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COMPACT SOBOLEV IMBEDDINGS FOR
UNBOUNDED DOMAINS

ROBERT A. ADAMS

A condition on an open set G c En which is both necessary
and sufficient for the compactness of the (Sobolev) imbedding
Ho

m+1(G) -> H^{G) is not yet known. C. Clark has given a nec-
essary condition (quasiboundedness) and a much stronger suf-
ficient condition. We show here that (unless n = l) quasibound-
edness is not sufficient, and answer in the negative a question
raised by Clark on whether the imbedding can be compact if
dG consists of isolated points. We also substantially weaken
Clark's sufficient condition so as to include a wide class of
domains with null exterior. The gap between necessary and
sufficient conditions is thus considerably narrowed.

Let G be an open set in Euclidean w-space, En. Let Ho

m(G) for
each nonnegative integer m denote the Sobolev space obtained by com-
pleting with respect to the norm

,* = { Σ ( \D«u(x)\*dxY12

the space C"(G) of all infinitely differentiate complex valued functions
having compact support in G. Here, as usual, a = (aly , an) is an
w-tuple of nonnegative integers; | a | = aγ + + an, and Da = D"1

Dln where D5 = d/dxjy j = 1, , n.

We shall say that G has the Rellich property if for each integer
m > 0 the imbedding mapping HQ

m+ί(G)-+Ho

m(G) is compact. It is well
known that any bounded G has this property. An unbounded domain
G is called quasibounded if dist (x, dG) —• 0 whenever x tends to infinity
in G. If G is unbounded and not quasibounded then it contains an
infinite number of mutually disjoint, congruent balls. If φ is infinitely
differentiate, has support in one of these balls, and has nonzero U(G)
norm then the set of its translates with supports in the other balls
provides a counterexample showing the imbedding Hj(G) —> HS(G) = L2(G)
is not compact. Thus for an unbounded domain quasiboundedness is
necessary for the Rellich property.

In [2] Clark showed that the following Condition 1 is sufficient to
guarantee that G has the Rellich property.

CONDITION 1. To each R^>0 there correspond positive numbers d(R)
and δ(R) satisfying

(a) d{R) + δ(R) -»0 as R -> oo,
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( b) d(R)/δ(R) ̂  M < oo for all R,
( c ) for each x e G with | x | >R there exists y such that | α? — y | < ώ(i?)

and G n {z: I z - y \ < δ(R)} = 0 .

This condition is considerably stronger than quasiboundedness. It
implies, for example, that G has nonnull exterior. In [3] Clark gave
an example of an unbounded domain having the Rellich property but
not satisfying Condition 1. His example was the "spiny urchin," an
open connected set in E2 obtained by removing from the plane all
points whose polar coordinates (r, Θ) satisfy for any k — 1, 2, the
two restrictions r JΞ> k and θ = 2~kmπ, m — 1, 2, , 2k+1.

In this paper the gap between quasiboundedness as a necessary
condition and Condition 1 as a sufficient condition for a domain to have
the Rellich property is narrowed from both ends. On the one hand
we show that if n ^ 2 then no open set whose boundary consists only
of isolated points with no finite accumulation point can have the Rellich
property. This settles a question raised by Clark in [3], On the other
hand we show that Condition 1 can be replaced by the following weaker
Condition 2, which is still sufficient to guarantee that G has the Rellich
property. In the statement Br(x) denotes the open ball of radius r
about x.

CONDITION 2. There exists Ro ^ 0 such that to each R^>RQ there
correspond numbers d(R), δ(R) > 0 such that

( a) d(R) + d(R) — 0 as R -* oo,
(b) d(R)/δ(R) <M^oo for all R ^ Ro,
(c) for each xeG such that |a;| > R ;> RQ the ball BU{R)(x) is

disconnected into two open components d and C2 by an n — 1 dimen-
sional manifold forming part of the boundary of G in such a way that
each of the two open sets G{ Π Bd{R)(x), i = 1, 2, contains a ball of
radius δ(R).

Roughly speaking if the n — 1 dimensional manifolds in the bound-
ary of G are reasonably smooth and unbroken, and bound a quasi-
bounded domain (containing G) then G will satisfy Condition 2. Clark's
"spiny urchin" is an example of such a domain. If n — 1 any quasi-
bounded domain satisfies Condition 2, (but not necessarily Condition 1)
and so in this case quasiboundedness is necessary and sufficient for the
Rellich property.

Our principal results are as follows

THEOREM 1. // G is open in En, n^2, and the boundary of G
consists only of isolated points with no finite accumulation point,
then the imbedding HQ(G) —> U{G) is not compact. Thus quasibounded-
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ness is not sufficient to guarantee the Rellich property.

THEOREM 2. If G is open in En and satisfies Condition 2 then
it has the Rellich property.

For the proof of Theorem 1 we require the following

LEMMA 1. Given p, δ > 0, x0 eEn (n^2), there exists a function
ueC°°(En) with the following properties

( 1 ) u(x) = 0 in a neighbourhood of x0

( 2 ) 0 ^ u(x) ^ 1 for all x
( 3 ) u(x) = 1 outside the ball Bp(x0)

( 4 ) ( I Vu(x) |2 dx2 ^ δ2.
JEn

Proof. Let fe C°°(R) satisfy 0 ^ f(t) ^ 1, f(t) = 1 for t ^ 1 and
f(t) = 0 in a neighbourhood of t = 0. Let m be a positive integer, put
r — I x — χ01 and define

= f([r/p]llm) .

Clearly u e C~(En) and satisfies (1), (2) and (3). Also

I V φ ) |2 = Σ I A w(a?) I2 = I v'(r) |2 .

Denoting by ωn the surface area of the unit sphere in En and making
the change of variables t = (r/ρ)Um we obtain

( I Vu{x)
JEn

2dx =

=

VII

ft>M

CO,

I d
dr'

Qn- 2m~ι

4
s:

[2

-7.
d!
dί

+ n

V)
•fit)

ι(n -

V-dr

- 2)]-1 sup / 'it)

which, for n ^ 2, can be made less than δ2 for a suitably large choice
of m.

REMARK. If φ e Cr(En) and u is constructed as above, then
φ ue Cr(En - {x0}) c iίo 1^. - W).

Proof of Theorem 1. Let ζ> be a fixed open ball in En. Let
φ G C0°°(Q) be extended to all of En so that <p(x) = 0 in En - Q. Sup-
pose φ(x) ^ 0 for all x and
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There exists M > 0 such that for all x in En

I φ(x) I ̂  M , I A ^ ) I ̂  Λf , i = 1,

If Q contains no boundary points of G put ψ = φ. Otherwise Q con-
tains only a finite number of boundary points of G, say x19 •••,%.
For i = 1, , k let ^ = Bp.{x%) where ft is small enough that
vol. Bi ^ (C/2kM)\ Let δ = K/Mk and let ^ be the function const-
ructed as in Lemma 1 corresponding to the point x{ and the constants
p{ and δ. Put ψ = φ-ur uk. Clearly ψ e Ho

ι(Q — {xif , xk}) c HQ

ι(G).
We have

- Σ

= =i = 2

Also

\0,En + Σ II <pu>ι

^ if + fcikf5 = 2K .

Since || t ||0>ff ^ || cp ||0>ff = C we have

Now let {QJJLi be a family of mutually disjoint open balls in En

all congruent to Q. Let ^ be a translate of <p with support in Q{ and
let ψi e HQ(G) be constructed from ψι as above, so that

Then the sequence {̂ JΓ=i is bounded in HQ(G) but contains no sub-
sequence convergent in L2(G) since for ί Φ j || ψ{ — ψ3- \\OtG ^ C/i/ 2 »
Thus the imbedding HQ

ι(G) —+ L2(G) is not compact.

The proof of Theorem 2 is based on the following generalization
of Poincare's inequality which is a variant on those forms appearing in
Agmon [1] and Clark [2].

LEMMA 2. Let G be open in En and satisfy Condition 2. Let
GR denote G Π {x: | x \ > R}. Then there exists a constant c depending
only on n and M (the constant of Condition 2 (b)) such that for all
R ί> Ro and every u e H^{G)

\ I u(x) |2 dx ^ c(d(R))2 [ \ Vu(x) |2 dx .
JOB JG
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Proof. Fix R^R0 and let d = d{R), δ = δ(R). If a = (α υ •••,«»)
is an w-tuple of integers let Qa = {x e En: akvrll2d S%k^- (<** + l)n~ll2d}.
Then En = U«<3* Let φ e C0°°(G). Fix x e GR. Then x e Qa for some
a. Let J5d = Bd(x), Bu = Bzd(x). There exists an n — 1 dimensional
manifold forming part of dG which disconnects Bu into open components
Ci and C2 and there exist points yi e Ct (i = 1, 2) such that B ^ ) c d.
Thus 9? can be written as φ — φγ + φ2 where φ{ e C~(G) and ^ = 0 in
<72 while φ2 = 0 in Cx. Since Qα c J?d we have

I φ{y) dy +\ \ <p2(y) |2 dy .

If (r, σ) and S denote respectively spherical coordinates in En centered
at y2 and the surface of the unit sphere about y2 we have

( i <pi(v) \2

where t =

S Γ2d

jiσ^ {φ^r, σ)\2rn-1dr

<* 2d \ I φ^t, σ) |2 tn~ιdσ
JS

satisfies δ tί t g 2d. Since φ^δ, σ) = 0 it follows that

[l —ωx{r, σ)dr V"1

}δ dr

dr

d
dr

dr

σ) rn~xdr .

4<
dr

rn~ιdr

T h u s , since d/δ < M,

\ I <Pi(y) I2 ̂  ^ (2d) w + 1 δ 1 - w ( dσ Γ

^ 2 I i + 1M> i-1(Z2 ί I VψAy)

^ 2TO+IikΓ»-1(Z2 I I •yφί(y) |2 % .

Combining this wi th a similar expression for φ2 we obtain

\ I <p(y) |2 dy ^ 2w + 1Mw~1ίi2 I | Vφ(y) |2 %

^ 2% + 1Mw~1d2 1 I Vφ(y) |2 c?τ/

where Qί, is the union of all the sets Qa which intersect Bsd. There



6 ROBERT A. ADAMS

is a number N depending only on n such that any N + 1 of the sets
Qp

a have null intersection. Summing the above inequality over all a
for which Qa intersects GR we obtain

1 φ(y) I2 dy ^ 2n+1NMn-1(d{R))2 \ Vφ(y) \2 dy .
GR )G

This inequality extends by completion to HQ(G).

The remaining part of the proof of Theorem 2 is similar to Clark's
proof [2, Th. 3] and is included here for completeness. First, how-
ever, let Hm{G,R) be the completion in the norm (| \\m>Gf]KR of the
space C0°°(G, R) of all C°° functions whose support is a compact subset
of G n KR where KR = 5^0). Since the imbedding Ho

m+ι(KR)->HQ

m(KR)
is known to be compact [4, Chapter XIV] and since an element of
Hm(G, R) can be extended to be zero outside its support so as to be-
long to HQ

m(KR) it follows that the imbeddings Hm+ι(G, R)-+Hm(G, R),
m — 0, 1, 2, are compact.

Proof of Theorem 2. I t suffices, by an inductive argument, to
prove only that the imbedding HQ(G) —> L2(G) is compact. We make use
of the following well known compactness criterion for sets in L2(G):
if GczEn and the sequence {%4?=i ί s bounded in L2(G) then it is com-
pact in L2(G) provided

( a ) for every bounded G' aG the sequence {uk \ G'} is compact
in L2(G'), and

(b) for each ε > 0 there exists R > 0 such that for all k

\ I uk(x) |2 dx < ε .
}GR

Now let {uk} be a sequence bounded in Ht(G), say l l ^ l l ^ ^ K. By
Lemma 2, for R ^ Ro we have || uk \\0,GR ^ C(d(R))2K->0 as R-> oo so
condition (b) of the criterion is satisfied. To establish (a) let Gf be a
bounded subset of G, so that G' c KR for some R. Since {uk \ KR} is
bounded in iΓ(G, # ) it is compact in H°(G, R) =• L\KR n G) and so
{uk I G'} is compact in L2(G'). Thus {uj is compact in L2(G), whence
the theorem.
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lent:

GROUPS WITH MAXIMUM CONDITIONS

BERNHARD AMBERG

It still seems to be unknown whether there exist Noetherian
groups (— groups with maximum condition on subgroups) that
are not almost polycyclic, i.e., possess a soluble normal subgroup
of finite index. However, the existence of even finitely gen-
erated infinite simple groups shows that in general a group
whose subnormal subgroups satisfy the maximum condition need
not be almost polycyclic. The following theorem gives a num-
ber of criteria for a group satisfying a weak form of the
maximum condition to be almost polycyclic.

THEOREM. The following conditions of the group G are equiva-

( I )

(Π)

(III)

(IV) -I

(VI) Ϊ

G is almost polycyclic.
(a) If C is a characteristic subgroup of G, then C is
finitely generated.
(b) Every infinite epimorphic image H of G possesses
a locally almost soluble characteristic subgroup N Φ 1.
(a) If C is a characteristic subgroup of G, then C is
finitely generated.
(b ) Every infinite epimorphic image H of G possesses a
locally almost polycyclic accessible subgroup E Φ 1.
(a) If the characteristic subgroup C of G is not finitely
generated, then the maximum condition is satisfied by
the normal subgroups of C.
(b) Every infinite epimorphic image H of G possesses
an almost radical accessible subgroup E Φ 1.
( a ) If the normal subgroup N of G is not finitely gener-
ated, then the maximum condition is satisfied by the
normal subgroups of N.
(b) Every infinite epimorphic H of G possesses a nor-
mal subgroup N Φ 1 with cHN Φ 1.
( a ) If the characteristic subgroup C of G is not finitely
generated, then the maximum condition is satisfied by
the normal subgroups of C.
(b ) Every infinite epimorphic image H of G possesses
a characteristic subgroup N Φ 1 with cHN Φ 1.
(al) // the characteristic subgroup C of G is not finitely
generated, then the maximum condition is satisfied by the
normal subgroups of C.
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(VII) •{ (a2) The maximum condition is satisfied by the normal
subgroups of G.
(b) Every infinite epimorphic image H of G possesses
a normal subgroup N Φ 1 with cHN Φ 1.
(al) // G is not finitely generated, then the maximum
condition is satisfied by the normal subgroups of G.

Abelian normal subgroups of epimorphic images of
ΓVΊT"Π

G are finitely generated.
( b) Every infinite epimorphic image H of G possesses a
normal subgroup N Φ 1 with cHN Φ 1.

REMARKS. G. Higman [9] has constructed an infinite finitely
generated simple group. This group satisfies part (a) of every condition
(II) to (VIII) of the theorem without being almost polycyclic. Hence
part (b) of the conditions (II) to (VIII) is indispensable. Every group
C oo of Prϋfer's type satisfies part (b) of every condition (II) to (VIII)
of the theorem without being almost polycyclic. Hence part (a) of
the conditions (II) to (VIII) is likewise indispensable. It is well known
that a group G generated by two elements a and b with the relation
b~ιab = a2 is metabelian and satisfies the maximum condition for
normal subgroups without being almost polycyclic. This group satis-
fies conditions (VII. a2) and (VII. b) as well as (VIII. al) and (VIII. b)
so that (VII. al) and (VIII. a2) are indispensable. The existence of
infinite locally finite simple groups shows that conditions (II. a) and
(III. a) cannot be replaced by (IV. a) or (V. a). We have been unable
to decide whether or not conditions (VII. a2) and (VIII. al) are indispen-
sable. From the proof of the equivalence of (I) and (II) it may easily
be seen that one gets a similar criteria if the word 'characteristic
subgroup' in (II) is replaced by the word 'normal subgroup7.

NOTATIONS.

{•••} = subgroup generated by the elements enclosed in braces.
%G — center of the group G.

cGX = centralizer of the subset X of G in G.
G(0) = G.

Qn+i) __ Qίi) _ commutator subgroup of Gιi).
Factor = epimorphic image of a subgroup.
A subgroup U of the group G is F-admissible for the automorphism

group Γ of G if every element in Γ maps U onto U.
Two subgroups A and B of G are automorphic if there exists an

automorphism of G mapping A onto B.
A normal series is a well ordered set of subgroups Xv of the group G

with 0 ^ v ^ τ such that Xv is a normal subgroup of Xv+ί for v < τ and
Xx ~ \Jv<χ Xv for limit ordinals λ ^ τ; Xu+ί/Xv is a factor of the series
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A subgroup U is accessible if there exists a normal series from
U to G.

Soluble group = group with G{i) = 1 for almost all i.
Noetherian group = group with maximum condition on subgroups.
Polycyclic group = Noetherian and soluble group.
Nilpotent group = group G with a finite central series from 1 to G.
Let e be any group theoretical property.
A group is an e-group if it has the property e.
A group G is almost-e if there exists a normal e-subgroup N of

G with finite G/N.
A group G is locally-e if every finitely generated subgroup of G

is an e-group.
A group G is radical if every epimorphic image H Φ 1 of G pos-

sesses a locally nilpotent accessible subgroup E Φ 1.

In the proof of the theorem we need several lemmas most of
which slightly extend known results. We recall that a group G is finitely
presented if there exists a free group F of finite rank and a normal
subgroup R of F generated by finitely many classes of elements con-
jugate in F such that F/R ~ G. Every almost polycyclic group is
finitely presented; see R. Baer [3], p. 276, Folgerung 3.

LEMMA 1. If e is any class of finitely presented groups, if
the finitely generated group G is not an t-group and if Γ is a group
of automorphisms of G, then there exists a Γ-admissible normal sub-
group N of G such that G/N is not an e-group, but G/M is an e-
group, for every Γ-admissible normal subgroup M of G containing
N properly.

Proof The set 3ft of all /^-admissible normal subgroups X of G such
that G/X is not an e-group is not empty, since it contains 1. Let X be
any nonempty subset of Wl such that I g Γ o r YczX for every pair
X, Y of F-admissible normal subgroups in X. If V denotes the union of
the elements in %, then V is likewise a /^-admissible normal subgroup of
G. If V is not contained in 271, then G/V is an e-group and hence finitely
presented. Since G is finitely generated, there exists a finite subset T
of V such that V= {Tr>}; see R. Baer [3], p. 270, Satz 1. Since V is
the union of the elements of X, for every x in T there exists a in-
admissible normal subgroup X* in % containing x. Since the subgroups
in % are comparable and since T is finite, there exists a /^-admissible
normal subgroup Y in Z such that X* £Ξ Y for every x in T. Thus
T is a subset of the normal subgroup Y of G such that V = {TG} C
Γ g F s o that V = Y belongs to 2K. This contradiction shows that
V is an element of 9ft. We have shown that the maximum principle
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of set theory is applicable and that there exists therefore a maximal
/"-admissible normal subgroup JV in 3K. Since N is contained in Wl,
the epimorphic image H = G/N of G is not an e-group. However, if
M is a jΓ-admissible normal subgroup of G with NczM, then the
maximality of N implies that G/M is an e-group.

COROLLARY 2. // the finitely generated group G is not almost
polycyclic, then there exists an epimorphic image H of G which is
not almost polycyclic, but every proper epimorphic image of H is
almost polycyclic. Furthermore, there exists a characteristic sub-
group C of G such that G/C is not almost polycyclic, but G/D is
almost polycyclic for every characteristic subgroup D of G containing
C properly.

Proof. The class e of almost polycyclic groups is finitely presented.
Therefore the two statements follow immediately from Lemma 1 if Γ
is the group of all inner automorphisms of the group G or the group
of all automorphism of G respectively.

A set 2ft of normal subgroups of the group G is independent, if
their product is direct.

LEMMA 3. // 1 is the only finite characteristic subgroup of the
group G, if 1 is the only finite Abelian accessible subgroup of G, and
if independent sets of finite simple isomorphic normal subgroups of
characteristic subgroups of G are finite, then 1 is the only finite
accessible subgroup of G.

Proof. If this statement is false, then there exists a finite acces-
sible subgroup M Φ 1 of G, and we can assume that M is minimal.
Our hypotheses imply that M is non-Abelian. If β is an automorphism
of G, then the image Mβ of M is automorphic to M and is likewise
a finite simple non-Abelian accessible subgroup of G. Thus the sub-
group M * of G generated by all the subgroups of G which are auto-
morphic to M is a characteristic subgroup of G which possesses a
normal series with finite factors leading from 1 to G. It follows that
M* is locally finite; see for instance R. Baer [5], p. 53, bottom. If
A and B are two different subgroups of G which are automorphic to
M, then V = {A, B) is finite, since it is a finitely generated subgroup
of ¥ * . A and B are also accessible subgroups of the finite group V,
so that A and B are subnormal subgroups of V. Application of H.
Wielandt, [12], p. 463 (1. a), shows that A and B normalize each other.
Thus A, B and A f) B are normal subgroups of V. Since A Φ B and A
and B are simple, we have Af]B = 1. It follows that A and B centralize
each other. Since all subgroups of G automorphic to M are finite
and centralize each other pairwise, M * is a direct product of finite
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simple groups automorphic to M. The hypotheses of our lemma now
imply that Λf * is a finite characteristic subgroup of G, which is im-
possible. Thus the lemma is proved.

COROLLARY 4. // 1 is the only Abelian accesible subgroup of the
group G and if independent sets of finite normal subgroups of
characteristic subgroups are finite, then the product P of all finite
normal subgroups of G is finite and 1 is the only almost Abelian
accessible subgroup ofH= G/P.

Proof. Clearly the product P of all finite normal subgroups of G
is a characteristic subgroup of G, so that independent sets of finite
normal subgroups of P are finite. Application of R. Baer [7], p. 26,
Lemma 5.1, now yields that P is finite.

If E is a finite normal subgroup of H = G/P, then there exists a
normal subgroup X of G with P g l and E = XIP. Since P and E
are finite, X is also finite, thus, X must be contained in P. This im-
plies E = 1, and we have shown:

(1) 1 is the only finite normal subgroup of H.

Now let h Φ 1 be an element of H which generates an accessible
subgroup {h} of H. It follows from K. Grϋnberg, [8], p. 158, Th. 2,
or R. Baer [5], p. 57, Satz 3.3, that the set T of all elements of H
which generate accessible subgroups of H is a locally nilpotent
characteristic subgroup of H. Since h Φ 1, we have T Φ 1, so that T
is infinite by (1).

Let Q be the uniquely defined characteristic subgroup of G such
that PaQ and T = Q/P. Since 1 is the only Abelian accessible sub-
group of G, we have 1 = %P = cGP n P. The finiteness of P implies-
the finiteness of G/cGP. If Q n c6P = 1, then

Q = QKQ n cGP) s QC,P/C,P s G/cGp

is also finite. But T = Q/P infinite implies that Q is infinite. Hence
Q Π cGP Φ 1. If α ^ 1 is an element in Q n cGP, then Pa is an element
in T and therefore {Pα} is an accessible subgroup of T and H; see R.
Baer [5], p. 59, Zusatz 3.6. It follows that {P, a]/P is an accessible
subgroup of the locally nilpotent group T; see K. Griinberg, [8], p.
158, Lemma 7, or R. Baer [5], p. 48, Lemma 1.4. Hence {P, a} is an
accessible subgroup of Q and G, and this implies that {P, α} Π cGP is
an accessible subgroup of cGP and G. Since {a} g cGP the application
of Dedekind's Modular Law yields

{P, α} n cGP - P{a) Π cGP - {α}(P Π c^P) = {α} ^ 1 .



14 BERNHARD AMBERG

Thus there exists a cyclic accessible subgroup of G, which contradicts
our hypotheses, and we have shown:

{2) 1 is the only Abelian accessible subgroup of H.

If U is any almost Abelian accessible subgroup of H, then (2)
implies that U is finite. The statements (1) and (2) show that the
hypotheses of Lemma 3 are satisfied by H. Thus U = 1, and our
assertion is proved.

PROPOSITION 5. Let N Φ 1 be a normal subgroup of the group
G such that G/cGN is almost polycyclic. Then there exists an almost
Abelian normal subgroup A Φ 1 of G. If N is a characteristic sub-
group of G, then A is a characteristic subgroup of G.

Proof. If Nf) cHN Φ 1, then %N is an Abelian normal subgroup
of G, and clearly giV is even characteristic in G whenever N is
characteristic in G. If N Π cHN Φ 1, then

N = N/(N ΓΊ cGN) = NcGN/cGN C G/cGN ,

so that N is isomorphic to a subgroup of the almost polycyclic group
G/cGN. It follows that N is likewise almost polycyclic, and there
exists a soluble characteristic subgroup S of N with finite N/S; see
R. Baer [3], p. 276, Satz 3. If S = 1, then N is a nontrivial finite
normal subgroup of G. If S Φ 1, there exists an Abelian characteristic
subgroup A Φ 1 of N, which is a nontrivial Abelian normal subgroup
of G. Clearly, A is also characteristic in S, N and G whenever N is
a characteristic subgroup of C.

REMARK. The above proposition may be generalized easily.

LEMMA 6. If 1 is the only almost Abelian normal subgroup of
the group G, and if every infinite epimorphic image H of G posses-
ses a normal subgroup N Φ 1 such that cHN Φ 1, then every non-
trivial normal subgroup of G possesses an infinite independent set
of normal subgroups of G.

Proof. If X Φ 1 is a normal subgroup of G, then our hypotheses
imply that X is infinite. Since 1 is the only Abelian normal subgroup
of G, we have X n cGX = 3X = 1. This implies that XcGX/cGX ^
Xj(X Π cGX) — X and therefore G/cGX are infinite. As in the proof
of R. Baer [6], p. 177, Folgerung 5.2, one shows by using Lemma 5.1
of this paper that every nontrivial normal subgroup of G possesses
an infinite set of independent normal subgroups of G.
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COROLLARY 7. If every independent set of infinite normal sub-
groups of any epimorphic image of the group G is finite, then the
following two properties of G are equivalent:

(I ) Every infinite epimorphic image H of G possesses an al-
most Abelian normal subgroup N Φ 1.

(II) Every infinite epimorphic image H of G possesses a normal
subgroup N Φ 1 such that cHN Φ 1.

Proof Let G be a group satisfying (I) and let H be an infinite
epimorphic image of G. Then there exists an almost Abelian normal
subgroup N Φ 1 of H. If N is finite, then H/cHN is finite, so that
cHN is infinite. If N is infinite, then there exists an Abelian charac-
teristic subgroup A of N with finite N/A see R. Baer [2], p. 152,
Lemma 2. Clearly A is an infinite normal subgroup of H with zHA Φ 1.
Thus (I) implies (II).

Conversely, let condition (II) be satisfied by G, and let H be an
infinite epimorphic image of G. Then every independent set of infinite
normal subgroups of H is finite, and Lemma 6 shows the existence of
an almost Abelian normal subgroup N Φ 1 of H. Thus (II) implies (I),
and our assertion is proved.

LEMMA 8. Let G be a group satisfying the following condition:
(SK) // the characteristic subgroup C of G is not finitely generated,

then the maximum condition is satisfied by the normal subgroups
of C.

Then the following conditions hold:
(a) If A and B are characteristic subgroups of G with AξΞ^B,

then B/A likewise satisfies (M).
(b ) Products of independent finite normal subgroups of charac-

teristic subgroups of G are finite.
( c) The product 3ΐG of all almost polycyclic characteristic sub-

groups of G is an almost polycyclic characteristic subgroup of G.
(d) 1 is the only almost radical accessible subgroup of G/9ΪG.
(e ) 3ΐG contains every almost radical accessible subgroup of G.
( f ) If G is not almost polycyclic, then there exists an epimorphic

image H of G such that H/C is almost polycyclic for every charac-
teristic subgroup C Φ 1 and 1 is the only almost radical accessible
subgroup of H; H satisfies (SK).

Proof. It is easy to see that every characteristic subgroup and
every factor group modulo a characteristic subgroup of a group with
property (W) likewise satisfies (W). This implies (a).

Let C be a characteristic subgroup of G and let @ be an inde-
pendent set of nontrivial finite normal subgroups of C. Then the
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product P of all finite normal subgroups of C is a locally finite charac-
teristic subgroup of C different from 1. Thus P is finite, if it is
finitely generated. If P is not finitely generated, then by (SK) the
normal subgroups of P satisfy the maximal condition. Then P is the
product of finitely many finite groups and hence finite. The finiteness
of P implies the finiteness of @, since every element of @ is contained
in P. This proves (6).

Clearly the product dϊG of all almost polycyclic characteristic sub-
groups of G is a characteristic subgroup of G which satisfies (9K).
Assume ίRG is not almost polycyclic. If ίRG is not finitely generated,
then by (3ft) the normal subgroups of ίRG satisfy the maximum con-
dition. It follows that ίRG is the product of finitely many almost
polycyclic characteristic subgroups of G. This implies that ίRG is
likewise almost polycyclic, since every extension of an almost polycyclic
group by an almost polycyclic group is almost polycyclic see for in-
stance W.R. Scott, [11], p. 150, 7.1. 2. Hence ίRG is finitely generated.
Since ίRG is not almost polycyclic, Corollary 2 shows the existence of
an epimorphic image K of ίRG with the following properties:

(1) K is not almost polycyclic, but every proper epimorphic image
of K is almost polycyclic.

Clearly K is infinite. Since ίRG is the product of almost polycyclic
normal subgroups, K is likewise the product of almost polycyclic
normal subgroups. Hence there exists an almost polycyclic normal
subgroup N Φ 1 of K. By (1) K/N is almost polycyclic, and this im-
plies that K is almost polycyclic, since every extension of an almost
polycyclic group by an almost polycyclic group is almost polycyclic.
Since this contradicts (1), we have proved (c).

If C Φ 1 is an almost polycyclic characteristic subgroup of G/ίRG,
then there exists a characteristic subgroup D of G such that ίRG c D
and C — D/ίRG is almost polycyclic. Since ίRG and D are almost
polycyclic, D is an almost polycyclic characteristic subgroup of G and
thus contained in ίRG. This contradiction shows:

(2) 1 is the only almost polycyclic characteristic subgroup of G/ίRG.

Assume there exists a nontrivial radical accessible subgroup of
G/9ΪG. Then there exists also a nontrivial locally nilpotent accessible
subgroup of G/3ΪG, and the subgroup S generated by all locally
nilpotent accessible subgroups of G/ίRG is a nontrivial locally nilpotent
characteristic subgroup of G/ίRG; see R. Baer [5], p. 57, Lemma 3.
If S is finitely generated, then S is a finitely generated nilpotent
group and therefore Noetherian and polycyclic; see R. Baer [1], p. 299,
Satz B. This contradicts (2) so that S is not finitely generated. Since
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3ΐG is a characteristic subgroup of G, by (a) G/3ΪG satisfies condition
(SK), and the normal subgroups of S fulfill the maximum condition.
This implies that S is Noetherian and poly cyclic, since S is locally
nilpotent; see D.H. McLain, [10], Theorem 3.2, p. 10. This contradicts
(1), and we have shown:

(3) 1 is the only radical accessible subgroup of G/ΪRG .

By (b) independent sets of finite normal subgroups of characteristic
subgroups of G/3ΪG are finite. Application of Corollary 4 yields that
the product P of all finite normal subgroups of G/ΊRG is finite and
that 1 is the only almost Abelian accessible subgroup of (G/3ΐG)/P.
It is a consequence of (2) that P = 1. This together with (3) implies
that 1 is the only almost radical accessible subgroup of G/9ΪG. We
have proved (d).

If the almost radical accessible subgroup E of G is not contained
in $IG, then EdiG/ίϋG ~ E/(E Π 3KG) is a nontrivial almost radical ac-
cessible subgroup of G/?ίlG. This contradicts (d), and thus (e) is proved.

Let G be not almost polycyclic. By condition (SK)G is finitely
generated or the normal subgroups of G satisfy the maximum condition.
By Corollary 2 there exists a characteristic subgroup C of G such
that G/C is not almost polycyclic, but G/D is almost polycyclic for
every characteristic subgroup D of G containing C properly. By (a)
H = G/C satisfies (3K). By (c) the product 9ϊH of all almost polycyclic
characteristic subgroups of H is an almost polycyclic characteristic
subgroup of H. If ΐRH Φ 1 then H/ΪRH is almost polycyclic, and this
implies that H is almost polycyclic. Thus 3ΐiϊ = 1, and by (d) 1 is
the only almost radical accessible subgroup of H.

Proof of the theorem. If G is almost polycyclic, then G is es-
pecially Noetherian and every infinite epimorphic image of G possesses
a finitely generated Abelian normal subgroup, not 1. These properties
imply that the conditions (II) to (VIII) are consequences of (I).

Assume now that the group G is not almost polycyclic, but that
at least one of the conditions (II) to (VIII) is satisfied. Then especially
G is finitely generated or the maximum condition is satisfied by the
normal subgroups of G. By Corollary 2 this implies the existence of
a characteristic subgroup C of G with the following properties:

(1) H = G/C is not almost polycyclic, but H/D is almost polycyclic
for every characteristic subgroup D Φ 1 of H.

If (II) is satisfied, then H possesses a locally almost soluble
characteristic subgoup N Φ 1 of H. Clearly H likewise satisfies con-
dition (II. a), so that N is finitely generated. Since N is a finitely
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generated almost soluble group, there exists a soluble characteristic
subgroup S of N and H; see for instance W.R. Scott, [11], p. 152, 7.7.
If S Φ 1, then there exists an Abelian characteristic subgroup A Φ 1
of S, N and H. As a characteristic subgroup of H the group A is
finitely generated and therefore Noetherian. This implies that there
exists an almost polycyclic characteristic subgroup D Φ 1 of H. By
(1) H/D is almost polycyclic, so that H is almost polycyclic. This
contradicts (1), and G does not satisfy condition (II).

If (III) is satisfied, then H possesses a locally almost polycyclic
accessible subgroup E Φ 1. Hence the subgroup R generated by all
locally almost polycyclic accessible subgroup of H is a locally almost
polycyclic characteristic subgroup, not 1, of H, since the product of
two normal almost polycyclic subgroups is almost polycyclic; see R.
Baer [4], p. 360, Folgerung 1. Since R is a characteristic subgroup
of H, it is finitely generated by (III. a). Thus H is an extension of
the almost polycyclic group R by H/R which is almost polycyclic by
(1). But then H must be almost polycyclic, which contradicts (1).
Hence G does not satisfy (III).

If one of the conditions (IV) to (VII) is satisfied, then by Lemma
8 (f) we may assume that the epimorphic image H of G satisfies, in
addition to (1), the following condition:

(2) 1 is the only almost radical accessible subgroup of H.

Clearly (2) implies that G does not satify (IV).
If (V) is satisfied, (V. b) and (2) imply the existence of an infinite

independent set @ of normal subgroups of H; see Lemma 6. Then
the product P of all normal subgroups in @ is a normal subgroup of
H, and (V. a) implies that P is finitely generated or the maximum
condition is satisfied by the normal subgroups of P. In both cases @
must be a finite set. This contradiction shows that G does not satisfy (V).

If (VI) is satisfied, then there exists a characteristic subgroup
N Φ 1 of H such that cHN Φ 1. Since cHN is likewise a characteristic
subgroup of H, H/cHN is almost polycyclic by (1). Now Proposition 5
yields the existence of an almost Abelian characteristic subgroup A Φ 1
of H. This contradicts (2), and G does not satisfy (VI).

If (VII) is satisfied, (VII. b) and (2) imply the existence of an in-
finite independent set @ of normal subgroups of H; see Lemma 6. But
by (VII. a2) the normal subgroups of H satisfy the maximum condition.
Hence @ must be finite, and G does not fulfill (VII).

Thus (VIII) must be satisfied. By (VIII. al) and Lemma 2 there
exists an epimorphic image H of G with the following properties:

(3) if is not almost polycyclic, but every proper epimorphic image
of H is almost polycyclic.
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By (VIII. b) there exists a normal subgroup N Φ 1 of H such that
tHN Φ 1. Condition (3) yields that H/cHN is almost polycyclic. Ap-
plication of Proposition 5 shows the existence of an almost Abelian
normal subgroup B Φ 1 of H. If B is infinite, then there exists an
Abelian characteristic subgroup C Φ 1 of B which is an Abelian normal
subgroup of H; see R. Baer [2], p. 152, Lemma 2. By (VIII. a2) C is
finitely generated and therefore Noetherian. Thus there exists a
Noetherian almost Abelian normal subgroup A Φ 1 of H. Since HjA
is almost polycyclic by (3), H must be almost polycyclic also. This
contradiction finally proves our theorem.
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MOBIUS FUNCTIONS OF ORDER k

TOM M. APOSTOL

Let Jc denote a fixed positive integer. We define an
arithmetical function μk, the Mobius function of order k, as
follows:

^(1) - 1 ,
μk(n) = 0 if pk+ί I n for some prime p ,

μk(n) = ( - 1 ) ' if n = pΐ pk

rΠ P** , 0 g a* < fc ,

^(n) = 1 otherwise .

In other words, μk(n) vanishes if n is divisible by the (k + l)st
power of some prime; otherwise, μk(n) is 1 unless the prime
factorization of n contains the kth powers of exactly r distinct
primes, in which case μk(n) = (—1)**. When k = 1, μk(n) is the
usual Mobius function, μi(n) = μ(n).

This paper discusses some of the relations that hold among
the functions μk for various values of k. We use these to
derive an asymptotic formula for the summatory function

Mk{x) = Σ Pk(n)

for each k ^ 2. Unfortunately, the analysis sheds no light on
the behavior of the function Mι(x) — ̂ n^x μ(n).

It is clear that | μk \ is the characteristic function of the set Qk+1

of (k + l)-free integers (positive integers whose prime factors are all
of multiplicity less than k + 1). Further relations with Qk+1 are given
in §'s4 and 5.

The asymptotic formula for Mk(x) is given in the following theorem.

THEOREM 1. If k^ 2 we have

(1) Σ μk(n) = Akx + O(xllk log x) ,

where

Note. In (2), ζ(k) is the Riemann zeta function. The formula
for Ak can also be expressed in the form

/o\ A _ 1 fi μ(n)φ(n)
K ° ) SiJ 2 —ζ(k) *=ί nJk(n)

21
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where φ(n) and Jk(n) are the totient functions of Euler and Jordan*
given by

φ(n) = n Π (1 - p-1), Ju(n) = n ' Π ( l - Ί>~k)
p\n p\n

We also have the Euler product representation

2* Lemmas. The proof of Theorem 1 is based on a number of
lemmas.

LEMMA 1. If k ^ 1 we have μk{nk) — μ(ri).

LEMMA 2. Each function μk is multiplicative. That is,

μk(mn) — μk{m)μk(n) whenever (m, n) = 1 .

LEMMA 3. Let f and g be multiplicative arithmetical functions
and let a and b be positive integers, with a ^ 6. Then the function
h defined by the equation

= Σ

is also multiplicative. (The sum is extended over those divisors d of
n for which da divides n.)

The first two lemmas follow easily from the definition of the func-
tion μk. The proof of Lemma 3 is a straightforward exercise.

The next lemma relates μk to μk_L.

LEMMA 4. If k ^ 2 we have

μk{n) = Σ̂

Proof. By Lemmas 2 and 3, the sum on the right is a multipli-
cative function of n. To complete the proof we simply verify that
the sum agrees with μk(n) when n is a prime power.

LEMMA 5. If k^ I we have

I μk(n) I = Σ μ(d) .



MOBIUS FUNCTIONS OF ORDER k 23

Proof. Again we note that both members are multiplicative
functions of n which agree when n is a prime power.

LEMMA 6. If k ^ 2 and r ^ 1, let

Fr{x) = Σ ] « M ( φ M ( r ^ ) .
n^x

Then we have the asymptotic formula

F = x μ(rMr)r^ + 0 ( a ^ ( r ) ) ,
ζ(k) Jk(r)

where σa(r) is the sum of the ath powers of the divisors of r, and
s is any number satisfying 0 < s < 1/k. (The constant implied by
the O-symbol is independent of r.)

Proof. In the sum defining Fr(x) the factor μk^{rk~ιn) = 0 if r
and n have a prime factor in common. Therefore we need consider
only those n relatively prime to r. But if (r, n) = 1 the multiplicative
property of μk^ gives us

where in the last step we used Lemma 1. Therefore we have

Fr(x) = μ(r) Σ I μk-i(n) \ .
(Zr)X=l

Using Lemma 5 we rewrite this in the form

Fr(x) = μ(r) Σ Σ μ(d) = μ(r) Σ μ(d) Σ̂
q^x/dk

( g r , r ) = l

L td*

(d,r)=l

At this point we use the relation [x] = x + O(xs), valid for any fixed
s satisfying 0 <J s < 1, to obtain

( d , r ) = l

Σ JΆ + O(*Σ,± ΣίQ. Σ JΆ + O(*Σ,± Σ
t dk^x dk \ t\r tS d^xU

If we choose s so that 0 < ks < 1 we have
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and the O-term in the last formula for Fr(x) is O(xllkσ_s(r)). To com-
plete the proof of Lemma 6 we use the relations

v^ μ(t) = φ(r)
t\r t T

and

v μ(d) — v* μ(d)
/ t / i T~

(d,r)=i ( d , r ) = l

L - p-«

1 rh

Mr)
O(xa~k>/k) .

3. Proof of Theorem 1. In the sum defining Mk(x) we use
Lemma 4 to write

Mk(x) = Σ μt(n) = Σ Σ

= Σ Σ μu
k k

- Σ

Using Lemma 6 we obtain

(5) M,(x) = * Σ &&T& + θ ( ^ » Σ

The sum in the first term is equal to

The sum in the O-term in (5) is equal to

Σ 1 ^ L = Σ r-1 Σ rf-θ - Σ
^χl/k T r^xHk dδ-^r δ^x^

= θ( Σ δ-1) = O(\ogx)
\dHzUk I
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Therefore (5) becomes

Mk(x) = - J - Σ ^ ^ + OW log x) ,
ζ(fc) r7(r)

which completes the proof of Theorem 1.
To deduce (4) from (2) we note that (2) has the form

ζ(k)

where f(n) is multiplicative and f(pa) = 0 for a ^ 2. Hence we have
the Euler product decomposition: [see 3, Th. 286]

4* Relations to A;-free integers Let QΛ denote the set of k-
free integers (positive integers whose prime factors are all of multiplicity
less than fc), and let qk denote the characteristic function of Qk:

/ ^ (1 if neQk,
Qk(n) = ]

(0 otherwise.

Gegenbauer [2, p. 47] has proved that the number of fc-free integers <̂  x
is given by

( 6 ) Σ ?*(n) = y^T + O(α;̂ ) , (k ^ 2) .
^ ζ(fc)

From the definition of μk it follows that qk+ι(n) = \μk(n)\, so Gegen-
bauer's theorem implies the asymptotic formula

< 7 ) S i ̂ « » i = « ί τ i j + «"""*">• < * 6 1 )

From our Theorem 1 we have

( 8 ) Σ μM = Akx + O(xllk log x) (k > 1) .

The two formulas (7) and (8) show that among the (k + l)-free integers,
k > 1, those for which μk(n) = 1 occur asymptotically more frequently
than those for which μk(n) = — 1; in particular, these two sets of
integers have, respectively, the densities

l f 1 +Ak) and 4
2 \ζ(fc + l) V 2
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This is in contrast to the case k = 1 for which it is known that

Σ I μ(n) I - -JL- + O(xil2), but Σ μ(n) = o(x) ,
ngx ζ(2) ns*

so the square-free integers with //(») = 1 occur with the same asymptotic
frequency as those with μ(n) = — 1 [see 3, p. 270],

Our Theorem 1 can also be derived very simply from an asymptotic
formula of Cohen [1, Th. 4.2]. Following the notation of Cohen, let
Qt denote the set of positive integers n with the property that the
multiplicity of each prime divisor of n is not a multiple of k. Let
qt denote the characteristic function of Qt. Then qt(l) = 1, and for
n > 1 we have

I T

1 if n = Π P?S with each α< Ξ£ 0 (mod fc) ,
t = l

0 otherwise.
The functions gj and μfc are related by the following identity:

(9) qt(n)= Σ μ*(-£
dk\n \dk

This is easily verified by noting that both members are multiplicative
functions of n that agree when n is a prime power, or by equating
coefficients in the Dirichlet series identity (14) given below in § 5
Inversion of (9) gives us

(10) μk(n) =

Cohen's asymptotic formula states that for k ^ 2 we have

(11) Σq*Λn) = Akζ(k)x + OW),

where Ak is the same constant that appears in our Theorem 1. To
deduce Theorem 1 from (11) we use (10) to obtain

Σ μ*(n) = Σ Σ μ(d) qt(^r) = Σ μ(d)

Σ

= Akζ(k)x Σ 4 ? + °(χί'k Σ -j
^k α \ dk^Lx a

Akζ(k)x Σ 4 ? + °( Σ d-fc) + O(xίlk log a?)
d = l ί l \ l k J

1//c l o g a;)



MOBIUS FUNCTIONS OF ORDER k 27

Conversely, if we start with equation (9) and use Theorem 1 we
can deduce Cohen's asymptotic formula (11) but with an error term
O(xιlk log x) in place of O(x]'k) .

5* Generating functions. The generating function for the h-
free integers is known to be given by the Dirichlet series

(12)

[see 3, Th. 303, p. 255]. It is not difficult to determine the generating
functions for the functions μk and qt as well. Straightforward calcu-
lations with Euler products show that we have

(13) i ^ # = C(s) Π ίi - 4τ

and

(14) ^ ^ &() Σ
ns n=ι ns

for s > 1. Equation (14) is also equivalent to equations (9) and (10).
From (12) and (14) we obtain the following identity relating μk, qk,
and qξ:

This shows [see 3, §17.1] that the numerical integral of μk is the
Dirichlet convolution of qk and qt:

Σ μk(d) = Σ -
d\n d\n
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ON AN INITIAL VALUE PROBLEM IN THE THEORY
OF TWO-DIMENSIONAL TRANSONIC

FLOW PATTERNS

STEFAN BERGMAN

In the case of the differential equation

where N is an analytic function, the integral operator of the
first kind

= Γ E(λ, θ, t)f(ζ(l -
Jί = ~l

transforms analytic functions of a complex variable ζ = λ -f id
into solutions of L(^) = 0. Here E is a fixed function which
depends only on L, while f(ζ) is an arbitrary analytic function
of the complex variable ζ; f is assumed to be regular at ζ = 0.
Using this operator, one shows that many theorems valid for
analytic functions of the complex variable can be generalized
for the solutions ψ of h(ψ) = 0. Continuing ψ(2., β) to complex
values U = λ + %Λ and setting λ = 0, one shows that many
theorems in the theorems in the theory of functions of a real
variable can be generalized to the case of solutions of

By change of the variables,

l(x) > 0 for x < 0, l(x) < 0 for x > 0,1(0) = 0, when considered
for x < 0 can be reduced to the equation L(^) = 0. The vari-
ables can be chosen so that U = 0 corresponds to x — 0. How-
ever, in this case the function N(λ) becomes singular at λ = 0.
Nevertheless, one can apply the theory of the so-called integral
operators of the second kind. If ^(0, θ) = Xx(d) and

lim ψM(M, θ) - X2(0)

are given, one can determine the function /. Here M is the
Mach number. In this way one can determine from Xι and
%2 the location and character of singularities of φ in the sub-
sonic region. When considering φ in the supersonic region,
one can show that some theorems on functions of one real
variable can be generalized to the case of certain sets of
particular solutions φXΛ, θ), v = 1, 2, , of H(^) = 0.

29
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Suppose the streamfunction f of a transonic two-dimensional com-
pressible fluid flow is given by the values of ψ and of ψM on a seg-
ment of the sonic line. Here fM is the derivative with respect to
the Mach number M.

One of the problems which arises is to determine the regularity
domain, say ^ , and the location and properties of the singularities
of ψ in the subsonic region. Finally, it is of interest to determine ψ
in a given domain ϋ^, ϋ ^ c ^ ? . This problem complex will be called
the initial value problem in the large.

ψ, when considered in the physical plane is a solution of a non-
linear partial differential equation. However, by introducing con-
veniently chosen new variables (instead of the coordinates x, y of the
physical plane), we obtain for ψ a linear partial differential equation
(see Chaplygin [12] and Molenbroek [23]).

The linear equation which we obtain in this way, see (1.4), is of
mixed type. However, it is possible to use the theory of integral
operators in the study of the behavior of ψ in the subsonic region.

The theory of integral operators investigates the solutions of linear
partial differentiation equations of the form

(1.1) Δψ + Σi α.-τ^- + a +rf = °
»=ι OXV

A — Σ?=i d*/dxl is the Laplace differential operator and αv are analytic
functions of xlf , xn regular in a sufficiently large domain.1 Suppose
the solution ψ(xί9 -—,xn) is given in the small, say in the neighbor-
hood of the origin in the form of a series development

(1.2) ψ(%i, •» %n) — Σ Q>vv >vn

χV* *' * χnn

Then this approach reduces the study whether ψ is regular in a
domain Si to the investigation whether or not an analytic function
f(ZtJ , Zm) of m complex variables Zk = xk + iyk, k — 1, 2, , m,
given by its power series development

CO

α f) \ /»/ Γ7 Γ7 \ V~^ A F7 V1 Γ7\> ,vv,

'O) j(^11 * ' *J %m) — 2-1 Λ i - . ^ / l 1 * * * Λm

m

is regular in a domain &r. (See [1], [2], [9], [13], [20], [15], [16], [17].)
In the case of one variable, i.e., if f(Z) ^Y_,AVZ

V is given, two
methods can be used to determine the regularity domain and the

1 In the case of differential equations of the form (1.1) and for n = 2 one uses
integral operators of the first kind, see [9], pp. 9-27. If the coefficient 4F of the
equation (see (1.9)) has the singularity indicated in (1.9a), we use the integral operator
of the second kind (see [5], p. 869, and [6], p. 452 if.).
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location and character of the singularities of / from given A», v =
1, 2, . (I) the Hadamard-Polya-Mandelbrojt approach, (II) the theory
of Hubert spaces possessing a kernel function. Two possibilities should
be mentioned proceeding along the lines of (II): (a) the use of func-
tions which are simultaneously orthogonal in two domains έ%? and ^ ,
& <Z-&, see [8], (b) some results by Schiffer, Siciak and the author
which give conditions for the coefficients Av in order that an analytic
function given by its series development Σ~^AVZ

V is regular and
square integrable in a given domain £gf (possessing a kernel function),
see [11], [30].

The streamfunction ψ of a two-dimensional compressible fluid
flow satisfies an equation of mixed type, namely

(1.4) M(|) = -Jgp + I ( f f ) i i . - 0 , 1(0) = 0 ,

where l(H) is an analytic function of H, which is real for real H
and such that

(1.5a) l(H) > 0 for H < 0 ,

(1.5b) l(H) < 0 for H > 0 .

l(H) is supposed to be regular in a sufficiently large domain including
H = 0. Further we assume that, if we reduce (1.4) to the normal
form (1.7), l(H) is chosen in such a way that N considered as a
function of λ, see (1.6), has a development of the type indicated in
(1.7a). The study of (1.4) can be reduced to the study of the equation
(1.1) with singular coefficient an+ι. By the transformation

(1.6) - λ =
r=O

the equation (1.4) in the region H < 0 is transformed into

(1.7) UΨ) = Ψn + Ψeo + ±Nψx = 0 ,

(1.7a) N = -~l-'ΠH = -1-[1 + A(-λ)2 '3 + •], A > 0, λ < 0 ,
o IX

(See (2.4), p. 860 of [5].)
Introducing

(1.8) ψ* =
H

(1.8a) tf* = exp[-j>(
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(1.7) becomes

(1.9) L*(ψ*) = ψfx + Ψϊa + Wψ* = 0 ,

(1.9a) F = - ^ ( - λ ) - 2 + JLa(-λ)-2'8 + Άo + ! 2 ( - λ P + ,
144

see [4], [5], [6], [9, p. 106 if.]
In the next section we shall discuss an integral representation for

the solution ψ of (1.7) in terms of a function of one variable.
In the previous papers [5], [6] the conditions for the associate

f(Z) = Zll*YtC»Z\ Z = λ + iθ, in order that ψ satisfies the relations
(4.2), (4.3) on the segment of the sonic line, have been determined.
However, the proof which shows that the relation (4.1;) is a sufficient
condition that ψ satisfies (4.2) and (4.3) can be simplified, (see §§3
and 4 of this paper.)

REMARK. Formula (7.15) of [6] has been obtained in replacing cy

by (4.1a) of the present paper and applying some further transfor-
mations. It should be noted that in formula (7.15) of [6] (as well as
in (4) of [9], p. 121) Jlκ) should be replaced by

DEFINITION, if ( ^ ) = U Jf(Z) where SΓ(Z) = {ζ | | ζ - Z | ^

A representation of ψ in the supersonic region is derived in §7
by the use of integral operators.

2* An integral representation for the analytic solution of
(1.4) in terms of functions of several complex variables* In this
section we shall derive an integral representation for the solution ψ
of equation (1.4). This representation is valid in a subdomain of the
subsonic region.

Z_
2

In the following we assume that & is a stardomain with respect to

the origin.

THEOREM 2.1. Let E{Z, Z*, t) be a function of three complex
variables Z, Z*, t, Z' =X + iθ', Z* — X — iθ, which is defined for t e N(^)
and (Z, Z*)e &. Here N{c^') is a domain which includes the recti-
fiable {oriented) curve ^ , with initial point t = 1 and end point
t = — 1, and & denotes a sufficiently small neighborhood of the origin
0 = [Z = Z* = 0]. & is a curve of the complex t-plane, namely
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We assume that E satisfies the following conditions:
(1) E possesses continuous partial derivatives with respect to all

three of its arguments up the second order for (Z, Z*,t)e %? x N(r^).
(2) E satisfies the partial differential equation

(2.2) (1 - f)(EZH + NEt) - t~Ήz* + 2tZL(E) = 0 ,

concerning L see (1.7).
If /(ζ) = (ζ)1/6p(ζ/2), where p(ζ/2) is an analytic function of ζ

which is defined in a simply connected domain £^, 3? ZD %?(&), then

(2.3) ψ(\, θ) = P2(/) = Im ( E(Z, Z*, t)f(±-Z(l - ?)) d t

J f̂ & ' v JL Z

Im = imaginary part , Z = λ + iθ', Z* = λ — iθ ,

is a solution of h(ψ) — 0.

The function ψ is defined in W Π . ^ ,
(2.4) ^ ^ = {(λ, β) I 3λ2 < θ\ θ > 0, - s f < λ < 0} .

The proof of the above theorem is given in [5, p. 878 ff.] and [6]
see also [1] and [9], Chapters I and V].

DEFINITION. E(Z, Z*, t) and / are denoted as the generating and
associate functions, respectively, of the integral operator P2.

After certain auxiliary lemmas are obtained in § 3, we shall prove
Theorem 4.1. The latter theorem will enable us to solve the problem
mentioned in the introduction.

3* Auxiliary lemma • In this section we shall at first evaluate
certain integrals which we shall need in § 4.

LEMMA 3.1.2

i ' 6 d tlι) ~ [ t-ιιπi -
J i/ l - t2

Γ(lβ)Γ(v + 2/3)

T(2) \ -X—5/3/1 JL2\v4-f)/6 &v

I. = j Vl - t2

2 The counterclockwise orientation of ^ yields the negative sign in (3.1).
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In accordance with our assumptions, ^ is a rectifiable (oriented)
curve connecting the points 1 and —1 and lying in [|ί| ;> 1].

Proof. Applying Cauchy's theorem to the integral of (3.1), we
can reduce the curve ^ to the segment (1, —1) of the real ί-axis.3

Thus

ru) _ run _ι_ ru2)

S ° rli

i ~ v/l-f '
*2\v4-l/6 #&

Introducing τ — t2, we obtain

(3.4) 7"1' = - - l Γ r - 2 / 3 ( l - τ)'
2ι JO Γ(v + 1)

When considering I j 1 2 ) , we note t h a t for — 1 < t < 0, t = rei7ΐ, r > 0,
and therefore

(3 5) J ( 1 2 ) == e~iπίlΛ r~1 / 3ίl — r2Y~ll3dr = -1

 c-^</3 V ̂  / V ^ /
Jo 2 Γ(v + 1)

Thus (3.1) is obtained. (Γ = Gamma function.)
When evaluat ing (3.2), we assume a t first t h a t t — 0 does not

belong to t h e integrat ion curve denoted by /^\ I n t e g r a t i n g by p a r t s
yields

' J"(I) = ~ i i
(3.6)

The first term on the right-hand side of (3.6) vanishes. In the second
term we replace ^ by the segment (1, —1) of the real ί-axis. In-
troducing τ — t2, we obtain

- t2y+il3dt = —
2

3 We replace <g^ a t first by t h e sum of segments [1 > Re t > ε], [t = ε eί0', 0 < ^ < ~],
[—ε > Re ί > — 1], ε > 0. Then we consider the limit of the integrals fo r -€->0 .
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When integrating from 0 to —1, we introduce t = reiπ and thus obtain

1

<3.8) I{2) = —(1 - e~2πilz)
2

I (1 e ) .
2 Γ(v + 1)

The generating function E yielding the representation (2.3) has
been determined in [5], [6], [7], [10]. In particular, it has been shown
that two functions

<3.9) E{k) = H*E*k\ E*ik) = Σ ^n>k)(χ) Jfc = 1 , 2 ,
v ' f ^ ( t2Z)n~{ll2)+[2lZ)

<3.10) g(w'7ί)(λ) = Σ Ci1"fc)(-λ)"-(1^+(W(*+1'>, Cίn'k) - const.,
/^(Ol) _ . 9 1 / 6 (7 (02) __ O5/6

(see (1.8a) and [6], p. 453) are solutions of (2.2) for (λ, θ) e c/^ (see
(2.4)). Let ψ be equal to the right-hand side of (2.3) where

~ def Γ /I /2\ -12/3

(3.11) E - j&(λ, ί, t) = Λ£7(1) + Λ [ ^ J

then obviously h(ψ) = 0. Here Aj and A2 are two complex numbers
such that

(3.12) Im (A.A,) Φ 0 .

In the following considerations we need Lemma 3.2 yielding the
limit relations for the generating function E introduced in (3.11).

LEMMA 3.2.

(3.13) lim E(X, θ, t) - -d2t~
φθ~ιlQ ,

; - » o —

(3.14) lim {-xyi'EiiX, θ, t) = [dj-113 + dot->l3(l - tψψ-1'*

where
9 95/3

(3.15) d0 = -4i" 2 S 0 i4 2 > d, = -J—iws&Av d2 = -ί 1 / 6 S 0 Λ ,

JSO, SJ positive.

Proof. By (1.8), (3.9),

+ ]Γ f'^fL +

(-ί 2 (λ + iθ)),1/β
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( 8 Λ 7 )

 = A2σ0

02)S02-1i6(-X)213 + AAS.Cr^i-X)816 +
ί-ί2(λ + i#)]5/6

Thus

(3.19) r 1 ~F3

r 1 ~F

Cί°'k) have been introduced in (3.10). (see also [6] p. 453.) From (3.19)
the limit relations (3.13) and (3.14) follow. The justifications of the
above operations follow from considerations in [5], p. 882, and [10],
p. 336. To derive (3.14), we note that after differentiation of (3.18)
with respect to λ, the only terms of Eλ which contribute to

o- ( — \)φEλ are the coefficients of ( — λ)~1/3. Hence

lim (-xy'3Eλ = - —i
a-»o- 3

)

which implies (3.14).

4* The determination of the associate / in (2.3) from given
values of ψ and ψM on the sonic line*

THEOREM 4.1. Let χk(θ) = ΣΓ=oαί*^% k = 1, 2, {a[k) real) be two
power series which converge uniformly for 0 ^ θ ^ θίy θγ > 0. Suppose
further that E(Z, Z*, t) is given by (3.11), and let

(4.1) ±

(4.1) c - (-2

v — 1

] +
c (2,1) _ ,

where f{Z) is the associate function of the integral operator P2(/) in
(2.3). Then ψ given by (2.3) is a solution of (1.7) satisfying the
conditions

(4.2) lim ψ(λ, 0) = Σ α^61" »
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(4.3) lim (-λ)1/3α/r^(λ, θ) = Σ ^ 2 ) ^ v

Proof. In order to prove the theorem, it is sufficient to show that
1/6 dt(4.4) ^y(λ, 0) = Im ^E(Z, Z*, t)(±Z(l -

Vi-f

satisfies the relations (4.2), (4.3) with the right-hand side replaced by
alk)θu, k = 1,2, respectively. Using Lemma 3.2, we obtain the general
term

5 )
Im

Since dyd2 is real, from (4.4), (3.12) and (4.5) we infer (4.2). It is easy
to see that Im [dQdJll)Il

u

2)] Φ 0 in the case under consideration.
We now consider the second condition. We note that

(4.6) lim ( - λ p ^ _ = im f

since

(4.7) lim(-λ)1 / 3^/, = 0 .

Concerning the interchange of lim^0- and I compare [10, pp. 336,

339], and [5, (5.28), p. 882 ff]. Using Lemmas 3.1 and 3.2, we obtain
the general term

[dQdJίι)H2) + \d*\

<4 8)

J I ? | 8

Im [dβJMIl*1]

Noting (4.6), we infer (4.3) from (4.8). This completes the proof of
Theorem 4.1.

5* The conditions imposed on the coefficients a[k) in order
that ψ has singularities of specific types* In § 4 we expresed the
associate function f(Z) in terms of values alk\ k = l,2,v = 0,l,2,
(see (4.2) and (4.3)), which appear in the initial value problem con-
sidered here. Suppose f(Z) is regular, say in some simply connected
domain &r, & c Ύ/^, the stream function ψ will be regular there.
As mentioned in the introduction, there exist various procedures for
the determination of the location of singularities of a function Zll6f(Z)
given by its series development Zίβ Σ c^v a t the origin.
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In the following we shall discuss a procedure using the approach
indicated by (I), see [18], [21].

THEOREM 5.1. Suppose that the solution ψ(X, θ) is defined in a
sufficiently small neighborhood of the origin and on a segment
(X = 0, — θt <; θ ^ θy), θγ > 0, and satisfies the conditions (4.2) and (4.3).

Here ΣΓ=o a[k)θv are power series converging absolutely and uni-
formly for \Θ\<LΘX. Let

(5.1) — = 2 lim
aίι)

Im

where dk, I!,'", k = 1, 2, have been introduced in (3.15), (3.1), (3.2),
and let

(5.2) cos φ = lim
Λ 0 +

, σ(h) = lim (j dn{h)\]lln ,

(5.3) dn(h) =
Im

(Cζ are binomial coefficients.) Suppose

(5.4) - 1 <
2

Let us denote by i ^ 2 the domain

(5.5) {(λ, θ) I 3 ] / 2 ( λ | < <?, -sT < λ ^ 0, λ 2

and let

< p2} .

( 5 . 6 ) s ι = UX, Θ)\X — p c o s φ , θ — p s i n <£>,

lim σ W ~ 1 < cos φ < 0, λ2 + θ2 -
Λ-0+ h

ΓΛe^ ψ(λ, θ) is regular in &2 U s1. Concerning s0 see [5], p. 878.

Proo/. Since E(Z, Z*y t) is regular in c//^, see (2.4), the solution
ψ is regular in every subdomain of 'W~ which does not include θ — 0
in which f(Z)/Z1'6 is regular. Here /(Z) - Z ] / 6 ΣΓU C.Z". By the
theorems of Hadamard and Mandelbrojt, the function g(Z) = ΣΓ=o c,Zv is
regular in the circle | Z\ < p, p = l/Γίm^^ | cv |

1/v > 0 and on the
arc[(0,^>), \Z\ = p where

(5.7) cos φ - lim J σ(h) ~1\y φ) = Πin [| ^
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6* The representation of ψ in a simply connected domain

3ί, & c W. As indicated in [2], [9], the integral operators enable us
to translate many theorems in the theory of analytic functions of com-
plex variables into theorems on functions ψ satisfying a linear partial
differential equation of elliptic type. As an example of an application
of this method, we shall determine for the domain 3ί systems {ψ^X, θ)}
of solutions of (1.7) such that every solution ψ regular in ϋ ^ , £p\ =

), can be represented in £& in the form

(6.1)

Given a simply connected domain £&lf there exist various systems
{φv{Z)} of analytic functions of one complex variable such that a function
g(Z) regular in ϋ ^ can be developed in srγ in the form

(6.2) 9(Z) = ±a1fφv(Z).
i/ = l

For instance, one can choose for {φu(Z)}, v = 1, 2, , the system
of functions which are orthogonal in <grί9 or functions {[^(Z)]1'}, v — 0,

1, 2, 3, , [(g(Z))° d= const], where g(Z) maps &, onto the unit circle.
Suppose now that £& is a star domain with respect to Z = 0, &r c 5^^
and g(Z/2) is regular in ^ = if (JF), every solution ψ* regular for
λ, θ e j ^ i can be represented in & in the form (6.1), where

(6.3) τMλf (?) - Im
(1 - tψ* '

and i/r2v_1(λ, θ) are the real parts of the above integral.

Proof. Since we assumed that Z~ι/6f(Z/2) is regular in £p\, the
representation

(6.4) Z-1'

converges for (Z/2) e ϋ ^ uniformly and absolutely.
In the development

ψ(X, θ) = Im f j0(Z, Z*, ί)(Z(l - ί2))1/6

(6.5)
v,

we can interchange the order of summation and integration, and we
obtain the development (6.1), where ψu(X, θ) are given by the real and
imaginary parts of 1 in (6.3).
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7* A representation of a stream function ψ in the supersonic
region* As indicated in [10], the approach of the present paper can
be generalized to the case where λ is replaced by the complex variable

(7.1) U=\ + iA,

and under some assumptions about

χι(θ) = ]imir(U9θ) and χt(θ) = lim U* 3 * < % θ)

u^o u-*o o U

one can determine the associate / in terms of χ1 and χ2. Consequently,
the method of integral operators can also be used to consider the in-
itial value problem in the supersonic region. Replacing λ by Z7, see
(7.1), and setting λ = 0, we obtain

A = hrι arctan [h(M2 - 1)1/2] - arctan [(M2 - 1)1/2] ,

( λ. 1 \ l / 2

T T T ) * > 1

Here M is the Mach number and p = cpk is the pressure density
relation, k, c are constants. (See [22] and [5], p. 861). Equation (1.7)
assumes the form

= ΨΛΛ - fee + 4 ^ , = 0 ,
(7>3)

 Nl = A ± l Ml , M > i .
8 (ikP - 1)3/2

In the supersonic case it is convenient to introduce the variable

(7.3a) T2 = M2 - 1 .

