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MINIMAL 7,SPACES AND MINIMAL T ,-SPACES

RorLAND E. LARSON

The family of all topologies on a set is a complete, atomic
lattice. There has been a considerable amount of interest in
topologies which are minimal or maximal in this lattice with
respect to certain topological properties, Given a topological
property P, we say a topology is minimal P (maximal P) if
every weaker (stronger) topology does not possess property P,
A topological space (X, .9 ) is called a Tp-space if and only
if [x]', (the derived set of [z]) is a closed set for every z in
X [1]. It is known that a space is T if and only if for every
z in X there exists an open set G and a closed set C such that
[x] = GNnC[9]. The purpose of this paper is to characterize
minimal T, and minimal T,-spaces as follows: A T,-space is
minimal 7, if and only if the family of open sets is nested
and the complements of the point closures form a base for
the topolegy. A Tp-space is minimal 7, if and only if the
open sets are nested, These characterizations prove to be
useful in gaining other results about minimal 7, and minimal
T »-spaces.

The following are examples of characterizations of some minimal
and maximal topological spaces. A space is mininum T, if and only
if the closed sets are precisely the finite sets. A T,-space is minimal
T, if and only if every open filter which has a unique cluster point
converges to that point [4]. A T,-space is minimal T, if and only if
it is semi-regular and absolutely H-closed [6]. A T..-space (Urysohn
space) is minimal T,, if and only if for every two open filters &, and
, such that there exists a closed filter &, with &#, ¢ &, ¢ &, and
such that &, has a unique cluster point, it follows that &, converges
to that point [5]. A T.,space is minimal 7, if and only if every
regular filter (a filter which has both an open filter base and a closed
filter base) which has a unique cluster point converges to that point
[3]. A space is minimal T, (Tychonoff) and minimal T, if and only
if it is T, and bicompact [2]. A space is maximal bicompact if and
only if the bicompact subsets of the space are precisely the closed
subsets of the space [8].

In [8] it is mentioned that there exist minimal T -spaces which
are not bicompact, also the fact that in a minimal T,-space every
open set is dense was known to N. Symthe and C. A. Wilkins. At
the time I wrote this paper, I was not aware of any other mention
of these spaces. However, since that time, a recent paper by Ki-Hyun
Pahk has been brought to my attention [7]. By a different sequence of
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lemmas, he obtained the result given in Theorem 1, but his character-
ization of minimal T,-spaces contains an unnecessary somewhat cum-
bersome condition. The results of Lemmas 1 and 2 as well as Theorems
3 through 7 are not discussed in Pahk’s paper.

Lemma 1. If (X, 97) is a T, or T, topological space and B is
an open set in 7, then the family .7 (B) = [G:Ge .7, GC B or BC G]
18, respectively, a T, or T, topology on X.

Proof. One may easily see that .7 (B) is a topology on X by
making the following observations. @ — B and Bc X imply that &,
Xe 7 (B). If G, and G, are elements of .7 (B), then G, N G, .7 (B)
since either both G, and G, contain B, in which case BC G, N G,, or
one of the sets G, G, is a subset of B, in which case G,N G,C B.
If [G,:ae A] is an arbitrary family of open sets in .7 (B), then
U[G.:ae A] is an element of .7 (B) since either every G,c B, in
which case U[G,:ae AJC B, or B is a subset of some G,, in which
case BC U[G.: ae A].

To see that .9 (B) is T, if .7~ is a T, topology on X, we consider
the following three cases.

Case 1. If z, y e B, and there exists an open set Ge .7 such that
reG and y¢ G, then xeGNB,y¢GNB, and GNBe.7 (B).

Case 2. If z,y¢ B, and there exists an open set Ge.Z such that
zeG and y¢ G, then xeGUB,y¢GUB, and GU Be .7 (B).

Case 3. If xe B and y ¢ B, we are done, since Be .7 (B).

Similarly, we see that .7 (B) is T, if .7 is a T, topology on X.

Case 1. If e B, then since .7 is T,, there exists an open set
G e 7 and a closed set C such that [xy] = GNC. Then GNBe 7 (B)
and ~CU B e .7 (B); therefore, C U ~B is closed with respect to .7 (B)
and

(GNB)N(CU~B) =GNBNC)UGNBN ~B) = [a] .

Case 2. If x¢ B with G and C as before, then G U Be .7 (B) and
~C U B e .7 (B); therefore, C N ~B is closed with respect to .7 (B) and

GUBN(CN~B) =@GNCN~BUBNCN~B)=[x].

