Nonzero modules in # have nonzero socles.
(3) Nonzero left ideals in F have nonzero socles.

Proof. (1)=(2): Suppose Fe.&% and 0=2z2eF. By |[9]
Theorem 2.1 and (1), I€ F(%¥). Claim Iz == 0; for otherwise I€ F (%)
implies Rxe &, and Rx & F implies Ree . Thus Rxe@on & =0,
a contradiction. By Lemma 1.2, it then follows that S.,x = 0 for
some simple left ideal S,. Then S,z is a nonzero homomorphic image
of S,, and hence is a simple submodule of F. Thus F has nonzero
socle.

(2)=(3): Trivial.

(8)=(1): If Re %, then & = ;_ 7, and so the result is trivially
true. Suppose R ¢ &. Since & is closed under essential extensions,
there exists K = R such that Ke #. By (3) there exists S & K with
S simple.

Claim that Le F(¥) implies SS L. For if LNS =0, then
S=S+ L/LE R/Le<; and hence Se &, contradicting Se &#. But
then L N S % 0 implies S = L. Since L € F(¥’) was arbitrarily chosen,
then S S Nieriy L = I. Therefore KNI+ 0.

Let J be a left ideal of R maximal with respect to JNI=0.
By the previous paragraph J contains no left ideals in .&; hence &(J)
is essential in J. Therefore Je Z. So the exact sequence

I T+J

OHJ;IﬂRH E__,

yields R/Ic &, i.e., Ie F(¥). Hence < is closed under direct products
by [9], Theorem 2.1.

In [1] J. S. Alin points out that every simple module in & is
projective. Hence if R has no projective simples and < is closed
under directs products, Proposition 1.1 and Lemma 1.2 imply I = 0.
Thus we obtain:
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ProposiTION 1.4. Suppose R has mo projective simples. Then
< is closed under direct products if and only if Re &.

It is known [2] that the following are equivalent: (1) R= £ (R)+ S
(ring direct sum) where S is semisimple with minimum condition; (2)
& 1is closed under homomorphic images; and (3) the Goldie global
dimension of R (see [2]) is zero. Thus it is of interest to examine
these rings in relation to the condition: % is closed under direct
products.

ProrosiTiON 1.5, R = Z(R) + S (ring direct sum) where S 1is
semisimple with mintmum condition if and only tf the following
conditions are satisfied:

(1) < s closed under products.

(2) I=Niere L ts finitely generated as a left ideal.

(3) There are no nonzero nilpotent left ideals in .

Proof. (=): If R has no projective simple modules, then we
are done by Proposition 1.4. Let R = S, P M, with S, simple. If
I=Nicres, L, then S, = I follows from (1). Hence I = S, P (M, N I).
If M, n I contains a simple summand S, of R, then it follows that
R=S&S.® (M NM, where R = S, M,. Proceeding by induction
R=SBS.E ---PS.P(Nr.M). Now this induction process must
stop after a finite number of steps by (2), say

E=S,@: &S (N M)

where I N (N, M,) contains no simple summands of B. Set N, M; = G.
We claim that ING = 0. For otherwise (1) and Theorem 1.3 imply
there exists a simple module S < I'nG. 8*= 0 by (3) and Proposition
1.1. Let z,yeS such that ay == 0. Then y generates S, and
0:y) NS =0 since S is simple. But (0:y) is maximal, and hence
(0:4) @ S = R, contradicting I NG contains no simple summands of
R. Hence ING = 0 as claimed, and so I =S, &H --- P S,.

Now observe that G = £ (R) as follows: Clearly Z(R) cannot
properly contain G. On the other hand, G =1+ G/ IS R/Ie & by
(1), and hence Ge &. Therefore, G = Z(R).

Since R = G@ I and since G and I are two-sided ideals, then
R = G + I (ring direct sum.)

(=): If R=<(R)+ S, where S is semisimple with minimum
conditions, then [2], Theorem 3.1. and the remark following [2],
Corollary 8.4, show ¥ is closed under direct products.

2, Direct sums of torsionfree injectives. The main theorem
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of this section points out the relationship between cofinal subsets of
finitely generated left ideals in F(%) and properties of sums of tor-
sionfree injective modules. This relationship is also studied in [13].
An example in [13] shows that, for more general torsion theories [5]
than the Goldie theory, the analogue of Theorem 2.1 (1) = (5) is not
- always true. In [7], Theorem 5.6, a ring with £ (R) =0 and the
ascending chain condition is represented as an essential extension of
a finite direct sum. Condition (8) of Theorem 2.1 represents more
general rings in this way.

THEOREM 2.1. The following are equivalent:

(1) F(¥) has a cofinal subset of finitely generated left ideals.

(2) R contains no infinite direct sum of torsionfree left ideals.

(3) R is an essential extension of T(RYP L HL, P ---HL,,
where each L; is a uniform left ideal.

(4) R/Z(R) = K where K 1s an essential extension of a direct
sum of finitely many uniform torsionfree left ideals.

(5) Any direct sum of torsionjfree injective modules is injective.

REMARK. [13], Theorem 1.2, gives eight additional conditions
which are equivalent to (5) (above) for more general hereditary torsion
theories in the sense of [1], [9], and [13].

Proof. (1)=(2): Let @ Jscw L. be a direct sum of nonzero
torsionfree left ideals of R. Then there exists a left ideal L of R
suchthat LN lecw L) =0 and V = LD Claew L) is essential in R.
Then Ve F(Z), so (1) implies that there exists N S V with Ne F(&)
and N finitely generated. Now each generator N has a nonzero
representation in only finitely many coordinants of V=L P (P Jacw La).
Since N is finitely generated, it follows that there exists w & w such
that |u| < W, and NS L& >, L.. Suppose |u| < |w]|. Then

174 R
L, &
© 2, L@ L) = L@(@% L,)

ey

i

since N& LD (P >...L,) implies L P (D e, L) e F(Z). Hence
B Duewule& N =0, contradicting L, = 0. Hence |w| =
[u| < Y, establishing (2).

(2)=(5): Consider the diagram:

0—T—>R
() 5|
D> F.

aew
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where I is a left ideal of R and {F.,}... is a set of torsionfree injective
R-modules. Note that ¢(< (1)) 0. If Iis an essential extension of & (I),
then I = £(I) since & is closed under essential extensions; but then
the zero map from R to @ X... F, makes (¢) commute.

If I is not an essential extension of < (I), then by (2) there exists
a finite direct sum ¢ 3.2, Rx; contained in I maximal with respect
to (I)NE@ XL Bx)=0. Then U=Z{)D (P D, Rr;) has the
properties: I/Ue & and ¢(U) is contained in a direct sum of finitely
many F,s (e¢ew). So by the injectivity of the F's (aew), there
exists f1 R— @ 3j.cw F, such that f|U = ¢ |U. Since (f — ¢)(U) = 0,
there is an induced map ¢: I/U — @ Y., Fa via g(x + U) = (f — 4)(2).
Since I/Ue < and F,e.¥ M a«a, then g =0, and hence f|I= 4.
Hence f makes (¢) commute, and thus @ 3... F, is injective.

(5)=1(1): [13], Theorem 1.5.

(2)=(3): By (2) let &>, L, be a maximal direct sum of
torsionfree left ideals of R. From (2) it follows that each torsionfree
left ideal contains a uniform left ideal. So by breaking the L; apart
into direct subsums, we may assume each L; is uniform. By the
maximal property of @ >\~ L;, it follows that & (R) @ (@ X, L,) is
essential in R.

(3)=(4): If MZ& Z(R), we claim M N >72, L, 0. For sup-
pose ML £ (R) and MN 2, L) = 0. Then let

OF @ =g+ 7+ 7t - +me<g(R)EB<§Li))ﬂM

by (3). Then g # 0. If (0:g9)x 0, then MN>r L,+# 0, a con-
tradiction to our assumption. Hence (0:¢9)2 =0, and so xze Z(M).
Thus MN QL LD C(R)eZ. From 3), MN S, L; P Z (R)) is
essential in M, and hence Me & by £ closed under essential exten-
sions. Thus M S £ (R), which is a contradiction to our choice of M.

From the claim, it follows that R/Z(R) = K is an essential ex-
tension of (P D, L) P T (R)/Z(R) = P S, L, with L; uniform.

(4)=(1): Assume R¢ ~. Let K be an essential extension of
@D > Li, L; uniform left ideals; K = R/Z(R) by (4). If Je F(¥),
then I'N L; + 0 since L;e .#. Choose 0 = x;eINL,fori=1,2, -+, n.
Since L; is uniform, Rz, is essential in L,. Hence

— 5 =@ L/Rrc % .
@ZRQ% i=1

So the exact sequence
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RO L . 2

— —0

OX Rz @ En FRSL

—_

yields R/>\, Rx; € &, ie., D1, Rx, € F(Z).
The following result of F. L. Sandomierski ([12], Th. 2.5) is an
immediate corollary of Theorem 2.1 (2) = (5):

COROLLARY 2.2. If R has no infinite direct sums of left ideals,
then any direct sum of injective R-modules with zero simgular sub-
module 1s injective.

