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This paper is a continuation of a previous paper, in which
the structure of certain regular semigroups, called generalized
inverse semigroups, has been studied. A semigroup is called
strictly regular if it is regular and the set of all its idem-
potents is a subsemigroup. A generalized inverse semigroup
is strictly regular, but the converse is not true. Hence, the
class of generalized inverse semigroups is properly contained
in the class of strictly regular semigroups., The main purpose
of this paper is to establish some results which clarify the
structure of strictly regular semigroups. The concept of a
quasi-direct product of a band (that is, an idempotent semi-
group) and an inverse semigroup is introduced, and in parti-
cular it is proved that any semigroup is strictly regular if and
only if it is a quasi-direct product of a band and an inverse
semigroup.

A regular semigroup S (for the definition, see [1]) is called
strictly regular if the set E of idempotents of S is a subsemigroup
of S. If the set £ of a regular semigroup S satisfies a (nontrivial)
permutation identity zx, --- 2, = ., %) *** To(ny, Where 7 is a (non-
trivial) permutation of 1, 2, --., n, then it can be proved (see [6]) that
FE is a subsemigroup of S (in fact, £ is a normal band') and hence S
is strictly regular. In this case, S is particularly called a generalized
inverse semigroup. Thus any generalized inverse semigroup is strictly
regular, but the converse is not true. In the previous paper [6] the
author studied the structure of generalized inverse semigroups and
established the following theorem:

THEOREM. A semigroup is a generalized inverse semigroup if
and only if it is tsomorphic to the quasi-direct product of a left
normal band, an inverse semigroup and a right normal band.

The main purpose of this paper is to establish a similar result for
the class of strictly regular semigroups. Any notation and terminology
should be referred to [1], [6], unless otherwise stated.

2. Greatest inverse semigroup decompositions. In this section,
we shall determine the greatest inverse semigroup decomposition of a
given strictly regular semigroup.

1 An idempotent semigroup T is called a band. If abed = acbd is satisfied for
any elements a,b,¢,d of T, then T is said to be normal.
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Let R be a regular semigroup. Then for any a ¢ R, there exists
x € R such that axe = a and xax = 2. Such an element « is called an
inverse of a. An inverse of a is not necessarily unique.

Reilly and Scheiblich [4] has proved the following lemma:

LEMMA 1. ([4], Lemma 1.3.) Let e be an idempotent of a strictly
regular semigroup S. Then, every inverse of e is an idempotent.

According to a recent information, the following two lemmas have
been also obtained by a paper of T. E. Hall submitted to the Bull.
Australian Math. Soc., though the author did not see yet the paper.

LEMMA 2. Let S be a strictly regular semigroup, and E the band
(i.e., the idempotent semigroup) consisting of all idempotents of S.
Let e, f be elements of E such that efe = e and fef = f. Then, for
any a, ceS'*, any inverse x of aec is also an inverse of afc.

Proof. By the assumption, we have (aec)x(aec) = aec, x(aec)r = x,
¢fe = e and fef =f. Let a*, ¢* be any inverses of a, ¢ respectively.
(If a =1 or ¢ =1, then we take 1 as 1*.) Since aecc*(cra)a*aec =
aec, we have a*aecc*(cxa)a*aecc* =a*aecc*. Moreover, cra(a*aecc*)cra=
craecxa = cra. Since a*a, cc* and e are all idempotents and since S is
strictly regular, the element a*aecc* is an idempotent. Since a*aecc* is
an inverse of cxa and is an idempotent, it follows from Lemma 1 that
cxa is also an idempotent. This means that cxa is an inverse of a*afcc*.
(In general, let E ~ >, {E,: ve I'}(I" semilattice; E, rectangular band)
be the structure decomposition (for the definition, see [5] or [6]) of E.
Since efe = e, fef = f, there exists E, such that e, fe€ E,. Hence for
any e E, and pe E;, we have é&ey, &fpe E,,;,. Therefore any idem-
potent = which is an inverse of &en is also an inverse of &f%.)

