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Consider a sequence {x,},n = 1,2, .-+ of random variables,
Let F,(x) be the distribution function of S, = 37_, 2 and
H,(xz), the distribution function of M, = max,<;<, S;- Here
we study the asymptotic behaviour of

11 S, 0,G(@)

where G,(xz) is to mean either F,(x) or H,%) (so that if a
property holds for both F.(x) and H,(x) it holds fer G,(x) and
conversely) and {a,} a suitable positive term sequence, when
{x,} form

(i) a sequence of dependent random variables such that
the correlation between z; and z; is p, % + 7,¢, 7=1,2, ---,
0<p<l, Elx;)=1y, 1=1,2,--- and

1.2 1im#1+#2+"'+/1n

n—ro0 ne

=p,a>1,0< p< oo

and
(ii) a sequence of identically distributed random variables
with E(x;) = #,©1=1,2, --- such that the correlation between

x; and x; is p;; = p'* 9,4, 7=12,---, 0 < p < 1.
Suitable examples are worked out to illustrate the general
theory.

Let N(x) be the first value of » such that S, ==z, x > 0. N(x)
is a random variable and let

1.3 H(z) = E{N()) .

H(z) is called the renewal function and much research work has been
done with reference to the study of the asymptotic behaviour of H(zx)
as £ — oo. Feller has shown that

1.4 lim H(x)/x = 1/z

when {z,} form a sequence of independent and identically distributed
random variables with ¢ = E(z,), 0 < ¢t < o, the limit being inter-
preted as zero when y¢ = . Blackwell has generalised the above, by
considering the renewal process N(z, ) which denotes the number of
renewals occuring in the interval («,« + h]. He has shown that, for
any fixed h, (b > 0), if

785
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1.5 H(x, ) = E{N(z, h)} ,
then
1.6 lim H(x, h) = h/p .

T—00

This has been proved earlier by Doob for the discrete case. Tatsuo
Kawata has extended this further. He has proved that

1.7 lim >, a,P( < S, < @ + h) = ha/pt ,
where
1.8 (1/n) kg @ = a -+ oljVn) .

He has also shown that if 1.8 is replaced by
1.9 (1/n)k§"_; a=a+olmy, a<lj2,

then 1.7 does not hold.

Herbert Robbins and Y.S. Chow have relaxed the restriction of
independence and obtained a renewal theorem for the dependent case.
They have shown that if

1.10 E, |, %, -+, x,_,) = E,) = p,(constant) ,
1.11 limfAat ettty 0<p< o
o n

and for some a > 1

1'12 E’{]xn_/"nla]xnx%"'ymn—1}§k<OOy
then
1.13 lim H(x)/x = 1/pe .

C.C. Heyde has proved that if {x,} is a sequence of independent
and identically distributed random variables with mean g, 0 < pt < oo,

then

al(x)

1.14 S 0,G(x) ~ L@
2 0@ ~ 1S

@/, x— oo,

where als are positive term coefficient sequences such that

aL[(l — x)™]

, rx—1",
1 — 2

1.15 > a," ~
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a, r are real numbers greater than zero and L(x) is some nonnegative

function of slow growth.
Here we extend the above theorem to the two cases (i) and (ii)
given in the beginning. Subject to suitable restrictions we have shown

that in the first case
()1 ()

. S 4,G (%) ~ , oo
1.16 Z‘la (x) D x
and in the second case
1.17 S 0,G, () ~ @TL@)
2 @ (n + 1)
where
1.18 a, ~ n*Ln), n— oo

X being chosen such that 37, a, is divergent.

We illustrate 1.16 for the particular case when {x;} follow the
normal law with mean p, and variance one and 1.17 for the cases
when they follow (i) the normal law with mean ¢ and variance one
and (ii) the type III distribution with density funection

f@) = [L(n]707e e, x20,

1.19
=0, x<0.

For the type III distribution we also prove that
120 S0P <8, =+ h)~ (hfro)(wro)iL(z), - .
2. A lemma. We use the following lemma extensively.