ExAMPLE. To see that R can have an infinite direct sum of left
ideals without having an infinite direct sum of torsionfree left ideals,
consider the ring R = [J]4c0 P] + N (ring direct sum) where |w| =
W, P = Z/(p*) (Z = integers, p = prime), and N is a commutative
Noetherian ring with zero singular ideal. Then Z(R) = [[4c. P'¥,
and R clearly has infinite direct sums of left ideals. But since R is
commutative and Ne¢.% is Noetherian, R contains no infinite direct
sums of torsionfree left ideals. Thus Theorem 2.1 gives a proper
generalization of Sandomierki’s result.

If R has zero singular ideal, then F(¥) = {I|I is an essential
left ideal of R}. Hence the following result of C. Walker and E. A.
Walker ([14], Th. 4.20 (b) = (c¢)) is an immediate corollary of Theorem

2.1 1) = (2).

COROLLARY 2.8. Let R have zero singular ideal, and let F(Z)
be the filter of all essential left ideals. Then the following are
equivalent:

(1) F(Z) has a cofinal subset of finitely generated left ideals.

(2) R has no infinite direct sums of left ideals.

3. (& PP) rings. From Theorem 2.1 we see that the condition,
F(%) has a cofinal subset of finitely generated left ideals, is equivalent
to R being an essential extension of the finite direct sum

CRYDLSDSLD:--DL.,

where each L, is a uniform left ideal of R. It is a natural question
‘to ask when R is actually equal to this direct sum. The condition that
‘torsionfree principal left ideals are projective plays an interesting role
-as a sufficient condition for equality. The main purpose of this section
is to examine this role and hence to obtain generalizations of some
results of I.. Levy [11] and A. Hattori [8].
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A ring R is called (& PP) if every torsionfree principal left ideal
is projective. This is a generalization of Hattori’s concept of (PP)
ring [8]. There a ring is called (PP) if every principal left ideal is
projective. It is easily seen that a ring R is (PP) if and only if R
is (&# PP) and Z(R) = 0.

THEOREM 3.2. Let R be an (& PP) ring. Then the following
are equivalent:

(1) F(Z) has a cofinal subset of finitely gemerated left ideals.

(2) R=PRe,PRe,P---P Re, DA, where each Re; is a uni-
form left ideal and where A is an essential extension of

ZR)DNDN.GD: - DN, .

Ni=0 for 1=1,2, -+, m, and each N,; its R-isomorphic with some
Re; ., where j(i)e{1,2, +--, n}. Moreover, 1 —e¢, +e¢,+ -+ + ¢, + a,
acA, and aN; =0 for 1 =1,2, -+, m.

Proof. (1)=(2): If R = Z(R), thén there is nothing to prove.
If R + Z(R), then there exists a left ideal I such that IN Z(R) =0
since & is closed under essential extensions. By (1) and Theorem 2.1

(2) we may assume I = Rx is a uniform left ideal in . Now the
exact sequence

0—0:2) - R— Rx—0

must split since R is (¥ PP). Hence R = D, A, where D, = Rx.
Write 1 = ¢, + a, where ¢, e D, a,¢ A,. Then D, = Re,. Since ¥ is
closed under homomorphic images and D, €.%, then € (R) & A..

We proceed by induction to define Re,, Re,, -+, Re, as follows:
Suppose Re,, ---, Re, has been constructed such that

R=ReH:---PRe,PA,,
Z(R) < A,, each Re; is a uniform left ideal, and
l=e+e+ - +e +a,, a, €A, .

If A, = £(R), we are done. If A, # Z(R), then let Rx =0 be a
torsionfree uniform left ideal contained in A,. If Rex = 0 for all
1=1,2,.--,u, then 4,2 = Rxe . So the exact sequence

0—-0:2)NA4A,—A,—Axr—0

splits since A,z is projective. Hence A, = D,., D A,,, where D,,, =
A,x. Write a, = €,,, + a,4, with e,.,€D,.,, a,,,€A,:;,. Then R =
Re,® - D Re, B Re,.. DA, and T (R) S 4,1

By (1) and Theorem 2.1(2), it follows that the above process
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must stop after finitely many steps (i.e., eventually we cannot assume
Rex = 0 for all 4 as above). Hence we may assume that we have
constructed uniform torsionfree left ideals Re,, Re,, ---, Re, with the
properties:

(i) R=Re, D ---P Re, P A.

(ii) 1=e¢, +e,+ -+- + ¢, +a, acA.

(iii) If Rx & A is a nonzero torsionfree uniform left ideal, then
Rex + 0 for some 1€{1,2, ---, n}.

(iv) Z(R) & A.

Suppose 0 == Rrxe &, Rx = A, and Rx uniform. It is easily seen
that ee; =0 for i = j and e¢,a =04 =1,2,-.., 0. So for yec Rz,
Re,ay = 0. Since Ray & Rz, it follows from (iii) above that ay = 0.
Let ¢ be the least integer such that Rex # 0, which exists by (iii).
It is easily verified that if ve @ >, Re;D 4, then vex =0. It
follows that if (0:e¢,2) N Re, == 0, then (0:e,x) is essential in R, and
hence (0: ex) € F(<). But then Rexe % N.&# =0, a contradiction.
Therefore, (0:e,x) N Re, = 0.

Note that the conditions

(a) (0:68) 2 (D Sins Re) B A

(b) (O:ex)NRe, =0

() R=Re,H---PRe, A
imply that (0:e,x) = (D >\, Re:) D A, and therefore Re,x = Re,. Set
N, = Re,x. Then N? < (Rxa)-Rx = Rx-(aRx) = Rx-0 = 0.

If A is not an essential extension of N, @ ¥ (R), then repeat the
process used to obtain N, to get N, & A such that N2 = 0 and Re, = N,
for some pe{l,2, ---,n}. By induction we construct N,, N,, --- with
the desired properties. Moreover, by (1) and Theorem 2.1 this induec-
tion process stops after finitely many steps, say m. Thus A is an
essential extension of N@ N, P --- & N,, D £ (R) as desired.

(2)=(1): This is an immediate consequence of Theorem 2.1
(3)= ().

The next theorem is the main result of this section.

THEOREM 3.3 The following are equivalent:

(1) R=CRDPDRPR.D:--PR,, where R.R; =0 for i+ 7,
R, is (¥ PP), R; is a direct sum of uniform left ideals, and R; has
a stmple classical left quotient rimg with minimum conditions for
1=1,2,---, m.

(2) (i) R is (& PP).
(i) F(Z) has a cofinal subset of finitely generated left ideals.
(iii) There are no nonzero torsionfree nilpotent left ideals in R.

(1)=(2): Write R, =Rf;,, where 1=f +f,+ - +fut+9
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and ge &£ (R). We claim that any principal left ideal in & 1is R-
isomorphic to a principal left ideal in Rf, + Rf, 4+ --- 4+ Rf,.. For if
& =nrf + v+ + r.fn +.rg generates a principal left ideal in .| then
the mapping of Rx induced by

Z—rfi A e+ Tufn

has kernel K = {trg |t € R, trg € Rx}. But then Rtrge £ N =0. Thus
K = 0 and the claim is established.

Thus to show (i), it is sufficient to show that each principal left
ideal in Rf, 4 --- 4 Rf,, is R-projective. Since each Rf; = R; is (& PP)
and fief; = 0 for 7 = 7 (ce R), this is easily verified using the fact
that each R, is (& PP).

Condition (ii) is immediate from Theorem 2.1 (3).

Looking at the projections of any torsionfree nilpotent left ideal
into the Rls, we see that the images of these projections all must be
nilpotent left ideals. Since each R; has a simple classical left quotient
ring with minimum conditions, then it follows from [10], Theorem
(p. 268), that each image is zero. It follows that zero is the only
nilpotent torsionfree left ideal.

(2)=(1): By Theorem 3.2, we have

R=Re,®Re,® - -DRe. DA,

where A is an essential extension of Z(RYP N, G N,PH --- N,, with
N=0 for 1=1,2,..-,m. From (iii) it follows that A4 = Z(R).
Hence R = Re, @ -+ P Re, P L (R).

Define ¢ ~ j if either ¢;Re; = 0 or e;Re; + 0 for 1 < 4,5 <n. It
is easily verified that ~ is an equivalence relation. Let S(1), S(2), ---,
S(m) be the distinct equivalence classes of {1,2, --., n} under ~, and
let R, = X;cs:) Re;. Using Goldie’s Theorem ([10], p. 268), the reader
can verify that the R; have the required properties.

Note that “(# PP)” can be replaced by “finitely generated torsion-
free left ideals are projective” or “torsionfree left ideals are projective”
in the statement of Theorem 3.3, and the result remains true with
only trivial modifications in the proof. In case R has a semisimple
left classical quotient ring with minimum conditions, then & (R) = 0,
R has no infinite direct sums of left ideals, and R has no nonzero
nilpotent left ideals. Hence the following result of L. Levy ([11],
Th. 4.3) is a special case of Theorem 3.3.

