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ON DIFFERENTIABLY SIMPLE ALGEBRAS

T. S. RAVISANKAR

The main contribution of the present paper is a direct and
simple approach to a special case of a recent definitive theorem
of Block. Block’s theorem settles the problem of determina-
tion of differentiably simple algebras, The main result of the
present paper relates to an allied part of this determination
which answers the question: When is a differentiably semi-
simple algebra a direct sum of differentiably simple algebras?

Let A be a finite dimensional nonassociative algebra over a field
F and D be a set of derivations (linear mappings d of 4 into A
such that (zy)d = (xd)y + 2(yd) for all z, 4y in A) of A. An ideal of
A4 invariant under all the derivations in D is called a D-ideal. We
shall call the maximal solvable D-ideal R of A the D-radical of A
(see [14]). For an alternative or Jordan algebra (but not for a Lie
algebra), R is also the maximal nilpotent D-ideal (D-wilradical).
Further, corresponding to any notion of a radical for the algebra A,
there exists an associated notion of D-radical, and the latter is, in
general, the maximal D-ideal of A contained in the radical. For in-
stance, the D-radical in a power-associative algebra A is its maximal
nil D-ideal. The algebra A is said to be D-semisimple if its D-radical
R is the zero ideal. One can easily see that the algebra A/R is D-
semisimple, where D is the set of derivations induced in A/R by D.
(This result is not true (see [7, p. 26]) for the D-nilradical of a Lie
algebra. The notions of D-nilsemisimplicity and D-semisimplicity are,
however, equivalent for a ILie algebra.) By abuse of language, we
shall speak of D-ideals of a quotient A/R, or those of a D-ideal B,
instead of ideals invariant under the respectively induced derivations.
Thus A/R is D-semisimple. A is said to be D-simple if A4 = 0 and
if it has no proper D-ideals. A D-simple algebra is D-semisimple; a
simple (semisimple) algebra is D-simple (D-semisimple). Now, a recent
result of Anderson [5] asserts that any decent radical of an algebra
over a field of characteristic zero is a D-ideal. Thus, for a wide class
of algebras (including power-associative algebras, Lie algebras) over a
field of characteristic zero, the notions of semisimplicity and D-semis-
implicity are equivalent. Also, the notions of D-simplicity and simplici-
ty are equivalent for any algebra over a field of characteristic zero
[12, Lemma 1].

One can define (analogous to [14]) an algebra A to be completely
semisimple if it is a direct sum of ideals A; which are D-simple as
algebras. In this case, A, are even characteristic ideals of A (since
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AA, = A). Further, for any nonzero D-ideal B of A, BA, + A,B can
be seen to be a D-ideal of A;; D-simplicity of A; can be used to deduce
easily that B is a direct sum of some of the Als; B cannot be solvable.
Thus a completely semisimple algebra is D-semisimple (a generaliza-
tion of [14, Th. 3]). The main result of the present paper, from
one point of view, partially answers the question as to when a D-
semisimple algebra is completely semisimple (converse to the result
just stated and not having a positive unconditional answer as is
evidenced by the Lie case; see [7, p. 73]).

Another point of view of the main result of this paper is related
to a deduction from Lemma 1.2 that, for many classes of algebras
(including the power-associative, Lie classes), a semisimple D-simple
algebra is simple. In particular, for an algebra of one of these classes,
a decomposition of a D-semisimple algebra into D-simple ideals would
imply the corresponding decomposition for a semisimple algebra of
this class into simple ideals. This latter decomposition is known to
hold for flexible strictly power-associative algebras. The main result
of the paper asserts the existence of the former decomposition too in
this case. We start with the following easily-proved characterisation
of the D-radical.

PROPOSITION 1.1. Let N be the solvable radical (maximal solvable
tdeal) of an algebra A over a field F. Then the D-radical R of A
is precisely the set of elements x in N such that xD,D, --- D, belongs
to N for every finite collection D,, D,, ---, D, of derivations in D.

