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FUNCTIONALLY COMPACT SPACES

R. F. DICKMAN, JR., AND A. ZAME

The purpose of this note is to introduce a property which
is weaker than compactness but stronger than minimality
which closely relates to some filter properties and some map-
ping properties of compact spaces, We also indicate some
procedures for constructing absolutely closed and minimal
spaces,

All of the definitions used but not given in this paper may be
found in [2].

DEFINITION. An open filter base on a topological space X is a
filter base consisting of open subsets of X.

A Hausdorff topological space X is called functionally compact
if whenever % is an open filter base on X such that the intersection
A of the elements of % is equal to the intersection of the closures
of the elements of %, then % is a base for the neighborhoods of A.

THEOREM 1. There exists a noncompact Hausdorff space which
is functionally compact.

Proof. Let Z* =positive integers, I=1[0,1]. Let 0<a, < a, <+~
< a, < +-+ be an increasing sequence in I with lima, = a,. For each
1€ Z* let af be a strictly increasing sequence (in (a,_,, a;) for ¢ = 2;
in (0, a,) for ¢ = 1) with lim; af = a;. Let

¢ =Ula}u Ulal).

Let a, = a, and for 7 =1 let
a, = {ai,ai™, «- -, al, a;} .
Let C* = {a;: 7 = 0} and put
F=I\C)ucC*.

Let .~ be the topology on F such that .7 | (I\C) is the usual to-
pology on I\C and a basic open neighborhood of a,(n = 0) is a set of
the form N U {«,}, where N=0n (I\C), O open in [ and {a}, «--, ay,
a,}cO.

It is easy to see that (F, .7 ) is a Hausdorff space. It is not
compact, however, because C* is an infinite discrete closed set in F.
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In fact, if 0,0,¢. 9 and O,NC* # @,0,NC* = @ then ¢l;0, N
¢lz0, N C* is infinite, so that points in C* cannot be separated by
closed neighborhoods. We will now show that (F, .77) is functionally
compact.

Define the set function +: FF— I via

a if aeI\C
v({a}) = {a, if a =a
{a;:y "'ya‘%ya’i} if a = auiz 1

and V(A) = U.ca v({a}) for A S F. + does not preserve openness or
closedness. However, if A S F is closed then there exists a set A°,
closed in I, such that

(i) ¥(A) N UI\C) = AN (I\C)
and

(ii) y(A)=4,
namely,

A® = cliy(A) N I\C) .

Hence, if US F is open there exists an open set U°S I such that

(iiiy U'NI\C) = ¥y(U) N I\C)

(iv) U'2v(U);
namely, the set U° = ((U’)?Y (where ’ denotes complementation in either
F or I).

Now, suppose % is an open filter in F' such that N{U: Ue %'}=
N{cl,U:Uez}=A and that V2 A, Ve 9. We claim that there
exist U,, U,e .9 such that V2 U, N U,.

First of all, if Oe. 9~ and O N C* is infinite, then ¢l,0 2 C*.
Hence if AN C* is finite then there exists U e % such that UN C*=
AN C* while if AN C* is infinite then A2 C*. Thus, in either case
there exists U, € % such that VN C*2 U, n C*. Furthermore,

Ve29(4) = Ny(cl,U)2 N (cl:U)° .

Hence, since V° is open in I and (¢l U)° is closed in I the compactness
of I implies that there exists U,e % such that V°2(¢l,U,)’. But then

VN (I\C) = w(V)NUI\C) = VN I\C)2 (el U N I\C)
= (cl U,) N (I\C) 2U.N (I\C) .

Hence
V=(VnI\CHhu(vncCH2U,nI\ChuUu,ncCcH2U,n U, .

This proves the result.
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There are some obvious generalizations of this construction. The
above example F of a functionally compact space also shows that the
property of being functionally compact is not closed-hereditary or open-
hereditary or even regular-closed-hereditary.

THEOREM 2. A Hausdorfl space X 1is minimal Hausdorff if and
only if for every point xec X and every open filter-base Zz on X
such that x = N{U:UeZ} and x = N{cl,U: Ue %}, % is a base for
the neighborhoods of x.