COROLLARY 3.4. Let R be a hereditary ring with semisimple
left classical quotient ring S. Then R is a direct sum of hereditary
rings {R; |7 =1,2, ---, n} which have simple left classical quotient
rings with minitmum condition. When considered as a set of left
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tdeals of R, {R;|1=1,2, «-+, n} constitutes a minimal set of anni-
hilator ideals of R, and hence the quotient rings of the Ris are the
simple components of S.

Since the concept of torsion defined by L. Levy [11] coincides
with the Goldie torsion concept for rings possessing a semisimple left
classical quotient ring with minimum conditions, the next corollary is
a generalization of [11], Theorem 6.1.

COROLLARY 3.5. Suppose that the conditions of Theorem 3.3 hold
with “(F PP)” replaced by “finitely generated left ideals in F are
projective.” Suppose R/< (R) has the ascending chain condition omn
annihilator right ideals, and suppose that R contains mo infinite
direct sum of right ideals. Then every finitely generated R-module
M s a direct sum of T (M) and finitely many left ideals of R.

Proof. Under these hypotheses R/Z(R) has a two-sided semi-
simple classical quotient ring with minimum conditions. Note that
R/%(R) also possesses a Goldie torsion theory, which coincides with
Levy’s torsion theory for R/%(R). Let M be a finitely generated
R-module. Since M/Z (M) is a R/Z (R)-module, it follows from [11],
Theorem 5.2, that M/Z (M) is isomorphic to a submodule of a free
R/ (R)-module. But by Theorem 3.3, R/(R) =R, 4+ R, 4+ --+- + R,
(ring direct sum), where each R; is semi-hereditary. So [3] Theorem
1.6.1 yields M/ (M) = @ >~ I,, where I, is a finitely generated left
ideal of R/ (R). By Theorem 3.3, each x € R can be written uniquely
as ¥, + 1y + ¢+ + 1, + ¢, where r,€ R, and ge £(R). Hence each
=1z + Z(R)e R/ (R) can be written uniquely as

7”1+7‘2+°"+’I”m+(f(R).

Thus each I; is R-isomorphic to a finitely generated left ideal of R
contained >, R, via

Titret e+, FCR) et e T
So by Theorem 3.3, each I, is R-projective. Therefore,
M=z2MDLOLD ---DI,.

An element » of a left ideal N of R is said to be in the center
modulo £ (R) if the image of % under the natural homomorphism
p: R— R/ (R) is a nonzero element of the center of the ring R/Z (R).
Equivalently, an element n is in the center modulo Z(R) if, for each
x € R, there exists an element ¢, e Z(R) such that xn = nx + ¢,.
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PROPOSITION 3.6. If R is (& PP) and every mnonzero nilpotent
left ideal im & contains an element in the center modulo Z(R),
then in fact R has mo nilpotent left ideals in F.

Proof. Assume otherwise. Then there exists ne R with the
following properties:

(1) Rne #.

(2) (Rn)=0.

(3) For each x e R, there exists t, ¢ £ (R) such that nx = « + ¢,.
By (& PP), there is an isomorphism X\: Rn — Re¢, where € = ¢ = 0.
Let » € R be such that M#n) = e. Then ne (0: rn) = (0:¢), so that
ern = ner + t =t for some te Z(R). So (1) implies that ee (0: rn) =
(0: ¢), a contradiction.

COROLLARY 3.7. Let R be commutative. Then the following are
equivalent:

(1) R is (& PP) and F(Z) has a cofinal subset of finitely
generated left ideals.

(2) R=9{R)+ R, +R,+ -+« 4+ R, (ring direct sum), where
each R; is an integral domain.

Proof. Apply Proposition 3.6 and Theorem 3.3. Then note that
a commutative prime ring is an integral domain. Conversely, (2) = (1)
follows from Theorem 3.3.

Recall that R is (PP) if and only if R is (¥ PP) and Z(R) = 0.
Hence the following result of A. Hattori ([8], Lemma 3) is a special
case of Corollary 3.7.

COROLLARY 3.8. Let R be a commutative ring having no infinite
direct sum of left ideals. Then R is a (PP) ring if and only if R
1 a direct sum of integral domains.

The results in §2 and §3 of this paper will appear in the author’s
dissertation at the University of Nebraska. The author is deeply
indebted to his adviser S. E. Dickson for his advice and encourage-
ment. He is also grateful to J. S. Alin and E. P. Armendariz for
several stimulating conversations.
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EXTREMAL STRUCTURE OF STAR-SHAPED SETS

F. E. TIDMORE

It is shown that the convex kernel of a compact star-
shaped subset S of a finite-dimensional linear topological space
L, is determined by the (n — 1)-extreme points of S. The car-
dinality of the set of k-extreme points is determined for
compact star-shaped sets of dimension greater than two. Also
given is the result that any compact star-shaped subset S of
L, contains a countable set of (n — 1)-extreme points which
determines the convex kernel of S. Another result is that a
compact nonconvex star-shaped set S in a locally convex space
L is determined by the convex kernel of S and the subset of
points that are extreme in S relative to the convex kernel of

S.

The convex kernel of a star-shaped set S will be denoted by ¢kS,
the line segment {az + (1 — a)y: a €[0, 1]} will be denoted by 2y, the
ray {By + 1 — B)x: 8 =1} will be denoted by zy= and L(x,y) will
denote the line containing x and y,« % y. The convex hull of a set
S will be denoted by conv S. The notation intv S will denote the
interior of S relative to the minimal flat that contains S. The set
{#: f(x) = a}, where f is a linear functional, will be denoted [f: «].
Set-theoretic difference will be denoted by \, and the closure of a set
S will be denoted by el S.

The concept of k-extreme point was introduced by Asplund [1].

DEeFINITION 1. If S is a subset of a linear space L, a point
xeS is a k-extreme point of S if no k-simplex 4 exists such that
rxeintv 4 S.

For a subset S of a linear space L, S, will denote the z-star of
S determined by the point 2 ¢ S; that is, the set of points y such
that sy = S. If S is a closed (compact) subset of a linear topological
space L, then for any xe S, S, is a closed (compact) set. If Tc S,
let

ST == q Sx .

A point p belongs to the convex kernel of S if, and only if,
xp C S for all e S, which is true if, and only if, pe S, forall z¢ S.
Thus ¢kS = S5, which motivates the following definition.

DEFINITION 2. In a linear space L a subset T of a star-shaped

461
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set S is said to star-generate the convex kernel of S if ckS = S,.
Such a subset T is said to be a star-generating set for ckS.

THEOREM 1. Let S be a compact star-shaped subset of L,.,. Then
the set S(k) of k-extreme points of S is a star-generating set for
ckS.

Proof. Without loss of generality, suppose that 0cckS. If S =
ckS, then S is convex and S, = S for each 2€ S and the result fol-
lows since @ # S(1)c S(k). Let peS\ckS. Then there exists a
point y €S such that py ¢ S. Since S is compact, ¥ can be chosen
such that SNintv py~ = ©@. Since py & S, there exists a point z¢
(intv py)\S. If ye S(k), then p¢ S, implies p ¢ Ss1,. If y ¢ S(k) there
exists a k-simplex 4 such that yeintv 4 S. Consider the convex
cone C={By + O —F+1) 2z: 8,x =0}, which has vertex z and is
contained in the subspace L' with basis {p, ¥}. Since S Nintv py= =
@), 4 must intersect L’ in some line other than L(p, y); thus, S N intv
C + . There exists a linear functional f defined on L,., such that
f(q) =1 for every qe L(p, y); clearly 0¢ L(p, y) since pyZ S and O¢
ckS. The continuous linear functional f,, the restriction of f to L/,
attains a maximum on the compact set C N S at some point w € intv
C. Let H=|[f:f(w)]. Since HNCN S is a compact subset of the
1-dimensional set H N L', there exists a minimal closed line segment
in intv C which contains HN CN S. Each endpoint of this segment,
which may be degenerate, must be a point in S(k). Let v be one of
these endpoints. The points p, ¥,z and v are in L’. If pv S, then
the fact that 0eckS implies that zeconv {0, p, v} =S, a contradic-
tion. Hence, pv & S and p¢ Sg,. Therefore, S\ckS < S\Ss,, which
gives the desired equality, since clearly ckS < Sg,).

It is not always sufficient to consider only the set of familiar
extreme points S(1) as a star-generating set for ckS. For example,
in E; let S be the union of three closed faces of a 3-simplex. In
some cases, proper subsets of S(k) exist which will star-generate ckS.
However, characterizing such subsets may be very difficult, as in-
dicated by the following example.

ExamPLE 1. In the plane E, let B, be the upper closed unit
half-dise, B, the right closed unit half-disc. Let

T, = conv [{—2¢,} U (B, + (2¢, + &))] ,
T, = conv [{—2e,} U (B, + (2¢, — ¢)))] ,
S: T1U TZU(_Tl)U(_TZ) .

