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This paper is a study of boundedness and other properties
of the solutions of nonlinear partial differential equations of

the form
(L1 du = P(&y, &z, ++ -, 22) (1)
where P(xi, 2, « -+, ®,) is positive, and wu(x;, s, -+ - %) is to be

defined in some region of Euclidean u-space, and 4u =
S, 0%u/0x; is the Laplacian of u. In particular, we con-
sider the case f(u) = e“.

Our principal result is concerned with the nonexistence
of entire solutions, An entire solution u = u(x:, ®2, < -, %x)
will be defined as a solution which though continuous for
0 =< r < o is twice continuously differentiable for 0 < r < oo,
Other results are concerned with the general form of and
explicit bounds for solutions,

In the literature on the subject [3, 4, 5, 8, 9, 11, 12] conditions
have been given on f(u) in order that the equation

1.2) du = f(u)
or, more generally, the differential inequality
(1.3) du = flu)

will have no solutions % = w(x, %, +--, ®,) having two continuous
derivatives for all finite values of x, %, ---, 2,. The most general
conditions which exclude such solutions, obtained by Keller [5], are:
fu) >0, f/(u) =0 for —oo <% < oo and

S:[S:f(t)dt]"”zdu < oo

For n = 2 Redheffer [10] showed that the monotonicity of f(w) may
be dispensed with.
In §2 we shall consider a more general question for the equation

1.4) du = P(w, y)e*, P, y) >0, 4= -2

ox?

aZ

oy

While the coefficient P(x,y) will be assumed to be positive and
twice continuously differentiable for 0 < r < o, P(x,y) will be

permitted to vanish or to become singular in a manner specified in
the statement of the Theorem 2.1. If P(x, y) has such a singularity
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118 VINOD B. GOYAL

it will, of course, be reflected in the singular behaviour of the solu-
tions of (1.4). We shall thus give conditions on P(z,y) which ex-
clude entire solutions of (1.4). An example of such a solution is
# = 7 which solves equation (1.4) with P(z, y) = e¢~"/r.

For n = 2 it is well known that the function

(1.5) Wz, 7) = logl—%

is a solution of
(1.6) du = 4e*

if f(z) is an analytic function satisfying |f(z)| <1 and |f(?)| = 0 in
the domain considered. In §3 we show, conversely, that every
solution of (1.6) is essentially of this form. This converse result is
necessary if it desired to use (1.5) and the theory of bounded analytic
functions to obtain general properties of the regular solutions of (1.6).
If the solution u(z, Z) of (1.6) is regular in a disk |z| < R, Theorem
3.1 leads to a bound for % in this disk. If |f(®| <1l in |z|< R
then, by Schwarz’ lemma | f'(z) |/1 — | f(?) P < R/R* — |z|*. Hence, a
solution of (1.6) which is regular for |z| < R is subject to the
inequality.

R

)< log —
u(z, z) < log T

For z = 0, this leads, in particular, to the well known fact that the
equation (1.6) can not have twice continuously differentiable solutions.

In §4 comparison theorems are proved and explicit bounds are
obtained for the solutions of

1.7 du = P(r)f(w)
or, more generally
1.8) du = P(r)f(uw) .

The behaviour of these solutions at an isolated singularity is in-
vestigated.

2. Entire solutions. The main result is:

THEOREM 2.1. Let

2.1) SS Pz, y)daxdy = O(r,) (for small r,)

r<rg

and
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(2.2) S:ta(t)dt — 0, e>0
where

2.3) o(r) = ;_ngz’d(log P)ds .

If either

2.4) reu-ﬁmw—l (log 7)'—**dr = oo

or

2.4y Swe“‘ﬁ)g‘”r“““’+52“’2 (log r)==*dr =

where

(1) c is a constant such that ¢ = (2 —e)(1 — B) where 1/2< L <1
and € > 0 dbut small. And
(ii) the function g(r) is a solution of

% %(¢%) — %S:A (log P)d6

such that rg’(r) —0 as r— 0.
Then (1.4) cannot have a solution which is twice continuously
differentiable for 0 < r < oo and continuous for 0 < r < co.