REMARK. Proposition 1.1 holds for the D-radical associated to
any notion of radical of an algebra defined via ideals for the reason
that what goes into its proof is essentially that the D-radical R is
the maximal D-ideal of A contained in the radical.

Let B be a subspace of an algebra A. Define B to be sums of
all products of elements from A involving # or more elements from
B (irrespective of parentheses). Then B is an ideal of A. If further
Bisanidealof A, B=B®2B®2...2B™2... and B®BYC B+,
The ideal B can be defined to be strongly mnilpotent if B* = 0 for
some k. This notion is in general stronger than (equivalent in the
case of associative algebras) the usual notion of nilpotency. For this
notion and the following lemma the author is indebted to Professor
MeCrimmon.

LEMMA 1.2 (cf. [6, Lemma 2.2]). Any proper ideal of a D-
simple algebra is strongly nilpotent.
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The above lemma generalises [14, Th. 2] and its proof is similar
to that of this particular case. Further, the maximal strongly nil-
potent ideal N exists uniquely for any algebra and in the case of a
D-simple nonsimple algebra A, N is the maximal proper ideal of A (by
Lemma 1.2). In the latter case, N is also the radical of A for a class
of algebras including power-associative and Lie algebras; A/N is simple
(see also [6, Lemma 2.2]).

Passing on to power-associative algebras, the D-radical of such
an algebra is its maximal nil D-ideal; further, a D-simple algebra is
already assumed to be nonnil. Proposition 1.1 holds for this case too.
For an algebra A over a field of characteristic #2 (an assumption we
make throughout this section), A+ denotes the algebra got by introduc-
ing the multiplication -y = xy + yx/2 in the vector space A. When
A is power-associative, so is also A*; any derivation of A is also a
derivation of A*. A is said to be flexible if it satisfies the identity
(xy)x = x(yx) for all , ¥y in A. Flexibility of A is equivalent to the
condition that the map # — 2y — yx = ¢D, is a derivation of A+ for
fixed y in A (see [13, p. 146]). We shall for convenience denote the
collection of derivations DU{D,},., of A* by D. Then, any D-ideal
B of A* is a D-ideal of A. These observations yield

ProposITION 1.3. If A is a flexible power-associative algebra
over a field of characteristic #2, D-radical of A+ < D-radical of A.
In particular, if A is D-semisimple (D-simple), then At is D-semis-
imple (D-simple).

The following result is easily deduced using Lemma 1.2.

LEMMA 1.4. Let A be a D-semisimple flexible power-associative
algebra over a field of characteristic #2 such that A+ is D’-simple
for some set D' of derivations of A*. Then A 1is D-simple.

We recall that a power-associative algebra A over a field F is
said to be strictly power-associative, if for every extension field K of
F, A, (the algebra obtained from A by extending F' to K) is power-
associative. Let now A be a commutative strictly power-associative
algebra over a field of characteristic 2. Then, for an idempotent e
of Alet A= A,0) + A,1/2) + A,(1) be the associated Peirce decom-
position of A relative to e. For x in A,

(*) x = x,(0) + x,(1/2) + x.(1)

with z,(\) in 4.,(0); 2,(V)e = e, (M)A = 0, 1/2, 1). The components z,(\)
are given by (see [2, Chapter I, (23)]): #,(0) = x — 3xe + 2(xe)e; x,(1/2) =
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4xe — 4(xe)e; and z,(1) = 2(xe)e — we. For a principal idempotent ¢ of
A the elements of A,0) + A,(1/2) are contained in the radical of A
[8, Th. 5]. Moreover, we have

PROPOSITION 1.5. If e is a principal idempotent of a commuta-
tive strictly power-associative algebra A over a field of characteristic
#2, T= A,0) + A,(1/2) is contained in the D-radical R of A.