If we write in analogy to (1.8)

(7.3b) f(Λ, θ) = SάΛWiA, θ) , f*{A, θ) = f*(iΛ, θ) ,

where

(7.3c) S^Λ) = exp Γ - 2Γ N^dτJ

and

A = Λ{M) , Λo = yl(2 '2) ,

then ψ* satisfies

(7.4) H*(t*) = VAA ~ Ψte - iF,ψ* = 0 ,

„ A>\ jp - (k + 1)M4 Γ -(3fe - l)Mι - 4(3 - 2k)M* + 16
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(see [5], p. 861). A formal computation yields that

« « 1 Γ 9k -|i/2(&-i) «

k + l ) + ( k - 1)T2

In general, we use in the following the same notations as in [5]
and [6]. As a rule we write p(Λ) = p(ίA), e.g., q{nk)(A) = q{n>κ)(iΛ).
Further, instead of H(T) (see [5] (4.3), p. 870) we introduced here

H(T) (see (7.4") and (7.3a)). Consequently the generating function $
differs from E(iΛ, iΛ, θ).

In defining the operation4

-rfc/ ^ \ d e f
 T

P(/) = Im

^7 5^ HM) = H(A(T)), A > 0, 2Λ < \Λ + θ\ ,

E*2(X + iΛ, θ, t) = ^*(Z, Z*, ί) ,

it was assumed that ^ is a curve connecting t — 1 with £ = — 1 and
lying in \t\ ^ 1 (see [5], p. 872). As in the subsonic case (see [6]
(7.12) p. 468), we set

E*(Λ, θ, t) = Aβ^iίΛ, θ, t)

(7.6) + [(iΛ + iθ)/(l - i*)/2γι*AtE*{2)(iΛ, θ, t),

Im (AAi) Φ 0 .

(7.6') E2i(Λ, θ, t) = HMWtM, θ, t) .

We shall show that by imposing some additional restrictions on
the domain of definition of E(Λ, θ, t) we can use for ^ the curve

(7.7) i f * = ίf2 1 U ^22 U ^ 2 3 ,

£f21 = ( - 1 S t S -to) ,

(7.7') ^ 2 2 = (t = toe
iφ, t0 > 0, -π ^ <p S 0) ,

^23 = (ί 0 ^ ί g 1) .

Analogously to [5, (5.5), p. 878], or [6, (4.7), p. 453],

E*lκ)(U, θ,t) =

where q{n>κ)(U), ic = 1, 2, n = 0, 1, 2, , are solutions of the equations

4 Both the real and imaginary parts of ϊίι{Λ)\ c ••• are solutions of (7.3). In ac-
cordance with the previous definition we choose here "Im". In view of definition (2.4)
it is sufficient to assume that | ί | ^ 1. If 0 < U ^ | ί |, where to < 1, then ^ has to
be replaced by {2 | λ | < | Z | t2

Q}.
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(7.8')

(7.8")
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= 0

(see [6, p. 453, (4.4)])\ These solutions can be written in the form

(7.9) q{n^ = Σ C i - " ( - t/")—1/>+t/a"[+1"

where

(7.10) Cύ01) = 21'6, C;"" ^ 6 'n^ 3 '*—
1/6

^ 1, C[nί) = 0,

(T.U)

(α)Λ Ξ α(α + 1) (α + n — 1)

(see [6, (4.4), (4.5), (4.6a), (4.6b), (4.6c), (3.11), (3.12)] or [9, p. 113, (la),
(lb), (2), (3a), (3b), 3c)].)

REMARK. One initial value condition determines uniquely q{n>2)(U).
Indeed, the general solution of (7.8') and (7.8") can be written in the
form

(7.12) C l n > 2 ) ( -

From (7.9) follows that the second initial value condition used for
(7.12) is CLV1 = 0.

In [6, p. 459, (4.43)], it has been shown that

(7.13)

and t h a t

(7.14) !

\E*(U,θ,t)\ ^

ψ)
s > 0 .

LEMMA 7.1. Let U = iΛ, 0 < A < t[θ/(l - tl), where (2 + e)t\ < t%,

5 In the first equation of [6, (4.4)], q is missing after AF(λ).
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0 < t0 < 1, ε > 0 [0 < t0 g \t\,t e & *], see (7.6). Then the series on
the right-hand side of (7.13) converges absolutely and uniformly for
te-£"* and 2 | U\ < t\\ Z\.

Proof. Since {Γ(n + 4/3)/Γ(n + 1)} ^ w + 1, it is sufficient to
show that 2Λ/\ f(Λ + θ) | < 1. From our assumptions follows that
Θ/Λ > (1 - tf)/tl, therefore, for t e <£T* and A > 0,

\t\A + θ)\ ti\ + θ λ

\ A j

t I2

t\2 ~ ( 2 -

ι | "
tl

f. ε)

| ί | 2

<r

1 +

1
2 +

1

ε

—
if(7.15)

Analogously to Theorem 4.1 we can express the associate f(Λ + θ)
in terms of

(7.16) lim φ(A, θ) and lim [AιI*φΛ(A, θ)] ,

see also [10], [28] and [29]. In formula (7.5) with U = iΛ the as-
sociate / = f((l/2)i(Λ + Θ){1 - t2)) = ?((l/2)(A + θ)(l - f)) is a function
of a real variable (A + θ). In this case we obtain some modifications
of our results.

Operating with functions of one real variable, it is convenient
for many purposes to represent them in form of trigonometric series.
Analogously, in the case of solutions of (7.3) we introduce a set of
solutions

(7.17)

(7.18)

C.(yl, θ) = Re j ^ a ( ^ , ^. t){Λ +

x cos [»(/ί + θ)(l - ?)/2]- dt

(1 - tψ'

SM, θ) = Re ( #22(Λ, β, t)(A + βyi*

X sin [n(A + Θ){1 - f)β]-

n = 0, 1, 2, ,

dt
I )

of (7.3)

REMARK. We note that when introducing a set of particular
solutions of the equation of elliptic type, we used {Un}, n = 0, 1, 2, ,
as associates (see, e.g., [9], p. 22]); here we use

(7.19)
1^
2

and — (
2%

- e~inlA+0)

n = 0, 1, 2,
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Further, instead of using i cos [n(A + θ)(l — t2/2] and i sin [Λ + Θ)(l~tf)/2]
as associates, we take the real part of the integral in (7.17) (7.18).
The integral operator (7.5) assumes the form

(7.20)
ψ(Λy 0) = Re ( E22(Λ, θ, t)(Λ +

J 6*

x
dt

When considering t h e integrat ion along ^ 2 * , it is useful to introduce
the auxiliary variable τ = t-\t) given by

τ = Re t + 1 for t e rέ?2ί = [-1 ^ t ^ t0]

(7.21) r = . 1 / log — ) for te^22=[t = tQeίφ, O^φ^π]
i \ t0 /t0

r = Re ί - ί0
for

LEMMA 7.2. dr/dί = 1 for te (^ 2 1 - Px) U (^ 2 3 - P2) and

^ ^ ^0 jθ?* * ^ <^22 -*1 -^2> -^1 :=::: ^ 21 Π ^22? -̂  2 ""^ ^ 22 Π <^23

THEOREM 7.1. Suppose that the coefficients {an}, {bn}, n — 0,1, 2,
, o/ the series

(7.22) Σ (an cos nx + bn sin
71=9

are chosen in such a way that

(7.23)

J if* w=0 I V I - ?2(r)|

x dτ < oo .

(7.24)

, ί) = Re ( E(Λ, θ, t)(Λ + θ)ι>"
J fc *

dt
_

it holds

(7.25) ψ(Λ, θ) = ± {anCn{Λ, θ) + KSn(Λ, θ)) .
n-Q

Proof. Since for 0 < 2Λ < | A + θ \t\, t e ^ * , JS(Z, Z*, t) = , ί, ί)
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and dtjdτ are uniformly bounded on c£'* — P1 — P2 and \dτ/dt\ ^ A ^ 0
by the Lebesgue theorem (see, e.g., [31, p. 347]), it follows that we
can interchange the order of summation and integration in (7.24).
Using (7.17) and (7.18), we obtain (7.25).

The above investigations suggest that we write the solution6 ψ
as a sum of two operators, namely,

(7.26) ψ(Λ, θ) = φτ(A, θ) + Φτ(Λ> θ) ,

(7.26a) ψr(Λ, θ) = \ E(Λ, θ, t)ζ^f(ζ) d t ζ EE \{Λ + θ)(l - tf)
J x 2lU^23 ( 1 — t ) ' Δ

(7.26b) ΨM, θ) = \ E(Λ, θ, t)C'sf(Q) d t ,
J^22 ( 1 — t ) '

^ 2 i U ^23 - [ - 1 ^ t < -τ] U [ r ^ ί ^ 1] ,

^22 = [ί = Γβ**, -7Γ ^ (p ^ 0] ,

0 < τ < 1 .

When considering {fτ(Λ, θ)}, one can apply various results in the theory
of trigonometrical series, while considering {Ψτ(Λ, θ)}, we apply theorems
on analytic functions of one complex variable.

The author wishes to thank Paul Rosenthal for his assistance in
preparing this paper.
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CONCERNING SEMI-STRATIFIABLE SPACES

GEOFFREY D. CREEDE

In this paper, a class of spaces, called semi-stratifiable
spaces is introduced. This class of spaces lies between the
class of semi-metric spaces and the class of spaces in which
closed sets are Gs. This class of spaces is invariant with
respect to taking countable products, closed maps, and closed
unions. In a semi-stratifiable space, bicompactness and counta-
ble compactness are equivalent properties. A semi-stratifiable
space is i<Vscreenable.

A Ti-space is semi-metric if and only if it is semi-strati-
fiable and first countable. A completely regular space is a
Moore space if and only if it is a semi-stratifiable p-space.

The concept of semi-stratifiable spaces as a generalization of semi-
metric spaces (see Corollary 1.4) is due to E. A. Michael. It appears
that all properties of semi-metric spaces which do not depend on first
countability also hold in semi-stratifiable spaces. The class of semi-
stratifiable spaces contains all stratifiable spaces [3], all cosmic spaces
[13], and all spaces with a σ-locally finite [15] or σ-discrete [2] network.

Some of the results of this paper were announced in [5].
Most terms which are not defined in this paper are used as in

Kelley [10].

1* Preliminaries*

DEFINITION 1.1. A topological space X is a semi-stratifiable
space if, to each open set UaX, one can assign a sequence {Un}^i
of closed subsets of X such that

(a) \Jΐ=1Un = U,
(b) Un c Vn whenever U c V, where {F%}Γ=i is the sequence assigned

to V.

A correspondence U —> {Un}™=ι is a semi-stratification for the space
X whenever it satisfies conditions (a) and (b) of Definition 1.1.

By comparing the above definition with Definition 1.1 of [3], one
can see that, if the correspondence U—>{Un}~=ι is a stratification for
X, then U—>{Uή}n=1, where TJl = Cl Un, is a semi-stratification for X.
In [8], Heath gives an example of a (paracompact) semi-stratifiable
space which is not stratifiable.

THEOREM 1.2. A necessary and sufficient condition for a
topological space X to be semi-stratifiable is that there be a sequence
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{<7;}Γ=i of functions from X into the collection of open sets of X such
that (i) Γ\T=ι9i(χ) = Cl{x} for each x, and (ii) if y is a point of X and
{Xi}T=ι is a sequence of points in X, with y e &(&<) for all i, then
{%i\ΐ=i converges to y.

Proof. Let U—* {Un}n=i be a semi-stratification for X. For each
i, define the function g{ by g^x) = X — (X — Cl {#});. The sequence
{gi}T=ι satisfies conditions (i) and (ii) of the theorem.

Conversely, let {#JΓ=i satisfy conditions (i) and (ii) of the theorem*
For each n and each open set U, let Un = X— \J{gn(x): xe X — U}.
Then correspondence U—> {Un}~=ι is a semi-stratification for X.

DEFINITION 1.3. A topological space X is semi-metric if there is
a distance function d defined on X such that

(1) d(x, y) = d(y, x) ^ 0,
(2) d(x, y) = 0 if and only if x = y,
(3) x is a limit point of a set M if and only if inf {d(x,y):y e ikf} = 0.

See [7, 11].

With the aid of Theorem 3.2 of [7] we have the following relation-
ship between semi-stratifiable spaces and semi-metric spaces.

COROLLARY 1.4. A Trspace is a semi-metric space if and only
if it is a first countable semi-stratifiable space.

2* Properties of semi-stratifiable spaces*

THEOREM 2.1. The countable product of semi-stratifiable spaces
is semi-stratifiable.

Proof. For each i, let Xt be a semi-stratifiable space and {f/̂  JTU
be a sequence of functions on X{ satisfying the conditions of Theorem
1.2. Let X = ΠΓ=i Xi and let π{ be the projection of X onto Xim For
each i, j and each x in X, let hi3'(x) = g^in^x)) if j ^ i and fe^ ίίc) =
X; if i > i. Now let #,.(&) = ΠΓ=i λ»i(#) for each j and x. The sequence
{#JΓ=i satisfies the conditions of Theorem 1.2 and, hence, X is semi-
stratifiable.

THEOREM 2.2. A semi-stratifiable space is hereditarily semi-
stratifiable.

Theorem 2.2 can be proved by taking the natural restriction to
the subspace of a semi-stratification of the larger space. In the case
of closed subspaces, all semi-stratifications on the subspace can be
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constructed in this manner.

THEOREM 2.3. If Y is a closed subspace of a semi-stratifiable
space X and U—*{Un}n=i is a semi-stratification for Y, then there is
a semi-stratification V —»{Fw}»=i for X such that (VΠ Y)n = (Vn ΓΊ Y).

Proof. If TF->{TF»}~=i is any semi-stratification for X, then let
Fw = ( 7 n Γ ) B U ( F ~ Y)n. The correspondence V~>{VX^ is a semi-
stratification for X satisfying (FΠ Y)n = K Π Γ.

By applying Theorem 2.3 with respect to the common subspace,
we obtain the following theorem:

THEOREM 2.4. The union of two closed (in the union) semi-
stratifiable spaces is semi-stratifiable.

DEFINITION 2.5. A topological space is Fσ-screenable if every open
cover has a σ-discrete closed refinement which covers the space.

Theorem 2.6 generalizes McAulely's Lemma 1 of [12].

Theorem 2.6. A semi-stratifiable space is Fσ-screenable.

Proof. Let X be a semi-stratifiable space with a semi-stratification
U—^{Un}Z,-.\ Let {Oa: a el} be an open cover of X and let / be well-
ordered. For each natural number n, define: Hln = (O1)n and, for each
a > 1, ZΓftW = (Oα)w — U{0 :̂ / 5 G / , / 3 < O : } . For each natural number n,
let <%i = {Han: ae /}. Then Sίfn is a discrete collection of closed sets.
By the well-ordering on 7, Sίf = U ~=ι3ίfn covers X.

DEFINITION 2.7. A topological space is ^^compact if every un-
countable subset has a limit point.

THEOREM 2.8. In a semi-stratifiable T^space X> the following
are equivalent (1) X is Lindelof, (2) X is hereditarily separable, and
(3) X is ^

Proof. (1) =^ (2) Let X be a Lindelof semi-stratifiable space.
Since a Lindelof space in which open sets are Fσ is hereditarily Lindelof,
it is sufficient to show that X is separable. Let {#JΓ=i be a sequence
of functions satisfying the conditions of Theorem 1.2. For each ΐ,
{gi(x): xeX} is an open cover of X and, since X is Lindelof, there is
a countable subset Di of X such that {&(#): rce A} *s a n °P e n cover
of X. The set D = Uίli A is a countable dense subset of X.
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(2) => (3) The proof of this part is well-known.
(3) => (1) Let X be an y$rcompact semi-stratifiable TΊ-space. Let

& be an open cover of X and suppose that gf has no countable sub-
cover. By Theorem 2.6, gf has a closed refinement §ίf = U ~=i <%t
where each Sίfn is discrete. Since gf has no countable subcover, there
is an n such that β^n is uncountable. Let Xr be a subset of X consist-
ing of exactly one point of each nonempty element of 3f?n. The set
Xf is uncountable and has no limit point.

Theorem 2.8 cannot be strengthened by replacing hereditarily
separable by separable. The example of a Moore space which is not
metrizable due to R. L. Moore (see [9]) is an example of a separable
semi-stratifiable space which is not Lindelof.

Since, in a Lindelof space, bicompact is equivalent to countably
compact, Theorem 2.8 has the following corollary:

COROLLARY 2.9. In a semi-stratifiable Ty-space, bicompact is
equivalent to countably compact.

3* Mappings* It is a well-known theorem [17] that the closed
compact image of a separable metric space is a separable metric space.
However, there are closed images of separable metric spaces which
are not first countable. The following theorem gives a property of
metric spaces which is preserved by closed maps.

THEOREM 3.1. The closed image of a semi-stratifiable space is
semi-stratifiable.

Proof. Let / be a closed continuous function from a semi-strati-
fiable space X onto a topological space Y. Let U —> {Un}ζ=ι be a semi-
stratification for X. For each open set V of Y and each natural
number n, let Vn = /((/"'[F])Λ). The correspondence V->{Vn}~=ί is
a semi-stratification for Y.

Theorem 3.1 does not remain true if closed is replaced by open.
Theorem 3.1 and Corollary 1.4 imply that the closed image of a

semi-metric space is semi-stratifiable. However, it can be shown that
the subspace of βN (the Stone-Cech compactification of the natural
numbers) consisting of N together with one point of βN — N is a semi-
stratifiable space which cannot be the closed image of a semi-metric
space. It is an open question whether the spaces which are closed
images of semi-metric spaces are precisely the semi-stratifiable Frechet-
Urysohn spaces [2].

4* Moore spaces* In this section, we wish to give necessary
and sufficient conditions for a semi-stratifiable space to be a Moore space.
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DEFINITION 4.1. A sequence {g^n};=1 of open covers of a topological
space X is a development for X if (1) ^ i + 1 is a refinement for ^ and
(2), if x is a point of X and Ϊ7 is an open set in X containing x, then
there is a natural number k such that St (x, &k) aU. A Moore space
is a regular Γ rspace which has a development. See [7, 14].

A Moore space is semi-metric and, hence, is semi-stratifiable. The
following example, due to McAuley [11], shows that this implication
cannot be reversed.

EXAMPLE 4.2. Let X be the .τ-axis of the Cartesian plane E2.
Let d denote the usual distance function in E2 and, if p φ q, let a{p, q)
denote the nonobtuse angle (in radians) formed by X and the line
through p and q. Define a distance function D on E2 as follows:
D(p, p) = 0 and, if p Φ q, D(p, q) = d(p, q) + a(p, q). A basis for the
topology on E2 is {Uε(p):peE2, ε > 0} where Uε(p) = {q: D(p, q) < ε}.
Let S denote E2 with this topology. If S were a Moore space, it
would be second countable, since it is Lindelof. But S is not second
countable since any basis contains uncountably many elements.

DEFINITION 4.3. A TΊ-space X i s said to be quasi-coynplete provided
that there is a sequence {£Bn}~=1 of open covers of X with the follow-
ing property: if {An}~=1 is a decreasing sequence of nonempty closed
subsets of X and if there exists an element x0 e X such that, for each
n, there is a $>n e βn with An U {xo}czBn9 then Γi~=iAn Φ 0 .

DEFINITION 4.4 (Borges [4]). A ϊ\-space X is a wΛ-space if there
exists a sequence {SBJ^ of open covers of X such that, if {An}^=1 is
a decreasing sequence of nonempty closed subsets of X and there ex-
ists xQ e X for which An a St (x0, 9>n) for all n, then Π»=i AnΦ 0.

Definition 4.3 is at least formally weaker then Definition 4.4. It
is an open question whether all quasi-complete spaces are ^J-spaces.

Theorem 4.5, due to Heath [7], gives a sufficient condition for a
space to be a Moore space.

THEOREM 4.5. A regular Tλ-space X is a Moore space provided
that there is a sequence {#JΓ=i of functions from X into the topology
on X with the following properties: (A) For each x in X, {gi(x)}T=i is
a decreasing local base at x. (B) If y is a point of X and {xJΓ=i is
•a sequence in X with y e g^Xi) for each i, then {Xi)T=i converges to y.
(C) If y is a point of X, U is an open subset of X containing y, and
{Xi}7=ι is a sequence in X such that, for each n, y e gn(xn) and there
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is a natural number k with G\[gn+k(xn+k)]^9n(%n)> then there is a
natural number m with gm{xm) c U.

THEOREM 4.6. A regular Trspace is a Moore space if it is a
quasi-complete semi-stratifiable space.

Proof. Let X be a regular quasi-complete semi-stratiίiable Tr

space. Let {SBΛ}~=1 be a sequence satisfying the conditions of Definition
4.3 and let {hn}ζ=1 be a sequence satisfying the conditions of Theorem
1.2. For each x in X, let Bn(x) be a member of £BW containing x. For
each x, let gγ{x) be an open subset of X containing x such that
Cl g,(x) c B,(x) n K(x) and let gn+ί(x) be an open subset of X contain-
ing x such that Cl gn+1(x) aBn+ί(x) Π hn+1(x) Π gn(x). The sequence
{gn}n=ι satisfies the conditions of Theorem 4.5 and, hence, X is a Moore
space.

By Proposition 2.8 of [4], we have the following corollary:

COROLLARY 4.7. If X is a regular Tx-space, then the following
are equivalent:

(1) X is a Moore space.
(2) X is a semi-strati fiable wΔ-space.
(3) X is a semi-stratifiable quasi-complete space.

If X is a completely regular 7>space, let βX denote its Stone-
Cech compactfication. The following definition is due to ArhangePskii
[1, 2].

DEFINITION 4.8. A completely regular jΓrspace X is a p-space
provided that there is a sequence {9Bw}Γ=i of collections of open subsets
of βX such that each SBW covers X and Π«=i St (x, SBJ c X for each
point x in X.

LEMMA 4.9. A p-space is quasi-complete.

Proof. Let X be a p-space and let {£BW}~=1 satisfy the conditions
of Definition 4.8. For each n, let SI be an open cover of X such
that, if Be%τ, then G\?XB is contained in some member of SBM. Let
{An}Z^ι be a decreasing sequence of closed subsets of X and x be a
point of X such that there is a Bn e SB't with An U {x} a Bn for each
n. Since Cl^r An is compact, fi»=i C W An Φ 0 . But Cl^ Aw c St (#, SBW)
and Πn=iGlβxAn(zX. Thus, Π Γ = i 4 = flΓ=iCWAβ. Hence, X is
quasi-complete.
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It can be seen that, in completely regular spaces, the concepts
of wJ-spaces, p-spaces, and quasi-complete spaces are related. The
exact relationship between these three concepts is an open problem.

THEOREM 4.10. A completely regular Trspace is a Moore space
if and only if it is a semi-stratifiable p-space.

Proof. Lemma 4.9 and Theorem 4.6 show that a semi-stratifiable
p-space is a Moore space.

Conversely, let X be a completely regular Moore space and let
{2̂ «}«=ι be a development for X. By the remark following Definition
4.1, X is semi-stratifiable. For each n, let

SBn - {βX - Glβx (X -G):Ge &«} .

The sequence {SBw}Γ=i satisfies the conditions of Definition 4.8. Since
GczβX- C\βx (X - G), 9>n covers X. If x e X and y e βX - X, let U
and V be disjoint open subsets of βX containing x and y, respectively.
There is a A: where St (x, Z?k)czUC) X. Then y<*St (α, £BΛ). Hence, X
is a p-space.

Since a locally compact Hausdorff space is a p-space, we have the
following corollary:

COROLLARY 4.11. A locally compact semi-stratifiable Hausdorff
space is a Moore space.

In Theorem 4.10, the condition of complete regularity can be
replaced with regularity by using the Wallman compactification [6, 16]
instead of the Stone-Cech compactification. Appropriate changes will
also have to be made in Definition 4.8.
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MATRIC POLYNOMIALS WHICH ARE HIGHER
COMMUTATORS

EDMOND D. DIXON

Let A be an n X n matrix defined over a field F of
characteristic greater than n. For each n x n matrix X we
define

(1) X1 = [A,X]o = X

Xh+ί = [A, X]h = [A, X,] = AXh - XhA

for each positive integer h. Then X is defined to be A>com-
mutative with A if and only if

(2) [A,X]k = 0, [A, JΓU-x * 0 .

Let P(x) be a polynomial such that P{A) Φ 0. Specifically,
assume that

(3) P(A) = 2 * ^ * 0

where p is a positive integer, each h is a scalar from F, and
Λp =£ 0. In this paper we study, for each positive integer Jc,
the matrices X such that

(4) [A,X]k = P{A).

We specify a polynomial P(A) in the form (3) and show how
the maximal value of k for which (4) has a solution depends
on the polynomial P(A). In Theorem 3 it is assumed that A
is nonderogatory. Since the only matrices which commute
with A in this case are polynomials in A, we are, in effect,
establishing a more precise bound for k in (2) by predetermin-
ing Xk.

In the derogatory case, a matrix which is not a polynomial
in A may commute with A. However, Theorem 4 shows that
if we choose a polynomial P(A) as Xu, then the maximal value
of k depends on the polynomial P.

The problem of determining the maximal value of k for which (2)
has a solution has been studied by Roth [8] and others. Roth's re-
sults are stated in terms of the maximal degrees of the elementary
divisors of the matrix A. In particular, he showed that there exists
a matrix X satisfying (2) for some A if k ^ 2n — 1.

Nilpotent case* Throughout the paper we assume that A is in
Jordan canonical form, since [a, X]k = P(A) if and only if

[BAB~\ BXB-% = BP(A)B~1 .

55



56 EDMOND D. DIXON

The following notation introduced by W. V. Parker is used to
simplify the proofs of the theorems.

DEFINITION. Let Ms for any integer s such that — n + 1 <: s <Z
m — 1 be the set of all n x m matrices in which all elements are zero
except those for which j — i = s(i denotes the row and j denotes the
column in which the element appears). If s > m — 1, Ms is defined to
be the set consisting of only the zero matrix. A particular member
of Ms will be denoted by Ds and will be called an s-stripe matrix.
Note that if X is any n x m matrix then X can be written uniquely
as X = ΣΓ=~-̂ +i Ds where Ds is an element of Ms.

If Aγ and A2 are nxn and mxm nilpotent nonderogatory matri-
ces in Jordan canonical form and if Ds - (di5) is an n x m element
of Ms where s is any integer such that — n-hl^s^m — 1, let
f(Ds) = AιDs - DSA2 and fk(Ds) = AJk-\Ds) - fk~\Ds)A2. It is easily
seen that fk(Ds) is an element of Ma+k. Notice that the element in
the ίj position of /(D s), where j — i = s + 1, is di+1>j — difύ_γ for iΦl.
The element in the nj position is — dn,j_ι if j Φ 1; the element in the
il position is di+ltί if i Φ n; and the element in the nl position is
zero.

LEMMA 1. If A is an n x n nilpotent nonderogatory matrix in
Jordan canonical form, if X is an n x n matrix, and if

M - [A, X] = AX - XA ,

then the trace of M is zero and the trace of every subdiagonal stripe
of M is zero.

Proof Any nxn matrix X may be written as Σ?~-«+i D8 where
Ds is an element of M8. Thus

[A, X] = ΓA, Σ DS~\ = Σ [A, Ds] .
L s^ — n + l J s ——n + l

If s < 0, then [A, Ds] is a matrix such that the sum of the nonzero
elements is zero. The matrix [A, Ds] forms the (s + l)-stripe of M.
This completes the proof of the lemma.

If A is an n x n nilpotent nonderogatory matrix in Jordan canoni-
cal form then for any positive integer s < n, (AT)SAS plays the part
of a "lower identity" which we denote by Ls. That is,

(5) W *
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Similarly,

( 6 ) A*(ATY

which we call an "upper identity".
Using the above, we prove the following lemma.

LEMMA 2. Let A be an n x n nilpotent nonderogatory matrix
in Jordan canonical form. Let Ls and Us be as defined above. Then

( 7 ) LAI - A)Ls+k = (I- A)Ls+k

and

( 8 ) Us+k(I-A)Us= Us+k(I-A) ,

where k is any positive integer less than n — s.

Proof. If we partition I — A as follows:

- (M °\( " [ * N)
where M is s x (s + k), then

LAI-Λ^^, ; ) ^ , = (°

The proof of (8) is similar.
Let V = (1, 1, •••, 1), a 1 x n vector, and let Vs = VDS. That

is, Vs is the vector in which each element represents a column sum
in D s , and since the columns in Ds have at most one nonzero element,
Vs simply displays these elements in the form of a row vector. To
simplify the notation we will let Vs+k = VDs+k where Ds+k = [A, Ds]k

for some matrix Ds. In other words, the added subscript, k, implies
that Vs+k is the result of k commutations. From now on, s will de-
note a nonnegative integer, 0 ̂  s <̂  n — 1, and subdiagonal stripes of
X will be denoted by D_s. Also, the nontrivial subvector in Vs will
be denoted by wn_s1 and the nontrivial subvector in Vs will be denoted
by wn-s- Thus

{ 9 ) Vs = (0, 0, , 0, dlfβ+1, d2>s+2, . . . , dn_sJ - (0β, w M ) .

Similarly,

(10) F_ s = (d.+ l ϊ l, ds+2>2, , 4,%_ s, 0, , 0) = ( ώ _ s , 0.).

The following lemma is a vital part of the proof of Theorem 1.
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LEMMA 3. If k is a positive integer and if V89 A, U8, and L9

are as defined above, then
( i ) Vs+k = V.(I - A)kLk,
(ii) F_ s + f c = VL. US(I - A)k if k ̂  s,
(iii) V-+k = VL,E7,(J - A)kLk_s if k>s.

Proof. Case (i). If fc = 1, from (7) and (9)

(0 0
- A)La+1 = (0., wu_.)

In this case N has dimensions (n — s)x(n — s — 1), so N has ( — l) ' s
on the diagonal and Γs on the first subdiagonal. But

(0s, wn_M j = (0β, wn_s)N - (O.+1, wn_s^)

where wn_s^ has only n-s — 1 elements of the form (di+1)S+i+1 — di>s+i)r

and this is V8+1. Therefore

V.+ι = V.(I - A)LS+1 .

Similarly,

Vs+2 = Vs+ι(I - A)Ls+2 = V.(I - A)L8+1(I - A)Ls+2.

But by Lemma 2,

Lβ+1(I - A)Ls+2 = (I - A)Ls+2 .

Thus Vs+2 = V8(I - A)2Ls+2, and by induction it follows that

(11) V8+k = VS(I - A)"L8+k .

In particular,

(12) F0 + f c - VQ(I - A)kLk .

Case (ii). From (10),

where M has dimensions (n - s) x (n - s + 1) and so has Γs on the
diagonal and ( - l ) ' s on the first superdiagonal. But

(M 0
(wn__s+11 0β)l

where ώ n _ s + 1 has w - s + 1 elements
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ds+i+1,i+ι - ds+i,i> (i = 0, 1, , n - s + 1) ,

and ds>0 = dn+Un_s+1 = 0. This is V[A, D_s] = F_s+i Similarly,

F_ s + 2 = V-.+JJUI ~ A) = F_SE/S(/ - A) [/,_,(/ - A) .

But by Lemma 2, C7S(/ - A)US^ = US(I - A). Thus

F_ s + 2 = F_ S C7 S (I-A) 2 ,

and by induction it follows that if k <̂  s,

(13) V_s+k= V-aU.(I-A)k.

In particular,

(14) V_s+S= V-.U.(I-A) .

Case (iii). When k > s, we divide the problem into two parts.
Using case (i) we have

(15) F_ s + , = F_ s + S(/ - A)k~sLk_s .

But by case (ii), F_ s + S = F _ s ί 7 s ( I - A)s. Thus

F_ s + , = F_SC/S(/ - A)S(I - A)k-Lk_a

= V_SUS(I - AfLk_s .

This completes the proof of the lemma.

Using the above lemmas we prove Theorem 1, which establishes
a precise upper bound for k in the case where A is nilpotent and
[A, X]k = P(A) Φ 0.

THEOREM 1. Let A be an nxn nilpotent nonderogatory matrix.
Let p be a positive integer such that p < n. Let

Xi(i = p, p + 1, , n - 1)

be scalars from F such that Xp Φ 0. Then there exists a matrix X

such that

(16) [A,X]k = Σ M ^ 0
i = P

if and only if k ^ 2p.

Proof. We first prove the case where λ* = 0 for all i > p. We
may assume without loss of generality that λp = 1 since [A, X]k =
Ap if and only if [A, XPX]k = XVA

P.
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If there exists a matrix X satisfying (16) where A is nilpotent,
then [A, X]k = [A, Σ?r i % + 1 Ds]k = Ap. Thus we must have

(0 if s Φ p
<") [A, Ds_k]k = ^ .

(A29 if s = p
Therefore, for s = p,

VIA, Dp_k]k = TV*>+* = VDP = VA*

= (0,0, . . . , 0 , 1 , 1 , - . . , 1 ) ,

which we will call (0p, En_p). If k £ p, from (11),

Vp-k(I - A)kLp.

Using an argument similar to that used in proving lemma 2, we

find that ( I — A)kLp can be written as (Q ^ j where Nk has dimen-

sions (n — p + k)x(n — p). Since this matrix has a square submatrix

of order n — p with Γs on the diagonal, zeros below, it has rank n — p.
Now rewriting (12) as

0 0

we see that solving this equation is equivalent to solving En_p =

(wn_p+k)Nk. The augmented matrix for this equation is (-/ ), and

since JV"fc has rank n — p, the augmented matrix also has rank n — p.
Thus the system has a solution with (% — p + k) — (n — p) = k para-
meters.

Now if k > p we refer to equation (15) and set

(18) V<p_k)+k - VP-kUk_p(I - A)kLp .

/0
But the product on the right may be written as (~

If k = 2p then Hk is square of order n — p. Since it has minus
signs in a checkerboard pattern, we may transform it into a matrix
with nonnegative elements or nonpositive elements (depending on whe-
ther p is even or odd) by multiplying on the left and right by the
matrix D = diag. ( — 1,1, — 1, •••, (-l)n~p). Thus the determinant of
Hk will be unchanged and the resulting matrix has determinant

(2p +
n — p—l I 0 1

(-1)" Π \ V ' Φ 0
i p + l\

P

(see Muir, Vol. 3, p. 451). Hence Hk is nonsingular. Furthermore,
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( — l)pHk is positive definite since the principal subdeterminants are all
positive by the same argument.

Thus if k = 2p we may rewrite the equation (18) as

o o*
But solving this system is equivalent to solving
(19) En_p = wn_pHk ,

and since Hk is nonsingular, this system has a unique solution. A
solution for k = 2p implies the existence of matrices X satisfying
[A, X]k = Ap for all k < 2p.

Next we show that there is no solution for k = 2p + 1, and thus
for any k > 2p, by the following argument. Since Hk is nonsingular,
equation (19) is equivalent to En_pΉk

ι — wn_p. Multiplying both sides
of this equation by the (n — p) x 1 column vector E^p gives

(20) En_pHk

ιEτ

n_p = wn_pE^p = ΣΪdP+iti .
i = ί

This is the sum of the nonzero elements in ZLP. By Lemma 1, if
[A, X] = D_p, then Σ?=ip dp+ifi = 0. But since (-l)pHk is positive de-
finite, (--l^iϊjΓ1 is also. Thus the product on the left in (20) is not
zero and there does not exist a solution for k > 2p.

This completes the proof in the case where [A, X]k = XAP. In the
case where [A, X]k = XPA

P + XP+1A
P+1 + + λΛ_1A

w"1, we see that
X may be written as Σ!=P XU where [A, XH]k = λ̂ A*.

If A is derogatory then the Jordan canonical form for A is diag.
(AL, A2, , Aa) where s > 1. Theorem 1 can also be extended to the
derogatory case. The method of proof is similar to that used in
Theorem 1.

THEOREM 2. Let A be an n x n nilpotent matrix. Let p be a
positive integer such that p < w{ where n{ is the dimension of the
largest block in the Jordan canonical form for A. Let λ, (i = p,
p + 1, , n — 1) be scalars from F such that Xp Φ 0. Then there
exists a matrix X such that

(23) [A, X]k = Σ 1 λ i A
i ^ 0

if and only if k ^ 2p.

Some remarks about the integer p are in order here. If the Jordan
canonical form for A is diag. (A19 A2, , As) we may assume without
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loss of generality that the dimension % of A{ is greater than or equal
to the dimension ni+1 of Aί+1 for i = 1, 2, , s — 1. Since Ap = diag.
(Af, A?, •••, Aj), #> must be less than n^ if Ap is to be different from
zero. However, A? may be zero for some i > 1.

Notice that since the Jordan canonical form for a nilpotent matrix
is the same as the rational canonical form for that matrix, the cons-
tructions for the matrices X in Theorems 1 and 2 may be done with
rational operations.

The general case* Here it is not assumed that A is nilpotent.
We assume that A is in Jordan canonical form. Again we choose a
polynomial P(A) which we desire to write as a higher commutator of
A. Theorems 3 and 4 establish the maximal value for k in equation (4).

THEOREM 3. Let A be an nxn nonderogatory matrix in Jordan
canonial form al + N where N is the nilpotent matrix with Vs on
the first super diagonal and zeros elsewhere. Let P(A) be a polynomial
in A such that P(A) Φ 0. Let t be the multiplicity of a as a root
of P(x). Then there exists an nxn matrix X such that

(24) [A, X]k = P(A)

if and only if k ̂  2t.

Proof. If A = (al + JSΓ) then

[A, X]k = [(al + N), X]k = [al, X]k + [N, X]k = [N, X]k .

Thus condition (24) becomes [N, X]k = P(al + N) = Σ?==ί λ ; ^ where
X. = p{ί)(a)/il. Now by Theorem 1, (24) has a solution if and only if
k < 2t.

THEOREM 4. Let A = diag. (A19 A2, , As) where A{ = (aj +
(i — 1, 2, , s) where each N{ is as in Theorem 3. Let P be a poly-
nomial such that P{A) Φ 0. Let Ah, Ah, , Ah be the blocks of A
such that P(Ai.) Φ 0. Let m^ be the multiplicity of (x — a^) in P(x).
Let m = min. {m .̂}. Then there exists an nxn matrix X such that

(25) [A, X]k = P(A)

if and only if k <, 2m.

Proof. If A = diag. (A1? A2, , As) then

P(A) = diag. (PiAJ, P(A2), , P(AS)) .

If P(At) = 0 for some At, then there exists a matrix Xt Φ 0 such that
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[At, Xt]k = P(At) = 0 for any positive integer k. Thus we need only
consider those Ai for which P(Ai) Φ 0. Assume that P(^) Φ 0 for all
i = 1, 2, , s. Then if we let

X = άmg. (X19 Xi9 . . . , X S )

where [Aiy Xi)k = P(Ai), the matrix X will satisfy (25). Assume with-
out loss of generality that the degree of (x — aλ) in P(x) is m —
min. {mi}. Then [Aί9 X,] = P(Aλ) if and only if k ^ 2m. Thus [̂ 4, X]k =
P(A) if and only if k ^ 2m.
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SOME CONTINUITY PROPERTIES OF THE
SCHNIRELMANN DENSITY II

R. L. DUNCAN

Let S denote the set of all infinite increasing sequences
of positive integers. For all A = {an} and B = {bn} in S define
the metric p(A, B) = 0 if A = B; i.e., if an = bn for all n and
p(A, B) — Ilk otherwise, where k is the smallest value of n
for which an Φ bn. The main object of this note is to show
that the set of points of continuity of the Schnirelmann density
d(A) is a residual set and that this is the best possible result
of this type.

The space S and some of the properties of densities defined on it
have been discussed previously [2, 3, 4]. In particular, it has been
shown that the set of points of continuity of d(A) is the set of all
points having density zero. Let La = {A e S \ d(A) = α}(0 ̂  a ̂  1)
denote the level sets of d(A) and define Ma = {A e S | d(A) ^ a}. Then
La = Ma so that Ma is closed and La is dense in Ma [4]. These
results are required in the sequel. A brief and lucid account of all
other necessary topological results is given in [1].

THEOREM 1. The family of all sets of the form S(m, n) =
{A e S I an = m) is a sub-basis for the topology of S.

Proof. If A 6 S(m, n) and B $ S(m, ri), then p(A, B) ̂  1/n. Hence
S — S(m, n) is closed and S(m, n) is open. Also, the spheres Sε(A) —
{B e S I p(A, B) < ε}, 0 < ε <=: 1, constitute a basis for S and the desired
result follows since

COROLLARY. S has a countable basis.

COROLLARY. S is separable.

It is also clear that S is a subspace of XJ= 1Pn, where Pn is the
set of all positive integers with the discrete topology for each n.

THEOREM 2. S is complete.

Proof. Let An = {αnfl/}Γ=1 and suppose that {An} is a Cauchy
sequence in S. Also, let nk be the smallest positive integer such that
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ρ(Am, An) < 1/k for all m,n^nk and define A = {ank,k}k=ι. Since all
of the An's have the same first k terms for n ^ nk, it is clear that
i e S and p(An, A) < I/A for all n ^ w*. Hence l i m ^ p(An, A) = 0
and S is complete.

The following corollaries are a consequence of the Baire category
theorem and the fact that Ma is a closed subset of S.

COROLLARY. Ma is complete.

COROLLARY. Ma is a set of the second category in itself.

The following result would be of no interest for those values of
a for which the second of the above corollararies fails to hold.

THEOREM 3. La is residual in Ma.

Proof. Ma - La = UΓ=i Ma+llk. Since La = Ma, La is dense in Ma

and, since Ma+llk c Ma, La is dense in Ma+llk. Also, since Ma+llk is
closed, Ma+1/k is nowhere dense in Ma and Ma — La is a set of the
first category in Ma.

Since the set of points of continuity of d(A) is Lo and ikf0 = S,
the following result ensues.

COROLLARY. The set of points of continuity of d(A) is residual
in S.

The following theorem shows that the above corollary is a best
possible result in the following sense. In the true statement, S — Lo

is a countable union of nowhere dense sets, the word countable can
not be replaced by finite.

THEOREM 4. Ma — La is open if and only if a = 0 or 1.

Proof. Mx — Lx is the empty set and hence open. Also, it is

easily seen that Mo — Lo = S(l, 1) in the notation of Theorem 1 and

hence open.

Suppose that Ma — La is open for a > 0. Then Ma — LaaMa1

since Ma is closed, and it follows that Lo c S — Ma — La. Since LQ = S

and S — Ma — La is closed, we have S — Ma — La = S and Ma — La

is the empty set. Thus a = 1 and the proof is complete.

The following result is included in the preceding proof.
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COROLLARY. The support of d (A) is the set of all sequences
with first term one.

The final result concerns the asymptotic density

δ(A) = liminf A(k)/k ,

where A(k) denotes the number of elements of A which do not exceed k.

THEOREM 5. δ(A) is a function of Baire class two.

Proof. Let δn(A) = infk^n A(k)/k. Then δn(A) is a function of
Baire class one [4, Th. 3]. Also, δ(A) — lim^^ δn(A). Now δ(A) is
obviously everywhere discontinuous on S. Suppose δ(A) is a function
of Baire class one. Then the set of points of discontinuity of δ(A)
is a set of the first category [5, Th. 36]. But S is a set of the second
category and the desired result follows.
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COEFFICIENT MULTIPLIERS OF H* AND Bp SPACES

P. L. DUREN AND A. L. SHIELDS

This paper describes the coefficient multipliers of
Hp(0 < p < 1) into /q(p ^ g ^ oo) and into Hq(l S q ^ °°).
These multipliers are found to coincide with those of the
larger space Bp into /q(l ^ q ^ oo) and into Hq(l S q ύ °°).
The multipliers of H*> and B* into Bq(0 < p < 1, 0 < q < 1)
are also characterized.

A function / analytic in the unit disk is said to be of class
Hp(0 < p < oo) if

Mp(r,f) =

remains bounded as r —• 1. H°° is the space of all bounded analytic
functions. It was recently found ([2], [4]) that if p < 1, various
properties of Hp extend to the larger space Bp consisting of all an-
alytic functions / such that

1 - r)llP~2 M^r, f)dr < oo .

Hardy and Littlewood [8] showed that Hp c Bp.
A complex sequence {Xn} is called a multiplier of a sequence

space A into a sequence space B if {Xnan} e B whenever {an} eA. A
space of analytic functions can be regarded as a sequence space by
identifying each function with its sequence of Taylor coefficients. In
[4] we identified the multipliers of Hp and Bp(0 < p < 1) into /\ We
have also shown ([2], Th. 5) that the sequence {nllq~llP} multiplies Bp

into Bq. We now extend these results by describing the multipliers
of HP(Q < p < 1) into /q(p ^ q ^ oo), of Bp into /q{l ^ q ^ oo), and
of both Hp and Bp into Bq(0 < q < 1). We also extend a theorem of
Hardy and Littlewood (whose proof was never published) by character-
izing the multipliers of Hp and Bp into Hq(0 < p < 1 ^ q ^ oo). In
almost every case considered, the multipliers of Bp into a given space
are the same as those of Hp.

2* Multipliers into /q. We begin by describing the multipliers
of Hp and Bp into °̂°, the space of bounded complex sequences.

THEOREM 1. For 0 < p ^ 1, a sequence {Xn} is a multiplier of
Hp into /°° if and only if
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70 P. L. DUREN AND A. L. SHIELDS

(1) Xn = 0{nι~ιlP) .

For p < 1, the condition (1) also characterizes the multipliers of Bp

into /°°.

Proof. If f(z) = Σα»sn is in Bp, then by Theorem 4 of [2],

(2) α. = o(n1^-1).

If feH1, then α% —>0 by the Riemann-Lebesgue lemma. This proves
the sufficiency of (1). Conversely, suppose {Xn} is a multiplier of Hp

into /°°. Then the closed linear operator

Λ:f >{Kan}

maps Hp into /°°. Thus A is bounded, by the closed graph theorem
(which applies since Hp is a complete metric space with translation
invariant metric; see ll], Chapter 2). In other words,

(3)

Now let

g(z) = (1 - z)~^p = Σ M n ,

where δ% — B^1/J); and choose f(z) = g(rz) for fixed r < 1. Then by (3)

I λn I n1{prn ^ C(l - r)"1 .

The choice r = 1 — lfn now gives (1). Note ttot {λw} multiplies Hp

or Bp into /°° if and only if it multiplies into c0 (the sequences tend-
ing to zero).

As a corollary we may show that the estimate (2) is best possible
in a rather strong sense. For functions of class Hp, this estimate is
due to Hardy and Littlewood [8]. Evgrafov [6] later showed that
if {dn} tends monotonίcally to zero, then there is an feHp for which
an Φ O(βnn

ιlP~ι). A simpler proof was given in [5]. The result may
be reformulated: if a* = O(dn) for all feHp, then dnn^llP cannot tend
monotonically to zero. We can now sharpen this statement as follows.

COROLLARY. If {dr} is any sequence of positive numbers such
that an = O(dn) for every function Σ anZn in Hp, then there is an
ε > 0 such that

dnn^llP ^ ε > 0 , n = 1, 2, . . .

Proof. If an = O(dn) for every feHp, then {l/dn} multiplies Hp

into /-. Thus l/dn = Oin1-111*), as claimed.
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We now turn to the multipliers of Hp and Bp into /q(q < oo), the
space Of sequences {cn} with ^\cn\

g < oo0 The following theorem
generalizes a previously known result [4] for z1.

THEOREM 2. Suppose 0 < p < 1.
( i ) A complex sequence {λn} is a multiplier of Hp into

sq(p <; q < oo) if and only if

(4) Σ ^ Ί λ J * = O(Nq) .
N

(ii) 1/ 1 <Ξ g < co, {χn} is a multiplier of Bp into /q if and
only if (4) holds.

(iii) If Q < p, the condition (4) does not imply that {Xn} multi-

plies Hp into /q\ nor does it imply that {Xn} multiplies Bp into /q

if g < 1.

Proof. ( i ) A summation by parts (see [4]) shows that (4) is
equivalent to the condition

(5) Σ \K\g = O(Nq{1~1/p)) .

Assume without loss of generality that λn ^ 0 and Σ"=i *Ί = l Let
sL = 0 and

{ oo >| i/β

ΆXl\ ' ^ = 2,3,

where /3 = q(l/p — 1). Note that sn increases to 1 as %-^co, By a
theorem of Hardy and Littlewood ([8], p. 412), fe Hp(0 < p <1) implies

( 6 ) ('(I - rf-1 Mq(r, f)dr < oo , p ^ q < oo .
Jo

Thus if /(s) = Σ anz
n is in ίί2 ' and {Xn} satisfies (4) with p ^ q < oo,

it follows that

('Λ+1(l - rf-ιMl{r,f)dr

= ^|- Σ I«J
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by the definition of sn. But by (5),

which shows, by the definition of sn, that

(sn)
nq ^ (1 - W > e~^ > 0

Since these factors (sn)
nq are eventually bounded away from zero, the

preceding estimates show that ^\an\
qXq

n < °o. In other words, {Xn}
is a multiplier of I P into /q if it satisfies the condition (4).

(ii) The above proof shows that {Xn} multiplies Bp into /ι under
the condition (4) with q = 1. (This was also shown in [4].) The more
general statement (ii) now follows by showing that if {λΛ} satisfies (4),
then the sequence {μn} defined by

satisfies (4) with q = 1. Hence {μn} is a multiplier of Bp into /\ and
in view of (2), {Xn} is a multiplier of S p into /q. Alternatively, it can
be observed that feBp implies (6) for 1 <̂  q < oo, so that the forego-
ing proof applies directly. Indeed, if feBp, then (as shown in [2],
proof of Theorem 3)

, f) =

hence, if 1 ^ q < oo,

(iii) That (4) does not imply {Xn} multiplies Hp into /q{q < p) or
Bp into sq{q < 1), follows from the fact [4] that the series

may diverge if feHp and q < p, or if feBp and g < 1.
To show the necessity of (4), we again appeal to the closed graph

theorem. If {Xn} multiplies Hp into /q(0 < p < oo, 0 < q < oo), then

is a bounded operator:

/ g oo

^ C | | / | | , /(z) = Σ αn2κ 6 i P .
ϊ i—0

Choosing f(z) = (̂r̂ ;) as in the proof of Theorem 1, we now find
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{ oo

and (4) follows after terminating this series at n — N and setting
r — 1 — 1/N. Note that the argument shows (4) is necessary even if
p ^> 1 or q < p.

COROLLARY 1. // {nk} is a lacunary sequence of positive integers
(nk+ι/nk ^ Q > 1), and if f(z) = Σ anz

n is in iP(0 < p < 1), then

Σ nliι-1IP) \a%h\* < oo , p ^ g < oo .

COROLLARY 2. // /(s) = Σ α»«Λ ^ ^ ^ p (0 < ^ < 1),

The first corollary extends a theorem of Paley [13] that feH1

implies {a%k} e /2. The second is a theorem of Hardy and Littlewood
[7]. It is interesting to ask whether the converse to Corollary 1 (with
q = p) is valid. That is, if {ck} is a given sequence for which

Σ t t Γ M ^ I ' < - ,
A; = l

then is there a function /(z) = ^anz
n in i P with anjc = ckΊ We do

not know the answer.
Hardy and Littlewood [9] also proved that {Xn} multiplies H1 into

H2 (alias /*) if (and only if)

From this it is easy to conclude that (4) characterizes the multipliers
of H1 into /\ 2 g q < oo. Indeed, let {Xn} satisfy (4) and let μn =
|X»|W2. Then, by the Hardy-Littlewood theorem, {μn} multiplies Hι

into /2 (see [3], p. 253). Hence {λj multiplies H1 into /g. (See also
Hedlund [12].)

On the other hand, the condition (4) is not sufficient if p = 1 and
q < 2. This may be seen by choosing a lacunary series

/(«) = Σ c*sw* , ™*+1/% ̂  Q > 1 ,

with Σ \ok\
2 < °° but Σ |cfc|

ff = oo for all g < 2. The sequence {λΛ}
with Xn = 1 if n = nk and λw = 0 otherwise then satisfies (4) but does
not multiply Hι into /q, q < 2.

3* Multipliers into ί?g. The following theorem may be regarded
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as a generalization of our previous result ([2], Th. 5) that if feBp,
then its fractional integral of order (1/p — 1/g) is in Bq. (A fractional
integral of negative order is understood to be a fractional derivative.)

THEOREM 3. Suppose 0 < p < 1 and 0 < q < 1. Let v be the
positive integer such that (v + I)" 1 ^ p < v~ι. Then {Xn} is a multi-
plier of Hv or Bp into Bq if and only if g(z) = ΣΓ=o K%n has the
property

( 7 ) MAr, g{υ)) = O((l - r)1"-1"-1 ') .

Proo/. Let {λj satisfy (7), let f(z) = Σ α»«Λ be in Bp, and let
Then

= -^Γ/G^'Msβ-")^ , 0 < /o < 1 .
2τr Jo

Differentiation with respect to 2; gives

( 8 ) p»h 2π Jo

Hence

^rp, h^) S M^r, g^M^p, f)
^ C(l - ryw-'Mάp, f) ,

where r = \z\. Taking r = p, we now see that feBp implies h{u) e Bs,
1/s = 1/g + v. Thus heB9, by Theorem 5 of [2].

Conversely, let {Xn} multiply Hp into Bq. Then by the closed graph
theorem,

A: Σ anz
n > Σ Kanz

n

is a bounded operator from Hp to Sg. If (v + I)-1 ̂ p < v\ let

f(z) = v\ z*(l - z)-*-1 = Σ anz* ,
n — v

where an = %!/(% — v)!, and observe that

( 9 ) h(z) = Σ λ»α,«" = s'ff11"(«) .

Let /r(«) = /(r«) and fer(2) = h(rz). Since /I is bounded, there is a
constant C independent of r such that

In other words,
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&r, h)dt rg CMp(r, f)

=

It follows that

Mx{r\ /&)Γ(1 - tylq~2dt =
Jr

or

ilfiίr2, h) = O((l - r)1/J>-1/f f-y) .

But in view of (9), this proves (7).

COROLLARY. The sequence {λn} multiplies Bp into Bp if and only

if

(10) il^r, g') =

Proof. If p = q, the condition (10) is equivalent to (7). (see [8],
p. 435.) This corollary is essentially the same as a result of Zygmund
([14], Th. 1), who found the multipliers of the Lipschitz space Λa or
Xa into itself. Because of the duality between these spaces and Bp

(see [2], §§3,4), the multipliers from Λa to Λa and from λα to λα

(0 < a < 1) are the same as those from Bp to Bp. Similar remarks
apply to the spaces Λ* and λ*, also considered in [14].

4* Multipliers into Hq. By combining Theorem 3 with the simple
fact that f'eB1'2 implies feH\ it is possible to obtain a sufficient
condition for {λj to multiply Hp into Hq, 0 <p<l^q^ oo. However,
this method leads to a sharp result only in the case q — 1. The follow-
ing theorem provides the complete answer.

THEOREM 4. Suppose 0 < p < l ^ g ^ o o , and let (v + I)-1 ̂  p < v~\
v = 1, 2, . T%βπ {λj is α multiplier of Hp or Bp into H9 if and
only if g(z) = Σ"=o λΛz* feαs ί/̂ e property

(11) M,(r, <7^+1)) - O((l - r ) 1 ^ — 2 ) .

Hardy and Littlewood ([9], [10]) stated in different terminology
t h a t (11) implies {λ j is a multiplier of Hp into Hq(0 <p <l^q < oo),
b u t they never published t h e proof. Our proof will make use of the
following lemma.

LEMMA. Let f be analytic in the unit disk, and suppose
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[\ - r)aMq(r, f')dr
Jo

where a > 0 and 1 ^ q ^ oo. Then

, f)dr

Proof of Lemma. Without loss of generality, assume /(0) = 0,
so that

f(reiθ) = \rf'(seiθ)eiθds .
Jo

The continuous form of Minkowski's inequality now gives

(12) Mq(r,f)£ \rMq(s,f')ds.
Jo

Hence an interchange of the order of integration shows that

l _ r)«-Wg(r, f)dr ^ M\l - s)βikΓg(s, f')ds ,
a Jo

which proves the lemma.

Proof of Theorem 4. Suppose first that {Xn} satisfies (11). Given
/(«) = Σ anZn in β^, we are to show that h(z) = Σ λ^^^^% belongs to Hq.
By (8), with v replaced by (v + 1), we have

27Γ Jo

Since g ^ 1, it follows from Jensen's inequality ([11], §6.14) that

^ + 1 Mq(rp, h^+1)) ^ Map, f)Mq(r, g^+1))

άP, f) ,

where r = |«| and (11) has been used. Now set r = p and use the
hypothesis feBp to conclude that

- r)uMq(r, h{v+1))dr < oo .

But by successive applications of the lemma, this implies

q(r, hr)dr < oo .

Thus, in view of the inequality (12), it follows that h e Hq, which was
to be shown.
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Conversely, suppose {λ̂ } is a multiplier of Hp into Hq for arbitrary
q(0 < q <; oo). Then by the closed graph theorem,

Λ: Σ &X > Σ Kanz
n

is a bounded operator from Hp to H9. An argument similar to that
used in the proof of Theorem 3 now leads to the estimate (11).

COROLLARY. IfO<p<l<^q<^ oo and feBp, then its fractional
integral fa e Hq, where a — 1/p — 1/q. This is false if q < 1.

This corollary can also be proved directly. Indeed, since ([2], Th. 5)
the fractional integral of order (1/p — 1/s) of a Bp function is in Bs

(0 < s < 1), and since ([8], p. 415) the fractional integral of order
(1 — 1/q) of an H1 function is in Hq(l ^ g ^ oo), it suffices to show
that / ' G B112 implies fe H\ But this is easy; it follows from (12) with
q = 1. That the corollary is false for q < 1 is a consequence of the
fact ([2], Th. 5) that the fractional derivative of order (1/p — 1/q)
of every Bq function is in Bp.

The converse is also false. That is, if feHq, its fractional
derivative of order (1/p — 1/q) need not be in Bp(0 < p < 1 ^ q ^ oo).
As before, this reduces to showing that feH1 does not imply f eBlβ.
To see this, let f(z) = Σ ckz

nk

9 where {nk} is lacunary, {ck} e /2, and
{ck}ί/K Then feH2(zH\ but fr$Bιι\ since it was shown in [4]
(Th. 3, Corollary 2) that

whenever Σ anZn e Bp and {nk} is a lacunary sequence.

REFERENCES

1. N. Dunford and J. T. Schwartz, Linear operators, Part 7, Interscience, New York,
1958.
2. P. L. Duren, B. W. Romberg, and A. L. Shields, Linear functional^ on Hp spaces
with 0 < p < 1, J. Reine Angew. Math. 238 (1969), 32-60.
3. P. L. Duren, H. S. Shapiro, and A. L. Shields, Singular measures and domains
not of Smirnov type, Duke Math. J. 33 (1966), 247-254.
4. P. L. Duren and A. L. Shields, Properties of H? (0 < p < 1) and its containing
Banach space, Trans. Amer. Math. Soc. 141 (1969), 255-262.
5. P. L. Duren and G. D. Taylor, Mean growth and coefficients of Hp functions,
Illinois J. Math, (to appear).
6. M. A. Evgrafov, Behavior of power series for functions of class Hδ on the boundary
of the circle of convergence, Izv. Akad. Nauk SSSR Ser. Mat. 16 (1952), 481-492
(Russian).
7. G. H. Hardy and J. E. Littlewood, Some new properties of Fourier constants, Math.
Ann. 97 (1926), 159-209.



78 P. L. DUREN AND A. L. SHIELDS

8. G. H. Hardy and J. E. Little wood, Some properties of fractional integrals, II, Math,
Z. 34 (1932), 403-439.
9. G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XX): Generali-
zations of a theorem of Paley, Quart. J. Math. 8 (1937), 161-171.
10. G. H. Hardy and J. E. Littlewood, Theorems concerning mean values of analytic
or harmonic functions, Quart. J. Math. 12 (1941), 221-256.
11. G. H. Hardy, J. E. Littlewood and G. Pόlya, Inequalities, Cambridge Univ. Press.
Second Edition, 1952.
12. J. H. Hedlund, Multipliers of H? spaces, J. Math. Mech. 18 (1969), 1067-1074.
13. R. E. A. C. Paley, On the lacunary coefficients of power series, Ann. of Math. 34
(1933), 615-616.
14. A. Zygmund, On the preservation of classes of functions, J. Math. Mech. 8 (1959),
889-895.

Received December 23, 1968. Supported in part by the National Science Founda-
tion under Contract GP-7234.

UNIVERSITY OF MICHIGAN



PACIFIC JOURNAL OF MATHEMATICS
Vol. 32, Nυ. 1, 1970

ON A CLASS OF DIFFERENTIAL EQUATIONS
FOR VECTOR-VALUED DISTRIBUTIONS

H. 0. FATTORINI

The aim of this paper is to seek necessary and sufficient
conditions on the linear operator A in a linear topological
space in order that the Cauchy problem for the equation
U(a) — AU= T should be well set in the sense of distributions
(see definition in §2). Here 0 < a < oo, U(a) is the fractional
derivative of U of order a. Such conditions are obtained for
a integer ^3 and then for any a > 0, this time with the ad-
ditional assumption of (at most) exponential growth of the
solutions at infinity.

Throughout this paper E will be a quasi-complete, barreled local-
ly convex linear topological space over the field C of complex numbers
([1], Chapter II, §4; [2], Chapter II, §1 and §2), A a closed linear
operator with domain D(A) dense in E and range in E.

The equation

(1.1) u{a)(t) = Au(t)

was studied in [3]. If a is an integer ;>3 and the Cauchy problem
for (1.1) is "well posed" (strong solutions exist for a dense set of
initial data, are unique and depend continuously on them) it was shown
that

(a) D(A) — E and A is continuous.
(b) The series ^=ot

3'Aju/(aj)l converges in E for all t,u.
The solutions of (1.1) are actually holomorphic and can be expressed
as u(t) = ΣKί Sk(t)u{k)(0), where Sk(t) = Σ~=o t

aj+kAju/(aj + fc)!, 0 ^
k ^ a — 1. Conversely, conditions (a) and (b) imply that the Cauchy
problem for (1.1) is well posed (see [3], Th. 3.1). A necessary and
sufficient condition for the solutions of (1.1) to increase at most ex-
ponentially at oo is the existence of R(X; A) for large | λ | and its
analyticity at oo ([3], 3.3). It has been suggested by J. L. Lions that
the above results will still hold if we only assume the Cauchy problem
for (l.l)-or, rather, for its inhomogeneous version—to be well set in
the sense of distributions (this notion was introduced by him in [7]
for the case a — 1). Lions also raised the question of whether the
results could be extended to the case of noninteger a > 2. We give
here some partial answers to these questions. Under a special assump-
tion, Theorem 3.1 of [3] is extended to the distribution setting, although
only for a integer; Theorem 3.3 is also extended for all values of
α > 2 . (Theorems 4.1 and 5.2 respectively.) We also examine the case
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a<2, always with the assumption of exponential increase at infinity
and give conditions on R(X; A) that insure the Cauchy problem to be
well set (Theorem 6.1). For a = 1, we obtain the condition of Lions
for generation of distribution semigroups.

2* The Cauchy problem• We denote by R the real numbers.
The symbol gf stands for a family {| |, •••} of semi-norms determin-
ing the topology of E (see [1], Chapter II, § 4; for instance, W can
be taken as the family of all continuous semi-norms in E), i.e., such
that the (generalized) sequence {uγ} converges to zero if and only if
\ur\—*0 for all | | e gf. We assume D(A), the domain of A endowed
with the topology generated by the semi-norms u—> | u |, u-+ \ Au |,
I I e f̂. D(A) is under this topology a quasi-complete locally convex
linear topological space.

In the following remarks the spaces F, G, are as E, quasi-
complete, barreled locally convex linear topological spaces. The space
Jίf(F, G) consists of all linear continuous operators from F into G
endowed with the topology of uniform convergence on bounded sets
of F. ^f(F, G) is a locally convex, quasi-complete linear topological
space (see [2], Chapter III, § 3, no. 7; it is not necessary for this re-
sult that G be barreled). We shall write ^f(F) instead of £?(F, F),
F* instead of ^(F,C), application of an element u*eF* to ueF
being denoted by <(%*, iι} or <(u, u*y.

We recall that the "equi-continuity principle" ([2], Chapter III,
§ 3, Theoreme 2) holds in £f(F, G) (thus in particular in Sf(F), F*);
if {Br} is a family of elements of Jzf{F, G) such that {Bru} is bound-
ed in G that is, such that supr | Bru | < oo for any continuous semi-
norm I I in G for every ue F, then {Br} is an equicontinuous family.
This principle will be used many times in what follows, sometimes
without explicit mention.

The space £&t (or simply &) consists of all complex-valued func-
tions t —•> φ(t) defined in R, infinitely differentiate there and with
compact support; the space &8tt is similarly defined but with reference
to functions (s, t) —> φ(s, t) of two variables. Both spaces will be
endowed with their L. Schwartz topologies ([10], Chapter III). ^
consists of all ^ e ^ with support in (0, oo). By definition, a genera-
lized sequence {φr} in ^ 0 converges to zero if and only if the supports
of the φγ are contained in a fixed compact subset of (0, oo) and
φ(

r

m)(t)-+O uniformly in (0, oo) for all m ^ 0. The space &'{F) (or
^t(F)) of F-valued distributions of one variable is £f(3f\ F); similar-
ly, &J,t{F) = £f(3ϊs,ΰ F). The space 2t,'(F) (F-valued distributions
defined in (0, oo)) is Sf(Ξί^ F). For any real α, the subspace of

consisting of distributions with support in [α, oo) will be denoted



DIFFERENTIAL EQUATIONS FOR VECTOR-VALUED DISTRIBUTIONS 81

by ^a>oo)(F); it inherits the topology of &'(F). Finally,

and we assign to &\(F) the inductive limit of the topologies of the
&r'ίnf00)(F) ([1], Chapter II, §4). As customary, we write &'(C) =
&' and similarly for other distribution spaces.