That such solutions of (1.4) may exist for certain P(z, y) is shown
by the example u = ", n = 2 where P(z, y) = n*r" %"

Proof. If we set
(2.5) u = v — logP
equation (1.4) becomes
(2.6) 4v = e’ + 4(log P) .

We introduce the notation
1 2T
2.7) w(r) = __S o(r, 6)d6 .
21 Jo
By Green’s formula for the circle |[z|<r < R

SS v dxdy = S g—vds
"

1zisr 1zl=7
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where n is the exterior normal. On account of 6/on = d/or it follows
that

STSZIAvrdﬁdr = Szx—@—rdﬁ =7 0

o or or

Szrv(r, 0)do .
0

With the help of (2.6) and (2.7), this yields

2.8) % w(r) = ng(e + A(log P))yrdodr .
dr 2 JoJo

w(r) is single valued and twice continuously differentiable for » < R.
Because of (2.3) and (2.5), (2.8) is equivalent to

(2.9) rdo@) _ Lgrghp(x, y)errdodr + S’to(t)dt )
dr 27 JoJo 0

Since % is continuous, it follows from assumption (2.1) and (2.2) that
(2.10) re@(r) —> 0

as r— 0.
Differentiating (2.8) with respect to » and using (2.3), we obtain

2.11) _i_ %( ‘jl_‘:.) = o(r) + %S:‘Tevda :

Since ¢f is convex for all & the right hand side of (2.11) can be
estimated by

1 (2= 22830 (r,0)d0
ev(r,ﬁ)dg > el/2rES - 6(:)(7) .
27 Jo - 0

Hence (2.11) yields

(2.12) %(r%% > ro(r) + e .

We now set
(2.13) o(r) = g(r) + f(r)

where ¢g(r) is a solution of

%<T%%> = ro(r)

which is continuous at the origin; that is, we compute g(r) from

(2.14) 2 (g(r) = Srta(t)dt .
dr 0



BOUNDS FOR THE SOLUTIONS OF A CERTAIN CLASS 121

Because of our assumption on the behaviour of o(r) at r =0, g(r)
will be continuous at » = 0. Inequality (2.12) then takes the from

(2.15) d%(r—‘%) = r(r)e’

where 7(r) = ¢’™. Introducing the new independent variable by
o0 = log r and setting

(2.16) F=f+20
inequality (2.15) yields
2.17) F = 7(p)e”

where dot denotes the differentiation with respect to o. Since the
right hand side of (2.17) is always positive F(o) is convex in o there-
fore, w(r) is convex in log .

Now suppose (1.4) and, therefore, also (2.17) has entire solutions.

We observe that F(o) must be positive for all o in (— oo, oo).
Indeed, from (2.16), we get, F(0) = 2 + e’(df(e"))/dr. Since by (2.14)
and the assumption (2.2), ¢'(r) = O(»***) we have, lim,_,r¢'(r) = 0.
Hence, by (2.10) and (2.13) lim,_, r@’(r) = lim,_, rf'(r) = 0. It follows,
therefore, that lim,._.. F(0) = 2. But, by (2.17) F(o) is convex in p
and we have, consequently,

(2.18) F(o) = 2

throughout (— oo, o). It, therefore, follows that F(p) is ultimately
positive. We choose p, large enough so that F'(o) > 0 for o > p, and
set

(2.19) ¢ = FF.
Differentiating with respect to o and using (2.17) we have
(2.20) o7 = TR reF F—7 4 F-1Rer

where v is a constant to be chosen later.
Using the inequality [Hardy-Littlewood-Polya] 4 + B = (4/a)*(B/B)?
where « + 8 =1, 0 < a, B < 1. the inequality (2.20) yields

(2.21) go7 = TH(L — )P GRelm AT Frimit T
Now we consider two cases:

Case I. Let 28 —v =0, 1/2 < 8 < 1. Then the inequality (2.21)
becomes

(2.22) ¢§¢_219 > Clz.l_,ee(1~,,5)FF1_33
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where ¢, = (1 — B)*'8~f. Since F'=2 we have F > (2 — ¢)p if p is
gufficiently large. Moreover, since e“~#FF "% g increasing for
F > 38 — 1/1 — B, inequality (2.22) yields

¢'¢—2ﬁ g 02'[1_‘6‘01_3‘8809

provided (2 — &)p >38—1/1 — B, ¢, = ¢(2—¢)* and ¢ = (2—¢)(1 — B).
Integration of (2.22) gives

1 I’ 1 1 £ B .
(2.23 — > czs e1—B1a(r)pe—t log,),. =35y |
: 28 — 1L¢*(0,) qﬁzﬁ”l(p)] 00 ( )

Since F' is convex and increasing in p, ¢'~*(p) tends to zero as o — co.
Hence, the left hand side of (2.23) is bounded as ¢ — <. This con-
tradicts the assumption (2.4).

Hence the inequality (2.17) and also (1.4) does not have entire
solutions.

Case II. Let 28 —v >0, 1/2< B < 1. The inequality (2.21)
becomes in this case

G = e, TP ETgu—RIF QR
where we have used (2.18). But since
Fri—f-rgu=8F > gi=Re=0e((2 — g)o}—F
provided (2 — &)p > (v + 8 — 1)L — B)™*, we have
bo1 = c.20nTi=ret-Re=ae[p(2 — )=

Choogse vy =1+ ¢, € >0. Then 8> (1 + ¢)/2. Therefore, integration
with respect to p gives

_1_ 1 _ 1 > gﬂ (1=5)9(r) ga(l—25) + (e2—2/2) N — 8240
(2.24) - [ o) ¢5(p)] =c\ e 7 (log #)=%~*ds
where ¢; = ¢,(2 — &)~F.

If it were true that w = u(x, y) is entire, the left-hand side of
(2.24) would remain bounded as p— . Since by (2.4) the right
hand side of (2.24) is unbounded, this leads to a contradiction.

This completes the proof of Theorem 2.1.

3. General solution. Let u(x, y) be of class C* in the region
D of x, y-plane and satisfy (1.6). Introducing the new independent
variables z = © + iy and Z =  — iy equation (1.6) becomes

(3.1) Uy; = €
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where 8/6z = 1/2(3/0x — i(3/dy)) and 8/6% = 1/2(3/ox + i(3/dy)). How
we prove

THEOREM 3.1. Ewvery solution of (1.6) which is twice continuously
differentiable in a given region D cam be written in the form

w(z, 7) = log T’%

where f(z) is analytic in D such that | f'(z)| #0 and | f(z)| < 1.

Proof. According to an observation which goes back to Bieberbach
[1] a regular solution of (1.6) can be associated with an analytic
function of z in the following manner: We set

Q= u,, — u

where % is a solution of (1.6) or, equivalently, of (3.1) and we
compute @Q;. We have, with the help of (3.1), @; = 0. Thus, Q is
found to satisfy the Cauchy-Riemann equations. Since @ is continuous,
it must therefore be regular analytic function w(z).

If we set

(3.2) ¥

and observe that

I
|

qr"fzz = éu(u’z - uzz)
we find that 4 is a solution of the linear differential equation
(3.3) Ve + @OR)Y = 0.

Since w(z) is analytic in z the general solution of (3.3) contains the
analytic solutions of the equation

(3.3) F"(z) + 0(2)F(z) = 0

because, for an analytic F, we have F'(z) = 0F/oz. The general
solution of (3.3) can, therefore, be written in the form

Vv = A%Y(2) + B ()

where +r, and +, are two linearly independent (analytic) solutions of
(3.8)’ which may be assumed to be normalized by

(3'4) erx”‘lf; - ”'pl”z"l": =1

and A* and B* are constants with respect to d/0z — differentiation
used in (3.3) i.e., 0A*/0z = 0B*/dz = 0. Since these are Cauchy-
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Riemann equations for functions in z we have A* = A(z), B* = B(z)
where A and B are analytic. The general solution of (3.3) is, there-
fore, found to be of the form