LEMMA 2. If (X, 97) is a topological space, then the following
three conditions are equivalent:

(1) The open sets in the topology are nested.

(2) The closed sets in the topology are mested.

(8) Finite unions of point closures are point closures.

Proof. It is clear that the first and second conditions are equiva-
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lent. It is also clear that the second condition implies the third since
given a finite number of nested point closures, their union is simply
the largest. In order to see that the third condition implies the
second, assume that C and D are closed sets in (X,.7). If C# D,
then either C~ D # @ or D~ C # . Since these two cases are
symmetrical, we will assume C ~ D # @ and show that this implies
Dc C. Choose xeC ~ D,yeD. If [Z]U [y] = [Z], then either z e [Z]
or ze[y]; but y € [z] and x € [z]; therefore, [Z] = [%] or [Z] = [¥#]. How
ever, if [zZ] = [¥], then [Z¥] c[y]c D and this is a contradiction since
xeC ~ D. Therefore, [Z] = [Z], and [y] < [¥] < C, which implies that
yeC and Dc C. Therefore the proof is complete since for any two
closed sets, one of them must be contained in the other.

THEOREM 1. A T, topological space, (X, 77), is minimal T, if
and only if the family [~[Z]: x € X] is a base for .7~ and finite unions
of point closures are point closures.

Proof. Necessity: Assume (X, .7) is a minimal T,-space. If there
exist open sets A and B in .7~ such that AZ B and B¢ A, then by
Lemma 1, . (B) is a T, topology on X, 7 (B)c .9, and A¢ 7 (B);
but, this contradicts the minimality of .. Therefore, for every two
open sets in .77, one is contained in the other, and by Lemma 2, finite
unions of point closures are point closures. To see that the family
[~[Z]: € X] is a base for .77, we observe that since .7 is a nested
family, [~][Z]: x € X] is closed under finite intersections, so it is a base
for some topology on X, say .7 *. .7 * is clearly T, since all the
point closures are distinct. Therefore, since 9 *c .9 and 7 is
minimal T,, 9 * = 7.

Sufficiency: Assume (X, .7") is a T,-space such that .7 is a nested
family, and [~][x]:xe€ X] is a base for T. Assume T* C T, where
T* is a T,-space. Let [Z]* be the closure of [¢] with respect to the
topology .7 *. If there exists an x € X such that [Z] = [Z]*, choose y € X
such that y € [Z]* and y ¢ [¥]. Then, since .7~ and .7 * are 7T\ -spaces,
J *c 7, and .7 1is nested, the following inclusions hold: [Z] C [7] C
[#]* c [Z]*. However, since [Z]* is the smallest closed set in (X, 9 *)
which contains x, and « € [¢§]*, we have [Z]* = [§]*. This contradicts
the fact that o * is T,. Therefore, [Z]* = [Z#] for every xe X and
J * = 7 since [~[Z]:x € X] is a base for . 7. This completes the
proof that .7~ is minimal T.

THEOREM 2. A T, topological space, (X, 7), 1s minimal T, if
and only if finite unions of point closures are point closures.

Proof. The argument for necessity is identical to the argument
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given in Theorem 1.

Sufficiency: Assume (X, ) is a T, topological space such that
7 is a nested family. Assume .7 *C .7, where .7 * is a T,-space.
If [z]'* is the derived set of [z] in .o *, then since every T,-space is
T,, and [Z] = [2]' U [#], where [z] N [z] = &, we can apply the same
argument given in Theorem 1 to conclude that [Z]* = [Z] and [2]'* =
[} for every xe X. If 9 * # 97, then there exists a closed set C
in (X, .27) such that C is not a point closure, or a derived set of a
point, or the intersection of these. Therefore, the following inclusion
is proper: CcC* = N[D:D is closed with respect to .7 *, Cc D].
Since .o * is T,, it follows that C* ~ C contains exactly one point,
say . In fact, since C* is closed with respect to . *, and there can
be no smaller closed set in (X, . *) which contains x, we have C* =
[} =CU[x] =[2}*Ulx]. However, since CN[x]= @ and [z]*N][x]=
@, it follows that C = [z]'*, which is a contradiction, since we as-
sumed that C was not the derived set of a point. Therefore, v * =
.7, and &~ is minimal T,.

ExaMPLE 1. Let X be the real numbers, let

T ==, x)xe X]U[(—,xl:2e X]U[D, X].

ExAMPLE 2. Let X=[a,b,¢], let &~ =[@,[b],[c],[b,¢], X]. Then
[@] = [a], [b] = [a, D], and [¢] = [a, ].