LEmMMA 2.1. Let L(x) be such that L(cx) ~ L(x) for every positive
¢ as x tends to infinity. If

2.11 a, ~ n'L(n), n— oo,

N being chosen such that S a, is divergent, then

2.12 i a,e™" ~ (UOI[(x + 1)/0]s~%"L(1/s") ,  $—0,0 >0,
2.13 i a,n’e " ~ (1/O)[(\ + 6 + 1)/0]s~@+0+0i(1/s") |
§s—0,0>0,

2.14 S a,e ™ ~ T(0 + D(sm)- L), 5—0,
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2.15 S nae ™ ~ I(\ + 2)(sm)~0+L(1/s), s—0,
n=1

These can be got from Corollary 1(a) of [8, p.182] by proper sub-
stitutions.

3. Renewal theorems.

THEOREM 3.1. Let {x;},1=1,2,-.-.- be a sequence of dependent
random variables such that the correlation between any two variables
x; and x; s 0, T #J, t,] =1,2,-++ and 0 < p <1. Let E(x;) = p,
1=1,2,.--. If

311 limAtlt A, g5 1,0< p< o,

n—reo n«
3.1.2 1-— Hn(nax) é p(ny x) ’

where p(n, x) satisfies
3.1.3 0, = Sm p(n, x)dx — 0, n— o,
"

the nonmnegative constants a, satisfy 2.11 and the condition

3.1.4 i @, F.nB) < o, 0<B<p,
then

1.5 S 0,G () ~ T L@) — o
3 2 0.Gu(@) ) v

Proof of Theorem 3.1. Let

$(@) = 3% 0,G.(@®) Ulw — nB) .

3.1.6
= Z‘l an U(x il na#) — g‘laﬂ[ U(x — na#) _ Gn(x)] U(,’X,' _ naB) ’
where
U)=1, «=0,
3.1.7
=0, x<0.
Let

3.1.8 é(s) = S: e—g(x)da .
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Then we have
3.1.9 é(s) = s> ae " — S a,(L, — K,),
n=1 n=1

where
3110 L, = S” el — G @)lde, K, = S”" G () |
nap Bn®
the term by term integration is justified by the monotone convergence.
Now using 2.12, we have

T + 1)/a)s™aviai 1 Jg=)

3.1.11 s i a,e """ ~
n=1

a#(1+1)/a
Also
L, = r e[l — G.(a)]de
3.1.12 ~ p r e [1 — G, (now)]dw

A

negness S” [l — G,(nz)|dw .
/1
Using 3.1.8 and the fact that G,.(x) £ F,(x), we get
3.1.13 r [1— Gnwz)|dz —0, 17— co.
"

Hence we may write
3.1.14 L, = n*e "4, ,

where 6, — 0 as % — o uniformly in s > 0.

H“n®

K, = S ae‘”Gn(x)dx

Bn

3.1.15 = n- S# e "G, (nx)dx
8
é n«e—nﬂﬁs Sll G%(n«x)dx .
8

But

R

< n[l+@m—1Do]
= n2e?

3.1.16
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The right hand side of 3.1.16 tends to zero as m-> . Thus

F,(n*x)—0 as n— c for all # < p. Hence using the mean value
theorem we may write

3.1.17 K, = n%e """, ,

where 0, —0 as % — c uniformly in s > 0. Combining 3.1.14 and
3.1.17 and putting ¢} =4, — o,, we have

3.1.18 S aL, — K,) = a,n%e "3
n=1 n=1

where 6 —0 as n — co.
In view of 3.1.11 and 2.13

S a,(L, — K,)

3.1.19 m —0, s—0".
s Z a,e "
Hence
3.1.20  g(s) ~ LI T Djdsm HOILA)sTY g
a#(l-{-l}/a

Using Karamata’s Tauberian theorem, we have

1 : _ I[(x + L)ja]
3.1.21 L(x"‘)x““’l)/ah‘l SO ¢(t)dt a[’{[(N + 1)/6(] + 2}#(2+1)/a y

X — oo

Using the same reasoning as Heyde, we have if > 0,0 <4 <1

3.1.22 5(0m) (& — 07) < SO st)dt < @) — 0x) .
So
1 1
Ly P00 = [ a0 L(xa)xmn/am]
3.1.23 % [quﬁ(t)dt _ Smgj(t)dt]
1 @) .