Proof. We observe first that (because of (%)) an element 2 of A
belongs to the radical N of A if and only if ex belongs to N. For
2 in A,0), xe = 0; hence for a derivation D, of A, 0 = (xD))e + x(eD));
(xD)e = —xz(eD,)e N. From what was observed just now xD,e N.
Let, by induction, DD, .-- D._,e N for any (r — 1) derivations D);
of A. Then, for any #» derivations D, D,, ---, D, of A,

(@D.D, -+ D,)e + («D,D, --- D,_))eD, 4 -+ + w(eDD,--- D,) = 0.

The induction hypothesis and the first observation shows that
xDD,--- D.e N. In other words, xc¢ R, by Proposition 1.1. For y
in A.(1/2), 2ye = y, and for a derivation D, of A, 2(yD)e + 2y(eD,) =
yD,, i.e., (yD,). 1) = 2((yD,)e)e — (yD,)e = —(2y(eD,))ec N. From the
decomposition (x), it follows in particular, that yD,e N. An inductive
argument similar to the preceding case shows that ye R. Thus
A, 0), A,(1/2) and hence T are contained in the D-radical R of A.

It follows immediately from Proposition 1.5 that a D-semisimple
commutative strictly power-associative algebra A contains an identity
element. Further it is known (see [8, p. 371]) that the radical of an
ideal B of A is contained in the radical of A. Proposition 1.1 shows
immediately that the D-radical of a D-ideal B of A is contained in
the D-radical of A. Thus we have

LEMMA 1.6 (cf. [14, Lemma 1]). A D-ideal of a D-semisimple
commutative strictly power-associative algebra over a field of charac-
teristic #2 is D-semisimple.

PrROPOSITION 1.7. A D-semisimple commutative strictly power-
assoctative algebra A over a field of characteristic #£2 is completely
semisimple.

Proof. 1If A were itself D-simple, there is nothing to prove.
Hence, let B be a proper D-ideal of A. B is D-semisimple (by Lemma
1.6) and contains an identity element e. Then it is easily seen that
A=B@g A,0) with B=A4,(1) and A(1/2) =0. A.1)and A4,0) being
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orthogonal subalgebras of A, A,(0) is an ideal of A. Further, for a
derivation D, of A, eD,c A,(1/2) = 0. This means that A,0) is also
a characteristic ideal of A. Iteration of this procedure starting from
B and A,(0) ete., yields the required decomposition of 4 into D-simple
ideals, in view of the finite dimensionality of A.

Let now A be a flexible strictly power-associative algebra A over
a field of characteristic 2. For an idempotent ¢ of 4, A = A,(0) +
A1) + A,2), where x € A,(\) if and only if ®e + ex = xa (v = 0, 1, 2).
If e is a principal idempotent of A (also of A*), then T = A,(0) + A.(1)
is contained in the D’-radical of A*, for any collection D’ of deriva-
tions of A*. This observation, in conjunction with Proposition 1.3,
immediately leads to

PROPOSITION 1.8. Let A be a flexible strictly power-associative
algebra over a field of characteristic #2 and e be a principal idem-
potent of A. Then, [the ideal generated by T = A, 0) + A1) n
A*] € [the ideal generated by T in A] S [the D-ideal generated by T
in A] S [the D-ideal generated by T in A'] & [D-radical of A*] S
[D-radical of A] S [redical of A] & [radical of A*].

REMARK. The above chain of inclusions incorporates a result of
Oehmke [10, Lemma 3.3].

We can now prove the main result of this paper.

THEOREM 1.9. A D-semisimple flexible strictly power-associative
algebra A over a field of characteristic 2 contains an identity ele-
ment. Any such algebra s either D-simple or is a direct sum of
ideals which are D-simple as algebras.

