
Pacific Journal of
Mathematics

FREE TOPOLOGICAL SEMIGROUPS AND EMBEDDING
TOPOLOGICAL SEMIGROUPS IN TOPOLOGICAL GROUPS

FRANCIS T. CHRISTOPH

Vol. 34, No. 2 June 1970



PACIFIC JOURNAL OF MATHEMATICS
Vol. 34, No. 2, 1970

FREE TOPOLOGICAL SEMIGROUPS AND EMBEDDING
TOPOLOGICAL SEMIGROUPS IN

TOPOLOGICAL GROUPS

FRANCIS T. CHRISTOPH, JR.

The purpose of this paper is to study the problem of em-
bedding a topological semigroup in a topological group. A
construction is given for a free topological semigroup generated
by a topological space. This construction is used to define a
concept called Property E and it is shown that a T± com-
pletely regular topological semigroup S can be embedded in a
topological group if and only if S can be embedded in a group
and S has Property E. This generalizes a result of Rothman
who considered the problem of embedding a commutative,
cancellative topological semigroup in its group of quotients.
Rothman's results on embedding certain subsemigroups of
compact semigroups in topological groups are also generalized.

Free topological groups have been constructed and studied by a
number of people (e.g., see [4]). In this paper we give a construction
for a free topological semigroup (1.1). This construction resembles
the one in [4] for topological groups. In § 2 free topological semigroups
and free topological groups are used to investigate the problem of
embedding a topological semigroup in a topological group. Rothman
[7] defined a concept called Property F and proved that Property F
is a necessary and sufficient condition for embedding a T2 commutative,
cancellative topological semigroup in its group of quotients as an open
subset. Rothman's result is generalized by defining Property E and
proving that a Tι completely regular topological semigroup S can be
embedded in a topological group by a topological isomorphism if and
only if S can be embedded (algebraically) in a group and S has
Property Έ. Examples are given to illustrate the differences between
Property F and Property E. Rothman [7] also defined a concept
called Property J and showed that certain subsemigroups having
Property F or Property / of compact semigroups could be embedded
in a topological group. His results are generalized in § 3 by introduc-
ing group liftable semigroups and showing that certain group liftable
subsemigroups of compact Hausdorff semigroups are embeddable in a
topological group.

A topological semigroup is a topological space with a continuous,
associative multiplication. A continuous function will be called a map.
The cardinality of a set Y will be denoted by \Y\. Let C be the
cardinality of the continuum.
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344 FRANCIS T. CHRISTOPH, JR.

1* Free topological semigroups*

THEOREM 1.1. If X is a topological space, then there exists a
topological semigroup F(X) such that X is embedded in F(X) by a
homeomorphism and such that if f:X—+S is a map of X into a
topological semigroup S, then f can be extended to a continuous homo-
morphism f of F(X) into S.

Proof. Let E be a collection of topological semigroups S such
that |S | ̂  max (|X|, C), distinct members of E are not topologically
isomorphic, and each topological semigroup S' with |S ' | ̂  max (\X\, C)
is topologically isomorphic with some SeE. Let {(Sa, fa)}aeK consist
of all pairs (Sa9 fa) such that SaeE and fa is a map of X into Sa.
If S' is a topological semigroup and g:X—*S' is a map with \S'\ ^
max (I X|, C), then there is an aoeK such that S" is topologically
isomorphic to Sao by a topological isomorphism h: Sao—>S' such that
g = hfao. Identify (£', g) with (SaQ, f a ) . Define έ?:X~* Π«β* Sα by
(^(x)){a) = /β(a?) for a e l . We now show that ^ is a homeomorphism.
The continuity of £? follows from the fact that pa(^ — fa where pa:
TlaeκSa—>Sa is the projection into the a-th coordinate. The identity
function i: X—*X is continuous and JΓ is a topological semigroup with
right zero multiplication: xy = y for x, y e X. If a e X and B is a
closed subset of X with a $ B, then i(a) is not in the closure of B.
Hence {fa}aeκ distinguishes points and closed sets. Thus & is one-to-
one and open. Identify X with ^(X). Let F(X) be the subsemigroup
of ILe*S α generated by έ?(X). Now let /:X~>S be a map of X
into a topological semigroup S. The semigroup Sg[f(X)] generated
by f(X) has cardinality less than or equal to max(|X|, C). Thus
(Sg[f(X)],f) is identified with (Sao, faJe{(Sa, fa)}aBK for some aoeK.
Therefore / is projection into the aQ-th coordinate and can be extended
to a continuous homomorphism of F(X) into Sg[f(X)].