In general, neither of the two conditions of Theorem 1 imply the
other. Example 1, as well as being an example of a minimal T,-space,
is an example of a T,-space in which the open sets are nested, and
yet it is not minimal 7,. Example 2 is an example of a T,-space in
which the complements of the point closures form a base for the topology
and yet it is not minimal T,. However, if X is a finite set, it is easy
to show that the 7T, and T, axioms are equivalent, and the following
combined version of Theorems 1 and 2 is easily proved.

COROLLARY 1. If X is a finite set, and (X, o) is a T, topological
space, then the following four conditions are equivalent:

1) (X, 9) is minimal T,.

Q) (X, .9) is minimal T,.

(8) Flinite untons of point closures are point closures.

(4) Ewvery nonempty closed set in (X, 97) is a point closure.

Requiring that the open sets be nested is a severe restriction on
a topological space, as can be seen from the following theorem, which
applies to both minimal T, and minimal T ,-spaces.
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THEOREM 3. If (X, .7) is a topological space in which the open
sets are nested, then (X, o) is connected, mormal, and every open
set in the space is dense. Furthermore, if X has more than one
element, (X, o7) is not regular and not a T,-space.

Proof. Each part clearly follows from the nestedness of .

ExampPLE 3. Let X be the real numbers, let

& ==, 2e XU [2, X].

ExAMPLE 4. Let X be the “half-open” interval on the real line,
0,1}, Let v =[(0,2):2c X]U][D, X].

Investigations in some of the other separation axioms have led to
results such as the fact that every minimum 7' -space, minimal T,,-
space, and minimal T,-space is bicompact [2]. It has been shown that
there exist maximal bicompact spaces which are not T, as well as
minimal T,-spaces which are not bicompact [8]. It has also been shown
that there exist minimal T,,-space and minimal T,-spaces which are not
bicompact [5][3]. Examples 1 and 3 are respectively examples of a
minimal T,-space and a minimal 7T,-space which are not bicompact.
Example 4 is an example of a minimal T, topology on an infinite set
which is bicompact, and a similar example can be given for minimal
T,-spaces. Note that in Example 4, [1] is a closed set. This leads to
the following theorem.

THEOREM 4. If (x,.27) s a minimal T, or minimal T, topological
space, then the two following conditions are equivalent:

(1) (X, ") is bicompact.

(2) There exists exactly one singleton which is a closed set.

Proof. To show that the first condition implies the second, assume
(X, ") is bicompact. Let [G,:a€ A] be an open cover for X. This
can be reduced to a finite subcover [G,:7=1,2, .-+, n]. However,
since the open sets are nested and since X is the union of a finite
number of these nested open sets, it must be equal to one of them.
Therefore, every open cover of X must contain X as one of the open
sets in the cover. Let C = X ~ (U [~][Z]: xe X]). Since ~ [T] # X
for any ze X, [~[Z]: # € X] cannot be a cover for X and therefore,
C # @. C contains exactly one point since &~ is T,, and C is closed
since it is the complement of an open set. Since the closed sets are
nested, it is clear that there cannot exist two closed sets consisting
of one point each.
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To show that the second condition implies the first, assume that
(X, .97) contains a singleton closed set, which implies that the only
closed set not containing « is ¢. Therefore, the only open set con-
taining « is X, and given any open cover of X, one of the open sets
mst be X itself, and (X, .97) is bicompact.

The behavior of filters is of significant importance in minimal T,
T, Ty, Ty, and T,-spaces, as is partially seen in the introduction.
However, the following easily proved remarks show that the same type
of statements about filters cannot be made in minimal 7T, and minimal
T ,-spaces.

(1) In a minimal T, or minimal T,-space, every point in the space
is a cluster point of every open filter.

(2) In a minimal T, or minimal T,-space, if a filter converges to
a point x in the space, and [7] < [Z], then the filter converges to ¥ also.

One similarity between minimal 7, minimal 7,, and minimum T'-
spaces is that in each case, the nonempty open sets form a filter base.

Any subspace of a minimum 7T.-space is minimum 7T,. Any closed
subspace of a minimal T,-space is minimal 7T, [2]. Any nonclosed
subspace of a minimal T.-space is not minimal T,. A subspace of a
minimal 7T, (minimal T}) space which is both open and closed is minimal
T, (minimal T,) [3], [2]. There exist closed subspaces of minimal T,
(minimal T) spaces which are not minimal 7, (minimal T}) [3][2]. The
following example and two theorems show that any subspace of a
minimal T,-space is minimal T, and that while minimal Ti-ness is not
hereditary, an open or closed subspace of a minimal T,-space is
minimal T,.

