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ON BOUNDARY BEHAVIOR OF THE BERGMAN KERNEL
FUNCTION AND RELATED DOMAIN FUNCTIONALS

BRUCE L. CHALMERS

Bergman and Hδrmander have studied the boundary be-
havior of the Bergman kernel function for domains in Cn,
2 ^ n < oo, with strictly pseudo-convex boundaries. It is the
purpose of this paper to extend these results to a larger and
more general class of domains with so called strictly (p, q)-
pseudo-convex boundaries.

Let B be a bounded domain in the space Cn of n complex variables,
say zk = xk + iyk9 k = 1, 2, , n, where 2 <: n < oo. (The euclidean
norm of a point z = {zι,z2, , zn) will be denoted by

and we let z = (z19 z29 , zn) and 0 = (0, 0, , 0).) The space H(B)
of all square-integrable holomorphic functions on B forms a Hubert
space with the Bergman (reproducing) kernel function KB(z, t) with

respect to the inner product (f,g) = \ fgdω, where f,geH(B) and

da) is the euclidean volume element of B. If {φn(z)}n=i is any complete
orthonormal system for H(B), then

which converges uniformly in the interior of B x B. Then, if z* = z*(z)
is a biholomorphic map from B to B* aCn,

KB(z, t) = KB4ί(z*(z), ί*(ί))
d(z) d(t)

and we say KB(z, t) is a relative (pseudoconformal) invariant. Further-
more

( 3 ) KB(z, z) = s u p {\f(z) | 2 : fe H(B), \\f\\ £ 1}

is a decreasing domain functional; i.e.,

( 4 ) B c A implies KA(z, z) ^ KB(z,"z) .

In [1] and [10] respectively Bergman and Hδrmander have in-
vestigated the behavior of K(B; z) = KB(z, z) near a point Q e dB, the
boundary of B, where B is strictly pseudoconvex at Q. In each case
sufficient conditions were attained for K(B; z) to become infinite of
order n + 1 at QedB (i.e., | z — Q \n+1K(B; z) remains between two
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244 BRUCE L. CHALMERS

positive finite bounds as z nears Q) in a certain "nontangential' ' ap-
proach A. Both procedures use as "basic" domains the complex n-
dimensional hypersphere [\z\ < 1] whose kernel function is known and
becomes infinite of order n + 1 at the boundary.

We here introduce an extension of the notion of strictly pseudo-
convex as follows:

DEFINITION. Let B be a domain in Cn. Suppose that there exists
an analytic change of coordinates, one-to-one in a neighborhood η of
Q edB, so that, with respect to the new (normal) coordinates, Q = 0
and, in a neighborhood of 0, B = [2x, > r?(ff_1} + r2j* + oir2^^ + r2

q^)],
where p > 0, 2 ^ q ^ n, and r\υ = Σ l U I zk \\ Then B is said to be
strictly {p, g)-pseudo-convex at Q. If also B 0 7 , then i? is said to
be globally representable (with respect to normal coordinates) at Q.

Note that if B is strictly pseudo-convex at Q then B is strictly
(1, n)-pseudo-convex at Q.

As examples of domains in C2 which are strictly (p, 2)-pseudo-convex
at the points of the circle [zλ = 0, | z21 = 1] consider the Reinhardt
circular domains given by [| z21

2 < R(\ zt \2lP)], where \z1\ < Ro, R is de-
creasing and R'(0) Φ 0.

In §2 and §3 we prove the following extensions of theorems by
Hormander and Bergman respectively:

THEOREM A. In Cn let B be a bounded strictly (p, q)-pseudo-
convex domain at Q. Suppose further that B is a domain of holomor-
phy. Then K(B; z) becomes infinite of order p(n — q + 1) + q in a
"nontangential" (see §1) approach to Q.

THEOREM B. In C% let B be a bounded strictly (p, q)-pseudo-
convex globally representable domain at Q. Suppose further that
passing through Q is a "normal" (see §3) analytic hypersurface lying
entirely outside B. Then K(B; z) becomes infinite of order p(n — q + 1) + q
in a "nontangential" approach to Q.

Since p is an arbitrary positive number, these theorems provide
sufficient conditions for the kernel function to become infinite of any
order r > 2. Setting p = 1 and q = n in Theorem A yields Hόrmander's
result, while taking p = 1 and q = n = 2 in Theorem B gives Bergman's
result.

The proofs of Theorems A and B will use as ' 'basic" domains
the nonhomogeneous (if p Φ 1) domains Rp(n, s) = [r?{?_D + τ\n < 1]
which we introduce in §1. There we will determine the kernel function of
these domains and show that it becomes infinite of order p(n — q + 1) + g,
q = % — s + 2, at the points on the boundary given by r1(s_1} = 0.
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Under the hypotheses of Theorem B, we will determine in §4 the
boundary behavior of other domain functionals related to the kernel
function K, such as the Bergman metric given by ds2 — T^dz^dZμ, where
Tvμ = d2log K/dzudzμ, and the scalar (pseudoconformal) invariant 1 =

1* Determination of the Bergman kernel function and its
boundary behavior for the domains Rp(n, s).

Notation. If f(x) e Ck, then denote the A -th partial derivative
of f(x) with respect to x by [f(x)]ix,k)-

THEOREM 1.1. For the kernel function of R — Rp{n, s) we have

( 1 } K{R. z) = [ [ * » ' ( ! - . ζ ^ ^ 1 * ^ ,

where t = r\lv(s —1)(1 — τL)~\ s' = s — 1, p' — p — 1, α^d w' = % + p's ' .

Proof. The monomials 2m = ^m i2: 2

m 2 zn

mn

y m = (mx, m2, , mΛ) ^ 0

form a complete set of orthogonal functions in H(R). Thus by (0.1)

K{z) = K(R; z) = Σm^o cm I zm |2, where c"1 = f | zm |2 do). I t is clear t h a t
JR

R admits the group Gx of unitary transformations of the first s — 1
variables zu •• ,^s_1 and the group G2 of unitary transformations of
the last n — s + 1 variables ^s, , ̂ %. The Jacobian of a unitary trans-
formation has modulus one and so K(z) = ίΓ(r1(s_υ, 0, , 0, rsn, 0,
•• ,0) = Σ ; = o Σ ; = o S o . . . o V . . . o φ i , * and our problem has been
reduced to only a double sum. After a straightforward calculation
we find

_ 7tnm1\ m s !

(s + m1 —1)1 [pis + rrii —1) + 1] [p(s + mx —l) + m s + ^ —

Now

-— * * * m * ~—- (rln)ms = , where

Thus,

2 ) ΛΓ(«) = _ ^ 2 Σ o ( w + 1) (m +

• [p(m + s') + n - s'\{tp)m .
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Now if Q is a boundary point of Rp(n, s) with r1(s_υ = 0, then by
a unitary transformation in G2 followed by a translation, we can effect
an analytic change of coordinates with respect to which Q = 0 and
the domain can be written as

( 3 ) R'p(n, s) = [2a?, > n V υ + rj'ί] , q = n - s + 2 ,

with kernel function (obtained from formulas (2) and (0.2)):

(4) K(R'p(n,s);z) = ΣαJ ^ ,

where the αm are given in (2).

Notation. We shall write lim^0, or sometimes simply linr4, to
indicate a limit is being taken as z —> 0 in the set

( 5 ) Γo < 0 < ^i-1 if p < 2, and Γo < β < -*L] if p ^ 2 ,
L I«IJ L \z\Λ

and say «—> 0 via an A-approach. (If for a strictly (ί), g)-pseudo-
convex domain the ^-coordinates are normal, such an approach to 0 is
nontangential in the usual sense.)

Thus from (4) we have

THEOREM 1.2. K(Rr

p(n, s); z) becomes infinite of order p(n — q + l) + q
at 0 in a "nontangential" A-approach; in fact

, a s \imA(2xiy
sf+"K(Rf

p(nf s); z) = π~ns'\ [psf + 1] [ps' + q'] = L .

2* Poof of Theorem A. The following lemma is due to Hδrmander
(see [10], p. 146):

LEMMA 2.1. (Hormander) Let B be a bounded domain of holo-
morphy. Let Q edB and assume that for some neighborhood U of Q
there is an analytic function uQ in Br = B Γ) U such that | uQ | ^ 1
in B', I uo(z) I —> 1 when z—>Q, and | uo(z) \ has an upper bound < 1 in
Br 0~U0 for some neighborhood UQ of Q with compact closure contained
in U. Then K(B; z)/K(Br) s) -> 1, s -> Q.

LEMMA 2.2. Rp(n, s) is a domain of holomorphy.

Proof. It follows easily from (1.1) that K(Rp(n, s); z) becomes
infinite at every boundary point of Rp(n, s). But it is well known
that a domain whose kernel function becomes infinite at every boundary
point is a domain of holomorphy (see e.g., [7], p. 357).



ON BOUNDARY BEHAVIOR OF THE BERGMAN KERNEL FUNCTION 247

LEMMA 2.3. If B is strictly (p, q)-pseudo-convex at Q, then, with
respect to local normal coordinates

( 1 ) ΉmA (2xiy
f+qK(B; z) g L .

Proof. B can be written locally in a neighborhood of Q = 0 as

B = [2x, > n2

(g_υ + rl'i + ofoVυ + K'i)] For ε > 0 let

R£ = [2x, > r?(ff_υ + r2': + ε(r^_1 } + r ^ ) ] .

Then Rl = Rεn[\z\<δ] is included in B if δ is sufficiently small.
Since Rε is obtained from R'p(n, s) by the change of coordinates
zk*-(l + ε)- 1 ^, A; = 1, , q - 1, zx <— (1 + e ) - ^ , Z = q, , n, Rε is
also a domain of holomorphy. Thus

E n ? (2x1)
P8f+qK(B; z) ^ ϊ ϊ m 1 (2x1)

PΛ'+qK(Rδ

ε; z)

ϊϊ ?£; z) =

by (0.4), Lemma 2.1 (taking wo(s) = e~z^ and [7 = [|^| < δ]), and (0.2)
together with Theorem 1.2, respectively.

Conclusion of proof of Theorem A. Let 0 < ε < 1. Then, an-
alogously as in the proof of Lemma 2.3., Bδ = I? Π [| z \ < δ] αR_ε if
δ is sufficiently small. Now since J5 is a domain of holomorphy we
can apply Lemma 2.1 with uQ(z) — e~Zl and U — [\z\ < δ] to obtain

lim (2xiy"+qK(B; z) = lim (2α;1)^ s r +^(S5; z) ^ lim (2^) p s '

using also (0.4) and (0.2) together with Theorem 1.2. Combining this
result with that of Lemma 2.3, we conclude that under the hypotheses
of Theorem A,

( 2 ) \\mA (2xiy^~"+1)+"K(B; z) = L .

3* Proof of Theorem B*

DEFINITION 3.1. Suppose that B is a strictly (py g)-pseudo-convex
globally representable domain at Q. Suppose h is an analytic hyper-
surface through Q which can be represented as h = [zλ = 0] with re-
spect to normal coordinates for B and h Π B = Q. Then we say that
through Q passes the "normal" analytic hypersurf ace h lying entirely
outside B.

LEMMA 3.2. Let B be α bounded domain whose closure intersects
the hyperplane [zι = 0] only at the origin. Then an arbitrary neigh-
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borhood of the origin includes the section δ ί l [ ^ = 7] if 7 is sufficient-
ly small.

Proof. Let P = sup2e B r2n. Since the set of points [zx = 0, b ^ r2n ^ P]
is closed, for each b > 0 there exists a number τ(6), 0 < τ(6) <̂  6, such
that [|Si| ^ r(6), b <^ r2n<^ P] contains no point of B. Now if U is
any neighborhood of the origin, there is a v > 0 such that [|^| < v,
r2n <v]aU. Then if z e B and b ^ v, we have that | zt | < r(6) im-
plies r2n <b, and so the section £ n K = 7 ] c i 7 for 171 < τ(b).

LEMMA 3.3. Let B be a domain satisfying the hypotheses of
Theorem B. Then there exists a transformation

such that for a and β positive and sufficiently large, the domain
Elβ

e = W(R-ε) includes B in its interior, where 0 < ε < 1.

Proof.

B = [2x, > rj(ff-1) + rft + 0(7%^ + rj'*)] and

R_ε = [2x, > (l-ε)(r^_1 ) + rfί)]. Thus 3 a neighborhood 77 of 0 such
that 5 n V ^ Λ-ε Π )?. Hence for | 7 | < δ, Bn [zx = 7] c i?_ε Π [̂ 1 = 7]
if δ is sufficiently small, by Lemma 3.2.

Now let R°ίε = Wa(R-ε), where Wa: z, <- zj(l - azj, zk «-zkJk =
2, , n. Then consider Rlε Π [r2n = 0] = ~ ca, where ca is the circle

Γ|*1 + I < I Ί .
L1 2a - (1 - ε) ~ 2a - (1 - ε) J

We can assume a is so large that caf] B f] [r2n = 0] = 0. Then the
closed set M = B Π [r2n = 0] n [| zι \ ̂  δ] lies entirely in the interior
of the section R°Lε Π [r2n = 0]. Now the sections Rlε Π [zx = 7], 76 Λf,
include hyperspheres with center (7,0, « ,0) and the radii of these
hyperspheres have a positive lower bound r. If one applies to Rlε

the transformation Wβ: zL <— z19 zk +- zk(l + βzj, k = 2, , ^, to obtain
the domain . β ^ = Wβ(R°Lε), then the section Rlε f] [zλ = 7] goes into a
domain including a hypersphere with center (7,0, « ,0) and radius
^ r 11 + βy [. β can be chosen so large that r 11 + /37 | > P for | 7 | ^ δ,
where P = sup, 6 5 r2w. Thus B n [«i = 7] c JBfLξ Π [z± = 7] if | 7 | ^ δ.

On the other hand consider 7 e R°Lε Π [̂ 2% = 0] = ~ ca. Thus if
/9 > 2a - (1 - ε), then | 7 + 1//3 | > 1//3 and so 11 + /S7 | > 1. Hence
β-̂ ε Π [̂ 1 = 7] 3 # " ε Π [^ = 7]. But for I 7 I < δ we know R°Lε Π fo =
7] =) S Π [«i = 7]. Thus JBfLί n[2i = 7 ] D ί n K = 7] for all 7.
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Conclusion of proof of Theorem B. Since RaJε ZD B, we have
limA (2xιy

sf+"K(B; z) ^ limA (2xiy
sf+qK(R°Lβ

ε; z) = ( l - ε ) ^ - 2 ! , . This re-
sult together with Lemma 2.3 shows that (2.2) also holds for B under
the hypotheses of Theorem B.

4* Boundary behavior of other functionals on the domains
of Theorem B*

THEOREM 4.1. Under the hypotheses of Theorem B and using
normal coordinates, we have further, denoting lim^ (2xyF(B; z) by
(λ, F) and letting m — p(q — 1) and a = m + s,

( 1 ) (a + 1, KZ1) = - La; (a + 1/2, K,k) = 0, 2 ^ k £ q - 1;

(a + p/2, KZk) = 0,q^k£n,

( 2 ) (2, ds2) = a I dz, Y if 0 < p < 2;

(2, ds2) = a\dz,\2 + cf^\dzk\
2 if p = 2 ,

A; = s

n

(p, ds2) = c Σ | ^ | 2 if V > 2, where
c = q(p + m+ !)--• (p +a- l)/[(m + 1) . (α -1)] ,

(3) (oyl)

= π~n(q - 1)! cr^Km + 1) a]q[q(p + m+ 1) - (p + a - lf-q.

Proof (Sketch). One can show analogously as in Lemma 3.3 that
B includes in its interior the domain Rfβr = W(Rε) where

zk

for sufficiently large α' and β'. Then if F(B; z) is any decreasing
functional of the domain B, e.g., K(B; z), we have

F(Rfβf; z) ^ F(B; z) ^ F(RaJε; z) .

It is well known that the quantities ds2 and I are rational functions
of decreasing domain functionals F{ which can be determined from
the kernel function and its derivatives. But from our results in §1,
and using (0.2), we can calculate the kernel function and its derivatives
for the domains R"'βf and R°Lβ

t. Thus we can calculate the decreasing
domain functionals Fζ and show that there exist λ$ such that
lim ε^ (λ,, FiiRr*'; z)) = lim_0 (λίf Ft(Rlβ

β; z)) = li9 whence (λif Ft(B; z)) - I,.
From these results (2) and (3) follow immediately. Although the de-
rivatives KZk are not themselves rational functions of monotone domain
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functionals, they can be approximated above and below by such
functions and the same method yields (1).

The author wishes to express his thanks to Professor S. Bergman
for his guidance and to Professor C. Loewner and M. Skwarczynski
for their pertinent criticism in the preparation of this paper.
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PEIRCE DECOMPOSITION IN SIMPLE LIE-ADMISSIBLE
POWER-ASSOCIATIVE RINGS

WILLIAM E. COPPAGE

The main result is

THEOREM. If A is a simple Lie-admissible power-associative
ring with characteristic prime to six, and if A has an idem-
potent e relative to which A has a Peirce decomposition such
that AQO=O, then either e is a unity element of A or A ~ B,
where B is a three-dimensional algebra having a basis {e, x, y}
such that e2 = e, ex—x9 ye=y, xy— —yx—e and xe—ey=x2=^y2=0.

If A is a simple Lie-admissible power-associative ring then A be-
longs to a class of rings which includes associative rings, Lie rings,
commutative power-associative rings, Jordan rings, anti-flexible rings,
rings of type (7, d) and others. Lie rings do not have idempotent
elements, and simple (7, d) rings with an idempotent eφl have been
shown [2, 3, 4, 5, 6, 8] to be associative. Thus if A has an idem-
potent element e Φ 1 then A belongs to a class which includes rings
of the associative, commutative power-associative, and antiflexible
types. Assuming that A has an idempotent e satisfying,

( 1 ) (β, β, x) = (e, x, e) = (x, e, e) = 0 ,

suffices to establish a Peirce decomposition,

where Aiά = {x e A | ex = ix, xe = jx} for ί, j = 0,1. This assumption
eliminates the possibility that A is commutative, for then A10 = AOi = 0,
so [2] A = An φ -̂oo and simplicity implies that A = Au, hence e is
a unity element for A.

The class of rings under consideration does contain members which
are not associative. Kosier [7] has given examples of simple Lie-
admissible power-associative finite-dimensional algebras, the so-called
anti-flexible algebras. These have the property that A = An + Aoo in
every Peirce decomposition.

There are no rings with unity element, 1, which possess a Peirce
decomposition with respect to an idempotent e Φ 1 in which A0Q — 0.
This is because 1 — eeA00.

The algebra B of our theorem was introduced in [9]. It has the
property that i5{~) is a simple Lie algebra.

The associator, (a?, y, z) = (xy)z — x(yz), and the commutator,
[x, y] = xy — yx, are functions which, defined on any ring, are linear
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in each variable and related by the identity,

( 2 ) [xy, z] + [yz, x] + [zx, y] = (x, y, z) + (y, z, x) + (z, x, y) .

A Lie-admissible ring satisfies,

(3) [xy - yx, z] + [yz - zy, x] -t- [zx - xz, y] = 0 ,

and a power-associative ring whose characteristic is prime to two
satisfies

(4) [xy + yx, z] + [yz + zy, x] + [zx + xz, y] = 0 ,

hence in the ring A the function

#(£, y, z) = (x, y, z) + (y, z, x) + (z, x, y)

= [xy, z] + [yz, x] + [zx, y]

is identically zero. Also, the fourth-power-associativity identities
(x2, x, x) — 0 and (x, x, x2) — 0 may be linearized to yield functions
P(a, 6, x,y) = Σi (ab, x, y) and Q(a, δ, x, y) = Σ (α> δ» ̂ 2/) which are
identically zero. The Σ here in both cases indicates a sum to be
taken over the twenty-four permutations of α, 6, x and #.

We will use as well as juxtaposition in denoting products, with
juxtaposition taking precedence. Thus a-bc = a(bc).

LEMMA. Let A be a ring whose characteristic is prime to six
and in which the functions H, P and Q vanish identically. Suppose
A contains an idempotent e relative to which A has a Peirce decom-
position. If amn denotes the component of an element a in the
module Amn then

( 5 )

( 6 )

(7)

( 8 ) xuyv = (xuy^ij + (XiiVi^jj e Ai3- + A5i ,

( 9 ) VijXu = (xuVidόJ e AJJ ,

(10) yHx{i = (yjiXa)^ + (y5ixn)55 e AH + Ajό ,

(11) XuVji = (VjiXiύjj e Ajj ,

(12) x^yij = yijXij e An + Aj3 ,

(13) xi3 yάi e A« + A i y ,

(14) xnyn e Au + A,-,- ,

i + V*

= 0 ,

1
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[Alj, AH + AH + AJJ] = 0 ,

[Ai3AH, Au\ = 0 ,

[AjtAjj, Ai5\ = 0 ,

[A3ΊAid, A3i] = 0 ,

253

+ +

(15)

(16)

(17)

(18)

(19)

(20)

(21)

and

(22)

Proof of the lemma. Identities (5), (6) and (7) are derived in [1]
using only the fact that the functions H, P and Q vanish identically.
All of the identities are obtained by relatively straightforward substi-
tution of elements into H, P and Q. Due to the excessive length of
many of the computations involved we leave the proofs to the reader.

Since our theorem hypothesizes that Aoo = 0 the multiplicative pro-
perties stated in (8) through (14) of the preceding lemma can be more
compactly exhibited in our case by the module multiplication table:

(23)

We will henceforth make free use of the properties shown in this
table. Note also that (12) can be written

(24) [A10, A10] - [Aoι, Aoι] = 0 ,

and (15) can be written

(25) [A?o, An + AQl] - [Ail9 An + A10] = 0 .

Prom (16) we have

(26) [A01A10, An] = 0 ,

and (19) through (22) specialize to

(27) an-x10y10 = x^y^aιx = (l/2)(αn.τ10.?/10 + any10-xι0) ,

(28) an x01y01 = x01y0r(in = (l/2)(xolan-yOί + yolan-xol) ,

An

^•10

Άoi

An

An

0

^ " • 0 1

- " 1 0

AlQ

An

An

AQI

0

An

An



254 W. E. COPPAGE

(29) an(xιoyQί + y0ιx10) = anx10 yQ1 + yolan-x1Q

a n d

(30) (a?lo2/oi + S/oΛoKi = 2/oi αiΛo + ^

respectively.
We assume throughout that β is not a unity element for A. We

will show

(31) (A, Au, An) = (Allf A, Au) = (Au, Au, A) = 0 .

The submodule Au is a subring of A, and for i Φ j , two of the
associators in Hi^x^y^a^) = fe,^,^-) + (yn,aij,%n) + (a>ij,Xn,Vn) = 0,
are equal to zero, hence all three are equal to zero. Thus it suffices
to show that Au is associative.

We assert that the submodule / = (Au, A l l f An) + (Au, An, An)An

is an ideal of A. We will use the fact that the function T(α, x,y,b) =
(ax, y, b) — (α, a?2/, 6) + (α, a;, 2/5) — α(&, y, b) — (α, a?, y)b is identically
zero in any nonassociative ring. Thus 0 = T(amn, xn, yn, δ^ ), with
m + /^ = / ί + i = 2 implies that An(An, An, An) g /, and with m + w = 2,
i + i = 1, implies that (An, An, An) Ai:f = 0, using the fact that
(Au, Au, A o ) = 0. If m + n = 1 and i + j = 2 then we get
Amn(An, Au, An) = 0. Thus (An, Au, An)A + A(An, Au, Au) is in /.
Furthermore,

(An, An, AJAn ASίίAn, Au, An), An, A) + (Au, An, A n )AS J ,

so IA^I. Finally,

+ A(AU, An, A U )-A U S/ + l A n S l ,

and it follows that A / C / . Hence J is an ideal of A. If A = I then
e is a unity element for A, which contradicts our assumption. There-
fore / = 0 and in particular (Au, An, An) = 0, which proves (31).

We assert next that A2

1Q = A2

Q1 = 0. First we prove that J= A2

10 +
A2

10A1Q is an ideal of A. We have

^ Ί 1 0 A 1 0 £ΞΞ A 1 0 A n

 : = : 0 , J±Q1A.10 = .A 1 0A 0 1 ^ -AnΆoi = : "

by using (25), and AnAlQ = AϊoAu C AJ0 by (27). Thus A^0A + AA2

l0 e J .
Moreover, (A?0A10)An S A10An = 0, and, by using (31), An(A?0A10) =
(AuAJo)A10 S A?0A10 S J . Letting α u = 1̂0̂ 10 in (29) we have

uίOvίO(xιoyQ1 + yQ1x1Q) = (ulovlo xlo)yoι + (?/or^10^10)^10 .

But 2/01-̂ lô io = ^io^lo 2/oi = 0 by using (25), so
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(ί^lO^iO * *^lθ)2/θl ~ ^ΊO^lOV ^lO^/oi ~Γ 2/θl^lθ) ^ - " 10-"-ll = «*

and therefore A2

l0Aί0 A01ξ^J. Finally, H(u10v10, x10, y01) = 0 implies

Thus / is an ideal of A.
Since A is simple either J = 0 or J = A. If J= A then A?o — A1U

AnA10 — Aί0 and A01 = 0. Thus we may write

e = Σ ^ } ^ }

But

and

0 = H(X10, X10, y10) = l^io, ?/ioJ
= = ^io2/io 1

o> 2/io > # 1 0 ) ~f~ v2/io > ^10 >

0 = (l/4)P(aj 1 0, x1Q, y10,

— (^10 > 2/io > 2/io) + 2 ( ^

^^io2/io 2/io^io ~r 2/io^io "«̂ io

so using the fact that Ai0 is in the center of the associative subring
An, we obtain xl0y

2

10 — — 2(xl0y10)
2. It follows that

o^o = 0

since xz

1Q = a?lo flj?o = 0. But then we have

3ί + l

= 0 ,

since every term in the multinomial expansion must contain, for some
j , a factor (x^y^Y = 0. From this contradiction we conclude that
J = 0, hence A?o = 0. Then also A2

01 = (A*01)
2 = 0, where A is a ring

which is anti-isomorphic to A.
We may now replace (23) with the table,

(32)

We will continue to make free use of these multiplicative properties
in the sequel. Of special interest are the identities,

^•10

^ • 0 1

An

An

0

^ • 0 1

-^•10

•^•10

0

An

-^-01

0

An

0

(33)

and

2/oi * — Zoι
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(34) 2/ioSoi Bio = -Soi»io 2/io i

obtained by using the function H and (32).
We show next that the subring An is itself a simple ring.
Let Bn be any nonzero ideal of An and consider the submodule,

L = Bn + BnAί0 + A01Bn + A0i-BnA10

+ A.01ijn Λ.1O + (AQί .o 11.

We will show that L is an ideal of A.
Evidently, ABn + BnA^L. Also BnA10*AnSA10An = 0; and by

(31), An-BnA10 = AuBn-A^a^AoSL. By (24),

Noting that BnAio ΛiSΛi-Bn Λo + BπSL by (29), and A0ι BnA10QL
by the definition of L, we see that A BnA10 + BU41O A S L . More-
over, A-AQ1Bn + 40 1Bu A g L from the left-right symmetry of our
identities. Similarly, verification that the fourth and sixth terms in
in the definition of L yield elements of L when multiplied on the left
or right by an element of A implies the same result for the fifth and
seventh terms.

By (28), [ 4 o l . 5 A , 4 ] S [ M o , 4 ] = 0. Since (AorBnAlo)AnQL
by definition of L, it follows that An(AQί-BnAL0)ξΞ:L also. Clearly,
A10(AorBnA10)SA10An = 09 and by (34), {A
Also (A01-BnA10)A01<^AnA01 = 0, and by (30) and (33),

AQ1(Aϋl BnA10)^A01(Bn + Aί0 A01B

Thus A(A0ί-BnA10) + (AϋrBnA10)ASL.
Since [A01 jBnA10, An] £ [A01A10, An] = 0 it suffices to show that

(A01-BnA10)An A and A-An(A01 BnA10) are in L. By (31),

and A An(A01 5n^l10) = AAn (Λi 5UA1O) C A(AOi 5nA10) S ^ . This com-
pletes the verification that L is an ideal of A.

Since A is simple and 0 Φ Bn S ί' we must have L = 4̂, hence
BnA10 = A10 and AOίBn = A01.

If bneBn then bn(anx10) y01 + τ/01&n-̂ iAo e 5 n and

by (29). Taking the difference of these two elements and using (31)
gives (2/oiδii)αn a?lo — VoAra^x^eBn. Since A01Bn = A01 it follows that

If the intersection of all proper ideals of An is the zero ideal,
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then (A01, Au, A10) = 0. Hence, by (31) and (33),

= 2/oi(^oi * ^ n ^io/ ~ ^oiv^ii^io * Voi) 'y

I . e . , #oivfyu» ^iot l/oi) ^ ^

Since the set Nn of elements of An which annihilate A01 is an
ideal of An, and since 0 = A01Nn Φ A01, it follows that Nn = 0, hence
(Au, A10, A01) = 0. Thus i 1 0 i 0 i = (5n4io)Λi = #n(A10A01) S # u and, by
using (29), A01Λ10 = (AQ1Bn)A10^ BnAιoΆOί + BnQBn. This implies that
the ideal L is given by L = 2?n + 5nA1 0 + A0 1JBU. Since A is simple,
•Bn = -An and -An is simple.

The other possibility is that An contains a unique minimal ideal,
Mn. If (A01, An, A1Q) = 0 we may proceed as above. Thus assume
that there exists a nonzero element δ n of the form (y01, an, x10). Since
(A01, An, A10) SBn for every nonzero ideal Bn of An, we see that
bneMn. Moreover bn is in the center of A u by (26). Since Mn is
minimal, Mn — bnAn. If bncn = 0 then, since ΛuΛfπ = AQ1, A01cn =
-AoiAuftnCϋ = 0. Thus c116Λr

11 = 0; i.e., no nonzero element of An an-
nihilates 6n. Hence 6^ ^ 0 and Mn = &nAn. Then there exists 6n e A u

such that bn — b2

ndn, or 6n(e — δπCΪπ) = 0. It follows that e = bndne Mn

hence M u = A u is simple in this case also.
By (31), (33), and (26), zol(xιoyoran) = (zorxloyol)an= ~(yorzolx1Q)an^

2/oi, «n) = °̂  o r (A10, An, An) S Nn = 0. Then (30) reduces to yolxlo an =
yQί-anx1QJ which, in view of (26), implies that A01A10 is an ideal of An.
If A01A10 = 0 then (34) implies that A10AQ1 annihilates A10, hence A10A01~
0. But then we easily see from (32) that both A10 and A01 are ideals
of A, hence A10 = A01 = 0, which implies that e is an unity element
for A = An. From this contradiction we conclude that A0ίA10 = Aιu

hence by (26), An is commutative and therefore a field.
Let An = Φe. To prove that A01 is one-dimensional over Φ, choose

0 Φ zoι G Aoi such that zoιAιQ = A u = Φe. Suppose 201#10 = e. Then for
every y01 e A01 we have, by (33), y01 = — zol*xloyOi = azQ1 for α e Φ. Also
A1D = Ajj is one-dimensional over Φ.

We now have An = Φe, A10 = Φ# and A01 = Φy. Since (34) gives
(#2/ + yx)x = 0 and xy + yxeΦe, we must have αy + 2/E = 0. Without
loss of generality we may take xy — — yx — β, which completes the
proof of the theorem.

This paper is based on a portion of the authors doctoral disser-
tation written under the direction of Professor Erwin Kleinfeld, to
whom the greatest appreciation is expressed. Thanks are also due the
referee who indicated modifications in the original proof allowing for
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an extension to rings of the theorem originally proved only for finite-
dimensional algebras.
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COMPACTNESS OF MAPPINGS

EDWIN DUDA

A class of spaces that admit to a special kind of mapping
onto the nonnegative real numbers is considered and it is shown
that this particular type of space is invariant under compact
monotone mappings. It is also shown that if such a space
admits to a one to one (monotone) mapping onto a "nice"
subset of the plane then the mapping is a homeomorphism
(compact monotone mapping). If the one to one mapping
(monotone) is not a homeomorphism (compact monotone map-
ping) then its range necessarily separates E2.

In [3] the author showed that if a locally connected generalized
continuum X with the property that the complement of each compact
set has only one nonconditionally compact component admits a one-to-
one mapping / onto E2, then / is a homeomorphism. This result was
then used in [4] to show that reflexive compact mappings of E2 onto
E2 are compact mappings. This condition that the domain be all of
E2 and the range be all of E2 are naturally unsatisfactory conditions.
In this paper we undertake to reduce these conditions by considering
spaces which admit to certain special kinds of mappings onto the
nonnegative real numbers. It is shown that these spaces include
numerous subsets of E2 and also include spaces which are not subsets
of E2. In general a completely satisfactory reduction on the hypotheses
used for the main result in [4] is obtained.

2* Notation and definition* Throughout X and Y will be
metric spaces and mapping will mean continuous function. A locally
connected generalized continuum is a connected separable metric space
which is locally compact and locally connected. A mapping is monotone
f each point inverse is a continuum and a mapping is compact if the

inverse image of each compact set is also compact. A continuum X
is unicoherent if whenever X = A (J B, where A and B are continua,
then so is A Π B. The nonnegative real numbers will be represented
by [0, oo) and [α, b] will be the real numbers interval from a to b or
a simple arc joining a to b depending on the context. The cyclic
element theory used is that of reference [10]. A topological ray is a
homeomorphic image of a ray in the real line. A set B in a metric
space is conditionally compact if its closure is a compact set. The
Euclidean plane will be represented by E*.

3* Preliminary results*

259
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THEOREM 1. Let X be a noncompact metric space which has the
representation X = (JΓ=i Aif where A{ c int Ai+1, i = 1, 2, 3, and
each Ai is a locally connected unicoherent continuum which does not
separate X. Then there is a mapping g of X onto [0, ©o) and a
monotone increasing sequence of positive real numbers Ĝ  , (c^)—>co,
such that g~ι[0, a{] is a locally connected unicoherent continuum for

Proof. For convenience of notation assume int AγΦ φ. Let Bt =
Ai Π Cl(X — Ai) for each positive integer i. Each Bt is a continuum,
[5], the Bi are pairwise disjoint and the union of any subcollection of
Bi is a closed subset. By a modified version of Urysohn's Lemma
there is a mapping f, of A, onto [0, 1] with f^B,) = lyfrVάBi) = #i
Similarly there is a mapping f2 of Bλ U A2 — Aι onto [1, 2] with

MB,) = ltffWBJ = J?lf/2(B2) = 2,/2"
1/2(52) = B2 .

In general there exists a mapping fn of l ? ^ U An — An^ onto [w — 1, n]
with UB^) = n-l, fT'MB^) = Bn_xJn(Bn) = n,f~γn(Bn) = Bn. Let
# be the mapping of X onto [0, oo) which is defined in the following
manner. For x e Aj9 set g(x) = fό(x) and note that g is a mapping
with the required properties.

There is a partial converse to theorem one which is useful in
identifying some of the properties of spaces which admit to a special
kind of mapping onto [0, oo).

THEOREM 2. Let X be a metric space which admits a mapping
g onto [0, CXD) for which there exists a strictly monotone increasing
sequence of positive real numbers aiy (a$) —> oo, such that g^O, a{] is
a locally connected unicoherent continuum and ίΓ"1^] is a continuum
for each positive integer i. Then X has the representation X —
\JT=i A^ where A{ c int Ai+ί, each A{ in a locally connected unicoherent
continuum, and ^[a^oo) is connected for i = 1, 2, 3, .

Proof. Let Ai = g~ι[0, a<] for each positive integer i. Clearly
Ai c int Ai+1 for each positive integer i and since ^"'[αj is a continuum
it follows that g~ι[aiy co) is connected.

Another usuful version of theorems one and two is possible for
monotone mappings. First we establish a useful lemma of which there
are more general versions, i.e., Theorem 2 of [9].

LEMMA. Let X be a locally connected generalized continuum.
If g is a monotone mapping of X onto [0, co) then f is a compact
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mapping.

Proof. Let K be a compact subset of [0, oo) with least upper
bound u and greatest lower bound I. There is a continuum Ko

containing g~\u) U 9~\l). The closed interval g(K0) contains K so
that g^giKo) contains g^iK). By monotoneness of g, g^giKo) is a
continuum so that g~γ{K) is compact.

THEOREM 3. Let X be a locally connected generalized continuum
and g a monotone mapping of X onto [0, oo). If there exists a
sequence of positive real numbers a^ (α*)—* °°, such that each gr̂ fO, αj
is embeddable in E2 and no point inverse of g separates E2 in some
embedding, then ^-1[0, α̂ ] fails to separate E2 for each positive integer i.

Proof. It is well known that if one embedding of a continuum in
E2 fails to separate E2 then the same is true for all other embeddings.
Suppose then that ^[O, a{] is a subset of E2 under some embedding.
Let G be the decomposition of E2 into the points not in (/"̂ [O, a{] and
the continua ^ [ c ] , 0 <c < a{. Since this decomposition is upper semi-
continuous it follows by a well-known theorem of R. L. Moore, [6],
that the decomposition space Y is a topological plane. Furthermore
the image of (/"̂ [O, α̂ ] under the natural mapping ψ of the decompo-
sition G is a simple arc. Since the arc ψig^lO, α̂ ]) does not separate
Y and f i s a monotone compact mapping, ^"'[0, a{] does not separate E2.

It will be useful for further discussion and statements of results
to refer to a locally connected generalized continuum which admits to
a mapping g of the type in Theorems 1, 2, or 3 as a #-unicoherent
space. To give some indication of a class of spaces which satisfy
the conditions of Theorem 1 recall that a locally connected continuum
each true cyclic element of which is homeomorphic to a 2-sphere is
called a cactoid. It is well known that a monotone image of a 2-sphere
is a cactoid and that any cactoid can be realized by a monotone mapping
defined on a 2-sphere. Moreover, any monotone image of a cactoid is
also a cactoid. The space obtained by removing a noncut point from
a cactoid satisfies the conditions of Theorem 1. (See Theorem 4.)

A base set is a locally connected continuum which is homeomorphic
to a continuum in E2 every true cyclic element of which is a 2-cell.
A hemi-cactoid is a locally connected continuum which is the union of
a base set and disjoint sequence of cactoids each intersecting the base
set in a single point and subject to the condition that for any ε > 0
at most a finite number of the cactoids have diameter greater than ε.
It is well known that any monotone image of a hemi-cactoid is also
a hemi-cactoid and any hemi-cactoid can be realized by a monotone
mapping defined on a 2-cell. The space obtained by removing a noncut
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point from a hemi-cactoid will satisfy the conditions of Theorem 1
provided the noncut point is not in an open 2-cell of a true cyclic
element which is a 2-cell. (See Theorem 4).

We generalize the notion of cactoid and hemi-cactoid by considering
a locally connected continuum X in which each true cyclic element is
either a 2-sphere or a closed 2-cell. Before establishing the main
theorem concerning such spaces consider the following remarks. For
a 2-sphere S and any point pe S, S — p = (JΓ=i -A*, where Ai is a closed
2-cell, Ai c int Ai+1, and (S — p) — A{ is connected for each positive
integer. For a closed 2-cell C and any point p on the boundary of
C, C — p = \JT=I Ai, where A< is a closed 2-cell, A* c int Ai+ι, and
(C — p) — Ai is connected for each positive integer i.

Much of the preceding discussion of known results can be found
in [10].

THEOREM 4. Let X be a locally connected continuum every true
cyclic element of which is a closed 2-cell or a 2-sphere. If p is a
noncut point, p not in an open 2-cell of a true cyclic element which
is a closed 2-cell, then X — p — (JΠ=i Aiy where A{ is a unicoherent
locally connected continuum, A{ c int Aί+1, and X — A{ is connected
for each positive integer i.

Proof. Suppose p is in a true cyclic element S which is a 2-sphere.
Let S — p = \JT=iA[, where A[ is a closed 2-cell, A[amtA[+ι, and
(S — p) — A[ is connected for each positive integer i. For each positive
integer i, let Ai be A\ union all of the components of X — S whose
closure meets A'im This gives the required representation for X — p.

In the case where p is in a closed 2-cell which is a true cyclic
element, the argument is similar.

Suppose now that p is a noncut point which does not belong to
a true cyclic element. For q e X, q Φ p, there is a simple arc [q, p]
joining q to p. Let K be true cyclic element which has a nondegenerate
intersection with [q, p]. The set K Π [q, p] is a simple arc and hence has
a last point in the order q, p. Let H be the set of such points obtained
by considering all nondegenerate intersections of true cyclic elements
with [q, p] and let b be the least upper bound of H on [q, p], (take b = q
if H = φ). If b = p, then H contains a sequence (p ) converging
to p and if b Φ p, then choose (pj to be any sequence on [b, q] converging
to p. It can be assumed that the sequence (p{) is monotonic increasing
in the order q, p. For each positive integer i define Ai to be p{

union of all the components of X — p{ except the one that contains
(Pi, p]. For each positive integer A{ is a unicoherent locally connected
continuum, A{ c int Ai+ί, and X — A{ is connected.
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In order to make the statements of some theorems somewhat
briefer, it is convenient to make the following definition. A space X is
said to be a .D-cactoid if X is a locally connected generalized continuum
which is obtained by removing a noncut point p, p not in an open
two cell of a true cyclic element which is a 2-cell, from a locally
connected continuum each true cyclic element of which is a 2-sphere
or a 2-cell.

COROLLARY 1. Every D-cactoid is a g-unicoherent space.

THEOREM 5. If f(X) = Y is a compact monotone mapping and
X is a D-cactoid then so is Y.

Proof. Let X' be the locally connected continuum and p the non-
cut point for which X' — p — X. The space Y, since / is a compact
mapping, is known to be a locally connected generalized continuum.
Denote by Yr the one point compactification of Y and denote the
compactifying point by q, q g Y. There is a natural extension of /,
call it / ' , which takes p onto q. Let if be a true cyclic element of
Yf and note by the monotoneness of / ' , fr~ι(K) is a continuum. There
is a true cyclic element C of X' with f'(C) 3 K. The mapping f'/C
is monotone hence f'(C) is a cactoid or a hemi-cactoid. Clearly K is
a true cyclic element of f'(C) and as such is a 2-sphere or a 2-cell.
Thus the space Y' — q = Y is a D-cactoid.

4* Main theorem* In order to make use of a theorem in [11]
and portions of the proof of the theorem in [3] the following notation
is useful. Let f(X) = Y be a one to one mapping of one locally
compact separable metric space X onto another such space Y. Let
S be the set of points in X at which / is a local homeomorphism
and let T be its complement. From a result in [9] the set S is open,
T is closed, and f(S) is an open dense set in Y. The sets S and T
and the following theorem of [11] will be used in proving the main
theorems.

THEOREM A. Let X be a locally compact arcwise connected
separable metric space, let Y be a locally connected generalized
continuum. If f(X) = Y is a one to one continuous function which
is not a homeomorphism, then there exists a topological ray R in X,
R closed in X, with f(R) a simple closed curve in Y. Moreover, if
r is the initial point of R, there is a subray R' of R such that
f(R' U r) is a simple arc and Rr a S.

THEOREM 6. Let X be a g-unicoherent space. If f(X) = Y is a
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one-to-one mapping, where YcE2 is locally compact, locally connected,
and Y = (JΠ=i Bn B%c *nt B%+ι ( r el Y)9i = h 2, 3, and no B{ separates
Έ2, then f is a homeomorphism.

Proof. The proof is made by proving a series of statements which
determine the cyclic structure of the space X if / is supposed not to
be a homeomorphism and then reaching a contradiction. Let a{ be a
sequence of positive real numbers for which g~ι[0, αj is a locally
connected unicoherent continuum and hence /gr̂ fO, α̂ ] does not separate
E2 for any i or as in Theorem 3 each fg^c], 0 < c < oo, fails to
separate £/2 so that each fg~~l[0, a{] fails to separate E2 for any sequence

We first show that every simple closed curve J i n 1 bounds an
open two cell which is an open subset of X. To this end, let an be
an element of the sequence α< for which g(J) c [0, an\. The continuum
/flΠ^O, αw] fails to separate i?2 and contains the simple closed curve f(J)
so it contains the open two cell bounded by /(/). Since //fiΠ^O,̂ ] is
a homeomorphism onto its image, f~\E) is an open two cell which is
open in X and is bounded by J.

To show the space X has exactly one nonconditionally compact
cyclic element suppose first that all cyclic elements of X are compact.
By Theorem A there exists a ray R, R closed in X, such that f(R) is a
simple closed curve and a subray Rr aR and Rf c S. That is, R' aS
implies / is a local homeomorphism at each point of R'. The closed
ray Rr cannot be a subset of any compact cyclic element so that Rf

contains a point p which separates X. Let Xo be R union all the
components of X — R that map into the open two cell bounded by
f(R). There is an integer n such that Bni)f(R) consequently f(X0)
is a closed two cell. A contradiction is obtained by nothing that p
locally separates XQ but does not locally separate f(X0). Thus X has
at least one nonconditionally compact cyclic element. We show that
X has exactly one nonconditionally compact cyclic element by showing
that the complement of any compact set K has at most one noncondi-
tionally compact component. For a compact set K there is an integer
n for which g(K) c [0, an). The set flr^O, an] is a continuum containing
and g~ι[an, oo) is connected in all of the cases being considered so
that X — K has at most one nonconditionally compact component.

That each nondegenerate compact cyclic element of X is topologically
a closed 2-cell and B = M Π T, where M is the noncompact cyclic element
of X, is a topological line follow from the proofs of (iii) and (v) in [3].
Finally the proof can be completed by using the argument (vi) of [3].

COROLLARY 1. Let X be a g-unicoherent space and f(X) — Y a
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one-to-one mapping, where YaE2 is locally compact and locally
connected. If f is not a homeomorphism then Y separates E2.

COROLLARY 2. Let X be a D-cactoid and f(X) = Y a one-to-one
mapping, where YczE2. If Y is a D-cactoid, then f is a homeo-
morphism.

5* Applications* In [9] it was proved that any monotone map-
ping of a plane onto a plane is a compact mapping and in [4] this
result was generalized by proving that any reflexive compact mapping
of a plane onto a plane is a compact mapping. These results are
useful and interesting but suffer from the unnatural condition that
the mapping must be an onto mapping. It is the purpose of this
section to show that by virtue of the theorems in section four much
stronger results can be established. These results generalize corres-
ponding theorems of K. Borsuk [2] and K. A. Sitnikov [7].

THEOREM 8. If X is a D-cactoid and f:X-^E2 is monotone,
where f(X) is locally connected, locally compact, and f(X) — yjT=ιBi,
Bid intBi+1, and E2 — B{ is connected for i — 1, 2, 3, , then f is
a compact mapping.

Proof. Let M be the decomposition space generated by /, π the
natural mapping of X onto M and h the unique one-to-one mapping
of M into E2. The mapping π is compact and monotone so that M
is a D-coctoid. By Theorem 6 the mapping h is a homeomorphism.
Since / is the composition of two compact mappings, it is also compact.
See [1], [8].

COROLLARY 1. Let X be a D-cactoid. If f(X) — Y is a monotone
mapping, where YczE2 is locally compact, locally connected and Y
does not separate E2, then f is a compact mapping and Y is a D-coatoid.

COROLLARY 2. Let X be a D-cactoid. If f(X) = Y is a monotone
mapping which is not a compact mapping, where YczE2 is locally
compact and locally connected, then Y separates E2.

COROLLARY 3. Let f: E2 —> E2 be a monotone mapping, where
f(E2) is locally compact and locally connected. If f(E2) satisfies the
conditions of Theorem 8 or E2 — f(E2) is connected or f(E2) = E2

then f is a compact mapping.
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ON PRIME DIVISORS OF THE BINOMIAL COEFFICIENT

E. F. ECKLUND, JR.

A classical theorem discovered independently by J. Sylvester
and I. Schur states that in a set of k consecutive integers, each
of which is greater than k9 there is a number having a prime
divisor greater than k. In giving an elementary proof, P.
Erdόs expressed the theorem in the following form:

If n ^ 2k, then ί j has a prime divisor p > k.

Recently, P. Erdόs suggested a problem of a complementary
nature:

J has a prime divisor p ^

The problem is solved by the following

THEOREM. If n ^ 2k, then ί \ has a prime divisor

- — , —— k with the exception ί J.

Throughout the paper, p denotes a prime. J. Rosser and L.

Schoenfeld [2] have obtained fairly precise estimates for θ(x) =

π(x) = Σ P S ί s 1.

( ) f o r * ̂  59
r ( 1 + irr
log x \ 2 log x

(2) 7φ.)< a?_(i + 3 ) f o r α ? > l .
log x \ 2 log x /

( 3 ) π(x) < 1f5 5 0 t o f o r x>l.

logx

( 4 ) 0(α) < 1.01624a; for x > 0 .

( 5 ) x - 2.05282v

/^~ < θ(x) <x ΐor 0 < x £ 108 .
Using these results, we are able to prove the theorem.

First we establish the following lemmas.

LEMMA 1. // ί •, ) has no prime divisors p ^ n/2, then

fcj

LEMMA 2. For k ^ 59,

267
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/ rj \ ^«(»)—»(n—k) ^ ginllo

LEMMA 3.

Proof of Lemma 1. (&) ^ Πn-*<pss»P ^ Π»-*<P£»W. Hence

Proof of Lemma 2. From (1) and (2), we have

Lemma 3 is proved by induction on n for all values of k.

The proof of the theorem is by contradiction. Three cases are

considered. The general case is a Sylvester-Schur type argument. The

other cases involve deducing contradictions from appropriate upper

and lower bounds on the inequalities, (6), of Lemma 1.

7 j has no prime divisors

k < n213 (n) = n'(n ~ !) " (^ ~ fc + !) > ( n
) (

kJ k (k - 1) . . . 1 " V k

By sieving all multiples of 2, and 3, we have

π(ri) - π(n - k) ^ — f or k ^ 4

Therefore from (6), we have (w/&)* ^ ^fc/2. Thus the assumption is
false if 4 <̂  k < ^1/2. By sieving all multiples of 2, 3, and 5, we have

7r(w) - π(n - k) ^ — for & ̂  60 .
3

Thus from (6), we have (n/k)k < nk'\ Hence the assumption is false
if 60 ^ k < n213.
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2. n2'* £k<^ n/16. Let n = [n/2], and k = [k/2]; where [x] denotes

the integral part of x. If p > k and p divides ( f : ) , then p divides

ί jM and p 5g n/2. By assumption, there are no such primes. There-

fore, (jΛ has no prime divisors p > 2k + 1. Thus (Jj;\%u*θ{2l+ί)

(see paper of M. Faulkner [1]). From (3), (4), and (8), we have

O5& — 1

£ j < ^ (jJ(1.2βV»/lθgV»)

Vie
Taking logarithms, we obtain

3.45Λ; - 0.70 - — log (£) < 2.52"i/¥+ 1.02(2fc + 1) ,
Δ

which is a contradiction for k > 32. Therefore the assumption is false
if n2β <k^ w/16 when k ^ 65.

3. rc/16 < & g w/2. Consider n/16 < A; ̂  ^/8. By (6), (7) and (8),
we have

O4/b — 1

Taking logarithms, we obtain

2.76ft - 0.70 - — log (k) < Ί

 n + k + -
2 log w

which is false for k ^ 1901. By (5), (6), and (8), we have

O 4 & — 1

Taking logarithms, we obtain

2.76ft - 0.70 - — log (k)<k + 2.6i/l5F;
Δ

which is false for k ^ 2 5 . Thus the assumption is false if w/16 < ft ^
when k ^ 25. By similar arguments, we show the assumption is false
is n/8 < k <£ w/4 when ft ;> 32; and if w/4 < k ^ π/2 when ft > 105.

We have proved the theorem for k >̂ 4 with the exception of a
finite number of cases. The cases ft = 1, 2, and 3, are easily resolved;
and the remaining cases have been checked with the aid of an IBM 1620
computer in the following manner:

The values which were checked are 4 ^ ft ^ 60 with 2ft ^ n fg ft2,
and 61 £ ft ^ 105 with 2k ^ n ^ 4ft.

For the i-ih prime, p^ the exponent to which p{ occurred in the
"numerator", n(n — 1) (n — ft + 1), and in the "denominator", ft!,
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of (jAitti and βi respectively, were determined; and the values of
piy n> and &, were reported if the difference, at — βi9 was positive.
Cross-checking was done manually. The first ten primes proved suf-
ficient to verify the theorem in these cases.

This concludes the proof of the theorem.

In closing, I would like to thank Professor M. Faulkner for her
gracious assistance.
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A MODULAR TOPOLOGICAL LATTICE

DON E. EDMONDSON

The purpose of this paper is to present a construction of
a compact connected topological lattice which is modular and
not distributive. As a special case there will result the ex-
ample which is a two dimensional subset of Rz, not embed-
dable in R\

The existence of such an example is related to structure questions
in topological lattices considered by Dyer and Shields [3], Anderson
[1], and others.

The first step is to present a general method for constructing a
class of modular lattices. Let D denote a distributive lattice which
is a chain, S a nonempty set, and L the S-fold product lattice of D.
That is L = {/ | / : S-> D} and f ^ g if and only if f(s) ^ g(s) for
every seS. It is known that (L, <̂ ) is a distributive lattice with its
operations V and Λ characterized by [/ V g](s) = f(s) V g(s) and

[/ Λ g](s) = f(s) A g(s)

for every s e S. Define

M = {/ G L I there exists reS such t h a t s, t e S — {r} implies

f{s)^f(r) and f(s)=f(t)}.

For intuition about M and the arguments that follow, note that
M simply consists of all of the constant functions of L and the func-
tions of L which are essentially constant in the sense that they as-
sume but two values — the larger value at exactly one point.

If the order of L, g , is restricted to M, it will be established
through a sequence of lemmas that (M, ^ ) is a modular lattice. Re-
call a lattice (M, V, Λ) is modular if and only if for every α, b, c e M,
b ^ a implies that a A (b V c) = b V (& Λ c).

LEMMA 1. If feM and f is not constant, there exists a unique
r e S such that s, te S ~ {r} implies f(s) < /(r) and f(s) = f(t).

The proof of the lemma is immediate from the definition of ikf,
and consequently for fe M and not constant, define index f to be the
unique element described in Lemma 1.

LEMMA 2. (M, ^ ) is a sub A-semilattice of (L, ^ ) .

It suffices to show that if /, g e M, then / Λ g e M. If / and g are
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constant then / Λ g is constant and therefore in M. If / is constant
and g is not, let b = index g. Then s, t e S — {6} implies

[/ Λ g](s) = f(s) A 9(8) ̂  f(s) A gφ) = [f A g]φ)

and likewise [/ Λ g](s) = [/ Λ g](t) and thus / Λ g e M. If / and g
g are both not constant, let a = index / and b = index #. If α = 6,
then s , ίeS-{α} implies [fAg](s) ^ [/Λflr](α) and [/Λflr](8) = [/Λ0](ί).
If a Φ b, [/ Λ g](a) = /(α) Λ flr(α), [/ Λ g]φ) = /(δ) Λ g(6), and for

^ S - { α , i } [ / Λ g](x) = /(&) Λ flr(α) = [/ Λ g](a) A [f A g]φ) .

Then since D is a chain, [/Λflr](a?) - [/Λflf](α) or [f Ag]{x) = [fΛg]φ)
depending upon which is minimal and therefore / Λ g e M.

LEMMA 3. If a, 6, c are distinct elements of S and feM, then

f(a) A fφ) = fφ) A f(c) = f(c) A f(a).

The facts of the lemma are an immediate consequence of the de-
finition and is stated as a lemma for convenient reference.

DEFINITION. For /, geM define fVg:S-+D by the following
( i ) if / is constant or g is constant, or if / and g are both not

constant and index / = index g, then fVg=fVg,
(ii) if / and g are both not constant and index /Vdndex g, let

a = index / and b = index g, then

[/ V g](x) = f(x) V g(x) for x e {α, b}

[f V g](x) = [f(a) V g(a)\ A [fφ) V flr(δ)] for xeS- {a, b} .

L E M M A 4. If f, ge M, then
( 1 ) / V geM and fVg^fVg, and
(2) heM, f<ίh, g ^h implies f V g ^ h.

In case (i) of the definition of f\7g, easily f\/geM and the
other results are immediate from f\7g=fVg. In case (ii) let a —
index / and & = index g, then since D is a chain [f\7g](x) = [f\7g](a)
or [/V0](aO = [/V0](δ) for xeS-{a, &}. So in this case also fVgeM
and fVg\/g. Also relative to this case, if he M, f ^ h, and g tί h,
then /(#) V #(#) = [/ V ^](^) for # = α or x — b. But from Lemma 3,
x e S — {a, b} implies h(a) A hφ) ^ h(x) and thus for

xeS-{a,b} [fvg](x) = [fVg](a)Λ[f\7]φ) ^ h(a)Λhφ) ^ h(x) .

Therefore fVg^h.

LEMMA 5. Iff,g,heM,a, beS,aΦb, [f Vg](x) = h(x) forxe{a,b}
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a n d [f Vg](x) ^ h(a)Ah(b) = h(x) for x e S - {α, 6}, t h e n h = f V g.

From the hypothesis fVg^h and therefore from Lemma 4
fVg^h. But Λ(α) - [/ V g](a) ^ [/ V flr](α) and hφ)^[f V <?](&).
Then from Lemma 3, for x Φ a and x Φ b

h(x) = h(a) A h(b) ̂  [/ V g](a) Λ [/ V </](δ) ̂  [/ V g](x)

and h^f\/g.

THEOREM 1. (M, ^) isa modular lattice with operations V and A.

Lemmas 2 and 4 establish that (ikf, ^ ) is a lattice with opera-
tions V and Λ, it remains to establish that it is modular. Let
f,g,heM and f^g. It suffices to establish gΛ(f V h) <Ξ / V (gΛh)
since in any lattice / V (g A h) ^ g A (f V). The argument will be
a case argument.