< -
x(l+l>/a'L(xa) !
Using 3.1.21 in the above inequality we have

lim sup 800 __LI0v + Dja][L — 6t-vie)
s+ GEEL(gm) = (1 — fal{[n + Dja) + 2jptin

3.1.24

< lim inf — %(®)
T oo x{l+l)/aL(wa)
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Taking limit as § — 1 in the right hand side and left hand side of
3.1.24

1.25 liminf — &) > 1 ,
3 121—”1:1 a AUl T (\ 4 L)l
and
3.1.25 lim sup $(2) < 1

oo x(l*\*l)/aL(xa) - ()\J + 1)#(l+1)/a .

Combining the two we get

: (@) _ 1
3.1.27 1£H2 @ Ul () - O + 1)#(2—!-1)/& :
So
3.1.28 o) ~ W L@y

™+ 1)

Now put
3.1.29 F(@) = 3 0,G.@)[1 — Ulw — 8]
so that
3.1.30 3 a,G(@) = 6(2) + (@) .
From 3.1.4 and 3.1.29, we have
3.1.31 ww) £ 3 0,G,%8) = X a,F,(nwB) < .
Hence
3.1.32 KAL) —0, 23—,

(] ) L ()
Thus
3.1.33 S, G () ~ BT L)

w= ()\J -+ 1)

This proves Theorem 3.1.

In the next theorem we discuss the case when x, is a seguence
of identically distributed random variables having an exponential auto-
correlation.
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THEOREM 3.2. Let {x;},2=1,2,.-- be a sequence of identically
distributed random variables with E(x;) = p#,©1=1,2, ..., Let this
sequence be such that the correlation between wx; and x; is p; = p'"~7',
1,j=1,2 - and 0< p<1. If

3.2.1 1 - H,(nx) < p(n, 2),

where

3.2.2 5, = S”p(n, ¥)de —0, n— oo,
©

the nonnegative constants {a,} satisfy 2.11 and

3.2.3 i a,F,mB) <o, 0<B<p,
then
e (/1) *+O L(z)
2.4 n ~—t -,
3 PITHENE) Ty

Proof of Theorem 3.2. Let
3.2.5 $@) = 3, 0,G.@) Ulw — nB) .
Using the same technique as in Theorem 3.1, we have
3.2.6 #) = 57 Sy a,e — S ay(L, - K,) ,
where
P

" e G, (x)dx .

Bn

327 L, = S“ [l — G(@))de, K, = S

Using 2.14

3.2.8 s*‘g a,e” " ~ (v A+ 1;;:2:2)[‘(1/8) . s— 0+,
Also

3.2.9 L, < ne—s r [l — G, (na)lde .

Using 3.2.1 and the fact that G,(z) < F,(x), we get

3.2.10 S“’ [l — G, (na)|de —0, n— oo .
[!
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Hence we may write
3.2.11 L, = ne ¥, ,
where 0, — 0, # — oo uniformly in s > 0.

Also
3.2.12 K, < ne— S: G, (ne)dz .
Using the fact that G,(nz) < F,(nx), the law of large numbers by

virtue of which F,(nx) —0 as n— « for all # < g, and the mean
value theorem, we way write

3.2.13 K, = ne~"%0,, ,

where 6/, —0 as n— o .
Combining 3.2.11 and 3.2.13 and putting 6 =4, — 0, ,

3.2.14 S a (L, — K,) = 3, na,e#"
n=1 n=1

where 0! — 0 as % — oo,
Using 2.15 and 3.2.8,

3.2.15 - —0 as s—0*.
st Z a,e "’
Now put
3.2.16 ¥@) = 3 0,G,@)[1 — Uk — Bu)]
so that
3.2.17 S 0,6, (@) = $(@) + V(@) .
Using 3.2.3
v@) = 3 0, F.nf)
< oo
So
3.2.18 _¥® Ly, ro e,

’

(/1) **V L(®)

Using the same reasoning as in Theorem 3.1, we have 3.2.4.
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4. Examples. We now give a few examples to illustrate the
theorems. In view of their independent interest they are given in
the form of theorems.

ExamrPLE 1. We now illustrate Theorem 3.1 when the sequence
{z;} follow normal law. The result is given in Theorem 4.1.

THEOREM 4.1. Let {x;},1 =1,2, --- be a sequence of normal vari-
ables with E(x;) = p; and E(x, — p;) =1,1=1,2,---. Let this se-
quence be such that the correlation between x; and x; is 0,0 < p <1,
1,7=1,2,---,1 % 7J.