ExXAMPLE 5. Let (X, .77) be as in Example 3, let

B = [(—OOvO]U(ly OO)] .

Then (X, .77) restricted to B is not a minimal 7T-space. This can be
seen by observing that in this relativized topology, (— <, 0] is an open
set.

THEOREM 5. If B is an open or closed subset of a minimal Ty
space (X, 7)), then 7 relativized to B is minimal T,

Proof. Let (B, %) be B with the relativized topology. Suppose
Z* 7%, where Z* is a T, topology on B, and * = %. If B is
open, then Z¥* U [G: Ge .7, BC (] is a proper subtopology of .7~ on
X. If B is closed, then [G:Ge # and GC ~BJU|[GC ~B:Ge Z'*]
is a proper subtopology of .7~ on X. In both cases, these subtopologies
are T, and this contradicts the fact that .~ is minimal 7,. The proof
that these are topologies on X is similar to the proof of Lemma 1.
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THEOREM 6. Any subspace of a minimal T, topological space 1s
mintmal T,.

Proof. Any subspace of a T,-space is T, [8]. It is clear that
nestedness of the open sets is hereditary; therefore, by Theorem 2, any
subspace of a minimal 7',-space is minimal 7T,

Given a topological space with property P, it would be of interest
to know if the space could be written as the least upper bound of all
minimal P-spaces weaker than it, or the greatest lower bound of all
maximal P-spaces stronger than it. Unfortunately, this seems almost
never to be the case. There exist bicompact spaces which are not
weaker than any maximal bicompact space [7]. There exist T,, T,
T,, T, and T-spaces, which are not stronger than any minimal T,
minimal T,,, minimal 7%, minimal T\,, or minimal T'-spaces, respectively

[5].
ExXAMPLE 6. Let X be the real numbers, let

Ti=[(—e,2):2e XU [D, X],
and let
T =, »)xe X]U [, X].

If .7 is the usual topology on the reals, then .9~ is not only stronger
than a minimal T, topology on the reals, it is the least upper bound
of the two minimal T, topologies .77, and .&7,. However, not every
T, or T, topology may be written as the least upper bound of minimal
T, or T, topologies. As an example of this, consider the minimum
T, topology on the reals. If it were stronger than some minimal T,
or T, topology on the reals, it would have to contain an uncountable
family of nested closed sets; but, this is not the case since every
closed set is finite. The following theorem gives a more desirable result
when X is a finite set. As mentioned before, the T, and T, axioms
are equivalent in finite sets.

THEOREM 7. Let X be a finite set, let &~ be a T, topology on
X. Then 9 may be written as the least upper bound of minimal
T, topologies on X.

Proof. It is sufficient to show that for every open set B in &,
there exists a minimal T, topology on X which is weaker than .7~
and which contains B. To show this, choose an open set Be .9~ and
let .* be a maximal chain of open sets in .77, one of which is B.
7 * forms a topology on X, and since X is finite, .77 * is T,. (Note
that if X is not finite, . * may not be T, as is the case when (X, .9")
is the minimum T, topology on the real numbers.) . * is minimal T,
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by Corollary 1.

As a final remark, the product of minimal 7, or minimal T,
topologies on sets of cardinality greater than one is never minimal T,
or minimal T,. Also, minimal T,-spaces are not absolutely T -closed
and minimal T-spaces are not absolutely T,-closed, where a space is
absolutely T,-closed if it is closed in every T,-space in which it can
be embedded [5].

This paper is a result of a seminar given by W. J. Thron during
the spring semester of 1968 at the University of Colorado. I am in-
debted to him for his help in the preparation of the paper. The
terminology and notation is that of Thron [9].

BIBLIOGRAPHY

1. C. E. Aull and W. J. Thron, Separation awioms between Ty and T, Nederl. Akad.
Wetensch. Proc. Ser. A65 = Indag. Math. 24 (1962), 26-37.

2. Manuel P. Berri, Minimal topological spaces, Trans. Amer. Math. Soc. 108 (1963),
97-105.

3. Manuel P. Berri and R. H. Sorgenfrey, Minimal regular spaces, Proc. Amer. Math.
Soc. 14 (1963), 454-458.

4. Nicholas Bourbaki, Espaces minimaux et espaces complétement séparés, C. R. Acad.
Sci. Paris 212 (1941), 215-218.

5. Horst Herrlich, 7T.-Abgeschlossenheit und T.-Minimalitat, Math. Z. 88 (1965),
285-294.

6. Miroslav Katetov, Uber H-Abgeschlossene und bikompakte Raume, éasopis Math.
Phys. 69 (1939-40), 36-49.

7. Ki-Hyun Pahk, Note on the characterizations of minimal To and Tp spaces, Kyung-
pook Math. J. 8 (1968), 5-10.

8. N. Smythe and C. A. Wilkins, Minimal Hausdorff and maximal compact spaces,
J. Austral. Math. Soc. 3 (1963), 167-171.

9. W. J. Thron, Topological structures, Holt, Rinehart, and Winston, New York, 1966.

Received February 3, 1969.

