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We study the problems of existence of bases of various
order of shrinkingness and boundedly completeness in Banach
spaces with bases and we give a characterization of quasi-
reflexive Banach spaces with bases.

For Banach spaces with bases, R. C. James has given the follow-
ing characterization of reflexivity ([4], Th. 1):

THEOREM (J). A Banach space E with a basis {xj} is reflexive if
and only if (a) the basis {xj} is boundedly complete [3] i.e., for every
sequence of scalars {αj such that supm ||ΣS=iαί#<ll < +°° the series
Σ Γ = i t t is convergent and (b) the basis {x5} is shrinking [3], i.e.,
lim^oo || / | |m = 0 for all functionals feE*, where \\f\\m denotes the
norm of the restriction of f to the closed linear subspace [Xi]T=m+i of
E spanned by xm+1, xm+2,

From this theorem it follows that if E is a reflexive Banach space
with a basis then all bases of E are shrinking. In [5], the question
was raised whether the converse is also true, i.e., whether this prop-
erty characterizes the reflexivity of Banach spaces with bases and a
similar question for boundedly complete bases. Recently, M. Zippin has
proved that the answer to both questions is affirmative ([10], Theorems
1 and 2).

The notions of shrinking bases and boundedly complete bases have
the following extension ([7], Definitions 2 and 1): Let k ^ 0 be an
integer. A basis {xά} of a Banach space E is called k-shrinking (or
shrinking of order k) if (a) in every (k + l)-dimensional linear sub-
space Bk+1 of E* there exists a nonzero element feBk+1 such that
limw_oo II/IU = 0; (b) there exists a (k + l)-dimensional linear subspace
B'k+1 of E* for which the above element / is unique up to a homothety.
A basis {xj} of a Banach space E is called k-boundedly complete (or
boundedly complete of order k) if (a) in every (k + l)-dimensional linear
subspace Pk+ι of g7 == {{aά} \ supw || X t i ^ ^ I! < + °°} there exists a non-
zero element {aά} e Pk+1 such that the series ΣS=i aiχi i s convergent; (b)
there exists a (k + l)-dimensional linear subspace Pk+1 of if for which
the above element {ad} is unique up to a homothety.

It is natural to ask the following questions ([6], Chapter II, Prob-
lems 2.2 and 2.6): Let k > 0 be an integer. Does every Banach space
with a λ -shrinking (fc-boundedly complete) basis have a non-&-shrinking
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(respectively, non-A -boundedly complete) basis? (For k = 0, the an-
swer is negative by the above theorem of James.) From the results
which we shall prove below it will follow as a consequence that the
answer to both questions is affirmative (see Corollary 1). Moreover, we
shall prove that in general the orders of shrinkingness and boundedly
completeness of bases can be both increased and decreased by 1 (Theo-
rems 1 and 3).

P. Civin and B. Yood have introduced [2], in connection with an
example of R. C. James [4], the following generalization of reflexi-
vity: A Banach space E is called quasi-reflexive (of order n) if
codim£** π(E) < + °o (codim^* π(E) = n), where π denotes the canonical
embedding of E into E**; we recall that if X is a Banach space and
G a closed linear subspace of X, then, by definition codimx G = dim X/G.
The above theorem of James on characterization of reflexivity of
Banach spaces with bases admits the following extension ([7], Th. 3):
A Banach space E with a basis {xd} is quasi-reflexive of order n if
and only if there exists an integer k, 0 <^ k <, n, such that {xό} is k-
shrinking and (n — &)-boundedly complete.

Hence, if a Banach space E with a basis is quasi-reflexive of order
<^n, then all bases of E are shrinking of order ^n and it is natural
to ask whether the converse is also true and a similar question for
boundedly complete bases of order ^n. From our results it will follow
that the answer to both questions is affirmative (see Theorem 2).

1* We begin with the following lemma, due essentially to M.
Zippin ([10], Lemma 3).

LEMMA 1. Let {xn} be a basis of a Banach space E and let

(1) V.= Σ (XiXi^O (n = l, 2, . . • ) ,

where 0 — m 0 < mL < m 2 < . Then there exists a basis {zn} of E
such that

( 2 ) *«n = y» (w = l , 2 , . . . ) ,

( 3 ) lK] = lfn]9

where {/»}, W c £ * , / « - hfa) = 8<y.

Proof. By ([10], Lemma 3), there exists a basis {zn} of E satis-
fying (2) and such that

( 4 ) NΓΛn_1+i - WΛn_1 +i (w = 1, 2, . • •) .