(3.5) P = A@)Y.(2) + B@)a(2)

where A, B, 4, and 4, are analytic functions in D. In view of (3.2),
equation (3.5) can be written

(3.6) g* = A@W(2) + B()y.(2) -

Now the proof of the theorem will follow from the following lemma:

LEMMA 3.1. Let +, and +, be linearly independent solutions of
the differential equation (3.3) where w(z) s analytic in D. If A(z)
and B(z) are analytic in D and if the expression

(3.7 K(z,2) = AR)V() + B(2)v:(2)

1s real throughout D but does mot vanish identically then K(z, %)
can be written in the form

K(z,2) = £|0@) " F |7()

where 0(z) and 7(z) are two linearly independent solutions of (3.3)
for which

(3.8) 7(2)0'(z) — 0(2)T'() = 1.
Proof. Since K(z, z) is real, we have
(3.9) A@R),(2) + Be)yu(2) = AR).(2) + B2)v(2) -
Differentiation with respect to z and (3.4) give
P@VI(R)AR) — ¥.(2)A'()] + T:()[Vi()B(R) — B'(2)v.(2)] = —B() .
Setting

(3.10) 9(2) = ¥I(2)A(R) — ¥.(2)A'(2)
and

(3.11) Mz) = ¥i(2)B(z) — v.(2)B'(2)
we have

(3.12) V()T + ¥.(2)h(2) = —B() .

But the left-hand side of (3.12) is a solution of (3.3); hence (—B(z))
satisfies
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B,, + w(zB =10
where w(z) is an analytic function. But since B(z) is analytic in z,
B"(z) + w(2)B(z) = 0,
consequently, B is of the form
(3.13) B(2) = ay,(2) + Bvs(2)

where a and B8 are constants. Arguing in the same manner (3.4)
and (3.9) give

(3.14) A(2) = 14.(2) + 094(2)

where v and 0 are constants.

Also from (3.12) and (3.13), ¥ (2)/4.(2) = — ((h(z) + B)/(9(z) + )).
But since +r,(2)/¥(z) is analytic in z and, moreover, since +, and +,
are linearly independent, we must have §(z) + @ =0 and h(z) + 5 =0,
or equivalently

(3.15) (Y + 0Vl — (Y] + Y)Y = —@
and
(3.16) (ayry + By — (Y] + By, = _E

respectively. With the help of (8.12), (3.14), (3.15) and (3.16) the
equation (3.7) becomes

(3.17) K(z,2) = 7 [V, + B4 " + Qs + Ay,

Now let 0(2) and 7(z) be any other solutions of (3.3) such that
¥ (2) = ao(z) + bt(2) and +,(2) = co(?) + dr(z) where a, b, ¢ and d are
constants satisfying

(3.18) ad —bc =1
and
(3.19) b(va + ac) + d(eB + ax) = 0.

This is possible if the determinant
D=v|al®?+ B|c] + 2Re(acxc)

does not vanish. Evidently this can always be achieved as long as
not all numbers «, 8 and v are zero. However a, 8 and v cannot
all be zero since, in view of (3.17) K(z, zZ) would then be identically
zero, and this case is excluded.

Substituting +, and 4, in (3.17) and using (3.19) we obtain
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Kiz,z)=|oc@)HrlalP+ B|c| + ack + aca}

Now we consider the following two cases:

Case I. Let 8+#0, v#0. We gset a =0 and ¢ = 0 then, with
the help of (3.18) and (3.19), (3.20) becomes

K(z,z) =1o@ [Fv|al®+ |t@) Fld By — [af) .
(i) Let v>0, By — |a]? = m (mis a positive integer). Hence,
K(z,z) = |o* " + | [*

where ¢* = o(v|a|?)'® and * = m'*(v |a [*)~*/* are solutions of (3.3)".
(ii) v>0, By — |a) = —m. In this case

K(z,2) = |o*F — |75 .
(iii) Let v <0, By — |a|? = m. Then
Kz, 2) = —[o* [P — [z*]
(iv) v<0, By — |a) = —m. This gives
K(z,z) = —|o*]*+ |T* .
Case II. Let 8=0, v =0. We set a,b = 0. With this choice
(3.18) and (3.19) reduce (3.20) to
Kz 2) = —|o [ + [0

where |o,| = |o|(@®)'"* and |z,| = a* |t |(@B)"* and are solutions
of (3.3)".

