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The purpose of this paper is to study the problem of em-
bedding a topological semigroup in a topological group. A
construction is given for a free topological semigroup generated
by a topological space. This construction is used to define a
concept called Property £ and it is shown that a 7 com-
pletely regular topological semigroup S can be embedded in a
topological group if and only if S can be embedded in a group
and S has Property E. This generalizes a result of Rothman
who considered the problem of embedding a commutative,
cancellative topological semigroup in its group of quotients,
Rothman’s results on embedding certain subsemigroups of
compact semigroups in topological groups are also generalized.

Free topological groups have been constructed and studied by a
number of people (e.g., see [4]). In this paper we give a construction
for a free topological semigroup (1.1). This construction resembles
the one in [4] for topological groups. In §2 free topological semigroups
and free topological groups are used to investigate the problem of
embedding a topological semigroup in a topological group. Rothman
[7] defined a concept called Property F and proved that Property F
is a necessary and sufficient condition for embedding a 7T, commutative,
cancellative topological semigroup in its group of quotients as an open
subset. Rothman’s result is generalized by defining Property E and
proving that a T, completely regular topological semigroup S can be
embedded in a topological group by a topological isomorphism if and
only if S can be embedded (algebraically) in a group and S has
Property K. Examples are given to illustrate the differences between
Property F and Property E. Rothman [7] also defined a concept
called Property J and showed that certain subsemigroups having
Property F or Property J of compact semigroups could be embedded
in a topological group. His results are generalized in §3 by introduc-
ing group liftable semigroups and showing that certain group liftable
subsemigroups of compact Hausdorff semigroups are embeddable in a
topological group.

A topological semigroup is a topological space with a continuous,
associative multiplication. A continuous function will be called a map.
The cardinality of a set Y will be denoted by |Y|. Let C be the
cardinality of the continuum.
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1. Free topological semigroups.

THEOREM 1.1. If X is a topological space, them there exists a
topological semigroup F(X) such that X is embedded in F(X) by a
homeomorphism and such that iof f: X—S is a map of X into a
topological semigroup S, then f can be extended to a continuous homo-
morphism f' of F(X) into S.

Proof. Let E be a collection of topological semigroups S such
that |S| < max (| X|, C), distinct members of E are not topologically
isomorphie, and each topological semigroup S’ with |S’| < max (| X|, C)
is topologically isomorphic with some Se E. Let {(S., f.)lecx consist
of all pairs (S., f.) such that S,eE and f, is a map of X into S,.
If S’ is a topological semigroup and ¢g: X — S’ is a map with |S'| <
max (| X|, C), then there is an a,e K such that S’ is topologically
isomorphic to S,, by a topological isomorphism k: S, — S’ such that
9 = hf,,. Identify (S, g) with (S., f.). Define &: X — [[.cxS. by
(Z@))a) = fu(x) for € X. We now show that ¢ is a homeomorphism.
The continuity of ¢ follows from the fact that p.”” = f, where p,:
Tlaex S: — S. is the projection into the a-th coordinate. The identity
function 7: X — X is continuous and X .is a topological semigroup with
right zero multiplication: 2y =y for #,yeX. If aeX and B is a
closed subset of X with a¢ B, then 4(a) is not in the closure of B.
Hence {f.}..x distinguishes points and closed sets. Thus < is one-to-
one and open. Identify X with #~(X). Let F(X) be the subsemigroup
of Tluex S, generated by < (X). Now let f: X— S be a map of X
into a topological semigroup S. The semigroup Sg[f(X)] generated
by f(X) has cardinality less than or equal to max (|X|, C). Thus
(Sglf(X)], f) is identified with (S., f.,) € {(Sw f)}acx for some a, e K.
Therefore f is projection into the a-th coordinate and can be extended
to a continuous homomorphism of F(X) into Sg[f(X)].

DEFINITION 1.2. The pair (F(X), ) is called the free topological
semigroup gemerated by X. (We will sometimes not mention ~ ex-
plicitly and will call F(X) the free topological semigroup generated
by X.)

ProposITION 1.3. Algebraically F(X) is the free semigroup gener-
ated by 7 (X).

