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This paper is concerned with random series of the form
S o Xu(@)a,va(x, t) where the X,’s are random variables, the
a,’s are real numbers, and the v,’s are heat polynomials as
introduced by P. C. Rosenbloom and D. V, Widder. The se-
quences {a,} are assumed to satisfy lim sup,—. | @, |¥"(2n/e) =
1 which implies 3> >  a,v.(, t) has || <1 as its strip of con-
vergence, i.e., it converges to a C2-solution of the heat equa-
tion in || <1 and does not converge everywhere in any
larger open strip. Associated with each sequence {a,} is its
classification number from [0, 1] which indicates how rapidly
a, tends to zero, Assumptions are placed on the random
variables which imply that for almost every o the series
S Xulw)a,va(w, t) has [t] < 1 as its strip of convergence.

The main results of the paper are two theorems. The
first states that if {a,} has its classification number in [0, 1/2),
then for almost every o the lines ¢ =1 and ¢ = —1 form the
natural boundary for >>_ X.(w)e.v.(x,t). The second is con-
cerned with sequences having their classification numbers in
(1/2.1]. The conclusion implies that for almost every v no
interval of either of the lines { =1 or ¢ = —1 is part of the
natural boundary for >\ X.(w)a,v.(2, t).

The present work had it original motivation in the study of the
boundary behavior of random power series. These are series of the
form >7., a,(w)z” where the a,’s are complex valued random variables
and z is a complex number. Reference [1] contains a history of re-
sults in this area. One of the early results which helped to motivate
the first part of the proof of our Theorem 1 is due to Paley and
Zygmund in a 1932 paper [see 6, p.220]. In this theorem it is as-
sumed that .7 a,2" is an ordinary power series with a finite radius
of convergence. Letting {¢,} be the sequence of Rademacher funec-
tions, the conclusion is that for almost every ® in [0, 1] the series

= d(®)a,z" has its circle of convergence as its natural boundary.

More recently [see 3] V. L. Shapiro has considered series of the
form >7 . X.(w)H,(x) where the X,’s are random variables and

S, H(@)

is the spherical harmonic representation of a harmonic function in the
unit ball. The harmonic continuability across the boundary of the
unit ball of the functions 3.7, X.(w)H,(x) was investigated. This
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62 ROBERT B. HUGHES

work further motivated the first part of the proof of our Theorem 1
and influenced our choice of the class of random variables to be con-
sidered.

2. Definitions and preliminary comments. For a point (x,, £,)
in the plane and a number o > 0 we let

S(@o, t; 0) = {(, t): | — @] < 0 and [t —t| < p}.

If u(x,t) is a C*solution to the heat equation in the strip [¢| < ¢ we
say the line ¢t = —0o (t = o) is part of the natural boundary for % in
case for every x, and every p > 0 there is no C*solution w(x, t) in
S(z,, —0a; p) (S(,, 0; p)) which agrees with u(x, t) where » and v are

both defined.
Let E, be the set of all sequences {a,};—, of real numbers. For

r > 0 let
E, = {{a.} € By |a,| @nfe)™ = O(e™) as n— o} .

We call sup {r: {a,} € E,} the classification number of {a,}.
Explicitly, from [2, p.222]

[n/2] 2k e

2.1) ,(2, t) = n! g————mk'

In [2, Th. 5.3, p.231] it was shown that the series >\, a,v.(x,t)
converges to a C’-solution of the heat equation in the strip [t| < o
where

=0,1, .-

(2.2) o = (lim sup | a, ["(2n/e))

and that this strip is the largest open strip of convergence of the
series. One easily shows that sequences {a,} satisfying

lim sup | a, ["(2n/e) = 1

have their classification numbers in [0, 1].

We will make repeated use of the following bounds which appear
in [4] by S. Tacklind. Assume u(x, ¢) is continuous on the rectangle
R={x1:|2|< £ 0<t< T}, is a C*solution to the heat equation
in the interior of R, and g is an upper bound for |u(x, t)| on R; then
u(x, t) is in class C~ on the interior of R and for n =2,8, ..., |2z| <
LKand 0<t s T

A +3)/2

o"u )4
T @ )| = s b= 2o I+ DPR)
(2.3) i, goni

= &) T ey

+
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3. THEOREM 1. Let {X,)7., be a sequence of symmetric inde-
pendent random variables defined on the complete probability space
(2, &, P) and satisfying

(1) there exists a number M such that

S | X.(@) fdP(@) < M for n=0,1, -+, and
2
(ii) there exists N > 0 such that
N |X@)]dP@),n =01, ...
Q2

Assume {a,} satisfies lim sup |a, |*"(2n/e) = 1 and has its classification
number in [0,1/2). Then for almost every w in 2 the lines t =1
and t = —1 form the natural boundary for

ua, ) = 3, X(@)a,.@, ) .