If s satisfy 3.1.1, then 3.1.5 is true.

Proof of theorem 4.1. We first prove the case when G, (x) = H,(x).
Let

411 $@) = 3\ 0, H@Uw — fn?),  0<B<pe,
where U(x) is defined by 3.1.7.

412 ¢(@) = i a,Ux — pm®) — ni[U(ac — ) — H,(@)| U@ — Bne) .

4.1.3 8(5) = 57 3, a,e — S a (L, — K.,) -

Term by term integration is justified by monotone convergence.
Here

414 L, = g“ e[l — Hy@w)lde, K, = g’ e H (2)d .

nn® Bnd
Now

nQpt-knt o

L, = S " e[l — H,(x)]dx + S e[l — H,(2)]dx ,
4.1.5 np ne&p 4kt
E>0, 1<r<a.
But
n&p4-kn” .

4.1.6 S . e [1 — H,(x)]|de < kn'e—""
and

4.1.7 r o[l — H,(@)]de < n'e-" S‘” [l — H,(n's)|ds .
nlck 2% kar
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Now
1 - H,(nw) = [1 — F,(n*x)] + [1 — Fy(nx)]
4+ eer + [1 — F(n%2)]
_ Cpp _ n'r — (#1 + #2)
418 < (1 — O(nw — )} + {1 q)[ et ]}
B B e VN ol Y s ol 20,
- * {1 @[ Va[l + (n — 1)p] ]} ’
where
4.1.9 D) = V% S_w ey |
Hence

B . _ nC — (ot e )
4110 1- H,(n'n) = ”{1 @[ V[l + (n — 1)o] ]} '

Lemma 2 in [5, p. 166] gives
4.1.11 1— 0@ __x‘le*””z’z , x>0.
(x) = e

Using 4.1.11 in 4.1.10, for sufficiently large n, we have

1/27[(% T — np)

1— H,(nz) <™

n2& (g—yp0)2

ne

4.1.12 S ——e wm nepe+ knm S < oo,
V2r(x — 1) ’ ! =
Now
o 2 a oo —nZ(‘Y"l.\(ac—z)2/2
S"L“m%kn" [1 B Hn(n” ]d/b é o S Ktk ‘£ : dx
‘na 2r ‘__'no‘ — ({U — FC)
ner SN 2a—1) 2
< __ e R
- & p-tln”
kv'2m S
3—a—r o
4.1.13 < __ e duy, .
lc1/2n: knr=1

Using 4.1.11 to the right hand side integral in 4.1.13, we finally get

°° 4—a-—2
4.1.14 g — H (n~ dx < 6__k2n2(r—1\/2 i

n“ua—kw[ ( x)] 21/27'_
The right hand side in 4.1.14 tends to zero as # — o, since r > 1.
Thus we can write

n&
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4.1.15 Ln < knre—Br"s + nae—ﬁn“san ,

where 6, — 0 as n— . Hence we can write

4.1.16 L, = n%e""%§, ,
where 6, — 0 as n — oo, uniformly in s > 0.
Also
K, < nee " Sﬂ H,(nx)dx
s
4.1.17 < nee " S# F,(n*x)dx .
g

But using 3.1.16 and the arguments leading to 3.1.17, we get
4.1.18 K, = n%e """, ,

where 0/, — 0 as n — oo, uniformly in s > 0.
Thus

LI + 1)ja]s~ 1l (1 /s%)

4.1.19 o(s) ~ s—0* .

a#<1+1)/a
Take
4.1.20 ¥ (x) = i a,H,(@)[1 — Ul — Bn%)] ,
so that
4.1.21 3 0,H,@) = ¢(@) + V@) .
Now

T() < S, a,H,nB)
4.1.22 "
< 3\ 0. F,(nB) ,
where
F08) = | e g

4.1.23 (pun-3:)

1 Svn[1+(n—1)p] e~ dy .

V2 ) o
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Since the upper limit in the integral in 4.1.23 is negative for large
values of m,

1 * 2
F,(n) = — S e~y .
4.1.24 Von (5w

Va[l+(n—1)p]