Then any star-generating subset of S(1) must contain four distinet



EXTREMAL STRUCTURE OF STAR-SHAPED SETS 463
sequences of carefully chosen extreme points.

THEOREM 2. If S is a compact star-shaped set in L,, and dim
(S) = 8, then S(n — 1) is an uncountable set.

Proof. Without loss of generality, it can be assumed that 0¢
c¢kS. Since dim (S) = 3 there exists some point zeS,x + 0. If
Bx e S(n — 1) for every S e (0,1), then S(» — 1) is uncountable. Other-
wise, consider some w = Bx such that w ¢ S(n — 1). Then there
exists an (n — 1)-simplex 4 such that weintv 4 S. Sincen — 1= 2
there exists a nondegenerate line segment zw C 4 such that zw N 0x =
{w}. There exists a linear functional f on L, such that

flw) = fz) = 1.

There exists a point y e[f: 0] such that the set {y,=z, w} is linearly
independent. For each A e[0,1] consider the subspace L(\) of L,
with basis {y, vz + (1 — M)w}. Let f; be the restriction of f to L(\).
The set L(\) N S is compact; hence; f; attains a maximum on L(\) N S
at some point u, f3(u) = 1. Since dim (L) N [f: f(w)]) =1 and

L) nSn[f: flw)]

is compact, there exists a minimal closed line segment in L(\) which
contains L(\) N [f:f(m)] N S. This line segment must have at least one
endpoint, which must belong to S(n» — 1). For each pair of distinct
real numbers X, ¢ in [0, 1], L(\) N L(p) [ f; 0]. There exists points
€ LM N S(e — 1), p. € L(p) 0 S(n — 1) such that f(p,) = 1, f(p,) = 1,
which implies that p, # p.. Thus, the set S(n — 1) is uncountable.

THEOREM 3. Let S be a closed subset of a linear topological
space L and let T be a subset of S that star-generates ckS, which
may be empty. If M is a dense subset of T, them M star-generates
ckS.

Proof. Since M c T then clearly S; < S,. Suppose that M is a
proper subset of T and c¢kS is a proper subset of S,. Then there
exists a point g€ S,\S;. But S, = S, N Spu; thus ¢ € S;,. This im-
plies that ¢¢ S, for some xe T\M. Since geS,, M S,, which is
closed. Hence, xe Tccl Mc S,, which implies that g — S and that
g € S,, a contradiction. Therefore, ckS = S,,.

THEOREM 4. If S is a compact star-shaped subset of a normed
linear space L, then any subset T of S which star-generates the con-
vex kernel of S contains a countable subset M which also star-generates
the convex kermel of S.
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Proof. The norm of L induces a metric on L. The compact set
S can be considered as a compact metric space, where space is now
used in the topological sense. The compact metric space is separable,
which implies that S is second countable [2]. Any nonempty subset
T of S is a second countable topological space with the relative to-
pology, which implies that T is separable. There exists a countable
subset M of T such that Tcecl M. Theorem 3 implies that M star-
generates ckS and the theorem is proved.

COROLLARY. Let S be a compact star-shaped subset of L,.,.
Then there exists a countable subset of S(k) which star-generates ckS.

Klee [3] introduced the concept of relative extreme point.

DerFINITION 3. If S and T are subsets of a linear space L, then
xe S is said to be extreme in S relative to T if there do not exist
points ¥ € S,z¢e T such that z ¢ intv yz.

If S is a star-shaped set, exk S will denote the points of S which
are extreme relative to ¢kS, and E; = (exk S)\ckS.

THEOREM 5. Let S be a compact nonconvex star-shaped set in a
locally convex space L. Then C = S, where

C = U conv (ckS U {y}) .
yeEg

Proof. Since Esc S, conv (ckS U {y}) © S for each ye E;. Thus,
Cc S. Consider zeckS Uexk S; since Ey = @, as shown below, z¢
C. Let K = ckS. Suppose that ze S\(ckS U exk S) and without loss
of generality, suppose that z = 0. Since K is compact and convex,
K* and —K* are closed convex cones with vertex 0, where K* =
x:we K,n = 0}. Since z¢exk S there exist points xc¢ K and we S
such that O0ecintv 2w. Clearly we —K*\{0}, SN (—K*\{0}) # ¢ and
Sn(—K* is compact. Let w be an arbitrary point in — K*\{0};
since L is locally convex and K* is closed and convex, there exists a
closed hyperplane H = [f: f(u)] such that we H and HN K* = &,
where f is a continuous linear functional. It can be assumed that
f(K*) £ 0, which implies that f(u) > 0. The functional f then attains
a maximum on SN (—K%*) at some point ve SN (—K*). Suppose
that v ¢ exk S. There exist points pe€ K, ¢ € S such that v eintv pq.
Since ve —K*,v = -\, p" e K, >0, and

v=ap+ (1 —aq, 0<a<l.

Therefore, v = —Ap' = ap + (1 — a)q and ¢ = 7¢’, where 7 < 0 and
g eK. Thus, g SN(—~K*). But it can be easily shown that
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f(@) > f(v), which contradicts the fact that f(v) = f(x) for each ze
SN (—K*). Hence, ve(exk S) N (—K*) and 0¢ C, which implies that
S c C. This inclusion, along with the one given earlier, implies that
S=C.

The following result shows that the set F, is minimal in its use
in Theorem 5.

THEOREM 6. Let S be a compact nonconvex star-shaped set in
a locally convex space L. If T is a proper subset of E then

C(T) = UT conv (ckS U {y})
18 a proper subset of S.

Proof. Consider any proper subset 7 of FE; there exists some
point e E\T. If xeC(T) there exists some ye T such that xe
conv (ckS U {y}). Hence, x = »2 + (1 — \)y, where re[0, 1], z¢cckS.
But A e(0,1) since x¢ckS U T. This implies that x¢exk S, a con-
tradiction. Thus, z ¢ C(T), which must be a proper subset of S.
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UNCONDITIONAL AND SHRINKING BASES
IN LOCALLY CONVEX SPACES

L. J. WEILL

Let E be a locally convex space with an unconditional
Schauder basis {z;} and let {f;} be the sequence of coefficient
functionals biorthogonal to {x;}. Owing to works of R. C.
James and S, Karlin it is known that if F is a Banach space
then each of the three conditions which follow is necessary
and sufficient for {f.} to be a basis for E* in the strong
(norm) topology.

(1) E has no subspace topologically isomorphic to the
space !,

(2) E* is separable in the strong topology.

(3) E* is weakly (w(E*, E*¥)) sequentially complete.
The primary purpose of this paper is to show that in certain
spaces which are more general than Frechet spaces and hence
than Banach spaces, each of the above three conditions is
necessary and sufficient for

(0) {f:} is a strong basis for E*,

Specifically if E is a complete barrelled space, each of (1) and
(2) is sufficient for (0). In any locally convex space (2) implies (1)
(even if E has no basis) and so each of (1) and (2) is necessary for
(0). If E is a space having the property that weak* bounded sub-
sets of E* are strongly bounded (complete locally convex spaces and
barrelled spaces have this property) then (3) is sufficient for (0). (3)
is necessary for (0) if E is both barrelled and metrizable.

Besides the papers of James [8] and Karlin [9], related matter
of importance is contained in the works of M. M. Day [2, Ch. 4]
and C. Bessaga and A. Pelezynski [1]. E. L. Dubinsky and J. R.
Retherford [5] using Kothe sequence space techmques have proved
the (1) — (2) part of Theorem 2.12.

1. Preliminarie and fundamental theorems. Since the main
results of this paper depend upon many theorems which are not
widely known in their more general settings, the author thought it
wise to include this section which introduces, in addition to basic
theorems, some difinitions, terminology, and notation. No proofs are
given for known results.

If E is a locally convex space, then © will be used for the
canonical mapping from E to E**, the space of strongly continuous
functions on E*. For convenience, a subscript 2 will be added to
the word “ space” to designatg that the Hausdorff axiom is satisfied.

467



468 L. J. WEILL

A sequence {z,} in a linear topological space, is called a basis if
for each element 2 in the space there is a unique sequence of scalars
{fi(x)} such that x = Z fi(@)z,. The resulting linear functionals {f,}
are called the coefﬁc1ent functionals. If the coefficient functionals are
continuous, then {x,} (or {z,,f,}) is called a Schauder basis. The
n-th partial sum operator s, is deﬁned by s.(x) = Z Slx)x,; the n-th
remainder is defined by R,(x) = 2 f,,(x)xk We shall use @ for the
collection of all nonempty ﬁnlte subsets of the positive integers w.
If 6@, then the o-partial sum operator S, is defined by S,(x) =
Z fu@)x,; the o-remainder is defined by R,(x) =z — S,(x). Note

that R, o R, (x) = R,,,(x), and if pnNo+# @ then §,o S,(®) = S,n.(%);
if ono =, then S, S,(x) = § for every x.