Proof. That A contains an identity element is immediate from
Proposition 1.8 and the fact that A is nonnil. A% is D-semisimple
(by Proposition 1.3) and is a direct sum of ideals A of A* which are
D-simple as algebras (by Proposition 1.7). Now A’ are characteristic
ideals of A* (and hence also of A) and are of the form A; for D-
ideals A, of A. A, being direct summands of A are themselves D-
semisimple as flexible algebras. An appeal to Lemma 1.4 shows that
A, are D-simple, thus completing the proof of the theorem.

REMARKS. (i) Theorem 1.9 is proved by Block differently as a
deduction from a more general result (see [6, Th. 8.2 and Corollary
8.4]). His Theorem 8.2 for algebras can be described as a decomposi-
tion theorem for decomposition of D-semisimple algebras into D-simple
components, his notion of D-radical being the one associated (see the
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beginning of this section) to the general notion of radical of an algebra
due to Albert [1].

(ii) The remarks preceding Proposition 1.1 show that Theorem
1.9 generalises Oehmke’s results [10, Lemma 3.4, Th. 3.5] in particular
including the characteristic 3 case (of the base field) not considered
by him.

(iii) One can see directly from Theorem 1.9 that Lemma 1.6 holds
for the case of a flexible algebra. Strict power-associativity has been
used in our arguments only in the cases of characteristic 3 or 5 of
the base field. Moreover, we see that using the two-sided Peirce de-
composition, key results of this section hold for alternative algebras
over a field of arbitrary characteristic.

COROLLARY 1.10. The radical (mazimal nilideal) of a flexible
power-associative algebra over a field of characteristic zero is a D-
ideal of A for any collection of derivations D of A.

The above corollary can be easily deduced from Theorem 1.9 by
noting that A/R is a direct sum of simple ideals (for the D-radical
R of A) using a result of Sagle and Winter [12, Lemma 1].

REMARKS. (i) Anderson [5, Th. 2.2] has proved Corollary 1.10
more generally for the hereditary radical of an algebra.

(i) The method of proof of Corollary 1.10 sketched above can be
employed to deduce from Block’s more general decomposition theorem
([6, Th. 8.2]) the result: The radical of an algebra (in the sense of
Albert [1], if it exists; see also Remark (i) following Theorem 1.9) 1s
always a characteristic ideal, when the base field is of characteristic
zero.

(iii) A suggestion made to the author by Professor McCrimmon
can be amplified further to prove that a D-simple algebra A with
identity is simple, also when the characteristic of the base field F' is
greater than the dimension (over F) of the algebra A. In other
words, for a D-simple nonsimple algebra A with identity over a field
F of characteristic p, p < n = the dimension of A. The proof sug-
gested by him uses the maximal strongly nilpotent ideal N of A
(which exists, and is the maximal proper ideal of A), and concludes
that N’ = 0, when p > n. For brevity, we omit the details of this
proof and note that this assertion also follows (without the assump-
tion of existence of the identity) directly from the Main Theorem of
Block [6]. The assertion in particular implies that Corollary 1.10
holds also for algebras over a field of characteristic » with p > dim A.

We now briefly consider one class of power-associative algebras,
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viz. trace-admissible algebras. Let A be a trace-admissible algebra
over a field F' with the bilinear trace form f. (See [13, p. 136] for
definition ete.) The radical (maximal nilideal) of A is then known
to be the set {xe A|f(x,y) =0 for all ¥y in A}. A subalgebra of a
trace-admissible algebra is trace-admissible. Proposition 1.1 can be
used to deduce from a known result [2, Chapter II, Th. 2] that a
D-ideal of a D-semisimple trace-admissible algebra is again D-semis-
imple. We also have

ProposiTiON 1.11. A D-semisimple trace-admissible algebra A
over o field F of characteristic +#2 s flexible. If further the
characteristic of F is #5, A s also a mnoncommutative Jordan
algebra.

