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The theorem of Sard asserts that if a mapping F from
a region in Rm to Rp is smooth enough, then the set of
critical values of F has measure zero in Rp. The purpose of
this paper is to give a constructive proof of this theorem.
By a constructive proof is meant one which has numerical
content, as explained in E. Bishop's Foundations of Construc-
tive Analysis. In particular, it is shown that in every open
ball in Rp one can compute a point which is not a critical
value of F.

The proof is based on one given by Milnor, which is a
modification of a proof of Pontryagin. These proofs, as well
as all other known proofs, are nonconstructive, and it is not
obvious that they can be constructivized. One difficulty lies
in the fact that, given two real numbers a and b, one cannot,
in general, prove constructively that either a Ξ> b or a < b;
one can only prove, for arbitrary & > 0, that either a > b — ε
or a < b. This fact forces, among other things, the consider-
ation of 'nearly critical values' instead of critical values, and
the derivation of a slightly more general result. Once a
proper interpretation for "nearly critical values" has been
found, Milnor's proof can be followed, replacing various non-
constructive arguments by constructive ones.

1* Preliminaries*

1.1. Suppose / is a Ck function (in other words, that / has con-

tinuous partial derivatives of all orders not exceeding k) on a compact

subset U of Rm. If the positive constant M is a bound for the absolute

values of the partial derivatives of / (of order at most k and including

/ itself) on U, then we say M i s a modulus of fc-smoothness of / on

U. Given natural numbers m and k, and a positive real number β,

there are functions Φk,+, ΦkfX, Φk},} Φk,s from (0, ©o) x (0, oo) to (0, oo)

and a function Ψk from (0, oo) to (0, oo) with the following properties:

(i) Suppose /, g are Ck functions on U= [au 6J x x [am, bm]aRm,

and suppose Mf and Mg are respectively moduli of ^-smoothness of /

and g on U. Then the numbers Φk,+(Mf, Mg) and Φk>x(Mf, Mg) are

moduli of A -smoothness for f + g and fg respectively on U. If further

\g\ ;> β, then Φkfί(Mf, Mg) is a modulus of ά-smoothness for f/g on U.

(ii) Suppose / and g are respectively Ck functions on U =

[αlf 6J x x [am, bm] and on

U' = [al9 δ j x x [di, δ j x x [αm, bm]
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(a hat signifies omission) with g(y) e [aif 6J for each y e U'. If Mf and
Mg are moduli of ά-smoothness for / and g respectively, then the
function h defined on U' by h(y) = f(x\ , αf~\ g(y), xi+\ , xm) (for
each y = (x\ , x\ , xm) in U') will have Φk)S(Mfy Mg) as a modulus
of A -smoothness.

(iii) Suppose / i s a Ck function on U = [αlf 6J x x [αm, bm]
with M/ as a modulus of fc-smoothness and df/dxi ^ β. If # is a

function from U' = [a19 6J x x [α*, 6J x x [am, bm] to [c ,̂ b{]
such that /(a;1, , xι~\ g(y), xi+\ , xm) = 0 for every ?/ = (a;1, ,
ί\ , α;m) in U', then Ψk(Mf) is a modulus of λ -smoothness for g on [/'.

Existence of Φk>+, ΦkfX, Φkt/, and Φ ,̂s are obvious. By taking their
maximum we can assume that they all equal the same function Φk.
With notation as in (iii), the Implicit Function Theorem gives dg/dxj —
— (df/dxj)/(df/dxi), and similar formulas give higher order partial deriva-
tives of g. From these the existence of Ψk follows. Explicit forms
of Φk and Ψk can be found (e.g., Φk,+(M, M') = M + M') but we shall
not need them.

If F = (F\ •• , ί τ p ) i s a Cfc function from a compact set U in Rm

to Rp, then a positive real number M is said to be a modulus of k-
smoothness of F if it is at the same time moduli of £>smoothness of
each of F\ •••, Fp. The partial derivative dF^dxj will be written F).