DEFINITION 1.2. The pair (F(X), &) is called the free topological
semigroup generated by X. (We will sometimes not mention <ζ? ex-
plicitly and will call F(X) the free topological semigroup generated
by X )

PROPOSITION 1.3. Algebraically F(X) is the free semigroup gener-
ated by έ?(X).

Proof. Let f: X—+S be a function into an algebraic semigroup
S. Give S the indiscrete topology to obtain a topological semigroup
such that / is continuous. By 1.1 there exists a continuous homo-
morphism f':F(X)-+S such that f=f'&>. By Theorem 9.4 of [1]
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we have that F(X) is the free semigroup generated by έ?{X).

REMARK 1.4. If we consider only Γ2 semigroups in the construc-
tion of F{X), then F{X) is T2 and the map extension property holds
for T2 semigroups.

PROPOSITION 1.5. Every topologίcal semigroup S is an algebraic
quotient semigroup of a free topological semigroup such that the
natural projection homomorphism is continuous.

Proof. Let i: S —> S be the identity function. By 1.1 i can be
extended to a continuous homomorphism i' of F(S) onto S. Let R be
the congruence relation associated with ir. We have that F(S)/R is
algebraically isomorphic to S and the natural projection p: F(S) —•
F(S)/R is continuous.

If the map if in the proof of 1.5 is open, then F(S)/R is a to-
pological semigroup and is topologically isomorphic to S.

2. Embedding topological semigroups in topological groups*
It is a well-known algebraic result that a commutative, cancellative
semigroup can be embedded in a group (called the group of quotients
or the group generated by the semigroup). In [7] Rothman considers
the problem of embedding (by a topological isomorphism) a commuta-
tive, cancellative T2 topological semigroup in its group of quotients
(furnished with the quotient topology) as an open subset. Rothman
defines the following concept and proves that it is a necessary and
sufficient condition for the solution of his embedding problem.

DEFINITION 2.1. A topological semigroup S has Property F if and
only if x, y eS and V an open subset of S containing x imply there
exists an open set W with yeW such that xyef\yfewVyf and

In the following we generalize Rothman's problem and solution
by finding necessary and sufficient conditions for a T1 completely re-
gular topological semigroup to be embedded in a topological group by
a topological isomorphism. Free topological semigroups and free to-
pological groups are important tools for investigating this problem.

Let Z2 be the two element semigroup { + 1, —1} with binary opera-
tion defined by (+1)(-1) - (~1)(+1) - (+1)( + 1) - (-1)(-1) - + 1 .
For a positive integer i let Z(i) = {1, 2, , %}.

Let S be a semigroup and A a directed set. If for each aeA
we have a finite sequence sβ><>1, saΛ>2, •••, sβ,ίfr(βii, of r(a, i) many ele-
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ments in S for i = 1, 2, -, n(a) where n(a) depends on ae A, r(a, i)
depends on a and on i, then let

s(α, Ί, r) = \sati>1, sa}i)2, , sayifT{a)i)}

for ae A, ie Z(n(a)). The collection {s(a, ί, r): ae A, ie Z(n(a))} will be
called a /sequence in S. If {s(α, i, r): a e A, i e Z(n(a))} is a /-sequence
in S and {d(α, i, r): α 6 A, i e JJ(w(α))} is a /-sequence in Z2, then the pair

({s(α, i, r): α e A, i G Z(w(α))}, {d(α, ί, r): a e A, i e Z(n(α))})

will be called a signed f-sequence and will be denoted by

{(s(α, i, r), ds)^ α e i , i e Z(^(α))} .

If {(s(α, i, r), ds): a e A, i G Z(w(α))},

{ί(α, i, i ) , dι): aeA,ie Z(n(a))}, , {%(α, i, p), dw: a e A, i e Z(n(a))}

is a finite collection of signed /-sequences in S with i ranging over
the same set Z(n(a)) for each a e A in each /-sequence, then this col-
lection of /-sequences will be denoted more briefly by

{s(α, i, r), t{a, i, j), , u(a, i, p): a e A, ί e Z(n(a))} .