Hence we have

a*afec*(cxa)a*afec* = a*afec*, a*afcxafec* = a*afec*
and accordingly
2.1) (afe)x(afc) = afc .
Next, we shall consider about the element a(afc)x.
afe(x(afe)x)afec = afe (by (2.1))
and

2 St means the adjunction of an identity 1 to S if S has no identity. If S has
an identity, then S! means S itself.
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(@(afe)x)afe(x(afc)w) = w(afe)x (by (2.1)) .

Therefore, xz(afc)x is an inverse of afc. Accordingly, by using the
same method used to get the relation (2.1), we have

(2.2) (aec)(x(afe)x)(aec) = aec .

Hence, x(aec)x(afe)x(aec)r = x(aec)x. Since x is an inverse of aec, we
have

(2.3) z(afo)yx =x .

Therefore, it follows from (2.1), (2.3) that x is an inverse of afec.
Let R be a regular semigroup. If a mapping @: R — R satisfies

the condition

(2.4) for any v e R, zp(x)r = x and p(z)rp(x) = o(x) ,

then ¢ is called an inverse operator in R. It is obvious that R has
at least one inverse operator. It is also easy to see that an inverse
operator in a regular semigroup R is unique if and only if R is an
inverse semigroup.

Now, let S be a regular semigroup. Let Q be the set of all inverse
operators in S. We define a relation ¢ on S as follows:

(2.5) aob if and only if {p(cad): p € 2} = {p(cbd): p € 2}

for any elements ¢, d of S'. Then, ¢ is clearly an equivalence relation
on S.
Further, we have

LEmMMA 8. If S s strictly regular, then ¢ is a congruence rela-
tion on S.

Proof. Let a,b be elements of S such that acb. Let & be any
element of S, and ¢, d any elements of S'. Suppose that

x € {p(c(ah)d): p € 2} .
Then, x < {p(ca(hd)): pe 2}. Since aob,
x € {p(cb(hd)): p € 2} = {p(c(bh)d): p € 2} .

Hence {p(c(ah)d): p € 2} C {p(c(bh)d): p € 2}. We can also easily prove
the converse relation. Therefore, we have ahobh. By a similar meth-
od, we can prove that hachb. Hence, o is a congruence relation on S.

LEMMA 4. If S is a strictly regular semigroup, then the factor
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semigroup S/ of S mod g is an inverse semigroup. Let E be the
band consisting of all idempotents of S, and E ~ S\ {E,:ve '}([" semi-
lattice; E, rectangular band) the structure decomposition of E.

Then, :

(1) for any ec E,, the congruence class (€ S/o) containing e is
E., and

(2) the basic semilattice (i.e., the semilattice of idempotents) of
S/o is Eloy = {E,:v e}, where o is the restriction of o to K.

Proof. It is obvious that S/o is regular. Let Z denote the con-
gruence class (€ S/o) containing x. If §¢S/o is an idempotent, then
sos®. Hence an inverse s* of s is also an inverse of s?, and hence we
have s* = (ss*s)(ss*s) = s(s*s’s*)s = ss*s = s. Thus, s is an idempotent.
It is clear that ¥ is an idempotent if = itself is an idempotent. There-
fore, it follows that Z € S/o is an idempotent if and only if @ itself is an
idempotent. Next for any e, fe E, we shall show that esf if and only
if efe = e and fef = f. Suppose at first that eof. Then, {p(e): peQ} =
{p(f): pe2}. Since ec{p(e): pc 2}, we have ec{p(f): pc2}. Hence
efe = ¢ and fef = f. Conversely, let efe = ¢ and fef = f. Then, ecf
follows from Lemma 2. Thus, ecf if and only if efe = e and fef = f.
This means that o gives the structure decomposition of E and ac-
cordingly that E/o, is isomorphic to I". Since the set E/g, of idem-
potents of S/o is commutative, S/o is an inverse semigroup having
Ejo, as its basic semilattice.

