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Let G be an abelian group. A set Sc< G is a stellar set
if mx e S implies %, 2z, -+, mxcS. Let p* be a fixed prime
power, It is shown that if SN p*G = @, G satisfies a mild
condition, and S intersects all the subgroups K of index
G:K = p%, then the cardinality of S is bounded below by
p* + p*t. This bound is the best possible, The problem is
reduced to solving a number of congruence relations

'{lxl+22x2 + e +;~nxn = 0(1’“)

with lattice points (xi, %2, -+, x,) in a stellar set S in Eu-
clidean n-space, This in turn leads to an interesting result
on congruence classes of subgroups and points which tells
something about the solution in integers of the above con-
gruence relation.

G. K. White [3] has shown that if G is an abelian group with-
out elements of order p°, 1 < p? < p%, and S is a stellar set as above,
then

[S|=Zp*+p if a>2
[Sizp+1 ifa=1.

(| S| is the cardinal number of the set S.)
‘We improve this to get

THEOREM 1. Suppose p* is fized, G is an abelian group with-
out elements of order p°,1 < p? < p* and S is a stellar set satisfying
SN pG=@ which intersects all the subgroups K of index
G: K =90 Then

|S|2pa+pa—1.

J. W. S. Cassels [1] has shown that if a stellar set S intersects all
the subgroups of index < m in an abelian group without elements
of finite order than |S|=m. Our result is an improvement for
m = p°.

Let g.c.d. (a, -++,a;) denote the greatest common divisor of
@,y ++ya;. Let V, denote the Cartesian product of n» =1 copies of
Z,«, the residue class ring modulo p*. Let /4, denote the free abelian
group of rank n. An n-tuple (in 4, or in V,) is said to be p-primitive
if p does not divide at least one coefficient of the n-tuple. An integer
x is said to be p-prime if g.e.d. (p,z) = 1. Let VJ denote the set
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of those p-primitive elements of V, whose first p-prime coefficient is 1.
If = (xl’ "‘,x”)er and = [>\’15 "'!kn]e V;

the dot product is » -2 =Nz, + -+ + N, ,. DBecause of the one-to-
one correspondence between nec V' and the subgroup

{z|lewed, and X - 2 = 0(p9}

of index p* in A, we may identify the two. Thus we write ze\ to
mean - 2 = 0 (p%).
By the same reasoning as in [3], Theorem 1 follows from

THEOREM 2. Suppose that for fixed p* m = 2 every congruence
Mo =0(p9, ve VE has a solution © in a stellar set S satisfying
SN pdy=@. Then |S|=p*+ p~.

C. A. Rogers [2] has proved Theorem 2 for the case a=1. Two
n-tuples N and g are said to be congruent modulo p if each com-
ponent of A\ is congruent modulo p" to the corresponding component
of #. If » and ¢ are p-primitive elements of 4, and ) # kp(p) for
all p-prime k then

{xleedyand -2 =0(p*") and -2z =0(p)}

is a subgroup of index p® in 4,, so for a =2 there are many more
subgroups of index p* in 4, than those we are considering in
Theorem 2. In order to prove Theorem 2 we need a result on con-
gruence classes of subgroups and points which has some interest in
its own right. If y is a p-primitive element in a stellar set 7 in 4,
let

Ty ={meeT|x=y{p and m =1,2,8, ...},

Then T (y) is also stellar and we say T(y) is a p-class of points of
T.

THEOREM 3. Suppose that « = v =2, n=3 and \Ne Vi are
fized. If for each X\ such that = \(p) and xe V} the congruence
Nex=0(p") has a solution xeT where T is a stellar subset of 4,
satisfying T N p*d, = @& then either (i) all the congruences have a
solution in a p-class T (x") of points of T for some x°c T and

I Tz T@E) zp™

or (i) |T| =z p~ + max (| T (x)|, p?) for all xc T.