Using 4.1.11 to the right hand side of 4.1.24,

i”i—n“PY
4.1.25 F () < YL+ (0 = Dp] “wormmer |
V2R (3 — ng)
Hence
4.1.26 ianFn(nax) < oo
So
4.1.27 W(w) —_ ’ X — co
(x/#)(lw‘-l)/aL(x!!)
Thus
4.1.28 S a,H,(x) ~ (a/ p) I L") , xX— co ,
nz::l @) n+1)

If we consider 3.7, a,F,.(x) instead of X7, a,H,(x), the entire analy-
sis holds. Here in 4.1.4 L, is given by

L, = S“ e[l — F,(@)]de
n&p

and
n

4.1.29 S“’ e[l — F,(x)]ds < S e[l — H,(@)]dz .
nlp apy

This reduces the problem to the case of H,(x). Thus the theorem
is proved.

ExamMpLE 2. We now illustrate Theorem 3.2 when the sequence
{x,} follow the normal law. The result is given in Theorem 4.2.

THEOREM 4.2. Let {x;},7=1,2,--- be a sequence of identically
distributed mnormal wvariables with E(x;) = ¢ and E(x; — p)? =1,
1=1,2, ... If this sequence be such that the correlation between
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x; and x; ts given by p;; = 0" 4,5 =1,2, -+ and 0 < p <1, then
3.2.4 is true.

Proof of Theorem 4.2, Using the same notation as in Theorem
4.1, we have

421 ¢(w) = g}lanU(x — ) — ga“[U(x — np) — H@)] U@ — nb) .
Thus

8(s) = 57 X a0 — N ay(Ly, — K.,
where -

422 L, = Sw e[l — Hyo)de, K, = S o H,(v)dz .

123 L=|""Ter - B@lds - |7 et - H@lds,
k>0,12<r<1.

Now

1.2.4 g:_k e[l — H,(2)lde < kwe™?

and

4.2.5 S"" g—sx[l — Hn(%)]d’t, < gy Soo
np+kn?

nltkat
%

[1 — H,(nx)]dx .

But

426 11— Hmo)<nll— 0 e — 1) i
| n(l + 0) _ 201 — p")
l T—p a-—oF

Using 4.1.11 to the right side of 4.2.6

%(l + p) B Zp(l — ‘0”) a2z p0)2
(1 — p) (1 . (0)2 z[n/u—:—m 20(1— {J(”J
— x) = — (1--0 1--0)2
4.2.7 1 — H,(nzx) < IV r— e T

x> M.
Hence

- ny/ ML+ 0) 2001 — ") ]
K/k [1 — H,(nx)lde < Call) (1 — o) J

kv 2n’
nZ(g—y2
- n(l+p) 2001—p™)
LT TSR,

”
npt+nrk
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-0 d -0y

4.2.8 —
kv 2rn”

[%(1 +0) _ 2001 — P”)]
= Sm fn? e~ dy .
P

Using 4.1.11 to the right hand side of 4.2.8
4.2.9

nl+p) 20— P e
[ 1—p (A—pp ] B e
k/ 2nn”

r 1 H,ma)ds <
nt+kn”

The expression on the right hand side of 4.2.9 —0 as % — o, since
1/2 < r < 1. The rest of the arguments are as in the previous ex-
ample and the theorem is proved.

ExAMPLE 3. We now give another example to illustrate Theorem
3.2, when the sequence {x,} follow the type III distribution. The
result is given in Theorem 4.3.

THEOREM 4.3. Let {x;},©1=1,2, --- be a sequence of tdentically
distributed Gamma wvariables correlated according to an exponential
auto-correlation law and that the correlation between w; and x; s
given by p;; = 074,75 =1,2, -+ and 0 < p <1, Let

P, < x) = 0~"'[[(r)] e a1, =0,
=0, x <0,
1=1,2,.-.
Then
o ‘+1L(x)

4.3.1 () ~ B0 L) e

;:jla () ) x
and

432 S a,P@ <8, =<+ h)~ ﬂ;g“_)(x/my  h>0,m— 0,
n=1
where the a,s satisfy 2.11.

Proof of Theorem 4.3. Using the results of Samuel Kotz and
John W. Adams, ¢,.(t), the characteristic function of the distribution
of the sum S, is

133 sat) = T (L — it0pe) ™,
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where
434 p;=Q1—-2Vpecost; +p0) 1 —p), F=1,2 ...,