Proof. Let f: X— S be a function into an algebraic semigroup
S. Give S the indiscrete topology to obtain a topological semigroup
such that f is continuous. By 1.1 there exists a continuous homo-
morphism f’: F(X) — S such that f= f'«?. By Theorem 9.4 of [1]
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we have that F(X) is the free semigroup generated by <~ (X).

REMARK 1.4. If we consider only T, semigroups in the construe-
tion of F(X), then F(X) is T. and the map extension property holds
for T, semigroups.

ProprosITION 1.5. Ewvery topological semigroup S is an algebraic
quotient semigroup of a free topological semigroup such that the
natural projection homomorphism s continuous.

Proof. Let 7:S— S be the identity function. By 1.1 ¢ can be
extended to a continuous homomorphism i’ of F(S) onto S. Let R be
the congruence relation associated with +. We have that F(S)/R is
algebraically isomorphic to S and the natural projection p: F(S)
F(S)/R is continuous.

If the map ¢ in the proof of 1.5 is open, then F(S)/R is a to-
pological semigroup and is topologically isomorphic to S.

2. Embedding topological semigroups in topological groups.
It is a well-known algebraic result that a commutative, cancellative
semigroup can be embedded in a group (called the group of quotients
or the group generated by the semigroup). In [7] Rothman considers
the problem of embedding (by a topological isomorphism) a commuta-
tive, cancellative T, topological semigroup in its group of quotients
(furnished with the quotient topology) as an open subset. Rothman
defines the following concept and proves that it is a necessary and
sufficient condition for the solution of his embedding problem.

DEFINITION 2.1. A topological semigroup S has Property F if and
only if x, ye S and V an open subset of S containing = imply there
exists an open set W with ye W such that zye, .» V¥ and
Y2 € Ny enwy' V.

In the following we generalize Rothman’s problem and solution
by finding necessary and sufficient conditions for a 7T, completely re-
gular topological semigroup to be embedded in a topological group by
a topological isomorphism. Free topological semigroups and free to-
pological groups are important tools for investigating this problem.

Let Z, be the two element semigroup {+1, —1} with binary opera-
tion defined by (+1)(—1) = (—=1)(+1) = (+1)(+1) = (=1)(-1) =
For a positive integer ¢ let Z(1) = {1, 2, .-, 1}.

Let S be a semigroup and A a directed set. If for each ac A4
we have a finite sequence S, So,i0 **°s Sair@n OF 7(a, 7) many ele-



346 FRANCIS T. CHRISTOPH, JR.

ments in S for 1 =1, 2, ---, n(a) where n(a) depends on ac€ A4, r(a, 1)
depends on ¢ and on %, then let

8(0“; 7:3 7.) = {Sa,i,ly Sa,ier 00y Sa,i,r(a,i)}

for a e A, i e Z(n(a)). The collection {s(a, i, 7): a € A, 1 € Z(n(a))} will be
called a f-sequence in S. If {s(a, 1, r):ac A, 1< Z(n(a))} is a f~sequence
in S and {d(a, 1, ¥): a € A, i e Z(n(a))} is a f-sequence in Z,, then the pair

({s(a, 7, r): a € A, 1€ Z(n(a))}, {d(a, i, r): a € A, 1 € Z(n(a))})
will be called a signed f-sequence and will be denoted by
{(s(a, 3, 7), d°): a € A, i € Z(n(a))} .
If {(s(a, i, r), d°): a € A, i€ Z(n(a))},
{t(a, 1, 9), d):ae A, i€ Z(n(a))}, - -, {ula, i, p), d*: a € A, i € Z(n(a))}

is a finite collection of signed f-sequences in S with 4 ranging over
the same set Z(n(a)) for each ac A in each f-sequence, then this col-
lection of f-sequences will be denoted more briefly by

{s(a, 1, 1), t(a, 2, 3), *+ -, u(a, 1, p): a € A, i€ Z(n(a))} .

For the remainder of §2 let S be a T, completely regular topological
semigroup and let {(S., f.)}.cx be the collection given in the proof of
1.1 which corresponds to the free topological semigroup F'(S) generated
by S. Let ¢ be the evaluation map corresponding to K, i.e., e':
S— Tlaex S. is defined by (¢'(s))(@) = f.(s) for s€S. In a similar
manner we can also obtain a collection {(G;, k;)}sep, G @ topological
group for each 6 € D = D(S) by replacing “semigroup” by “group” in
the construction of the proof of 1.1. In Theorem 8.8 of [3] this last
collection is used to construct a free topological group (G(S), ¢) gener-
ated by S where ¢ is the evaluation corresponding to D. If {s(a, %, 7), d°):
ac A, e Z(n{a))} is a signed f-sequence in S, then let

e(S(CL, 7:’ ’I"), ds) = (e(sa,i,l))da’i’l(e(sa,iﬂ))da'i’z * '(6<Sa,i,r(a,i)))da’i’”u’i) .