Proof. It is known (see the proof of [13, Th. 5.4]) that (=, y, z) =
(xy)x — x(yx) belongs to the radical N of A for all x,y in A. By
linearisation (z, y, 2) + (2, ¥, «) belongs to N for all x, ¥, 2 in A. Now,
the subspace B spanned by all associators (z, y, ) and {(z, v, 2) +
(2, ¥, )} is a characteristic subspace of A contained in the radical N
of A; the ideal generated by B in A is a D-ideal contained in N (and
thus is zero). In other words, A is flexible. The second part is
similarly proved from the known fact that (% y, )° (associator in A*)
belongs to the radical of At.

Since a noncommutative Jordan algebra is strictly power-associa-
tive [13, p. 141], Proposition 1.11 along with Theorem 1.9 gives

ProposiTION 1.12. A D-semisimple trace-admissible algebra over
a field of characteristic prime to 10 is completely semisimple.

REMARKS. (i) Block has deduced Propositions 1.11 and 1.12 from
his Main Theorem and his Theorem 8.2. His deduction covers the
characteristic 5 case also of Proposition 1.12.

(i) Schafer’s definition of trace-admissibility coincides with that
of Albert [3] when the algebra contains an identity, and we note
that the above results for trace could have been deduced also from
Albert’s [3] as in the flexible case dealt with earlier.

(ili) The center of a D-semisimple (D-simple) trace-admissible
algebra can be easily seen to be again D-semisimple (D-simple).
Further the above results for trace hold good also for the variant
notion of trace due to Albert [4].

2. This section is devoted to a brief consideration of certain
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individual classes of algebras relating to the notions of D-simplicity
ete..

Let A be an alternative algebra with identity 1, arnd 1 =
e +e + .-+ + e, be a decomposition of 1 into pairwise orthogonal
primitive idempotents. Then we have

PrROPOSITION 2.1 (cf. [13, Lemma 3.15]). A D-simple alternative
algebra of degree r = 3 1is associative.

Proposition 2.1 can be proved either by using the Main Theorem
of Block [6] along with [13, Lemma 8.15] or directly from the latter
as follows: when A is D-simple alternative, and N is the radical of
A, A/N is simple (see the remarks following Lemma 1.2). When » = 3
or »r =1, A/N is associative, i.e., all associators of A belong to N.
The associator ideal of A4 is a D-ideal of A contained in N, implying
(in view of D-simplicity of A) that A is associative.

PROPOSITION 2.2. If A is a D-stmple power-associative algebra
over a field F of the form F1 + N (1, the identity of A and N, an
ideal of A), then N 1is the radical of A. A is commutative and
associative.

The above proposition is easily proved by noting that (z, y, ) =
(xy)z — x(yz) and (x, y) = 2y — yx belong to the radical N (see Lemma
1.2) and in fact to the D-radical of A (using Proposition 1.1). Evi-
dently, this suggests a simple proof of the result of Kokoris (see [13,
pp. 144-145]): If A is a nodal noncommutative Jordan algebra over
a field of characteristic 2, A* is associative. In fact, [13, Th. 5.6]
holds verbatim for D-simple algebras, with the same conclusion.

We now briefly sketch the invariance properties of D-simplicity
of an algebra under scalar extensions. Let A be a D-simple algebra
over a field F. A is said to be mormal D-simple over F, if the
algebra A, (obtained by extending the base field F to k) is D,-simple
(D, = the set of all derivations extended to A, from D of A) for
every extension field k¥ of F. The associative subalgebra (not neces-
sarily containing the identity) M(A) of linear transformations on A
generated by the left, right multiplications in A and the derivations
in D can be called the D-multiplication algebra of A (see [13, p. 14]),
and the centralizer C(A) of M(A) in the algebra of all linear trans-
formations of A, the D-centroid of A. The D-centroid is precisely
the set of those elements of the usual centroid of A that commute
with the derivations in D; when A is D-simple, C(A4) is a field and A,
regarded as an algebra over C(4), is normal D-simple. We define the
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D-center of an algebra A to be the set of elements xz in the center
of A such that zD, = 0 for every derivation D, in D and note that
the usual centroid-center relations hold in the present case too, the
details being omitted for brevity.