For the remainder of § 2 let S be a Tx completely regular topological
semigroup and let {(Sa,fa)}aeκ be the collection given in the proof of
1.1 which corresponds to the free topological semigroup F(S) generated
by S. Let e' be the evaluation map corresponding to K, i.e., ef:
S-+ΐlaeκ Sa is defined by (e'(s))(a) = fa(s) for seS. In a similar
manner we can also obtain a collection {(Gδ, kδ)}δeD, Gδ a topological
group for each δ e D — D(S) by replacing "semigroup" by "group" in
the construction of the proof of 1.1. In Theorem 8.8 of [3] this last
collection is used to construct a free topological group (G(S), e) gener-
ated by S where e is the evaluation corresponding to D. If {s(a, i, r), ds):
ae A, ίe Z(n(a))} is a signed /-sequence in S, then let

e(s(a, ί, r ) , ds) = (e(sa,i}1))da,i,i(e(sa,iy2))da,i,2 . . •(β(sα>i,r(αfί)))d«,ί,r(α,i, .

Property E is defined below in 2.2. This concept plays the role
of Rothman's Property F in our investigation. Property E is best
understood by examining it in the framework of the proof of 2.4
below. It is interesting to compare Property E with Malcev's [5]
necessary and sufficient conditions for embedding a semigroup in a
group.

DEFINITION 2.2. The topological semigroup S has Property E if
and only if the existence of a directed set A, signed /-sequences
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{(s(a, i, r), ds), (t(a, i, j), d% (V(a, i, j ' ) , d*'), (u(a, i, m), du),

(u'(a, i, m'), du'): aeA,ie Z(n(a) + 1)} ,

/-sequences

{v(a, i, p): aeAyie Z(n(a) + 1)}, {v'{a, ί, p'):aeA, ie Z(n(a) + 1)} ,

a net {sa, aeA] in S, and seS such t h a t (l)-(4), (6)-(7) below hold

for each ae A, ieZ(n(a) + 1) and such t h a t (5) below holds for each

a e A, i e Z(n{a)) imply t h a t h(sa) —> kδ(s) for each d e D — D(S).

i) ,
( 1 ) Va,itlVatiΛ ' Va>i>p{a>i) = VatitlVatit2 -V'a)ifP,iati)

( 2 ) e(vati>ί)e{vafit2) e(vayi,p{a>i)) = e(u(a, i, m), du) ,

( 3 ) e«,i, i)e«,i, 2 ) e(v'a,i,pna,i)) = β(w'(α, i, m'), rfM/) ,

( 4 ) φ ( α , i, r ) , ds) = β(ί(α, i, i ) , d*)e(u(a, i, m), du)e(t'(a, i, j ' ) , d1') ,

( 5 ) β(s(α, i + 1, r ) , dβ) = β(ί(α, i, i ) , d*)e(u'(a9 i, m'), du')e{t'{ay i, f), dv) ,

( 6 ) e(sa) = β(ί(α, n(α) + 1, i ) , dl)e{u'(a, n(a) + 1, m'), d%')

x β(ί'(α, w(α) + 1, j ' ) , dv) ,

s s

(7) ^ ( β ^ ) ^ 1 ' 1 ^ ^ , ^ - 1 ' 8 •

δ £ D .

If M is a semigroup and i? is a relation on M (i.e., a subset of

M x ϋ ί ) , then the congruence Rr on M generated by R [1] is the

intersection of all congruences on M containing R. In Theorem 1.8

of [1] there is an explicit description of R' in terms of R as follows.

Let Rλ = R\jR~ι[jΔ where R~ι is the relation on M defined by

(m l t m2) 6 J?" 1 for m19 m2eM it and only if (m2, m ^ e J? and J is t h e

equality relation defined by (mlf m2) e J if and only if mx — m 2 6 M.

For m l y m2eM define the relation i?2 on ikΓ by (mx, m2) e J?2 if and only

if there exist c19 cz, c3, c4 e M such t h a t mx = c$cλc4y m 2 = c3c2c4, and

(cίy c2) e Rι% Finally, define Rr by (m l τ m2) e i2' for mιy m2e M if and

only if there exist w19 w2y , wneM such t h a t (m^ w j , (wx, w2), ,

(wn_ly wn), (wnJ m2)eR2. This explicit description of the congruence

generated by a relation will be used in the proof of Theorem 2.4 below.

The following algebraic result may be found in [1, p. 294].