Now, for {hn}aE* with h{{z2) = δi3 we have, by (4), hi(x5) - 0
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(i = mn^ + 1, , mn;j Φ mn^ + 1, , mn; n = 1, 2, •), that is,

( 5) [ΛJΓΛm_1+i c ([a/],*..^.......) 1 (Λ = 1, 2f .)

On the other hand, for {fn} czE* with fi{xά) = δ^ we have

( 6 ) [/JΓΛ^1+i - ( [^ l^ ^ + i , . - . ) 1 (» = 1, 2, •)

(see, e.g., [5], proof of Proposition 4).
From (5) and (6) we infer

? . ι ^ + t (Λ = 1, 2, - •) ,

whence (3), which completes the proof of Lemma 1.

REMARK 1. From Lemma 1 it follows that every block basic
sequence {yn} with respect to a basis {xn} of a Banach space E can be
extended to a basis {zn} of E such that the orders of shrinkingness
and of boundedly completeness of {zn} remain the same as the corre-
sponding orders of the initial basis {xn}.

LEMMA 2. Let k^tO be an integer. If a Banach space E has a
k-boundedly complete basis {xn}, then every subspace of finite codimen-
sion in E also has a k-boundedly complete basis.

Proof. Let us first prove that for each m ̂  1 the sequence {xn}2
is a A>boundedly complete basis of the subspace [xn]Z of codimension
m - 1 of E.

Indeed, let

(7) gf w - ( W : I sup II Σ «*»« I K + ~}

and let Qk+ί be a (k + l)-dimensional linear subspace of i?TO. Then

P*+i - {{O^i'^O, amf am+ι, am+2, .} | {a,}; e Qk+1}
m—1

is a (A: + l)-dimensional linear subspace of

gf = ^o = {{αjΓ I sup || Σ "fa | | < + oo} .

Hence, since {#„} is a fc-boundedly complete basis of E, there exists a
nonzero element {0, , 0, am, am+1, am+2, •} e Pk+ί such that the series

m

is convergent. Then {α%}^ e Qk+ί and the series ΣΠ=m ̂ i^i is
convergent. Similarly, {xn}Z also satisfies condition (b) of the definition
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of &-boundedly complete bases and thus {xn}% is a Λ-boundedly complete
basis of [xn]%.

Since by a remark of C. Bessaga and A. Pelczynski [1] all sub-
spaces of codimension m of E are isomorphic to each other it follows
that every subspace of codimension m of E has a ά-boundedly complete
basis, which completes the proof of Lemma 2.

In particular, from Lemma 2 it follows (for k = 0) that every sub-
space of finite codimension of a Banach space E with a boundedly
complete basis is isomorphic to a conjugate Banach space.

REMARK 2. A result similar to Lemma 2 for ^-shrinking bases is
also valid, but we shall not need it in the sequel. Let us also men-
tion that if E has a A -boundedly complete (^-shrinking) basis {xn} then
every superspace of E in which E is of finite codimension also has a
Λ-boundedly complete (respectively, yfc-shrinking) basis ([7], proof of
Theorem 5).

2* Now we can prove

THEOREM 1. Let k ^ 0 be an integer and let E be a Banach space
which is not quasi-reflexive of order k.

1°. If E has a k-shrinking basis {xn}, then E has a (k + 1)-
shrinking basis.

2°. If E has a k-boundedly complete basis {xn}, then E has a
(k + lyboundedly complete basis.

Proof. 1°. Assume that {xn} is ^-shrinking and E is not quasi-
reflexive of order k. Then by ([7], Th. 3), {xn} is nonboundedly com-
plete, whence by ([5], Th. 1, 2°) {xn} admits a block basic sequence {yn}
of type P. By Lemma 1 there exists a basis {zn} of E satisfying (2)
and (3), where {/„}, {hn}dE*ffi{xs) = fifa) = δi3 . Then, as observed
by M. Zippin ([10], p. 77, proof of Theorem 1), the sequence

(Zi for i Φ mn (n = 1, 2, •)
(8) u<= \ n

I Σ s», for % = mn (n = 1, 2, •)
i 3

3

is a basis of E, with the associated coefficient functionals

[hi for i Φ mn (n = 1, 2, •)
1 Kn - Kn+1 for i = mn (n = 1, 2, . • •) .

We shall show that {un} is a (k + l)-shrinking basis of E, which will
complete the proof of 1°.
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Since {zn} is a basis of E and sup% || Σ?=iS» || < + oo (because {zmj
is of type JP), there exists by [9], a functional ΦeE** such that

for iΦ m% (n = 1, 2, •••)

for i = mn (n = 1, 2, •) .