Property E is defined below in 2.2. This concept plays the role
of Rothman’s Property F in our investigation. Property FE is best
understood by examining it in the framework of the proof of 2.4
below. It is interesting to compare Property FE with Malcev's [5]
necessary and sufficient conditions for embedding a semigroup in a

group.

DEFINITION 2.2. The topological semigroup S has Property E if
and only if the existence of a directed set A, signed f-sequences
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{(s(a, 2, 7), &), (a, 1, J), &), (¢(a, 1, 5), A¥), (w(a, ¢, m), d*),
w(a,z, m),d") . ac A, ic Z(na) + 1)},
f-sequences
{v(a, i, p):ac A, 1€ Z(n(a) + 1)}, {v(a, 1, p):ac A, 1€ Z(n(a) + 1)},

a net {s,,ac A} in S, and se S such that (1)-(4), (6)-(7) below hold
for each ac A, i€ Z(n(a) + 1) and such that (5) below holds for each
ac€ A, ie Z(n(a)) imply that ks(s,) — k;(s) for each 6 e D = D(S).

(1) VariniVariz *** Varivptari) = Va,inVarivz ** *Vayivp’ (@ri) s
(2) e(va,ivl)e(va,i,z) e e(/va,i,p(a,i)) = e(u(a'y rl:y m)y du) ’
(3) 6(’0;,,;,1)6(’0;,4;,2) e e(v:z,i.p’(a,i)) = e(u’(a/) 7:y m,)y du’) ’

(4)  els(a, 1, 7), @) = e(t(a, 1, J), d)e(u(a, ¢, m), d")e(t'(a, ¢, §'), d") ,
(5) e(s(a,t+1,r), d°)=e(t(a, 1, j),vd’)e(u’(a, 1, m'), d*)e(t' (a, %, 77), d*') ,

(6) e(s.) = e(t(a, n(a) + 1, 5), de(w'(a, n(a) + 1, m), d*)
x e(t'(a, n(a) + 1, ), d") ,

(7) K3(Sa,1,)™ Hos(Sa,1,0) 0" = o0

ks(Sa1,ran)t @Y —— ki(s) for each 6e D .

If M is a semigroup and R is a relation on M (i.e., a subset of
M x M), then the congruence R' on M generated by R [1] is the
intersection of all congruences on M containing R. In Theorem 1.8
of [1] there is an explicit description of R’ in terms of R as follows.
Let R, = RUR'U4 where R™' is the relation on M defined by
(m,, m,) e R~ for m,, mye M if and only if (m, m,) € R and 4 is the
equality relation defined by (m,, m,) €4 if and only if m, = m,c M.
For m,, m,e M define the relation R, on M by (m,, m,) € R, if and only
if there exist ¢, ¢, ¢, c,€ M such that m, = ccc,, my, = cic¢,, and
(¢, ¢;) € R,. Finally, define R’ by (m,, m, e R for m, m,e M if and
only if there exist w,, w,, «+-, w, € M such that (m, w), (w, w,), ---,
(W,_1, w,), (w,, m,) € R,., This explicit description of the congruence
generated by a relation will be used in the proof of Theorem 2.4 below.

The following algebraic result may be found in [1, p. 294].

THEOREM 2.3. Let M be a semigroup, P a set of genmerators of
M, and ip,: P— M the inclusion function. Let (T, f) be a free semi-
group on P and (G, k) a free group on P. Let w: T— G be the homo-
morphism such that wf =k and q: T— M the homomorphism such
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that qf = ip. Set R = w'oqoqow and let B be the congruence on
G generated by R. If »: M— G/R' is the homomorphism such that
Ny = prk where pp:G— G/R' is the projection, then M can be em-
bedded im a group if and only if N 1s an embedding.

We now have our main theorem.