If / v h - / V h, then

g A ( f V h) = g A ( f V h ) = f V (g A h ) ^ f V (g A h )

since L is itself modular and g A h e M allows Lemma 4 to apply.
If h^g, then / V h ^ g and g A (f V Λ) = f V λ - / V (g A h).

If f^h, then / ^ r̂ Λ h and ^ Λ (/ V h) = g A h = f V (g A h).
If / and h are not constant, a — index /, 6 = index g> aΦb, hΦg,

and fikh. Then /(&) < /(α) and λ(α) < h(b). Further, f(a) £ h(a) im-
plies f^h and therefore h(a)<f(a). Also h(b)^g(b) and h(a)<f(a) ^
r̂(α) implies h ^ g and therefore h ^ g implies #(&) < Λ(6). Therefore

in this case h{a) < f(a) ^ g(a) and /(&) ̂  g(6) < h(b). Hence

[flf A (/ V h)](a) = g(a) A [f(a) V h(a)] = /(α)

= /(α) V [flr(α) Λ h(a)] = If V (g A h)](a) .

Likewise

[g A (f V λ)](6) = flr(6) = [ / V ( i / Λ Λ)](6) .

If x e S - {a, 6}, then

[gΛ(fV h)](x) = g(x) A [f{a) V h(a)] A [/(&) V hφ)]

= g(x)Λf(a)Λh(b) = g(x)Ag(a)Af(a)Ah(b)

= g(b) A g(a) A f(a) A h(b) = f(a) A g(b)

= [g A {f V h)](a) A [g A (f V h)](b) .

But [fV(gΛ h)](x) ̂ [g A(fV h)](x) and g A (f V h) e M, therefore
by Lemma 5 g A (f V h) = f V (g A h).
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COROLLARY. If card S < 3 , M is a distributive lattice. If 3 ^ card
S and 2 ^ card D, then M is a modular nondistributive lattice.

If card S < 3, then M = L and M is distributive. If 3 ^ card S
and 2 <; card D, let sx, s2, s3 be three distinct elements of S and c<d
be two elements of D. Define /x, /2, / 3 by /<(«) = d if a? = s< and
f(x) = c for a e S - {sj. Also define # and k by #(s) = d for every
s G S and fe(s) - c for every seS. Then /x Λ f2 = /2 Λ /3 Λ Λ = fc and
/i V /, - /2 V / 3 = / 8 V Λ = flf and {/,, /2, /3, #, &} is a modular five sub-
lattice of M. Therefore M is not distributive [2].

At this stage the algebraic nature of M has been established, in
the section that follows the topological nature of M will be studied.
It will be assumed in the following that D is topological chain, that
is D is a Hausdorff topological space with the operations V and Λ
continuous [3]. If L is considered with the product topology, it is as
usual a topological lattice and M may be considered as a topological
space in the relative topology that it inherits from L. In this con-
text, the following theorem results.

THEOREM 2. If D is a topological chain, then
( 1 ) M is a closed subset of L,
( 2 ) M is compact if D is compact, and
( 3) M is connected if D is connected.

Since with card S ^ 2, M = L, it suffices to consider 3 ^ card S
and to establish (1) and (3).

( 1 ) L — M is open for if fίM, then / is not constant and there
exist distinct a,b,ceS such that f(b) < f(a) and f(b) < f(c). Then
since D is a chain f(b) < f(a) Λf(c). If there exists zeD such that
f(b)<z<f(a)Λf(c), define W ={geL\z< g(a), z < g(c), and g(b)<z)
and define W = {g e L\f(b) < g(a), fφ) < g(c), and gφ) < f(a) A f(c)}
if no such z exists. In either case, fe W, W is open, and W Π M=0.

( 3 ) If D is connected, consider the map T: D —> M where for
each de D T(d) — kd and kd is the constant function generated by d.
Clearly T is continuous and K the set of all constant functions is a
connected subset of M. If fe M — K, let a = index f, m = max /,
and r = min / define the map H from [r, m] = {x e D \ r ^ x ^ m} into
Λf by iϊ(a ) = / , where fx(a) = a? and /^(s) = r for s e S - {α}. Again
H is continuous and since [r, m] is connected then the range of H is
a connected subset of ilf containing / and intersecting K. Therefore
M is connected.

Note. It is clear that Λ will be continuous as an operation on
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M since it is continuous on L. Thus when D is a topological chain
M is a closed topological sub- Λ -semilattice of L. In order to study
the operation v relative to continuity, it is necessary to restrict S to
being finite, in view of the following lemma.

LEMMA 6. If D is a topological chain and 2 <Ξ card D and S is
infinite, then \7 is not continuous.

Let c < d in D and define k: S —> D by k{s) = c for every seS.
Then kvk = k. Let r e S and define Wr = {feM\ f(r) < d}; then
Wr is an open subset of M containing k. Let U be any open set of
M containing k, then there exist s19 s2, , sn distinct elements of S
and U19 U2, •••, Un open sets of D such that if W={feM\f(si)e Ut

for i = 1, 2, , ri\, keWaD. Now & e W implies

ce niUili = 1,2, ...,%} .

Since S is infinite there exist a,be S — {sί9 s2, , s%} such that α ^ δ .
Define /̂  and g by /ι(α) = ώ and h(x) = c if x e S — {a}, and g(b) = d
and flf(a ) = c if ^ e S — {&}. Therefore h, g e W and h \7 g ί Wr since
/& V ^ is the constant function defined by d. Therefore U V U<£ Wr

and V is not continuous.

DEFINITION. For S finite and 2 <: card S, denote max

/ = max {/(s) I s e S} , /(/) = {s e S | /(s) = max /} .

Then define f~:S->D by

( 1 ) if /(/) is not a unit set, /~(s) = m a x / for every s e S , and
( 2) if /(/) is a unit set, f~(s) = max / for s e / (/) , and

f-(s) = max {/(ί) \teS - /(/)} for s e S - I(f) .

LEMMA 7. // S is finite and 2 <J card S, then
(1) feL implies f~M and feMiΐ and only if / = / - ,
( 2 ) f £ / - , / — = / - , α^cί / ^ flr implies f~ ^ βr~,
( 3 ) f,geM implies fVg = (fV g)~.

The lemma is a straight forward catalog of the properties follow-
ing from the definition directly.

LEMMA 8. // S is finite, 2 <̂  card S and D is a topological chain,
then the function J: L —> M defined by J(f) — f~ is a retraction of
L onto M.
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From Lemma 7 it suffices to show that J is continuous. This is
done by letting U be an open set in D and reS, defining W =
{feM\f(r)e U} and showing that J~\W) is open. It is shown to be
open by case argument. Let g e L and g~ e W. If I(g) is not a unit
set, then g~~ is constant and max g e U. Define VΊ — {fe L \ f(s) e U
for every s e S}. Since S is finite, VΊ is open and contains g. Fur-
ther he V1 implies hr(r) e U. If I(g) — {r}, let b be an element of
S - {r}. Define V2 = {fe L | /(r) e I7i, and f(s) e U2 for S G S - {r}}
where Z7L = C7 Π {x e D \ z < x) and i72 = {x e D | a < 2} if there exist
zeD such that flπ(δ) < z < g~{r), and if there does not exist such an
element 2, E/i = J7 Γ) {α e Z> | g~(b) < }̂ and ί/2 = {x e D | α < ^~(r)}.
Then gre F2, F 2 is open and fe V2 implies f~(r) e U. The other case
is handled in a similar fashion.

THEOREM 3. If D is a topological chain and S is finite, then
(Mf ^) is a modular topological lattice which is nondistributive if
card S > 2 and card D > 1.

If card S = 1, M = L and therefore (ikf, ^ ) is a topological dis-
tributive lattice. If card S ^ 2, then Lemma 7 and 8 establish that
V is continuous since it is the composition of continuous maps. There-
fore (M, ^ ) is a topological lattice since Λ is continuous for every S.
Theorem 1 establishes the modularity of M while its corollary the
nondistributive nature of M when 3 ^ card S and 2 ^ card D.

DEFINITION. Let n be a positive integer and 3 <Ξ n, then let ikfn

denote the lattice constructed as the ikf above in the case where S =
{1,2, , n} and D = {xeR\0^x^l} with its usual order and the
operations of D being xVy = max {a;, y) and xf\y = min{x, 7/}. When
S is the set of positive integers and D as previously described let
Moo denote the lattice M constructed. Then the following results are
immediate.

THEOREM 4. For each positive integer n ^ 3, Mn is a compact
connected topological lattice which is modular and not distributive.

COROLLARY 1. ikf3 is a compact connected topological lattice, mo-
dular and not distributive, which is a two dimensional subset of Rz

that cannot be embedded in R2.

COROLLARY 2. M^ is a compact connected topological semilattice,
which is a modular lattice, and not a topological lattice.
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A NOTE ON A THEOREM OF HILL

PHILLIP GRIFFITH

Recently Hill has shown the existence of an abelian p
group with the property that each infinite subgroup can be
embedded in a direct summand of the same cardinality but
the group is not a direct sum of countable groups. Megibben
has since observed that this phenomenon occurs in a larger class
of abelian groups. In this note we show that such pathology
is present in modules for a rather wide class of rings. In
fact, the lack of such phenomena for a particular class of
modules serves as a characterization for left perfect rings.
Our results also yield some facts concerning pure injective
modules.

All rings in this paper are associative with identity and all mod-
ules are unital.

2 A characterization of left perfect rings* Bass [l] calls a ring
R left perfect if each left i?-module has a protective cover (protective
cover is the dual of injective envelope). Among several other charac-
terizations of left perfect rings, Bass proves that R is left perfect if
and only if R has the descending chain condition on principal right
ideals. Hence, assuming that R is not left perfect, we can obtain a
strictly decreasing sequence of principal right ideals of the form

aJR ZD aλa2R 3 z> aλ anR ZD .

We set P = Πn<ωRen, where Ren = R for each n, and we denote by
S the submodule of finitely nonzero sequences in P. We shall use the
notation Σ?=m r ^> f° r m = n> to denote a vector in P whose ith co-
ordinate is zero for i > n and i < m and whose ith coordinate is rfr
for m <L i <*n. We define elements

c(-> = Σ (αm cφi eP for m = 1, 2, . . . .

Let A be the submodule of P generated by S and the elements c{m)

for m = 1, 2, •••. With this notation established, we prove the fol-
lowing lemma.

LEMMA 2.1. Let R be a ring that is not left perfect and let A
and S be defined as above. Then A is free and S is not a direct
summand of A.

Proof. First we note that if n < m, then

279
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(*) cin) = S ( α . at)βi + (*»„••• α»-i)c(™>

and in particular

c<»> = α%(ew + c(w+1)) for ra = 1, 2, . . . .

Now suppose that A = S 0 # . Then c(%) = s» + bn where sn e S and
bn Φ 0 e B. From property (*) above, we have that, for n > 1,

c

Therefore

s

• = Sin + fal

1 + 6 l = C U ) =

= sln +

• α»-i)

(αx c

(α, c

c(%) where

^-i)(« + K)

K-l)8n + (tti

sίneS .

• αn-i)ϊ

Hence sx = s ln + (ax an_^)sn and δj. = (αx an^)bn for each n > 1.
Therefore c(1) = sx + (^ an_^)bn for n = 2, 3, . Since sx has only
finitely many nonzero coordinates, it follows that there is a positive
integer r such that α̂  ar = αt arar+1y. But this implies that
aγ αri2 = £&!-•• ar+1R which is a contradiction. Thus S is not a
summand of A.

To show that A is free, let yn — en + c(w+1) for w = 1, 2, . Since
c(%) = αΛi/Λ by property (*) above, it follows that A is generated by
{Vn\n<ω- Suppose that rxyγ + + τnyn = 0 where rt e R. Then

nc ( 2 ) + τ2c
{3} + + rnc

{n+1} = — r ^ — r2e2 — . . . — rwβw .

Since the first coordinate of the left hand side is zero, it follows that
r1 — 0. A repetition of the preceding argument shows that rx — r2 =
. . . = rn = 0. This implies that A is free with {yn}n<ω for a basis.

We observe from [1] that a left iϋ-module is torsionless if and
only if it can be embedded as a submodule of a direct product of
copies of R. We shall call a left iϋ-module G fc^-separable provided G
is flat, torsionless and that each countably generated submodule of G
is contained in a countably generated direct summand of G (this de-
finition parallels the definition given by L. Fuchs [4] in the context
of y^ rfree groups). We now prove the main result of this section.
The proof is modeled after that of HilΓs [5].

THEOREM 2.2. A ring R is left perfect if and only if each
^^separable left R-module is a direct sum of countably generated
modules.
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Proof. If R is left perfect, then by Theorem 3.2 [2] any flat
left module is projective. Since an ^-separable left module is flat,
it follows from Kaplansky's theorem [6] that each ^-separable left
β-module is a direct sum of countably generated modules.

Now suppose that R is not left perfect. This implies by Theorem
P [1] that R has a strictly decreasing sequence

aλR Z) axa2R u z> αx anR Z) •

of principal right ideals. Set P* = Πa<ΩRea where Rea = R for each
a < Ω (Ω denotes the first uncountable ordinal). We construct a left
submodule G of P* such that G — \Ja<Ω Ga where {Ga}a<0 is a monotone
increasing chain defined as follows: Go = 0, Gι = Rex and suppose that
Ga has been defined for each a < β such that the following conditions
hold:

( i ) If a is a limit ordinal, a < β, Ga = \Jΐ<a Gr.
(ii) If a - 1 and a - 2 exist, Gα = Ga^ φ jRe^.
(iii) If a ~ 1 exists and is a limit, there is a monotone increasing

sequence σa(n) of ordinals less than a — 1 such that 0"α(w) — 2 is de-
fined for each n and such that oa(n) converges to a — 1. Then e«w) ==
Σi^m (α» «ΐ)βσα(ΐ) for m = 1, 2, and Ga is generated by Ga^ and

(iv) If | 0 m denotes the natural projection of P* onto Πλ<rReλ and
if 7 + 1 < a < /S, then ρr+1(Ga) = Gr+1.

(v) Ga is not a direct summand of Gα+1 if α: is a limit ordinal.
(vi) Ga is flat for a < β.
If β is a limit ordinal we set Gβ = U«</9 Gα and if both /S — 1 and

β — 2 exist we set Gβ = Gβ^,@ Rββ^. It is straightforward in either of
the above two cases to show that (i)-(vi) hold for the collection [Ga]a<β.
Now suppose that β — 1 is a limit ordinal. Define σβ(n) and c{

β

m) so
that (iii) is satisfied and define Gβ to be the submodule generated by
G _̂L and {cj,c)}Λ<ω. Suppose that 7 + 1 < β and consider ρr+ι(Gβ). To
show that (iv) is satisfied, it clearly suffices to show that pr+ί(c{

β

m)) e Gΐ+ί.
But this is a direct consequence of the fact that c{

β

m) = ̂ iZm (am a^ea (i)

and that σβ(i) > 7 + 1 for all i larger than some integer i0. To see
that (v) holds, let Λβ be the set of ordinals {σβ(l), σβ(2), •••} and let
Iβ be the ordinals less than β that are not in Aβ. Let B = Gβ f] Πx Reλ,
A = Gβ Π ΠΛβReλ and let S denote the finite sequences in ΠIβ Reλ. It
is routine to show that G ^ δ φ i and that Gβ_, = J5 φ S. We ob-
serve that (up to isomorphism) our A and S here are the same as the
A and S, respectively, in Lemma 2.1. It follows that Gβ^ is not a
direct summand of Gβ. We also see that Gβ^ is flat since B is neces-
sarily flat and since A is free. Thus the collection [Ga]a^β satisfies
(i)-(vi) and hence we obtain G = \Ja<ΩGa where {Ga}a<0 satisfies (i)-(vi).
Note that G is torsionless since G is a submodule of P*. G is flat
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from (vi) since a direct limit of flat modules is flat. Property (v)
implies that G is not a direct sum of countably generated modules.
Finally, property (iv) guarantees that ρr+1, when restricted to G, is a
projection of G onto Gr+ί. Thus G is ^-separable.

From the above proof, we obtain the following corollary.

COROLLARY 2.3. A ring R is left perfect if and only if each
^rseparable left R-module is protective.

3* Some remarks on pure injective modules over artinian
rings* An interesting consequence of our Lemma 2.1 is that the direct
sum of i^0 copies of a ring R (as a left iϋ-module) is not a direct
summand of the corresponding direct product of ^ 0 copies of R if R
is not left perfect. In this section we wish to consider in part the
question of when the direct sum of infinitely many copies of R (as a
left i2-module) is a direct summand of the corresponding direct product
of copies of R. More generally, we consider the problem of determin-
ing when protective modules are pure injective modules in the sense
of Warfield [7]. For commutative Noetherian rings we obtain a com-
plete answer to both of the above questions. A submodule A of a
left i?-module B is called a pure submodule provided, for any right
module Λf, the natural homomorphism M§QA—>M§§B is injective.
A module Q is called pure injective, if for every module B and pure
submodule A, each homomorphism of A into Q extends to a homomor-
phism of B into Q. Hence, if a pure injective module Q is a pure
submodule of a module J5, then Q is a direct summand of B. Our
main theorems of this section follow the next lemma.

LEMMA 3.1. If R is a left artinian ring, then any pure sub-
module of a left protective R-module is a direct summand.

Proof. Suppose that A is a pure submodule of a left projective
module P and suppose that M is an arbitrary right i2-module. From
the exact sequence

0 - Tor?(ΛΓ, P)-> Torf (ΛΓ, P/A)-> M(g)A — ikf(g)P,

we obtain that Torf (M, PI A) = 0 since the homomorphism ilί® A—* M ® P
is injective. Hence P/A is a flat left 22-module. By Theorem P [1],
P/A is projective and thus A is a direct summand of P.

In what follows, Σ A% will denote the finitely nonzero vectors in
the direct product
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THEOREM 3.2. If R is a commutative artinian ring, then each
projective R-module is pure injective. Moreover, if R is a commuta-
tive Noetherian ring and if each projective R-module is pure injective,
then R is artinian.

Proof. First suppose that R is a commutative artinian ring. It
suffices to show that each free i?-module is pure projective. By Pro-
position 9 [7], R is pure injective as a module over itself. Let F =
Xαi2 be an arbitrary free 2?-module and let P denote the direct pro-
duct P = ΠaR containing F. It is elementary to see that F is a pure
submodule of P and that P is pure injective since R is pure injective.
By Theorem 3.4 [2], P is also a projective .β-module. Hence, by
Lemma 3.1, F is a direct summand of P and therefore is pure injective.

Now suppose that R is a commutative Noetherian ring for which
each projective module is pure injective. Let S and A be as in Lemma
2.1. Note that S = Σ * o ^ a n d t h a t S g i g Π#0R. Therefore S is
pure in A and is therefore a direct summand of A. Hence Lemma
2.1 yields that R is a perfect ring. Since R is also Noetherian, we
have that R is artinian.

COROLLARY 3.3. If R is a commutative artinian ring, then the
direct sum Σa R is a direct summand of the direct product ΠaR for
each cardinal number a. Moreover, if R is a commutative Noetherian
ring and if Σ^ o R is a direct summand of Π^QR, then R is artinian.

We conclude our consideration of pure injective modules with an
answer to the converse problem answered in Theorem 3.2, that is, we
classify those rings for which every pure injective ϋ?-module is pro-
jective. Our solution here needs no initial assumptions on the ring.

THEOREM 3.4. A ring R has the property that each pure injective
left R-module is projective if and only if R is semi-simple and ar-
tinian.

Proof. The sufficiency is clear. Hence suppose that R has the
property that each pure injective left iί-module is projective. Since
each injective left module is pure injective, it follows that each in-
jective left iϋ-module is also projective. By Theorem 5.3 [3] of Faith
and Walker, we have that R is quasi-Frobenius. Since each left R-
module can be embedded as a pure submodule of a pure injective
left i?-module by Corollary 6 [7], we have that any left i2-module is
isomorphic to a pure submodule of a projective module. Since a quasi-
Frobenius ring is left artinian, it follows by Lemma 3.1 that each
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left i2-module is protective. It is well-known that such a ring is a
semi-simple artinian ring.

REFERENCES

1. H. Bass, Finitistic homological dimension and a homological generalization of semi-
primary rings, Trans. Amer. Math. Soc. 95 (1960), 466-488.
2. S. U. Chase, Direct products of modules, Trans. Amer. Math. Soc. 97 (1960), 457-
473.
3. C. Faith and E. A. Walker, Direct sum representations of injective modules, J. of
Algebra 5 (1967), 203-221.
4. L. Fuchs, Abelian groups, Hungarian Academy of Sciences, Budapest, 1958.
5. P. Hill, On the decomposition of groups (to appear).
6. I. Kaplansky, Projective modules, Ann. of Math. 68 (1958), 372-377.
7. R. B. Warfield, Purity and algebraic compactness for modules (to appear).

Received April 29, 1968. This work was supported in part by NASA Grant NGR-
44-005-037.

UNIVERSITY OF HOUSTON

HOUSTON, TEXAS



PACIFIC JOURNAL OF MATHEMATICS
Vol. 29, No. 2, 1969

ON FINITE GROUPS WITH INDEPENDENT
CYCLIC SYLOW SUBGROUPS

MARCEL HERZOG

The purpose of this paper is to classify all perfect groups
with cyclic Sylow p-subgroups which satisfy the condition

(TI) two different Sylow p-subgroups of G contain only
the unit element in common

and such that

o(G) < o(Pγ

where P is a Sylow ^-subgroup of G.
The main result of this paper is the following

THEOREM 1. Let G be a perfect finite group with a cyclic
Sylow ^-subgroup P of order pa and assume that the Sylow
^-subgroups of G satisfy the (TI) condition. Assume, further-
more, that

o(G) < p3a .

Then one of the following statements holds.
( I ) a = 1, G = PSL(2, p), where p > 3 is a prime.
(II) a = 1, G = PSL(2, p - 1), where p = 2m + 1 > 5 is a

Fermat prime.
(III) a = 1, G = SL(2, p), where p > 3 is a prime.
(IV) a = 2, p = 3, G = PSL(2, 8).

Ten years ago E. Artin raised the following problem: what are
the simple finite groups G of order g which are divisible by a prime
V > #1/3? This question was answered by R. Brauer and W. F.
Reynolds in [1]. They found that the only groups satisfying the
above conditions are PSL(2, p), where p > 3 is a prime, and PSL(2,
p — 1) where p > 3 is a Fermat prime, p — 2m + 1. In particular,
the Sylow ^-subgroups of these groups are of order p and therefore
they are cyclic and satisfy the (TI) condition. Theorem 1 thus
generalizes these results.

As a matter of fact we will prove a more general statement than
Theorem 1.

THEOREM 1*. Let G be a finite group with a cyclic Sylow p-
subgroup P of order pa and assume that the Sylow p-subgroups of
G satisfy the (TI) condition. Assume, furthermore, that

o(G) < p*a

and no homomorphic image of G is isomorphic to NG(P)/W, where

285
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W is the normal complement of P in CG(P). Then one of the fol-
lowing statements holds.

( I )* a = 1, G = PSL(2, p), where p > 3 is a prime.
(II)* a = 1, G = PSL(2, p - 1), where p = 2m + 1 > 5 is a

Fermat prime.
(Ill)* a = 1, G = SL(2, p), where p > 3 is a prime.
(IV)* α = 2, p = 3, G - P5L(2, 8).
( V )* a — 1, G = PGL(2, p), where p > 3 is a prime.
(VI)* α = 1, G = PSL(2, p) x Λf, where p > 3 is a prime and

o(ΛΓ) = 2.

Since G = G' implies the last condition of Theorem 1*, Theorem
1 follows immediately from Theorem 1*. In this paper the group
NG(P)/W will be referred to as the p-metacyclic group of order qpa.

Theorem 1* follows from the following more general result:

THEOREM 2. Let G be a finite group with a cyclic Sylow p-sub~
group P of order pa > 1 and assume that the Sylow p-subgroups of
G satisfy the (TI) condition. Suppose that no homomorphic image
of G is isomorphic to the p-metacyclic group of order paq. Then

o(G) = qwpa(l + npa)

where wpa = o(CG(P)), q = [NG(P) : CG(P)] > 1 and n is a positive
integer.

Furthermore, let GG be the minimal normal subgroup of G for
τvhich G/Go is solvable, and let M be the maximal normal subgroup
of Go of order prime to p. Denote Go/M by G*. Then one of the
following statements holds.

(A) n = (hvpa + h + v2 + v)/(v + 1)
where h and v are positive integers and v + 1 | h(pa — 1).

(B) a = 1, n = 1, G* = PSL(2, p) where p > 3 is a prime.
(C) a = 1, n = (p-3)/2, G* = PSL(2, p - 1) where p = 2m + 1 > 5

is a Fermat prime.
(D) a = 2, p = 3, n = (p2 - 3)/2, G* = PSL(2, 8).

Theorem 2 immediately yields

COROLLARY. Let G satisfy the assumptions of Theorem 2 and
suppose that n < (pa + 3)/2. 27*,ew G* is of type (B), (C) or (D).

In §2 some basic properties of groups with a Sylow subgroup
satisfying the TV-property are derived. Section 3 contains the proof
of Theorem 2, from which Theorem 1* is deduced in § 4.

We use the standard notation CG(T), NG(T), o(T), T\ and
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where T is a subset of the group G, to denote respectively: the
centralizer, normalizer, number of elements, the nonunit elements and
the group generated by T. We will say that NG(T)/CG(T) acts
frobeniusly on T if θ1* = θ for θe T* and ηeNG{T) implies that
Ύ] e CG(T). An element of G is called a p'-element, where p is a prime
number, if p does not divide its order. The principal character and
the commutator subgroup of G will be denoted by 1G and Gr respec-
tively. Finally, if a and b are integers, then (a, 6) denotes their
greatest common divisor and α | b means: a divides b.

2* T/P-groups* A finite group will be called a T/P-group if
its Sylow p-subgroups are nontrivial and satisfy the T/-property.
This section deals with properties of TIP-groups in general, followed
by a study of T/P-groups with a cyclic Sylow p-subgroup.

PROPOSITION 2.1. Let G be a TIP-group with a Sylow p-subgroup
P of order pa. Then the following statements hold.

(a) CG{P) = Wx P
where o(W) = w and {w, p) — 1.

( b) o(G) = qwpa(l + npa)
where q = [NG(P) : CG(P)] and n is a nonnegative integer.

(c) Any normal subgroup L of G of order divisible exactly by
ph > 1 is a TIP-group of order qLwLph(l + npa).

(d) If H is a normal subgroups of G of order prime to p, then
G/H is a TIP-group.

Proof. Let C = CG(P), N = NG(P).
(a) Since P is a normal Hall-subgroup of C, it has a comple-

ment W and (w, p) = 1. Since elements of W commute with elements
of P, C = W x P.

(b) Consider the conjugates {PJ of P, other than P. If a e P
and Pϊ = Pi, where Pi = Pτ, reG, then P™*-1 = P, τστ~ι e NG(P)
and σeNG(Pτ), σ e P Γ\ Pτ = {1}. Thus P acts by conjugation fixed
point free on {PJ and therefore o{Pt} = npa for some nonnegative
integer n. Hence [G : N] = 1 + npa and o(G) = qwpa(l + npa).

(c)—(d) The proof of Lemma 1 in [6] obviously holds also for
general T/P-groups, with p Φ 2. Thus any subgroup of G of order
divisible by p is a T/P-group and (d) holds. Let o(L) = qLxLpb(l + nLph).
Since L and G have the same number of Sylow ^-subgroups 1 + nLpb =
1 + npa proving (c).

PROPOSITION 2.2. Let G be a TIP-group with a cyclic Sylow
p-subgroup P of order pa. Then in addition to properties (a)—(d)
of Proposition 2.1, and using the same notation, the following state-
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ments hold.
(e) CG(P) = Cβ(σ) and NG(P) = iVG«<τ»

for all σ e P*.
( f) q divides p — 1.
(g) o(G/H) = ί©pβ(l + npα)

and there exists a nonnegative integer z such that

n = z + n + znpa .

If z = 0 then Ha W.
(h) If K is a normal subgroup of G and K does not contain

P then

NK{P) = CK(P)

( i) If also o(K ΓΊ P) > 1, then G can be mapped homomorphically
on the p-metacyclic group of order paq.

Proof. ( e ) Let σ e P#; then by Lemma 2.1.b in [3] Cβ(σ) Π NG(P) =
CG(P). It follows from the TT-property that CG(σ)dNG(P) and
i\ΓG«V» c N^P). Thus CG(σ) = CG(P) and since P is cyclic NG«σy) =

(f) By Lemma 2.1.d of [3] JV/C acts frobeniusly on P and P
is cyclic. Therefore q = [N:C] divides p — 1.

(g) The proof of Proposition 2 in [1] holds, with the obvious
changes, also in the present case. It is clear from the proof in [1]
that if z = 0 then HaCG{P).

(h) Suppose that Kf] NςtC and let σ e K Π N - C. Since N/C
acts frobeniusly on P, it follows that the elements σp^σ^p, pe P,
are distinct and belong to P Π K. Thus P is contained in K, a con-
tradiction. Consequently K Π NczC and K Π iV — K Π C, as required.

( i ) Let p& be the exact power of p dividing o(K). Then
1 < pb < pa and by Proposition 2.1.c and (h) o(K) = wκp

h(l + wpα),
where wκp

h = o{Cκ{P Π if)) = o(Nκ(P Π if)). By the Burnside Theorem
if has a characteristic subgroup Γ of order wκ(l + ^pα). Γ is normal
in G and G = NT. Consequently PFΓ is a normal subgroup of G and

is isomorphic to the p-metacyclic group of order paq.

3. Proof of Theorem 2. If either p = 2 or g = 1, then
CG(P) — NG(P) and by the Burnside Theorem P has a normal comple-
ment in (?, in contradiction to our assumption. Thus p > 2 and g > 1.

If P is normal in G and CG(P) = W x P, then TF is normal in
G, again a contradiction. Thus P is not normal in G and the first
statement of Theorem 2 follows from Proposition 2.1.b.

It follows from Proposition 3 in [1] and Proposition 2.2.i that



INDEPENDENT CYCLIC SYLOW SUBGROUPS 289

P c G 0 . Indeed, if P<£G0 then either a = 1 or a > 1 and G contains
a normal subgroup U such that 1 < o(UΓ) P) < pa. In both cases the
above mentioned propositions yield a contradiction to our assumptions.

The definition of Go forces it to be its own commutator subgroup
and the same is true for G*. Moreover, G* does not have nontrivial
normal subgroups of order prime to p.

From now on we will assume that (A) is not satisfied and will
show that then one of the statements (B), (C), or (D) holds.

Let o(G0) = qowQpa(l + npa), o(G*) = qow*pa(l + n*pa). Since G* =

(G*Y, n* φ 0. By Proposition 2.2.g there exists a nonnegative integer
z such that

n = z + w* + zn*pa .

If z Φ 0, let h = (z + l)w*, v = z. Then:

n = v + fe/(v + 1) + vhpa/(v + 1)

in contradiction to our assumptions. Thus z = 0 and w* = w.
Consequently, it suffices to show that if G satisfies the assumptions

of Theorem 2 and in addition, G = Gr, G has no nontrivial normal
subgroup of order prime to p and n does not satisfy (A), then G is
isomorphic to one of the simple groups described in (B), (C), and (D).

We will use the following notation: N = NG(P), C = CG(P) =
W x P where o(W) = w and (w, p) = 1.

Let B be the principal p-block of G. Then by Proposition 2.1 of
[3] B contains t = (pa — l)/q exceptional characters Xλ of degree xQ,
λ = 1, •••, t and q nonexceptional characters X{ of degree xi9 ί =
1, , q. If σ e P% and π is a p'-element of CG(σ) = C then:

Xλ(σπ) = - ε0 Σ C?(̂ ) for λ = 1, ., ί
(1) ^ e i ί

X = εj for i = 1, -- ,g

where R is a set of coset representatives of C in N, {ζλ | λ = 1, , ί}
is a set of representatives of the t transitivity classes of characters
of P under conjugation by N (see [3], Lemma 2.2), and εy = ± 1 for
j = 0,l, ,q. It follows also by Corollary 2.1 of [3] that the
following relations hold:

Xi = e{ (mod pa) for i = 1, . . -, q

txQ = ε0 (mod pa)

and

( 3 ) Σ W - 0 .
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We are now ready to state

LEMMA 3.1.

( 4) tx3 I (pa - 1)(1 + npa) for j = 0,

Proof. If σ e P#, then C = CG(σ) and it is well-known that the
expression

o(G)-X5{σ)
o(C) Xj

is an algebraic integer for all j . It follows, from Proposition 2.1 and
(1), that for j = 1, • •, q

qwpa(l + npa)/wpax3-

is an algebraic integer and consequently

tx3-1 tq(l + npa) = (pa - 1)(1 + npa) .

For i = 0, it follows from (1), Proposition 2.1 and Lemma 2.2 of [3]
that

j , Ό{G)Xx(σ) _
A=I o(C)x0 wpaxQ

is an algebraic integer and therefore tx0 \ (pa — 1)(1 + npa).
Since the block B contains 1G as a nonexceptional character, we

may assume that Xt = 1G. We have then

LEMMA 3.2. For j = 0, 2, 3, , g

+ wpα if ey = 1
Xj \pa - 1 if e, = - 1

where xά = xy /or j" = 2, , q and x0 = ta0.

Proof. We will show first that if

upα + ε I (pa - 1)(1 + npa) , ε = ± 1

then either n satisfies statement (A) or one of the following relations
holds:

upa + ε = 1 or npa + 1 if ε = 1

upa + ε = pa - 1 or (pa — l)(npa + 1) if ε = — 1 .

To do so, it suffices to show that if n does not satisfy (A) then the
only solutions of
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(5 ) (vp* + l)(wpa -1) = (pa - 1)(1 + npa)

in nonnegative integers v and w are: v = 0, wpa — 1 = (pa — 1)(1 + npa)
and v = w, w = 1.

Suppose that v =£ 0 and w > 1. Then vpa + 1 < 1 + npa, v < n.
By multiplying out equation (5), adding 1 to both sides and dividing
by pa we get

( 6 ) wvpa + w — v = npa — n + 1 .

Now by (6):

(vpa + ~L)(n — w ) = i;paw — v(wvpa) + n — wv

= vpan + vw — v2 — vnpa + vn — v + n — wv

= (n — v)(v + 1) .

Since n > v, the left hand side of the equation is positive and so we
may put h — n — wv, where h is a positive integer. Solving for n we
get a contradiction to the assumption that n does not satisfy (A).
Thus either v — 0 or w = 1 and the above assertion follows.

Now we have seen that for j = 0, 2, 3, , q

Xj = ε̂  (mod pα) and x3- \ (pa — 1)(1 + npa) .

Since X : is the only character of G of degree 1, it follows that for
i = 0,2,3, . . . ,g

fl + npa if εy = 1
Xj ~ \pa - 1 or (pα - 1)(1 + npa) if ε, = - 1 .

Thus it suffices to show that for j — 0, 2, 3, , q

xj φ (p« _ i)(i + Upa) .

Indeed, if the equality holds, then by (3) :

0 = Σ εiχi ^ 1 + (g - 1)(1 + npa) - (pa - 1)(1 + npa)/t = - npa

a contradiction. The proof of Lemma 3.2 is complete.

We will proceed with the proof of Theorem 2. It follows from
(3) that at least one of the ejs, j = 0, 1, , q, is negative. If ε0 =
- 1, let X = Σ$=i -30 and if ε4 = - 1 for some ΐ ^ 2 let X = Xit In
either case, by Lemma 3.2 X is a character of (? of degree pa — 1
and by (1) and Lemma 2.2 of [3]

X(σπ) = - 1

for <j € P*, 7Γ e TΓ, where C = P x W. Denote the restriction of X to
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C also by X; then X is a character of P x W and therefore for
pe P and πe W we have:

where ^ , i = 1, , r are distinct irreducible characters of W and
<pif i = 1, , r are characters of P. Let σeP*, πe W; as X(σπ) =
— 1, it follows from (7) and from the linear independence of the
irreducible characters of W, that the principal character appears
among the ψi9 say ψx = 1^, and

φ^σ) — — 1, φ%(σ) = = r̂(<τ) = 0 .

Suppose that r > 1. Then <p2 vanishes on P# and therefore pa divides
φ2(l), in contradiction to (7) and the fact that X(l) = pa — 1. Thus
r — 1 and

= φ^p) for all p e P , 7Γe W .

In particular X(π) = φ^l) = X(l) for all TΓ G TF. Let V denote the
kernel of X; then 7 is a normal subgroup G and WΓc F. Suppose
that W Φ {1}. Then it follows from the assumption that G has no
nontrivial subgroups of order prime to p and from Proposition 2.2.i
that PaV, in contradiction to the fact that X(σ) = — 1 for σ e PK
Consequently W = {1}, P contains the centralizer of each of its nonunit
elements and by Theorem 2 of [2] G is either of type (B), or of type
C, or G = PSL(2, pa - 1), where a > 1 and pa - 1 = 2\ In view of
Lemma 3.1 of [3], the only solution of the above equation with a > 1
is: p = 3, α = 2 and & = 3. Thus if α > 1, G = PSL(2, 8). Since the
groups of types (B), (C) and (D) satisfy the conditions of Theorem 2,
the proof is complete.

4* Proof of Theorem 1Λ It follows from Theorem 2 that one
of the statements (B), (C) and (D) holds. Statement (A) could not
occur, since then

n ^ (pa + 3)/2 , o(G) ^ 2pa(pa + S)pa/2 > p3a

a contradiction.
In cases (C) and (D) o(G*) > p"a/2 and therefore G = G*, yielding

statements (II)* or (IV)*. In case (B), o(G*) = (p3a - pa)/2 and there-
fore either [G : Go] = 2, Go = G*, or G = Go> o(Λf) = 1 or 2. If [G : Go] =
2, then o(M) = 1, G is isomorphic to a subgroup of the automorphism
group of PSL(2, p) and by [5, Lemma 2] G = PGL(2, p), yielding (V)*.
If G = Go and o(ikf) - 1, then G = PSL(2, p), p > 3, and (/)* holds.
Finally, if G = Go and o(Λί) = 2, then it follows from a theorem of
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Schur [4, p. 120] that G is either isomorphic to SL(2, p) and (III)*
holds, or it is isomorphic to PSL(2, p) x M and (VI)* holds. Since
the groups mentioned in Theorem 1* satisfy the conditions of that
theorem, the proof is complete.
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EXTENSIONS OF PSEUDO-VALUATIONS

JAMES A. HUCKABA

Let ίo be a pseudo-valuation defined on a commutative
ring R and let S be an overring of R. This paper investigates
conditions needed to imply that w can be extended to S. These
conditions are given in terms of a particular sequence of ideals
{Ai)T=o in R which is called the best filtration for w. The
main theorem states that if w is a pseudo-valuation on R with
best filtration {Ai} and each A% is a contracted ideal with re-
spect to S, then w can be extended to S. The converse of
this result is then proved.

By using our main theorem and some recent results by Gilmer
[1], we show in several important cases that if S is an overring of
R and w is any pseudo-valuation on R possessing a best filtration,
then w can be extended to S. In particular, if R is a Priifer domain
with quotient field K and if S is an overring of R such that S Π K = R,
then w can be extended from R to S.

We begin in §1 by defining and developing properties of a best
filtration and determining classes of pseudo-valuations which have
best filtrations. The main results and applications are then proved
in §2.

i ; Filtrations* All rings are commutative, associative, and have
identity. If S is an overring of R, we assume that S and R have
the same identity. A pseudo-valuation on the ring R is a mapping
w from R into the extended real number system such that:

( i ) w(0)= oo> w(l) = 0,
(ii) w(x — y) ^ min {w(x), w(y)},
(iii) w(xy) Ξ> w(x) + w(y), for each x, yeR.

w is called a homogeneous pseudo-valuation in case:
(iv) w(x2) = 2w(x) for each xe R.

w is called a valuation in case:
(v) w(xy) = w(x) + w(y) for each x,yeR.

Pseudo-valuations were first introduced by Rees [3]. Rees proved in
[3] that (iv) is equivalent to the condition that w(xn) = nw(x) for
each positive integer n and for each xeR. These functions arise
quite naturally in ring theory. If A is a proper ideal of R, define
vA(x) — n if x e An, x £ An+1 and vA(x) = oo iί χeAn for all n. Then
vA is a pseudo-valuation. We say that vA is associated with the ideal
A. A sequence of ideals {AJJLo of R such that Ao = R, Ai+1 c Aif and
AiAj c A ί + i for all i and i is called a filtration on J2. Notice that
the nonnegative integral powers of an ideal A of R forms a filtration,
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where A° is defined to be R. Also note that any filtration {AJ deter-
mines a pseudo-valuation in exactly the same manner that the powers
of an ideal A determines vA. For an arbitrary pseudo-valuation w on
R and a subset T of R, define w(T) = inf{w(t): te T}.

DEFINITION 1. If w is a pseudo-valuation on R, define

AQ = R

Ai = {x e R: w(x) > w{Ai_x)} ,

if w(Λ -i) < °° .

At = A<_!, if w(^-ί-i) = co .

Each member of the sequence {AJ is an ideal of R. The sequence
defined by (1.1) has the property that A0Z) Axz> A2Z) •••. A ί + 1 is not
necessarily a proper subset of A*, as will be shown in Examples 1
and 2. Also note that for a given pseudo-valuation w, {xeR: w(x) =
oo}c Π Ai. The following example shows that there exists pseudo-
valuations such that the sequence defined by (1.1) is not a filtration.

EXAMPLE 1. Let SI be an ideal of a ring R in which 3li=22I<+1

for all i. Define a sequence of ideals {B{} as follows: Bo = R, Bx = Sί2,
B2 = 2t3, B3 = J54 = 2I5, and JS, = 2Γ(ί ^ 5). Then {BJ is a filtration
in jβ and determines some pseudo-valuation w, where w(x) — n if
x e eBnf x £ Bn+1 and w(x) = oo if x e f)Bn. Now use Definition 1 to define
A{ with respect to w. We obtain Ai = Bi(i = 0,1, 2, 3) and A* =
B i + 1(i = 4,5, •••). But {Ai} is not a filtration, since (A2)

2ζ£A4.

DEFINITION 2. Let w be a pseudo-valuation on iϋ and let {AJ be
defined by (1.1). If {AJ is a filtration in R such that a? e Π A{ if and
only if w(x) = oo, then {AJ is called a δβsί filtration for w. Let 5(5)
denote the class of all pseudo-valuations on R which have a best
filtration.

Example 1 then implies that there are pseudo-valuations which
do not have best filtrations. It is clear from the definition that if w
has a best filtration, then it is unique. From now on we will talk
about the best filtration for w.

EXAMPLE 2. Let w be a pseudo-valuation on R and let {AJ be
the sequence defined by (1.1). It is possible for {AJ to be a filtration
in JR, yet not be the best filtration for w. Let v be a real valued
nondiscrete valuation on a field K and consider v as a pseudo-valuation
on its valuation ring Rυ. Since the value group of v has no smallest
positive element, v(AL) — 0. Then A2 = {x e R: v(x) > v(Aj) = 0} = A1#
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By induction, we see that Aζ = Aι for each i ^ 1. Hence the sequence
{Ai} is such that AQ =2 Ax = A2 — . Therefore v $ B(R). However,
it is clear that {AJ is a filtration.

We will be interested only when the sequence defined by (1.1) is
a filtration. This always happens in one important case.

REMARK 1. If v is a valuation on a ring R and if {A{} is the
sequence of ideals defined by (1.1), then {A<} is a filtration in R.

Proof. It is clear that A{ z> Ai+ί for each i. Hence, to complete
the proof we need to show that A{A5 c Ai+j for all nonnegative
integers i and y. We fix j and use induction on i. Clearly A0Aj c AQ+j.
Assume that Ai_xAά c Ai+i_i. for i ^ 1. Let x e A+Aj, then x — Σί=i α A
where αfc e ̂  and bk e Aό. We may assume without loss of generality
that via,) + v(bt) = min£=1 (v(ak) + v(6A)) Then v(x) ^ ^(αj + ̂ (6i).
Case 1: If v(Ai_^ < oo, then via,) > v(Ai_j), and thus v(a?) > ̂ (^^0 + vίA^ ) =
i ίA îAy) ^ vίAi+^i). By Definition 1, x e Aί+j. Case 2: If v(Aiβl) = ^ ,
then v(a ) = oo, which implies that xeAi+d. Therefore AiAj c Ai+j.

LEMMA 1. Let weBiR) and let {A^ be the best filtration for w.
Then:

(1) Ai — Ai+1 if and only if w(A{) = co.
( 2 ) Let xe Ai and x $ Ai+1. Then y e Af and y & Ai+ί if and

only if w(x) = w(y). In fact, w(x) = wiA{).
( 3 ) IfyeAi and z & Aif then w(y) > w(z).
( 4 ) // w(x) < oo y then there exists an integer i such that x e Ai

and x $ Ai+1.

Proof. (1) Suppose A{ = Ai+1. By induction we see that A{ = Ai+t

for each positive integer t. If w(Ai) < oo, then there is an element
xe Ai such that w(x) < oo. But x e Π Ai which implies that w(x) — oo 9

a contradiction. Conversely, if w(Ai) = oo, then A{ = Ai+ι by definition
of the best filtration.

(2) First note that xeAi,x£Ai+1 implies that w(x) = w(Ai). If
yeAi,y£Ai+ί, then clearly w(x) = w(y). Conversely, assume w(x) =
w{y). If i = 0, then w(y) ^ w(Aj) and hence y is in Ao, but not in
A1# If i > 0, then wiA^) ^ ^(A^). If equality holds, then A{ = Ai+1,
which implies that xeAi+1. Therefore wiA^ < w(Ai), which implies
that y e A{. Also y £ Ai+1, for if so, then w(y) >

i 3 ) and (4) are clear.

The converse of the above result is also true.
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LEMMA 2. Let w be a pseudo-valuation on R and let {B{} be a
filtration in R satisfying properties (l)-(4). Then {Bi} is the best
filtration for w.

Proof. Clearly x e Π Bt if and only if w(x) = oo. Suppose that
w(Bi_1) < oo. By properties (2) and (3) Bt = {xeR:w(x) ^ w(Bi)}.
Thus Bi c {x e R: w(x) > w(Bi_<)}. On the other hand, suppose that
w(x) > w{Bi_ι). If w(x)=oo, then x e Γ) B5 and hence xeB{. If
w(x) < oo, choose k such that x e Bk and x $ Bk+1. Suppose that
k <; i — 1, then BkZ)Bi^, so w(ίc) = w(J5A) ^ w(i?;_i), a contradiction.
So we must have fc > i — 1 and hence x e B{. Therefore B{ =

By (1), if w(Bi^) = oo, then J84-1 - S i#

We assume from now on that all pseudo-valuations w which are
considered have the property that there exists at least one x such
that 0 < w(x) < oo.

LEMMA 3. (a) If w is a homogeneous pseudo-valuation on R and
if {Ai} is the sequence of ideals defined by (1.1), then w(Ai) < oo for
each i.

(b) If w is a pseudo-valuation on a ring R and if {AJ is the
sequence of ideals defined by (1.1) such that each Ai is finitely
generated, then wiA^) < oo implies that w(Ai) > w(Aι_-).

Proof, (a) Suppose, to the contrary, that i is the smallest positive
integer such that w(Ai) = oo. Since w is nontrivial, i ^ 2. Choose
xeAt_19 x$Ai. Then 0 < w(x) < oo, and w(x2) > w(x) ;> wiA^), so
x2 e Ai. But, w(Ai) ^ w(x2) = 2w(x) < oo, contradicting the assumption
that w(Ai) = oo.

(b) Let aiy , an be a basis for Aiβ Choose αA such that w(αfc) =
min {w(αi), , w(an)}. Then w(Af) = w(ak). Since αA e Aif w(ak) > ^(A^J
and therefore w(At) > w(Ai^.

The following theorem shows that there are many pseudo-valuations
with best ίiltrations.

THEOREM 1. (1) Any pseudo-valuation associated with an ideal
is in B(R). More generally, any pseudo-valuation determined by a
filtration {Bi}, where Bi = Bi+1 implies that Bi = Bi+k for each positive
integer k, is in B(R).

(2) If the sequence {A^ of ideals defined by (1.1) is a filtration
and if linv^ w(A{) = oo, then weB(R). Both of these conditions are
satisfied if w is a valuation on R and R is noetherian.
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( 3 ) A pseudo-valuation w on R such that the range of w is
equal to the set of all multiples of some positive real number t > 0
is in B(R). This includes all integrally valued homogeneous pseudo-
valuations w such that there is an xeR for which w(x) = 1.

( 4) All integrally valued pseudo-valuations and pseudo-valuations
on a noetherίan ring such that (1.1) forms a filtrations are in B(R).

Proof. (1) Clear.
( 2 ) Let w and {AJ satisfy the hypothesis of the first statement

of (2). Clearly w(x) — oo implies that x e nA». Let x e Π Ai9 then
w(x) ^ w(Ai_ύ for each i. Since \ivni^oaw{A^ = oo, w(x) = oo.

We will now prove the second statement of (2). Let ί; be a
valuation on a noetherian ring R. By Remark 1, the sequence of
ideals {AJ defined by (1.1) is a filtration in R. We need to show that

o,v(Ai) = oo. Consider a basis {yly *- ,yr} for the ideal A19 Let
= min{v(#1), , v(yr)}. Then yι is an element of R with the

property that v(yλ) = ε is a minimal positive element in the range of
v. Assume that l i m ^ v(Ai) = t < oo. By Lemma 3 (b), v{A{) > v(Ai^)
for each i. Thus we can choose a sequence {xά} e ί£ so that #(%) = αy

where (t — ε)<a1<a2< •••, and each aό <t. Let I? be the ideal
generated by {%}. Since i? is noetherian there exists a positive integer
n so that {xly , #„} is a basis of i?. Let p > n, then xpe B and so

£p = Σ?=i α^τί» ai e R- τ h e n ^(^p) ^ m i n {̂ (̂ 1^1)1 ' »^(α»» )} L e t v(«i»y)

be this minimum. Case 1: If v{a5) Φ 0, then v(xp) ^ v ( ^ ) + aά ^ ε + α, ^ ί,
which is a contradiction. Case 2: If v(aά) = 0, then v(a?p) = αp > α̂  =
v(xj) = (̂αyajj ). By properties of a valuation, v ί α ^ ) = v{akxk) for some
Jc^n,kΦj. Since!;(&,-) =̂  V(«A.), v(α*) ^ 0. Hence, v(xp) ^ v(αfc) + ak ^ ί,
a contradiction. This proves that l inv^ v(Ai) = 00.

( 3 ) Define 5 0 = R and inductively, J5; = {x e R: w(x) ^ i ί}. The
sequence {J?J satisfies the hypothesis of Lemma 2 and is a best filtration
for w.

( 4 ) The first part is clear. For the second part use the same
technique as in (2).

2* The main results* The following notation will be used in
this section. Let S be an overring of R. If A is an ideal of R, then
the extension of A to S, A-S, will be denoted by A\ If B is an ideal
of S, then the contraction of B to R, B f] R, will be denoted by B\

THEOREM 2. Suppose that S is an overring of R, woeB(R), and
{Ai} is the best filtration for w0. If each A* is a contracted ideal
with respect to S, then wQ can be extended to S.

Proof. Define I?* = At for each i. Then {£J is a filtration on S.
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Define a mapping w on S as follows: w(x) = wQ(Ai) if x e Bi} x g Bi+1

and tt?(#) = oo if x e Π B{. We will show that w is a pseudo-valuation
on S which extends w0 to S. Property (i) of the definition of pseudo-
valuation is obviously satisfied. Suppose that x e B^ x g Bi+1 and y e B3,
y g Bj+1. Without loss of generality, assume that i S j . Then x — y eB{

and hence, w(x — y) Ξ> wo(A;) — m i n {^(A^), ^(A^-)} = min {w(#), w(?/)}.
Similarly if either xeBi for all i or yeB3 for all j , then
w(x — y) ^ min{w(a?), w(?/)}. This proves property (ii).

Finally, we wish to show w(xy) ^ w(x) + w(?/). Again let xeBi9

xgBi+ι and y eB3,y $Bd+1. Then xyeBiBddBi+3 9 so that

If wo(Ai) + tϋo(-Ai) ^ wo(-4i+J ), then tt;(a?2/) ^ w(x) + w(i/). On the other
hand, if wo(Ai) + wQ(As) > wo(Ai+s), there are two cases to consider.
Case 1: Suppose there is a positive integer t such that

wo(Ai) + wQ(A3 ) ^ wo(i4f+J + ί) ,

but wo(Ai) + wo(As) > WoiAi+j+t^). Then AiAyCAi+y^, and hence
BiBj c i5 ί + i + ί . Since xy e BiB3 c Bi+3+t, w(xy) ^ w(a ) + w(y). Case 2:
Suppose that wo(At) + wo(-Ay) > ^o(^ί+i+t) for all t. Then wo(AiA5 ) > wo(Ak)
for all /c, which implies that AiA3 cz AA for all &. Hence,

xy e A\A) c (Π?=i Ak)° c

Therefore te;(a?y) = oo and w(xy) ^ w{x) + w(i/). When either x e Γ) Bk

or y e n Bk, clearly w(a?2/) = w(x) + ^(?/) =oo. This proves property
(iii), showing that w is a pseudo-valuation on S.

It is easy to see that w extends w0. Take ze R. Ii ze Aζ, z $ Ai+1

then by Lemma 1, wo(z) = wQ(Ai). Clearly zeBit Suppose zeBi+1,
since z is also in R, z e Ai+ι

e* = Ai+1 a contradiction. Therefore z £ Bi+1,
and hence w(z) = tt?o(Ai). If 2 e ί lA i ? then z e n δ i which implies that
W0(z) —

A subring R of a ring £ is said to have property C with respect
to S in case each ideal of JB is a contraction of an ideal in S. In [1],
Gilmer shows that in several cases, if S is an overring of R which
is integrally dependent on R, then R has property C with respect to
S. Using Gilmer's theory we obtain several applications of Theorem
2, which are listed in the corollaries below. A Priifer domain is a
domain R with identity in which each finitely generated ideal is in-
vertible, or equivalently, in which RP is a valuation ring for each
prime ideal P in R. An ideal A of a ring R is called a valuation
ideal in case there exists a valuation ring Rv containing R and an
ideal B of Rv such that B Π R = A.
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COROLLARY 1. Suppose that R is a Prufer domain with quotient
field K and that R is a subdomain of R^ If i^ n K = R, then every
w e B(R) can be extended to Rlm

Proof. By [1; p. 563, Corollary 2], R has property C with respect
to Rlm Then each ideal in a best filtration for w is a contracted ideal
with respect to Rlm By Theorem 2, w can be extended to RL.

COROLLARY 2. Let R be a domain, let weB(R), suppose that Rλ

is integral over R, and let {AJ be the best filtration for w. If each
Aι is an intersection of valuation ideals of R, then w can be extended
to RL.

Proof. Apply [1; p. 564, Th. 2] and Theorem 2.
It is known that if R is an integrally closed domain, A is a

complete ideal in R if and only if A is the intersection of valuation
ideals. Now let R be an integrally closed domain with quotient field
K, L a finite algebraic extension of if, and R' the integral closure
of R in L. By [1; p. 569, Th. 6] and Theorem 2, we have:

COROLLARY 3. If Rr has an integral basis over R and if we B(R),
then w can be extended to R'.

THEOREM 3. Suppose that R is a subring of the ring S and
suppose that w0 is a pseudo-valuation on R which has an extension
to a pseudo-valuation τυ on S. If oc belongs to the set of extended
reals, then the ideals Aa — {x e R: wo(x) > a) and Ba = {x e R: wo(x) ̂  a}
are contractions of ideals of S.

Proof. Aa is the contraction of A'a = {x e S: w(x) > a} and Ba is
the contraction of B'a = {x e S: w(x) Ξ> a).

The converse of Theorem 2 is also true.

THEOREM 4. Let S be an overring of R, let woeB(R), and let
{Ai} be the best filtration for w0. If w0 can be extended to S, then
each Ai is a contracted ideal with respect to S.

Proof. Apply Theorem 3.

COROLLARY 4. Suppose w0 e B(R) can be extended to some w on
Rv, where Rυ is a valuation ring. Then each ideal in the best
filtration of w0 is a valuation ideal.

REMARK 2. Let R be a domain with quotient field K and w0 a
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nonnegative pseudo-valuation on R. (Nonnegative pseudo-valuations
were the most important types of pseudo-valuations studied in [2]
and [3]). w0 can always be extended to a nonnegative pseudo-valuation
w on a subring R', where R(zRr c K, in the following way. Let M
be the set of y e R such that wo(y) < oo and wQ(xy) = wo(x) + wo(y)
for all x e R. Then M is a multiplicative subset of R not containing
zero. Hence we can form the quotient ring of R with respect to
M, RM. A function w' can be defined on RM by w'(x/y) = wo(x) — wQ(y).
wf is not necessarily nonnegative. However, if R' = {ze RM: w'(z) ^ 0}
and w is the restriction of w' to R', then R' is a ring and w is an
extension of wQ to iϋ'. R' is called the natural domain of w0. This
type of extension was discussed and used in [2].

I would like to express my gratitude to the referee for his many
suggestions on this manuscript. In particular, I would like to thank
him for his suggested statement and proof of Theorem 3.
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SEMIVARIETIES AND SUBFUNCTORS OF THE
IDENTITY FUNCTOR

S. A. HUQ

We study certain subcategories called semivarieties and
obtain Kaplanasky's theorem on the decomposition of Abelian
groups into a divisible group and a reduced group under the
frame-work of category theory; We also investigate the con-
nection of these epicoreflective subcategories with varieties.

Semivarieties are subcategories of a category with cartain axioms;
such subcategories play an important role in Abelian categories and
a description of these by means of coreflection, appears in the general
context in the work of Mitchell [8, §5, §6, III]. Broader classes
than these have also been studied by Amitsur [l], Carreau [2], under
the title of HI — RI properties of radicals and their classes. Our
aim in this note is to give a categorical proof of Kaplanasky's Theorem
3 [6, §5] and while so doing we generalize the concepts of varieties
and variety functors of Frohlich [4] under abstract frame work utiliz-
ing Maranda's [9] concept of a radical.