Proof. Letting Q' = {weQ: 3.7, X, (w)a,v,(x, t) converges in the
strip |t]| < 1}, we will first show P(2) = 1. Clearly

limsup | X, [» < 1] 2 U A | X, | < nd"]

and by the Borel-Cantelli Lemma the last set has probability 1 since
Pl X, | > nM*"?] £ 1/n* from (i). Hence

P{w: limsup | X, (w)a, ?*(2n/e) =1} =1

which by (2.2) shows P(2') = 1.

The following fact is essentially a merger of Lemma 1 from [3]
and a special case of Lemma 2 from [3]. There exist numbers 4 in
(0,1) and B >0 with the following property: for Ee & with
P(E) > A there is a positive integer =, such that for n = n,, every
sequence {c;}7., of real numbers, and k¥ = 1 we have

3.1) g‘ & <B SE {g‘c,-Xj(co)}zdP(w) .

We will show that for almost every w the line ¢ = —1 is part of
the natural boundary for u, and will use this in the proof for the
line ¢t = 1.

Assume it is false that for a.e. w in Q the line t = —1 is part
of the natural boundary for w,. The first part of the argument we
give in order to obtain a contradiction is analogous to parts of the
proof of Theorem 1 in [3] by V. L. Shapiro. We will employ (2.3),
(3.1), and an asymptotic estimate for heat polynomials from [2] in
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order to obtain conditions on the sequence {@,} which contradict the
fact that the classification number of {a,} is in [0, 1/2).

Let E={we@:t= —1 is not part of the natural boundary for
#,). Then either (i) E¢ ., or (ii) Ec % and P(E) > 0. Using the
fact that the real line is separable and the countable additivity of the
probability P, it follows that there exist a real number x, and p, > 0
such that E, = {®w € E: there is a C®-solution to the heat equation in
S(x,, —1; p,) which agrees with w, where they are both defined} satis-
fies either (i) E, ¢ ., or (ii) E,e &% and P(E)>0. Fori=1,2, ...
define

E,;, = {w e

%(f‘% t). < i*m™ for (z,t) in S<w0, —1; &
ox™ 2

¢l <1, andm:i,i+1,...}

and let E, = Uz, E,;. E, is in the tail o-field generated by the in-
dependent X,’s. From (2.3) it follows that E, € FE,. By Kolmolgorov’s
zero-one law P(E,) = 1. Let 4 and B be as in (3.1). Take 14, suf-
ficiently large that P(H,;) > 4 and let 7, correspond to E,; as in
(8.1). Now let m = max {n,, ¢,} and let (z,t) be in S(xz, —1; 0,/2)
with |¢| < 1. Then by (8.1) for k=1,2, ..-

g,k [_n'____ AV m(2, t)]2

< B SE [’g ('n_—ﬂmT 0.9, (2, t)Xn(w)]zdP(a)) .

Making use of the independence and symmetry of the random varia-
bles and of condition (i) we see that the integrand of the last integral
is Cauchy in the variable k¥ in LY2) and thus in L'(E,;). Hence

[———L A2, t)]2
<B{, i [£ a0, .6, 0 X, [dP@)

n=mn (N — m)!
- B S
EZ,’io

with the last inequality following from the definition of E;. We
conclude that for every m = max {n,, %}, every % = m, and every
(x, t) in S(x,, —1; 0,/2) with |t| < 1; we have

o™u,

m

(@, t),zdP(w) < Bitmmen

(3.2) 4, ||l )] = B

(n — m)



RANDOM VALUED HEAT POLYNOMIAL EXPANSIONS 65

It follows from Theorem 3.1 of [2] that there exist numbers A and
l, such that for n =1,
sup |v,(x, —1)| = A[2n/e]"" .