1.2. If m, p are natural numbers, t — min (m, p), and if (αj) is a
p x m matrix, then D((a))) will denote

max{ |detS | : S is a έ x ί submatrix of (a))} .

Suppose F is a C1 function from a compact subset £7 of Rm to
i ^ . Then JF will denote the function defined on U by JF(aj) = D((Fj(x))).
It can easily be shown classically that JF(x) — 0 if and only if F(x) is
a critical value (i.e., if and only if the matrix (F}(x)) is of less than
full rank.) Thus, roughly speaking, F(x) is a nearly critical value if
JF(x) is very small. Clearly there exists a function which assigns to
every positive real number M an operation ω(M): (0, oo) —* (0, oo) such
that if M is a modulus of 2-smoothness of F then ω(M) is a modulus
of continuity of JF.

1.3. To simplify the notation we introduce the symbol <̂ m, p, K,
A, F, My to mean the statement:

m, p are natural numbers with p ^ 1; K = [alt δj x x [αm, 6m]
where 0 ^ α̂  ^ 6̂  ^ 1 for each ΐ e {1, , m}, zί is a positive real
number; F is a Ck[m>p) function from the closed neighborhood U —
[a, — Δ, bλ + A] x x [am - A,bm + J] to Rp with I as a modulus
of fc(m, p)-smoothness on ί7, where fc(m, p) = 2 + 2~1(m — p)(m — p + 1).
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2* Sard's Theorem*

THEOREM 2.1. Given natural numbers m, p and positive real
numbers A>M, and ε, there exists a natural number n — n(m, p, A, M, ε)
and a positive real number v = v{m, p, A, M, ε) such that if <(m, p, K,
Ay F, My then the set {F(x)\ xe K, JF(x) ^ v) is contained in n cubes
in Rp whose edges are equal and whose total volume is less than ε.

Proof of the theorem will be by induction, which is broken down
into several lemmas.

LEMMA 2.2. Assume 2.1 is proved for a particular natural
number m — 1 (m ^ 1). Then for every natural number p ^ ly and
positive real numbers A, My ε, and β, there exist a natural number
n' = n'(m, py A, M, ε, β) and a positive real number v' — i/(ra, p, A, M,
ε, β) with the following properties: if <ra, p, K, A> F, My, and if for
some ie {1, •••, p] and i e { l , « ,m} the partial derivative F} has
absolute value always greater than β on U, then {F(x): xe K, JF{x) ^ vf)
is contained in nf cubes in Rp whose edges are equal and whose total
volume is less than ε.

Proof. In case p = 1 we can take vf = β/2 and n' = 0. For by-
assumption JF ^ IF} I ̂ > β>vr on U and so our set {F(x): x e K, JF(x) ^ v'}
is void. Thus we can assume p ^ 2. Without loss of generality we
can also assume M > 1 and β < 1/2.

( i ) Choose a natural number q and then a positive real number
ε' for which the following inequalities hold:

q > ββ-'A-'mM; ε'{q + l)m~ι4?M < βε .

Since 2.1 is proved for m — 1, there exist a natural number n0 =
n(m — 1, p — 1, q~\ Φk(M, Wk(M)), ε') and a positive real number vQ =
v(m - 1, p — 1, q-1, Φk(M, Wk(M)), ε') having the properties as described
in 2.1. Let ε" be a positive real number and d a natural number
such that

d~ι < (P - ly'M-'ε" ,

and

d-1 < ω(M)(2-1βv0)

where ω was defined in 1.2. Since dε" > 1 and Mβ~ιd > 1 2 1 > 1,
we can find natural numbers p and D such that
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Zdε" < p < Me" ,

and

2Mβ~1d < D < AMβ-'d .

Now let

n' = nφ^Diq + I)""1

and let

1/ = 2-1

/ev0.