Let G be an inverse semigroup, and L the basic semilattice of G.
Let S be a strictly regular semigroup, and E the band consisting of
all idempotents of S. If there exists a homomorphism & of S onto G
such that |J{&'(¢t):te L} = E and the structure decomposition of E
is E ~ 3,{&'(t): te L}, then we say that S is a regular extension of
E by G.

REMARK. According to Clifford and Preston [2], the above mention-
ed & is unique if it exists. Further, we have the following result:
Let G,, G, be inverse semigroups having L, L, as their basic semi-
lattices respectively. Let S be a strictly regular semigroup, and E
the band consisting of all idempotents of S. Let &, & be homomor-
phisms of S onto G, G, respectively such that | {&7'(t):te L} =
U {&'(w): we Ly} = E and the structure decomposition of F is given as
each of {&7'(¢):te L)} and {&'(w): we L,}(that is, E ~ >, {&7'(t): te L}
and E ~ > {&(w): we Ly)). Then G, =G, L, = L,, and &, &, induce
the same congruence relation on S.

THEOREM 1. Let S be a strictly regular semigroup, and E the
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band consisting of all idempotents of S. Then, S is a regular ex-
tension of E by an inverse semigroup.

Proof. Let o be a congruence relation on S defined by (2.5).
Then, it is easy to see from Lemma 4 that S is a regular extension
of E by S/o.

Now for ¢ defined by (2.5), we have the following theorem:

THEOREM 2. If S is a strictly regular semigroup, then o defined
by (2.5) gives the greatest inverse semigroup decomposition of S.

Proof. Let 6 be any congruence relation on S such that S/J is
an inverse semigroup. Let @, ae S, denote the congruence class con-
taining @ mod 6. Now, let x, vy be elements of S such that xdy. Since
xoy, any inverse xz* of x is also an inverse of y. Hence, Z%*% = &,
T*EE* = T*, J&*§ = ¥ and F*yxT* = E*. Therefore, each of %, i is an
inverse of #*. By the assumption, S/6 is an inverse semigroup and
hence an inverse of T* must be unique. Thus we have % = ¥, that
is, x6Yy.

3. Quasi-direct products. In the previous paper [6], the author

introduced the concept of quasi-direct products. We shall generalize
that concept in this section.

Let R be an inverse semigroup, and L the basic semilattice of R.
Let E be a band whose structure decomposition is £ ~ 3 {E,: a ¢ L}.
Define equivalence relations x,, 7, on E as follows:

3.1) er, f if and only if ¢f = f and fe=e.
3.2) er,f if and only if ef = ¢ and fe = f.

For an element ¢c K, let &,  be the equivalence classes containing e
mod 7, 7, respectively. Put K= {g:ec EY, ﬁ:{z: ec K}, E = {€:ec E,}
and E, = (5:¢c E,}),ac L. Then, clearly & = S {E.:aecL) and E =
> {i‘,,: a ¢ L}(where 3 means digjoint sum). Further, for any ec E,,
(€, &) is contained in the product set &, x ﬁu of K, and E’a. Conversely
for any (€, fz') el x i’w there exists a unique element 2 of E, such

that (7@, 7%) = (¢, f ). Since R is an inverse semigroup, every element
£ of R has a unique inverse. We shall denote it by &%
To each ordered palr (&, m) of elements &, 7 of R, let correspond

a mapping O,,: (Eee ¥ Ee—le) X (Eyppm1 X E ~19) = Bepien-1 % E<em—len It
the system {0,,: & 1€ R} of these mappings 0., satisfies the follow-
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ing condition (3.3), then this system {0,,: & 7€ R} is called a set of
quasi-direct factors of E with respect to R:
Hereafter, we shall use the following notations.