Let S be a distribution in, say, ]&'+(£f(E, F)), Te^r

+{E). We
recall briefly the definition of the convolution S*T as given in [9]
(Proposition 39, p. 167). It is a consequence of Proposition 33, p. 145,
that there exists a unique distribution Ve&'8tt(F) such that

for any ^ f e ^ (here φ(&ψ denotes the function in QίsΛ defined
by (φ ® Ψ)(s, t) = φ(s)ψ(t)) and whose support is contained in the
Cartesian product supp(S) x supp(T). S*T is then defined by

(S*T)(φ) = V(φ)

for any φ e £gr, where φ(s, t) = φ(s + t) (note that, since the inter-
section of the supports of V and φ is compact the expression V(φ)
has a sense although φ g ̂ r8tt if φ Φ 0). For any S, T we have

supp (S*T) g supp (S) + supp (T)

the convolution, as a linear map (we assume S fixed) from
J3?+(£f(E, F)) x £?'+(E) into £&+(E) is continuous (see again [9], Pro-
position 39 for proofs of these and other facts). The convolution S* T
can be defined in a similar way when S e ^ + and Te^+(F), when
SeW+(^f(E, F)) and Te£W'+(^f(G, £?)),••• and enjoys the same
properties as in the previous case.

Fractional derivatives will be defined by means of convolutions.
For any complex β we write

This distribution (see [10], Chapter II, §11, p. 43) coincides with the
function (h{t)ty-ιIΓ{β) for Re/3>0, h the Heaviside function (h(t)=O
for t < 0, k(t) = 1 for ί > 1). The function of /3 that results apply-
ing it to any φ e £gr admits of an analytic extension to the entire

1 Let i ^ _ be the space of all infinitely differentiable functions in R with support
bounded above endowed with its usual Schwartz topology ([10], Chapter VI, § 5, p.
172). Then £&+(F) g *&+(F) = j2^(£^_, F) algebraic and topologically. The reverse
inclusion is true if, say, F is a Banach space but not in general. See [8], p. 62, where
a similar situation is discussed with reference to distributions with compact support.
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plane, and its value at a given β is taken as definition of Yβ(φ) (see
[10], loc. cit. for details). For any β, Yβ e £$' and its support is con-
tained in [0, oo). If Ue]&+(F), 0 ^ a < co we define

jjia) = derivative of order a of U = Y-a*U

([10], Chapter VI, §5, p. 174); the definition is justified by the fact
that Y_n = δ!n\ n = 0, 1, . If U = 0 for t < α, the same it true
of U{a).

Finally, some notational conventions. If, say, Se ££f'(Jtf(E, F)),
ue E, we denote by Su the distribution (in £&'(F)) defined by (Su)(φ) =
S(φ)u, ψ e *&. Similar definition for AS, where A e £?(F, G). Follow-
ing [8], p. 51, if Te&',ueF, T(&u is the distribution in &f'(F)
given by (T®u)(φ) = T(φ)u. We shall use the same notation for an
F-valued function and for the distribution (in &'(F)) that it defines.

DEFINITION 2.1. Let 0 < a < co. The Cauchy problem for the
equation

(2.1) Uia) - AU= T

is well set (in the sense of distributions) if and only if
(a) (Existence) For every T e £&+(E) there exists a solution

UeI&'+(D(A)) of (2.1). _
(b) (Uniqueness) Let Ue&'+(D(A)) be a solution of (2.1) with

Te^f

+(E). Assume T = 0 if t < a. Then U = 0 for t < a.
(c) (Continuous dependence) Let {TΊ} be a generalized sequence of

elements of £&'+(E) with T7->0 in &\E), Tr = 0 for t < a (α>-oo)
for all 7. Let Ur e Jgr+(D(A)) be the corresponding solutions of (2.1).
Then £7r-> 0 in &r'(D{A)).

A few comments on (b) and (c) will be useful later. Observe first
that (b) implies

(b') Let u( ) be an infinitely differentiate Z)(A)-valued function
vanishing for large negative t and such that

u{a)(t) - Au(t) = 0

for t ^ 0. Then u(t) = 0 for t ^ 0.
It is also true that (&') implies (b). To see this, let U, T be the

two distributions of (b), φe^ with support in (—co,α). Define

<Pt(s) = <P(s - *)» (Iφ)(s) = φ(-s) .

Then if %(£) = ^7^) = (U*Iφ)(t), u( ) is a C°°,/)(A)-valued function
and u{a)(t) - Au(t) = r(^ t ) . Since T(φt) = 0 for t < 0 (Γ is zero for
ί < α), we have u(0) = U(φ) — 0, which shows that U itself is zero
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for t < a as claimed.
By definition of the inductive limit topology ([1], Chapter II, §4,

n° 6) a generalized sequence {Tr} in £&'+(F) converges to zero if and
only if Tγ—>0 in 3ί\F) and all the Γ/s are contained in a fixed
&ίa,co)(F) (that is, if Tr = 0 for all 7 and ί < some fixed α). This
shows that (c) amounts to the assertion that the map

(2.2) T-+U

from Ί^+(E) to £^+CD(A)) given by the equation (2.1) (which map, by
virtue of (a) and (b) is well-defined and linear) is continuous. It is
also plain that the map (2.2) commutes with translations. We deduce
more information about (2.2) by means of the following result.

AUXILIARY LEMMA 2.2 Let ^y£ he a linear continuous operator
from J3?'+(F) to 2&\(G) commuting with translations. Assume, more-
over that ^£ T = 0 in t < a whenever T = 0 in t < a. Then there
exists S e &l(J*f(F, G)) with support contained in t ^ 0 such that

Λ?T= S*T .

The proof is identical to that of the " scalar-valued" theorem
([10], Chapter VI, §3, p. 162; see also [7], p. 150 for the Banach
space case). We define a distribution S e &'(Jϊf (F, G)) by the formula
S(φ)u = {^/f{δ (g) u))(φ), φe ^ueF; since supp ^//{d ®u)^ [0, oo),
supp(S)^[0, oo). Then Λ^U — S*U is a linear continuous operator
from &+(F) into &KG). (See the previous remarks on convolution.)
We only need now to verify the equality ^£ = Λ^ for distributions
U of the form τa3 (g) u, τa the operator of translation by α, u e F{2).
But ^(τaδ (g) u) = τ^ί(β ® u) = τa(Su) = S*(τaδ ® u) = ^T(τaδ ® w),
thus our result is proved.

Return now to the map ^-£ given by (2.2). The distribution
S e ~^1{^P{E, D(A)) corresponding to ^€ will be called the propagator
of 2.1. It follows from its definition that it satisfies the equation

(2.3) S{a) -

We prove now a few simple properties of S.

LEMMA 2.3. The operators S(φ), S(ψ), A commute for any

2 The subspace of &r(F) generated by all elements of the form U®u, U
uβF can be identified with the tensor product 3ίr®F ([8], p. 50). But £&
is dense if & f(F)\ on the other hand, the subspace of &f generated by all elements
of the form τaδ,aeR is dense in &' ([10], Chapter II, §2, p. 75) so that the sub-
space of ££fr{~F) generated by all elements of the form τaδ®u,aQR,uQF is dense
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Proof. Let u e D(A). Since U = A(Su) = (Su){a) - δ <g) u, it is
clear that U e &+(D(A)); moreover

U{a) -AU= A((SuYa)) - A(A(Su)) = A(δ <g) u) = δ <g) An .

By uniqueness, U = S(Au), i.e.,

A(Su) = S(Au)

which shows that S(φ) and A commute for any φ e £&. As for com-
mutativity of S(φ), S(ψ) one only needs to observe that

V = (S(ψ)S)*(δ ® v) = S(ψ)(Su)

is a solution of V{a) — AV — δ (g) S(ψ)u and reason as before.

LEMMA 2.4. Let a = n be an integer 2^1, φ, ψe £%. Then

(2.4)
k=o

The proof is a modification of one of Lions ([7], Theoreme 5.1,
p. 149) for the case n = 1. Let (Iφ)(t) = φ{ — t) for any φβ ST. Take
now φ,ψe &r0. Let U7, TF, Vl9 , FTO be the solutions in
of the equations

(2.5) U{n) - AU =

(2.6) T7(w) - AW =

(2.7) F Γ - AF f c = (Icp){fc) (g) Ϊ/(»-I-*)(O) (0 ^ k £ n -

ue E. (Observe that U, W, V19 , Vn are obtained by convolution
of the propagator with the right-hand members of (2.5), (2.6), (2.7)
thus they are all C°° functions.)

Let now h be the Heaviside function. A simple computation shows
that

(huyn) = Σ 1 ^ * - 1 - * ' <8) u{k)(0) + fe[/(%).

Taking now into account the fact that [/ satisfies (2.5) and that
supp {If) c ( - oo, 0), (hU){n) - A(hU) = Σ Π J * ^ " 1 " * 1 ® C/("}(0). Then
by virtue of (2.7) we get, by uniqueness

« — 1

A; = 0
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Similarly,

Iφ*U= W.

Observe, finally, that since supp (Iφ) c (— °°, 0)

(Iφ*hU)(0) = (I<p*U)(0) .

Consequently

= (S*(I(φ*ψ))(0)u = (S*(I<p*Iilr))(0)u = TF(O)

= (Iφ*U)(0) = (Iφ*(hU))(0) = ZV,(0)
&0

Σ
A=0

= ΣιS
{k)(φ)Sίn-1-k)(ψ)u as claimed .

3* Some regularity results* The results in this section say,
roughly speaking, that if u belongs to a set of "smooth elements"
of E then Su will actually be a C°° function in t ^ 0 moreover, if
uγ—>0 "rapidly enough," then Sur will converge to zero in a topology
considerably stronger than that of &'{E). We also examine certain
smooth solutions of (2.1). As in the last part of the previous section
we assume a — n — integer ^ 1.

We introduce at this point a special hypothesis on S, namely

ASSUMPTION 3.1. S is a distribution of finite order locally,(3) which
will be assumed to hold throughout the rest of this section (as well
as in § 4).

Recall ([8], Proposition 24, p. 86) that, under the preceding hypo-
thesis, if Ω is any open bounded interval in R then there exists a
continuous ^(E, D(A))-valued function defined in Ω and such that

(3.1) S = f{p) in Ω

(the integer p Ξ> 0 may depend on Ω).

Let D be the subspace of E consisting of all u e E such that Su

3 Assumption 3.1 is unnecessary whenever E is a Banach space-or, more general-
ly, when £(ED(A)) is a (ZλF)-space ([8], §3). It is also unnecessary, with no special
restriction on E, when n = 1; for the solution of Uf — AU = δ 0 S(φ)u, <pe &Ό, ueE
is U=hV,V the (C°°) solution of V - AV= Iφ®u ([7], p. 152), which allows one
to establish all the following regularity results. We do not know whether Assump-
tion 3.1 can be altogether eliminated in all cases.
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coincides with a Z)(A)-valued function g{t), infinitely differentiate in
t > 0 and such that #(m)(0 + ) = lim^0+g{rn)(t) exists for all m ^ 0 (all
in the topology of D(A)). For ueD we define G(t)u — g(t). For fixed
t ^ 0 G(ί) is a linear operator in I? with domain D.

(3.

LEMMA

Proof.

2)

3.2.

Let

D = D

[A

S

-). Consider

- A(Su)

D(A

the

= δ

identity

<g)ίί

(which is a simple consequence of the definition of S). Differentiating
(3.2) repeatedly and making use at each step of the commutativity of
A and S (Lemma 2.3) we obtain for m ^ 1.

Simn)u = A(Sim~1)nu) + δ{m~1)n(g)u = S{m~1)nAu

U Key ™ — ^ *~^L ™ I * ^S'

Let now β be an open interval in R (say ( —α, α), 0 < α < oo), /
the function associated with S in Ω by (3.1). We have

(3.3) S{mn)u = f{p)Amu + Σ ${kn) Θ A1*"*1""^

in β. Choose a m with mn > p and integrate the differential equa-
tion (3.3). We obtain

(3.4) S{mn-p)u = fAmu -

in 42, 3^ the distribution e &' defined in § 2, (here we are using the
fact that Yo = δ, Y{

a

β) = Ya_β), Pm>p a polynomial of degree ^ p - 1
with coefficients in D(A). Since m is arbitrary, it is clear that Su
coincides with aC°° function in {teΩ t > 0}; reasoning in this way
for any Ω we see that ueD.

Conversely, assume ueD, and let g(t) — G(t)u, for t ^ 0, Uk(t) =
g{k)(t) for t ^ 0, Ϊ7*(ί) - 0 for t < 0. Call Z7 = C70. Then we have

U' = δ (g) Z7(0) + t7"i, •

- Un .

Observe now that U = Su satisfies U{%) — AU = δ®u; since ί7 is
C~ in t > 0 it satisfies Z7(%)(£) - AZ7(ί) there. Consequently δ®u =
jjw _ AJJ = ΣS^Jδ^- 1 -^ ® U{k)(0); equating coefficients we obtain
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9(0 + ) = = ^~2 )(0 + ) = 0, g{n~1)(0 + ) = u .

Observe next that for all m ^ 0 we have

0<*+»>(ί) = Ag{m)(t), t > 0 .

(This is obtained by differentiating the equality for m = 0.) Taking
m = n - l and letting ί ^ O w e obtain Au = Ag{n~ί)(0 + ) = gι2n-1)(0 + )
which belongs to D(A); then ueD(A2) and A2u = Ag{2n-1](0 + ) =
^ ^ - ^ ( O H - ) , ••• etc. An examination of the initial values of g readily
shows

COROLLARY 3.3. Let ueD. Then G{k)(0 + )u = 0 if k Φ mn - 1,
& ^ 0 G(m%-υ(0 + )u = A m - χ m ^ 1.

Our next step is to show that D = JD(A~) contains "enough"
elements. Observe first that if φ e &0 then S{φ)u e D(A°°) for any
w G £7; for, since S(%)^ - A(Su) = δζ&u and supp (φ) c (0, oo), AS(9?) =
S{n)(φ)u, thus AS(cp)t6 e £>(A) and A2S(cp)π - S<2n)(φ)u. Repeating the
preceding reasoning we see that S(φ)u e D{Am) for any m ^ 0 and

(3.5) A

LEMMA 3.4. D is dense in E.

We shall actually show a stronger result, namely that the sub-
space generated by DQ = {v e E\ v = S(φ)u, φ e £^o, ueE} is dense in
D(A). Assume this is false. Then there exists u*e.D(A*) such that
<u*, S(φ)uy = (S(φ)*u*, u> = 0 for all ueE,φe &rQ, i.e.,

(3.6) S(φ)*u* = 0

for all φe&Ό, where S(φ)*: D(A)* -+E* denotes the operator adjoint
to S(φ). Let now K be any bounded set in E and let φe&. Since

sup I < S M V , u> I = sup I <u*, S(φ)ny |

it follows from the fact that S is a =^(£ t, Z>(A))-valued distribution
and from the definition of the topology of E* that φ—>S(φ)*u* =
t%>) belongs to £2f'(E*). By applying M* to elements of JB of the
form {-l)nS(φ{n))u-S(φ)Au = (-l)nS{φ{n))u~AS{φ)n = φ{O)nfueD(A)J

we also see that U satisfies the equation

(3.7) U{n) - A*U= <5(g)u*

where A*: £7* -*D(A)* is the adjoint of A.4 Since S has its support
4 Since D(A) £ E algebraically and topologically and D(A) is dense in E, we can

identify E* with a subspace of D(A)*, and the inclusion ^*£ί)(A)* is also topologic.
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in t ^ 0, so does U; but, since the vanishing of the expression (3.6)
for all ψ e £^0 means that U is zero for t > 0 we see that supp (U)
reduces to the point 0.

Let now Ω be an interval around the origin, / a Jzf(E, D(A))-
valued function satisfying (3.1) in Ω for some p ^ 0. The function
g = /*w* takes values in E*, is continuous in Ω and satisfies

(3.8) U = g{p)

in Ω. Since U is zero both for t < 0 and t > 0, flr(ί) = P(t) for ί > 0,
g{t) = Q(ί) for £ < 0, both P and Q being polynomials of degree Sp — 1
with coefficients in JK* and such t h a t P(0) = Q(0).

Consider now the different values of p. Iΐp = 0, g=U = 0 and
there is nothing to prove. If p = 1, g is constant in Ω and again
U = 0. Finally, if p ^ 2 C7 has to be of form

m

IO ί/1 (_y / j C v/y ™k

where m = p — 2, u*, , uZ elements of E*.δ Replacing now this
expression for U in the equation (3.7) we get

m m

k = 0 A;=0

Let now q ^ 0 such that g^ ^ m < (g + l)n. By equating coef-
ficients in (3.10) we easily obtain that

u* = -Au?, u* = A*u*f , ufq_1)n = A*u*n, u*n = 0

which shows u* — 0.

LEMMA 3.5. Let {φr} be a generalized sequence in ϋ ^ convergent
to some element φ0 e ^ 0 in the topology of &, v any element of E.
Then G(-)S(φr)v converges uniformly to G(-)S(φo)v on compacts of
t^0 together with all its derivatives.

Proof. Assume—as we may—that φ0 = 0. Let Ω be an open set
containing the origin and let / be the J>f(E, Z)(A))-valued function
associated with S in fl by (3.1). Write formula (3.4) for each uγ —
S(φτ)v (the polynomial in the right-hand side is now dependent on 7
and will be called Pl,p). It follows from (3.5) applied to uτ that Amur-+0
for all m; since S{mn~p)uγ —> 0 in Ω in the sense of distributions, if
φ e ϋ ^ and supp (φ) c Ω,

5 A vector-valued distribution with support in {0} may not necessarily be of the
form (3.9).
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(3.11)

But it is not hard to see that (3.11) implies (due to the fact that deg
Pl>p is uniformly bounded) that Pi,p—»0 uniformly on compacts of R
together with all its derivatives; using this in (3.4) we obtain the
desired result.

4* The case n ^ 3.

THEOREM 4.1. Let n be an integer ^ 3 . Assume that the Cauchy
problem for (2.1) is well set and that Assumption (3.1) is satisfied.
Then D(A) — E, A is continuous and the series

(4.1) ± **
£fo (nk)l

converges in the topology of Jtf(E) for all t > 0. The propagator S
of (2.1) is actually a ^(E)-valued function given by

oo j-nk + n—1
/Λ n\ a/j.\ Ί~ /J-\ x~i ^

*=o (nk + n — 1)1

Conversely, let the series (4.1) be convergent for all £>0. Then the
Cauchy problem for (2.1) is well set and the propagator is given by
the formula (4.2).

We shall find it necessary to use in the sequel a few facts about
analytic functions with values in a quasi-complete barreled locally
convex linear topological space F. A ^-valued function / defined in
a domain D £Ξ C is analytic in D if the quotient of increments

Λ - W + h) - /(*)}

has a limit (in the F-topology) as h-^0 for all zeD. (We shall only
consider the cases F = E, F = £f{E)). All the usual properties of
scalar-valued functions (Cauchy's formula etc.) can be extended to F-
valued functions; they can be developed in power series in the usual
way, the series being convergent for | z — z0 \ < p — dist (zQ, boundary
of D). In general, a power series Σ α Λ ( u - zo)

n with coefficients in F
converges absolutely and uniformly in | z — zQ | < p, diverges in | z — z0 \ >
p, where

p = inf {lim inf | an |~
(1/%); | | e J^\

{^ a set of semi-norms defining the topology of F). All these simple
facts can be proved essentially like in the Banach space case (see [11],
Chapter III, §2). If /(•) is an F-valued function defined in D and
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such that <%*,/> is a (usual) analytic function for all u*eF* then
/ is analytic in the sense outlined above. Likewise, if J5( ) is an Jzf(F)-
valued function such that <(u*, Buy is an ordinary analytic function
for all u* eF*,ueF then B(-) is analytic as an ^(i^-valued func-
tion. The proofs of these results also generalize from the Banach space
case. ([11], Chapter III, § 2, p. 93); in fact, they are only based in the
equicontinuity principle for ^f(F) and F* and in quasi-completeness
of these spaces.

The preceding "weak" characterizations of vector-valued analytic
functions can be used in combination with "scalar" theorems to ob-
tain generalizations to the F-valued case. We shall make use of two
of such extensions:

(a) if / has first continuous partials in D and satisfies the Cauchy-
Riemann equations with respect to two independent directions then it
is analytic

(b) if / is continuous in a domain D, analytic in D minus a
smooth curve Γ, then / is actually analytic in all of D.

We shall also make use of a slight modification of a result of L.
Schwartz (Theoreme XXIV of Chapter VI in [10], p. 198).

AUXILIARY LEMMA 4.2. Let Γ G ^ ' . Define for each φe&,
= φ(t - ξ) .

Assume that for every φ e £$Ό the function ξ —> T(φξ), ζ > 0 can be
extended to a function analytic in a fixed region containing ξ > 0.
Then T itself coincides with an analytic function in ξ > 0.

The proof is almost identical to the one for the result of Schwartz.
Let α, 6, c, d > 0, a < 6, c < d but otherwise arbitrary, &ίa,bi= {φ e &\
supp (φ) £ [α, b]} with the topology generated by the family of norms
\<p\p = maxo^pmaxα<^b |φ(k)(s) |, p = 0,1,2, &r&M the Banach space
of all functions φ m times continuously differentiate in R with sup-
port in [α, b] (norm: | |w), ^ [ c , d ] the space of all continuous functions
in [c, d]. Let r > 0, Br,p: j ^ [ α , δ ] -* <af[βfd] defined by

(4.3) < *

p = 0, 1, . Reasoning exactly like in [10], p. 198, we see that for
some r (depending on α, 6, c, d) the family & = {BrtΊn p ^ 0} is equi-
continuous. Then there exists an integer m ^ 0 and a real number
ε > 0 such that if φ e ^ [ α , 6 ] , | φ |m ^ ε
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in ^icdv Consequently, ^ is as well equicontinuous as a family of
operators from ^ r α ) δ Γ endowed with the ^m-topology-to ^ [ ( ! , d ] . Let
now φ 6 ^j>> 6 ], {φk} a sequence in ^ [ β , 6 ] converging to φ in ^i>, 6 ] . It
is plain from (4.3) that

in the sense of distributions. On the other hand, if k is large enough,

\<Pk\mS\<p\~ + l, then

(4.5) \Br,p(φk)\0^e-\\φ\m + l)

in ςf[βfί]. But (d/dζ)BrJφk) = (p + l)r£ r,p + 1(<^), thus by virtue of
Ascoli's theorem we may assume (passing, if needed, to a subsequence)
that for all p ^ 1, Br,P(φk) is convergent in ^[Ctiγ Then each distri-
bution (φ\rvYιT^v)*Iφ coincides in (c, d) with a continuous function
and by virtue of the estimates (4.5) the set of all these functions is
uniformly bounded in [c, d]. This shows, via the definition of Br>p

that T*Iφ is actually analytic in a neighborhood of [c, d] for any

Finally, let Γ w + 2 the distribution in § 2, χ a function in £& such
that χ = 1 in I ί I ̂  (6 - α)/4, χ = 0 in | ί | > ( 6 - α)/3, & = (α + b)/2.
Plainly ?>(«) - (χΓw + 2)(ί - k) belongs to ^ * 6 ] , while φ{m+2) = τkd + η, τk

the operator of translation by k, η G ^ .
We have

+2) - T*Iη = τ_kT .

Since the left side of the preceding inequality is analytic, so is T in
[c + k, d + k]; since k = (α + 6)/2 can be arbitrarily small and c, d
are unrestricted, the result follows.

Proof of Theorem 4.1. Let α> = exp (2πi/ri), Ck = {ζe C; 2kπi/n <:
arg ζ <; 2(fe + l)πi/n}, k = 0,1, , n — 1. Let 9? be a fixed element
in &Q,ueE. Define 1?-valued functions #0 (in Co), ̂ -1 (in Cw_0 as
follows:

(4.6) gx(ξ + ηω) = ω~~ι Σ ^ G

(4.7) gt(ξ + yω-'*) = ω £ ωJG'

If ζ, ξ', Ύ], rj1 ̂  0 we have, for any two integers p, q ^ 0

This and the regularity results in § 3 show that gQ(gn-i) has continu-
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ous partials of any order in C0(CΛ_i). We compute now the first par-
tials. We have

4r^ Σ
ύζ 3=0

Consequently

(4.8) ( A - ωJ^g0 = G™(η)S(φ$)u - G(y)S™(φξ)u .

Since G{n)(η)S(φξ)u = AG(η)S(φς)u = G(y)AS(φζ)u = G(η)Sw(φξ)u the
right-hand side of (4.4) vanishes. But then (4.8) reduces to the
Cauchy-Riemann equation for g0 (with respect to the directions 1, ω)
and consequently gQ is holomorphic in C°o, the interior of Co. Proceed-
ing in exactly the same way with gn_γ in Cn^ we obtain the equation

which likewise implies that gn_x is holomorphic in CTO__i. By virtue of
Corollary 3.3,

(4.9) go(ξ) = gn_m = S(φ,)u .

This shows that the function g defined as g0 in Co, 0*-i in Cn^ is con-
tinuous in Co U C^-i, and thus analytic there.

Denote now S^S(E) the space of all linear continuous operators
from E to E with the topology of simple convergence (or strong
topology; see [2], Chapter III, § 3). It follows from the Banach-
Steinhaus theorem that £fs(E) is quasi-complete ([2], Chapter III, § 3).
Moreover, any continuous linear functional in Jϊfs(E) can be written

A >]>

where u19 , um e E, uf, , u*teE ([2], Chapter IV, § 2, Proposition
11). Consider the propagator S—as we may—as an element of £2r'(£?s(E))
or, rather, as an element of ^όi^fs(E)) = S^(^o; £fs(E)). It follows
from our results on the function g defined by (4.6), (4.7) and from
the equality (4.9) that the distributions in 3?l obtained from S by
applying arbitrary elements of (J*fs(E))* coincide with functions ana-
lytic in ξ > 0 in particular, with C°° functions. Applying a result in
[8], p. 55 (the change of ^ by ^ 0 has no particular significance),
we see that S itself coincides in t > 0 with a £f(E)-va\ued function
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G( ) infinitely differentiate in the Sfs(E)-topology, that is G( )u is
a C°° function in ζ > 0 for all ueE. Clearly if ueD = Z>(A~) then
Gu coincides with the function defined in § 3. We now extend G to
the complex plane as follows; if ζ = ξωk + Ύ]ωk+1 e Ck

(4.10) G(ξωk + 7](ϋk+1)u = ω-(fc+1) Σ ^ G 1 ' 1 ^ ) ^ 1 1 " " 1 " " ' ' ^ ^ >

0 ^ ft ^ w — 1. It follows from the equicontinuity principle (§ 2) that
the family {G(t); tee}, e any compact subset of (0, co) is equicontinu-
ous in Jϊf(E)({G(t)u; tee} is bounded in E for any ueE). This, and
the fact that G is strongly C°° in ζ > 0 shows that G( ) as defined
by (4.10) has any number of continuous partials in Ck, the interior of
Ck for any ft = 0, , n — 1. An argument similar to the one for
the function g shows that Gu satisfies in each Ck the Cauchy-Riemann
equations, and is thus analytic; a fortiori, G itself, as a ^f(E)-valn-
ed function is analytic in Cl U U CJ_i.

We now examine more carefully the equality (4.10) when ueD.

Let {φn} be a "smoothing kernel" in 2$, i.e., let φn ^ 0, \φndt = 1,

supp(<pj—>0 as n->oo. If I, Ύ] > 0 we have, in view of Lemma 2.3,
S({φn)ζ)S{(φm)r)u = S((φn)η)S((φn)ξ)u; letting m, n —• co w e obtain

(4.11) G(£)G(9) - Gty)G(£) .

Differentiating the relation (4.11) and making use of the new equali-
ties thus obtained in (4.10), we easily see (by applying the fact that
G(ζ)u, ueD is smooth in ζ i> 0) that G(ζ)u, ζeCkis actually continuous
even if ξ or η are zero; thus G(ζ)u is continuous in Ck, except per-
haps at the origin. On the other hand, it is not difficult to see by
using Corollary 3.3 that the different definitions of G match at the
divisory rays ζωk, ξ >̂ 0, ft = 0, , n — 1. Consequently G( )u is con-
tinuous in all of C-except perhaps at the origin; being holomorphic
in Co U U Cn-u it is actually holomorphic in all of C-again, with
the possible exception of the origin.

We apply now the same " regularization" method used to obtain
(4.11) to the equation (2.4). We obtain

(4.12) G(s + t) = Σ G ( i )(s)G ( w-W )0O

for s, t > 0. Applying both sides of this equality to a ueD and using
analiticity of Gu, we can extend (4.12) to all complex z, ζ e C\{0} as
long as z, ζ do not both belong to a divisory ray; in particular

(4.13) G(z + ζ)u =
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if z, ζ G Uϊ=o CZ. But for these values of z, ζ the operators in the
right-hand side of (4.13) are continuous, and then (4.13) can be extend-
ed to all ueE. Observe finally that (4.13) allows us to express Gu
near a divisory ray (or near the origin) in a linear and continuous
way by means of its values away from them, thus Gu is actually
holomorphic in C for any ueF; a fortiori, G is a ^f(E)-γ&lued entire
function.

We compute now the coefficients in the Maclaurin series of G.
According to Corollary 3.3 G{2n~1](0)u = An for ueD; since A is closed
and D dense, D(A) = E and A = G[2n~ι)φ) is continuous. The fact
that G{k)(0) = 0 if k Φ mn - 1, G{mn'1](0) = Am~ι for m ^ 1, can be
proved by using Corollary 3.3 and the denseness of D. Then

Σ ^ A .
k=o (nk + n — 1)1

The convergence of the series for Mn(tA) is clear, as Mn(tA) =
G{n-ί](tlln). The final step of the proof of the direct part of Theorem
4.1 (that is, to show that S = hG) will be left to the next Remark
4.4 and consists in showing directly that (hG){n) — A(hG) = 5 0 1 ; by
uniqueness, it follows that (hG)u—Su for all ueE and then JιG=S.

REMARK 4.3. The proof of Theorem 4.1 depends crucially on the
fact that the nth roots of unity span C, thought of as a real vector
space or, more precisely, on the possibility of writing any ζ e C in
the form ζ = ξωk + ηωk+1 for some integer k, ζ, rj 2> 0, ω = exp (2πi/n).
This is obviously true only if n ^ 3; for if n = 1, ω = 1; if n = 2,
α> = - 1 .

REMARK 4.4. We end the proof of Theorem 4.1 by establishing
the following slightly more general form of its converse part.

LEMMA 4.5. Let a > 0 (not necessarily an integer). Assume
Ae^f(E) and that

Ma(tA)u = Σ ΐ ^ V
1)

converges for all t>0 in E for each ueE. Then the Cauchy problem
for

(4.14) U{a) - AU= T

is well set; the propagator of (4.14) is a C°°, ̂ f(E)-valued function
in t ^ 0 given by

Ma(t) is the Mittag-Leffler function of classical analysis.
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°o -f-ak+a—1

(4.15) S(t) = h(t) Σ -=Λ r- A" ,

series (4.15) being convergent in J*f(E) for all t.

Proof. Since the series defining Ma(tA)u converges for all t, the
same is true of the series defining Ma{ζA)u, ζeC. By virtue of the
Banach-Steinhaus theorem ([2], Chapter III, § 3 Ma(ζA) is a £f{E)-
valued function since Ma(ζA)u is analytic for each ue E, the same
is true of Ma(ζA) as a function with values in £f(E). This is easily
seen to imply convergence of the series in (4.15) in the topology of
j5f(E) for all t, uniformly on compact subsets of R (and thus in
&'(£f(E))). Recall now that, for β > 0 the distribution Yβ e &'
used in § 2 to define fractional derivatives coincides with the function
(h(t)ty-ι/Γ(β). Then

S (α) _ y
/ C O \

V V / O \ Λk\

Consequently S satisfies the equation (2.3) and this implies that U =
S*T satisfies the equation (2.1) for any Te£^i(E). It only remains,
then, the question of uniqueness, which we can verify in the form
(6'), §2. Let u( ) be a E-valued C°° function, null for t^O and such
that

(4.16) u{a)(t) = Au(t)

for t ^ α, a > 0. Take the convolution product of both sides of (4.16)
with the (function) Ya; we obtain u(t) = A(Ya*u)(t) for t ^ a. Iterat-
ing this equality m times w get u(t) — Am(Yma*u)(t) for t ^ a, or

(4.17) w(ί) = [\t -
Γ(ma) JoΓ(ma)

for t ^ a. Observe now that {u(s), 0 ^ s ^ ί} is a bounded set in E
for every t > 0, then as a consequence of the definition of the topology
of ^f(E) and of the fact that the series for Ma(tA) has infinite ra-
dius of convergence in ^f(E), if | | e g7

lim
Γ(ma)

= 0

uniformly for 0 fj s ^ ί. Applying this estimate in the integral (4.17)
we get u(t) = 0 for all t < α. This result, after a clearly permissible
translation is equivalent to (6') of § 2.
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REMARK 4.6. In the case E is a Banach space, J. Chazarain ([12]
and personal communication) has characterized the operators A for
which the Cauchy problem for (4.14) is well set for any a, 0<α<oo
not necessarily an integer in terms of the location of σ(A), the spec-
trum of A and the growth of R(X; A) = (λ/ — A)~\ In particular, if
a > 2 the Cauchy problem for (4.14) is well set if and only if A is
everywhere defined and bounded. This result, as well as the one in
the next section suggest that Theorem 4.1 is probably true for all
α>2, i.e., that every time the Cauchy problem for (4.14) is well set
for a > 2 we have D(A) = E, A is continuous and the series for
Ma(tA) is convergent for all t > 0. However, the method used here,
that is to exploit the simple functional equation (2.4) to extend S to
the complex plane breaks down when a is not an integer. Finally,
note that Theorem 4.1 generalizes Theorem 3.1 of [3] but apparently
only in the case the Cauchy problem for u{n) = An is, in the termi-
nology of [3] uniformly well posed in t ^ 0 (see [12] for a proof). For
if the Cauchy problem for uin) = An is only well posed in t > 0 the
propagator &w_i which plays the role of S in [3] may a priori grow
arbitrarily fast as t -+ 0 and then does not define a distribution in any
obvious way. It is not difficult, however, to include also this case in
our results. In fact let S be a distribution in ^(£f(E, D(A)) satisfy-
ing Equation (2.4); if the regularity results of § 2 are postulated (they
can be easily seen to hold in the situation of [3]) then the proof of
Theorem 4.1 can be carried out just in the same way and its conclu-
sion holds. As for Equation (2.4), it is an immediate consequence of
Equation (2.8) of [3].

5* Exponential increase of S. We relax in this section the
requirement that a be an integer, but we are then forced to impose
restrictions on the growth of S at oo,

A few simple properties of vector-valued Laplace transforms will
be used in the sequel. Denote, as usual, by Sf the space of all in-
finitely differentiable, complex-valued functions φ that decrease at
I co I faster than any power of 1/| 11 together with all their derivatives,
endowed with its usual Schwartz topology ([10], Chapter VII, p. 234).
The space £"(F) (of "tempered", F-valued distributions) is £?(&>; F).
Given ωeR, 0<α>< co we write Γω = (ω, oo); the space (£^'(Γω))(F)
consists of all distributions Te&'{F) such that eλTe&"(F) for all
XeΓω,eλ the C°° function defined by eλ(t) = er11. Any distribution
Te(£"(Γω))(F) has a Laplace transform

2T = (SΓ)(λ), λ = ξ + iη,

a F-valued function holomorphic in Reλ > ω ([8], p. 74). If, in ad-
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dition, T= 0 for t < 0 then for all a>ω, u* eF* there exists a poly-
nomial p such that

(5.1) l<(8Γ)(λ) f u*>|^p( |λ |)

for Re λ 2̂  a (this is an easy consequence of the " scalar-valued"
theorem; see [10], Chapter VIII, p. 310, and [6]) where the polynomial
may depend on u*. Conversely, if L is a F-valued function holomor-
phic in Reλ > ω and such that estimates of the form (5.1) hold for
it, then L = 2T where T is a (unique) distribution in (£f'(Γω))(F),
T = 0 for t < 0 (see again [8], p. 74, and [10], p. 310). If T = f, f
an ordinary F-valued function (say, continuous, zero for t < 0 and
such that {eλ(t)f(t); t ^ 0} is bounded in F for any XeΓω) then 2T
coincides with its ordinary Laplace transform, that is

(2T)(X) = \~e-»f(t)dt .
Jo

Finally, let Te(£"(Γω))(F), Ve^\Γω) (and assume, for the sake
of simplicity, that both V, T are zero for t < 0). Then the Laplace
transform of the convolution V*Te(S"(Γω))(F) is

([9], Proposition 43, p. 186). We shall only use this result for V =
Yβ = (Pf. tβ~ι)IΓ(β)) Yβ e Sf" for all β and its Laplace transform equals
8(F^)(λ) = X~β; by virtue of the preceding observation,

2(Tin))(X) = 2(Y^*T)(X) = Xa2(T)(X) .

We shall find it useful to introduce at this point a new space of
distributions. We call (£/f'(Γω))(F) the set of all distributions in
(&"(Γω))(F) such that, for any λ e Γω

(5.2) eλT= / ( w )

for some m ^ 0, where / is a continuous function defined in R, with
values in F and such that

(5.3) {(1 + |ί |)-'/(ί);ίeΛ}

is a bounded set in F for some p ^ 0. (Note that any Te &\F) that
satisfies the preceding condition belongs to (S^\Γω))(F)). A charac-
terization of some elements in (<9*/(Γω))(F) is given by the following

AUXILIARY LEMMA 5.1. Let Te(^'(Γω))(F). Then
and has support in t ^ 0 if and only if for each a > ω there exists
a polynomial p ^ 0 such that the set
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(5.4) {(1 + p(\ λ D^ίSΓXλ); Re λ ^ a}

is bounded in F.

Proof. Observe first that the function / in (5.2) can be assumed
to be zero for t < 0. For if h is the Heaviside function,

eλT = heλT = hf{m) = (hfYm) - Σ V } ® /'"-^(O) .
i=-i

Consequently g = hf - Σfii1 Γm_, / ( m-W )(0) (which is zero in t < 0)
has the same m-th derivative as /. If g is not continuous, replace

m by m + 1, g by \ #(s)ds.
Jo

We now use (5.2) for λ = α', α) < α' < α, and the relation

(8Γ)(λ) = (8(ββ,Γ))(λ - a') . Since

(«(eα,T))(λ) = (8(/(m)))(λ) = λw(S/)(λ) and, on the other hand

I (8/)(λ) I ̂  - — ^ , R e λ ^ ε

for any continuous semi-norm | | in F and any ε > 0 (the constant
K may depend on | |, ε) the result follows. Conversely, assume that
(5.4) is bounded for all a > ωy p the polynomial corresponding to α,
m = degree of p, ω < af < α. Define

for ί G R. It is not difficult to see that g is a continuous function,
zero for t ^ 0, that the set {β~α/ί/(£); ^ e i2} is bounded in F and that

(5.5) (8/)(λ) = λ-<™+2)(ST)(λ)

in R e λ > α ' . Equality (5.5) and uniqueness of Laplace transforms
plainly imply

Observe, finally, that

w+2/m + 2

βαΓ = ea(e_a(eaf)Ym+2) = Σ .
^=°\ 3

which ends the proof.

THEOREM 5.2. Let a > 2. Assume the Cauchy problem for the
equation
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(5.6) U(a) - AU= T

is well set and that the propagator S belongs to the space

, D(A))

for some ω, 0 tί ω < oo, Then A is continuous, D(A) — E, R(X; A) =
(XI — Ay1 exists for | X | large enough and the function R( A) is
analytic at oa. Conversely, the preceding conditions imply that the
Cauchy problem for (5.6) is well set and that S e {£f}'{Γ ω))(Jέp {E)) for
some ω < oo.

Proof. Taking Laplace transforms of both sides of the equation
(2.3) (that is, F_Λ*S — AS = S (g) /) satisfied by the propagator we
obtain

(5.7) (\"I - A)(2S)(X) = I

for R e λ > ω , where (SS)(λ) is a J2f(2£, J3(A))-valued holomorphic func-
tion. By virtue of Lemma 2.3 if u e D(A) we also have the equality

Y_a*(Su) - S(Au) = δ (g) u

thus

(5.8) (2S)(X)(XaI - A)u = u

as well. But equalities (5.7), (5.8) plainly imply that R(Xa; A) exists
and equals (8S)(λ) for Re X > ω. Since {μ G C; μ = λα, Re λ > ω) con-
tains a neighborhood of co if a>2 (more precisely, the region | λ | >
r = (ω2 + τ2)a'\ T = ωtg(π/a)), R(X; A) exists for | λ | large. We develop
now i2( ;A) in Laurent series around c^

(5.9) R(X; A) = Σ λ-' JDy + A + Σ λ ' ^ i
y--i j=i

where Z)y, if, are elements of S^(E, D(A)). Using the relation

(XI -

in (5.9) and equating coefficients in the series so obtained we get the
system of equations

Ds+ι = ADS, o £= 1

( 5 . 1 0 ) ^

K3 = AKi+ι, j ^ l .

Applying now Lemma 5.1 we see that R(X; A) = (SS)(λ1/α) increases
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at c>o less than a polynomial, and then Km = 0 for some m >̂ 1; using
equations (5.10), we get Km_γ = = Kγ = 0, Do = 0, D, = I and con-
sequently A — D2; this shows that A is continuous and that R(>; A)
is analytic at co as claimed.

Assume now that A is continuous and that R(X; A) exists in a
neighborhood of ©o and is analytic there. Since the development of
R( A) at ©o is

; A) = Σ λ-(''+1)A'', I λ I > r
3 -- «

we see that if | | is a continuous semi-norm in ,9^{E), ε > 0

(5.11) \Aj\

for some K< ©o. But then the conditions of Lemma 4.5 are satisfi-
ed and consequently the Cauchy problem for (5.6) is well set. We
now estimate the propagator S. By virtue of (5.11) and of the for-
mula (4.15),

It follows from results in [5], Chapters IV, V, and VI on asymptotic
estimates at ^ of Maclaurin series that

Σ-
Γ(ak -f a) a

as t —> co 9 thus

S(t) I ^ K' exp ((r + ε)1/rt;

for ί ^ 0. This shows that S e (^/(Γ(M_2^(E)) for ω = rλln and there-

fore ends the proof.

A number of comments are in order. If F is a Banach space and
Te(&"(Γω))(F), then Te(£S/(Γω))(F); the reason being that, since
F* is a Banach and then a Baire space, a category argument allows us
to pass from the "pointwise" estimates (5.1) for ST to the "uniform"
estimate in Lemma 5.1. Thus we can change (S^/(Γω))(^(Ef D(A))
by (^'(Γω))(^(E, D(A)) in the statement of Theorem 5.2. In the
general case these two spaces may be different, and we do not know
whether the change is possible, i.e., whether or not S has to be as-
sumed to have "finite order" globally.

Consider the conditions (1̂ ) A is continuous and the series defin-
ing Ma(tA) converges for all t. (2) R(X; A) exists for large | λ | and
is analytic at ^ f If E is a Banach space, (la) for any a, 0 < a < oo
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and (2) are equivalent to the fact that A is bounded. In the general
case we can only say that lα => 1̂  if a <̂  β, 2 ==> lα, 0 < a < oo. The
reverse implications are in general false, as we shall now see.

Let E be the space of all functions x —•> u(x) defined and continuous
in x ^ 0 and such that

\u\n = sup \u(x)enx\ < co ,

n = 0, 1, . If we assign to E the topology generated by the family
ĝ  = {| . \Q9 ...} of semi-norms E becomes a Frechet space. If 0</3< oo
and we define

;) = xβu(x)

then ^ is a continuous operator in 2£. In order to compute Ma(tAβ)
we use the following asymptotic estimate for the Mittag-Leffler func-
tion Ma,

(5.12) M(ta) = — β'(l + o(l))
a

(see again [5], Chapter VI). Let now t be fixed, α ^ β,j < k. The
operator Σ*=i (tAβ)

p/Γ(ap + 1) coincides with the operator of multiplica-
tion by

ry.Λ*) = Σ (txβ)p/Γ(ap + 1) .
P.:.j

Then if ueE,n^0

I rJ>Λw |n ^ (max | rjfk(x) \ e~2x) \ u \n+2 .

Now, by virtue of (5.12)

I rjtk(x)e~2x I £ Ma{txβ)e~2x ^ K exp (x'5/" - 2α)

for α; ̂  0, K independent of j , k. Since, on the other hand,
\imj)k_ίCOrj>k(x) = 0 uniformly on compacts of x ^ 0, it is clear that the
series for Ma(tAβ) converges for all t to the operator of multiplication
by Ma(txβ). But if we assume that a < β and the series for Ma(tAβ)
is convergent, then the limit has also to be the operator of multiplica-
tion by Ma(txβ); but, by virtue of (5.12), this operator is not continuous
in E (the operator of multiplication by exp (x7), 7 > 1 is not continu-
ous in E). Consequently Aβ satisfies la for a^β but not for a<β.

It is not difficult to construct an operator satisfying la for any
a > 0 but not 2; in fact, let

(Au)(x) = log (1 + x)u(x) .
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By small modifications of the reasoning above it can be shown that
Ma(tA) converges for all a > 0, t e R. But σ(A) coincides with the
positive real axis, then 2 is violated. Applying the results of Sections
4 and 5 we see that the Cauchy problem for

Wa) - AβU= T

is well set for a ;> β (the propagators increase at co faster than any
exponential), is not well set if 2 < a < β, at least if a is an integer.
In contrast, the Cauchy problem for

U{a) - AU= T

is well set for any a > 0 but again none of the propagators is of
exponential growth at oo.

6- The case 0 < a ^ 2.

THEOREM 6.1. The Cauchy problem for the equation

(6.1) Ula) - AU= T

is well set and the propagator S belongs to the space

, D(A))

if and only if R(Xa; A) exists for Re λ > ω and for each α > ω there
exists a polynomial p 2: 0 such that

(6.2) {(1 + p(\ λ \))~ιR(Xa; A); Re λ > a}

is equicontinuous in ^'\E, D(A)) (or in j^

Proof. The necessity of the conditions can be proved as in Theo-
rem (5.2) by showing that 2S = R(Xa; A) and then using Lemma 5.1.
As for the sufficiency, it follows from equicontinuity of (6.2), from
the considerations opening § 5 and again from Lemma 5.1 that

B(\a; A) = 2S

where S is a distribution in (S^/(Γω))(^(E, D(A)) with support in
t ^ 0. Let now Z = S{a) - AS. Since 2Z = /, we see that Z = δ (g) /,
which shows that S satisfies (2.3); then S*T satisfies (6.1) for any
Te&'(E). It only remains then the question of uniqueness of solu-
tions of (6.1), that is to verify (b) (or b') of §2. Let then u(-) be a
C°°, Z)(A)-valued function, u(t) = 0 for t <£ a and such that

u{a)(t) - Au(t) = 0
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for t ^ 6, a ^b (we may plainly assume that 6 = 0). Let now φ e £&,
φ(t) = 1 in [α, b]. Then

(6.3) (φu>Ya)(t) - A(φu)(t) = g(t)

where g(t) is still zero for t ^ 0 ((φu)(a)(t) = u(a)(t) for ί ^ 0) but it
also vanishes for large t. We take Laplace transforms of both sides
of (6.3) and obtain, after multiplying by R(Xa, A)

(6.4) (S(9*0)(λ) = #(λα; A)(%)(λ) .

We use now the (easily verifiable) fast that the set {(8flr)(λ); Reλ >̂ 0}
is bounded in E, the relation (6.4) and equicontinuity of the set (6.2)
to deduce that if Re λ > a the set

{(1 + p(\ X \))-ι(&(φu))(X); Re λ ^ a}

is bounded in E (p the same polynomial in (6.2)). Applying Lemma
5.1 we see that φu (hence u) is zero for t ^ 0. This ends the proof
of Theorem 6.1.

Theorem 6.1 reduces for a = 1, £ a Banach space to a result of
Lions (see [7], Theoremes 6.1, 5.1 and Corollaire 4.1) that gives neces-
sary and sufficient conditions for the Cauchy problem for U' — AU—T
to be well set in terms of the theory of distribution semi-groups of
exponential increase at °o.

The author is grateful to Professor J. L. Lions for bringing these
problems to his attention and for most valuable suggestions, as well
as to the referee for spotting several errors in the first version of
the paper.

Results in this article have been announced (under the title "Sur
quelques equations differentielles pour les distributions vectorielles) in
C. Rendus Acad. Sci. Paris 268 (1969), 707-709.
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STABILITY THEOREMS FOR LIE ALGEBRAS
OF DERIVATIONS

CHARLES B. HALLAHAN

Let A be a finite dimensional algebra over a field F of
characteristic zero and let L be a completely reducible Lie
algebra of derivations of A. If A is associative, then there
exists an L-invariant Wedderburn factor of A. If A is a Lie
algebra, there exists an L-invariant Levi factor of A. If A
is a solvable Lie algebra, there exists an L-invariant Cartan
subalgebra of A. This paper deals with the uniqueness of such
L-invariant subalgebras. For the associative case the assump-
tion of characteristic zero can be dropped if we assume that
the radical of A is L-invariant.

2* Preliminaries* If A is a finite dimensional associative algebra
over a field F with radical R such that AIR is separable (that is,
semisimple and remains so under every field extension of F), then the
Wedderburn principal theorem states that there exists a separable
subalgebra S such that A = S + R, S Π R = {0}. S is called a Wed-
derburn factor of A. Since R is nilpotent, for r in j?, (1 — r)"1 =
1 + r + + τn~\ where rn = 0. Let d_ r be the inner automorphism
of A defined by conjugation by the invertible element 1 — r. The
Malcev Theorem states that if S is any separable subalgebra of A and
T is a Wedderburn factor of A, then there exists r in R such that
C!_ r(S)ϋ T. Thus, the Wedderburn factors of A are just the maximal
separable subalgebras. See [4] for the above information. In § 3 it
is shown that if L is completely reducible (every L-invariant subspace
of A has a complementary L-invariant subspace), F arbitrary, R L-
invariant, and S, T two L-invariant Wedderburn factors of A, then
there exists an element r in R such that CΊ_r(S) = T and D(r) = 0
for all D in L. Such an element r is called an L-constant.

If A is a Lie algebra over a field F of characteristic zero and R
is the radical (maximal solvable ideal) of A, then the Levi theorem
states that A = S + R, S Π R — {0}, where S is a semisimple subalgebra
of A isomorphic to A/R. S is called a Levi factor of A. The Malcev-
Hanish-Chandra theorem states that any two Levi factors of A are
conjugate by an automorphism exp (Adx), where x is in N, the nil
radical (maximal nilpotent ideal) of A. In § 4 it is shown that for
L completely reducible and S, T L-invariant Levi factors of A, then
there is an L-constant x in N such that exp (Adx)(S) = T.

If A is a solvable Lie algebra over a field F of characteristic zero,
then any two Cartan subalgebras are conjugate by an automorphism
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of the form exp (Adx), for a; e A" = Πϊ=i A*, see [2]. In §5, we
show that for L completely reducible and S, T L-invariant Cartan
subalgebras of A, then there is a L-constant x in A°° such that
exp (Adx)(S) = T.

In [8] Mostow considered the situation where G, a completely
reducible group of algebra automorphisms, acts on a finite dimensional
algebra A over a field F of characteristic zero. For each of the three
cases for A mentioned above, Mostow shows that there exists the
corresponding kind of G-invariant subalgebra. One can use an algebraic
group argument, see [1], to conclude the corresponding existence of
L-invariant subalgebras. The problem of relating G-invariant subal-
gebras has been studied by Taft [9], and uniqueness in that case is
given via automorphisms defined by fixed points of G. The uniqueness
results for L-invariant subalgebras (in terms of L-constants) can be
shown directly, and also, for characteristic zero, can be shown to
follow from the results of Taft. It should be noted that if x is an
L-constant (G-fixed) then CL_X centralizes L (or G) so that if S is an
L (or G) invariant subalgebra, so is C^X(S).

Let F have characteristic zero. The relationship between the
situations of L acting on A and that of G acting on A is given by
the correspondence between a linear algebraic group and its associat-
ed Lie algebra, see Chevalley [3]. In particular, if G is an algebraic
group of algebra automorphisms of A, then its associated Lie algebra
will consist of derivations of A. Also, complete reducibility is preserv-
ed in the algebraic group-Lie algebra correspondence. The following
lemma follows easily from the definition of the Lie algebra of an
algebraic group. We state it for reference.

LEMMA 2.1. Let V be a finite dimensional vector space over a
field F. Let G be an algebraic group of automorphisms of V and g
its associated Lie algebra. If x in V is a fixed point of G, then
X(x) =z 0 for all X in g.

The author would like to express his appreciation to Professor
Earl Taft who suggested these problems and acted as thesis advisor
during the preparation of this material.

3* The associative algebra case*

THEOREM 3.1. Let A be a finite dimensional associative algebra
over a field F of characteristic zero and let L be a completely re-
ducible Lie algebra of derivations of A. If S is an L-invariant
semisίmple subalgebra of A and T an L-invariant maximal semisim-
ple subalgebra of A, then there exists an L-constant r in R, the ra-
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dical of A, such that Ci_r carries S into T.

Proof. Given L, let L be its algebraic hull, i.e., the smallest
algebraic Lie algebra containing L, and let G be the unique connect-
ed algebraic group of algebra automorphisms with Lie algebra /. Then
G is also completely reducible. We can apply Theorem 2 of Taft [9]
to get r in R such that CΊ__r(S) C T and r is a fixed point of G. By
Lemma 2.1 we have that X(r) = 0 for all X in L, and L^L implies
that r is an L-constant.

COROLLARY 1. Let A and L be as in Theorem 3.1. Then any
two L-invariant Wedderburn factors of A are conjugate under an
inner automorphism of the form CΊ_r, where r is an L-constant in
R. Also, we may write d_ r in the form exp (Ady), where y is an
L-constant in R.

Proof. The first statement follows immediately from Theorem 3.1.
Let y = log (1 - r) = -r - r2/2 - r3/3 - . Then X(y) = 0 for all
x e L and d-r = Ccxpilos(ι-r}) = exp (Ad (log (1 - r))) = exp (Ady).

COROLLARY 2. Let A and L be as in Theorem 3.1. Then any
L-invariant semisimple subalgebra S of A is contained in an L-
invariant Wedderburn factor.

Proof. Let T be any L-invariant Wedderburn factor. By Theorem
3.1 there exists an L-constant r in R such that d _ r ( S ) S Γ . Thus,
S S ί C J ^ Γ ) = C^y(T)f where y = -r - r2 - r - . Thus y is
an L-constant in R. If t e T, then d_y(ί) = (1 + 2/ + + 2/n)ί(l - 2/),
where yn+1 = 0. For D in L, DC^y(t) = C^y(D(t)) since 2/ is an L-
constant. Thus, C^T) is L-invariant,

If we drop the assumption of characteristic zero in Theorem 3.1,
then the uniqueness result can be proven directly with the additional
hypothesis that R be L-invariant. (This is always true for charac-
teristic zero.) The technique used in Theorem 3.1 whereby the situa-
tion involving derivations of A is carried over to the situation involv-
ing algebra automorphisms of A does not, in general, carry over to
the case when F has characteristic p Φ 0. It is possible to have an
algebraic Lie algebra of derivations of a finite dimensional associative
algebra A over a field F of characteristic p > 0 which is not the Lie
algebra of an algebraic group of algebra automorphisms of A. This
cannot occur in characteristic zero. For example, let G be a cyclic
group of order p and F an algebraically closed field of characteristic
p. Let A = F(G), the group algebra of G over F. Then {1, g, , gp~1}
is a basis for A over F and {g — 1, , gp~l — 1} is a basis for the



108 CHARLES B. HALL AH AN

radical R of A. Define a map D of A by D: g — * 1 and extend D to
a derivation of A. The smallest restricted Lie algebra L of linear
transformations of A containing D is algebraic, see [5]. Since the Lie
algebra of all derivations of A is restricted, L consists of derivations
of A. If G is any algebraic group of automorphisms of A with Lie
algebra L, then G cannot consist of algebra automorphisms of A. If
so, then R would be G-invariant, and, hence, L-invariant, which is
not the case.

THEOREM 3.2. Let A be a finite dimensional associative algebra
over a field F of arbitrary characteristic. Let R be the radical of
A and assume AIR is separable. Let L be a completely reducible Lie
algebra of derivations of A and assume R is L-invariant. If S is
an L-invariant separable subalgebra of A and T is an L-invariant
Wedderburn factor of A, then there exists an L-constant x in R such
that CL_X carries S into T.

Proof. We consider two cases:
Case 1. R2 = {0}. Let z in R be such that C ^ ( S ) g T. z exists

by the Malcev theorem. We claim that D(z) eR Π C, for all D e L,
where C is the centralizer of S in A. Given D e L, define AdD{z), a
linear map of A, by AdD(z): a-+D(z)a — aD(z), for aeA. Using the
facts that R2 = {0} and R is L-invariant, we have that

AdD(z) = DC^Z - C,_ZD .

For seS, AdD{z)(s) = DC^z(s) - CL_,D(s) e T since S and T are L-
invariant and Cι_z(S)ξ^T. By assumption, D(z) e R, so AdD(z)(S) e R.
Hence, AdD(z): S -> T Π R = {0}. Thus, D(z) eRnC. R Π C is an L-
invariant subspace of R, so by complete reducibility we have R =
(R Π C) 0 U, where U is an L-invariant subspace of R. Write z =
y + x, where y eR Π C and xeU. Thus x = z — y and for D e L,
D(x) = D(z) - D(y) G (R Π C) Π U = {0}. Hence, x is an L-constant,
and x = z — y where y eC implies that C^X(S) = C^Z(S) C T.

If R2 Φ {0}, we proceed by induction on the dimension of A. Since
R is L-invariant, we have that L is a completely reducible Lie algebra
of derivations of R, T + R2, and A/R\ all of which have dimension
less than that of A. Let a-^a = a + R2 denote the natural homomor-
phism of A onto A = A/R2. Then A has radical R and S is an L-
invariant separable subalgebra of A while T is an L-invariant Wed-
derburn factor of A. By induction, there exists v e R such that
C^(S)^T and D(v)eR2 for all D in L. J?2 is an /-invariant sub-

1—v

space of R, so by complete reducibility, we have R = R2 0 [/, where
£7 is L-invariant. Let v = z + u, z e R2, u e U. Then M is an L-constant
and ΰ — v. Consider the algebra T + R2. It has dimension less than
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that of A, has radical R2, C^U(S) is an L-invariant separable subalgebra
of it (since u is an L-constant and S is L-invariant) and T is an L-
invariant Wedderburn factor of T + R2. By induction, there exists r
in R2 such that D(r) = 0 for all DeL and C^rC^u(S) S T. Let & =
w + r - ur. Then for DeL, D(x) = D(u) + D(r) - D(u)r - uD(r) = 0.
So x is an L-constant and C^X(S) = C^C^iS) S T.

COROLLARY. Lβ£ A am? L δe as m Theorem 3.2. 7%βw every
L-invariant separable subalgebra of A is contained in an L-invariant
Wedderburn factor of A.

The assumption that R be L-invariant is needed in the above
theorem. An example can be given of a semisimple derivation D of
an associative algebra A over a field of characteristic 3 such that D
leaves invariant more than one Wedderburn factor of A and D(r) = 0
for r eR, the radical of A, implies that r = 0. Let F be any field
of characteristic 3 containing roots of the polynomial x^ + x + 1. Let
G be a cyclic group of order 3, G = <#)>, ^ = 1, and form the group
algebra F(G) of G over .F. Let Q be the quaternion algebra over F,
i.e., Q has basis {1, i, j , k} over F and ί2 = j 2 = &2 = —1, and ΐj1 =
& = - Λ jk = ί = -kj, ki = j = -ifc. Let A = F(G) (g)*. Q. Then A
is an associative algebra over F of dimension 12. A can also be thought
of as the algebra of 2 x 2 — matrices with entries from F(G). If we
write for example, gί for the element g (g) i of A, then A has basis
{1, gl, <721, i, giy g2i, j , gj, g*j, k, gk, g2k}. {1, ΐ, i, A} forms a basis for a
Wedderburn factor W of A and {.gl — 1, .g2l — 1, gί — i, g2i — i, gj — j ,
ί72i — i, <7̂  — k, g2k — &} forms a basis for the radical R of A. Then
iΓ = {0}. Let reR where r = α(gl - 1) + /9(g2l - 1) + y(g2k - k) and
βy — ay = y — 1, a, β, y e F. Consider the Wedderburn factors of A
obtained by applying Cλ_r to W. We get the following bases for the
resulting Wedderburn factors:

{1, (1 + y2)i + y2gi + y2g2i + j + (1 - y)gj

+ (l + y)g2j, -i + (7 - l)flrί + ( - 7 - l)gH

+ (1 + 72)i + 72#i + 7Vi, fc} = {1, bl9 62, fc} .

The polynomial X 3 + X + l has three distinct roots in F and for each
distinct root γ we define a distinct Wedderburn factor of A by the
above. Define a map D of A as follows:

- 0, i?(flfl) - gl, D(g2l) = - < f l ,

= gί + # 2i, 2?(^2i) = -Q2i + i , D ( i ) = -gί ,

- - f l ^ i + flfi, ^ (Λ") = - i - flf2i, 2>(fc) - 0 ,

- gk, D(g2k) = -g2k
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and extend linearly to all of A. Then D defines a derivation of A,
and it is easy to check that for r eR, D(r) = 0 implies that r = 0.
Also, R is not ^-invariant since D(gl — 1) = gl and (giy = 1 g R.
Also D is semisimple. Consider the Wedderburn factors with bases
{1, 6χ, δ2, k) obtained before, where γ3 + 7 + 1 = 0. Then a direct check
shows that D(bγ) = (7 + l)δ2 ahd D(b2) = - (7 + l)δlβ So all three
Wedderburn factors of A are D-invariant, and they cannot be con-
jugate by a D-constant in R since the only such constant is 0.

4* The Lie algebra case*

THEOREM 4.1. Let A be a finite dimensional Lie algebra over a
field of characteristic zero and N its nil radical. Let L be a com-
pletely reducible Lie algebra of derivations of A. If S is an L-
invariant semisimple subalgebra of A and T is an L-invariant Levi
factor of A, then there exists an L-constant x in N such that
exp (Adx) carries S into T.

Proof. The proof is similar to that of Theorem 3.2, and the
theorem also follows by using Lemma 2.1 and Theorem 4 of [9], where
uniqueness is given in this situation in terms of fixed points of a
group of automorphisms of A.

5* Solvable Lie algebras*

THEOREM 5.1. Let A be a finite dimensional solvable Lie algebra
over a field of characteristic zero. Let L be a completely reducible
Lie algebra of derivations of A. If S and T are L-invariant Cartan
subalgebras of A, then there exists x in A°° such that x is an L-con-
stant , and exp (Adx)(S) = T.

Proof. An analogous proof to the theorem for groups in [9] can
be given. Also the result follows by Lemma 2.1 and Theorem 6 of [9].

If F has characteristic p Φ 0, there are examples of solvable Lie
algebras with Cartan subalgebras of different dimensions. For arbitrary
characteristic Winter [10] has shown that if G is a completely reducible
group of automorphisms of a solvable Lie algebra A and G has no
nonzero fixed points, then A has at most one G-invariant Cartan sub-
algebra. If L is a completely reducible Lie algebra of derivations of
a solvable Lie algebra A over a field of arbitrary characteristic, then
one can adapt Winter's proof to show that if A has no nonzero L-
constants, then A has at most one L-invariant Cartan subalgebra.
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6* A counter-example* Let A be a finite dimensional semisim-
ple Lie algebra over an algebraically closed field of characteristic zero
and let s be a semisimple automorphism of A. Jacobson [6] shows
that there exists an s-invariant Cartan subalgebra in this situation.
The question arises as to whether or not a uniqueness result holds in
the sense dealt with previously, i.e., given two s-invariant Cartan
subalgebras of A, are they conjugate by an automorphism t of A such
that t commutes with s? An example will be given to show that
uniqueness in this sense need not hold. Let A and s be as above.
Recall that s is an invariant automorphism if it is a product

exp (Adx,) exp (Adxm) ,

where each Adx{ is a nilpotent derivation of A. By a result in Borel-
Mostow [2] there exists a Cartan subalgebra H of A which is point-
wise fixed by s when s is also an invariant automorphism. This follows
from the fact that if a regular element is left fixed by S, then the
Cartan subalgebra it determines is left pointwise fixed. So let s be
an invariant automorphism of A such that H is a Cartan subalgebra
of A left pointwise fixed by s. Given any other s-stable Cartan sub-
algebra T of A, if uniqueness held we would have an automorphism
t of A such that t:H-+T and st = ts. Then it follows that T is
also pointwise fixed by s. However, the following example shows that
a semisimple invariant automorphism s of a semisimple Lie algebra A
need not leave every s-stable Cartan subalgebra pointwise fixed. Let
A be the simple Lie algebra of n x ^-matrices of trace 0 over an
algebraically closed field of characteristic zero. Then A has dimension
n2 — 1 with Cartan subalgebras of dimension n — 1. Let H denote
the diagonal matrices of trace 0. Then H has dimension n — 1 with
basis Xi9 2 fg i rg n, where X{ has 1 in the (1, Imposition and —1 in
the (i, ^-position with zeros elsewhere. Let M be the invertible nxn-
matrix with Γs in the (ΐ, i + Imposition, 1 ^ i ^ n — 1, l i n the (n, Im-
position, and zero elsewhere. Define an automorphism s of A by s: N—>
M~XNM. for neA. Then s is an invariant automorphism of A, Jacob-
son [7, p. 283]. Since Mn = /, s has order at most n, and so s is
semisimple. Thus by the result of Borel-Mostow we know that there
exists a Cartan subalgebra of A left pointwise fixed by s. One checks
directly that s acts on H as follows: s(Xi) = Xi+ι — X2 for 2 ^ i <^ n — 1
and s(Xn) = — X2. Thus, H is not pointwise fixed by s, and it also
follows that s has order exactly n.
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LOCAL ISOMETRIES OF FLAT TORI

H. G. HELFENSTEIN

Let Tί and T2 be two flat tori (i.e., provided with a com-
plete Riemannian metric of vanishing curvature). Since they
are locally Euclidean each pair of points Plf P2, Piβ Tiy has
isometric neighborhoods. In general it is not possible, how-
ever, to join these separate isometries of neighborhoods to
produce a single isometry TΊ —> T2 or T2 —> TΊ; indeed there
may not even exist a locally isometric map (of the whole sur-
faces). Necessary and sufficient conditions for the existence
of such maps are deduced, making use of a recent conformal
classification of maps between tori. As expected "ample"
and nonample tori behave differently, and the determination
of all local isometries leads to number-theoretic problems.
Finally, for two given tori, the local isometries are compared
with respect to homotopy by analyzing their effect on the
fundamental groups.