THEOREM 2.4. The topological semigroup S can be embedded in
a topological group by a topological isomorphism if and only if S
can be embedded (algebraically) in a group and S has Property E.

Proof. Assume S can be embedded (algebraically) in a group and
S has Property E. Let (F(S),¢) be the free topological semigroup
generated by S constructed in 1.1. Note that S is embedded topologi-
cally in F(S) by ¢’. Let (G(S), ¢) be the free topological group gener-
ated by S. We have that S is embedded topologically in G(S) by e
and that G = G(S) is algebraically the free group generated by S. Let
452 S— S be the identity function on S. By 1.1 there exist continuous
homeomorphisms ¢: F(S)— S and w: F(S) — G such that g¢’ = 15 and
we —e¢. Let R=w"oqgoq'ow, R the congruence generated by R,
and p.:G— G/R' the natural projection. We have that F(S) is
algebraically free by 1.3. It follows from discrete semigroup theory
(see [1, p. 294]) that prpe: S— G/R’ is a one-to-one homomorphism into
G/R', a topological group. Now ppe is continuous since both ¢ and
PDn, are continuous. To show that ppe: S— pe(S) is open, let z,— =
be a convergent net in p;e(S). Note that p is open and hence there
exists a subnet {x,, a € 4} of {x,} and a net {g,, a € A} converging to ¢
in G such that g = e(p,, e) ™', pa(g9,) = x, for each ac A, and (g,
e(ppe)—z,) € R for each ac A. In the definition of Property FE let
s=¢'(g) and s, = (pr, €)"'x, for each a € A. Notice that R=RURU 4.
Define a relation R, on G by (2, 2,)¢€ R, for z,2,€G if and only if
there exist z!, 2}, 21, 2, € G such that z, = zizizi, 2, = 2izizi, and (2], z)) ¢ R.
Since (g,, ¢(s,)) € B’ for each ae A, there exist g, = ¢.,., Jooy ** *» TJarniars
Jomws: It G for each ae A such that

(1&) (ga,n ga,z)y (ga,zr ga,B)a cty (gz,n(alv ga,n(a)-%})y (ga,n(a)'l-*ly 6(311)) € R2

for each ac A. There exists a signed f-sequence {{(s(a, i, ), d°): a € A,
¢ € Z(n(a)+1)} in S such that g, ;=e(s(a, ¢, 7), d°) fora e A, i € Z(n(a)+1).
Since (1*) above holds for each ac A there exist signed f-sequences
{(ta, t, 7), A, (t'(a, %, 5), d"), (u(a, T, m), d"),
W' (a, 1, m'), d*): a € A, 1€ Z(n(a) + 1)}

such that
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4) e(s(a, t, 1), d°) = e(t(a, ¢, j), d)e(u(a, ¢, m), d“)e(t'(a, ¢, 7'), d¥')
for ac A and 7¢e Z(n(a) + 1),

(5) e(sa, i+ 1,7),d) = e(t(a, 5, 5), de(w(a, i, m), d*)e(t'(a, i, §'), d*)
for ac A and e Z(n(a)) ,

6") e(s,) = e(t(a, n(a) + 1, 5), d)e(/(a, n(a) + 1, m'), d*')
e(t'(a, n(a) + 1,7),d") for ac A,

and such that
2%  (e(u(a, ¢, m), d*), e(uw'(a, i, m’), d*)) e R,ac A, 1€ Z(n(a) + 1) .
Equation (2*) implies there are f-sequences

{(v(a, 1, p):ac A, i€ Z(n(a) + 1)} and {v(a, 7, p): a € A, i€ Z(n(a) + 1)}
in S such that (1'), (2), and (3’) below hold for a € A and 7 € Z(n(a) + 1).

1 Va,inVarivz *** Varivptwi) = VainVariz *** Varivp' @i 1
(2,) e(va,i,l)e(lva,i,z) e e(va,i,p(a,i)) = e(u(a‘s ,iy m)! du) ’
(3" e(v,:,0€(Vii0) ** * €(Ve,i,p000) = €' (a, 1, m'), d¥) .