Ocern® 2081 F)y By 7o)y (4 £2))

means

Ocer(Oiem (@5 ), By ), (B4 F))
and

Oceirn” 0wy 1), (8o T, (8ar 1)
means

Oy 1)y Oirr(@ar Fo), (83 F2)))

for elements e, f,, e, f. €, f; such that e € E,.—, fic E.-1,, ¢,¢ E,—1,
f2 € E,,—l,;, €3 € E,,,,~1 and fs € E,,—l,,.

(1) If & 7eL, then puu(@, f), (@ fi) = (&, &), where
e, f are elements of E,, E, respectively such that ¢ = &,
¢=fuf=eand f=1,.

(3.3) (2) Perw’t0um = P’ B0, for all &7, veR.

(3) For any £eR,ecE.,-1 and feFE.-1, there exist

he E.—, and ke E..—1 such that

P10 20u-1,6((8, 1), (B, k), (8, ) = (&, F) .

The author does not know whether such a system {o.,,: &, 1 € R} always
exists or not for given R and E. However, we shall show later that
a set of quasi-direct factors of E with respect to R always exists if
E, R have some special types.

Now, suppose that {o.,,: & ne R} is a set of quasi-direct factors

of E with respect to R. Let EX R={((8,f), &):¢€ E.s—1,f € By, € R),
and define multiplication in E X R as follows:

(3.4) (@ 7)s (8o 1), 1) = (0iesn(@ Ty (8 T2), ET)

Then, £ X R becomes a strictly regular semigroup which has R as
its homomorphic image and embeds E as the band of its idempotents.
It is easy to see from the definition of the multiplication in £ X R
and (1) of (3.3) that E is embedded in £ X R as the band of idem-
potents of E X R and R is a homomorphic image of E X R, while it fol-
lows from (2), (3) of (3.3) that E X R is a strictly regular semigroup.
Hereafter, we shall call £ X R the quasi-direct product of E and R
determined by {0.,n: & 1€ R}.
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ExampLES. I. Let R be a weakly C-inversive semigroup (see [6];
Ljapin [3] has called R a completely regular inverse semigroup), that
is a semigroup such that

(1) the idempotents of R form a semilattice L,

(2) there exists a subgroup R(«¢) of R containing a for every
ac L, and the collection {R(x):ac L} of all R(«) satisfies (a) R =
S {R(a): « e L}, and (b) R(B)R(Y) < R(Bv) for all B, ve L.

Of course, R is an inverse semigroup and satisfies &6~ = &-*¢ and
(En)(én)~ = (&)~ (én) = &&~'yp~ for all &, neR. Let E be a band
having E ~ >, {E,:ae L} as its structure decompos1t10n Now, deﬁne
a mapping O,»: (Eee -1 X Eee D) X (B ¥ E yr=1) = Eepien—1 X E(m ~1gy
for every ordered pair (&, ) of elements of R as follows:

B5) OB £r (@ FIN= 0@ B, (F, 1)) = (ef, of)

where e, f are elements of E..—1 and FE,,-1 respectively such that & =
¢,é=f,f=¢ and F= sz. The existence of such elements e, f and

their uniqueness are easily verified.

Then the system {0,:&, 1€ R} satisfies the conditions (1), (2), (3)
of (3.3) and becomes a set of quasi-direct factors of E respect to R.
Hence, there exists the quasi-direct product E X R of E and R deter-
mined by {0¢,n: & ne R}. That is,

EXR={(& 1), &:ecE., feFEe, £c R}, and multi-
plication in E X R is given by

(@ £ D@ 1), ¥) = 0@ 1), @ 1)), 1)

(= Oel(@, 8, (F, )y ) = (@F, &), 1)

where ¢, f are elements of E,,—1» and E,,-: respectively
such that € =¢,8=/, f = & andfzfz.