PropoSITION 1.1. Let E be a linear topological space,. If
{&,, 1} *s a Schauder basis or a weak Schauder basis for E, then
{fe m(x)} is @ weak* Schauder basis for E*. It follows that if {f.}
1s also a strong basis then it is a strong Schauder basis with {m(x,)}
as the coefficient functionals. The o-partial sum for {f.} is then
the adjoint of S,; t.e., Si(f) = kezaﬂ(xk)(f)fk = I;f(xk)fk. The

o-remainder is R} and of course RYf = f — Skf.
As a kind of converse we have the following.

ProrosiTION 1.2. Let E be a locally convex space,. If {f,F}} is
a weak* Schauder basis for E*, then {x,, fi} ts a weak Schauder
basis for E, where for each k, x, 1s that unique element of E such
that w(x,) = F.

The next two propositions require the Barrel Theorem for their
proofs.

PropPOSITION 1.3. Let E be a barrelled space,. If {x., fi} s a
Schauder basis for E then {f.} is a strong basis for the closed linear

span, [fd, of {fi}.

Actually, in Proposition 1.3, “Schauder basis” may be replaced
by “weak Schauder basis” as the following reveals.

ProrosiTiON 1.4. In a barrelled space a weak Schauder basis is
a Schauder basis.

A Schauder basis {x,, f;} is called a shrinking basis if {f;} is a
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basis for E* (in the strong topology). A Dbasis {x,} is boundedly
complete if for each sequence {t,} of scalars such that {i‘, bk )oe, 18
bounded, the series itkwk is convergent. The next proli)zc;sition due
to J. Dieudonné [3,k=P1rop. 6] strengthens Proposition 1.1 in the case
where E is barrelled.

ProposITION 1.5. If {2, fi} is a Schauder basis in a barrelled
space, B, then {f,} is a weak* boundedly complete basis for E*. Hence,
iof {x, fu} 18 a shrinking basis then {f,} is a boundedly complete
basis for E*.

The next proposition was proved for Banach spaces by R. C.
James [8] and generalized by J. R. Retherford [13].

ProPOSITION 1.6. Let {x,, fi} be a Schauder basis for a barrelled
space, E. Then E is reflexive if and only if {x,} s both shrinking
and boundedly complete.

If (E, ||-]) is a Banach space with basis {x,}, then a new norm
related to the basis can be formed: ||z]' = sup{||S.(x)|]}. Both
norms have the same topology but the new norm is more useful. A
more general device has been developed by C. W. McArthur [14].
In the fundamental lemma which follows a part of this device is
abstracted even further in order that the result may be applied to
Theorem 1.18.

LEMMA 1.7. Let (E,7) be a locally convex space and {g,: « e A}
a net [10, p. 28] of pointwise bounded linear operators on E. Let
7~ be the local base comsisting of all barrelled neighborhoods of E.
For Ve &7, define V' to be {xeE:9.(x)eV for all acA}. Then
we have the following.

1) 7" ={V':VeZ}isalocal base for a locally convex topology
7 on H.

(2) If there is a subnet {g,,:0¢€B} such that, for each
xec H, {9.,():8c B} is convergent to x then 7' is stronger than T.

3) If in addition to (2) each g, is continuous and E 1is
barrelled, then ' = 7.

Proof. By the criterion 6.5 of [10, p. 47], ¥’ forms a local
base for a locally convex topology if the three conditions below are
met.

(i) Each V'e ¥ is convex, circled, and radial at zero.

(ii) For each U’ and V'’ of &' there is a W’'e <™’ such that
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wcu nv.

(iii) tV’ belongs to 2’ for each V'e <™ and each scalar ¢.

Proof of (i). Let s and ¢ be nonnegative scalars such that
s+t=1. If z,yeV; then g.(x), 9.(y) eV for all «ac A. Since V
is convex, s¢.(®) + tg.(y) = g.(sx + ty)e V for all «c A and hence
st +tyeV’ so V' is convex, Let |[t| =<1 zeV'. g x)eV for all
a and since V is circled, tg.(x) = g.(tx)c V for all a; hence txe V',
Therefore V' is circled. Let xc E. Since g, is pointwise bounded,
there is a positive scalar s such that if 0 < ¢ < s then tg,(x)e V for
all «. Hence txe V' so V'’ is radial at zero.

Proof of (ii). There exists a We %~ such that WU UnNYV.

Hence W c(UNV)Yy=U'nV'.

Proof of (iii). For each scalar ¢, tV e ", Hence (tV) =tV'e ¥ .

To prove (2) we show that V'c V for each Ve . If zeV’,
then g¢,(x)e V for all a and in particular g,,(x)e V for all BeB.
Thus since V is closed V is closed ze V.

To prove (3) we show that V' is r-closed and hence a r-barrel.
Let {y,: 8¢ B} be a net in V'’ converging to y. Let acA; then
since g, is continuous, g.(y;) converges with A to g¢g.(y). Since
9g.(ys) e V for each Be B, ¢g.(y)e V; a was arbitrary, so ye V.

Part (1) and (2) of the next proposition follow from the lemma.

ProrosiTioN 1.8. Let (E,7) be a locally convexr space, with a
basis {x,} and let " be as im Lemma 1.7. For Ve , define
V' ={z:S.(x) e V for each nec w}.

Q) 7" ={V':VeV} is a local base for a locally convex
topology T’ which is stronger than <.

(2) If E is barrelled and {x,} is a Schauder basis then © = 7',

3) If (E,7) is complete, then so is (K, T’).

The last propositions of this section are slight modifications of
results due to Retherford and McArthur [14],

ProposiTiON 1.9. Let K be a complete locally convex space, and
{x;} a sequence of nonzero elements of E. If for each continuous
seminorm P on E there 1s a continuous seminorm @ such that
PCrawx,) = QCEoax,) for » = g and arbitrary scalars a,, «--, a,,
then {x,} 1s a Schauder basic sequence (v.e., {z,} 1s a Schauder basis
for its closed linear span [x.]).

ProposITION 1.10, Let E be a barrelled space, with a Schauder
basis {x,}. Then for each continuous seminorm P there is a con-
tinuous seminorm Q such that for p =<q and arbitrary scalars



UNCONDITIONAL AND SHRINKING BASES IN LOCALLY CONVEX SPACES 471
Qyy 20y Qgy WE have P(Zﬁ:laka’k) = Q(Zi:xakxk)-

Let >\oy, be a (formal) series in a linear topological space E.
The series is called unordered bounded if the set of unordered partial
sums {d;wc¥x: 0 € ¢} is bounded. The series is called unconditionally
(or unordered) convergent if the net of unordered partial sums (with
inclusion as the order relation in ¢) is convergent to an element of
E. It is well known that a series >,y, in a linear topological
space, is unconditionally convergent if and only if for each permuta-
tion » of w, the set of positive integers, the series >.7.y,(k) is con-
vergent (each series converges to the same element regardless of the
permutation).

The series >y, is subseries convergent if for every subsequence
{y.,} of {y.} the series >y, is convergent. 37y, is bounded-
multiplier convergent if for each bounded sequences of scalars {¢,}
the series >\ ,t.y. is convergent. D7 v, is absolutely convergent
in a locally convex space E if the series is convergent and for each
continuous seminorm P on E, the series > 7., P(y,) is convergent. In
any locally convex space, absolute convergence implies unconditional
convergence.

ProrosiTiON 1.11., In a locally convex space a series is weakly
absolutely convergent if and only if it s weakly unconditionally
convergent.

Define a to be the set of sequences {«,} such that «, = =1 for
each m; define b to be the set of sequences {8,} such that 8, =0
or 1 for each m; and define ¢ to be the set of all complex sequences
{e.} such that |¢,| <1 for each m.

ProrosiTiON 1.12. If 371y, s @ series in a locally convex space
E, then the statements below are equivalent.

(1) >,y ts unordered bounded.

2) >y, 1s weakly unordered Cauchy.

3) The set {>ie avyy: {a}ea and n e w} is bounded.

(4) The set {35-, Buyi: {Brl€b and n e w} is bounded.

(5) The set {3i-, eyii{cs} €€ and ne w} is bounded.

COROLLARY 1.13. In a weakly sequentially complete locally con-
vex space a series is unordered bounded if and only if it 1s weakly
unconditionally convergent (weakly absolutely convergent).

The Orlicz-Pettis theorem for Banach spaces on subseries con-
vergence has been shown valid for locally convex spaces by Grothendieck
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and McArthur. For a proof of the theorem, which follows, see [12].

THEOREM 1.14. In a locally convex space, a series is subseries
convergent if and only if it 1s weakly subseries convergent.

It is well known that in a sequentially complete locally convex
space, bounded-multiplier convergence and subseries convergence are
each equivalent to unconditional convergence [2]. The next theorem
adds three other conditions which are equivalent to unconditional
convergence, A proof of the equivalence of (1), (2), (3), and (4) can
be found in [15]. (1) is proved equivalent to (2) in [11] by use of a
certain convergence criterion.