2. Lemmas. Theorem 3 is proved by induction. We need two
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lemmas for the inductive step and one for the case v = 2. Assume
a=v. Let pe V} and define

4(p) = Mr=p@T) ={g a7l == pC VI

Then A N4,_,p)=0 if p#£v @)

A () D 4,_,(v) if pg=v@7).
Thus
(*) A;(p) = U{dis(pe + ¢ p* )| 1 S i S 2}

Since each /4,(y) is a set of A€ V' and each A can be regarded
as a set of xc 4, the x are in some sense “second level” elements
of 4,(¢). We write = 4,(zt) if x e for some ) € 4,(y).

Suppose C is a family of 4,(¢). We define ordered pairs

A(C, ©) = {4() | 4,(¢9) € C and © = 4,(1)}
B(4,(#), ») = {AM [ M e 4,() and wer}
B(4,(19, T) = U B(d(t), o) .
We say T covers A, (y) if and only if B(4,(¢), T) = 4,(p).

We wish to cover 4,(\°). Without loss generality take
A =11,0,---,0] and let 4, = 4,(\°). Now z = 4, if and only if

Aoz =(A 4 p\) -2 =0(p%
for some
A DTN = [, N T, e, N, DY) €4,
This implies
A° - = w, p*7 (%) for some w,
w,+ N x=0()
1) w, + 3w = 0(p) -
Thus T covers 4, if and only if the congruence (1) is satisfied for all

[1, Xy + -+, N,] by points (p*7 w,, %, --+,2,) € T. By (*) we may write
(1) as

@) w, + 3 (¢ + vip) @ = 0 ()

and T covers 4, ,(\° + ¢’ p*7) if and only if (2) is satisfied for all
y;. To simplify notation let A(y') = 4,_,(\° + ¢’ p*).

Since \° = [1,0, - -+, 0] implies 2° = 0 (p), (x5, p) =1

for some k >1, without loss of generality take k=%, «% =1 and
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a suitable coordinate transformation will take «° into (0, --+, 0,1) but
leave A° =[1,0, +-+, 0] fixed. Thus we shall work with

Te=T(,--+,0,1) = T(x"
/17 = /ly([l, 0, -+, 0])

but our results hold for all T'(x) and 4,(#). Now xe T, and x = 4,
implies

n—1

3) w1+p.§(y2+vz-p)+y;+vnp50(p’)
so x€ T, and = = A(g) if and only if

“4) w, + ¢, = 0(p) .

Because of (4) we can define subsets T, of T, which are in
A(y). At the same time we define families of congruence classes
A(p') < 4, which we shall need for the lemmas. In the following
c = 1, seey, D

T,={maxe Tyl = (cp7 + &, p* 7 TyPy ++ s Ty Dy 1),

2; modp~t m=1,2,...}

M, = {A(¢) c 4; | s + ¢ = 0 (p)}

Q = {M,|BA(), Ty) = A(¢') for some A(y') e M.}

R ={M,|M,¢Q}

Q= Uu{d)e M| M cQ}

R = u{d(p)e M.| M, e R’}

P =QUR = {A(¢) C 4;}

T,c 4,; M, is a collection of classes A(y'), ete.
Notice that if A(¢')e R then B(4A(y), T.)# A(¢), but the converse
is not necessarily true. "Also T, is the disjoint union

(I

P
T.=UT.

and P is the disjoint union of @ and R. Hereafter suppose

| Ty <"
and
0,0,:-4,00¢ T, .

LEMMA 1. (a) If g, = -c (p) then B(A(y), T,) = &.
(b) If T, covers a A(y') then
| T,|Zp " and ¢ + ¢, =0(p) .

(c) If the A(y') covered are from o distinct M,, (0 < = |Q'| < p)
then
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[Tz p
IQ‘ len—Z
and
) |R|=p" — s p**.

Proof. (a) follows from (4).
(b) Define a set V,, not stellar, by

V,={pyeT,|if p*ye T, then b < B, y p-primitive} .
Then
] Tc[ 2 Z pﬁ a‘nd B(A(#,)i Tc) = B(A(#’)’ Vc) .

pPyeVe

Let
a = pi=P"? = | B(A(¢/), x| for any p-primitive x x A(z') .