We shall show w' and J/ have the desired properties.
(ii) Thus suppose <m, p, K, A, F, My and (by relabelling) \F\\ ^ β

on 27. Without loss of generality assume K = [0, l]m and F\ ;> /3 on
£7. Let R : i = 1, •••, (q + I)""1} be a family of cubes (in [0, I]™"1)
of edges g"1 which covers [0, I]™-1.

In (iii) and (iv) let i be an arbitrary (but fixed) member of

{1, ••.,(? + I ) * - 1 } .
(iii) Since 2) > 2Mβ~1d and since | i ^ | ^ M on [0, 1] x θ{ we can

find D points ajA = (x\, , a;?)(fe = 1, , J3) in [0, 1] x <9{ such that
{F\xh)} form a /Sώ^-net for ^([0,1] x θ,). Let he{l, •••,!)} be
arbitrary. Let ί/̂  be the cube in i2m~L with edge Sg"1 and same center
as θi, the edges of Ui being parallel to corresponding ones of 0i# Then
for every /̂ = (x2, , .τw) in Z7{ we have

|2/' - 41 ^ 3g-L (i = 2, . . . , m ) .

If we let ch = Fι(xh) it follows that

I FL(x\, y) - ch I ̂  3?- ιmM < /S4/2 .

Therefore, since Fl ^ β > 0, there exists gh(y) e[ — J,l + Λ] such that

By the Implicit Function Theorem and by definition of Ψk, the function
gh is a Ck function with Ψk{M) as a /b-smoothness modulus, (k =
A:(m, 2>) = /b(m — 1, >̂ — 1).) Now define a function

Gh: Ui > Rv~ι

by

Then Gh is a Cfc function with Φk(M, Ψk(M)) as a yfc-smoothness modulus.
Therefore, by the definitions of n0, vQ, and ε", the set

Bh= {Gh(y):yeθίyJGh(y) ^ v0}
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is contained in n0 cubes in R?~\ each having edges ε". Since p > 3ε"cZ,
the ε"-neighborhood of B^ is contained in nop

p"1 cubes of edges d"1.
Label these cubes ηhΛy ••, Vκt%^ where nt = Mop*"1.

(iv) Suppose x = (x1, x\ , #w) e [0,1] x θ{ is such that Jp(a?) <£ i/.
By definition of {χh:h — 1, , ί)} there exists he {1, •••,!)} such that

This implies, if we write y — (xz> •••, xw), that

Therefore, since ίV ^ /3, we have

We shall compute J h(y). For each 6̂ e {2, , p} and v e {2, , m}r

by definition of GA we have

(Gψv(y) = F;.(flr*(y), 2/) + i W O /

= { [ ^ F ; - FiF?]/F}}(gk(y), y) .

Let t = min (m — 1, p — 1) and let S be any ί x ί submatrix of

{{Gh)uv{y))> say S - ((Gψ^iv)) (where r, β = 1, , t). Then

| d e t S | . = \

(i^-'det

Ί, Fvii) i 9 Fii

S β-ιJF{gh(y), y).

The second equality was obtained by an identity in the theory of de-
terminants. Since S was arbitrary we see

JGh(y) ^ β-ιJF{Qh(y), y) .

But \gh{y) - xι\ < d~ι < ω(M)(2~ιβv0) and ω(M) is by definition a

continuity modulus for JF. Hence

JF(gh(y), y) ^ JF{%

Combining, we have

-and so Gh(y) e Bh. But

^ v' + 2~ιβvQ = βv0 .

JGh(y) ^ v0
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\\G\y) - (F\x), ... fi^(«))||

- || (F*(gh(y), » ) , . . . , J W ( y ) , y)) - {F\x\ y), . . , jF*(sS y))

^ ( p - l)AΓ|fir*(i/) - α;1!

< (p - l)Md~ι < ε" .

Therefore (F2(x), •••, .Fp(a;)) is in the ε"-neighborhood of Bh and so by
(iii) is in one of the cubes ηhfl, •••, ηh,nι. On the other hand,

\F\x) - ch\ ̂  βd-1 ^2-ιd~ι .