lz—14] <Pq/2

Thus from (3.2) we have for n > m + [, > m = max {n,, %}

la, ]| —"_ A[2(n — m)je]>™" < Bipmn
(n — m)!
Employing Stirling’s theorem we see there is a number C such that
for n > m + 1, > m = max {n,, 7.}

(3.3) |a,| 2nle)"? < [77_?_71@_,”?’]1”((% — m)/m) VI

Let » be a number which is strictly greater than the classification
number of {a,} and strictly less than 1/2. Let m be related to » by
m = [4n"] + 1 where the brackets denote the greatest integer func-
tion. Then from (3.3), for sufficiently large =,

(3.4) la, | (2n/e)" < (1 — 4/ni—r)erioear

For large enough u, (1 — 4/n~")*7""2 < 1/e and thus from (3.4) we
have for such =, |a,|(2n/e)** < 1/e”. Hence {a,}€ E, which con-
trandicts the fact that » is strictly greater than the classification
number of {a,} and concludes the proof for the line ¢ = —1.

For the last part of the proof we find it convenient to introduce
the probability space (R*, 7', ¢') which we now describe.

R*=1IR,

where each R, is the set of real numbers. Let .o be the field of
all subsets of R” of the form B x (II5-.,+.R,) where n, is a positive
integer and B is a Borel set in JJ%,R,. Let & be the o-field
generated by 4. Let p be the probability on (R®, .&) which is
induced by the X,’s. Then (R*, .o7’, t¢') is the completion of (R°, .o,

).
Let {n,}z, be a sequence of +1's. Define T: R*— R* by

T((EO! 517 b ')) = (7]0509 77151, b ') .
Notice that

oI @ b1 x T1 R.) = II PIX.e (., bl

= 1 PIX. e7(a,, b1 = #(7(1] @, 0] x_TT R,))

n=mng+1
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where we have used both the independence and symmetry of the X,’s.
From this it follows that for Ae . o’, ¢/ (4) = ' (T(4)). We will make
use of this fact twice in the remainder of this proof.

To finish the proof it suffices to show that for a.e. pe R® the
line t = 1 is part of the natural boundary for

up(a;l t) - };0 ﬂ’-n(p)a/nvn(x! t)

where the z,’s are the projection random variables. Suppose this is
false. From the first paragraph of the present proof we know R“ =
{(pe R >  w.(p)a,v,(x,t) converges in |i| < 1} has p/-measure 1.
Now let FF={peR*:t =1 is not part of the natural boundary for
u,}. Then either (i) Fe.o’, or (i) Fe.or and p/(F) > 0. It follows
that there exist numbers a, b, 0 with ¢ < b and p > 0 such that F, =
{p e R': there is a function v,(x, t) which is eontinuous on ¢ < z < b,
0<t<1+ p; is a C*>solution to the heat equation for o < a < b,
0<t<1l+ p; and agrees with u,(x,¢) in ¢ <o <b,0 < ¢ < 1} satis-
fies either (i) F, ¢ .5, or (ii) F,e . and ¢/ (F) > 0. But F, = {pe R*":
lim,, u,(a, t) and lim,., u,(b, t} both exist}. F, is in the tail o-field
generated by the independent 7,’s. From the zero-one law, ¢/(F,) = 1.

Either a =<0 or b+ 0 and for definiteness we assume a = 0.
Then F, = {pe R": lim,,;, u,(a, t) ex1sts} has 2( F’) =1. Let T: R»— R*
be defined by T((&, &, ++°)) = (&, — &, &y — &5, -++). By our earlier
comments concerning such mappings we have ¢/ (F,N T(F,) = 1. For
pe R and |t] < 1 one checks that wu,.(—a,t) = u,(a,t). Hence for
pe F, N T(F,), lim,;, u,(—a, t) and lim,,, u,(a, t) both exist. Thus for
pe F, N T(F, there is a function w,(z, ) which is continuous in |z| <
a,0 <t < 2; is a C*solution to the heat equation in |2| < a,0 <t < 2;
and agrees with %, in 2| <¢,0=<¢<1. For peF,N T(F,)and 0 <
t <2 let ¢,(¢) = w,(0,¢) and v,(¢) = (Ow,/02)(0, ¢). Then, employing
(2.3), we see that ¢, and +, are in class C{(2n)!} on [0, 2] (a function
f is in class C{(2n)!} on an interval I if f is in class C= on I and
there exist constants 8 and B such that for every ¢ in I,| f™(t)| <
BB"2n),n =0,1, ---).