Hence Φ(/^Wl) = 1, Φ(^) = 0 (i = 1, 2, •) and therefore hmγ $ [^ ]Γ
Consequently, by (9),

and hence coding* [#*]Γ = k + 1, i.e., {̂ w} is a (fc + l)-shrinking basis
of E.

2°. Assume that {xn} is &-boundedly complete and E is not quasi-
reflexive of order k. Then by ([7], Th. 4), {fn} is a ^-shrinking basis
of [/»]. Observe now that [fn] is not quasi-reflexive of order k since
otherwise, by ([7], Th. 3), {fn} would be /^-shrinking and boundedly
complete whence by ([7], Th. 4), {xn} would be shrinking and fc-bounded-
ly complete and hence by ([7], Th. 3), E would be quasi-reflexive of
order k, in contradiction with our hypothesis. Therefore, by part 1°
proved above, [fn] has a (k + l)-shrinking basis {gn} and hence, the
coefficient functionals associated to {gn} constitute a (k + l)-boundedly
complete basis of a subspace of codimension k + 1 in [/»].* Conse-
quently, by Remark 2 (second part), [/„]* has a (k + l)-boundedly
complete basis. Since {$„} is jfc-boundedly complete, by ([7], Th. 1) we
have codim[/tι]* φ(E) = fc < + °°, where <̂> denotes the canonical mapping
of E into [fn\* (i.e., [<?(£)](/) =/(») for all xeE,fe[fn]) and hence,
by Lemma 2, the subspace 9?(J&) of [/ΛJ* also has a (k + l)-boundedly
complete basis. Since by ([6], Th. 1.13), φ is an isomorphism of E into
[fΛ* it follows that E has a (fc + l)-boundedly complete basis, which
completes the proof.

REMARK 3. In the particular case when k = 0 the above proof
of Theorem 1,1° reduces essentially to ([10], proof of Theorem 1);
we establish here somewhat more, namely, that the basis {un} is 1-
shrinking (in [10] it was only proved that {un} is nonshrinking). Let
us also observe that in the particular case when k = 0, the above proof
of Theorem 1, 2° gives a simpler proof of ([10], Th. 2) (namely, if {xn}
is a boundedly complete nonshrinking basis of E then by ([5], Propo-
sition 5), the sequence of coefficient functionals {fn} is a shrinking non-
boundedly complete basis of [/Λ], whence by ([10], Th. 1), sharpened
as above, [fn] has a 1-shrinking basis {gn} and consequently E = [/Λ]*
has 1-boundedly complete basis, which is, of course, nonboundedly com-
plete).
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REMARK 4. Both hypotheses in Theorem 1,1° (respectively,
Theorem 1, 2°) are essential. Indeed, the spaces I1 and c0 are not quasi-
reflexive of any order k but the space E = I1 has no Zc-shrinking basis
for any k and the space E — cQ has no fc-boundedly complete basis for
any k. Furthermore, if E is quasi-reflexive of order k then by ([7],
Corollary 1), every basis of E is ^-shrinking and &2-boundedly complete
with klf k2 ίg k.

COROLLARY 1. Let k > 0 be an integer and let E be a Banach
space.

1°. If E has a k-shrinking basis then E has a non-k-shrinking
basis as well.

2°. If E has a k-boundedly complete basis then E has a non-k-
boundedly complete basis as well.

Proof. 1°. If E is quasi-reflexive of order k and if all bases of
E are Λ-shrinking, then by ([7], Th. 3), all bases of E are boundedly
complete, whence by ([10], Th. 2), E is reflexive. Consequently by
([4], Th. 1), all bases of E are shrinking and hence non-fc-shrinking
(because k > 0). If E is not quasi-reflexive of order &, then by Theo-
rem 1,1° it must have a (k + l)-shrinking basis.

The proof of 2° is similar.

REMARK 5. Corollary 1 gives the answer to ([6], Problems 2.2
and 2.6). Corollary 1 may be also regarded as a sharpening of the
following results of L. Sternbach ([8], Theorems 3.11, 15): If k > 0
and E has a fc-shrinking (&-boundedly complete) basis, then E has a
(k — l)-shrinking (respectively, 1-boundedly complete) basic sequence.

COROLLARY 2. Let k ;> 0 be an integer and let E be a Banach
space which is not quasi-reflexive.