THEOREM 1.15. Let {y,} be a sequence in a sequentially complete
locally convex space K. The following six statements are equivalent.

(1) The series D7y, converges unconditionally.

(2) For any equicontinuous subset A of E*, the series 3o | f(ye) |
converges uniformly for fe A.

(3) The series > vy, converges uniformly for {a,} € a.

(4) The series >, .c.Y, converges uniformly for {e,} € e.

(5) The series >.,5-.y, ts bounded-multiplier convergent.

(6) The series >5..Y, 1s subseries convergent.

Since a weakly (sequentially) complete locally convex space is
(sequentially) complete, Theorem 1.14 and 1.15 imply that in a weakly
sequentially complete locally convex space a series is unconditionally
convergent if and only if it is weakly unconditionally convergent.
Thus similarly to Corollary 1.13 we have the following.

COROLLARY 1.16. In a weakly sequentially complete locally
convexr space,, o series is unordered bounded 1f and only if it s
unconditionally convergent.

A Dbasis {x,, fi} in a linear topological space, is called an uncondi-
tional basis if for each « in the space the series > . f.(z)x, is un-
conditionally convergent to x. Hence, {®,, f.} is an unconditional
Schauder basis if and only if for each permutation p of ®, {®,u), fow}
is a Schauder basis. It follows that each of Propositions 1.1 and
1.5 has an analog for unconditional bases. For instance we have the
following.

THEOREM 1.17. If {x., fi} ts an unconditional Schauder basis
for a linear topological space, E, then {f., m(x,)} is a weak™ un-
conditional Schauder basis for E*.
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If {«,, fi} is a basis and « = {«,} is a sequence of scalars, define
Sa.a(x) = St fu(®)x,.. Let (E,7) be a locally convex space, with
an unconditional Schauder basis {z., fi,}. Let 2" be the local base
congisting of all barrelled neighborhoods in E. If Ve , define
Vy=1{xek:S,(x)eV for all 6e®}, V,={xcE:S,.(r)eV for all
new and all eca}, and V, ={xcK: S, . (®)eV for all new and all
ecel. Let ¥, ={V,: Vez}, ¥, ={V,: Ve¥}, and ¥, =
{V.Vezil

THEOREM 1.18. Le (E,7) be as above. The families &, 77,
and 2°, form local bases for locally convexr Hausdorff topologies on
E, say t,,7,, and t,. FEach of these topologies is stronger than T
and if E is barrelled then T =7, =7, = 7T,.

Proof. According to Lemma 1.7, 7, #7,, and %", form local
bases if the families of operators {S,:ce€®}, {S,..(n, ¥)ecw X a},
and {S,.: (n,e)e® X ¢} are pointwise bounded. Since {z,, f,} is an
unconditional Schauder basis it is a weak unconditional Schauder
basis., Thus X7, f.(®)x, is weakly unordered Cauchy for each z and
hence by Proposition 1.12 the three families above are pointwise
bounded.

Let d be either the family of sequences a or e¢. The set  x d
is a directed set under the order relation < defined by: (n, @) < (m, 8)
if and only if » <m. Thus {S,..(n, @)c® X d} is a net. Let a
be the sequence (1,1,1, ---) and not that the subnet {S, .a(x):n e ®}
converges to z for each xe¢ E. Thus by part (2) of 1.7. 7,,7,, and
7, are stronger than <.

Let 7 be ¥, 7", or 7, then Ny s V' CNre, V. Since 7
is a Hausdorff topology, the latter intersection is empty and hence
the other topologies are also Hausdorftf.

For each necw and « in b, a, or e, the operator S, , is continuous
so if E is barrelled then 7 =7, = 7, = 7..

The next result, its variations, and its corollary shall be referred
to as the Generalized Gurevic Theorem (see [7]). We use d to mean
either of the family of sequences b, a, or e (actually the theorem is
valid if d satisfies acdcCe or b d Ce).

THEOREM 1.19. Let {x,} be a sequence of nonzero elements in a
locally convex space, E. Call the following condition*: given a
neighborhood of zero U there is a meighborhood of zero V such that
for an arbitrary sequence {a,} of scalars arbitrary p and q in
{k:k is a positive integer or k = o} with q = p, and arbitrary
sequence {0,}€d, we have X2 a,x, €V implies >2_0,a,%, € U.
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1) If E is sequentially complete, then = implies {x,} is un-
conditionally Schauder basic.

(2) If E is barrelled and {z,} ts an wunconditional Schauder
basis for K, then x holds.

VARIATION 1.20. In the theorem, condition * can be replaced by
condition *,: given an equicontinuous set A C E*, there is an equi-
continuous set B C E* such that for an arbitrary positive number M
and arbitrary sequence {a,} of scalars arbitrary » and ¢ in {k: %k is a
positive interger or & = o} with ¢ = p, and arbitrary sequence {3,} € d,
we have | > _a,9(x,)| £ M for all ge B implies | Y 2_0,a,f(x,) | = M
for all fe A.

VARIATION 1.21. In the theorem condition * can be replaced by
condition x,: given a continuous seminorm P there is a continuous
seminorm @ such that for arbitrary sequence {a,} of scarlars arbitrary
p and ¢ in {k:k is a positive integer or K = «} with ¢ = p, and
arbitrary sequence {J,} € d we have P32 _0,.a,.2,) < Q04 .a,%,).

Proof. First we show that * and =, are equivalent. Since
{A,: A equicontinuous} forms a local base in F, * is easily seen to
be equivalent to the following. Given an equicontinuous A there is
an equicontinuous B such that for ... we have Y?_a,x, c B, implies

»_0,.a,%,€ A,. But this is equivalent to x,.

Now we show that * and %, are equivalent. Suppose that x,
holds. Let U be a barrelled neighborhood of zero and let P be the
Minkowski functional of U (U equals U,, the closed unit ball of P).
In accordance with x*, corresponding to P there is a continuous
seminorm @ such that PC?) < Q%Y. If 3?e U, then Q9 =<1
and hence P(3)7) < 1; that is, >e€ U,. To show that x implies x,
let P be a continuous seminorm and U, its unit ball. There exists
a U, (i.e., a barrelled neighborhood of zero with Minkowski func-
tional @) such that >\e U, implies 32e¢ U,; or Q> < ¢ implies
pPYr<e. If QX7 =Q>1..a,2,, iszerothen P>* < ¢ forevery e > 0
so that P>?=0. Hence Q3 =P>7=0. If @37+ 0 then let
t=1/Q@>7 Q(t>)) =1; hence P(t>*) <1. Upon substitution for ¢
we get P(37) = Q(219).

To prove part (1) of the theorem, observe that %, is a stronger
condition than that in Proposition 1.9 and hence {z,} is a Schauder
basic sequence. To show that {x,} is unconditional, let U be a
neighborhood of zero in E. In accordance with % let V be the
neighborhood corresponding to U. Let {f.} C[x.]* be the family of
coefficient functionals for {x,}. Let ze[x,]; then for » and m large
enough > . fi(@)x.eV. Hence if {6,} is any element of d,
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SrenOpfr@)z, € U, It follows from Theorem 1.15 and the complete-
ness of E that X 7., f.(x)x, is unconditionally convergent.

Part (2) is an immediate consequence of Theorem 1.18. Given a
barrelled neighborhood of zero U, then U, = {ze€ E: S, (x) ¢ U for all
new and ded} is also a neighborhood of zero, and U, satisfies the
requirements for V in =,

COROLLARY 1.22. Let E be a barrelled space, with unconditional
Schauder basis {x, fi} and let {y,} be any sequence in E and {0,} a
sequence in @ such that o, N0, = @ 1f m #*=n. Define w, to be the
gr-partial sum of Yi; .., W, = Do, [i(¥)%;. Then given a mneigh-
borhood of zero U there is a meighborhood of zero V such that for
arbitrary scalars t,, arbitrary {6,}ed, and arbditrary n and m in
{k:kew or k= o} with n=m we have S t,w,c€V implies
S oty e U, Thus of E is also sequentially complete and for each
k, w, #= 0 then the sequence {w,} s unconditionally basic in K.

Proof. Simply observe that if a; = ¢,f;(y.), then i tw, =
Siicopketnm®i®; and in the expansion the j’s are all distinet by
the null intersection requirement of the hypothesis. Then apply
Theorem 1.19.

The Generalized Gurevic Theorem, which we have just proved,
is of fundamental importance. We shall apply it often in the next
section,

2. Unconditional and shrinking bases. As pointed out in
the introductory remarks, we shall show that most of the results
of James and Karlin are valid for complete barrelled spaces, barrelled
spaces, or complete locally convex spaces. Even unqualified locally
convex spaces are sufficient for a few of the more simple results.
The first theorem follows easily from the remarks made after the
definition of unconditional basis, page 12, and Proposition 1.3.