THEOREM 2.3. Let M be a semigroup, P a set of generators of

My and iP: P-+M the inclusion function. Let (T, f) be a free semi-

group on P and ((?, k) a free group on P. Let w: T~+G be the homo-

morphism such that wf — k and q: T.r-* M the homomorphism such
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that qf — iP. Set R — w~] oqoq~ιow and let R! be the congruence on
G generated by R. If λ: M—>G/R' is the homomorphism such that
^ip = PRΊC where pR,: G—>G/Rf is the projection, then M can be em-
bedded in a group if and only if λ is an embedding.

We now have our main theorem.

THEOREM 2.4. The topological semigroup S can be embedded in
a topological group by a topological isomorphism if and only if S
can be embedded (algebraically) in a group and S has Property E.

Proof. Assume S can be embedded (algebraically) in a group and
S has Property E. Let (F(S), er) be the free topological semigroup
generated by S constructed in 1.1. Note that S is embedded topologi-
cally in F(S) by ef. Let (G(S), e) be the free topological group gener-
ated by S. We have that S is embedded topologically in G(S) by e
and that G = G(S) is algebraically the free group generated by S. Let
is: S-* S be the identity function on S. By 1.1 there exist continuous
homeomorphisms q: F(S) —* S and w: F(S) —* G such that qef — is and
we' = e. Let R = w~ι°q°q~ιow, Rf the congruence generated by R,
and pPy.G—>GIRr the natural projection. We have that F(S) is
algebraically free by 1.3. It follows from discrete semigroup theory
(see [1, p. 294]) that pR,e: S—+G/R' is a one-to-one homomorphism into
G/R', a topological group. Now pR,e is continuous since both e and
pRf, are continuous. To show that pR,e: S ~+pR,e(S) is open, let xb—>x
be a convergent net in pR,e(S). Note that pR, is open and hence there
exists a subnet {xa, ae A} of {xb} and a net {ga, ae A} converging to g
in G such that g = e(pR,, e)~ιx, pR,{ga) — xa for each aeA, and (gai

β(PR>e)~lχa) £ Rf for each ae A. In the definition of Property E let
s = e~ι{g) and sa — (pRI, e)~'xa for each ae A. Notice that R = R U R~ι U Δ.
D e f i n e a r e l a t i o n R 2 o n G b y (z19 z2) e R 2 f o r zlfz2eG i f a n d o n l y i f
t h e r e ex i s t z[, z'29 z[, z[eG s u c h t h a t zλ = z'2z[z[, z2 = z'zz'2z[, a n d (z[, z2) e R.
Since (ga, e(sa)) e R for e a c h a e A, t h e r e ex i s t ga = ga>1, ga,2, ? ga>n(a),
ga>n{a)+ι i n G f o r e a c h a e A s u c h t h a t

(1*) (9a,l, 9a,2), (9a,2, 9a,*), * ' ' , {ΰa,nia), 9a,»(a)+l), (#α,»(αH-l, Φa)) ^^2

for each aeA. There exists a signed /-sequence {(s(α, i, r), ώs): aeA,
i e Z(n(a) + 1)} in S such that gati = e(s(a, i, r), eZβ) for a e A, ΐ e Z(w(α) + 1).
Since (1*) above holds for each aeA there exist signed /-sequences

{(ί(α, i, i), d'), (*'(α, i, / ) , d"), (u(a, i, m), d%),

(u'(a, i, m'), du>): aeA,ie Z(n(a) + 1)}

such that
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(4') e(8(a, i, r), ds) = e(t(a, i, i), dι)e(u(a, i, m), du)e($!(a, i, i '), d*')

for α e i and ieZ(n(ά) + 1) ,

(5') e(8(a, ί + 1, r), ds) - β(ί(α, i, j), d*)e(u'(a, i, m'), du')e(t'(a, i, j ' ) f d
tf)

for aeA and ieZ(n(a)) ,

(6') e(sa) = e(t(a, n(a) + 1, j), d*)e(u'(a, n(a) + 1, m'), d"')

e(ί'(α, w(α) + 1, /)» #') f o r ^ ^ A ,

and such that

(2*) (e(u(a, ί, m), du), e(u'(a, i, m'), du)) eR,aeA,ieZ(n(a) + 1) .

Equation (2*) implies there are f-sequences

{(v(a, i, p): aeA, ie Z(n(ά) + 1)} and {v(a, ί,p'):aeA,ie Z(n(a) + 1)}

in S such that (l f), (2'), and (3') below hold for a e A and i 6 Z(n(a) + 1).

(2') Φα,;,i)Φ«,ί,2) β(vβ>i,p(βtί)) = e(u(a, i, m), d%) ,

(3') « i ( 1 ) e « i ) 2 ) β«4,p, ( β f < )) - β(w'(α, i, m'), ώu/) .