Let R+ denote the positive reals, H the upper 2-half-plane, and

SL(2, Z) the group of all 2 x 2 unimodular matrices with integral

entries acting in the usual way as hyperbolic motions on H. The set

of isometry classes of complete flat tori is parametrized by the 3-

dimensional manifold R+ x (H/SL(2, Z)). A point (r2, τ) of this space

represents the isometry class of the torus E2/Γ, where Γ is the group

of Euclidean motions generated by the translations

t^z) = z + r and t2(z) = z + rh ,

with her, (cf. [2]). Instead of "an isometry class of tori" we speak

simply of "a torus". A torus T = (r2, τ) is called ample if there exists

her such that both ?ϋh and |h | 2 are rational.

2* Riemannian covering maps* The following statements are
generalizations of results obtained in [1] which can be similarly proved.

( i ) For two tori T€ = (r% r*) there exist conformal covering maps
Tx —* T2 if and only if two representatives ht e rt are equivalent under
the action of the group GL+(2, Q) = group of 2 x 2 matrices with
rational entries and positive determinant.

(ii) Lifting any conformal covering TΊ —* T2 to the universal
covering planes we obtain

( 1 ) F(z, C,D) = Cz + B ,

with complex constants C Φ 0 and D.
(iii) For nonample T{ only

113
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( 2 ) C(/C) = J±-K , K = ± 1 , ± 2 , . . .

are admissible values in (1).
(iv) For ample Ti = (r<, T<) (2) is replaced by

( 3 ) C(κlf tc2) = Jj-iic, + tc2q"s"h2) ,

where /&2 G τ2, /^ = α&2, α an integer, (iτlf Λ:2) ̂  (0, 0) is a pair of arbitrary
integers, and the integers g", s" are determined via the following
relations,

2 \\
q s

p, q > 0, r > 0, 8 > 0 integers,

g.c.d. (p, q) = g.c.d. (r, s) - 1 ,

# = g.c.d. (g, 8), qf = g/flr, s' = s/# ,

flf' = g.c.d. (a, q), a' = α/fΛ g" = ^ ' ,

g" = g.c.d. (α', s'), a" - α'/flf", s" = s'jg" .

The following materices are computable from these numbers.

T -

Our main result is

THEOREM 1. For the existence of a local isometry f: 2\ —* T2 the
following conditions are necessary and sufficient:

( 1 ) τί and τ2 are equivalent under GL+(2, Q);
(2a) If Tι is nonample, then rjr2 must be an integer;
(2b) // TΊ is ample, then (r\/rl)a must be an integer N, and N

must be representable by the quadratic form

f, + fc2f2)

with suitable integers κγ and fc2.

Proof Since / is a conformal covering we have necessarily (1) by
(i). The following identity is readily verified:

r\ 2 (detifcf,) for Tγ nonample

ή a ~ (det (fc.T, + £2Γ2) for T, ample .

(The right hand side gives the number JV of sheets of the covering / ) .
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Together with the condition | C | = 1 for local isometry it leads to
<2a) and (2b). The sufficiency follows from (iii) and (iv).

In both cases we have the following consequences. A flat torus
can cover a countably infinite set of tori by local isometries. For 7\ =
T2 a local isometry is a global isometry, since \C\ = 1 entails N = 1. In
general the existence of a local isometry Tλ —-• T2 does not imply that
there is also a local isometry T2 —> T,; this occurs if and only if both rx = r2

and condition (1) are satisfied. (Then the tori still need not be globally
isometric).

3* Homotopy classes* We show how the combination tc1Tι + tc2f2

controls also the deformation properties of our maps. If the constant
D in (ii) is varied the map stays in the same homotopy class, but
maps corresponding to different parameter values fc or (ιc19 tc2) are not
analytically homotopic (i.e., with analytic intermediately stages during
the deformation), since the set of admissible values of C is discrete.
We show that they are not even homotopic in the ordinary sense.

Since the fundamental group π^T) of a torus is Abelian the set
Sίf of homotopy classes of continuous maps Tx —• T2 is in one-to-one corre-
spondence with the set of all homomorphisms η: π^T^—^π^T^. Denoting
by Li and L (i = 1, 2) the path homotopy classes of two generating
loops of π^Ti), each such η is characterized by the integral matrix

1 Cl

given by

Ύ](L,) = Lξ

2

ιL'2
ξ*, η(L[) =

Tience 'sίf is parametrized by Z4. The subset {ς e Z 4 : det ξ Φ 0} con-
tains those points of Z 4 representing monomorphisms, hence it corres-
ponds to the homotopy classes containing covering maps.

THEOREM 2. The subset of Z4 corresponding to homotopy classes
which contain analytic maps consists of

(a) 0 only if τγ and τ2 are nonequivalent under GL+(2, Q);
(b) the 1-dimensional sublattice spanned by Tι if τx and τ2 are

equivalent under GL+(2, Q) and both are nonample;
(c) the 2-dimensional sublattice spanned by 7\ and T2 if τx and

r2 are equivalent under GL+(2, Q) and both are ample.

Proof We prove only (c); (a) and (b) can be handled similarly.
The generators Lίy L of 7 (̂2 )̂ are represented in E{ by the segments
Sif SI joining the origin to r{ and r{hi respectively. The segments Sλ
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and S[ are mapped by F(z; C, 0) (cf. (ii)) into segments from the origin
of E2 to the points

κγr2 + κ2s"q"r2h2

and

— κ2ra"q'r2 + (/^α + tc2s"pa')r2h2 .

The former can be deformed into the two sides ιtιr2 and ιc2s"q"r2h2

of a parallelogram parallel to S2 and S'2. The first side represents κγ

circuits of L2, the second κ2s"q" contours of L[. Similarly for S[.
Hence the homomorphism

>πι(T2)

induced by / is determined by

and

MU) = LΓ*ra"q'Lr^κ*s"pa' .

This is equivalent to ξ = tcιTι + κ2f2.

The determination of all local isometries for two given tori is easy
for the nonample case. In the ample case it involves the number of
ways in which N = (r2jrl)a can be represented by the quadratic form
(4). Since this form is positive definite we have, in conjunction with
Theorem 2:

THEOREM 3. The number of homotopy classes of local isometries
between two flat tori is finite.

We obtain an upper bound for this number as follows: From (3)
we find

which shows that 9ΐC has the form (r2/r1)(y/2g')J with 7 an integer.
Substituting this in |3ΐC| ^ \C\ = 1 leads to

(5) | 7 | ί S 2 ( 7 ' ^ .

From (£C)2 = \C\2 - (3ΐC)2 we deduce
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/clqs(Xh2y = 4

and

6 ) l q ( 2 y 4

7 ) κ, = — V - tc2s
Ύ _ r e , , P

Each of the 2[2#'(r1/r2)] + 1 integers Ύ compatible with (5) leads
to at most two pairs (ιc19 tc2) compatible with (6) and (7). Thus the
number of homotopically different local isometries does not exceed

/r,)] + 2.

BIBLIOGRAPHY

1. H. Helfenstein, Analytic maps between tori, Bull. Amer. Math. Soc. Vol. 75, No. 4,
857-859.
2. J. A. Wolf, Spaces of constant curvature, New York, 1967.

Received July 9, 1969.

UNIVERSITY OF OTTAWA

OTTAWA, CANADA





PACIFIC JOURNAL OF MATHEMATICS
Vol. 32. No. 1, 1970

SOME REMARKS ON CLIFFORD'S THEOREM
AND THE SCHUR INDEX

G. J. JANUSZ

Some time ago Clifford described the behavior of an ir-
reducible representation of a finite group when it is restricted
to a normal subgroup. One interesting case in this description
requires that the representation be written in an algebraically
closed field. In this note we shall consider this case when
the field is "small". We describe conditions under which an
irreducible representation decomposes as the tensor product
of two projective representations. Our approach uses certain
subalgebras of the group algebra and the course of the discus-
sion makes it fairly easy to keep track of the division algebras
that appear. Hence we obtain some information about the
Schur index. We apply this information to the case where the
group is a semi-direct product PA of a p-group P and a
normal cyclic group A. If Ĵ "~ is an algebraic number field
and χ an absolutely irreducible character of PA, then there
normal subgroups Pi 2 P2 Ξ> P3 of P which contain CP(A) such
that the Schur index m> (χ) of χ over J^* divides 2[Pλ\ P2]e
where e is the exponent of P2/P3. The factor 2 can be omitted
if p Φ 2. Some conditions are available to restrict the Pi
further.

1* Preliminaries* In this section we summarize the results

about the Schur index and Clifford's theory that will be used later.
Let G be a finite group, j ^ a field of characteristic zero, M an

irreducible ^'(G)-module with character θ.

(1.1) There are absolutely irreducible (complex-valued) characters
χ19 , χk such that θ = m(χ, + + χk).

(1.2) Let ^"(Xi) denote the field generated over ^ by the
values of χ{ on G. Then ^(χγ) is a normal extension of &~ and for
each i = 1, •••, k, there is a unique element of the Galois group of

o v e r ^~ which carries χι to χ{. In particular (^~(χi): J^) = k.

(1.3) The integer m is called the Schur index of χι over
and is denoted by m^ίχj . The division algebra D = End^{G)(M) has
center isomorphic to ^^(χx) and the dimension of D over its center

One remark on terminology. A matrix ring over D is said to
have index m if D has dimension m2 over its center.

119
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The proofs of these statements are available in several places; see
for example Curtis and Reiner [2] or Fein [5].

Now let H be a normal subgroup of G. Clifford's theory tells
how M behaves as a module over

(1.4) MH = n(VΊ 0 0 Vs) where the Vt are mutually non-
isomorphic irreducible ^~(iJ)-modules, conjugate under the action of
G. Here the coefficient n means direct sum of n copies of VΊ 0 0 V8.

(1.5) Let I, = {xeG\xVι = Vx as j^(iϊ)-modules}. Then there
exists an irredubible ^^(/J-module W1 such that (Wj)H = nVΊ and
the induced module Wf = M.

In the case where s > 1, I, is a proper subgroup of G and the
original module is induced from the .^(/J-module. Hence some ques-
tions can be answered by induction. In case s = 1 there is no induction
but in its place we have the following.

(1.6) Suppose ^ is algebraically closed and s = 1 in (1.4). Then
the representation afforded by M decomposes into the tensor product
of two (irreducible) projective representations of G one of which can
be viewed as a projective representation of G/H. The one represen-
tation has dimension the same as the dimension of Vίy the other, has
dimension n.

2* Clifford's Theorem in the general case* We shall continue
to use the notation introduced in §1. However we assume MH = nV
with V = VΊ in (1.4). We shall made one assumption that will simplify
the following discussion considerably. Namely we assume that j ^ ~
contains the values of the character χlβ Then in view of (1.2) we
have θ = mχ where χ = χx in (1.1).

Let V have character 7 and suppose

(2.1) 7 = mH(φι + + φt)

is the decomposition of 7 into absolutely irreducible characters of H.
In the group algebra j^{G) let e(θ) denote the central idempotent

which acts as the identity on M and such that JΓ(G)e(θ) is a simple
algebra; let e(τ) denote the centrally primitive idempotent in ^(H)
corresponding to V. The condition that MH = nV implies j(h) =
j(x~ιhx) for all h in H and x in G. It follows that e(y) belongs to
the center of ^~(G). Also e(θ)e(y) Φ 0 because both act as the identity
on V so e(θ)e(y) is a nonzero central idempotent in ^(G)e(θ). By
simplicity we must have e(θ)e(j) — e(θ). Thus multiplication by e(θ)
sends the simple algebra ^(H)e(y) onto the nonzero subalgebra
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()() of ^~(G)e(θ) both having the same identity, e(θ). We note
that by (1.3) and (2.1) the center £f of J^(H)e(θ) is isomorphic to

So we have proved

LEMMA 2.2. J^(H)e(θ) is a simple algebra with center Jέf iso-
morphic to

Each element of G acts by conjugation on ^(H)e(θ) since e(θ)
is central and H is a normal subgroup. Thus G also acts on the
center £f of ^(H)e(θ) as a group fixing ^~. Let J denote the ker-
nel of the action of G on ̂  so that J is normal in G and G/I is a
group of ^automorphisms of Sf. Let {τ/Jl ̂  i ^ r be a set of re-
presentatives of the cosets of / in G and let y{ induce the automorphism
oi oh £f.

LEMMA 2.3. The elements yieiβ) are independent over j^~(I)e(θ)
and jT(G)e(θ) = Σ Jt~(I)e(θ)yi.

Proof. Suppose there exist elements {a3} in j^~(G)e(β) which
centralize ^f and with the properties

(a) ±ajyje(θ) = 0.

(b) otj Φ 0 for each j .
(c ) The integer s is minimal with respect to (a) and (b).

Then for any z in J5f we have Σ aJzVj — Σ ajVjz — 0. Then y3 in-
duces σ3 J£> so

(2.4) Σ OLfc - σ3(z))yj = 0 .

There is no loss of generality in assuming that yL = 1 since a change
of coset representatives can always bring this about. Thus z — σ^z) =
0 and the relation (2.4) has fewer than s nonzero terms. By the
choice of s it follows aά(z — σ3 (z)) ~ 0 for each j and all z in j^f. If
j > 1 then Oj Φ identity so there exists z in ^ with a3-{z) Φ z. But
then a3 = 0 contrary to (b). Hence s = 1 but this is also contrary to
(b). Thus no such relation exists. Since ^(I)e(θ) centralizes ^f
we have proved the independence of the y&φ) over ^r(I)e(θ). The
second part of the lemma is clear.

COROLLARY 2.5. J<r(I)e(θ) is the full centralizer of £^ in
J?~(G)e(θ) so j^~(I)e(θ) is a simple algebra with center Jί? and di-
mension (χ(l)/t)2 over Jέf.

Proof. The lemma shows the yieiβ) are independent over the
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centralizer of £f and so the proper inclusion of ^(l)e(β) into the
centralizer of £f would make the equality ^~(G)e(θ) = Σ ^(I)e(θ)yi

impossible. The remaining statements follow from Albert, Theorem
12, page 53 [1] and the facts that (J^(G)e(θ): ^) = χ(l)2 and

= t (see(1.2) and (2.2)).

COROLLARY 2.6. [G: I] = t so G/I = Galois group

Proof. The result follows at once if we use (2.3) and (2.5) to
compute the dimension of ^(G)e(θ) over ^" along with the fact that
this dimension is %(1)2.

Now let χ\H = a(φί + + φt). Since θ = mχ and θ \ H = nj,
equation (2.1) implies a = nmH/m. Let Ix denote the inertial group
of φv\ that is

I, = {x e G I φ^h) = φ^x-'hx) f or all heH} .

COROLLARY 2.7. IL = /.

Proof. The irreducible characters of H appearing in χ \ H are
conjugate under the action of G so that [G: JJ = ί = [G: / ] . Thus it
is sufficient to show Iι g /. Let Jβ*ΐ= ̂ (φλ) and notice that in ^[(H)
we have β(τ) = e(φι) + + e(φt) where e{φ]) is the central idempotent
of J?Ϊ(H) corresponding to φ{. Recall from above that e{i)e(θ) = e{θ)
so

jr{H)e(θ) = JΓ(H)(e(φί) + + e(φt))e(θ) -^ ^(H)e(φι)e(θ)

where R denotes right multiplication by e(φ1). The map R is a ring
isomorphism. One point requires further comment. The obvious range
of R is ^r(H)e(φί)e(θ) rather than ^~[{H)e(φι)e{θ). However we can
prove these are equal in the following way. Certainly j ^ * Q ά?Ί so
J^(H)e(φι)e(θ) s ^(H)e(φ])e(θ). We prove equality by computing
the ^dimension of both sides. Since multiplication by e(θ) gives an
^-algebra isomorphism of ^(H)e(φ1) onto jfr

ι(H)e(φ1)e(θ) we see the
latter algebera has J^-dimension equal to φ^l)2 and ^^dimension
^^(l)2. To compute ^dimension of ^r(H)e(φι)e(θ) we first note ^
dimension of j^~(H)e(y)e(θ) equals ^v-dimension of J^(H)e(y)e(θ) be-
cause the latter algebra is obtained by extending the scalar field from
^ to S\. Now the algebra ^(H)e(y)e(θ) equals Σ ^~[{H)e{φi)e{θ)
and this has J^dimension tφι{lf as we wanted.

For an element x in Iλ we have x"ιe(φ^)x = e{φ^ so the map R
commutes with the action of I, on the two algebras in question. It
is clear that ^ is the center of ^[(H)e(φ1)e(θ) because ^[(H)e(φ^)
is simple with center j ^ \ . Moreover I, fixes ̂  since ^ 7 is the scalar
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field. But R maps £f onto J ^ since the center is preserved. Thus
I, fixes Sf and I, Q I.

We can now give the analogue of (1.6).

THEOREM 2.8. The representation of I into ^"(I)e(θ) given by
x —-> xe(θ) decomposes into the tensor product of two protective re-
presentations over £/p, Ux and Tx, which map I onto ^(H)e(θ) and
& respectively where c^ is the centralizer of\^(H)e(d) in ^{I)e(θ).
The dimensions over S^ of these two algebras are φ^lf and α2 re-
spectively.

Proof. Each element of / acts by conjugation on ^(H)e(θ) in
such a way that the center is left fixed. Every such automorphism
of this simple algebra is inner. Hence for each x in / there is an
element Ux in tβ

Γ(H)e(θ) such that x~ιwx = U~ιwUx for every w in
^(H)e(θ). Clearly the element a(x, y) = UxUyU~y induces the identity
automorphism so a(x, y) is in ̂ f and it follows that x —> Ux is a pro-
jective representation of / with factor set a having values in J*f.

Now let έΓ denote the centralizer of J^(H)e(θ) in ^(I)e(χ). By
Theorem 13, page 53 of [1] it follows

(2.9) ^-(I)e(θ) = J^{H)e(θ) ώ = JΓ(H)e(θ) <g> ^

because J^{H)e{θ) and ̂ "{l)e(β) both have center £f. We also know
then that c^ is simple with center ^f. Set Tx — xU~ι so Tx is in <&.
Then x —•* Tx is a projective representation of / with factor set a~ι

and xe(θ) = UX®TX as required.
We know (^r(H)e(θ): J^f) = φ^ΐ)2 and from (2.5) that

{^(I)e(θ): &) = (χ(l)/ty .

We also have χ(l) = atφXl) so that we easily obtain from (2.9) the
dimension of ^ over Jif is α2.

COROLLARY 2.10. // S^(φ^ = ̂  then the algebra
decomposes as the tensor product ιβ

Γ(H)e(θ) 0 r^' and the represen-
tation offered by M decomposes as the tensor product of two projective
representations into js~(H)e(θ) and cέ? respectively.

Proof. Since Jsr(φv) = ̂  we have £^ = J^ and so G = I by
(2.6).

3* The Abelian case. We continue with the same situation
except that we now suppose G/H is abelian.

Since I is the subgroup fixing φlf there is an absolutely irreducible
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character ζ of I such that ζG = χ and ζ | H = aφγ. Now I < G so that
in fact we obtain

(3.1) χ | / = C i + ••• +ζt,ζi\H=aφi

where the ζ< are irreducible characters of / conjugate under the action
of G and ζ = ζx.

LEMMA 3.2. There exists a subgroup J of I containing H and
an irreducible character τ of J such that ζ\J=aτ and τ1 = aζ.
Then also τ \ H = φ1 and [J: J] = a2.

Proof Let A be the set of linear characters, λ, of I/H such that
ζλ = ζ and set J = Π ker λ as λ runs through A. We show this J
has the required properties.

Let p denote the character of the regular representation of I/H.
It is a straight-forward computation to verify that aφ{ = ζp since
both sides are 0 off H and equal to a[I: H\φ1 on H. By Frobenius
reciprocity ζ has multiplicity a in φ[ and so has multiplicity α2 in ζp.
But p is the sum of the distinct linear characters of I/H and so
there are exactly α2 linear characters λ such that ζλ = ζ. Hence
AI = a2. Note that A is also a subgroup of the group of linear

characters of I/H so by the duality theory of abelian groups we obtain
[/: J] = a2=\A\.

Now let τ be an irreducible character of J contained in ζ | J with
multiplicity b say. If [/: J] is a prime then either τ1 = ζ or τ1 =
ζgrχ 4_ ζ#r2 + . . . where the Ψi are the linear characters of I/J. Because
I/J is abelian we use induction to find in the general case that τ1 is
a sum of characters ζψ where Ψ is a linear character of I/J. But
every such linear character is in A so it follows τ1 — bζ. Also there
is an integer c such that τ \ H = cφλ because τ \ H is contained in ζ | H —
aφγ. Now compute degrees of the characters involved.

r'(l) = I J: J\τ(ΐ) = a2cφi(l) - 6ζ(l) -

So we obtain ac — b.

The decomposition of ζ on / has the form

ζ I J = b(τ + τ2 + + τk)

so we find

aφi(l) - bkτ(l) =
Thus a — bkc and along with ac = b we find & = c = 1 and a
which proves the lemma.
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Notice t h a t τ \ H = φγ implies t h a t τ has precisely t conjugates

under G,τ = τlf 9τt and the numbering can be arranged to satisfy

Ti I H = <pt. Then also χ\J = a(τί + . . + τt). We shall make use of

this in the next result.

LEMMA 3.3. J?~(J)β(θ) is a simple algebra with center Jϊf.

Proof. The ring JβΓ(J)e(0) is semi-simple so simplicity will follow
if we show it has only one irreducible module (up to isomorphism).
Any irreducible ^(J)e(θ) module, W, is isomorphic to a direct sum-
mand of Mj because M is the unique isomorphism type of ^(G)e{θ)
module. Let μ be the character of W. The character 7 must appear
in μ IH since 7 is the only character of an irreducible ^{H)e{θ)
module in MH. Thus μ \ H contains each φim Moreover the absolutely
irreducible characters in μ must appear in χ \ J. By the remark above
the lemma, every τ< appears in μ. Thus μ is invariant under G and
it follows Mj ~k'W for some k. Hence J?r(J)e(θ) has only one ir-
reducible module. We find also that ^r(J)e(θ) is isomorphic to
^Γ(J)e(μ) and its center is isomorphic to ^~(τ). The equations ζ | J =
aτ and τ1 = αζ imply ^(τ) = J*~(Q. But then ^"{ζ) is isomorphic
to the center of J?~(I)e(θ) so by (2.5) and (2.2) J H Q = ^(φD-
These are isomorphisms over ^ so in fact ^~(ζ) = J^iφd because
both are normal extensions. Hence the center of j?r(J)e(θ) is isomor-
phic to j*f. Because of the inclusions

and the fact that J*f centralizes J^(J)e(β) we have £^ = center

Now that we know ^(I)e(θ) and Jr(J)e{θ) have the same centers
we obtain a decomposition

(3.4) ^{I)e(θ) = jT{J)e(θ) - <έ?j ~ J^(J)e(θ) ® ^

where r^j is the centralizer of ^(J)e{θ). If we apply (2.8) with J
in place of H we find dimension ^ over £f is α2. This is the same
α that appears for H because χ\J= a(τι 4- + τt). It is clear that
ctf (the centralizer of <βr(H)e(θ)) contains ^ and so by dimension
count we find ^ — cέ?. From this it follows that j^~(J)e(θ) =
J^{H)e{θ). This makes it possible to adjust the projective represen-
tations U and T7 so that Ux = xe(θ) if x is in / and T is constant on
the cosets of J.

We are now able to identify the algebra <&.

PROPOSITION 3.5. Let ^ 7 denote ^{φt). The algebra ^ is iso-
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morphic to a twisted group alegebra jτΓ

ί(I/J)β for some factor set β
on I/J with values in

Proof. Recall that the twisted group algebra Jr

ι(I/J)β has a
basis {tx\xe I/J) such that txty = β(x, y)txy. The modification of U
above allows us to view T as a projective representation of I/J. Then
the correspondence tx —-> Tx for x in IIJ induces a homomorphism from
<βr

ι(I/J)β into ^ provided we have fixed identification of ^ 7 with
S^ and β — or1 on I/J. If we show this homomorphism is onto ^ ,
we will be finished because both algebras have dimension α2 over j^l.
From equation (3.4) it follows

^(I)e(θ) = Σ J?~(J)e(θ) (g) Tx
xelU

becase the right side contains ^ along with every ye(θ) for y in /.
It follows that the Tx span ^ over J*f (because the tensor product
is taken over Jϊf) and hence the homomorphism above is onto rέ?.

Let A denote I/J. The fact that ^\(A)β is simple with center
^\ imposes restrictions on A and one can say quite a lot about ^(A)β.
We shall give a brief sketch of the results of DeMeyer [3] which are
relevant.

Consider the function rj{a, b) = β(a, 6)//3(6, a). Because A is abelian
and β is a factor set, it follows that η is a (multiplicative) skew
bilinear form from A x A to the multiplicative group of j^~[. This is
Ύ](ab, c) — Ύ](a, c)τ](b, c) and η{a, b) = η(b, a)~ι. Because j ^ ~ γ is the center

of j^~l(A)β, Ύ] is nondegenerate; that is rj(a, A) — 1 holds only for a =
1. In a way similar to the method of decomposing a vector space
admitting a skew bilinear form, one decomposes A into the direct sum
of "hyperbolic planes". The result is the following.

THEOREM (DeMeyer [3]). Let JΓ

1(A)β be central simple over ^ .
Then A decomposes as

A = (Cn x C12) x (C21 x C22) x . . . x (C r l x Cr2)

where Ci3 is cyclic of prime-power order and C{1 = Ci2. The function
rj remains nondegenerate on Ciγ x Ci2 and the subalgebras SÎ  =
^l(CiiL x Ci2)β are central simple over ^ . Finally we have the de-
composition

= ^ ® ® Slr .

This decomposition allows us to get information about the index
of the algebra J?~1(A)β. We must now restrict J^ to be an algebraic
number field. Now the Brauer-Hasse-Noether theorem can be applied.
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It tells us the index of a finite dimensional division algebra over
is equal to its exponent; that is the order of its class in the Brauer
group of the center of the division algebra.

The index of each % is a divisor of | C{1 | since dimension of 31;
over ^ 7 is | Cn |2. Thus the index of ^(A)β divides the least com-
mon multiple of the indices of the % since the exponent of
Sti & 0 2tr divides the l.c.m. of the exponents of the 31̂ . This in
turn divides the l.c.m. of the numbers | Cix \ 1 ^ i g r and this number
is precisely the exponent of A. So we have the

PROPOSITION 3.6. The index of the algebra rέ? divides the ex-
ponent of IIJ.

THEOREM 3.7. The Schur index m^(χ) of χ divides

[G: I]Λ.c.m.{mJ^(φ1)1 exponent (I/J)} .

Proof. We have ^(g) ^"(G)e(θ) equivalent to ^(I)e(θ) in the
Brauer group of ^ because by Theorem 16, page 56 of [1],

Hence by Theorem 20, page 59 of [1] the factor by which the index
has been reduced after extending the field to ^ must divide \^\\ ^\.
By (2.6) this number is [G: I] so the index of ^~(G)e(θ) divides [G: I]
times the index of ^(I)e(θ). By the decomposition of (2.9) we see
the index of ^(I)e(θ) divides the least common multiple of the index
of ^(H)e(θ) and the index of ^ . The index of J?~{H)e(θ) is m^iφi)
so the result follows from (3.6).

There is a theorem of Brauer [2, Theorem 70.28] which shows
that certain questions about the Schur index of an irreducible character
for a finite group can be reduced to questions about ^^elementary
groups. Recall that among other things an .^elementary group is a
semi-direct product PA of a p-group P and a normal cyclic p'-group
A. We now consider the case where G = PA is such a semi-direct
product (not necessarily ^^elementary however). Let H = CG(A) so
that H is normal and G/H is abelian (because A has an abelian
automorphism group). Let χ be an absolutely irreducible character of
G. In this situation we have the following.

THEOREM 3.8. Assume J?~ is an algebraic number field. Then
there exists a chain of normal subgroups
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such that the Schur index ofχ over ^ divides 2[GX: I]-exponent {IIJ).
The factor 2 can be omitted if p Φ 2 or ifp — 2 but I Φ J.

Proof Since the Schur index will not change, assume j ^ ~ —
^"(χ). Let Mo be an irreducible J^(G)-module with character θ0 =
mχ. Suppose Mo | H — f(Vx © 0 Vr) with the V{ distinct irreducible
<JΠiZ>modules. Let G, = {x e G \ xVι = V, as .JHi2>modules}. Then
there is an irreducible ^(G^-module Wι such that W? = MQ and
WΊI H = /• Vx. Since G/iϊ is abelian we know Gλ <] G so M0\G1 =
Wι 0 0 Wr where the W{ are mutually nonisomorphic irreducible

odules. Now for any nonzero δ in End ^{G)(M0) we have
~ W1 and since the W{ are nonisomorphic, 8(W^) = TΓi Hence

we imbed End ^{G)(MQ) into End ^(^(T^i). Conversely the equation
TΓ? = Λf0 provides a natural imbedding of End jr{Ol)(Wύ into End^ (G)(M0).
Hence these two division algebras are isomorphic. Let χ | Gγ contain
the character ζ which also appears in the decomposition of the
character for Wγ. We have m (χ) = m^(ζ) since these numbers re-
present the indices of the respective endomorphism rings above. More-
over ^"{ζ) is the center of End *-{Gl)(Wύ so ^~ = ^~(ζ). We may
now apply (3.7) to ^ r , G19 and W1 in place of ^~, G, M and obtain

m ,-(χ) I [G^ /] l.c.m. {exponent (//J), m ^ ^ ) }

where again ^ is an irreducible character of H contained in χ\H.
But H = Cp(A) x A is a nilpotent group so by Roquette's theorem
[6], m s-iφi) = 1 or possibly 2 in case p = 2. Even when m^iφ^ = 2
the l.c.m. of exponent (IIJ) and m^Γ(φ1) will be exponent {IIJ) pro-
vided I Φ J. So the result follows.

COROLLARY 3.9. Ifχ\H= a(φ1 + ••• + φt) then m?-(χ) \ 2at where

the 2 can be omitted if p Φ 2.

Proof If χ | H - α ( ^ + + φt) then ζ\H = a(ψγ + + φr)
where r \ t. Thus 11: J \ = a2 and exponent (IIJ) divides α. The de-
finition of I yields [G,: /] = r so [G,: I] \ t. The result now follows
from the theorem.

REMARKS, ( a ) It can happen that m9(χ) = at. This is the
case when χ is an irreducible character of degree 3 for the metacyclic
group ζx, yy where x7 = y9 = 1 and y~ιxy = x4.

( b ) The application of DeMeyer's theorem shows the interest in
twisted group algebras, ^Γ(G)a, which are simple with center J?~. A
discussion of groups G which admit such a factor set a can be found
in [4].
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SYMMETRY AND NONSYMMETRY IN THE GROUP
ALGEBRAS OF DISCRETE GROUPS

JOE W. JENKINS

A Banach *-algebra ^ , with identity e, is symmetric if
era* -f e is regular for each # in *%f. In this paper we gen-
eralize certain conditions on a discrete group G that are known
to be sufficient to ensure symmetry of /ι{G). Also we define
semi-symmetry and derive an inequality that must be satisfied
if Λ(G) is not semi-symmetric. Finally we show that if a
group contains a free subsemigroup on two or more generators
then /i(G) is not symmetric.

Let G be a discrete group. /[(G) the group algebra of G. /λ(G)
is a Banach *-algebra with involution defined pointwise by x*(g) =
x(g~ι) and with convolution as multiplication. The mapping g —• δg,
where δg(s) = 0 if s Φ g and δg(g) = 1, is a homomorphism of G into
/X(G). In general, we will not distinguish between g and δg. Note
that if x G /Jfi) then x can be written in the form x = Σ x(g)g.

geG

j%f(G) (or 3ίf) will denote the real linear subspace of hermitian
elements of <(G). ^/(G) will be the subspace of £%f(β) consisting
of all elements x such that

N(x) - {g I x(g) Φ 0}

is finite.
Let J^Γ denote the natural cone in <(G), i.e., J^~ is the cone

generated by all elements of the form xx* where x e <(G). Denote
by J^(έ%f) the continuous linear functionals defined on £%f, non-
negative on 3ίΓ Π 3ίf and one at the identity.

The right regular representation of <(G) over 4(G), x—>Rx, is
defined by: Rx(y) = yx, for each y e 4(G).

DEFINITION 1.1. 4(G) is semi-symmetric if α? e £ϊff(G) and sp (i?J ^
0 imply (x + e)~ι e /[(G).

LEMMA 1.2. If ^(G) is semi-symmetric then
( i ) sp (xx*) ^ 0 /or eαcΛ x in /Y(G) with N(x) finite, and
(ii) if x G ^/(G) ίfeβπ sp (a;) is real.

The proof of this lemma is essentially a duplication of the proof
of the corresponding results for an arbitrary symmetric Banach
^-algebra.

131
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Let P/(G) be the subset of 3tff(G) consisting of all elements with
nonnegative spectra. We observe that Xx e Pf(G) if λ > 0 and
x e P/(G), and that, since /[(G) is semi-simple,

pf{G) n -PAG) = {0}.

LEMMA 1.3. // /X(G) is semi-symmetric then Pf(G) is a cone.

Proof. We need only show that x + y G Pf(G) if x e Pf(G) and
y e Pf(G). Let x e P/(G) and 3/ e P/(G). Then sp (Rx) ^ 0 and sp(i2y) ^
0. Thus i^ and i?^ are positive definite operators on /2(G) and hence
also Rx + Ry = Rx+y. Therefore sp (Rx+y) ^ 0 and thus

(x + y + e)~ι e /,(G) .

If a > 0 then α r ^ and or1?/ are in Pf(G). Hence

(e + α-1^ + oc~ιy)~ι = a(ae + a? + i/)"1 e

Therefore — a $ sp (x + 2/) and, since sp (& + 7/) is real, sp (x + y) ̂  0.
If 4(G) is symmetric, then for each x e

(This result is implicit in the usual proof of Raikov's Theorem, see
[7]). If 4(G) is semi-symmetric an abbreviated version of this result
can be proven.

LEMMA 1.4. // /V(G) is semi-symmetric and x e J%ff(G) then

Proof. Let xe£έf}(G) be given. Denote by ^//(x) a maximal
commutative *-subalgebra of ^(G) containing x, and by Δ(^f/(x)) the
Gelfand representations of ^f/(x). It is well known that if ye^f(x)
then

Since /γ(G) is semi-symmetric, Pf(G) is a cone. Hence, if we set

^//f{χ) = ̂ (x) n G

then Pf(G) induces an order on ̂ /?f{x). Furthermore, if for δ e A
we set δf = δ{^{x)1 then δf is positive with respect to this order. By
the Monotone Extension Theorem, δf has a positive extension to

if

(y + Λrf(x)) Π Pf(G) Φ 0
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is equivalent with

(y + ^/Sf(x))n ~Pf(G)Φ 0

for each ye
Assume ze (y + ^/ί}(x)) Π Pf(g). Then there is a z'e ^#}(x) such

that 7/ + z' e Pf(G). Hence

sp (y + zf) c [0, a]

for some α > 0. Let z" — zf — αe, then 2" G ^y^ (a ) and

sp (y + 2") = sp (y + 2' - ae) = sp (2/ + s') — α c [ —α, 0] .

Thus

(2/ + ^ ( α ) ) n -P/(G) ^ 0 .

A similar argument establishes the converse.
Let Sf be an extension of δf given by the preceding argument.

If y e <&ff{G) then y - v(y)e e -Pf(G). Hence ^(2/ - y(2/)e) ^ 0. But

Sf(y - v{y)e) = ^(2/)

Thus δf(y) ^ v(2/). Similarly, δf(y) ^ -v(2/). Therefore

v(2/) ^ II y II

for each 2/ e ^g/(G). Since r^ff{G) is dense < ^ 3/ has a continuous
extension, /„ to ^5^ Since the closure of Pf(G) contains the natural
cone ^ Λ e ^ ί ^ ) .

Now, if x G J^/(G) and α G sp (x) then there exist an ^//(x) and
0 G JC ^(x)) such that δ(x) = a. But then /,(x) = δ(x) = α. Hence

It is natural to ask how symmetry of /λ(G) and semi-symmetry
of /ί(G) are related. The following theorems provide a partial answer.

THEOREM 1.5. Assume that sL(G) is semi-symmetric and that
whenever lim% xn = x for (a J c ^ f G ) , limw v(xOT) = v(αθ; ίfee^ /i(G) is

Proof: Let a; G 4(G) be given and select {$„} c r2έff{G) such that
limri £TO$ί = a;̂ *. Then, limw v(xn£*) — i;(£ca?*). Hence, if e > 0 is given,
there is a A: such that

v(xkxt) > v(xx*) — e/2

and
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\\xkxϊ - xx* II < ε/2 .

But, by Lemma 1.4, there is an f0 e ^l(£lf) such that

Since each / e J^(J3T) has 11/11 = 1,

f{xkxt - xx*) = f(xkxi) - f(xx*) < ε/2 .

Thus

Mm*) > Mx&i) ~ e/2 = v(xkxΐ) - ε/2 > v(xx*) - ε .

Hence

sup f(xx*) = v(xx*)

for each xe/[(g), and hence <((?) is symmetric.
If /y(G) is symmetric then, by Raikov's theorem, (c.f. [8]), the

spectral radius of each element of the form xx* is equal || Txx*\\ for
some *-representation x —* Tx. However, this *-representation need
not be the right regular representation over 4(G). If we assume G
is amenable, then this latter representation weakly contains all other
*-representations, ([6]), and hence the spectral radius of xx* is given
by | | iϋ x x * | | . Using these facts we can prove

THEOREM 1.6. // 4(G) is symmetric and if G is amenable then
SL(G) is semi-symmetric.

Proof. Suppose that xe <£%?f(G), — l e s p ( ^ ) and sp (Rx) is non-
negative. Let y = x — v{Rx)e then

-l-v(Rx)esv(y)

and

sp (Ry) = sp (Rx - v(Rx)e) c [-v(Rx)f 0] .

Therefore

v(yy*) = v(v2) ^ (i

and

v{Ryy*) - v(Rl) £

But

v{Ryy*) = \\Ryy*\\ .

and, since G is amenable,
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for any *-representation z —• Tz. Therefore

v(vv*) = [l +

for any *-representation z—*Tz. This contradicts Raikov's criteria
for symmetry. Hence, if sp (Rx) is nonnegative, then — l£sp(ίc).

REMARK. The dual hypothesus at Theorem 1.6, namely, that
sγ{G) was symmetric and that G was amenable, was necessary.
Although all known pertinent results tend to indicate that symmetry
of s[(G) implies amenability of G, we do not know this to be true.

2* A sufficient condition for semi-symmetry* If if is a sub-
group of G then there is a cannonical embedding of /SJEL) into
4(G). We will not distinguish between an element of 4(H) and its
image in ^(G). Since for each xe/l(H), sp (̂2n(α?) = sp (̂σ)(a?) (cf. [3]),
we are assured that this laxity will cause no confusion when making
spectral considerations.

Let m(G) be the space of bounded functions defined on G. The
mapping 0—>0% where

θ\x) = Σ θ(g)x(g)
geG

for xe4(G), is an isometric isomorphism of m(G) onto
For 4 c G , let <A)> be the group generated by A.

LEMMA 2.1. Let xes^G). Then x has no left inverse if, and
only if, there is a θ e m(^N(x)y) such that \\ θ \\ = 1 = θ(e) and the
null space of θv contains the left ideal generated by x.

Proof. Assume x has no left inverse in <((?). The preceding
remarks imply that x has no left inverse in 4(ζN(x)y).

Let L be the left ideal in si((N(x)y) generated by x. Now, if
ye^(<N(x)» and || 0 | | < 1, then

(e + y)-1 = e + Σ(-l)" l/*

is in /1(ζN(x)y). Hence, if \\e — z\\ < 1, set y = — e + z, and then
z-1 = (e + y)-1 is in <(<#(«)>). Thus

Ln{ye ^«JSΓ(ίc)» | || β — 2/1| < 1} = 0 ,

and the distance of L from e is at least one. Hence the desired θυ

exist.
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The converse is obvious.
Let x e <^ff(G) such that x + e is singular and sp (Rx) is non-

negative. Let A = N(x) U {e}, H = <A> and s(w) = c(A%), the cardi-
nality of AΛ Enumerate the elements of H in the following manner:

and

for n = 1, 2, .
Since x + e is singular, and cc + e is hermitian, a? + e has neither

a right nor a left inverse. Hence there is a 0 e m{H) such that
0(e) = 1 = \\θ\\ and the null space of θv contains L> the left ideal
generated by x + β. For #v to vanish on all L, it is necessary and
sufficient that, in particular, θv(g{x) = 0 for each g{ e H.

Let 0̂  = θ(gi) for ΐ = 1, 2, , and for each positive integer n,
define θ(n + 1) in 4(H) by

l)(gt)=
0i, if 1 < i < s(n + 1)

0, if ^ > s(n + 1)

Then

| | Rx+Mn + 1)) ||2
2 ^

But sp (JBX) ^ 0, hence

(

Therefore

2.2 | | β

for n = 1, 2, .
Now, if flr< e A" then

Thus

1)), θ(n + 1))

+ 1)), «(w + 1)) ^ 0 .

+ e)) c AM = A"+1 .

[θ(n

( )

Σ
3 = 1

= 0
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If giβH- An+2 then

N(g(x + e)) c H ~ An+ί .

Hence again

Rx+Mn + l))Gfc) = 0 .

Therefore

|| R,+.(θ(n + 1)) llί = . Σ I R,+Mn + l))(flr,)

But for gj e An+2 ~ An,

N{gά(x + e)) c An+3 - A*-1 .

Hence

s,2

+ e)(9i)~
i = «(n—D+i

Σ I flry(
( 1)+1

where dH = 0 if g5(x + e)(^) = 0 and one otherwise. Note that for
fixed j , dμ Φ 0 for at most c(A) i's. Therefore

We also have

Combining these results by 2.2. we have

(2.3) c(A)\\x + e\\l _ [ Σ ^ J ^ Ί 2 ^ ' Σ Ί ^ I2

for each n = 2, 3,
We compile the above argument in

THEOREM 2.4. // 4(G) is not semi-symmetric then for some
x 6 βέff(G) there is a θ = (04) e m«N(x)»

θi) satisfies 2.3.
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3. Condition SS. For a given G let S^(G) denote the family
of finite symmetric subsets of G containing the identity. Adel 'son-
VeP skiϊ and Sreider, [1], considered the following condition on a
group G:

(A - S) for each A e

c(An) = o(dn) for any d > 1 .

They proved that if G satisfies (A — S) then G is amenable. Hulanicki,
[5], later showed that if a group satisfies (A — S) then xx* + e is
regular for each x in /X(G) with finite support.

We now define a condition which is weaker than (A — S):
(SS) for each A e

lim infΛ c(An+1 ~ An)1/n ^ 1 .

It is not difficult to show that if G satisfies (A — S) then G satisfies
(SS) and that if G satisfies (SS), G is amenable. We also have

THEOREM 3.1. // G satisfies SS then /±(G) is semi-symmetric.

Proof. If /[(G) is not semi-symmetric then by Theorem 2.4
there is a θ = (04) e m«A», where A = N(x) U {β}, such that || θ \\ =
1 = 0(β) and

c ( A ) | | a ; + e | | i Σ I θ, |2 ^ Σ I <?y I2 ̂  Σ l ^ l 2

f o r e a c h n = 2, 3, . L e t α ' = c(A) \\x + e \\l, a = (a' + l ) / α r , a n d

8 1 2 )

b= Σ l^- l 2 -

Then, since β(e) = 1 and β e A, 6 > 0. We have

β ( 4 ) 8(2) 8(4)

Σ I θs |
2 = Σ I Θ, I2 + Σ

l l j { 2

and if

then

' Σ Γ I θj i2 = S Σ I θi I2 Λ-^JΘ, |2 ^ ( α ) - * + (l/a')[(a)^b] ^

Therefore
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s(2n+2)

Σ |
for % = 2, 3,

Since || 0 || = 1; | 0y | ^ 1 for each j . Hence

|2

j-=s(2n)+L

Consequently

c(A2n^ ~ A2n) ^

for n = 2, 3, . If B = A2 then £ e ^ ( G ) and lim inf. CtB +1 - J?%) > 1.
This contradiction implies 4(G) is semi-symmetric

4* Condition (C)* Hulanicki [5] proves that /[(G) is symmetric
for any group G satisfying:

(C) there is a k such that for any finite set A(zG

sup c{AtyAt2 Aίn) <Ξ kmfA(m, n) ,

where the least upper bound on the left is taken over all sequences
(t19 t2, , ίn)

 e ^ % where at most m of the ί/s are different from the
identity, and the function fA(m, n) satisfies the condition fA(m, n) —
o(cn) for any c > 1, uniformly with respect to m ^ tι. We will obtain
the same result for any group G satisfying the condition

(C) there is a & such that for each A

liminfw sup [c(AsιAs2 Asn)\ln < k .
(Si)eGn

LEMMA 4.1. // G satisfies (C) then G also satisfies (SS).

Proof. If G satisfies (C) then for each A e Sf(G)

lim inf n c(An)ιJn < k .

If for some Be£^(G),

lim inf n c(BnYln ^ δ > 1 ,

then choose a positive integer p so that δp ^ k. Then

\iminΐnc((Bp)nyln = [lim inf Λ c(Bpn)ιlpn]p = dp ^ k .

Thus, for each Ae.S7(G),

lim inf n c(An)1/n ^ 1 .

Now,
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c(An ~ An~ι) ̂  c(An)

for each n ^ 2. Hence

lim inf n c(An ~ An-ψn ^ 1

for each 4ey(G).

LEMMA 4.2. Assume G satisfies (C) with constant k. Let x
and y be elements of /X(G) such that N(x) is finite. Then

v{xy)<k\\y\\\\Rx\\ .

Proof.

II (xy)*II = II (x Σ v ( s ) s ) n | | = || Σ y(s,) yisjxs, -- χ s n \
seG slf ,sneGVII V

II

An application

I I * *

For any ze/[(C

Therefore

sV' ',sneG

sup | xsλ

of Schwarz

--- xsn\\ ̂

r)

\RZ\\ = sup

1 y(sn)

••• χsu\\

inequality

ι\\RAy)\Ui

I 1 1

gives

*».))'" || a

i\\RΛe)\

xsn\\

ι) 1 »(8.) 1

/Oĵ  ίt/o^ 2

|2 = l l ^ l l 2

Also,

Nixs, xsn) c iVίίTSi) N(xsn) = N(x)sλ N(x)sn

Therefore, if we set A = JSΓ(α) U {β} U N(x)~\

Finally

Consequently

and hence

Σ = \\v

sup
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v(xy) = lim infΛ | | (xy)n \\lln rg || y \\ \\ Rx\\ lim infn sup c(Asλ . AsJl2n

We are now ready to prove.

THEOREM 4.3. // G satisfies (C) then /[(G) is symmetric.

Proof. If /γ{G) is not symmetric, then by Raikov's Theorem
(c.f. [8], p. 307) there is a yy* e 4(G) such that

r = sup f(yy*) < v{yy*) .

We may assume that;

inf f(yy*) = s > 0:

if not we consider the element yy* + ae for some a > 0.
Let x = ̂ /7/* and choose u and v so that 0 < u < s and r < v < v{x).

Then

0 < u < f(x) < v < v{x)

for each / e ^ % ( ^ r ) .
Let k be the constant of (C), £ > 1 and p be a positive integer

such that v(x)p > ktvv. Pick A e S^(G) so that, if z is x restricted
to A then

( i ) 0<f(z)<v, for each fejTo(β^) and
(ii) Hs-^ll < £.

To see that (i) is possible merely note that by taking A sufficiently
large, \\z — x\\ is less than both v — r and u. Then, since each
fejy^(J%f) is of norm one, the condition is satisfied.

For (ii) we first observe that by Lemma 1.4 and 4.1

sp (z) c {f(z) \feS^(^)} c (0, v) .

Thus z is regular, and for fixed p, z~pxp converges to the identity as
A increases.

We now apply Lemma 4.2.

v(xp) = v[zp(z~pxp)] <Lk\\ z~pxv || || R z P \\ .

B u t

\\R*\\ ^\\RA\V

and

Therefore
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v(xp) = v(x)p ^ ktvp .

But p was chosen so that

v(xp) > ktvp .

This contradiction implies that /X(G) is symmetric.

5* Nonsymmetric group algebras* In [3], Frey asked if there
are amenable groups with nonamenable subsemigroups. He proved
that if such groups exist they must contain a free nonabelian sub-
semigroup on two generators. Hochster [4], has recently presented
an example of such a group. In [7], a similar example is presented,
and it is shown that the algebra of this group is nonsymmetric.
The following theorem shows that all such groups have nonsymmetric
algebras. The proof employs the well known fact that in a symmetric
Banach *-algebra the hermitian elements have real spectra (c.f. [8]).

THEOREM 5.1. Let G be a group generated by a and b such
that S, the semigroup generated by a and b is free. Then, /x(β) is
nonsymmetric.

Proof. We will show that δi e sp (x), where

x = aa + βb + λαδ + λδ-'cr1 + βb~ι + aa~ι ,

if δi = aβ/X and | λ | >̂ max {3 | a |, 3 | β |}. To accomplish this we will
construct a nonzero θ e m(G) such that θv vanishes on the left ideal
generated by y = x — δie.

Let So = S U {e} and S, = aS0 U {e} U b-'Sό1. Define θ(g) = 0 if
g ί S,. Let A = N(y) and S' = So U b-'So U So" U aS^1. Direct com-
putations yield:

Ag n S, Φ 0 <=> g e S' .

Enumerate the elements of S1 as follows: s1 = e and for n =
1, 2, , s2n = asn; s2n+1 = bsn; tn = δ " ^ : s_x = s, and for n = 1, 2, - ,

^^ t> S

One can easily verify that the homogeneous equations θv(ys{) —
0, - 3 £ i ^ 2, i ^ 0, and #%£,•) = 0, - 2 ^ i ^ 2, i Φ 0, have a non-
trivial simultaneous solution.

For n a positive integer,

N(ytn) = {s2n, s4n, atn, a~ιtn, b~ιa-ιtn1 b~ιtn1 tn) .

If atn = ab~ιs2n e aSQ then b~ιs2n e So which is impossible. Similarly, if
atn e δ " 1 ^ 1 then δ"1 = a~ιs~ι for some se S. Since S is free in G,
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this also is impossible. Certainly atn Φ e. Thus atn ί S^ Similar
arguments show that

{a-ιtn, b-ιa~ιtn1 a~ιa-ιtn1 tn) n S, = 0 .

We also have

N(ysn) = {s2n1 s2n+ί, s4n+2, sn, ar'Sn, b~ιsn, b~ιa-ιsn) .

For n ^ 3,

N(ysn) n S1 = N(ysn) f] (aS0 U {e}) .

If n is odd then

N(ysn) Π S.cz {s2n, sin+2, b-'Sn}

while for n even

N(ysn) Π ^ c {s2%, s4%+2, α-1^^, b~ιa~ιsn1 sn} .

Note that not both arιsn and δ"1α"1sn are elements of Sx. Also,
α - χ = sm G Si implies m < n and fe-'a"1^^ = sm e ^ implies m < n.

Assume now that w ^ 3 is given, and that θ(sk) has been defined
for 1 <; k < An such that | θ(sk) \ £ 1 and

θv(ytm) = 0 - θv(ysm)

for m < n. Now

# ϋ 0/U = βθ{s2n) + Xθ(s4n)

and

^v(?/sJ = aθ(s2n) + λ^(s4π+2) + aθ(arι8%) + βθφ-%)

Let

and

-1/X[aθ(s2n) + aθ(arιsn) + βθ(b~ιsn)

We consider the two possibilities:

( i ) If b~ιa~1sn e S, then b~ιarιsn e aS0 U {β} and hence

{α-1^, 6-^} n Sx = 0 .

Also, there is an n > m >̂ 1 such that sΛ = s2m Since θv(ytk) = 0
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for 1 < k < n a n d s ince θv(ytk) = βθ(s2k) + Xθ(s4k) = 0 if, a n d only i t ,

θ(s4k) = (-β/X)β(s2k); θ(s2n) = θ(s4m) = (~β/X)θ(s2m). Thus

i - aβ/X)θ(s2m)

(ii) If δ"1α-1sΛ g S, then

#(s4.+2) = (-1/X)[aθ(s2n) + ά^cr 1 *.) + ^ ( f t - ^ J + δiθ(sn)]

and at most three terms within the parenthesis on the right are
nonzero.

In either case | θ(s4n+2) | <̂  1. Certainly | θ(s4n) \ ̂  1. Thus, by
induction, we can define θ(s2n) such that | θ(s2n) \ ̂  1 and such that

θv{ytn) = 0 = θv(ysn)

for n = 1, 2, . . . .

Similarly, we can define 0(s_(2n+i)) so that | ^(s_(2n+1)) | ^ 1 and

^(1/ί- ) = 0 = θv{ys_n)

for ^ = 1, 2, .

REMARK. If G is an amenable group with a nonamenable sub-
semigroup then G has a subgroup H that satisfies the hypothesis of
Theorem 5.1. Hence 4(H) is nonsymmetric, and since for each

/X{G) is also nonsymmetric.
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OUTER GALOIS THEORY FOR SEPARABLE ALGEBRAS

H. F. KREIMER

Let G be a finite group of automorphisms of a ring1 A
which has identity element. Let C be the center of A, let Γ
be the subring of G-in variant elements of A, and assume that
C is a separable extension of C n Γ. In the first section of
this paper, it is shown that every finite group of automor-
phisms of A over Γ is faithfully represented as a group of
automorphisms of C by restriction if, and only if, A = C^CΠΓΓ-
Moreover, suppose that A = C(£)CnrΓ and Ω is a subring of
A such that Γ g Ω g A. Then there exists a finite group H
of automorphisms of A such that Ω is the subring of H-
invariant elements of A if, and only if, C Π Ω is a separable
extension of C n Γ and i2 = (C n J2) (g)cnrΓ.

Let R be a commutative ring* with identity element; and
assume now that A is a separable algebra over R and G is a
finite group of automorphisms of the ϋί-algebra A. In the
second section of this paper, it is shown that C is the centralizer
of Γ in A if, and only if, A — C^C{\rΓ. Moreover, suppose
that A = C®cnrΓ and Ω is a subalgebra of A such that
Γ g 42 gΛ. Then there exists a finite group if of automor-
phisms of Λ such that Ω is the subalgebra of iϊ-invariant
elements of A if, and only if, Ω is a separable algebra over R.

These results are obtained without the assumption of no non-
trivial idempotent elements of C, which is required for the Kanzaki-
DeMeyer Galois theory of separable algebras. Moreover, these results
extend the Villamayor-Zelinsky Galois theory of commutative rings
in the same way that the results of Kanzaki and DeMeyer extend
the Chase-Harrison-Rosenberg Galois theory of commutative rings.

1* Galois theory* Throughout this paper, ring will mean ring
with identity element and subring of a ring will mean subring which
contains the identity element of the ring. Let Γ be a subring of a
ring A. Call A a protective Frobenius extension of Γ if A is a
finitely generated, protective right Γ-module and there is a (Γ, A)-
bimodule isomorphism of A onto HomΓ (A, Γ). Call A a separable
extension of Γ if the (A, /ί)-bimodule epimorphism of A 0 ΓA onto A,
which is determined by the ring multiplication in A, splits. Equiva-
lently, yl is a separable extension of Γ if there exist a positive integer
n and elements xi9 yi of A, for 1 ^ i <; n, such that Σ?=ia?<2/i = 1 a n ( i
Σ t i ^ ®Vi = Σiΐ=ιχi <S> Via in Λ®ΓΛ for every aeA. Also, let M
be a left /1-module and let N be a Γ'-submodule of M. A canonical
J-module homomorphism ψ of A 0 ΓN into M is determined by the

147



148 H. F. KREIMER

correspondence of a x to a ® x for ae A and x e N. It will be con-
venient of write M = A ® ΓN when φ is an isomorphism.

Let G be a finite group of automorphisms of a ring A, and let
Γ be the subring of G-in variant elements of A. Call A a Galois ex-
tension of Γ relative to G if there exist a positive integer n and
elements xi9 y{ of Λ, 1 <£ i ^ w, such that ΣΓ=î » (̂2/») = δlίff for all
σ eG. If Λ is a Galois extension of Γ relative to G, then A is a
separable extension of Γ by [8, Proposition 1.3]. Let C be the center
of A. If /ί is a Galois extension of Γ relative to G and C is the
centralizer of Γ in A, call A an outer Galois extension of Γ relative
to G. A generalization of the concept of outer Galois extension is
that of outer semi-Galois extension given in [7, Definition 2.4], A
will be called an outer semi-Galois extension of Γ if, in addition to
the assumptions stated at the beginning of this paragraph, A is a
separable extension of Γ and C is the centralizer of Γ in A. Finally,
we note that, if S is a G-stable subring of A; then a homomorphism
of G onto a finite group G of automorphisms of S is obtained by
restricting each element of G to S, and S Π JΓ is the subring of
G-invariant elements of S.

For the remainder of the paper, let G be a finite group of auto-
morphisms of a ring A, let Γ be the subring of G-invariant elements
of A, and let C be the center of A.

THEOREM 1.1. If S is a G-stable subring of C such that S is
a separable extension of S Π Γ, then the following statements are
equivalent.

( i ) C = S <g) snΛC f]Γ) and Λ = C ® c n r Γ .
(ii) A = S(g)Sf]Γr.
(iii) Aw isomorphism of the group of all automorphisms of A

over Γ for which S is stable onto the group of all automorphisms
of S over S Π Γ is obtained by restricting each automorphism of A
to S.

(iv) Every finite group of automorphisms of A over Γ for
which S is stable is faithfully represented as a group of auto-
morphisms of S by restriction.

Proof. It is evident that statement (i) implies statement (ii).
If A — S ® s n r Γ , then every automorphism of S over S f] Γ may be
extended to an automorphism of A over Γ and the identity map on
A is the only automorphism of A over Γ which restricts to the
identity map on S. With these observations it is easily verified that
statement (ii) implies statement (iii). Clearly statement (iii) implies
statement (iv), and it only remains to verify that statement (iv)
implies statement (i). Since S is a commutative ring and a separable
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extension of S Π Γ, S is an outer semi-Galois extension of S f] Γ.
Let e be an idempotent element of S and σ be an element of G such
that σ{e*a) = e α for all aeS. An automorphism σ of A over Γ is
defined by the rule σ(a) = σ(e a) + (1 — β) α for αe/ί . Let if be the
group of automorphisms of A over Γ which is generated by σ. Since
G is a finite group, σ has finite order. Therefore σ has finite order
and H is a finite group. Moreover, each element of S is ϋΓ-invariant;
and H is faithfully represented as a group of automorphisms of S
by restriction, only if σ(a) = α and, hence, σ(e α) = e α for all α e A
Since C is stable for any group of automorphisms of A, the following
lemma may be applied with T — C to establish that statement (iv)
implies statement (i).

LEMMA 1.2. Let S, T be G-stable subrίngs of A such that S £Ξ T
and S is an outer semi-Galois extension of S Π Γ. Assume that
whenever e is a central idempotent of S and σ is an element of
G such that cr(β α) = e α for all aeS, then σ{e a) = e a for all
aeA. Then T = S (g) snr(T f] Γ) and A = T&TΓ]rΓ.

Proof By hypothesis, S is a separable extension of S Π Γ. Let
n be a positive integer and let xi9 yι be elements of S for 1 ^ i ^ n,
such that Σ**=i»ί2/i = 1 a n d Σf=i^* ® 2/< = Σ?=A ® W i n S*S>snrS
for every α e S . Setting eσ = ΣΓ^^ '^d/i)^ α e* = e, σ (α) for α e S
and σ e G. Therefore βσ is an element of the centralizer of S Π ̂ Γ in
S, which is the center of S, for σ e G. Moreover

= Σ βσ »i σ(ί/i) = Σ «i βα ̂(2/ί) = Σ = e
σ

for ( 7 G G . Thus {α-(βr) I σ, τ e G} is a finite set of central idempotents
in S, and it generates a finite, G-stable subalgebra E of the Boolean
algebra of all central idempotents in S. Letting M be the set of
minimal elements in E; M is a finite, G-stable set of pairwise
orthogonal idempotents such that Σβejfβ = 1. For eeM and σeG,
let eσ denote the mapping a—>e*σ(a), aeA; and let

N = {eσ I e e M, σ e G) .

The mapping α—>σoa, aeN, is a permutation on N for each σeG.
Consequently, letting y be the sum of the distinct elements of N; 7
is a left S ΓΊ Γ-module endomorphism of A, the image of which must
be contained in Γ. Since S and Γ are G-stable, 7 must map S into
5 Π Γ and T into Γfl Γ. If, for e e M and σ e G ,
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is not zero; then e — e ea = ea σ(e) = σ(e) since e and σ(e) are minimal
elements of E, σ(e α) = eσ>σ(e a) = e α eσ = e a for all aeS, and
by hypothesis σ(e α) = e α for all aeΛ. Therefore Σ ί ^ Λ T^α) =
Σβejfβ α — α for all aeΛ. It is now readily verified that the canonical
left iS-module homomorphism of S ® snr/"' into Λ has an inverse which
is the mapping α—> Σ?=A ® ^(y%a)i aeΛ) and the canonical left S-
module homomorphism of S ® snΛT Π i"1) into Γ has an inverse which
is the mapping a~» Σ?=i#i ® ^iVi®)' ae T. Thus Λ = S<S> snrΓ and
ϊ 7 — S®(snr(27ΠJΓ). Since S (£) snrΓ is naturally isomorphic to
S 6ξ) ( T Π Γ) Cζ) Γ Λ = T 6Z) Γ.

If £ has no central idempotents other than 0 and 1, then the
hypotheses of Lemma 1.2 are equivalent to the requirements that S
and T be G-stable subrings of Λ such that S §Ξ T, S be an outer
semi-Galois extension of S f] Γ, and G be faithfully represented as a
group of automorphisms of S by restriction. The following example,
however, shows that in general the conclusion of Lemma 1.2 cannot
be obtained if only these latter conditions are assumed.

Let Λ be the ring of all complex 3 x 3 matrices.
a b 0\ / a — b 0\ a b 0\

c ί O U

0 0 gl
and set σ c d 0 I = — c d 0 ) and τ

\0 0 g! \ 0

and τ are automorphisms of Λ, and they generate a sub-

group G of order four in the group of all automorphisms of Λ. The

subring Γ of G-invariant elements of Λ consists of all real, diagonal

3 x 3 matrices, and the center C of Λ consists of all complex, diagonal

3 x 3 matrices of the form diag {α, α, b}. Take S = T = C. C is a

commutative G-stable subring of Λ and G is faithfully represented

as a group of automorphisms of C by restriction. Moreover it may

be verified that C is a Galois extension of C D Γ with respect to the

group H of automorphisms of C generated by the restriction of τ to

la b (h I a -b 0\

C, but /f ^ C ® CΠΓΓ In fact, setting 01 c d 0 I = I — c d 0 1 φ is

\0 0 gl \ 0 0 gl
a nontrivial automorphism of A over .Γ which restricts to the identity
map on C.

The remaining results of this section are directed toward de-
veloping a Galois theory for a ring Λ which satisfies any of the four
equivalent statements of Theorem 1.1.
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LEMMA 1.4. If S is a G-stable subring of C such that S is a
separable extension of S Pi Γ and A = S & s n r Γ , then A is an outer
semi-Galois extension of Γ and Γ is a {Γ, Γ)-bimodule direct summand
of A.

Proof. Let S be a G-stable subring of C such that S is a
separable extension of S Π Γ and A = S ® SnrΓ. Then one may
readily verify that A is a separable extension of Γ and the centralizer
of Γ in A is C. Therefore A is an outer semi-Galois extension of
Γ. Furthermore, since S is a commutative ring, S is an outer semi-
Galois extension of S Π Γ; and, by [7, Th. 3.2], S is a protective
Frobenius extension of S Π Γ. In particular, S is a finitely generated,
protective module over S f] Γ; and it follows from [1, Proposition
A. 3] and [9, Proposition 1] that S Π Γ is an S Π Γ-module direct
summand of S. Therefore Γ is a (Γ, Γ)-bimodule direct summand of
A = S®Sf]ΓΓ.

LEMMA 1.5. Let G be a finite group of automorphisms of a
commutative ring S, let R be the subring of G-invariant elements
of Sf and assume that S is a separable extension of R. For an
intermediate ring T, R § T £ S, the following statements are
equivalent.

( i ) There exists a finite group H of automorphisms of S such
that T is the subring of H-invariant elements of S.

(ii) S is a protective Frobenius extension of T.
(iii) T is a separable extension of R.

Proof. Apply Lemma 1.4 with A = S = C and Γ = R to establish
that S is an outer semi-Galois extension of R and R is an iϋ-module
direct summand of S. The equivalence of statements (i) and (ii)
follows from [7, Th. 3.3]. But it is a consequence of [7, Th. 2.3]
and [10, 3.15] that S is a weakly Galois iί-algebra, and the equivalence
of statements (i) and (iii) follows from [10, Th. 3.8].

THEOREM 1.6. Let S be a G-stable subring of C such that S is
a separable extension of S f] Γ and A = S ® snrΓ; and let Ω be a
subring of A such that Γ <Ξ Ω g A. There exists a finite group H
of automorphisms of A such that S is H-stable and Ω is the subring
of H-invariant elements in A if and only if S f] Ω is a separable
extension ofSf)Γ and Ω = (S f) Ω) 0 snrf1.

Proof. Suppose H is a finite group of automorphisms of A such
that S is Jϊ-stable and Ω is the subring of iϊ-invariant elements in
A. Then S Π Ω is the subring of H-invariant elements in S, and
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S Π Ω is a separable extension of S Π Γ by Lemma 1.5. Also by
Lemma 1.5, S is a finitely generated, projective module over S f] Ω; and
it follows from [1, Proposition A. 3] and [7, Lemma 1.6] that S is a
faithfully flat module over S f) Ω. Since A — S (£) Sf]ΓΓ and Γ aΩ, every
group of automorphisms of A over Ω for which S is stable is faithfully
represented as a group of automorphisms of S by restriction. Therefore
A = S <g) 5nfiί2 by Theorem 1.1. But Λ = S ® s n ί,(S n 42) (g) 5 n r Γ also.
Since S is a faithfully flat module over S D 42, fl = ( S n β ) ® 5 n /

Conversely, suppose S f ] β is a separable extension of S ΓΊ Γ and
42 = (S Π ̂ ) ® snr^ By Lemma 1.5, there exists a finite group i ϊ of
automorphisms of S such that S f) Ω is the subring of ίZ-invariant
elements in S. Since Λ = S (g) SnrΓ, there is a unique extension of H
to a group of automorphisms of Λ over Γ. Let 42' be the subring of
H-invariant elements in A. Γ S 42'; and, by the first part of this
proof, Ω' = (SΓi Ω') (g) Sf]ΓΓ. But S Π Ω' is the subring of iί-invariant
elements in S, so S Π 42' = S Π 43 and

43' = (S Π 42') (g) ^ n r r = (S Π 0) <g> 5nrΓ = 42 .