^ is a category equipped with the following axioms:
I. ^ has a null object.
II. Every morphism a in ^ , admits a factorization a = vμ,

where v is a normal epimorphism and μ is a monomorphism; we are

writing the composition in the precise way • —>.—*. where the dots
\ /

are the unnamed objects. ^f'
III. Every family of objects has a direct and a free product.
IV. The subobjects and factor objects of any objects form a set.
It is immediate that & admits null morphisms. The image of a

morphism in ^ , defined in axiom II and some time written as (v, L, μ)

in the factorization .-̂ >L-̂ > , is uniquely determined to within equi-
\ /

a

valence. Every family of subobjects of an object i in ^ has a
union and as such every morphism has a kernel. Dual consideration
holds for factor objects and cokernel. A map admitting null subobject
as the kernel is a monomorphism and a sequence

0 >A^-*B-^C >0

is exact if and only if a is a monomorphism, β is a normal epimor-
phism and the subobject (A, a) serves as the kernel of β. For details
on the notation used and results mentioned in this section the reader
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is referred to [7], [10]. In view of axiom II, one can check that
every retraction is a normal epimorphism as such a monomorphism
which is a retraction is invertible, [7] and further the composition of
two normal epimorphisms is again normal. Also if μ is a normal
monomorphism admitting cokernel v, then μ is the kernel of v and
dual result holds for the normal epimorphism v, admitting kernel μ.

2* Subfunctors of I* We shall consider covariant functors from
<ίf —• ^ , and such subfunctors of the identity functor /.

DEFINITION. A subfunctor (F, μ) of I will be called a normal
subfunctor if for each A e <£*, the natural map μA : F(A) —> A is a
normal monomorphism; and {F, μ) is called injective if μA is a core-
traction.

A subfunctor (F, μ) of ^ is said to be a radical subfunctor,
(dually coradίcal subfunctor) in the sense of Maranda [9] if for any
A, (F(A), μA) has cokernel (ε, C) then 1F{C) ~ ω[ω = ωAB always stands
for the null morphism of H(A, B)], so that F(e): F(A) -> F(C) is the
null normal epimorphism o)FU)t0 (dually for the inclusion μA: F(A) —>
A; F{μA):FF{A)->F(A) is an equivalence).

3* Semivarieties and cosemivarieties* A semivariety & is a
full subcategory of ί̂ , satisfying the following axioms:

I. / : A —>B is a monomorphism and BeB =φ AeB.
II. If (Ai)ίeI is an indexed set of objects of .^?, then their direct

product

EXAMPLES. ( i ) All varieties [4].
(ii) Torsion free groups (respectively Abelian groups) form a

semivariety of all groups (respectively of Abelian groups)
(iii) Reduced groups form a semivariety of all Abelian groups.
(iv) Nilpotent free rings (i.e., a ring in which α2 = 0=Φ>α = 0)

in the category of rings.

PROPOSITION 3.1. (1) If (V, μ) is a subfunctor of /, then the
objects A for which (V(A), μA) ~ (0, ω) form a semivariety &y.

(2) If & is a semivariety then every object A has a minimal
normal subobject (V^(A), μ^(A)) whose cokernel lies in &. These
(V&(A), μ&(A)) determine a normal radical subfunctor (V&, μj) of I.

(3) If V — V^ then & = &v. Conversely & = &v implies
V is a subfunctor of V^; but if (V, μ) is normal and a radical
subfunctor then .ζ@ — £@v^7- V&.

Proof. (1) Let &v = {A \ (V(A), μA) - (0, ω)} and all their mor-
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phisms. Since (F, μ) is a subfunctor of I, 0 e .^v. Thus &v is a
full subcategory.

f
Next if A —> B is a monomorphism, then F ( / ) : V(A) —• F(J5) is a

monomorphism. Thus 5 e .̂ PV =φ F(B) — 0 and as such 1VU) = ω which
implies A e .ζ$v.

Next if (Ai)ieI is a family of objects of .̂ PV, then we have a com-
mutative diagram

where the top horizontal is the natural projection for each i which
is a normal epimorphism. Now At e έ%?y =φ (V(Ai), μA.) ~ (0, ω) that is
μΠA.πi = ft>, i.e., /^A. = ω so lr(ffA.) = ω giving Π-A* e . ^ F .

(2) Suppose ^ is a semivariety. We consider all normal sub-
objects (Vi(A), μt(A)) of A whose cokernel (εi9Ci) lies in ,^?. Then
Si: A —> Ci determine a unique map ε : A —> ΐ[Ci such that ε^ = e{

(where ΠC* -^ Ci9 stands for the direct product). Now Y[d e . ^ . We
denote by (V&(A), μ&(A)) the kernel of ε; then this determines a
normal subfunctor (F^, μ&) of /. We note (V&(A), μ.&{A)) is also the
kernel of the epimorphism v, in the image (v, C, μ) of ε. Then (V<&(A),
μj?(A)) is minimal normal subobject (in the sense of partial ordering
of subobjects, see [7]) whose cokernel lies in έ%? is obvious from the
construction. Evidently V^ has the radical property.

(3 ) Suppose & is a semivariety and V ~ V&, then έ%?v consists
of all objects A for which (V(A), μA) — (0, ω). Now έ%? consists of
all objects A whose cokernel is (1^, A); thus & — &v.

Now suppose & = &v. If for any object A, V(A) ^ A and
V^(A)^-^A admit the cokernels (e*,D*) and (e, C) respectively then
C e & = &γ, i.e., (V(C), μc) ~ (0, ω) so μAe = ω, therefore there
exists a monomorphism λ̂  : V(A) —+V^(A) such that XAμ^ = jtί4. That
this λ is a functor monomorphism is easy to check. If further V is
normal and a radical subfunctor, then for the cokernel (ε*, D*),
W , ~ft>, i.e., Z)*G.^ F = . ^ . Thus (ε*, D*) g (ε, C), i.e., ε* ~ ε,
giving (F, jc/) - (F^, ̂ ) .

Dual to the concept of a semivariety is that of a cosemivariety.

DEFINITION. A full subcategory j ^ ~ of C is called a cosemi-
variety if

I. / : i ^ Q a normal1 epimorphism A e

This is required since axiom II, is not self dual.
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II. (Ai)ieI is a family of objects of j ^ \ then their free product

EXAMPLES, (i) All covarieties. In particular in the category
of Abelian groups, torsion groups from a covariety.

(ii) Divisible groups form a cosemivariety of all Abelian groups.
Mirror image of Proposition 3.1. will be

PROPOSITION 3.1*. (1) If F is subfunctor of the identity functor
I of ^, then the collection of all objects A for whjch (F(A), μA) ~
(A, 1A) from a cosemivariety ^ F .

( 2 ) // ^ is a cosemivariety, then every object A has a maximal
subobject (F^(A), μ^(A) e ^~. This (F^,μ^) is a coradical sub-
functor of I.

( 3 ) F ~ F τ =Φ ^ = %βΓI\ Conversely ^~ = j ^ ~ F implies F^
is a subfunctor of F; further if F is a coradical subfunctor then

We exhibit the proof for (1), leaving the second and third part
for the reader to dualize their counter parts in Proposition 3.1 in the
same way.

Let ^ F = {A I (F(A), μA) ~ (A, 1A)} and all their morphisms; the
null object is obviously e J^~F.

Next if A^B is a normal epimorphism and A G ^ , then we
have a commutative diagram

A-^B

VA μB

F(A) — F(B)

in which μA is an equivalence. Now μAa is a normal epimorphism as
observed in § 1. Let δ be its kernel. Then δF(a) = ω, i.e., F(a) =
μAa μ(μA(x is normal and therefore cokernal of δ). Now μAaμμB -
F{a)μB = μAa. Thus μμB = 1, i.e., μB is a retraction and hence in-
vertible, i.e., Be^"F.

Next suppose {A%)ieI be a family of objects of W belonging to
JF\ then we have for each i, a commutative diagram

where τ{ are the natural monomorphisms associated with the free
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product. Now μA. is invertible, let μi\ be its inverse. Then
μ7\F(τi): Ai-+F(Π*Ai) determines a unique λ : Π * ^ ^ F ( Π * Λ ) such
that r4λ - μilFfa).

Now T^n*Ai) = μ-^F(τ%)μπ*Ai = μ^μ^τ, = ?i-
Thus Xμπ*A. = 1 showing that μπ*A. is a retraction and hence in-

vertibe, i.e., I P ^ e ^ F .
Thus if (JP, μ) is any subfunctor of I, determining a semivariety

^ a n d a cosemivariety ^~ F , then we have a functor transformation

»—F-^—F^F, and

for any object A, we have a commutative diagram

A

Λ

\

/

where ^ ^ is a normal monomorphism.
It is clear from our construction that if ^~ is a cosemivariety

determining a normal radical subf unctor (F^~, μ^) of I, then for any
i e ^ the cokernel of μA : F^(A) » i e ^ ^ , and by Proposition 3.1
F9 ~ F&F*-, and we collect these informations in the following.

PROPOSITION 3.2. If J?~ is a cosemivariety, such that the functor
(F^, μ ^) determined by it is a normal radical subfunctor, then for
any object A, we have the exact sequence

0 > F^(A) -^ A - ^ C > 0

where F^(A) £ ̂  and C e &F*:

We are content to leave the reader to mirror the images of the
above observations.

If ^ is the category of Abelian groups, and ^" is the cosemi-
variety of torsion groups (or divisible groups) then if to each group
A, we assign the torsion subgroup F^'(A) (or the miximal divisible
subgroup F^(A)), then A/F^(A) lies in the semivariety of torsion
free groups (or reduced groups).

PROPOSITION 3.3. If sf is an Abelian category in which a co-
semivariety j ^ ~ determines a radical which is injective, then every
object A is the direct sum of an object in ^ and £4?^, and as
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such the identity functor splits having components in the cosemi-
variety and the semivariety.

Proof. We have an exact sequence 0 —•> F^(A) Λ A —* A/F^-U) —> 0
in which the natural injection is a coretraction. Thus there exists a
δ:A—*Fy(A) such that μδ = 1. So the theorem is obvious from
Theorem 2.68 [5]. Thus for the category of abelian groups, if F^
is the functor determined by the cosemivariety of divisible groups,
then we have Theorem 3. [6, §5].

It is easy to see that the variety functors (covariety functors or
torsion radicals) [[4], [9]] are indeed radical functors (coradical func-
tors) and a coradical subfunctor (F, μ) determines a cotriple [(Fμ)~\
μ, F] in the sense of Eilenberg and Moore [3] where Fμ is the equi-
valence F2 —* F which appears in the definition of coradical subfunctor
given by FμA = F(μA) for any object A of ^ , and this is cogenerated
by the adjoint F of the inclusion of the associated cosemivariety
j r — JTF into <ĝ , where F can be considered as well a functor from
rέ? —* & dropping the inclusion completely.

We notice if V^ the normal radical functor associated with the
semivariety £$ is a variety functor, then £$ is a variety; converse
association holds, i.e, the normal radical functor associated with a
variety will be a variety functor (11) in categories with the additional
axiom.

(v) If a is a monomorphίsm and β is a normal epimorphisms
such that aβ admits image vμ, then a normal =φ μ is normal.

Added in proof. While this work was in press, the author was
given to understand by P. Lecouturier that certain generalization of
Frόhlich's work (a weaker version of Proposition 3.1) has also been
obtained by him in more restricted class of categories (in which every
epimorphism is normal, etc). However he does not obtain the charac-
terization of semivarieties by normal radical functors.
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FINITE GROUPS WITH SMALL CHARACTER
DEGREES AND LARGE PRIME DIVISORS II

I. M. ISAACS AND D. S. PASSMAN

In a previous paper one of the authors considered groups
G with r. b. n (representation bound n) and n < p2 for some prime
p. Here we continue this study. We first offer a new proof
of the fact that if n = p — 1 then G has a normal Sylow p-
subgroup. Next we show that if n = p3fZ then p2 Jf \ G/OP(G) |.
Finally we consider n = 2p — 1 and with the help of the
modular theory we obtain a fairly precise description of the
structure of G. In particular we show that its composition
factors are either p-solvable or isomorphic to PSL(2, p), PSL(2,
p — 1) for p a Fermat prime or PSL(2, p + 1) for p a Mersenne
prime.

Now the irreducible characters of PSL(2, p) have degrees (see [10]
p. 128) l,p,p± 1, (p ± l)/2 for p odd and those of PSL(2, 2a) have
degrees (see [10] p. 134) 1, 2α, 2a ± 1. Thus for p > 2 the linear groups
of the preceding paragraph do in fact have r.b. (2p — 1).

The notation here is standard. In addition, if χ is a character
of G we let det χ denote the linear character which is the determinant
of the representation associated with χ. Also np(G) denotes the number
of Sylow p-subgroups of G.

LEMMA 1. Let G be a group with r.b.n. and let N Φ G be a
subgroup. Suppose G = U;=o Nx{N is the (N, N)-double coset decom-
position of G with xo = l. Set α, = \NXiN\/\ N\ = [N: N Π NXi].
Then n ^ (αx + α2 + + o,t)lt

Proof. Let θ — {1N)G be the character of the permutation repre-
sentation of G on the cosets of N. Then 0(1) = [G: N], [θ, 1G] = 1
and || θ ||2 = 1 + t. Since [0,1G] = 1 we can write

θ = lβ + bai + + bsχs

where the χ< are distinct nonprincipal irreducible characters of G.
Thus since G has r.b.w we have

l + nt = l + n(\\ θ ||2 - 1) = 1 + n{b\ + . . . + 62

S)

^ 1 + n(b, + ... +b.)^l + baAl) + + δ.χ.(l)

= 0(1) = 1 + (a, + α2 + + at)

and the result follows.
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LEMMA 2. Let G be a group with r.b.n.
( i ) Let N Φ G be a subgroup. Then

n ^ min {[N: N n Nx]\xeG - N} .

(ii) Let π be a set of primes and let H be a maximal π-subgroup
of G. Then either HAG or n^ min {[if: Hf]Hx]\xeG - N(H)}.

Proof, (i) follows immediately from Lemma 1. Now let H be as
in (ii) and suppose H is not normal in G. Set N = N(H) Φ G. Since
H is a maximal ττ-subgroup it follows that H = Oπ{N). Thus if x e G
then H* = Oπ(Nx) so H n Nx = H f] Hx and

[N: Nf]Nx]^ [H: H f] Nx] = [H: H Π Hx] .

Thus the result follows from (i).

Applying Lemma 2(ii) with π = {p} and H a Sylow p-subgroup of
G yields

THEOREM 3. Let pbea prime and let Gbe a group with v.b.(p — 1).
Then np(G) = 1.

This result was originally proved in [7] (Theorem E) in a much
more complicated way.

LEMMA 4. Let G have r.b.(p2 — 1) and let Qi and Q2 be p-subgroups
of G with <QX, Q2y not a p-group. Then np{C(Qd Π C(Q2)) = 1. //
further the Sylow p-subgroups of G are abelian, then

nMQJ Π N(Q2)) - 1

Proof. Set W = ζQly Q2>. Since W is not a p-group we see that
np(W) > 1. We assume now that np(C) > 1 where C = C{QX) Π C(Q2) =
C( W) and derive a contradiction. Set Z = TΓ Π C so that ^ is central
in TF and C and let W = W/Z, C = C/Z. Since Z is central we have
easily np(W) > 1, np(C) > 1 and (WC)/Z = W x C. By Theorem 3
both TF and C have irreducible characters of degree ^ p and hence
W x C has an irreducible character of degree ;> p2. This is a contra-
diction since G has r.b.(p2 — 1) and this property is inherited by
subgroups and quotient groups. If the Sylow p-subgroups of G are
abelian then any p-group normalizing Qt centralizes it. Thus the
second result follows from the first.

THEOREM 5. Let p be a prime and let G be a group with r.b.p3/2.
Then p2Jf\G/Op(G)\.
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Proof. If p — 2 then G has r.b.2 and the result follows from
Theorem C of [7]. Thus we can assume that p ;> 3 and clearly also
that OP(G) = <1>. Since p2 - p - 1 ^ [pm] for p ^ 3, Proposition 1.3
of [6] implies that a Sylow ^-subgroup P of G is abelian. We assume
that I PI ^ p2 and derive a contradiction. Set w = p'6'2.

Let JV = N(P) so that N Φ G. By Lemma 2(i) there exists
weG - N with w ^ [iV: JV Π Nw] ^ [P: P Π P w ] . Set Q = P f l P w so
since p2 > n and w gN we see that [P: Q] = p and hence Q Φ <(Γ>.
Let M - N(Q). Since PAN,PWANW we have Q Δ (JV Π A/^). Also
Q Δ P a n d P g JVW. Hence M Π N 2 <P, JV Π iVw> so [iV: iV n M] ^

We now make the following crucial observation. If [M: M Π Mx] <
p2 for some x $ M then Q and Q* commute elementwise and x e MNM.
To see this suppose that Q and Qx do not commute. Then since the
Sylow p-subgroups of G are abelian, <(Q, Qxy is not a p-group. By
Lemma 4, wp(Jlf Π Λίx) = 1 so if U = O^(M Π ΛP) then i7 is also a
Sylow p-subgroup of Λf Π Λf *. Now p 2 1 [M: M Π M x] and Q g I 1

clearly so Qί/ is a Sylow ^-subgroup of Λf. Since NM(QU) 2 <Q,
i k ί Π M ^ we have [M: iV3/(Q[/)] < p and hence by Sylow's theorem
QU AM and np(M) = 1. This is a contradiction since Q = P n P1"
and P, Pw ^ M. Thus Q and Q* commute and since Q φ Qx and
[P: Q] = p it follows that QQX = P ^ 1 is a Sylow p-subgroup of G.
Thus Q, Qy and Qx2/ are all contained in P. By Burnside's lemma these
three groups are conjugate in N. Thus Qy = Qh, Qxy = Qfc for some
h,keN. This yields yh~ι e M, xyk~ι e M so

a = {xyk-ι)kh-\yh-ιyι e MNM .

Since Q Φ <1> we have ilf ^ G. Let G - LIU MxM be the (Λf, M)-
double coset decomposition of G with x0 = 1. Set a{ = | M ^ M | / | M |
and suppose that there are precisely r such i ^ 0 with a{ < p2 and s
with α̂  ^ p2. Then by Lemma 1, pm = n ^ (r + p2s)/(r + s). Clearly
r :£ 0 here so

p3/2 ^ ( r + p*8)/(r + S) > p γ ( i + r/s) .

If s = 0 then by the preceding paragraph Q commutes with all its
conjugates. This implies that <(Q* | x e G)> is a nontrivial normal p-
subgroup of G, a contradiction. Thus s ;> 1. Also if a{ < p2 then
Mx{M S MNM by the above. Since we have seen that [ΛΓ: ΛΓ Π M] S
p112 we have r ^ p1/2 — 1 since the double coset M itself is not counted.
Thus r/s ^ p1'2 - 1 and

a contradiction and the result follows.
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We now turn to the main result of this paper.

THEOREM 6. Let p be a prime and let G be a nonabelian simple
group with r.b.(2p — 1). Then p > 2 and we have one of the following.

( i ) G is a pf-group.
(ii) G ~ PSL(2, p) for p > 3.
(iii) G = PSL(2, p — 1) for p a Fermat prime, p > 3.
(iv) G = PSL(2, p + 1) for p a Mersenne prime.

Proof. Since groups with r.b.3 are solvable (Corollary 6.5 of [8])
we have p > 2. By Theorem 5 since pV2 ^ 2p — 1 for p > 2 we have
P2\\G\. If p)(\G\ then G satisfies (i) above. Thus we can assume
now that G has a Sylow p-subgroup P of order p. Let Bλ{p) denote
the principal p-block of G. We will use freely the structure of Bx{p)
and its associated tree as described in [1] and [2]. Since Bx{p) contains
a nonprincipal irreducible character χ and χ(l) < 2py Lemma 1 of [3]
implies that P is self centralizing. Let N = N(P) and let e = | N/P |
so that e \ (p — 1). By Burnside's transfer theorem e > 1. We assume
now that G £ PSL(2, p) and G £ PSL(2, p - 1) for p a Fermat prime.

Step 1. Let θ denote an exceptional character in B^p). Then
the tree of B^p) must be one of the following.

( D ° = 2 lao 2 Z l

1(?°-

p+2

O O

2p-l 2p-2

lG

p-1 2p-S p-1

(4) e = 4 , O O

p-1 2 p - 4 2p-l p + 1

( 5 ) e = 4 , *2 0 χi
^ ' l G o o o o

2p-l\2p-4 p-1

β = 5

2p-l\2p-5 2p-l p + l

Here the degree of the character is written below the character
designation.

Since G is nonabelian and simple it follows that every nonprincipal
irreducible representation of G is faithful. Thus by Theorem 2 of [5]
the degrees of the nonprincipal ordinary irreducible characters of G are
all ^ p — 1 and by Theorem 1 of [4] the degrees of the nonprincipal
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irreducible Brauer characters of G are ^ 2(p — l)/3. Now G has
r.b.(2p — 1) and the degrees of the ordinary irreducible characters
of B^p) satisfy χ(l) = ±l(p) if χ is nonexceptional and θ(l) = ±e(p).
This yields easily χ(l) = p — l,p + l,2p — 1 or χ = 1G and 0(1) =
2p — e, p + β or 0(1) = e if e = p — 1.

Suppose first that p = 3. Since β [ (p — 1) we have e = 2 and the
tree is a line with three vertices. Now the center degree is maximal
and the principal character must occur so we have clearly

ΊGo

This is either tree (1) or tree (2) according to which of χx of χ2 we
consider exceptional.

Now assume that p ^ 5. Let χ e Bγ{p) with χ(l) = p — 1 and
suppose that χ is modular reducible. We can denote this latter fact
graphically by

where r and s are degrees of modular constituents. Since r + s <£
p — 1 we cannot have both r, s ^ 2(#> — l)/3. This implies that one
of the modular constituents is the principal character and the other
has degree p — 2.

Now let χ e B^p) with χ(l) = p + 1 and suppose χ is modular
reducible. Say we have

Here by the alternating nature of the tree χlf χ2 ^ 1G so r, s ;>
2(p — l)/3. Since r + s ^ 2> + 1 this yields 4(p - l)/3 ^ p + 1 so p =
5 or 7. In fact either p = 5, r = s = 3 or p = 7, r = s = 4. We con-
sider these in turn. Let p = 5. Since e | (p — 1) we have e = 2 or 4.
Certainly e Φ 2 here since JBi(p) contains e + 1 ordinary irreducible
characters including 1G and hence e = 4. Thus the degrees of the
nonprincipal ordinary irreducible characters of B^p) are 4, 6 or 9 and
the nonprincipal Brauer characters have degrees ^ 3. The former fact
implies that χι and χ2 are modular reducible so the tree having five
vertices is a straight line. This yields easily

χ i x X2 *3
\Q O O O O O

4 6 9 6

and we obtain tree (4). Now let p = 7 so that e = 2, 3 or 6. Clearly
neither χx nor χ2 can be modular irreducible so the tree has at least
five vertices and hence e = 6. Thus the degrees of the nonprincipal
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ordinary irreducible characters of Bγ{p) are 6, 8 or 13 and the non-
principal Brauer characters have degrees ^ 4. This latter fact implies
that neither χι nor χ2 can have degree 6 and hence χx(l) = χ2(l) = 13.
Now at least one of χ1 or χ2, say χlf is not adjacent to 1G. Hence all
characters adjacent to χ1 have degree p + 1 and as we have seen these
are either modular irreducible or have constituents of degree 4. This
shows that all modular constituents of χ1 have degree divisible by 4,
a contradiction since χ^l) = 13. Thus this case does not occur. It
now clearly suffices to assume for the remainder of this step that all
χ e B^p) with χ(l) = p + 1 are modular irreducible.

Let 0 denote an exceptional character of Bx(p) and we consider
the possible branches leaving the vertex associated with 0. Suppose
first that #(1) == +e(p). The above implies easily that we can only
have

P+l

Now the first branch must occur precisely once and let the second
branch occur a times. Since the tree has e edges we have

1 + a — e

1 + α(p + 1) = 0(1) .

Now e ^ 2 so a >̂ 1 and hence θ(l) > p. Thus θ(l) = p + β and we
obtain a = 1, e = 2 and this is tree (1).

Now let 0(1) = -e(p) so that θ(l) = 2p — e. Using the above
information and the alternating nature of the tree we see easily that
the only possible branches leaving the vertex associated with θ are

p-l p-l

θ X
o o olβ

p-2 p-l

o x xf

o o o

p-2 2p-l p + l

θ X Xf

o o O

p-3 2p-l\ p + l

2p-2 2p~l

If the last branch occurs then since 2p — e = 0(1) ^ 2p — 2 we have
e = 2 and this is tree (2). Thus we can assume that only the first



FINITE GROUPS WITH SMALL CHARACTER DEGREES II 317

four branches occur say with multiplicities a,b,c,d respectively. Since

there are precisely e edges in t h e t ree we have

a + 2b + 2c + 3d = e

a(p - 1) + b(p - 2) + c(p - 2) + d(p - 3) = 0(1) = 2p - e .

Adding these two and dividing by p yields

a+b+c+d=2.

In addition the vertex of 1G occurs precisely once so b + d = 1. Thus
α + c = 1 and there are four possibilities which are easily seen to be
trees (3), (4), (5) and (6).

Step 2. Let JV = N(P). We consider the restriction of the ordi-
nary irreducible characters of G to N.

Now N = PE is a Frobenius group of order pe with E = ζx)
cyclic of order e. N has precisely e linear characters, namely those
of N/P = E, and the remaining irreducible characters have degree e.
Let Δ denote any sum of irreducible characters of N of degree e.
Clearly ΔE = Δ(l)/e pE where pE is the regular character of E. This
yields easily

Δ(x) = 0

( 1 ) ( 1 if e is odd
det Δ{x) =

((_l)'d>/ if e is even .
If e is even let 8 denote the linear character of N given by δ(x) = — 1.

Let ψ be an ordinary irreducible character of G with ψgB^p).
Since P is self centralizing it follows that B^p) is the unique p-block
of positive defect and hence ψ belongs to a block of defect 0. Thus
p I ̂ (1). Since G has r.b.(2p — 1) this yields ^(1) = p and clearly
ψp = pp. Thus ψN = λ + Δ where λ is linear and Δ(l) = p — 1. Now
G is simple so the linear character det ψ must be principal and hence
1 = deti/r(ί*0 = λ(a?) det Δ(x). This yields by the above

ί
lΛ, + Δ if e is odd

1N + Δ if e is even and (p — l)/e is even

3 + Δ if β is even and (p — l)/e is odd .

Now let χ e B^p) and let m(χ) denote the number of linear chara-
ters counting multiplicities which occur in χN. Obviously m(χ) is the
multiplicity of 1P in χP. Suppose first that χif γ3 are nonexceptional
ordinary irreducible characters of Bλ(p) which are adjacent in the tree.
Then Xι + χό = Φ is a protective character and since ΦP = Φ(l)/p pP

we have easily

m{Xi) + m{χό) = [&(1) + χ3(l)]/p .
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Now suppose that χ̂  is adjacent to the vertex of the exceptional charac-
ters {θk}. Clearly m{θr) = m(θs) for all r, s so since fo + Σfe 1 ) / e θk = Φ
we have with θ = θγ

miχ,) + {p- l)/e-m(θ) = [fc(l) + (p - l)/e-θ(l)]/p.

Using the above two equations, the fact that the tree of Bt(p) is
connected and the obvious fact that m(lG) = 1 we obtain easily for
irreducible χ

( 3 ) m(χ) =

k - 1 if χ(l) = kp-l

k if χ(l) = kp ± e

k + 1 if χ(l) = kp + l

There is of course additional information available, for example the
fact that det χ(x) = 1 and the position of χ in the tree, which further
limits the structure of χlV.

Step 3. If tree (1) occurs in step 1, then p is a Mersenne prime
and G = PSL(2, p + 1).

By assumption e = 2 and the tree of BJ^p) has the form

i<?

p+2 p+1

where θi represents the (p — l)/2 exceptional characters with θ — θlm

Let {ψj \j = 1, 2, •••,&} denote the set of irreducible characters of G
not in Bx(p).

Let a denote the unique nonprincipal linear character of N. By
(1) and (2) we have

4 ψiN = 1» + Δ'j , ψj(x) = 1 for p = 1 (4)

ψ a + J' ψ ( x ) l

By (3), θiN = λ + 4 and since the θi are all algebraically conjugate λ
is the same for all ί. Thus det ^(B) = 1 and equation (1) yield

θiN = a + Jif θi(x) = - 1 f o r p = 1 (4)

^ = l,γ + Δi , ^(a?) - 1 for p = 3 (4) .

Now χ^ = αl iV + ba + // with α + b = 2 by (3) and since x is a p'-
element a — b = χ(x) = ζ(x) = ί(a ) — 1. Thus (5) yields

Z* = 2α + J , χ(x) = - 2 forp = l (4)

χ^ = 1,, + α + A , χ(α?) = 0 for p = 3 (4) .

Equations (4), (5) and (6) and Frobenius reciprocity now yield
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k (ί>-D/2

(lNf = lβ + Σ ΨJ , a° = 2χ+ Σ θt for p = 1 (4)
' ' (P-D/S *

(1N)° = l0 + χ + Σ θ(, a? = χ + Σ Ψs for p = 3 (4) .
1 1

Thus since (1^)G(1) = 0 (̂1) = [G: N] and |ΛΓ| — 2p we obtain easily

I G I - p(p2 + 5p + 2) , fc = (p + 5)/2 f or p = 1 (4)

IG I = p(p + l)(p + 2) , A: = (p + l)/2 for p = 3 (4) .

Now using I C(x) \ = Σ V(χ)V(χ)> where 57 runs over all ordinary irre-
ducible characters of G, along with equations (4), (5), (6) and (8) we
have

\]C(x) \ = p + 7 for p = 1 (4)

I C(x) I = p + 1 f or p = 3 (4) .

Since (p + 7) | p(̂ >2 + 5p + 2) the case p = 1 (4) is eliminated. Thus
p = 3 (4).

Set S = C(a?) so that | S | = p + 1 and [G: S] = p(p + 2). We
consider (15)

G. Since this character is rational and the θ{ are algebrai-
cally conjugate we have

(P-D/2 k

Set c = Σf ci ^ considering degrees we have

p(;p + 2) = 1 + α(p + 2)(p - l)/2 + δ(p + 1) + cp

and evaluating at x yields

0 < (ls)
G(x) = 1 + α(p - l)/2 - c

by (4), (5), (6) and the fact that xeS. Certainly a ̂  2. Also 6 ̂
χ(l)/2 = (p + l)/2 by Frobenius reciprocity and the fact that χ(a?) = 0.
Thus a = 0 yields a contradiction. If α = 1 then b = 0 (p) so 6 = 0
and c = (p + 3)/2 > 1 + α(p — l)/2 again a contradiction. Thus a — 2
and we have easily

(P-D/2

(10) (l s)
G = l e + 2 Σ

1

so (l5)
Gr(^) = p by (5) and (6). By definition of induced character and

the fact that S = C(x) this implies that S contains precisely p distinct
conjugates of x. Since | S \ = p + 1 this shows that S is an elementary
abelian 2-group and therefore that S is a Sylow 2-subgroup of G and
p is a Mersenne prime. By Burnside's lemma the nonidentity elements
of S are all conjugate in N(S) so N(S) > S.
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Set H = N(S) > S. Then (1^)* is a national constituent of (1S)
G

and (lH)σ(l) ^ p(p + 2)/3. Thus by (10) we have easily

(Π) (lH)β = l σ + %

Therefore G is a doubly transitive permutation group on the set Ω
where H = Go* for some point oo e Jλ By (10) χ5 contains ls with
multiplicity one so (11) implies that S has two orbits on Ω. Hence
since | S | = | Ω | — 1, S is in fact a regular normal subgroup of G«>.
Now I HI = p(p + 1) so if P is a Sylow p-subgroup of H, then since
P is self centralizing and | P | = | S | — 1 we see that G is sharply 3-
transitive.

With the structure of H as given above we can clearly identify
Ω with GF(p + 1) U {°°} in such a way that S is the set of translations

{ \ } { ( I }GF{P + X ) } and P is thΘ{( )\ } { ( I e GF{P }
Let xeG with x — (0 °o)(l) . Then x has order 2 and normalizes

p = Gooo so S acts in a dihedral manner on P . lί x — [,, A then

for all seGF(p + 1), s ^ 0

*v * w *
sz)\f(z)J \f(z)

so /(ss) = s-VXs). Setting z = 1 yields /(s) - s"1. Thus 2 =

and since G = <iϊ, x} we have clearly G S PSL(2, p + 1). By (8) we
have in fact G = PSL(2, p + 1) and this step follows.

Sίep 4. Completion of the proof.
We now consider the remaining trees in turn. Let {ψj \ j —

1, 2, , k) denote the set of ordinary irreducible characters of G not
in Bάp).

Suppose first that we have tree (2). If p = 3 this is the same
as tree (1) so we assume that p > 3. From

U χ ζ θi

2p-l 2p-2

and (3) and det χ(x) = 1 we have χN = liV + Λ. Let α be the unique
nonprincipal linear character of N so that we have by (3) θiN =
alN + ba + Δi with a + δ = 2. Since # is a ^'-element a — b — θ^x) =
ζ(x) = χ(x) - 1 = 0 so θiN = 1N + a + J ί# Now by (2) all the <f , occur
in either (1N)G or αG depending on the parity of (p - l)/2. Since
(1^(1) = aG(l), the above and Frobenius reciprocity imply that the ψj
occur in aG and hence

(P-D/2

1
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Since \N\ = 2p this yields \G\ = 2p(p2 + 1). Now 0,(1) \\G\ so
(p — 1) I (p2 + 1) and this is easily seen to be a contradiction for p > 3.

Now consider tree (3)

1G χi ζ i #2 ζ2 χ2
1 O

p-1 2p-S p-1

By (3), χiN = Δ{ and χ^x) = 0 for i = 1, 2. This implies that ζ^x) =
- 1 , ζ2(x) = 0 so <?,(&) = - 1. Now by (3), θiN = alN + ha + cα2 + 4
where a is a nonprincipal linear character and a + 6 + c = 2. Since
0i(ίc) = — 1 we have easily θiN = a -\- a2 + A[. Applying Frobenius
reciprocity to the above and (2) we have

fc (P-D/3

1 1

and this yields easily

3), Λ = (2p-5)/3 .

Using I C(x) I = Σ^(^)57(^) along with the above and (2) we obtain | C(x) \ =
p — 1. Now clearly x is a real element so | C*(x) \ = 2(p — 1) where
Cr*(α;) = {g e G I x& = x or x"1}. Since 2(p — 1) does not divide | G \ as
given above, it follows that this tree does not occur.

Suppose tree (4) or (5) occurred. Since χ^l) = p — 1 and det χ^x) —
1, (1) and (3) imply that (p — l)/4 is even. Hence by (2), ψjN =
1N + Δά. Now there are four linear characters of N and at most two
occur in ΘN so choose a Φ 1Λ- such that a does not occur in ΘN. Thus
a can occur only in χ2V or χ3V with multiplicity at most two. Hence

[G: N] = αG(l) ^ 2χ2(l) + 2χ3(l) = 6p .

Now choose /3 so that /5 occurs in ΘN. Then

(P-D/4

) Σ 0(1)[G: N] =
1

Since (p — l)/4 is even and (p — l)/4 ^ 2 we have (p — l)/4 ^ 4, p ^ 17
and

- 4) ,

a contradiction.
Finally consider tree (6). By (1), (2) and (3) we have easily

χίN = 1N + ̂ , χ2iv = l,v ̂ ', and ψ îΛΓ = 1^ + Δά. Now since e = 5 and
m(#) = 2 we can choose a linear character a oί N with α =£ 1^ and such
that a does not occur in ΘN. Hence by the above and the fact that
m(χd) = m(χ4) = 2 we have aG = αχ3 + &χ4 with α, 6 ̂  2. Thus since

[G:N]= aG(l) = aχs(l) + 6χ4(l) = (α
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and [G : N] = 1 (p) we have [G:N] = p + 1. Now choose β so that
β occurs in ΘN. Then

(p-D/5

= βG(l) ^ Σ <

a contradiction since 51 (p — 1) implies that p ^ 11. This therefore
completes the proof of the theorem.

Finally we consider the remaining groups with r.b.(2p — 1).

THEOREM 7. Let pbea prime and let Gbea group with r.b.(2p — 1).
Then we have one of the following.

( i ) G has a normal abelian Sylow p-subgroup.
(ii) G is solvable and has p-length 1.
(iii) G/Z(G) = PSL(2, p) or PGL(2, p) for p > 3.
(iv) G/Z(G) = PSL(2, p - 1) for p a Fermat prime, p > 3.
( v ) G/Z(G) = PSL{2, p + 1) for p a Mersenne prime.
(vi) G/Z(G) ~ Sym (4) for p = 2.

Proof. If p = 2 then G has r.b.3. Thus by Corollary 6.5 of [8],
G satisfies (ii) or (vi) above. Now let p > 2. Since 2p — 1 <̂  p3/2,
Theorem 5 implies that p2 \ \G/OP(G) |. With this additional fact it is
easy to see that the proof of the main theorem of [6] applies also to
groups with τ.b.(2p — 1) with p > 2 yielding the same conclusion.
(The p > 2 assumption is used crucially in the last paragraph of the
proof of Proposition 3.1 of [6].) Thus either G satisfies (i) or (ii)
above or G = P1 x GL where P1 is an abelian p-group and piJf\G1\.
Clearly Gι has r.b.(2# — 1) and if Gλ satisfies any of the above then
so does G. Therefore it suffices to assume that G — Gγ or equivalently
that p2J(\G\. We assume now that G does not satisfy (i). This of
course implies that p\\G\.

Let K = OP,(G) and let H/K be a minimal normal subgroup of G/K.
Then p \ \ H/K \ and since p2 \ \ G/K \ this implies that H/K is the unique
minimal normal subgroup. Now H/K is a product of isomorphic simple
groups and p2 \ \ H/K \ so H/K is simple. If | H/K \ = p then G is
p-solvable of p-length 1. Thus since G does not have a normal Sylow
p-subgroup, Proposition 2.3 of [6] implies that G is solvable and G
satisfies (ii). Hence it suffices to assume that H = H/K is a nonabelian
simple group. It is convenient to first consider the possibility p ^ 5.

Since 3 is the unique minimal normal subgroup of G = G/K we
have CG(H) = <1> and thus G £ Aut H. Suppose f is a subgroup of
H with 1 < [H: T] < 2p. Since 5" is simple and p\\H\ we cannot
have [H: T] < p. Thus p ^ [5": f ] < 2p and f is maximal in H and
hence self normalizing. If T were abelian it would follow easily that
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f is a T.I. set and then H is a simple Frobenius group, a contradiction.
Thus T is nonabelian.

Let ψ be an irreducible character of K and let χ be an irreducible
constituent of ψH. If e = [χ*, <f]* then χ(l) = etψ(l) where ί = [H:_T]
and T is the inertial group of ψ in H. Suppose T < H and set T =
T/K. Since χ(l) < 2p we have t < 2p and thus by the remarks of the
preceding paragraph t ^ p and T is nonabelian. Thus we have 2p >
χ(l) = etψ(l) ^ epψ(l) so e = ^(1) = 1. Now there exists an irreducible
character η of Γ with )?7/ = χ and ηκ = eψ = ψ. Since f is nonabelian
we can choose a nonlinear irreducible character β of Γ containing if
in its kernel. Thus since η is linear, ^ = rjβ is also an irreducible
character of T. Let χ0 be an irreducible constituent of ηξ. Then
/3(l)τ/r = ηQK occurs in χoκ and therefore [χoκ, ψ] ^ /S(l) > 1. The above
reasoning applied to χ0 now yields a contradiction. Thus H = T and
H fixes all irreducible characters of if. By Brauer's lemma, H fixes
all conjugacy classes of if. Let P be a Sylow p-subgroup of H. Then
P fixes each class of K and since if is a p'-group, P centralizes K.
Thus if C = CH(K) then iΓC > if and since iί/if is simple we have
iJ = KC. Now C/(C n ί ) = H and Z(C) a C Π if so Z(C) - C n if.

Let JD denote the last term in the derived series of C. Then
clearly D = JD', JD/Z(D) s 5" and Z = Z(D) = D Π K. Thus Z is a
homomorphic image of the Schur multiplier of H. By Theorem 6,
i ϊ = PSL(2, p), PSL(2, p - 1) for p a Fermat prime or PSL(2, j> + 1)
for p a Mersenne prime. We have by assumption p ^ 5. Also for p = 5,
PSL(2, p) = PSL(2, p - 1) and we will view this group as PSL(2, p).
By [10] (Satz IX, p. 119) either Z = <1> or H = PSL{2, p), D = SL(2,
p) and I Z \ = 2.

We show now that if is central. Suppose first that Z = <(1)> so
that H = D x if. Let χ be a fixed irreducible character of D with
χ(l) = p and let λ be an irreducible character of if. Then χλ is an
irreducible character of iJso 2p > χ(l)λ(l) = pX(T) and λ(l) = 1. Thus
K is abelian and central in H. If if is not central in G, then some
linear character λ of if is not fixed by G. This implies easily that
if θ is a constituent of (χX)G then θ(l) ^ 2χ(l) = 2p, a contradiction.
Thus if is central in G in this case. Now let Z Φ <1> SO that | Z \ = 2
and Z) = SL(2, p). We have an epimorphism D x K—+DK = H where
the kernel is the third subgroup W of order 2 in the group generated
by the copies of Z in D and if. Let λ be an irreducible character of
if. Since Z is central in if and | Z\ = 2 it is easy to see from the
character table of SL(2, p) ([10], p. 128) that there exists an irreducible
character χ of D with χ(l) ^ p and with W in the kernel of χλ, an
irreducible character of D x K. Thus χλ is a character of H. The
preceding argument now shows first that if is abelian and then that
if is central. We have therefore shown that G/Z(G) ~ G and it remains
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to identify G.
Now G £ Aut 3 and H is a 2-dimensional projective group so the

possibilities for G are given by Satz 1 of [9]^ Suppose first that
5 = PSL(2, p). Then either G ~ PSL(2, p) or G ~ PGL(2, p) and we
have (iii). Note the fact that PGL{2, p) has r.b.(2p — 1) can be seen
from the character table on page 136 of [10]. We consider the
remaining two cases. Thus H = PSL(2, s) with 2n = s = p ± 1 and
G/H is isomorphic to a subgroup of the Galois group of GF(2n)/GF(2),
a cyclic group of order n. Suppose G > H and let t £ G correspond to
a nontrivial field automorphism x—>xj. Then in the notation of page
134 of [10], but replacing upper case by lower case letters, we have
t~ιat = aj Φ α. Since s > 4 by our assumption for p = 5 it follows easily
that aj Φ or1 so a3' is not conjugate to a in H. From the character table
of H we now see easily that t moves some irreducible character of H of
degree s + 1 and thus G has an irreducible character of degree at least
2(s + 1) ^ 2p, a contradiction. Hence G = H and G satisfies (iv) or (v).
This completes the proof of the theorem for p ^ 5.

Finally let p = 3. Since H is a nonabelian simple group with
r.b.(2p - 1), H ~ PSL(2, 4) ~ PSL(2, 5) by Theorem 6. Certainly G
is not 5-solvable and G has r.b.(2 5 — 1). Thus by the prime 5 case
already proved, G/Z(G) = PSL(2, 5) or PGL(2, 5). Since the latter
group has an irreducible character of degree 6 > 2p — 1 we have
G/Z(G) ^ PSL(2, 5) = PSL(2, p + 1) and G satisfies (v). Thus the
result follows.
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A GREEN'S FUNCTION APPROACH TO
PERTURBATIONS OF PERIODIC

SOLUTIONS

CARL KALLINA

Consider the nonlinear differential system

(1.1) y = A(t) y + εq(t,y,ε)

where y, q are column w-vectors, q is continuous in (t, y, ε)
and has continuous second partial derivatives with respect to
y, e for all values of t,O^y ^ R for some R>0 and 0 ̂  ε ̂  ε0

for some εo>O. Further assume A(t) is an nxn matrix such
that AeC1, and both A and q are periodic in t with period
T. Associated with system (1.1) are the general homogeneous
and nonhomogeneous equations

(1.2) y = A(t) y

(1.3) y = A(t) y + f(t)

where f(t) is an arbitrary n-vector function periodic in t of
period T. In this paper we consider the classical problem of
proving the existence of T-periodic solutions y = y(t) of (1.1)
when the homogeneous system (1.2) has nontrivial T-periodic
solutions.

In his book "Oscillations in Nonlinear Systems" [5], J. K. Hale treats
this problem in Chapter 11 as an extension of the general method de-
veloped in Chapter 6 for the case when A(t) is a constant matrix A.
Among other treatments of this problem is the work of D. C. Lewis
[6] utilizing a generalized Green's matrix. It is the aim of the pre-
sent paper to incorporate certain ideas from [6] into the general
method employed in [5] in Chapter 6. We feel that the approach
presented here brings into sharper focus the generality of the methods
employed in [5] and also has certain computational advantages which
will be mentioned in the body of the paper. The present paper has
many points of contact with a recent paper of S. Bancroft, J. K. Hale,
and D. Sweet [2]. See also [1], [7] and [8].

2* We must first consider the general nonhomogeneous equation
(1.3). We will state a necessary and sufficient condition for the ex-
istence of Γ-periodic solutions of (1.3) when (1.2) has nontrivial T-
periodic solutions. Following [6] we then construct a generalized
Green's function in order to find an explicit periodic solution of (1.3).

Let S = {f:f(t) = f(t + T); fe C; and f(t) is a real valued ^-vector
for all t}. Then S is a Banach space if we define the norm V(f) to
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be Vr(/) = sup{||/(ί) ||; 0 ^ t ^ T). Further let X(t) be any real funda-
mental matrix solution of (1.2), and let n—k be the rank of the nxn
matrix L = X(0) — X(T). Then there exist k linearly independent
column vectors b19 δ2, , bk such that L-bt = 0 for i = 1, 2, , k.
Let JB denote the nxk matrix (b19 b2, , bk). Then the columns
<Pi(t), <Pi(t), ---,<Pk(t) of the matrix Φ(t) defined by Φ(t) = X(ί) J3 form
a set of k linearly independent solutions of (1.2) which are T-periodic.
By assumption k > 0, and of course the columns of Φ(t) span the
space Si of all T-periodic solutions of (1.2). Explicitly we have

Si = {fe S: f(t) = Φ(t) a = ΣarφM for all a = (aua2, - - ,ak)eRk} .

Let A' denote the transpose of an rxs matrix A. Let N(A) and
R(A) denote the nullity and range of A, respectively. Consider the
nxn matrix U = X'(0) - X'(T). Since dim N(L') = dimN(L), we
can find k linearly independent column vectors uuu2, , uk such that
L' Ui — u'i-L = 0 for i = 1, 2, , k. Let U denote the k x n matrix
with rows u[, u[, , u'k. We define an n x k matrix Ψ(t) to be

Ψ(t) - [U*X(T) X-\t)Y .

Then Ψ'(t) = U-X(T)-X-\t). Clearly, Ψ(t) has rank k and each of its
columns is a solution of the differential equation

(2.1) Z= -A'(t) Z

which is adjoint to (1.2).
Let ψy(t), ψ2{t), , ψk(t) denote the k linearly independent columns

of Ψ(t). These functions span the space S2 of all Γ-periodic solutions
of the adjoint equation (2.1). In fact, since Ψ(0) = Ψ{T) and Ψ{t) is
a matrix solution of (2.1) we see that Ψ(s) = Ψ(s + T) for 0 ^ s ^ T.
If (2.1) had I linearly independent periodic solutions with I > k then
the original system (1.2), which is adjoint to (2.1), would also have
at least I linearly independent T-periodic solutions, contrary to as-
sumption. Explicitly, we have

Si = {feS:f(t) = Ψ(t) a = Σi<ii-ψi(t) for all a = (alf a2, . . . ,α,)ei?*} .

It is easy to see that S becomes a real Euclidean space when an
inner product (/, g) is defined for f,geS by

(2.2) (/, g) = -L. Γ</(ί), g(φdt = ± -L. Γ/«(ί) Λ«)dί
jt Jo i = i 1 Jo

where <α, 6)> = Σ?=i αi δi denotes the usual inner product for α, b e Rn.
Without loss of generality we may assume that both {<£>;(£)} and {ψi(t)}
are όrthonormal bases for their respective subspaces Si and S2; i.e.,
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(<Pi, <Pi) = (fii fi) = δij for 1 ^ i, j ^ k.
By P and Q we denote the orthogonal projections of S onto Si

and S2, respectively. Explicitly we have

(2.3) P:S-+Sl9 Pf(t) = Σ (/, ^ ) 9> (ί)

(2.4) Q: S -> S2 , Q/(ί) = Σ (/, fi) **(«)

For convenience we summarize certain well-known general properties
of projections in Euclidean space.

( i ) / 6 S 1 = > P / = / a n d / e S 2 = > Q / = / .
(ii) P 2 / = Pf and Q*f = Qf for all feS.
(iii) Pf= 0 <=> (/, ^ ) = 0 for i = 1, 2, . . . A;.
(iv) Q/ = 0 <=> (/, ti) = 0 for i = 1, 2, fe.

Let us consider the condition Qf = 0. By (iv) we have Qf — 0<=>

for i = 1, 2, , k. In matrix notation these k equations can be
written as

(2.5) 0 = [Tψ'(t)-f(t)dt = [TU X(T)-X-ι(t)-f{t)dt .
Jo Jo

Again using matrix notation we note explicitly that for feSwe have

(2.6) Qf(t) - P"(ί).-i- \TW'(8) .f(8)d8 .
1 Jo

LEMMA 1. The differential system (1.3) with feS has a T-
periodic solution if and only if Qf = 0.

Proof. It is well known that the unique solution y(t) of (1.3)
satisfying y(ϋ) = y0 is given by

(2.7) y(t) = X(t).X-\0).yQ

Let β = X-\0)-yQ. The solution y(t) is Γ-periodic if and only if 2/(0) =
y(T), and from (2.7) this is equivalent to the statement that the
matrix equation

(2.8) L-β = [Tχ(T) X-ι(s)-f(s)ds
Jo

can be solved for /9. Suppose first that such a vector β has been
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found. The matrix U was defined in such a way that U'L = 0. Mul-
tiplying (2.8) by U and making use of (2.5) we see that Qf = 0.

Conversely suppose Qf — 0. It follows from (2.5) that for each
column ut of the matrix U' we have

u,, ̂ X(T)'X-ί(s)>f(s)dsy = 0 .

Thus for each vector xeN(L') we have

x, Γ JSΓ(Γ) -X"-1(β) / ( β ) ώ \ = 0 .

From the compatibility theorem of linear algebra this guarantees the
existence of some solution of (2.8).

For an arbitrary linear equation L β = 7, it is known that one
can find a nonsingular n x n matrix M, called a pseudoinverse of L,
such that L-M-L = L and for each yeR(L) we have L (M τ) = 7.
Pseudo inverses are constructed from the given matrix L by means
of elementary row operations (see [3], [4]). The following corollary
is an immediate consequence of this observation.

COROLLARY. If feS and Qf= 0, then (2.8) has a solution of

the form β = Γp(s)./(s)efe, where P(s) = ikf X(T) X-1(s) and M is a
Jo

nonsingular pseudo inverse of L.

LEMMA 2. Consider (1.3) and suppose feS and Qf= 0. Then
there exists an n x n matrix G(t, s) which is independent of the
function f and continuous in t and s except at t = s where it has a
finite jump, and such that

G(t, s)-f(s)ds is a T-periodic solution
0

of (1.3) and moreover is the only T-periodic solution satisfying

PyQ = 0.
( i i ) The columns of Ψ(s) are orthogonal to the rows of G(t, s)

for each t; i.e.,

(2.9) \TG(t,s)°.ψ(s)ds = 0 .
Jo

Proof. Since Qf = 0, (2.8) has a solution β of the form indicat-
ed in the preceding corollary. Substituting β into (2.7) we get the
equation

y(t) = fl(ί).[P(s) + X~\s)].f(s)ds
Joo

or
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= \TK(t,8)-f(8)d8
Jo

(2.10) K(t, s) = X(t)-[P(s) + X-\s)] O^s^t

= X(t) P(s) t ^ s ^ T

for the unique T-periodic solution of (1.3) satisfying y(0) = y0. Thus
any Γ-periodic solution of (1.3) will be in the form

(2.11) y(t) = Φ(t) c + \TK(t, s)-f(s)ds
Jo

for a suitable choice of ce Rk.
It is easy to see that at most one Γ-periodic solution yQ of (1.3)

can satisfy Py0 = 0. For if y* e S is another solution with Py* = 0,
then y = y0 — y* e S and solves (1.2). Thus yeSL and so Py = y. On
the other hand we have Py — Py0 — Py* = 0, which implies y^ — y*.

To verify (i), we first observe that the condition Py — 0 is equi-
valent to the equation

(2.12) [Ί Φ'(t) y(t)dt = 0 .
Jo

We want to find ceRk such that both (2.11) and (2.12) are satisfied.
For this it is necessary and sufficient that

= 4- Γφ'<*> φ^)'cdt + 4r (V(ί) ΓΓlφ, s) f(s)ds]dt.
i Jo i Jo LJo J

Since {<£>*(£)} forms an orthonormal basis,

Γφ(ί)Φ(ί)dί I(k x

and from Φ(t) = X{t)*B we find

(2.13) c = —~- ^B'-[^X'(T)-K(t,s)dt]-f(s)ds .

Thus the vector c is completely determined by an equation of the form

(2.14) c=

where ^f(s) for a given K(t, s) is a continuous &xw matrix function
of s, independent of /, given explicitly by (2.13). Substituting (2.14)
into (2.11) and introducing the function

(2.15) G*(t, s) = Φ(t) J^(s) + K(t, s)

we find the Γ-periodic solution of (1.3) satisfying Py0 = 0 to be
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(2.16) Vo(t)=\TG*(t,8) A8)d8.
JO

Prom (2.5), however, we see that for any n x k matrix function R(t)
the solution yo(t) in (2.16) can also be written as

(2.17) yo(t) = Γ[G*(ί, 8) - R(t) Ψ'(s)]-f(8)d8 .
Jo

Choosing in particular the matrix

R(t) = λ-\TG*(t,s).W(s)ds
T Jo

and recalling that {^(t)} forms an orthonormal basis, we see that (2.9)
is satisfied for

(2.18) G(ί, s) = G*(ί, β) - R(t) r(β) .

Finally, it is clear that G(t, s) has the specified smoothness properties.

COROLLARY. Let feS and Qf— 0. The unique solution yQ(t) of
(1.3) with Py0 = 0 satisfies the inequality

(2.18) V(y0) ^ K. V(f)

for K = T sup {|| G(t, s) | |: 0 ^ s, t ^ Γ}.

LEMMA 3. The matrix G(t, s) given above is uniquely determin-
ed by its properties specified in the statement of Lemma 2.

Proof. Let g(s) be any element of S. Set f(s) = g(s) — Qg(s).
Then Qf = Qg — Q2g = 0 and so we may apply Lemma 1. From (2.6)
and (2.9), however, we find that

(2.19) Γ G(t, s)-f(s)ds = Γ G(t, s)-g(s)ds
Jo Jo

and so the unique solution yo(t) satisfying Py0 = 0 is given by

yo(t)= \TG(t,s).g(s)ds.
Jo

If G^t, s) were a second matrix with the properties given in
Lemma 2, then the same argument shows that

- [T Gί(t,s)-g(s)ds
J

as well. From
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\T[G(t,8)-Gι(t,8)] g(8)d*=O
Jo

it follows immediately that Gλ(ty s) = G(t, s).

REMARKS. The subspaces Sx and S2 were introduced by Hale in
[5]. The proofs of Lemma 1, 2 and 3 are modeled on the treatment
in [6j. A discussion of these ideas employing the Moore-Penrose
notion of generalized inverse can be found in [7]. It turns out that
the estimate (2.18) is the essential information required for the itera-
tion scheme which we construct in the next section. We note, how-
ever, that the existence of the function G(t, s) has been established by
constructive methods which in principle make it possible to write out
explicitly every T-periodic solution of (1.3) for arbitrary feS.

3* In this section we indicate how the above analysis can be
applied to the question of the existence of periodic solutions of (1.1)
for ε Φ 0. Our treatment is a modification of the analysis in Chap-
ters 6 and 11 of [5], and the reader is referred there for details and
further results.

Let α*(£) be any Γ-periodic solution of (1.2). For some aeRk we
have Pa*(t) = α*(ί) = Φ(t) a. For given constants 6, d with 0<b<d<R
and α*(£) e S, we define So c S as

So - {fe S: Pf(t) = a*(t); V(f) ^ d) .

THEOREM 1. Given a constant b,0<b^Rf there exists an εx>0
such that corresponding to each k-vector function α*(£) e Si with
α*(ί) = Φ(t) a and F(α*) ̂  b and to each ε with \ε\ ^ ε^ there is a
unique function y*(t) = y*(t, a, ε) e So which has a continuous first
derivative with respect to t, satisfies y*(t, α, 0) = α*(£) and

(3.1) y* = A(t).y* + ε [g(ί, y*, ε) - Qq(t, y*, ε)] .

Finally, the function y*(t) may be obtained by the iteration pro-
cedure in (3.4) below.

Proof. Since the function G(t, s) constructed in Lemma 2 is in-

dependent of feS, it makes sense to define an operator ^ for y =

y(t, α, ε) in So as

(3.2) w = jry = a*(t) + ελG(t, s) g(s, y(s, a, ε),ε)ds .
Jo

As in the proof of Lemma 3 we see that the function Z(t) defined by

G(t, s)*q(s,y(s,a,e),e)ds

0
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satisfies Z = A(t)-Z + ε-[q(t, y, ε) - Qq{t, y, ε)] and also PZ = 0. Thus
we get Pw(t) = Pa*(t) + PZ(t) = a*(t).