Since g, — ¢ it follows that

k&(sa,l,l)dz'l’lkﬁ(sa,1,2)dz’1’2

()

Es(Sa1,r0,) 1@ — ky(s) for each deD .
We can now apply Property E using (1')-(7) to obtain that
ks(ss) = ks(pr€) ™%, — ks(s) = ks(e7'(g))

for each de D. This means that e(s,)—¢ = e(s) in G and hence in
¢(S). But e is a homeomorphism and so s,—s in S. Note that

Pr(€(8.)) = Pr(ga) = 2.

for each ac A. Thus
(pr€) ¢, — (Pre)~'® .

It follows that ppe is open and hence a topological isomorphism.
Now assume S can be embedded in a topological group H by a
topological isomorphism +: S— H. Let H’ be the group generated
by +(S). As in the first part of the theorem we obtain maps
q: F(S) — S and w: F(S) — G(S) = S such that ¢¢’ = i and we' = e.
Again we let R = w'oqoq'ow, R’ the congruence on G generated
by R and pz:G — G/R’ the natural projection. There exists a con-
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tinuous homeomorphism 7: G — H’ such that ne = 4 since G is the free
topological group generated by S. Now we have that R’ & R, = the
congruence induced by 7. (This last fact is easily shown to be true
by an argument similar to the one in [1, p. 291].) There exists a
continuous homeomorphism ¢: G/R'— H’ such that » = @pg. Hence
Y = Ne = ppy.e and pye is one-to-one since 4 is one-to-one. Also, pre is
clearly continuous. Using the fact that + is open we can show that
pre is open by the following argument. Let U be open in S. Then
P(U) is open in 4(S) and hence y(U) = VN+(S) where V is open in
H'. Now

pre(U) = o7'y(U) N pre(S) = @ (VN ¥(S)) N pre(S)
= (V)N ¥ (S) N pre(S) = o7 (V) N pre(S)

which is open in ppe(S). Thus pre: S— ppe(S) is open. To show
that S has Property E assume there exist a directed set A, signed
f-sequences

{(s(a, 1, 1)), (t(a, 1, J), dY), (¢'(a, %, "), @), (u(a, 1, m), d¥),
W' (a, 1, m'), d*): ac A, 1€ Z(n(a) + 1)},
f-sequences
{v(a, 2, p):ac A, 1€ Z(n(a) + 1)}, {v(a, 1, p):ac A, i€ Z(n(a) + 1)},
a net {s,,ac A} in S, and se S such that (1)-(4), (6)-(7) in Definition
2.2 hold for each ac A, ic Z(n(a) + 1) and such that (5) in Definition

2.2 holds for each ac A, ie Z(n(a)). Condition (7) in Definition 2.2
implies that

g(a) = 6(8((1, 1, ’I'), ds) - 6(8)

in G. Hence pz(9.) — pre(s). Let R, be the congruence defined on
G in the first part of the proof. Equations (1), (2), and (3) in Defini-
tion 2.2 imply that

(e(u(a, i, m), d*), (e(w'(a, i, m), d*)) € B

for each ae A and i¢ Z(n(e) +1). Equations (4), (5), and (6) in
Definition 2.2 imply that

(e(s(a, 7, 7)d"), e(s(a, © + 1, 1), d%) € R,
for each ac A and i e Z(n(a)) and that
(e(s(a, n(@) + 1, 7), d"), e(s.)) € R, .

Thus
(e(s(a, 1, 1)), &°), €(s,)) = (9ay €(S.)) € B
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for each ac A. This means that p.(g.) = pre(s.) and hence
Dr€(8.) — Pre(s) «

We have already shown that ppe is a topological isomorphism and
hence s,—s in S. Continuity of e implies that e(s,) — e(s) in G, i.e.,
ks(s,) — ks(s) for each 6 e D. Thus S has Property FE.

COROLLARY 2.5. The completely regular topological semigroup S
can be embedded in a topological group if and only if S can be em-
bedded in G/R' by pge.

COROLLARY 2.6. If N is a commutative, cancellative Hausdorff
topological semigroup with Property F, them N has Property E.

Proof. By Theorem 2.1 of [7] and its proof N can be embedded
in its group of quotients and N is completely regular.

ExampLE 2.7. Let S be the positive reals with the Ruclidean
topology. Then S is embeddable as an open subset of the reals and
hence has both Property F' and Property E.