1°. If E has a k-shrinking basis then E has an n-shrinking
basis for all n ^ k.

2°. If E has a k-boundedly complete basis then E has an n-
boundedly complete basis for all n ^ k.

THEOREM 2. Let n^Q be an integer and let E be a Banach space
with a basis. Then

1°. E is quasi-reflexive of order n if and only if all bases of
E are k-shrinking with k :g n depending on the basis and there exists
an n-shrinking basis {xn} of E.

2°. E is quasi-reflexive of order n if and only if all bases of
E are k-boundedly complete with k ^n depending on the basis and
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there exists an n-boundedly complete basis of E.
Moreover, in this case, for each k with 0 :g k ^ n, E has a k-

shrinking basis and a k-boundedly complete basis.

Proof. 1°. If E is quasi-reflexive of order n then, by ([7],
Corollary 1), every basis of E is ^-shrinking with k <* n. Conversely,
assume now that the conditions of Theorem 2 are satisfied but E is
not quasi-reflexive of order n. Then, since E has an ^-shrinking basis,
by Theorem 1, 1°, E also has an (n + l)-shrinking basis, in contradic-
tion with the assumption that all bases of E are /^-shrinking with k ̂ Ln.

The proof of 2° is similar.

Assume now again that E is quasi-reflexive of order n and let {xά}
be an arbitrary basis of E. Then by ([7], Corollary 1), {xd} is kQ-
shrinking where k0 <Ξ n. Hence, by Theorem 1, 1°, E has an ^-shrink-
ing basis. Consequently by virtue of ([7], Th. 5), E* has an w-bounded-
ly complete basis, say {h3). Since E* is also quasi-reflexive of order
n ([2], Lemma 3.4), by ([7], Corollary 1), {hn} is shrinking. Therefore,
by Theorem 1, 1°, E* has a ^-shrinking basis for every k with 0 <g k ^ n
and hence by ([7], Th. 5), E has a fc-boundedly complete basis for every
k with k ^ n. Consequently, by ([7], Corollary 1), E has an (n — k)-
shrinking basis for every k with 0 <̂  k <£ n, which completes the proof
of Theorem 2.

Let us observe that the last part of Theorem 2 is also a conse-
quence of Theorem 1 and of Theorem 3 below.

In the particular case when k = 0, the necessity part of Theorem
2 reduces to results of R. C. James [4] and the sufficiency part reduces
to results of M. Zippin ([10], Theorems 1 and 2).

THEOREM 3. Let k > 0 be an integer and let E be a Banach
space.

1°. If E has a k-shrinking basis, then E has a (k — ^-shrink-
ing basis and hence also a k-shrinking basis for every kι with 0 ^
kx ^ k.

2°. If E has a k-boundedly complete basis, then E has a (k — 1)-
boundedly complete basis and hence also a krboundedly complete basis
for every kx with 0 ^ kλ rg k.

Proof. 1°. Let {xn} be a /b-shrinking basis of E. Then, since
k > 0, {xn} is nonshrinking and hence there exist an fe E* and a block
basic sequence {yn} such that 0 < infΛ || yn || ^ supu \\yn\\< °°,f(yd) = 1
(j = 1, 2, •)• By Lemma 1 there exists a basis {zn} of E satisfying
(2) and (3), where {/J, {hn} c #*,/<(&,) = &«(*,•) = δiS. Moreover, as
observed by M. Zippin ([10], proof of Theorem 2), {zn} can be chosen
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SO t h a t

(10) f(Zi) = 0 for i Φ mn (n = 1, 2, . v )

and in this case the sequence

for i Φ mn (n = 1, 2, •)
1 for i = mn (n = 1, 2,

is a basis of JE7, with the associated coefficient functionals

hi for i Φ mn (n = 1, 2, •)

(12)

/ - Σ *«, for i = m. (n = 2, 3, •)

Then, by (12) and (3) we have [gn] = [f] + [hn]T = [f] + [Λ]Γ,
whence, since fί[fn]T (by the choice of / and {yn})9 we infer
coding* [gn] = codim^ [fn] — 1 = k — 1, and thus {ww} is a (fc — 1)-
shrinking bosis of E.

2°. Let {xn} be a fc-boundedly complete basis of E. Then, by
([7], Th. 4), {fn} is a ^-shrinking basis of [fn]. Therefore, by part 1°
proved above, [fn] has a (k — l)-shrinking basis {gn}. Hence, as in
the final part of the above proof of Theorem 1, it follows that E has
a (k — l)-boundedly complete basis, which completes the proof.
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