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Loeve has observed that a discrete stochastic process can
be interpreted as a game and that a martingale can be inter-
preted as a ‘‘fair”” game. In this context, the notion of a
martingale is enlarged to a game which becomes ‘‘fairer
with time’’ and then this concept is utilized to establish two
convergence theorems,

Let (2,9, p) be a probability space with {},., an increasing
family of sub o-algebras of 2 to which the process {X,},., is adapted,
(see [3, p. 65]). Henceforth, the process {X,},., will be referred to
as a game.

DrFINITION. The game {X,},-, will be said to become fairer
with time if for every e > 0.

as #, m— oo with n = m.

It should be noted that any martingale is a game which becomes
fairer with time. An easy example of a game which is not a
martingale or a sub or a super martingale but does become fairer
with time is constructed by considering a game which consists of
tossing a die. Here, let

A, =, all »
and
X{h=1+(—D"/n.
The main results. Let {«,: 7 =1} be a monotonic sequence de-

creasing to zero with finite sum. The game {X,},., may be de-
composed with respect to {a,:n = 1} as

1.1) X, =Y, - Z, where {Y,},, and {Z,},..
are defined inductively by:

Y, = Xx
1.2)

Yn = Yn—-l + [Xn - E(X'n ' %In—l)] + CZn*l
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1.3) Zy=Zps + Xy — B(X, | W, )] + X -

We note that {Y.,}... is adapted to the sequence of o-algebras
{2l.},=: and forms a submartingale with respect to it.

We will call the decomposition of the game {X,},», according
to (1.1) — (1.8) a Doob-like decomposition. (See [3, p. 104-105].)

Also, we define the collection of sets {B:,} for m =1,2, ...
and #» = m by

B:, ={w: | EX,|qA™) — X, | > a,} .

THEOREM 1. Let {X,},»: be a wuniformly integrable game and
{Y,}us1, the submartingale associated with its Doob-like decomposi-
tion, be uniformly dominated in absolute value by an element of
L2, U, p). Suppose for every 6 >0 there ewists an integer N(0),
such that

(1.4) P|B:,,] < 6 whenever n = m = N(9) ,
and
(1.5) ~B%,C ~Bf,_, whenever n =2k =k —1=m = N() .

Then, there exists a function X in L(Q, U, p) such that

limg X, — X|dp=0.
Q2

n—o

Proof. It will be sufficient to show the game {X,},., is Cauchy
in the L, norm. For every pair (n, m) of positive integers write:

%~ Xaldp=| 1% -Xildp+|  |X —Xuldp.

n,mM

Since p[B:,]—0 as %, m — co and since the game {X,},., is uniformly
integrable (see [1, p. 89]), it is immediate that S L 1 X, — X, ldp
B

nym

can be made arbitrarily small for sufficiently large n and m.
By utilizing the Doob-like decomposition of {X,}.»,, we can write

|, 1% -Xia=( 1% -Yido+| (2 —Zldp.
~B ~B¢ ~By

nym nym n

Since there exists an integrable function which uniformly dominates
the process {Y,},=, in absolute value, it is immediate that {Y,},., is

a convergent submartingale. Moreover, the dominated convergence
|Y, — Y, |dp can be made
~B:

theorem can be used to show that g
arbitrarily small for sufficiently large = ‘and m.
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Bn,m
arbitrarily small for sufficiently large n and m and the proof will
be complete.
On ~ By, it follows that

X. = EX,|U,) —a, .

Thus, it remains to show that S . |1 Zn—Z,|dp can be made

In particular, on ~B?%,_,
Xo =z BX, | U, ) —a,,
and so where
(1.6) Zy—"Llp,=X,_, — EX,|%,_) + a,_,
we can say
1.7 Zw —Zyy=0o0n ~B%, ;.
Thus, choose any ¢ > 0 and there exists N(d) such that

(1.8) S a, < 8/2 for m = N()
k=m

and such that (1.5) holds. Hence, with % =m = N(9), (1.5) and (1.7),
write

1.9 Zy — Ly, =0o0n ~B5 ..

By observing the fact that Bz, e, for all » and m, we can write
that

(1.10) S %~ Z,|dp = S B Z, — Z | Ipe |)dp -
~By,m a ’

By (1.9), ]Zn—ZmrLB;r’m = Z;’Z:mﬂ(zk*Zk_l)LBg,m; this together with

(1.6) lets us continue the equality in (1.10) to

§~Bg mi Z, — Z,\dp =3, {La E{( X, — E(X,| W) + s |am}}dp

=m+
- nym

= Lga (X — BX | 0) + @ + +o + a,_Jdp

nym

< g {Cfm + Elak}dp < 0.
~lem k=m

By not demanding that the submartingale {Y,},., associated
with the Doob-like decomposition of the game {X,},.. be uniformly
bounded above in absolute value by an element of L,(2, 2, p), we
get the weaker
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THEOREM 2. Let {X,},., be a uniformly integrable game satisfy-
ing (1.4) and (1.5). Then, there exists some comstant ¢ such that

limS X dp=c.
Q2

n—00

Proof. It will be sufficient to show the sequence {S X, dp}
=19

is Cauchy. With respect to the Doob-like decomposition of {X,},s
we can write

(L.11) H(X Xm)de H (X - dep)-i-'g s Xm)dp‘

Again, )S (X, — X)dp‘ may be made [arbitrarily small for suf-

ficiently large m and 7 by using the uniform integrability of {X,},=..
In order to deal with the second summand in (1.11), write

H~ « — X,)dp i = H (Y — Y,)dp

N,

S B ‘Zn - Zm !dp .

But S . |Z, — Z,|dp can be made arbitrarily small for sufficiently

~By,m
large m and n exactly as in the proof of Theorem 1. Hence,

showing that ’S L (Y, — Ym)dp{ can be made arbitrarily small for

n

sufficiently large m and = will complete the proof. To this end, we
use (1.2) and write

(Yy — Yo) [ W) = A + + 0 4 @y

and get

|, = vade=|_ B(Y, - Y. %)dp

nym nym

:S rr (am - 4+ &, Udp \Zok .

~ k=m
Bn,m

But since E,I «, can be made arbitrarily small for sufficiently large

k=m
m and %, the result follows.
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