On the other hand, let E X R (L) be the spined product (for the defini-
tion of spined products, see [5] or [6]) of E and R with respect to
L. Then ENX R (L) = >, {E, X R(a): € L} by the definition of spined
products. Define a mapping ¢: E X R (L) — E X R as follows: p(e, &) =
(€, 8), &), (¢, )e ED R (L). Then it is easy to see that ¢ is an iso-
morphism of E X R (L) onto E X R. Hence, in this case the quasi-
direct product E X R means the spined product E < R (L).

II. Let R be an inverse semigroup, and L the basic semilattice
of R. Let E be a normal band having the structure decomposition
E~ S\{E;:acL). Since E is a normal band, £ and E are a left
normal band and a right normal band respectlvely (see [6], [7]); hence

ef = ef for &, fe E and ef—effor efeE



268 MIYUKI YAMADA

Now, define a mapping 0. (Bremt X Eeorp) X (Bypr X Bysy) —

E. o X ff}'@mﬂw for every ordered pair (£, %) of elements & 7 of R
as follows:

(3.6) 0@ £y (& 1)) = (6 0T

where h, g are any elements of K., .»-1 and E -1, respectively.

It was proved by [6] that e?h and &7”2 do not depend on the selec-
tion of %, g and hence o, is well-defined. It is also seen from [6]
that the system {o.,,: &, 7 € R} satisfies (1), (2), (3) of (3.8) and becomes
a set of quasi-direct factors of E with respect to B. Hence, we can
consider the quasi-direct product E X E of E and R determined by
{oen: & ne k).

That is,

EXR={(@ f),v):ecE, - feE-., veR), and multi-
plication in E X R is defined by

(@, 1), (@ 12, 7) = (0@ s (@ 7, &)
= (& 97, &) = (@, §7), &)

where h, g are any elements of E.,.,—1 and E -1, re-
‘spectively.

On the other hand, we can also consider the quasi-direct product
QERRR E L of K, E and R in the sense of [6] Define a mapping

P QERRQE; L)~ E X Rby p(8,5,) = (¢,),2), 0 € Brr, f & Erny,
feR. ThenL it is easy to verify that this @ is an isomorphism of
Q(E@R@E‘;L) onto £ X R.®* Hence, the concept of quasi-direct
products just introduced above is a generalization of the old concept
of quasi-direct products introduced by [6].

Now, let R be an inverse semigroup whose basic semilattice is L.
Let E be a band having L as its structure semilattice (for the defi-
nition of structure semilattices, see [6]). Examples I and II show that
there exists a quasi-direct product of K and R if, in particular, R is
a union of groups or K is a normal band. However, in case that R
and E have no restriction we do not know whether there exists a
quasi-direct product of £ and R or not. Therefore, we state it as an
open problem:

3 Moreover, we have the following result: If B, E are the inverse semigroup and
the normal band given in 1I, then a quasi-direct product of E and R is uniquely

determined up to isomorphisms and is isomorphic to Q(ET(X) R® i‘; L)(hence of course
to the above-mentioned E X R). A proof of this result will be given later elsewhere.
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ProBLEM. Let R be an inverse semigroup whose basic semilattice
is L. Let E be a band having L as its structure semilattice. Is
there a quasi-direct product of E and L? In case that a quasi-direct
product of E and L exists, is it unique?

4. A structure theorem. In this section, we shall show that
any strictly regular semigroup is isomorphic to a quasi-direct product
of a band and an inverse semigroup. More precisely, let S be a strict-
ly regular semigroup and E the band consisting of all idempotents of
S. Let o be the congruence relation on S which gives the greatest
inverse semigroup decomposition of S. Then as was shown in Theo-
rem 1, S is a regular extension of £ by S/o. Further it will be shown
in this section that such a regular extension of E by S/o which is
isomorphic to S can be obtained as a quasi-direct product of E and S/o.