Now let T’: R — R“ be defined by

T,«Em Ely . ')) = (50: El’ _‘Em "539 Eu 559 ~_;:By _577 . ') .
Then for pe R and |t{ <1, u,(0,t) = % ,,(0, —¢) and

= O g, gy .
ox

For p in the almost sure set T'(F, N T(F;)) we have T'(p)e F, N T(F,)
and we define ¢/, and +, on [—2, 0] by 8,(¢) = ¢,.,(—t) and

Vo) = Prpp(—1)
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thereby obtaining class C{(2n)!} extensions of %,(0, ¢) and (du,/0x)(0, t)
on [—1,0]. Thus for pe T'(F.N T(F,))

, e r{m) t)xZn oa V!(n)(t)x2n+1
(2, t) = 9577 ( + 4
A8 =2 (2n)! & @n + 1!

provides a solution to the heat equation which is a C*-extension of
u, into some rectangle |xz| < #, —2 < ¢ < 0 which contradicts the
first part of the proof.

4. THEOREM 2. Let {X,} be a sequence of independent random
variables over a probability space (2, F#, P) which satisfies (i) and
(ii) of "Theorem 1. Assume {a,} satisfies limsup |a, [ "(2nje) =1 and
has its classification number tn (1/2,1]. Then for almost every w
i 2 the following holds: |t| <1 is the strip of convergence of

© o X, (®)a,v,(x, t) which for every & >0 can be extended as a

n=0

C*-solution of the heat equation into {|t| < 1} U {lz| < &~}

Proof. We will first show for almost every w in 2 that [¢| < 1
is the strip of convergence of >, X, (w)a,v,.(x,t). By (2.2) we must
show that almost surely lim sup | X,.(w)a, |*"(2n/e) = 1. The argument
given in the first part of the proof of Theorem 1 shows that almost
surely the last limit superior does not exceed 1. Let {n;} be a strictly
increasing sequence of positive integers such that

lim | A [?"i(2n;le) = 1.

Then limsup | X, (w)a, *(2n/e) = lim sup;-.. | X, (w)a,, ["i(2n;/e) = lim
SUD;-.ce | X, ;(®) ["3 which by the zero-one law is equal to some number
¢ almost surely. Suppose ¢ < 1. Then X%j—*O almost surely. By
(i) for A>0and j=0,1, ...

N< S

X, @] dP@) + 47| X, () [dP) .

UX,jls4 (X, 0>4

By the Lebesgue dominated convergence theorem the next to the last
integral tends to 0 as j tends to . From (i) the last term is uni-
formly bounded by A—*M. Thus for every 4 > 0, N < A—'M which
is a contradiction. We conclude that ¢ = 1. Thus almost surely

lim sup | X, (®)a,, [*"(2nfe) = 1

which concludes the proof that almost surely this limit superior is 1.

In order to establish Theorem 2 for the line ¢ =1 we first con-
struct a function which is C* on the closed strip |¢| < 1 and has a
heat polynomial expansion in |[¢| < 1. Let r be a number which is
strictly greater than 1/2 and strictly less than the classification num-
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ber of {a,}. For m=20,1,... define a, = (2n)e". Define f on
[—1,1] by f(t) = S5, a,t®*. We will show this definition makes sense
and obtain some bounds on the derivatives of f.

Let » be a nonnegative integer. Differentiating 37, a,t* term
by term n times yields >, k!/(k — n)! a,t* ™. For |t| <1 the k™
term of this series is dominated by 2 k"*'¢*"., One checks that

—T

gau(®) = a"'e

is increasing on (0, (n + 1/r)"") and decreasing on ((n + 1/7)!", o).
Hence

5 ket < (g, @)ds + g.((ZEL)T) = 30(n + 2y

k=n n r
We conclude that f is a C=-function with | f™(t)| £ 6 ((n + 2/r)/r
for n=20,1, ... and |[t| = 1.

