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Let K/k be a finite galois extension of number fields, S
a finite set of primes of K, and @ a set of intermediate fields.
We assume that S and @ are closed under the action of
G(K/k) and that S contains all the archimedean primes.
This paper determines conditions under which the S-units of
fields of @ ‘‘almost generate’”’ those of K (i.e., generate a
subgroup of finite index).

Let U be the S-units of K and U’ the subgroup generated by
S-units of fields in @. For any subgroup, H, of G, let x5 be the
character of G induced by the trivial character on H and let M, be
the corresponding C[G]-module.

THEOREM 1. U/U’ s finite if and only if every irreducible C[G]-
module, M, which occurs in some My, BeS also occurs in some
M; ., Fe®. (Here H(PB) denotes the splitting group of the prime P
and J(F') the group of automorphisms fixing the elements of F).

Proof. U/U’ is finiteif and only if UR C = U’ ® C. But we know
the structure of U® C (see, e.g., p. 10 of [1]). If @ is the sum,
over all conjugacy classes of primes of S, of y,m, and N=UXRC
then the character of N is 6 — y,. Hence, except for components
with character y,, the components of N are those and only those
which occur in some My, e S.

Now U’ is generated by those elements which are invariant under
some J(F'), Fe ®. So U/U’ is finite if and only if N is generated by
such elements, which of course is the case if and only if each irre-
ducible component is so generated. Such a component, N’, is so
generated if and only if it has a nontrivial element fixed by some
J(F). By Frobenius reciprocity this is equivalent to saying that N’
occurs in some M, .

COROLLARY 1. If for every Be S there is an Fe @ such that B
does not split at all from F to K then U/U’ is finite.

Proof. In this case each H(Y) contains some J(F').

2. In this section we suppose that every irreducible character
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of G occurs in some Myg,, BeS (for example, if ¥ has a complex
prime or K has a real one.)

COROLLARY 2. Let @ be the set of all proper subextensions. Then
U/U’ is infinite of and only if G admits a fixed point free (complex)
representation (i.e., one in which only the identity has eigenvalue 1).

Proof. Clear.

REMARK. Groups admitting such a representation are fairly
special, the only familiar ones being the cyclic groups, certain meta-
cyclic groups, and SL(2,5). A complete classification is given in [3].

COROLLARY 3. Let G be abelian and let @ consist of cyclic sub-
extensions. Then UJ/U’ is finite if and only if every maximal cyclic
subextension belongs to @.

Proof. Clear.

THEOREM 2. The S-units if K of degree <m over k generate a
subgroup of finite index wn U if and only if every irreducible (com-
plex) representation of G factors through a transitive permutation
representation on at most m symbols.

Proof. We let @ be the set of all intermediate fields of degree
m. Then the first condition is equivalent to the finiteness of U/U’,
which is equivalent to the occurrence of each irreducible representation
of G in some M, ;,, Fc ®.

Now the representation afforded by M, factors through the
action of G on cosets of J(F') by translation, hence any component
of it factors through permutations on [G: J(F')] = [F": k] < m elements.
Conversely if a representation @ factors through a transitive repre-
sentation on a set 2, |2| < m, let JCG be the stabilizer of a point
of 2. Then the action on 2 is equivalent to translation of the cosets
of J, which gives rise to the character y,. Since @, restricted to J,
has a fixed point, @ occurs in %, by Frobenius reciprocity. Clearly
the field F, corresponding to J, has degree [G:J] < m.

REMARK. For m = 2, 3,4 (but not higher) the above condition is
easily seen to be equivalent to the assertion that every irreducible
representation factors through S,.

Since explicit algorithms are available for finding units (in fact
fundamental units) in quadratic and cubic extensions of @ (see [2])
we mention the following example.
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THEOREM 3. The S-units of degrees 2 and 3 over k “almost
generate” the S-units of K if and only if G is of one of the following
forms:

(1) G abelian of exponent 2 or 3

(2) G has an abelian subgroup, A of exponent 3 such that A
is of index 2 and G/A acts on A by inversion.

Proof. It is easy to check that all irreducible representations of
groups of the above forms factor through S,. Conversely suppose all
the irreducible representations of G factor through S,. Then the
same is true of quotients of G, and, by Frobenius reciprocity, of
subgroups. In particular all elements are of orders 1, 2 or 3. This
takes care of the abelian case.