Let S be a strictly regular semigroup, and E the band consisting
of all idempotents of S. Let E ~ 3, {E,: a € L}(L semilattice) be the
structure decomposition of E. Let ¢ be the congruence relation on S
which gives the greatest inverse semigroup decomposition of S. Put
S/o = R. Let % denote the congruence class containing « € S mod o.
As was shown in the § 2, E/o; (where o, is the restriction of ¢ to E)
is the basic semilattice of S/o. Hence we can assume that E/c; = L.
Of course, in this case Flo, = {E,;aec L} = {E;: ec Elog}.}

Now, we construct a set of quasi-direct factors pg;,; of £ with
respect to R as follows: Let E = E/z, and E = E/r,, where =, 7,
are the equivalence relations on E defined by (3.1) and (3.2) respec-
tively. Let E; = E:/z, and E./m,. For every ordered pair (Z,7) of
elements %, 7 of R, define a mapping

P=n: (E’;;ﬂ X E;—l;) X (Eﬁﬂ X E&——l;) — E__ a X B

zy(zy) xy) Y

by

(4.1) 052, 1), (& 1) = @ow)*, (uv)*uv) ,

where u, v are elements of S such that # =%, 7 = ¥, uu* = €, u*u =

=~ = ~
fi, v* = €, and v*v = f, (u*, v*, (wv)* are inverses of u, v, uv respec-
tively®). For an element = of a regular semigroup, hereafter we shall
use the notation xz* to denote an inverse of x. Hence, for example,
a* means any inverse of a.

The existence of %, v in (4.1) and their uniqueness are obvious

4+ When we regard e as a subset of E, we denote it by E:. Hence, E7 = Eu if
and only if ¢ = a, i.e., Exde.
. ~ ~ ~ ~ ~ ~~
5 For any two inverses ui, uz of u, uu1 = uus and w = usu. Hence, uu* and u*u
do not depend on the selection of an inverse u* of wu.
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from the following result:

LEMMA 5. For any elements T of R, e of Ez—1 and f of Ez-is,
there exists a unique element u of S such that % = %, '/u\u/* = ¢ and

wru :f. In fact, w = exf has these properties.

Proof. Let u = exf. Since ¥ = xa*Zr*x = (XX )T(T'T) = exf =
efx, we have T = exf = . Now, we can take fr*e as an inverse of
u (see [4]). Hence, let u* = fr*e. Since & =zx ' =7Zx* = au* = uu*,
both e and uu* are contained in E;. Hence, ¢ = eun*e = e(exf)(fr*e)e =
(exf)(fx*e) = uu*. That is, ¢ = uu*. Similarly, we obtain u*u = f.

~~

Therefore, of course ¢ = uu* and f = wu. Next, we shall prove that
such an ¢ element w is unique. Let v be any element of S such that

—
v =7, T —eandvv—f Slnceuu = pv* uu—vvand =7,
we have vv*uu* = uuw*, w*uv*v = w*u and uwov. Since uov, v*uv* = v*.
Hence,

u = wu*u = (vwruu*)u = vv*u(u*u) = vv*uuFuvto)

= vww*(uuru)v*v = v(v*uv*)v = vwrv = v.
Consequently, w = v.

When we consider an element Z of R as a subset of S, we shall
denote it by S;. Of course S; = S; if and only if T = ¥, i.e., xoy.

LEMMA 6. For ZeR,

(1) Sz ={exf:eeSm-i(= Exm), f € Sea(= Ersa)},

(2) |S:| = 1E’--—1| [E——x—' , and

(3) for e, ¢ € B and for f, f' € Bz, exf = e'xf’ of and only if
e=2¢ and j f’

Proof. Let exf be an element of {exf;ee Sz—1, f€ Sz-13}. Then
since exf = ZXTZ~'T = &, exf is an element of S;. Conversely let
y€S;, and put yy* = ¢ and y*y = f’. ¥ = T implies y* is an inverse
of x. Hence y = yy*y = yy*xy*y = ¢'xf’. Therefore, y is contained
in the set {exf:ec E—1, fe Ez:—1;}. Thus (1) is satisfied. Since (2) is
obvious from (1) and (38), we next prove only the part (3). Suppose
that exf = e'xf’, ¢, ¢’ € Bz and f, f'€ Ez—1;. Then exf = e'af = Z.