Now, let A be a normal D-simple trace-admissible algebra (in the
variant sense of Albert [4]) of degree one over a field F. (i.e., 1 is
the only idempotent of A,, k& being the algebraic closure of F.) A,
is trace-admissible (in this sense) so that A4, is of the form k1 + N
for the radical N of A,. Since A, is D,-simple, it is commutative
and associative (by Proposition 2.2). Thus we have

ProprosITION 2.3. A mnormal D-simple trace-admissible algebra
(in the semse of [4]) of degree one is commutative and associative.

3. In this section we briefly record the study of Lie triple sys-
tems in the light of the notions of D-simplicity ete., again omitting
the details.

Let T be a Lie triple system (L.t.s.) over a field F' with the
trilinear composition [z, y, 2] (we refer to [9] for details regarding the
L.t.s.). The concepts of D-radical, D-semisimplicity, D-simplicity and
complete semisimplicity do make sense for 7. Proposition 1.1 is true;
any proper tdeal of a D-simple L.t.s. 1s solvable (cf. Lemma 1.2).
Over a field of characteristic zero, the radical of an L.t.s. is a D-
ideal [9, Lemma 5] so that D-semisimplicity and semisimplicity are
equivalent concepts in this case; D-simplicity and simplicity are also
equivalent (in view of the validity of Lemma 1.2 for L.t.s.). How-
ever, over a field of characteristic p = 0, these notions are distinct
(as can be seen from the example of the L.t.s. associated to the Lie
algebra L considered by Seligman [14, p. 164]). Block has noted in
a postscript to his paper [6] that his Main Theorem remains valid for
L.t.s. too. However, the L.t.s. identities do not by themselves seem
to suffice for a study of D-semisimple systems (as in the Lie case).
Consequently we consider the Lie triple system 7T, that is associated
to a Malcev algebra A (see [9] and [11] for relevant definitions etec.).
Such an L.t.s. has the properties: (i) The left multiplication L, in A
is a derivation of T,. (ii) Any derivation of A is a derivation of T,;
any DU{L,},., = D — ideal of T, is a D-ideal of A. These and other
properties of such systems (see [9, Lemma 2 and Satz 2] for instance)
can be used to prove the following results.

PROPOSITION 3.1. Let A be a Malcev algebra over a field F of
characteristic #2,3. (This assumption on F is made throughout
this section.) If A is D-semisimple (D-simple), T, is a D-semisimple
(D-simple) L.t.s.. If A is D-semisimple and T, is D’-simple (for
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some D'), then A itself is D-simple as an algebra.

ProOPOSITION 3.2. If A is a D-semisimple Malcev algebra, any
D-ideal of T, is D-semisimple as L.t.s.. A minimal proper D-ideal
of T, is D-simple. Sum of any two completely semisimple ideals
of T, (cf. [14, Lemma 2]) is a completely semisimple D-ideal of T,.
A minimal D-ideal of A is a minimal D-ideal of T, and 1is hence
D-simple as L.t.s..

Combining some of these results, we have

PropPOSITION 8.3. If A s a finite dimensional D-semisimple
Malcev algebra, then A has finitely many minimal D-ideals T; and
their sum T is direct. T; are D-simple as L.t.s.

REMARK. Proposition 8.3 can be essentially described as analogue
of Lemma 9.1 of [6]. Further, in this case the set {xe T,|[T, T, ] = 0}
is the zero ideal. The preceding results do not seem to be direct
consequences of Block’s.

We conclude this section by observing that most of the results
of [11, §5] for Malcev algebras remain valid for the present situation,
with D-ideal, D-simplicity, complete semisimplicity respectively replac-
ing ideal, simplicity, semisimplicity, of course with suitable modifica-
tions. We omit the details and proofs in view of the triviality of
the adaptation. Among these modified results is the following im-
portant one: If A s a completely semisimple Malcev algebra over
a field of characteristic #2, 3, the center of the Lie algebra L
generated by the multiplications in A and the derivations in D is
the zero ideal. We also note that these modifications are treated in-
dependently of the results of Block—a use of which does not seem to
be advantageous in these cases.