If S is a G-stable subring of C such that S is a separable exten-
sion of S Π Γ and Λ = S ® ^nr^; then C = S (g) ^ n r (C Π Γ) and yl =
C &) CnrΓ by Theorem 1.1, and C is a separable extension of C Π Γ
by [2, Corollary 1.6]. Since C is stable for any group of auto-
morphisms of A, S may be replaced by C in the preceding considera-
tions. The following corollary is stated for comparison with Lemma
1.5.

COROLLARY 1.7. Assume that C is a separable extension of
C Π Γ and every finite group of automorphisms of A over Γ is
faithfully represented as a group of automorphisms of C by restric-
tion. For a subring Ω of A such that Γ £Ξ Ω S A, the following
statements are equivalent.

( i ) There exists a finite group H of automorphisms of A such
that Ω is the subring of H-invariant elements of A.

(ii) A is a projective Frobenius extension of Ω.
(iii) C Π Ω is a separable extension of C d Γ and

Ω - (C Π 42) (g) cf]ΓΓ .

Proof. Since every finite group of automorphisms of A over Γ
is faithfully represented as a group of automorphisms of C by restric-
tion, A = C(g) Cf]Γ Γ by Theorem 1.1. Therefore A is an outer semi-
Galois extension of Γ and Γ is a (Γ, Γ>bimodule direct summand of
A by Lemma 1.4. Statements (i) and (ii) are equivalent by [7, Th.
3.3], and statements (i) and (iii) are equivalent by Theorem 1.6.
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2 Separable algebras* In this section, let A be an algebra
over a commutative ring R and let G be a finite group of auto-
morphisms of the iϋ-algebra A. Let Γ be the subalgebra of G-invariant
elements of A and let C be the center of A. The results of the
preceding section may be sharpened if A is a separable algebra over
R. Thus let A be a separable algebra over R. Then A is a separable
extension of C and C is a separable algebra over R by [2, Th. 2.3].
Clearly ί l g C n Γ S Γ ; and, consequently, A is a separable exten-
sion of Γ and C is a separable extension of C Π /\

PROPOSITION 2.1. If A is a separable extension of C and C is
the centralizer of Γ in A, then the group of all automorphisms
of A over Γ is faithfully represented as a group of automorphisms
of C by restriction.

Proof. Assume that A is a separable extension of C and C is
the centralizer of Γ in A; but suppose that the group of all auto-
morphisms of A over Γ is not faithfully represented as a group of
automorphisms of C by restriction, and let η be a nontrivial auto-
morphism of A over Γ which restricts to the identity map on C. Let
a be an element of A such that η{a) Φ α, let m be a maximal ideal
•of C which contains the set {xeC\ x (η(a) — a) — 0}, and let Cm be
the quotient ring of C with respect to the multiplicative system
C — m. A 0 cCm is a central separable algebra over C 0 c C m = Cm

by [2, Corollary 1.6], and ΎJ 0 1 is an automorphism of Λ 0 c C m over
•Cw. Since Cm is a local ring, 37 0 1 is an inner automorphism by
[2, Th. 3.6 and the remark which follows it]. Let w 01/s , w e Λ
.and seC — m, be a unit in Λ 0 cCm such that w-η(x) 0 1/s = #w 0 1/s
for all a?eA i is a finitely generated module over C by [2, Th.
.2.1]; so let n be a positive integer and {6̂  eΛ 11 ^ i <£ w} be a set
of generators for the C-module A. Since w ηφjd&l/s = bi wi&l/s;
there exists UeC — m such that ti iw φi) — b^w) = 0, 1 ^ i ^ w,
by [3, §2, No. 2, Proposition 4]. Letting t = Π?=i*»> it is easily
verified that teC — m and tw η{x) = xtw for al la eΛ. Therefore
£w is an element of the centralizer of Γ in Λ, which is C; w 0 1/s =
^w 0 l/(ίs) is a unit in the center of A 0 c C m ; and, consequently,
Ύ](x) 0 1 = sc 0 1 for all x e A. In particular Ύ]{a) (g)l = a 0 1; and,
by [3, §2, No. 2, Proposition 4], there exists ueC — m such that
u (η(a) — α) = 0. But such an element u cannot exist by the choice
of m, and the proposition follow from this contradiction.

COROLLARY 2.2. If A is a separable algebra over R, then the
following statements are equivalent.

( i ) C is the centralizer of Γ in A.
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(ii) A is an outer semi-Galois extension of Γ.
(iii) Λ = C®cnrΓ.

Proof. Assume that A is a separable algebra over R. Then A
is a separable extension of Γ, and therefore statements (i) and (ii)
are equivalent. Moreover, A is a separable extension of C and C is
a separable extension of C ί l Γ . It follows from Proposition 2.1 and
Theorem 1.1 that statement (i) implies statement (iii). Clearly state-
ment (iii) implies statement (i).

THEOREM 2.3. Let A be a separable algebra over R such that
A = C ® cnrΓ', and let Ω be a subalgebra of A such that Γ £ Ω £ A.
There exists a finite group H of automorphisms of A such that Ω is
the subalgebra of H-invariant elements of A if, and only if, Ω is a
separable algebra over R.

Proof. A is an outer semi-Galois extension of Γ and Γ is a
(Γ, Γ)-bimodule direct summand of A by Lemma 1.4. Since A is a
separable algebra over R, A is a {A, /l)-bimodule direct summand of
A 0 RA; and thus Γ is a (Γ, Γ)-bimodule direct summand of A 0 RA.
As a (Γ, i^)-bimodule, A 0 RA is a left module over the enveloping
algebra Γe = Γ 0 RΓ° of Γ; and for any left Γe-module X there is a
natural isomorphism of HomΓe(A 0 BΛί, X) onto Hom(ΓΛ, Hom(/fΓ, X)).
But Λ is a protective Frobenius extension of Γ by [7, Th. 3.2]; and,
therefore, A is projective as either a left or right Γ'-module. Con-
sequently, A 0 RA must be a projective left / '̂-module. Therefore Γ
is a projective left Γe-module, and it follows that Γ is a separable
algebra over R.

By Theorem 1.6, there exists a finite group H of automorphisms
of A such that Ω is the subring of iϊ-invariant elements of A if, and
only if, C Π Ω is a separable extension of C Π /̂  and Ω — (C Π β) 0 cn/^*
But if C n β is a separable extension of C Π Γ and Ω = (C ΓΊ fl) 0 cnΆ
then one may readily verify that 42 is a separable algebra over R.
Conversely, suppose Ω is a separable algebra over iϋ. Since
RΛ £ C n Γ, Γ and ί2 are separable extensions of C f) Γ; and, since
C is the centralizer of Γ in Λ, C Π Γ is the center of Γ while C Π Ω
is both the centralizer of Γ in £? and the center of Ω. But then
Cnfl is a separable extension of CflΓ by [2, Th. 2.3], and Ω —
{CΓ\Ω)®CnrΓ by [2, Th. 3.1].
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ON VISUAL HULLS

D. G. LARMAN AND P. MANI

The concept of visual hull has been introduced by G. H.
Meisters and S. Ulam. In the following article we study a
few of the problems arising from this notion and, in particular,
establish (Theorem 3) a conjecture of W. A. Beyer and S. Ulam.

Let C be a set in Rn and 1 ^ j ^ n — 1. Then the j t h visual hull
Hj(C) of C is defined to be the largest set whose j t h projections are
contained in those of C. Alternatively, Hj(C) is the set of points x
in Rn such that each (n — i)-flat through x contains a point of C.
Let G] denote the Grassmannian of i-subspaces in Rn with μ3-(Gf) = 1
for the usual measure μs associated with G] regarded as a metric 0n-
factorspace. (For further information about μ3- compare, for example,
[3]). Thei t h virtual hull V3(C) of C is defined to be the set of points
xeRn such that almost all (with respect to μu-3 ) (n — i)-flats through
x contain a point of C. Thus, if n = 3,j = 2, H2(C)(V2(C)) corresponds
to those points in R? which are photographically indistinguishable (with
probability one) from C. A j t h minimal hull of C in Rn is a minimal
set in Rn whose j t h projections coincide with those of C. In [2] the
announced purpose of the paper was to disprove the conjecture that
H3-(C) — C is connected to C, i.e., g> disjoint open sets J7, V such
that Ui)H3'(C) - C Φ 0 and VIDC Φ 0 . To this we remark that
a simple counterexample can be obtained by considering the closed set
C formed by removing the relative interiors of alternate sides of a
regular hexagon inscribed in a plane circle with centre α. The first
visual hull 11,(0) is then C U {a}.

2. Visual halls of unions of poly topes*

THEOREM 1. Let A1? , Aj+ί be spherically convex, closed subsets
(not necessarily nonempty) of the sphere Sn~\ such that each (n —
j — l)-subsphere of S""1 has a nonempty intersection with Uίi 1 ̂ -
Then Ax Π Π A3+1 Φ 0 . (so, that, in particular, each set Aζ is
nonempty).

REMARK. Sn~ι is the unit sphere of Rn and an (n—j — l)-subsphere
of S71'1 is the intersection of an n — j subspace with S*"1. A set
C c S n - 1 is spherically convex if C is contained in an open hemisphere
of S^-1 and, if x, y eC then C contains the minor arc on the 1-sub-
sphere determined by x, y and 0 (the centre of S'"""1).

Proof. The case n — 1 is trivial. We assume inductively that

157



158 D. G. LARMAN AND P. MANI

the result is true for all n' < n and it remains to prove the result
for j + 1 sets on S*"1. Assume on the contrary that there exist
spherically convex closed subsets A19 •• , 4 i + 1 c S ί l ~ 1 such that

Γ n ί Λ u u Ai+1) Φ 0

for each (n — j — l)-subsphere Γof S*"1, and Ax Π ΓΊ Ai+1 = 0 . Let
A = Ax Π Π Aj. Then A, Aj+1 are disjoint spherically convex closed
subsets of Sn~\ and there exists an (n — 2)-subsphere S' of S71"1 which
separates A and Aj+1 and such that S ' Π i = 0 , S' ΓΊ Aj+1 = 0 . Set
A = A* Π S' (1 ^ ΐ ^ i). Then each A is a spherically convex closed
subset of S' and, since Aj+1 f] S' = 0 , each (n — j — l)-subsphere of
Sf has a nonempty intersection with A[ U U AJ. Hence by the
inductive assumption A[f] Γ) AJ = A Π S' =£ 0 contradiction.

THEOREM 2. Iw Rn let C19 , C i + 1 be j + 1 compact convex sets.
If xe HjdJiiϊ Ci) then either x e (JUl C{ or there exists a halfline I
emanating from x such that I Γ) C* Φ 0 , 1 ^ i ^ i + 1.

COROLLARY. IW i2w Zeί d , , Cj+1 be compact convex sets. Then
asufficient condition for £Γ, (U<"ίί Ct) = \JHϊ C* ^ ^ α ί ^ e s e ^ s ^° n°t

have a common transversal.

Proof. On S71"1 define i + 1 spherically convex closed subsets
Ax, , A i + 1 so that ^ e A4 if tt e S7""1 and the half line {x + Xu\X^0}
meets C<. Then, a s x e HjdJίΆ d) each (n - j - l)-subsphere of S71-1

has a nonempty intersection with \Jiii At. And so, by Theorem 1,
there exists uef\iiϊAi, i.e., the halfline {x + Xu\X^ 0} meets each
of d , , d +i

THEOREM 3. /?i i2% let d> •••> d + i δβ nonempty compact convex
sets. Then the number of components of Hj(\Ji±i Ci) is at most j + 1
with equality if and only if d> •> d+i a r e pairwise disjoint.

Proof. By Theorem 2, if ce 6 -ff^Uίi1 Q - U&1 d , then there
exists a halfline I = {x + Xu\X ^ 0} such that Z meets each of

Then x + ^fc^ G Cfc for some ak > 0. We set a = minfα^ 11 ^ A ̂  j + 1}
and want to show that x + Xue HjdJiii Ci) for all X with 0 <Ξ λ ^ α.
Set 2/ = a? + λ% and let P be an (n — i)-subspace. As x e Hd(\J(S Ci)
there exists i such that the (n - i)-flat x + P meets d at v, say.
Set z = cc + #ΐ^ G d Then, as 2/ lies between a? and z on £, there
exists μ, 0 <: μ <̂  1, such that 7/ = μα; + (1 — μ)z. Then the (^ — j)-
flat y + P through ?/ contains the point μv + (1 — μ)^ of d As P
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was arbitrary we conclude that y e Hά(\JίiiCi) and hence that x +
Xu e Hj(\JHi Ci) for 0 ^ λ ^ a. Hence, if x e Hj(\JUl C<) then α? is
connected, via a line segment in Hj(\JHl Ci), to at least one of the
sets d Hence Hs(\Jii} Ci) has at most j + 1 components with equality
only if the d ' s are disjoint. If the sets C19 •• ,C J +1 are pairwise
disjoint then in order to show that Hj(\JiS Ci) has exactly j + 1
components it is enough to show that for each fc, 1 ^ fc ̂  j + 1, there
exist disjoint open sets Ϊ7Λ, Ffc such that Uk U Ffc Z) -£?,•( Uί'ίί Ci) a n ( i
UkZ)Ck, Vk =) {d U U Cfc_x U Ck+1 U U Ci+1}. We suppose, without
loss of generality, that k = 1. For ΐ = 2, , j + 1 let Hi denote a
hyperplane which strictly separates d from d> and let H be the
open half space bounded by Hi and containing d We can assume that
the Hi's are in general position. Set U, = f l S fl?, F, = J2Λ - U,. Then
C7i and Fi are disjoint open sets, d c Z7:, U S d ci Fx. It remains
to show that Hό{\Jiil d ) c Z7X U V19 and it is enough to show that
(ΰλ n VL) Π J3y(Uίίί C<) = 0 . Since the fl"f's are in general position,
their intersection Π&21 -H* is an (^ — i)-dimensional flat L. Let I be
the ./-dimensional subspace orthogonal to L. If Λf is any subset of
Rn we denote by proj7 M the set of all points xel for which the flat
Lχy which is parallel to L and contains x, has a nonempty intersection
with M. proj7 U1 and proj7 Fx are two open sets in / with common
boundary proj7 (Uι n FJ. As proj7 d c projz C/̂  proj7 \J{±1 d c projz V1

it follows that (proj7(ε/i Π FJ) Π (projj Ul=ί C<) = 0 Now, if z is an
arbitrary point in U1 Π Fi it follows that Lz Π (Uί'ίί d ) = 0> a n d since
dimLz ~ n — j , we find, by the definition of iϊy, that 2 does not belong
to HjdJiil Ci). Therefore (ϋ, n K) Π ̂ -(Uίίί d ) = 0 .

REMARKS. The proof of Theorem 3 also shows that any component
of HjdJUlCi) has the property that any two points of it can be joined
by a broken line in it, consisting of at most 3 segments. Hence it is
natural to ask: When are these components convex? (supposing now
that the d ' s are disjoint). In [1] W. A. Beyer has shown an example
of three (nondisjoint) polytopes d in R* such that H2(C1 U d U d ) is
not a polyhedron. We don't know whether a similar construction would
be possible with disjoint polytopes. Let us mention here a few more
technical terms. If M is any subset of Rn, we denote by aff M the
affine hull of M and by conv M the convex hull of M. relint M means
the interior of M with respect to the natural topology in aff If. By
the dimension dimM of M we understand the algebraic dimension of
the flat affΛf. A polytope is the convex hull of some finite set. If
P c En is a convex set we denote by ext P the set of extreme points
of P and by exp P the set of its exposed points. For an exact definition
of these terms the reader may compare, for example, the introductory
chapters of [4].



160 D. G. LARMAN AND P. MANI

THEOREM 4. ( i ) In Rn let CΊ, C2 be compact convex sets. Then
Hx(d U C2) is the union of at most two convex components which are
polytopes whenever Cι and C2 are polytopes.

(ii) There exist in R3 three disjoint polytopes such that one of
the components of the second visual hull of their union is not convex.

LEMMA 1. Let CΊ, C2 be n-dimensional polytopes in Rn. If
a ί JHΊ(CΊ U C2) there exists a hyperplane H such that

( 1 ) a£ H, H separates a from CΊ
( 2 ) H Π Ci = 0 or H supports d (i = 1, 2)
( 3 ) aff (H Π (CΊ U C2)) = H.

Proof of Lemma 1. The case n — 1 is trivial, and we assume
n ^ 2. If there exists a hyperplane P through a which does not
meet CΊ U C2 and does not separate CΊ and C2 then conv (CΊ U C2) is
an ^-dimensional polytope not containing α, and the lemma follows
from standard results on polytopes. Hence it can be supposed that
there is a hyperplane H for which (1) and also (2'): H separates CΊ
and C2 holds. We choose H in the set φ of hyperplanes for which
(1) and (2') holds. We assume that h = dim aff T is maximal, where
T = H ΓL (CΊ U C2). Obviously h ^ 0. If h < n - 1, let F c H be an
(n — 2)-dimensional hyperplane in H containing Γ, and denote by π:
Rn—>E the projection along F onto a 2-dimensional flat E orthogonal
to F. It is easy to see that there is a line L in E such that: (a):
the singleton π(T) is contained in L. (β):π(a)ίL,L separates π(a)
from the polygon 7r(d)(7): L separates π(CΊ) and π(C2).

(δ) aff (L Π (rcίCΊ) U π(C2)) = L .

(Notice that the conditions (a) - (T) are fulfilled by π(H)). The
hyperplane π~\L) of En intersects CΊ U C2 in a set S with dim aff S =
/z, + 1. Since S e § this contradicts the maximality of h. Hence the
lemma is established.

Proof of Theorem 4. ( i ) We first prove the result when CΊ, C2

are ^-dimensional polytopes. If CΊ Π C2 Φ 0 then

#i(CΊ U C2) = conv (CΊ U C2) ,

which is a polytope. We suppose therefore that CΊ Π C2 = 0 . Let
{Hi}ili be the finite set of those hyperplanes which do not contain an
interior of C3 (j = 1, 2) and for which dim (Hi Π (CL U C2)) = n - 1. By
C* we denote the (finite) intersection of those closed half spaces which
contain C3 and whose bounding hyperplane is amongst {H^u j = 1, 2.
Then Cf is polyhedral and, since CΊ, C2 are compact, C* is a polytope,
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j = 1, 2. We show that 11,(0, U C2) = d* U C2\ Suppose that x* ί d* U d*
Then there exist closed half spaces H?, H2* with bounding hyperplanes
H19 H2 amongst {Hi}?=i such that x* £ if* ID C19 X* $ H* 3 d If

£* G flf^d U d ) , HΊ and iί 2

must separate d and C2. Consider H, and the two disjoint compact
sets Hi Γ\ C19 Hi Γi C2 in H,. There exists an n — 2 dimensional flat L
in .HΊ which strictly separates Hx Π d and ^ n C2. By slightly rotating
Hγ about L in the appropriate direction we obtain a hyperplane H[
which strictly separates d and d as well as x* and d . Similarly
we can obtain a hyperplane H[ which strictly separates d a n d C2,
and #* and d We may suppose that H[, Hi are not parallel and so
Hi Π Hz is an w — 2 flat. Suppose, without loss of generality, that
H[ = {x I<x, ?> = a > 0}, £Γ2 = {x |<x, τy> = /S > 0}. Then

d c
C 2 c

\JU \ \X

IT 1 /Ύ

> o >
r?> <

«}

a)

* |<x, η
x | < » , 07;

> >

> <

β)

β).

Consider the hyperplane H: {x \ζx, Xξ + (1 — λ)̂ )> = 0}, where Xa +
(1 — X)β = 0 and 0 < λ < 1. Then x* e H and, using the above ine-
qualities, dπH = 0 , i = 1, 2. Hence £* is not in fli(d U d)> and we
have ^ ( d U d ) c d* U d*. Conversely, if ^* e d* U d* - # i ( d U d ) ,
suppose without loss of generality that x*eC~ΐ. Then, by Lemma 1,
there exists a hyperplane H amongst {iίjΓ-i which does not contain
x* and which separates x* from d Then, if H* donotes the closed
half space containing d whose bounding hyperplane is if, x* g H* and
so #* e d*; contradiction. And so Hι(Cι U d ) = d* U C*, which is the
union of two polytopes. If C19 C2 are compact convex sets we choose
decreasing sequences {PΓ}~=i, {P2

w}»=i of polytopes such that d = Γ)»=i JP<%
i = 1, 2. Then, using the above notation,

(ii) Let W be the cube {x = (xL, x2, x5) \ - 1 ^ ^ ^ 1, i = 1, 2, 3}
in i?8, and denote by W{ the facet of W defined by &< - 1. Set d = TΓ^
d = 2ΐ^2, d = 3TF3. Let Bt-(1 ^ ΐ ^ 3) be the components of H2(\JUi d ) ,
where the indices are chosen such that, for all ΐ, d c B{. Clearly
(0, 0, 0) e BL as does, of course, the point (1, — 1, — 1) e Bι Π d However
we show that the line segment m: {x = λ(l, — 1, — 1) | 0 < λ < 1} is not
in Bίm Now d U d is contained in the half space {x \ ζx, (0,1,1)> ^ 0}
whose bounding hyperplane P passes through the points (0,0, 0),
(1, -1,1) and ( - 1 , - 1 , 1); P n aff W, is a line in direction (0, - 1 , 1).
If y e m, then y = μ(l, - 1 , -1) for some μ, 0 < μ < 1. Consider the
line I = y + {λ(0, — 1, 1) | λ real}. If z = (zLy z2J z3) e I then zx = μ < 1,
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i.e., z <£ CΊ. Also <s, (0,1,1)> = — 2μ < 0 which means that z g CΊ U C2.
Therefore I does not meet CΊ U C2 U C3, m does not belong to B19 and
JBi is not convex.

In [6] V. L. Klee proved that if all j t h projections of a compact
convex body C in Rn (j fixed ^ 2) are polytopes, then C is a polytope.
As a partial analogue to this for unions of two convex bodies we prove

THEOREM 5. Let CΊ, C2 be two disjoint compact convex bodies in
Rn such that each j ι h projection of CΊ U C2 (j fixed ^ 2) is the union
of two polytopes. Then (i) ext (CJ =; exp (d) and ext (CΊ) is countable
(i — 1, 2) δw£ (ii) ext (C )̂ is wo£ necessarily finite.

Proof. Let α be an extreme point of CΊ and we suppose, without
loss of generality, that a = 0, the origin of Rn. Then, to prove (i) it
is enough to prove that the convex cone K of outward normals to CΊ
at 0 is ^-dimensional. We assume that dim K ^ n — 1 so that K is
contained in an (n — l)-subspace Px, and seek a contradiction. Let P2

be an (n — l)-subspace which supports CΊ at 0. Of course Pλ Φ P2.
We can choose an (n — l)-subspace P 3 so that there exists a translate
of P 3 which strictly separates Cλ and C2 and such that the normal to
P 3 at 0 intersects Px only at 0. Then P 2 Π P 3 is a subspace of dimension
at least n — 2 and we choose an n — j subspace Q in P 2 Π P3. The
orthogonal complement S of Q in iϋw is a ./-dimensional subspace which
meets Px in a (i — l)-subspace. The projection of CΊ U C2 onto S is
the union of two polytopes. Further, as P 3 Π C2 = 0 , 0 is at positive
distance from proj C2. As 0 is an extreme point of proj CΊ, it follows
that 0 is a locally polyhedral extreme point for proj CΊ. Hence, in S,
the cone of outward normals to proj CΊ at 0 is i-dimensional. Further,
any (j — l)-plane H of support in S to proj CΊ at 0 can be extended
to an (n — l)-plane of support H + Q in Rn to CΊ at 0. Also, the
outward normals to these planes form a ^-dimensional convex cone
lying in S. Hence j = dim (K Π S) = dim (Pγ Π S) = j — 1; contradiction.
And so (i) is proved.

To prove (ii) we construct an example in iϋ3 of two convex bodies
CΊ, C2, both of which have a countable infinity of extreme points but,
nevertheless, each 2-projection of CΊ U C2 is the union of two convex
polygons. Let I = {x \ xL = x2 — 0, — 1 ^ x2 ^ 1} be a line segment and
S = {x I (xL — I)2 + x\ — 1, x3 = 0} a plane circle. By T we denote the
set of those points on S with ^-coordinate ±(l/n) for n = 1, 2, •••.
We take CΊ = conv{£ U T}, which is a compact convex body in i?3 with
extreme points T U {(0, 0, —1), (0, 0, 1)}. It is easily seen that there
is precisely one 2-projection of Cx which is not a convex polygon, and
that is in the direction (0, 0, 1). Further the only limit point of extreme
points of this projection is (0, 0, 0). Define C2 as a disjoint copy of
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<C1 formed by placing C2 above CΊ in such a way that their respective
major lines pierce the centres of their respective circles. From above,
every 2-projection of CΊ U C2 is the union of two convex polygons and
and both d and C2 are compact bodies with a countable infinity of
•extreme points.

3* Visual hulls of more general sets* The following problem
can be formulated.

Is the visual (virtual) (minimal) hull of a borel (analytic) set
in Rn necessarily borel (analytic)!

The answer is affirmative (Theorem 6) for virtual hulls and negative
(Theorem 7) for minimal hulls. Whilst it is not true (Theorem 8) that
the j t h visual hull of a borel set is necessarily borel, we have been
unable to decide whether or not the j t h visual hull of a borel or of an
analytic set is always analytic, except in the cases covered by Theorem
9. It is possible also that the j ι h visual hull of a convex borel (analytic)
set is a borel (analytic) set, and we include some partial results
(Theorem 9) in this direction. As before we denote by G] the Grass-
mannian of i-subspaces of Rn and by μά the invariant (with respect to
ϋn acting in the usual way on G]) measure normalised so that μ^G]) = 1.

LEMMA 2. Let A be an analytic set in Rn and denote by A* the
.set of those j-subspaces in Gn

ά which meet A. Then
( i ) A* is an analytic set in G] and hence A* is μd measurable.
(ii) // μj(A*) > a then there exists a compact subset A! of A

such that μό(Ar*) > α.
(iii) // A1 a A2 c is an increasing sequence of analytic sets

in Rn then μ, (UΠ=iΛ )* = ϋ r n ^ ft(A?)•
(iv) // A1 Z) A2ZD is a decreasing sequence of analytic sets

in Rn then /^(fl^iA;)* = l i m ^ μά(AT).

Proof ( i ) Let / be the set of irrational numbers in [0,1] and,
if i = (iίy . . . , ini ...) is a typical member of I expressed as a continued
fraction, set i \ n = (i19 , in). Then, as A is analytic, it can be
represented as A = Σ ί e 7 f | ^ i A(i | n) where the sets A(i \ n) form, for
each fixed i, a decreasing sequence of compact subsets of Rn. Then
A* = Σ e/ Γ\n=ιA*(i\ n). As each A*(i\n) is a compact subset of Gn

3,
we conclude that A* is an analytic set.

(ii) If μj(A*) > a + δ with δ > 0, then we can choose m19 1 g
mι < oo, such that if /x denotes the set of irrational numbers

i = ( i i ••• K • • • )

with ISii^rrii and A* = χ ί e 7 j L p|*=i A*(ί I n) t h e n Vάi^ί) > a + δ.



164 D. G. LARMAN AND P. MANI

Proceeding by induction we may define natural numbers mp, 1 ̂  p < oor

such that if Iq denotes the subset of those irrationals i with 1 ̂  ip <; m^
for p = 1, q, and A* = Σ i 6 / f f Γ\~=1A*(i \ n) then μ, (A*) > a + d. Let
/' be the compact subset of [0, 1] defined as the set of those irrational
numbers i for which 1 :g ip ^ mp for p = 1, 2, , and

A'* - Σ Γ\A*(i\n) .
ie 1' n — l

Then f|Γ=i A* = A'* and so ^-(A'*) ^ a + δ > α. Also

A' = Σ ή A(i I w)
i e i ' «, —1

is a compact subset of A, as /' is a compact subset of /.

(iϋ) JMUΓ=I A,)* - Λ (UΓ=i A?) = l i n w ^(Af).
(iv) Clearly ^(Γ)~ i A,)* ^ lim^TO ^-(A?). Now set μs(ΓiT=ι A,)* = a.

and suppose lim^oo μj(Af) > α + ε, for some positive number ε. By (ii)
we find a compact set B1 c A : such that μ,(Bf) ^ μj(A*) — ε/2. Now
we have A? = (B, f] A2)* U (A? - 5*), where

Aa* - Bΐ = {FeG]\F Γ)A2Φ 0 , but î 7 n B, = 0} .

Since A* c Af we derive further At c ( ^ Π A2)* U (A? - J3f), or
μj(Aί) ^ ^y(i?i Π A2)* + ε/2. Since J5X Π A2 is analytic there exists,
again by (ii), a compact set B2cz(B1 Π A2) such that

μj(B2r ^ ^ - ( ^ Π A2)* - ε/4

and consequently μ3-(B2y ^ μ3 (A2)* — (ε/2 + ε/4). Continuing this pro-
cess we obtain a decreasing sequence {Bi}?=ι of compact subsets of Rn

such that I?, c A o ΐ = 1, 2, - , and /^(J3?) ^ ;^ (Af) - χ ; = 1 ε/(2ί)). Then
Π~ i Bf = (ΠΓ=i 5,)* c (ΠΓ=i A*)*, and ^-(ΠΠ=i 5?) = ϋ m ^ /iy(Bf) ^ α;
but also lim^^ μ,(Bf) ^ lim^^ μ3(A*) — ε. Combining the last two<
inequalities we find lim^^ μ3{A{) ^ α + ε, a contradiction.

THEOREM 6. Lβ£ C be a borel (analytic) set in Rn. Then the jth-
virtual hull V3 {C) is a borel (analytic) set.

Proof. Suppose first that C is a borel set in Rn, and we need to>
show that Vj(C) is a borel set. If D is a subset of Rn and xeRn,
let D[x, n — j] denote the set of those n — j subspaces F in G;__i such
that (x + F) Π D Φ 0. If 0 < λ < 1 let D(n - j , λ) be the set of all
x in Rn such that μn_3-(D[x, n — j]) > λ. Let B denote the largest
family of subsets of Rn such that D e B if (i) D is a borel set in R/1.
(ii) JD(W — i, λ) is a borel set for all λ, 0 < λ < 1. We shall prove that
B coincides with the family of borel subsets of Rn, and it is enough.
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to show that B contains the open sets and is closed under the operations
of increasing union and decreasing intersection. If D is an open subset
of Rn, then it is easy to see that D(n — j , λ) is open for all λ, 0 < λ <1,
and so B contains all the open sets. Now suppose that {E^χ=ι is an
increasing sequence of sets in B and set E = U*~=i EiΛ We want to show
that for each λ, 0 < λ < 1, the equality E(n — j , λ) = \jT=iEi(n — j , λ)
holds. In order to do this we observe the following equivalences:
x e E(n - j , λ) <-> μn_j(E[x, n-j])>\~ l i m ^ K-j(Ei[x, n - j]) > λ <->
% € UΠ=i Ei(n — j , λ). Here the first equivalence holds by definition,
the second one follows directly from Lemma 2, (iii), if we observe
that this lemma remains true if M* denotes, for each M aRn, the set
M[x, n — j] (xeRn fixed). (The lemma itself is stated for the special
case where x is the origin of Rn.) The last equivalence again follows
immediately from the definitions, we only have to observe that the
sequence {Ei}?=1 is increasing. Now suppose that {iIJΓ=i is a decreasing
sequence of subsets of B and set H = f\?=1 -H*. Suppose λ fixed,
0 < λ < 1, and let m be a natural number such that λ + 1/m < 1.
Then, using (iv) of Lemma 2, we find by an argument analogous to
the one above, H(n - j , λ) = U?=m ΠΓ=i H{(n — j , λ + 1/p). Hence
H(n — j,X) is a borel set, and HeB. Therefore, B is the family of
borel subsets of Rn and so, in particular, CeB. Further V3{C) —
Π7=2 C(n — j,l — (1/p)) and so Vό(C) is a borel set.

To show that V3 (A) is analytic whenever A is analytic, we use the
well known result that there exists an Fσδ set K in Rn+ι such that
A is the orthogonal projection proj K of K into Rn (see, for example,
[8]). Call an (n - j + l)-subspace H of Rn+1 upright if H has the
form {H + λ(0, - , 0,1) | - oo < λ < oo} where HeGl^. Let Uj+1 be
the set of upright (n — j + l)-subspaces in Rn+1 with the measure μ'
induced by μ%_3- in the obvious manner. We can define Uj+1(C) of a
set C in Rn+1 as the set of all those points x in Rn+1 such that almost
all (with respect to μ') upright (n — j + l)-flats through x meet C.
As above, it can been shown that Uj+ι(C) is a borel set whenever C
is a borel set. Clearly proj Uj+1(K) = Fy(A) and, since the projection
of a borel set is analytic, we conclude that V3 (A) is an analytic subset
of R\

THEOREM 7. Let C be an open convex subset of Rn. Then assum-
ing the continuum hypothesis, C contains a minimal j t h hull D such
that every analytic subset of D is countable.1

Proof. We assume the continuum hypothesis and let Ω be the

1 As the referee pointed out, Theorem 7 may be a special case of a much more
general theorem on effective constructions.
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first uncountable ordinal. Let {Aξ}$<Ω be an enumeration of the analytic
subsets of Rn of (n — j)-dimensional measure zero; let {Hξ}ξ<Ω be an
enumeration of the (n — i)-flats which meet C. Let F be a fixed
(n — i)-subspace of Rn and denote by a a fixed set, which is not a
point of Rn. We now choose a set E = {Mξ}ξ<Ω and a collection of
translates {Fξ}ξ<Ω of F inductively as follows. Take Mγ e (Ifj. — Ax) Γϊ C
and let Fγ be a translate of F through Mγ. Suppose now that Mv, Fζ,
have been defined for all f' < ζ, where ζ is some ordinal proceeding
Ω. If Hξ is a translate of F we take Fς = Hζ and consider two
possibilities:

(a) If 3<f' < ξ such that Mv e Hξ then we take Mξ = a.
(b) If 3f' < ί such that Mξ, e Hξ we choose Mζ in the set (Hζ -

(Uf<e i7 f, U \Jt <$ Aξ,)) D C Such a choice is possible as Hς Π C has
positive (n — j)-dimensional measure whereas Hζ Π (Uf<e ^ f U Uf<f ̂ r )
has zero (w — j)-dimensional measure, being a countable union of sets
of measure zero. If Hξ is not a translate of F we find, by similar
arguments, that the set {Hξ - {\Jξf<ξ Hζ, U |Jf<ί Av U \Jξ<ξ Fξ,)) n C
is not empty. We choose Mξ in this set and let Fξ be the translate
of F through Mζ. We claim that the set D = E — a is a ^ t h minimal
hull for C which meets each analytic subset in at most a countable
number of points. To show that all j t i ι projections of D coincide with
those of C, it is enough to show that the j t h visual hull of D contains
C. Let x be a point of C and let P be an (n — i)-flat through x. Then
P is amongst {Hξ}ζ<Ω, say P = Hζ,. If Mξ, Φ a then Mξ, e D Π Hv. If
Mξ, = a then 2M$,,, ξ" < ί', such that Mξ,,eD n iϊί ' . In either case
P meets D and so # e Hά{D).

If Z) is not minimal then there exists Mξ, ί < Ω, such that

Hj(D - Mξ) = C .

But, projecting C and Z> — Mζ onto the orthogonal complement of F
we see that by construction pro j C Π pro j Fξ Φ 0, but pro j (D — Mξ) Π
proj F$ = 0. Hence D is a i ι h minimal hull for C. Finally, suppose
that B is an uncountable analytic subset of J5. If B has positive j -
dimensional measure then it is possible to find an uncountable analytic
subset of B of zero ^-dimensional measure. Hence it can be supposed
that B has zero ./-dimensional measure and so B = Aζ for some ξ < Ω.
But Aζ = Aξ f] D a \Jξ,<ξ Mξ,, which is countable; contradiction.

Of course, if G is an open or compact set in Rn then H3(G) will
accordingly be an open or compact set. Apart from these cases it does
not seem entirely trivial to determine the nature of Hd(G) for a given
subset G of Rn. Here we prove the following

THEOREM 8. ( i ) There exists, in the plane R\ a borel set C
such that H^C) is analytic but not borel.
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(ii) If D is an Fσ-subset of Rn then H3(D) is the complement
of an analytic set.

REMARKS. We note that by (i) if C is analytic then H^C) is not
necessarily the complement of an analytic set. To disprove the state-
ment that whenever A is analytic then H3{A) is analytic, it would be
enough, using (ii), to find an ^-subset D of Rn such that H3(D) is
not borel. (Notice that, a subset, M of Rn is borel if and only if M
and Rn — M are both analytic. Compare, for example, [5]).

Proof. ( i ) As already observed, every analytic set in R1 can be
represented as the projection into R1 of some Fσδ set in R\ Let A
be an analytic subset of R1 such that A is not a borel set and let B
be an Fσδ set in R2 such that proj B = A. Take C to be the union
of B and the "τ/-axis" (Rι)L. Then it is easily seen that H^C) is the
union of all lines which are parallel to (Rι)L and contain a point of C.
However this is not a borel set as H^C) Π R1 = A U {(0, 0)} is not a
borel set.

(ii) We define a complete separable metric space Ωy whose points
are the (n — j)-flats of Rn, as follows. For each (n — i)-flat F in Rn

let y be the nearest point of F to 0 and set F Π {Sn~ι + y) = F. Then
the distance p(F, F') of two (n — i)-flats in Ω is defined as the Haus-
dorff distance of F, F" in Rn. Let J9 c Rn be an ί7, set, say D =
UΓ=i A with Di(zDi+ly each Dtf compact, i = 1, 2, •••. Let Df, i =
1,2 ••• denote the closed subsets of Ω such that FeD* if F meets
Di in Rn. Similarly defined, relative to D, is D*. Then Z>* = (JΓ=i A*
and so D* is an jPσ subset of Ω. Hence Ω — D* is a G5 set and so,
in particular, Ω — D* is an analytic subset of Ω. Set

Ω-D* = Σ Γ I A ( i b ) ,

where the A(i \ p), p = 1, 2, , form a decreasing sequence of compact
subsets of £?, for each ie I. Set

Bm = {x\xe Rn, —m^Xi^m.i^l, , n) .

Let iTTO(i I p) be the closed subset of Bm such that x e Km(i \ p) if x is
contained in an (n — j)-ήat F with F e A ( ί | p ) . Similarly, we define
Km c # m relative to Ω ~ D*. Then iΓm = Σ<e/ Π^i ^"«(ί I P) is an ana-
lytic subset of Rn and so, therefore, is K = UΞ=i -̂ » We claim that
Hά{D) = Rn — K. It xe K then xe Km for some m and so a; is contained
in some (n — i)-flat F which is contained (in Ω) in some set ΠΓ=i ̂ .(^ I ί>)
Hence FeΩ — D* which means that ΐ 7 does not meet D; i.e., x g Hj{D).
Therefore Rn — KZD HJ(D). Conversely if x £ H3(D) then there exists an
(n — j)-flat F through x such that F does not meet D. Hence F e Ω —
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Z>* and so F e Π~=iMi IV) for some iel. Hence x e Π?-i KJS \p) for
some positive integer m, i.e., x e K. Therefore Rn — K(zHa(D) and
so Hj(D) = Rn — K is the complement of the analytic set K.

DEFINITION. An irregular point x of some closed convex set C in
i?3 is an extreme point x of C such that x lies in two distinct 1-faces
llf l2 of C, with neither of ίx, l2 being contained in a 2-face of C. Let
C be a closed subset of a simple closed curve in the plane OXY. We
say that a set B c C x ( - o o , c o ) is vertically convex if every line
which is perpendicular to OXY meets B in a (possibly empty) line
segment. We shall make use of the following immediate corollary to
a theorem of K. Kunugui [7].

LEMMA 3. (Kunugui) Let B be a vertically convex hovel set in
C x (— oo, oo). Then the projection of B into C is a borel set.

As an immediate consequence of Lemma 3, we have

LEMMA 4. Let B be a vertically convex borel subset of some ver-
tically convex closed subset D in C x (-oo,co), Then the set D Π
{(proj. B) x (— oo, oo)} is a vertically convex borel set.

In [9] the authors have derived properties of visual hulls for the
class of convex sets. Our contribution in this direction is

THEOREM 9. ( i ) If C is a convex borel (analytic) set in R3

then H2(C) is a borel (analytic) set.
(ii) If C is a convex borel (analytic) set in Rz and C does not

have irregular points then H^C) is a borel (analytic) set.

Proof. ( i ) We first show that if C is a convex borel (analytic)
set in R2 then H^C) is a borel (analytic) set. If dim C — 1 then the
result is trivial and so it can be supposed that dim C — 2. Note that
C° c H^C) c C. Let the 1-faces of C be {F^. Then

Π (C - U F,) = C -
i - i

which is a borel set. Let {F{JΓ=1 be the 1-faces of C which meet C
Then relint Fiu c H,(C) Π Fκ, v = 1, 2, -. . The two endpoints of Fiv

may, or may not, be in H^C). Nevertheless, i/Ί(C) differs from the
borel set (C — UΠ=i Ft) U UΓ=i relint Fiv by at most a countable number
of points. And so H^C) is a borel set. Similarly, if C is a convex
analytic set in R\ then Hγ(C) is an analytic set. Suppose now that
C is a convex borel set in R\ If dim C ^ 2 then H2(C) = C, and so
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it can be supposed that dim C = 3. Let {î }Γ=i be an enumeration of
the 2-faces of C. Then each F4 is closed and H2(C) f] (C - UΓ=i ^ ) =
C Π (C — UΓ=i -ί7*)* which is a borel set. As H2(C) c C, it is now enough
to show that H2(C) Π JP* is a borel set for i = 1, 2, . . . Let H[(CΓiFi)
denote the first visual hull of C f] Ft relative to aff Ft. Then, from
above, H[(C Π Ft) is a borel set. Let {-F* .}~=i be an enumeration of
the 1-faces of Ft. Then H2(C) Π (Ή - UΓ=i Fiή) = ^ ' ^ n F*> ~ U~=i Ήy
which is a borel set i ζ , say. Let {i^.J^i be the 1-faces of Ft which
meet C and have the property that the only plane of support to C
which contains Ft. is aff i^. Then relint Ft. czH2(C) and the end
points of Ft may or may not be in H2(C). Hence H2(C) Γϊ Fi differs
from the borel set Kt U (UΓ=i relint Fiju) U (UΓ=i (Fi3- Γi C)) by at most
a countable number of points. Therefore H2(C) Π Ft is a borel set,
and so, therefore, is H2(C). Similarly, it can be shown that if C is
a convex analytic set in R3 then H2(C) is an analytic set.

(ii) Again we shall prove the result for convex borel sets, and
indicate at the end the modifications required for convex analytic sets.
Let {n}Γ=i be an enumeration of the rational numbers and let Pik denote
the 2-flat {x | xk = r j k = 1, 2, 3; i = 1, 2, . For each i, i, fc, let J5(ΐ, i , &)
denote the closed set formed by the point set union of all maximal
line segments in C — C° which meet both both Pik and Pjk. Let {Gm}Z=ι
be the 2-faces of C. If a 2-face Gm of C meets B(i, j , k) then Gm meets
CiiCt = (C - C°) ΓΊ P J and C^C,- = (C - C°) n Pyt) in line segments l i m

and l i m respectively. Let 1^, l2

m denote the (at most) two maximal
line segments in Gm such that each segment contains an endpoint of
lim and ljm but lι

m and l2

m do not intersect except possibly at end
points. Set C* = (C — C°) Π P, where P is a plane parallel to PίA; and
lying strictly between Pik and Pjk. Then Gm cuts C* in an interval
/ w . Let l m denote the subinterval of Im with endpoints 1^ Π C*, lϊ» Π C*,
and let 11 be the relative interior of l w . Then

is a closed subset of C*. If xeC, let ί denote the unique maximal
line segment in B(i, j , k) which passes through x and meets Cx and C2.
Let X denote the closed set formed by the point set union of the line
s e g m e n t s x , x e C, and set Q(i, j , k) = {y\y eX,3xeC',xf)CΦ 0 , y ex}.

We now show that Q(i, j , k) is a borel set. Every point y of X can
be given a coordinate vector y = <&% hy, where y ex and h is the
height, relative to the j t h coordinate, of y above C*. Because C does
not have irregular points, the number of points y in X which receive
two different coordinate vectors is countable. Let Φ be the mapping
X — C * x (-oo, oo) defined by taking Φ<x, h> = (x, h),xeC. Then
K is a borel subset of X if and only if Φ(K) is a borel subset of the
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closed set Φ(X). Hence Φ(C Π X) is a vertically convex borel subset
of C x ( - oo, oo). Hence the set D = X n {proj Φ(C n -X") x ( - °°, °°)}
is a convex borel set and so Q(ί, j , k) = Φ~ι(D) is a borel set. Hence
the set R(i, j , k) — Q(i, j , k) — | J ^ i Gw is a borel set. Consider now
the set S = \Ji,j,kR(hJ, k) and consider the borel set T defined as the
point set union of all 1-faces of C which are not contained in some
2-face of C. We assert that the set Hj(C) = Ht(C) Π (T - \JZ^Gm)
equals S. For if y e Hl(C) then, because C does not have any irregular
points, there exists a unique 1-face I, not contained in Um=iGm, such
that ye I. Then y e H^C) if and only if I f) C = 0 , which happens
if and only if I c Q(i, j , k) or in other words y e R(i, j , k) for some
i, j , k. Hence Hl(C) = S. Let V denote the borel set of exposed
points of C and Hl(C) = VΠ HX(C), H*{C) - U==i (H^C) Π (Gm - F)).
Now JΪL(C) = Hl(C) U fl"ί(C) U ίίi3(C). Hl(C) = S is a borel set and,
since Hΐ(C) — V f] Cy Hl(C) is a borel set. Hence it is enough to show
that 11,(0) n (Gm - V) is a borel set for all m. Now let {GTOi/}Γ=i be:
those 2-faces of C which meet C. Then relint GWv c H?(C) for all v.
Let {Gm^=1 be the 1-faces of Gmv. Then either relint Gmvn c fί^C)
or relint GWiyn Π -ffίίC) = 0 . Then the endpoints of Gmu% may or may
not be in Hl(C). Let Hm be the countable set of those endpoints of
{Gm̂ }Γ=i which lie in H((C) and let {Gmvnμ}γι=ι be the 1-faces of Gmυ

whose relative interiors are contained in Ή.\(C). We have Gmu Π Hl{C) —
relint Gm^ U (U*=i r^lίnt Gmv% ) U Hm, which is a borel set. If, on the
other hand, a 2-face of C does not meet C, its intersection with Hl(C)
is empty. Therefore Hf(C) Π Gm is a borel set for all m, and ίί^C)
is a borel set.

For the case when C is an analytic set, say C = Σ»e/ f|Γ=iC(i | n)
in the usual representation, the only modification required to the above
proof is to show that the set Q(i, j , k) is an analytic set. With the
previous notation, Q(i \n) = {y\yeX,lxeC',xΓi C(i | n) Φ 0 , y e x}.

Then Q(i \n) is a closed set and Q(i, j , k) = Σiez ΠΓ=i Q(ί I n). There-
fore Q(i, j , k) is an analytic set.
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ON GROUPS OF LINEAR RECURRENCES II.
ELEMENTS OF FINITE ORDER

R. R. LAXTON

For each quadratic polynomial f(x)eZ[x], whose ratio of
roots is not ± 1 , a group G(f) of equivalence classes of certain
linear recurrences with companion polynomial f(x) has been
constructed by the author. Its structure was shown to be
connected with the structure of the sets of prime divisors of
the linear recurrences. The group G(f) is infinite but its
torsion subgroup is finite and usually, but not always, con-
sists of just two elements; the class of the Lucas sequence
^ = [0,1] of fix) and the class of the recurrence If = [2, P]
associated with f(x). This subgroup is completely determined
here for each polynomial f(x). In 1961 M. Ward raised the
question whether (^J^) and ( I f ) are the only classes whose
sets of prime divisors can be characterized globally. It is
shown in this article that there are groups G(f) with elements
of finite order, other than CJ^) and ( gf), whose prime divisors
can be similarly characterized.

We shall use the notation and results of [1]. Part of the object
of defining the group structure G(f), where f(x) = x2 — Px + Q e Z[x]
and (P, Q) = 1, is to determine those recurrences among the set of
all recurrences with companion polynomial f(x) which are in some
sense special. Probably the true sense of special would mean those
recurrences which have peculiar arithmetical properties not shared
by the remaining ones.1 For example, the Lucas sequence ^ = [0, 1]
of f(x) is such a recurrence and so to all intents and purposes is the
sequence g7 = [2, P] of f(x). Both {J?) and (gf) are of finite order
in G(f); here we interpret 'special' as meaning of finite order in
<?(/). There are only a finite number of such elements in G(f);
furthermore if (W~) e G(f) and ( Ύ^f = ( ^ ) it would seem that the
arithmetical properties of "W" are fairly closely related to those of
<J\ This is so for (gf) and for the other elements ( j^) and ( ^ )
of order two in G(f) (when they exist); for example see Theorem
4.6 of [1] and the final paragraph of that paper. Also some pro-
perties of recurrences of finite order are readily deducible which,
although they may be true for most or even all recurrences, are not so
easily proved in full generality (see for example [1], 3.9.1). Here we
determine the structure of the subgroup of elements of finite order.
Then we shall show by means of examples that the prime divisors of

1 An article "On groups of Linear Recurrences III. Arithmetic properties" is in
preparation.
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some elements of finite order (other than ^ and g?) can be charac-
terized globally—thus some elements of finite order are even special
in the arithmetical sense. Finally we add a few words concerning
elements of the group which are locally finite everywhere.

!_• The elements of finite order in G(f). We shall carry out
the computations only when f(x) is irreducible over Q; The results
remain valid when f(x) is reducible but involve slightly longer cal-
culations. Let "W e F(f) be given by

(1.1) wn = (Aθϊ - B

for all neZ, with A = wγ — wQθ2J B = wx — wβγ, w0, wte Z and
(w0, Wj) = (Q, w,) = 1. Thus Ύ/^ is a reduced recurrence (see beginning
of § 3 of [1]).

We denote the subgroup of elements of finite order in G(f) by
H(f). Thus (W~)eH(f) if and only if 7/^m = J^ in F(f) for some
positive integer m. But this holds exactly when

(1.2) (w, - w,θ2)
m = dθl

for some n, deZ. We conclude that (AB)m — d2Qn and as Ύ^ is
reduced that (d, Q) = 1. Thus both d2 and Q% are m-th powers in
Z\ put d2 = gm, g eZ, and on squaring both sides of (1.2) obtain

(1.3) (wL - wMm = 9mΘT .

It follows that if tW"m> = <J\ then some m-th root of θf lies in Q(θλ)
and if we denote this root by ^θ\n we get

(1.4) (w, - woθ2γ = gζ "tfθψ

for some n, g eZ and some m-th root of unity ζ e Q{θx).
We remark that if ζ, m, n are fixed, the solutions (W) e G(f)

obtained from (1.4) are independent of g.
Now we do have a solution to (1.4) when n = m and ζ = 1,

namely ( ^ ) and (g7) (see § 4 of [1]). So we may take n/m to be
the least positive number for which (1.4) has a solution with
w0, wlf g e Z and some root of unity ζeQ(θ1). It follows that 0 <
n ^ m and that ^ divides m. The latter is clear since if we put
t — 1 ^ m/w < £, then m = tn — s, 0 ^ s < n and on substituting in
(1.4) with both sides raised to the power t we obtain ((w1 — w0θ2y)2 =
0tζί02^02.β Hence if (1.4) has a solution so does this equation, but
s/m < w/ra so that s — 0. If we put kn — m, k e Z, then 1/k is the
least positive number for which there exists a solution wQ, wt1 g, ζ to
(1.4); if another solution exists for some m = m' and n = nr, then
n'jm' = ί/A; for some teZ, 0 < t ^ k. Therefore all elements of H(f)
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are obtained by solving the k equations

(l.δ.t) (w, - w0θ2)
2 = gζ k4θf , ί = 1, 2, , fe

for some w0, w19 g e Z and some root of unity ζ e Q(θj).
The solutions obtained from the equation (1.5.k) are (%Jr) and

(g7) and if (W) is one solution of (l.δ.t), the other is (W&).
Since ζeQ(θ1) it can only take the value ± 1 , ±i and ±w, ±w\
where w is a complex cube root of unity. So we have three cases.

Case 1. Here we assume that Q( x̂) contains no complex root
of unity. We are left with solving (l.δ.t) with ζ = 1. Let

f) e H(f) be the solutions derived from (1.5.1); then
f)2 and so provide one solution of (1.5.2), ( ^ )3 ^ ( ^ if)3 are

the two solutions derived from (1.5.3), and similarly up to the solu-
tions (W~)k and (W^Y obtained from (l.δ.k) the solutions of which
are, as mentioned above, (<J^) and ( 8 ) . If k is odd then (W")& Φ
(CW'^Y and so one of them is (g7), say (2^T = (if). Then clearly
i?(/) = ζ(W~)y = Z2k, a cyclic group of order 2k. If k is even and
(:l^Y = (SO has a solution in G(f) (see § 4 of [1]), then necessarily
(W~)k = (W~&)h = C<f) and again H(f) = <(^ ')> = Z2fe. On the
other hand, if ( j^) 2 = (g7) has no solution in G(/), then ( ^ )& =
(^ίf)k = {^) and it follows that H(f) = <(5^")> x <(έΓ)> ~ Zkx Z2

(direct product).
If /(&) is reducible over Q, then we have to solve simultaneously

(wι - w0θ2)
2m = gmθ\n and (wx - wβγf

m = flrm^w and consequently
(wx - _w0ί2)

2 = / ^ ^ F and (w, - wAY = 9^W or (w, - w,θλ)
2 -

-g^θT. We have proved

THEOREM 1. Let Q{θx) Φ Q(i) or Q(w) and k be the maximal
positive integer such that (wι — w0θ2)

2 = gζ^θ\ and (wλ — WQΘJ2 =
gζ^θl have simultaneous solutions with wu wQ, geZ and ζίy ζ2 = ± 1
(which are identical if Q(θ1) Φ Q). Then the subgroup H(f) of
elements of finite order in G(f) is isomorphic to Z2k when k is odd
or when k is even and (J2^)2 = (&) has a solution in G(f) and is
isomorphic to Zk x Z2 when k is even and (Jέf")2 = (if) has no solu-
tion in G(f).

The condition of the theorem implies that Q is a unit times a
k-ih power in Z. By Theorem 4.5 of [1], (X)2 = (E) has a solution
in G(f) when and only when — (P2 — 4Q) or —Q(P2 — 4Q) is a square
in Z. Since Q(θί) Φ Q(ϊ) this can only happen when Q is the nega-
tive of a square and P 2 — 4Q is a square, i.e., f(x) is reducible
over Q.
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EXAMPLE. f(x) = (x — 4)(x + 9) so that Q = — 62, fc is even and
H(f) ~ Z4. Direct calculation shows that # ( / ) = {[5, -19], [2, -5],
[1, —35], [0, 1]} and is obtained by solving (w, + wo9)2 = /(4) and
(w, — wo4:)2 = — /( — 9) simultaneously.

Case 2. Q^) = Q(ί). The equation (wx — w2θ2)
2 = ei has a solu-

tion WQ, w1? eeZ; let us denote the resulting solution in G(f) by (5O
Then ( ^ ) , (5>/ ), (3O2 and ( ^ ) 3 are all distinct and (5O4 = ( ^ ) .
Furthermore (3O2 is derived from a solution of (^ — ίo#2)

2 = g e Z
and so must be (if). It follows that if we obtain all the solutions
of the equation (1.5.t) with ζ = 1 we get all elements of H(f) com-
bining these with the powers of ( 3 θ

Let {W) and (cW$ί) be solutions of (1.5.1) with ζ = 1; then all
solutions of (1.5.1) for all ζ are (Ύ/^\ (Ύ/^tf), (2^3Π and
Then two solutions of (1.5.2) are ( ^ )2 = ( ^ ^ ) 2 and (

V'&y = (WT(&), all four solutions of (1.5.3) are (5^ )3,
yy and ( F ' ^ ^ ) 3 and similarly up to the solutions (^"*)*,

(WrS?)k (W^y and (W~<?'~%')k obtained for (1.5.k) (the solutions
of which are ( ^ ) , (if), (5 "̂) and (^"g3), for all possible values of
ζ). If & is odd then the four solutions obtained are all distinct and
so one is ( ^ ) - s a y ( ^ T = ( ^ ) Then H(f) = φp-)> x <(3O> =
Zfc x Z4 (direct product). If fc = 2 (mod 4), then the distinct solutions
obtained are (7/y and (Ύ/y{W) one of which must be ( ^ ) . So
we have the same result. If k = 0 (mod 4) all our solutions in G(f)
obtained for (l.δ.k) are identical to (W~)k. Now we already have
two solutions of the equations ( ^ ) 2 = (£?), namely {<%?') = ("¥") and
(Ύy~ίf). Such an equation can have no, two or four solutions in
G(f) (see [1] 4.5). If then only two solutions exist, (Ύ/:')k = {J^)
and again our group H{f) = ζ(W )y x <(5 "̂)> =^Λ X Z4; if four solutions
exist we have (W~)k = (if) and Jϊ(/) = <(c^^)> x <(c^ 3O> = ZA x ZA.
Thus

THEOREM 2. Le£ θ(^i) = Q(ί) and k be the maximal positive
integer such that (wL — wQθ2)

2 = gζ k^θ\ has a solution wίf w0, g e Z
and ζ a fourth root of unity. Then H(f) is isomorphic to Z4k if
k is odd, to Zk x Z4 if k — 2 (mod 4) or if k — 0 (mod 4) when
( j^γ = (g) has only two solutions in G(f) and to Zk x Zk when
Jc = 0 (mod 4) and (J^Y = (g7) has four solutions in G(f).

Again the condition of the theorem implies that Q is a unit
times a k-th power in Z. Since P2 — 4Q is the negative of a square,
the invariant Δ(^) = — (P2 — 4Q) is a square and so {<%?)2 = (if) has
four solutions in G(/) only when Q is also a square in Z and then
G(f) has three elements of order two (see [1], 4.6).
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Case 3. Q{θx) = Q(w). The equation (w1 — w0θ2f = ew has a
solution w0, w19 e e Z; denote the resulting solution in G(f) by (3^)
Then ( ^ ) , (T), (T)\ {T)\ (T)\ (Tf are all distinct and (T)6 =
{J?"), Furthermore (Tf = (g7); the equation (JT)2 = (gf) has no
solution in G(f) (since — (P2 — 4Q) = 3 times a square in Z and so
is not a square, and —Q(P2 — 4Q) cannot be a square in Z also). If
CW) is one solution in G(f) derived from (1.5.1) with ζ = 1, then
all solutions derived from (1.5.1) for all ζ are (5^), {WT\ {Ύf~T\

^), O^Tr£), (Ύ^Tlr<g). Among the solutions derived from
) are {Ύ/^)\ {Ύ^T)\ {W~T2)\ (^gf)fe, {WT&)k and

T^f. If k is odd, then {Ύ/^f and ( ^ gf)& provide the two
distinct solutions obtained from (1.5.k) with ζ = 1 and so at least
one of them is ( ^ ) ; say {Ύ^)k = P Π , then H{f) = <(^^)> x <(3 )̂> -
Zk x Z6. If fe is even, neither (W~)k nor (WcgY can be (g7) (since
otherwise (<^)2 = (g7) would have a solution in G(/)) and so both
must be ( ^ ) , Hence again iί(/) = <(^^)> x <(3 )̂> = ZΛ x Z6.
Therefore

THEOREM 3. Let Q(θ^) — Q(w) and k be the maximal positive
integer such that (wι — w0θ2)

2 = gζ ^θl has a solution wl9 w0, g e Z
and ζ a cube root of unity. Then H{f) ~ Zk x Z6.

2* Prime divisors of elements of finite order* At present
the only known way to determine if a prime p, (p, Q) = 1, divides a
general linear recurrence Ύ/^ is to examine any p + 1 consecutive
terms of Ύ/λ~\ p is a divisor of Ύ/^ if and only if it divides one of
these terms. Such a characterization we shall call local. On the
other hand every prime divides (^f) and a prime divides the element
(g7) of order two in G(f) if and only if its rank of apparition in ^
is even. M. Ward in [3] termed this a global characterization of the
prime divisors of («J )̂ and (g7) and raised the question whether these
are the only two recurrences (for a given companion polynomial f(x),
or in our terminology, in G{f)) for which the prime divisors can be
so characterized. Here we show that there are other elements of
finite order besides {^) and (g7) where prime divisors can be globally
characterized. Although we have not made an exhaustive study we
suspect that there are other elements of finite order whose prime
divisors are globally characterized. But it is not clear that every
element of finite order has this property, for example, we know that
an odd prime of odd rank of apparition in <J^ is a divisor of one
and only one of the two linear recurrences (jy), ( ^ ) of order two
in G(f) (when they exist) but we cannot at present say which re-
currence of the two such a prime divides. Nevertheless, we are
tempted to conjecture that if an element of G(f) has its prime
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divisors globally characterized, then it is of finite order.
We consider the example of an element of order four considered

previously; here H(f) = {(T), (Tf = (gf), {Tf = (T&), (T)A =
where T = [5, -19] and Tcg = [1, -35]. Since both (T) and
generate H(f) they have precisely the same prime divisors; by
Theorem 4.3 of [1] there is a labelling of the terms of 5^ and cy^' =
5^gf, say vn and wn, such that vnwn = de2n+k for all neZ, some
de Z and k = 0 or 1. Comparing the first two products we see that
vnwn = — β2n+1, where v0 = 5, vx= — 19, w0 = 1, w1= —35, eQ = 2 and
ex = —5. Since i2w = iΛβΛ for nonnegative integers, where ^ — [0, 1],
iQ = 0, ii = 1 is the Lucas sequence of G(f), it follows that the odd
prime divisors of both (T%) and {W) are precisely those of rank
An + 2, w = 0, 1, . Thus the prime divisors of {T) and (S^g7) have
been characterized globally.

Now consider the group (?(/), where /(a;) = α;2 — 5α; + 7. The
group has two elements (T) = ([1, 3]) and (FT) = (F2) = ([1, 2]) of
order three. Since these two elements generate the same subgroup
of G(f) they have the same prime divisors. If we put v0 = 1, vι = 3,
w0 = 1, ^i = 2, ΐ0 = 0, ii = 1, then we deduce that Svnwnin = i3n for
all n and consequently it follows that the prime divisors of (Y*) are
precisely those of rank 3n, n = 1, 2, . Again the prime divisors of
ijΓ) and (Ύ)2 have been characterized globally.

Both these examples admit of some generalization.

3* Elements which are locally finite everywhere* To say
that an element ("W) of G(f) is locally finite everywhere means that

is of finite order modulo G(f,p) for all primes p, i.e.,
eH(f,p) for all p (see after Corollary 3.4.1 of [1]). Now

H(f, p) 2 K(f, p) with equality for all p, which are coprime to
Q(P2 — AQ). Here we discuss only the case when Q = ± 1 . Then
(W)eK{f) = Γ[pK(f,p) if and only if the reduced elements of (W)
have invariant ± 1 . It can be shown that Δ(W~) = ± 1 implies
(^~) = (/) except in the following two situations: when f(x) =
x2 - Sx + 1 with <W = [1, 1] and f(x) = x2 + 3x + 1 with ^ ^ =
[ — 1,1]. Referring to the remark after Theorem 4.4 of [1], we see
that both these exceptional sequences are of order two; K(x2 — Zx + 1) =
( ( ^ ) ) , K(x2 + Sx + 1) = ((J*0) and K(x2 - Px ± 1) = ((^^)) in all
other cases. Now if (e%^)eΓiPH(f,p), when (^^)fc e K(f) for some
UΓGZ and so we may conclude by means of Theorem 3.7 of [1] that
the elements which are locally finite everywhere are precisely the
elements of finite order in G(f).

REMARKS, (a) The sequence & given above is a sequence of
alternate terms of the Fibonacci sequence, the sequence J ^ is similarly
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related apart from signs, and the two exceptional groups G(x2 — Sx + 1)
and G(x2 + Sx + 1) are isomorphic.

(b) If Q is not a unit the situation is quite different. To begin
with things are complicated by the fact that one cannot use reduced
elements alone in discussing the subgroup K. The above result that
an element which is locally finite everywhere is of finite order is not
true in general.

(c) We can generalize a result of A. Schinzel given in [2] to
show that if (5^") e G(f, p) for all primes p with at most a finite
number of exceptions, then
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THE ADJOINT GROUP OF LIE GROUPS

DONG HOON L E E

Let G be a Lie group and let Aut(G) denote the group
of automorphisms of G. If the subgroup ϊnt(G) of inner-
automorphisms of G is closed in Aut(G), then we call G a (CA)
group (after Van Est.). In this note, we investigate (CA)
property of certain classes of Lie groups. The main results
are as follows:

THEOREM A. Let G be an analytic group and suppose that
there is no compact semisimple normal subgroup of G. If G
contains a closed uniform (CA) subgroup H, then G is (CA).

THEOREM B. If G is an analytic group whose exponential
map is surjective, then G is (CA).

In [3], Garland and Goto proved that if an analytic group G con-
tains a lattice, then G is (CA). Since a lattice in a solvable group is
a uniform lattice, it is finitely generated and so the automorphism
group of this uniform lattice is discrete, and thus this lattice is
trivially a (CA) subgroup. Thus Theorem A generalizes the above
theorem of Garland and Goto for solvable groups. Theorem B is an
improvement of the well known theorem that every nilpotent analytic
group is (CA) (see [2]). In §1, we introduce some notation and
preliminary materials. §2 and §3 are devoted for the proofs of the
main theorems together with their immediate corollaries.