~

As is seen from Lemma 5, these elements satisfy (exf)(exf)* =g,
(xf)exf)* = éNV (exf)*(exf) = f and (¢'xf’)*(e'xf") —f’ Since exf =

e'xf’, it follows from the above that & = ¢ and f f Conversely,

6 If A is a set, the notation | A| means the cardinality of A.
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suppose that & = ?,f: fz’, e, cE . and f, f' e E;—;. Then, we
have exf = T = é'xf’, (exf)(exf)* = & =¢ = (e'zf)(e'xf")* and
(eaf)*(eaf) = f = F' = [eaf) (€af") .

Hence by Lemma 5, two elements exf, ¢'zf’ must be the same.

COROLLARY. If R is finite, then |S| = Szen| Eu || Bz |-
Proof. Obvious.

For every ordered pair (%, ) of elements Z, ¥ of R, anyway 04,3
is well-defined. Let 2 = {03,5: %, ¥ € R} be the collection of all these
P»- Then, it is easy to see that 2 becomes a set of quasi-direct
factors of E with respect to R, that is, 2 satisfies the conditions (1),
(2), (3) of (3.3). We shall give a proof only for the condition (2) which
is the most complicated condition among the three.

We should prove

(@) of (3.3): 0720z 5((@ 1), (@, F2), (@, 1)
= Ca((80 1), 06.2((@ 1), (2 1)) -

. . — — S ~
By Lemma 5, there exist unique u, v, w such that # = %, uu* = &,
= = _ o~ . = =~ _ NN - N ~
wu = f, =79, v0* = &, v'v=_f, W =%, ww* =& and w*w = f,.
Hence 0iz,5((€) f1), (8 f2)) = (wo(uv)*, (wv)*uw), and hence

0330 7, (@ 1), (@ 7)) = Oy, (wv(wv)*, (ww)*uw), (8, fi)

= (wvw(uwovw)*, (wovw)*uvw) .

On the other hand, 04,:((&, ﬁ), (&, ﬁ)) = (vw(vw)*, (vw)*vw). Hence

0.7 ((€, 11)s 0a.»((8 12), (83 15))) = 0a3((€, 1)y (vw(vw)*, (vw)*vw)) =

(wvw(uovw)*, (wvw)*uvw). Accordingly, (2) of (3.3) is satisfied. Since

9 is a set of quasi-direct factors of E with respect to R, we can

consider the quasi-direct product £ X R of E and R determined by 2.
Now,

(4.2) EXR=1{(Zf),%):TcR, ec B, fe Bz
and multiplication in E X R is of course given by

(@ 7s (@0 T2, 1) = (0an(Zsr 1), (@r )y BT

As to the connection between these S and E X R, we have the
following theorem which is the main result of this paper:

THEOREM 3. Let S be a strictly regular semigroup, and E the
band consisting of all idempotents of S. Let R be the greatest inverse
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semigroup homomorphic image of S. Then, S s isomorphic to a
quasi-direct product of K and R.

Proof. Take the quasi-direct product E X R obtained by (4.2), and
consider the mapping ¢:S— E X R defined by ¢(x) = ((ﬁ;, 97*_9/0), z),xeS.
It is obvious from Lemmas 5 and 6 that ¢ is one-to-one and onto.
Further, we have

P@)p(y) = (@x*, w*w), B)((Yv*, ¥*v), T)
= (Pap((@s*, z%x), (™, ¥*9)), TD(@Y)(@y)*, (@y)*(@y), Ty)
= p(ry) .

Hence, ¢ is an isomorphism.

Finally the author is indebted to Professor Naoki Kimura for
valuable discussions and for substantial help in the development of the
material of this paper.
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