ExamMPLE 2.8. Let S be the reals with the half open interval
topology. Then S is embeddable algebraically in a group but not
embeddable in any topological group since if S were embeddable in
some topological group G, then the image would be a subgroup of G
and hence S would be a topological group. Thus S doesn’t have
Property E and hence doesn’t have Property F by 2.6.

ExampPLE 2.9. Let S be the nonnegative reals with the Euclidean
topology. Then S can be embedded in R, the reals with the Euclidean
topology and hence S has Property E. Now R is the group of quo-
tients of S and hence S doesn’t have Property F' since S is not open
in R.

ExampLE 2.10. If S is a completely regular topological semigroup
such that the embedded image of S in its free topological group is
open, then S has Property E since then p,e is open in the proof of 2.4.

3. Subsemigroups of compact semigroups. In this section S
will be a commutative, cancellative, subsemigroup of a compact
Hausdorff semigroup 7T such that if seS,teT and steS, then
teS. Construct the group of quotients G of S in the usual fashion:
define a congruence relation R on S x S by ((a,b),(c,d)e R if
and only if ad =bc. Let G = (S x S)/R and p: S x S— G be the
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natural projection. For a, any element of S, define p:S— G by
P(s) = p(sa, ). Rothman [7, Th. 3.1] shows that the mapping P is
a homeomorphism into G. Thus S is embeddable in a topological
group by a topological isomorphism if G is a topological group.
Rothman defines the following concept.

DEFINITION 3.1. A semigroup M has Property J if x, y € M, with
x =% ¥, imply there is an a € M such that 2 = ay or ¥y = ax.

Rothman shows that G is a topological group if S has Property
F or Property J. In the following we give a more general condition
under which G is a topological group.

DEFINITION 3.2. The topological semigroup S is group liftable if
and only if given a convergent net o(a,, b.) — p(a, ) in G there exist
a subnet {(as bs)} of {(a., b,)} and nets {a;}, {bi} such that {(a}, b;)}
converges to (x,y) in S X S with «b = ya and such that ajb, = bja,
for each 8.

A continuous surjection f: X— Y of topological spaces X and Y
will be called a decomposition map if Y has the quotient topology
relative to f, i.e., a subset U of Y is open if and only if f~4(U) is
open in X.

THEOREM 3.3. If S is group liftable, then the group of quotients
G of S is a topological group.

Proof. Let m, m x m, m* be the binary operations in S, S x S,
(S x S)/R = G respectively. It will be first shown that m* is con-
tinuous. To do this let B be closed in G. Let the net {(p(a., b.),
o(u,, v,))} converge to (p(a, b), p(u, v)) iIn G X G with

(P(@ar 0o, P(they V) € A = m*~'(B)

for each a. Since S is group liftable there exist a subnet {(a;, b;)} of
{(a,, b.)} and nets {a;}, {b7} such that {(a}, b})} converges to (x, %) in
S x S with b = ya and such that a}b, = bsa, for each B. Also by
the group liftability of S there exist a subnet {(u,, v,)} of {(u; v, }
and nets {u}}, {v.} such that {(u], v))} converges to (w, 2) in S x S with
wv = zu and such that w/v, = viu, for each v. Then ((al, b)), (w., v}))
converges to ((z, ¥), (w,2)) in (S x S) x (S x S). Now (p X p)4 =
(p(m x m))™'B in (SxS) x (Sx S) implies that ((x, ¥), (w, #)) € (p x )4,
that is, (p(z, ¥), p(w, 2)) € A. But p(z, y) = p(a, b) and p(w, 2) = (U, v)
and so A is closed in G X G. Thus m* is continuous.
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Let h: G — G be the operation of taking inverses in G. Define
:S xS—8 xS by h'(s,s') = (s, s) for (s,s')e S x S. Then we have
that ph' = hp. Now ph' is continuous and hence % is continuous since
p decomposition map. Therefore G is a topological group.

COROLLARY 3.4. If S has Property F or Property J, then G is a
topological group.

Proof. Rothman [7, Lemma 1.2 and Lemma 1.4] showed that
p:S x S— G is open. Thus S is group liftable.

ExamMPLE 3.5. Let T = [0,1/2] with ordinary multiplication and
the usual topology. Let S = {te T:t rational, ¢ # 0}. S doesn’t have
Property F' or Property .J, but S is group liftable.

The author is indebted to the referee for helpful suggestions.
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