The author should acknowledge here the kindness of Professor
R. E. Block in encouraging him to record the direct approach to the
question raised in the abstract (which was obtained independently by
the author at about the same time as Block’s results). The author’s
thanks are due to Professor Block and Professor K. McCrimmon who
scrutinised the material in some form or other and whose suggestions
have been incorporated in this paper.

REFERENCES

1. A. A. Albert, The radical of a non-associative algebra, Bull. Amer. Math. Soc. 48
(1942), 891-897.
2. , Power-associative rings, Trans. Amer. Math. Soc. 64 (1948), 552-593.




ON DIFFERENTIABLY SIMPLE ALGEBRAS 735

3. , A theory of trace-admissible algebras, Proc. Nat. Acad. Sci. U.S.A. 35
(1949), 317- 322
4. ———— The structure of right alternative algebras, Ann. of Math. 59 (1954), 408-417.

5. T. Anderson Hereditary radicals and derivations of algebras, Canad. J. Math. 21
(1969), 372-377.

6. R. E. Block, Determination of the differentiably simple rings with a minimal ideal,
Ann. of Math. 90 (1969), 433-459.

7. N. Jacobson, Lie algebras, Interscience, New York, 1962.

8. L. A. Kokoris, New results on power-associative algebras, Trans. Amer. Math. Soc.
77 (1954), 363-373.

9. 0. Loos, Uber eine beziehung zwischen Malcev-algebren wnd Lie-tripelsystemen,
Pacific J. Math. 18 (1966), 553-562.

10. R. H. Oehmke, On flexible algebras, Ann. of Math. 68 (1958), 221-230.

11. A. A. Sagle, Malcev algebras, Trans. Amer. Math. Soc. 101 (1961), 426-458.

12. A. A. Sagle and D. J. Winter, On homogeneous spaces and reductive subalgebras of
simple Lie algebras, Trans. Amer. Math. Soc. 128 (1967), 142-147.

18. R. D. Schafer, An introduction to nonassociative algebras, Academic Press, New
York, 1966.

14. G. B. Seligman, Characteristic ideals and the structure of Lie algebras, Proc. Amer.
Math. Soc. 8 (1957), 159-164.

Received July 29, 1969.

THE RAMANUJAN INSTITUTE
UNIVERSITY OF MADRAS
MAaDRAS-5 (INDIA)






PACIFIC JOURNAL OF MATHEMATICS

EDITORS

H. SAMELSON J. DUGUNDJI
Stanford Uni\'rersity Department of Mathematics
Stanford, California 94305 University of Southern California

Los Angeles, California 90007
RICHARD PIERCE RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLE K. YOSHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY
CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY TRW SYSTEMS

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL WEAPONS CENTER

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Under-
line Greek letters in red, German in green, and script in blue. The first paragraph or two
must be capable of being used separately as a synopsis of the entire paper. The editorial
«“we” must not be used in the synopsis, and items of the bibliography should not be cited
there unless absolutely necessary, in which case they must be identified by author and Journal,
rather than by item number. Manuscripts, in duplicate if possible, may be sent to any one of
the four editors. Please classify according to the scheme of Math. Rev. 36, 1539-1546. All
other communications to the editors should be addressed to the managing editor, Richard Arens,
University of California, Los Angeles, California, 90024.

50 reprints are provided free for each article; additional copies may be obtained at cost in
multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the
price per volume (3 numbers) is $8.00; single issues, $8.00. Special price for current issues to
individual faculty members of supporting institutions and to individual members of the American
Mathematical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17,
Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.