Now define

_ o f('n)(t)wzn oo f('!b+1)(t)x27"+1
1) W= R e T A G Dl

Because of the bounds obtained in the preceding paragraph it can be
shown that the series of (4.1) can be differentiated term by term and
that wu(x, t) is a C=-solution to the heat equation in the closed strip
[t] < 1. Since both %(0,t) and du/6x(0, t), as functions of ¢ on (—1, 1),
are given by their Maclaurin expansions, % has a heat polynomial
expansion in |[t| <1 (see [5]). Thus

w@, t) = 3 b, b)

by = F™(0)/(20)!
bonsr = F3(0)/(2n + 1)! .

According to the first paragraph of the proof of Theorem 1,
U N2 [| X | £ nM'?] has probability 1. Let w be in this almost
sure set. Let k, be a positive integer such that for » = k,, | X, (w) | £
nM'®. Since r is less than the classification number of {a,}, there
is a number K such that |a,|(2n/e)"* < Ke™',n=1,2,--.. Using
Stirling’s theorem we have for 2n = k,

(4.2)

b (4nfe)" = | X,n(@)as, | (dnfe)"(1/2)""*/ KM .
Similarly for 2n + 1 = k,
ben11(2(2n + 1)/€)** 0 Z | Xy (@) znss | (2(n + 1)/€) 4007 [ KM
Letting K’ = K(Me)'* we have
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| X, (w)a,| < K'b, for n =k, .
Let <© > 0. Then for 0 <t <1 we have

2 5 X@eo(= 20| = K 3 bantn = 1) [0, (=21)|

<K’an(n~1)v_2(jt)<K’ (J1)<<>O.

Thus lim,;, 35, X.(®)a,v,(+ < t) both exist as is easily seen from
the mean value theorem and the Cauchy criterion. Hence we can
obtain an extension of >.7_, X,(®)a,v,(x, t) into

{@,0:1¢] <P U@, 0:]e] < A0

which is a C’solution of the heat equation. (Notice at this point
that we can also obtain an extension which is a bounded C*-solution
in {(z,0):]2] < &5 0<t}.) Since w was from the almost sure set

un

this establishes the result for the line ¢ = 1.

We now turn to the line ¢ = —1. Define {Y,};, on 2 by Y,, =
(-=1)"X,, and Y,,,, = (—=1)"X,,,,. Then, applying the first part of
the proof, there is a set F' in &% with P(F) = 1 such that for @ in
F and & > 0 the solution v,(x, t) = 3o, Y.(®)a,v,(x, t) can be ex-
tended into {|¢| <1} U {lx| < = and 0 < ¢t} so as to be a bounded
C*solution of the heat equation in {(x,t):|x| < =~ and 0 < t}. One
easily checks that for w in F,

IIDS

[l X.| = nM"],

S, X,(@)a,0,(0, ) = 3} Y(@)a,w, (0, —1)

and Yo, X, (w)a,nv,_(0,t) = =, Y,.(0)a,nv,_(0, —t). Using these
facts and (2.3) we see that for  in F and < > 0 the functions
$(t) = 7= Xu(@)a,v,(0, 1) and y(t) = 37, X, (®)a,nv, (0, t) on (—1,1)
possess sufficiently well behaved extensions ¢’ and ' to (— oo, 1) that

o ¢I(n)(t)x2n + oo w!(n)(t)x%nﬁ-l
im0 (2m)! =0 (2n + 1)!

is an extension of >r., X, (®)a,v,(z,t) in [t] <1 to

{(,t): ]t <BJU{(x,t): 2] < & and —co <t < 1},

5. Examples. The first example will show that our two theorems
are best possible with respect to the allowable values of the classifica-
tion number.
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ExampPLE 1. We will take [0, 1] with Lebesgue measure as the
probability space and the sequence of Rademacher functions, {¢.};,
for the random variables.