1* Preliminaries and notations* The group Aut(G) of auto-
morphisms of locally compact a topological group G may be regarded as
a topological group, the topology being the (generalized) compact open
topology defined as in [5]. Thus, if we denote by N(C, V) the set
of all θ e Aut(G) for which θ(x)x~ι e V and θ-ι(x)χ-χ e V whenever xeC,
then the sets N(C, V) form a fundamental system of neighborhoods
of the identity element of Aut(G) as C ranges over the compact sub-
sets of G and V over the set of neighborhoods of the identity element
of G.

If G is an analytic group and ^ its Lie algebra, then Aut(G)
may be identified with a closed subgroup of the linear group Aut(g^)
of automorphisms of <&. Under this identification, Int(G) coincides
with the adjoint group Int(S^), which is generated by eadx, J e g f where
ad denotes the adjoint representation of &. Thus the (CA) property
of analytic groups are entirely determined by their Lie algebras. In
particular, if G is a covering group of G and if G is (CA), then so is
G. This fact is used in the proofs of the main theorems.
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Throughout this paper the following notation is used: If A is a
subgroup of G, then IntG(A) denotes the subgroup of Int(G) which
consists of inner automorphisms induced by elements of A. Thus
IntG(G) is merely equal to Int(G). The center of G is denoted with
Z(G). Also if xeG, then Ix means the inner automorphism induced
by x.

2* Proof of Theorem A* Let H be a closed uniform subgroup
of an analytic group G, and Ho its identity component. Then H/Ho

is finitely generated. In order to see this, let G be the simply con-
nected covering group of G, H the complete inverse image of H under
the covering projection and So the identity component of 3. Then
since the covering projection induces an epimorphism H/Ho —> H/HQ, it
suffices to show that H/Ho is finitely generated. Nothing that G/HQ

is simply connected (see, for example, Mostow [7], Corollary 1, p. 617),
we can identify the discrete group H/Ho with the fundamental group
of the compact manifold G/H. As the fundamental group of a com-
pact manifold is finitely presented, it follows that H/HQ is, in particu-
lar, finitely generated.

Now we can apply a theorem of Hochschild ([5], Th. 2, p. 212)
to see that if H is a closed subgroup of an analytic group, then Aut(£Γ)
is a Lie group.

The following lemma enables us to assume that G is simply con-
nected.

LEMMA. Let H be a compactly generated Lie group and A a closed
discrete central subgroup of H. Let H = HI A. If H is a (CA) group,
then so is H. In fact, Int(H) is a topological extension of a discrete
group by Int(iϊ).

Proof. Let π: H-+&IA = H be the natural map and define χ:
Int(JΪ) —Int(iϊ) by χ(h) = Iπch), for heS

( i ) χ is continuous. To see this, note first that we can find a
compact nighborhood D of 1 in H which generates H. Now let C be
a compact subset of H and U a neighborhood of 1 in H. Then we
have to find a compact subset C of H and a neighborhood U of 1 in
H so that χ(N(C, U) Π Int(iϊ)) g N(C, U) Π Int(iϊ). Since πφ) - D
is also a compact neighborhood of 1 which generates H, we can find
a positive integer k such that C aDk by using the compactness of C.
Now letting C = Dk and U = π~~\U), it is easy to see that (C, U) is
a desired pair. Hence χ is cotinuous.

(ii) χ is open. In fact, since H is (CA), the canonical map
H/Z(H) —> Int(ίf) is an isomorphism of topological groups. Hence (ii)
follows from the following commutative diagram
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H/Z(H) > H/Z(H)

i I
lnt(H) > lnt(H)

where the left vertical map is always continuous and the top one is
open.

(iii) The kernel Ĵ Γ~ of χ is a discrete subgroup of Aut(JΪ) and
hence is closed in Aut(Jΐ). To see this let 3ίΓ be the closure of 3ίΓ
in Aut(ίf), and J l^ the identity component of 3?~. Since Aut(i?) is
a Lie group 3ίΓ\^t\ is discrete.

Since J%Γ = Ker(χ) and since A is central in H every element of
J3Γ induces the identity map on H = H/A and on A. Hence θ e JyΓ
implies that θ = 1 on A and θ = 1 on H = ίϊ/A, which implies that
Θ(h)h~ιeA for heβ.

Let hefϊ be arbitrary and define ηι\ 3F —> A by 3 (̂0) = θ(h)h~\
θ e J%^. Then rji is continuous and thus ijk(J%Γ0) is connected in the
discrete A. Since ^^(^^o) contains 1, rjiX^fl) — 1 and this then im-
plies that θ(h) = h for all θ e 3r*. Since h is arbitrary, j ^ ς = 1 and
3Γ is discrete. We have thus shown that 3ίΓ is a discrete sub-
group of Aut(iϊ) and hence J3Γ is closed in Aut(if).

(iv) Since (Int(#)/jr~ ^ Int(iϊ), Int(Jϊ) is closed in Aut(iϊ) as a
locally compact subgroup of Aut(i?) and the lemma is proved.

Now we are ready to present the proof of Theorem A. Let G
denote the simply connected covering group of G and let π be the cover-
ing homomorphism.

Then, by the lemma π~ι(H) = H is also uniform and (CA). Hence
no generality will be lost in assuming that G is simply connected. By
the assumption, Int(iϊ) is closed in Aut(H). Thus the canonical map
H/Z(H) —• Int(ff) is an isomorphism of topological groups. Define φ:
lntG(H) —> Int(JY) to be the restricting homomorphism and let 3ίΓ be
the closure of the kernel of φ, the closure being taken in Aut(G).
Then IntG(H)Sr is a subgroup of Aut(G). We define H/Z(H)->
IτAσ(H)3Γ/JZr and lntG{H)^Π^r -*Int(£Γ) to be the homomorphisms
induced by the canonical maps if—>IntG(H) and IntG(H) —> Int(ίί),
respectively. Then the following diagram commutes:

/ \
/ \

H/Z(H) > Int(H)

and all three maps are continuous and algebraically isomorphisms.
Since the bottom one is an isomorphism of topological groups, Int(iϊ)
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is topologically isomorphic with IntG(H)J?f/J?t~ and thus the latter is
a locally compact subspace of the quotient space Aut(G)/J%Γ. Hence
it is closed in Aut((τ)/j^"* and, accordingly, IntG(H)J%Γ is closed in
Aut(G).

We next claim that J ^ C Int(G). In fact, if θ e 3T, define P(g) =
θ(g)g-\ for g e G. Then P:G->G is continuous, and P(H) = {1} and
G/H compact imply that P(G) is compact. Thus we see that θ is an
automorphism of bounded displacement in the sense of Tits [8] and θ
is therefore an inner automorphism induced by a central element of
the nilradical of G ([8], Lemma (6), p. 102). Thus ^T S Int(G).

By what we have shown, it is clear now that the closure lntG(H)
of lntG(H) is contained in Int(G). Since G/H is compact and since
G/H —> lnt(G)/intG(H) is continuous, Int(G) is compact, modulo Intβ(H)
and hence Int(G) is closed, proving that G is (CA).

COROLLARY. // a solvable analytic group G contains a closed
abelian uniform subgroup, then G is a (CA) group.

COROLLARY. (See, Garland and Goto [3]). If a solvable analytic
group G contains a lattice, then G is a (CA) group.

REMARK. In [6], we have shown that any extension of a simply
connected (CA) group by a compact connected group is a (CA) group.
Thus Theorem A generalizes this for the solvable case.

REMARK. We have failed to see whether or not the nonexistence
of compact semi-simple normal subgroup in the theorem is necessary.
This was needed in order to apply the result of Tits in the proof.

3* Proof of Theorem B* In order to prove Theorem B, we
first note that an analytic group G is (CA) if and only if its radical
is (CA)(See Van Est [2]). Thus we may assume that the group in the
theorem is solvable.

Let g 7 be a finite-dimensional real solvable Lie algebra and let G
be an analytic group with its Lie algebra gf. If an exponential map
exp: & —• G is surjective, then the exponential map into its simply
connected covering group is a bisection. Thus by the remark in §1,
it suffices to prove:

THEOREM B'. Let & be a finite-dimensional real solvable Lie
algebra. If the exponential map is a bisection, then c& is a (CA)
Lie algebra (that is, the adjoint group Int(gf) is closed in Aut(gf)).

In order to prove this, we need the following lemma:
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LEMMA. Let ^V be the nilradical of &. If Xe^K then the
one-parameter subgroup {ead{tX): te R} is closed in Aut(S^).

Proof of lemma. Let T denote the given one-parameter subgroup.
We show if T is not closed, then T is trivial. In fact, if T is not
closed in Aut(^), then the closure T of T is compact. Define φ:
Aut(S^) —• Aut(^f) to be the restricting homomorphism. Since f̂"
is a characteristic ideal in &, φ is well defined and is continuous.

Now let ad,r denote the adjoint representation of the nilpotent
Lie algebra ^sK. Since ^V is nilpotent, IτΛ(^V) is closed in
([2], Proposition 1.2.2, p. 322), and thus φ{T)alτΛ(^V). By using
the fact that the maximal compact subgroup of any nilpotent analytic
group is contained in its center, it follows that Int(^^*) is always
simply connected. Hence the compact subgroup φ(T) must be trivial,
which means that ad^rX — 0 and so X is central in <yK.

Next we show that X is central in ^ . In order to see this, note
first that [X, Sf ] C gf' C ^K 5f' being the commutator subalgebra of
5^. Thus X being a central element of <yK implies that ad(X)2 = 0.
Therefore ead{tX) = 1 + ad(tX) for teR. Let Ye ^ be arbitrary.
Thus we have

exp (R[X, Y]) = exp (ad(RX)(Y)) - exp (ead{RX) - 1)(Γ)

= e x p ( ( Γ - l ) ( Γ ) ) .

Since T is compact, the closure of T — 1 is compact in the matrix
topology of End(S^), the ring of endomorphisms of the vector space
2f. Therefore, the continuity of exp implies that exp((Γ— 1)(Y)) is
bounded in G. Consequently, the one-parameter subgroup exp (R[X, Y])
is relatively compact. But G is simply connected and thus this one-
parameter subgroup must be trivial, which implies that ad(X) — 0
and we have proved that X is central in ^ . Therefore T = 1 as
desired.

Proof of Theorem B'. By a theorem of Goto ([4], Theorem III,
p. 165), it suffices to show that every one-parameter subgroup of Int(S^)
is closed in Aut(S^). Noting that every one-parameter subgroup of
Int(S^) is of the form ead{RX) for some Xe S ,̂ assume that there is a
nonzero X such that T = ead{EX) is not closed in Aut(S^). We see
from the lemma that X is not in ^K

Next we select a decreasing sequence of ideals of ^ :

5f o = Sf > Sfx > 5^2 > > S^»+i = (0)

such that dimΛ((ί^yg^+1) ^ 2. Let ^ denote the endomorphism on
which is induced by αd(X), i = 0, 1, , n. Then there exists
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p such that Av Φ 0. For, if A{ = 0 for all ί, then ad(X) would be
a nilpotent transformation and hence X e ^4^ which is impossible.
Since T is relatively compact in Aut(^), so is S = eRΛp in Aut(SySfp+1).
Since Ap is nonzero, S is nontrivial and thus dimR(^p/^p+1) = 2. Since
a maximal compact subgroup of A\it(^p/^p+1) is a circle group, it fol-
lows that S is a circle group in Aut(^y^7

p + 1). Now let π: ^ —
be the natural homomorphism and let .^^ be the sub-algebra of
which is generated by π(X) and Sy^p + i . Then from what we have
seen above, it is easy to see that έ%f is the Lie algebra of the group
of the rigid motions on the plane. Thus exp is not a bijection by the
well known theorem of Dixmier ([1], Th. 3, p. 120). Hence every one-
parameter subgroup of Int(^) is closed in Aut(S^), which proves the
Theorem B\

In the proof of Theorem B', we have actually shown that Int(^)
contains no compact subgroups. Hence we have:

COROLLARY. Let G be a solvable analytic group such that the
exponential map is surjective. Then Int(G) is simply connected.

COROLLARY. Let G be as above. Then Z(G) is connected.

Proof. By Theorem B, G/Z(G) = Int(G) is an isomorphism of
topological groups. Since Int(G) is simply connected, it follows that
Z(G) is connected.

REMARK. The coverse of the Theorem B is false. The group of
rigid motions on the plane is perhaps the simplest example.
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COMMUTATIVITY IN LOCALLY COMPACT RINGS

JAMES B. LUCRE

A structure theorem is given for all locally compact rings
such that x belongs to the closure of {xn: n ^ 2}, in particular,
all such rings are commutative, a result which extends a well-
known theorem of Jacobson. Similarly we show the commuta-
tivity of semisimple locally compact rings satisfying topological
analogues of properties studied by Herstein.

Jacobson has shown that a ring is commutative if for every x
there is some n{x) ̂  2 such that xn{x) = x [5, Th. 1, p. 212]. Herstein
has generalized this result, and certain of his and other generalizations
are of interest here. A ring is commutative if (and only if) for all x
and y there is some n(x, y)^2 such t h a t (χnix>y) — χ)y = y(χn{x>y) — x)

[4, Th. 2]; a ring is commutative if (and only if) for all x and y
there is some n(x, y) ̂  2 such that xy — yx — {xy — yx)Mx>y) [3, Th.
6]; a semisimple ring is commutative if (and only if) for all x and y
there is some n(x, y) Ξ> 1 such that xn{x'y)y = yxMX'y) [4, Th. 1] or if
for all x and y there are n, m ̂  1 such that xnym = ymxn [1, Lemma
1]. The investigation of analogous conditions for topological rings is
the major concern of this paper.

1. A topological analogue of Jacobson's condition* If xn — x
for some n Ξ> 2, then an inductive argument shows that x

k(n-v+1 — x

for all k ̂ > 1. A possible topological analogue of Jacobson's condition
would thus be that for every x there is some n(x) ̂  2 such that
lim^ χkι»w-1)+1 = x. But this implies that xn{x) = x, since

χMx) ^ χMx)-lχ ^ χ n W - l limk χkwx)-l)+i = l i m f c ί C ( * + lH»<*>-l>+l = x .

Thus all topological rings having this property have Jacobson's property
and hence are commutative.

A less trivial analogue of Jacobson's condition is that for every
x in the topological ring A, x belongs to the closure of {xn: n ̂  2}. In our
investigation of these rings, rings with no nonzero topological nilpotents
play an important role. Recall that an element x of a topological ring
is a topological nίlpotent if lim% xn — 0. We shall prove that a locally
compact ring has no nonzero topological nilpotents if and only if it is
the topological direct sum of a discrete ring having no nonzero nilpotents
and a ring B that is the local direct sum of a family of discrete rings
having no nonzero nilpotents with respect to finite subfields. From
this it is easy to derive a structure theorem for locally compact rings
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having the topological analogue of Jacobson's property mentioned above.

LEMMA 1. If A is a locally compact ring with no nonzero
topological nilpotents, then A is totally disconnected.

Proof. The connected component C of zero in A is a closed ideal
of A and so is itself a connected locally compact ring with no nonzero
topological nilpotents. By hypothesis, C is not annihilated by any of
its nonzero elements, for if xC = (0), then x2 = 0, so x = 0. Thus C
is a finite-dimensional algebra over the real numbers (cf. [6, Th. III]).
As the radical of a finite-dimensional algebra is nilpotent, C is a semi-
simple algebra. If C Φ (0), then by Wedderburn's Theorem, C has an
identity e, and clearly (1/2) e would then be a nonzero topological nil-
potent contrary to our hypothesis. Thus C = (0), and so A is totally
disconnected.

LEMMA 2. A compact ring A has no nonzero topological nilpotents
if and only if A is the Cartesian product of finite fields.

Proof. Necessity: By Lemma 1, A is totally disconnected. Thus
the radical J(A) of A is topologically nilpotent [11, Th. 14], and hence
is the zero ideal. Thus A is a compact semisimple ring, and so A is
topologically isomorphic to the Cartesian product of a family of finite
simple rings [11, Th. 16]. A finite simple ring is a matrix ring over
a finite field, and unless the matrix ring is just the finite field itself,
it will have nonzero nilpotent elements. Thus as A has no nonzero
nilpotents, A is topologically isomorphic to the Cartesian product of a
family of finite fields. Sufficiency: Clearly zero is the only topological
nilpotent in the Cartesian product of a family of finite fields.

LEMMA 3. If A is a ring with no nonzero nilpotents, then every
idempotent is in the center of A.

Proof. If e is an idempotent and if aeA, an easy calculation
shows that (ae — eae)2 — 0, hence ae — eae — 0. Similarly, ea = eae
and thus ae — ea.

We recall that the local direct sum of a family (Ar)rer of topological
rings with respect to open subrings (Br)reΓ is the subring of the
Cartesian product Y[rAr consisting of all (ar) such that areBr for all
but finitely many 7, topologized by declaring all neighborhoods of zero
in the topological ring Y[rBr to be a fundamental system of neighbor-
hoods of zero in the local direct sum. It is easy to see that the local
direct sum equipped with this topology is indeed a topological ring.
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THEOREM 1. A locally compact ring A has no nonzero topological
nilpotents if and only if A is the topological direct sum of a discrete
ring having no nonzero nilpotents and a ring B {possibly the zero
ring) that is topologically isomorphic to the local direct sum of a
family of discrete rings having no nonzero nilpotents with respect
to finite subfields.

Proof. Necessity: As A is totally disconnected by Lemma 1, A
contains a compact open subring F [7, Lemma 4]. By Lemma 2, F
is topologically isomorphic to the product of finite fields. Consequently
there exists in F a summable orthogonal family (er)reΓ of idempotents
such that Fer is a finite field and X r e Γ e r = e, the identity of F.

By Lemma 3, e is in the center of A, so Ae and A(l — e) = {a — ae:
aeA} are ideals. The continuous mappings a—>ae and α —> (a — ae)
are the projections from A onto Ae and A(l — e). Thus A is the
topological direct sum of Ae and A(l — e). As e is the identity of
F, F Π A(l — e) = (0). Thus as F is open, A(l — e) is discrete and
hence has no nonzero nilpotents.

As F is open and as Aer Π F = Fer, a finite field, Aer is discrete
and is an ideal as er is in the center of A. Consequently Aer has no
nonzero nilpotents. It will therefore suffice to show that B = Ae is
topologically isomorphic to the local direct sum of the descrete rings
Aer, with respect to the finite subfields Fer.

Let B' be the local direct sum of the Ae/s with respect to the Fe/s.
Let K:b—>(ber) e Πr Aer. Clearly b —>ber is a continuous homomorphism
for each 7, hence K is a continuous homomorphism from B into ΐ[rAer.
lϊ be Bf then (ber) is summable and Σ r ber = δ(Σr er) = be = b. There-
fore as F is open in B, bereF f] Aer = Fer for all but finitely many
7 6 Γ. Thus K(B) s B'.

The mapping K is an isomorphism onto K(B), since if xeB and
if xer — 0 for all 7 e Γ, then x = xe — x(Σr er) = Σ r xer — 0- Let yβ e Feβ,
and let xr = 0 for all 7 ^ β,xβ = yβ; then (xr) = K(yβ) e K{F) since (er)y
is an orthogonal family. Thus K{F) contains a dense subring of ]JrFer,
and hence K(F) = Πr ^ e r a s K(F) i s compact. As the restriction of
K to F is thus a continuous isomorphism from conpact .Fonto TJrFer,
F is topologically isomorphic to Πr Feγ under K.

Thus it sufficices to show that K(B) a β', for i ί is then, by the
definition of the local direct sum, a topological isomorphism from B
onto Bf. If (brer) e B', then breγ e Fer for all but finitely many 7, say
7i, , 7W. Call this set Λ and let Γ - Γγ = Γ2. Thus χ r e Γ l 6rer e 5
and brer e F for all 7 e Γ2. Hence as F is topologically isomorphic to
Πr Fer, bf = Σrer2 brer e JB. Thus 6 = 6' + Σ r e ^ 6rer e J?, and ber = brer,
so K(b) = (brer). The sufficiency is clear.
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We will call a ring A a, Jacobson ring if given any x e A there is
an n(x) ^ 2 such that xn{x) = x. All Jacobson rings are commutative
[5, Th. 1, p. 212], and in extending this result to topological rings
we give the following definition, noting that it reduces to Jacobson's
condition in the discrete case.

DEFINITION. A topological ring A is a J-ring if for each x eA,x
belongs to the closure of {xn: n ^ 2}.

LEMMA 4. If A is a J-ring, then A has no nonzero topological
nilpotents.

Proof. If \\mn x
n = 0, then since x belongs to the closure of

{xn: n ^ 2}, we conclude that x = 0.

THEOREM 2. A locally compact ring A is a J-ring if and only
if A is the topological direct sum of a discrete Jacobson ring and a
ring B which is topologically isomorphic to the local direct sum of
a family of discrete Jacobson rings with respect to finite subfields.

Proof. Necessity: By Theorem 1 and Lemma 4, A is the topologi-
cal direct sum of a discrete ring C and a ring B which is topologically
isomorphic to the local direct sum of a family of discrete rings with
respect to finite subfields. As each of these rings is an ideal of A,
each is a discrete J-ring and so is a Jacobson ring.

Sufficiency: Let B be the local direct sum of a family of discrete
Jacobson rings Bn 7 e Γ with respect to finite subfields Fr, 7 e Γ. Let
(xτ) e B and let U be a neighborhood of zero in B. Then we may
assume that there is a finite subset A of Γ such that xr e Fr for all
7 ί A and U = ΐlrGr, where Gr = Fτ for all 7 ί A. For each Ύ eA, let
n(y) > 1 be such that xpr) = xr. Let n = 1 + Πrej (w(τ) — 1). An
inductive argument shows that x™ — xr for all y e A. Hence (xr)

n —
(xγ) e U. Thus B is a J-ring, and consequently A is also a J-ring.

As all Jacobson rings are commutative we have the following
analogue of Jacobson's Theorem:

COROLLARY. A locally compact J-ring is commutative.

THEOREM 3. A locally compact ring A is a Jacobson ring if and
only if there exists N ^ 2 such that A is the topological direct sum of
a discrete Jacobson ring and a ring B that is topologically isomorphic
to the local direct sum of a family of discrete Jacobson rings with
respect to finite subfields of order ^ N.
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Proof. Necessity: Let | Br \ — the order of Br. By Theorem 2
it suffices to show that sup | Bγ | < + °o. If sup \Br\ = + °°, then
there exists (xr) e Y[r Br such that the orders of the x/s are unbounded.
Consequently for no n does Xj — xr for all 7, i.e., for no n does {xγ)

n = (#r).
Sufficiency: Let (Ar)reΓ be a family of discrete Jacobson rings with

finite subfields Br such that | Br | ^ N for all 7. Let (#r) be in the
local direct sum of the A/s with respect to the l?/s. There exists
a finite subset A of Γ such that if 7 $ A, xr e l?r. Since each Ar is a
Jacobson ring, for 7 e A there is n(i) such that xfτ) — xr.

If Xγ{γ) = α;r, an inductive argument shows that x ^ ^ - 1 ^ 1 = Xγ for
all λ\ If xr e Br, then | Br | ^ JV, so since | Br | - 1 < N, x\+k{N[) = xr

for all jfc. Let n = 1 + [(JV!) ΐlreJ (n(y) - 1)]. Then xn

r = a;r for all
7, i.e., (αv)* = (xr).

2 Analogues of four of Herstein's results* An analogue for
topological rings of the first of Herstein's conditions that are mentioned
above is that for all x and y, xy — yx is in the closure of {xny — yxn: >̂ 2},
and we say such a topological ring is an Hiring. An analogue of the
second of Herstein's conditions is that for all x and y, xy — yx is in
the closure of {(xy — yx)n: n >̂ 2}, and we say such a topological ring
is an H2-rίng. (If (xy — yx)n{x'y) = xy — ##, then

*'2/)-1]+1 = xy - yx

for all fc ̂  1; hence another topological analogue is the assumption that
for each x, y e A, there exists n(x, y)^2 that lim^ (xy — 2/sc)*[n(aj'l')-1]+1 =
xy — yx; however by an argument similar to that of the first paragraph
of § 1, this condition implies that (xy — yx)n{x'y) — xy — yx.) Similarly
an analogue of the third of Herstein's conditions is that for all x, y
in A, lim% xny — yxn — 0, and we say such topological rings are H3-rίngs,
just as we will call H±-rings those topological rings in which for all
x, y there is an m(x, y) ^ 1 such that \imnx

nym{x'y) — ym^x>^χn = 0. We
shall prove that those Hi-rings which are semisimple and locally compact
are commutative, i — 1, 2, 3, 4.

LEMMA 5. All ίdempotents in an Hiring, i — 1, 2, 3, 4, commute.

Proof. Let e and / be idempotents in such a ring A. Then
(efe - eff = 0, so {(efe - ef)ne - e(efe - ef)n: n ^ 2} = {0}. Therefore,
if A is an iϊi-ring, then (efe — ef)e — e(efe — ef) = 0, so

0 = (efe-ef)e = e(efe - e/) = efe - ef.

If A is an iϊ2-ring, then (ef)e — e(ef) = β/e — e/ = 0 since e/e — β/ is
in the closure of {[(ef)e — e(ef)]n: n ^ 2} = {0}. Similarly in either case
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efe = fe, so ef=fe. As 0 = limn e
nf-fen = limΛ e

nfm - fmen = ef-fe,
the assention also holds for H3 and iϊ4-rings.

Since it is clear that all subrings and quotient rings determined
by closed ideals of Hi-rings are Hi-rings, i = 1, 2, 3, 4, and since all
idempotents in such rings commute, we see that the following is
applicable.

LEMMA 6. Let P be a property of Hausdorff topological rings
such that:

(1) if A is a Hausdorff topological ring with property P, then
every subring of A has property P and A/B has property P where
B is any closed ideal of A,

(2) if A has property P, then all idempotents in A commute.
If A is a locally compact primitive ring with property P, then A
is a division ring.

Proof. Since A is a semisimple ring, A is the topological direct
sum of a connected ring B and a totally disconnected ring C, where
B is a semisimple algebra over R of finite dimension [7, Th. 2]. As
A is primitive, either A = B or A — C. In the former case A is a
matrix ring since it is primitive, and so has idempotents which do
not commute unless it is a division ring.

It suffices, therefore, to consider the case in which A is totally
disconnected. We shall first prove the assertion under the additional
assumption that A is a Q-ring (i.e., the set of quasi-invertible elements
is a neighborhood of zero). We may consider A to be a dense ring of
linear operators on a vector space E over a division ring D. If £7 is
not one-dimensional, then E has a two-dimensional subspace M with
basis {z19 z2}. Let B = {a e A: a(M) C M}9 and let

N = {α G A: a(M) = (0)} = K1ViKz

where K{ = {ae A: a(z{) = 0}, i = 1, 2.
There exists u e A such that u{zx) = z19 and hence x — xu e Kγ, for

all xe A. If v £ K^ then there exists we A such that wv{z^ = zlf so as
u = wv + (u — wv) and u — wv e Kί? A = Au + Kλ = Av + Kx. There-
fore K19 and similarly K2, is a regular maximal left ideal, an observation
of the referee that simplifies the proof. Hence K1 and K2 are closed
(cf. [11, Th. 2]), so N is a closed ideal of B. By hypothesis B/N is
therefore a Hausdorff topological ring having property P. Thus all
idempotents in B/N commute; but B/N is isomorphic to the ring of
all linear operators on Λf, a ring containing idempotents which do not
commute. Hence E is one-dimensional and A is a division ring.

Next we shall show that A is necessarily a Q-ring, from which
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the result follows by preceding. As A is totally disconnected A has a
compact open subring D [7, Lemma 4]. If D = /(D), the radical of
Z), then D and hence A are Q-rings. Assume therefore that J φ ) c D .
We shall show that D/J(D) is a finite ring and hence is discrete.

The radical, J(D), of D is closed [8, Th. 1], D//(Z>) is compact
semisimple ring and thus D/J(D) is topologically isomorphic to the
Cartesian product of a family (Fr)reΓ of finite simple rings with identities
(fr)7er [11, Th. 16]. As J(D) is topologically nilpotent [11, Th. 14], D
is suitable for building idempotents [12, Lemma 4] (cf. [11, Lemma 12]).
Suppose that Γ has more than one element, say {a, β) £ Γ. Then there
are nonzero orthogonal idempotents ea, eβ in D such that ea + J(D),
eβ + J(D) correspond, respectively, under the isomorphism to (/"), (//)
where // = 0 e Fr if 7 Φ λ and // = /;.. Let ^ be the canonical mapping
x->x + J(D) from Z> onto D/J(D). As (/r

α) + (//) annihilates the open
neighborhood J\ϊeΓGr of zero where Gα = {0}, Gβ = {0}, and Gr = .Fr for
7 =£ a, β, we conclude that φ(ea + ê ) annihilates a neighborhood V of
zero in D/J(D). Consequently U = ^ - 1 ( F ) is a neighborhood of zero
in D, and (eα + eβ)U(ea + ê ) S J(i?) (cf. [7, proof of Th. 11]). Therefore
as (ea + eβ)U(ea + eβ) = U Π (ea + β^)A(β« + eβ), (ea + ^)C7(βα + eβ) is a

neighborhood of zero in (ea + eβ)A(ea + ê ) consisting of quasi-invertable
elements, so (ea + eβ)A(ea + ^) is a Q-ring. As (ea + ^)A(eα + eβ) is
primitive [6, Proposition 1, p. 48] and is clearly closed, (ea + eβ)A(ea + eβ)
is a locally compact, primitive <E?-ring with property P, so (ea + eβ)
A(ea + ê ) is a division ring. But it contains nonzero ea, eβ satisfying
eaeβ = 0, a contradiction. Thus Γ can contain only one element, so
D/J(D) is isomorphic to a finite ring. Hence J(D), being closed in D,
is open in D and thus in A, so A is a Q-ring.

LEMMA 7. // A is an Hiring, % — 1, 2, 3, 4 <md ί/ A is α locally
compact division ring, then A is a field.

Proof. If A is discrete and is an i ί r r i n g (i — 1, 2, 3, 4) then A
is commutative [3, Th. 2; 4, Th. 1; 3, Th. 1; 1, Lemma 1].

If A is not discrete, then A has a nontrivial absolute value giving
its topology, and A is a finite-dimensional algebra over its center, on
which the absolute value is nontrivial [10, Th. 8].

If A is an ίZΊ-ring and x is nonzero in A, then there exists some
nonzero z in the center of A such that \z\ < l/\x\. Thus \xz\ < 1,
so lim% (xz)n = 0. Hence for any y e i , limw (x2)%?/ — y(xz)n = 0, so as
(xz)y — y(xz) is in the closure of {(xz)ny — y(xz)n: n ^ 2}, 0 — (#3)3/ —
2/(&2) = z(xy — yx). Hence xy = yx, as z Φ 0. Thus A is commutative.

If A is an ijΓ2-ring and if x, y e A satisfy xy — yx Φ 0, then there
exists some nonzero z in the center such that | z \ < 1/| xy — yx |. Thus
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I (xz)y — y(xz) | < 1, so lim% [(xz)y — y(xz)]n = 0. Hence 0 = (xz)y —

y(xz) = (xy — yx)z, so xy — τ/x = 0 as z Φ 0, a contradiction. Thus A
is commutative.

Assume that A is an Hiring. As A is a division ring, A is either
totally disconnected or connected [7, Th. 2].

Case 1. A is totally disconnected. Then the topology of A is given
by a nonarchimedean absolute value. Suppose A is not commutative.
Then as A is a finite-dimensional and hence an algebraic extension of
its center C, there exists some x £ C having minimal degree m > 1 over
C. Let y be arbitrary in A, and assume that for no 1 <^ i <^ m — 1,
does 8*2/ = yx\ Hence x*y — yxι Φ 0, 1 <̂  i ^ m — 1, and we claim
{x*y — yx{: 1 <, i ^ m — 1} is a linearly independent set over C.
Suppose ΣJΆ1 βi&V - y&) = Q> where fteC, and let 2=Σ?-Ί 1 fta;\
Then 22/ = yz. By the definition of m, either 2 6 C on 2 has degree ^ m
over C. Suppose 2 ί C. Then C[x] has dimension m over C, so m is
the degree of 2 as 2eC[ ίφ Therefore C[x] = C[2;], so as zy = yz,
every element of C[x] commutes with y, contrary to our assumption.
Thus 2 e C; let -/3 0 = 2. Then Σ S 1 / 3 ^ = 0, so β{ = 0, 0 ^ i ^ m - 1
since {1, a;, , xm~1} is linearly independent over C.

Since # is algebraic of degree m over the center C of A, there
exist α^eC, 0 < £ i ^ m — 1, such that xm = ΣKo1 αί χ ί» ^ u s for all
n^ m, there exist α i ) Λ G C, 0 ^ i ^ m - 1, such that xn — ΣΓ="oι ^i,n^
We may also assume that | x | > 1, since all our assumption on x are
true for any Xx, λ e C * . We note that there is therefore some r such
t h a t I x I, 0 ^ i ^ m - 1.

Since ίcn =

xny - yxn = - yxι)

so l im % xny — τ/a;% = 0 if a n d only if l im % α i ) W = 0, 1 <> i <L m — 1.

Since | £ % | ^ m a x {| aitn \ \ x \{: 0 ^ i ^ m - 1}, if | α ί t n | < 1,1 <£ ϊ ^

m — 1, then
lim% αί>% = 0,
for all n^n

a0>n |. Let r0 be such that | x |r° > | x \ + 1. Since
<^ΐ<^m — 1, there exists w0 > r + r0 such that | aitn \ < 1,
and all i such that 1 <̂  i ^ m — 1. But for any n > n0,

SO

^ I x \n — I a, I ^ I a;

- I α»_i,

a contradiction. Hence A is commutative.
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Case 2. A is connected. Then the center C of A contains the
real number field R, A is finite-dimensional over R, so the degree of
each element of A over R is less than or equal to 2, and the topology-
is given by an absolute value. Suppose x$C. Then deg x = 2; let

x2 = aγ + α2α;, and for each n ^ 2, let x% = # l f W +
a2>n e R. As before we may assume that | x | > 1.

#, where altn,
Let r be such that

I x \r > max {| ^ |, | α21}. Let p i be such that xy Φ yx. Then 0 =
limπ (xny - yxn) = limΛ a2,n(xy - yx), so lim% α2,w = 0. Let nQ> r be
such that I a2>n | < 1 for all n ^ n0. But if w ^ nQ is such that | x \n > 3

X then

\ X \n = \ (X 4- Cί # <C (X \ -\- \ GC X

s o I x n I — I x I < I a l 9 n \ . A s

\x ,

xn = aunx + ^ ^ ( ^ + a2x) = ^^Λi

* 2 , w + i I = vl ^ J
contradiction. Hence

^ 3 Γ r a; Γc*2,w+i I = vl J

is commutative.
Finally let A be an iJ4-ring. If for all x and y, lim^ ^ — yxn = 0,

then A is an i^-ring and so a field; so assume there are x and y in
A such that limw x%τ/ — yxn Φ 0. Let W = {w e A: limπ x

nw — wxn = 0}.
Clearly W is a division subring of Ay and since y g W, W is a proper
division subring. By hypothesis, for all α e i there is an r ^ 1 such
that are W; thus A is a field [2, Th. B].

THEOREM 4.

are commutative,
Hi-rings that are locally compact and semisimple

i = 1, 2, 3, 4.

Proof. P is a primitive ideal of such a ring A if and only if
P = (B: A) (by definition (B: A) = {x e A: Ax £ B}) where B is a regular
maximal to left ideal [5, Corollary to Proposition 2, p. 7]. Let ee A be
such that x — ex e B for all xe A. If x e (B: A), then ex e B, so x e B.
Hence (J5: A) S #•

If JB is closed, then (5: A) is closed for if (xa) is a directed set
of elements of (B: A) converging to x, then for all ae A, axa e B,
whence ax — lim axa e B.

As A is semisimple, (0) = Π {B: B is a closed regular maximal left
ideal} 3 f| {P: P is a closed primitive ideal} [8, Th. 1]. By Lemma 6
and 7, A/P is a field if P is a closed primitive ideal. Thus for all
x, y G Ay xy — yx e P, so xy — yx e f\ {P: P is a closed primitive
ideal} = (0).
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RINGS OF FUNCTIONS WITH CERTAIN
LIPSCHITZ PROPERTIES

C. H. SCANLON

Let (X, d) denote a metric space, Le(X) the ring of real
valued functions on X which are Lipschitz on each compact
subset of X, Lχ(X) the ring of real valued functions on X
which are locally Lipschitz relative to the completion of X,
and LC*(X), Zα*(X) the bounded elements ofLc(X), Li(X). The
relations between equality of these rings and the topological
properties of X are studied. It is shown that a subspace (S, d)
of (X, d) is Lc-embedded (or Lc*-embedded) in (X, d) if and
only if S is closed. Further, every subspace of (X, d) is Lr
and Li*-embedded in (X, d).

Su [3] investigated algebraic properties of the rings LC(X) and

Lΐ(X) similar to those of C(X) and C*(X) by Gillman and Jerrison

[2].

2* Equality of rings* Let / denote a real valued function de-
fined on X. f is Lipschitz on S c X if and only if there is a real
number m, called a Lipschitz constant for / on S, such that if x,
yeS, then \f(x) —f(y)\ ^md(x,y). f is locally Lipschitz on X if
and only if for each x e l , there is a neighborhood N of x such that
/ is Lipschitz on N. If comp X denotes the completion of X, then /
is locally Lipschitz with respect to comp X if and only if for each
x e comp X there is a neighborhood N of x such that / is Lipschitz on
NΠX.

THEOREM 2.1. feLc(X) if and only if f is locally Lipschitz on
X.

Sufficiency. Let / be locally Lipschitz on X and S a compact
subset of X. Then there exists a finite collection N19 N2, , Nm of
open sets covering S, on each of which / is Lipschitz and thus bounded.
Assuming / is not Lipschitz on S implies that there exists a sequence
{xn} from S converging to x e S and a sequence {yn} from S such that
l/(#n) — f(Vn) \/d(xn, yn) > n for each positive integer n. Since / is
bounded on S, it follows that {yn} converges to x. Since x e N3 for
some j = 1, 2, , m, / is not Lipschitz on ΛΓ,- which contradicts the
definition of N3 .

Necessity. Let feLe(X) and a e l Assuming / is not locally
Lipschitz at x implies there exists sequences {xn} and {yn} such that
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d(x, xn) < 1/n, d{x, yn) < 1/n, and \f(xn) - f(yn) \/d(xn, yn) > n. Then
{p: p e {xn}, p e {yn}, or p = x] is a compact subset of X on which / is
not Lipschitz.

COROLLARY 2.2. feL?(x) if and only if f is locally Lipschitz
on X and bounded.

Proof. Follows immediately from the definition of L*(X).

COROLLARY 2.3. L,{X) c LC(X) and Lf(X) c L*(X) .

Proof. If / is locally Lipschitz relative to com!, then / is
locally Lipschitz.

LEMMA 2.4. If K is a uniformly bounded set of Lipschitz func-
tions defined on S c X and there is a real number m which is a
Lipschitz constant for each element of K, then f(x) = sup {g(x): g e K)
for each xe S is Lipschitz on S and m is a Lipschitz constant for
f on S.

Proof, f exists since K is a uniformly bounded set. Assume
xe S, y e S, and

(1) f(y) - f(x) - md(x, y) = e > 0 .

Let g e K such that

( 2 ) f(y) - g(y) < e ,

then

( 3) g(y) - g(x) ̂  md(x, y) .

Combining (2) and (3) yields f(y) — g(x) — md(xf y) < e, which when com-
bined with (1) gives f(x) < g(x). This contradicts the definition of / .

LEMMA 2.5. Suppose each of c and r > 0, pe X, and for

Uc/r){r - d(x, p)} for d(x, p) ^ r,
each xeX, f(x) = .

(0 otherwise
then f is Lipschitz on X and (c/r) is a Lipschitz constant for f on
X.

Proof. Let g(x) = (c/r){r — d(x, p)} for each xe X. Then for x,
yeX,
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- g(v) = 9(χ) - g(p) + Q(P) - g(v),
- g(v) = -(φ)d(x, p) + (c/r)d(y, p) ,

and g(x) — g(y) ^ (φ)d(x, y) by the triangle property. Since sup {g, 0}
is Lipschitz with a Lipschitz constant sup {(c/r), 0} by Lemma 2.4, the
conclusion follows.

THEOREM 2.6. ^αcλ 0/ £Λ,e following is equivalent to each of
the others:

(1)

(2) Lΐ(X) = L*(JSΓ),

( 3 ) X is complete.

Proof. (1) => (2) obviously. The remaining order is (2) => (3) => (1).
Assume (2) and that X is not complete. Then there exists an

x e (comp X) — X and a sequence {£„} of distinct points in X such
that {xn} converges to x. For each odd integer n, let

rn = — inf {$/: y = d(xn, xm) for m Φ n or 7/ =
o

C(ίc., r.) = {ί e X: d(t, xj ^ rn} ,

and

WK-Φ,,«)) for teC(xn,rn)

(0 otherwise

for each ί e X. Let /(£) = sup {fn{t)} for each ί e l . If S is a compact
subset of X, then S can intersect at most a finite number of the
elements of {C(xn, rn)} and since only a finite number of elements of
{fn} are nonzero on S, by Lemma 2.4 / is Lipschitz on S and / e Lf(X).
For each neighborhood N in comp X of a?, there is a point £ e iV and
a point 2/ e N such that /(£) = 1 and f(y) = 0. Thus fί L,{X) and by
contradiction, (2) => (3).

If (3) is true, feL^X) if and only if / is locally Lipschitz.
Thus by Theorem 2.1, L,(X) = LC(X) and (3) ==> (1).

THEOREM 2.7. LC(X) = L*(X) if and only if X is compact.

Proof. If X is compact, then each element of LC(X) is bounded.
Assume Le(X) = Lf(X) and X is not compact. Then there exists

a sequence {xn} of distinct points in X which has no convergent sub-
sequence. Let

rn = — inf \y: y = d(xn, xm) for w Φ m or 7/ = — 1 ,
3 I n)
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and

\(n/rn){rn - d(xn, x)} for d(xn, x)

(0 otherwise

for each xeX. By an argument similar to the one for Theorem 2.6,
fe LC(X). Since f(xn) = n for each n, fe LC(X) - Lf(X) which contra-
dicts the assumption.

THEOREM 2.8. LL(X) = Lf(X) if and only if compX is compact.

Proof. Each element of L^X), L?(X) can be uniquely extended
to an element of L^comp X) = Lc(comp X), Lf (comp X) — L*(comp X).
Since Lc(compX) = L*(compX) if and only if compX is compact by
Theorem 2.7, the conclusion follows.

3. If A denotes one of Lίy Lf, Lc, L* and S c l , then the state-
ment that S is A-embedded in X means that if feA(S), there is a
g e A(X) such t h a t g\S = / where g\S = {(x, y)eg:xe S}.

T H E O R E M 3.1. If S is a subset of X, then each of the following
is equivalent to each of the others:

( 1 ) S is Lc-embedded in X,

( 2 ) S is Lc* -embedded in Xf and

( 3 ) S is closed.

Proof. Czipszer and Geher [1] proved that if S is a closed subset
of X and / is a real valued locally Lipschitz function with domain S,
then there is a real valued locally Lipschitz function g with domain
X such that g | S = / . Furthermore, they proved that if / is bounded,
then there exists a bounded such g. Consequently, by Theorem 2.1,
(3) « (1) and (3) => (2).

Assume (2) and S is not closed. Then there exists a sequence
{xn} of distinct points in S and a point x e X — S such that {xn} con-
verges to x. Construct / as in Theorem 2.6. Then feL*(S) which
has no extension to X in LC(X). Thus (2) => (3). Note that this also
shows (1) => (3).

COROLLARY 3.2. Every subset of X is Lrembedded and Lf-em-
bedded in X.

Proof. If SaX, then every element of L^S) has a unique ex-
tension to the closure of S in compX and by Theorems 2.6 and 3.1
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an extension in L^comp X) which when restricted to X is an element
of L^X).
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TOTALLY POSITIVE DIFFERENTIAL SYSTEMS

BlNYAMIN SCHWARZ

Totally positive (TP), and strictly totally positive (STP)
differential systems are defined. These real, first order, linear
systems are characterized by the form of their coefficient
matrices, and by the decrease of the number of sign changes
of their solution vectors as functions of the independent
variable. A bound is given for the combined number of zeros
of the first and last components of any particular solution
vector of STP system and a similar result is obtained for TP
systems. Examples show that no such bounds exist for the
number of zeros of any other component.

In this paper we consider real differential systems of the form

(1.1) y'(t) = A(t)y(t) .

Here the solutions y(t) are real column vectors y(t) = (yγ(t), •••, yn{t))
and A(t) is a given n x n matrix (α»i(£))Γ whose elements ai:i(t) are
real functions which are continuous in the open interval (α, b), — oo <ς
a < b ^ oo. Together with the vector differential equation (1.1) we
consider also the corresponding matrix differential equation

(1.2) Y'(t) = A(t)Y(t),

where Y(t) = (y >&))?. Let Y(t) be any solution of (1.2); for each

integer p, 1 ^ p ^ n, we denote the p th compound of Y(t) by Cp(Y(t)).

) x ( j matrix B{p)(t),

such that

(1.3) [CP(Y(t))]' = B™(t)Cp(Y(t)) .

(B{1)(t) = A(t).) The elements of B{p)(t) are easily expressed by the
given n2 elements aiό{t) of A(t) (Theorem 1). Special cases of these
compound systems were previously considered: Mikusiήski [6] con-
sidered the differential system satisfied by the 2 x 2 Wronskians of
the solutions of the equation u{n)(t) + p(t)u(t) = 0 and Nehari [7]
considered all compound systems (1.3) in the case where (1.1) is
equivalent to an nth order linear differential equation. We remark
that for p — n — 1 (1.3) is closely related to the system adjoint to
(1.2); and for p = n (1.3) reduces to Liouville's equation

(1.4)

where Δ(t) = Cn(Y(t)) is the determinant of Y(t). We state an im-

203
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mediate consequence of Theorem 1, showing a characteristic difference
between the elements ai3(t) with | i — j | — 1 and the other off-diagonal
elements of A(t), as a corollary.

A real n x n matrix is totally positive (TP) is all its minors are
nonnegative, and the matrix is strictly totally positive (STP) if all its
minors are positive. For each r, a < r < 6, we denote the fundamental
solution Y(t) of (1.2) satisfying

(1.5) Y(r) = I,

(J = (δ{j)ΐ), by Y(t) = Y(t, r). We call the system (1.2), and the
corresponding system (1.1), totally positive (TP) in (α, b) if for each
pair (r, t), a < r <̂  t < 6, F(ί, r) is TP. J/ /or eαcA pair (r, t), a <
r < t <b, Y(ty r) is STP £Λ,ew £/*,e systems (1.2) cmc£ (1.1) are called
strictly totally positive (STP) in (a, 6). In § 3 we characterize these
systems by the form of the matrix A{t) — (α^ (£))Γ. The system (1.2)
is TP in (α, b) if and only if A(t) is a (variable) Jacobi matrix (i.e.,
aiό(t) = 0 for I i — j | ^ 2) with nonnegative off-diagonal elements (i.e.,
aiίi+ι{t) ^ 0, ai+1,i(i) ^ 0, i = 1, , w - 1). This result (Theorem 2)
was first proved by Loewner [5]. Our proof (based on Corollary 1)
is quite elementary and leads also to the following modification of
Loewner?s result: The system (1.2) is STP in (α, b) if and only if
A(t) satisfies the above conditions and none of the functions ai>i+1(t)
and αi+lfi(ί) vanishes identically in any interval contained in (α, b)
(Theorem 3).

In § 4 we consider vector solutions y(t) of a STP system. The
system (1.1) is shown to be STP in (α, b) if and only if S+(y(s)) £ S~(y(r))
holds for all nontrivial solutions y(t) and all pairs (r, s), a < r < s < b,
(Theorem 4). This result on the number of sign changes, following
from the variation-diminishing properties of STP matrices, leads now
to results on the number of zeros of the components y^t) and yn(t) of
any given vector solution y(t) of (1.1). The combined number of zeros
of these two extreme components cannot exceed n — 1 (Theorem 5).
No such restriction exists for the interior components y2{t), , yn-ι{t).
We illustrate this dissimilarity between the extreme and the interior
components by examples in the last section (§6). In § 5 we consider
vector solutions of TP systems and the results are now weakened
versions of the corresponding results for STP systems. We rely
strongly on the recent book by Karlin [4], but we give all necessary
definitions in order to keep this paper reasonably selfcontained.

2* The compound differential systems* For given integers n
and p, 1 ^ p ^ n, we consider the ^-tuples of increasing integers
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Jl <J2< * * * <jp

and we arrange these N — (nj p-tuples in lexicographic order. We

denote these p-tuples of indices also by

& = (in i» , ip) , β = Ui, - , jP) .

For a n x n matrix Y = {yi3)ΐ, we denote the minor, determined by
these rows and columns, by

» ^2τ * * i Jp

The £>th compound CP(Y) of Y is the N x N matrix having these
minors (in lexicographic order) as elements. The elements of the
N x N matrix B{p) are denoted by bαβ = b(i19 , jp). In
the following the matrices A and 5 ( p ) will be continuous functions of
t, Y and CP(Y) will therefore be continuously diίferentiable functions
of ί. Using this notation we obtain the following relation between
the given system (1.2) and its compound systems (1.3).

THEOREM 1. Let Y(t) = (3/<5 (ί))Γ, α <t <b, - o o ^ α

solution of the differential system

(1.2) F'(*)

where A(t) — (aio{t))l and the n2 real functions α i ? (ί) are continuous
in (a, 6). T%e p ίΛ compound Cp(Y(t)) of Y(t), 1 ̂  p ^ n, satisfies in
(a, 6) ίΛe equation

(1.3)

, N = is given by

(2.1)
baβ(t)

b

' 0 if at most p — 2 of the indices
i of a coincide with indices j
of β;
( — lYJrmaiyJm if exactly p — 1 of
the indices of a coincide with
indices of β, but %/ Φ j m , 1 ^

Σ v = .

Proof. We choose two p-tuples of increasing indices α = (i19 , ip),
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with

kx < k2 < < kp

and consider the minor Y(J}9 \ *."/]?)• Differentiating this minor by

rows and using (1.2) we obtain

yilkί -

Σ <v •••Σ-
We rewrite this as

(2.2)

2, * * * , rCp

^2) ^Zi ' '

The row indices on the r.h.s are, in general, not in increasing order
and the pn determinants appearing there are hence, in general, not
minors of Y. But each of these determinants either vanishes or is
equal to a minor of Y or is equal to ( — 1) times a minor. We thus
can write (2.2) in the form

(2.3)
rl .*"-•

Σ b(ilt ,ip

To obtain (2.1) we compare (2.2) and (2.3). We first note that on the
r.h.s. of (2.2) appear only ^-tuples of row indices for which at least
p — 1 of the indices belong to the p-tuple a = (i19 •••, ip). This
gives the first part of (2.1). Secondly, if v does not belong to α,
then the p-tuples

(v, i* , iP), (in v,i*, , ip)i , (i» ι %-n ̂ ) ι

appearing as row indices on the r.h.s. of (2.2), have to be rearranged
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by putting the index v = j m in its proper place in order to obtain an

increasing p-tuple which in (2.3) is denoted by β = (j\, •• ,i 2 )). For

the p-tuples corresponding to the first sum on the r.h.s. of (2.2) this

may be achieved by m + 1 transpositions, for those of the second sum

by m + 2 transpositions and, in general, for those of the ^ t h sum by

m + / transpositions. This implies the second part of (2.1). Finally,

if we choose v = %x in the first sum on the r.h.s. of (2.2), v = i2 in

the second sum and so on, we obtain the last part of (2.1) and we

have thus proved Theorem 1.

We illustrate this result by expressing the elements baβ of B{p)

in terms of the elements aί3- in the simplest cases: n = 3, p = 2, n — 4,

p = 2 and n = 4, p = 3.

ii

1

1

2

iz

2

3

3

i i 32

1 2

an 4- ct22

O32

— 0.31

ii

1

an

h
3

α2 3

4- α33

<X21
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α2 2

h
3

-αiβ

0-12
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1 4

2 3

2 4

3 4

i i Λ
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— «41
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α23
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tt21
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0
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0
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O33 -
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4
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n — 4, p = 3
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We remark that each diagonal element α« appears as a summand

in ( n ~~ 1 ) diagonal elements of B{p\ Each ai3 , i Φ j , appears, possiblyin ( 1 ) diagonal elements of B\ Each ai3, i Φ j , appears, possibly

with the sign - 1 , ί _ J j times as an off-diagonal element of B{p).

In each row and each column of B{p) p(n — p) off-diagonal elements

are of the form ±ai3 (i Φ j) and, for 2 ̂  p ^ n — 2, the remaining

off-diagonal elements are zeros. (2.1) implies also the following symme-

try of the dependence of B{p) on A: if, for a Φ β, baβ = aij9 baβ = — aiά

or baβ = 0 then bβa = α^, δ^α = — α^ or 6^ = 0 respectively.
For p = n, (2.1) gives Bw(t) = 6(1, . , ̂  11, . . , n) = Σ ίU ««(*)»

and the differential system of the nth compound Δ{t) = Cw(F(ί)) is
Liouville's equation

(1.4) Δ(t)' = [Σ aM)Δ(t) .

We now consider the case p = n — 1. Let Y(t) be a fundamental
solution of (1.2), then

i — 1, i + 1

Here the superscript T denotes the transposition operation, and if
M — (mi3)l we define M = (m^ )? by

With this notation [ C ^ Γ ^ ) ) ] ' = B(—"(QC^ίΓίί)) gives

(2.5) [Cn^(Y(t))Y = B^WC^iYit)) .

(Y(t)-1)τ is a solution of the system adjoint to (1.2):

(2.6) (Y(t)-y = -A(ί)Γ(Γ(t)- 1)Γ .

Differentiating (2.4) and using also (1.4), (2.5) and (2.6) we obtain

(2.7) - A{t)τ - B^\t) - (± ad

(2.7) gives the connection between the adjoint equation and the equation
for the (n — 1) st compound.

In the next section we use the following consequence of Theorem 1.

COROLLARY 1. Let A(t) = (a^t))? and B[p)(t) = φaβ(t))? be the
coefficient matrices of the system (1.2) and its compound systems,
1 ^ p ^ n. Then,

( i ) None of the matrices B{p)(t) contains elements of the form



TOTALLY POSITIVE DIFFERENTIAL SYSTEMS 209

-o>i,i+i(t), -ai+lti(t), i = 1, , n - 1.

(ii) For each pair (i, j), \ i — j \ ̂  2, i, j — 1, , n, — ai3(t) is
an off-diagonal element of B{2)(t).

Proof. ( i ) Formula (2.1) implies that ±aktk+ι(t) and ±α fc+ι, fc(f),
k = 1, , n — 1, can appear as elements of B{p)(t) only if they are
an element b(i19 •••, ίp\j19 •• ,i2 )), where #> — 1 of the indices of the
two p-tuples a = (iιy •••,%) and β = (j\, , jp) coincide, but v ^ im»
and where the set {v, jm} is the set {&, k + 1}. If a given (p — 1)-
tuple of increasing indices, which contains neither k nor k + 1, is
completed to a p-tuple of increasing indices by inserting k or k + 1,
then it is necessary to insert either one of them at the same place,
i.e., between the same two elements of the (p — l)-tuple. Hence / = m.
and (2.1) implies (i).

(ii) Iΐl<,i<i + 2^j^n then (2.1) gives 6(i, i + 11 i + 1, j) =
- α ^ ; and if l ^ j < j + 2 ^ i ^ ^ then 6(i + 1, i \ j , j + 1) = — a4 i.

3* Positive, strictly positive, totally positive and strictly totally
positive systems* Totally positive (TP) and strictly totally positive
(STP) systems were defined in the introduction. To define positive
and strictly positive systems we agree to call a real n x n matrix
positive if all its elements are nonnegative; and the matrix is strictly
positive if all its elements are positive. The differential system

(1.2) Γ'(ί) = A(t)Y(t) ,

is called positive in (α, 6), if for each pair (r, t), a < r ^ t < 6, Y(t, r)
is positive. (Here Y(t) — Y(t, r) is the fundamental solution of (1.2)
satisfying (1.5).) (1.2) is strictly positive in (α, b) if for each pair
(r, t), a < r < t < &, Y(t, r) is strictly positive. We start with a
criterion for the positivity of the system.

LEMMA 1. Let the n2 real functions ai:j(t), i, j = 1, •• ,n, be

continuous in (α, 6), - o o <ς a < b ^ CXD, ami seί A(£) = (a i y(i))r. T%e

differential system (1.2) is positive in (a, 6) i/ ami only if all off-
diagonal elements ai3(t), i Φ j, i, j = 1, , n, are nonnegative in (a, b).

This lemma is known [1, p. 173, exercise 2]. For completeness,
and also in view of the proof of the next lemma, we prove Lemma 1.

Proof. To show the necessity of the condition, suppose to the
contrary that there exist indices ί* and j*, i* Φ j*, and a point r in
(α, b) such that a^^r) < 0. Let Y(t, r) = (yi3 (t))ΐ be the solution of
(1.2) satisfying (1.5). Then yl*,>(r) = 0 and y^r) = a^r) < 0. Hence,
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Vi*j*(t) < 0 for all t in some interval (r, r + ε), ε > 0, and the system
(1.2) is not positive.

We first prove sufficiency in the special case where all diagonal
elements ai{(t) of A(t) vanish identically in (α, b). Each element of
A(t) is thus nonnegative, and the Peano-Baker expansion

(3.1) Y(t, r) = I+ [A(τ)dτ

shows that the same holds for each element of Y(t, r), α < r S t < 6.
To prove sufficiency in the general case (of arbitrary diagonal

elements α (̂£) of A(t)) we choose a point r, re (α, &), and define

ct

(3.2) ^ ( ί , r ) = e x p \ a { i { τ ) d τ , a < t < b , i = l, - - - , n .

Using these n positive functions we now build the diagonal matrix

(3.3) Pr{t) = diag (ptf, r), , pn(t, r)) , a < t < b .

If F(ί) is an arbitrary solution of (1.2) we define Ϋr(t) by

(3.4) Y(t) = Pr(t)Ϋr(t) , a < t < b .

(1.2) and (3.2) to (3.4) imply that each Ϋr(t) satisfies the equation

(3.5) ?;(«) = Άr(t)Ϋr(t) , a < t < b ,

where Ar(ί) = (ai5{t, r))f is defined by

(o.b) ttijXc, r) = α^-(̂ ) J — - , i =£ j , i, J = 1, , n , a < t < o ,

and

(3.7) α«(ί, r) = 0, ί = 1, , n , α < t < b .

The matrix Άr(t) has thus, together with the given matrix A(t),
nonnegative off-diagonal elements but its diagonal elements vanish
identically. By the special case considered above, it follows that the
system (3.5) is positive in (α, b). Let now Ϋr(t, r) be the fundamental
solution Ϋr(t) of (3.5) which satisfies Ϋr(r) = I. Then Ϋr(t, r) is
positive for all t in [r, b). As Pr = J, it follows from (3.4) that

(3.8) Y(t,r) = Pr(t)Ϋr(t, r) ,

where Y(t, r) is the solution of (1.2) satisfying (1.5). (3.8) implies
that this matrix Y(t, r) is positive for all t in [r, 6). Since r was
arbitrary in (a, 6), this completes the proof of Lemma 1.

For the next lemma it is convenient to use the following termi-
nology. We denote the set of the n2 elements aiS{t) of A(t) by S.
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With each subset F of S we associate a matrix C = (co )Γ in the
following way: cu = 1 if α^ί) e i*7, c iy = 0 if α^ (£) $ F. Then we call F
irreducible or reducible if the associated matrix C is, respectively,
irreducible or reducible. If we associate with F a directed graph Γ of
n vertices P19 , Pn, having a (directed) arc from P{ to Pd if and only
if a{j e F, then F is irreducible if and only if Γ is strongly connected.
(A matrix C — (c^ )Γ is reducible if the index set {1, , n} can be split
into two nonvoid sets {ilf , %/) and {j\, , jm], s+ m = n such that
cik3 = 0 for λ = 1, , /, μ — 1, , m. If no such partition of the
index set exists, then C is irreducible. A directed graph Γ is strongly
connected if and only if for every ordered pair (P^ Pd) of its vertices
there exists a (directed) path leading from P{ to Po. The matrix C
is irreducible if and only if the corresponding graph Γ is strongly
connected. [9, pp. 18-20].)

LEMMA 2. Let the n2 real functions α^ (ί), i, j = 1, •••,%, be
continuous in (a, 6), — co ^ a < b ̂  oo, αwd seί ^.(ί) = (aiό(t))% Let
S be the set of the n2 functions aio(t). For each r, r e (α, 6), the
subset F(r) of S is defined in the following way: a^it) eF(r) if and
only if ai5(t) does not vanish identically in any interval [r, r + ε],
0 < ε < b — r. The differential system (1.2) is strictly positive in
(α, b) if and only if the following two conditions hold:

( a ) Each off-diagonal element ai5(t), i Φ j , i, j = 1, , n, is
nonnegative in (α, b).

( b ) For each r, a < r < 6, £Ae set F(r) is irreducible.

Proof The necessity of condition (a) follows from Lemma 1.
We prove the necessity of (b) by negation and thus assume that there
exists r,re{a,b), such that F(r) is reducible. As the graph Γ(r) is
thus not strongly connected it follows that there exists ε, 0 < ε < 6 — r
and two indices i*,i*, i* Φ j * , such that for every given ordered set
(i0, ii, , v ) of indices (with repetition), for which ίQ = ί*, i/ = j * 9

at least one function α i v ί v + 1(ί), v — 0, , / — 1, vanishes identically in
[r, r + ε]. For / = 1 this implies

(3.9), j ^ V i Wdr = 0 .

For / = 2 we obtain

(3.9)2 Γ+Σ a^iτ^a^iτjdτ.dτ = 0 ,
J

and similar equalities hold for / ^ 3. Using these equalities it follows
from (3.1) that the off-diagonal element y{^,(r + ε, r) of the matrix
Y(r + ε, r) vanishes and F(r + ε, r) is thus not strictly positive.
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We prove sufficiency of conditions (a) and (b) again first in the
special case where all diagonal elements au(t) of A(t) vanish identically
in (α, 6). By (b), the set F(r) is, for each r e (α, 6), irreducible and
in this special case F(r) does not contain diagonal elements au(t). This
and (a) imply that for any given r, r e (α, 6), and any ordered pair
(i*,j*) of (not necessarily distinct) indices there exists an ordered set
(%j in ' •> V) of indices, iQ = ί*, %/ — j* and iv Φ iv+γ for v = 0, ,
/ — 1, such that

for all t in (r, b) and all v, v = 0, , / — 1. But this implies that
for all such t

\ aiHι{τ)\ di^fa) I

and it follows that the element in the place (ί*,j*) of the (s + 1) th
summand of the r.h.s. of (3.1) is, for ί e ( r , 6), positive. As r and
the pair of indices were arbitrary it follows that the system (1.2) is,
in this special case, strictly positive in (α, b).

The sufficiency of conditions (a) and (b) in the general case (of
arbitrary diagonal elements au(t) of A(t)) follows again by reduction
to the special case (formulas (3.2) to (3.8)). We now use also the
fact that if the set F(r) is irreducible, so is the set F(r) which is
obtained from F(r) by deletion of its diagonal elements and by multi-
plication of its off-diagonal elements with positive functions. This
completes the proof of Lemma 2.

These criteria for positivity and strict positivity and the corollary
of § 2 lead to the main results of this section.

T H E O R E M 2 . L e t the n 2 real functions ai3 (t), i, j = 1, •••, w, be
continuous in (α, 6), — oo <; a < b <̂  oo, and set A(t) = (αίJ (Q)Γ The
differential system

(1.2) Y'(t) = A(t)Y(t) ,

is TP in (α, b) if and only if the following two conditions hold:

(a) aiS(t) = 0, \i - j \ ^ 2 , i,j = 1, . . . , r c , a < t < b.
( b ) α ί f ί + 1 (ί) ^ 0 , α ί + l f i ( ί ) ^ 0 , i = 1, *>,n- 1, α < ί < 6.

Proof. As total positivity of the system (1.2) implies its positivity,
it follows from Lemma 1 t h a t all off-diagonal elements aiό{t), i Φ j , of
A(t) have to be nonnegative in (α, 6). If an element α^ (ί), \i — j \ ^ 2f
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were to be positive for some t part (ii) of Corollary 1 would imply that
the matrix B{2)(t) of the second compound system has an off-diagonal
element which is somewhere negative, and Lemma 1, applied to this
second compound system, then shows that (1.2) is not TP. Conditions
(a) and (b) are thus necessary. Their sufficiency follows from part (i)
of Corollary 1 and the sufficiency part of Lemma 1, applied to all
compound systems (1.3). (We remark that we also use that the p th
compound of the unit matrix / = (δid)? is again / = (δaβ)?. Hence if
Y(t) = Y(t, r) is the solution of (1.2) which satisfies (1.5), then its
compound also satisfies Cp(Y(r)) = 7.)

THEOREM 3. Let the n2 real functions aiά(t),i,j = 1, •••,%, be
continuous in (α, b), — oo ^ a < b ^ oo, and set A(t) = (aiV(£))?. The
differential system

(1.2) Y'(t) = A(t)Y(t) ,

is STP in (α, b) if and only if the following three conditions hold:
( a) aiά{t) = 0, I i — j | ^ 2, ί, j = 1, , n, a < t <b .
( b ) αM + 1(ί) ^ 0, α i + l f i(ί) ^ 0, i = 1, . . , n - 1, a < t < b.
( c) None of the 2n ~- 2 functions mentioned in (b) vanishes

identically in any interval [r, s], a < r < s < b.

Proof The necessity of conditions (a) and (b) follows from
Theorem 2. To prove that condition (c) is necessary, we consider the
(0, 1) matrix C* = (c^Γ where c£ = 0 if \i - j\φl, and cf5 = 1 if
I i — j I = 1. Then the following statement holds, (i) C* is irreducible,
and (ii) if any element equal to 1 of C* is replaced by 0 then the
new matrix is reducible. This is easily seen by considering the
corresponding directed graph .Γ*. Assume now that condition (c) is
not satisfied and that one of the 2w — 2 functions ai)i+1(t) and ai+ί)i(t)
vanishes identically in a certain interval [r, s]. Part (ii) of the italicized
statement implies that the set F(r), defined in Lemma 2, is reducible
and Lemma 2 implies that the system (1.2) is not strictly positive in
(α, b). This contradicts the assumption of the present theorem and
condition (c) is thus necessary.