Without difficulty one can show that &~ is a contraction map in
So for 0 ^ I ε | <^ ε1 and et sufficiently small. Thus ^~ has a unique
fixed point y*(t) = y*(t, α, ε) given by

(3.3) y*(t) = a*(t) + ε Γ(?(ί, s).q(s, y*(8, a, ε), ε)ds .
Jo

Again from (2.6) and (2.9) we see that y*(t) is a solution of (3.1).
The contraction mapping principle states that the solution y*(t) can
be obtained as the limit of a sequence {yk(t)} defined by

yo(t) = α*(ί) =

(3.4) y*+\t) = JTy\t) = α*(ί) + ε Γ G ( £ , «)•?(«, »*(s), e)ds .

J
From (3.4) we conclude y(t, α, 0) = α*(ί). To prove uniqueness, let
2/i = 2/i(ί, ε) be another solution of (3.1) in So for | e | <£ elβ Let us de-
fine w(t) = y^t) — α*(ί). Then w is a T-periodic solution of

w = A(ί) w + ε [g(ί, 2/x, ε) - Qg(ί, τ/x, ε)]

satisfying Pw = 0. It follows now from (2.6) and Lemma 2 that yx

is a fixed point of J^ which can only mean that yλ = y*.

REMARK. Consider the special case when A(t) is a constant matrix
of the form diag (0, J5), where B is an (n — k)x(n — k) matrix such
that X~B X has no T-periodic solution X(t). Thus (1.2) has pre-
cisely k linearly independent constant solutions, and so we may choose
an orthonormal basis of Sλ to be the first k unit w-vectors in Rn. Then
Φ(t) is the nxk matrix whose only nonzero terms are k l ' s along the
diagonal. Clearly we may choose the same basis for <S2, and so Ψ(t) =
Φ(t). Thus P / = Qf for all feS and the spaces S, and S2 coincide.
This is the case treated in Chapter 6 of [5].

THEOREM 2. Let y*(t) = y*(t,a,ε) be the solution of (S.I) defined
for all aeRk and ε such that 0 <£ | ε | <; e1 and V(a*) = V(Φ(t)-a) <Ξ 6.
If there exists an ε2 ^ et and a continuous function a — a(e) for | ε | ^ ε2

such that

(3.5) Qq(t,y*(t,a(e),e),e) = O

then y*(t,a(e),e) is a T-periodic solution of (1.1) for | ε | ^ ε2. Con-
versely, suppose (1.1) has a T-periodic solution y = y(t, ε) for \ e | <̂
ε2 ^ ε19 continuous in ε with V(Py) < R. Then for some continuous
function α(ε) satisfying (3.5) we have y(t, ε) = y*(t, α(ε), ε) for | ε | ^ ε2
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In this sense we say that the existence of a continuous function a(ε)
satisfying (3.5) is a necessary and sufficient condition for the exis-
tence of a periodic solution of (1.1).

Proof. The sufficiency of the condition is obvious. Conversely,
given y = y(t, ε) define α(ε)' = ((y, φj, (y, <p2), •••,(#> <Pk)) Then for
a*(t, ε) = Φ(t) a(s) we have Py(t, e) = α*(ί, ε). Clearly α(ε) is continuous
and by assumption V(Py) = VP(y(-,e)) = F(α*( ,ε)) < R. Thus for
some δ, d with 0 < 6 < d < 22 we have F(α*( , ε)) ̂ b < R f or 0 ^
[ ε I <£ ε2. Since ^ is a solution of (1.1) we obviously have

(I ~ Q)W ~ A(t)-y - e.ί(ί, y, ε)] = 0

Since ^ is assumed known we can regard it as a solution of an equa-
tion of the form (1.3). From Lemma 1 this implies Qq(t, y(t, ε), ε) — 0.
Thus the above equations reduce to

(3.6) jj = A(t)-y + e [q(t,y,e) - Qq(t,y,e)]

(3.7) Qq(t, y, ε) = 0

for 0 ̂  I ε I <Ξ ε2. From Theorem 1, however, the function y*(t, α(ε), ε)
is the only T-periodic solution of (3.6) satisfying

for
for

P(V*(t,a(e),e)) = a*(t,e)

ε I ̂  ε1# Since ε2 ̂  ely from (3.6) we conclude y(t,e) = y*(t, α(ε), ε)
ε | ^ ε2 and from (3.7) we see that α(ε) satisfies (3.5).

REMARK. Condition (3.5) is most easily verified, of course, when
the implicit function theorem can be applied in the manner of Chapter
6 of [5]. If this fails, then one can use (3.4) to find approximate de-
termining equations for (1.1) involving the successive approximations
VOJ y1

9 * * Vkj a s done in Chapter 7 of [5]. One advantage of the pre-
sent methods is that these higher order equations can be explicitly
written out, due to the constructive method used to define the kernel
G(t, s) of the integral operator
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ANALYTIC TWO-DIMENSIONAL SUBCENTER MANIFOLDS
FOR SYSTEMS WITH AN INTEGRAL

A L KELLEY

For a real analytic system of ordinary differential equa-
tions with an integral H

H = h λ{%* + yη + F{z) + G(x, y, z)

x = λy + X(x9 y, z)
y = -lχ + Y(χ$ y9 z)

z = Bz + Z(x, y, z)

where x and y are scalars z is an m-vector X, Y, Z are
power series with no constant or linear terms B is a constant
matrix with eigenvalues μίf , μm and iλ~ιμj Φ integer (j =
1, , m); the existence of a unique, local, real analytic, two-
dimensional, invariant subcenter manifold

Mλ = {(x, y, z) I I x I + ! y \ < δ, z = w(x, y)}

is proved, where w is a real analytic function with no con-
stant or linear terms in its expansion about the origin. The
manifold Mλ is composed of a nested, one-parameter (p ̂  0)
family of periodic orbits, and as p —»0 the corresponding
periodic orbit goes to the origin and its period goes to 2π \λ~1\.

In this paper we extend the result of C. L. Siegel [7] to analytic
systems of ordinary differential equations with an integral (see (1)
below). C. L. Siegel proved Theorem 1 below with the additional
restrictions that system (1) is Hamiltonian and that the matrix B in
(1) is a diagonal matrix. The removal of these two restrictions is a
technical improvement; our emphasis is on the invariant manifold
aspect of the theory (see Theorem 2 below). As far as proving the
existence of a local, nested, one-parameter family of periodic orbits
is concerned, the theorem proved by C. L. Siegel [7] is equivalent to
a result of Liapounov [5] proved before the turn of the century.
However, in addition C. L. Siegel proved that the invariant, two-
dimensional manifold comprising the nested, one-parameter family of
periodic orbits is an analytic manifold, and that by means of an
analytic change of variables, the differential equations on the invariant
manifold have a very simple form. Using the proof method of
Liapounov, one is able to conclude only that the invariant manifold
of periodic orbits is continuous. (See A. Kelley [3] for a C1 version
of these ideas.) For real analytic systems with an integral we prove
in § 4 below that the invariant manifold is directly computable from
the differential equations, and hence unique and real analytic. Since

335



336 AL KELLEY

our manifold is imbedded in the center manifold (see A. Kelley [4]),
we call it a subcenter manifold.

The convergence proof in Theorem 1 below is based on techniques
developed in C. L. Siegel [7], J. Moser [6], and A. Kelley [1], [2].

2* Notation* Let z = (z19 — ',zp) be a complex vector and let
q be a nonnegative integer. We define Γq(z) to be the class of
functions {F} which satisfy (i), (ii), (iii) below.

(i) F = F(z) is a complex scalar valued function, vector valued
function, or matrix valued function (dim F unspecified) defined for z
in some neighborhood of z = 0.

(ii) F has a convergent power series expansion in z (components
of z) about the point z = 0; the coefficients in the expansion are
either scalars, vectors, or matrices (as the case may be); there are
no terms of degree less than q in the expansion of F.

(iii) For some K > 0 the components of F are majorized by

# & + . • . + zpy[l - K(zx + + z,)]-1 .

The constant K depends on F.
Primes in this paper either designate majorants or designate

variables and functions in a complex setting as contrasted to a real
setting. Given F(z) e Γq(z) there exists Ff(z) such that

F{z) < F'(z)

where the symbol < means F and Fr belong to the same Γ class,
dim F = dim Ff, and F is majorized componentwise by Ff in the
sense of Cauchy.

The norm | | is the euclidean norm on vectors and the operator
norm on matrices. If F — F(z) is a vector valued function of the
vector z, then Fz represents the usual Jacobian matrix of partial
derivatives.

If FeΓ°(x,y) where x and y are scalar variables, then [F]atβ

represents the coefficient of the xayβ term in the expansion of F.
Let FeΓ°(x,y) be a vector valued, real analytic function of the

scalar variables x and y, and let

F(x, y) = Σ,Zβ=oFa>βx
ayβ .

In § 4 below we will use the notation

-ί7* = [F\n = (Fn,0, Fn-ltl, , FOtn) .

Thus Fn is a vector in R
Throughout this paper R = R(p, q) is used to designate an
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anylytic function, although occassionally (as above) the notation
zeRn is used to indicate that z is an ^-vector. The distinction will
always be clear from the context.

3* Analytic changes of variables* Consider the complex analytic
system of ordinary differential equations with an integral H

H(x, y, z) = iXxy + F(z) + G(x, y, z)

x = iXx + X(x,y,z)

y = -iXy + Y(x,y,z)

z^BzΛ- Z(x, y, z)

where x and y are complex variables; z is a complex m-vector
variable; λ is a nonzero complex number; (in the most interesting
case λ is real, see (19) below for the real counterpart to system (1))
B is a constant matrix in Jordan canonical form; B = B° + B1,

B° = diag (μ19 •••,/*„)

Bι = subdiagφ, •• ,δw_1)

with δd = 0 or δ, δ > 0 sufficiently small (to be specified below)
X, Y, ZeΓ2(x,y, z); d i m X = d i m £ , etc.; F is a quadratic form in
the components of z (F = 0 is allowed) G e Γ3(x, y, z) (which implies
that HeΓ2(x, y, z)); H is an integral for system (1).

THEOREM 1. If i\rιμά Φ integer (j = 1, , m), then for system
(1) there exists a change of variables (not unique)

x = p + P(pf q)

(2) y = q + Q(P, Q)

z = r + R(p, q)

such that

p = ΐλ(l + a{pq))p + P(p, q, r)

q = - i λ ( l + a(pq))q + Q(p, q, r)

r = Br + R(p, q, r)

P,Q,R = 0 when r = 0 ,

where a = a(pq) is a function of the product pq a(ω) e Γι{β)) (which
implies a(pq) e Γ2(p, q)) P,Q,Re Γ2(p, q); P,Q,Re Γ\p, q, r).

Proof. First we construct a formal change of variables (2) such
that
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p = iX(l + a(pq)) + Pip, q, r)

q = -iX(l + a(pq)) + Q(p, q, r)
(4) ~

f = Br + R(p, q, r)
P, Q, R = 0 when r - 0 ,

where α and α are formal power series in the product pq with no

constant terms. Then we will use the fact that H is an integral

for system (1) to prove that a = a as formal power series. Finally,

convergence will be proved using the Cauchy method of majorants.

If such a change of variables (2) exists, then from (1), (2), (4)

we obtain

p = -ixap + ίXP + X(p + P,q + Q,r + R) - P(p, q, r)

(5) Q = iXaq - iXQ + Y(p + P, q + Q, r + JB) - Q(p, q, r)

R = BR + Z(p + P, q + Q, r + R) - R{p, q, r)

where P — P(p, q), etc. Taking the derivative on the left side of (5)

implicity and using the condition P,Q, R = 0 when r = 0, we obtain

pPp -qPq-P

(6)

= — ap

PQP-

= aq —

d

dp

= -ίx-

— apPp + aqPq — iλ

qQq

apQp

3

4- Q

+ SgQg

γ

 d T?
^ K j '

* . β̂

- iλ-1

dp

Y(P

3 1

+ aq

P + P,Q

+ P,q +

IAJR -
dq

+

Q

Q,R)

,R)

rιZj(φ + P,

(i =

Q -+

= 1,

-Q, R)

,m)

where δ0 = 0. From (6) the coefficients of P, Q, #, α, α can be com-

puted recursively. Let

P(P, Q) = Σ

etc. From (6) we have

(7)

Σ(α ~ iδ + iX-'μ^Rj^β - 0' = 1, , m) .

If we equate corresponding coefficients on the left and right side of

(6) (equivalently (7)), we obtain
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(a- β - l)Pa>β

= [-ap- apPv + aqPq - iX~ιX(p + Pfq + Q, R)]a>β

(a-β + l)Qa,β

= [aq- apQp + aqQq - %X~lY{p + P,q + Q, R)]a,β

(a - β + i\-1μi)Ri,a,fi

= Γ - iX^δ^R^ - ap-4-Rj + aq—Rj - iX~lZ0{L dp d#
4
dp

Clearly, the expressions on the right side of (8) involve only the
coefficients of P,Q, R of order less than a + β and the coefficient of
Rl9 , Rj-X of order less than or equal to a + β. When a = β + 1,
then αβ)i3 must be chosen so that the right side of the first equation
in (8) vanishes. Similarly when β = a + 1, then aayCC must be chosen
so that the right side of the second equation in (8) vanishes. By
hypothesis iX~^3- Φ integer (j = 1, , m). Therefore

a - β + iX-'μj Φθ (j = 1, , m)

and all the coefficients of R can be computed recursively from (8).
All the coefficients of P and Q can be computed recursively, except
Pβ+1,β and Qa,a+1 (α, β = 1, 2, •) which can be chosen arbitrarily.
Let

P(P, Q) = P

Q(p, q) =
a = l

by any given convergent power series (for example P, Q = 0), and
define

, Q , . Pβ + Uβ — Pβ + l,β

Qa,a + l = Qa,a+1 (tf, /3 = 1, 2, - )

Now, from (8) and (9) the coefficients of P, Q, R, a, a can be computed
recursively.

Next we want to show that a and a are equal as formal power
series. Since H is an integral for (1),

H(p, q) = H(p + P,q + Q, R)

is a (formal) integral for system (3) restricted to the manifold given
by r = 0; namely for the system

p — iλ(l + a)p

q = - i
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Therefore, operating only in the sense of formal power series, we
obtain

•J-i? - HpiX(l + a)p - HqiX(l + α)g = 0 ,

or equivalently

(10) pff, - qβq = -apHp + aqβg .

Let

H(p, q) = Σ β«.,P'qβ

Equating coefRcients in (10), we have

(11) (a - β)Ha,β = [-apHp + aqHq}a,β .

Since a = a(pq) and α = a(pq) are power series in the product pq, it
follows from (11) by induction that Ha>β = 0 for all a Φ β. There-
fore H is a (formal) power series in the product pq, and this implies

pHp = qSq .

Hence from (10)

(a — a)pHp — 0 .

Since

pffp = iXpq +

is a nontrivial power series, we conclude that as formal power series

a(pq) = a(pq) .

Equation (6) can now be written

pPp - qPq- P= -ap - a{pPp - qPq) - iX~ιX{p + P, q + Q,R)

qQq + Q = aq- a{pQp - qQq) - iX~'

pRp- qRq + iX-'B'R

= -ίX~ιBιR - a{pRp - qRq] -ίX~ιZ(p + P,q + Q,R) .

Let X', Y', Z', P', Qf, af be the smallest majorants of

iX~ιX, iX~ιY, iX~ιZ, P,Q,a

respectively. Thus

X', F ' , Z' e Γ\x, y, z) P', Q' e Γ>(p, q) .

The power series af must still be shown to be convergent. Define
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(13)
P'(P, Q) = Σ(l a - β I + daβ) ! Pa,β I

Q'(P, Q) = Σ(l α - β I + δ«,) I Q«.ί I 2>V

Λί(P, 9) = Σ(l a - β I + δaβ) 12?J>βl, | p'q"

R' — (R[, , iC)
,m)

where daβ is the Kronecker delta. Clearly

P<P'; Q<Q'; R < R'.

Choose K > 0 such that for all nonnegative integers a and β (except
as noted)

\a-β-l l-'fl a-β

(14) \a- β +

| a — β + ix~-

- /3 + §aβ) ^ K

(a-β-lΦO)
(a - β + 1 Φ 0)

-'d α - β | +

From (12), (13), (14) it follows that

SK (3 = 1,

(15)

P' < K[a'P' + X'(p + P',q + Q', R')] + P'

Q' < ΛΓ[oV + Γ'(p + P',q + Q\ β')] + Q'

β' < iΓ[| λ-11 B'R' + a'R' + Z'(p + P',q + Q', R')]

a'p < a'P' + X'(p + P',q + Q', R') .

Since P', Q', R', a' all have real, nonnegative coefficients, it is sufficient
to prove convergence when p — q = ζ. Let

P'(ζ, ζ) = ζP"(ζ); Q'(ζ, 0 =
P'(ζ, ζ) = ζP"(ζ); Q'(ζ, ζ) =

; R%, 0 = ζR"(
; α'(ζ2) = α"(ζ) .

From (15) we have

(16)

P" « K[a"P" + ζ-'X'iζ + ζP", ζ + ζQ", ζR")\ + P "

Q" < K[a"Q" + ζ^Γ'ίζ + ζP", ζ + ζQ", ζJB")] + Q"

R" ζP", ζ + ζQ",

α" < a"P" + ζ~ιX% + ζP", ζ + ζQ", ζR") .

Define formal power series P* = P*(ζ), P*(0) = 0, etc., by the func-
tional equations

(17)

P* = K[a*P* + ζ~ιX'(Z + ζP*, ζ + ζQ*, ζR*)] + P"

Q* = K[a*Q* + ζ-'Y'iζ + ζP*, ζ + ζQ*, ζR*)] + Q"

R* = K[\ λ-11 BιR* + a*R* + ζ~xZ\ζ + ζP*, ζ + ζQ*, ζR*)]

* =a*P*a*P* + ζ-'X'iζ + ζP*, ζ + ζQ*, ζR*) .

•Comparing (17) with (16) it follows that
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P " < P* Q" < Q* R" < β* α" < α* .

But the convergence of P*,Q*,i?*,α* in (17) follows from the
implicit function theorem provided 8 in B1 is chosen sufficiently
small to insure that

κ\χ-'Bι\ < l .

Thus from

P*,Q*,β*,α*eΓ ι (ζ)

we conclude that

P,Q,R,aeΓ2(p,q) .

To show that

P,Q,ReΓ2(p,q,r)

write equation (5) as

p = -ixap + iXP + X(p + P, 0 + Q, r + R)

-Pp{iX{l + α)p + P} - P f f{-iλ(l + α)g + Q}

+ Γ(p + P, q + Q, r + R)
-Qp{iλ(l + α)p + P} - Qβ{-iλ(l + α)?

= BR + Z(p + P,q + Q,r + R)

-Rp{ίX(l + α)p + P} - 22ff{-i

Since P,Q, R, a are known analytic functions of (p, g), we can
regard (18) as an equation in the variables p, g, r, P, Q, β and use
the implicit function Theorem to solve for P = P(p, q, r), etc. Clearly

P, Q,R = 0 when r - 0 .

This completes the proof of Theorem 1.

4* Real analytic invariant manifolds* For real analytic systems
of equations with an integral, we want to show the existence of
real analytic invariant manifolds. Theorem 1 will be the prime tool
for this program.

Consider the real analytic system of ordinary differential equa-
tions with an integral H

H(x, y, z) = ±x(x2 + y2) + F(z) + G(x, y, z)
Δ

x = Xy + X(x, y, z)

y = —Xx + Y(χf yy z)

z = Bz + Z(x, y, z)
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where x and y are real scalar variables z is a real m-vector variable
λ is a nonzero real number B is a real, constant matrix with eigen-
values μ19 , μm X, Y, ZeΓ2(x, y, z) are real analytic dim X =
dim#, etc.; F is a real quadratic form in the components of z;
GeΓ3(x,y,z) is real analytic; H is a real analytic integral for (1).

THEOREM 2. // ix~^j Φ integer (j = 1, , m), £ftew /or system
(19) £/&ere exists a unique, local, real analytic, two-dimensional,
invariant manifold

Mλ = {(x, y, z) I I x I + I y \ < δ, z = w(x, y)}

where w e Γ2(x, y) is real analytic and is directly computable (thus
it is not necessary to reduce the differential equations to a normal
form such as (38) below in order to compute Mλ) moreover, the
manifold Mλ is composed of a nested, one-parameter (p Ξ> 0) family
of periodic orbits, and as p —* 0 the corresponding periodic orbit
goes to the origin and its period goes to 2π | λ"11.

Proof. The second part of this theorem is relatively easy to
prove. Suppose the real analytic function w which defines Mλ is
known. Then

H(x, y) = A λ ( ^ + y2) + F(w(x,'y)) + G(x, y, w(x, y))
Δ

is a real analytic integral for (1) restricted to Mλ. Introduce

x = p(l -f b) cos Θ

y = p(l + b) sin θ

into the equation

H(x, y) = ±

to obtain

(20) 6 + i-62 + p-'X-'iF +G) = 0
Li

where

F = F{g, p, b) = F(w{p{l + 6) cos θ, p(l + b) sin θ))

G = G{θ, p, b) = G(p(l + b) cos θ, •) .

We observe that ρ~2\-\F + G) is well defined for p = 0. From (20)
by means of the implicit function theorem we can solve for b = b(θ, p)
with b having period 2π in θ and b(θ,O) = 0, so that
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X = p(l + 6(0, p)) COS 0

y = p(l + 6(0, p)) sin 0

z = w(ρ(l + 6(0, p)) cos 0, p(l + 6(0, |0)) sin 0)

is a representation of the one-parameter (p ^ 0) family of nested
periodic orbits which comprise Mλ.

Continuing in this manner, it is not difficult to prove the asser-
tion concerning the periods of these periodic orbits. See [3] for the
details.

For a more complete analysis of the differential equations (19)
restricted to Mλ, one can show the existence of a real analytic change
of variables

x = p + P(V, q)

v = q + Q(P, q)

z = r + R(p, q)

such that on Mλ (given by z = R(p, q))

(21 P = Ml + aiP2 + q2))q

where P, Q, JK, a e Γ2(p, q) are real analytic; a is a real power series
in the quadratic form p2 + q2. In this formulation the periodicity of
the solutions of (21) is obvious (the circles p2 + q2 = p2 in the
(P, tf)-plane are orbits) and the assertion concerning the periods of
these solutions is immediate. The details of this analysis are given
in § 5 below.

We now prove the first part of Theorem 2. Primes for the rest
of this section will denote variables and functions in a complex
setting as opposed to unprimed variables and functions in a real
setting. Introduce the change of variables

* - vτ{ix> + y'}

(22) y = ^γ(~%' ~ W)

z = Bz'

so that system (19) transforms to

H'(x', v', z') = iXx'y' + F'(z') + G(x', y', z')

x' = ixx' + X'(x', y', z')

y'= -

z' = B'z' + Z'(xf, y', z')



TWO-DIMENSIONAL SUBCENTER MANIFOLDS 345

where

H'(x', y', z') = H(-±=={ix' + 2/'), ^ τ = ( - * ' - w'),

I?' = B~ιBB is in Jordan canonical form; X', F \ Z' are related to
X, Y, Z in the usual way. Theorem 1 asserts the existence of an
invariant manifold

M* = {(a?', y', z') I a' = p' + P'(p', ?'),

where P',Q', R'e Γ2(p',q'). But the change of variables

α' = p' + P'(p', g')

l/f = 9' + Q'(P', QΊ

can be inverted to give

P' = p'(x', y') = xf +
q' = q'(x', y') = yr +

so that

(25) Mn = {(x'f y ' , z')\\x'\ + \y'\<δ,zr = w'(x', y')}

where

w'(x', y') - Λ'(p'(a', y'), ?'(»f, 2/')) ,

which implies w' e /^(a?', y'). With the representation given by (24)
it is not clear that M'λ is unique, but with the representation (25)
we can easily show uniqueness for Mn. Since the manifold is
invariant,

w' = B'w' + Z'(x', y\ w') ,

equivalently

i\x'w'x. — iXy'w'y, — B'w'
(26)

- Z'(x', y', w') - w'x,X'(x'9 y\ w') - w'y, Y'(xf, y\ w') .

Expanding w' as a power series and equating coefficients in (26), we
have

(ίλ(a - β)I - B')w'a,β

- \Z\x\ y', w') - w'x>X'{x', y', w') - w'r Y'{x'y y>, w')]a,β

where I is the identity matrix. Since by hypothesis i\rιμό Φ integer
(j — 1, . . . , m) where μ19 , μm are the eigenvalues of J5', it follows
that
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det (iX(a - β)I - B') Φ 0 .

Since the right side of (27) depends only on the coefficients of w'
having order less than a + β, we conclude that wr is uniquely-
determined by (27) and that the manifold Mn is unique. Define

(28) w(x, y) = Bw'(-±=(-ix - y), -±=(x +

Then

(29) w = Bw + Z(x, y, w) ,

equivalently

— Bw
(30)

= Z(a, 2/, w) - wxX(x, y, w) - wyY(x, y, w) .

The function w given by (28) satisfies (30). Suppose w* e Γ2(x, y) is
another solution to (30). Then w* determines a function w*' e Γ2(x', y')
given by

(31) w*'(x', y') = B^w*(-±=(ixr + y'), ^γ(~x' ~ W

But since w* satisfies (30), it also satisfies (29). Then from (31) we
conclude that w*' satisfies (26), hence w*' = wf and because (28) and
(31) are inverse relations to each other, w* = w. Therefore we con-
clude that (30) has a unique solution belonging to the class Γ2(x, y).

It remains to be shown that w is a real analytic function. If
we expand the left side of (30) in a power series, we obtain

Xywx — Xxwy — Bw

(32) - Σλo:watβx
a-ψ+1 - ΣλβWa.βV+ψ-1 ~ Σ*Bwa>βx

ayP

- ΣίM« + 1 K + I , H - λ(/S + l)wa-1}β+1 - Bwa>β}xayβ .

For any power series

define

Jn — YJ \n = = : iZ^iJa,β^ ^/ \n = \Jn,0i Jn—l,ly ' ' * > J0,n)

for all nonnegative integers n. Thus if / is a vector, then dimfn

(n + 1) dim /. If / and / ' are two power series related by

/'(* ' , y') - f(χ, y) =
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then for each nonnegative integer n there exists a matrix Ln,
det Ln Φ 0, such that

fί = Lnfn .

Clearly the matrix Ln depends only on dim / ; other than this Ln is
independent of / .

Now, from (32) we obtain

(33) [Xywx - Xxwy - Bw]n = Bnwn (n = 2, 3, •)

where

Bn = super-diag (—XI, — 2X1, , —nXl)

+ diag(-JS, -B, •-, -B)

+ sub-diag (nXl, (n — l)λ/, , Xl) .

with I = identity matrix, dim I = dim B. In a similar fashion we
obtain

[iXx'w'x, - iXy'w'y, - B'w']n = B'nw'n (n = 2, 3, .)

where

B'n = diag {inXl-B', i{n - 2)Xl-B', i(n - 4)λ/-JB', , -inXl-B').

Since det (ikxl — Bf) Φ 0 for any integer &, it follows that

det B'n Φ 0 (w = 2, 3, •) .

A straight forward calculation shows that

Λ d Λ 3 . , d .. , 3
dx dy dx' dyf

and from this fact along with (28) we conclude

Xywx — XxWy — Bw = B{iXx'w'x, — iXy'w'y, — B'w)

(34) [Xywx — λ^^y — Bw]n = //"^^{ίλa;'^^ — iXyfw'y, — B'w'}]n

Bnwn - L-'BnB'nw
f

n = L~ιBnB'nLnwn ,

where

5 , - diag ( 5 , 5 , • • - , £ ) .

Since (34) can be shown valid for all wn e R^n+ι^imw

i it follows that

(35) n ~ n n 1 n

detJS. = detJBn d e t ΰ ; Φ 0 .
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From (30) and (33) we obtain

(36) Bnwn = [Z(x, y, w) - wxX{x, y, w) - wyY{x, y, w)]n

Finally, from (35) and (36) we conclude the coefficients of w are
determined recursively from (30), or equivalently (36), and since
Bn (n = 2, 3, •) is a real matrix, Bΰ1 is also real and w e Γ2{x, y) is
real analytic. Thus we have shown that the function w which
defines the manifold

Mλ = {{x, y, z) I I x I + I y \ < δ, z = w(x, y)}

is uniquely and recursively determined from (30), (35), (36) as a real
power series. The fact that w e Γ2(x, y) is guaranteed by the
existence of the real analytic integral H. This completes the proof
of Theorem 2.

5* Real analytic changes of variables* In this section for a
real analytic system of equations we construct a real analytic change
of variables.

THEOREM 3. If i\rιμj Φ integer (j = 1, , m) then for system
(19) there exists a real analytic change of variables {not unique)

x = p + P{p, q)

(37) y = q + Q{p, q)

z = r + R{p,q)

such that

p = X{l + a{p2 + q2))q + P(p, q, r)

Q = - λ ( l + a{p2 + q*))p + Q(p, q, r)

r = Br + ϊϊ{p,q,r)

P, Q, R = 0 when r = 0 ,

where a — a{p2 + q2) is a real analytic function of the quadratic
form p2 + q2 with no constant term in its expansion about the
origin P, Q, Re Γ2{py q) are real analytic P, Q, Re Γ2{p, q, r) are
real analytic.

Proof. By means of the change of variables (22) we obtain
system (23). From Theorem 1 we can find a change of variables
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X' = p> + P'(p>, q')

(39) y' = q' + Q'{p', q')

z' = r' + R'(p', q')

such that

if = ίλ(l + a\p'q'))p' + P'(p', q', r>)

a'{p'q'))q' + Q'(p', q',q
r' = B'r' + R'(p', q', r')

P', Q', R' Ξ 0 when r> = 0

where a' = a'{p'q') is a convergent power series in the product p'q'
with no constant term; P', Q', R' e Γ\p', q') P,Q, ReΓ2(p', q',r').
In the construction of the change of variables (39) one must restrict
the choice of power series P', Q' (see (8) and (9)) to be transforma-
tions via (22) of real power series. We will make this condition
explicit in (43) below. Define

p - ^j(ip' + q')

(41) q = ̂ γ(-P' ~ k')

r = Br' .

Then from (22), (39), (41) we obtain the change of variables (37)
where

P{p, q) =

Q(P, Φ = -JςP'(-fa-ip - q), -fa, + iq))

R(p, q) = BR'(-^(-ip - q),

In particular we require P, Q given by
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P(p, q)

v
(43) Λ 1 / 1

Q(p, g) = - _ ^ P ' ( _ ^ - < p - g ) f

to be real analytic functions of (p, q). The functions P,Q, R are
given by formulas similar to those for P,Q, R in (42).

It remains to show that a, P,Q, R, P,Q, R are real analytic
functions. From (19), (37), (38) we obtain

qPp -pPq-Q = -aq - a{qPp - pPg} +

(44) qQp -pQq + P = ap- a{qQp - pQq) + λ

qRp - pRq - X~ιBR = -a{qRp - pRq) + X^Zίφ + P, q + Q,R)

Following a procedure analogous to the computation of w in (30) we
can compute the coefficients of α, P, Q, R recursively from (44). Since
X, Y, Z are real analytic and λ is a real, nonzero scalar, it follows
that a, P,Q, R are real analytic. This completes the proof of
Theorem 3.
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INITIAL SEGMENTS OF ONE-ONE DEGREES

A. H. LACHLAN

Let 0 be the one-one degree consisting of the infinite
recursive sets whose complements are also infinite. In this
paper are studied initial segments of the one-one degrees ^ 0 .
A characterization is stated of the order types of those initial
segments with greatest member which are at the same time
initial segments of the many-one degrees. It is shown that
any finite initial segment with greatest member is a lattice,
and that any finite recursively enumerable initial segment
with greatest member is a distributive lattice.

According to the usual definition of one-one reducibility a set of
natural numbers A is one-one reducible to a set of natural numbers
B written A ^ 1B if there is a one-one recursive function p such that
p-^B) = A. The relation of one-one equivalence =1 defined by

A^.B^iA^.B and B^,A]

is an equivalence relation, and the equivalence classes into which it
partitions the sets of natural numbers are called one-one degrees. The
natural ordering of these degrees induced by ^ is denoted by Ξ̂. In
this paper we shall be wholly concerned with the one-one degrees ^ 0 .
Notice that if A has one-one degree ^0 then neither A nor its com-
plement is immune. In this context it is convenient to adopt a new
definition of one-one reducibility: we say that A is one-one reducible
to a set of natural numbers B, again written A ^ιB, if there exists
a one-one partial recursive (p.r.) function p such that dom ô (the do-
main of p) and 4U dom ô are both recursive, and such that p~\B)~
Andom^. On sets whose one-one degrees in the old sense are ^0
the new definition of ^ is the same as the old. Also, for any set
A there is a set B whose one-one degree in the old sense is ^0, and
such that A=ιB in the new sense. Thus adopting this new defini-
tion leaves the one-one degrees ^0 unchanged, and suppresses the
remaining one-one degrees.

We adopt the usual definition of many-one reducibility save that
0 , N (the set of all natural numbers) are both by convention in the
zero many-one degree consisting of all recursive sets.

The only notations likely to be unfamiliar consist in writing
A 0 B for the set {2x \ x e A} U {2x + l \ x e B}, A' for the complement
of Ay and rng p for the range of p.

1* Common initial segments of the manyΌne and one-one
degrees* In [3] we obtained a characterization of the isomorphism

351
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types of the initial segments of the many-one degrees. We can sharpen
the construction in §2 of [3] to obtain:

THEOREM 1. An upper semilattice L is isomorphic to a common
initial segment of the many-one and one-one degrees with greatest
member Φθ if and only if there are sequences ζD^ of finite dis-
tributive lattices of cardinality >1, and <^> of maps, such that for
each i, χ{ is an upper semilattice homomorphism of Di into Di+1 pre-
serving 0 and 1, and such that L is isomorphic to the direct limit
of the sequence

D χ° > D χi > ••• Xi"\ D χι > •••

(By saying that %{ "preserves 0 and 1" we mean that χ{ maps the
least element, greatest element respectively, of Ό{ into the least ele-
ment, greatest element respectively, of Di+1.)

Clearly if we consider only finite initial segments then the condi-
tion of the theorem reduces to: L is a finite distributive lattice of
cardinality > 1 . By an argument not unlike Friedberg's maximal set
construction one can establish:

THEOREM 2. If L is a finite distributive lattice then there is a
common recursively enumerable (r.e.) initial segment of the many-
one and one-one degrees isomorphic to L.

It follows from Theorem 1 that the elementary theory of the
partial ordering of one-one degrees is undecidable (for details see [1],
§3). From Theorem 2 the same is true of the partial ordering of the
r.e. one-one degrees, but for this one has to use the fact that the
sets of first order sentences true of no distributive lattice, and true
of some finite distributive lattice respectively, are recursively inse-
parable. (Unfortunately, we know no reference for this result.)

2* Finite initial segments of the one-one degrees* In this
section we shall show that every finite initial segment of the one-one
degrees is a lattice of a certain kind.

The disjoint union α © 5 of a pair of one-one degrees α, b is
defined to be the one-one degree of A © B where A, B are any re-
presentatives of α, 6 respectively. The reader will easily verify that
a 0 6 depends only on α, b and that the operation 0 is associative
on one-one degrees. For each one-one degree a and natural number
n, let na be 0 if n — 0, and be
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α φ α φ ••• φ«
n times

otherwise. A one-one degree a is called a cylinder just if 2a = α
notice that α is a cylinder just if all its representatives are cylinders
in the sense of Myhill [5].

A one-one degree a is called decomposable if there exist one-one
degrees 6, c both <α such that α — δ φ c ; otherwise a is called inde-
composable.

A finite sequence {aua2 , an} of one-one degrees is called a cα-
nonical decomposition of a one-one degree α if α = αx φ α2 φ φ an

where each a{ is indecomposable and where deleting any of alf α2, , an

in the last equation destroys the equality. We shall first show that
when canonical decompositions exist they are unique. To this end we
prove:

LEMMA 1. / /

α0 φ a, φ φ aw_t = b0 φ b, φ . .. φ bn_,

with m,n both ^ 1 then there exist one-one degrees {aifj\i<m, j<n}
such that

<ti = ai}0 φ aitl φ φ aitn-lf i < m

ΐ>5 = αo,i φ auj φ φ αw_ l f i, j <n .

Proof. For i <m let A{ be a representative of aίy for j < n let
Bj be a representative of 6y. Let

A — {mx + i\xeAi and i < m} ,

5 — {wa? + i I x e Bj and j < }̂

then A, B have one-one degrees

respectively. By hypothesis these are equal and without loss of ge-
nerality we may suppose that A, B are one-one equivalent in the old
sense. By a result of Myhill ([4], §5) there is a recursive permuta-
tion p mapping A onto B. For i < m, j < n define

Aifj = {x I p (mx + ΐ) = j mod w and sc e A%) .

Letting αίfJ be the one-one degree of Aifj the lemma follows by in-
spection.

THEOREM 3. If a one-one degree has a canonical decomposition
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then its canonical decomposition is unique to within a permutation.

Proof. Let α0 0 αx © φ am_u 60 Θ &i Θ K-i be two canoni-
cal decompositions of the same one-one degree. Applying Lemma 1
and using the notation above, since α; is indecomposable, there exists
a{i) such that α̂  = ai>aii). Similarly there exists β(i) such that b{ =
aβ{i)}i. As i runs through the numbers <m, a(i) must run through
all numbers <n; for suppose a(i) is never zero then

«o θ a, 0 0 am^ ^ &! 0 62 0 0 bn_,

which contradicts the definition of canonical decomposition. Similarly
β(i) runs through all numbers <m. Hence m=n and a, β are both
permutations of the numbers <m. We claim that α̂  = ba{i) and b—
aβU) for each i < m. It is clear that α̂  ̂  ba{i) and b{ <Ξ α^(i, for each
i < m. For reductio ad absurdum suppose that our claim is false then
the set

S = {cii I at < 6β { ί ) and i <m}[}{bi\bi< aβ{i) and i < m}

is nonempty, and without loss of generality we may suppose that
«fc < ba{k) and that ak is a maximal member of S. By choice of k we
have

But /So: is a permutation and so one of the suffixes of a in the chain
of equalities is equal to k. This contradiction completes the proof of
the theorem.

Let α, 6 be one-one degrees then b/a is defined to be sup {n \ na^b};
b/a may take any of the values 0,1,2, •••, oo. Notice that for any
indecomposable α, (6φc)/α = (b/a) + (c/a) where it is understood that
a;+oo = oo+α;=:oo. I f α i s not a cylinder then α, 2a, 3α, is a
strictly increasing sequence of one-one degrees whence α/α = l. If a
is a cylinder then b/a is zero or oo, and if a ^ 6 and a is a cylinder
then 6 0 a = 6.

Notice that if a one-one degree a has only finitely many predeces-
sors then some sequence of the degrees ^ α must constitute a canoni-
cal decomposition of α; for example if a is indecomposable then it is
its own canonical decomposition.

LEMMA 2. Let a, b be one-one degrees such that a has only finite-
ly many prodecessors. Let α o 0 α ! 0 • 0αT O δβ the canonical decom-
position of a. Then a ^ b if and only if a/a{ for all i 5g m.

Proof. The "only if" part is immediate. For the "if" part we
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proceed by induction on m. Since the result is immediate for m = 0
we may suppose that m > 0. Let α* = a0 0 aγ 0 am^ and suppose
that a/cii ̂  6/α̂  for all i ^ m. It follows from our induction hypo-
thesis that α* ̂  6 since it is easy to see that α0 0 «! 0 0 αm_! is
the canonical decomposition of α*. Without loss of generality we
assume that am is minimal among α0, αx, , αm.

Let S be a representative of 6. It is convenient to introduce a
map Ψ from the r.e. sets onto the one-one degrees ^ 6 . If W is
finite let Ψ(W) = 0, if W is an infinite r.e. set let ω be any one-one
recursive function whose range is W and let Ψ(W) be the one-one
degree of {x\ ω(x)eB}. It is easy to see that Ψ{W) does not depend
upon the choice of w, that Ψ is order preserving, and that

Ψ(W) = ι ^ o 0 ^ i 0 •••®HV_1

if and only if W is the union of disjoint r.e. sets WQ, Wlf •••, We^
such that Ψ{Wi) = I*?; for each i < e. Since α* ̂  6 there exist dis-
joint r.e. sets Ao, 4^ , Am_! such that ^(A,) — α̂  for each i < m.
There are two cases to consider:

Case 1. α/αm is finite. Then am is not a cylinder because of the
remarks that precede this lemma. Let a*/am = k so that b/am ^ α/αm ̂ >
k + 1. It easily follows that there are disjoint r.e. sets Co, CΊ, •••,
Ck such that ^(C,,) = am for each y ^ k. Effectively enumerate the
r.e. sets AOJ A19 , Am_ίy Co, C19 , Ck simultaneously stage by stage
letting Al and Cf be the finite sets enumerated up to stage s for each
i < m and j tί k. We then define

Fi = {x\ (3s)[α G Λ and (Vi)y^fc(Vr)r<.[α? ί C J]}, i < m

Gy = {x I (3s)[a? e C; and (Vΐ)ί<m(Vr)r,s[x e A;]]} , i ^ f c .

Also, for each ί < m let Ft be the r.e. set Ai — Fi9 and for each-j<Zk
let G; be the r.e. set C, - G3. Observe that Ft S Go U GL U U Gk

for all i < m and G j g F o U f i U U i ^ for all j ^ A:. Also, it can
be seen that Fo, F19 , Fm_ly GO9G19 * ,Gk constitute a decomposition
of Ao U A, U U Am_! U CO U C, U U Ck into disjoint r.e. sets.

For each i ^ m, α̂  is indecomposable. This implies that either
5T(Ff) = a, or ?F(Ff) = a, for each i < m and that either ?Γ(Gy) = am

or 5Γ(G;) = am for each i ^ k. Define P, Q by

P = {i\i<m and ^(ί7,) = α j ,

Q — {i\ί < m and i g P] .

Now if i € Q then Ψ(F?) = α .̂ But i^* is the union of the disjoint r.e.
sets JFV* Π Go, , .F* Π Gk so that for each ί e Q there exists a(i) ^ A;
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such that Ψ(F? Π GaU)) = a{.
Consider the set

D = a(Q)U{j\j<k and Ψ(Gf) = am] ,

and let β be a map from a(Q) into Q such that #/2(i) = j for all
For each jeD we define

Gf if

\Fβ*U) Π Gy otherwise .

This is a sound definition because if Ψ(G]) Φ am then j e a(Q) and so
β(j) is defined.

We first claim that Ψ(Dά) = am for all j e D. For, if Ψ(Gf) Φ am

then β(j) is defined and Ψ{Gj) — am. Since Ψ is order preserving it
follows that

aβιj) = Ψ(Fβ% Π Gs) ^ W(Gj) = am ,

and because am is minimal we deduce that aβ{j) = am. It follows that
Ψ(Ff{j) n Gj) = Ψ(Dj) = αm. This proves our first claim.

Next we use this to deduce that j & D for some j tί k. For,
otherwise (k + l)αm = Ψ(D0 U U ΰ ^ ^ ( Λ 0 U A ^ ) = α*, be-
cause Z)0) Dlf - - -, Dk are disjoint r.e. subset of Ao U U i4.w_!. But
«*/«m = A and so this is impossible.

Now let j be a fixed number ^k which does not belong to D and
for each i ^ m define

F< if iG P

Ft Π Gα(ί) if i e Q ,

Then Eo, El9 — ,Em are disjoint r.e. sets and Ψ(Ei) = ai for all ί ^ m .
Since ^(EΌ U U i7w) = α it follows that a ^ b which completes this
case.

Case 2. ajam=^% Then am is cylinder, otherwise a would have
an infinite number of predecessors. Suppose am ^ α*, then by the
remarks preceding the lemma we have α = α* φ αm = α* which con-
tradicts α o φ α ^ φα™ being a canonical decomposition of α. Thus

α * / α m = o. Now, taking k = 0, proceed just as in the last case.
Before turning to the next theorem, we note that any finite upper

semilattice is in fact a lattice as long as it has a least element. For,
if least upper bounds exist then greatest lower bounds exist by the
definition:
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b fl c — sup {x\x <Lb and x ^ c} .

THEOREM 4. Le£ a be a one-one degree which has only a finite
number of predecessors then the predecessors of a form a lattice.

Proof. In view of the observation that precedes the theorem, we
have only to show that the predecessors of a form an upper semilat-
tice. Let 6, c be any one-one degrees ^ α and suppose that a has
only a finite number of predecessors. Let a19 α2, , ap be an enumera-
tion of all the indecomposable one-one degrees ^ α arranged so that
for any i, j

P ^ i > j ^ 1 implies a{ ^ a3- .

To show that 6 (J c exists we shall define an increasing sequence
e19 e2, , ep of one-one degrees <^α and simultaneously we shall show
that for all i, 1 <J i ^ 2>y and all rf ^ α

( 1 ) H d and c ^ i . ^ e ^ d

and

{ 2 ) βi/tti ^ max (b/ai9 c/at) .

Define

(«! if one of b/aίf c\aγ is oo
^ — J

(max (&/«!, c/a1)a1 otherwise

then ^i ^ α and (1), (2) are certainly satisfied for i — 1. Suppose that
βi has been defined for 1 ^ ί ^ k where k < p so that (1), (2) are
satisfied for 1 <: i ^ k. If

ek/ak+ι ;> max (b/ak+1, c/ak+1) ,

then set ê +i = e/c, in which case (1), (2) are clearly satisfied for i =
fc + 1. Otherwise let r, s be the numbers on the left, right respective-
ly of the last inequality with the proviso that if ak+1 is a cylinder
then s = 1. Set ^ + 1 = efc 0 (s — r)ak+1. Any degree appearing in the
canonical decomposition of ek+1 is clearly one of au α2, , ak+1. Hence
by Lemma 2, ek+ι ^ a. Suppose that b ^ d and c ^ d then from (1)
for i — k we know that ek ^ d which implies that d/a{ ^ ek\Ui for
1 <J i <̂  Λ. But since we are assuming ek+1 Φ ek we can deduce that
ak+1 is different from all of alf α2, , αΛ and does not exceed any of
them. Thus

d/ai ^ βjfe/αi = ek+1/a{ , 1 ^ i ^ yfc .
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Also

d/ak+1 ^ s = ek+1/ak+1 .

Any degree which appears in the canonical decomposition of ek+1 is
one of «!, α2, , ak+1. Hence ek+1 ^ d by Lemma 2. It is immediate
that (2) is satisfied for i = k + 1. This completes the induction step.
It is clear that ep is the least upper bound of 6, c. For b ^ ep and
c ^ ep by (2) and Lemma 2, and ep is the least among the common upper
bounds of 6, c from (1). This completes the proof of the theorem.

The next theorem gives a necessary condition for a finite lattice
to be an initial segment of one-one degrees.

THEOREM 5. Let a be a one-one degree with only a finite number
of predecessors then there exist finite separated distributive lattices
Lί? L2 and an order preserving map ¥ of L2 onto the one-one degrees
<a satisfying the following four conditions in which £ , 0 denote
the partial order and least element of L2 respectively.

( i ) Lγ is an initial segment of L2 containing at least 0 and
Ψ(LX) is a distributive lattice,

(ii) if x f)y=0 then Ψ(x U y) = Ψ(x) if and only if y eLt and
Ψ(y) < Ψ(x),

(iii) if x, Π x2 = Vι Π y2 = 0 and Ψ(Xi) = ¥(y{) for i = 1, 2 then
W(x, U x2) = Ψ(y, U 2/2),

(iv) for any x e L2 and y ^ Ψ(x) there exists y £ x such that
Ψ(y) = y.

Proof. We proceed by induction on the number of predecessors
of a. When a = 0 the theorem is obvious. Suppose that 6 > 0 has
only a finite number of predecessors and assume the result for a<b.
Assume in addition that for any a < b we can choose L19 L2, Ψ such
that Ψ{L^) consists of the cylinders rgα, and if xL Π oo2 = 0 then

Case 1. Suppose that b has just one maximal predecessor b19 Let
L[ι), Lίυ, ?Γ(1) be the finite separated distributive lattices and map whose
existence is predicted by the theorem, and satisfying the additional
conditions, when a — blm Let L2 = L{

2

1) U {b} where b^L{

2\ and let

(L[1] U {b} if 6 is a cylinder

[L^ otherwise.

Let xξΞ:y in L2 if and only if y = b or x,y are both in L{

2

1) and x^y
in I/^υ. Let ¥(b) = b and otherwise let Ψ agree with Ψ{1). It is easy
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to check (i) — (iv) and the additional conditions for a = 6.

Case 2. Suppose that b has at least two maximal predecessors
blf b2. Using the technique of Lemma 2 it is easy to show that there
exist cλ <Ξ &! and c2 <̂  b2 such that & = d 0 c2. For i = 1, 2 let Lίί},
L^, Ψ{i) be the finite separated distributive lattices and the map pre-
dicted by the theorem, and satisfying the additional conditions, when
a = cim For j = 1,2 let Lά be the direct union of Lf\ Lf. Then for
j = 1, 2, Ly is a finite separated distributive lattice, and Ẑ  is an in-
itial segment of L2. For any pair (x, y) in L2 define

Ψ(x, y) = f(1)(a0 0 Ψ^{y) .

It is again easy to check (i)-(iv) and the additional conditions for
a = b. This completes the proof of the theorem.

We conjecture that the converse of Theorem 5 is true in the fol-
lowing sense. Let P be any partially ordered set such that there
exist finite separated distributive lattice L19 L2 and an order preserv-
ing map Ψ of L2 onto P such that (i)-(iv) are satisfied. We conjecture
that there exists a one-one degree p such that the lattice of one-one
degree ^p is isomorphic to P, and that under the isomorphism Ψ{L^)
maps into the set of cylinders ^/>, and that for any xu x2 disjoint in L2

the image of Ψ(xι U x2) under the isomorphism is the disjoint union of the
images of Ψ(x^, W(xz). In the next section we shall prove a particular
case of this conjecture. Although it is by no means obvious this con-
jecture is consistent with the earlier results of this section, e.g., it
follows from the conditions imposed upon P that P is a lattice. This can
be shown by a suitable modification of the proof of the earlier results.

There are a number of observations which are almost immediate
from what has been proved above. First notice that if a19 a2 both
have only a finite number of predecessors then a10 a2 has only a
finite number of predecessors and so from Theorem 4, aλ U a2 and
aί Π «2 exist in the partial ordering of one-one degrees. Next, if au

α2, « ,α% are distinct one-one degrees minimal >0, then

and the one-one degrees ^aγ@ a2® © α , form a Boolean algebra
of order 2n. This shows that neither of the two nondistributive lat-
tices of order five can be isomorphic to initial segments of the one-
one degrees. One can also show rather easily that many other non-
distributive lattices of small order cannot be isomorphic to initial
segments of the one-one degrees, e.g., the lattices depicted in the
usual way:



360 A. H. LACHLAN

Fig. 1 Fig. 2 Fig. 3

As an example take the second of these and suppose for reductio and
absurdum that the initial segment whose greatest member is a is iso-
morphic to this lattice. Let Llf L2, Ψ be the separated distributive
lattices and the map given by Theorem 5 and let the additional con-
ditions of the proof of Theorem 5 be satisfied. Let alf α2, α3 be maximal
below α, and let 6 be minimal above 0. Let a19 a2 be elements of L2 such
that Ψ(a{) = at for i = 1, 2. Since L2 is separated there exist blf b2

such that hi £ a{ for i = 1, 2 and such that bλ U b2 = αx U α2 while
6i Π 62 = 0 . Clearly, (̂6 )̂ ^ α̂  for i = 1, 2. Also,

F f o U α2) - ^(6, U δa)

is ^ both aλ and α2 since Ψ is order preserving. Thus Ψ(bx U b2) = a.
From (iv) there exists α3 £ 6i U b2 such that ?F(α3) = α3. Now for i =
1, 2 f\α3 Γl 6<) is ^ both α3 and Ψφi) and hence is either 0 or 6. But
F(α3) = Ψ(a3 n δx) © Ψ(a3 n δa), whence α3 = 6 © 6. Similarly, a, = b © 6,
contradiction.

3* Not every initial segment is distributive* In this section
we verify one particular consequence of our conjecture and in so doing
we construct an initial segment of one-one degrees which is isomorphic
to the lattice:

Fig. 4

Let M be a maximal r.e. set. Let 3Γ,^Γ(M), £f{M) denote the
classes of all r.e. sets, all r.e. subsets of M, all recursive subsets of
M respectively. For our construction we shall require the following:

LEMMA 3. There exists a class ^€ of r.e. sets, £f(M) £
J%Γ(M), such that if W is a finite union of members of ^ then
I f e ^ f and M — W is infinite, and such that if We<5Γ(M)-
then some member of Λ€ complements W relative to M.
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Since this is easy we omit its proof; notice that the property we
require of ^ is simply that J2Γ(M) — ̂ /ί should be the intersection
with ^Γ{M) of a nonprincipal ultrafilter over M which contains no
member of J*?(M). It is clear that there exists an increasing sequence
Mo, Mi, of members of ^€^ such that every member of ^y// is
SΛfi for some i. Choose a strictly increasing sequence m0, m1( of
members of M such that for all i, m< e M — Λf<. Since M — Mi is
infinite for each i, the sequence m0, m19 can be found. Let M* =
{rrii I i ^ 0}, then M* n Af* is finite for each i. For j = 0,1 let #, =
{2a? + i I a; ̂  0} and S, = {2x + i | x e M}. Let Po, Px be infinite disjoint
sets both gJlί'. Let α be the one-one degree of the set

A = {2x + j I x e M* and i ^ 1} U {2x + i | x e P3 and i ^ 1} .

We shall show that the degrees tίa with their natural ordering do
form a lattice of order eight isomorphic to the one depicted above.
We shall again use the map Ψ introduced in Lemma 2. If W is finite
then Ψ(W) = 0, while if W is an infinite r.e. set we let o) be any
one-one recursive function whose range is W and Ψ(W) is defined to
be the one-one degree of {x \ ω(x) e A}. We shall use the properties of
Ψ which were stated above without proof. Let a3 be Ψ(Rj) for j —
0,1 and let m = Ψ(S0) - WiSJ; it is apparent that Ψ(S0) = ¥&) when
one considers the map: 2x goes to 2x + 1, restricted to So. It is clear
that a — α0 0 a19 that m ^ a3 for j = 0, 1. Thus all of 0, m, m 0 m,
«OJ «i> «o © ^ o ^ m ^ are ^ α . It now suffices to show that these
are the only one-one degrees ^ α and that they are all different. Let
b be any one-one degree ^ α then there exists some r.e. set B such
that Ψ(B) = b. Now

Ψ(B) = Ψ(B n Ro) 0 Ψ(B Π Rd ,

thus to prove that the degrees listed are the only ones ^ α it is suf-
ficient for j = 0,1 to show that Ψ(B Π Rj) is one of ajf m, 0. Now
¥ does not distinguish between r.e. sets whose symmetric difference
is finite, hence because M is maximal we may suppose that B f] RQ S
S3 or (B Π Rj) U Sy = βy. We now consider three cases which exhaust
all the possibilities. Let ^ = {{2x + j \ x e X} | Xe ^/ί).

Case 1. B n β, e ^ . Then J5 n iZy Γ) ̂  is finite, and so

Ψ(B Π Λy) - 0 .

Case 2. 5 n Rj e ^ T ( S y ) - ^ ^ . Then there exists W in ^ such
that (i? n iϋy) U W = S3: Since ^ " is separated there exist disjoint
r.e. sets T, U included in B n R3, W respectively such that T\JU= S3 .
Now Ψ(S3) = Ψ{T)®Ψ{U). But Ψ(W) = 0, whence Ψ{U) = 0. Thus
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) = Ψ(Sj) = m. Since T £ B Π # ; C S, , we also have Ψ(B{\R3) =

Case 3. (B Π R3) U S; = i2y. Then since JΓ is separated there
exist recursive sets T, U included i n ΰ ί l Rj, S3 respectively such that
T\JU= R3. Since £f(M) £ ^f, we have C7e ̂  whence ?Γ(Ϊ7) = 0.
Thus y(Γ) = Ψ{R3) = a3. Therefore W(B Π R3) = αy.

This completes the proof that each one-one degree ^ α is one of
the eight listed. We now turn to the task of showing that all eight
are distinct. It is easy to show that no cylinder >0 can be represent-
ed by an immune or coimmune set. But A Π S3 is immune since other-
wise A n S3 would have an infinite recursive subset which is impos-
sible. Hence m = Ψ(S3) is represented by an immune set, whence
m φ m Φ m. Suppose for reductio ad absurdum that α0 ^ aι then
there exists a one-one partial recursive function p such that dom p^R0,
rng p £ Rlf such that dom p and Ro Π (A (J dom p) are both recursive,
and such that for all x in

( 3 ) xe A<=> ρ(x) e A .

It is easy to see that Ro Π (dom p)' n A is finite since A is immune.
Therefore (dom p)f cannot contain all but a finite number of members
of Ro — So, therefore dom p does contain all but a finite number of
members of Ro — So. Now ρ(RQ — SQ) is clearly cohesive and so either
S, Π p(R0 - So) is finite or (Rλ - S,) Π ρ(R0 - So) is finite.

Case 1. St Π p(R0 — So) is finite. Define the one-one partial re-
cursive function σ by

σ(χ) = y<=> p(2x) = 2y + 1 .