Combining, we see

{[ch - 2~1d-1, ch + 2~1ώ-1] x ηhtj:j = 1, . . . , Ul; h = 1, . . , D)

are cubes of edges d~\ which together contain the set

{F(x): x G [0,1] x θi9 JF{x) ^ v'} .

(v) Repeating the arguments in (iii) and (iv) for each i in
{1, •••,(? + I)™"1}, we can enclose the set {F(x): xe K, JF(x) <J v'} in
n'(=(q + l)"*"1^!)) cubes of edges d"1. It remains to check that
n'd~v < e. But this is immediate.

LEMMA 2.3. Assume 2.1 is proved for a particular natural number
m — 1 (m ̂  1). Given a natural number p ^ 1, positive real numbers
J, M, ε, αwcf /3, there exist a natural number n" = nn{m, p, A1 M, ε, /S)
αt̂ cί α positive real number v" = v"(m, p, J, M, ε, β) with the following
properties:
if

( i ) [m/p] > 1,
(ii) <m,p,K,4,F,M>,
(iii) for some he {1, •••, [m/p] — 1}, some (A + ϊ)st partial de-

rivative Fiv...tih+ι has absolute value not less than β on U, and
(iv) B»,, denotes the set {x e K: for all r e {1, , p}, h' e {1, , &},

every hf — th partial derivative of Fr has absolute value at x not
exceeding v"), then the set F{BV) is contained in n" cubes in Rp

with equal edges and whose total volume is less than ε.

Proof, (i) Choose a natural number q and then a positive real
number ε' such that the following inequalities hold:

ε .

Let kf = k(m — 1, p). Since we assume 2.1 is proved for m — 1, there
exist a natural number n0 = n(m — 1, p, q~\ Φk{M, ΨW(M)), ε') and a
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positive real number v0 = v{m — 1, p, q~ι, Φk,(M, Ψk,(M)), ε') with proper-
ties as described in 2.1. Let Q be a positive real number so small
that whenever the entries of a p x (m — 1) matrix A are bounded in
absolute value by Q then D(A) <̂  v0. Let

and let v" be a positive real number so small that

x/'(l + Mβ-γ < Q ,

and

v" < βJ/S .

We shall show that n" and v" have the desired properties.
(ii) Therefore suppose <(ra, ̂ , K, A, F, My, suppose [m/p] > 1, and

suppose (after relabelling) F lt...ihfl ^ β on ί/ Without loss of gener-
ality assume K — [0, l ] w . Write / = F\ly...Λh. We can easily verify that

k{m, p) — h ^> k(m, p) — [m/p] + 1

^ k(m -l,p) = k' .

Hence / i s a Ck' function with M as a ^'-smoothness modulus. Let
{̂ :̂ i = 1, . . . , (g + l)m-χ} be a family of cubes (in [0,1]™-1) of edges
q~ι covering [0,1]1*"1. For each i let

mi = min {|/(a?) |: x G [0, 1] x 0J .

Partition {1, •••, (q + I)"1-1} into subsets P and S such that

m,i < 2v" if ί e P ,

m< > v" if i G S .

For each i G P choose «< = (a?J, , a;?) G [0,1] x ^̂  such that |/(^) | < 2v".
Write i/i = {x\, . . ,a?Γ).

(iii) Take any i 6 P. Let ZT̂  be a cube in Rm~~ι with same center
as θi and edges 3(nS the edges being parallel to corresponding ones
of θi. Then for each y = (?/2, , #m) e ^ we have

|2/' - a?/1 ^3g- χ (j = 2, . . . , w ) .