Proof of the necessity. Suppose that X is minimal Hausdorff and
that % is an open filter-base on X and « € X such that

x=N{U:Ue%} and &= N{cl,U:Uec«}

and let R be any open set containing 2. We note that x is the uni-
que cluster point of 2. Thus by Theorem 1.3 of [1], % converges
to x and so there exists Ue % such that 2 c R. Of course this
implies that % is a base for the neighborhoods of z.

Proof of the sufficiency. We need to show that every open filter-
base with a unique cluster point converges to that point. To this end
let &~ be an open filter-base on X with a unique cluster point x and
let R be any open subset of X containing x. Let <~ be the collec-
tion of all open subsets of X containing z and let

Z ={VNW:Ve? and We/"}.
Then % is an open filter-base on X,
c=N{U:Uez} and 2 = N{cl,U: Uc%}.

Thus by our hypothesis there exists U e % such that U R. Of course
this implies that 7” converges to x and this completes the proof.

COROLLARY 2.1. FEwery functionally compact Hausdorff space is
minimal Hausdorff.

Proof. This result is an immediate consequence of the definition
of functionally compact and Theorem 2.

The example due to Urysohn in Remark 1.5 of [1] is a minimal
Hausdorff space which is not functionally compact. In the next section

we indicate a method of constructing many such spaces.

COROLLARY 2.2. A functionally compact Hausdorff space is com-
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pact if and only if it is regular.

Proof. The proof follows immediately from the fact that a mini-
mal Hausdorff is compact if and only if it is regular.

DEFINITIONS. By a mapping we will always mean a continuous
function. A mapping from a space X to a space Y is closed provided
for every closed set C in X, f(C) is a closed set in Y.

THEOREM 3. A Hausdorff space X is functionally compact if
and only if every mapping of X into any Hausdorff space is closed.

Proof of the mecessity. Suppose that X is functionally compact
and let f be a mapping of X into a Hausdorff space Y. Let C be a
closed set in X and suppose there exists a point y in ¢l, F(C)\f(C).
Let 7~ be the collection of all open subsets of Y containing y and
let Zz = {f~(V): Ve 7'}. By Theorem 2, X is minimal Hausdorff and
hence absolutely closed. Since continuous images of absolutely closed
spaces are absolutely closed, f(X) = ¢l,f(X) and so yef(X). Thus
% is a collection of nonempty open subsets of X and therefore is an
open filter-base on X. Furthermore since Y is a Hausdorff space,
7)) =n{U:UeZ} and f'(y) = N{clyU: UecZ}. Thus by our
hypothesis 7% is a base for the neighborhoods of f~'(y) and so there
exists Ue Zz such that US X\C. But then f(U) is an open subset
of f(X) that contains y and misses f(C) (since U = f~(f(U)) if Ue %)
and this is a contradiction. Thus f(C) is closed and this completes
the proof of the necessity.

Proof of the sufficiency. Suppose that every mapping of X into
a Hausdorff space is closed and let 2 be an open filter-base on X
such that the intersection A of the elements of Z equals the inter-
section of the closures of the elements of Z. Suppose further that
there exists an open set B of X containing A such that for every
Uez, (X\R)N U=+ @. Let Y be the decomposition of X whose only
nondegenerate element is A and let f be the natural transformation
of X onto Y defined by x ¢ f(x). We topologize Y by defining a base
<# for a topology as follows:

Be «# if and only if (i) f~'(B) is an open subset of X\A4 ;
or
(i) [ B)ew .

Then Y with this topology is a Hausdorff space and f is a mapping
of X onto Y. By our hypothesis f must be a closed map; however
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AIX\R) is not closed since f(4) is a limit point of f(X\R) and
f(4) ¢ f(X\R). This is a contradiction and this completes the proof.

REMARK. The space F' of Theorem 1 and Theorem 3 show that
the property of being functionally compact is not productive. In fact,
even if ¥ is compact F'x & will not usually be funetionally compact
since the projection 7: F X ¥ — £ is not a closed map unless < is
finite.

COROLLARY 8.1. Let X be a Hausdorff space, Z a functionally
compact Hausdorff space and h a mapping of Z onto X. Then X is
functionally compact.