Then σ(M') Π M is finite. Write x — y if either x = y, or a? can be
obtained by iterating σ on y, or ?/ can be obtained by iterating σ on
x. Since σ is one-one, — is an equivalence relation on N. Consider
the equivalence classes intersecting M'; none of them can have infinite
intersection with M' because this would mean that M' had an infinite r.e.
subset. Thus there are an infinite number of equivalence classes in-
tersecting ikF. Since σ(Mr) Π M is finite and M is maximal, Mf — σ(M')
is also finite. Hence only a finite number of equivalence classes inter-
sect both M and M'. Since Po, P1 are disjoint it follows from (3) that
σ(x) Φ x for infinitely many x in M'. Hence there exist infinitely
many equivalence classes S M ' of cardinality > 1 . We now have a
contradiction, because we can construct two disjoint r.e. sets each of
which intersects all the finite equivalence classes of cardinality >1,
and hence each of which has infinite intersection with M'.
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Case 2. p(R0 - So) Π (Ri - SJ is finite. By Theorem 3 of [2] it
follows that R1 — p(R0 — So) is r.e. and hence there exists a recursive
set T 3 p(R0 - So) such that T - S, is finite. Now T Π Si being re-
cursive is in Λ2[ and so has only a finite intersection with A. Hence
p(R0 — So) has only a finite intersection with A. This contradicts (3),
because p is one-one and Ro — So has infinite intersection with A.

We have now shown that α0 ^ αx; similarly ax ^ α0. It only re-
mains to show that aάlm = 1 for j — 0,1. Suppose for reductio ad
absurdum that a^m Φ 1, then α̂  = m φ m, because we have shown
above that the only one-one degrees <α y are 0 and m. Since aά =
f*^.) = m φ m there exist disjoint recursive sets Γ, U whose union
is Rj such that Ψ(T) = W(U) = m. One of T, U has only finite inter-
section with Rj — Sj. Thus we may suppose TξΞzSj, whence Γ e ^ ,
which means that Γ n A is finite. Therefore F(T) = 0, again a con-
tradiction. Using the results of §2 it now follows easily that the
initial segment of one-one degrees ^ α is isomorphic to the nondis-
tributive lattice depicted above.

The use of Theorem 3 of [2] may be eliminated if we construct
Af) (Ro — So), Ap[ (i?! — Si) with the immediate intention that α0, ax

should be incomparable and both >ra.

4* Recursively enumerable initial segments* In this section
we prove a theorem about r.e. one-one degrees and deduce that all
r.e. finite initial segments are distributive. The theorem we shall
prove is of the same genre as Theorem 3 of [2] quoted above.

THEOREM 6. Let α, 6 be indecomposable r.e. one-one degrees such
that b < α, then a — a φ 6.

Proof. Let A be a representative of α. Let Ψ be the map of
the r.e. sets onto the one-one degrees gα defined in the last section.
It is clear that Ψ(W) = Ψ(W U A) for every r.e. set W. Let {φj be
a recursive enumeration of all p.r. functions of one argument. Let
{φx,y} be an s.r.e. double sequence of finite functions such that for
each x, φX}0 £ φxΛ £ and limy φx>y = φχm Let B be an infinite r.e.
set such that £ 3 4 and Ψ(B) = b. Let J3 be a one-one recursive
function enumerating B. We shall effectively enumerate in steps
0,1, 2, disjoint r.e. sets B°, B1 whose union is B. For j = 0,1 let
Bj

s be the finite set of numbers enumerated in B3 before step s. While
enumerating B°, Bι we simultaneously enumerate A. Let As be the
finite set of numbers enumerated in A before step s. Let P be the
set of all pairs (e, j) of natural numbers with j <k 1. We will order
P according to
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( β , i ) < ( / , * ) « [ K / V β = / and j<k].

In order to describe step s we need two auxiliary functions:

Ύί(e) = sup {x I x = e V (y)v<x[y e Bί ->: 9>β,.(2/)

is defined .&. φβ,8(y)eBιr3'-&-yeA8<=χpβt8(y)eA8]},

8{(e) = sup [τϊ(y) I x £ s & (y,k)^(e,j) & (y,k)eP}

each defined only for (β, i) in P. The construction can now be stated
very easily. In step s let (e,j) be the least pair in P such that
β(s) < δi(e). Enumerate β(s) in B3.

To prove the theorem notice that

6 = ψ(B) = Ψ(B°) © Ψ(Bι) .

Since 6 is indecomposable, for either j — 0 or j = 1 we have Ψ(B3)^
Ψ(Bι~3). Thus there exists a partial recursive one-one function φe such
that B3 — dom <̂ e, B

3 — (A U dom φe) are both r.e., such that domφe

>e S β1- '̂, and

(4) yeA<=> φe(y) e A

for all 7/ in dom^?e. Now Af]Bι~3' is obviously infinite and r.e., thus
we may suppose that B3-dom φe g A'. Further, if Bι~3 — A has an
infinite recursive subset, we may suppose that ^ = dom^e. However,
if B1*3 — A is immune, we may suppose that B was chosen so that
B — A is since Ψ(Bι~3) = 6. Thus in any case we may suppose that
B3 — dom φe is finite. By a suitable adjustment of φe we can make
domcpe - J3' unless Ψ{B3) = Ψ(Bι~3). However, if Ψ(B3) = Ψ(Bι-j), b
is a cylinder and the theorem is immediate. Thus we shall suppose
that dom<£>e = B3. Clearly, limx7x(β, j) = co whence limxδx(e,j) = ©o.
Let (β,i) now be the least pair in P such that limxδx(e,j) =oo, then
lim^ίe, i) = oo and F(B0 ^ ^(β1-^) = 6. For each pair (/, k) in P
which is <(e,j), limxδx(f, k) is finite because δs(f,k) is increasing
with s. Let

m = sup {δx(/, A;) I a? ̂  0 & (f,k)eP & (f,k) < (e,j)} .

At any step s where β(s) ^ m , we can have β(s) enumerated in Bι~3

only if δa(e,j)^β(s). But δs(e,j) increases with s and \imxδx(e,j) = oof

therefore Bι~3 is recursive. Now

a = Ψ(N) = W(B1-3) 0 f((Bl~3Y) .

But a is indecomposable and Ψ(B1~3) = 6 < α, whence Ψ((Bι~3Ύ) = α.
The last equation is now α = 6 0 α which proves the theorem.
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THEOREM 7. Let a be an r.e. one-one degree which has only a
finite number of predecessors then the one-one degrees rgα form a
distributive lattice.

Proof. Let 6, c, α* be one-one degrees ^ α such that one of 6/α*,
c/a* is finite. Then min (6/α*, c/a*)a* is ^ both 6 and c. Hence

( 5 ) 6 Π c/a* = min (6/α*, c/a*) .

It is clear that we can relax the condition that one of 6/α*, c/a* be
finite. Now let α* be a maximal indecomposable degree ^ α * . Then
in the proof of Theorem 4 we may choose αx — α* and so from the
construction of 6 (J c in that proof

( 6 ) 6 U c/a* = max (6/α*, c/a*) .

It is clear that (6) also holds when a* is a cylinder.
Now let x,y,z be any r.e. one-one degrees ^ α , to prove the

theorem it is sufficient to prove

(x u y) n z ^ (x n z) u (y n *).

From Lemma 2 it is therefore sufficient to show that

{(x Uy)Π z}/a* ^ {(ΛΓ Π Z) U (y Π *}/α*

for every indecomposable degree a* ^ a. From Theorem 6 any such
α* is either a maximal indecomposable degree ^ α or is a cylinder,
thus (5) and (6) are applicable. Using (5) and (6) this reduces to
showing that

min (max (x/a*, y/a*), z/a*) <£ max (min (x/α*, z/a*) ,

mm (y/a*,z/a*)).
However, it is easy to verify that equality obtains in the last line

using only the definitions of max and min. This completes the proof
of the theorem.

5* Conclusion* Above we have hardly touched upon the general
question of characterizing arbitrary initial segments of the one-one
degrees. A certain amount of information can be obtained by study-
ing the map Ψ introducted in the proof of Lemma 2. However, there
is a serious obstacle to a complete solution of the problem. Suppose
that we are considering the one-one degrees £ α where α is a cylinder.
If there is a noncylinder 6 ^ α then from the work of Young in [7]
there exists a collection of one-one degrees ^ α , and in the same many-
one degree as 6, which has the order type of the rationals. Thus it
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seems that the approach to initial segments via finite substructures
which has been successful for the many-one degrees in [3], is doomed
to failure in the case of one-one degrees.

Our final comment concerns the relation between the notion of
one-one degree used in this paper and the usual notion. Let a be the
one-one degree of a simple set such that the order types of the initial
segments of one-one degrees ^ α , under our definition and the usual
definition, are θ and θ* respectively. From Theorem 1 of [6] it is
easy to see that

θ* = ω@{(θ - {1}) o (fi>* 0 ω)} 0 ω* ,

where θ — {1} is the order type obtained from θ by deleting its grea-
test member, where 0 and ° denote ordinal sum, and product respec-
tively, where ω is the order type of the natural numbers, and where
ω* is the converse of ω.
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M. J. S. LIM

The general question concerning the structure of subspaces
of a symmetry class of tensors in which every nonzero element
has an irreducible representation as a sum of decomposable (or
pure) elements of a given length is as yet largely unanswered.
This problem relates to the problem of characterizing the linear
transformations on such a symmetry class which map the set
of tensors of "irreducible length" k into itself; i.e., preserves
the rank k of the tensors. Another related problem is: "Is
it possible to obtain algebraic relations involving the com-
ponents of a tensor which imply it has rank ("Irreducible
length") k, for any positive integer /b"?

This paper is concerned mostly with the third question for the

( n\
j-dimensional Grassmann Product Space ArU, where U is an n-

dimensional vector space over a field F. It includes some discussion
of the first question for F algebraically closed OβA r = 2.

A vector in /\rU is said to have rank k if it can be expressed
as the sum of jfc, and not less than k, nonzero pure r-vectors in ΛrU.
We denote the set of such vectors by Cr

k(U). The nonzero pure pro-
ducts in ΛrU have rank one.

The results obtained in this paper are as follows: (i) the rank
of a vector in ΛrU is unchanged if we extend U, (ii) in the Gras-
smann Algebra Λ°ί7+ Λ1U+ ••• + ΛrU + •••, multiplication of a
Grassmann product by a nonzero vector in U either annihilates it or
preserves its rank, (iii) we can associate with each vector z in Cr

k(U)
a unique subspace U(z) in U, (iv) if zeCl(U) and dim U(z) is rk,
then z has rank k, (v)x1 A yx•+ ••• + %s A yseCs

2(U) if and only if
{%i> Vι, " , %8> Vs) is independent. Finally, we discuss the rank two sub-
spaces in A2U when dim U — 4. If F is algebraically closed, these
subspaces are of dimension one. Otherwise, they can be different,
as the examples show.

In this paper, Q(k, t, n) will denote the totality of strictly in-
creasing sequences of k integers chosen from ί, ί + 1, , n; S(k, t, n)
the totality of sequences of k integers chosen from t, t + 1, •••, w.

Let x19 , xn be a basis of U. For ω = (ilf , ir) e Q(r, 1, n),
we denote the product xh A Λ %ir by xω.

Let p be an r-linear alternating function from πτ

i=1E —> F, E=

{1, ••-,"}.
We will need the following known result.

THEOREM 1. (See [2], p. 289-312.) Let

367
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z = Σ P(ω)Xω, (ω G Q(r, 1, n)) .

Then z is a pure vector if and only if

( 1 ) Σ ( - l)μp(a, jμ)ptio, , JV-I, i/i+i, , Jr) = 0

/or αZZ α e £(r — 1,1, n) and all (j0, , jr) e S(r + 1,1, n).

Furthermore, there are (n — r) independent equations in the
system of equations (1).

The following lemma will be useful.

LEMMA 2. Let z = Σ p(<o)xω9 (ω e Q(r, 1, w); 2 e Cl(U)). Let s, m
be integers, O ^ s ^ r , 0 ^ m ^ n, and let

= Σ P ( l . , s, OL)X1 A Λ xs A xa, (<xε Q(w — s, s + 1, m)) .

' e C[(ϋ7), / o r some i, 0 ^ ί ^ &.

Proof. We p r o v l first t h e case k = 1.
Let α> = (i 1 ? ., i r ) e Q(r, 1, w). We set

if ii = 1, , i, = s, and s + 1 S i.+i < < ίr ^ m. Otherwise,
2>'(ii, , ir) = 0. Then 2' = Σ p ' ί ύ ) ) ^ ; (α> e Q(r, 1, n)). It is easy to show
that the system of equations (1) holds for the p' s; (there are 3 cases
to check; viz., it > m or j t > m for some ί; not all of the integers
1, , s are present in ilf , ir^ or not all of the integers 1, , s
are present in j 0 , •• , i r ; and, thirdly, all the integers 1, « ,s are
present in iί9 , ir_γ and in j 0 , , j r with i t ^ m (ί = 1, , r — 1)
and j t ^ m (i = 0, , r)). Thus, by Theorem 1, zf e C[(Z7) or is zero.

For z = zx + + zk G CjE(C7), ^ e C[(J7) (i = 1, , k), we apply
the above result to each term zif noting that

z' = (z1 + zk)
r = z[ + . + z'k .

THEOREM 3. Let U' c U be a subspace.
Then Cl(Uf) c C£(17).

Proof. Le t xx, , α;s be a basis of [/', and let xly •• ,a?Λ be an
extension of th i s basis to a basis of [7. L e t

2/1 + + ^ G C«*7'), 7/, 6

Suppose ^ + + yk = ^ + + s, e Ci(J7), s< e C[(i7). Clearly
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I ^ k.
To show I ^ k, let

*j = Σ P(d)Mxω, ω e Q(r, l,n),

Since ^ e Cϊ(U'), 1 ^ i ^ fc, then

Σ p(i)(α>) - oΣ
whenever α> = (ί l f •••,%) and {i^ , i r} £ {1, , s}. Hence

is in C[(Uf) by Lemma 2, and since z[ + + z\ — zί + + zt =
Vi, " ,VH, t h e ί ^ ft.

DEFINITION. For ^6 Cl(U), we define jβr(2) = k; i.e., JSr: ΛrU—>J
such that i2r(2) = Jfc if and only if zeCl(U).

We will drop the index r when no confusion arises.

If xeU,ze ΛrU such that z = yΣJp(ω)xωjωeQ(r,l,n), where
a?u •••,#» is a basis of J7, then we write x Λ z for the vector

X p(ω)x A xω,ωe Q(r, 1, w) .

If z = a?i Λ Λ xr is a nonzero pure vector in ΛrU, then we
shall denote the r-dimensional space ζxly •• ,#OT̂ > by I7(«).

T H E O R E M 4. Let y = y, + --- + yke Cr

k(U), yt e C[{U), 1 ^ i ^ k.

( i ) Suppose x A (yι + + 2/*) = 0, a? e U. Then x e U(Vi)f

i = 1, -- . , A.

(ii) Suppose xeU,x<£ U(y1) + + U(yk). Then x Aye Cr

k

+1(U).

Proof, (i) Suppose on the contrary that x $ Uiy,). Then

x A y1 = x A (-Σyλφ 0 .

Thus, we can choose a basis â , , xn of 17 such that

a? = a?i, i/i = a?2 Λ Λ a; r + 1 .

Then

- Σ l / ί ) = «2 Λ Λ a?r+1 + Σ Pi 1 . «)»i Λ Λrβ, (α e Q(r - 1, 2, w)) .
/

Σ
ΐ=2

Hence ( ~ Σ t 2 ^) = yλ + a; Λ v, where V = Σ P ( 1 , <̂ )̂ α e A^U. Taking
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s ;= 1, m = n in Lemma 2, it is easy to see that since R( — ΣiU) =
k — 1, then 22(α? Λ V) ^ k — 1. But & Λ v = — (i/i + + yk) which
implies R(x A v) = k. We have a contradiction. Therefore x e U{y^.
Similarly, x e Ufa), ί = 2, , k.

(ii) Suppose that

& Λ 3/ = Zi + zι e C[+1(ί7), s< G C[+1(?7) , 1 ^ i ^ ί .

Clearly I ^ A;.
To show I ^ kf we choose a basis x19 , ccw of C7 such that ίc =

a?,, and a?2, , xs is a basis of ί/d/x) + + U(yk). Then

2/ = Σ 2>(^)^ω, (ω e Q(r, 2,

Using (i) and the fact that x A (x A y) = a?i Λ (zι + + «/) = 0,
we can express each zά = ^ Λ ( Σ p ( i )(ω)xω); ω e Q(r, 2, π)), 1 <£ i ^ Z.

Now Σ5 =i P ( i )(^) = 0, (ω = (ix, , ir)), unless

In the latter case, Σ5=iP ( i ) ( ω ) = P( ω ) Therefore, ^ + + zι =
s[ + + «J = x Λ y where

z = Σ P( i )(*>K Λ x«, (a) e Q(r, 2, s)) .

Hence y = z[' + . + «;', where z'f = Σ P ( i ) ( « ) 4 , (ω e Q(r, 2, s)),
which implies R(y) S I, i.e., k ^ I.

THEOREM 5. Let yieCl{U),zieC'l{U), (ί = 1, , k) such that

2/i + + 2/* = «i + + s*.

/,) + + c/(?/,) = t^fe) + + U(zk).

Proof. Suppose on the contrary that there exists a vector xe

Z7(i/i) such that x g U{z^ + + U{zk). Since x A (y^ + + 2/fc) =

a; Λ («i + ••• + zk), then

δ ( « Λ ( l / 1 + + 1/*)) = R(x A («! + + **)) ^ k - 1 .

But, by Theorem 4 (ii), β(x Λ fe + + £*)) = A:, which is a con-
tradiction.

DEFINITION. Let

Then we define I7(«) to be the subspace [/(̂ O + + U(zk).

THEOREM 6. Let ^eCΓ(C7), i = 1, •••,£, and ieί
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Ufa) + ••• + U(zk)] = rk .

Then R{zt + + zk) = k.

Proof. Suppose the Theorem is false. Let k be the smallest
integer for which it fails. Clearly k ^ 2. Let

£i + + zh = y, + + y% e C'ΛU), yt e C{(U) .

L e t xe I7(Si). T h e n x<£ U(z2) + ••• + U(zk). B y t h e c h o i c e of

k,z2+ . . . +zkeCr

k-1(U) .

Hence, by Theorem 4 (ii),

x A (z2 + ••• + zk) = x Λ {zι + . . . + zk) = a; Λ (^ + + 2/ι) ,

and Z ̂  A: — 1. But we assumed I < k. Therefore I — k — 1.
By Theorem 5,

U(x A z2) + + C7(a; Λ zk) = U(x A yd + + U(x A yk-,) .

Hence < » + U(z2) + + ^(^) - < » + Ufa) + + U(yh-X)
Now let x; G Z/fe), independent of x. Then again

Taking intersections, we obtain

«7(̂ 2) + + ^(«fc) - Ufa)

By a similar argument,

y. = U{zx) + + [/(^.O + C/(^+1) + + U(zk)

= Ufa) + +

Hence Z/^) + - + U(yk^) = Π*=i ^ = {°}̂  which is impossible. The
result follows.

T H E O R E M 7. Σ ί = i » » Λ 2/1 e CS

2(Z7) i / αwώ 0 ^ 7 / i / ( f e , ?/!,.•• a?β, ?/s}
is independent.

Proof. If {Xi, 2/lf , x8, ys} is dependent, it is easy to show that
•R(Σι'=i χi A yd ^ s — 1. It follows that the condition is necessary.

The converse follows easily from Theorem 6.

COROLLARY 8. Let f = Σί=i χi Λ 2/*, α^c? dim <^1? ^ , -, x8, ysy
<2k, k^s. Then R(f) £ k - 1.

We shall now direct our attention to the rank 2 subspaces of
A2U.
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DEFINITION. A rank 2 subspace H in Λ2U is a subspace whose
nonzero members are in Ci(U).

In this paper, we shall restrict our considerations to the case
dim U — 4. It is clear from Theorem 7 that Cl(U) is empty when
dim U < 4.

LEMMA 9. Let fe Q(U) and let {yly , y4} be any basis of U(f).
Then f has a representation f^=yι/\uJ[-vAwJ where ζu, v, wy =

O2,2/3,2/4>.

Proof. Since fe Λ2 <j/i, , 2/4>, then

= Σ P(ω)ifω, (a) e Q(2,1, 4)), p(ω) e ί7,
= 3/i Λ (Σί =2 P(l, 3)Vi) + Σ P ( ^ « (a e Q(2, 2, 4)) ,

which is of the form yγ A u + v A w. It follows from Theorem 7
and its corollary, and the fact that R(f) = 2 that

<u, v, wy = <τ/2,7/3, y4y .

THEOREM 10. Let dim [ 7 = 4 αmZ ϊeί H be a rank 2 subspace
in A2U. Then dim H = 1, provided F is algebraically closed.

Proof. Let / be a nonzero member of H. Then / has a re-
presentation / = xγ A x2 + 3̂ Λ x4 in Cϊ(U). By Theorem 7,

If / ' is any other nonzero member of H, then U(f') = ζx19 , x4)>.
By Lemma 9, / ' = x1 A u + v A w, ζu, v, wy = (x2, x3, x,y. Hence
dim ζv,wyf] <a?3, x4y ^ 1. Without loss of generality, we shall assume
x, e <>, wy Π <>3, <>. Hence

/ ' = α?! Λ u + 3̂ Λ w', ζu, wfy c <x2, x3, x4y .

Let u = Xί=2 δ ^ ; ^ ' = Σί=2,4 te; 6̂ , d4 e ί7. Then for

λ G ί7, z = λ/ + / ' = Xj. A (λx2 + b2x2 + 63̂ 3 +

+ x3 A (λx4 + d2x2 + 6?4α;4) .

The condition that the vectors

xlf (λx2 + b2x2 + 63X3 + 64£4), xs, (Xx4 + d2x2 + d

be independent; i.e., R(z) = 2, is equivalent to the condition that the
determinant
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1 0 0

0 λ + δ2 & 3

0 0 1

0 d2 0

0
be

nonzero. Now

, fu f2) - λ2 λ(cί4 + b2) + (M 4 - ^ W

Since w, w' are independent, (62cZ4 — d2bA) Φ 0. Hence #(λ) is a non-
trivial polynomial in λ, and hence, for some nonzero X in F, g(X) = 0;
i.e., Γ(X9f19f2) = 0. For such a λ, #(2) ^ 1. It follows that dim
H= 1.

The above theorem is false when F is nonalgebraically closed.
For example, the vectors

and

f2 = a?! Λ (# Λ

in Q(U), where Z7 = ζx^ , α;4>, dim [ 7 = 4 , .F7 = Reals, generate a
2-dimensional rank 2 subspace in Λ2U.

It is interesting to note that if F (nonalgebraically closed) has
an irreducible quadratic polynomial h(X), and dim U = 4, then we
can construct 2 independent vectors f19f2 in Cl{U), which will generate
a 2-dimensional rank 2 subspace in Λ2ί7, and such that Γ(X,flff2) =
h(X) (see Theorem 10). The construction is as follows:

Let dim U = 4, £7 = <^ly , #4>. Let fe(λ) = λ2 + a,X + α0 be ir-
reducible in F. The companion matrix of h(X) is

B =
0 1

— a,

Now

det (XI - B) =

XI- B -

1 0 0 0

0 λ 0 - 1

0 0 1 0

0 α0 0 X + α :

- 1

α0 λ

= h(X) Φ 0 .

Taking this determinant to be Γ(X, flf f2) corresponding to z — λ/i + f2,
where f11f2eCt{U)1XeF9 we have

/i = x1 A x2 + X3 Λ

Λ
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The construction is complete. Thus, for example, if F = Rationale
and h(\) = λ2 - 2, then

/i = xι A x2 + ^3 Λ #4

and

f2 = x1 A (-x,) + (-2)»3 Λ x2 ,

and /i,/2 generate a 2-dimensional rank 2 subspace in A2U.

For the work in this paper, I am greatly indebted to Dr. R.
West wick for his generous assistance.
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MULTIPLIER ALGEBRAS OF BIORTHOGONAL SYSTEMS

RAYMOND J. MCGIVNEY AND WILLIAM RUCKLE

Let {eif Ei} be a total biorthogonal system in a linear
topological space X. The multiplier algebra of X with respect
to {βi, Ei} written M(X) is the set of all scalar sequences (tω)
such that for each xeX there is yeX with

Ei(y) = t^Ei(x) .

The form of M(X) is determined when {βi, Eΐ\ is a norming
complete biorthogonal system in a Banach space or a basis in
a complete barreled space. It is shown that a sequence space
is the multiplier algebra for a basis in a Banach space if and
only if it is a ^-perfect i?ϋΓ-algebra.

A biorthogonal system is a double sequence {eif E^ with each e*
in a locally convex space X and each Et a continuous linear functional
on X (i.e., in X*) which satisfies the relationship

Ei(ed) = δid (Kronecker δ) i, j = 1, 2, . .

The biorthogonal system is total if {Et} is total on X; that is, Et(x) = 0
for each i implies x = 0. If {ei9 E{} is a total biorthogonal system
then the space X can be identified with the space of all sequences
(Ei(x)) by means of the natural correspondence x to (Ei(x)). Under
this correspondence e{ becomes the ith coordinate vector, the sequence
which has a one in the ith coordinate and 0's elsewhere and E{ be-
comes the ith coordinate functional, the functional whose value on
the sequence (x{1),x{2\ •••) is x{i). This identification will be assumed
whenever a total biorthogonal system is considered.

DEFINITION 1.1. Let {ei9 EJ be a total biorthogonal system in a
locally convex space X. A scalar sequence

t = (ί(1), *(2), •••)

is a multiplier of X with respect to fe, E{} if for each xe X there
is y e X for which

Ei(y) = t^Ei(x) i = 1,2, . . . .

The set of all such t is written M(X; ei9 Et) or simply M(X) and called
the multiplier algebra of X (with respect to {ei9 Ei}).

In other words M(X) is the set of all t such that

txe X whenever xe X

375
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where X is now considered a sequence space and multiplication of
sequences is defined coordinatewise. It is now obvious that M(X) forms
a linear algebra of operators from X into X; namely the operators
which are diagonal with respect to {ei9 E^}. Multiplication in this algebra
is defined coordinatewise. The purpose of this paper is to study the
properties of the space M(X) and the possible forms which it can
assume with varying hypotheses on X or on {ei9 j£J. Results of this
type were obtained by Yamazaki in [11] and [12] for {βj a basis in
a Banach space. The concept of imultiplier space is implicitly treated
in [4].

Throughout this paper it is immaterial whether the scalar field
considered consists of the real or complex numbers.

2* Sequence spaces: notation and basic facts* A set of scalar
sequences which is closed under coordinatewise addition and scalar
multiplication is a sequence space; if it is closed under coordinatewise
multiplication as well it will be called a sequence algebra. The ith
coordinate vector is written et; the ith coordinate functional, Et. If
each Ef is continuous on a locally convex sequence space (algebra) X
and βiGX for each i then X is called a K-space (algebra). If in
addition X is an jP-space (complete metric linear space) X will be
called an jFiΓ-space or jPif-algebra as the case may be. If X is a
Banach space (algebra), X will be called a BK-space (algebra). Note
that in an l^K-algebra X the functions x —>tx and x —»xt are con-
tinuous in x for fixed t by the continuity of the coordinate functionals
and the closed graph theorem. This is enough to conclude that a
2?JΓ-algebra is a Banach algebra without identity. See p. 860 and 861
of [3].

The following are well known sequence spaces. For additional
discussion see Chapter IV of [2], [5] or p. 289 of [10]:

ω sometimes called s is the set of all scalar sequences. Endowed
with the topology of coordinatewise convergence it is an FiΓ-algebra.

φ is the linear span of {ej in ω, i.e., the space of all finitely
nonzero sequences.

I1 is the set of all sequences t such that

which is a ΰiί-space with this norm.
m is the set of all sequences t such that

|| ί|| = sup i | ί
( ί ) | < -

which is a BK algebra with this norm.
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bs is the set of all sequences t such that

II ill = s u p Λ | g ί < < > | < -

which is a BK space with this norm.
cs is the closed linear span of {βj in bs; it consists of all sequences

t such that ΣΠ=i t{ί) converges.
bv is the set of all sequences t such that

|| ί || = limn I ί» I + Σ I *i - U+i I < °°

which is a Uif-algebra with this norm. See §3 of [4] or p. 3 of [11].
Yamazaki denoted bv by w.

NOTATION 2.1. (a) Let t,ueω be such that utecs; the sum
ΣΓ=i^(ί)£{ί) is denoted by (u,t).

(b) For 4 g ω
Aα, the α-dual of A is {t:utel\ue A}
Aβ, the /3-dual of A is {£:tt£ecs, WGA}
Ar, the 7-dual of A is {t: ut ebs,ue A}.

(c) For A and ΰ g α )
AS = {uv: ueA,veB}.

(d) For teω and A g ω
ί~M. = {ueω tue A}.

(e) For i g o )
A? = {ί G cp: I (t, u) I ̂  1, u G A}.

(f) For AQφ
Aω = {teω:\(t,u)\^l,ue A}.

(g) For X aif-space, Xδ is the space of all sequences (/(£;)) as
/ranges over X*. Note that for t G Xδ with ί(ί) = /(β, ), JE ί̂) = ί(ί) = f(e{).

Gamma-perfect jBif-spaces can be constructed by means of sequential
norms. A sequential norm (s.n.) is a function P from ω into R* which
is an extended norm and in addition satisfies the condition

P(x) =

If

0 < infn P(en) ^ sup% P(en)

P is a proper sequential norm (p.s.n.). For P a s.n, SP is the set of
all xeω for which P(x) < oo endowed with the topology determined
by Pε. The closed linear span of {elf e2, •} in SP is denoted by S%. The
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following proposition contains information about sequential norms which
was derived in [7] and [8] and which we shall use in §6.

PROPOSITION 2.2. (a) If P is a s.n. SP is a y-perfect BK-space.
If X is a y-perfect BK-space there is an s.n. P such that X = SP.

(b) // P is a s.n. the function Pf given by

P'{x) = sup jsupw I Σ x{iψl) I: P(y) ̂  l l

is a s.n. and P" = P. If P is a p.s.n. so is Pr.

(c) (SP)
δ = SP, and (S°P,)

δ = SP.
(d) An s.n. P is a p.s.n. if and only if ^SSpSw.

3* Preliminary results*

PROPOSITION 3.1. // {eiy Eι) is a total biorthogonal system in X

(3-1) M(X)= nίy-'XiyeS}

where S is any absorbing subset of X.

Proof. Let R denote the set on the right of (3-1). If teR and
xe X there is a > 0 such t h a t ax e S. Thus atxe X so tha t txe X
which implies teM(X). If teM(X) then txeX for every xeX so
in particular for every xe S.

A complete biorthogonal system is a total biorthogonal system
{ei9 Ei} on X such that sp {βj ( = φ), the linear span of {e{} is dense in X.

PROPOSITION 3.2. Let {e{, E{} be a complete biorthogonal system
in X.

(a) For each teM(X), the mapping x-+tx is a closed linear
operator from X into X.

(b) The set MC(X) of all t e M(X) for which x—>tx is continuous
is a closed sub-algebra of ^f(X) where ^f(X) has any topology
containing the topology of simple convergence. Here ^f(X) denotes
the space of continuous operators from X into X.

Proof, (a) Obvious.
(b) Define E, (g) ed on £?(X) by

Then Ei ® eό is a continuous linear functional on ^f(X) given the
topology of simple convergence. Therefore

S = Π {[Et (8) βJ-'ίO): i Φ j}
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is closed in this topology and every topology containing it.

The following statement generalizes Theorem 1 of [11].

COROLLARY 3.3. // {eif E^ is a complete biorthogonal system in
a Banach space X then there is a topology on M(X) which makes
it a BK algebra.

Proof. In this case Me{X) — M{X) since the mapping x —• tx is
closed. Thus by 3.2 M{X) is a Banach algebra with the norm

Each Ei is continuous on M(X) since

where Tt(x) = tx; and E{ ® et is continuous on J*?(X).

PROPOSITION 3.4. // {eiy EJ is a total biorthogonal system in a
linear topological space X then

Me(X;ei,Ei)SMc(X0;ei,Ei)

where Xo is the closed linear span of {ej in X.

Proof. If t e MC(X) then tx e φ for x e φ. Since φ is dense in
XQ and t is continuous txeX0 for xeX0 so that t€Mc(X0).

If {eίy Ei} is a complete biorthogonal system on X, X* is isomorphic
to Xδ under the correspondence of / in X* to (/(β» )) in Xδ and {e{1 EJ
is a total biorthogonal system on Xδ.

PROPOSITION 3.5. // {eiy E{} is a complete biorthogonal system
in a locally convex space X then

Mc(X;ei,Ei)£M(X>;ei,Ei).

Proof. If t G Mc for fe X* let ft(x) - f(tx), xeX. Then ft e X*
and /t(βt.) = t^fie,) for each i so that ty e Xδ for y e Xδ.

4* Multiplier algebras of a norming biorthogonal system in
a Banach space* A biorthogonal system {eu E{} in a normed space
X is called norming if the topology of X is determined by a norm
of the type
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where A is a subset of the linear span of {E^ in X*. An equivalent
condition is that the above norm be given by

(4-1) \\x\\ = suv{\(x,t)\:teA}

where A is a subset of φ.
If {eit Ei} is a complete biorthogonal system which is norming on

X and the norm of X is given by (4-1) it may be assumed that A
consists of all sequences t in φ for which

(4-2) |(ί, x)\ ^ || a? || xeX.

Denote by X the space of all x e co for which

(4-3) ||g || = sup{|(α?,ί)|:ίeA}< «, .

The function defined in (4-3) is a norm since α"1 en e A for n = 1,2,
where an is the norm of En as a member of X*. With this norm X
is a jBϋΓ-space in which X is the closed linear span of {ej.

P R O P O S I T I O N 4 . 1 . The space Xδ consists of all yeω for which

\\y\\' = s u p { | ( y , a ? ) | : α ? e A * } < oo .

TΛe correspondence

(4-4) f to (/(e,)) / e Γ

is αw isometry from X* onto (Xδ, || | | '). Γ/̂ e correspondence

(4-5) 0 to fate)) ί/e(XoT

is α^ isometry from (Xδ

0)* onto X, where Xδ

0 denotes the closed linear
span of {βi} in Xδ.

Proof. The correspondence in (4-4) is clearly well defined and
linear.

If fe X* and x e A? then ^ G l a n d || x \\ ^ 1. Thus

so that

If ye Xs define / o n {?>, || ||} by

f(x) = (y, x)
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Then / is a bounded linear functional on {φ9 \\ \\] for which

because

A? = {xeφ:\\x\\ ^ 1} .

Since φ is dense in X, / can be continuously extended to X with

For this extended /

(/(*•)) = (V, ei) = yi i = 1, 2, .

Therefore, the correspondence in (4-4) is an isometry.
That (4-5) is an isometry from (Xi)* onto X will follow from an

analogous argument if it is shown that

A™ = A .

When A has the form given by (4-2).
That Aφ* 2 4 is clear, if z e Aφφ then

\(z,x)\<:l xe A?

but Aψ is dense in the unit ball of X so that

\(z,x)\^l xeX,\\x\\ ^ 1 .

Thus if

f ( x ) = ( z , x ) xeX

we have | | / | | ^ 1 and

/(βί) = zt i = 1, 2,

so that ze A. It is here that the assumption that {eiy Ei} is norming
was used.

THEOREM 4.2. If {ei9 E{} is a norming complete biorthogonal
system in the Banach space X then M(X) is of the form

(4-6) \Jn^n(AA^r

where A is a coordinatewise bounded subset of φ which contains a
multiple of e{ for each i.

Proof Let A be given by (4-2) and let Z denote the sequence
space (4-6).
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By 3.4, 3.5 and the fact that MC(Y) = M(Y) for Y a Banach
space we have

M(X) C M(Xδ) s M(Xt) S M(X)

so that M(X) and M(X) are equal. It will be shown that M(X) = Z.
Suppose teM(X), then there is k such that

|| ία? || <£ ife || a? || xe X.

If se A and xeAω

I (sa, ί) I = I (s, ία) | ^ k

so that

ί G k{AAω)ω S ^ .

If zeZ and ^ G X, a?/||a?|| G Aω so if w is such that zen(AAω)ω

(ί, iga?) I = I (ία?, «) | ^ w || x ||

for ί e A. Therefore zx e X.

Question. If {eif Eι) is a complete biorthogonal system in the
Banach space X and M(X) has the form (4-6) is {ei9 EJ norming?

5 Multiplier algebras of bases* A biorthogonal system {ei9 Eι)
in a linear topological space X is a (Schauder) basis for X if

(5-1) x = Σ JS7i(α?)β< x G X .
ΐ = l

It is an unconditional basis if the convergence in (5-1) is unconditional.
If X is a l.c.s. {ei9 Ei) is an absolute basis if the convergence in (5-1)
is absolute, i.e., if

Σ <

for each xe Xand each continuous seminorm p on X. It is clear that
an absolute basis is unconditional.

The proofs of 5.1, 5.2, and 5.3 are omitted since these statements
are essentially known. See p. 205 of [10] and Propositions 4 and 5
of [1].

LEMMA 5.1. For {ei9 Et} a complete biorthogonal system in a
barreled l.c.s. X it is always true that I r g P .

LEMMA 5.2. For {ei9 Et} a basis in a locally convex space
X, Xδ S XK
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PROPOSITION 5.3. For fa, E{} a complete biorthogonal system in
a barreled locally convex space X the following are equivalent.

(a) fa, E{} is a basis for X.
(b) Xδ = Xβ.
(c) Xδ = X\

THEOREM 5.4. If fa, E{} is a basis of a complete barreled space
X then

MC(X) - M{X) = (XXf>y = (XXψ .

Proof. Suppose t eM(X), xeX and yeXβ. Then txeX so that
txy G cs by 5.1 which implies t e (XXβ)β.

Let P denote the family of all continuous seminorms on X. Let
X be the linear space of all xeω such that

p\x) = sup, pi Σ x[i)eΛ < oo, p e P .

Since X is barreled, pf restricted to X is continuous and since φ is
dense in X, p\x) ;> p(x) for α e X. Thus X is the closed linear span
of fa} in the space X with the topology determined by the seminorms
{p'ipeP}.

For t G (XX')r define

^(a?) - sup,

Since t e (XXr)r, {Σ?=i ί(ί)^(ί)β»: ̂  = 1, 2, •} is a weakly bounded, thus
a strongly bounded subset of X so that

< oo x e X ,

and p t is a continuous seminorm on X. If x e X, ίa; G X and

so that teMc(X). By 3.4, (XXψ^Mc(X). Thus

MC(X) s i ( i ) ε (xxψ ε (xxor ε Λfβ
which establishes the result.

COROLLARY 5.5. If fa, E{} is an unconditional basis of a com-
plete barreled space X then

M(X) = (XXa)« .

Proof. Since fa, E{} is an unconditional basis X α = Xδ. If t e (XXr)r
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and ue XXr let u = xy with xeX,y e Xr = Xδ = Xa. Let v{i) =
sgn t{i)u{i) then vyeXa so that m e l P . Hence, vutebs so that
wί G Z1. Therefore, (XXr)r S (XXα)α from which the conclusion follows.

THEOREM 5.6. Let {ei9 £7J δe em absolute basis of a sequentially
complete locally convex space X. If P is any family of continuous
seminorms which determines the topology of X then

M(X) = {AAa)a

where

A = {(p(ei)):peP}.

Proof. The hypotheses of this theorem imply that X = Aa. Now
t e M(X) if and only if txe X whenever xe X which happens if and
only if txy e I1 whenever x e Aa = X and ye A. This will hold if and
only if t e (AAa)a.

EXAMPLES. M(ω) = M(φ) = ω; M(cs) = M(bvQ) = bv; M(cQ) = Mil1) =
m.

Let X be the space of all real sequences x for which

pk(x) = Σ I αΛ I fc* < oo ft = 1, 2, .

Then X with the seminorms p19 p2, is a nuclear F-space which is
equivalent to the space of all infinitely differentiate real functions
of period 2π. See §5 of [6]. If A = (ftn): ft = 1, 2, •} it is clear that
X = Aa. If x e Aa, x = xe e AAa and if x e AAa, x — y(kn) for some
k and y e Aa. But

Σ I *. = ΣΣ

so x e Aa. Thus M(X) = Aaa = Xδ.
The following theorem is a version of Theorem 3 and Corollary

2 of [4]. For the definition of Incomplete see p. 162 of [9].

THEOREM 5.7. A complete biorthogonal system {eiy E^ in a space
X which is barreled and Br complete is a basis for X if and only
if MiX) Ξ2 bv. It is an unconditional basis for X if and only if
M(X) 3 m.

6. Gamma-perfect BK-algebras* A proper sequential norm P
which satisfies the inequality

(6-1) Pixy) S Pix)Piv)
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will be called an algebraic p.s.n. (a.p.s.n.).

THEOREM 6.1. The following statements are equivalent for a
sequence space M:

(a) M is a multiplier algebra for a basis in a Banach space;
(b) M is a 7-perfect BK-algebra containing e;
(c) M = SP for P an a.p.s.n. with P(e) < oo.

Proof, (a) => (b). If M is a multiplier algebra for a basis in a
Banach space X it is a i?Z-algebra containing e by 3.3 and 7-perfect
since it is the 7-dual of XXr by 5.4.

(b) => (c). Suppose M is a 7-perfect i?iΓ-algebra containing e. By
2.2 (a) there is a sequential norm Q such that M = SQ. It is routine
to verify that P given by

is a s.n. equivalent to Q (i.e., SP = SQ) which satisfies (6-1). It remains
to show

(6-2) 0 < infn P(en) ^ sup% P(en) < oo.

Since P(en) = P(enen) ^ P(eΛ)2, the left inequality of (6-2) is valid.
Since ee SP1bs^S'P so that bv^SP. That SP is 7-perfect follows
form 2.2 (a). The identity map from bv into SP is continuous and
{en: n = 1, 2, •} is bounded in SP. Hence the right inequality in (6-2)
is true. Therefore, P is an a.p.s.n.

(c) => (a). If P is an a.p.s.n. with P(e) < oo, SP is a i?iΓ-algebra
with identity so M(SP) = SP. But since SP = (S0

P,)
δ and SP, = (S°P)

δ,
M(S°P) = M and {ei9 EJ is a basis for S°P (2.2).

The following theorem gives a means of constructing 7-perfect
.RK-algebras with identity which are distinct from bv and m. Let N
denote the sequence of positive integers and Nk a subsequence of
the form

(6-3) Nk ="{k(l)< k(2)< . . . } .

THEOREM 6.2. (a) Let N19 N2, •• ,Λ/r

r be a partition of N with
each Nk given by (6-3). For each k let Pk be an a.p.s.n. for which
pk(e) < oo. Define P by

P(x) =m^x{Pk(xka\xk{2\ . . .):& = 1,2, . . . r} .

Then P is an a.p.s.n. and SP is a 7-perfect BK-algebra containing e.
(b) Let JVi, N2, be an infinite partition of N with each Nk

given by (6-3). For each k let Pk be an a.p.s.n. for which
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(6-4) SU P ,P,(e) < oo .

Define P by

P(x) = sup, {Pk(xh™,x™\ . . . ) } .

Then P is an a.p.s.n. and SP is a 7-perfect BK-algebra containing e.

Proof. The proof of (a) is omitted since it is similar to but less
difficult than that of (b).

(b) It is straightforward to verify that P is a norm. That P is
a.s.n. follows from the equalities:

sup M

= supκ suP i [pk( Σ xk(i]eλ\

2_ι X #i

since each Pk is an s.n. That SP is an algebra follows since

P(xy) = sup, {P*(afc( V(<))}

^ sup, {Pk(χk{i))Pk(yk{ί))}

^ P(x)P(y) .

Therefore, SP is a 7-perfect BiΓ-algebra; it contains e because of (6-4).

EXAMPLE. Let M be the set of all sequences x such that

P(x) - sup, J Σ I %k{i) ~ %kii+1) I + l im i ( i ) I xk{ί) |} < -

for Nu N2, a partition of the integers with each Nk given by (6-3).
Then M is a 7-perfect BiT-algebra containing e but is neither m nor 6̂ ;.
The sequence y with

1 for i = k(l) for each k

0 otherwise

is in Λf but not in bv. The sequence z with

1 for i = k(2j — 1) for each j < k and all &

0 otherwise

is in m but not M.

Question. Are there 7-perfect J3i£-algebras other than those in
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the smallest class of UZ-algebras which contain bv., and m and are
closed under the operations described in Theorem 6.2.?
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ON THE RATE OF DECAY OF SOLUTIONS OF
PARABOLIC DIFFERENTIAL EQUATIONS

J. K. ODDSON

In this paper upper and lower bounds are determined for
the rate of growth or decay of solutions of parabolic equations
for indefinitely increasing time. These bounds are obtained
from comparison functions which are constructed systematically
with the aid of elliptic extremal operators and in many cases
are the best possible for the class of problems which we con-
sider.

The behavior of solutions of parabolic equations for indefinitely
increasing time has been investigated by several authors in recent
years. We refer in particular to the papers [2], [3] and [9] and the
survey article [7]. Most of these articles have been concerned with
establishing the approach of solutions to a steady state condition
under various assumptions on the coefficients. In the present paper
we determine upper and lower bounds for the rate at which solutions
decay (or possibly grow) in a half cylinder as t—> oo. These results,
presented in Theorems 1 and 2, are obtained for a class of parabolic
equations, assuming only uniform parabolicity and boundedness of the
coefficients. The main tool is the maximum principle and the use of
comparison functions constructed with the aid of elliptic extremal
operators [15, 16]. By this device the estimates which we obtain
are often the best possible for the class of operators which we consider.

2* Notations and basic hypotheses* Let Ω be a bounded, open,
connected subset of En(n ^ 1) with boundary Γ and closure Ω = Ω U Γ.
Let D denote the (n + l)-dimensional half cylinder D = Ω x (0, oo).

In this paper we shall be concerned with the linear differential
operator

<2.1) L-k<L=± aif(x, t) JL- + Σ Ux, t) -i-
at *»J=I oxflXj i=ί dx{

+ c(x, t) - k(x, t) ! -
at

with real valued coefficients defined for all

(x,t) = (x19 , xn, t) e D and satisfying there the following hypothesis /:

( 1 ) ΣΓ=i M s , « ) = 1 for all (a?, t) e D;

( 2 ) There exists a constant a, 0 < a ^ 1/n, such that

Σ?,i=i aa(χ> *)£»f/ ^ a Σ?=i ί? f ° r all (x, t)eD and all real ^-vectors

<ξ» ••-,£•).
( 3 ) bx(x, t), , bn(x, t), c(x, t) are bounded in D;

389
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( 4 ) There exist constants k0, kγ such that 0 < kQ ^ k(x, t) ^ kλ in D.
We remark that any uniformly parabolic operator of the form

Σ?,i=i Aid (F/dXidxj) + Σ?=i Bt (d/dXi) + c - (d/dt) with bounded coeffici-
ents can be normalized to the form (2.1) by dividing by Σ?=i-^«

Note that the conditions 1(1) and 1(2) imply that Σ?,i=iαίj£i£i =
[1 — (n — l)a] Σ?=iίS i n ^ for all real w-vectors (fx, •••,£») and that in
the case a = 1/n the principal part of the operator L reduces to
(l/ri)Λ, where A denotes the ^-dimensional Laplacian.

It is well known [4-7,10,14,17-18] that under the hypotheses
I the operator (2.1) enjoys the maximum and boundary point principles.
Since we wish to permit possible discontinuities in our solutions u(x, t)
on the initial surface Ω x {0} we state these principles in the following
form: Suppose that u(x, t) is a real valued function, differentiate
with respect to t and twice differentiate with respect to x in ΰ ,
continuous on Ώ x (0, <χ>), and satisfying Lu — k(du/dt) ^ 0 in D.
Suppose that u :g 0 on Γ x (0, °o) and that lim {Xft)-^x{0} u(x, t) ^ 0. Then
u(x, ί) ^ 0 i n f i x (0, oo). If u(x°, t0) = 0 for some point (x°, ί0) e D
then u(x, ί) = 0 for all x e Ω, 0 < t ^ ί0. If n(x\ t0) = 0 for some point
(x°, tQ) eΓ x (0, oo) and if Γ has the inner sphere property1 at x° then
either u(x, t) = 0 for all x e Ω, 0 < t ^ t0 or else there exists a positive
constant m such that %(#, t0) ^ — m | | ^ — x°|| for all x within the
prescribed sphere along a fixed line segment from x° and sufficiently
close to x\ Here we define

II T II — ί V τ 2 V / 2

With the aid of the maximum principle we establish the following

LEMMA 1. Suppose that hypotheses I hold. Let u(x, t) be a real
valued function, differentiate with respect to t and twice differentiate
with respect to x in D, continuous on Ω x (0, oo), and satisfying
Lu — k(du/dt) Ξ> 0 in D. Suppose that u ^ 0 on Γ x (0, oo) and that
lim(x, ί )_βX(0} u(x, t) S M. Ifu(x°, ί0) = Ofor some point (x°, to)eΓ x (0, oo)
and if Γ has the exterior sphere property1 at x° then there exists a
positive constant C such that u(x, t0) ^ C\\x — x°\\ for all x in Ω and
sufficiently close to x°.

Proof. Assume first that c(x, t) ^ 0. Without loss of generality
we may suppose that the axes have been translated so that the
exterior sphere prescribed at x° is centered at the origin and has radius
r0 = || x° | |. Define r = \\x\\ and p2 = || x ||2 + (ί - t0)

2. Consider now
the (n + l)-dimensional sphere B = {(x, t): p2 < rl}, which is exterior to

1 Γ has the inner (exterior) sphere property at x° if there exists an open ball B
contained in Ω (the complement of Ω) such that B Π Γ = {x0}.
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D at the point (x°, ί0), and the concentric sphere Bf — {(x, t): p2 < (r0 + ε)2}
where ε > 0 is chosen to be suitably small.

Define Ωf to be the open subset of D enclosed by Bf for 0 < t < tQ, Γf

to be the closure of δ ' f l j Γ x (0, ί0)}, and S' to be the subset of the
surface of Bf contained in D for 0 < t ^ ί0.

In the closure of Ωr consider the function h(x, t) = e~δrl — e~δp2,
where 3 is a constant to be chosen subsequently. Note that h > 0
in the closure of Ωr with the exception of the point (x°, t0) where we
have h(x°, ί0) = 0.

In Ω' we have

rih n n

Lh - k — = ch + 2δe-">2{l - 2δ Σ aijxixj + X δ ^ - k(t - ί0)}
9ί *,i=i ϊ=i

< 0 if δ is chosen to be sufficiently large.

It is an easy consequence of the weak form of the maximum
principle mentioned earlier that u(x, t) ^ max {0, M} in D and hence
there exists a positive constant C such that u ^ Ch for (x,t)eSr.

If we now define w — u — Ch we have Lw — k(dw/dt) > 0 in Ω'
while w ^ 0 in S' U -Γ'. It follows from the weak maximum principle
that w fg 0 in the closure of /7. In particular we have u(x, tQ) ^
C{e~δrl — βδr2} for xe Ω, r ^ r0 + ε, which immediately implies the re-
sult of the lemma. Note that the constant C is independent of t0 in
this case.

For the more general case when c(x, t) ^ 7, 7 > 0, we apply the
above result to the function v(x,t) = e~nlk°u(xf t) which satisfies the
inequality Lv — k(dv/dt) ^ 0 in D for an operator of type (2.1) with
c(x, t) ^ 0. We obtain v(x, t0) ^ C{e~δrl - e~δr2} and thus u(x, t0) g

δr2° - e~δr2}.

3* Extremal operators and the class =S^α. Let us denote by
, the class of uniformly elliptic operators of the form

with real valued coefficients defined in D and satisfying there the
hypotheses 1(1) and 1(2). In recent papers [15,16] Pucci has introduced
the maximizing and minimizing operators, relative to the class J5fa,
defined respectively by

Mtt[u](x, t) = sup {L'u(x, t)}
(3.1) L/6^«

ma[u](x, t) — inf {L'u(x, t)}

for any given function u(x, t) twice differentiable with respect to x in D.
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He has shown that these operators have the nonlinear representations

Ma[u] = aΔu + (1 - na)Cn(u)

ma[u] = aΔu + (1 — na)d(u)

where A denotes the ^-dimensional Laplacian and C^u) <ί C2(u) ^ ^
Cw(%) denote the ordered eigenvalues of the n x n Hessian matrix
(Uijix, t)).

For functions u(x, t) = R(r, t) which depend only upon t and the
distance r = \\x\\ from a fixed point (taken to be the origin) the re-
presentations (3.2) reduce to the simpler forms

or
(3.3)

or r or

where h, = a and h2 = 1 - (n - l)a if (d2R/dr2) < (l/r)(dR/dr) while
h, = 1 - (n - l)a and h2 = a if (d2R/dr2) ̂  (l/r)(dR/dr).

From the definitions it is clear that for any function u(x, t), twice
differentiate with respect to x in D, and any L' e .2^α we have the
inequality mα[%](#, ί) ^ L'u(x, t) ^ ilία[u](α;, £) for each (x, ί) e D. How-
ever, it may also be shown that there exist operators L[, L'2e La (with
coefficients determined by u) such that L[u(x, t) = ma\u]{x, t) and
LJΐφ?, ί) = Ma[u](x, t) for all (x,t)eD, thereby justifying the termi-
nology.

We refer to the papers [8,11-13,16] for a more detailed develop-
ment of the theory of these extremal operators and their applications.
Their significance for our purposes in this paper rests on the fact
that they provide a systematic method for determining comparison
functions for our parabolic operator (2.1). The construction of these
functions is based upon the following lemma. Here Jμ denotes the
Bessel function of the first kind of order μ in the notation of [1], and

LEMMA 2. Let a, β, 7, fc be constants with 0 < a <̂  1/n, and
β > - 1. If we set

κr\

where ξύ is the first positive zero of Jμ(ξ), then the function
r~μJμ{{ζςlrlrί)}e~u is a solution of the equation

ot
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in the (n + l)-dimensional cylinder Q = {(x, t): r < r0, t > 0} which is
positive in Q, decreasing with respect to r, and zero on the cylindrical
surface r = r0. //, instead, we set

μ — ±L- L —1 and 7 = — -0

r 2a κr\

then this function is a solution of the equation

r dr dt

in Q which is positive in Q, decreasing with respect to r, and zero
on the surface r = r0.

4* The decay estimates* With the aid of the maximum principle
and the previous lemmas we can now establish our main results on
the decay rate of solutions associated with our parabolic operator (2.1).

To obtain an upper bound on the decay rate we suppose that the
set Ω has diameter 2r0 and is contained in the sphere of radius r0

centered at the point x° e En. The set D is then enclosed in the (n + 1)-
dimensional half cylinder Q = {(x, t): || x — x° \\ < r0, t > 0}.

THEOREM 1. Suppose that hypotheses I hold and that

n

inf X bi(Xi — &S) ΞΞ β > —1 and sup c(x, t) = 7 .
D * = 1 D

Define

where ζQ is the first positive zero of Jμ(ζ) and K — kx if
fo

2[l - (n - l)a] ^ τr0

2, while ιc = kQ if ξ2

0[l - (n - l)a] < τr0

2.
Suppose that u(x, t) is a real valued function, differentiable with

respect to t and twice differentiable with respect to x in D, continuous
on Ω x (0, 00), and satisfying Lu — k(du/dt) ^ 0 in D. If u{x, t) ^ 0
on Γ x (0, 00) and lim(a.,ί)_^-x{0} u(x, t) ^ M then there exists a positive
constant C such that u(x, t) ^ Cpe~λt in Ω x (0, 00) where p denotes
the distance from x to the lateral surface of Q.

Proof. We need only consider the case M > 0 for otherwise the
result follows trivially from the weak maximum principle. Moreover
without loss of generality we may suppose that the axes have been
translated so that the axis of the cylinder Q is the ί-axis.

Using the definition of the maximizing operator, the assumptions
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of the theorem, and Lemma 2 we note that the function V(r, t) =
r~μJμ(ξQr/r0)e~λt satisfies the differential inequality

n

( Σ biXi)
^^Ma[V] + + c V k

dt r dr dt

ot

in JD, where /c is prescribed in the hypothesis of the theorem.
Let 0 < ε < 1 be an arbitrary constant and denote by Dε the half

cylinder Dε = Ω x (ε, oo), Note that Γ has the exterior sphere property
at any point x° e Γ such that (x°, ε) is a common boundary point of both
Dε and Q. The result of Lemma 1 then implies that l i m ^ {u(x, ε)/V(r, ε)}
is bounded above by a constant which may be chosen independent of ε.
Moreover from the weak maximum principle we have u(x, ε) bounded
above, by M if y ^ 0 and by Meγεlk0 if y > 0, for all x e Ω. It follows
that there exists a positive constant α, independent of ε, such that
u(x, ε) — aV{r, ε) <£ 0 for all xeΩ.

Combining these results we conclude that the function w(x, t) =
u(x, t) — aV(r, t) satisfies the differential inequality Lw — k(dw/dt) ̂  0
in Dε and the inequality w ^ 0 on Γ x [ε, oo] and onf lx {ε}. By the
weak maximum principle we have w ^ 0 in Ω x [ε, oo), i.e., there
exists a positive constant, α, such that

u(x, t) ^ ar-μJμ(^-)e-λt in Ω x [ε, oo)
\ r /

and since a is independent of ε the same result holds in Ω x (0, oo).
This clearly implies the result of the theorem.

To obtain a lower bound for the decay rate we define r1 to be
the maximum of the radii of all open spheres contained in Ω and
suppose one such largest sphere is 2?, centred at the point x1 e Ω. The
set D then contains the (n + l)-dimensional half cylinder Qt = B x (0, oo) =
{(x,t): l lx-x 1 ! ! <r19t> 0}.

THEOREM 2. Suppose that hypotheses 1 hold and that
supρ i Σ?=i bi(Xi - x\) = β, infρi c(x, t) = y. Define μ = {(β + l)/2α} - 1

and λ = — '—± , where ξ0 is the first positive zero of Jμ(ξ) and
Kr\

K = k0 if aξ2

0 ^ yr\ while K = k, if aζl < yr\.
Suppose that u(x, t) is a real valued function, differentiable with

respect to t and twice differentiable with respect toxin D, continuous on
Ω x (0, oo), and satisfyingLu — k(du/dt) <£ 0 in D. Ifu ^>0onΓ x (0, oo),
lim(a.,ί)_ΓX{0} u(x, t) ^ 0, and \im{x>t)^Ωxm u(x, t) > 0 then there exists a
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positive constant m such that u(x, t) ^ mpe~λt in B x [ε, oo) where p
denotes the distance from x to the boundary of B and ε > 0 is ar-
bitrarily small.