Since ga—*Q it follows that

^(sft)i)r(α)i))d*'1'r(α'1) > Λθ(«) for each δ e D .

We can now apply Property E using (V)-(T) to obtain that

h(sa) = kδ(pΛ,e)-ιxa • fcδ(s) = h(e~ι(g))

for each δeZ). This means that e(sa) —>g — e(s) in G and hence in
e(S). But e is a homeomorphism and so sa~-+s in S. Note that

for each α e i , Thus

It follows that pR,e is open and hence a topological isomorphism.
Now assume S can be embedded in a topological group H by a

topological isomorphism ψ:S~*H. Let fP be the group generated
by ψ(S). As in the first part of the theorem we obtain maps
q: F(S)~+S and w: F(S)-+G(S) = S such that qe' - i8 and wef = β.
Again we let R = w"1 °qoq-ιo<w, R' the congruence on (? generated
by JR and pR,:G-*G/R' the natural projection. There exists a COP-
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tinuous homeomorphism η: G-* H' such that ηe = ψ since G is the free
topological group generated by S. Now we have that R' S Rη = the
congruence induced by η. (This last fact is easily shown to be true
by an argument similar to the one in [1, p. 291].) There exists a
continuous homeomorphism φ\ G/R' —> H' such that η = φpRf. Hence
ψ = ηe — φpBs and pB,e is one-to-one since ψ is one-to-one. Also, pR,e is
clearly continuous. Using the fact that ψ is open we can show that
pR,e is open by the following argument. Let U be open in S. Then
ψ(U) is open in ψ(S) and hence ψ(U) = VΠψ(S) where V is open in
H'. Now

pR,e(U) = φ

which is open in pR<e(S). Thus pR,e: S—>pR>e{S) is open. To show
that S has Property E assume there exist a directed set A, signed
/-sequences

{(8(a, i, r)ds), (ί(α, i, j), d1), (t'(a, i, j ' ) , dv), (u(a, i, m), du),

(u'(a, i, m'), du'): aeA,ie Z(n(a) + 1)} ,

/-sequences

{v(a, ί, p):aeA,ίe Z(n(a) + 1)}, {v'(a, i, p'): aeA,ie Z(n(a) + 1)} ,

a net {sa, aeA) in S, and s e S such that (l)-(4), (6)-(7) in Definition
2.2 hold for each aeA,ίe Z{n(a) + 1) and such that (5) in Definition
2.2 holds for each a e A, i e Z(n(a)). Condition (7) in Definition 2.2
implies that

g(a) = e(s(a, 1, r), ds) > e(s)

in G. Hence pR>(ga)-+PR'Φ) Let R2 be the congruence defined on
G in the first part of the proof. Equations (1), (2), and (3) in Defini-
tion 2.2 imply that

(e(u(a, ί, m), du), (e(u'(a, ί, m'), du')) e R

for each a e A and i e Z(n(a) + 1). Equations (4), (5), and (6) in
Definition 2.2 imply that

, ί, r)ds), e(s(a, i + 1, r), ds)) e

for each α e i and ieZ(n(a)) and that

(e(s(α, ra(α) + 1, r), ds), e(sa)) e R2.

Thus

(e(8(a, 1, r)), ds), β(sβ)) = (flrβ, e(ee)) e
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for each ae A. This means that pR>{ga) = PR'ΦO) and hence

pR>Φa) > P

We have already shown that pR,e is a topologieal isomorphism and
hence sa—+s in S. Continuity of e implies that e(sa)~»e(s) in G, i.e.,
h(sa) —» h(s) for each δ e D. Thus S has Property E.

COROLLARY 2.5. The completely regular topologieal semigroup S
can be embedded in a topologieal group if and only if S can be em-
bedded in GjR' by pR>e.

COROLLARY 2.6. If N is a commutative, cancellative Hausdorff
topologieal semigroup with Property F, then N has Property E.

Proof. By Theorem 2.1 of [7] and its proof N can be embedded
in its group of quotients and N is completely regular.

EXAMPLE 2.7. Let S be the positive reals with the Euclidean
topology. Then S is embeddable as an open subset of the reals and
hence has both Property F and Property E.