If G is not abelian, let @ be any irreducible representation of G’.
If 4 is an irreducible component of the induced representation of G
then the restriction of + to G’ contains @ by Frobenius reciprocity.
Since +» factors through S,, @ factors through S;. Hence G’ is abelian
of exponent 3. Since G/G’ is abelian it is abelian of exponent 2 or
3. If it is a 3-group, so is G, but then, since all irreducible repre-
sentations of G factor through the 3-Sylow subgroup of S,, G itself
would be abelian. Hence G/G’ is of exponent 2. The action of G/G’ on
G’ gives an ordinary representation of G/G’, which can be diagonalized.
If G/G’ had more than one generator some element of order 2 would
commute with an element of order 3, giving an element of order 6
which is impossible. Hence G/G' = Z/2Z and the action on G’ is
inversion.

REFERENCES

1. E. Artin and J. Tate, Class field theory, Benjamin, 1968.

2. B.N. Delone and D. K. Faddeev, The theory of irrationalities of the third degree,
Amer. Math. Soc. Trans. of Math. Mono., Vol. 10.

3. J.A. Wolf, Spaces of constant curvature, McGraw-Hill, 1967.

Received February 10, 1969.

B0sTON COLLEGE






PACIFIC JOURNAL OF MATHEMATICS

EDITORS

H. SAMELSON J. DUGUNDJI
Stanford University Department of Mathematics
Stanford, California 94305 University of Southern California

Los Angeles, California 90007
RICHARD PIERCE RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLE K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY TRW SYSTEMS

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL WEAPONS CENTER

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pactific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Under-
line Greek letters in red, German in green, and script in blue. The first paragraph or two
must be capable of being used separately as a synopsis of the entire paper. The editorial
“we” must not be used in the synopsis, and items of the bibliograrhy should not be cited
there unless absolutely necessary, in which case they must be identified by author and Journal,
rather than by item number. Manuscripts, in duplicate if possible, may be sent to any one of
the four editors. Please classify according to the scheme of Math. Rev. Index to Vol. 39. All
other communications to the editors should be addressed to the managing editor, Richard Arens,
University of California, Los Angeles, California, 90024.

50 reprints are provided free for each article; additional copies may be obtained at cost in

multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the
price per volume (8 numbers) is $8.00; single issues, $3.00. Special price for current issues to
individual faculty members of supporting institutions and to individual members of the American
Mathematical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17,
Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.



Pacific Journal of Mathematics

Vol. 34, No. 3 July, 1970

Richard Hindman Bouldin, The peturbation of the singular spectrum . . . ... 569
Hugh D. Brunk and Sgren Glud Johansen, A generalized Radon-Nikodym

deriVative ... ...... ... e 585
Henry Werner Davis, F. J. Murray and J. K. Weber, Families of L ,-spaces

with inductive and projective topologies . ........................ ... 619
Esmond Ernest Devun, Special semigroups on the two-cell ................ 639
Murray Eisenberg and James Howard Hedlund, Expansive automorphisms

Of Banach spaces . ........... ... .. 647
Frances F. Gulick, Actions of functions in Banach algebras................ 657
Douglas Harris, Regular-closed spaces and proximities . .................. 675
Norman Lloyd Johnson, Derivable semi-translation planes ............... 687
Donald E. Knuth, Permutations, matrices, and generalized Young

1ableaux . . ... ... 709
Herbert Frederick Kreimer, Jr., On the Galois theory of separable

algebras. ... ... .. 729
You-Feng Lin and David Alon Rose, Ascoli’s theorem for spaces of

MUILIFURCTIONS ..ttt e e et 741
David London, Rearrangement inequalities involving convex functions . . . .. 749

Louis Pigno, A multiplier theorem .............. . ... . cciiiiiiiiiaio...
Helga Schirmer, Coincidences and fixed points of multifu

Richard A. Scoville, Some measure algebras on the intege
Ralph Edwin Showalter, Local regularity of solutions of S
partial differential equations ......................
Allan John Sieradski, Twisted self-homotopy equivalences
John H. Smith, On S-units almost generated by S-units of
Masamichi Takesaki, Algebraic equivalence of locally no
FEPTESONIALIONS . . . ettt e ee e
Joseph Earl Valentine, An analogue of Ptolemy’s theorem
hyperbolic geometry............ccciiiiiiiio...
David Lawrence Winter, Solvability of certain p-solvable
finiteorder .......... .. . ... e,




	
	
	