THEOREM 2.1. Let E be a barrelled space with an unconditional
basis {xy, fi}. If {x, fr} is shrinking, then {f,7w(x,)} s an uncondi-
tional Schauder basts for E*.

Hereafter we shall use “w-complete” for “sequentially complete”.

LEMMA 2.2. Let E be a locally convex space, and {y,} a bounded
sequence in K.

1) If E is w-complete, then the series D w_it Y, 1S convergent
Sor each t = {t,}el".
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(2) If F is a subspace of I' such that for each te F the series
ety is convergent, then the limear mapping T:F-—E defined
by T(t) = D7ty s continuous.

Proof. To see that Y7 ..y, is convergent if K is w-complete,
let A4, be a neighborhood of zero (where A is an equicontinuous
subset of E*). Since {y,} is bounded there is a positive scalar s such
that v, €s4, for each k. For n and m large enough >7_, | .| < 1/s.
Since | f(y,) | < s for each fe A and k € w it follows that 37_.t.v, € A,.
Hence the series is convergent.

Let A be equicontinuous and define M = sup {| f(¥,) |: f€ A, k € w}.
If teF and |[t|] <1/M + 1 then for fe A, |fT({)| = et fy) | <
Mot - 1 f(w) | < 1. Therefore T(t)c A, so T is continuous.

LEMMA 2.3. Let T be o linear tramsformation of a mormed
space E into a locally convex space F. If there exists a continuous
functional f on F such that f(6) = 0 and a positive number m such
that |fT(x)| = m||x|| for each xc K, then T is one-to-one and re-
latively open.

Proof. If T(x) is zero then sois f(T(x)) and hence by the given
inequality, x = 0; so T is one-to-one. To prove that T is relatively
open we show that the inverse map T T(F)— E is bounded on a
neighborhood of zero, vis. f~[— 1,1]N T(E). Letxze T'(f[—1,1))
then T()ef[—1,1] so that |fT(x)| < 1. Using the given
inequality we get m||z|| = |fT(x)| £1. Thus ||z|| < 1/m for all
zxeT-Y(f[-1,1]); ie., TH(f[—1,1]) is bounded and hence
T-: T(F) — E is continuous.

LEMMA 2.4. Let E be a locally conver space and F a subspace
of E. If E* is separable, then so is F* (in the s(F*, F') topology).

Proof. Let F*'= {fe E*: f(x) = 0 for each ¢ F'}. The continu-
ous image of a separable topological space is separable. Thus each
quotient space (with quotient topology) of a separable space is
separable. Hence E*/F* is separable. The canonical map [f]— f/F
is an isomorphism mapping E*/F* onto F'* (see [10, p. 120]). Further-
more this mapping is continuous (where E*/F'* has the quotient
topology and F'* the s(F'*, F') topology) as we now show. It suffices
to show that the mapping ¢: E* — F'* defined by ¢(f) = f/F is con-
tinuous since this map is the composition of the quotient map f— |[f]
and the mapping [f] — f/F (see [10, Th. 5.7, p. 89]). If AC F then
denote by A°"" the polar of A in F'* and use A°% for the polar of
A in E*. Let B be a bounded subset of F. Then it is not hard to
see that ¢~ [B°7"] = B°Z* and hence ¢ is continuous. Thus the canonical
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mapping from E*/F' onto F* is continuous and therefore F* is
separable,

Define a non-l* space (non-c, space) to be a locally convex space
which has no subspace topologically isomorphic to I* (c,).

COROLLARY 2.5. If E is a locally convex space and E* 1is
separable, then E is a non-l' space.

Proof. If E contains a subspace F topologically isomorphic to
', then F'* is topologically isomorphic to m, the nonseparable space
of bounded sequences. Thus by Lemma 2.4, E* could not be
separable.

The following is an immediate consequence of the corollary.

THEOREM 2.6. Let E be o locally convex space, with a basis
{xe, i}, If {24, fi} ts shrinking, then E is a non-l' space.

To get a converse of Theorem 2.6, the space and basis must be
strengthened.

THEOREM 2.7. Let E be a w-complete barrelled space, with an
unconditional Schauder basis {x., fi}. If E is a mon-l' space, then
{x,, fi} is a shrinking basis.

Proof. Suppose that {x,, fi} is not a shrinking basis. Then for
some g€ E* the series > [7(x)](9)fx = Sirog(x,)f, is not strongly
convergent, Thus since the series is weak* convergent (Proposition
1.1) it can not be strongly Cauchy. Therefore there is a strong
neighborhood of zero B° (B is bounded in E) such that for each
positive integer j there are integers n; and m;, n; > m; > j, with
the property that ZZimig(xk)fk ¢ B°; furthermore, the sequence {n;}7.,
and {m;}7., can be chosen so that m;., > n; for each j. This
means that for each j there is a z;e€ B with the property that
IZZimjg(xk)fk(zj)l > 1; or, if we let [m;, n;] denote just the integers
between m; and n; then [gS(Zj)m;n,|>1. Since the family
{Stm )= 18 pointwise bounded (Proposition 1.12) it is equicontinuous
because FE is barrelled. Hence since {z;} is bounded, the set
{SG)imjn )51 is bounded in E. If we let y, = S(Z5)imun 1 then we
have shown that for each 7, |g(y;)| > 1 and the sequence {y;} is
bounded. Let ¢t = {t;}el* and ¢+ 0 and chooose the scalars ¢; so
that |t,0(y,) | = &;t;9(y;). By Lemma 2.2 the series >.7_.f.y, is con-
vergent and by the Generalized Gurevic Theorem (Corollary 1.22) the
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sequence {y;} is unconditionally basic. Therefore the series >.7.&;t;y;
is convergent (Theorem 1.12), Now we have |g>7.etw;| =
St - 19y;) | > 2l t;|. In accordance with Variation 1.20 let
A be the equicontinuous subset of E* which depends upon the given
equicontinuous set {g}. Then via Variation 1.20 the inequality just
shown implies that |/, 35ty > 7. |t;| for some f,e A. If we
define T(t) = >.7.t;y; then we have

(1) for each tel' there is an f,e A such that | f,T(®)| = || t]]a.

If @ is the Minkowski functional of A4, then |f(z)| < Q(x) for
each ze€ £ and all fe A. Now from (i) it follows that |QT()| =
1t [ln. T is continuous by Lemma 2.2 and relatively open and one-
to-one by Lemma 2.3. Thus the subspace T(l') of E is topologically
isomorphic to I,

From Theorem 2.7 and Corollary 2.5 we get the following.

COROLLARY 2.8. Let E be a w-complete barrelled space, with an
unconditional Schauder basis. Then if E* is separable, the basis
is shrinking.

THEOREM 2.9. Let E be either a w-complete locally convex space,
or a barrelled space, (or any locally convexr space, with the property
that weak* bounded subsets of E* are strongly bounded) and let E
have an wnconditional Schauder basis {x,, f.}. If E* is weakly
w-complete (i.e., w(E*, E**)-w-complete) then {x,, fi} ts a shrinking
basts.

Proof. {f:} is a weak* unconditional basis so for each fe E*
the set of unordered partial sums {S}(f):oce®} is weak* bounded
and consequently strongly bounded because of the conditions on K.
E* is weakly w-complete so by Corollary 1.16, 37, f(x,)f, is strongly
unconditionally convergent; and since we know the series is weak™
convergent to f, it must be strongly unconditionally convergent to f.

To get a converse (Theorem 2.12 or 2.13) of Theorem 2.9 we
impose on E (or E*) more restrictions which are provided by Theorem
2.11, a generalization of Day’s Theorem 2 [2, p. T4].

LeMMA 2.10. Let E be a locally convex space,., If E is weakly
sequentially complete, then E is a non-c, space.

Proof. Suppose that E is weakly w-complete but that there is
a subspace F' which is topologically isomorphic to ¢,. As a complete
subset of the Hausdorff space E, F' is closed and, since it is convex,
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weakly closed. Thus F is weakly w-complete which is impossible
since ¢, is not weakly w-complete.

THEOREM 2.11. Let E be a barrelled space, with an wuncondi-
tional Schauder basis {x, fi}. Then the statements below are
equivalent.

(1) The basis is boundedly complete.

(2) FE 15 weakly w-complete.

(3) E is a w-complete non-c, space.