Here 6)s are the values of ¢ which satisfy one or other of the equa-
ations

sin [(n + 1)0/2] = v/ p sin[(n — 1)6/2] ,

435 cos[(n + 1)6/2] =1/ p cos[(n — 1)6/2] .
Let
H@) = 3, 0,F,(@)
and
H(s) = 3, S‘” e~ dF, (1) .
Using 4.3.3
Ho) = 30, TT (A + s
4.3.6 .
= i‘, ane_rfgxlogmwj) :

Using the fact that log (1 + 2) = 2z + 2% | M| < 1, |2]| < 1/2, we write
4.3.7 log (1 + sOp;) = sOp; + N;8°60°145 N <1,7=1,2, -+,

Also [(1 + 1V p)/(L — Vv p)] is the maximum value of y; and 3%, pt; = n.
Using these we get

4.3.8 i‘l log (1 + s6pt;) = sbn + [s@pn +V ) /L —V o)1, || <1.
Using this in 4.3.6, we get

L p—
H s) = a e—rﬂnse-—r#nszoz(l—,\—«/p)zl(l—a/p )2 .
() = 3,0,

3
|

— m —rOns[ p—prns2(2(1+V0)2)(1— V)2 __ 1].
4.3.9 %ane [e 1+ 1]
= I, + Iy(say) .
4.3.10 I =3 aerm
n=1
Using 2.14

4.3.11 I, ~ (A + 1)(sr0) "% L(1Js) ,  s— 0% .
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Now
4.3.12 I, = 3, a6 gremnttas (PRA-TTE _q]
= 3 a0 ]
Since ¢ — 1 < |z ]| e, we get

a+vp)?

L] < i’_”‘, @ | | ms[(L + VPP — V) e vttt .

4.3.13 § T I #I 8202[(1 -+ ]/?)2/(1 —V ‘0)2] i anne—-rﬂns[l—p(s)] ,

where p(s) can be made as small as we like since s — 0*. Thus using
2.15,

sapg | BIST1EISOIL+ VORI = VOV + 2)(r0s)" 0 L(Ls)
s— 0%,

Hence

4.3.15 | L/ I,—0 as s—0%.

Using this we get

H(s) ~ I'(n + 1)(sr)~*+YL(/s) .

By Karamata’s Tauberian theorem, we get 4.8.1. This proves the
first part of the theorem.
To prove the second part of the theorem, take

Q@) = S a,P < S, S+ 1)

4.3.16 -
= Z,lan[Fn(x + h) —F,(2)].
Let
4.3.17 Qs) = S‘” e dQ(x) .
Then
Q) = Sya, | edlFuz + b) - F@)].
4.3.18 e . R
= Saet - 1) SO 6 dF,(z) — 3, a%S e—dF,(z) .
Now
5.1 é‘,la,,(e*" —1) S:e—”an(x) ~ (PO (N + 1)(s70)~*L(1/s) ,

s— 07,
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Also

4.3.20 S' e dF,(z) < F.(h) .

So

4321 Sa, S: e dF,(@) = 3, a, () .

But we can show that

4.3.22 S tP{ S, — nrf| > me) < oo, k>0,
n=1

Hence

4.3.23 S A (2) S S 0kPLS, < nrf — &) < o .

Using this in 4.3.21, we have

4.3.24 Sa, ghe"”an(x) < e
n=1 0
Hence
oo 13
Sia, | edF, @)
4.3.25 nl 0 0 as s—0*.

ShT(Ov + D)(s70)- P L(1)s)
Using 4.3.19 and 4.3.25, we have
4.3.26 Q(s) ~ (/rO)I'(\ + 1)(sr0)~*L(1/s) .

Using Karamata’s Tauberian theorem we get 4.3.2. This proves the
second part of the theorem.
In particular if a, = 1, then

4.3.27 Q(x) = i P < S,<a+ h) ~ hjrd = h/E) .

This is in agreement with the classical renewal theorem. We remark
that in the case of exponentially auto-correlated Gamma variables,
the asymptotic behaviour of Q(x) is independent of the correlotion
coefficient and hence is same as if o = 0 and the variables are inde-
pendent.

The authors wish to express their gratitude to Prof. V. Ganapathy
Iyer for his encouragement.
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