Proof. Again we may assume that the axes are translated so
that the sphere B is centred at the origin. Using the definition of
the minimizing operator, the assumptions of the theorem, and Lemma
2 we note that the function v(r, t) = r"μJμ{{ξorlrι)}e"λt satisfies the
differential inequality

n

~~ r 9r 9ί

in Qlf where K is prescribed in the hypotheses of the theorem.
Let 0 < ε < 1 be an arbitrary constant. Note that u > 0 on B x {ε}

by the strong minimum principle and the condition limiX}t)^Ωx{0} u(x,t) > 0.
Moreover the boundary point principle implies that limx_>dB {u(x, e)/v(rf ε)}
is bounded below by a positive constant, since Γ has the inner sphere
property at any point common to Γ and dB. It follows that there
exists a positive constant S such that u(x, e) — δv(r, ε) :> 0 for all x e B.

Combining these results we conclude that the function w(x, t) =
u(x, t) — δv(r, t) satisfies the differential inequality Lw — k(dw/dt) ^ 0
in B x (ε, oo) and the inequality w ^ 0 on dB x [ε, oo) and on B x [ε].
By the weak minimum principle we have w ^ 0 in B x [ε, oo), i.e.,
there exists a positive constant δ such that u(x, t) ^ δr"μJμ{ξQr/r1)}e~λt

in B x [ε, oo). The result of the theorem now follows directly.

5* Concluding remarks* We emphasize that for the class of
operators of the form (2.1) with coefficients b{ = 0, i Ξ 1, . . . , n and
the case that Ω is a sphere our Theorems 1 and 2 cannot be improved.
In fact from the discussion of the properties of the extremal operators
it follows that there exists an operator in this class for which our
comparison function F(r, t) (v(r, t)) is a solution in Ω x (0, oo).

Finally let us note that Theorems 1 and 2 may be used to obtain
comparison theorems for more general nonhomogeneous parabolic
equations by the device of subtracting off a suitable approximate
solution of the equations.
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GEOMETRIES ON SURFACES

HELMUT SALZMANN

Among the topological geometries, two classes have so far
attracted special attention, namely the locally compact, 2-
dimensional projective and affine planes. Such a plane has a
pointset which is homeomorphic to the pointset of the real
arguesian plane, hence is a 2-dimensional manifold. In this
paper, all the 2-manifolds that can carry topological geometries
with connected lines will be determined.

THEOREM. Let M be a surface carrying a topological geometry
such that any two distinct points are on a unique line. Then either

( 1 ) M is an open disk, and each line is open, i.e., homeomorphic
to the real line R, or

( 2 ) M is a compact surface of characteristic 1, and each line
is closed, i.e., homeomorphic to a circle, or

( 3 ) M is a Moebίus strip, and through each point there pass
closed lines and at least one open line.

The proof follows immediately by combining statements 1.10 and
2.3, 6, 9, 10, 13 below. From 2.9 and 2.11 we get

COROLLARY. M is orientable if and only if the space 2 of lines
is a Moebius strip, and M is nonorientable if and only if 2 is compact.

1. Let 8 be a family of subsets of a nontrivial topological space
M, and assume that each two distinct "points" p, qeM are joined by
a unique "line" L = pUqe2. The system E = (M, 2) is called [3] a
"plane" whenever 2 can be provided with a topology (necessarily unique)
for which E becomes a topological geometry in the following sense:

( a ) p U q depends continuously on (p, q), and
( b ) the set ® of pairs of intersecting lines is open in 8 x 2, and

intersection is a continuous map from © onto M.
Condition (b) is equivalent to
(b') If US M is open, then {(K, L);Kf)LeU} is open i n S x S .
We shall be concerned with "flat" planes only, i.e., with those

planes in which the underlying space M is a 2-dimensional manifold
or "surface". The line space 8 of a flat plane is also a surface, and
the incident point-line pairs or "flags" form a 3-dimensional closed
submanifold F of M x 2; each line is closed in M and is locally
homeomorphic to the real line [3, 2.3].

If B is a connected open subset of M, then the system

397
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is again a flat plane. This shows that, in general, the lines of a
geometry will not be connected sets; it is therefore reasonable to
determine only those flat planes that have connected lines, i.e. planes
satisfying

(c ) every line is homeomorphic to the real line or to the circle.
Each line can then be provided with two opposite orientations, and
the space 8 + of oriented lines becomes a two-fold covering of 8. The
lines homeomorphic to R will be called "open", and the others compact
or "closed".

LEMMA 1.1. A compact disk D S M cannot contain any line.

Proof. A line K £ D would have to be a closed line. Hence K
would separate some points ae D and be M, and then a\jb would
intersect K twice.

DEFINITION 1.2. A set C £ M is convex if L Π C is connected for
every line L. If the boundary bd C consists of finitely many, resp. of
4 or 3 line segments, C will be called a polygon resp. a quadrangle
or a triangle.

LEMMA 1.3. Each point pe Mhas a neighborhood basis consisting
of quadrangles (triangles).

Proof. Let W be a neighborhood of p. Choose points a19 a2 such
that p $ a1 U α2, and let Jk be a sufficiently small connected neighbor-
hood of p on ak U p. Then

U = {(xλ U α2) n (xz ΓΊ a,); xk e Jk} £ W

is a neighborhood of p homeomorphic to J x x J2f which is easily seen
to be a convex quadrangle.

COROLLARY 1.4. The space 2+ of oriented lines through p is
homeomorphic to a circle.

Convergence in M and in S are related by

LEMMA 1.5. Ln —^ L if and only if L — {x; V ^ e Lnxn —^x}.

This follows immediately from the continuity of join and inter-
section, (a) and (b).

A set is termed "bounded" if it has compact closure.
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LEMMA 1.6. A set @ of lines is bounded in £ if and only if
there is a bounded set C S M intersecting every line

Proof. Let Sn e @ and xn e Sn Π C. We may assume #w —^> x.
Choose a triangle with boundary T containing x in its interior; then
for each sufficiently large n there exists a point tne Snf] T. The tn

accumulate at some ί e Γ, and a subsequence of the Sn converges to
t\Jx. For the converse note that M is a union of a countable family
of compact subsets.

LEMMA 1.7. Let K be a closed line, and B S M a bounded open
set containing K. Then 23 = {L e L; L g 5} is cm opew neighborhood
of K in 2 consisting of closed lines only.

Proof. Since bounded lines are closed, 33 cannot contain any open
line. If S3 were not a neighborhood of K, we would find a sequence
of lines Ln > if with Ln Π -B =£ 0 and L% g S3. By (c) each line L%

would contain a point xn of the compact boundary bd B, in contradiction
to 1.5.

COROLLARY 1.8. The space S) of closed lines is open in S.

LEMMA 1.9. A closed line K intersects every line L e S.

Proof. For a£K the map a = (x ι—• α (J a?) maps ϋΓ into the set
Sα of lines through α. Since £„ is homeomorphic to a circle by 1.4,
and a is one-to-one, a is even a bijection.

COROLLARY 1.10. If M is a compact surface, then (M, S) is a
protective plane, and M is homeomorphic to the real protective plane.

Proof. Any two different lines intersect by 1.9, and this is the
first assertion. The second statement follows now from [2].

PROPOSITION 1.11. If a geometry contains a closed line K, then
each point lies on a closed line.

Proof. Assume that each line through s is homeomorphic to R,
and let s U z+ denote the line s (J x oriented from s to x. Then
(x i—> s U x+): K—> %>t would be a homeomorphism from K onto a set of
oriented lines through s containing exactly one of any two lines of
opposite orientation. This contradicts 1.4.

2. From now on we shall assume for the sake of simplicity that
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M is a surface of finite connectivity, i.e., that Mean be embedded in a
compact surface M by adding a finite number of "endpoints" e19 , er.

LEMMA 2.1. Let g:R~>M represent an oriented open line L =
g(R). Then L has unique endpoints

e*(L) = limt^±« g(t)

in M.

Proof. Choose small disjoint open neighborhoods Uk of ek in M.
Since each line is closed in M, there exists an s e R such that the
connected set {g(t); t ^ s} is contained in U£=1 Uk and hence in one of
the Uk.

LEMMA 2.2. The oriented lines L having a given endpoint
e+(L) = e form a closed subset of 8+.

Proof. Let Ln —^ L with e+(Ln) = β, and choose a small neighbor-
hood U of e in M. Then all the Ln intersect the compact boundary
bd U S M. Hence L n bd U Φ 0 by 1.5, and e+(L) = β.

LEMMA 2.3. .For eαc/*, α e M and each endpoint e there is an
oriented line Lett with e+(L) = e.

Proof. Let bn —^> e in M, and αUδ f t — -̂> L.

COROLLARY 2.4. Lei (Λf, 8) 6e α ̂ αί plane with connected lines.
Then M is compact if and only if each line is closed.

PROPOSITION 2.5. A surface M carrying a plane geometry with
connected lines has at most one endpoint.

Proof. 2ik = {Le 2+; e~(L) = eif e+(L) = ek} is closed in S+ by 2.2.
Assume r > 1, choose small disjoint neighborhoods Uk of ek in M, and
let bkn —^ ek in Uk. For i Φ k the lines bin U bkn meet the compact

complement C of \Jk=ί Uk, and hence accumulate at a line in 2ik. Since
S+ is connected, the boundary bdSίfc Φ 0 , and there is a sequence of
closed lines Kn converging to a line Le2ik. For large w a line iΓΛ

will contain two arcs joining Ut and Uk\ thus a line Jϊ intersecting
L at a point of C would meet some line Kn twice, a contradiction.

PROPOSITION 2.6. A plane geometry on an orientable surface M
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has no compact lines.

Proof. A compact line K on an orientable surface M would have
a bounded neighborhood B £ M which is homeomorphic to a cylinder.
By 1.7 the set 93 of all lines L gΞ B is an open neighborhood of K in
£, and each L e B is closed. Moreover, it follows from 1.1 and 1.9 that
a line L S B decomposes the cylinder and intersects K. But then K
and L would have to intersect twice.

PROPOSITION 2.7. The complement of an open line L is homeo-
morphic to an open subset of R2.

Proof. For a,beL consider

(xH(αUx,ί)U x)): M-L -* (8. - {L}) x (S6 - {L}) .

PROPOSITION 2.8. If M is orientable, then any line L decomposes
M into two open half-planes, each of which is homeomorphic to an
open disk. Consequently M is homeomorphic to a 2-sphere.

Proof. Let L = a (J b, and choose homeomorphisms

a: 2a -{L} — (0, 1) , β: 2b - {L} -> (0,1)

corresponding to the same orientation of M. For f = Aa let

inf{BP;AnB= 0} .

Then δ is a monotonically increasing, left-continuous mapping. Accord-
ing to the orientation of M one of the half-planes defined by L will
be mapped by

^ ( ( α U x)% (b U x)β)

onto the Jordan domain

D - {(ί, ?) ei22; 0 < ξ < 1, 0 < η < δ(ζ)} .

COROLLARY 2.9. Lβί (ikf, S) 6β α ̂ αί plane with connected lines.
If M is orientable, then M is homeomorphic to R2, and 2 is a Moebius
strip.

For the last assertion see [1, § 3(6)] or [3, 2.14].

An argument completely analogous to the proof of 2.8 shows

COROLLARY 2.10. Each point of a plane geometry on a non-



402 HELMUT SALZMANN

orientable surface is incident with a compact line.

THEOREM 2.11. The line space of a plane geometry (M, S) on a
nonorientable surface is a compact surface of characteristic 1; the
space of oriented lines is homeomorphic to a 2-sphere.

Proof. If H, K are closed lines through α, then S — 2a is homeo-
morphic to (H — {a}) x (K — {a}).

LEMMA 2.12. In a plane geometry (M, 8) on a nonorientable
surface the set of closed lines through a point a is connected.

Proof. Because of 2.5 we may assume that M has exactly one
endpoint e. Choose an open line L and two closed lines H and K
through a. We have to show that no open line through a is separated
from L by H, K. By 2.7 the Jordan curve theorem holds in M — L.
Hence the union H U K decomposes M — L into two connected subsets,
only one of which contains points of a small neighborhood U of e.
Therefore, a line G which is separated from L by H, K must be disjoint
from U and hence is compact.

THEOREM 2.13. An open nonorientable surf ace M carrying a plane
geometry with connected lines is a Moebius strip.

Proof. The dual (8, M) of the geometry defined by the system
$ of closed lines on M is a flat plane by 2.10, 1.8, 1.9, and 2.12.
The theorem follows now from 2.9 and 2.11.

Note that in general the lines of a topological geometry on a
Moebius strip need not be connected.

The author is indebted to James Dugundji for very stimulating
discussions and valuable comments.
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ARTINIAN, ALMOST ABELIAN GROUPS AND
THEIR GROUPS OF AUTOMORPHISMS

ANNEMARIE SCHLETTE

The principal results of this paper are several characteri-
zations of the class of artinian almost abelian groups. Several
corollaries of the main characterization are given, one of which
states that a torsion group G which has a finite group of auto-
morphisms is finite, and an abelian torsion group which has
a countable automorphism group is finite. In a concluding
section, the class of artinian almost abelian groups and the
class of finite groups are characterized by formal group-theore-
tical properties.

A group is called artinian, if the minimum condition is satisfied
by its subgroups. The structure of an abelian, artinian group is
completely determined. Every artinian group that is known so far
is an extension of an abelian, artinian group by a finite group. An
extension of an abelian group by a finite group is called almost abelian.
It is not known whether there exist further artinian groups. For this
reason it seems to be worth while to consider the structure of artinian
and almost abelian groups and we will give some characterizations of
them. We will prove the following

MAIN THEOREM. The following properties of the group G are
equivalent:

(1) G is artinian and almost abelian.
(2) (a) Every abelian subnormal subgroup of G is artinian;

(b) Every infinite epimorphic image of G possesses an
abelian subnormal subgroup, not 1;

(c) G is a torsion group.
(3) (a) Every abelian subgroup of G is artinian;

(b) Every epimorphic image, not 1, of G possesses an almost
abelian normal subgroup, not 1.

(4) (a) G is a torsion group;
(b) Every torsion group of automorphisms of G is artinian

and almost abelian.
( 5) (a) G is a torsion group;

(b) The central quotient group of G is artinian and almost
abelian;

(c) Primary elementary abelian groups of automorphisms
of G are countable.

Sections 1 to 4 deal with preliminary lemmas, some of which may
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be of independent interest. We show, for instance, that the central
quotient group of G is artinian and almost abelian if, and only if, G
is almost abelian with artinian commutator subgroup G' (Proposition
3.2). Section 5 is dedicated to the proof of the Main Theorem. A
simple application of the Main Theorem yields a characterization of
the artinian groups with finite central quotient group (Corollary 6.1)
and of the finite groups (Corollary 6.2), both by their automorphism
groups. The results of the Main Theorem and of its corollaries finally
are used to characterize the class of all artinian and almost abelian
groups on the one hand and the class of all finite groups on the other
hand by merely formal group theoretical properties. This is done in
§7 (Theorem 7.1 and Theorem 7.2).

NOTATIONS.

lG = center of the group G,
cG U = centralizer of U in G,

nG U = normalizer of U in G,
IG:U] = index of U in G,

\G = intersection of all subgroups U of G with finite [G: U],
{•••} = subgroup generated by the enclosed elements,
xoy — χ~ιχy — χ-ιy-^χy for elements x, y in G,

J o Y = {χoy with x in X, y in Y) ,
Q o G = Gr = G1 = commutator subgroup of G,
Q(n + 1) _ Q(n) o Q(n)

Gp = set of all ^-elements in G for p a prime,
Gp = set of all gp with g in G [if G is multiplicatively written],

pA = set of all pa with a in A [if A is additively written].

DEFINITIONS. A factor of G is an epimorphic image of a subgroup

of G.
The socle of an abelian p-group is the set of its elements of order

p or 1.
The group G is called
artinian, if its subgroups satisfy the minimum condition;
almost abelian, if it possesses an abelian [characteristic] subgroup

of finite index;
soluble, if G{n) = 1 for almost all n;
locally finite, if every finitely generated subgroup of G is finite;
hyper (almost) abelian, if every epimorphic image, not 1, of G

possesses an (almost) abelian normal subgroup, not 1.

aaG
IfG

= product of all
hyperabelian ]
almost abelian [ normal subgroups of G.
locally finite J
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An abelian group A is called divisible (radicable), if pA = A (Ap = A)
for all primes p, and reduced, if it possesses no divisible (radicable)
subgroup ^ 0 (Φ 1).

1Φ Lemmas on abelian groups* In this chapter we consider
(additively written) abelian groups A. Any homomorphism σ of A
maps the element x in A upon w .

LEMMA 1.1. A reduced abelian p-group A with finite A/pA is
finite.

Proof. Since A/pA is finite, there exists a finitely generated
subgroup F of A with A = F + pA. Since finitely generated, abelian
p-groups are finite, F is finite. Therefore there exists a positive
integer n with p".F — 0. Hence

pnA = pnF + pn+ιA = p(pnA)

is divisible. But A is reduced, so that pnA — 0. From A — F + pA
we deduce

A = F + [pi7 + p2A] = F + p2A= . . . =

= .F + p"A = F ,

so that A is finite.

LEMMA 1.2. // A is an abelian, reduced, infinite p-group and
if B is an abelian p-group Φ 0, then Horn (A, B) contains an uncount-
ably infinite, elementary abelian p-subgroup.

Proof. Since A is an abelian, reduced, infinite p-group, A/pA is
infinite, by Lemma 1.1. Since B Φ 0, it contains a subgroup Z of
order p. Now

Horn (A, Z) S Horn (A, B)

and

Horn (A, Z) s Horn (A/pA, Z) ,

which is an uncountably infinite, elementary abelian p-group, (cf. [5],
p. 206; E, and p. 208; Lemma 54.2).

LEMMA 1.3. (a) If A and B are abelian, artinian groups, then
the torsion subgroup of Horn (A, B) is finite.

(b) Torsion groups of automorphisms of an abelian, artinian
group are finite.
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Proof. The abelian artinian group A is a direct sum

of a finite group F and a divisible group D, (cf. [5], p. 65; Th. 19.2).
Hence there exists a positive integer n with nF = 0. Let X be the
subgroup of all x in B with nx = 0. Since 5 is abelian and artinian,
it is a consequence of ([5], p. 65; Th. 19.2) that X is finite.

If σ is a torsion element of order i in Horn (A, B), then

- (iZ>)σ = D(iσ) = DO = 0

and

= {nF@nD)σ = w(Z>σ) = 0

so that A<7 s X. Therefore the torsion subgroup of Horn (A, B) is
essentially the same as a group of homomorphisms of the finite group
A/D ~ F into the finite group X, which implies its finiteness. This
proves (a), and (b) is a consequence of (a) if we let A = B.

LEMMA 1.4. // the abelian group A is the direct sum of in-
finitely many subgroups A» Φ 0 , then A possesses an uncountable
infinite, elementary abelian 2-group of automorphisms.

The simple proof of this lemma may be left to the reader.

2* Stabilizing automorphism groups*

PROPOSITION 2.1. Suppose B is a normal subgroup of the group
G and A is a subgroup of G with AξΞ=B Γ) %G. Let Σ = ΣG(A, B)
be the group of all automorphisms σ of G which fix every element
in G/A and in B. Then

Σβ(A, B) = Horn (G/B, A) ~ Horn (G/BG', A) .

Proof. If σ is an automorphism in Σ, then a — 1 is a single
valued mapping of G into A. If x and y are elements in G, then

(xy)σ~ι — ̂ T/V^ctr1 = x'y'^x-1 = x^y*-1 ,

since y°~γ belongs to 4g%G. Therefore σ — 1 is a homomorphism of
G into Ay whose kernel contains B. Thus

(a ) If σ is an element in Σ, then σ — 1 induces a homomorphism
σ* of GjB into A with

(Bgy - g*-1 .
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Let a, β be two automorphisms in Σ and g be any element in G.
Then

gaβ-i = g"β(g-ψgβg-i = (g^ψgβ^ = g*~ψ->- ,

since g"'1 belongs to A § B and every element in B is a fixed element
of β. Therefore

(aβ)* = α* + β* for a, β in Σ ,

so that σ —> α* is a homomorphism of 2" into Hom (G/ί?, A). If <τ* = 0
and g is an element in G, then

1 - (Bgr = g-1 .

This implies g = gσ for every g in G, so that σ == 1. Hence
(b) The mapping σ —> σ* is a monomorphism of Σ into Hom (G/J5, A).

For every 7 in Hom (G/B, A) define the mapping d of G into (? by
the rule

gδ = (Bflf)rflf for every g in G.

This is clearly a single valued mapping of G into itself.
If x,y are two elements in G, then

(a?2/)β - (BxyYxy = (Bx)r(ByYxy = {Bx)'x(ByYy = a V

since (S?/)r belongs to A<Ξ^$G. Thus δ is an endomorphism of G. If
xδ = 1, then (βχ)ra; = 1, so that # belongs to 2? (since (ίta) r is in i g ΰ ) .
This implies (Bx)7 = Br = 1 so that x = 1. Hence <? is a monomorphism
of G into G. Because of Br = 1 and (J?flf)r e A it is clear that <? induces
the identity in both B and G/A. Now let # be any element in G
and let

x =

Then

xs = (BxYx - [B(βff-Ύ9\7(BgrιYg = (Bflf)i(Bflf)3']-1 fir = flf

since (Bg~ιY belongs to A g J5. This shows that δ is an automorphism
of G which belongs to Σ. Finally

gδ~ι = (β^) r for every # in G ,

shows <ϊ* = 7 and

(c) σ —> σ* is an isomorphism of Σ onto Hom (G/B, A) .
The isomorphy of Hom (G/B, A) and Hom (G/BG', A) is an im-

mediate consequence of the commutativity of A.
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LEMMA 2.2. // the group G possesses a characteristic subgroup
A such that the torsion groups of automorphisms of A and of G/A
are finite, then every torsion group Γ of automorphisms of G is
almost abelian: The subgroup A of Γ which fixes every element in
A and in G/A is abelian and has finite index in Γ.

Proof. Let Γ be a torsion group of automorphisms of G. Denote by
ΓA resp. ΓGjA the set of all those automorphisms in Γ, which induce
the identity in A and in G/A respectively. Since A is characteristic
in G, the sets ΓA and ΓGίA are both normal subgroups of Γ. Now
Γ/ΓA resp. Γ/ΓGίA is essentially the same as the group of automorphisms
of A resp. G/A, induced by Γ. Therefore it is (essentially) a torsion
group of automorphisms of A resp. G/A, and hence, by hypothesis,
finite. If A — ΓA Π ΓGlA, then A is a normal subgroup of Γ with finite
Γ/A. By its definition, A is a subgroup of the stabilizer of the char-
acteristic subgroup A of G. As such it is known to be abelian, see
([7], p. 88; Satz 19). This proves Lemma 2.2.

3* Central quotient group and commutator subgroup* In this
chapter we aim at characterizing the groups with almost abelian, ar-
tinian central quotient group (Proposition 3.2).

LEMMA 3.1. If G is a group with abelian, radicable, not torsion-
free central quotient group G/%G, then G is abelian.

Proof. Suppose that G is not abelian. Then G/%G Φ 1 and since it
is not torsionfree there exists a subgroup W/$G in G/ιG of order a prime
p. Now Gf S gG c W, so that W is normal in G. Since G/&G is abe-
lian, it follows that W<>GξΞ:$G and that

w(w o g) = (w o g)w for every w e W, g e G .

Since wp also belongs to 3G, it is centralized by every element in G.
Therefore it follows from w° = w(wog) that

Wp = (Wp)9 = (Wg)p = {w(Wog)Y = Wp(Wogy .

Hence

(w o g)p z= 1 for every w e W, g eG .

By complete induction we get

w9<L — w(w o gy for every positive integer i

and in particular

wgP = w(w°g)p = w ,
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which shows

G'G* ^ G>&G Q cσW .

Therefore the epimorphic image G/cG W of G/&G is an elementary abelian
2>-group. Since elementary abelian p-groups Φ\ possess finite non-
trivial epimorphic images, G/cGW is equal to 1, because G/jG is radica-
ble. Hence cGW = G, implying W ^ j G c W, a contradiction. There-
fore G is abelian.

DEFINITION. fG = intersection of all subgroups U of G with finite
index [G: U]. This is a well determined characteristic subgroup of G.

PROPOSITION 3.2. The following properties of the group G are
equivalent:

( i ) G/$G is artinian and almost abelian.
(ii) If F is the uniquely determined characteristic subgroup of

G with §G g F and FfoG = f(G/sG), then F is abelian, G/F is finite,
and GoF is artinian.

(iii) There exists an abelian normal subgroup A of G with finite
G/A and artinian Go A.

(iv) G is almost abelian and Gf is artinian.

Proof, (i) —• (ii). Since G\ιG is artinian and almost abelian, ap-
plication of ([1], pp. 3, 4, 22(B)) on G\%G shows

(a) G/F= (G/sG)/f(G/8G) is finite and f(G/jG) = FfoG does not pos-
sess finite epimorphic images. F/%G is abelian because Gj%G is almost
abelian. Hence F' £ gG £ ιF g F and therefore

(b) FJiF is an abelian radicable torsion group. Apply Lemma
3.1 on F to see

(c) F is abelian.
Let Γ be the group of automorphisms which is induced in F by

G. Then Γ = G/cGF is finite because FQcGF by (c), and G/F is finite,
by (a). Every automorphism 7 in Γ fixes every element in jG. Hence
7 — 1 is an endomorphism of the abelian group F whose kernel con-
tains 3G. Consequently Fy~ι is an epimorphic image of the artinian
group F/$G and as such Fr~ι is artinian. Since Γ is finite and F is
abelian,

F™ = Π Fr~ι

is likewise artinian. From the definition of Γ,

GoF= F^1

so that
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(d) GoF is artinian.
(ii) — (iii). Let A = F.
(iii) —» (iv). It is an immediate consequence of (iii) that G is al-

most abelian. Since A is normal in G, so is G°A. Denote by σ the
canonical epimorphism of G upon H = G/(GoA). Then B = Aσ is an
abelian normal subgroup of H with finite H/B, as G/A is finite. From
HoB = (GoA)σ = 1 we get β g giϊ, so that ίf/sίf is finite. This im-
plies the finiteness of H', see ([6], p. 443; 15.1.13). But H' = Gfa~
G'/(G°A), so that G' is artinian as an extension of the artinian group
Go A by the finite group H'.

(iv) —• (iii). Obvious.
(iii) ~>( i ). The group Γ of automorphisms of A which are in-

duced in A by G is isomorphic to G/cGA and it is finite since A Q cGA
and G/A is finite. If 7 is an automorphism in Γ, then 7 — 1 is an
endomorphism of the abelian group A with Aγ~~ι QGoA. It follows
that Ar~ι is artinian and A7"1 ~ A/K(y), where K(y) denotes the kernel
of 7, i.e., K(y) = cAg if # induces 7. Now

A Π δG = Π -BΓ(7) .

Therefore A/(A Π sG) is isomorphic to a subgroup of the direct product
of the finitely many artinian groups A/K(y) and as such A/(A Π jG) ~
A$G/iG is itself artinian. G/A%G is finite as an epimorphic image of
G/A. Finally G/%G is an extension of the abelian artinian group A$G/%G
by the finite group G/A%G. Hence G/%G is artinian and almost abelian.

4* Products of normal subgroups* In this section we shall
establish a few lemmas on products of normal subgroups, which are
needed later. In this context see also Corollary 6.4.

DEFINITION. §aG = product of all hyperabelian normal subgroups
of G.

This is a well determined characteristic subgroup of G.

LEMMA 4.1. // every abelian subnormal subgroup of the torsion
group G is artinian, then

(a) §aG is artinian and soluble;
(b) §aG contains every hyperabelian subnormal subgroup of G;
( c) 1 is the only hyperabelian subnormal subgroup of G/ί)αG;
(d)

Proof. If S is a subnormal subgroup of G, then every abelian
subnormal subgroup of §aS is a subnormal subgroup of G and hence,
by hypothesis, artinian. Nontrivial epimorphic images of fyaS possess
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by definition hyperabelian normal subgroups, not 1, and consequently
abelian subgroups, not 1; and §aS is a torsion group, as is G. Apply
([4], p. 345, Satz 6.1, equivalence of (1) and (2)) to §aS to show that

(e) §aS is artinian and soluble for every subnormal subgroup S
of G. This implies (a) in the particular case S = G.

Since S is subnormal in G, there exists a finite chain of subgroups
Si of G with

S = So, Si normal in Si+1, Sn = G .

If S is hyperabelian, then S = §aS0. By (e), fyaSi is a soluble, hence
hyperabelian characteristic subgroup of the normal subgroup St of
Si+1. Hence fyaSi £ ϊjα£ί+1, showing

S = ^αS0 £ £ ϊjα£n = £)cιG ,

so that §ctG contains every hyperabelian subnormal subgroup of G,
proving (b). Now let T = S/§aG be a hyperabelian subnormal sub-
group of G/^aG. Then £ is as an extension of the, by (a), soluble
group ί)αG by the hyperabelian group T hyperabelian. Since £ is sub-
normal in G, it follows from (b) that SξΞ fyaG. Hence T = 1, proving (c).

(d) is an immediate consequence of (c).

LEMMA 4.2. If N is a product of minimal normal subgroups
of the group G, then N is a direct product of minimal normal sub-
groups of G.

This is proven by the customary lattice theoretical arguments;
see for instance ([8], p. 208; Basis Theorem of Lattice Theory).

LEMMA 4.3. If a minimal normal subgroup M of G is contain-
ed in a product N of finite normal subgroups of G, then M is finite.

Proof. Let t Φ 1 be an element in M. Since t belongs to the
product N of finite normal subgroups of G, there exists a finite number
n of finite normal subgroups Ft of G with JP< £ N and

tefLFi = F.

Clearly F is a finite normal subgroup of G with t in F £ N. Hence
lφMf]F and because of the minimality of M we have M=Mf]F^ F,
so that M is finite.

LEMMA 4.4. If 1 is the only abelian normal subgroup of G, then
the following properties of the product N of finite normal subgroups
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of G are equivalent:
( i ) N is finite.
(ii) N contains but a finite number of minimal normal sub-

groups of G.
(iii) The product P of all the minimal normal subgroups of G,

contained in N, is the direct product of finitely many minimal normal
subgroups of G.

Proof. Evidently, (ii) is a consequence of (i) and it follows from
Lemma 4.2 that P is a direct product of minimal normal subgroups
of G, therefore (iii) is a consequence of (ii).

Assume that (iii) holds. Then application of Lemma 4.3 shows
that

( ' ) the normal subgroup P of G is finite .

Since P is finite, the group of automorphisms, induced in P by
G, which is essentially the same as G/cGP, is finite, too. Since %P =
P Π cGP is an abelian normal subgroup of G and since, by hypothesis,
1 is the only abelian normal subgroup of G, we get

( " ) P Π cGP = 1 and G/cGP is finite .

If N Γ) cGP Φ 1, then there would exist a finite number of finite nor-
mal subgroups E19 •••,!£» of G with EtS N and

W=cβPΓίf[EiΦl.

It follows that W is a finite normal subgroup, not 1, of G. Hence
W contains a minimal normal subgroup V of G. Since

this minimal normal subgroup V is part of P. Hence

ic7sPni7£Pncflp = i,

by (") which is a contradiction. Therefore

NΠcGP=l

which implies that

N = N/(N Π cGP) ^ NcGP/cGP Q G/cGP

is finite, by (").
Thus (i) is a consequence of (iii), proving Lemma 4.4.

5* Proof of the Main Theorem* The proof of the equivalence
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of (1), (2), and (3) was given in a course of lectures held by R. Baer
at New Mexico State University in the fall term 1967.

Proof of the equivalence of (1) and (2). Evidently (1) implies
(2.a) and (2.c). Furthermore every epimorphic image of an almost
abelian group is almost abelian, which implies (2.b).

Assume conversely the validity of conditions (2.a-c). Then Lemma
4.1 shows

(d) $aG is artinian and soluble,
and

(e) 1 is the only hyperabelian subnormal subgroup of G/fyaG.
Combine (e) and (2.b) to get

( f) G/fyιG is finite.
Therefore, by (d) and (f),

(g) G is artinian.
Since §aG is almost abelian by (d), cf. ([4j, p. 345, Satz 6.1 and

its proof), there exists an abelian characteristic subgroup C of §aG
with finite §aG/C. Then C is an abelian characteristic subgroup of G
and G/C is finite, by (f). Thus

(h) G is almost abelian
and we have proven the equivalence of (1) and (2).

Proof of the equivalence of (1) and (3). If G is artinian and al-
most abelian then every subgroup of G is artinian and every epimor-
phic image of G is almost abelian, proving that (3) is a consequence
of (1).

Assume the validity of (3.a) and (3,b). Then, by (3.a), every
cyclic subgroup of G is finite. Hence

( c ) G is a torsion group.
Lemma 4.1 shows

(d ) §aG is artinian and soluble,
and

(e) 1 is the only abelian subnormal subgroup of H = G/fyaG.
If A is an abelian subgroup of H then there exists a subgroup

B of G with ^aG^B and A = B/$aG. By (d), B is soluble and hence
hyperabelian and by (3.a) every abelian subgroup of B is artinian.
Hence, by Lemma 1.3. (b), every torsion group of automorphisms of
every abelian subgroup of B is finite. Because of (c) we may apply
([4], p. 345, Satz 6.1, equivalence of (1) and (4)) on B. This shows
that B is artinian. Hence A is artinian, too, proving

( f) Abelian subgroups of H are artinian.
Let F be the product of all finite normal subgroups of H and let

P be the product of all minimal normal subgroups of H which are
contained in F. Application of Lemma 4.2 shows that P is a direct
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product of minimal normal subgroups X of H. Since H is a torsion
group by (c), we may pick in every X an element e(X) of order a
prime. Then the subgroup S generated by these e(X) is a direct pro-
duct of the cyclic groups {e(X)}, each of order a prime. Thus S is
abelian and hence, by (f), artinian. Therefore and since the elements
of S are of squarefree order, S is finite, cf. ([5], p. 68; Exercise 19).
Hence

(g) P is a direct product of finitely many minimal normal sub-
groups of H. Because of (e) and (g) we may apply Lemma 4.4 to
show that

(h) F is finite.
Since HJcHF is essentially the same as the group of automorphisms

induced by H in F, it is finite, as F is and, by (e), 1 = %F=FΓ\tHF.
Thus

( i ) H/cHF is finite and 1 - F n cHF.
Assume by way of contradiction that H is infinite. Then FΦΉ.

because of (h), so that HJF is an epimorphic image, not 1, of G. By
(3.b) there exists an almost abelian normal subgroup, not 1, of H/F.
Consequently there exists a normal subgroup V of H with

FaV and almost abelian V/F .

Apply (i) to see that

( ' ) V/cvF =V/(VΠ cHF) = VcHF/cHF S H/cHF

is finite and

cHF)/(F Π cHF) ~F(VΠ cHF)/F S V/F

is almost abelian.
Because of (") cvF possesses an abelian characteristic subgroup

C with finite cvF/C. As a characteristic subgroup of the normal sub-
group zvF of H the group C is normal in H. Hence C = 1 by (e),
which shows that cvF is finite. Hence V is a finite normal subgroup
of H, by ('), whence F g F c F , a contradiction, proving

(k) H= G/§aG is finite.
Combination of (d) and (k) shows that

(1) G is artinian and almost abelian.
This completes the proof of the equivalence of (1) and (3) of the

Main Theorem.

Proof of the equivalence of (1), (4), and (5).
(1)—»(4). Every artinian group is a torsion group, hence (4.a) is

valid. If G is furthermore almost abelian, then there exists an abelian
characteristic subgroup A of G with finite G/A. Since A is artinian
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as a subgroup of the artinian group G, its torsion groups of automor-
phisms are finite, by Lemma 1.3. Therefore Lemma 2.2 is applicable,
showing that every torsion group Γ of automorphisms of G is almost
abelian. Define Δ as in Lemma 2.2.

The set S of all the elements of squarefree order in the artinian
abelian group A is a finite characteristic subgroup of A; cf. ([5], p.
68; Exercise 19). Let Σ be the set of all elements of squarefree order
in A. If σ is an element of order n in Σ and if x is an element in G,
then x0-1 belongs to A and is therefore a fixed element of σ. Thus
xa — (xσ~ι)x and, by complete induction,

xσ% — (χa-ιyχ for every integer i ^ 0 ,

so that in particular

x = χ°n = (xσ-γx .

This implies

(xa~ιγ = 1 for every x in G .

Hence xσ~ι is an element of squarefree order in A and belongs there-
fore to S. Thus

Ga~ι S S for all σ in Σ .

Every σ — 1, with d in I7, induces a single valued mapping of G/A
into S, as

(ax)0-1 = αa;""^"1 = af"1 for α in 4, x in (5 ,

since aσ = a and of"1 both belong to the abelian group A. If σr and
σ" are two elements in Σ, then σ' — 1 and σ" — 1 induce the same
mapping of G/A into S if, and only if, & — σ". Since G/A and S
are finite there exists only a finite number of single valued mappings
of G/A into S. This implies that Σ is finite. As Δ is an abelian tor-
sion group, application of ([5], p. 68; Exercise 19) shows that Δ is
artinian.

Since Γ/Δ is finite, Γ is artinian and almost abelian. Hence (4)
is a consequence of (1).

(4) -+(5). Since G is a torsion group, so is G/ιG\ and G/%G is es-
sentially the same as the group of inner automorphisms of (?, hence
it is artinian and almost abelian, by (4.b). So (5) is but a weak form
of (4).

(5) —> (1). Because of (5.b) Proposition 3.2 is applicable, which
shows

(d) G' is artinian
and
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(e) There exists an abelian characteristic subgroup F of G with
F 2 %G and finite GIF. Thus G is almost abelian.

By (5.a), F is a torsion group, so that it is locally finite, since
it is abelian. Hence G is an extension of the locally finite group F
by the finite group G/F, showing

( f ) G is locally finite.
Since G/F is finite there exists a finitely generated subgroup E

of G with G = FE. Because of (f), E is finite:
(g) There exists a finite subgroup E of G with G = FE.
Consider an abelian direct factor A of G. Every group of auto-

morphisms of A and of every direct factor of A is isomorphic to a
group of automorphisms of G. If A would have infinitely many pri-
mary components, it would possess an uncountably infinite, elementary
abelian 2-group of automorphisms (Lemma 1.4), contradicting (5.c).
For each primary component Ap of A we have, by ([5], p. 63; Th. 18.2),

where B is radicable and C is reduced. As a radicable torsion group
B is the direct product of groups of type p°°. If there were infinite-
ly many, B would admit an uncountably infinite, elementary abelian
2-group of automorphisms (Lemma 1.4) which again is impossible be-
cause of (5.c). Hence, by ([5], p. 65; Th. 19.2), B is artinian. If
C Φ 1, then there exists a subgroup Z of order p in C By Proposi-
tion 2.1, Rom (C/Z, Z) is isomorphic to a group of automorphisms of
C. Now C/Z is reduced, as C is. If C were infinite, C/Z would be
infinite and, by Lemma 1.2, Hom (C/Z, Z) would contain an uncountably
infinite, elementary abelian p-subgroup, which would be isomorphic to
a group of automorphisms of C. This contradiction shows that C is
finite. Hence, by ([5], p. 65; Th. 19.2), we have

(h) Every abelian direct factor of G is artinian.
We derive from (d), (e), and (g) that GΈ is artinian and almost

abelian. Therefore the set co of primes which are orders of elements
in GΈ is finite, see for instance ([3]; p. 13, Bemerkung 2.2, (A)).

Denote by Fω the set of all ω-elements in F and by Fω, the set
of all elements in F of order prime to every prime in ω. Since F is
an abelian torsion group,

Both, Fω and Fω, are characteristic subgroups of the characteristic
subgroup F of G, hence they are characteristic in G. By its definition,
FωGΈ is a normal ω-subgroup of G. Furthermore

Fω, Π FωGΈ = 1 ,
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since the elements in these two groups have relatively prime order.
Thus, by (g),

G = FE = Fω,FωE = Fω, <g) FωGΈ .

Application of (h) shows that Fω, is artinian, implying the finiteness
of ω'. Therefore

( i ) There exist only finitely many primes which are orders of
elements in G.

The product R of all the radicable subgroups of 3G is a radicable
characteristic subgroup of gG and hence of F. As R is a torsion group
it is a product of groups of type Z(p°°) for various primes p. Let Rx

be maximal among the direct products of those Z(p°°) in R, which
have a nontrivial intersection with GΈ. Then clearly the elements
of squarefree order of Rγ lie in GΈ. This implies that RL is artinian.
Moreover, Rλ is radicable as it is the direct product of radicable groups.
Therefore Rx is a direct factor of R, cf. ([5], p. 62; Th. 18.1),

R = R, ® R2 ,

where R2, as an epimorphic image of R is likewise radicable. Let x
be an element of prime order p in R2 n GΈ. Then x is contained in
a subgroup V S R2 of type Z(p°°) and χφ\ would imply F n G Έ ^ l ,
a contradiction to the maximality of Rx. Therefore

R2 n GΈ = R2 n (F n (?'#) = 1.

Hence, by ([5], p. 63), there exists a complement S of R2 in ί7 which
contains F Π G'#. Thus

By (g) therefore

G = FE = R2SE = R2(SGΈ)

and by Dedekind's Modular Law

R2 n SG'^ - R2 ΠFΠSGΈ = R2Π S(FΠGΈ) =

Since R2 is part of the center of G, it follows that

and application of (h) shows that R2 is artinian. Since i^ is likewise
artinian, R is artinian, and we have shown

( j) Radicable subgroups of %G are artinian.
Let p be a prime with (jG)p =£ 1. Then there exists a subgroup

Z of order p in gG. Consider
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Ή.om(G/GΈZF>, Z) = Horn (FGΈ/GΈZFP, Z)

~ Horn (FPG'E\GΈZFP

P, Z)

s Horn (FPI(GΈZF* Π Fp), Z)=H .

By ([5], p. 206; E), H is an elementary abelian p-group and by Pro-
position 2.1 it is isomorphic to a group of automorphisms of G. Hence,
by (5.c), H is countable and therefore—cf. ([5], p. 208; Lemma 54.2)
—the elementary abelian p-group

FPI(GΈZF* Π Fp) is finite .

This implies the finiteness of Fp/F», since otherwise (GΈZFξ Π Fp)/F*
would be infinite, but, by Dedekind's Modular Law, this is equal to

F;(GΈZ n F9)/F; = (GΈZ n FP)/(G'EZ n F;) ,

which is an artinian elementary abelian p-group and hence finite, cf.
([5], p. 65; Th. 19.2). Thus

( k ) FJF* is finite for every p with (jG)p Φ 1.
Let S be the set of all elements x in Fp with xp in (ιG)p. Then

S/dG)p is the socle of FP/(%G)P and

Fp/(iG)p = FJ(FP n iG) = FpiG/iG

is artinian as a subgroup of the—by (5.b)—artinian group F/%G. Hence
its socle

S/(&G)P is finite ,

cf. ([5], p. 65; Th. 19.2). By definition of S we have

Sp = dG)p Π Fξ .

Now

(iG)p/S* - (lG)p/[(iG)PΓί Fξ] ~

is finite, because, in case ($G)P Φ 1, it is a subgroup of FpjFξ, which
is finite, by (k). Therefore, if (%G)P/(%G)P

P were infinite, SP/(%G)P

P would
be infinite. But the mapping σ, defined by the rule

o\(^G)px^(iG)lxp f o r x e S

is an epimorphism of the finite group S/($G)P upon Sp/($G)l, implying
the finiteness of SP/($G)P

P. Hence

(1) (8G)p/(8G)ϋ is finite for all p.
Since {%G)P is an abelian torsion group,

(iG)p =
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where A is radicable and B is reduced. A is artinian, by (j). B/Bp is
finite, by (1), and since B is reduced, B is finite, by Lemma 1.1. Hence

(m) (%G)P is artinian for every p.
By (i), there exists only a finite number of primes which are orders

of elements in G. Hence gG is the product of finitely many primary
components, each of which is artinian, by (m). This implies

( n) gG is artinian.
Combination of (5.b), (e), and (n) shows that G is artinian and

almost abelian.
Thus (1) is a consequence of (5) which completes the proof of the

Main Theorem.

REMARK. (A) It is impossible to weaken condition (3.a) by re-
quiring only that abelian subnormal subgroups are artinian and that
G be a torsion group, since both this weaker condition and (3.b) are
satisfied by every direct product of any number of nonabelian, finite,
simple groups.

(B) The infinite cyclic group is an example of a torsionfree abelian
group whose group of automorphisms is finite. This shows that con-
ditions (4.a) and (5.a) are indispensable for the validity of the Main
Theorem.

(C) A direct product of infinitely many cyclic groups of order a
prime satisfies (5.a) and (5.b) showing the indispensability of condi-
tion (5.c).

6* Corollaries of the Main Theorem* The first two corollaries
of the equivalence of (1), (4), and (5) of the Main Theorem, one
characterizing the artinian groups with finite central quotient group,
the other characterizing the finite groups by means of their automor-
phism groups, which will be useful in § 7, may be found in [2]. We
will give a proof of Corollary 6.1, since it is a simple application of
the Main Theorem. It is a consequence of the equivalence of (1) and
(3) of the Main Theorem that the product of all almost abelian normal
subgroups of a group G is almost abelian and artinian, provided its
abelian subgroups are artinian (Corollary 6.4).

COROLLARY 6.1. The following properties of the group G are
equivalent:

( 1 ) G is artinian with finite G/jG.
(2 ) G is a torsion group and every torsion group of automor-

phisms of G is finite.
Cf. ([2], p. 521, theorem and proof of the equivalence of (i) and (ii)).

Proof. (1)—+(2). Every artinian group is a torsion group. Since
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gG is an artinian characteristic subgroup of G we may, because of
Lemma 1.3, apply Lemma 2.2. Thus: If Γ is a torsion group of auto-
morphisms of G and if Δ is the subgroup of Γ which fixes every ele-
ment in %G and in G/$G, then Δ is abelian and has finite index in Γ.
The group Δ is a torsion subgroup of the group Σ of all those auto-
morphisms of G which induce the identity in both %G and G\%G. Ap-
plication of Proposition 2.1 yields

Σ = Horn (G/zG, 3G) = Horn (G/G^G, 3G) .

Since G is artinian, application of Lemma 1.3 shows that the torsion
subgroup of Horn (G/G'%G, jG) is finite. Hence A is finite and Γ, as
an extension of the finite group Γ/Δ by the finite group Δ, is finite,
too.

(2) —• (1). If G is a torsion group and if every torsion group of
automorphisms of G is finite, then the group of inner automorphisms
of G is finite. This is equivalent to the finiteness of G/$G. Applica-
tion of the Main Theorem (equivalence of (1) and (4)) shows that G
is artinian.

COROLLARY 6.2. The following properties of the group G are
equivalent:

(1) G is finite.
(2) G is a torsion group and the group of automorphisms of

G is finite.

For a proof see ([2], p. 529, Corollary).

COROLLARY 6.3. The following properties of the abelian group
A are equivalent:

(1) A is finite.
(2) A is a torsion group and the group of automorphisms of

A is countable.

Proof. Evidently, (2) is a consequence of (1). Assume conversely
that (2) holds. As an abelian torsion group, A is the direct product

of a reduced group B and a radicable group C, see ([5], p. 63), where
C is a product of groups of type Z{p°°). The automorphism group of
a group of type Z(p°°) is isomorphic to the group of p-adic integers,
prime to p, cf. ([5], p. 211; Exercise 5), which is uncountable. There-
fore C = l. Application of the Main Theorem, equivalence of (1) and
(5), shows that A is artinian. This implies the finiteness of B, cf.
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([5], p. 65; Th. 19.2). Hence A =B is finite.

DEFINITION. aaG = product of all almost abelian, normal subgroups
of G. This is a well determined characteristic subgroup of G.

COROLLARY 6.4. If every abelian subgroup of G is artinian, then
( a) aaG is artinian and almost abelian;
( b) aaG contains every almost hyperabelian subnormal subgroup

ofG;
(c) Every abelian subgroup of G/aaG is artinian;
(d) 1 is the only almost abelian subnormal subgroup of G/aaG;
( e) aa(G/aaG) = 1.

Proof. Every epimorphic image of aaG is a product of almost
abelian normal subgroups, as aaG is. Consequently, every epimorphic
image H, not 1, of aaG possesses an almost abelian normal subgroup,
not 1. Therefore conditions (3.a,b) of the Main Theorem are satisfied
by aaG so that aaG is artinian and almost abelian, proving (a).

Assume that S is an almost hyperabelian, subnormal subgroup of
G. Then there exists a hyperabelian subgroup T of S with finite
S/T. By hypothesis, every abelian subgroup of T is artinian. Thus
it follows from ([4], p. 345, Satz 6.1) that T is artinian, soluble and
almost abelian. Consequently T possesses an abelian subgroup A of
finite index in T and A has finite index also in S as S/Γ is finite.
Hence S is almost abelian. Thus

(f ) Every almost hyperabelian, subnormal subgroup of G is
almost abelian.

Since S is subnormal in G there exists a finite chain of subgroups
Si of G such that

S = So, Si is normal in Si+1, Sn = G .

Clearly S = aaS0 and aaSi is a characteristic subgroup of the normal
subgroup Si of Si+1. Since, by (a), aaS{ is artinian and almost abelian,
we have aaS{ gΞ aaSi+1, so that

S = aaSQ S S aaSn = aaG ,

proving (b).
If X/aaG is an almost abelian subgroup of G/ctαG, then the sub-

group X of G satisfies, by hypothesis and (a), conditions (3.a,b) of
the Main Theorem so that X is almost abelian and artinian. Hence
X/aaG is artinian, which proves (c). If X/aaG is furthermore subnor-
mal in G/aaG, then X is an almost abelian subnormal subgroup of G.
Hence XQaaG, by (b), which proves (d). It also proves (e), because
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of (c) and (a), if X is the well determined characteristic subgroup of
G with X/aaG = aa(G/aaG).

7* Classes of groups* We are going to give a characterization
of the class ω(a) of all artinian and almost abelian groups and of the
class ω(f) of all finite groups by formal group theoretical properties.

A group which belongs to the class ω is called an ω-group.

THEOREM 7.1. The class ω of groups is the class ω(a) of all ar-
tinian and almost abelian groups if, and only if, ω satisfies the
following properties:

I. 1 is an ω-group,
II. Subgroups of co-groups are co-groups,
III. Epimorphic images of co-groups are co-groups,
IV.a An extension of an ω-group by an ω-group is an ω-group,
V.a If G is an ω-group, then G is a torsion group and every

torsion group of automorphisms of G is an ω-group,
VI.a A torsion group is an ω-group if all its torsion groups of

automorphisms are ω-groups,
VII. Every ω-group is countable,
VIII. Every infinite ω-group possesses an abelian subnormal sub-

group, not 1.

THEOREM 7.2. The class ω of groups is the class ω(f) of all
finite groups if, and only if, ω satisfies the following conditions:

I. 1 is an ω-group,
II. Subgroups of ω-groups are ω-groups,
III. Epimorphic images of ω-groups are ω-groups,
IV.f Direct products of finitely many ω-groups are ω-groups,
V.f Every group of automorphisms of an ω-group is an ω-

group,
VI.f A torsion group is an ω-group, if its automorphism group

is an ω-group,
VII. Every ω-group is countable,
VIII. Every infinite ω-group possesses an abelian subnormal sub-

group, not 1.

Proof of the necessity of conditions I to VIII. The class ω(a) of
all artinian and almost abelian groups clearly satisfies I, II, III, VII
and VIII. That ω(a) is extension inherited may be found in ([3], p.
14, Folgerung 2.6) and the validity of conditions V.a and Vl.a is con-
tained in the Main Theorem, equivalence of (1) and (4).

It is evident that the class ω(f) of all finite groups satisfies I,
II, III, IV.f, V.f, VII and VIII and the validity of Vl.f is contained
in Corollary 6.2.
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Proof of the sufficiency of conditions I to VIII.
(1) Every co-group is a torsion group (provided II, IV.f, V.f,

VII).

Proof. Assume, that G is an co-group, which is not a torsion
group. Then G contains an infinite cyclic subgroup Z, which is an
co-group, by II. It follows, from IV.f, that F = Z®Z is an co-group.
If F — {α} (g) {6}, then automorphisms σr and σ" of F are defined by

aσt = ab2 , ba' = b

aσ" = a , ba" = a2b .

It is a consequence of V.f that Σ = {σr, σ") is an co-group, so that,
by II, its commutator subgroup Σ' is an co-group, too. By its defini-
tion, I7 is a free group of rank 2 and it is well known that Σ' is a
free group of infinite rank. If Λ is a free set of generators of Σ'
and if A is a subset of Λ which is neither vacuous nor Λ, then there
exists one and only one automorphism of order 2 of Σ', which leaves
every element in Δ fixed and maps every element Λ — Δ upon its in-
verse. The group of automorphisms generated by these involutions
is an co-group by V.f and it is uncountably infinite by construction.
This contradicts VIII and proves (1).

(2) Every finite group is an co-group (I, IV, V, VI).

Proof. 1 is an co-group, by I. Since 1 is the only group of
automorphisms of the cyclic group Z(2) of order 2 it follows from
either of the conditions VI, that Z(2) is an co-group. By either of the
conditions IV, every finite, elementary abelian 2-group is an co-group.
Every finite group is isomorphic to a group of automorphisms of a
suitably selected finite elementary abelian 2-group. Because of V
therefore every finite group is an co-group.

(3.a) Every abelian co-group is artinian (II, V.a, VII).
(3.f) Every abelian co-group is finite (II, IV.f, V.f, VII).

Proof. (3.a) If A is an abelian co-group, then it is, by V.a, a
torsion group whose torsion groups of automorphisms are co-groups, and
hence, by VII, countable. Application of the Main Theorem, equiva-
lence of (1) and (5), shows that A is artinian.

(3.f) If A is an abelian co-group, then it is, by (1), a torsion
group whose automorphism group is an co-group, by V.f, and hence
countable, by VII. Application of Corollary 6.3 shows that A is finite.

(4.a) Every artinian, almost abelian group is an co-group (I,
IV.a, V.a, Vl.a).

Proof. By (2) every finite group is an co-group. If A is artinian
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and abelian, then every torsion group of automorphisms of A is finite
(Lemma 1.3) and hence an ω-group. Vl.a shows that A is an ω-group.
Every artinian and almost abelian group is an extension of an artinian
and abelian group by a finite group. Thus, by (2), it is an extension
of an ω-group by an ω-group and therefore, by IV.a, an ω-group.

(5.a) If ω satisfies the conditions II, III, V.a, VII, VIII, then
every ω-group is artinian and almost abelian.

Proof. If G is an ω-group, then every abelian subgroup A of G
is an ω-group by II, and A is artinian, by (3.a). Therefore—if we
denote by aaG the product of all almost abelian, normal subgroups of
G—it follows from Corollary 6.4 that

( i ) aaG is artinian and almost abelian, and
(ii) 1 is the only almost abelian, subnormal subgroup of G/aaG.
If G were not artinian and almost abelian, then, by (i), G Φ aaG

and, by (ii), G/aaG is infinite. Because of III, G/aaG is an ω-group
and VIII shows the existence of an abelian subnormal subgroup, not
I, contradicting (ii). This contradiction shows that G is artinian and
almost abelian.

(5.f) If ω satisfies the conditions II, III, IV.f, V.f, VII, VIII,
then every ω-group is finite.

Proof. Let G be an ω-group and denote by IfG the product of
all locally finite, normal subgroups of G. According to ([7], p. 135;
Satz 28 and p. 141; Satz 40*) we have

( i ) l\G is locally finite, and
(ii) 1 is the only locally finite subnormal subgroup of G/l\G.

Because of III, G/ίfG is an ω-group and it follows from (1) that G
and G/l\G are torsion groups.

Application of VIII and (ii) shows G/IfG = 1, so that G = IfG is
locally finite by (i). Every abelian subgroup of G is an ω-group by
II, hence, by (3.a) every abelian subgroup of G is finite. Application
of the theorem of Kargapolov-P. Hall-Kulatilaka (see [6], p. 453;
15.4.3) yields the finiteness of G.

Combine (4.a) and (5.a) to get the sufficiency of the conditions in
Theorem 7.1; and combination of (3.f) and (5.f) shows the sufficiency
of the conditions of Theorem 7.2.

This completes the proof of the two theorems.

I am deeply indebted to Professor Reinhold Baer for his help and
advice when writing this paper.
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ADDITIONAL RESULTS ON MODULES
OVER POLYDISC ALGEBRAS

E. L. STOUT

This paper deals with a class <f%ΓN of domains in Stein
manifolds and with certain algebras of holomorphic functions
naturally associated with them.

The class ^N consists of those relatively compact domains
J in iV-dimensional Stein manifolds such that for some neigh-
borhood Ω of Δ and some neighborhood W of ΰN, the closure
of UN = {(zi, , zN) e CN: \ z, |, , | zN \ < 1}, the unit polydisc
in CN, there exists a proper holomorphic map Φ: Ω —» W which
is nonsingular at every point of φ-^T*), TN the distinguished
boundary of UN, and which has, in addition, the property that
J = φ-ι(JJN). The collection of all such maps Φ is denoted by
^gr(d9U

Iί)f and if J , J ' e J J , ^ r ( J , J ' ) denotes the set
of all maps Ψ: Δ-±Δf such that if Φe^€(Δ', UN\ then
Φo¥e^(J, UN). For Δe 3tTN let J^(J) = {fe ^{Δ): f is
holomorphic in Δ}, and let H°°(Δ) = {/: / is holomorphic and
bounded in J}. If Φe^?(Δ,Δf), then S/{ά) is a module over
its subalgebra Φ*J*T(Δ') = {foφ: feJ^W)}, and this paper
treats the structure of J&(Δ) as a ^J^JO-niodule. The
first section of the paper presents an example to show that
S/(£) need not be free over Φ*J^(Jr)9 and the second section
shows that it is a finitely generated, projective Φ*J^(Δf)-
module. The final section establishes certain conditions suffi-
cient for the freeness of S/(fi). Parallel results obtain for
H°°(Δ) as a Φ#°°(J0-module.