For k=0,1,--- define a, =e¢ *. Then, as in the proof of
Theorem 2, defining f on [—1, 1] by f({) = 3\, a;t* yields a C~-fune-
tion whose n™ derivative on [—1, 1] is bounded in absolute value by
67°(2(2n + 1)). In the strip || <1 define u(w, t) = >.=, (f ™ ($)2*)/(2n)!.
To see that this definition makes sense and that term by term partial
differentiation is permitted, we note that for every closed interval
I<(—1,1),f is in class C{n!} on I. Because of the bounds on the
derivatives of f we see from the defining series for » that » may be
extended as a C=-solution of the heat equation to

{ltf <BU{ Do <1}

Since (0, t) and ou/ox(0,t) are both given by their Maclaurin ex-
pansions in |¢] < 1,u possesses a heat polynomial expansion in the
strip | t| < 1 (see [5]). Thus for |¢t]| < 1, u(z, t) = Do @, 0,.(%, t); Qs =
(e="*nl)/(2n)!, ay,+, = 0. One checks that limsup|a,[?"(2n/e) = 1.
Also it is easily seen that limit |a,,|(4n/e)"e'?» =  which implies
{a,} ¢ K\, and thus the classification number of {a,} is in [0, 1/2]. As
in the proof of Theorem 2, lim,,, u,(*+1/2,t) both exist for every w
in [0,1]. Thus for every we]0, 1] the line ¢ = 1 is not part of the
natural boundary for u,(x, t). Using Theorem 1, we conclude that the
classification number of {a,} is 1/2 and that in Theorem 1 we cannot
replace [0, 1/2) by ]0, 1/2] as the allowable range for the classification
number.

We will next show that the conclusion of Theorem 2 does not
hold for >\, ¢.(@)a,v,.(%,t). Assume there is a set A in [0, 1] with
m(A) = 1 such that for each w in A no interval of the line ¢t =1 is
part of the natural boundary for u.(x,t). Thus for @ in A, g.(x) =
lim,,, u,(z, t) is well defined and is the restriction of an entire funec-
tion to the real axis (this last assertion can be seen by employing
(2.3)). Thus for w in A, limsup (|¢g(0)|/xn!)'" =0. For w in A,
|go"™2(0)| = 0 and [g5"(0)| = [Xiten du(@)ay(kl/(kE — 21))v,_2,(0,1) | =
[ S ¢or(@)(E!/(k — m))e="%|. Thus for @ in A,

1/n
Z Por(@W) ————— e~ VF
lim sup[ - ((zl;)y n)! :I =0.

Let 6 >0. For m =0,1, -.- let

sz{weA:<!2¢2k( )( e vk

< 6 for nzm,m+1,---}

femr)
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and note F, | A. Let 4 and B be two numbers associated with the
sequence {,,}7-, a8 in (3.1). Let m, be sufficiently large that m(F,, ) >
A. Let n, be an integer larger than m, with =, corresponding to F,
as in (3.1). Thus for n = n, and k=1

0

As in the proof of Theorem 1, letting &k tend to o yields (5.1) with
n + k replaced by . Using the definition of F',, we have

for n = n,. From this we conclude that

=KL\
lim sup [[’Z <me r)] }

(2n)!

=0.

On the other hand, letting L denote this last limit superior, we
have

L = lim sup
{[2 (k — m exp (— 20/ F ) exp (- @V F — 21/m))]”T"
@2n)! .

But exp(—2V'Ek — 2k —n)) = e for k= n and lim (e =

1. Hence L = limsup (i, k*e™?"%)2/(2n)!)*. Define h, on (0, <)

by h.(x) = 2*e*'s. One checks that &, is increasing on (0, (2n)% and

decreasing on ((2n)?, o). Thus D5, ke vk = r h(x)dx — h,((2n)) =

(F'(4n + 2) — 2(4n)"e~*")/(2-4"), Thus

T(dn +2)  2(4n)re
(4n)! (4n)!

L= Z lim sup [( >((4n)!/((2n)!)2)]1l2n >0.

This is a contradiction. Hence in Theorem 2 we cannot replace (1/2, 1]
by [1/2, 1] as the allowable range for the classification number.

The next example shows that in Theorem 1 we cannot omit the
symmetry of the random variables.

ExXAMPLE 2. Let k(z, t) = e=*/*/(dnt)'”* for ¢ > 0 and define
w(x, t) = k(x,t + 1)
in the strip |¢{| < 1. Then [2, Th. 4.2, p. 227]
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w@, t) = (@) 5 D" 0 gy
=0 n!4"»

Let {a,}-, be defined by a,, = (—1)*/n!4" and a,,,, = 0. One easily
checks that lim sup | a, [*(2n/e) = 1 and that the classification number
of {@,} =0. Let X,=1,%=0,1,-.-- on some complete probability
space. Then for every w, u, can be continued above the line ¢ = 1.
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