Proof. Let f be a mapping of X into a Hausdorff space Y and
let C be a closed subset of X. Since Z is functionally compact, the
mapping fo#k is a closed map of Z into Y and so f(C) = (fe k) f~C))
is a closed subset of Y. Thus f is closed and X is functionally
compact.

COROLLARY 3.2. If a Hausdorff space X is the union of finitely
many functionally compact spaces X, X,, -+, X,, X is functionally
compact.

Proof. Let f be a mapping of X into a Hausdorff space Y and
let C be a closed subset of X. Then each of the restricted mappings
fl1X,1=1,2,.--,m, is closed and so f(C)=U{(f| X)CNX): ©=
1,2,---,n} is closed in Y. Thus f is closed and X is functionally
compact.

DEFINITION. A closed subset C of a space X is said to be r-closed
if whenever B is closed in C, 2 ¢ B there exist disjoint open sets in
X containing « and B, respectively.

THEOREM 4. An r-closed subset C of a functionally compact
space X 1s functionally compact.

Proof. Let % be an open filter-base on C such that
N{U.:Uez}={l,U.:Uez}=A.

Let &~ be the open filter-base on X consisting of all open sets V of
X such that VN Ce %.

Then since C is an 7-closed subset of X, N{V:Ve7}=A4=
{cl,V: Ve 7} and since X is functionally compact, 7" is a base for



308 R. F. DICKMAN, JR., AND A. ZAME

the neighborhoods of A. Of course this implies that % is a base for
the neighborhoods of A relative to C. Hence C is functionally com-
pact.

It is also easy to see that if C is an open and closed subset of
a functionally compact space X then C is functionally compact.

2. Some related examples. Urysohn has given an example of
an nonminimal absolutely closed space (Example 1.4 of [3]) and an
example of a noncompact minimal space (Remark 1.5 of [1]). We will
give here two general methods for constructing such spaces. In fact,
our minimal spaces will be nonfunctionally compact, as is Urysohn’s.

ExampLE 1. Let (X, 2¢7) be a compact Hausdorff space such that
Y < X is an infinite closed subset, int,.Y = . Let .” be any to-
pology on Y strictly stronger than 527 | Y, e.g., the discrete topology,
and let % be the following topology on X: % |(X\Y) = % | (X\Y)
and a basic open set intersecting Y is of the form (& N (X\Y)) U T,
where T o NY, o €.%, Te 7. Then (X, %) is a nonminimal
Hausdorff space (since % is stronger than .2¥7) and int, Y = @&.
However, we claim that (X, %) is absolutely closed.

Let € = {C,: e 7} be a Z-open covering of X. Notice that
for each Ue % there exists K€ 2% such that K2 U and K N (X\Y)=
Un(X\Y). Thus, if K, is such a set for C, then {K,:ae. .} is a
-open covering of X. Hence there exist «, ---, «, such that

K,U---UK, 2X
so that
CoU--UC, 2X\Y
and hence
cl,Co,U---Ucl,c,, = X.

This is a generalization of one of Urysohn’s examples (Example
1.4 of [3]): Let af — a; be disjoint convergent sequences and let X=
U..;{ai} UUi{a;} U{<} be the 1l-point compactification of the union
of these sequences and their limit points. Let Y = {a,, a,, -} U {co}
and let .7~ be the discrete topology on Y. Then (X, %) is Urysohn’s
example.

ExAMPLE 2. Let (X, 5¢°) be a compact Hausdorff space, YE X
and @ a function from Y into the 2-element subsets of Y such that
(i) Y is closed;
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(ii) int, Y=0

(iii) there exist =, ®,€ Y, x, # x, such that z;ecl., (Y\{z, x,})
(t=1,2);

(@ @) Np) = @ if 2 # 2;

B Uieroly) = Y;

(v) there exist y, # y, such that ;e p(y,),1 =1, 2;

(0) for each &7, &, € 2% such that x;€ 7,7 =1, 2 there exists

yeY such that p(y) N &+ @,1 =1, 2.
[For instance, we could take X =[0,1], Y={af:7 =1, .-+, 4,7 =1}U
{a,, a,, a;, a,}, where the a; are distinct and the (af) are disjoint sequences
of distinet points with lim; @/ = a;. We can let » be a function which
“identifies” af and ai, ¢} and ai, a, and a,;, a, and a,.]