These results supplement results obtained in [7]. In that paper
some of these questions were treated for the special case that Δ= UN.
For example, it was shown there that if Φ e ^(Δ, UN), then j^f(Δ)
is a free module over Φ*S^(UN). We refer to this paper for some of
the elementary properties of the elements of J%£ and of ^P(Δ', Δ).

Given Δ',ΔeSrNi and Ψe^t(Δ\Δ)9 the triple (Δ;Ψ\Δ',Δ) is an
analytic cover in the sense of [5] and consequently has a well defined
multiplicity λ: λ is that integer such that for all points 3 e Δr off a
variety, the set Ψ~ι(%) consists of λ points.

If M is a complex manifold, £f a sheaf on M, and g a point of
M, then £>% denotes the stalk of Sf at 5 and έ?u denotes the sheaf
of germs of functions holomorphic on M. We will usually write ^
instead of (^¥)δ. If if is a subset of M, ^{K) denotes the sections
of ^M over K.

1. An example. If Δ, Δ' e 3% and Ψ e ^T(J', Δ), then [1] J ^ (Δr)

427
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is a free module over Ψ*j*f{Δ) whose rank is the multiplicity of Ψ.
In higher dimensions the analogous result is not true as the following
example shows.

We will show that for N = 4, 5, 6, , there exist Δ, Af e ^TN

and Ψ G ̂ {Δ1', Δ) such that j^(Δf) admits no set of generators over
Ψ*Jϊf(Δ) consisting of λ elements, λ the multiplicity of Ψ. In our
example Ψ will be two-to-one and a local homeomorphism at each
point of Δ. Denote by PN(C) and PN{R) respectively iV-dimensional
complex and real protective space. In PN(C), iV^4, consider the
manifold V consisting of those points with homogeneous coordinates
(z0, •• ,zN) such that z\ + + z\ Φ 0. In the case N = 2, this
manifold was considered in another connection by Forster [3]. The
manifold V is connected since it is the complement in PN(C) of a
variety, and, as Forster remarked, it is a Stein manifold. The space
PN(R) is contained in a natural way in V: PN(R) is the set of all
points which admit real homogeneous coordinates, and, moreover, PN(R)
is a deformation retract of V. This was the fact which made V
useful for Forster, and it is the essential point in the present example.
A deformation of V onto PN(R) c a n be given explicitly as follows [3].
If 5G F, let (zQ, , zN) be homogeneous coordinates for g such that
z\ + + z\f > 0. Given t e [0,1], define Ht{%) to be the point with
homogeneous coordinates (x0 + ity0, , xN + ityN) if zά = xό + ίyό. Thus,
V and PN(R) are of the same homotopy type and in particular they
have the same fundamental group, Z%. Consequently, if V denotes
the universal covering manifold of V and η: V—•> V the natural
projection, then η is a local homeomorphism and each fiber η~\p)
consists of exactly two points. The manifold V admits a complex
structure with respect to which η is a holomorphic map, and when V
is endowed with this complex structure, it becomes a Stein manifold.
(For the fact that V is Stein, see [8]).

We set S = 7)~\PN(R)), and we shall show that S is, topologically,
the iV-sphere. Since η is a local homeomorphism, S is evidently an
JV-dimensional manifold. A priori it is not clear that S is connected;
let So be a component of S. Then rj carries So onto PN(R), and with
the projection η, So is a covering space of PN(R). Let p0 e PN(R) and
let s0 G y-\po)n So. L e t i : (P*(#), po)~> (V, p0) and j : (So> 80)-+(V, s0)
be inclusion maps. We then have induced homomorphisms of the
fundamental groups

I So)*: ^(So, So) — π£PN{R), p0) .

1 The integers mod 2.
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There is the commutativity relation η* j * = i*{η \ So)*. Since V is the
universal covering space of V, r)* = 0, and since PN(R) is a deformation
retract of V, i* is an isomorphism. Consequently (η \ So)* = 0. From
the uniqueness of covering spaces corresponding to a given subgroup
of the fundamental group (see, e.g. [6, Th. 6.6.16]) it follows that
SQ is homeomorphic to the universal covering space of PN(R), i.e., to
the JV-sphere and that η \ So is two-to-one. Since η is two-to-one on
V, we have that S — So and consequently that S is an iV-sphere.

Next we show the existence of a Δ e ^ί^ which contains PN(R) and
which is contained in V. For this purpose, define a map Φ: V—>CN

by setting

zl + + z2

N zl+ + z2

N J

if ge V has homogeneous coordinates (z0, •• , ^ Λ ) . The Φ so defined
is proper. If not, there is a sequence {ζ(fc)}Γ=i in CN which converges
to C0)eCN such that for some choice of points fa e 0~%{k)), fa~^
go e PN(C)\V. Let g0 have homogeneous coordinates (40), , z$). Then
Σ(z{P)2 = 0. We can choose homogeneous coordinates (z{

o

k), , z^]) for
3, so that for fixed j , 0 ̂  j ^ N, zf — zf. Let ζ(0) = (ζ{0), . , ζ ^ ) .
Since Φ(g,) -> ζ(0), we have, for 1 ̂  j ^ N,

CP - lim (4fc))2(te(fc))2 + + mY1 ,

and since gΛ—> go and g0 ί V, this implies that zf] —*0. From z{jk)~->zf,
we conclude that zf = 0 for 1 ̂  j ^ N. The fact that I^zf)2 = 0
implies that z(

0

0) — 0, so (zΓ, , z^) = (0, , 0) which is impossible.
Thus Φ is proper. A short calculation shows that with the exception
of the points in the variety

every point of C^ has exactly 2^ preimages under Φ so the multiplicity
of Φ is 2V. This remark also indicates that Φ is regular at each point
of the sets Φ-\{(ζίf , ζ*): | G | - = | ζN \ = R}). If g e V has real
homogeneous coordinates, the definition of Φ(g) shows that Φ(ι) lies in
UN, so if s > 0, then the set

4β = Φ~1{(zί, •• , ^ ) G C Λ : | ^ | < l + ε for j = 1, ...,iV}

is an element of 5ίΓN with the desired property.
Let PN(R) c J c F , Δe 5ίΓN, and let Δf = η~\Δ). The mapping η:

V—* V is a covering map and so is certainly an element of Λί(Δ\ Δ).
Assume that <Ssf(Δr) is generated as a module over ^J^(Δ) by two
elements, Fγ and F2, so that if / G J / ( J ' ) then for some &
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we have that /(j) = F^g.iviz)) + F2(i)g2(r)&)). In particular, the func-
tions Fλ and F2 must separate points on each of the fibers y]~\%),
$ePN(R). Let SN be the standard iV-sphere in RN+1 and denote by
ξ: SN —> PN(R) the usual covering map which identifies antipodal points.
If τ: SN —• S is a homeomorphism such that ζ = η o r, then the mapping
SN-^C2 given by J—•CFΊ(r(j)), î 2(τ(3))) is continuous and separates
antipodal points. Since C2 is, topologically, R\ and since we have
assumed JV ̂  4, we have obtained a contradiction to the Borsuk-Ulam
Theorem [6, Corollary 4.3.7]. Consequently, J*f(Af) is not generated by
two elements over η*j&(Δ). This argument shows, in fact, that any
set of generators for Ssf{A') must contain more than N/2 generators.

2 J^(zf) as a module over Ψ*J&(Δ). Complementing the
previous example, we have the following result.

THEOREM 2.1. // / , J e χ and F e ^ ( / , 4 ίfcew J^(J') and
ίZ"°°(J') are finitely generated projective modules over Ψ^J^(J) and
Ψ^H^i/J) respectively.

Proof. It is easy to see that Jzf(A') is finitely generated over
Ψ*Jzf(Δ) and that a similar result obtains concerning H°°(/l'). Let
Ψ e ^f(Δ, UN). Then φoψ e ^f(Δ', UN), and consequently J*f(Ar) is
finitely generated over (Φoψ)*jϊf(UN): We know by [7, Th. 1.4]
that for some Bu , Bm e έ?(Δ'), each feSsf(A) is of the form

for some choice of f3- in Ssf(UM). Since foφ is in J%f(A), this shows
that J^(J ') is finitely generated over Ψ*J^(A). The case of H°°(A')
can be treated in the same way. Somewhat more is required to show
that these modules are projective.

Since We^r(Δr

9Δ)9 there is a neighborhood Ωr of A' which is
mapped properly onto a neighborhood Ω of A by Ψ. We know [7,
Lemma 1. 2] that the direct image sheaf Ψ*^^, is locally free of rank
λ, λ the multiplicity of Ψ on Ω. Let W be a relatively compact open
set which is a Stein manifold and which satisfies Ωz> WZD W~D A. By
Cartan's Theorem A and compactness, there exist

Flf ---,FqeΓ(Ω,Ψ*έ?Ω)

such that if j e W, then the germs (Fs)h generate {Ψ*^Ω,)£. Thus,
if H is the sheaf homomorphism £7q —• ^ ?̂V given by i/"(/Ί, •• ,fq) =

^ for all f, e ^ δ then

2 By a result of Forster and Ramspott [4, Satz 2], we can take q = λ + [N/2],
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( 1 ) ^ — Ψ+<?Q. >0

is exact over W.
We now need a lemma which is surely well known but for which

we are unable to provide a reference. (Remarks of the referee have
enabled us to abbreviate our discussion of this lemma).

TT

LEMMA 2.2. // <5f > £ζ —* 0 is an exact sequence of locally
free sheaves over a complex manifold M, then ker i ϊ is locally free.

Proof. The sheaves £^ and Si are locally free and the question
is local, so we can suppose 6^[—^>v

1 P? = &q. Since ker if is
coherent, it suffices to prove that for each g e M, the stalk (ker H)h

is a free ^-module. (See Lemma 1.2 of [7]). We have the exact
sequence

0 > k e r # >£?* > έ?Q >0

so we can invoke [2, 1.2.5, Proposition 5 and II. 5.2, Corollary 2] to
conclude that (ker i ϊ ) 5 is a projective ^-module. Since projective
modules over local rings are free, we can conclude that (ker H)% is free
as desired.

To continue with the proof of the theorem, we apply the lemma
to the sequence

(2) 0 > ker H • <?* -^U Ψ*£?Ω, > 0

over W obtained from (1), and we find that this is an exact sequence
of locally free sheaves. Consequently [4, Th. VIII C 7], the sequence
(2) splits, and in particular there is a sheaf isomorphism L of Ψ*έ?Ω.
into &q such that RoL is the identity on Ψ*έ7Ω, and LoR is a
projection of &q onto the range of L. Apply this to the spaces of
sections over Δ and pull the resulting statement back to Δr by way of
the map Ψ. We find that there are exact sequences of f*^(J)-module
homomorphisms

L' /w

0 —

and

> 0 .

Here H\f o Ψ, . -. ,fq o ψ) = ^ Fάfά o Ψ where Fά e έ?(Δ') corresponds to
the section Fό of Ψ*έ?0,, LΌH' projects ?F*^(J) onto the range of
L', and Ή.ΌL' is the identity on έ?(Δ'). This establishes ^{Δf) as a
finitely generated, projective ^^( iO-module .

To treat Ssf{Af) and H°°(Δ'), note that since L is a sheaf isomor-
phism, U extents to an isomorphism L" of ^{Δ') into (Ψ^^>(Δ))q and
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that H' extends to a homomorphism H" of (Ψ* ̂ {Δ))q to έ?(Δ').
The form of H shows that H" carries (Ψ*sf{Δ))q into j&(Δ') and
(ψ*H°°(Δ))q into H~(Δ'). In fact # " carries {Ψ*J*f{Δ)Y and (Ψ*H°°(Δ)y
onto j&(Δ') and H°°(Δ') respectively. As we noted at the beginning
of the proof, if / e j / ( / ) , then f=ΣιB,'fi°Φ f ° r some
and some JBy e £?(/'). We have B3 = #'(£,) for some 5,6 (
On (Ψ*j^(Δ))q, H" acts as a f*jy(J)-module homomorphism, so we
have f=H"(ΣjBjfj°Φ). The case that / lies in H~{Δ') may be
treated in a similar way.

Also, L" carries J^(zf) into (Ψ*J^(Δ))q and ff-(J') into (Ψ*H~(Δ))<.
If / G J^(J '), we write / = Σ BjfoW as above. Then L"/= Σfj°L>"B3.
We have ZΛB.e (f *<^(J))*c (?Γ*J^(J))«. Thus Z,"/ is in (f*j^(zθ)*
as asserted. The H°° case follows in the same way.

The operator L"°H" acts on (Ψ*j^(Δ))q as a projection with
range the range of L" on j&(Δ'). To see this, note first that the
range of L"°ΈL" is L"{j*f{Δ')), for J ϊ " carries {Ψ*Ss?(Δ))q onto
J^(J ') . If / e j / ( / ) , then since H'ΌL" is the identity, we find that
L'ΌH"{L"f) - L'7, so L'Όff" is a projection. Since L" takes j*(Δ')
isomorphically into (Ψ*J*f(Δ))q, we have proved that j&(Δ') is a pro-
jective ?F*j^(z/)-module. In the same way, it follows that H°°(Δ') is a
protective ?Γ*JH

Γoo(z/)-module, and the proof of the theorem is concluded.

3. Criteria for the freeness of J^(J') over Ψ*J^(Δ). There
are certain cases in which j^(Δ') is necessarily free over Ψ*j&(Δ).
To introduce some of these we need to consider products. Suppose
Λ e ^ , J 2 e J i 2 , and let Φ5e^e(Δό, UNή. If βy is a neighborhood
of J; which is mapped properly into the neighborhood W3- of TJN*,
j = 1,2, then the map Ψ: Ωλ x Ω2-+ W1 x W2 given by

is proper, and Δ1 x Δ2 = ψ-\ZJN1+m). Moreover, Ψ is a local homeo-
morphism at each point of ψ-\τm+m). Thus Δ, x z/2 € <βΓN1+N2, and
?" G ̂ T(Λ x Δi9 Um+m). Similarly, if we are given Δ[ and Δ[ in STN1

and ^ ; , 2 respectively and if Φ^^^Δ^Δ^), j — 1,2, then the map
Φ1 x Φ2 from 4 x Δ'2 to Λ x Δ2 defined by Φx x Φfa, j2) - (ΦiίSi), Φ2(32))
is an element of ^t(Δ[ x J{, ^ x zί2). If Φd has multiplicity λ̂  , then
Φι x Φ2 has multiplicity λ ^

THEOREM 3.1. If for j = 1, 2, J, , Δ) e 5fNp if Φ3 e ^t(Δf

j9 Δd) is of
multiplicity λ, , and if S>f{Δf

3) is free of rank X3- over Ψ*jzf{Δ3), then
Δί x Δ[) is free of rank λxλ2 over (Φί x Φ2) **s&(Δγ x Δ2).

Before giving the proof of this theorem, let us mention that by
Theorem 2.3 of [7], if Φ e ^f(UN, UN), then in an obvious extension
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of the above notation, Φ — φι x ••• x φN where each φάe^/έ{TJ, U)
is a finite Blaschke product.

Proof. Let {F?\ , Fg} be a free basis for j*(Δ[) over Φ*
and let {Fx

(2), -- ,F%} be one for J ^ ( 4 ) over Φ*j&(Δ2). We assert
that the set {F^ Fk

i2): l ^ j ^ X ^ l ^ k ^ λ2} is a free basis for
J&(Δ[ x 4 ) over (Φ, x Φ2)* J ^ ( 4 x Δ2).

Define £^(3) for s e J ; to be the set ΦT^Φi(i))9 and define E2($) for
5 6 Ja in an analogous way. In general Efa) will consist of X1 points.
Since {Fk

{1)} is a free basis for J^(Δ[) over Φ f j ^ ^ ) , each fejy?(Δ[)
has a unique expression in the form

fti) ^ ^(1)(8)/i(Φi(δ)) + ••• + ^ ( ί ) / ^ ) )

with /x, , fh 6 j y ( 4 ) . The functions / y o φ1 can be computed explic-
itly by Cramer's rule: fό(ΦM)) — D5{^)D~ι(^) where, for 3 e Δr such that
£Ί(g) consists of λj. distinct points, say JS71(g) = {ĝ  •• ,8 1̂}, we have

2?(8) - det (^"(j*))^/,^^ ,

and jDyίg) is obtained from D{%) by replacing the j t h column by the
column vector (/(&), , /(j^)).

If we are given an element G e J ^ ( J ί x Δ'3), then for fixed w e Δ'2,
the preceding remarks may be applied to the element G(-,w) of

where, for fixed w, fs( , w) e J^(ΔJ). The expression for fs as a certain
quotient of determinants shows that //(0i(8)> ^) is in fact an element
of J*f(Δ[ x Δ[). Thus, for fixed 3, we can write

Σ

Again, we can compute the functions gj)k explicitly: If E2(w) =
{wιy , wh], then flri>A(j, Φ2(w)) = Dk($, Φ2(w)) D(i, Φ2(w))~ί where, as
before,

5 = det {F^(wm))lsk,mSh

and 5^(3, Φ2(w)) is obtained by replacing the kth column of D by the
column vector {fj(Φι{l),wι), * ,fj(Φί($),wλ2)). This representation for
gjtk shows that for fixed w, gjtk(i9 ΦJiw)) is, as a function of 3, constant
on the set Efa). Thus, we can write gitk($, Φ2(w)) = h^Φ^i), Φ2{w))
for some suitably chosen hjΛ e «J^(Λ x Λ) We now have the repre-
sentation

G(3, w) - IFV(i)FP(w)hj,kMi), Φ2{w))
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for G. Thus, {F^F^} is a set of generators for j*f(Δ[ x Af

2) over
(Φx x Φ2)* j^(A x 4).

That F^1]Fί2) are free generators is now clear: If there were a
nontrivial relation

0 - ΣFFtoWPMhUΦiii), Φ«(w))

Then for some fixed choice of w we could regard this as a nontrivial
relation among the functions Fix\ •• ,JF7jJ). But since {Ff]} is a free
basis for j&(Δ\), no such relation can exist, and the theorem is proved.

It is clear that a similar result obtains for products of more than
two elements of 3ίΓN and that an analogous theorem holds for bounded
functions.

We saw in [7] that if J e X and Φ e ̂ t(Δ, UN), then j*f(A) is
a free module over Φ*j%f(UN). The essential ingredient of this proof
is the fact that for some neighborhood Ω of I and some neighborhood
W of UN, the sheaf Φ^Ω is a free sheaf over W. The relation
between the freeness of Jzf(A) over Φ*j%f(UN) and the freeness of
the sheaf Φ^Ω is one which persists in more general settings.

THEOREM 3.2. // A, A' e 3ίΓN, if Φe ̂ t(Δ', A), and if J^f{Δf) is
free of rank λ, λ the multiplicity of Φ, over Φ*Ssf{A), then for some
neighborhood Ω of Δ' on which Φ is defined, the sheaf Φ^Ω is free
over ^Φ[Ω).

Before proving the theorem, a simple preliminary observation is
needed.

LEMMA 3.3. // Δ, Ar e 3TN, if Φe ̂ f(Af, A), and if Jϊf(A') is free
over Φ*j&(Δ), then there exists a set of free generators for Sf(A')
which consists of functions holomorphic on a neighborhood of Δf.

Proof. By hypothesis there exists an isomorphism

L:

it is of the form

for some fixed elements Fl9 , Fq e Ssf{A'). The operator L is contin-
uous and so it has a continuous inverse L~\ If S: Φ*J*f{A)q-+Ssf{A')
is near L in the norm topology of J^{Φ*s/{Δ)q, s^(A')),3 then S^L"1

3 We use J5f(X, Y) to denote the continuous linear operators from the Banach
space X to the Banach space Y.
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is near the identity of £f{J*f{Δ'), J*f{Δ')) and so is invertible. Thus,
if S is near L, S is also an isomorphism. Therefore if we choose
functions G19 , Gg holomorphic on a neighborhood of I' so that G3

is uniformly near F3- on Δf and if we define

S:

by S(f o Φ, , fq o φ) = ΣGjfj o 0, then S is a 0*j^(J)-module isomor-
phism, i.e., {£?!, , Gq} is a free basis for Sif(Δ') over Φ*jy(J) . That
the desired approximating functions exist is contained in [7, Corollary
I. 6].

Proof of Theorem 3.4. Let Flf , Fλ e ^(Δr) be a free basis for
over Φ*J^(Δ), and let Ω be a neighborhood of J such that

F19 * ,Fχ are all holomorphic in Ωf = Φ~ι(Ω). We have a homomorphism
J^ϊ ^ έ — Φ*<?V defined by j T ^ , •••,/•,) = 2 ^ - ) / ; for all

(fl9 ...,fλ)eέ?l,zeΩ' .

Here jFy is the section of Φ*έ?Ω, corresponding to F3 , and {Fj)h is its
germ at g. We shall show that ^ is a sheaf isomorphism at least
when we restrict attention to some, possibly smaller neighborhood of Δ.

Consider a point j e I. We shall show that the stalk map given
by ά?~ is an isomorphism in the stalk over j . Since Φ*έ7Ω, is locally
free of rank λ, there is an isomorphism L: ^\—> {Φ^Ω)h. Denote
by eό the element (0, , 0, 1, 0, , 0) (1 in the j t h place) of <^\, and
let gό e (Φ*^Ω,)h be the image of e3- under L. There is a neighborhood
W of 5 in which all the germs g3 can be represented by sections of
Φ*έ?Q,, call these sections g5. Thus, g5 e έ?(Φ~\ W)). If Va W is a
small neighborhood of 5, then on (Φ"-1(F))", the functions ^ will admit
uniform approximation by functions Gό e <S?{Δ). We can choose the
approximating functions G3 so that in the expression

the functions h{

k

j) lie in <^(Δ). The Go give sections Gά of Φ*&Ω, which
lie in the range of J^7 Moreover, for any choice of G3 , we obtain a
homomorphism U: &>\—>(Φ^Ω)h by setting L'(e3) = (G3)h If the
functions G3 approximate the functions g3 sufficiently well, the 1/ so
obtained will be an isomorphism since L is. Fix a choice of the G3

so that U is an isomorphism.
Using U', we can see that ^ ^ is onto (in the stalk over g), for

the range of a?' contains {Gίy •• ,G^} and so it contains the module
generated by this set. Since Lr is onto, it follows that this module
is the whole of (Φ*έ?Ω,\.

The fact that j ^ ~ is one-to-one in the stalk over 3 follows from
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Cartan's Theorem A. If &~(f» , fλ) = 0, (fίf . . . , fλ) e ^ _
the sheaf of relations among Flf * ,Fχ is nontrivial over I. Thus
by Cartan's Theorem A, there is a nontrivial section of J%~ over J",
i.e., there exist hlf , hλ e &(!) not all of which are the zero function,
such that ΣhjFj = 0, i.e., ΣF3hjθφ = 0. This is impossible since
{Flf -—,Fλ] is a free basis for J ^ ( / ) over Φ*J^(j).

Thus, for all gG j , ^ carries &\ isomorphically onto (Φ*^Ωt)h.
Consequently, the same assertion holds for all 5 in a neighborhood of
Δ, and the theorem is proved.

Note added in proof. My colleague S.J. Sidney has observed that
with a somewhat more careful use of the Borsuk-Ulam theorem, it is
possible to show that the example of Section I is valid in dimensions
two and three as well as in higher dimensions. Consider, in the
notation of that section, a z ί e 3ΓN, N^2 with PN(R) c J c F , and
let Δ' = η~ι{A). Assume that F and G generate A(Δ') as a module
over η*j^(Δ). If / is any element of j&(Δ'), we can write /' = fβ+ f0,
fet /o£ J^f(Δf) where fe is even in the sense that it is constant on the
fiber ^ ( ^ j e J , and f0 is odd in that if ^ ( j ) = (5', 5"), then /0(8') =
- /0(δ"). To obtain such a decomposition, write /.(j) = i(/(j') + f{f))
where η-\η(i)) = {3', 5"}, and define /0 to be / - /e. It is clear that
fe is, in fact, even, and that f0 is odd. It is easily verified that this
decomposition of / into a sum of even and odd parts is unique.

By hypothesis, if h e Ssf{Ar), we have h = fF + gG for some choice
of /, g e r]*s*f(A). The functions /and g are both even, and it follows
that if h = he + h0, then

K = fF0 + gGe

and

h0 =

By suitable choice of hej^(Δ), we can arrange that the pair
ô(δ)) be any point of C2, so it follows that the

determinant b($) = is zero for no choice of 5.

However, b is an odd function. Thus, continuing with the notation
of Section I, boξ is a C-valued function on SN which is zero-free and
odd in that if p and q are antipodal points in SN, then boξ(p) =
— bo£(gr). Since C is topologically R2 and since JV ^ 2, the Borsuk-
Ulam theorem implies that such an odd function has a zero, and the
desired contradiction has been reached.
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A CHARACTERISTIC PROPERTY OF THE SPHERE

L. T AM ASSY

It was proven by P. Funk that the only symmetrical star-
shaped body, all of whose intersections with planes through
its midpoint have surface area π, is the unit sphere. In this
paper the same conclusion is deduced from a materially weaker
hypothesis and an application of the result is given.

We consider the set Π of those planes through the midpoint of
a symmetrical body in the three-space, whose normals make an angle

with a fixed plane Γ. rj is an arbitrary positive constant.

THEOREM. The only symmetrical star-shaped body with smooth
boundary, which is intersected by elements of Π in figures of surface-
area π, is the unit sphere.

Star-shapeness means, that each closed ray from the midpoint out
meets the boundary of the body at most at one point.

The property expressed in the theorem obviously holds for the
unit sphere.

Let B be a symmetric starshaped body with smooth boundary and
center 0. Let n be a unit vector. We denote the plane through 0
and perpendicular to n by P{n), and the surface-area of the intersec-
tion of P(n) and of B by A(n): A(n) = Area (B Π P(n)). Let 0 be the
origin of a cartesian coordinate system and Γ the (y, z) plane.

We suppose A(n) = π for <̂C(w, Γ)<η, and we start to prove the
uniqueness of B.

Let P be a point of the boundary dB of B in the (x, y) plane ε.
We denote the tangent plane to dB in P by Σp. Let a be a line in ε
through 0 and σ a plane through a (see the figure). We draw the
normal n to e through P and we denote the intersection of n and σ
by P; the intersection of dB and P0 by R; and the intersection of
Σp and OR by Q. K denotes the foot of the normal from P to a. We
draw the perpendicular to n through P in the plane of 0 and n; let
V be the point of intersection of this line and of QP. Finally we
denote

QP = q; TO - r; PK = r ^QPP = f; ^PKP = τ; < P 0 P - v

and the angles measured in the positive sense from an arbitrary
direction d to 0P(resp. to α) by α(resp. β). τ and v are regarded
positive if P lies in the positive half space of ε, otherwise they are
negative, q is positive if n separates Q and 0 (in the plane of n, 0),
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otherwise it is negative, ψ has the same sign as q, and r and f are
not negative. We note that Q and R are uniquely determined by
a, β and τ for a given body B.

Let now σ turn about a into ε. Then τ and v tend to zero and
R(v) moves in a curve in the plane of 0 and n having the tangent QP
at P. Thus we must have

( 1 ) lim °Q ~ ^
v-> 0 V

S i n c e v — » 0 f o l l o w s f r o m τ —>0 a n d i n v e r s e l y , a n d s i n c e | r | ^ | v | ,
w e g e t f r o m (1)

Multiplying by 0Q + OR and emphasizing the dependence of Q and R
on a, β, τ, we get

( 2 ) E, β, τ) - 0R\a, β, τ) _
τ

Let 0 = a0 < at < <αw_1 < αw = TΓ be a subdivision of the interval
(0, π) of α. We consider (2) for the different a^i = 1, 2, , ri), and
we put Δa{ = ^Qia^, β, τ)0Q(aif β, τ). Now, multiplying by Jaif sum-
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ming for i form 1 to n, and then carrying out an appropriate limit
process, we obtain

lim

where the second integral of the numerator gives the surface-measure
of the intersection of B and σ and, thus, its value equals π according
to our condition, provided that | τ\ < ΎJ. (In this case the normal of
σ makes with Γ a smaller angle than η).

Furthermore

QQ = θP+PQ = r + q + o(τ)

where o denotes the small ordo, introduced by Landau.1 According to
an elementary computation,

ΔS = Δa + o(τ)Δa

and

[*q*da + Γ(r2 + 2rq)o(τ)da
Jo Jo

Γ[2r + 2q + o(τ)]o(τ)da .
Jo

Substituting (4) into (3) and changing the order of the integration
and of the limit process in some terms we obtain

I r2da- \θR2da ,πf Ί

lim -Js is + 2\ lim-^X Ida
τ->0 X JθLr-+O Z J

oL r-»o f

+ ίΊim [2r + 2 g + o(r)]o(r)_d- = Q _
JO r-»0 Γ

r2dα = Area (B Π e) = π. The two last
0

terms vanish because of limΓ_0 {o(τ)/z} = 0.
We show that limΓ^0 (q2/τ) = 0. From the triangle PQPΔ we have

q: rtgv = sin ψ: sin (τr/2 — ̂  — v). Thus, g = rtgv sin α/r/cos (τ/τ + v),
and, because of | τ |
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q2

τ

V
II q*

V

tgv
V

tgv
cos2 (ψ + v)

0 .

if τ 0.0 and, thus v

Now, we transform the only remaining term \ [limr_0 (rq/τ)]da of
Jo

(5). An elementary computation shows that q — v Λ- o(τ), where v =
VP. (The sign of v equals that of q.) So (5) gives

( 6 ) ΐlim—
)Lr-0 Γ

=: 0 .

Since Q is a function of a, β,τ and P a function of a, v is a
function of α, /3, τ. If α J. OP, then β = a± (π/2) 0 ^ β <π., and
then v = τ. We put v(a, a ± π/2, T) = v*(a). T being a fixed positive
value of τ which satisfies the condition Tr <η. The subscript " 0 "
denotes the perpendicularity of a and OP, and the asterisk denotes
r = Γ. Thus, v*: vt = PP*: PP? = rtgT: rtgT and v* = v*(r/r).

Furthermore, v*: v = r tgT: r tgτ. Hence v* = v(tg T/tg τ). Comparing
this to the previous expression of v* and taking in account the rela-
tion r = r I sin (a — β) \, we have

tg 1

Substituting this into (6), and taking in account that r and v* are
functions of the a alone, we get

| sin (a - β) \ da = 0 .
r-0 τ tg T

Performing the limit process and reducing by the constant 1/tg T, we
obtain

( 7 ) I r(a)vf(a) \ sin (a — β) \ da = 0 .
Jo

B must be shaped so that this equation is fulfilled for any β between
0 and π.

We show that (7) can hold only for vt(a) = 0. Put r(a)vt(a) =
φ(a). Then (7) has the form

( 8 ) [Kφ{a) I sin (a - β)\da = 0 for all β e (0, π) .
Jo

Let us suppose for the moment that <p(a) has a finite number of sign
changes between 0 and π and is not identically zero. Let these be
a1 < a2 < < ar. Then
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( 9 ) [*<p(a) Σ [«* I sin (a - at) | + 6< | sin (α - βt) \]da = 0
JO i = l

for any ai9bi9 βi9 since (9) is a linear combination of (8) for some
special β which satisfy α,- < βό < α i+1(j> = 1, 2, , r — 1); /3r = π.
We consider the functions

f^a) = — α : sin (α: — α^) — 6X sin (α — A ) — α2 sin (α — a2)

— b2 sin (α — β2) - — br sin (α: — /3r)

f^a) = + αx sin (α — α j — δx sin (α: — βλ) — a2 sin (a — a2)

— b2 sin (a — β2) — — 6 r sin {a — βr)

f2(a) = + αL sin (α — αL) + δL sin (α — /SJ — α2 sin (α — a2)

- b2 sin (a — β2) — — 6 r sin (α - βr)

f2(a) = + aλ sin (a — aλ) + bι sin (α — /SJ + a2 sin (α — a2)

- 62 sin (a — β2) — — 6r sin (a - βr)

fr(a) = + α x sin (α - αx) + 6X sin (a - A) + ̂ 2 sin (a - α2)

+ b2 sin (α - /52) + + br sin (a - βr) .

We denote by Φ(a) the sum under the integral sign in (9). Then

Ua) = Φ(a) &_x £ a ^ a, (β0 = 0)

Ma) = Φ(a) a^a^β, (i = 1, 2, . . . , r) .

and

(10) fi(ai)=fi(ai)

as well as

fj(βj) = Λ+iG8y) (i = 1, 2, . . . , r - 1) .

Each of the f{(a) and of the f^a) has the form A sin a + 5 cos α.
Thus each of them has only one zero between 0 and π defined by
tga = BjA, and f^a) esp. fi(a) changes sign at this point.

Making use of the 3w — 1 parameters aίy bif βd we can achieve

(11) U*i) = 0 .

and

(12) sgn Mi- (a,) = sgn <ψ- (a,) .
da da

Then Mai) = 0 is a consequence of (10). Thus the a{(% = 1, 2, , r)



444 L. TAMASSY

are all the zeros and sign changes of Φ(a) between 0 and π. <p(a) is
continuous, since both r(a) and vf(a) are so. Because of (12) and the
continuity of f(a), Φ{a) and φ(a) have the same sign over (0, π), and
they do not vanish identically. This implies a contradiction to (9).
Therefore, <p(a) cannot have a finite number of sign changes. Hence,
the sign changes of φ(ά) have some accumulation points. Let us sup-
pose that these accumulation points are not everywhere dense. Since
φ(a) is continuous, cutting out the accumulation points (each with a
suitable small neighborhood) changes the integral (8) by less than an
arbitrary small number. Performing the previous process on the re-
maining domain of a we arrive again at a contradiction. Hence, the
sing changes of φ(ά) must be everywhere dense. This is impossible
unless φ(a) vanishes identically:

(13) φ(a) = r(a)vf(a) = 0 .

If r(a) were zero for any a, then B would reduce to the point 0 by
the starshapeness and the symmetry of B, and we would have
Area (B Π e) = 0 Φ π. Thus we get r(a) Φ 0, and from (13) v£(a) = 0.
This means that ε is perpendicular to the tangent planes to dB at
the points of 92? Π ε.

Until now we used A(n) for planes whose angle with ε is smaller
than η. Then we have used A(n) only for those n for which (n, z) < η,
z being the coordinate axis perpendicular to ε. The endpoints of these
vectors n fill a small circle C on the unit sphere around "north pole"
(resp. around its south pole).

Now we want to show that ΣpA.0P. Instead of ε we choose a
plane ε' through OP whose angle with ε is ω(0 < ω < T). Let us
perform the foregoing consideration for this ε' replacing T by a Tf

such that 0 < T" < T — ω. These considerations lead to Σp_Lε'. But
from Σp±ε, ε' it follows that Σp is perpendicular to the intersection
of ε and ε', i.e., Σp±0P. In this part of the proof we have used
A(n) again just for the n whose endpoints fill a circle C on the unit
sphere with a center inside C (because of ω < Γ), and with a radius
such that C ' c C (because of T < T — ω). Hence, we were able to
proove Σp±0P; Pe dB Π ε, using A(n) merely for n belonging to C.

Let us consider a pencil of planes through the x axis. Let us
perform our whole proof for all the planes of the pencil. This leads
us to the result that Σp 1 OP for each P e dB. But a continuous sur-
face with this property cannot be other than a sphere whose radius
must be 1 because of A(n0) = π, n0Le. During this last step of the
proof we used A(n) for all planes of the pencil in a small circular
neighborhood of the normal of the plane of the pencil on the unit sphere.
The union of these circles forms a small strip around the great circle
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in the (y, z) plane of the unit sphere, as stated in the theorem.
We show an immediate application of the theorem. In a Minkow-

skian geometry Mn with indicatrix S, the surface area | F | of a plane
figure F is defined as the euclidean surface area X(F) of this figure
F, multiplied by an appropriate factor. This factor is π divided by
the euclidean surface-area of the intersection of the interior B of S
and of the plane σ through the midpoint 0 of S and parallel to F:

(14) \F\ = - X(F)2.
λ(£n<7)

The first factor on the right hand side of (14) is a function of
the plane position only: π/m(σ). H. Busemann [2] investigated affine
measures where this factor is not deduced from a convex symmetric
body B but it is rather arbitrarily given. From the theorem of this
paper follows again an answer to the question treated by H. Busemann,
whether or not an arbitrary continuous m(σ) can always be derived
from a symmetric star-shaped body B as surface area of its inter-
sections with planes through its midpoint.3 Namely, taking a differen-
tiable function m(σ) over the positions of planes in 3-space, (a) having
value π on the planes, whose normals make an angle with the y, z
plane smaller than η, and (b) having values differing from π elsewhere,
we get a function which cannot be derived from any symmetrical
body in the above sense (i.e., so that m(σ) = Area (B Π σ)). Namely
the body B ought to be a sphere because of (a), according to our
theorem; on the other hand it cannot be a sphere, since no sphere
satisfies (a) and (b) simultaneously. Thus this m(σ) presents a sim-
ple and concrete negative example. Negative examples for higher
dimensional spaces are any functions over the position of planes in n-
space that are differentiate extensions of the previous function.

I wish to thank Professor Heinrich Guggenheimer for valuable
conversations concerning this matter.
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SOME ASPECTS OF GOLDIE'S TORSION THEORY

MARK L. TEPLY

Goldie's torsion class vf is a class of left i?-modules closed
under taking submodules, factor modules, extensions, arbitrary
direct sums, and injective envelopes. The corresponding Goldie
torsionfree class j ^ ~ is precisely the class of left .R-modules
possessing zero singular submodule. It is shown that & is
closed under taking direct products if and only if nonzero
left ideals in j ^ ~ have nonzero socles. Another theorem gives
four conditions equivalent to the following: Any direct sum
of torsionfree injective modules is injective. One of these four
conditions is that the ring R is an essential extension of a
finite direct sum ^(R) © L, 0 L2 0 0 Ln, where each Li
is a uniform left ideal of R. It is natural to ask when R
actually equals this direct sum. A sufficient condition for this
to happen is given. Rings in which every torsionfree principal
left ideal is projective are studied. Particular attention is
paid to those rings whose Goldie torsion filters possess a cofinal
subset of finitely generated left ideals.

In this paper all rings R are associative with unit, and all modules
are unitary left jβ-modules.

Before proceeding, we review some results from [2]. The Goldie
torsion class is the smallest class of modules which is closed under
taking factor modules, extensions, and arbitrary direct sums, and
which contains all factor modules B/A, where A is an essential
submodule of B. Then the class J?"= {Fe RΛ£ | Hom^G, F) = 0 for
all Geg 7 } is a torsionfree class in the sense of [5]. Moreover, (g^,
J^") is a torsion theory in the sense of [5], & Π J^ — 0, and every
M e R ^ has a (necessarily unique) maximal torsion submodule & (M)
such that M/&(M) e JK ^ is precisely the class of iϋ-modules which
have zero singular submodule; moreover, ^~ is closed under taking
submodules, direct products, extensions, and injective envelopes. In
particular, a left ideal I of R is in j ^ ~ if and only if I has zero
singular submodule when considered as a left i?-module. In case R
is an integral domain, then & coincides with class of modules which
are torsion in the usual sense.

Associated with & there is a filter of left ideals F(&) =
{L I R/L e gf}. In [1] J. S. Alin shows L e JF(Sf) if and only if there
exists U essential in R such that L g L' and (L: x) is essential in R
for all x e U. In particular, every essential left ideal of R is in F(&).
As in [14], F(&) is said to have a cofinal subset of finitely generated
left ideals if, given L e F(Ss), there exists I §Ξ L such that / is finitely
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generated and IeF(g?).
When we say a module G is "torsion," then we mean G e ^ ; when

we say a module F is torsionfree, we mean F e ^ .
An i2-module M will be called uniform if, for any pair L, N of

nonzero submodules of M, L Π N Φ 0. A left ideal of R is called
uniform if it is uniform as a left jR-module.

1* Products of Goldie torsion modules* In [9] J. P. Jans
investigated classes of modules which are closed under submodules,
homomorphic images, extensions, and direct products. Such classes
are called torsion-torsionf ree classes (TTF classes). It is clear that
the Goldie torsion class will be a TTF class if and only if & is closed
under direct products. R. S. Pierce has pointed out ([9], Th. 2.1)
that gf is closed under products if and only if I = f\LeF{ίf) Le F(%?).
In that case I is a two-sided idempotent ideal of R. In studying the
simple torsion class SΌf S. E. Dickson [5], J. S. Alin has shown [1]
that if Sf is closed under direct products, then & Π S? is closed under
direct products. If nonzero modules have nonzero socles, then Sf —

R^£, and hence Alin's results shows & is closed under direct products.
This motivates the main result of this section (Th. 1.3).

Since the ideal / = Γ\LBF{y) L plays a key role in examining Goldie
torsion classes closed under direct products, we begin this section by
examining I.

PROPOSITION 1.1. Let 1= Γiz.eF&)L. Then I e ^ 7

Proof. By Zorn's lemma, there is a left ideal / maximal with
respect to Jf] &(I) = 0. Then J + ^(1) is essential in R. Since gf
is closed under extensions, then the exact sequence

0 _ J + Sf(f) _ R y R yQ
0

J J J+ )

yields R/Je &, i.e., JeF(^). Thus by the definition of / , j 2 / 3
5f (7), and hence gf(J) = 0.

LEMMA 1.2. Let 1= C[LeFrjsnL, and suppose & is closed under
direct products. Then:

( 1 ) If J is a left ideal of R and J £ J, then I = J®K for
some left ideal K.

(2) // / Φ 0, then I— 0Σ«e5ίSα where Sa is simple and 21
is an index set.

Proof. Let J £ I be a left ideal of R. There exists a left ideal
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K of R maximal with respect to the properties K Π / = 0 and K £ I.
Then K@ J is essential in /and hence I/Kφ Je Sf. By [9] Th. 2.1,
IeF(57); so the exact sequence

> 0

yields R/Jξ&KeS?, i.e., JφKeF(^). It follows from the defini-
tion of I that J © K 2 /, and hence I = J φ ίΓ.

(2) follows from (1) and [4], Theorem 15.3.

THEOREM 1.3. The following are equivalent:
(1) ^ is closed under direct products.
(2) Nonzero modules in ά?~ have nonzero socles.
( 3) Nonzero left ideals in ά?~ have nonzero socles.

Proof. (1) => ( 2 ) : Suppose F e J?~ and 0 Φ xe F. By [9]
Theorem 2.1 and (1), Ie F(&). Claim Ix Φ 0; for otherwise IeF(^)
implies Rx e &, and Rx £ F implies Rx e <&. Thus Rx e gf Π ̂  = 0,
a contradiction. By Lemma 1.2, it then follows that Sαx Φ 0 for
some simple left ideal Sα. Then Sαx is a nonzero homomorphic image
of Sα9 and hence is a simple submodule of F. Thus F has nonzero
socle.

( 2 ) => ( 3 ): Trivial.
( 3 ) => ( 1 ) : If R e gf, then ^ = R^/S, and so the result is trivially

true. Suppose R £ gf. Since & is closed under essential extensions,
there exists K ^ R such that K e ĴC By (3) there exists S £ K with
£ simple.

Claim that L e F(%?) implies S g L . For if L n S = 0, then
S = S + L/L S i2/L G ^ and hence S e ^ , contradicting S e ̂ 7 But
then L Γ) S Φ 0 implies SQL. Since L e F(%?) was arbitrarily chosen,
then S S ΠLSF^) L = I. Therefore K Γι I Φ 0.

Let J be a left ideal of R maximal with respect to J Π / = 0.
By the previous paragraph J contains no left ideals in ^ 7 hence ^ ( J )
is essential in /. Therefore Je^. So the exact sequence

0 J + J 2* R 0

yields R/Ie &, i.e., I e F(^). Hence & is closed under direct products
by [9], Theorem 2.1.

In [1] J. S. Alin points out that every simple module in ^ is
projective. Hence if R has no protective simples and *& is closed
under directs products, Proposition 1.1 and Lemma 1.2 imply 7 = 0 .
Thus we obtain:
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PROPOSITION 1.4. Suppose R has no protective simples. Then
5^ is closed under direct products if and only if Re &.

It is known [2] that the following are equivalent: (1) R = 5f(R) + S
(ring direct sum) where S is semisimple with minimum condition; (2)
^ is closed under homomorphic images; and (3) the Goldie global
dimension of R (see [2]) is zero. Thus it is of interest to examine
these rings in relation to the condition: ^ is closed under direct
products.

PROPOSITION 1.5. R = ^(R) + S (ring direct sum) where S is
semisimple with minimum condition if and only if the following
conditions are satisfied:

(1) gf is closed under products.
( 2 ) I — Γ\LeF(s?)L is finitely generated as a left ideal.
( 3 ) There are no nonzero nilpotent left ideals in

Proof. (<=): If R has no protective simple modules, then we
are done by Proposition 1.4. Let R — Sx 0 Mλ with Sι simple. If
I = ΠLBF^) L, then S1 c / follows from (1). Hence J = & φ (Λfi n I) .
If Mx D I contains a simple summand S2 of R, then it follows that
R = Si 0 S2 0 (Mi n Λf2) where .# = S2 0 Λf2. Proceeding by induction
R = St 0 S2 0 © Sn 0 (Π?=i ΛQ. Now this induction process must
stop after a finite number of steps by (2), say

where IΠ (Π£=i ̂ ) contains no simple summands of R. Set P)£=i Mt = G.
We claim that If] G — 0. For otherwise (1) and Theorem 1.3 imply
there exists a simple module S C / ΠG. S2 ^ 0 by (3) and Proposition
1.1. Let x, y e S such that #?/ ̂  0. Then 7/ generates S, and
(0: ?/) Π S = 0 since S is simple. But (0: y) is maximal, and hence
(0: y) 0 S = R, contradicting I Π G contains no simple summands of
R. Hence / Π G = 0 as claimed, and so / = Sλ 0 0 SN.

Now observe that G = &(R) as follows: Clearly ^(R) cannot
properly contain G. On the other hand, G = IJ

rG/I^R/Ie^ by
(1), and hence Ge5f. Therefore, G = 2f(i2).

Since R = G 0 / and since G and / are two-sided ideals, then
R z=z G + I (ring direct sum.)

(=>): If R = Sf (12) + S, where S is semisimple with minimum
conditions, then [2], Theorem 3.1. and the remark following [2],
Corollary 3.4, show 5^ is closed under direct products.

2* Direct sums of torsionfree injectives* The main theorem
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of this section points out the relationship between cofinal subsets of
finitely generated left ideals in F(&) and properties of sums of tor-
sionfree injective modules. This relationship is also studied in [13].
An example in [13] shows that, for more general torsion theories [5]
than the Goldie theory, the analogue of Theorem 2.1 (1) => (5) is not
always true. In [7], Theorem 5.6, a ring with &(R) = 0 and the
ascending chain condition is represented as an essential extension of
a finite direct sum. Condition (3) of Theorem 2.1 represents more
general rings in this way.

THEOREM 2.1. The following are equivalent:
(1) F(&) has a cofinal subset of finitely generated left ideals.
( 2 ) R contains no infinite direct sum of torsionfree left ideals.
(3) R is an essential extension of 5f(R) φ Lγ φ L2 φ φ Ln,

where each L{ is a uniform left ideal.
(4) R/^(R) = K where K is an essential extension of a direct

sum of finitely many uniform torsionfree left ideals.
( 5 ) Any direct sum of torsionfree injective modules is injective.

REMARK. [13], Theorem 1.2, gives eight additional conditions
which are equivalent to (5) (above) for more general hereditary torsion
theories in the sense of [1], [9], and [13].

Proof. (1)=>(2) : Let 0 Σ α e w L t t be a direct sum of nonzero
torsionfree left ideals of R. Then there exists a left ideal L of R
such that L f] (Σα6™

 L«) = ° a n d v = L θ (Σ«e* La) is essential in R.
Then VeF(&), so (1) implies that there exists N^V with Ne F(&)
and N finitely generated. Now each generator N has a nonzero
representation in only finitely many coordinants of V = L φ ( φ χ α e w La).
Since N is finitely generated, it follows that there exists u g w such
that I u I < Ko and N S L φ Σ α 6 M La. Suppose \u\ <\w\. Then

V 7?

since ΛΓe L ® ( φ Σ««.I'«) implies L φ ( 0 Σ « s , 4 ) e ^ ) . Hence
Θ Σ κ » - « La e ^ Π ̂ ~ = 0, contradicting Lα ^ o. Hence \w\ =
\u\ < fc$o> establishing (2).

( 2 ) =» ( 5 ): Consider the diagram:

0 >I^R

( c ) φ\
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where J is a left ideal of R and {Fa}aew is a set of torsionf ree injective
jβ-modules. Note that Φ(&(I)) 0. If / is an essential extension of 5^(1),
then / = %?(I) since ^ is closed under essential extensions; but then
the zero map from R to 0 Σ « e w ^ « makes (c) commute.

If / is not an essential extension of 5^(1), then by (2) there exists
a finite direct sum 0 Σ?=i Rχi contained in I maximal with respect
to Sf (J) n ( 0 Σ?-i R%i) = 0. Then U = Sf (I) 0 ( 0 Σf=1 Rxt) has the
properties: I/Ue& and φ(U) is contained in a direct sum of finitely
many F'aa (aew). So by the injectivity of the F^s (aew), there
exists f:R-+ξBΣaewFa such that f\U= φ\U. Since (/ - φ)( U) = 0,
there is an induced map flr: //?/—>© Σ α 6 w Fa via g(x + U) = (/ - ^)(x).
Since I/Ue%? and Fae^va, then 0 = 0, and hence f\I=φ.
Hence / makes (c) commute, and thus φ Σ ^ , ^ is injective.

( 5 ) => ( 1 ) : [13], Theorem 1.5.

( 2 ) = > ( 3 ) : By (2) let 0 Σ?=i A- be a maximal direct sum of
torsionfree left ideals of R. From (2) it follows that each torsionfree
left ideal contains a uniform left ideal. So by breaking the L{ apart
into direct subsums, we may assume each L{ is uniform. By the
maximal property of 0 Σ?=i Li9 it follows that Sf (i?) 0 ( 0 Σ?=i ^ ) is
essential in R.

( 3 ) => ( 4 ): If Λf g Sf (Λ), we claim M Π Σΐ

?=i ^ ^ 0. For sup-
pose M£%?(R) and Jkf Π (Σ?=i ^ ) = ° τ h e n l e t

( )) ΓΊ M

by (3). Then ^ ^ 0 . If (0; g)x =£ 0, then Jl/Π Σ»?=i ̂ ί ^ 0, a con-
tradiction to our assumption. Hence (0: g) x = 0, and so a? e ^(Af).
Thus Λf n (Σί1^! U 0 ^(J?)) G ^ . From (3), M n (ΣίLi ̂  Θ Sf (JB)) is
essential in M, and hence Me & by ^ closed under essential exten-
sions. Thus M S &(R), which is a contradiction to our choice of ikf.

From the claim, it follows that R/^(R) = K is an essential ex-
tension of ( 0 Σf=i ^<) 0 ϊ?(R)/Z?(R) = 0 Σ?=i A with Lt. uniform.

(4)=>(1): Assume Rί^. Let i ί be an essential extension of
Φ Σ f = i 4 ^ uniform left ideals; JSΓ = R/&(R) by (4). If JeF(&),
then ί n L i ^ O since I,,- e ^ 7 Choose 0 ^ αjt e / Π L{ for i = 1, 2, , n.
Since L̂  is uniform, Rxi is essential in Liβ Hence

= 0 Σ
0 Σ

So the exact sequence
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R R

θ Σ Rast Sf (22) 0 Σ
i = l

yields β/Σ?=i Ito* e S?', i.e., Σ ? = i ^
The following result of F. L. Sandomierski ([12], Th. 2.5) is an

immediate corollary of Theorem 2.1 (2) => (5):

COROLLARY 2.2. // R has no infinite direct sums of left ideals,
then any direct sum of injective R-modules with zero singular sub-
module is injective.

EXAMPLE. TO see that R can have an infinite direct sum of left
ideals without having an infinite direct sum of torsionfree left ideals,
consider the ring R = [Π«ew Pla)] + N (ring direct sum) where | w | ^
y$0, p^ = Z/(p2) (Z = integers, p = prime), and N is a commutative
Noetherian ring with zero singular ideal. Then &(R) = Π«eW P{a),
and R clearly has infinite direct sums of left ideals. But since R is
commutative and Ne^ is Noetherian, R contains no infinite direct
sums of torsionfree left ideals. Thus Theorem 2.1 gives a proper
generalization of Sandomierki's result.

If R has zero singular ideal, then F(&) = {I\I is an essential
left ideal of R}. Hence the following result of C. Walker and E. A.
Walker ([14], Th. 4.20 (b) <=> (c)) is an immediate corollary of Theorem
2.1 (1) ~ (2).

COROLLARY 2.3. Let R have zero singular ideal, and let
be the filter of all essential left ideals. Then the following are
equivalent:

(1) F(&) has a cofinal subset of finitely generated left ideals.
(2) R has no infinite direct sums of left ideals.

3. (^~PP) rings* From Theorem 2.1 we see that the condition,
has a cofinal subset of finitely generated left ideals, is equivalent

to R being an essential extension of the finite direct sum

where each I/; is a uniform left ideal of R. It is a natural question
to ask when R is actually equal to this direct sum. The condition that
torsionfree principal left ideals are protective plays an interesting role
as a sufficient condition for equality. The main purpose of this section
is to examine this role and hence to obtain generalizations of some
xesults of L. Levy [11] and A. Hattori [8].
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A ring R is called {^PP) if every torsionfree principal left ideal
is protective. This is a generalization of Hattori's concept of (PP)
ring [8]. There a ring is called (PP) if every principal left ideal is
projective. It is easily seen that a ring R is (PP) if and only if R
is (JTPP) and gf (Λ) = 0.

THEOREM 3.2. Let R be an {^PP) ring. Then the following
are equivalent:

(1) F(^) has a cofinal subset of finitely generated left ideals.
(2) R = Reγ φ Re2 φ φ Ren φ A, where each Re{ is a uni-

form left ideal and where A is an essential extension of

N! = 0 for i = 1, 2, , m, and each Ni is R-isomorphic with some
Rej{i) where j(i) e {1, 2, , n). Moreover, 1 = eι + e2 + + en + α,
α G i , am? αiNΓί = 0 for i = 1, 2, , m.

Proo/. (1) => ( 2): If i£ = ^( i ί ) , then there is nothing to prove.
If R φ &(R), then there exists a left ideal I such that In &(R) = 0
since ^ is closed under essential extensions. By (1) and Theorem 2.1
(2) we may assume I = Rx is a uniform left ideal in ^ T Now the
exact sequence

must split since R is (^PP). Hence R = Dι φ ^ where A = i?α;.
Write 1 = βi + αx where eγ e ΰ , αx e Ax. Then JDX = 22e1# Since & is
closed under homomorphic images and Ώx e J^, then &(R) S A^

We proceed by induction to define Re2, Res, * ,Ren as follows:
Suppose ReL, * ,Reu has been constructed such that

R = Re, φ φ Reu φ Au ,

S Att, each Pe^ is a uniform left ideal, and

1 = eί + e2 + + eu + αtt , α ^ G i , .

If Att = ^(12), we are done. If Au Φ &(R), then let Rx Φ 0 be a
torsionfree uniform left ideal contained in Au. If i?̂ α? = 0 for all
i = 1, 2, , u, then Aπα; = i2α; e ^ 7 So the exact sequence

0-> (0: x ) n A t t ^ 4 - > Aux-> 0

splits since Attx is projective. Hence Att = Du+ί φ Att+1 where Du+ί =
Aua;. Write αtt = eπ+1 + αw+1 with eu+1 e Du+1, αu+ί e Au+1. Then JB =
i?e, φ φ Reu φ Reu+1 φ A%+1, and gf (Λ) S A.+1.

By (1) and Theorem 2.1 (2), it follows that the above process
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must stop after finitely many steps (i.e., eventually we cannot assume
Re{x = 0 for all i as above). Hence we may assume that we have
constructed uniform torsionfree left ideals Reγ, Re2, , Ren with the
properties:

( i ) R = Re, © 0 Ren 0 A.
(ii) 1 = ex + e2 + •-. + en + α, aeA.
(iii) If Rx g A is a nonzero torsionfree uniform left ideal, then

RβiX Φ 0 for some i e {1, 2, , w}.
(iv) S (̂Λ) £ A.

Suppose 0 Φ Rx e J^~, Rx £ A, and JR# uniform. It is easily seen
that erf,- = 0 for ί Φ j and ê α = 0 V i = 1, 2, , n. So for # e iϋ#,
ϋtê α?/ = 0. Since Ray £ iϋa;, it follows from (iii) above that αj/ = 0.
Let q be the least integer such that Reqx Φ 0, which exists by (iii).
It is easily verified that iί ve φ ΣiφqRβi 0 A, then veqx = 0. It
follows that if (0: eqx) Π Req Φ 0, then (0: eqx) is essential in R, and
hence (0: eqx) e F ( ? ) . But then Reqx e & Π ̂ ^ = 0, a contradiction.
Therefore, (0: eqx) Π i2βg = 0.

Note that the conditions
( a ) (0:^)2(0X^^)0 A
( b ) (0: ββα;) Π Λββ = 0

(c!) jB = Λ β 1 φ . . . © Λ β H φ A

imply that (0: egx) = ( 0 ^iΦq Re^ 0 A, and therefore Reqx = Req. Set
Nt = i?eαx. Then JV? £ (iία α).jRα; = Rx (aRx) = Rx-0 = 0.