Pacific Journal of Mathematics

Vol. 33, No. 3 May, 1970

Charles A. Akemann, Approximate units and maximal abelian

CH-Subal@ebras . . ..........o e 543
Gail Atneosen, Wild points of cellular arcs in 2-complexes in E> and

cellular hulls . ... ... . e 551
John Logan Bryant and De Witt Sumners, On embeddings of 1-dimensional

compacta in a hyperplane in E* ... ... .. ... ... ... ... . . .. 555
H. P. Dikshit, On a class of Norlund means and Fourier series............. 559
Nancy Dykes, Generalizations of realcompact spaces .................... 571
Hector O. Fattorini, Extension and behavior at infinity of solutions of certain

linear operational differential equations ............................ 583
Neal David Glassman, Cohomology of nonassociative algebras. . .......... 617
Neal Hart, Ulm’s theorem for Abelian groups modulo bounded groups . . ... 635
Don Barker Hinton, Continuous spectra of second-order differential

OPCFALOTS . . . o o e e ettt et e et e e e et et 641
Donald Gordon James, On Witt’s theorem for unimodular quadratic forms.

P 645
Melvin F. Janowitz, Principal multiplicative lattices...................... 653
James Edgar Keesling, On the equivalence of normality and compactness in

AYPEFSPACES . . ..o oo e 657
Adalbert Kerber, Zu einer Arbeit von J. L. Berggren iiber j

GUUPDEN . ..o oo
Keizo Kikuchi, Various m-representative domains in seve

variables . ....... ...

Jack W. Macki and James Stephen Muldowney, The asym,
of solutions to linear systems of ordinary differential
Andy R. Magid, Locally Galois algebras...............
T. S. Ravisankar, On differentiably simple algebras. . . . ..
Joseph Gail Stampfli, The norm of a derivation . . ........
Francis C.Y. Tang, On uniqueness of central decompositio
Robert Charles Thompson, Some matrix factorization the
Robert Charles Thompson, Some matrix factorization the



http://dx.doi.org/10.2140/pjm.1970.33.543
http://dx.doi.org/10.2140/pjm.1970.33.543
http://dx.doi.org/10.2140/pjm.1970.33.551
http://dx.doi.org/10.2140/pjm.1970.33.551
http://dx.doi.org/10.2140/pjm.1970.33.555
http://dx.doi.org/10.2140/pjm.1970.33.555
http://dx.doi.org/10.2140/pjm.1970.33.559
http://dx.doi.org/10.2140/pjm.1970.33.571
http://dx.doi.org/10.2140/pjm.1970.33.583
http://dx.doi.org/10.2140/pjm.1970.33.583
http://dx.doi.org/10.2140/pjm.1970.33.617
http://dx.doi.org/10.2140/pjm.1970.33.635
http://dx.doi.org/10.2140/pjm.1970.33.641
http://dx.doi.org/10.2140/pjm.1970.33.641
http://dx.doi.org/10.2140/pjm.1970.33.645
http://dx.doi.org/10.2140/pjm.1970.33.645
http://dx.doi.org/10.2140/pjm.1970.33.653
http://dx.doi.org/10.2140/pjm.1970.33.657
http://dx.doi.org/10.2140/pjm.1970.33.657
http://dx.doi.org/10.2140/pjm.1970.33.669
http://dx.doi.org/10.2140/pjm.1970.33.669
http://dx.doi.org/10.2140/pjm.1970.33.677
http://dx.doi.org/10.2140/pjm.1970.33.677
http://dx.doi.org/10.2140/pjm.1970.33.693
http://dx.doi.org/10.2140/pjm.1970.33.693
http://dx.doi.org/10.2140/pjm.1970.33.707
http://dx.doi.org/10.2140/pjm.1970.33.737
http://dx.doi.org/10.2140/pjm.1970.33.749
http://dx.doi.org/10.2140/pjm.1970.33.763
http://dx.doi.org/10.2140/pjm.1970.33.811

	
	
	