Hence

l/(»ί, 1/) I ^ \f(x\, Vi) I + 3g-ι(m - 1)M
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Therefore, since fλ Ξ> β on U, there is a point g\y) e [ — A, 1 + J] such

that f{g\y), y) = 0. By the Implicit Function Theorem and by the

definition of Ψk,, we see gi is a C^' function with Ψk(M) as a•••&'-

smoothness modulus. Now define a function

by

G%) = F(g'(y), y)

for each ye U4. Then G* is a Cfc/ function with ΦΛ,(M, Ψk{M)) as a

^'-smoothness modulus on-CΓ*. Therefore, by definition of n0 and v0,

there are cubes ξirl, •••,&,*„ in i?2' of edges ε" which cover {G\y):

yeθifJGi(y) ^ v0}.

(iv) Now suppose x = (x\ , xm) e Bv,,. Write y = (a;2, , ίcw).

Then 2/e^ f for some ίe{l, •••, (g + I)771"1}. Since for this i we have

m{ ^ |/(cc)I ^ i;", it follows t h a t i e P . Now / : ^ β on C7". Hence i t

follows from

and

/(^(2/), 2/) = 0

that

Therefore, for each r e {1, •••,&} and s e {2, , m}l[we have

|(G4)r(2/)l - IFΐtfiy), y) + Ffa'iy), y)g\(y)\

s IF;(X) I + v"β-w + I [FifMWiv), v) I

^ v" + i ' ^ J I ί + I Fΐ(x) I I [f./AW(v), v) I + v"βr*M*

^ v"(l + 2 / 3 - ^ + β~2M2)

- v"(l + β~ιM)2 ^ Q .

Consequently, by definition of Q, we have

Joi(y) -

Thus, by (iii), there is an a in {1, •• ,w0} such t h a t G\y) e.ξi>a. L e t

£<,α be the cube with the same center as f t ,α, and with edges 3ε", t h e

edges being parallel to the corresponding ones of ζi>a. Then, since

\\F(x) - G\y)\\= \\F(x\ y) - F(g\y), y)\\

g v"β~ιMpιί2 < ε" ,

the point F(x) is in ς ,α,. Summing up, we see t h a t the n" = (q + l)m~ιn0.

cubes {ξi>a: i = 1, , (g + I) 1 *" 1 ; α = 1, , n0) (where we take ? ,α to
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l)e some arbitrary cube in Rp with edges 3ε" if i '4 P) form a cover
for F(BV,,).. It remains to show n"{Zε")p < ε. But this is immediate.

2.4. Proof of 2.1. The theorem is clearly true for m = 0. Assume
it^is proved for some particular number m — 1 (m Ξ> 1).

( i ) We are given a natural number p ^ 1 and positive real
numbers zί, ikf, and ε. Let

λ = [m/p] ,

e , = 2-*-*(χl + i)-i e .

Let qλ be a natural number so large that

gjj+i-e/p>(6/)i/p ^ 2 ( m / p ) + 2 ikf((λ

and let δλ be a positive real number so small that

Inductively define qh1 εk, δh, and wΛ(fc = λ — 1, λ — 2, , 0) in the
following way: For each natural number h such that 0 <£ A- < λ, let
#fe be a natural number such that

m~ιl2qh > zT1 and gA

and let εh be a positive real number so small that

If 0 < h < λ let n* = n"(m, p, gr1, M, εh, 2~*δh+1) and δ, - y"(m, p, ^ S
ikf, eΛ, 2~3δλ+1) where π " and v" are as given in 2.3. If 0 = A < λ let
nh = n'(m, p, gr1, ikf, eA, 2~sδh+1) and δA = v'(m, p, gr1, M, eA, 2~3δA+1)
inhere ^ ' and 2̂ ' are as given in 2.2. Without loss of generality we
may take δh < δh+1. Finally, it is obvious that we can find a natural
number n with the following properties:

If we have (ĝ  + l ) m cubes in Rp of equal edges and of total
volume not exceeding ε', and if for each natural number h with
0 <* h < λ we are given \qh + ϊ)mnh cubes in Rp of equal edges and
of total volume not exceeding ε', then we can find n cubes in Rp of
equal edges and of total volume not exceeding 2p+1(λ + l)ε', which
<cover all the given cubes.