Tz 3 = X 'B(A‘”;)’p‘gy)’ = L 1Buge), v

pﬂerc pﬁyevc
- 1 A —_ 1 4 —_ 7—1
= —|BA(), To)| = — | A¢)| = p".
a a

(¢) By (a) and (b), | Tx| =< p~'. Since | M,| = p",
Q] =~7sp"".
Because P is the disjoint union of @ and R, and
Pl =p
we have
|[RB|=p"" =2
This completes the proof of Lemma 1.

Of course T\ T, denotes {xe T |x¢ T,}.

LEMMA 2. (a) |A(P, )| =p"* for any xeT. If xeT\T,,
ye T, then

(o) [AP,2) N AP, y)| =p" and

(c) the number of A(¢)e R with x x A(y) is

(6) | AR, 2)| = p** — s p" % 7= | Q'] .

Proof. (a) If xeT and x * A, then (x5 +--,2,, p) =1 implies
there are p™—* choices for g4, «--, 14,

(b) follows from the fact that x == ¥ (p) and 4, is fixed.

(¢) IfyeT, thenye T, for a unique ¢. By Lemma 1(a) A(P, y) =
A(M,;, y) © M, and counting shows A(P,y) = M,. Now it is easy to
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see that | A(Q, x)| = ~ p** Since P is the disjoint union of @ and
R, AR, x)| = | AP, x)| — | AQ, )| = p"* — « p"°. This completes
the proof of Lemma 2.

In Theorem 8 if v =2,1° =[1,0, ---,0], then x e T must satisfy
the congruence

x, + pg,wci = 0(p?)

for some A, -+, A,. Thus
z, = 0(p), o, = pw, for some w, ,

and

w, +Z>‘%xi = 0(p)
SO (Xyy +++y @,y p) =1 and x* 4,.

LEMMA 3. Suppose n =3 and for each N = [1, N\, -+, \,] the
congruence

w, + ZZ‘JM’Q = 0(p)

has a solution xe€ T, where T is a stellar set of points, such that if
xe T and for some integer m

= Mm(W, Ty +++, 2,) then g.cd. (g +-+, 2,0 =1.

Denote T = (Xyy 2+, 2,).
Let
T(y) = {myeT|y5=%5m, m=1,2,8,--:} for some p-primitive
Yo
Then either (i) |T|=|Tw,)| = p for some y,e T
or (ii) |T|=zp+max(Tw)|, 1) for all ye T.

Proof. If |T(y)|=p for some y,€ T we are done. Assume
|T(y)| < p for all ye T. Then T is a p-primitive set since pfye T
implies

Y, 2y, «+ -, 'y T(y) .

T + @ implies T(y,) = 0 for some ¥y, e T.
Some calculations show, if ye T\ T (y,), then

(a') ‘Al\B(Au T(yo))l =p~t — | T(yo)I "3,
(d) | B4y )\{B (4 y) O B4y, Ty} = 0" — | T ()| p"~
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If o = (yl, ---,%)),5 =1,2 are two distinet points in T\ T(y,) then

0 if yi=g: for all i>1
IB(A“ yl) n B(A” ?/2)‘ - {pn—s lotﬁerwiyse .Or sl

Substituting the above, together with (a) and (b), in
Z I B(AU y)\{B(/Iu y) N B(An T(yo))H = Z 1

yeT\ T (yg) 28 BIALT (y)
gives
IT| =1 Tw) =z».

3. Proof of Theorem 3. We prove Theorem 3 by induction on
v. The case v = 2 was settled in Lemma 3 where we noted satisfying
the congruences (mod »°) was equivalent to covering 4,. Similarly
satisfying the congruences (mod p'**) is equivalent to covering 4,. The
re 4, play a similar role to the 4, () c 4,; (a) and (b) in Lemma 3
play a similar role to (5) and (6) in Theorem 3.