UNIVERSITY OF COLORADO



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. ROYDEN J. DUGUNDJI
Stanford University Department of Mathematics
Stanford, California University of Southern California

Los Angeles, California 90007

RICHARD PIERCE BASIL GORDON
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLr K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY
CALIFORNIA INSTITUTE OF TECHNOLOGY  UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY TRW SYSTEMS

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL WEAPONS CENTER

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, double spaced with large margins. Underline Greek
letters in red, German in green, and script in blue. The first paragraph or two must be capable
of being used separately as a synopsis of the entire paper. It should not contain references to
the bibliography. Manuscripts, in duplicate if possible, may be sent to any one of the four
editors. Please classify according to the scheme of Math. Rev. 36, 1539-1546. All other
communications to the editors should be addressed to the managing editor, Richard Arens,
University of California, Los Angeles, California, 90024.

50 reprints are provided free for each article; additional copies may be obtained at cost in
multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the
price per volume (3 numbers) is $8.00; single issues, $8.00. Special price for current issues to
individual faculty members of supporting institutions and to individual members of the American
Mathematical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 108 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17,
Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.



Pacific Journal of Mathematics

Vol. 31, No. 2 December, 1969

Efraim Pacillas Armendariz, Quasi-injective modules and stable torsion

ClASSES . . oo 277
J. Adrian (John) Bondy, On Ulam’s conjecture for separable graphs. . ........ 281
Vasily Cateforis and Francis Louis Sandomierski, On commutative rings over

which the singular submodule is a direct summand for every module . . . .. 289
Rafael Van Severen Chacon, Approximation of transformations with continuous

SPECITUIL . . o vttt e et e e e e e e e e e e e e e et et e 293
Raymond Frank Dickman and Alan Zame, Functionally compact spaces . . . . .. 303
Ronald George Douglas and Walter Rudin, Approximation by inner

JURCTIONS . ..o oo e 313
John Walter Duke, A note on the similarity of matrix and its conjugate

IFARSPOSC oo oot e e e e e e e e e e e e 321
Micheal Neal Dyer and Allan John Sieradski, Coverings of mapping

SPUCES « o v oo e e e e et e e e e e e 325
Donald Campbell Dykes, Weakly hypercentral subgroups of finite groups . . . .. 337
Nancy Dykes, Mappings and realcompact spaces . .......................... 347
Edmund H. Feller and Richard Laham Gantos, Completely injective

SCIMUEGIOUDS . . . v v et e et e et et ettt e e e e ettt 359

Irving Leonard Glicksberg, Semi-square-summable Fourier-Stieltjes
Ty e 7
Samuel Irving Goldberg and Kentaro Yano, Integrability of
cosymplectic SIrUCIUFES . . ........ ... ouiiiune.n..
Seymour Haber and Charles Freeman Osgood, On the sum
numerical INtegration ..............c.coueiiuunnnn...

Sav Roman Harasymiv, Dilations of rapidly decreasing fun
William Leonard Harkness and R. Shantaram, Convergence

transformations of distribution functions .............
Herbert Frederick Kreimer, Jr., A note on the outer Galois t
James Donald Kuelbs, Abstract Wiener spaces and applicati

ANALYSIS . o oo e e
Roland Edwin Larson, Minimal Ty-spaces and minimal Tp-
A. Meir and Ambikeshwar Sharma, On Ilyeff’s conjecture . .
Isaac Namioka and Robert Ralph Phelps, Tensor products o,

James L. Rovnyak, On the theory of unbounded Toeplitz ope
Benjamin L. Schwartz, Infinite self-interchange graphs . . . . .
George Szeto, On the Brauer splitting theorem . ...........
Takayuki Tamura, Semigroups satisfying identity xy = f(x,
Kenneth Tolo, Factorizable semigroups ...................
Mineko Watanabe, On a boundary property of principal fun
James Juei-Chin Yeh, Singularity of Gaussian measures in

factorable covariance functions .....................



	
	
	