Take such an n. We shall show n and v — δ0 have the desired
properties.

(ii) Thus suppose <m, p, K, J, F, My. Without loss of generality
*we may assume K = [0, l ] m . If λ = 0 let Co = K. If λ > 0 let

Cλ = {x 6 K: all partial derivatives of F of order h

(1 <̂  h ^ λ) have absolute value at a? bounded by δλ} ,
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let for each h(0 < h < λ)

Ch = {xe K: all partial derivatives of F of order hr

(1 ^ K ^ h) have absolute values at x

bounded by δh, but some (h + ΐ)st partial derivative

has absolute value at x greater than 2~1<5Λ+1} ,

and let

Co — {xe K: some first partial derivative of F has absolute

value at x greater than 2~"1S1, but JF{x) ^ v) .

Then, since δh < δh+1(h = 0, , λ — 1), the set {xe K: JF(x) ^ v) is
contained in C0{jCL{J ••• \jCλ.

(iii) Let {#<: i = 1, . . . , (qλ + l)m} be a family of cubes in [0, l ] m

of edges gr1, which covers [0, l ] m . For each ί choose a point xt e 0*.
Let xeCλ. Then x is in ^̂  for some i. Taylor's Theorem gives, for
each je{l, •••, p},

ffa) - F>'(x)\

Σ (^O-1!: Σ
+ ((λ + l)\)~ιmλ+ιMqλ

 λ~ι

< δxYi (k\)-ιmhq^k + ((λ + l)\)-ιmλ+ιMq^1

< (2qλ)~mlp(eγlp2-2 .

Therefore F(Cλ) is contained in (qλ + l) m cubes in Rp of equal edges
and of total volume not exceeding ε\

(iv) Let h be any natural number such that 0 <: h < λ. Let
{θii i = 1, •• , (qh + l)m} be a family of cubes in [0, l ] m of edges g^1,
which covers [0, l ] m . Let P, Q be a partition of {1, •••, (gΛ + l)m}
with the following properties: if i e P then some (h + l)st partial
derivative of F has absolute value greater than 2~2δh+1 at some point
in θi; if i e Q then every (h + ΐ)st partial derivative of F is bounded
in absolute value by 2~^h+l on θ{. Then clearly Chd\Ji&P{θiC\ Ch).
Let Ui be the cube of edge Zqi1 and with the same center as θif the
edges of Ui being parallel to corresponding edges of θim Then every
(h + ΐ)st partial derivative of F varies by at most ZqT^mM, or less
than 2~3δh+1, on U{. Thus ie P implies some (h + l)st partial deriva-
tive has absolute value greater than 2~3δh+1 on Ut. But <m, p, θiy q^1,
F, My. Therefore, by the definitions of nh and δh and by 2.2 and
2.3, the set F(Ch) is contained in (qh + l)mnh cubes of equal edges
and of total volume not exceeding (qh + l)meh which is less than ε\

(v) Combining (ii), (iii), and (iv) we see that {F(x): xeK, JF(x) ^ v}
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is contained in a union of (qλ + l)m cubes of equal edges of total
volume not exceeding s', and of (qh + l)mnh cubes of equal edges of
total volume not exceeding ε'(0 ^ h < λ). Therefore, by definition of
n, the set {F(x): xe K, JF(x) ^ v} is contained in a union of n cubes
in Rp, whose edges are equal and whose total volume does not exceed
2p+1(λ + l)ε' which is less than ε.

In 2.1 the mapping is assumed to be 2 + 2~1(m — p)(m — p + 1)
times continuously differentiate. The classical theorem ([4], [5]) as-
sumes it is only m — p + 1 times continuously differentiate if m ^ p
(while, of course, no differentiability is needed if m < p). The author
has not been able to obtain a constructive proof without assuming
higher differentiability than m — p + 1.
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