Summing up, we have thus proved that, if the function K(z, ?)
is real, it must have either of the three following forms

(1) K(z,z) = |t~ |of
(2) K(zz) =[t]P+ o] {(S)
(3) K(z,2) = —|t? = |of

where ¢ and 7 are solutions of the differential equation (3.3)" normalized
by (3.8). The case K(?,%Z) =|o|* — |7z|* is evidently not essentially
different from case (1). Case (3) can be excluded immediately, since
beacuse of (3.6) and (3.7) K(z,z) must be positive. This also shows
that, in case (1), we necessarily must have

(3.21) [z(z)| > |o(2)].

We now define
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(3.22) fz) = 2@
7(2)
In view of (3.8) we have

1
7*(2)

(3.23) f(®) =
and thus |6+ |z =1+ |f@) P/ f'(z)| incase (2) and |7|* - |o =
A — | f® P/ ()| in case (1). Comparing this with (3.6), (3.7) and
(S) we find that u(z, Z) must be either of the forms

u(z, z) = log @]

1-1{fx)
7 | f'(?)]
u(z, 2) = log T F T
Zy — 1+ 1f»)F
u(z, 2) = logw)—[— .

Since the last two functions are not solutions of (1.6), these cases
are excluded. Hence any real solution of (1.6) must be of the from

u(z, z) = log i—l%

where because of (3.21) and (3.22) |f(?)| <1 and in view of (3.23)

[ f(2)] = 0.
This completes the proof of Theorem 3.1.

4. Bounds for the solutions of 4, = P(r)f(u). Let

0* 0" 0°
A — + “en
0x? + 0x; H 0%

denote the n-dimensional Laplace operator and let D, and S, stand
for the open sphere ¥ + 22 + ..+ + 2% < v and its boundary

e S - SR R A o
respectively. We are concerned here with functions
0w =0@)QeD,0<r <R)
which are of class C? in D, and satisfy the differential equation
4o = P(r)F(w)
or, more generally, the differential inequality

(4.1 dw = P(r)F(w) .
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Nehari [6] found explicit bounds for the solutions of the differential
equation 4w = F(u) or, more generally the differential inequality
4du = F(u) which are regular in a disk. We shall obtain here a more
general result, which also applies to certain equations of the form
(4.1).

LEMMA 4.1. Let F(t) and G(t) be positive and differentiable
functions for —oo <t < o and such that the integrals

S‘” dt S“’ dit

o F(t)" o G(D)

exist, and let W = W@, x5 <+, x,) and v = v(x, X, +--2,) be two
Sunctions related by the identity

-dt _[dt
(4.2) LT@ - S G@t) "
Then
(4.3) Ao - v
F(w) = G)

provided F'(w) = G'(v).

Proof. We write & for one of the variables «, x,, -+, %, and
differentiate (4.2) twice with respect to x. This yields

V, w

TG0 Fw
Vs vG'W) _ O v ()
Gv) GX(v) F(w) G*(v)

Summing over all z, and using the fact that F'(w) = G'(v), we get (4.3).
We derive the following corollary.

COROLLARY 5.1. If v = v(x, %5, --+, %,) 18 @ function satisfying
the differential inequality

4.4) dv < PoF E>1

where P = P(x,, x,, -++, x,) 1s positive, and tf F(u) is such that

= dt k
4.5 F’ o
(4.5) (mLﬂw—k—l
then, the function u defined by
(4.6) 1 _ Sw dt
k — o= L F()
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1s subject to the imequality
(4.7) du £ PF(u) .

Setting G(v) = v* in Lemma 4.1, the proof of the Corollary 4.1

is immediate.
Ag an application of Corollary 4.1, we prove the following result.