To prove the sufficiency of conditions (a) to (c), we consider also
the (0, 1) matrices C*(p), 1 <; p ^ n, which are built from the elements
<• of C* = C*(1) by the rule (2.1). Namely,

) and c*β = c*(iu . . , ip \ j \ , . , jp) = 0

except if exactly p — 1 of the indices of a coincide with p — 1 indices
of β and the two remaining indices satisfy | v ~ j / \ = 1; in this



214 B. SCHWARZ

case ciβ = 1. For each p,l <L p ^ n, C* ( 2 > ) is irreducible. (For
p = 1 this is part (i) of the former italicized statement.) This is
again easily seen by considering the corresponding graph Γ*ίp). (Γ*lp}

has N vertices Pa = P(i19 , ip), Pβ = P(j\, , j p ) , etc. There are
arcs (in both directions) between Pa and Pβ if p — 1 of the indices of
a and /3 coincide and \i/— j / \ = 1. Clearly there exists a path of
length Σ?=i (ίv — y) leading from P α to the first vertex Pa* (a* = 1 =
(1, •••,#>)) and similarly there exists a path leading from Pa* to Pβ.
p*ίp) j s thus strongly connected). Using part (i) of Corollary 1 and
the irreducibility of C* ίp), 1 ^ p ^ n, it follows that the present con-
ditions (a) to (c) imply the validity of conditions (a) and (b) of Lemma
2 for each compound system (1.3). Each of these systems is therefore
strictly positive in (α, b) and (1.2) is thus STP. This completes the
proof of Theorem 3.

4* Vector solutions of strictly totally positive systems* Our
next result refers to the number of sign changes of a given nontrivial
vector solution y(t) of a STP system (1.1). We use the standard
notation [2, 4]. If x = (xί9 •••,#*) is a real vector, x Φ 0, then S~(x)
denotes the number of sign changes in the sequence obtained from
%L> X2> " i%n by deleting all zero terms; S+(x) denotes the maximum
number of sign changes possible by allowing each zero to be replaced
± 1 (or equivalently, S+(x) = \imy^x S~(y)).

THEOREM 4. ( i ) Let the differential system

(1.1) y'(t) = A(t)y(t) ,

be STP in (α, 6), — ̂  ^ a < b ^ cc and let y(t) be a nontrivial solution.
Then

(4.1) S+(y(s)) ^ S"(y(r)) for all (r, s) satisfying a <r < s <b .

(ii) Conversely, if (4.1) is valid for every nontrivial solution
y(t) of the system (1.1), then this system is STP in (α, b).

Proof ( i ) Let Y(t) = Y(t, r) be the fundamental solution of

(1.2) Y\t) = A(t)Y(t) ,

satisfying

(1.5) Γ(r) = 7 .

For all s and r in (α, δ)

(4.2) y(8) = Y(s, r)y(r) .
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By assumption the matrix F(s, r) is, for r < s, STP. (4.1) follows from
the variation-diminishing property of such matrices [4, p. 219, Th.
1.2, (a)].

(ii) Let the index k, 1 ^ k <Ξ n, and the point r, r e (α, 6), be
given and consider nontrivial solutions y(t) of (1.1) which satisfy

(4.3) yk(r) = 0 .

(4.2) and (4.3) give

(4.4) 2/(s) = Yk(8, r)c .

Here c is the (n - 1) vector (^(r), , yk^(r)9 yk+ι(r), , yn(r)) and
F*(s, r) is the n x (n — 1) matrix obtained from Y(s, r) by deletion
of the fcth column. By assumption (4.1), we have for r < s,

S+(!/(«)) ^ S-(τ/(r)) = S-(c) .

As this holds for every nonnull vector c, it follows that Yk(s, r) is,
for r < 8, strictly sign-regular of order n — 1 [4, p. 219, Th. 1.2, (b)];
i.e., all minors of Yk(s, r) are nonzero and, for each p, 1 ^ p <? n — 1,
all minors of order p have the same sign, possibly dependent on p.
But as Y(r9 r) = J, it follows that yA(r, r) has for each #>, 1 <: ^ ^
^ — 1, a minor equal to 1. It follows, by continuity, that all minors
of Yk{s9 r), r < s, are positive. As A: was an arbitrary index, this
implies that all minors, up to the order n — 1, of Y(s, r) are positive
for r < s. But the determinant of Y(s, r) is always positive and we
have thus proved that the system (1.1) is STP.

We remark that by the last two theorems property (4.1), for all
nontrivial solutions y(t), is equivalent to the properties (a) to (c) of
A(t) stated in Theorem 3. A direct proof of this equivalence, without
use of the variation-diminishing properties of the STP matrix Y(s, r),
seems to be rather tedious.

The next theorem, and the examples in the final section, will give
some information about the number of points at which each component
of a fixed solution of an STP system (1.1) may vanish. It might be
of interest to consider here briefly the case of such systems with
constant coefficients A(t) = A. A is thus a Jacobi matrix with positive
off-diagonal elements. But the class of Jacobi matrices B with negative
off-diagonal elements wτas studied in detail by Gantmacher and Krein
[2, Ch. 2, §1.]. For A(=-B) it follows that A has n distinct real
characteristic values Xjy \ < λ2 < < λΛ, (and that for the charac-
teristic vector uU) = (uij9 •• ,% n i ), corresponding to X3 , S

+(uU)) =
S~(uU)) = n — j, j = 1, , n). Every solution y(t) of the corresponding
system (1.1) is therefore of the form
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n

Vi(t) = Σ c^eW , ί = 1, , n ,

and it follows that in this case each component y^t) of a nontrivial
solution y(t) vanishes at most n — 1 times. (Note that for any system
(1.1) there always exist nontrivial solutions y(t) satisfying (n — 1)
homogeneous conditions.) As already mentioned in the introduction a
more precise statement holds for the total number of zeros of yλ(t)
and yn(t) for any STP system (Theorem 5, (ii)); and the examples will
show that, for any n, n Ξ> 3, there exist STP systems with variable
A(t) having a solution y(t) for which each interior component ^(ί),
i — 2, , n — 1, vanishes infinitely many times in (— oo, oo).

To facilitate the proof of Theorem 5 we now state some evident
properties of the functions S+ and S~ as a lemma.

L E M M A 3. Let x — (x19 •••, xn), be a real nonnull vector. Then

(4.5) 0 ^ S~(x) ^ S+(x) ^ n - 1 .

// m components of x vanish, 1 rg m ^ n — 1, ί/̂ en

(4.6) S + W ^ m, S-(α?) ^ n - m - 1 .

If χi — 0> o r if %% = 0, ^ β n

(4.7) S+(x) - S"(x) ^ 1 .

If χι — 0 and #w = 0, then

(4.8) S+(a;) - S"(ίc) ^ 2 .

Part ( i ) of Theorem 4, and Lemma 3, now imply the following
theorem.

THEOREM 5. Let the differential system

(1.1) y'(t) = A(ί)2/(ί)

be STP in (α, 6), - oo ^ α < 6 ^ oo, and Zβί y(t) - (^(ί), , 2/Λ(Q) be

a nontrivial solution.
( i ) // S~~(y(r)) = 0, r e (a, &), ί/̂ en no component of y(t) vanishes

in (r, b). If S+(y(s)) = n — 1, s e (a, b), then no component of y(t)
vanishes in (a, s).

(ii) Let k and / be nonnegative integers and assume that

= 0, i = 1, , k, a < a, < < ak < b ,
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Then k + / ^ n — 1. Moreover, if k + /= n — 1, then no component
of y{t) vanishes in (a, min (alf βt)) U (max (ak, β/), b).

(iii) Assume that m components ofy(r), r e (a, b), vanish, and that

= 0, ΐ = 1, , k, r < ^ < < ak < δ ,

yn(βj) = 0, j = 1, , /, r < ft < < β, < b .

Then k + s^n — m — 1. Moreover, ifk + s=n — m — 1, then no
component of y(t) vanishes in (max (<xk, β/), b). A similar statement
holds for the number of zeros of yL(t) and yn(t) in (a, r) .

Proof. ( i ) S~(y(r)) = 0 and (4.1) imply S+(y(t)) = 0, r < t < b,
and the first inequality of (4.6) implies that no component of y(t)
vanishes. S+(y(s)) = n — 1 and (4.1) imply S~(y(t)) = n — 1, a < t < s,
and the other inequality of (4.6) gives the desired conclusion.

(ii) Denote the union of the sets {αjf and {βj}{ by

{t»}ΐ, ίi < < tp, (max (k, /) ^ p ^ k + /) .

Then

k + ^ Σ [<S+0/(£,)) - S-(y(ίv))l

(4-9) _ v r.Q+ίW/ \\ __ .Q-<W/ M̂ _L .Q+/WM\ _ S~(y(t))

O ) - S-(y(tp)) £ n - l .

Here the first inequality sign follows from (4.7) and (4.8), the second
inequality sign follows from (4.1) and the last one from (4.5). This
proves the main assertion of (ii). If k + / = n — 1, then (4.9) implies
S~(y(tp) = 0 and S+(y(t1)) = n — 1 and the remaining assertion of (ii)
now follows from (i).

(iii) Let t19 •• ,£2, have the same meaning as above. (4.9), the
assumption r < tγ and (4.1), and (4.6) give

k + / £ Siyfr)) - S-(y(tp))
g S~(y{r)) - S-(y(tp)) ^ n - m - 1 .

If k + /= n — m — 1, then (4.10) and S"(y(r) <̂  n — m — 1 imply
S~(y(tp)) — 0 and no component of y(t) vanishes in (tp, b). For zeros
to the left of r, a < tλ < < tp < r, we obtain

^ n - m - 1 .

If k + s = n — m — 1 this gives S+(y(t1)) = n — 1 and no component
vanishes in (α, ί̂ . This completes the proof of Theorem 5.
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We remark that the constants n — 1 of part (ii) and n — m — 1
of part (iii) of this theorem, are the best possible as there always*
exist nontrivial solutions of (1.1) satisfying n — 1 conditions yi)f(tu) =
0, 1 ^ iv ^ n, a < tu < b, v — 1, , n — 1. We conclude this section
with another direct consequence of (4.1). Let r and s be given points,
a < r < s < 6, and assume that y(t) is a nontrivial solution of (1.1)
such that k components of y(r) and / components of y(s) vanish. Then
k + / ^ n — 1. Moreover, if k + / — n — 1, then there exίsts-except
for a multiplicative constant-precisely one nontrivial solution y(t) of
(1.1) satisfying the given set of conditions yiv(r) ~ 0, y5 (s) = 0, v =

1, , k, μ — 1, , /. To prove the first part, we remark that, by (4.6),
S"(y(r)) <̂  n — k — 1 and S+(y(s)) ^ /. (4.1) gives therefore & + / ^
w — 1. Assume now k + ^ = n — 1 and let τ/(£) and w(ί) be twα
solutions satisfying the given set of (n — 1) conditions. We can then
form a linear combination v(t) = cLy(t) + c2u(Q such that k + 1 com-
ponents of i (r) and the former I — n — k — \ components of v(s)
vanish. v(t) violates the first part of the above statement unless it
reduces to the trivial solution. Hence u(t) = cy(t) (cf. [7, p. 507]).
This statement can also be obtained directly from the strict total posi-
tivity of the matrix Y(s, r).

5* Vector solutions of totally positive systems* According to
Theorem 4, the inequality (4.1) is characteristic for STP systems. It
follows from (4.1) that S~(y(t)) and S+(y(t)) are decreasing functions
of t. These consequences of (4.1) characterize the larger class of TP
systems.

THEOREM 6. ( i ) Let the differential system

(1.1) y'(t) = A(t)y(t) ,

be TP m (α, 6), — ̂ o ^ α < 6 ^ co, and let y(t) be a nontrivial solution,,
Then

(5.1) S~{y(s)) < S~(y(r)) for all (r, s) satisfying a < r <L s < b ,

and

(5.2) S+(y(s)) <; S Γ(y(r)) for all (r, s) satisfying a < r <̂  s < b .

(ii) Conversely, if (5.1) is valid for every nontrivial solution
y(t) of the system (1.1), or if (5.2) is valid for every y(t), then the
system (1.1) is TP in (a, b).

Proof. ( i ) We obtain the necessity of (5.1) and (5.2) by an
approximation procedure. Let the constant matrix C* = (cΐ)Γ be de-
fined as in the proof of Theorem 3 (c* = 1 if | i — j \ — 1, otherwise
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c% = 0). If the system (1.1) is TP in (α, 6), then it follows from
Theorems 2 and 3 that the system

(5.3) y'ε{t) = Aε(t)yε(t) , Aε(t) = A(t) + eC* ,

is, for ε > 0, STP in (α, 6). To prove (5.1) let the solution y{t) of
(1.1) and the point r be given. For any ε > 0, let yε(t) be the solution
of (5.3) satisfying

(5.4) yε(r) = y(r) .

(4.1) and (5.4) imply t h a t for any ε > 0, and for any s , s e (r, 6),

(5.5) S+(yε(s)) <S S-(y(r)) .

By a standard theorem on differential equations (cf. [3, p. 55, Corol-
lary 4.1])

lim yε(s) = y(s) .

This and the relation

S~(\imyε(s)) ^ lim S+(yε(s)) ,
ε->0 e->0

[4, p. 217, Lemma 1.1] imply

(5.6) S-(y(s))^lunS+(vA8)).
ε-+υ

(5.5) and (5.6) imply (5.1).
To obtain (5.2) let the solution y(t) of (1.1) and the point s be

given. For any ε > 0? let ye(t) be the solution of (5.3) satisfying

(5.40 ye(s) = y(s) .

(4.1) and (5.4') imply that for any ε > 0, and for any r, r e (α, s)

(5.5') S+(y(8)) ^ S-(yε(r)) .

For ε->0,

(5.6') ΊSiS-(

(5.5') and (5.6') imply (5.2). This completes the proof of part (i).
(We remark that (5.1) follows also directly from a theorem of Schoenberg
[8, Satz 1] (cf. [2, p. 290] and [4, p. 21]) applied to the vector equation
(4.2). Moreover (5.1) and (5.2) are equivalent as we shall show in
Lemma 4.)

(ii) To prove the first half of this converse assertion, we assume
the validity of (5.1) for all nontrivial solutions y(t) of (1.1). We now
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proceed as in the proof of part (ii) of Theorem 4. The index k and
the point r are fixed and we consider only nontrivial solutions of (1.1)
which satisfy

(4.3) yk(r) = 0 .

Defining c as before and now using S~(y(s)) ^ S~(c), r < s, we find
that the n x (n — 1) matrix Yk(s, r) (which is of rank n — 1) is, for
r < s, sign-regular of order n — 1 [4, p. 222, Th. 1.4]; i.e., for each
p, 1 5g p <Ξ n — 1, all nonvanishing minors of order p of Y^s, r) have
the same sign. But, for each p, Yk(r, r) has a positive minor of this
order and not all minors of order p of Yk(s, r) can vanish. It follows,
by continuity, that all minors of Yk(s, r) are nonnegative for r < s
and we thus proved the first half of (ii). (This follows again directly
from the converse theorem of Schoenberg [8, Satz 2]). The second
half of (ii) follows from the first half and the following lemma.

LEMMA 4. Let the n2 real functions ai3-(t)9 i, j = 1, , n, be
continuous in (a, b), — oo <; a < b ^ oo and set A(t) = (ai:}(t))ΐ and let
(1.1) be the corresponding differential system. If, for each nontrivial
solution y(t), S~(y(t)) is a decreasing function of t in (α, 6), then the
same holds for S+(y(t)). Conversely, if S+(y(t)) is, for each nontrivial
solution y(t), a decreasing function of t, then the same holds for

Proof. We shall use Theorem 2 and the (already proved) parts
of Theorem 6 relating to (5.1), i.e., the first half of part (i) and the
first half of part (ii). Let y(t) be a nontrivial solution of (1.1) and
d e f i n e y*(t) = (y*{t), ~-,y*(t)) b y

(5.7) yf{t) = ( - l ) % ( t ) , i = l, -- , n , a < t < b .

This and (1.1) imply that

(5.8) ^ - = B(t)y*(t) , a < t < b ,
dt

where B(t) = (biS(t))ΐ is given by

(5.9) biS(t) = (-l)i+''aiS(t), i, j = 1, , n , a < t < b .

We now define

(5.10) u(τ) = !/*(-τ) , -b < τ < -a ,

and

(5.11) C(τ) = -B(-τ) , -b<τ< -a.
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(5.8), (5.10) and (5.11) give

(5.12) - ^ = C(τ)u(τ) , -b < τ < -a .

dτ

(5.7) and (5.10) imply, that for each t, a < t < b,

(5.13) S+(y(t)) = (n - 1) - S-(y*(t)) = (n - 1) - S-(w(-ί)) .
We now assume that S~(y(t)) is, for each ?/(ί), a decreasing function
of ί. By the first half of Theorem 6, (ii), and by Theorem 2, it
follows that A(t) is a Jacobi matrix with nonnegative off-diagonal
elements. (5.9) and (5.11) show that the same holds for C(τ), hence
using once more Theorem 2 and the first half of Theorem 6, (i), it
follows that S~(u(τ)) is a decreasing function of r; £"(?/*(£)) is thus
an increasing function of t, and (5.13) implies that S+(y(t)) is a
decreasing function of t. Conversely, assume that S+(y(t)) is, for
each y(t), a decreasing function of t. S~~(u(τ)) is then also a decreasing
function of τ, C(τ) is a Jacobi matrix with nonnegative off-diagonal
elements, and the same holds for A(t). S~(y(t)) decreases therefore
for each y(t). This proves Lemma 4 and we have thus completed the
proof of Theorem 6.

(We shall use formulas (5.7) to (5.13) in the proof of the following
lemma. We remark here that Lemma 4 is only a special case of the
following statement: If the real n x n matrix M is nonsingular, and
if for every pair of nonnull vectors (x, z), z — Mx, S~~(z) ^ S~(.τ),
then S+(z) ^ S+(x) holds also for all these pairs. This follows easily
from the above mentioned theorems of Schoenberg, by obvious analogues
of (5.7) and (5.9) and a well-known formula for the minors of the
inverse matrix [4, p. 5].)

For the proof of our final theorem we need the following lemma.

LEMMA 5. Let the differential system

(1.1) y'(t) = A(t)y(t)

be TP in (α, &), — co <g a < b <£ oo, let y(t) = (yjf), , yn(t)) be a

nontrivial solution, and let the points r and s satisfy a < r < s < b*

( i ) i f

(5.14) Vι(r) = 0, yι(s) Φ 0 ,

or if

(5.15) yJx) = 0, yn(s) Φ 0 ,

then
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(5.16) S+(y(r)) - S+(y(s)) ^ 1 .

Moreover, if both (5.14) and (5.15) hold, then

(5.17) S+(y(r))-S + (v(s))^2.

( ϋ ) //

(5.14') Vl(r) Φ 0, Vl(s) = 0 ,

or if

(5.15') 2/Λ(r) * 0, yn(8) - 0 ,

then

(5.16') S-(2/(r)) - S-(»(s)) ^ 1 .

Moreover, if both (5.14') and (5.15') hold, then

(5.17') S-(y(r)) - S~0/(s)) ^ 2 .

Proof. ( i ) We assume that (5.14) holds for a given pair (r, s),
α < r < s < 6. By the continuity of y(t), and by considering, if
necessary, —y(t) instead of y(t), it follows that there exist points
(r19 sx), r <: rι < si <̂  s, such that

(5.18) y(r,) = 0 , and y,{t) > 0 for all t in (rx, s j ,

and such that no component y^t) for which y^r^ Φ 0 vanishes in
[r1? s j . We now consider the possible values of y2(r1). (a) If y2(r1) > 0,
then our choice of [r19 s j implies that also y2(s1) > 0. The pair (y^t),
y2(t)) contributes in this case to S+iyirJ) and gives no contribution to
S+(y(s1)), and the remaining pairs (^(ί), 2/ί+i(ί))> i = 2, , w — 1, cannot
contribute more to S+(y(s1)) than to S+(y(r1)). Hence, in this case,

(5.19) S+Mr,)) - S+(τ/(Sl)) ^ 1 .

(b) The assumption y2(r^ < 0 implies y^s,) < 0. These inequalities
and (5.18), and once more, the fact that components which are Φ 0
at r1 remain so in [r19 s j , give S~(y1(r1)) < S^iy^s,)). This contradicts
(5.1) and this case is thus excluded. There remains the case (c)
2/2(̂ 1) — 0. y2(t) cannot vanish identically in [rlf s j as then the first
component of the equation (1.1), i.e., y[ = anyx + a12y2 contradicts
(5.18). Furthermore, y2(t) cannot become negative in (rx, s j , as y2{r^) —
0, y2(t) < 0 and (5.18) would again give ^-(^(n)) < S~(y(t)), r < t.
Hence there exists a point s2, s2 e (rly s j such that y2(s2) > 0, and we
obtain

<5.19') S+(rλ) - S+(s2) ^ 1 .
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As r £ rx < s2 £ s, £ s, (5.19), (5.19') and (5.2) imply (5.16). The
assumption (5.15) gives the same conclution. As t increases from r
to s, the decrease of S+(y(t)) is, under the assumption (5.14) due to
the pair (y^t), y2(t)). Under the assumption (5.15), it is due to the
pair (yn^(t), yn(t)), and it therefore follows that the simultaneous
validity of (5.14) and (5.15) implies (5.17).

(ii) This part now follows from part (i) by the previously used
transformation (formulas (5.7) to (5.13)). Together with the system
(1.1) also the system (5.12) is TP. (5.14') becomes u^-s) = 0, u^-r) Φ 0
and part (i) gives S+(u(-s)) - S+(u(-r)) ^ 1. This and

S+(u(-t)) = S+(y*(t)) = n - l ~ S~(y(t))

gives (5.16') and we have thus completed the proof of the lemma.
In Theorem 5 we obtained results on the behavior of solutions

y(t) of a STP system (1.1). // the system (1.1) is TP, but not STP,
then none of the assertions of Theorem 5 remains valid. To show
this, let A(t) = (αo (ί))Γ be a Jacobi matrix with nonnegative off-diagonal
elements in (α, b) and assume that for a given index g, 1 ^ q ^ n — 1,
and a given interval (a, β), a <£ a < β <̂  6, the element aq+1,q(t) vanishes
identically in (a, β). We now consider (1.1) only in this subinterval
(a, β). Here (1.1) may be satisfied by solution vectors y(t) for which
yq+ι(t) = = yjt) = 0. If we consider only such solutions y(t), then
the vector consisting of their first q components y(t) = (y^t), , yq(t))
satisfies an equation of the form

(5.20) y'(t) = A(t)y(t) , a < t < β ,

where

(5.21) A(t) = {aiά(t))l , a <t < β .

This q th order system (5.21) is again TP (possibly even STP) in (a, β),
and we obtain a g'-dimensional subspace of the solutions of (1.1) by
adding the n — q zero components yq+1(t) = = yn(t) = 0 to an
arbitrary solution of (5.20). These solutions of (1.1) do not satisfy
the assertions of Theorem 5. Indeed, let r e (a, β) and choose yL(r) ~
. . . = yq(r) = 1. Then S~(y(r)) = 0, but the n — q last components
of y{t) vanish identically in (r, β). If we choose y^r) = ( — 1)%
i = 1, •••, q, then S+(y(r)) = n — 1, but the last components vanish
identically (a, r). This shows that part (i) of Theorem 5 is not valid
for the present system. Parts (ii) and (iii) are not valid as yn(t) = 0
in (a, β). If we assume that an element of the first superdiagonal
aq>q+1(t) vanishes identically in (α, β), then we have to consider solutions
of (1.1) for which yγ(t) = yz(t) = = yq(t) Ξ 0 in (a, β) and the
remaining components satisfy a system of order n — q. Theorem 5
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does therefore not hold for TP systems; the following weakened
version is however valid for such systems.

THEOREM 7. Let the differential system

(1.1) V'(t) = A(t)y(t)

be TP in (a, b), — oo ^ a < b <£ °o, and let y(t) = (y^t), , yjt)) be a
nontrivial solution.

( i ) If S+(y(r)) = 0 , r e (a, b), then no component of y(t) vanishes
in [r, b). If S~(y(s)) — n — 1, se (a, b), then no component of y(t)
vanishes in (a, s].

(ii) Let

(α<)70 < <*i < % < α2 < . . < 7*-! < α* < 7fc(<δ)

6β 2A: + 1 points, such that for each i,i = l, ,k, at least one of

the following two conditions holds.

(5.22) yjy^) Φ 0, ySμίi = 0, yfa) Φ 0 ,

or

(5.23) 3Λ.(7<-i) ^ 0, yja,) = 0, ^ ( τ 4 ) ^ 0 .

Set mi — 1 if only one of these two conditions holds for the index ί,
and m{ = 2 if both conditions hold, i = 1, , k, and let k = Σ?=i m ί
Then k ^ n — 1. Moreover, if k = n — 1, ίfeβ^ ^o component of y(t)
vanishes in (a, 70] U [7fc, &).

(iii) Lei αίί ί/̂ β assumptions of (ii) fcoϋώ α^ώ, m addition, assume
that m components of y(r), re (a, b) vanish and that either r ίg 70 or

^ π — m — 1.

Proof. ( i ) (5.1), (5.2) and (4.6) yield these two assertions,
(ii) We have

(5.24) *=i

S + ( y ( Ύ k ) ) ^ S + i y i a J ) - S + ( y ( y k ) ) ^ n - 1 .

The first inequality sign follows from (5.22) and (5.23) by Lemma 5.
The second inequality sign follows by (5.2). This proves k <: n — 1.
If k = n - 1, then (5.24) implies S+(y(Ύk)) = 0, hence part (i) implies
that no component of τ/(£) vanishes in [7^ b). To show that, if k =
w — 1, no component vanishes in (α, 70] either, we use

/ κ o κ , * ^ Σ [5-^(7,-0) - S-d/te))] = Σ [S-iv&i-d) ~ S-(y(a^))]
(5.25) <=i *=2

- S-(y(ak)) ^ n - 1 .
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(5.25) and k = n — 1 imply S~(y(y0)) = n — 1, which gives the desired
nonvanishing in (α, τ0].

(iii) If r ^ To, then (5.25), (5.1) and (4.6) imply

k ^ S-(y(%)) ~ S~(y(ak)) ^ S~(y(r)) - S~(y(ak) ^ n - m - 1 .

If 7k ^ r, then (5.24), (5.2) and (4.6) give

k ^ S+iyiaJ) - S+(y(yk)) ^ S+iyfa)) - S+(y(r)) ^ n - m - 1 .

This completes the proof of Theorem 7.

6* Examples* We conclude this paper with a few examples.
All our examples are STP systems (1.1) and for each example we
consider only one particular vector solution y(t). We thus replace
(1.1) in each case by a vector equality where the matrix A(t), the
particular solution y(t) and its derivative y'(t) are shown explicitly.
As the case n = 2 is trivial, we start with an example for n = 3.

(6.1)

( — sin t\

— cost

\ — sin t

0 0

3 3
— — cos t 0 — + cos t
2 2

0 0

— sin t

— 2 + cos t)

This shows that, for n = 3, there exists a system (1.1) which is STP
in (-oo, oo) and for which the interior component y2(t) of a particular
solution y(t) vanishes infinitely many times. However, in this example
the extreme components yλ(t) and yz(t) do not vanish at all.

The next examples show that the assertion of Theorem 5, is, for
n = 3, essentially all that can be said about the number of zeros of
the components of any particular solution y(t) of a STP system. Let
a and β, a < β, be zeros of the extreme components y^t) and yz(t).
Theorem 5 (ii) implies that these extreme components have no other
zeros and that y2(t) does not vanish outside the interval (a, β); however,
no restrictions on the number of zeros of y2(t) in (a, β) are given by
Theorem 5. We combine system (6.1) with two other systems to show
that we may obtain an (except for its parity) arbitrary number of
zeros of y2(t) in the interval bounded by the zeros of the extreme
components. The matrix in (6.1) and the vector given there, will be
referred to as A(t) and y(t). We now consider the equality

(6.2)

x l \

0

0 0

_(2 - τ) 0 —(2 + r)

0

2 + τ\

2

2 4-

Note that the corresponding system
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(6.2') u'(τ) = B{τ)u{τ) ,

is STP in [ — 2,2]. Furthermore we note that if now u(τ) denotes
the particular solution shown in (6.2), then, for each integer k, the
equalities

(6.3) B(0) = A ( - J , u(0) = y(- | -

(and hence also u'(0) = y'( — π/2 + 2ftπ) hold. (6.3) allows us to
combine the examples (6.1) and (6.2) at their respective points t =
-π/2 + 2kπ and τ = 0.

We also consider the equality

(6.4)

-1)

0 0

4(2 + τ) 0 4 ( 2 - T )
4

0

4

1 0

/ 2 - τ

- 1

-2-rJ
The corresponding system

(6.4') v'(τ) = C(τ)v(τ)

is again STP in [ — 2,2] and, for each integer k,

(6.5) C(0) = A(1L + 2kπy v(0) =

and we thus may combine (6.1) and (6.4).
For any nonnegative integer k, we now define the system

(6.6), [y{1)(t)Y = A™(t)y™(t) ,

in [a19 βι],aι= -2 -π/2, β, = π/2 + 2kπ + 2, by setting

βft 4- — ̂  —2 — — < t < ——
\ 9 / 9 Z = = = 9 >

\ Δ / Δ Δ
Aί+\ <c /; <c , 1 2kπ

\ "2~ π) ' ~2 K = =~2

This systems is STP in [aιt /3J and has the particular solution

yw(t) = y(t),

v(t - f - 2^) , —
2

_ Ξ. < ί < iL +
2 ~~ ~ 2

2/cπ < t < — + 2/bπ + 2
~" ~ 2
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?i) = 0, y{

3

1](t) < 0 in [a19 A]> and y{

2\t) vanishes at the
2k + 1 points t = /π, ^ = 0, 1, , 2k.

If we define the system

(6.6)2 [y{2)(t)Y — A{2)(t)y{2)(t) ,

in [a2, β2], a2= - 2 + π/2, β2 = 3ττ/2 + 2^ττ + 2, (& = 0,1, •), by setting

ίr(t π\ 9 M
 π < f < π

2

then this system has a solution yί2)(t), for which ^32)(^2) = 1/32)(/52) = 0,
l/ί2)(ί) > 0 in [a2, β2], and ?/22)(̂ ) has again an odd number of zeros in
[a21 β2\.

Defining A™(t) in [α3, β3], a3 = - 2 - ττ/2, /93 = 3ττ/2 + 2kπ + 2, by

— + 2/cττ ̂  ί ^ — + 2kπ + 2 ,
Δ

—
Δ

we obtain a system which is STP in [a3, β3] and has a solution y{3)(t),
for which 2/ί3)( 3̂) = y{

3

Z)(β3) = 0, and τ/^3)(ί) has now an even number
of zeros in [α3, /33]. By using first C, then A and then again C, we

obtain similarly a fourth example for which = y[4)(β4) = 0 and

y{2]{t) has again an even number of zeros in [α4, /94]. These four
examples establish the italicized statement preceding (6.2); the parity
restriction on the number of the zeros of y2(t) follows easily by the
proof of part (ii) of Theorem 5. We remark that there is no need
to consider different systems for all four examples and all nonnegative
integers k. All these cases can be illustrated by considering distinct
solutions yij>k), j = 1, , 4, k = 0, 1, , of a single system (1.1) which
is STP in (—00,00). The corresponding matrix A(t) is given by
an(t) = aiz(t) = aB1(t) — α33(ί) = 0 and aL2(t) = a32(t) = 1 for all t, while

the elements a2ι{t) and α23(ί) are determined in the disjoint intervals
[ajk, βjk] by the above formulas and are (otherwise arbitrary) continuous
nonnegative functions of t, which only vanish at some of the end
points ajk and βjk.

For n = 4 our example is
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' Λsm£

cos t

cos t

sin t

(6.7)

- 1

X

3(2 - cos t)

1 + cos t

0

0

2 — cos t

— + sin t

— — + sin t

— 2 — cos t

—° Jt-s inί

— + sin t
ό

5
3

0

1 — cos t

- 1

3(2 + cos ί) )

J

The corresponding system is STP in (-co, oo) and the interior com-
ponents y2(t) and ys(t) of the particular solution y(t) have infinitely
many zeros. (6.7) is the special case n = 4 of a general example,
valid for any n, n ^ 4. The nonzero elements of the Jacobi matrix
A(t) = (dij(t))^ are in this general case given by

3 - n

(n - 1)(2 - cos t)

8
a22 = 5 — n —

, α12 = 1, α21 = 1 + cos t ,

4

n
, α23 = n — 4 +

- 1
— sin

(6.8)
Y c o s

2

= ?ι — 4

- — i = 3, 2 ,

— 1
+ sin ί, an_lyn_γ = 5 — n —

n — 1

α«-i,» = 1 - c o s ί, a w w _ i = 1, aTO% = - n

(n - 1)(2 + cos ί)

The particular solution is the vector τ/(ί), whose components are

= 2 - cos ί ,

= n + X ~ 2 '
w — 1

yjjb) = - 2 - cosί ,

sin ί , i = 2, .. , n -
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and all interior components vanish infinitely many times.

I am grateful to Professor Z. Nehari and Dr. M. Lavie for their
valuable advice offered during many discussions.

REFERENCES

1. R. Bellman, Introduction to matrix analysis, McGraw-Hill, New York, I960.
2. F. R. Gantmacher and M. G. Krein, Oszillationsmatrizen, Oszillationskerne und
kleine Schwingungen mechanischer Systeme, Akademie-Verlag, Berlin, I960.
3. P. Hartman, Ordinary differential equations, John Wiley and Sons, New York,
1964.
4. S. Karlin, Total positivity, vol. 1, Stanford University press, Stanford, 1968.
5. C. Loewner, On totally positive matrices, Math. Z. 63 (1955), 338-340.
•6. J. Mikusiήski, Sur Vequation x^ + A(t)x = 0, Ann. Polon. Math. 1 (1955), 207-221.
7. Z. Nehari, Disconjugate linear differential operators, Trans. Amer. Math. Soc.
129 (1967), 500-516.
S. I. Schoenberg, Uber variationsvermindernde lineare Transformationen, Math. Z.
32 (1930), 321-328.
9. R. S. Varga, Matrix iterative analysis. Prentice-Hall, Englewood Cliffs, New
Jersey, 1962.

Received June 5, 1969.

CARNEGIE-MELLON UNIVERSITY,

PITTSBURGH, PENNSYLVANIA

TECHNION-ISRAEL INSTITUTE OP TECHNOLOGY,

HAIFA, ISRAEL





PACIFIC JOURNAL OF MATHEMATICS
Vol. 32, No. 1, 1970

THE BENDING OF SPACE CURVES INTO
PIECEWISE HELICAL CURVES

JAMES M. SLOSS

It is the purpose of this paper to show that a regular C3

space curve Γ in a Euclidean 3-space, whose curvature /c Φ 0,
can be bent into a piecewise helix (i.e., a curve that is a helix
but for a finite number of corners) in such a way that the
piecewise helix remains within a tubular region about C of
arbitrarily small preassigned radius. Moreover, we shall show
that the bending can be carried out in such a way that either
(a) the piecewise helix is circular or (b) the piecewise helix
has the same curvature as Γ at corresponding points except
possibly at corners, of (c) if the torsion of Γ is nowhere zero,
then the piecewise helix has the same torsion as Γ at corres-
ponding points except possibly at corners.

Also we shall show that if, in addition, Γ has a bounded fourth
derivative, then an explicit formula can be given for a sufficient number
n of helices that make up the piecewise helix, where n depends on Γ
and the radius of the tubular region about Γ. In this case, we shall
also show how the determination of the piecewise helix can be reduced
to a problem in simple integration.

1* Bendability*

DEFINITION 1. A curve is called a piecewise helix if it consists
of a finite number of segments, each of which is a helix (i.e., a curve
whose tangent makes a constant angle with a fixed direction). A point
at which two consecutive helices meet will be called a corner of the
piecewise helix.

REMARK. If, in particular, between corners the helix is a circular
helix, then the piecewise helix will be called a piecewise circular helix.

THEOREM 1. Let Γ: r(s), s — arc length, 0 ^ s ^ I, he a regular
C3[0, I]1 curve whose curvature κ(s) is nowhere zero. Then for any
given e > 0

(a) there exists a piecewise circular helix Γ*: fef(s), s — arc length,
0 ^ s ^ ϊ, such that:

\r(s) - h*(s)\ < ε , 0 ^ s ^ I

1 (I.e., r(s) can be extended to lie in C3 on some open set containing 0 ^ s 5Ξ I.)

231
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(b) there exists a piecewise helix Γf: h*(s), s = arc length,
0 ^ s <Ξ; I, such that:

\r(s) - h*(s)\ < ε , 0 ^ s ^ ί

ami JΓ2* Λαs £/&e same curvature as Γ at corresponding points, except
possibly at the corners of hf(s)\

(c) provided the torsion τ(s) is nowhere zero, there exists a
piecewise helix Γ*: hf(s), s = arc length, 0 <ί s ^ I, such that:

\r(s) - /&3*(s)| < e , 0 ^s^l

and Γ} has the same torsion as Γ at corresponding points, except
possibly at corners of ht(s).

REMARK. In each case the curve Γ is "bent" into a piecewise
helix.

Proof. We shall prove (b) and indicate what minor modifications
are necessary to prove (a) and (c). Let κ{s) and τ(s) be the curvature
and torsion respectively of Γ. Then φ) e C^O, I] and τ(s) e C°[0, I]
since r(s) e C3[0, £]. By hypothesis, rc(s) Φ 0; therefore,

is continuous and thus uniformly continuous on [0, I]. Let

(1.1) I κ(έ) I ^ κmκ on 0 ^ s

and

(1.2)

and choose d(ε) > 0 such that

(1.3) |/(s2)

provided | s2 — st | ^ d, where

(1.4) a = </cmax?V6 exp {i*m«i/2(l + /Lx)})"1 .

Let

n — n(ε) = smallest integer ^ —

δ

and

Jo = {s: 0 ^ s ^ d}

(1.4.1) /,- = {s: iδ < s ^ (i + 1)3} , i = 1, 2, , » - 2

J,_! = {s: (TO - l)δ < s ^ 1} .
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Then 7,(0 ^ j <Ξ n — 1) form a disjoint covering of [0,1], each of length

Let

(1.5) τ,(β) = fjφ), β e J, , i = 0,1, , n - 1

where

f = J/IO" + 1)«] for i - 0,1, .. , n - 2 .
for j = n — 1

By the fundamental theorem for space curves there exists a unique
curve hj(s), s e /,-, for which:

( i ) its curvature and torsion are respectively κ(s) and TS(S) as
denned by (1.5), and

(ii) its position h3(s), tangent ί3 (s), principal normal %(s) and
binomial bj(s) satisfy the initial conditions:

(1.6) htfδ) = r(jd), tj(jδ) = eAJ8), ns(j8) = e»(jδ), = φ'δ)

where ejβ), ez(s) and e3(s) are the tangent, principal normal and binormal
of r(s) respectively, and s is the arc length parameter of hs.

Moreover, if

(1.7) Φs(s) =

Λ(«)J

0 1 0

1 0 /,

-/, oj

then Φj(s) satisfies the differential equation:

(1.8) Φ'M) = KWAJΦM .

Also, because TJ(S)/K(S) = f} = constant on 7 i ( hj(s) is a helix on JΓ, .
By the Frenet formulae for Γ, we have:

(1.9)

where

(1.10)

ψ'(s) = /c(e)A(e)y(e), 0

Ψ(8) = Φ) , A(8) =

0 1 0

- 1 0 f(s)

. 0 -/(«) 0 .

Considering both (1.8) and (1.9) as differential equations on Is, we
obtain:

(1.11)
Φj(s) = Φj(j

58

i = 0,1, , n - 1
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and

(1.12) *® = ¥ ^ H

j = 0,1, ••-,%-!

Since by (1.6) Φj(jδ) = Ψ(jδ), we see that if

II(C«)II = / Σ ^ - ,

t h e n

| | f ( s ) - Φ , ( s ) | | ^ | /c( ί) | | | A ( ί ) - A , | | \\¥(t)\\dt
(1'18) + V £ί

J jδ

But by (1.7), (1.10), and (1.3)

11 A(ί) - A, 11 = l/2[/(ί) - /3 ]2 < i/2αe for ί e /,-

Also we have

l|y(ί)| | = VΎ

and by (1.7)

11 A, 11 = 1/2(1 + /)) ^ 1/2(1 + /Lx)

Thus

(1.14) || ¥(s) - 0,(8) || < ilίδeα: + ivΓ || Ψ(t) - Φf(t) || d ί , β e /,
Ji'δ

where

N = κm

Let

C = s u p | | ? Γ ( ί ) - Φ i ( ί ) | | ,
telj

then by (1.14)

(1.15) || ¥(s) - Φd(s)\\ < Mδεa + NC(s - jδ)

from which we see upon combining (1.14) and (1.15) that
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l|y(β)-0,(8)11

< AfδeαΓl + N(s - jδ)

(1.16) , (s - jδ)k+1

2!
+ N k ( s ~

Mdsaem

Mlεaem

by the definition (1.4) of a.
If we let

Φ*(β) =

t(s) -

n(s) , s e I*,

i = o , l , ••-,% = l ,

then Φ*(s) is piecewise continuous on [0, I] with discontinuities possibly
at

s = jδ , j = 0,1, 2 , n — 1 ,

and by (1.16) since /,• is a cover of [0, I],

(1.17) || y(β) - Φ*(β) || < e/ί for 0 ̂  s ^ {.

Let

(1.18) h*(s) = r(0) + [t(σ)dσ , for 0 ̂  s ^ I .
Jo

Then A*(s) is a piecewise helix Γξ for which

h*'(s) = h'ά{s) , for s e Iit j = 0,1, . , n - 1 .

Thus for 0 g s ^ Z:

I »•(«) — Λ*(β) I ̂  Γ I ^(β) —
Jo

^ l|y(8)-0*(8)||d8
Jo

< ε

by (1.17).
Next we note that s is the arc length of h*(s) since

Moreover on the interior of I5:

I h*"(s) I = I h'/(s) I = curvature = φ)

for s e / , .
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by construction of hj(s).
This completes the proof of part (b). For the proof of part (a)

and part (c), only obvious slight modifications are necessary. In part
(a), we need only the additional fact that a helix is circular if the
curvature and torsion are both constant.

2* Explicit results* If we allow r(s) to have one more bounded
derivative we have:

THEOREM 2. // in addition to the assumptions of Theorem 1, we
also assume that r(s) has a bounded fourth derivative on [0, I], then
we can choose n(ε) in part 2 to be

(2.1)

where

(2.2)

(2.3)

a*ln(ε) — smallest integer > ——
as

a = <<£maxZV 6 exp {kmaxl/2(l + fL*

r' jr" x r"") _ 3[r"' r"][r' (r" x r'")]
<g*, O ^ s ^ l ,

REMARK. A similar result holds for parts (a) and (c).

Proof. Since

\*V — i \ / V /J

_ r'.(r» x r"')

and

the expression in the first inequality in (2.3) is simply the derivative of

Thus

If we choose

(2.4)

g*[s2 -

δ = aε
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where a is given by (2.2) = (1.4), then

\f(s2) - / ( * ) ! <aε

whenever |s2 - sλ\ < δ. This, by the proof of part (b) of Theorem 1,
gives the result since

a*l I
n(e) = smallest integer > — — = — .

aε o

THEOREM 3. Let Γ: r(s), s = arc length, 0 <: s ^ I, be a regular
space curve with bounded fourth derivative and nowhere-zero curva-
ture. Denote the curvature, torsion, tangent, principal normal and
binormal of Γ by /c(s), τ(s), e^s), e2(s) and β8(s). For any given ε > 0,
let n(ε), δ, and I5 (j = 0, 1, , n) be given by (2.1), (2.4) and (1.4.1),
respectively. Put

tj(s) = ^-{[/ | + cos (gd(s)™>)]ei(jδ) + [m sin (gj(s)m)]e2(jδ)
m2

/y[ - cos

where

)<?]}, m= + Vl + f'U gό{s) = \ fc(σ)dσ

and let

t(s) = tj(s), s e Iά, j = 0, 1, , n .

Then the curve

Γ*: h*(s) = r(0) + I t(σ)dσ, s = arc length, 0 <; s ^ I ,
Jo

is α piecewise helix such that

\r(8)-h*(8)\< e,0^s^l,

and Γ* has the same curvature as Γ at corresponding points except
possibly at the corners.

Proof. From (1.7)

nd(s)

satisfies the system of differential equations
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(1.8) Φ's{8) = φ)AjΦj(s) on I, ,

where A3- is given by (1.7). The solution of (1.8) for which Φ3-(Jδ) =
Ψ(jδ) is given by

Φ3-(s) = egi{s)Aiψ{jδ) .

The eigenvalues of A3 are 0, ίm and — ίm and the corresponding
eigenvectors are:

0

1

Γ 1

ίm

_ - Λ J

1
— i m

Also the matrix T = {TX1 T2y T3) has the inverse

"2/y 0 2

1 — i m —/y

1 ίm —/,-_
2m 2

Thus

where

0 0 0 "

0 im 0

0 0 - i m

and

m

| + c o s ^ (s)m, m sin ^

From this it follows that

'tj(s)'

nά{s)

x

"[/? + cos gj&mfaijδ) + [m sin g3 (s)m]e2{jδ) - cos g3 (s)m]ez(jδ)'

which gives (2.5) and the theorem is proved.
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REMARKS. By using the definition of torsion as given by Hartman
and Wintner [1], p. 771, [3] p. 202, the continuity requirement of
Theorem 1 can be relaxed from C3 to C2. A question of further in-
terest would be to consider the bending of normal curves, see for ex-
ample, Nomizu [2] and Wong and Lai [4].
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ANALYTIC INTERPOLATION OF CERTAIN
MULTIPLIER SPACES

JAMES D. STAFNEY

Let Wp denote the space of all functions on the circle
which are the uniform limit of a sequence of trigonometric
polynomials which is bounded as a sequence of multipliers for
lp, 1 ̂  V = 2. Let Us be the interpolation space [W2, Wi]β (see
1.1). Our main result, Theorem 2.4, states that for a compact
subset E of the circle, U.\E= C(JE) if and only if Wt\E = C(E).
A major step in the proof is a maximum principle for interpola-
tion, Theorem 1.7. We also give a direct proof that Us Φ Wp

(see Theorem 2.7) for corresponding s and p.

1* Some properties of analytic interpolation*

1.1. Let B° and B1 be two Banach spaces continuously embedded
in a topological vector space V such that B° Π B1 is dense in both B°
and B\ For 0 < s < 1, let g, [B\ Bι]s and B° + Bι denote the spaces
as defined in [1, § 1], For two Banach spaces X and Y we let O(X, Y)
denote the Banach space of bounded linear operators from X into Y
where the norm is the usual operator norm. Let O(X) denote O(X, X).

1.2. Assume the notation and conditions of paragraph 1.1 and for
convenience let Bs denote the space [B\ Bι]s, 0 < s < 1. Let V denote
the Banach space

0(5° Π B\ B° + Bι) .

Let A3- be a closed subspace of 0{Bj), j — 0, 1. By restricting the
elements in A3- to B° Π Bι in the obvious way we may regard Ai as
continuously embedded in the topological vector space F', and it is
with respect to this embedding that we understand [Ao, AJS; in parti-
cular, [Ao, AJS is a subspace of V. We will assume that Ao Π Aι is
dense in A3- with respect to the norm of Aά ,j = 0, 1, when these spaces
are embedded in V as described. Since B° Π B1 is dense in B° and
B\ we know from [1, § 9.3] that B° Π Bι is dense in Bs; thus, since
δ s c δ ° + B\ the restriction of elements of O(BS) to B° f] B1 gives a
continuous embedding of O(BS) in V in the obvious manner. Note
that each element of Ao π A1 is bounded with respect to the norm
|| \\Bs restricted to J5° π Bι and is, therefore, contained in the enbedded
O(BS). Let As denote the closure of Ao Π A, in O(BS) where O(BS) is
regarded as embedded in V in the manner just described. Finally,
we let Ms and Ns denote the norms of the spaces As and [Ao, AJ,,
respectively.

241
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LEMMA 1.3. Assuming 1.2, [Ao, A,], c As and Ms ^ N8, 0 < s < 1.

This lemma is an immediate consequence of [1, § 11.1].

1.4. Assume the notation and conditions of 1.1. Let / b e a closed
subspace of B° + B1. We will assume that

(1.4.1) Ij = J n BjΊ is closed in Bs, j = 0, 1. Clearly the map a
defined by

a(x + F) = χ + j j = 0, 1

is a continuous one to one linear map from Bj/Ij into VI J. Let

D s = [

LEMMA 1.5. Assuming 1.4, if xe Bs1 0 < s < 1, then x + JeDs

and

(1.5.1) || a + J \\Ds ^\\x+(JΓiB.) \\BJ{J Π Bs) .

Proo/. Let xeBs,heJ n # s and ε > 0. Choose / e g = g(5°, S1)
such that /(s) = x -\- h and

(1.5.2) || / | | g ^ e + ||a? + λ | U t .

Let g(ξ) = f(ξ) + J for 1 ^ | f | ^ ε. Then it is clear that g e gx where

and that

(1.5.3) flr(s) = x + J .

Hence, x + JeDs. Furthermore, since it is clear that

(1.5.4) llflr | |δ l^ H/llg,

(1.5.1) follows from (1.5.2), (1.5.3), (1.5.4) and the fact that h and ε
were chosen arbitrarily.

The following lemma can be proved by the usual method of suc-
cessive approximations.

LEMMA 1.6. Suppose that Dλ is a Banach space that is continu-
ously embedded in a Banach space DQ such that Dx is dense in DQ

with respect to the norm of Do. Suppose that there exist constants
c, c19 c < 1, with the property that for each x e Dx there is a corres-
ponding element z in Dx such that
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I x — 2 |0 <̂  c\ x |

We will now establish a "maximum principle" for analytic inter-
polation.

THEOREM 1.7. //, in addition to the assumptions of paragraph
1.1, B° = [B°, B']s for some s (0 < s < 1), ίfcen J5° - B\

Proof. From the fact that B° and I?1 are continuously embedded
in V and the closed graph theorem we conclude that the norms | |0
and I I, on B° and [B\ Bι]s, respectively, are equivalent. In particular,
there is a constant c such that

(1.7.1) I x |o ^ c\ x |β for all x in B° .

From [1, 9.4. (ii)] we conclude that

(1.7.2) I x |β ^ I x \l-s I a; | for all x in B° Π B1 .

We conclude from (1.7.1) and (1.7.2) that

I x |o g c1/s| x |x for all x in B° f] B1 .

Thus, Bι is continuously embedded in B\ We shall now prove that

(1.7.3) there is a constant c1 with the property that for each x
in B1 there is a corresponding y in I?1 such that

1 2 / | i ^ Ci | α |o a n d l l / - α | o ^ ( l / 2 ) | α | o .

Let a? G 2?\ In particular, x e [B\ Bι]s and, therefore, there exists
an / e g(J5°, S1) such that f(s) = x and | / |̂ (Bo,Bi) g 2 | x | s. Since the
norms | |0 and | |β are equivalent we can choose a real number λ so
t h a t 2\u\se

λs ^(l/2)\u\0 for every u in B°. Let #(f) - f(ζ)e~λ{ζ-s)

where 0 ^ Re ξ ^ 1. Then

= g(s) = I g(it)μo(s, t)dt

where μ0 and μλ are the Poisson kernels for the strip 0 ^ Re ί g 1
(see [1, 9.4]). Let y and z denote the first and second integrals,

S CO

I μi(s, t) \dt ^ 1 (i = 0, 1),
g(it) |o ^ 2 I x \s e

ls ^ (1/2) | a? |0 (all real ί), and

- 66J |j_ ^ Δ X | s e 2.
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(all real t), it follows that | x - z |0 ^ (1/2) | x |0 and | z |L
This proves (1.7.3). Since B1 is continuously embedded as a dense
subspace in B° and (1.7.3) holds, the conclusion of Theorem 1.7 follows
from Lemma 1.6.

2. The spaces Wp and Us. Let lp, l<,p< co? denote the Banach
space of complex valued functions x on the integers such that

where the sum is over all integers n. Each function a on the integers
which vanishes outside some finite set determines a linear transforma-
tion Ta on lp defined by

Tax(n) = Σ x(n - k)a(k) .
-oo</ι<oo

Let Wp denote the closure of the operators Ta in O(lp). Since lι is a
dense subspace of each space lp, 1 <^ p < oo, the restriction of elements
in O(lp), 1 ^ p <̂  2, to the subspace ίL gives a one-to-one continuous
linear embedding of O(lp), 1 <̂  p ^ 2, into the space

i t = C/^i, 62/

Throughout this section we will identify O(lp) with its image under
this embedding without further comment. Let Ur

s denote the space
[W2, W[]8 where V in 1.1 is, in this case, R.

Our immediate purpose is to define a "Fourier transform" on Wp

and to prove Lemmas 2.2 and 2.3.
If x is a complex valued function on the integers Z, let τnx(k) =

x(k — n). Let δn denote the function on Z such that δn(n) = 1 and
δn(k) — 0, k Φ n. If x and y are two complex valued function on Z let

x*y(m) = X x(m — n)y(n)
neZ

define the function x*y provided the sum converges absolutely for each
me Z. For each H in Wp let H~ denote the function H(δ0) in lp. The
following lemma states the needed properties of the map H —> H~. Note
that τnx — δn*x for each n e Z and for each complex valued function
x on z.

LEMMA 2.1.

(2.1.1) H—>H~ is a one-to-one linear transformation from Wp into lp»
(2.1.2) Hx = H~*x, He Wf

p, x e lp.
(2.1.3) (HK)- = H~*K~, H

Proof. The map H—+H~ is clearly linear. Evidently, each H in
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Wp commutes with all operators rm, me Z, since the operators of the
form Ta commute with the operators τM9 me Z. Thus for He Wp and
me Z, we see that

(2.1.4) H(δJ = H(τJ0) = τmH(δ0) = τmH- = H^δm .

From this we see that since the linear span of the elements δm is
dense in lp, the map H—+H^ is one-to-one. Obviously, Er is in lp.
To establish (2.1.2) we first note that since H~ is in lq{q~ι + p~γ = 1)
the map x —• H~*x is a continuous linear map from lp into c0, the space
of complex valued functions on Z which tend to 0 at ±oo, The map
x —* Hx is also a continuous linear map from lp into cQ. These obser-
vations together with (2.1.4) and the density property of the δm's noted
above complete the proof of (2.1.2). To prove (2.1.3) we note that
for H and K in Wϊ, K~elp1 so by (2.1.2) we have

H~*K~ = JHΓ(2Π =-- H(Kδ0) = (HK)δ0 =

This completes the proof of the lemma.

Let Lp(l <̂  p < oo) denote the Banach space of measurable functions

g(θ) on the circle (reals mod2π ) whose norm \\g\\L• ,

is finite. Let L^ denote the space of essentially bounded measurable
functions g with H ÎU ,̂ denoting the essential supremum of g.

Since each function H~, H e Wp, is in lp, which is contained in
l2, there is a unique function HA in L2 such that Y,H^{n)ein0 is the
Fourier series of HA*

LEMMA 2.2. For 1 <L p <^2 the map H —> HA is a norm decreasing
algebraic isomorphism from Wp into L^.

Proof. The fact that H-+HA is a one-to-one linear map from
Wp into L2 is clear from (2.1.1) and the fact that each function in L2

is uniquely determined by its Fourier coefficients. For each / e Lly let
λ(/) denote the function on Z defined by:

\(f)(n) = (1/27Γ)

It is clear from the Schwarz inequality that the map (/, g)—»Mf g)(n)
is a continuous bilinear functional on L2 φ L2 for each integer n. On
the other hand, the map

(/, g) -
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is also a continuous bilinear functional on L2Q)L2. Since these func-
tionals (for each n) clearly agree when / and g are trigonometric
polynomials, they must agree on L2 φ L2. Since λ is a one-to-one
map, the multiplicative property of H—+HA now follows from (2.1.3).
To prove that the map is norm decreasing we first note the following
inequalities:

It is well known that (|| Hn \\WpY
ln converges to the spectral radius of

H, which is dominated by | | £ Γ | | n , and that (\\ (HA)n \\L2)
lln converges

to HίZ^II^ as n-+oo. This proves the lemma.
Let Wp and Us denote the functions on the circle of the form HA

where H e Wp, U's1 respectively. The following lemma is an immediate
consequence of Lemma 2.2.

LEMMA 2.3. Wp consists precisely of the functions on the circle
which are the uniform limits of sequences HA of trigonometric poly-
nomials such that Hn is a Cuachy sequence in Wp.

For any subset E of the circle group Us \ E denotes the functions
on E obtained by restricting the functions of Us to E and C(E) denotes
the continuous complex valued functions on E.

THEOREM 2.4. Suppose that E is a compact subset of the circle
group and 0 < s < 1. Then Us | E = C(E) if and only if W,\E = C(E).

Proof. First assume that W1\E= C(E). By Lemma 1.3, U[ c W'v\
consequently, UsaWp. We conclude from Lemma 2.3 that WpaC(T).
Thus, Us\EaC(E). Since WI~DWΪ, it is clear from the definition
of interpolation that U[ 3 W[. Thus, Us\Ez)C(E).

Consider the converse and assume that £/s | E = C(E). In 1.4 we
let B° = Wi, Bι = W[, V = R and

J = {a e Wζ: a{θ) = 0, θ e E] .

The assumptions on J in 1.4 are clearly satisfied since by Lemma 2.2,
the maps a-+ά are continuous on W[ and Wl. By Theorem 1.5, if
x e Us, then x + J is in the space

(2.4.1) [a(Wί/J), a(W!/(J ΓΊ W[))l .

However, by hypothesis, the cosets in V of the form x + J,, xe U's1

are the same as the cosets y + J, y e Wi. Therefore, the space in
(2.4.1) is a(Wi/J). Since Wf

2 3 Wl,

a(Wi/J)ZDa(Wl/(JΠ Wl))
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therefore, we conclude from 1.7 that

a(Wi/J) = a(W!/(J Γi Wl))

or, what is the same thing, that Wγ \ E = C(E). This completes the
proof.

COMMENT 2.5. It is natural to compare Us and Wp where [l2, l^, =
lp, i.e., (1 — s)/2 + 8 = 1/p. In [3] we showed that Theorem 2.4 is
not valid for Wp. To be exact, there is a compact subset E of the
circle such that Wp Eφ C(E) = Wφ E,l<,p<4/3. We had originally
used this result to show that Wp Φ Us; however, the referee has sug-
gested a direct proof which we will now give.

LEMMA 2.6. Let hn be a sequence in Us1 0 < s < 1, such that
|| hn | | s <̂  M (here || ||β is the norm in Us) and hn-+h almost everywhere.
Then h agrees with some continuous function almost everywhere.

Proof. Since \\hn\\s <* M there exist functions fn(θ, f), analytic in
ξ for 0 < B(ζ) < 1 and continuouns in 0 ^ B(ζ) g 1, such that for any
real number ί, || fn(θ, it) ||0 ^ 2Λf, || Λ(ί, 1 + iί) Ik ^ 2M and Λ(^, s) =
hn(θ) Let flrw(ί, ί) = fn(θ, ξ)e+™-\ Then

Λ («) = fn(θ, s) = flrn(β, s) = \+~gn(θ, it)μo(s, t)dt
J-oo

+ \+"g.(θ, 1 + iOjw^β, t)dt

= wH(β) + vn(θ)

where μ0 and ^! are the Poisson Kernels for the strip (see [1, 9.4]).
Evidently || un ||0 ^ 2β~;sikί, || vΛ ||x ^ 2e;(1-s)ilf. Since the vn are uniformly
bounded, by taking a subsequence if necessary, we may assume that
vn converges weakly to a bounded function v(θ), that is

lim \vn(θ)<p(θ)dθ = \v(θ)φ(θ)dθ

for every integrable φ. Furthermore, as is readily seen, v(θ) belongs
to Uί and therefore is continuous. Since hn is uniformly bounded and
converges almost everywhere, hn converges weakly. Since hn and vn

converge weakly, un converges weakly to some function u. From
the fact that \un(θ) | ^ | | ^ n | | 0 ^ 2e~λ8M, it follows that \u{θ) \ ̂  2e~λs

almost everywhere. Since h = u + v almost everywhere and λ can be
taken arbitrarily large, h agrees almost everywhere with the uniform
limit of continuous functions. This completes the proof of the lemma.
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THEOREM 2.7. Us is properly contained in Wp for 1 < p < 2.

Proof. To prove the theorem it suffices to exhibit a sequence of
functions in Us whose norms in Us tend to infinity and whose norms
in Wp remain bounded. Let h(eιt) = 1 for 0 <; t ^ π and h{eH) = 0 for
π < t < 2π. Then h is a multiplier for Zp (see [2]), which does not
agree almost everywhere with any continuous function. Let φn be
defined by: φn(eu) = n for 11 \ ̂  l/2π, φn{e%t) = 0 otherwise, ^ = 1,2, .

I /^(e") \dt = 1, it follows that the
0

Wp norm of hn is the same as the Wp norm of h; thus, Aw is bounded
in Wp. Since both Λ, and <pn belong to L2(0, 2π), hne W^a Us. Obviously,
hn converges to h almost everywhere. Since h does not agree almost
everywhere with any continuous function, it follows from Lemma 2.6
that hn is not bounded in Us.
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SEMI-SIMPLE RADICAL CLASSES

PATRICK N. STEWART

The purpose of this paper is to characterize all semi-simple
radical classes (those classes of rings which are semi-simple
classes and at the same time radical classes).

Andrunakievic has shown that the class of Boolean rings is a semi-
simple radical class. More recently, Armendariz has considered such
classes.

For "J is an ideal of the ring R" we shall write "J <| R".
Following Divinsky [6], but substituting classes of rings for ring

properties, we define:
( i ) A nonempty class of rings ^ is a radical class if and only

if 9f satisfies the following conditions:
(A) Homomorphic images of rings in ^ are in < \̂
(B) Every ring R has an ideal ίT (i2) e £T such that if I <\ R and

leϊ? then I^^(R).
(C) The only ideal of the factor ring R/^(R) which is in <& is

the zero ideal.
(ii) If ^ is a radical class, a ring R is ^ semi-simple if and

only if <ϊf(R) = (0).
(iii) A nonempty class of rings ^ is a semi-simple class if and

only if & satisfies the following conditions:
(E) Every nonzero ideal of a ring in ^ can be homomorphically

mapped onto a nonzero ring in ^ .
(F) If every nonzero ideal of a ring R can be homomorphically

mapped onto a nonzero ring in cέ? then R e rέ?.

2* Rings without nilpotent elements* Our purpose in this
section is to establish:

THEOREM 2.I.1 A ring R without nilpotent elements is isomorphic
ί to a subdirect sum of rings without proper divisors of zero.

It will be convenient to first prove:

LEMMA 2.2. // R has no nilpotent elements and 0 Φ X e R then
( i ) χr = {y e R: xy = 0} <j R and xr = xt = {y e R: yx = 0},
(ii) x£xu

1 The author wishes to thank the referee for pointing out that this result has
also been obtained by V. Andrunakievic and Ju. M. Rjabuhin, Rings without nilpotent
elements, and completely simple ideals, Dokl. Akad. Nauk. SSR. 180, 9-11 (Translation,
Soviet Mathematics 9 (1968), 565-568).
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(iii) if r eR and rxe xt then r e xu

(iv) the factor ring B/xt has no nilpotent elements.

Proof. Let R be a ring with no nilpotent elements and 0 Φ x e R.
If a e R and ax = 0 then (xa)2 = 0 so xa — 0. Similarity if xa — 0
then ax = 0. This establishes (i). Since x2 Φ 0, (ii) is clear. If α,
b e R and ab2 = 0 then {bob)2 = 0 so bob = 0, but then (ab)2 = 0 so
α& = 0. From this (iii) and (iv) follow immediately.

To prove the theorem it is sufficient to find, for each 0 Φ x e R>
an ideal I(x) of R for which R/I(x) has no proper divisors of zero and
x £ I(x). Let Z(x) = {I <i R:x£l, if rxel then r el, and R/I has no
nilpotent elements}. By 2.2 xL e Z(x) so Z(x) Φ 0 and it is clear that
the union of an ascending chain in Z(x) is also in Z(x). Thus we may
choose, by Zorn's Lemma, I(x) maximal in Z(x).

If a e R and a g I{x) let J = [y e J?: αy e I(x)} S /(a;). Then ///(a?) =
(α + /(a?))r in R/I(x) and by 2.2 (i) (a + /(a?)), = (α + I(x))r < Λ/I(a?)
Since α g /(«), αx g /(x) so x 0 J. lΐrxeJ then arx e I(x) so ar e I(x), hence
r e / . Finally by 2.2 (iv)R/J ~ R/I(x)/J/I(x) has no nilpotent elements,
so JeZ(x). Hence J = I(x) so R/I(x) has no proper divisors of zero.

Note 2.3. The generalized nil radical Ng of Andrunakievic [4]
and Thierrin [10] (see also [6]) is the upper radical with respect to
the class of rings without proper divisors of zero. A ring R is Ng
semi-simple if and only if R is isomorphic to a subdirect sum of rings
without proper divisors of zero. In this context, 2.1 can be restated
as: A ring R is Ng semi-simple if and only if R has no nilpotent
elements.

3. ^-rings* If x £ R, let [x] = the subring of R generated by x*

DEFINITION 3.1. R is a ,^-ring . = . for all xeR, [x] = [xf.

Let R be a ring and xe R. Clearly [x] = [x]2 if and only if x e [xf
if and only if there are integers α2, •••,<&* such that x — ^=2aix

i.
Using this it is clear that homomorphic images of ,^-rings are ^γ-
rings and that if A/B and B are ^-rings then A is a ,^-ring. It
then easily follows that the class of .^-rings (which we shall denote
by ^ i ) is a radical class.

LEMMA 3.2. A nonzero ,^γ-ring without proper divisors of zero
is a field of prime characteristic which is algebraic over its prime
subfield.

Proof. Let R be a nonzero ,^-ring without proper divisors of
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zero. If x is a nonzero element of R there are integers α2, , ak such
that x = Σ<=2«î S hence βa. = Σ i U α ^ " 1 is an identity for [x]. Since
x is not a zero divisor ^ is an identity for R. If w e R, w Φ 0,
ew e [w] = [wf so ew e [w]>w^Rw thus R = Rw. Since R is nonzero,
i? is a division ring.