Proof. (1) — (2). Let {y,} be a weakly Cauchy sequence in E.
Then {y,} is bounded and {f(y.)};-. is convergent for every fe E*.
For each kew let a, =lim, . fi(y,). Since S,(%,) — Dirco@il; =
Swee [e¥a) — a)xy, s.(y,) converges with n to >...a.x, (given a
neighborhood of zero V choose the circled neighborhood W such that
W4 «oo - WV where there are as many W’s as the cardinal
number of ¢, and then pick ¢ > 0 so that ex,e W for each keco; for
n large enough, |f.(y,) — a,] < e for all keo and so for such =,
Sked filyn) —ap] s 2 e W+ oo - W< V)., Thus if U is a neighbor-
hood of zero and V a barrel such that V + V< U we have for each
o€ ®, an integer N, such that 3 ,..,a.2, — S.(yy)€ V. V, is a neigh-
borhood of zero (see Theorem 1.18) and since {y,} is bounded there
is a scalar s > 1 such that y,esV, for all ». Hence S,(y,) esV for
all 0c® and ncw. Then for each oe¢® we have >...0,%;€
S.(yy,) + VsV + VcsU, proving that {3,.,0:2:},co is bounded.
Since {z,, f,} is boundedly complete there is a ye E such that a, =
fiu(y) for each kew, and recalling the definition of a, we have
lim, ., fi(y. — %) = 0 for each ke w.

We will prove that y is the weak sequential limit of {y,}.
Suppose it is not. Then u, = y, — y does not tend weakly to ¢ and
so there is an he E*, an ¢ > 0, and a subsequence {z,} of {u,} such
that

(i) hA(z,) > ¢ for each me w.

In accordance with Variation 1.20 let B be the equicontinuous
subset of E* corresponding to {k}. By the result of the first para-
graph of proof lim,_. S,(z,) = 6. Therefore for the neighborhood of
zero U = ¢/5|B U {h}], there is a positive integer m, such that
R,(z)e U and then there is a m, > m, such that S, (z,)e U. By
induction there are increasing sequences {m,}r., and {n,}7., such that

(i) [g(Rn,(2.,))] = ¢/5 and |9(S, (2.,.,)) | = ¢&/5 for all ge B U {h}
and ke w.

For each positive integer & define w, = >;%, .. fi(2,,)%,. Since
2y, — Wy = Sp,_(2.,) + R, (2,) we have, using (ii),

(i) |g(wi) — 9(2.,) | =2¢/5 for all ge BU {h} and ke w.

PE+1
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Now using (i) and (iii) we have |h(w,)| = |h(z,,)] — [ h(2,,) —
h(w,) | > e — 2¢/5. Thus

(iv) |h(w,) | > 3¢/5 for each ke w.

Let F be the subspace of [' of finitely nonzero sequences. If
t = {t;} € F then define T(t) = 3,;.t,w,. For ¢ s 0 pick the scalars ¢, so
that &, h(w,) = [t.h(w,) |; then, |R(Lediws) | = 3en,[te] « | h(wy) [ >
8¢/63 .. | t,|. By the generalized Gurevic Theorem there must be a
9. € B such that | g,(X7-.tiw,) | > 3¢/5 - S5, [ L.

(v) For each t e F there is a g, € B such that | g,(T(#)) | = 3¢/5| t]|.

Define H(t) = >\..ti2,, for each teF. From (i) we get
|g(H(t) — T(t))| < 2¢/5||t]|| for all g€ B; hence

|g(H®) | = | o(TR) | — % 1.

Now using (v) we have

(vi) for te F' there is a g, € B such that |g,(H(t)| = ¢/5]/t]l.

If @ is the Minkowski functional of B, then |g(x)| < Q(z) for
each x e F and all ge B. Thus in view of (vi) we have |Q(H(?))| =
¢/5]|t]l for every te F. It now follows from Lemmas 2.2 and 2.3
that H is a topological isomorphism from F' into E.

Let H(F) be the closure of H(F') in the completion E of E.
Then H(F') is topologically isomorphic to ', and hence is weakly
w-complete. Since the weakly Cauchy sequence {z,} is contained in
H(F), it is weakly convergent to an element z of E. Therefore {u,}
is weakly convergent to z and we have for each kecw, f.(z)=
lim,_., f,(u,) = 0 by the final result of the first paragraph of proof.
This implies that z = ¢ and hence {u,} does converge weakly to 4,
contradicting the original assumption that it does not.

(2) — (8). Lemma 2.10.

8)— @). If {x} is not boundedly complete then there is a
sequence {a,} such that D = {37..a.2,)5-, is bounded but the series
does not converge and hence is not Cauchy since E is w-complete.
Thus there is an equicontinuous subset A of E* and increasing
sequences {m,} and {n,} with m,., > n, such that y, = 3%, a;x; ¢ 4,
for all ke w. Hence, for each positive integer %k there is a g, c A
such that

@ gy > 1.

Let F be the subspace of ¢, of finitely nonzero sequences. Define
T: F—[y,] as follows: T(t) = 3\ie.try, where o is the set of sub-
scripts on which ¢ is not 0. We shall show that T is continuous.
Since {x,} is unconditional and D is bounded, the set of unordered
partial sums {3;..0,%,:0 € @} is bounded (if V is a barrel then V, is
also a neighborhood of zero and hence there is a scalar s such that
Serax,esV, for all new; it follows that >,..a.2,csV for all
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oc®). Hence if B, is a neighborhood of zero (B is equicontinuous)
there is a number M such that |f>,..0:2.| < M for all fe B and
ge®. Let p= Uie.i:m, =5 =m,}; then 3, /(W) | = | freote| =
[ e < M. Therefore >, |f(y)| =4M for all feB and
oce®. Nowsupposete Fand ||t|| < 1/4M. If fe B then |f(T()| =
IZkeatkf(yk)l é Zlcea ltkl ° If(yk); é H t H : Zkea if(yk)| < 1- Therefore
T(t) e B,, and we have proved that T is continuous.

Let t be a nonzero member of F' and pick j so that |¢;| = || ¢]].
Now choose {a,} so that a,t,g9,(y:) = |t.9;(w)|. Then |g,>% . .autiys| =
[Dkeoitidi(¥) | = Deo |l = 19w | = 1851 - 195(y)) | > ¢ =1[t)l. If

B is the equicontinuous set corresponding to A then by the Gener-
alized Gurevic Theorem there must be an h,e B such that

i) |RT@) | >l

If Q is the Minkowski functional of B, then |A(x)| < Q(x) for all
xclE and heB. Therefore, |Q(T(t)} = | t|| for each teF. By
Lemma 2.3 T is one-to-one and open and so T is a topological iso-
morphism of F onto [y,]. Thus their completions, ¢, and [y,], are
topologically isomorphic.

A converse to 2.9 can now be proved. If {x,,f.} is an uncondi-
tional shrinking basis in a barrelled space E, then {f,} is a strongly
unconditional, boundedly complete basis for E* (2.1 and 1.5). There-
fore if E* is a barrelled space (in the strong topology) then by
Theorem 2.11, E* is weakly w-complete. Thus we have proved the
following.

THEOREM 2.12. Let E be a barrelled space, with an adjoint E*
which ts also barrelled, and suppose that E has an unconditional
basis {xy, fi}. If {x, fi} s shrinking, then E* is weakly w-complete.

If the adjoint of a locally convex metrizable space is separable
(in the strong topology) then E* is a bound space and hence barrelled
[10, p. 217, 22.17]. Thus as a corollary to 2.12 we have the following.

THEOREM 2.13. Let E be a barrelled metrizable space with an
unconditional basis {x,, fi}. If {®., fi} s shrinking, then E* 1is
weakly w-complete.

We include a summary of the results on shrinking bases.

COROLLARY 2.14. Let E be a locally convex space, with an un-
conditional Schauder basis {x,f.}. Consider the following six
conditions.

Q) {fw m(x,)} is a Schauder basis for the dual space E*.

@2 {f m(x,)} ts a boundedly complete Schauder basis for E*.
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(3) {fe m(x,)} is an unconditional Schauder basis for E*.

(4) FE is a non-l' space.

(5) E* is separable.

(6) E* 1s weakly w-complete.

Then (5) tmplies (4) (even if E has mo basis) and so each of
4) and (5) is a mecessary condition for (1). (1), (2), and (3) are
equivalent if E is barrelled ((1) and (2) are equivalent even if the
basis {x,} is conditional). Each of (4) and (5) ts sufficient for (1)
of E is a w-complete barrelled space. (6) implies (1) if E is a
locally convex space such that weak* bounded sets are strongly
bounded ; and (1) implies (6) ¢f E is both barrelled and metrizable.
Thus all six statements are equivalent if E is a Fréchet space.

Recall (Proposition 1.6) that a barrelled space, with a Schauder
basis is reflexive if and only if the basis is both boundedly complete
and shrinking. Also recall that a reflexive space is barrelled and its
adjoint is reflexive and barrelled. Thus in view of 2.11 and 2.14 we
have the following.

THEOREM 2.15. Let E be a w-complete barrelled space, with an
unconditional Schauder basis. Consider the following conditions on
E and E*.

(1) E 1s weakly w-complete.

(2) E 1is a nmon-c¢, space.

8) E 1is a non-l' space.

4) E* is weakly w-complete.

(5) E* 1s a mon-c, space.

(6) E* is a non-l' space.

If E is reflexive then (1), (2), and (3) hold. If in addition E*
is w-complete (as it will be if E is a bound space) then all six
statements hold. Then conjunction of (1) and (3) imply that E s
reflexive as does also the conjunction of (2) and (3).
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