THEOREM 4.1. If the function ® = w(x,, %, -+, &,) satisfies the
inequality

(4.8) 4o = r*F(w)

where F(w) is such that F'(w)Swdt/F(t) < 9/8 and F'(w) = 0 then the
function u defined by

(,rz — p2)2(R2 — ,',.2)2 _ Sco dt 0 R
20R’ “F@ <p<r<
is such that
w=u.

Proof. Consider the function v defined by

1

4.9 =
( ) v (,’.2 _ pz)a(Rz . ,'.2)o<

where « is a constant to be determined later. Differentiating (4.9)
twice with respect to one of the variables & = x,, we obtain

2xc 2xa

S TRy Ry s L ey N R
v = 2a dx*a(a + 1)
ST @E e o (@ = e —
. 20 _ 8z’
= OV — P = gy — e
da(a + 1)

(7,,2 . ‘OZ)a(Rz o ,,,.2)a+2 °
Summing over all ¢ = %, and choosing a = 1/4 we get,
5 2 4,49
dy < =—r*R%° .
2
Now let v = (2'%)/(5'*R*"* then we have

(4.10) dy < ryf
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where y is given by

(@A)

Now applying Corollary 4.1 to (4.10), we obtain,
du £ r*F(u)
when u is defined by

(7.2 . pZ)Z(R2 _ /),.2)2 _ Seo dt )
20R* « F(2)

Clearly, #'(0) =0 and 4— - as »r— R or p—r. The fact that
o < u now follows from Osserman’s lemma [8]. This proves our
assertion.

THEOREM 4.2. Let f(w) be positive, nondecreasing, differentiable
Sunction in (— oo, ) for which

© dt .
Sw% (@ > )
exists and
(= dt
(4.11) f (“’)gw% <14 > 0).
If
&) w(r) = sup »(Q)

where w(Q) ranges over all functions of class C* in D, which satisfy
(4.1). Then

(4.12) Coalle — vy = _dE
R wlr) f(t)

in case P(r) = a (a > 0).

(4.13) CONr™ B = v} (" dt

ulr) f(t)

’I/f P(?") = /gn,-n/wz (18 > 0) and

(4.14) Copr—ti(E = ry (= _dt
R u(r) f(t)

if P(r) = yr*¥* (v > 0)
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where
(4.15) o) = L < n—2)
4n
and
_ 1 _
(4.16) 0 = 5T (4 >n—92).

The inequalities (4.12), (4.13) and (4.14) are sharp.
The case A = 0 had been considered by the author in [2].

Proof. Consider the function g = g(r) defined by

(4.17)

CONR: — ) _ 1 gw dt
R (1) s f(1)

where p(r) is positive, monotonically increasing and twice continuously
differentiable and C is a positive constant to be chosen later. De-
noting by « one of the variables x, and differentiating twice with
respect to & we have

dex(R? — 7?) g, 2x (= dt
4.18 — = — -
*18) I PAQ) pzmg )
_ AR — ) 8ex’ g dop(r)g. . _9."(9)
Vin Iin p(r)flg)  P(Mflg) )9
(4.19) 21')(1”)&” dt  4a*p(r) S"" dt
pi(r) Je f(t) pi(r) Jo f(?)

Bt [ dt
p(r) s 7(h)

where dot denotes differentiation with respect to »°. With the help
of (4.17) and (4.18), (4.19) becomes

9oo  _ _ 8ca® | Ac(R* — %) | 16ca’p(r)(R* — 17) | 4ea’
e BT R T R R
y (B =)y _ )R —1)TF
X f'(g)ep(r) oz | 2 o) ]
2 (o sarnl g4t
s @) P | o

Summing over all x, and using (4.11) it reduces to
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9 - 4c{n — %(n —92_ 4x)} _ 16(R* — r*)erp(r),

rop PO = 1
(4.20) _ 2¢(R* — 7”2)2{27'215(7') + nwp(r)  2rp(r) 1+ N)} .
B p(r) P(r)