Let Y* ={p(y):ye Y} and denote o(y) by y*. Let X* =
(X\Y)u Y*. Let .9 be the topology on X* defined as follows:
Ue .9 < there exists & € 2 such that

1) UnX\Y)=2nX\Y)

(2) for each y*eUN Y* there exists Ve I py) &V, VE 2,
such that if () & V then z* e U.

It is to check that .7~ is actually a topology and that 7 is
Hausdorff. However, if &, &, ¢ 7, yt e Z, yf € &, then (0) implies
that ¢l.2, Nel 27, + @. In particular, .7~ is not compact.

Notice that if C<S X* is closed then there exists a closed set
C°< X such that

C°NX\Y)=cn(X*\Y*
and
C°S(CNEXN\Y)DUUiec 2(¥))
namely,
C°=cl.(CN((X*\Y*).

ProrosiTiON 1. (X*, 77) is minimal.

Proof. Let Z be an open filter such that
N{U:Uez}=nN{ld U Uz} = {x}

and let Ve 752¢e V. We claim that there exists Ue % such that
vV2U.

Case 1. Suppose ¢ = p*e Y*. Then there exists % e . with
P(P)S % such that o7 N(X\Y)S VN (X\Y) and such that if
y*e Y* o(y) & 97 then y*e V. Then

7" 2 N (cl-U)° = p(p)
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80 there exists Ue % such that <7 2 (¢l_-U)°.. In particular,
Va2 Nn(X\Y)2U N (XH\Y*).

However, if z*e(UN Y*)\V then p(z) £ 27 but ¢(z) S (cl-U)° since
Ue . Thus if z*e(UN Y*)\V then there exists y € (cl-U)°\ % a
contradiction. Thus V2(UNX*\Y*)HUu(UNY* =U.

Case 2. Suppose xc X*\Y*. We may suppose that VE X*\Y*
and in fact that ¢!, V< X*\Y* since Y is 9%~closed in X. Then,
again, there exists Ue % such that VN (X*\Y*) 20U N (X*\Y*).
Since Ue .9~ and ¢l,- VS X*\Y* we must have that US X*\Y* so
that again V2 U.

ProrosiTiON 2. (X*, 97) is not functionally compact.

Proof. Let A = {yf, y¥}. Suppose o(y,) = {&,, 21}, P(y.) = {@, 27}
If &, 7/, &, &) e.2 are sets containing =z, %, &,, x;, respectively
then there are Ue 9 containing all y* ¢ Y* with

PSSV VAU,

and if % is the filter base of all such U then N U= necl -U = A.
However, there exist &7 €. 7, AS ¢ such that #~ does not contain
any points y*e Y* unless @(y) is contained in a set of the form
&7 U &' or one of the form 7, U ¢%’. Thus the filter generated by
%7 does not contain all neighborhoods of A.

In [4] G. Viglino studies a property similar to functional com-
pactness. X is C-compact if for each closed set A< X and each open
cover 7 = {U,} of A there exist @, ---, @,:clx(U, U --- U U,)2A.
It is easy to see that if X is C-compact then X is functionally com-
pact. We do not know whether the two properties are equivalent.

Urysohn’s two examples to which we have referred can both be
embedded as (nondense) subsets of functionally compact spaces. The
one referred to in Example 1 can be embedded in F. If we let @ be
the quotient space obtained from two disjoint copies of F' by identify-
ing the points «; in the first with «; in the second, 7 =1,2, ---, we
get a functionally compact space in which Urysohn’s minimal, non-
compact space can be embedded, again as a nondense subset. This
is the best that can be expected, since an absolutely closed space C
embedded in a Hausdorff space H would have to be a closed subset
of H, and hence not dense in H is H is functionally compact unless
C = H. Also, since open and closed subsets of functionally compact
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:spaces are functionally compact a nonfunctionally compact absolutely
closed space can not be embedded as an open subset of a functionally
compact set. We do not know whether for each Hausdorff H there

exists a functionally compact X with H<S X,
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