EXAMPLE 2.8. Let S be the reals with the half open interval
topology. Then S is embeddable algebraically in a group but not
embeddable in any topologieal group since if S were embeddable in
some topologieal group G, then the image would be a subgroup of G
and hence S would be a topologieal group. Thus S doesn't have
Property E and hence doesn't have Property F by 2.6.

EXAMPLE 2.9. Let S be the nonnegative reals with the Euclidean
topology. Then S can be embedded in R, the reals with the Euclidean
topology and hence S has Property E. Now R is the group of quo-
tients of S and hence S doesn't have Property F since S is not open
in R.

EXAMPLE 2.10. If S is a completely regular topologieal semigroup
such that the embedded image of S in its free topologieal group is
open, then S has Property E since then pRs is open in the proof of 2.4.

3* Subsemίgroups of compact semigroups* In this section S
will be a commutative, cancellative, subsemigroup of a compact
Hausdorff semigroup T such that if se S,te T and st e S, then
teS. Construct the group of quotients G of S in the usual fashion:
define a congruence relation R on S x S by ((α, 6), (c, d)) eR if
and only if ad = be. Let G = (S x S)/R and p: S x S-+G be the
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natural projection. For α, any element of S, define p: S —>G by
P(s) =z p(sa, a). Rothman [7, Th. 3.1] shows that the mapping P is
a homeomorphism into G. Thus S is embeddable in a topological
group by a topological isomorphism if G is a topological group
Rothman defines the following concept.

DEFINITION 3.1. A semigroup M has Property J \ί x, yeM, with
x Φ y, imply there is an a e M such that x = ay or y = ax.

Rothman shows that G is a topological group if S has Property
JP or Property J. In the following we give a more general condition
under which G is a topological group.

DEFINITION 3.2. The topological semigroup S is group liftable if
and only if given a convergent net p(aa, ba) —> p(α, 6) in G there exist
a subnet {(aβ, bβ)} of {(αα, ba)} and nets {αj}, {6̂ } such that {(a'β1 b'β)}
converges to (x, y) in S x S with a δ = ya and such that αjδ^ = b'βaβ

for each /9.

A continuous surjection /: X —> Y of topological spaces X and Y"
will be called a decomposition map if Y has the quotient topology
relative to /, i.e., a subset U of Y" is open if and only if f~\U) is
open in X.

THEOREM 3.3. If S is group liftable, then the group of quotients
G of S is a topological group.

Proof. Let m, m x m, m* be the binary operations in S, S x S,
(S x S)/i? = G respectively. It will be first shown that m* is con-
tinuous. To do this let B be closed in G. Let the net {(p(aa, ba)f

p{Ua, va))} converge to (p(a, 6), p(u, v)) in G x G with

(p(aay ba), p(ua, O ) G A = m*-\B)

for each #. Since S is group liftable there exist a subnet {(α ,̂ 6̂ )} of
{(α*, δ*)} and nets {a'β}, {b'β} such that {(αj, δ£)} converges to (a?, #) in
S x S with α δ = 3/α and such that aβbβ = b'βaβ for each β. Also by
the group liftability of S there exist a subnet {(%w vv)} of {(uβ, vβ, }
and nets « } , {i;̂ } such that {(u'v, v'v)} converges to (w, z) in S x S with
wv = 2;̂  and such that M ^ = ^'u v for each v. Then ((α', b'v), (ul, v[))
converges to ((#, ?/), (w, «)) in (S x S) x (S x S). Now (̂ ? x p)~ιA —
(p(mxm))~ιB in (SxS)x(SxS) implies that ((#, y), (w, z)) e(pxp)~ιA,
that is, (p(x, y), p(w, z)) e A. But p(x, y) = p(α, 6) and p(w, z) = p(u, v)
and so A is closed in G x G. Thus m* is continuous.
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Let h:G—*G be the operation of taking inverses in G. Define
h': S x S-+ S x S by h'(s, s') = (s', s) for (β, S ' ) G S X S. Then we have
that p/z/ = hp. Now #Λ' is continuous and hence h is continuous since
p decomposition map. Therefore G is a topological group.

COROLLARY 3.4. // S has Property F or Property J, then G is a
topological group.

Proof. Rothman [7, Lemma 1.2 and Lemma 1.4] showed that
p: S x S—>G is open. Thus S is group liftable.

EXAMPLE 3.5. Let T = [0,1/2] with ordinary multiplication and
the usual topology. Let S = {te T:t rational, t Φ 0}. S doesn't have
Property F or Property J, but S is group liftable.

The author is indebted to the referee for helpful suggestions.
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