We now consider the following cases:

Case 1. Choose p(r) such that p(»)/p(r)((2r*H(r)/p(r)) —n/(1+N))=0.
(i) If p=0 or p = a where « is an arbitrary positive constant
then (4.20) becomes

49 T w2
(4.21) mgélc{n T n — 2 4x)}.

If, 4 < n — 2 it follows that 4g < 4neaf(g) and if C is given by
(4.15), we have

(4.22) 49 = af(g) -

If 4v > n — 2 the right hand of (4.21) attains maximum for R = r
and the value of (4.16) for C again leads to (4.22). Since §(0) =0
and increases to « as r— R the proof of (4.12) will follow from
Osserman’s lemma [8].

REMARK. If @ =1 the left hand inequality (9) of Theorem 1 of
Nehari [6] becomes a particular case of this result.

(ii) If 2¢%(r)/p(ry — (n/l + N) = 0 or p = r*"**8 where § is an
arbitrary positive constant then (4.20) gives

__Ag“_ S 40J
Broi+if(g) =\

If C is given by the values (4.15) and (4.16), we have
dg < BrIiflg) .

Now the proof of (4.13) will follow from Osserman’s lemma [8].

rt
_ 9 _ .
n —(n 4)»)}

Case 1I. Assume p(r) to satisfy
2r°p(r)(pr) + np(r)p(r) — 2r* (L + N)p*(r) = 0

or p(r) = vr~?* where v is an arbitrary positive constant. Then
(4.20) reduces to

A9y T — 2 — 4
’YT"—ZIZf(g) = C{n R2 (’l’I/ )} .

Now if C takes the values (4.15) and (4.16) respectively, we have
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4g < yr =i f(g)

and (4.14) is proved with the help of Osserman’s lemma [8].
We derive the following corollary:

COROLLARY 4.2. If w satisfies the equation
dw = Brritigt+tti nN>0, n=2)

where B 18 an arbitrary constant, then

XRZ 2
(4.23) O = <c(7\4),31”"/1+2(R2 _ 7-2)2> ’

Also the behaviour of w 1s such that

Wn(logw>£ nh )
logl/r/ = 1+ X

r—0

Indeed, setting f(¢) = ¢'+“/» in (4.13), we have (4.23), where w = u.
Taking logarithm on both sides, we have, from (4.23)
ANR? n\ 1

log ® < A1 log - .
PN R TN 2

Dividing by log 1/» and letting » — 0

=— (log w nN
1 =< .
o <log 1/7'> T 14+

r—0

A similar result could also be proved about the solutions of the
equation

dw = ,\/7.n~2/}.w1+(1/7.) .

The next theorem concerns the lower bounds for the maximum
of the solutions of (4.1).

THEOREM 4.3. Let f(w) satisfy the conditions of theorem 4.2
with (4.11) replaced by

, L oredt
(4.11) f(a))gwm — 14, (> 0) .
I
(G) v(r) = %gsp ®(Q)

where w(Q) ranges over all functions of class C* in D, and which
satisfy (4.1) then
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(4.24) S“ dt < BB — 1%

o f)  2m
if p(r) = £ where £ is an arbitrary positive constant,

= dt or" -1 (R — p?) 4N

4.25 S = ’ ’
(4.25) i - <n>2 A>1 n<1+k)
provided p(r) = or"—**1 (6 > 0).

“ dt ur'i(R? — r?)
4.26 S < _3
(4.26) o S (n =3)

in case p(r) = pr'* (¢ > 0). However, in 2-dimensional case

= dt < vri(R* — 7%)
o () 4

where p(r) = vr', v and 1 being arbitrary positive constants.