Let e be the identity of R. Then [2e] = [2e]2 = [4e] so Λte = 0
for some positive integer N. Consequently the characteristic of R is
a prime and since e — ew e [w] for all nonzero w eR, R is algebraic
over its prime subfield. Therefore, by Theorem 2, page 183 of Jacobson
[7] R is a field.

COROLLARY 3.3. If R is a ^[-ring then R is isomorphic to a
subdirect sum of algebraic fields of prime characteristic. So, in
particular, R is commutative.

Proof. If xeR, xN = 0 and R e έ§\, then [x] = [x]2 = = [x]N =
(0) so x = 0. Hence ^i^-rings do not have nilpotent elements so the
corollary follows from 2.1 and 3.2.

THEOREM 3.4. A ring R is a ^^-ring if and only if every
finitely generated subring of R is isomorphic to a finite direct sum
of finite fields.

Proof. Let R e &ι and R! be a finitely generated subring of R»
Then Rf e ̂  and hence is commutative, so by the Hubert Basis
Theorem Rr has maximum condition on ideals. If Pτ Φ Rf and P ' is
a prime ideal of Rf then Pf is a maximal ideal of R' since by 3.2 R'/P'
is a field. Since Rr is finitely generated, commutative, and [g] has an
identity for each generator g of R', R! has an identity. Then by
Theorem 2, page 203 of [11] Rf has minimum condition on ideals. But
then Rf is a commutative Wedderburn ring so Rr is isomorphic to a
finite direct sum of fields each of which must be finite since they are
finitely generated, algebraic and of prime characteristic.

The converse is obvious; in fact, if xeR' and Rr is isomorphic to
a finite direct sum of finite fields then there is an integer n(x) ^ 2
such that xn{x) = x. Thus we have:

COROLLARY 3.5. R is a ^[-ring if and only if for each xeR
there exists an integer n(x) ^ 2 such that xn{x] — x.

A class of rings ^ is said to be hereditary if I<\ Re^ implies
that Ie^. Analogously we say:

DEFINITION 3,6. A class of rings cέΓ is strongly hereditary . =
if S is a subring of R e ̂  then
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PROPOSITION 3.7. // J^~ is a strongly hereditary finite set of
finite fields then a ring R is isomorphic to a subdirect sum of fields
in J^~* if and only if every finitely generated subring of R is iso-
morphic to a finite direct sum of fields in

Proof. Since j ^ ~ is a finite set of finite fields there exists an in-
teger N ^ 2 such that xN = x for all xeFe

Let R have ideals Ia:aeA such that R/Ia ~ Fae^ and
Π {Ia: aeA} = (0). Let R' be a finitely generated subring of R. Then
R' e . ^ since xN = x for all x e R a R', so by 3.4 B! ~ A, 0 . 0 Ak

and the A{ are finite fields. Choose a{ e R! such that [α<] = A{. Then
a,i Φ 0 so a{ % Iβ. for some ftei but Iβ. Π [α<] <] [αj so J^ Π [αj = (0).
Therefore A{ ~ [a{] = [αj + Iβi/Iβί is isomorphic to a subring of Fβ..
Since J ^ is strongly hereditary R' is isomorphic to a finite direct sum
of fields in j ^ ~ .

Conversely, if every finitely generated subring of R is isomorphic
to a finite direct sum of fields in j ^ ~ , R must be a ,^-ring since again
xN = x for all xeR. Thus by 3.3 there are ideals Ia: a e A of R such
that Π {Ia\ ae A) = (0) and R/Ia is a field of prime characteristic;
moreover, R/Ia must be a finite field since xN — x = 0 e Ia for all x e R.
Therefore, for each aeA, there exists xa e R such that [xa] + Jα//α =
R/Ia. But then iϋ//α is a homomorphic image of [xa] so i?/Jα is iso-
morphic to a field in j ^ ~ .

4* Semi'Simple radical classes*

LEMMA 4.1. If ^ is a class of rings such that subdirect sums
of rings in cώp are in rέ? and rέ? satisfies (A) then ^ is strongly
hereditary.

Proof. Let Re'df and S be a subring of R.
Set Ri = R for all i e Z+ — the set of positive integers. Now the

(discrete) direct sum Σ {R{\ i e Z+} is an ideal of the direct product
(complete direct sum) Π {#*: i e Z+}. If s e S let s(i) = s for all i e Z+.
Then S-+Λ(S) = {s:seS} is an embedding of S into U {R^. ie Z+}.
Λ(S) + Σ ί^i: izZ+} is a subdirect sum of copies of iϋ and hence is
in ^ , so

^ i G Z + }

Using a theorem of Amitsur [1] which states that every ring is
a homomorphic image of a subdirect sum of total matrix rings of
finite order over the ring of all integers, Armendariz in [5] proves
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that if a hypernilpotent radical class ^ is a semi-simple class, then
c<^ contains all rings. A hypernilpotent radical class is a hereditary
radical class which contains all nilpotent rings.

THEOREM 4.2. // rώ' is a semi-simple radical class and c^ g£ &t

then rέ? consists of all rings.

Proof. Let r<£' be a semi-simple radical class. If r&'' §£ . ^ then
there is a Re^ and xeR such that [x] Φ [x]2. In [8] Kurosh
shows that for any semi-simple class S^, subdirect sums of rings
in £f are in £f. Thus, by 4.1, [x]eέ and since [xf <j [x],
[x]/[xf e cώr'. Now [&]/[^]2 is a zero ring on a cyclic group and since
cέ? satisfies (F), C°° = the zero ring on the infinite cyclic group is in
^'. This implies (see [3] and [6]) that (ώ' contains all nilpotent rings.
Since & is a semi-simple class (see [2] and [6]) cώ' is hereditary, hence
^ is hypernilpotent. Therefore, by [5], v< is the class of all rings.

THEOREM 4.3. If cώ' is not the class of all rings then the follow-
ing are equivalent:

(1) cέΓ is a semi-simple radical class,
(2) there is a strongly hereditary finite set rέΓ(F) of finite fields

such that: R e r£' if and only if R is isomorphic to a subdirect sum
of fields in (S:\F),

(3) there is a strongly hereditary finite set ό'\F) of finite fields
such that: R e c^ if and only if every finitely generated subring of
R is isomorphic to a finite direct sum of fields in (c

Proof. By 3.7 we have that (2) and (3) are equivalent.
Assume that C6" satisfies condition (3). Clearly £Γ satisfies (A)

and (E).
If B <] A and both A/B and B are in ^ and A! is a finitely

generated subring of A then A + B/B = A'jA' Π B is isomorphic to a
finite direct sum of fields in r<£ (F). A slight modification of the proof
given for Proposition 1 on page 241 of Jacobson [7] shows that A' Γ\ B
is finitely generated as a ring. Thus A ' Π δ is also isomorphic to a
finite direct sum of fields in rό\F) and so A! ~ A'/A' n δ φ i ' Π δ .
Therefore A e ^ 7 . From this it is easy to show that if rώ\R) — the
sum of all ideals of R which are in Ϋf then ('^{R) e ι2f and
<af OK/ίf OR)) = (0). Thus, ^ satisfies (B) and (C).

If every nonzero ideal of a ring R can be homomorphically mapped
onto a nonzero ring in rέ? then by 3.7, every nonzero ideal of R can
be homomorphically mapped onto a ring in r^(F). Sulinski [9] (see
also [6], Theorem 46) shows that this implies that R is isomorphic to
a subdirect sum of rings in W{F) and hence by 3.7 again, Re^. So
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^ satisfies (F) and hence 9f is a semi-simple radical class.
Conversely, suppose %" satisfies condition (1). Let c<f(F) = the

class of all fields which are in & and define A= H {R: ReW(F)}.
Since cέ? is a semi-simple class subdirect sums of rings in <& are in
W\ thus A e <&. By hypothesis, <ĝ  S ^ so by 3.4 all elements of A
must be torsion. From this it follows that there is a finite number
of primes p19 , pN such that every field in C^(F) is of characteristic
Pi for some 1 <̂  i <̂  AT. For each finite field i? e ^(i*7) choose a(R)
such that [α(i2)] = R and for each infinite field Rec^(F) set α(i?) = 0.
Then a — {a(R)}Reύ{R) is in A and by 3.5 aκ = a for some integer
K }> 2. Thus, for all finite fields iϋ in C^{F), the dimension of R over
its prime subfield is <^ K — 1. Hence there is only a finite number of
finite fields in ^(F). Suppose there is an infinite field Rec^{F).
By 3.2 R is of prime characteristic and is algebraic over its prime sub-
field so R has an infinite number of non-isomorphic finite subfields. All
these subfields are in r^(F) since ^ is strongly hereditary by 4.1.
This is impossible since there is only a finite number of finite fields in
cέr\F). Therefore C^(F) is a strongly hereditary finite set of finite
fields. If Re rtf then Re &γ so by 3.3 R is isomorphic to a subdirect
sum of fields all of which are in C^{F) since ^ satisfies (A). Con-
versely, any ring isomorphic to a subdirect sum of rings in cέ?(F) is
in cέ? since ^ is semi-simple class. Thus ^ satisfies (2).
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ON LEFT QF-3 RINGS

HIROYUKI TACHIKAWA

In this paper the following results are proved:
( i ) Three classes of left QF-3 rings are closed under

taking left quotient rings respectively.
(ii) A subcategory of left modules having dominant di-

mensions Ξ> 2 over a right perfect left QF-3 ring R is equiva-
lent to a category of all left /i?/-modules, where / is a suitable
idempotent of R.

(iii) In case a left QF-3 ring is obtained as the endomor-
phism ring of a generator, dominant dimensions (^2) of
modules are closely connected with the vanishing of Ext-
functors.

(i v) Three classes of left and right QF-3 rings are identical
in case of perfect rings.

Let R be an associative ring having an identity element 1 and
denote by RR (resp. RR) a left (resp. right) iϋ-module R. To gener-
alize the notion of QF-3 algebras [18] we shall make the following
definitions:

(1) R is said to be left QF-3, if RR has a direct summand Re
(e is an idempotent of R) which is a faithful, injective left ideal.

(2) R is said to be left QF-3+, if the injective hull E(RR) of

RR is protective.
(3) R is said to be left QF-3', if the injective hull E{RR) of RR

is torsionless in the sense of Bass [1].
Right QF-3, QF-3+ and QF-3' rings are defined in a similar fashion.

It is obvious that the class of left QF-3' rings is the most general
class of the above three classes.

Our main purpose in this note is to introduce some generalizations
of results for QF-3 algebras [11], [12], [15], [16], [17] and semi-primary
QF-3 rings [4], [6], [13], [14] to the above generalized classes of rings.

We shall say that the dominant dimension of left (resp. right)
iϋ-module X, denoted by dom. dim ^ ( r e s p . dom. dim XR), is at least
n, if there exists an injective resolution of X:

0 >X > Wx > W2 > >Wn

such that all Wiy 1 ^ i ^ n, are torsionless. Then it is clear that R
is left (resp. right) QF-3' if and only if dom. dim RR (resp. dom. dimRR) Ξ>
1.

In §1 we shall show that each class defined as above is closed
under taking quotient rings (not necessarily classical), that is, a left
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quotient ring S of R is left QF-3', QF-3+ or QF-3 if R is left QF-3',
QF-3+ or QF-3 respectively. Further, S is the maximal left quotient
ring of R if and only if dom. dim SS ^ 2. This is a generalization of
the results for QF-3 algebras by Morita [12], Tachikawa [17] and
Mochizuki [11], Then, as an immediate consequence we have that R
and the double centralizer R' of any faithful right ideal of R are
contained in the same class, and dom. dim RR = 1, if Rf Φ R. Here
it is to be noted that the double centralizer of a faithful left ideal
of R is not necessarily left QF-3', even if R is left QF-3' (cf. §4,
example 1).

In §2 we shall consider a left QF-3 ring R which has a faithful
projective right ideal K and shall develop a proof in order to notice
that the injectivity of KR is not necessary to obtain some results in
[14, Propositions 1.1 and 1.2], Further, defining a special injective
dimension closely connected to a fixed injective module, we shall prove
that in the case R is a right perfect left QF-3 ring, there exists a
suitable idempotent / of R such that the subcategory of left R-
modules of dominant dimension at least two is equivalent to the catego-
ry of all left /ff/-modules. We shall remark also that the two charac-
terizations for dominant dimension by Mueller [15] can be applied to
an estimation of dominant dimensions of endomorphism rings of modules
which are generators.

Recently, the characterization of Artinian QF-3 rings due to Wu,
Mochizuki and Jans [19] suggested the notion of QF-3' rings to Colby
and Rutter [4] and Kato [7]. In [4] it was proved that semi-primary1)

left QF-3' rings are not necessarily left QF-3+, however "left QF-3'"
implies "left QF-3" for semi-primary rings. Without the proof we
shall state in §3 that the same result holds for perfect rings, since
the proof in [4] is available for this case. Moreover, we shall prove
by duality of modules and the result proved in the first part of §2
the notions of two sided QF-3', QF-3+ and QF-3 are identical for per-
fect rings.

1* Quotient rings of QF-3 rings* Let R be a ring with an identi-
ty element 1 and N a submodule of a left i?-module M. M is said
to be a rational extension of N in case f(N) = 0 implies / = 0 for
/ e ΈLomR (L, M), where L is any submodule of M containing N. Then,
following Lambek [10], a ring S is said to be a left quotient ring of
R if S contains R as a subring and if S is a rational extension of R
as a left J?-module. To begin with we shall prove

PROPOSITION 1.1 Let S be a left quotient ring of R. If R is
1 In this case a ring R is said to be semi-primary if it contains a nilpotent ideal

N with R/N semi-simple with minimum condition.
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left QF-3' (resp. QF-3+), then S is left QF-3' (resp. QF-3+).

Proof2. Denote by I the injective hull E{RR). Then, by the
assumption I = RE(SS) and we have

where φ is an iϋ-monomorphism and j is the inclusion mapping.
Suppose s be an element of S such that φj(sx) Φ s(φj(x)) for

some x G /. Then we have a projection pλ of IL S(resp. X 0 S) onto
S such that the i?-homomorphism

s > Pχ{φj(sx) — s(φj(x))

of S into S is nonzero but has kernel containing R. However, this
contradicts that RS is a rational extention of R. Hence φj is an S-
monomorphism and consequently S is left QF-3' (resp. left QF-3+).

PROPOSITION 1.2. Let S be a left quotient ring of R. If R is
left QF-3, then S is left QF-3.

Proof. Let Re, β2 = e be a faithful projective, injective left ideal
of R. Since #5 is an essential extension of RR and e2 = e, RSe is an
essential extension RRe so Se = Re.

Next, we shall prove that sSe is injective. Let L be a left ideal
of >S and φ a left S-homomorphism of L into Se. Denote by φ the
map of L f l ί into Se( = Re) which is the restriction of φ. Since

RRe is injective, it follows by Baer's Criterion that there exists an
element q of Re such that φ(l) = Iq for all leL p\ R. Then we shall
define a map Ψ of L into Sβ by putting Ψ(r) = φ(r) — rq, for all
r G S. Now we shall suppose that Ψ(rx) Φ 0 for some nonzero element
rγ of L. Ψ{r^ and n are both elements of S. Since RS is a rational
extension, there exists an element r0 of R such that rQΨ(rλ) φ 0 and
r ^ G i?. Then rori G R Π 1/ and hence rQΨ(ry) = roφ(r^ — ro{rxq) =
φ{rQrλ) — ro^g — φir^r^) — {rjr^q — 0. This is a contradiction. Thus
ψ(r) = 0 for all r G L. Hence a left S-homomorphism Φ of S into Sβ
defined by Φ(r) = rg for all reS is an extension of φ and by Baer's
Criterion we obtain that sSe is injective.

It remains to prove the faithfulness of sSe. Let q be a nonzero
element of S. Then there exists an element d of R such that dq e R
and dg ^ 0. Then there exists an element x of Re such that d</.τ Φ 0,

2 The author is grateful to the referee who clarified the proofs in this section.
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because RRe is faithful. Hence qx Φ 0, x e Se, this implies that sSe
is faithful.

Let us denote by Q the maximal left quotient ring of R. Then
we have

PROPOSITION 1.3. // R is left QF-3' and S is a left quotient
ring of R, then dom. dim. SS ^ 2 if and only if S = Q.

Proof. It is known [9] that S is a subring of Q and Q can
be imbedded into / by a Q-monomorphism j . Lambek proved in [9]
that j(Q) = {xel\ h(j(S)) = 0 implies h(x) = 0 for h e Homs(J, I)}. If
dom. dim SS ^ 2,1/j(S) is isomorphic to a submodule of a direct pro-
duct of copies of S. Hence for xel such that x£j(S), there exists
a S-homomorphism / of I into / with f(x) Φ 0 and /(i(S)) = 0. Thus
by the remark above x g j(Q) and consequently S = Q.

Conversely assume S — Q. Since the maximal left quotient ring
of Q is itself, by the same reason we have Γ\heTiQKer h —. j(Q), where
H0 = {he Homρ (/, /) | h(j(Q)) = 0}.

Thus,

0 >Q-±^iJL+ JJ /

is exact, where φ(x) = (•••, Λ(α), •), » e /. It follows that

dom. dim SS = dom. dim ρQ ̂  2.

In case i2 is a finite dimensional QF-3 algebra, E{RR) is similar
to the unique minimal faithful left ϋί-module and the double central-
izers of these modules are isomorphic to each other. Thus Proposition
1.3 is a generalization of the result for QF-3 algebras by Tachikawa
[17] and Mochizuki [11].

COROLLARY 1.4. Let K be a faithful right ideal of R. If R is
left QF-3 (QF-3' or QF-3+), then the double centralizer Rf of KR is also
left QF-3 (QF-3' or QF-3+ respectively).

Proof. Since every left quotient ring of R can be imbedded natu-
rally into Q, we shall prove that Rr is a left quotient ring. For this
purpose it is sufficient to show that for any two elements r[ Φ 0 and
r[ of R', there exists an element r of R such that rr[ Φ 0 and rr'2 e R.
However, K is faithful, hence there exists an element ke K C R such
that kr[ Φ 0 and it is obvious kr'2e K C R.

COROLLARY 1.5. Let R' be a double centralizer of a faithful right
ideal of R. If dom. dim nR ^ 2, then R' = R.
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2* On left QF-3 rings* Throughout this section we shall assume
that Re means always a faithful, projective, injective left ideal of R
and Q is the maximal left quotient ring of R.

We shall denote by if a finitely generated, projective, faithful
right ideal of R, by C the ring eRey by D EndR(KR) and by U the
D-C-bimodule Ke respectively. Then we have

PROPOSITION 2.1. Let Rf be the double centralizer of KR. If R
is a left QF-3 ring having Re as a faithful, projective, injective left
ideal, then it holds

(1) i?'[Homβ (DKR,, nUc)\c = R'R'ec,
(2) DU is injective.

Proof. Since KR is faithful, we shall identify a Z)-endomorphism
of ΏK obtained by the right multiplication of an element r of R with
r itself. Then it follows that Hom^ (K, U) = Horn,, (K, Ke) 3 Re. On
the other hand, RomD(K, U) (= ϊlomn (K, Ke)) is a subset of Rf =
Hom/9 (K, K). Hence we have that Horrid (K, U) S -R'e. However, it
is known by Proposition 1.2 that Re = R'e. Thus we have (1).

Next, assume that the diagram

U

is given, where the row is exact, Y, Yr are left D-modules and j , φ
are left D-homomorphisms. Then we have the following diagram

0 > [Homβ (K, Y)] i ^ ί M [Hom7, (Ky Y')]

Horn (1, Ψ) ^ ' ^

[HomD (K, U)] .

By (1), β[HomD (K, U)] is isomorphic to Re and hence injective. There-
fore there exists a dotted ϋJ-homomorphism Φ so as to make the above
diagram commutative. Further, we have the next commutative diagram:

K <g) HomD (K, Y)
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Since K is a finitely generated, protective right iϋ-module, the functor
K<g)RRomD(K,—) is naturally equivalent to the identity functor on
the category of left D-modules. It follows that DU is injective.
This completes the proof.

Let R^f and fl^/ be categories of left ϋί-modules and left Z>-modules
respectively. We shall define covariant functors S: D^/f > R^/S
and T\R^ >ΌΛ by S(Y) = R[HomD (K, Y)] for F e n ^ f and
T(X) = D[K(&R X] for Xe n ^ respectively. Then, since if is finitely
generated, protective it is well known that there exists a natural
equivalence σ: TS > 1D^1Γ, where lD^f means the identity functor
on fl./ and σ(Y) (r (g) /) = f(r) for r e if, f e Horn,, (if, Γ). On the
other hand, there exists a natural transformation (not necessarily an
equivalence) τ: 1R// > ST, where 1R^ means the identity functor on

and [τ(X)](r) = r <g) a?, for # e X, r e if.
Assume that ^TF is isomorphic to a direct product ILe4-BβU),
= iϊe. Since if̂ . is finitely generated, projective, by (1) of Pro-

position 2.1 we have that

RW=U Re^ = Π Horn,, (if, ife(;)) ^ Homp (if, Π Ke{λ))

= Homfl (K, K® Π Λe'21) s Homn (ίΓ, K<g>W) = ST(W)
R λeΛ H

and the composite of all isomorphisms is τ(W).
Now, we shall introduce a special injective dimension closely con-

nected with DU. Let Y be a left Z)-module. Then we shall say that
Y has ϋT-injective dimention >̂ n (denoted by J7-inj. dim DY), if there
exists a following injective resolution of Y:

0 > y > F t > F2 > > Fw

such that all Viy 1 ^ i ^ n, are isomorphic to direct products of copies
of U. It is to be noted that this notion can be defined for any in-
jective module.

Then we have

PROPOSITION 2.2. Let j y be the category consisting of left R-
modules X such that dom. dim RX ^ 2 and & the category of left
D-modules Y such that ?7-inj. dim DY Ξ> 2. Then ,w and & are
equivalent by S and T.

Proof. If X e jyj then we have a injective resolution of X:

0 > X > Wί > W2 > , where Wi9 i = 1, 2,

are torsionless and injective. Since RRe is faithful, RR is imbedded
into a direct product of copies of Re. On the other hand, every
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torsionless, injective left iϋ-module is imbedded into a direct product
of copies of RR. Thus, every torsionless injective left iϋ-module is
imbedded into a direct product of copies of Re. Hence, without loss
of generality we can assume that W{ are isomorphic to J[λeΛiReU)

f i —
1, 2, Re{λ) ~ Re. It follows by the finitely generated projectivity and
the faithfulness of KR that Z7-inj. dim DT(X) ^ 2, if I G J ^ Con-
versely dom. d i m ^ F ) ^ 2, if Γe^T, by Proposition 2.1 (1). Now,
by the exposition preceding this proposition, it is enough to prove
that the restriction of τ: 1R/? > ST to j*f is an equivalence. How-
ever, from the above remark and the exposition, in the following
commutative diagram

0 > X > W, > W2

\τ(X) \τ(Wι) \τ(W2)

0 > ST(X) > ST( W,) > ST( W2)

we know that τ(Wr

1) and τ(W2) are left ^-isomorphisms. Hence by
the Five lemma it follows that τ(X) is a left i?-isomorphism.

THEOREM 2.3. Let R be a right perfect ring. If R is left QF-3,
then there exists an idempotent f of R such that fRR is faithful,
and the category <s>/ consisting of all left R-modules of dominant
dimension at least two is equivalent to the category fRf^/^ of all left
fRf-module.

Proof. Since R is a right perfect ring, every nonzero left R-
module has nonzero socle and there exists at most a finite number of
non-isomorphic irreducible left jR-modules. Therefore we can assume
that the socle S of Re is a direct sum of finite number of non-isomorphic
irreducible left iϋ-module. Then there is an idempotent / of R such
that Rf/Nf is isomorphic to RS, where N is the Jacobson radical of
R.

Suppose that fRR is not faithful. Then there exists an nonzero
element r of R such that fRr = 0. Since Re is faithful, there exists
an element x of Re such that rx Φ 0. Hence we have a nonzero sub-
module Rrx of Re. It follows that Rrx flS = O, for Re is an es-
sential extension of S. Therefore fRrx Φ 0. Thus we have that
and fRr Φ 0, but this is a contradiction.

Now, it is known that we can set fR as K in Proposition 2.2
and fRf as D. It follows that /RffRe is injective. Further, the condi-
tion that Rf/Nf ~ RS insure that fRffRe is cogenerator. Hence every
left /^/-module has /ffβ-injective dimension ^ 2 (in fact = oo). This
completes the proof by Proposition 2.2.
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By similar proofs as in [14, Proposition 2.6 and Theorem 2.4] and
[13, Corollary 5.3] we have further

THEOREM 2.4. Under the same assumption as in Theorem 2.3,
the following facts hold:

(1) Let X be a left R-module. dom. dim RX ^ 2 if and only if
X = JlomD {fR, Y) for a left D-module Y where D = fRf.

(2) // [End^(/i2)]° = R', then Rf = Q (= the double centralizer
of E(RR))\

( 3) // dom. dim RX = 1, then there exists a left R-module X'
such that Xf 3 X and such that dom. dim RXr ^ 2. Further,
dom. dim RX" = 1 and dom. dim RX'\X" = 0, if X' z> X" z> X.

(4) The following two conditions are equivalent (n ̂  1).
I. dom. dim RX ^ n -f 1

II. (a) Λ[Hom/) (/#, /B ®Λ X)] = *X,
(b) Ext£ (fR, fR <g)Λ X) - 0 /or 1 ̂  fc ̂  n - 1.

Now for given left modules M and U over a ring Z>, we shall say
that U is a M-cogenerator if for a nonzero left D-homomorphism / of
M into itself there exists a left D-homomorphism φ oί M into Z7
such that the composite of / and φ is a nonzero left D-homomorphism.
Then we prove

PROPOSITION 2.5. Let M be a left module over a ring D such
that (i) DM is a generator and (ii) M has an injective, M-cogenerator
submodule DU. Then the inverse D-endomorphism ring R of DM is
left QF-3. Conversely, every left QF~3 ring is obtained in the above
way for a suitable ring D and DM which satisfy (i) and (ii).

Proof. Assume that DM satisfies the conditions (i) and (ii). Since

DM is a generator, MR is finitely generated, projective and hence

R\B.omD (DMR, DU)] is injective. On the other hand, if we denote by
e the projection of M onto U, R[HomD (DMR, nU)] is Re and hence is
projective. Let r be a nonzero element of R. By (ii) there exists
an element rf e Re such that rr' Φ 0. Thus Re is faithful and R is
left QF-3.

To prove the converse, we have only to take R as D, R as M
and Re as U respectively.

In view of Proposition 2.5, it seems of interest to obtain a method
by which we can calculate dom. dim RR in case R = [End^ (M)]° and

3 (2) follows from (1) and Theorem 1.5 by putting Y = fR and (2) implies that
every right perfect left QF-3 ring R' of dominant dimension > 2 is obtained as an
inverse /β/-endomorphism ring of a generator-cogenerator /#/-module. (cf. Kato [8].)
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DM is a generator. However it was done already by Morita [13],
when D is an Artinian ring. We shall remark here that his condition
concerned with the self injective dimension can be replaced by another
condition related to Ext-functors.

PROPOSITION 2.6. Assume that D, M and R retain their mean-
ings in Proposition 2.5. Then I implies II, where I and II are the
following two conditions for a left R-module X:

I. dom. dim RX ^ n + 1 (n ^ 1).
II. (a) ΛHom* ( A , ΏM®R X)] = RX

(b) Ext^ (P 0 M, M 0 Λ X) = 0 for 1 g k ^ w - 1 αwd /or e^rτ/
maximal left ideal P of D such that DIP is not isomorphic to any
submodule of U.

The two conditions are equivalent, if D is a right perfect ring.
Similarly, if DU is a cogenerator, the two conditions are equivalent,
provided we replace P φ M in II (b) by M.

Proof. Let S = Hom^ (DM, —) and T = M ® Λ — be two covariant
functors. Assume I. There exists an exact sequence

(1) o >X >W, >W2 > >Wn+ί

such that all Wι are direct products of S{U)\ Then, in the follow-
ing commutative diagram:

0 >χ > w, > W2 > > Wn+i

( 2 ) Jτ Jn jτjτ2

0 > ST(X) > STiWJ > ST(W2) > > ST(Wn+ι)

τί9 r2, , τn+ι are isomorphisms, becacuse MR is finitely generated,
protective. Hence τ is an isomorphism and this implies

II. (a) Horn,, (DM, DM®R X) ~ RX,
On the other hand, we have the following exact sequence

( 3 ) o > T(X) > T(Wd >T(W2) > > T(Wn+i)

where all T(Wt) are isomorphic to direct products of DU(= TS(U)).
Since T(Wi) are injective, the sequence (3) can be consider as an in-
jective resolution of T(X). Hence by the exactness of the bottom
sequence in (2) it follows that

4 By Proposition 2.5 we know Re = S(U).
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( 4) Ext£ (M, T(X)) = Extk

D (M,M®X) = 0, 1 ^ k ^ n - 1.

Let

be the minimal injective resolution of T(X). Then, by [15, Lemma
1] Vi is isomorphic to a direct summand of a direct product T(Wi)
of Ϊ7. Hence any irreducible submodule of Vt is isomorphic to a sub-
module of U. Thus by [15, Lemma 7] we have that Ext* (B, T(X)) =
Extk

D (B, M(g)R X) = 0 for all 0 ^ k £ n and for all irreducible left
D-modules B which are not isomorphic to submodules of U.

Now, let P be a maximal left ideal of D such that DIP = B.
Then,

( 6 ) Ext* (P, Λf <g) X) = Ext^1 (£, Jlf (g) X) = 0, l£ k £n- 1.
H R

Hence form (4) and (6) we obtain
I I . (b) E x t * ( P © M, M®R X) = 0, l ^ k ^ n - 1 .

Conversely, assume II. Clearly II (b) implies (4) and (6). Since
S is left exact, it follows from II (a) and (4) that

> b( V2) > > θ( Vn + i)

is an injective resolution of X, where Θ is a given isomorphism:
X >RomD(M,M(g)RX)(= ST(X)) in II (a).

Now, we shall assume that D is right perfect. Since every non-
zero left D-module has a nonzero socle, each V{ is the injective hull
of its socle. However, by [15, Lemma 7] it follows from (6) that B
is not isomorphic to a submodule of V^ Hence V{ is imbedded into
a direct product of U and consequently S( Vt) is imbedded into a direct
product of S(U). Thus dom. dim RX ^ n + 1 by [15, Lemma 1].

In case DU is a cogenerator, V* is imbedded into a direct product
of U and the converse also holds5 by [15, Lemma 1].

Especially, dom. dim RR is characterized only by the vanishing of
k = 1,2, . . . .

3- Perfect QF-3 rings. Following Thrall's paper [18] we shall
say that R has a minimal faithful left module L if L is a faithful
left jβ-module and if L appears as a direct summand of every faith-
ful left jβ-module. It is clear that L is projective, and injective,
and is isomorphic to some left ideal direct summand of R. Jans

5 This proof can be regarded as a proof of Theorem 2.8, (4) for the case R =
[Endzj(/β)]°, since fRf is right perfect and DfR is a cogenerator.
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proved in [5] that semi-primary ring has a minimal faithful left
module, if E{RR) is projective.

The next propositions show the equivalence between notions of
left QF-3 and left QF-3' for right perfect rings and show a necessary
and sufficient condition for perfect, left QF-3' rings to be left QF-3+.

PROPOSITION 3.1. If R is a right perfect ring, then the follow-
ing conditions are equivalent:

(1) E(RR) is torsionless, i.e., R is left QF-3'.
(2) R has a minimal faithful left module.
(3) R has a faithful, projective, injective ideal, i.e., R is left

QF-3.

PROPOSITION 3.2. Let R be a perfect left QF-3' ring. Then R
is left QF-3+ if and only if the socle of RR is finitely generated.

For the proofs we shall refer to that of Proposition 2 and Theo-
rem 2 in [4], which are known to be valid, if we consider that for
right perfect rings, every nonzero left module has nonzero socle and
for left perfect rings, every projective module is isomorphic to a direct
sum of primitive left ideals.

PROPOSITION 3.3. Let R be a perfect ring. If R is left and
right QF-3', then R is left and right QF-31.

Proof. By Proposition 3.1 we may assume that R has faithful,
projective, injective left ideal Re and right ideal fR, where e and /
are idempotents of R. Then it is seen by Proposition 2.1, (2) fRe is
an injective left /β/-module as well as an injective right eiϋe-module.
Further, by Proposition 2.3, without loss of generality we can assume
that fRe is a cogenerator in the category of all left /^/-modules and
the category of all right eβe-modules respectively. By Proposition
2.1, (1) we have that RomfRf (fRe, fRe) ~ eRe° eRe and RomeRe (fRe,
fRe) ~ fRffRf and hence End / Λ / (fRe) = eRe° and Endei?e (fRe) ~ fRf.
Therefore the /ββ-duality between categories of finitely generated
left fRf-moάules and finitely generated right eiϋβ-modules holds, and
by Proposition 2.1, (1) we have that KomfRf (fR, fRe) ~ Re and
Home/s,e (Re, fRe) ~ fR which implies fR and Re are both /βe-reflexive
in the sense of Cohn [3]. It follows by [12, Lemma 2.2] that the
socle of fR is reflexive. Since fRf is a perfect ring, the socle of
fRffR is a nonzero submodule and hence it is isomorphic to a direct
sum of a finite number of irreducible /β/-modules. Thus, for an
integer n, we have an exact sequence:
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0 -—> fRffR * Σ Θ [fRe] Hence

0 > Hom/B/ (fR, fR) > Σ Θ [Hom/S/ (fR, fRe)]
II - 1 . in

#' Σ Θ [Λβ]
t = l

is exact and consequently, E(RR)( — E(RR')) can be imbedded into a
direct sum of finite number of copies of Re. Thus E(RR) is protective.
By symmetry it can be proved that E(RR) is projective.

4* Examples* 1. As was remarked in the introduction, we shall
give a left QF-3' ring R such that the double centralizer of a faithful
left ideal of R is not left QF-3'. For this purpose first we shall refer
to

PROPOSITION 4.1. Let R be a left primitive ring with a minimal
ideal M. If R is left QF-3', then R is left QF-3 and M is a faith-
ful, projective, injective ideal.

Proof. Since RM is imbedded into E(RR), the injective hull E(RM)
of M is imbeded into E(RR). Hence we have an exact sequence:

o—>v)Λπr,
veΛ

where RR{V) = R, f\ueΛKerφu = 0, provided φv are defined by φ(x) —
( , φv(x), •)> x e E(RM). Now, suppose Ker φv Φ 0 for all φu, v e A.
Since M is essential in E{RM), Ker ̂ v n M Φ 0. It follows that
Ker <£\, a My because M is minimal. This implies Γ\veΛ Ker ̂  a M Φ 0,
and this is a contradiction. Therefore E(RM) can be imbedded into
R, and hence E(RM) is projective. Since iϋ has a faithful, projective,
injective ideal E(RM), R is left QF-3.

On the other hand, RM is faithful and hence R can be imbedded
into a direct product of copies of M. Hence, similarly as above we
can prove that E(RM) can be imbedded into M. However M is minimal
and hence M is isomorphic to E(RM). Thus M is projective and in-
jective.

Let K be a field and V an infinite dimensional left iΓ-vector space.
Denote by F the inverse if-endomorphism ring of KV. Then F is a
primitive ring and has a pair of projective, minimal ideals M and N
such that FM = FV* = Homz (*V*., iJΌ> NF ~ VF. Since iV̂  is pro-
jective, FM is injective and hence F is left QF-3. However F is not
right QF-3'. For otherwise, it would follow by Proposition 4.1 that
F is right QF-3 and N is injective. Then, by [6, Th. 1]
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VF = N ~ M* = Horn,, (FMK, Kκ) = VT ,

but it is impossible, because (V: if) — oo.
Now, consider the double centralizer F' of FM. Since [EndF (M)]° =

if, it follows i*7' = End^ (Λf). Then, similarly as above we can prove
that F' is not left QF-3'. Hence the double centralizer F' of a faith-
ful left ideal M of a left QF-3 ring F need not be left QF-3'.

2. The following example shows that perferct left QF-3 rings
are not necessarily semi-primary. Let if be a field, KVS s-dimensional
vector spaces over if, s = 1, 2, . Denote by M the direct sum of
all Vs. Then every element of [End7ί (M)]° can be considered as a
row finite matrix. Let A be a subring of [Endκ M)]° such that each
element of A has the following matrix representation XE + X s T8, where
λ G if, E is the identity matrix, Γ, is the zero matrix for almost all
s and Ts is written by

Σ ŷCW, where p = (s + l)(s + 2)/2, gr = s(s + l)/2 and C^

means the matrix with 1 in the (i, i) position and 0?s elsewhere and
τi3 e K. Then, Ts is a lower triangular matrix and every element of
the Jacobson radical N of A is a sum of T/s.

Now, consider a ring i? = Kcn + M*c21 + Kc3l + Ac22 + Mc32 + ifc33,
where Λί* = 4[Hom^ (KMΛ, Aif^)]A- and + means the direct sum as if-
modules, and the multiplication of ctj, 1 ^ i, i ^ 3, is same as that
of matrix units and mf = f(m) for / e l * , me M.

Then primitive idempotents of i2 are cu = el9 c22 = e2 and c33 = e3,
and the Jacobson radical J of R is M*c21 + ifc31 + iVc22 + Mc32. Since
R/J = if 0 if φ if and J is left and right Γ-nilpotent, R is perfect.
However R is not semi-primary, for J is not nilpotent. Since Reγ =

R[Homκ (κe3Ry KK)], Reι is a faithful, protective, injective left ideal of
R and hence R is left QF-3. On the other hand, by Proposition 3.2
R is not left QF-3+, because the socle of RR is not finitely generated.

3. The next example shows that every right Artinian QF-3 ring
is not necessarily left Artinian,6 while every Artinian self-injective
ring (i.e., quasi-Frobenius ring) is left Artinian.

Let Q and P be skewfields such that P is a subfield of Q and
the right dimension of Q over P is finite and the left dimension of
Q over P is infinite. The existence of such skewfields was proved
by Cohn [2]. Similarly as in Example 2, consider a ring R such that

6 It was proved by K. Morita [13, Th. 1.1] that for left or right Artinian rings
"left QF-3" implies "right QF-3".
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QcL1 + Qc2i + QcBl + Pc22 + Qc32 + Qc33, that is to say, R is a subring
of the matrix ring Q3. Then it is clear that R is right Artinian but
not left Artinian. On the other hand, R is semi-primary and RcίL

and c^R are faithful, protective, injective, left and right ideals re-
spectively.

4. The next example shows a non-perfect QF-3 ring.
Let K be the field of rational numbers and Z the ring of rational

integers. Consider a subring R of the matrix ring K3 such that
Kcn + Kc2ι + Kc3l + Zc22 + Kc32 + Kc33. It is clear that E(RR)(resip.
E{RR)) is isomorphic to the direct sum of 3-copies of a projective,
injective ideal u?cn(resp. c33R). Hence R is QF-3, while R is not per-
fect.
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PRODUCT INTEGRAL REPRESENTATION OF TIME
DEPENDENT NONLINEAR EVOLUTION

EQUATIONS IN BANACH SPACES

G. F. W E B B

The object of this paper is to use the method of product
integration to treat the time dependent evolution equation
u'it) = A(t)(u(t)), t ^ 0, where u is a function from [0, oo) to
a Banach space S and A is a function from [0, oo) to the set
of mappings (possibly nonlinear) on S. The basic requirements
made on A are that for each t ^ 0 A(t) is the infinitesimal
generator of a semi-group of nonlinear nonexpansive transfor-
mations on S and a continuity condition on Ait) as a function
of t.

The product integration method has been used by T. Kato in [5]
to treat evolution equations in which A(t) is the infinitesimal generator
of a semi-group of linear contraction operators. In [6] Kato treats
the nonlinear evolution equation in which A(t) is m-monotone and the
Banach space S is uniformly convex. For other investigations of non-
linear evolution equations one should see P. Sobolevski [9], F. Browder
[1], J. Neuberger [8], and J. Dorroh [3].

1* Definitions and theorems. In this section definitions and
theorems will be stated. For examples satisfying the definitions and
theorems below, one should see § 4. Let S denote a real Banach space.

DEFINITION 1.1. The function T from [0, oo) to the set of mappings
(possibly nonlinear) on S will be said to be a ^-semi-groups of mappings
on S provided that the following are true:

( 1 ) T(x + y) = T{x)T(y) f o r x,y^0.
( 2 ) T(x) is nonexpansive for x ^ 0.
(3) If p e S and gp(x) is defined as T(x)p for x ^ 0 then gp is

continuous and ^(0) = p.
(4) The infinitesimal generator A of T is defined on a dense

subset DA of S (i.e., if peDAg'p
+(0) exists and Ap = g'/(0)) and if

Agp(u)du for x ^ 0, g'p
+

0

is continuous from the r ight on [0, ^ ) , and \\gp+ \\ is nonincreasing on
[0, co).

DEFINITION 1.2. The mapping A from a subset of S to S will be
said to be a ^-mapping on S provided that the following are true:

(1) The domain DA of A is dense in S.

269



270 G. F. WEBB

( 2 ) A is monotone on S, i.e., if ε > 0 and

p, q e DA\\(I - εA)p - (I - eA)q\\ ^ \\p - q\\ .

( 3 ) A is m-monotone on S, i.e. A is monotone on S and if ε > 0
then Range (/ — εA) = S.

( 4 ) A is the infinitesimal generator of a ^-semi-group of map-
pings on S

DEFINITION 1.3. Let each of m and n be a nonnegative integer
and for each integer i in [m, n] let K{ be a mapping from S to S.
If m > n define Π?=«£* = J If m g w define ΠfU-K* = #™ and if
m + 1 ^ j £ n define Π ί ^ = i f J I / r i X,. Define Π ί m ^ - Π?-« «•+«-•.
If each of a and 6 is a nonnegative number then a chain {sj^o from
a to δ is a nondecreasing or nonincreasing number-sequence such that
s0 = α and s2m = 6. The norm of {sj !^ is max {| s2i — s2ΐ_21 | ί e [1, m]}.

DEFINITION 1.4. Let F be a function from [0, <χ>) x [0, oo) to the
set of mappings on S. Suppose that p e S, a,b ^ 0, and u is a point
in S such that if ε > 0 there exists a chain {s;}!™0 from a to b such
that if {ίj^o is a refinement of {s,}^0 then

u — 11

Then u is said to be the product integral of F from a to b with respect

to p and is denoted by Πϊ ™'τ ~7r"~

REMARK 1.1. Let A be a ^"-mapping on S and define the function
F from [0, c>o) x [0, oo) to the set of mappings on S by F(u, v) —
(I — vA)-1 for u, v ^ 0 (Note that (/ — vA)~ι exists and has domain S
by virtue of the m-monotonicity of A). The following result in [10]
will be used in the theorems below:

If A is a ^-mapping on S, T is the ^-semi-group generated
by A, and F is defined as above, then for p e S and x ^ 0 T(x)p =
Πί F(I, dl)p.

In this case let T(x) be denoted by exp (xA) for x ^ 0.
Let A be a function from [0, oo) to the set of mappings on S

such that the following are true:
( I ) For each t ^ 0 A(t) is a ^-mapping on S
(II) There is a dense subset D of S such that if £ ̂  0 the do-

main of A(t) is D
(III) A is continuous in the following sense: If α, b ^ 0, M is

a bounded subset of D, and ε > 0, there exists δ > 0 such that if
%,ve [α, b] and | M — v\ < δ then || A(u)z — A(v)z || < ε for each ^ 1 .
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THEOREM 1. Let A satisfy conditions (I), (II) and (III). If pe S
and α, b >̂ 0 the following are true:

( 1 ) // T(u, v) = exp (vA(u)) for u,v^0, then Hi T(I, dl)p exists.
(2) // L(u, v) = (I - vA{u))~ι for u, v ^ 0, then HI L(I, dl)p

exists and HI L(I, dl)p = HI T(L, dl)p.

THEOREM 2. Let A satisfy conditions (I), (II) and (III) and define
U(b, a)p = Πα T(I, dl)p for pe S and α, b ̂  0. TΛβ following are true:

( 1 ) U(b, a) is nonexpansive for a, b ̂  0.
( 2 ) Z7(6, c) U(c, a) = U(b, a) for α, b ̂  0 α^d c e [α, 6] and U(a, a) =

I for a ^ 0.
( 3) If pe S and a ^ 0 ί/̂ βw Z7(α, ί)p is continuous in t
( 4) If peS,0 ^a^t, and U(t, a)p e D, then d^U(t, a)p/dt -

A(t)U(t, a)p and if p e S, 0 < s g δ, αwd ί7(s, 6)p e Z), then

d~U(s, b)p/ds = -A(s)U(s1 b)p .

2. Product integral representations. In this section, Theorems
1 and 2 will be proved. Before proving part (1) of Theorem 1 three
lemmas will be proved each under the hypothesis of Theorem 1.

LEMMA 1.1. / / p e D, α, b >̂ 0, and

b then
f-o is a chain from a to

Π '

Proof.

π

2i_ιy I s2i - s2i_2 \)p - p

i - i , I S2i - S 2 ί _ 2 \)p -

m II m

^ Σ Π τ(8tj_lt

=S Σ I I TX^ -t, I

= Σ
t=i| Jo

m

^ Σ | s 2 < -

- s 2 j _2 \)p - Π Ά23-U I % - s 2 ί _2 \)p

i ~ s2-i—2 t

LEMMA 1.2. If pe D,a,b^Q, {st }iΞ
s }^! is α sequence in [α, 6],

m /rom α ίo 6,

Π LW, I s 2 ί - s 2 ί _ 2 \)p-p S Σ I s2i - s 2 ί_ 21 || A{s\)p \\ .
ί = i i

Proo/.
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Π L(s'jf I s 2 j - s 2 j _ 2 \)p - - s2i_2 \)p

= Σ
i

s2i - s2i_2\)p

- L(s'i, I s2 i - s 2 i_ 21)(/ - I s 2 ί - s2i_2

LEMMA 1.3. If M is a bounded subset of D, a, b ^ 0, 7 > 0,
ε > 0, there exists δ > 0 ŝ cfe ίΛαί ΐ / ^, v e [α, 6], | u — v | < δ, 0 ^ x < 7,

« G ikΓ, then || Γ(u, aj)« — T(v, x)z || ^ x ε.

Proo/. Let M' = {Π* ι L(v, s2ί - s2i_2)z \ z e M, v e [α, 6], 0 ^ x < 7,
and {s,;} w

0 is a chain from 0 to x}. Let 20 e M, let z e M, let v e [a, b],
let 0 ^ x < 7, and let {sj^o be a chain from 0 to x. Then,

Π

Further, by Lemma 1.2,

, s 2 i - s2i_2)zc

_g x max I
u e 10, x ]

< 3 - So

Then, || ΠΓ-.i L(v, s2ί - s2ί_2)^ || ^ || s - s01| + || s01| + a; maxMe[OiΓ] || A(u)z0 \\
and so M' is bounded. There exists δ > 0 such that if w, v G [α, ft],

u - v I < δ, and z e M', then || A(u)z - A(v)z\\ < ε. Then if 0 ^ ^ < 7,
ze M, {sj m

o is a chain from 0 to x, u, v G [α, δ], and | ^ — v \ < δ,

Π L(u, s2i - s2i_2)z - Π L(v, s2ί - s2ί_2)z||

w 11 w i—l

< y π L(u, s2, — s2 _2) Π L(v, s2k — s2k_2)z

m i

±j\(A/j &2j r>2j_2) Ĵ J_ ±J\V, Γ>2/c

 ίs>2k—2/~

L(u, s2ί - s2i_2)
fc = l

- t[L(v, s2k - s2k_2

Π L(v, s2k -

- (szi - s2i_2)A(u)) Π L(v, s2k - s2k_2)z\\
k II
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— 2-1 \S2i S2i-2/ A(v) Π L(v, s2k - s2k_2

- A(u) Π L(Vf s2k - s2k_2)z\\
II

= x-s .

Then, since T(u, x)z = Π? £ ( ^ , d i > and
Remark 1.1), || Γ(%, x)z - T(v, x)z\\ ^ x-εm

, x)z = Π? (see

Proof of Part (1) of Theorem 1. Let p e A let α, 6 ^ 0, and let
ε > 0. Let M = {ΠίLi ϊ 7 ^ ^ ! , | r2 ί - r2ί_2 |)p | a; e [α, 6] and {rJ?Ξo is a chain
from α to α;}. Then M is a bounded subset of D by Lemma 1.1. There
exists 8 > 0 such that if %, v e [α, 6], 116 — v \ < 5, 0 <; x ^ 1 and z e Λf,
then || T(w, α;)« — Γ(ι;, x)z\\ ^ ε x. Let {sj^o be a chain from α to b
with norm < min {δ, 1} and let {£J^O be a refinement of {sj ô, i.e.,
there is an increasing sequence u such that uQ = 0, ^ w = w, and if
I ^ i ^ m s 2 i = ί2w.. For l ^ ΐ ^ m let i ζ = T(82i^l9 | s2i — s2ί_2 () and
let Ji = UlU^+ΛUi-if I t2j - ί2j _21). Then,

Π T i t * - , I ί« — ί«_, |)j> —
i - -1

π Ji π κkP - n J, π κkP

Jt Π iΓ^ - κt π
A - L A; -^ 1

Π Tit \ t • Π Kkp
I

- h - ««•_, i) π κkP

Π.Γ(β«_., Π T(ttk_1,\ttk-ta_t\)nκkp
+ 1 A

- Π T(sΆ_ιt \t2r-t2r_2\) π

^ Σ Σ *« - t
tj_t I π

3 — 1π * — l

κkp

Σ

Hence, Πα ^ J , dJ)p exists. Further, using the fact that D is dense
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in S and T(u, x) is nonexpansive for u, x ^ 0 one sees that if p e S,
α, 6 ^ 0, then Πα Γ(/, dΓ)#> exists and thus part (1) of Theorem 1 is
proved.

Before proving part (2) of Theorem 1 three lemmas will be proved
each under the hypothesis of Theorem 1.

LEMMA 1.4. If p,qe S,a,c^ 0, and b e [α, c], then the following
are true:

( i ) || Πί T(I, dl)p - Ul T(I, dl)q \\ £ || p - q ||.
(ii) Ul T(I, dl) Ul T(I, dl)p = Ul T(I, dl)p.
(iii) Ifp e D then \\ Ul T(I, dl)p -p\\£\b-a\- max t t 6 [ M ] \\A(u)p\\.

Proof Parts (i) and (ii) follow from the nonexpansive property
of T(u, x), u, x ^ 0. Part (iii) follows from Lemma 1.1.

LEMMA 1.5. If M is a bounded subset of D, α, 6 ^ 0, and ε > 0,
there exists δ > 0 such that if u, v e[a, b], \v — u\ < 3, w e [u, v], and
zeM, then

dl)z - T(w, \v ~u\)z < I v ~ u\ ε .

Proof Let M' = {UΐΛ T(s2i_u | s2i - s2i_2 \)z\zeM,x,ye [α, δj, {sjίΐo
is a chain from ytox}. Then M' is a bounded subset of D by Lemma 1.1.
By Lemma 1.3 there exists d > 0 such that if u, ve[a,b],\u — v\ <
S ^ e t f and O ^ ^ l , then || T(u, x)z - T(v, x)z \\ ^ x-ε. Let
u,ve [α, 6], | v — u | < min {3,1}, w e [̂ , v], ze M, and let {st }?Ξ0 be a chain
from u to v. Then,

Π
|

I s 2 i - T(w, \v-u\)z

Π Φ/ o I o o |\Λ»

-*- \*>2i—I) I ύ 2 i ύ 2 i — 2 | / Λ

—1J I ^ 2 i ^ 2 i — 2 I) 1 1 J-
3=1

- T(w, I s2i - s2i_

\ Σ 1% - 2̂ί_2| ε

- S 2 ί _ 2

Π
3=1

- Sj_2 \)z\\

II

= |v - w| e .

T h u s , || Π ; r ( / , rf/)« - T(w, \v -u\)z\\^\v - u \ - ε .

L E M M A 1.6. If M is a bounded subset of D, a,b^ 0, and ε > 0,
£Λ,er0 exists δ > 0 sw/^ £&α£ if u, v e [α, δ], tt; e [w, v], | v — u \ < <5, z e Λf,
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and {sJlΞo is a chain from u to v, then

Π £(S2;-1> I S2i - S2i_2 \)z - Π L{W, \ S2i - S2i_2 \)z\\ ^ ( V - U \ S .
i II
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Proof. An argument similar to the one in Lemma 1.3 proves
Lemma 1.6.

Proof of Part (2) of Theorem 1. Let peD,a,b^0, and ε > 0.
Let M = {Jla T(I, dl)p \ x e [α, 6]}. Then M is a bounded subset of D
by Lemma 1.4. By Lemmas 1.5 and 1.6 there exists δ > 0 such that
if u,ve [a, b], w e [u, v], \ u — v | < δ, z e M, and {SJJΞO is a chain from
u to v, then

Π 2i - s 2 < _ 2 1)2 - ί - s2ί_2 \)z\\ <,\v - u I ε/3| 6 - a \
II

and || Ul T(I, dl)z - T(w, \ v - u \)z \\ S I v - u | ε/3| b-a\. Let {r^U
be a chain from α to 5 with norm < δ. Let {sJ Ξo be a refinement
of {rjjlo such that there exists an increasing sequence u such that
u0 = 0, uq = m, if 1 g i ^ <? r2 i = s2%., and if l ^ i ^ q and {ίfc}ϊl0 is a
refinement of {sy}^,,^^ then

TT i v ( ^ 2 i i, I ί2A. ί I) TΊ
k = ί a

r

a

(Note that if

l ^ i £ q T(ru_ιt \ ru - r2i_:

α

r2i-2 a. r2i a

—see Remark 1.1). Let {ί<}?=0 be a refinement of {sJfΞo and let v be
an increasing sequence such that v0 = 0, ̂ m = w, and if 1 <̂  i ^ m
s2i = ί2,.. Then,

Π - Π Γ(/, dl)p

Π Π Π i»(ί,*_i, lίtt - ««-• DP
t i i i t H i k + ι

q r2i

- Π Π
i-1 r2i—2

Π Π
r2i—2

π
",d/)

r2i-2
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- a\

Σ Π Π L(r2i_ly I t2k - t,k_21) Π T(I, dl)p

i-i> I ^2i - r2i_21) Π Γ(/, dl)p

Σk2i-r2ί_2|.ε/3|6-α|

ε .

Thus, Πα ̂ ( ^ d/)p exists and is Πα Γ(J, dl)p for p e ΰ . Further,
using the fact that D is dense in S and L(u, x) is nonexpansive for
u, x ̂  0 one sees that Πα L(I, dl)p = HI T(I, dl)p for all peS.

Define U(b, a)p = Πα T(I, dl)p for p 6 S and α, 6 ̂  0.

Proo/ o/ Theorem 2. Parts (1), (2), and (3) of Theorem 2 follow
from Lemma 1.4. Suppose that p e S, 0 ̂  a ^ ί, and Ϊ7(£, α)p e D.
Let ε > 0. There exists d, > 0 such that if 0 < h < δ,

|| A(ΐ)T(ί, h)U(t, a)p - A(t)U(t, a)p \\ < ε/2

(see Definition 1.1, part (4)). By Lemma 1.5 there exists δ2 > 0 such
t h a t if 0 < h < δ21| U(t + h, t)U(t, a)p - T(t, h)U(t, a)p\\< h s/2. Then,

if 0 < h < min {δx, δ2},

- U(t, a)p) - A(t)U(t, a)p ||

h,t)U(t, a)p - U(t, a)p) - A(t)U(t, a)p \\

ε/2 + || (l/h)(T(t, h)U(t, a)p - U(t, a)p) - A(t)U(t, a)p

= ε/2 l/h\h[A(t)T(t, u)U(t, a)p - A(t)U(t, a)p]du\
Jo I

Hence, d+t/(£, a)p/dt = A(t)U(t, a)p. Suppose that p e S, 0 < s g 6,
and Z7(s, 6)p e D. Let ε > 0. There exists δL > 0 such that if 0 < ft < δ,
then 0 ̂  s - h and || A(s)T(s, h)U(s, b)p - A(s)C/(s, b)p\\ < ε/2. By
Lemma 1.5 there exists δ2 > 0 such that if 0 < h < S2

|| C/(s - ft, 8)U(8, b)p - T(8, h)U(s, b)p || < ft ε/2 .

Then, if 0 < ft < min {d19 δ2)

- ft, b)p - U{s, b)p) - (-A(8)U(8, b)p) \\

- ft, s)f7(s, b)p - [/(s, ft)p) - A(8)U(8, b)p \\

< ε/2 + || (l/h)(T(s, h)U(s, b)p - U(s, b)p) - A(s)U(s, b)p ||

= 6/2 + l/h\h[A(s)T(s, u)U(s, b)p - A(s)U(s, b)p]du\\ < ε .
Jo II

Hence, d-U(s, b)p/ds = -A(s)U(s, b)p.
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3* Product integral representation in the uniform case* For
Theorem 3 A is required to satisfy, in addition to conditions (I), (II),
(III) of § 1, the following:

(IV) For each t :> 0 A(t) has domain all of S.
(V) If 0 <£ a ^ 6, M is a bounded subset of S, and ε > 0, there

exists δ > 0 such that if ue [a, 6], z, w e l , and \\z — w\\ < δ, then

|| A(u)z - A(u)w\\ < ε .

THEOREM 3. Let A satisfy conditions (I)—(V) and define

M(u, v) = (I + vA{u))

for ufv^0. If peS and a, b ^ 0, then Π« M(I, dl)p = U(b, a)p.

Before proving Theorem 3, three lemmas will be proved each under
the hypothesis of Theorem 3.

LEMMA 3.1. Let pe S and let α, b ̂  0. There is a neighborhood
Np,δ about p, a positive number 7, and a positive number K such
that if qe Np,δ, x, y e [α, 6], | y — x \ < 7, and {sj^o is a chain from
x to y, then

Π M(s2ί_L, I s2ί - s2i_2 \)q - q y - x\ K.

Proof. There exists a positive number K such that if u e [a, b]
and q e NP>1 then || A(u)q || g K. Let δ = 1/2 and let 7 - 1/2K. Let
q e NPtδ, x,ye [α, 6], | y - x \ < 7, {sjf™o a chain from x to y,l<^j ^m -
1, and suppose that || Π ΰ Λf(s2ί-i, I s2ί - s2i_2 \)q - q \\ g | s2i — s0 | ϋΓ.
Then,

ffiU
i = i

VII
VII

2» 11 \ S

f[M(

h 1 * , +

S2j + 2 ~

2i ^2i—2

\ &2i S2i_2 | ) # Q'

2 - s2j 1

- S 0 | . i ί .

- s,_2 |)ί

| |A(s2 i + ]).

and so

1

3

~Γ Ά/Γ( <i
L •"•*• V"2i—U

s 2 ί - s 2 i_ 2 |)g

LEMMA 3.2. If p e S and a ^ 0 [/(£, is continuous in t.

Proof. Let p e S and α, 6 ^ 0. In a manner similar to Lemma
3.1 one proves the following: There is a neighborhood Nq>δ about q =
Ϊ7(&, α)p, 7 > 0, and if > 0 such that if z e Nq>δ, x, y e [a, 6], | y — x \ < 7,
and {sJiΞo is a chain from x to y then
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Π (/ - I s2i - s2i_2 \A{s2i_,))z - z y - x\ K.

Let ε > 0, let x e [α, b] such that | x — b | < 7, let {s;} Ξ0 be a chain
from a to b and k ^ m an integer such that s2A. = # and

U(b, a)p - Π L(s2i_19 I s 2 ί - %_2 \)p < min {ε,

and

Then,

U(x, a)p - Π L(s2i_iy I s 2 i - s2 i_2 \)p\\ < ε .
II

U(x,a)p- U{b,a)p\

\s2i- s 2 i _ 2 lAίs j j i^O) Π L ( s 2 i _ 1 9 \ s2i - s2i_2 \)p

m

- Π L ( s 2 i _ 1 9 I s 2 ί - s 2 i _ 2 \)p

< 2 ε + I 6 - x\-K.
Then, lim^ft U(x, a)p — U(b,a)p for xe[α, 6]. Further, by Lemma 1.4
l i m ^ i7(», α)p = U(b, a)p for a? g [α, 6].

LEMMA 3.3. Lβί p e S απd α ^ 0. There exists a neighborhood
NPtδ about p and 7 > 0 such that the following are true:

( 1 ) // ε > 0 £/̂ ere exists a > 0 swcfc £/m£ ΐ/ g e iSΓp,δ, α fg x ^ α + 7,
sjΐίo is α chain from a to x with norm < a, then

Π , a)q

( 2) // ε > 0 ί/̂ βrβ βα isίs α > 0 ŝ cΛ, ί/̂ αί i / g e JVpfί, max{0, α —7} ^
^ α, and {Si}l™0 is a chain from a to x with norm < ay then

- U(x, a)qΠ
llt=i

Proof. By Lemma 3.1 there exists δ > 0 and 7 > 0 such that if
q 6 jVPfa, α ^ x ^ α + 7, and {Si]fl0 is a chain from a to x then

i ^ , s2 i - s2ί_2)g e NP}2§ .
i — l

Let ε > 0. By Lemma 1.5 there exists ax > 0 such that if

u, v e [α, a + 7], 0 ^ 1; — ̂  < alf u ^ w ^ v ,
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and q e Np>21, then || U(v, u)q — T(w, v — n)q \\ ̂  (v — u)-e/2y. There
e x i s t s a2 > 0 s u c h t h a t if q e NPf2δ, ue[a,a + y]9 a n d 0 g x < a2, t h e n
|| A(u)T(u, x)q - A(u)q || < eβy (Note that

, x)q - q\\ = [*A(v,)T(u, t)qdt
Jo

g x-\\Aiu)q\\ g α

x (max || Λ(ί)« ||, ί e [α, α + 7], z e NPf2δ)) .

Let a = min {αu α:2}, let g e Np,δ, let α ^ x ^ α + 7, and let {sj?^ be
a chain from α to a; with norm < a. Then,

Π
ί

2i^ s2i - s2i_2)q - Z7(a?, a)q

= B
ί 1

i, s2j_2) Π M(si3-_ιt s2ί - s2j_2)q

- Λf(s2 j_1( s 2 i - s2i_2) s 2 ί _M s 2 i - s2j_2)q

< ε/2 + i (S 2 ί_ 1 ? S2i S2ϊ _2)

m

= e/2 + Σ

3=1

" " [A(s 2 ί _ 1 )Γ(s 2 i _ 1 , ί) Π M(s2i_19 s2j - s2i__2;

J_χ J.VJLy€)2j .u &2j *^2j
3 I

< e/2 + Σ (s2i - s2ί_2) ε/27 < ε .
ί -1

A similar argument proves part (2) of the lemma.

Proof of Theorem 3. Let pe S and 0 g a < δ. Suppose that if
a <̂  α < δ Πα Λf(/, d/)p exists and is J7(α?, α)p. Let α ^ α; < δ, let {sJfΞo
be a chain from α to δ, and let j < m such that s2j- = x. One uses
the inequality

U(b,

VII

H

a)p -

h π
α

i- lift -
1 \i=1

m

II

m

α

M(%_i, s2i

ιι % — S 2 { _

f(Z, d/)p||

i

- s 2 ί, 2)p

—1> ^ 2 i S 2 ί _

S 2 j

2 ) ? > |
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and Lemmas 3.1 and 3.2 to show Hb

aM(I,dI)p exists and is U(b,a)p.
Suppose now that for a <; x <̂  b Π« M(I, dl)p = U{x, a)p. Let b < x,
let {Si}i=0 be a chain from a to a;, and let j < m such that s2i = 6.
One uses the inequality

U(x, a)p -

JJίrγ Tr\

+ ϋ(x,

m

ΠK

) U(b, t

δ)Π
i = i

ι)p

M(έ

^2i

1 &2i ί>2ί—2/P\\

^2ί—2/ 1 1
t = l

j

M(t

- s2 i_2)ί)

and Lemma 3.3 to show that there exists 7 > 0 such that i f δ ^ α ; < 6 + 7
then Πα M(I, dl)p exists and is U(x, a)p. Thus, if p e S and 0 ^ α ̂  6
then Y[b

aM(I, dl)p exists and is £7(6, a)p. With a similar argument one
shows that for pe S and 0 <£ α ̂  δ Π ? ^ ( ^ d-Oί* exists and is [7(α, b)p.

4. Examples* In conclusion two examples will be given.

EXAMPLE 1. Let S be the Hubert space and let A be densely
defined and m-monotone on S (Definition 1.2). In M. Crandall and A.
Pazy [2] and in T. Kato [6], it is shown that B is the infinitesimal
generator of a ^-semi-group on S (Definition 1.1). Let X be a function
from [0, co) to S such that X is continuous. Define A{t)p = Bp + X(t)
for pe Domain (B) and t ^ 0. Then A satisfies conditions (I)—(III).

EXAMPLE 2. Let S be a Banach space and let B be a mapping
from S to S such that B is m-monotone S and uniformly continuous
on bounded subsets of S. In [11] it is shown that B is the infinitesimal
generator of a ^-semi-group of mappings on S. Let C be a continuous
mapping from [0, ©o) to [0, oo), let D be a continuous mapping from
[0, oo) to (0, co), and let each of E and F be a continuous mapping
from [0, oo) to S. Define A(t)p = C(t) B(D(t)-p + E(t)) + F(t) for ί ^ 0
and ί)GS. Suppose £ ̂  0, ε > 0, and p, qe S. Then,

\\(I-sA(t))p-(I-εA(t))q\\

= (1/D(t)) || (I - εC(t)D(t)B)(D(t)p + S(<))

- (/ - eC(t)D(t)B)(D(t)q + #(*)) ||

^ (1/Z)(t)) || (D(ί)p + #(*)) - (D(ί)g + E(t)) \\

= UP - q\\

and so A(£) is monotone for t ^ 0. Suppose ί ^ 0, ε > 0, and pe S.
Let q' be in S such that (/ - sC(t)D(t)B)q' = D(t)p + E(t) + εD(t)F(t).
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Let q = (1/D(t))(q' - E(t)). Then (I - εA(t))q = p and so A(t) is m-
monotone. Then A satisfies conditions (I)—(V).
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