We assume Theorem 3 true for some ¥ = 2 and will show it holds
for ¥ +1. Thus we will be concerned with covering 4,, and shall
congider it in terms of the 4, ,(¢)c 4,. We must distinguish two
cases :

Case 1. p > |T,|=p "
Recall the families Q’, R’, @, R and P defined in §2. A(¢) € R implies

B, T.) # A
and the induction implies the number of points of T in A(y') is
IT| =9+ max (| Ty, %) for each A()e T.
In other words, at least p™* points of T\ T, are in each 4(¢) < R.

Combining
2 JARx) = > |[{eeT\T. = A}

zeT\ Ty A(p)eR
with (5) and (6) gives
(T [Tulzp" .

Case 2. For all xe T, p—> | T(x)|.
By induction, the cardinality of the subset of points of 7 that
covers A(y) € P is greater than or equal to p— + p—=.
Notice that |P| = p*.
Lemma 2 (a) gives |A(P, )| = p" 2
We have
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AP0 =% HrzeT|aw = A)}

zvel A(p)eP

so that
| T =zp +pt.

4. Proof of Theorems 1 and 2. As remarked earlier, it is
sufficient to prove Theorem 2 in order to conclude Theorem 1. Thus
we shall prove only Theorem 2. By [2] and [3] we may assume
n=3 and o = 2.

We apply Theorem 3 with @ = v =2. Thus we have a result
about covering the 4, ,(p) < V.*.

Let N = {4, ()| 4oy (1) < V,*}. The number of A, ,(y¢)c V,* is
IN[=1+p+- -+ +prand |[AN,2)| =1+ p+ --- + p"* for any
xzeS.

We consider two cases corresponding to those in Theorem 3.

Case 1. |T.|= p*.
Let M= {4,.() e N|B(4i(p), T) = O}
Then
|M|=|N|—-]AWN, T)|=p"".

By Theorem 3 each 4,_,(¢) € M will need at least p*~* points of S\ 7T,
to be covered by S.
If xeS\T,, ye T, then

|A(N,x)ﬂA(N,y)l:1—]—p+ “en +pn—3.

Thus

| AQM, )| = | AN, 2)| — | AN, 2) N AN, 9)] = 9.
Now

NSZ\‘:T* | A(M, )| = Aa%‘;)eﬂl{xeS\T*m * A ()]

so by Theorem 3
(IS] =T )p* =z p" p**
and the result follows.
Case 2. For all xe S, p** > | T(®)].

By Theorem 3, to cover each A4, ,(¢)e N will require at least
p*t + p*% points of S. We have

AN, 9= X HreS|wx A, (9} .

zes Agey(mVeN
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ISIA+p+ -+ 2L +p+ - + ") + p*~) and the
theorem follows.

5. Bounds. Our bounds in Theorem 2, 3 and Lemma 1 are the
best possible in the sense that we can exhibit sets of minimum ecar-
dinality which satisfy the conditions. For Theorem 2 let

S:{(xylyoy n-,O)]lgxgp"‘}U{(l,px,O---,O)Ilgx_g_p“*l}.
Then
|8] = p* + p=

and S satisfies all the congruences. Notice that S is composed of
p + 1 disjoint sets T'(x), each of cardinality p°'. We expeect this
because of the strict inequality in Case 2 of the proof of Theorem 2,
as compared with the inequality in Case 1.

For Theorem 3 we exhibit a T'(z°) of cardinality »"~* and a T of
cardinality "' + p"* containing no T'(x) of cardinality greater than
p % Without loss of generality, let A»° = [1,0, ---, 0].

T(xo) = {(xp: O, ctty 0: 1)‘ 1 § X _S_ prﬁl}
T={0,--0,2p+ec,D|1=ac=p%1lsc<plU
{© 0, L,ap)| 1S 0 < 9}
All the congruences of Theorem 3 are clearly satisfied by each of
these sets.

Finally for Lemma 1 let ¢ be fixed and
T, = {7 + p**"2,0,--+,0, D[l s =< p'}.
Then
| T = p~
and
B Ay, T,) = A(p') for all 4 (p)e M, .

The author wishes to thank Dr. G. K. White for his advice and
encouragement in the preparation of this paper.
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