(4.27) S

Proof. Consider the function A = h(r) defined by

0= _ 1 S"" dt
2n p(r) In f(2)
where p(r) is positive, monotonically increasing and twice continuously

differentiable. Clearly, & belongs to the class C?in D,. Differentiating
(5.28) twice with respect to & = x, we obtain

(0>R>r)

(4.28)

m o h.  20p(r) r dt

T fp(r)y  pXr) Je f(2)
4.29) —L o _ e 4”“}“{“") + hif’gh) B 213 S dt
n FR)p(r) — f(W)p*(r)y  p(r)f*(k) v f(t)

_ 4a*p(r) gw dt . 8a*p(r) Sw dt_
pi(r) I f(2) pX(r) I f(2)

Using (4.29) and summing over all x,, we obtain

dh 4r*p(7) o—=r"p 1T
T} +rpnf i £ ) -]

_2rp+ni>x ,02—7”2.
» n

Since f’ > 0 we obtain with the help of (4.11)

4h 4r*p 0 — r*[md + 2¢* 2r? p
(4.30) =>1- N — — (1 + n)=/—=
S(h)p(r) np n [ P ]

Now we consider the following cases.
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Case 1. Choose p such that p =0 or, p =& where £ is an

arbitrary positive constant. Hence (4.30) reduces to
(4.31) 4h = £f(h) .
Consequently (G)' implies

h(r) = v(r) .
Since we can take p arbitrarily close to R, we have

Sw dt _ k(R — 1
v f(t) on )

Case II. Assume p(r) to be such that

np(r)p(r) + 2r°p(r)p(r) — 2xr*p*(r) = 0

or p = 0r"*¥*' where 0 is an arbitrary positive constant, n > 2,

A > 1 and such that » < (47n/1 + \). Hence (4.30) becomes

_ 27\'(’” - 2) n—2[2—1
dh = {1 e -2 }31" AR

Using (G)' and arguing as above, we obtain

Sco dt < 5,’.71,—2/1—1(R2 . 7.2)
o f(t) T 2n )

Case III. Choose p to satisfy

np(r)p(r) + 2r'p(r)p(r) — (L + M)2r°p*(r) = 0

or p = pr'* where p is an arbitrary positive constant and » = 3.

Hence (4.30) gives
b = %T”‘f(h) .

Using the same argument as above, we have

S“ dt _ pr'*(R* — 7% .
o ft) T 6

Case IV. Assume p to be such that 2r*pp + npp — 2r*p* = 0 or

p = vr' where v and [ are arbitrary positive constants.
4dh = v(1 — N)rf(h) .

And, as above we conclude

Consequently
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Sw dt _ vri(® — 1)
V) 4

This completes the proof of the theorem.
We derive the following corollaries:

COROLLARY 4.3. In case of a function ® regular in D, and
which satisfies the differential equation

A — 57.7;_2/1_1{1 _2Mn — 2) }a}“““’
n(n + 1)

where 6 1s an arbitrary positive constant, n > 2, x> 1 and such
that n < (4N/1 + \) we have

( 2n\

2 <
S w.
87‘" 212 l(R2 1"2)>

And also the behaviour of @ is such that

li—ﬂ;(loga)>zxn—2 )
log 1/r A =1

r—0
Indeed, setting f(¢) = ¢'*% in (4.25), where v = w, we obtain

Wit > 2n\
= 67.1;_2/1—1(R2 _ 7.2) ‘

Taking logarithm on both sides, we get

2nn +>»n_210g1

1 >0l =.
ogw=~Aog o(R? — 7 A—1 r

Dividing by log 1/ and taking the limit

m(logw>2>¥n—2.
logl/r/ — N—1

70

COROLLARY 4.4. If 4 = 0%/0x? + 0%/0ox? + 0°/0ox: is a 3-dimensional
Laplace operator and o satisfies the equation

A(t) — ﬁ,’,uxa}w(l/l)
3

we have

S
[\%

<;7W1§T_73>1
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and

Tm <10g_w> >1
-0 \log 1/r

COROLLARY 4.5. If the function @ is regular in D, and satisfies
the differential equation

Jo = 6(1 — Inrie'uin (4=2+2)
o0t 0%}

we have

4 2
(o) =
ori(R* — r?)
and also the behaviour of w is such that

Eﬁ(%%)g In.

r—0

The proof of Corollaries 4.4 and 4.5 is exactly the same as that of 4.3.
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