If A is not an essential extension of JVΊ φ &(R), then repeat the
process used to obtain N, to get iV2 £ A such that iV2

2 = 0 and Rep = N2

for some p e {1, 2, , π}. By induction we construct JV3, iV4, with
the desired properties. Moreover, by (1) and Theorem 2.1 this induc-
tion process stops after finitely many steps, say m. Thus A is an
essential extension of N: 0 N2 0 0 Nm 0 &(R) as desired.

( 2 ) = > ( 1 ) : This is an immediate consequence of Theorem 2.1
(3) - (1).

The next theorem is the main result of this section.

THEOREM 3.3 The following are equivalent:
(1) R - Sf (Λ) 0 Rt 0 R2 0 . 0 RM, where R,R3 = 0 for i Φ j,

Ri is (J?"PP), Rι is a direct sum of uniform left ideals, and R{ has
a simple classical left quotient ring with minimum conditions for
i = 1, 2, , m.

(2) ( i ) R is iJTPP).
(ii) F(^) has a cofinal subset of finitely generated left ideals.
(iii) There are no nonzero torsionfree nilpotent left ideals in R.

( 1 ) ^ ( 2 ) : Write R{ = Rf, where 1 = Λ + f2 + . . + fm + g
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and ge 5f(R). We claim that any principal left ideal in ^ is R-
isomorphic to a principal left ideal in Rf + Rf2 + + -B/» For if
x = r,f + + rmfm +[rg generates a principal left ideal in ^ 7 then
the mapping of Rx induced by

a? —> n/i + + rmfm

has kernel ϋΓ = {trg \teR,trge Rx}. But then Rtrg e & n J ^ = 0. Thus
iΓ = 0 and the claim is established.

Thus to show (i), it is sufficient to show that each principal left
ideal in Rf + + Rfm is iϋ-projective. Since each Rf — R{ is (^~PP)
and ficfj = 0 for iΦj (ceR), this is easily verified using the fact
that each JS, is (J^PP).

Condition (ii) is immediate from Theorem 2.1 (3).
Looking at the projections of any torsionfree nilpotent left ideal

into the R[s, we see that the images of these projections all must be
nilpotent left ideals. Since each R{ has a simple classical left quotient
ring with minimum conditions, then it follows from [10], Theorem
(p. 268), that each image is zero. It follows that zero is the only
nilpotent torsionfree left ideal.

( 2 ) => (1): By Theorem 3.2, we have

R = Re, φ Re2 φ φ Ren © A ,

where A is an essential extension of &(R) φ Nλ φ N2 φ Nm with
N! = 0 for i = 1,2, « ,m. From (iii) it follows that A=S?(R).
Hence J? - Re, φ © Ren φ gf (Λ).

Define i ~ j if either ^J?βy Φ 0 or βyi2^ ̂  0 for 1 ̂  ifj ^ n. I t
is easily verified that — is an equivalence relation. Let S(l), S(2), ,
S(m) be the distinct equivalence classes of {1,2, « ,w} under ~, and
let R{ = Σiesu) Λβy. Using Goldie's Theorem ([10], p. 268), the reader
can verify that the R{ have the required properties.

Note that "(^PP)" can be replaced by "finitely generated torsion-
free left ideals are protective" or "torsionfree left ideals are protective"
in the statement of Theorem 3.3, and the result remains true with
only trivial modifications in the proof. In case R has a semisimple
left classical quotient ring with minimum conditions, then &(R) = 0,
R has no infinite direct sums of left ideals, and R has no nonzero
nilpotent left ideals. Hence the following result of L. Levy ([11],
Th. 4.3) is a special case of Theorem 3.3.

COROLLARY 3.4. Let R be a hereditary ring with semisimple
left classical quotient ring S. Then R is a direct sum of hereditary
rings {R{ \ i = 1, 2, , n} which have simple left classical quotient
rings with minimum condition. When considered as a set of left
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ideals of R, {R{ | i = 1, 2, , n) constitutes a minimal set of anni-
hilator ideals of R, and hence the quotient rings of the iϋ s are the
simple components of S.

Since the concept of torsion defined by L. Levy [11] coincides
with the Goldie torsion concept for rings possessing a semisimple left
classical quotient ring with minimum conditions, the next corollary is
a generalization of [11], Theorem 6.1.

COROLLARY 3.5. Suppose that the conditions of Theorem 3.3 hold
with "(J?~PP)" replaced by "finitely generated left ideals in J?~ are
projective." Suppose R/%?(R) has the ascending chain condition on
annihilator right ideals, and suppose that R contains no infinite
direct sum of right ideals. Then every finitely generated R-module
M is a direct sum of &(M) and finitely many left ideals of R.

Proof. Under these hypotheses R/5^(R) has a two-sided semi-
simple classical quotient ring with minimum conditions. Note that
R/5f(R) also possesses a Goldie torsion theory, which coincides with
Levy's torsion theory for R/^(R). Let M be a finitely generated
β-module. Since M/&(M) is a i2/ί^(#)-module, it follows from [11],
Theorem 5.2, that M/&(M) is isomorphic to a submodule of a free
J?/^(J?)-module. But by Theorem 3.3, R/S?(R) = R, + R2 + + Rm

(ring direct sum), where each Rt is semi-hereditary. So [3] Theorem
1.6.1 yields M/&(M) = 0 Σ?=i I*> where J; is a finitely generated left
ideal of R/^(R). By Theorem 3.3, each xeR can be written uniquely
as n + r2 + + rm + g, where r< e R{ and g e &(R). Hence each
x9 = x + ^(R) G R/^(R) can be written uniquely as

rx + r2 + . . + rm + Sf (Λ) .

Thus each I; is iϋ-isomorphic to a finitely generated left ideal of R
contained ΣίU-B* y i a

n + r2 + + rm + gf (JB) > n + r2 + + rm .

So by Theorem 3.3, each I{ is iϋ-projective. Therefore,

An element n of a left ideal N of R is said to be in the center
modulo &(R) if the image of n under the natural homomorphism
p: R—> R/^(R) is a nonzero element of the center of the ring R/^(R).
Equivalently, an element n is in the center modulo &(R) if, for each
xeR, there exists an element tx e ^(R) such that xn = nx + tx.
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PROPOSITION 3.6. If R is (J^PP) and every nonzero nilpotent
left ideal in J^~ contains an element in the center modulo 2 (̂22),
then in fact R has no nilpotent left ideals in J^~.

Proof. Assume otherwise. Then there exists neR with the
following properties:

(1) RneJK
( 2 ) (Rn)2 = 0.
( 3 ) For each x e R, there exists tx e &(R) such that nx = x + tx.

By (J^PP), there is an isomorphism X:Rn~+Re, where e2 = e Φ 0.
Let r e R be such that X(rn) = e. Then ne (0: rn) = (0: β), so that
erw = ner + t = t for some £ 6 5f(R). So (1) implies that e e (0: rw) =
(0: β), a contradiction.

COROLLARY 3.7. Let R be commutative. Then the following are
equivalent:

(1) R is (ά?~PP) and F(^) has a cofinal subset of finitely
generated left ideals.

( 2 ) R — ̂ (R) + Rι + R2 + + Rn (ring direct sum), where
each Ri is an integral domain.

Proof. Apply Proposition 3.6 and Theorem 3.3. Then note that
a commutative prime ring is an integral domain. Conversely, (2) ==> (1)
follows from Theorem 3.3.

Recall that R is (PP) if and only if R is (^PP) and gf (i2) = 0.
Hence the following result of A. Hattori ([8], Lemma 3) is a special
case of Corollary 3.7.

COROLLARY 3.8. Let R be a commutative ring having no infinite
direct sum of left ideals. Then R is a (PP) ring if and only if R
is a direct sum of integral domains.

The results in § 2 and § 3 of this paper will appear in the author's
dissertation at the University of Nebraska. The author is deeply
indebted to his adviser S. E. Dickson for his advice and encourage-
ment. He is also grateful to J. S. Alin and E. P. Armendariz for
several stimulating conversations.
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EXTREMAL STRUCTURE OF STAR-SHAPED SETS

F. E. TlDMORE

It is shown that the convex kernel of a compact star-
shaped subset S of a finite-dimensional linear topological space
Ln is determined by the (n — l)-extreme points of S. The car-
dinality of the set of /c-extreme points is determined for
compact star-shaped sets of dimension greater than two. Also
given is the result that any compact star-shaped subset S of
Ln contains a countable set of (n — l)-extreme points which
determines the convex kernel of S. Another result is that a
compact nonconvex star-shaped set £> in a locally convex space
L is determined by the convex kernel of S and the subset of
points that are extreme in S relative to the convex kernel of
S.

The convex kernel of a star-shaped set S will be denoted by ckS,

the line segment {ax + (1 — a)y: a e [0,1]} will be denoted by xy, the

ray {βy + (1 — β)x: β ^ 1} will be denoted by xy°° and L{x, y) will
denote the line containing x and y, x Φ y. The convex hull of a set
S will be denoted by conv S. The notation intv S will denote the
interior of S relative to the minimal flat that contains S. The set
{x: f(x) = a}, where / is a linear functional, will be denoted [/: a].
Set-theoretic difference will be denoted by \, and the closure of a set
S will be denoted by cl S.

The concept of fc-extreme point was introduced by Asplund [1],

DEFINITION 1. If S is a subset of a linear space L, a point
x e S is a Λ -extreme point of S if no fc-simplex Δ exists such that
xG intv J c S .

For a subset S of a linear space L, Sx will denote the ίc-star of
S determined by the point xe S; that is, the set of points y such
that xy c S. If S is a closed (compact) subset of a linear topological
space L, then for any xeS,Sx is a closed (compact) set. If TaS,
let

sτ = n sx.
xeT

A point p belongs to the convex kernel of S if, and only if,
xp c S for all x e S, which is true if, and only if, pe Sx for all xe S.
Thus ckS — SS9 which motivates the following definition.

DEFINITION 2. In a linear space L a subset T of a star-shaped
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set S is said to star-generate the convex kernel of S if ckS = Sτ.
Such a subset T is said to be a star-generating set for ckS.

THEOREM 1. Let S be a compact star-shaped subset of Lk+1. Then
the set S(k) of k-extreme points of S is a star-generating set for
ckS.

Proof. Without loss of generality, suppose that 0 e ckS. If S =
ckS, then S is convex and Sx = S for each x e S and the result fol-
lows since 0 Φ S(l) c S(k). Let p e S\ckS. Then there exists a
point y e S such that py ςz! S. Since S is compact, y can be chosen
such that S ΓΊ intv py°° = 0 . Since py ςt S, there exists a point 2 e
(intv py)\S. If ye S(k), then p £ Sy implies p $ SSUe). If y $ S(k) there
exists a fc-simplex J such that y e intv Λ a S. Consider the convex
cone C = {βy + (λ — β + 1) 2: /3, λ >̂ 0}, which has vertex z and is
contained in the subspace U with basis {p,y}. Since £ Π intv py°° =
0 , J must intersect U in some line other than L(p, y); thus, S Π intv
C Φ <Z. There exists a linear functional / defined on Lk+ί such that
f(q) = 1 for every q e L(p, ?/); clearly 0 ί L(p, y) since py ς£ S and 0 e
c&S. The continuous linear functional f19 the restriction of / t o L',
attains a maximum on the compact set C Π S at some point w e intv
C. Let Jϊ = [/:/(w)] Since H f] C Π S is a compact subset of the
1-dimensional set Hf)L', there exists a minimal closed line segment
in intv C which contains H Π C f] S. Each endpoint of this segment,
which may be degenerate, must be a point in S(k). Let v be one of
these endpoints. The points p, y, z and v are in Lr. If pv c S, then
the fact that 0 e ckS implies that z e conv {0, p, v} c S, a contradic-
tion. Hence, pvφS and p<tSs{k). Therefore, S\ckS c S\SSUB), which
gives the desired equality, since clearly ckSaSsw

It is not always sufficient to consider only the set of familiar
extreme points S(l) as a star-generating set for ckS. For example,
in E3 let S be the union of three closed faces of a 3-simplex. In
some cases, proper subsets of S(k) exist which will star-generate ckS.
However, characterizing such subsets may be very difficult, as in-
dicated by the following example.

EXAMPLE 1. In the plane E2 let Bu be the upper closed unit
half-disc, Br the right closed unit half-disc. Let

Tx = conv [{-2βx} U (Br + (2eλ + e2))] ,

T2 = conv [{-2e2} U (Bu + (2e2 - e,))] ,

S= ΓxU TzUi-TjUi-Tz) .

Then any star-generating subset of S(l) must contain four distinct
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sequences of carefully chosen extreme points.

THEOREM 2. If S is a compact star-shaped set in LnJ and dim
(S) ^ 3, then S(n — 1) is an uncountable set.

Proof. Without loss of generality, it can be assumed that Oe
ckS. Since dim (S) ^ 3 there exists some point x e S, x Φ 0. If
βx e S(n — 1) for every β e (0,1), then S(n — 1) is uncountable. Other-
wise, consider some w — βx such that w g S(n — 1). Then there
exists an (n — l)-simplex Δ such that w e intv J c S . Since n — 1 ̂  2
there exists a nondegenerate line segment w c J such that zw f] Ox =
{w}. There exists a linear functional / on Ln such that

There exists a point # e [/: 0] such that the set {y, z, w} is linearly
independent. For each X e [0,1] consider the subspace L(λ) of Ln

with basis {y, Xz + (1 — X)w}. Let /^ be the restriction of / to L(λ).
The set L(λ) n S is compact; hence; /j attains a maximum on L(λ) π S
at some point u,fλ(u) ^ 1. Since dim (L(X) Π [/:/(^)]) = 1 and

L(λ)nsn[/:/W]

is compact, there exists a minimal closed line segment in L(λ) which
contains L(X) Π [/:/(^)] Π S. This line segment must have at least one
endpoint, which must belong to S(n — 1). For each pair of distinct
real numbers λ, μ in [0,1], L(X) Π L(μ) c [/; 0], There exists points
pλ e L(X) Π S(n - 1), pμ e L(μ) Π S(n - 1) such that f(pλ) ̂  1, f(pμ) ^ 1,
which implies that pλ Φ pμ. Thus, the set S(n — 1) is uncountable.

THEOREM 3. Let S be a closed subset of a linear topological
space L and let T be a subset of S that star-generates ckS, which
may be empty. If M is a dense subset of T, then M star-generates
ckS.

Proof. Since MdT then clearly SτaSM. Suppose that M i s a
proper subset of T and ckS is a proper subset of SM. Then there
exists a point q e SM\ST. But Sτ = SM Π ST\M; thus q $ Sτw. This im-
plies that q<ίSx for some xeT\M. Since q e SM, MaSqy which is
closed. Hence, xe Tad Ma Sq, which implies that xqaS and that
qe SXJ a contradiction. Therefore, ckS = SM.

THEOREM 4. If S is a compact star-shaped subset of a normed
linear space L, then any subset T of S which star-generates the con-
vex kernel of S contains a countable subset M which also star-generates
the convex kernel of S.
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Proof. The norm of L induces a metric on L. The compact set
S can be considered as a compact metric space, where space is now
used in the topological sense. The compact metric space is separable,
which implies that S is second countable [2], Any nonempty subset
T of S is a second countable topological space with the relative to-
pology, which implies that T is separable. There exists a countable
subset M of T such that T c cl M. Theorem 3 implies that M star-
generates ckS and the theorem is proved.

COROLLARY. Let S be a compact star-shaped subset of Lk+1.
Then there exists a countable subset of S(k) which star-generates ckS.

Klee [3] introduced the concept of relative extreme point.

DEFINITION 3. If S and T are subsets of a linear space L, then
x e S is said to be extreme in S relative to T if there do not exist
points y e S,ze T such that x e intv yz.

If S is a star-shaped set, exk S will denote the points of S which
are extreme relative to ckS, and Es = (exkS)\ckS.

THEOREM 5. Let S be a compact nonconvex star-shaped set in a
locally convex space L. Then C = S, where

C = U conv (ckS U {y}) .
yeE S

Proof. Since EsaS, conv (ckS U {y}) c S for each yeEs. Thus,
C c S . Consider z e ckS U exk S; since Es Φ 0 , as shown below, z e
C. Let K = ckS. Suppose that z e S\(ckS U exk S) and without loss
of generality, suppose that z = 0. Since K is compact and convex,
K* and — K* are closed convex cones with vertex 0, where K* =
{λx: x e K, λ ^ 0}. Since z g exk S there exist points x e K and w e S
such that 0 e intv xw. Clearly w e -K*\{0}, S Π (-ίΓ*\{0}) Φ 0 and
Sθ( — K*) is compact. Let u be an arbitrary point in —ϋΓ*\{0};
since L is locally convex and iΓ* is closed and convex, there exists a
closed hyperplane H = [/:/(%)] such that u e i ί and H f) K* = 0 ,
where / is a continuous linear functional. It can be assumed that
/(if*) ^ 0, which implies that f(u) > 0. The functional / then attains
a maximum on S f] (~K*) at some point v e S Π ( — K*). Suppose
that v $ exk S. There exist points pe K,qe S such that v e intv pq.
Since v e -if*, v = -λp' , p' e if, λ > 0, and

v = ap + (1 - a)q , 0 < α: < 1 .

Therefore, v = — λp' = <xp + (1 — a)q and q = τq', where τ < 0 and
q'eK. Thus, ? e S n ( — !£"*). But it can be easily shown that
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> f(v)i which contradicts the fact that f(v) ^ f(x) for each xe

S n (-ΛΓ*). Hence, v e (exk S) Π(-K*) and 0 e C, which implies that

SaC. This inclusion, along with the one given earlier, implies that

S = C.

The following result shows that the set Es is minimal in its use

in Theorem 5.

THEOREM 6. Let S be a compact nonconvex star-shaped set in

a locally convex space L. If T is a proper subset of Es then

C(T)= U conv(cfcSl)M)
yeT

is a proper subset of S.

Proof. Consider any proper subset Γ of Es; there exists some

point xeEs\T. If xeC(T) there exists some yeT such that xe

conv (ckS U {y}). Hence, x = Xz + (1 - X)y, where λ e [0,1], z e ckS.

But λ G (0,1) since x $ ckS U T. This implies that x g exk S, a con-

tradiction. Thus, x$C(T), which must be a proper subset of S.
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UNCONDITIONAL AND SHRINKING BASES
IN LOCALLY CONVEX SPACES

L. J. WEILL

Let E be a locally convex space with an unconditional
Schauder basis {x^ and let {fk} be the sequence of coefficient
functionals biorthogonal to {Xk}. Owing to works of R. C.
James and S. Karlin it is known that if E is a Banach space
then each of the three conditions which follow is necessary
and sufficient for {fk} to be a basis for £7* in the strong
(norm) topology.

(1) E has no subspace topologically isomorphic to the
space I1.

(2) E* is separable in the strong topology.
(3) E* is weakly (w(E*9 E**)) sequentially complete.

The primary purpose of this paper is to show that in certain
spaces which are more general than Frechet spaces and hence
than Banach spaces, each of the above three conditions is
necessary and sufficient for

(0) {fk} is a strong basis for E*.

Specifically if E is a complete barrelled space, each of (1) and
(2) is sufficient for (0). In any locally convex space (2) implies (1)
(even if E has no basis) and so each of (1) and (2) is necessary for
(0). If E is a space having the property that weak* bounded sub-
sets of JE* are strongly bounded (complete locally convex spaces and
barrelled spaces have this property) then (3) is sufficient for (0). (3)
is necessary for (0) if E is both barrelled and metrizable.

Besides the papers of James [8] and Karlin [9], related matter
of importance is contained in the works of M. M. Day [2, Ch. 4]
and C. Bessaga and A. Pelczynski [1]. E. L. Dubinsky and J. R.
Retherford [5] using Kothe sequence space techniques have proved
the (1) -> (2) 'part of Theorem 2.12.

1Φ Prelimiharie and fundamental theorems* Since the main
results of this paper depend upon many theorems which are not
widely known in their more general settings, the author thought it
wise to include this section which introduces, in addition to basic
theorems, some difinitions, terminology, and notation. No proofs are
given for known results.

If E is a locally convex space, then π will be used for the
canonical mapping from E to E**, the space of strongly continuous
functions on E*. For convenience, a subscript 2 will be added to
the word " space " to designate that the Hausdorff axiom is satisfied.

467



468 L. J. WEILL

A sequence {xk} in a linear topological space2 is called a basis if
for each element x in the space there is a unique sequence of scalars

oo

{/*(<&)} such that x = Σ/*(#)#*• The resulting linear functionals {fk}
are called the coefficient functionals. If the coefficient functionals are
continuous, then {xk} (or {xk,fk}) is called a Schauder basis. The

n

n-t\ι partial sum operator sn is defined by sn(x) = Σ fk(x)xk the n-th
remainder is defined by Rn(x) = Σ fk(%)%k We shall use Φ for the
collection of all nonempty finite subsets of the positive integers ω.
If σeΦ, then the cr-partial sum operator Sσ is defined by Sσ(x) =
Σ/jk(Φt; the (7-remainder is defined by Rσ(x) = x — Sσ(x). Note
that Rp o Rσ(χ) = R9Πa(x), and if p D # Φ 0 then S, o Sσ(a ) = S,nff(a);
if p π ^ = 0 , then S, o Sσ(sc) = θ for every x.

PROPOSITION 1.1. Let E be a linear topological space2. If
{%k>fk} is & Schauder basis or a weak Schauder basis for E, then
{fk>κ(%k)} is a weak* Schauder basis for E*. It follows that if {fk}
is also a strong basis then it is a strong Schauder basis with {π(xk)}
as the coefficient functionals. The σ-partial sum for {fk} is then
the adjoint of Sσ; i.e., Sί(f) = Σ πfe)(/)Λ - £/(%)/*. The

k e a k e a

σ-remainder is R* and of course R*f = f — S*f.

As a kind of converse we have the following.

PROPOSITION 1.2. Let E be a locally convex space2. If {fkFk} is
a weak* Schauder basis for E*, then {xk,fk} is a weak Schauder
basis for E, where for each k, xk is that unique element of E such
that π(xk) = Fk.

The next two propositions require the Barrel Theorem for their
proofs.

PROPOSITION 1.3. Let E be a barrelled space2. If {xk,fk} is a
Schauder basis for E then {fk} is a strong basis for the closed linear
span, [77], of {/,}.

Actually, in Proposition 1.3, "Schauder basis" may be replaced
by "weak Schauder basis" as the following reveals.

PROPOSITION 1.4. In a barrelled space a weak Schauder basis is
a Schauder basis.

A Schauder basis {xk,fk} is called a shrinking basis if {fk} is a
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basis for E* (in the strong topology). A basis {xk} is boundedly

complete if for each sequence {tk} of scalars such that {Σ tkxk}n=i is
oo k=ί

bounded, the series Σ **#* is convergent. The next proposition due

to J. Dieudonne [3, Prop. 6] strengthens Proposition 1.1 in the case

where E is barrelled.

PROPOSITION 1.5. If {xk,fk} is a Schauder basis in a barrelled
space2E, then {/J is a weak* boundedly complete basis for E*. Hence,
if {%k,fk} is a shrinking basis then {fk} is a boundedly complete
basis for E*.

The next proposition was proved for Banach spaces by R. C.
James [8] and generalized by J. R. Retherford [13].

PROPOSITION 1.6. Let {xk,fk} be a Schauder basis for a barrelled
space2 E. Then E is reflexive if and only if {xk} is both shrinking
and boundedly complete.

If (E, || ||) is a Banach space with basis {xk}, then a new norm
related to the basis can be formed: || x | | ' = sup{|| Sn(x) ||}. Both

n

norms have the same topology but the new norm is more useful. A
more general device has been developed by C. W. McArthur [14].
In the fundamental lemma which follows a part of this device is
abstracted even further in order that the result may be applied to
Theorem 1.18.

LEMMA 1.7. Let (E,τ) be a locally convex space and {ga:aeA}
a net [10, p. 28] of pointwise bounded linear operators on E. Let
^~ be the local base consisting of all barrelled neighborhoods of E.
For F G ^ define V to be {xeE:ga(x)eV for all aeA}. Then
we have the following.

(1) 3^~' ΞΞ {VΊ Ve 2̂ *} is a local base for a locally convex topology
τ' on E.

(2) If there is a subnet {gn{β):βeB} such that, for each
xeE, {gniβ)(x):β e B} is convergent to x then τf is stronger than τ.

(3) // in addition to (2) each ga is continuous and E is
barrelled, then τ' — τ.

Proof. By the criterion 6.5 of [10, p. 47], 3^' forms a local
base for a locally convex topology if the three conditions below are
met.

( i ) Each V e 3^"' is convex, circled, and radial at zero.
(ii) For each Uf and V of 3^' there is a We 3^' such that



470 L. J. WEILL

w c w n v.
(iii) tV belongs to 5^' for each F ' e ^ " ' and each scalar t.
Proof of (i). Let s and t be nonnegative scalars such that

s + t = 1. If &, 2/e F; then #«(#)> ga(y)e V for all α e A. Since V
is convex, s#«(x) + tga(y) = ga(sx + ty)eV for all α e A and hence
s# + ty e V so F ' is convex. Let 11 | ^ 1 a? e F \ #„(#) e F for all
a and since F is circled, tga(x) = #α(£#) e F for all α hence tx e V.
Therefore V is circled. Let x e E. Since ga is pointwise bounded,
there is a positive scalar s such that if 0 < t < s then £#«(£) e F for
all #. Hence tx e V so F ' is radial at zero.

Proof of (ii). There exists a We^" such that W U U Π F.
Hence r c ( ί / Π F)' = 17' n F ' .

Proof of (iii). For each scalar tftVe^\ Hence (£F)' = tV e ψ\
To prove (2) we show that V'czV for each F e 5 ^ . If α e V,

then flrα(a;) e F for all a and in particular gn{β)(x) e V for all β e B.
Thus since F is closed F is closed xe V.

To prove (3) we show that V is r-closed and hence a τ-barrel.
Let {yβ:βeB} be a net in V converging to y. Let aeA; then
since ga is continuous, ^ ( ^ converges with β to #«(#). Since
ga(Vβ) e F for each / 3 G S , flrα(y) G F; α: was arbitrary, so ye V.

Part (1) and (2) of the next proposition follow from the lemma.

PROPOSITION 1.8. Let (E, τ) be a locally convex space2 with a
basis {xk} and let y be as in Lemma 1.7. For F e ^ , define
V = {x: Sn(x) G V for each n e ω}.

(1) ^~' = {V: Ve V} is a local base for a locally convex
topology τf which is stronger than τ.

(2) // E is barrelled and {xk} is a Schauder basis then τ — τ'.
(3) // (E, τ) is complete, then so is (E, τ')%

The last propositions of this section are slight modifications of
results due to Retherford and Me Arthur [14],

PROPOSITION 1.9. Let E be a complete locally convex space2 and
{xk} a sequence of nonzero elements of E. If for each continuous
seminorm P on E there is a continuous seminorm Q such that
P(ΈΛ=ιak%k) ^ Q ( Σ L A ^ ) for p <ί q and arbitrary scalars aly , aq,
then {xk} is a Schauder basic sequence (i.e., {xk} is a Schauder basis
for its closed linear span [xk]).

PROPOSITION 1.10. Let E be a barrelled space2 with a Schauder
basis {xk}. Then for each continuous seminorm P there is a con-
tinuous seminorm Q such that for p ^ q and arbitrary scalars
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aly * ,ag,we have P(Σϊ = iα Λ α f c ) S

Let ΣΓ=î fc be a (formal) series in a linear topological space E.
The series is called unordered bounded if the set of unordered partial
sums {ΣkooσVk'- G € φ] is bounded. The series is called unconditionally
(or unordered) convergent if the net of unordered partial sums (with
inclusion as the order relation in φ) is convergent to an element of
E. It is well known that a series Σ~=I2/A; in a linear topological
space2 is unconditionally convergent if and only if for each permuta-
tion p of ω, the set of positive integers, the series ΣT=iVp(k) is con-
vergent (each series converges to the same element regardless of the
permutation).

The series Σ?=i2/* i s subseries convergent if for every subsequence
{Vnk} of {yk} the series Σΐ=iVnk is convergent. ΣΓ=i2/* is bounded-
multiplier convergent if for each bounded sequences of scalars {tk}
the series Σ?=it*2/* is convergent. Σ~=i2/* * s absolutely convergent
in a locally convex space E if the series is convergent and for each
continuous seminorm P on E, the series Σΐ=ιP(Vk) is convergent. In
any locally convex space, absolute convergence implies unconditional
convergence.

PROPOSITION 1.11. In a locally convex space a series is weakly
absolutely convergent if and only if it is weakly unconditionally
convergent.

Define a to be the set of sequences {am} such that am = ± 1 for
each m; define b to be the set of sequences {βm} such that βm = 0
or 1 for each m and define e to be the set of all complex sequences
{εw} such that | εm | <g 1 for each m.

PROPOSITION 1.12. // Σiΐ=1yk is a series in a locally convex space
E, then the statements below are equivalent.

(1) Σ Vk ^ unordered bounded.
(2) Σ Vk is weakly unordered Cauchy.
(3) The set {Σ*=i ockyk\ {ak} e a and neω} is bounded.
(4) The set {Σ£=i β ^ : {βk} e b and neω} is bounded.
(5) The set {Σ*=i ekVk'-{^k} € e and neω} is bounded.

COROLLARY 1.13. In a weakly sequentially complete locally con-
vex space a series is unordered bounded if and only if it is weakly
unconditionally convergent (weakly absolutely convergent).

The Orlicz-Pettis theorem for Banach spaces on subseries con-
vergence has been shown valid for locally convex spaces by Grothendieck
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and McArthur. For a proof of the theorem, which follows, see [12].

THEOREM 1.14. In a locally convex space2 a series is subseries
convergent if and only if it is weakly subseries convergent.

It is well known that in a sequentially complete locally convex
space, bounded-multiplier convergence and subseries convergence are
each equivalent to unconditional convergence [2]. The next theorem
adds three other conditions which are equivalent to unconditional
convergence. A proof of the equivalence of (1), (2), (3), and (4) can
be found in [15]. (1) is proved equivalent to (2) in [11] by use of a
certain convergence criterion.

THEOREM 1.15. Let {yk} be a sequence in a sequentially complete
locally convex space E. The following six statements are equivalent.

(1) The series ΣΓ=i2/& converges unconditionally.
(2) For any equicontίnuous subset A of E*, the series Σ~=i I f(Vk) I

converges uniformly for feA.
(3) The series ΣΓ=iα*2/* converges uniformly for {ak} e a.
(4) The series Σ£=1skyk converges uniformly for {εk} e e.
(5) The series Σ~=i2/fc ^s bounded-multiplier convergent.
(6) The series Σ?=i2/* ^s subseries convergent.

Since a weakly (sequentially) complete locally convex space is
(sequentially) complete, Theorem 1.14 and 1.15 imply that in a weakly
sequentially complete locally convex space a series is unconditionally
convergent if and only if it is weakly unconditionally convergent.
Thus similarly to Corollary 1.13 we have the following.

COROLLARY 1.16. In a weakly sequentially complete locally
convex space2, a series is unordered bounded if and only if it is
unconditionally convergent.

A basis {xk1fk} in a linear topological space2 is called an uncondi-
tional basis if for each x in the space the series Σ^=ιfk(x)xk is un-
conditionally convergent to x. Hence, {xk, fk} is an unconditional
Schauder basis if and only if for each permutation p of o),{xp{k),fp(kk)}
is a Schauder basis. It follows that each of Propositions 1.1 and
1.5 has an analog for unconditional bases. For instance we have the
following.

THEOREM 1.17. // {xk,fk} is an unconditional Schauder basis
for a linear topological space2 E, then {fk, π(xk)} is a weak* un-
conditional Schauder basis for E*.



UNCONDITIONAL AND SHRINKING BASES IN LOCALLY CONVEX SPACES 473

If {xk,fk} is a basis and a = {ak} is a sequence of scalars, define
Sn,a(χ) — ΣλUi^Λ(#)%. Let {E, τ) be a locally convex space2 with
an unconditional Schauder basis {xk,fk}. Let 5^ be the local base
consisting of all barrelled neighborhoods in E. If F e 5 ^ , define
Vb = {xe E: Sσ(x) e V for all σ e Φ}, Va = {x e #: £»,«(&) G F for all
neω and all ae a}, and F e = {xeE: Sn,ε(x) e V for all neω and all
ε e e}. Let <?\ = {Vb: Ve 5Π, y>\ = {Va: Ve 5Π, and 5^. =

THEOREM 1.18. Le (E, τ) be as above. The families 5^6, ^" β ,
^\ form local bases for locally convex Hausdorff topologies on

E, say τbJτa, and τe. Each of these topologies is stronger than τ
and if E is barrelled then τ — τh = τa — τe.

Proof. According to Lemma 1.7, ψ\, ^\, and y\ form local
bases if the families of operators {Sσ:σeΦ}, {Sn,a: (n, a) e ω x α},
and {Sn>ε: (n, ε) e ω x e} are pointwise bounded. Since {xk,fk} is an
unconditional Schauder basis it is a weak unconditional Schauder
basis. Thus ΣΓ=iΛ(#)^ is weakly unordered Cauchy for each x and
hence by Proposition 1.12 the three families above are pointwise
bounded.

Let d be either the family of sequences a or e. The set ω x d
is a directed set under the order relation < defined by: (n, a) < (m, β)
if and only if n ^ m. Thus {Sn,a: (n, a)eω x d) is a net. Let a1

be the sequence (1,1,1, •••) and not that the subnet {Sn,ai(x): ne ώ)
converges to x for each xe E. Thus by part (2) of 1.7. τb9 τaJ and
τe are stronger than τ.

Let y' be 3^6, 3^β, or 5^e then Γ\v,er>V c f l r e ^ . Since τ
is a Hausdorίf topology, the latter intersection is empty and hence
the other topologies are also Hausdorίf.

For each neω and a in 6, α, or β, the operator Sn,a is continuous
so if E is barrelled then τ = τh — τa = τe.

The next result, its variations, and its corollary shall be referred
to as the Generalized Gurevic Theorem (see [7]). We use d to mean
either of the family of sequences 6, α, or e (actually the theorem is
valid if d satisfies aczdcze or badae).

THEOREM 1.19. Let {xk} be a sequence of nonzero elements in a
locally convex space2 E. Call the following condition*: given a
neighborhood of zero U there is a neighborhood of zero V such that
for an arbitrary sequence {an} of scalars arbitrary p and q in
{k: k is a positive integer or k = °o} with q i> p, and arbitrary
sequence {δn} e d, we have ^l^anxn e V implies ^p

n=18nanxn e U.
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(1) // E is sequentially complete, then * implies {xk} is un-
conditionally Schauder basic.

(2) // E is barrelled and {xk} is an unconditional Schauder
basis for E, then * holds.

VARIATION 1.20. In the theorem, condition * can be replaced by
condition *x: given an equicontinuous set AaE*, there is an equi-
continuous set BaE* such that for an arbitrary positive number M
and arbitrary sequence {an} of scalars arbitrary p and q in {k: k is a
positive interger or k = oo} with q ^ p, and arbitrary sequence {dn} e d,
we have | Σ U α ^ ί B j | g M for all g e B implies | ΣίU A^n/fr.) I ̂  -M"
for all feA.

VARIATION 1.21. In the theorem condition * can be replaced by
condition *2: given a continuous seminorm P there is a continuous
seminorm Q such that for arbitrary sequence {an} of scarlars arbitrary
p and q in {k: k is a positive integer or K= °°} with q^p, and
arbitrary sequence {<?„} ed we have P(Σϊ=AαΛa?«) ^

Proof. First we show that * and *x are equivalent. Since
{Ao: A equicontinuous} forms a local base in E, * is easily seen to
be equivalent to the following. Given an equicontinuous A there is
an equicontinuous B such that for we have Σ*=iα A e Bo implies
Σ ϊ = A α ^ « e Λ> But this is equivalent to *lβ

Now we show that * and *2 are equivalent. Suppose that *2

holds. Let U be a barrelled neighborhood of zero and let P be the
Minkowski functional of U (U equals UP, the closed unit ball of P).
In accordance with *2 corresponding to P there is a continuous
seminorm Q such that P(ΣP) ^ Q(Σ*). I f Σ " e UQ then Q(Σff) ^ 1
and hence P(ΣP) ^ 1 t h a t is, Σ^ e UP. To show that * implies *2

let P be a continuous seminorm and UP its unit ball. There exists
a C/ρ (i.e., a barrelled neighborhood of zero with Minkowski func-
tional Q) such that Σ ? e UQ implies Y/ eUP) or QΣ* ^ ε implies
P Σ P ^ e. If QΣα ΞQΣί=iα fc» 4 is zero then P Σ P ^ e for every ε > 0
so that PY/ = 0. Hence QΣ g = P Σ * = 0. If QΣ* ^ 0 then let
t = l/QΣg Q(*Σff) = 1; hence P(ίΣp) ^ 1- Upon substitution for ί
we get P(ΣP) ^ Q(Σg)

To prove part (1) of the theorem, observe that *2 is a stronger
condition than that in Proposition 1.9 and hence {xk} is a Schauder
basic sequence. To show that {xk} is unconditional, let U be a
neighborhood of zero in E. In accordance with * let V be the
neighborhood corresponding to U. Let {fk} c [%]* be the family of
coefficient functionals for {xk}. Let x e [%] then for w and m large
enough Σ*=m/*0φ;* e F. Hence if {δj is any element of d,
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U. It follows from Theorem 1.15 and the complete-
ness of E that Σ?=iΛ(̂ )̂ /fc is unconditionally convergent.

Part (2) is an immediate consequence of Theorem 1.18. Given a
barrelled neighborhood of zero U, then Ud Ξ {X e E: Sn,δ(x) e U for all
neω and δed} is also a neighborhood of zero, and Ud satisfies the
requirements for V in *.

COROLLARY 1.22. Let E be a barrelled space2 with unconditional
Schauder basis {xk,fk}

 and let {yk} be any sequence in E and {σk} a
sequence in Φ such that σn f) σm = 0 if m Φ n. Define wk to be the
σk-partial sum of yk; i.e., wk = Σjeσkfj(yk)Xj. Then given a neigh-
borhood of zero U there is a neighborhood of zero V such that for
arbitrary scalars tk, arbitrary {δk}ed, and arbitrary n and m in
{k:keω or k = 00} with n^ m we have Σ*«i**w*G V implies
Σk=iδktkwk e U. Thus if E is also sequentially complete and for each
k, wk Φ 0 then the sequence {wk} is unconditionally basic in E.

Proof. Simply observe that if ajk = tkfά{yk), then 2 * = ^ * ^ =
Σie<7Λ,fte{i,2,...,»}#ifc#i Q-̂d i n the expansion the i's are all distinct by
the null intersection requirement of the hypothesis. Then apply
Theorem 1.19.

The Generalized Gurevic Theorem, which we have just proved,
is of fundamental importance. We shall apply it often in the next
section.

2* Unconditional and shrinking bases* As pointed out in
the introductory remarks, we shall show that most of the results
of James and Karlin are valid for complete barrelled spaces, barrelled
spaces, or complete locally convex spaces. Even unqualified locally
convex spaces are sufficient for a few of the more simple results.
The first theorem follows easily from the remarks made after the
definition of unconditional basis, page 12, and Proposition 1.3.

THEOREM 2.1. Let E be a barrelled space with an unconditional
basis {xkjfk}. If {%k,fk} is shrinking, then {fkπ(%k)} ίs a n uncondi-
tional Schauder basis for E*.

Hereafter we shall use "ω-complete" for "sequentially complete".

LEMMA 2.2. Let E be a locally convex space2 and {yk} a bounded
sequence in E.

(1) If E is ω-complete, then the series ^ΣS=1tkyk is convergent
for each t = {tk} e I1.
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(2) If F is a subspace of I1 such that for each teF the series
Σk=ihVk is convergent, then the linear mapping T:F-^E defined
by T{t) = Σ L i ί J i is continuous.

Proof. To see that Σ~=i£*2/* *s convergent if E is ω-complete,
let Ao be a neighborhood of zero (where A is an equicontinuous
subset of £7*). Since {yk} is bounded there is a positive scalar s such
that yk e sAQ for each k. For n and m large enough Σ £ = w | tk | < 1/s.
Since | f(yk) | ^ s for e a c h / e i and ke ω it follows that ^Σit=mtkyk e AQ.
Hence the series is convergent.

Let A be equicontinuous and define M = sup {\f(yk) \:feA,ke ω}.
If teF and || ί | | < 1/M + 1 then for fe A, \fT(t) | = ΣίU**/(2fc) I ^
Σ?=i I ί* I 1/(2/*) I < 1. Therefore T(t) e Ao so T is continuous.

LEMMA 2.3. Let T be a linear transformation of a normed
space E into a locally convex space F. If there exists a continuous
functional f on F such that f(θ) = 0 and a positive number m such
that I fT(x) I ̂  m 11 x \ \ for each x e E, then T is one-to-one and re-
latively open.

Proof. If T(x) is zero then so is f(T(x)) and hence by the given
inequality, x = θ so T is one-to-one. To prove that T is relatively
open we show that the inverse map T~ι: T(E) —> E is bounded on a
neighborhood of zero, vis. / - χ [ - 1,1] Π T(E). Let x e T'^f-'l- 1,1])
then T(x)ef-ι[-1, 1] so that | /Γ(a?) |^ l . Using the given
inequality we get m | | # | | ^ \fT(x)\ ^ 1. Thus | | # | | ^ 1/m for all
» e Π / 1 - U ] ) ; i.e., Γ - V ' Ί - l f l ] ) i s bounded and hence
Γ-1: T(E)-*E is continuous.

LEMMA 2.4. Let E be a locally convex space and F a subspace
of E. If E* is separable, then so is F* (in the s(F*, F) topology).

Proof. Let F1 = {feE*:f(x) = 0 for each xeF}. The continu-
ous image of a separable topological space is separable. Thus each
quotient space (with quotient topology) of a separable space is
separable. Hence E*/F1 is separable. The canonical map [f]—*f/F
is an isomorphism mapping E^/F1 onto ΐ7* (see [10, p. 120]). Further-
more this mapping is continuous (where E*/F1 has the quotient
topology and F* the s(F*, F) topology) as we now show. It suffices
to show that the mapping ψ: E* —> JP* defined by φ(f) — f/F is con-
tinuous since this map is the composition of the quotient map /—•[/]
and the mapping [f]-*f/F (see [10, Th. 5.7, p. 39]). If AaF then
denote by AOF* the polar of A in F* and use AOE* for the polar of
i in S*. Let B be a bounded subset of F. Then it is not hard to
see that φrι[BOF*\ — BOE* and hence φ is continuous. Thus the canonical
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mapping from E^/F1 onto i*7* is continuous and therefore i*7* is
separable.

Define a non-i1 space (non-c0 space) to be a locally convex space
which has no subspace topologically isomorphic to I1 (c0).

COROLLARY 2.5. If E is a locally convex space and E* is
separable, then E is a non-l1 space.

Proof. If E contains a subspace F topologically isomorphic to
I1, then F* is topologically isomorphic to m, the nonseparable space
of bounded sequences. Thus by Lemma 2.4, E* could not be
separable.

The following is an immediate consequence of the corollary.

THEOREM 2.6. Let E be a locally convex space2 with a basis
{%k,fjc}' If {%k, fk} is shrinking, then E is a non-l1 space.

To get a converse of Theorem 2.6, the space and basis must be
strengthened.

THEOREM 2.7. Let E be a ω-complete barrelled space2 with an
unconditional Schauder basis {xk,fk}. If E is a non-l1 space, then
{%kjfk} is a shrinking basis.

Proof. Suppose that {xk, fk) is not a shrinking basis. Then for
some g e E* the series Σ ^ I I T Φ * ) ] ^ ) / * = Σ~=i#(^)Λ is not strongly
convergent. Thus since the series is weak* convergent (Proposition
1.1) it can not be strongly Cauchy. Therefore there is a strong
neighborhood of zero B° (B is bounded in E) such that for each
positive integer j there are integers n3 and m3, n3- > m3 > j , with
the property that Y,lLmig{xk)fk £ B° furthermore, the sequence {%}~=i
and {m, }~=1 can be chosen so that m3+1 > nά for each j . This
means that for each j there is a z3e B with the property that
I ΣlLm3g{xk)fk{z3) I > 1 or, if we let \mά, %] denote just the integers
between md and n5 then | gS(zd)ίmjfnjl \ > 1. Since the family
{Sίmj>n ]}£=! is pointwise bounded (Proposition 1.12) it is equicontinuous
because E is barrelled. Hence since {zj} is bounded, the set
{S(^ )[«i,»i]}Γ=i i s bounded in E. If we let y3- = S(zs)ίmj,njl then we
have shown that for each j , \ g(y3) \ > 1 and the sequence {y3} is
bounded. Let t = {t3} e I1 and t Φ 0 and chooose the scalars e3- so
that I t3g{y3) \ = s3t3g{y3). By Lemma 2.2 the series Σ*U**2/fc i s c o n "
vergent and by the Generalized Gurevic Theorem (Corollary 1.22) the
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sequence {yd} is unconditionally basic. Therefore the series ΣΓ=iei*i2/i
is convergent (Theorem 1.12). Now we have | βj°=A'^Ί/i I =
ΣΓ=i I *i I ' I ffiVj) I > ΣΓ=i I tj I- I n accordance with Variation 1.20 let
A be the equicontinuous subset of E* which depends upon the given
equicontinuous set {g}. Then via Variation 1.20 the inequality just
shown implies that | ftΣi?=itjVj I > ΣΓ=i I *i I ^ o r some ft e A. If we
define T(t) = ΣΓ=i*i2/i t h e n w e h a v e

(i) for each t e I1 there is a n / ^ i such that \ftT(t) | ^ || t ||,i.
If ζ) is the Minkowski functional of AQ then | /(a?) | <̂  Q(x) for

each ^eJS7 and all feA. Now from (i) it follows that \QT(t)\^
\\t\\ιu T is continuous by Lemma 2.2 and relatively open and one-
to-one by Lemma 2.3. Thus the subspace Til1) of E is topologically
isomorphic to I1.

From Theorem 2.7 and Corollary 2.5 we get the following.

COROLLARY 2.8. Let E be a ω-complete barrelled space2 with an
unconditional Schauder basis. Then if E* is separable, the basis
is shrinking.

THEOREM 2.9. Let E be either a ω-complete locally convex spacez

or a barrelled space2 ior any locally convex space2 with the property
that weak* bounded subsets of E* are strongly bounded) and let E
have an unconditional Schauder basis {xk,fk}. If E* is weakly
ω-complete {i.e., w(E*:, E**)-ω-complete) then {xk,fk} is a shrinking
basis.

Proof. {fk} is a weak* unconditional basis so for each feE*
the set of unordered partial sums {£?(/): σe 0} is weak* bounded
and consequently strongly bounded because of the conditions on E.
E* is weakly α)-complete so by Corollary 1.16, ΣΓ=i/fe)Λ is strongly
unconditionally convergent; and since we know the series is weak*
convergent to /, it must be strongly unconditionally convergent to /.

To get a converse (Theorem 2.12 or 2.13) of Theorem 2.9 we
impose on E (or E*) more restrictions which are provided by Theorem
2.11, a generalization of Day's Theorem 2 [2, p. 74].

LEMMA 2.10. Let E be a locally convex space2. If E is weakly
sequentially complete, then E is a non-cQ space.

Proof. Suppose that E is weakly ω-complete but that there is
a subspace F which is topologically isomorphic to cQ. As a complete
subset of the Hausdorff space E, F is closed and, since it is convex,



UNCONDITIONAL AND SHRINKING BASES IN LOCALLY CONVEX SPACES 479

weakly closed. Thus F is weakly ω-complete which is impossible
since c0 is not weakly ω-complete.

THEOREM 2.11. Let E be a barrelled space2 with an uncondi-
tional Schauder basis {xk,fk}. Then the statements below are
equivalent.

(1) The basis is boundedly complete.
(2) E is weakly co-complete.
(3) E is a ω-complete non-c0 space.

Proof. (1) —• (2). Let {yn} be a weakly Cauchy sequence in E.
Then {yn} is bounded and {f(yn)}n=i is convergent for every feE*.
For each keω let ak = \imn^fh(yj. Since Sσ(yn) - Σkeoakxk =

Σ*eσ(/*(2/n) - «*)&*, s*0/J converges with n to Σ, f e e σ αA (given a
neighborhood of zero V choose the circled neighborhood W such that
yy _j_ . . . _|_ ΐ ^ c : V where there are as many W's as the cardinal
number of σ, and then pick ε > 0 so that exk e W for each keσ\ for
n large enough, \fk{yn) — ak \ < ε for all keσ and so for such n,
Σ*e J/*(ϊO - ak] xk e W + . . + We V). Thus if U is a neighbor-
hood of zero and V a barrel such that V + F c U we have for each
σ e Φ, an integer ΛΓσ such that ΣfceσαA — Sσ(yNσ) e V. F 6 is a neigh-
borhood of zero (see Theorem 1.18) and since {yn} is bounded there
is a scalar s > 1 such that ί/ π esF δ for all n. Hence Sa(yn)esV for
all σeΦ and w e ω . Then for each σeΦ we have Σjfceσ^^e
Sσ(yNσ) + VcisV + VczsU, proving that {ΣAkeσakxk}aeΦ is bounded.
Since {xk,fk} is boundedly complete there is a yeE such that ak =
fk(y) for each keω, and recalling the definition of ak we have
lim^^ fk(yn - y) = 0 for each k f t ) .

We will prove that # is the weak sequential limit of {yn}.
Suppose it is not. Then un = yn — y does not tend weakly to Θ and
so there is an heE*, an ε > 0, and a subsequence {zm} of {un} such
that

(i) h(zm) > e for each meω.
In accordance with Variation 1.20 let B be the equicontinuous

subset of E* corresponding to {h}. By the result of the first para-
graph of proof lim™^ Sσ(zm) = θ. Therefore for the neighborhood of
zero U = ε/5[B U {h}]Q there is a positive integer m0 such that
β ^ i ) e Z7 and then there is a % > m0 such that SmQ(zni) e U. By
induction there are increasing sequences {mj~=o and {W/jΓ̂ i such that

(ii) I g(Rmk(znic)) I ^ ε/5 and | g(Smk(znk+1)) \ ̂  ε/5 for all flr e B U W
and keω.

For each positive integer & define wfc = Σ Γ ί m ^ + i Λ O ^ ) ^ . Since
«nA ~ v>k = S^^iz^) + βWJfc(2njfc) we have, using (ii),

(iii) I g(wk) - g(znj) \ ̂ 2ε/5 for all g e B (J {/̂} and fc G ω.
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Now using (i) and (iii) we have | h(wk) | ^ \h(znj) | — | h(znj) —
h(wk) I > ε - 2ε/5. Thus

(iv) I h(wk) I > 3ε/5 for each keω.
Let F be the subspace of I1 of finitely nonzero sequences. If

t = {tk} e F then define T(t) = Σ?=i**w* F o r * φ ° P i c k t h e scalars ek so
that sktkh(wk) = I ί*^*) I then, | h(Σ^=ιektkwk) | = ΣΓ=i I** I I M^*) I >
3ε/5ΣΓ=i I ίjfel By the generalized Gurevic Theorem there must be a
gteB such that | gt(Σk=itkwk) | > 3ε/5 Σ~=i I ** |.

(v) For each ί e i*7 there is a ^ e £ such that | ^(T^)) | ^ 3ε/5 || ί | |.
Define i?(ί) = ΣΣU**^ for each t e ί 7 . From (iii) we get

I g(H(t) - T(t)) I ̂  2ε/5 || ί || for all g e 5 ; hence

Now using (v) we have
(vi) for teF there is a ^ e B such that \gt(H(t)) | ^ ε/5 p ||.
If Q is the Minkowski functional of Bo then | g(x) \ ̂  Q(a ) for

each x e E and all g e B. Thus in view of (vi) we have | Q(H(t)) \ ^
e/5| |ί | | for every teF. It now follows from Lemmas 2.2 and 2.3
that H is a topological isomorphism from F into E.

Let ^ ( ί 7 ) be the closure of H(F) in the completion E of i?.
Then H(F) is topologically isomorphic to l\ and hence is weakly
ω-complete. Since the weakly Cauchy sequence {znk} is contained in
H(F), it is weakly convergent to an element z of E. Therefore {un}
is weakly convergent to z and we have for each k e ω, fk(z) =
lim^^ fk(un) — 0 by the final result of the first paragraph of proof.
This implies that z — θ and hence {un} does converge weakly to θ,
contradicting the original assumption that it does not.

(2) — (3). Lemma 2.10.
(3) —> (1). If {xk} is not boundedly complete then there is a

sequence {ak} such that D = {Σ~=iαA}Γ=i is bounded but the series
does not converge and hence is not Cauchy since E is ω-complete.
Thus there is an equicontinuous subset A of E* and increasing
sequences {mk} and {nk} with mk+ί > nk such that yk = Σ J i ^ α ^ g Ao

for all keω. Hence, for each positive integer k there is a ^ e i
such that

(i) I gk(yk) I > 1.
Let .F be the subspace of c0 of finitely nonzero sequences. Define

T:F—*[yk] as follows: T(t) = ΣjceσtkVk where α is the set of sub-
scripts on which t is not 0. We shall show that T is continuous.
Since {xk} is unconditional and D is bounded, the set of unordered
partial sums {Σ*e*αJbα;A.:0 eΦ} is bounded (if V is a barrel then Vb is
also a neighborhood of zero and hence there is a scalar s such that

sF 6 for all neω; it follows that ^AkeaakxkesV for all
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σeΦ). Hence if Bo is a neighborhood of zero (B is equicontinuous)
there is a number M such that |/Σ*e*α*ί&*| < M for all feB and
σ e Φ. Let p = UfceΛi: mfc ^ i ^ w*} then |Σ*e*/(V*) I - |/Σ*βσ2/t I =
| / Σ i β ^ i « i l < Λ Γ . Therefore Σ*e, l/(lfc)l ^ 4Λf for all / e ΰ and
o G Φ. Now suppose ί e F and || ί || < 1/AM. If / e B then |/(Γ(ί)) | =
\Σikeatkf(yk) I ̂  Σ , 6 σ I tk I . |/(y4) I rg II ί || Σ*e, \f(yk) I < 1. Therefore
T(t) e Bo, and we have proved that T is continuous.

Let ί be a nonzero member of F and pick j so that 115 \ = \\t\\.
Now choose {ak} so that aktkgά{yk) = | tkgά{yk) |. Then | gj^keo^ktkyk \ =
I Σ t β ^ ί ^ - ί ^ ) I = Σ . β . I ί* I I £,(!/*) I ̂  I «i I I -̂(1/i) I > I h \ = \\t | |. If
B is the equicontinuous set corresponding to A then by the Gener-
alized Gurevic Theorem there must be an hteB such that

(ii) | ^ r ( i ) | > II ί||.
If Q is the Minkowski functional of BQ then | h(x) \ ̂  Q(x) for all

xeE and heB. Therefore, | Q(T(t)) \ ̂  || t \\ for each teF. By
Lemma 2.3 T is one-to-one and open and so T is a topological iso-
morphism of F onto [yk]m Thus their completions, c0 and [^Λ], are
topologically isomorphic.

A converse to 2.9 can now be proved. If {xk,fk} is an uncondi-
tional shrinking basis in a barrelled space E, then {fk} is a strongly
unconditional, boundedly complete basis for 2?* (2.1 and 1.5). There-
fore if E* is a barrelled space (in the strong topology) then by
Theorem 2.11, E* is weakly ω-complete. Thus we have proved the
following.

THEOREM 2.12. Let E be a barrelled space2 with an adjoint E*
which is also barrelled, and suppose that E has an unconditional
basis {xk,fk} If {%>/&} is shrinking, then E* is weakly ω-complete.

If the adjoint of a locally convex metrizable space is separable
(in the strong topology) then E* is a bound space and hence barrelled
[10, p. 217, 22.17]. Thus as a corollary to 2.12 we have the following.

THEOREM 2.13. Let E be a barrelled metrizable space with an
unconditional basis {xk,fk}. If {xk9fk} is shrinking, then E* is
weakly ω-complete.

We include a summary of the results on shrinking bases.

COROLLARY 2.14. Let E be a locally convex space2 with an un-
conditional Schauder basis {xk,fk}. Consider the following six
conditions.

(1) {fk, π(xk)} is a Schauder basis for the dual space E*.
(2) {fk, π(xk)} is a boundedly complete Schauder basis for 1?*.
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(3) {Λ, π(xk)} is an unconditional Schauder basis for E*.
(4) E is a non-lι space.
(5) 2?* is separable.
(6) E* is weakly co-complete.
Then (5) implies (4) (even if E has no basis) and so each of

(4) and (5) is a necessary condition for (1). (1), (2), and (3) are
equivalent if E is barrelled ((1) and (2) are equivalent even if the
basis {xk} is conditional). Each of (4) and (5) is sufficient for (1)
if E is a ω-complete barrelled space. (6) implies (1) if E is a
locally convex space such that weak* bounded sets are strongly
bounded; and (1) implies (6) if E is both barrelled and metrizable.
Thus all six statements are eqvivalent if E is a Frechet space.

Recall (Proposition 1.6) that a barrelled space2 with a Schauder
basis is reflexive if and only if the basis is both boundedly complete
and shrinking. Also recall that a reflexive space is barrelled and its
adjoint is reflexive and barrelled. Thus in view of 2.11 and 2.14 we
have the following.

THEOREM 2.15. Let E be a ω-complete barrelled space2 with an
unconditional Schauder basis. Consider the following conditions on
E and E*.

(1) E is weakly ω-complete.
(2) E is a non-c0 space.
(3) E is a non-V space.
(4) E* is weakly ω-complete.
(5) E* is a non-c0 space.
(6) E* is a non-l1 space.
If E is reflexive then (1), (2), and (3) hold. If in addition E*

is ω-complete (as it will be if E is a bound space) then all six
statements hold. Then conjunction of (1) and (3) imply that E is
reflexive as does also the conjunction of (2) and (3).
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